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ABSTRACT

ANALYSIS OF THE MAGNETIC TRANSLATION
GROUP AND INVESTIGATION OF A
ONE-DIMENSIONAL TOPOLOGICAL MODEL

Sina Gholizadeh
M.S. in Physics
Advisor: Balazs Hetényi
August 2017

The periodicity of a space lattice in presence of a uniform magnetic field is pre-
served. During this thesis, we will study a set of modified translation operators
which commute with the effective Hamiltonian of an electron in the lattice. Group
theory helps us to construct matrix representations of the modified translation
operators. These operators form ray groups. Using group projection operators,
we will find partner functions for constructed irreducible representation in order
to obtain a relation which corresponds to Bloch function in a periodic lattice
and is named as Bloch-type function. By multiplying a phase factor to modified
translation operators, they will be extended to a new set of operators called mag-
netic translation operators so that they form a full group rather than a ray group.
In a similar procedure, we will investigate displacement operators in phase space
coordinate to form a full group of them. In another study, we will introduce a
one dimensional model derived from Creutz model, called shifted Creutz model,
in which a gap closure appears in its ground state band structure leading to time-
reversal symmetry breaking and subsequently giving rise to a topological phase
transition. Adopting spin-orbit coupling to our model, generates a time-reversal
symmetric pair of states with two-fold degeneracy. A topological investigation
will be carried on both models by analyzing the band structures, phase diagram,
edge states, symmetries in the models, and calculating the winding number.

Keywords: Magnetic translation group, Bloch functions, phase space translation
operators, Creutz model, one dimensional topological model.
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OZET

MANYETIK OTELENME GRUPUNUN ANALIZI VE
BIR BOYUTLU TOPOLOJIK MODELIN
INCELENMESI

Sina Gholizadeh
Fizik, Yiiksek Lisans
Tez Danismani: Baldzs Hetényi
Agustos 2017

Diizgiin bir manyetik alan varliginda bir uzay orguisiiniin periyodikligi korunur.
Bu tez ¢aligmasinda, orgiideki bir elektronun etkin Hamilton islemcisi ile degisme
ozelligi olan bir dizi diizeltilmig 6telenme iglemcilerini ¢alisacagiz. Grup teorisi,
diizeltilmig otelenme iglemcilerinin matris temsillerini olusturmamiza yardimci
olur. Bu islemciler 1gin gruplarini olugtururlar. Grup projeksiyon islemcilerini
kullanarak, periyodik bir orgiideki Bloch fonksiyonuna karsilik gelen ve Bloch
tipi fonksiyon olarak adlandirilan bir iligki elde etmek i¢in insa edilmig in-
dirgenemez temsillere eg fonksiyonlar bulacagiz. Diizeltilmis 6telenme iglemcileri
bir faz faktorii ile carpilarak manyetik Otelenme islemcisi adi verilen yeni bir
igslemci kiimesine genisletilecek ve boylece bir 1g1n grubu yerine tam bir grup
olugturulacak. Benzer bir sekilde, faz uzayr koordinatlarindaki yer degistirme
islemcilerini inceleyerek bunlarin tam bir grubunu olusturacagiz. Diger bir
caligmada, zamanda tersine simetri kirilmasina ve ardindan bir topolojik faz
gecigine sebep olan, taban durumu bant yapisinda bir bosluk kapanmasinin
goriildiigli, kaymig Creutz modeli olarak adlandirilan, Creutz modelinden tiiremis
tek boyutlu bir model sunacagiz. Modelimizde spin-yoriinge baglagimini ben-
imsemek, iki kat yozlagmig zamanda tersine doniigiimlii simetrik bir ¢ift durum
iiretir. Her iki model tizerinde de bant yapilari, faz diyagrami, kenar durumlari,
simetrileri analiz ederek ve sarim sayisini hesaplayarak topolojik bir inceleme

yapilacaktir.

Anahtar sozcikler: Manyetik 6telenme grubu, Bloch fonksiyonu, faz uzayi
otelenme iglemcileri, Creutz modeli, bir boyutlu topolojik model.
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Chapter 1

Introduction

1.1 Generalized Bloch functions in uniform

magnetic field

The behavior of electrons in crystals is in principle a many-body problem, but
we can reduce it to an effective one-body one in which an electron moves in a
periodic potential. Bloch functions are consequence of Hamiltonian invariance
under lattice translation operators and they are very well-known in solid state
physics and condensed matter theory. Lattice translation operators form a full
group and it is an easy job to find a matrix representation in finite dimensions.
However, when a uniform magnetic field is applied to the lattice, although the
Hamiltonian is no longer invariant under the translation group, the periodicity of
potential is still not destroyed. In a paper, E. Brown [1] shows that translation
operators can be modified by adding a term proportional to the vector potential,
in order to commute with Hamiltonian. Unlike usual translation operators, mod-
ified translation operators form ray groups rather than full group. Using powerful
tools of group theory, Brown shows that by applying Born-von-Karman boundary
condition one can construct a matrix representation for the lattice in the presence

of uniform magnetic field. By taking the advantages of theorems in group theory,



Brown obtains an equation which corresponds to Bloch functions in the presence
of a uniform magnetic field. Few months later, in another paper, J. Zak [2] de-
fines a new set of operators where it has combined modified translation operators
with an additional phase factor helping to form a full group. The newly defined
operators are called magnetic translation operators and the group that they are
generating is called magnetic translation group. In our work, we investigate a set
of translation operators in phase space coordinate called displacement operators.
These operators form a ray group, however we can modify these operators by

adding a new phase factor to generate a full group of them.

1.2 Shifted Creutz model with spin-orbit cou-
pling

After discovery of Hall effect at 1879 by Edwin H. Hall, the measurements on Hall
resistance in ferromagnetic and paramagnetic metal in a magnetic field showed
that there is an additional contribution to Hall resistance. It took a long time to
describe this anomalous physical behavior where it is originating from a relativis-
tic quantum mechanical effect in which the spin and orbital angular momentum
of electrons are coupled. This effect leads electrons to feel a spin-dependent force
while they are traveling in the crystal. We can still observe this effect, called spin
Hall effect, in absence of an external magnetic field and even in non-magnetic
materials. In 1980, in an experimental discovery, it is shown that in a two di-
mensional electron gas subjected to a strong magnetic field there exist a plateau
of Hall conductivity proportional to an integer prefactor value while the conduc-
tance along the material is zero. This effect is called integer quantum Hall effect
and it is shown later by Haldane [3] that this effect can also be a result of elec-
trons band structure while the pure magnetic flux is zero. The quantum spin
Hall effect was developed by Kane and Mele [4, 5] who applied spin-orbit inter-
action to the model suggested earlier by Haldane. In their model, they depicted
the quantum spin Hall effect as a combination of two opposite-chirality spin-up

and spin-down with vanishing charge Hall conductance but a quantized spin-Hall



conductance. As a consequence, electrons with spin up and spin down move in
opposite directions around the edges of the material while it behaves as insulator
in the bulk. The quantum spin Hall effect preserves the time reversal symmetry

and it is also dubbed as 2D topological insulator.

In Creutz model, the isolated states can be seen when a cross-linked ladder
model is under a magnetic field. In presence of a magnetic field, some phases
emerge when electrons is hopping from one chain to another. In this model,
phases are considered on horizontal bonds in which only first nearest neighbor-
hood is taken into account. In this system, the placed electron will hop from a
site to another while it is losing energy because of dissipation, finally, it will settle
into ground state with a wavefunction which is not zero in every site. The Hamil-
tonian given in Creutz [6] model, is showing some symmetries. These symmetries
are helpful in studying the energy structure of the system. Our model is shifted
Creutz-model with appearing phases on diagonal bonds. The Hamiltonian for
new model will be studied both numerically and analytically. Recently, a huge
effort is started to classify electronic states based on topological behaviors. There
are methods developed and discussed in order to study the spin-orbit interaction
in solid state systems. Kane and Mele [4, 5] studied the effects of spin-orbit
interaction in 2D layer of graphene in low energies and they demonstrated how
including the spin-orbit interactions leads a semimetallic state converts to quan-
tum spin Hall insulator. Similarly, we rewrite our Hamiltonian, while spin-orbit
interaction is considered, to study its effects on our model whether it adds new

symmetries or breaks the symmetries.



Chapter 2

Lattice in a magnetic field

2.1 Bloch functions

Electron behavior in a periodic potential of a crystal is a many-body problem
in general. Here, we assume that electrons have no interaction with nuclei and
other electrons. By taking the advantage of periodicity of the potential in an
ideal crystal, we can reduce our problem to a single electron problem whose
the Hamiltonian is invariant under lattice translation. We consider the periodic

potential as,

Vir+R)=V(r) (2.1)
for all Bravais lattice vectors R. And effective Hamiltonian would be defined as
following,

2

p
Hiy = |— = F. 2.2
o= | s vi]o—pu (22)

Electrons obeying the mentioned Hamiltonian are known as Bloch Electrons.
Now, let’s define a translation operator denoted by Tk where each of them is

corresponding to a Bravais lattice vector R as following,

Tpf(r) = f(r +R). (2.3)



It can be confirmed that periodic Hamiltonian and defined translation operator

commute,
[Ha TR] = 07 (24)

as well as two successive translation operators for different vectors of R and R/,
[TR, TR/] =0 and TRTR/ = TR/TR = TR+R’- (25)

It follows from quantum mechanics that the eigenfunctions of H can be chosen

in a way to be simultaneous eigenfunctions of all the Ty:

Hy=F
v 4 (2.6)
Try = c(R)1.
Since the translation operators commute, following 2.5, we have:
c¢(R+R/)=c(R)c(R)). (2.7)

Let’s define the Bravais lattice’s primitive vectors as a; where ¢ = 1,2,3. Then

we can always write the c¢(a;) in the form
c(a;) = 2™, (2.8)
if we take R in its general form of],
R = nja; + nqay + nsaz (2.9)

then by successive application of 2.7 we have,

c¢(R) = c(a;)™c(az)"c(az)™ (2.10)
and this is equivalent to
¢(R) = ™R, (2.11)
where
k = ZL’lbl -+ $2b2 -+ $3b3 (212)

and b; are three reciprocal primitive vectors. We have following condition,

bi.aj = 27T6ij. (213)



So far we have shown that the eigenfunctions satisfying equation 2.6 can be

expressed as following,
Trb(r) = (r + R) = o(R)U(x) = e*Ry(x) (2.14)

which is exactly one of the forms of Bloch’s theorem. We have not specified that
whether k is a complex or real vector. Since the probability of finding an electron

is same at points r and r + R in an infinite size lattice, hence we expect that,
[ =1

(2.15)
= [ Ryl R)dr = (Re(R) [ 0@ = 1

in which ¢*(R)c(R) = 1 guarantees that k is a real vector. We can write Bloch’s

theorem in one dimensional form by rewriting equation 2.12 in the following way,
k = ki + ks + ks, (2.16)
then for a single step displacement in a; direction, Bloch’s theorem will be,

Ta1w = w(xl + al) = eiklalw(xl)‘ (217)

Another approach to obtain Bloch’s theorem in a finite size lattice is given by
group theory. Consider a one-dimensional Hamiltonian with a periodic potential
arranged in a linear way and associated with periodic boundary conditions applied
at edges with h separated periodic parts. It can be shown that the cyclic group
of order h is the symmetry group of the described Hamiltonian. We define the
generator of the cyclic group to be A representing a translation for one period of
size a. We assign a linear operator Ty corresponding to translation A where it

acts on function ¥ (x),
Tap(x) = Y(z + a). (2.18)
If we apply translation linear operator! for h times to the eigenfunctions of the

Hamiltonian,
This() = ¥(x + ha) = ¥(x) (2.19)

so, Ty can be written as h’th root of unity,

Ty=e¥?h  p=1,23 ... h, (2.20)

'Since now we will continue calling translation operator instead of full name.

6



or in another words,
Tatp(x) = (x + a) = 2P/ (x). (2.21)

Let’s assume that the total length of linear arrangement is L = ah. Then we can
write,

Tup() = ¥l + a) = 7/ () = oo (a) (2.22)

where k is related to p by k = 27p/L .

Up to this point, we figured out how to obtain Bloch functions for a lattice with
a periodic potential in different ways. Now a question can be asked and that is “do
there exist functions similar to Bloch functions expressing the electrons behavior

in a lattice in presence of a uniform magnetic field?”

To answer this question we should rewrite the introduced effective Hamiltonian

consistent with magnetic field,

H= (p 4 %)2 V() (2.23)

where A is vector potential and is given in the following gauge,
A= —%(r x B). (2.24)
Different components of (p + eA/c) are not commuting,
[(p+eAje)i,(p+eAfe)]#0 ; i,j=12,3 (2.25)
while the components of (p — eA/c) is commuting with (p + eA/c),
(p—eA/e),(p+eA/e);] =0 ; i,j=1,23. (2.26)

Equation 2.26 helps us to define a new translation operator according to (p —
eA /o),
T(Ry) = exp[—iRn - (p — eA/c)/T] (2.27)

where its effect on an arbitrary function is,

T(Ry)Y(r) = exp[+i(Ry X B8) - /2]t(r — Ry) (2.28)
7



in which 8 = eB/hc, while the translation operator without magnetic field would
be:

T(R,) = exp[—iRy - p/A]

(2.29)
T(Ra)¥(r) = ¥(r — Ry).
Modified translation operators don’t commute with each other,
T(Rl)T(RQ) = T(R2)T(R1) exp[—i(Rl X Rz) . ,B]
T(R1)T(R2) = T(R1 + Ra) exp[(—i/2)(R1 X Ra) - B]. (2.30)

Modified translation operators generate ray group rather than a group and this
is because of the phase factor that appears in the second part of 2.30. These
operators are basic to magnetic field problems. It can be shown that Hamiltonian

and modified translation operator are commuting,

[H,T(R,)] = 0. (2.31)

Since Hamiltonian and translation operator commute, we can choose a simul-
taneous eigenbasis for them. Let’s have an energy eigenvalue which is M-fold

degenerate associated with eigenfunctions ,,,

T(Ru)thm = Z Dy (Rn) (2.32)
=1

After working a while on equations 2.30 and 2.32, it can be figured out that:
D(R1)D(Rz2) = D(Rq + Rz) exp[(—i/2)(R1 X R3) - B] (2.33)

In order to demonstrate translation operators with matrix representations , we
need to reduce our system to a finite size and consequently the ray group will re-
duce to a finite size group as well. Let’s assume ag, as, ag are primitive translation
operators. The dimensions of the finite lattice is defined by Nja;, Nras, N3az.
Applying Born-Von Karman boundary condition to a finite lattice in absence of
the magnetic field(zero-field), is to impose a restriction on the eigenfunctions to

be periodic for a certain Bravais lattice vectors,
T(N;ay)p =4 ; i=1,2,3. (2.34)

8



We can invoke the same boundary condition in the presence of a uniform mag-
netic field. But there is a difference with zero-field case. Here the eigenfunction
obtained from a translation operator T'(R,y,), applied on 1), is not going into itself

by undergoing the translation operator of T'(N;a;),
Gm =T (Rm)1). (2.35)
Using equation 2.30 we have,
T(N:a1) = exp[—iNi(as X Run) - Bl (2.36)

In order to having the boundary condition applied to all the functions, we require
that,
N;(a; X Rpy) - B = multiple of 27 (2.37)

Question: What form B should have to satisfy the condition given by equation
2.377

Since R, is a Bravais lattice vector, hence we can express it in the form of,
R, =Y n"a (2.38)
i

Now, in order to be consistent with magnetically periodic boundary condition,

we are assuming 8 in the following form:
B =aR (2.39)

where R = ). n;a; is a primitive lattice vector. After canceling out the common
factors, B is given by:

1

where [, N are integer numbers which provide a rational number [/N and € is

the volume of a primitive cell.

The magnetic translation operators are unitary. If we choose an orthonormal
basis, then we can construct a unitary matrix representation for operators. We

choose B to be alongside vector a3 without loss in generality,

1
,B = 27Tlmag. (241)

9



Using 2.30 commutation relations for primitive vectors would lead to,

[T'(as), T(a1)] = [T'(as), T(az)] = 0

ol (2.42)

T(an)T(ae) = exp (= i ) T@) (@),

it can be figured out from 2.42 that we are restricted from below to a size given by
two dimensional N by N structure with one unit cell thickness in the a3 direction,
while magnetically periodic boundary conditions is imposed. This domain is
called as magnetic unit cell. Two dimensional N by N plane is spanned by a;

and a,, thus the group consists of N2 operations.

According to equation 2.42 T'(a3) is commuting with both T'(a;) and T'(as),
therefore it makes sense to take it as an identity matrix with order of N by V.

Let’s invoke equation 2.32,

M
=1

by replacing agz instead of R, and few changes, we are left with,

N

T(a3)tr = »_ Dji(as)t Z Sty = (2.43)
j=1

In next steps, we will try to find the matrix representations for T'(a;) and T'(ay).

We use the same equation 2.32,

al wk ZDjk al

T(a2)Yy = ZDjk as)y (2:44)

T2 (a2)ose = exp ( - z'%”)T(aQ)T(alm

applying T'(as) in the left side and T'(a;) in the right side of the equation to

gives us,

T'(a1)[Dix(az)tr + Dog(a)ths + ... + Dyi(a)n] =

exp ( - i%ﬂ-l>T(az)[D1k(al)wl + Dop(ar)y + ... + Dyg(ar)vn]

10
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and applying T'(a;) in the left side and T'(ay) in the right side of the equation to
the terms inside the brackets,

=Dii(az)T(ar)1 + Dag(ag)T(ar)s + ... + Dyi(az)T(ar)y =

exp (— 12 ) [ Duslan)Tas)in + Dog(aa)T(aa)tis + .+ Dvelaa)T(aa)iin
(2.46)
and after expanding it,
=Dy (ag)[Dyi(ar)yr + Dai(ar)s + ... + Dyi(ar)T'(a)) vy

+ ...+ Dyi(az)[Din(a1)ys + Dan(ag)s + ... + Dyn(ay)in]

= exp < — z%) {le(al)[Dn(az)% + Dai(ag)Ys + ... + Dyi(a)vn]

+ ...+ DNk(al)[DlN(aQ)wl I D2N(3—2)w2 + ...+ DNN(aZ)wN]}

(2.47)
Now, it is time to rearrange the terms according to v, ¥s and etc:
[Dix(az)Dii(ar) + Dog(ag) Dia(ar) + . .. + Dyg(az) Diy(ar)|ts
+ [D1r(az2) Dai(ar) + Dax(az)Dag(ar) + ... + Dyg(ag) Doy (ar)]i
+ ...

+ [D1x(az) Dy1(ar) + Dog(az) Dya(ar) + ... + Dyi(az) Dyn(ar)vn
— exp ( - z%ﬂ) {[le(al)Dn(ag) + Dyp(a1) Dia(as) + . .. + Dyi(ay) Dy (@) ey

+ [Dix(a1) Do (az) + Dap(a1)Daa(az) + ... + Dyi(ar) Dan(az)]ie

+ [Dix(a1)Dn1(az) + Dog(ar)Dya(az) + ... + DNk(al)DNN(az)WN}>

(2.48)

we will assume that Dj,(a;) is a diagonal matrix while the non-zero arrays of the

matrix D, (as) is arranged according to §;,—1(mod N).

) =0 f(5)

Djk<al
Djk<ag) = 0j k-1 (HlOd N)

(2.49)

. N . . .
Since {wi}izl is a set of linearly independent vectors, hence we can compare

coefficient of each 1; separately on both sides:

11



If we consider k£ = 1 in 2.48, then we are left with no terms at both sides, while
for k = 2, we are left with coefficients of ), at both sides:

D12(32)D11(a1) = €xXp ( - i%ﬂ>D22(a1)D12(ag) (2-50)

and for k = 3, we are left with coefficients of 15 at both sides:

D23(a2)D22(a1) = €xp ( - i%ﬂ)Dszi(al)Dz:a(az) (2~51)

then by setting Dqi(a;) = 1, we can claim:

2l

Dji(ar) = 6,1, exp (z’(j—l)w> G k=1,2,.., N)

Djk(ag) = 0j,k—1 (mod N)

(2.52)

Up to this point, we found the matrix representation for primitive vectors. In
order to generalize the matrix representation to an arbitrary Bravais lattice vector

in two dimensional plane constructed by a; and ay, we invoke equation 2.33,
D(R;1)D(R2) = D(R; + Ra) exp[(—i/2)(R; x Ra) - B].
For primitive vector ay,

D(a;)D(a;) = D(a; + aj) exp[(—i/2)(a; x a;) - ]

(2.53)
= D(a; +a;) = D(2a,),
in terms of matrices,
> " Djm(ar) Dyi(ar) = Dj(2ay)
= Zéjm exp (Z(j — 1)2W7Tl)5m7;C exp <@(m - 1)%)
= D;4(2a) (2.54)
= ik [exp (z(] — 1)%)}2 = D;r(2a;),

or

= [D;r(a1)]* = Djr(2a1),

after few more steps, it can be shown that,

12



[Djr(a)]™ = Djr(mai),

or

27rln1)

D;(nay) = 6, exp (Z(J —1) N

To find the matrix representation for nsa,,
> Djm(as) Diilaz) = Djp(az + as)
= Z Ojm—10m -1 = Djr(2az)

= k-2 = Djr(222),
if we continue last step once more,

D(ag)D(2a3) = D(3ay)
= Z D;m(a2) Dy, (2a2) = D, i (3a2)

= Z 0jm—10m—2 = Dj(3az)

= djh—3 = Djr(3a2),

based on principle of induction, we can claim,

Djr(n2az) = 8 k—n,-

(2.55)

(2.56)

(2.57)

(2.58)

What can be the matrix representation for a Bravais lattice in the plane of vectors

a; and ay? We recall equation 2.33 another time, and replace Ry with nja; and

13



R, with noas. Let’s write the equation in indices form,

Z Dj’m(nlal)Dm,k(ngag) = Dng(nlal + ngag) exp |:<—Z/2) (n1a1 X ngag) . ﬂi|

. 2min .
= Z%W exp (z(] —1) N 1>5m7k_n2 = D, r(n1a; + nqas) exp [(—z/?)(nlal X Noag) ,B]

27Tln1

= Smexp (i = D ) ks

) 27l
= Djr(n1a; + noas) exp [(—z/2)(n1a1 X noay) - <m>a3}

b j7k(n1al == n232) 210 [(_i>(nln2) <%l>}

) = Djr(na; + neaz) exp [(—z’)(nmz) (WNZ)}

2milng

N
(nz I 2(] — 1)):' = Djk(nlal - 77,232)

=0 k—n, €XP <Z(] —1)
iming

N

:>6j,kfn2 exp [

or
iming

N

Djk(nlal + ngag) = 0j,k—ny €XP |: (TLQ + 2(] — 1)):| - (259)

The orthogonality relation. If all nonequivalent irreducible representa-
tions(irrep) of a group G is considered, p and v denote nonequivalent irreps,
then the quantities DEZ)(R)(i,j =1,2,...,n,), for fixed values of u,i,j form a

vector in a g-dimensional? space:
N v - g
Z Dz(,ll)(R)wa,?j(R ) = 6,0i0m, (2.60)
R Kz
if the considered representation is unitary, we also can write,

n

v)x g
R

Each irreducible representation D gives us ni orthogonal vectors which are also

orthogonal to the provided vectors of all the other nonequivalent irreps,

D=9 (2.62)

2g: order of group G
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In addition, a similar equation can be derived for characters of D*(R),
> XRIN(R) = g, (2.63)
R

Let’s recall equation 2.59,

iming

D x(n1ay + n983) = 0,4, eXp [ (ng +2(j — 1))} , (2.64)

it easily can be seen that the traces D;; of all the matrices are zero, except the
identity which has a trace of IV,

N N

Z Dji(ag) = Z@z = N. (2.65)

So, the sum of the squares of the traces is N2, which is order of the group.
Therefore, the representation is irreducible. Moreover, the square of its dimension

is also N2,
2 A2
> m=N=g (2.66)
n

which means there can be no other nonequivalent irreducible representation.

The group that we constructed under magnetically periodic boundary condition
has N2 elements. In the magnetic unit cell that we considered, only irreducible
representation of dimensionality NV can be found where its eigenvalues are N-fold

degenerate.

Let’s consider a function v in which we can construct a representation by ap-
plying all the transformations of the group G to the . Either ¢ is itself one
of the base functions of the constructed representation or it is a linear combi-
nation of the base functions. If we split the representation into its irreducible

representations, our claim is still valid,
=YY", (2.67)
v =1

where {1/11(”) . provides the base functions for vth irreducible representation.

The linear operators Og correspond to elements R of the group G, and they

15



satisty,
Orvy” = v DY (R). (2.68)
J

Now, finding the condition for the base functions of a given representation in
order to satisfy the equation 2.68 is a matter of question. Let’s multiply 2.68 by

D{"*(R) and sum over the elements of the group:

Im
S DI (R)ORY! ZWZDM DY(R)
R

2.69)
g y , (
= n_y Zw]( )5lj5mi5,u1/ = n_l,wl( )5”“'6/“/7
j
setting m = [, and u = v,
ZDZ(IV)*(R)OR%(V) = il/)l(y)(;li, (2.70)

R oy
and for specific [ =7 it gives,

> DY (R)Ory” = o, (2.71)

R 14

Equation 2.71 is a necessary condition for wi(,,) to be a base function for vth
irreducible representation. If the function ¢§”) satisfies the condition, then we
can find (n, — 1) partner functions so that the set provides a base functions for
2.68.

What if instead of a particular function like wl@, we are given a general function
like ¢/? We can show that the function ¢ can be written as sum of the base

functions of some of the irreducible representations. Let’s set m = [ at 2.69,
Z DY (R)OR" = 2" 838 (2.72)
ny
It is easy to see that the operator,
P(“ ny Z D“ R)Op, (2.73)
acts as a projection operator. Or in other words,

B(M)¢§V) _ ¢§M)5ij5uu' (2.74)

16



Let’s try applying the projection operator to 2.67,

l‘)w Z D(M) (R)O}{(ﬂ _ % Z D(M (Z Z¢(V))

R R v j=1
ZZTLMZD“ ZZP ZZ¢ 5;11/61] )
v =1 v =1 v j=1
(2.75)
or
= - ZD L (R)ORv. (2.76)

we say that a general function like v belongs to vth irreducible representation if
it can be resolved in terms of its base functions. It is easy to show that all the
theorems and lemmas that help us to derive the orthogonality relation for unitary

representations is also valid for ray representations.

Considering an arbitrary function g(r) like ¢, and a set of partner functions
fu(r) like ¢§" ) so we have,

r)=nY_ Di(R.)T(R,)g(r), (2.77)
R,
71 is normalization coefficient and if we choose R,, to be nay,
al 2min
r)="n Z D7 (na;)T (nay)g(r) = nz 011 €xp ( —i(l—=1)— I >T(na1)g(r)
n=1 n=1

=1 Z T'(nay)g(r)
i (2.78)

The other element of the given representation can be taken as —masy(we took
negative for convenience). Hence, the other partner functions are related as the

following:

T( mas fn Z D, 41, n+1 maQ)fJ( )
- Z 5j+1,n+m+1 fj(r) = fner(r) (279)
J

= T(_m32>fn<r) = fn—l—m(r)
17



and

T(a1)fu(r) = Z Dji1ns1(an) f;(r)

= Z 0j+1,n+1 €XP (@]%ﬂ)f] (r) =exp <m%7rl>fn(r) (2.80)
= Tan) fulr) = exp (in 20 ) ().

It is appropriate now to investigate a crystal with bigger dimensions undergoing
magnetically periodic boundary conditions. The dimensions are Nja;, Nsas,
Nszaz where Ny = M1 N, Ny = MsN and the magnetic field is chosen in direction
of a3z as before. We have a larger group, with Ny NNz number of operations.
The number of representations are M; Ms N3 with dimensionality N for discussed
group (G. The matrices that we are dealing here are assigned with reciprocal
space components of qi, qo, q3 differing with real space translation matrices that

we have worked before by a phase factor,
D%(a;) = exp(—iq;a;)D(a;) j=1,2,3. (2.81)
We take both sides of equation 2.81 to power of IV},

[Dq(ajﬂNj = [eXp<_iCIjaj)D(aj)}Nf
= [Dq(aj)} N; _ exp(—iqjaj]\fj) [D(aj)]Nj
= 1= exp(_inaij) x 1

(2.82)

= exp(—iqjaj]\/j) =1

qjaij :27T0j ]: 172,3
C'1:O,1,...,M1—1; 022071,...,M2—1 (283)
Cy=0,1,...,N3— 1.

Let’s remind equation 2.76,

18



Y = % S DY (RO,

R

if elements R, S, and T belong to group G, then we can replace R with RST and

it will also sum on all over elements of G,

P = % N DY (RST)Opsriv

RST

n * *
R,S,T

:%zw 0x Y2 DI (510 Y D (11015,
R

If we replace as following,

— =1 R — nja; Y — g(r)

S — nsasg T — naNay ’le(u) — fg(r) (285)

then

N2
—nZD niay) (nlal)ZD?i*(nzNag (naNayg) ZD nsag)T (nsaz)g(r),

n2

N1 N2
= fd(r) =n Z exp(iginiay)Dyi(niay) T (niay) Z exp(iganaNag)Dy1(naNag)T (naNag)

ni=1 no=1
N3

Z exp(igsnzaz) D11 (nzaz)T (nsaz)g(r) =

nzg=1

n Z expli(qimiar + ganaNas + gznzasz)]

ni,n2,n3

x T(nya;)T (ngNay)T (nzaz)g(r), (2.86)
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where is generalization of a Bloch sum. Using equation 2.32, we can find a similar
equation as 2.79 for f9(r):

T(—may) fi(r ZDZH o1 (—mag) f(r Zexp igamas) Dy 1 041(—mag) f(r)

= ZeXp iq2maz)0r41,m+1 £ (r) = exp(igamas) f7,(r),
l

= f1(r) = exp(—igamas)T(—may) fi(r). (2.87)

This relation can be generalized to a vector constructed by a;, as, as:
Rn = njaj; + ngag + nsas, (288)
it will be,

T(—=Rn) f(r) = T(=may — npay — nzag) f,(r) =
T(—na; — neas)T(—nsas) exp [(z’/2) [(—n1a; — ngay) x (—nzas)] -ﬁ} £1(r) =

T(—n1a1 — 71232)T(_n3a3)f31(r>a
(2.89)

then




ST(-R,) f3,(0) =

T(—man)T(~nsas)T(~ n3a3>exp[ (=/2)(n) [(B  22)] - (Rn)| £, (x) =
exp ( i/2)(n2) [(B x az)] - (R) T(—nia1)T(—n9a2)T (—nzasz) f,(r) =
exp ( i/2)(n2) [(B x a2)] - (R) T(—nian)T(— n2a2>{ (—ngag) f2 (r)}:
exp |(—i/2)(n2) [(B x a)] - (R) T(—ma)T(—nqas)

{ZDP+1 ot (—n3as) f2(r) }

exp {(—z/z)mg) [(8 x a)] - (Rn)]T(—nlal)T(—ngag)
{ > eXp(iCl3”3a3)Dp+1,m+1(—”333)f§(r)} =

exp [(_1/2)('@2) (B x az)] - (Rn)] exp(igsnzag)T(—nia;)T(—nsas)

{ Z 5p+1,m+1f§(r)} =

exXp _(_1/2)(712) [(ﬁ X az)] : (Rn) eXP(’iQ3nsa3)T(—n131)T(—n232)

{5109} =

exp | (=i/2)(na)[(B x 22)] - (R,)| expliamaag) T (—may)

{T(man i} =

(2.91)
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exp [<—i/2)<n2) (B x as)] - (Rn):| exp(igsnsas)T(—niay)
{ Z Dg+1,m+1(—n2a2)fg(r)} —

exp | (~i/2)(n2) [(B x 82)] - (Ro) | expligansag)T(—nay)

{ Z eXP(iQ2n2a2)DZ+1,m+1(_n232)fg(r)} -

p

exp [(—1/2)(”2) (B x az)] - (Rn)i| exp(igsngag) exp(igansas)T(—nia;)

{ Z Opt 1,mt14ms fz‘f(r)} —

exp | (~i/2)(n2)[(B x 2)] - (Ra)| expliggnyas) expliansas)T(~nya)
{frim()} =
exp | (~i/2)(n2)[(B x 2)] - (Ra) | expligsnsas) expliganzas)
{T(=man) fin ()} =
exp | (=i/2)(n2)[(B x 2)] - (Ra)| expligsnyas) explianzas)

{ Z DZ+1,m+n2+1(—n1a1)fg(r)} =

exp [(—i/Z)(ng) (8 % ay)] - (Rnﬂ exp(igsnaas) exp(iganaas)

{ > eXP(iqmlal)Dp+1,m+n2+1(—nlal)fﬁ(r)} =

p

o [<_Z/2)(”2) [(IB ) a2)} . (Rnﬂ exp(igsnzaz) exp(iganqaz) exp(iqinia;)
{ Z p+1m+na+1 €XP( zp27rln1/N)f§(r)} _

exp [(—2/2)(712) (B x a2)] - (R, )} exp(igsnsaz) exp(igansas) exp(iginiay)

{ exp [ —i(m + n2)27rln1/N} m+n2(r)}7
(2.92)
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since we know that,

2wl 2mln
(ﬂ X ag> . R1 = (—8.3 X ag) . (nlal) = ! (a3 X ag) Q] =
2mlng (a5 x a0) - a 27lng (—Q) = —27lny '
QN TR T gN N

so we can replace (—2nlny)/N with (8 x as) - Ry,

ST(-R,)f4(r) =
exp :(—¢/2)(n2) (8 % ay) - Rnﬂ exp :i(m +n2)[(B x ay) - Rn}:
exp(igsnsas) exp(iganoas) exp(iqmlal){ s (r)} =
[(~i/2)(1)[(B x 22) - Ra] | exp [i(m + 1) [(8 x ) - Ro]|
exp(igsnsas + iganaag + iqlnlal){ ffn+n2(r)} h
exp :(—i/?)(ng) (8 x ay) - Rnﬂ exp :i(m +n2)[(B x ay) - Rn}:
exp(ia Ro){ i, (1) } =
exp | (i[a -+ (m + n2/2)(B x a2)] - Ra) [ { fi (1) }.

exp
(2.94)

or

T(=Ra) f4,(r) = exp |(i[a+ (m +n2/2)(B x )] - Ro)| (1) (2:95)

This equation uncovers how the basis of the irreducible representation is trans-
forming. To show the resemblance of the obtained equation with usual Bloch

functions, we can replace
B(r;q+mB x as) = f1.(x) (2.96)
or in another words,

T(~R,)B(r;k) = exp [(z [k + B x nyay/2)] - Rn)]B(r; k+ 8 x noas).  (2.97)
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2.2 Magnetic translation operators

The modified translation operators introduced by E. Brown [1] forms ray group.
J.Zak [2] defined a new set of translation operators where it combines the ordinary
translation operator with a new part depending on the path that connects a point
to another. These new set of translation operators are called magnetic translation
operators where form a full group rather than ray group. Let’s consider the
Hamiltonian of a Bloch electron in a magnetic field with the same gauge for the

vector potential that we considered at beginning of this chapter.

H— %(m %)2 V(@) (2.98)

with the gauge: .
A= §(H X T) (2.99)

where H is the magnetic field. Let’s consider a Bravais lattice:
Rn = nia; + noas + N3as (2100)

where {a;} are primitive vectors. Let assume we have a path connecting point O
to the point defined by R,, and we can travel from one lattice point to another

by using Bravais lattice vectors. We can consider a path as following:
R.=Ri+Ro+...+ R, (2.101)
and we can demonstrate the path as:
IR1,Ra, ..., Ry). (2.102)

It is easy to see that this path is not unique and one can have many other paths
satisfying equation 2.101. The new operator which is combination of modified

translation operator and one extra part can be written as:

7(Ry|R1, Ra, ..., Ry) =exp {(i/B)R,, - [p — (¢/c)Al}
xexp{(i/2) Ri x Ro + Ry x Rg +... + Ri_1 x Rj] - h}
(2.103)
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where h = eH/he. The vector products of {Rj}j.zl have the same order given
by the path that they are forming. We can see that,

1
§[R1XR2+R1XR3+...+Ri,1XRi]'h (2104)

have a simple meaning. If we project each R; to the plane in which the normal
vector is h where it is the unit vector along the vector h, then the path projection
on the plane is given by,
IR, RE, ... RD) (2.105)
and it is not hard to see that,
1
§[R1 XR2+R1 XR3+...+RZ‘_1 XRi]‘h

X (2.106)
:§[R{’><R§’—|—R1ng—l—...—l—Rf_lfo]-h.

Here the right-hand-side of equation 2.106 is the area that is embodied by the
projected vectors:
RY, RS, ....,R! —R? (2.107)

the vector —RP? helps to close the path. These vectors construct a polygon and

the expression 2.104 is the flux passing through the embodied area by the polygon,

7(R,|R1, Ra, ..., Ry) =exp {(i/A)R,, - [p — (e/c)A]} (2.108)
x exp {i¢(R1,Ra, ..., Ry)}.

In order to check that the new defined operator is forming a full group or not, we
will calculate the following:

7(R,|R1, Ry, ... ,R)T(R,|R], RS, ..., R})

— exp {(i/I)Ro - [p — (c/c)A]}

xexp{(i/2)]Ri x Ro + Ri x Rs + ... + Ri_1 x Rj] - h}

< exp {(i/R,, - [p — (c/c)A]}

xexp{(i/2)[R] xR, + R} xRy +... + R, x R}]-h} (2.109)

— oxp {(i/W)R,. - [p — (e/c)A]}

x exp {(i/B)R;, - [p — (e/c)A]}

xexp{ (1/2)) Ri x Ry + Ry x Rg+ ...+ R;_1 x R;

+ R xR, +R] xRy + ...+ Rj_; x R{]-h},
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Baker-Campbell-Hausdorff formula is given by:

1
exp(A) exp(B) = exp(A+ B + E[A, B]) (2.110)
and it helps to calculate the following,

[%Rn- (o~ §A>, %R;. = SAH —i(R, xR,)-h (2.111)

therefore,
T(Rn|R17 R27 ce 7RZ)T(R;1|R/1> Rl27 " 7R;c)
= exp {(i/h)(R. + R;,) - [p — (¢/c)A]}

(2.112)
xexp{(i/2))Ri x Ro+ ...+ Ry x R] + ...
+R,_, x R}]-h}.
So the total path would be:
IR, Rs,....,R;, R RS, ... R)) (2.113)

thus, the path 2.113 provides the following magnetic translation operator:

7(R,|R1, Ry, ... ,R)T(R,|R}, RS, ..., R})

(2.114)
= 7(R,+R,|R,Ry,...,R;, R, RY, ..., R}).

Equation 2.114 provides a full group. To investigate the group conditions first we
need to consider the reciprocal operator 7(—R,| — R;,—R;_1,..., —Ry) which
guarantees the existence of identity element for the group. Let us denote the
current group as G. We can call this group as magnetic translation group(M.T.G).
This is an infinite group for two reasons. There are infinite number of vectors R,
and for each vector there are infinite number of paths. We can introduce another
group H in which each member like H(R,,) corresponds to elements of G given
with vector R,, but with different paths. Therefore group G is homomorphic to
H. The new defined group H is abelian group. It means that H(R,, + R) =
H(R], + R,). Since the group H is isomorphic to the usual translation group,
denoted by R, hence there exist a homomorphism from G to R which helps to use
the Born-von Karman boundary conditions to construct matrix representations

for magnetic translation operators.
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2.3 Translation operators in phase space

We learned about space translation and momentum translation operators in
quantum mechanics textbook. We can define the translation operator in one-

dimensional space coordinate as:

T(Az) = exp [ - i(Afi)px] (2.115)
and translation operator in one-dimensional momentum coordinate as:
T(Ap,) = exp [ - i@} . (2.116)
We can define a new operator in the following form:
T(Az™, Ap™) = exp { v Z,(Ax;i(”)pm r Z,(prh)(")x] , (2.117)

and we denote the displacement in phase space coordinates with the vector I',, :

Az
Apy
Hence, it would be easier to express the new defined operator in terms of I',;:
T(Az™ Ap™) = T(T,,) (2.119)

then, we can find out whether new defined operator is forming a group or not.

e

h A - .
= exp { _ Z-(A:z:(;:))px _ Z.(Api“));c B i<A$(;)')px B i<Ap§‘:)/)x}
X exp { [ — Z'(Al’;:))px _ Z.(Apim)x . @'(Ax:)')px - i<AP§)I>$]}
= exp { _ Z.(Ax(n) +hA;p(")/)px - i(Ap”ECn) +hAp§3n)/)$}
X exp { [ - Z(Ax:))m - Z(Api% e . 2.(A:z:‘i’:’)px N Z(Api")') ]}
_ exp{ B Z,(Ax(n) -|—hAx(n)/)pz - Z.(Ap&n) +hAp§cn)/)x}

(2.120)
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We also can write:

(2.121)
It is easy to check that the operators T'(T,,) for different values of T',, are forming

ray groups. From what we learned, similar to J. Zak work, we can introduce a

new operator 7 based on the operator 7',
T(I‘n‘l—‘17]——‘27"'71—"i> (2122)

where I', =Ty + s+ ...+ T;.

IT,,Ty,....T)) (2.123)

denotes the path that connects point O to the point that the vector T',, is pointing.

The new operator is expressible as:

Az™)p,  (Apd”
T(rn\rl,rz,...,ri):exp{—z'( v b (AP )x}
, h h (2.124)
Xexp{;—h(f‘l><1"2—|—I‘1><F3+...—|—I‘i,1XI‘Z-)-Z}
where it forms a full group similar to 2.114,
=7(T,|Ty, Ty, ..., )7 (T, |IT}, T, ..., T
(T [Ty, T )7 (I, T, T k) (2.125)

=7(0, + |y, Ty, ..., T, 1,15, ..., T).
The group that is generated by translation operators 7 holds the same properties
that we discussed earlier at section 2.2. Although this group is not a symmetry
group of a Hamiltonian with one dimensional potential given in the following

form,

H= » + v(z), (2.126)

2m
we still expect that by writing the Hamiltonian for specific cases of momentum

and potential, we can find a Hamiltonian which commutes with the operator
7 and provides the eigenvectors that matrix representations can be constructed

based on them.
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Chapter 3

Shifted Creutz model

Through this chapter, we are going to derive a toy model from Cruetz model while
the band structure is shifted in k-space. This new model is one dimensional analog
of Haldane model [3] in which the gaps can be opened and closed by manipulating
the hopping terms at certain points. We adopt spin-orbit interaction to our model
in a similar way that Kane-Mele [5] adopted the Haldane model. Shifted Creutz
model breaks time-reversal symmetry while it holds a chiral symmetry. Unlike
the spinless electrons model, in the shifted Creutz model with spin-orbit coupling,

time-reversal symmetry appears and it is preserved.

3.1 Creutz model

Creutz model [6] is given by a cross-linked ladder with spinless electrons in which
the horizontal bonds is given by hopping parameter ¢,. For diagonal and vertical

bonds, the coupling is t,, and ¢, respectively. All these parameters are assumed
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to be positive. The Hamiltonian of the model is,

Hz—Z[Q(@L(LnH + aiﬂan + blba  F bLan)

+ txy(a;rzbn—i—l + biri—lan + bjzaml—l + aj:L-‘rlbn) (31)
+ ty(alb, + bla,)]

where the fermionic annihilation and creation operators on the nth site of upper
and lower chains are given by a,, b, and af, b} | respectively. If we apply a

magnetic field normal to the plane of the ladder, when an electron is hoping

horizontally from one chain to another, it will be associated with a phase.

()

The new Hamiltonian is given in the form,

H==Y[t("aan + eaa, + e blbu +e” blLib,)

+ tmy (aLan + b:[H_lan + bi},an+1 + aIH—lbn)
+ ty(aizbn + blan)]'
(3.2)

We can use Fourier transform and express our Hamiltonian in k-space,

o /27r %(az ) 2ty cos(k —60) t,+2t,,cos(k)\ [ax (3.3)
0 27 ty + 2ty cos(k)  2t, cos(k + 0) b

where Fourier transform of annihilation and creation operators are given by,

. —ik.ry —ik.(rn+1)
Ap = —— E ape Api1l = g ae
VN £ i f
1 .
by =—— > be bn § bt 3.4
VN =" e g (3:4)
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and energy eigenvalues at § = 7/2 are:

B(k) = 1/ (2L, sin(k))2 + (1, + 2z, cos(k))2. (3.5)

If we set t, — 2t;, = 0, in the band structure, there exist gap closure at points

k = —m and k = 7w with 0 energies and they are called time reversal invariant
momenta.
0,5 L ] L ] L ] L ] L ] L ] L ]
S
5
- 0
>
)
=
0
=
=)
_0.5 L L L L L L L
-3 -2 -1 0 1 2 3
k(- 7, )

Figure 3.1: Band structure of Creutz model; The values are set as t, = 0.2,

tzy = 0.1, and t, = 0.2 in a periodic boundary condition.

3.2 Shifted Creutz model

We shift Creutz model in k-axis for 7/2. New shifted band structure in contrast
to Creutz model loses the time reversal symmetry and it only shows one gap

closure at k = m/2.
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0.5

Energy levels

_0.5 1 1 1 1 1 1 1
-3 -2 -1 0 1 2 3

k(- 7, )

Figure 3.2: Band structure of shifted Creutz model; The values are set as t, = 0.2,

tzy = 0.1, and t, = 0.2 in a periodic boundary condition.

A cross-linked ladder similar to Creutz-model with phases on diagonal bonds
while the hopping term for horizontal bonds in upper chains is ¢, and for lower

chains is —t, is providing us the same band structure and it can be depicted as:

ty 000

The structure is considered again as spinless electrons. Let’s assume that intro-
duced parameters are positive same as Creutz. The shifted Creutz Hamiltonian

can be written as following:

32



>

[to(alanis  + ajwlan) — te(bibnyn  + b;rwrlbn)
+ twy(e_iea:rzbn+l + €+i9bjz+1an + e_wb;[zanJrl + €+iea;rz+1bn)
+ty(abby  +  blan)].
(3.6)
We can use Fourier transform given by 3.4 and express our Hamiltonian in k-space

with particular magnetic flux 6 = 7/2,
N /271' %(az b,t) 2t, cos(k) ty — 2ty sin(k)\ [ ax (37)
0o 27 ty — 2ty sin(k)  —2t, cos(k) b

and this time the energy eigenvalues are:

E(k) = 1/ (2t cos(k))? + (t, — 2t sin(k))2. (3.8)

If we set t, = 2t,,, there would be a degenerate state at the point k = 7/2, while
it would be gapless in other points of Brillouin zone(Fig. 3.2).

3.2.1 Winding Number

In mathematics, winding number measures the number of times that a curve
wraps a given point. Winding number is a good mathematical geometric quantity
to characterize the topological properties of phase transition points at 1D systems.
It reveals the topological properties of the system by getting determined as a
topological invariant on closed curves surrounding the transition points. Let
us consider the 1D shifted-Creutz model once again and calculate the winding

number:

v /27r %(a; b,t) 2t, cos(k) ty — 2ty sin(k)\ [ ax (3.9)
0o 27 ty — 2ty sin(k)  —2t, cos(k) b
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The kernel of Hamiltonian can be written in term of Pauli matrices,

ot cos(k)  t, — 2t,, sin(k
H(k) = cos(k) Y v sin(k) = 2t, cos(k)o, + [t, — 2t,,sin(k)]o,
ty — 2ty sin(k)  —2t, cos(k)

(3.10)

2

1 1
Using transformation matrix U = -
V2 i =

.>, we change Hamiltonian to
following form:

Hy = U'HU = 2t, cos(k)o, + [t, — 2t., sin(k)]o, (3.11)

or

2t, cos(k) — i[t, — 2t,, sin(k)]
Hr =

. (3.12)
2t cos(k) + i[t, — 2t,, sin(k)]

We take ¢ to be:

q = 2t, cos(k) — i[t, — 2t,, sin(k)], (3.13)
winding number and the possible constraints over hopping terms are given in the
following,

. 4+ .
-~ L Oa(k) L/
2 J_. q(k) Ok 27 J_

+7T . . .
2t, sin(k) .—i- i[2t4y COS.(k‘)] Ik (3.14)
+ 2ty cos(k) — i[t, — 2t,, sin(k)]

by setting t, = t,, = 1 we have,

—2sin(k) + 4[2 cos(k)]

i [T —2t,sin(k) + i[2t,, cos(k)] i (T
27 / dk /7T 2 cos(k) — i[t, — 2sin(k)]

o 2t cos(k) — ity — 2y sin(k)] 27

e [ o),

27 » 2exp(ik) —it,

(3.15)
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If we change variable in the form exp(ik) = z, then:

2i dz 2i . 1 2i(2mi)
- omi) i —it, /2 _ — 1
2><27qu{z—ity/2 52y < () lim (= —ity/ )z—z’ty/2 2 % o ’

(3.16)

here, winding number is a negative integer and it implies the existence of a
topological invariant. It also exhibits the constraint over ¢,: |t,/2| <1 — |t,] <

2 in order to have winding number of —1 .

In our ladder structure, using open boundary condition, we can see the degen-
erate edge states at values greater than t,, > 0.5 and smaller than ¢,, < —0.5.
To plot the edge states we took the advantage of the Hamiltonian representation

in position space(Fig. 3.3),

t
xy

Figure 3.3: Edge states in shifted Creutz model with 200 chains in an open

boundary condition.; t, = 1 and ¢, = 1.

Two degenerate wavefunctions [7] with 0 energies in position space represen-
tation of the Hamiltonian is depicted as Fig.3.4. These wavefunctions exhibit the

probable position of the hopping electrons.
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Figure 3.4: End states are plotted for 100 upper and lower chains in an open

boundary condition.

According to phase diagram 3.5, a quantum phase transition is occurring while

the electron energy crosses the gap closure.

H(- 7, )

Figure 3.5: Phase diagram of shifted Creutz model with spinless electron model.

Hopping terms of vertical and diagonal bonds are varying with the restriction

[ty/tay| < 2.
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3.2.2 Time reversal, Particle-hole symmetry

Let us consider shifted Creutz model once more,
H(k) = 2t, cos(k)o, + [t, — 2t,, sin(k)]o,
Time-reversal [8] is represented by an anti-unitary operator,

T=UrK

(3.17)

(3.18)

where Uy is unitary and K is complex conjugate operator. We assume the unitary

part to be Ur = ioy,
T=UrK =io,K.

The H(k) is transformed as,

TH(E)T ™ = T{2t, cos(k)o, }T " + T{[t, — 2ts,sin(k)|o, } T
k)YT{o YT + [t, — 2t,, sin(—k)]T{o,} T
= 2t, cos(k)ioyKo,(—i)o, K + [t, + 2ty sin(k)|io, Ko, (—i)o, K

= 2t, cos

Y

= 2t, cos(k

(=
()
= 2t, cos(k)ioyo.(i)o, + [t, + 2ty sin(k)]io,0.(i)o,
(k)oyo,0, + [ty + 2ty sin(k)|oy0,0,
()

o
= 2t, cos(k)(—0,) + [t, + 2ty sin(k)](—o,)
or
TH)T = —2t, cos(k) —t, — 2t sin(k) .
—t, — 2t,, sin(k) 2t cos(k)

Eigenvalues of H(k) is given by,

= :I:\/(th COS(]%’))2 + (ty - thy SiIl(k))2

and TH(k)T!

j:\/ 2t cos( + (ty + 2ty sin(k))?.

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

Obtained eigenvalues for H (k) and TH (k)T ! are having different values. Hence

the Hamiltonian is not invariant under time reversal transformation. Particle-

hole symmetry C' = Ug K is similar to time-reversal, it has a unitary part and a

complex conjugate part where if it holds, then it needs to satisfy:
UCrH*,kUc_l = —H,
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the symmetry analysis for particle-hole operator would follow similar steps as

time reversal and it would not satisfy equation 3.24.

3.2.3 Chiral symmetry

Chiral anti-symmetry operator S = T'C' is another symmetry that our Hamilto-

nian can possess it. If it holds, it is necessary to confirm this:
UsHpUg' = —H,, (3.25)
If we choose Ug = o, then we have,
cryazazjl — —0, O'yO'xO'y_l — —0, (3.26)

considering equation 3.17, it confirms the required condition. Since 77" = 0,
CC =0 and SS = 1, from periodic table of topological structures [9, 10], it can
be confirmed that our toy model holds the topological index of Z with label of
ATIL.

3.3 Shifted Creutz model with spin-orbit and

Rashba coupling terms

Using the introduced Hamiltonian by Kane-Mele [5], we can include spin-orbit

interaction in our model. The Hamiltonian is,

H=—t c}acjg — ity Z c}avijazﬁcjlg —  iAR Z c}a (Gap % dij). Cjp-
(i.5)o ((4.3))oB (i,5)aB
(3.27)

In the first term, hopping term is for horizontal and vertical bonds, while hopping
term for second term is for diagonal bonds. In the second term, v;; represents
the induced phase on the diagonal bonds. As usual, (i, ) indicates that i and j

are nearest-neighbor sites while ((, 7)) refers to second-nearest neighbors. The
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vector djj represents the corresponding vector pointing from ¢ to j and it is only for
nearest-neighbor sites. The third term of Hamiltonian is Rashba SO interaction

term where it is for nearest-neighbor sites and it has explicit spin dependence.

H=H,+ Hy+ H; (3.28)

where each H; corresponds respectively to one of the three terms of Hamiltonian.
Now, let’s rewrite shifted Creutz model in position space while spin-orbit coupling
is included,

H1:_Z[tx(aiﬁan+1¢ + aILHTanT T ajwa"Jru T CLLHﬂnU

n

3.29
_tr(bLTanT i bILerbnT + bjubnﬂi + bjz+1¢bn¢) ( )
+ty(ajmbn¢ + bLTanT + ajwbni + b;rwani)],
the second term is,
Hy = — itay (_ajﬁbn-ﬁ-m + a;rubn-kli + aILJrlTbnT - ahu%
+b:r’b+1Ta”T - biwruani - bjmanJrlT + bjuamu)
(3.30)
and finally we have,
H3 = — ’L)\R [iaLTan+u — Z’G’L\LanJrlT + mLHﬂnT — ?;CLL+1TCL”¢
+ b by = b ibar + b b — Dby (3.31)

— aLTbm — ajwbm + bLTam + bLﬂnT

Using Fourier transform at 3.4, we can represent our Hamiltonian in & space.

The matrix representation of Hamiltonian is given by:
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H(k) = —(

where H (k) is the kernel of Hamiltonian.

2t, cos(k)
—2i\g sin(k)

t, — 2ty sin(k)

IAR

Q|
boaly bl bhy) H(E) (3.32)
ka
bki
2iAgsin(k)  t, — 2t,,sin(k) —iAR
2t, cos(k) —iAR ty + 2t,, sin(k)
iAR —2t,, cos(k) 2iAg sin(k)
ty + 2ty sin(k) —2iAgsin(k) —2t, cos(k)
(3.33)

If we plot the band structure for recent matrix, there can be seen two states with

time-reversal invariant momenta at points k& and —k where they are two-fold

degenerate which is consistent with Kramer’s theorem.

0.5

04

0.3 -

0.2

Energy levels

-0.2 |

-0.3

04 +

-0.5 L

Figure 3.6: Energy band structure; Rashba term is off. The values are set as

t, = 0.2, t,, = 0.1, and ¢, = 0.2 in a periodic boundary condition.

When we turn on Rashba term, a gap appears in the band structure, but we
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can close this gap by resetting the hopping terms.

0.5

Energy levels
S o o o o
v - o o [N w
T T T T T T
L L L L L L
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©
T
L

<
»
T
I
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3
.

Figure 3.7: Energy band structure; Rashba term is on. The values are set as

t, =02, t,, =0.1, %, = 0.2, and A\g = 0.1 in a periodic boundary condition.

While spin-orbit interaction is considered, still there exists edge states. To

plot edge states, we used the open boundary condition.

Energy

Figure 3.8: Edge states while spin-orbit interaction is included; Rashba term is
off. The values set as ¢, =1, t, = 1 for 200 chains.
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3.3.1 Time reversal symmetry

When spin-orbit and Rashba SO coupling is being taken into account, the kernel

of Hamiltonian is given by,

2t, cos(k) 2iAgsin(k)  t, — 2t,,sin(k) —iAR
—2iAg sin(k) 2t, cos(k) —iAR ty + 2ty sin(k)
H(k) =
ty — 2ty sin(k) iAR —2t,, cos(k) 2iAg sin(k)
iR ty + 2ty sin(k) —2iAgsin(k) —2t, cos(k)
(3.34)
H(k) can be expressed in terms of Dirac matrices,
5 5
Hk) == da(b)T" = Y day (k)T (3.35)
a=1 a<b=1
where the five Dirac matrices are given by:

' = (0, ® 50,0, ® 50,0y @ Sz, 0y @ Sy, 0y @ S) (3.36)
and a = 1,2,3,4,5. The commutators of Dirac matrices can be obtained by
following commutation relation:

1
r* = _—[r1r. 3.37

Time reversal operator could be taken as T' = i(0y ® s,)K in the existing rep-
resentation. Dirac matrices and its commutators are even and odd respectively

under time reversal transformation:
Tre7T—t =17
(3.38)
Trabel — _Pab

It is easy to see that the given Hamiltonian is time reversal invariant, since the

Dirac matrices coefficients are respectively even and odd as well:
du(—F) = da(k),
dap(—k) = —dap(k)
42

(3.39)



where

d1 = ty d2 = 275@ COS(]C) d3 = )\R
d25 = 2tmy Sln(k) d35 = 2)\3 sm(k)

3.3.2 Particle-hole symmetry

Particle-hole is anti-unitary operator. Hence it can be written as combination of

a unitary part and a complex conjugate part.

CHC™! = (UcK)Hu(UcK) ™! = UK H K™ 'Uc™" = UcHZ, Uc™ (3.40)
Therefore it is enough to show:

UcH* Uc™ = —Hy (3.41)

If we consider C' = (0, ® 0,)K, then Up = 0, ® 0, and,
Ucldi(—=k)y"Ug" = —di(k)y' Uclda(—k)y*Ug" = —da(k)y?
Uclds(—k)y"Uc" = —ds(k)y*  Ucldas(—k)y*JUg" = —das(k)7*

Ucldss(—k)y**|U" = —dss (k)7
which confirms equation 3.41. And particle-hole anti-unitary operator satisfies:

CC=UcKUcK = (0, ® 0,)K(0y ® 0,)K = (0, ® 0,)(0, ®0,) = =1 (3.42)

3.3.3 Chiral symmetry

Chiral anti-symmetry operator is defined as S = T'C', hence we can write,

S=TC=UrKUcK = UrpU; = Usg, (3.43)
thus for transformation we have,

SHES™ = UsHpUg' = (UrUE) Hy(UzUE) ™!
[i(00 @ sy) (0, @ 02)|Hi[i(o0 @ sy) (0, @ 0,)]
[i(00 ® s)(—0y @ 00)|Hi(00 @ 5,)(—0y @ 0,)]
= [i(00 @ 5,)(—0, ® 7)Hi{ (—0 ® 02)[=i(00 ® 5,)] }
43
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So, it is enough to show that,
SHS™' = —Hy,

if we replace Hj with its components, then,

Usldi(k)y'|UGH = —dy(k)y! Uslda(k)y*]Ug
Uslds(k)7*|Ug " = —ds(k)y* Usdos (k)7v*°|Ug

[ds(k)~’]
Us[dss (k)7 1Ug ! = —dss (k)7

(3.45)

b= —dy(k)y”
1 r —d25(k')’)/25

where confirms existence of chiral symmetry. Now, let’s find S'S value,

S8 = UrUsUrUg = i(00 ® 5y) (0, ® 04)i(00 ® s,) (0, ® 0,) =1 (3.46)

Since we have TT = —1, CC = —1 and 5SS = 1, according to periodic table of

topological structures [9], our Hamiltonian holds 2Z topological index with CII

label.
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Chapter 4

Conclusion

We studied Bloch-type functions for a lattice in presence of a uniform magnetic
field resulted from commutation of modified translation operaotrs with the Hamil-
tonian of the system, firstly introduced by E. Brown [1] and then extended by
J.Zak [2]. We learned how to form full groups rather than ray groups by manip-
ulating the translation operators. We utilized the same idea, and showed that
the same idea can be applied to a set of translation operators in phase space
coordinate which contains both translation in position and momentum spaces.
These translation operators form a ray group but they can be modified to form
a full group by adding an extra term consisting of different paths which gives
the same displacement vector. During chapter 3, we studied the Creutz model
and learned about the cross-linked ladder and its band structures. By using this
model, we introduced a toy model and calculated the band structures and its
possible symmetries. Then by utilizing the Kane-Mele [5, 4] idea, we rewrite the
Hamiltonian for our toy model while spin orbit interaction is included. Express-
ing our Hamiltonian in terms of Dirac matrices, we were able to show the possible
symmetries in the system. These symmetries help us to interpret the different
aspects of the system, most importantly the energy structure. We demonstrate
the topological behavior via an investigation of the band structure, characteristic

edge states, and investigate the transport properties.
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Appendix A

Mathematical Background

A.1 Basics of group and representation theory

Definition. A group G [11, 12] is defined as a set closed under a binary operation

x such that following axioms to be satisfied:

1. For all elements a, b, c € G there is,

(axb)*xc=ax(bxc) (Associativity)

2. There is an element denoted with e € G where for all elements a € G we
have,

exa = ax*e (Identity element)

3. For each a € G, in correspondent there exist another element like @’ € G
such that,

ax*a =a' *a=-e (Inverse element)

Definition. A subgroup H is a subset of group G where it is closed under the

binary operation % of G’ and it forms a group by same operation.

Theorem. A subgroup H of G should satisfy following axioms:
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1. H is closed under binary operation of GG
2. The identity element of G is in H

3. For every element of H there exists its inverse element too.

Definition. A map ¢ from group (G,x*) to (G’,-) is a homomorphism if it
satisfies,
¢(a*b) = ¢(a) - ¢(b) (A.1)
for all a,b € G.

Definition. A map ¢ from group (G, *) to (G’,-) is an isomorphism if it is

bijective between two groups and also satisfies,

¢(axb) = ¢(a) - ¢(b) (A.2)

for all a,b € G.

Group representation. Let’s assume there are operators A, B, ... in a vector
space L. If the operators form a group, according to the above definitions, then
we can map elements of group GG on operators in vector space L. Identity element
of G will be mapped on identity operator in vector space L, and all operators in L
have the inverse operator. The map from arbitrary group G to vector space L is
generally homomorphic and if R and S belongs to group G then the corresponding
operators in vector space L will be D(R) and D(S) where are satisfying:

D(RS) = D(R)D(S)
D(R™Y)=D(R)™! (A.3)
D(E) = 1.

D(G) is called the representation of group G in the representation space L. If
we restrict our vector space L to linear spaces, then by choosing a proper basis

we can construct a matrix representation for each D(G).

Equivalent representations. If we change the basis that our matrix rep-

resentation D(R) is constructed based on, then, the obtained matrix can be
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expressed in terms of former matrix transformation,
D'(R) = CD(R)C™! (A.4)

where provides another representation for group G. Since D'(R) has the same

trace as D(R), it is called an equivalent representation of D(R).
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