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ABSTRACT

FAST CALIBRATION AND IMAGE
RECONSTRUCTION FOR MAGNETIC PARTICLE
IMAGING

Serhat Ilbey
M.S. in Electrical and Electronics Engineering
Advisor: Emine Ulkii Saritag Cukur
Co-Advisor: Can Barig Top
May 2018

Magnetic particle imaging (MPI) is a relatively new medical imaging modality
that images the spatial distribution of magnetic nanoparticles (MNPs) admin-
istered to the body. For image reconstruction with the system matrix (SM) ap-
proach, a time-consuming calibration scan is necessary, in which a single MNP
sample is placed and scanned inside the full field-of-view (FOV). Moreover, for a
relatively large 3D high-resolution FOV, the reconstructed SM is too large to get
high quality images in real-time using the standard state-of-the-art techniques. In
this thesis, for the calibration scan, the use of coded calibration scenes (CCSs) is
proposed, which utilizes MNP samples at multiple positions inside the FOV. The
SM, which is sparse in the discrete cosine transform domain, is reconstructed
using the Alternating Direction Method of Multipliers (ADMM) with [;-norm
minimization. The effectiveness of the CCSs for different parameter sets is an-
alyzed via simulations, and the results are compared with the standard sparse
reconstruction technique. As the MPI images are naturally sparse, ADMM is also
proposed for image reconstruction, minimizing the total variation and [;-norm.
Image quality is compared with the images obtained by widely used MPI im-
age reconstruction algorithms: Algebraic Reconstruction Technique, Nonnegative
Fused LASSO, and X-space-based projection reconstruction. Moreover, ADMM
is parallelized on a GPU for real-time image reconstruction. The results show
that the required number of measurements for system calibration is substantially
reduced with the proposed methods, and the reconstruction performance is sig-

nificantly improved in terms of both image quality and speed.

Keywords: magnetic particle imaging, compressed sensing, system matrix, image

reconstruction.
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OZET

MANYETIK PARGACIK GORUNTULEME IGIN HIZLI
KALIBRASYON VE GORUNTU GERICATIMI

Serhat Ilbey
Elektrik ve Elektronik Miihendisligi, Yiksek Lisans
Tez Danismani: Emine Ulkii Saritag Cukur
Ikinci Tez Danigmani: Can Baris Top
Mayis 2018

Manyetik pargacik goriintilleme (MPG), viicuda enjekte edilen manyetik
nanoparcaciklarin (MNP) uzamsal dagihmim goriintiillemede kullanilan gorece
yeni bir tibbi goriintiileme yontemidir. Sistem matrisi (SM) yaklagimi ile yapilan
goriintli gericatiminda, tek bir MNP oOrneginin tiim goriig alam (GA) igine
yerlestirilmesi ve taranmasi yoluyla yapilan ve uzun zaman stiren bir kalibrasyon
taramasina ihtiyac vardir. Ustelik SM’nin boyutu, 3B yiiksek cozunitrlikli ve
gorece genis GA icin standart gericatim teknikleri ile gercek zamanda yiiksek
kaliteli goriintiiler elde edilemeyecek kadar biiyiiktiir. Bu tezde, kalibrasyon tara-
mast i¢in GA’da birgok pozisyonda MNP ornekleri igeren kodlu kalibrasyon sah-
neleri (KKS) onerilmektedir. Ayrik kosintis dontigiimii uzayinda seyrek olan SM,
[1-norm minimizasyonu ile Yon Degigtiren Carpanlar Yontemi (YDCY) kul-
lanilarak gericatilmigtir. KKS’lerin etkinligi, farkli parametre kiimelerinde ben-
zetimler yoluyla analiz edilmis ve sonuglar standart seyrek gericatim teknigi ile
karsilagtirilmistir. MPG goriintiileri dogal olarak seyrek olduklari i¢in, YDCY 'nin
toplam degiginti ve /;-normu birlikte minimize eden versiyonu, gortintii gerigatimi
icin de onerilmigtir. Gortintii kalitesi MPG gortintii gericatiminda gokga kullanilan
su algoritmalarin sonuclari ile karsilagtirilmigtir: Cebirsel gericatim teknigi,
negatif olmayan kaynagik LASSO ve X-uzay1 tabanli izdiigiim yontemi. Dahasi,
YDCY gergek zamanl goriintii gericatimi icin GPU iizerinde paralellenmistir.
Onerilen yontemler kullamlarak elde edilen sonuclara gore, sistem kalibrasyonu
icin gerekli ol¢iim siiresi biiylik olciide azaltilmig, ve goriinti kalitesi ve hiz

agisindan goriintii gericatim performansi onemli oranda iyilestirilmistir.

Anahtar sozciikler: manyetik parcacik goriintiilleme, sikistirilmig algilama, sistem

matrisi, gorunti gericatima.
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Chapter 1

Introduction

Magnetic Particle Imaging (MPI) is a relatively new imaging modality in which
magnetic nanoparticles (MNPs) are introduced inside the body, and their spatial
distribution (i.e., density) is imaged [1]. The applications of MPI include but are
not limited to angiography, stem cell tracking, and tumor imaging [2]. In MPI,
a static magnetic field called the selection field (SF) is used to create a field free
region (FFR). This magnetic field can be generated using a pair of coils with
opposite polarities. The MNPs inside the FFR respond to an alternating mag-
netic field called the drive field (DF) by changing their magnetization direction
via Brownian and Néel relaxation mechanisms. Outside the FFR, the MNPs are
saturated with negligible response to the applied DF. Since the magnetization
curve of the MNPs is nonlinear, the nanoparticles within the FFR yield a magne-
tization response that contains the harmonics of the applied DF frequency. This
response is detected via receive coils. The induced signal amplitude depends on
the number of MNPs inside the FFR. The FFR is then swept through the entire
imaging volume to generate a three-dimensional (3D) image. The resolution of
this image depends on the magnetic field gradient in the FFR, the magnetization
and environmental properties of the MNPs, and the signal-to-noise ratio (SNR)

of the received signal [3,4].

MPI images can be reconstructed either using a system matrix (SM) approach



that involves a separate calibration procedure [1,5], or alternatively in the im-
age domain (i.e., x-space) based on several assumptions on the MNP properties
and the magnetic fields [6]. In the calibration procedure of the SM method,
a small MNP sample is placed at a specific voxel location while the entire
field-of-view (FOV) is scanned. This procedure is repeated for all voxel loca-
tions within the FOV. The responses measured at each voxel location are then
saved as the SM. Next, the actual object of interest is imaged, and a linear system
of equations (LSE) is formed using the SM and the response of the object. The
unknown MNP distribution for the object of interest is reconstructed by solving
this LSE. Typically, this inverse problem is solved via iterative regularized meth-
ods such as the Kaczmarz method, also known as the Algebraic Reconstruction
Technique (ART) [5]. Recently, the Nonnegative Fused LASSO (NFL) method,
which minimizes the total variation (TV) and [/;-norm solution, is reported to

perform better for preserving edge discontinuities in the image [7].

The drawback of the SM method is the long measurement times of
the calibration process, which takes hours for even a small FOV [8] of
size 32 mm x 32 mm x 32 mm. To mitigate this problem, compressed sensing (CS)
methods were proposed for SM measurement and reconstruction. The rows
of the SM, i.e., the spatial sensitivity distribution of the imaging system, can
be represented with a much smaller number of elements compared to the grid
size of the image in the discrete cosine transform (DCT) or discrete Chebyshev
transform (DChT) domains [9]. Therefore, the SM can be reconstructed with
smaller number of measurements at randomly selected calibration positions in-
side the FOV. Acceptable degradation on the MPI images can be achieved using
only 10% — 20% of the full grid for the calibration [10]. This rate can be further
decreased by using the symmetry of the SM rows [11]. Although these procedures
accelerate the calibration process, calibration durations may still be a problem

for large FOVs needed in clinical scans.

In MPI, the FFR is typically characterized as a small ellipsoidal volume, which
is called a Field Free Point (FFP) [1]. As the received signal is directly related
to the number of particles in the FFR, the field free line (FFL) imaging has been

proposed to increase the sensitivity via using a larger FFR volume [12]. The
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conventional reconstruction method in FFL MPI is based on projection imaging,
which uses the time-domain data to perform the reconstruction in the image
domain [13-15].

There are three main contributions of this thesis study in the field of MPI.
Firstly, the projection-based x-space and SM reconstruction techniques for an
FFL-MPI system is compared, in terms of both reconstruction time and image
quality [16,17]. For the SM reconstruction, the use of an Alternating Direction
Method of Multipliers (ADMM) algorithm is proposed, which is based on an
Augmented Lagrangian Method [18]. ADMM is a recently re-invented technique
that solves a given problem by dividing it into smaller sub-problems using a
quasi-Newton approach. Moreover, the algorithm includes augmented Lagrangian
terms that yield a fast convergence speed. The SM-based NFL algorithm is also
implemented, and the results are compared with those of the proposed ADMM
approach.

Secondly, ADMM is implemented on CUDA environment and real-time 3D im-
age reconstruction results are presented on an NVIDIA®) GeForce@® GTX 1080
graphical processing unit (GPU). The speed performance of these results were
compared with those obtained with a workstation having Intel®) Xeon®) E5-2637
v4 @ 3.50 GHz (x2) central processing units (CPUs) and 256 GB random access
memory (RAM).

Finally, in this thesis, the use of coded calibration scenes (CCSs) is proposed
to decrease the number of measurements in the calibration process [19]. Rather
than scanning a single MNP sample at different positions, a number of coded
scenes, each of which includes multiple MNP samples at random positions were
used. In the calibration procedure, the scenes were imaged, and then the SM was
reconstructed using these measurements with ADMM. The effect of the number of
scenes on the quality of the reconstructed images were analysed using simulations.
The results were also compared with those obtained from the standard single-
MNP sparse scanning method in [10]. Instead of using multiple CCSs, rotating
and/or sliding CCSs are also proposed for the system calibration. It is shown

that the SM reconstructed via CCSs yields significantly better image quality



with respect to the standard sparse SM reconstruction method using single-MNP

measurements.

This thesis is organized as follows: In Chapter 2, the principles of MPI is
presented. The MPI signal equation is derived, and the image reconstruction
methods and the sparsity property of the SM are shown. In Chapter 3, ADMM
is proposed as a fast image reconstruction algorithm for MPI. Then, the image
reconstruction algorithms in MPI are comparatively analyzed. The GPU perfor-
mance of ADMM is presented for 3D real-time image reconstruction. The GPU
implementation is compared to CPU implementation of ADMM in terms of re-
construction speed. In Chapter 4, the CCS approach for system calibration is
presented and the results are compared with the standard sparse reconstruction

method. In Chapter 5, the conclusions for the presented works are given.



Chapter 2

Principles of Magnetic Particle

Imaging

2.1 Signal Equation

In MPI, a static magnetic field gradient with an FFR is generated in the FOV.
The MNPs inside this FFR are excited by a time-varying magnetic field and the
signal due to the time-varying MNP magnetization is received by the receive coils.
The magnetization of the MNPs that are outside of the FFR are saturated, so
that they do no induce any signal [1].

For the 1-dimensional (1D) case, assume that the MPI system has a static
magnetic field gradient —G [A/m?] and a time-varying magnetic field Hy(t) [A/m)]
is applied in addition [20]. The static magnetic field can be realized by a Maxwell
coil topology, as shown in Fig. 2.1. If the value of the static magnetic field at the

origin is zero, then the total magnetic field as a function of z is:

H(z,t) = Ho(t) — Gu. (2.1)

Spatial encoding in MPI can be done by scanning an FFP in the FOV. So, the
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Figure 2.1: Maxwell coil pair to generate a FFP (blue region) in the FOV.

location of the FFP can be calculated from H(z,t) = 0. Hence,
x4(t) = G Hy(t). (2.2)

If we substitute z4(t) to Eqn. 2.1, the position- and time-dependent magnetic

field can also be expressed as:

H(z,t) = Glay(t) — 2). (2.3)

The magnetization of the MNPs in response to an applied external magnetic

field can be described by the equation
M(H) = mcL[kH], (2.4)

where m [Am?] is the magnetic moment of the MNPs, H [A/m] is the magnetic

field applied, ¢ [m™3] is the particle density, and £ is the Langevin function that

models the magnetization of MNPs (see Fig. 2.2):

CIRH] = coth(kH) — kiH (2.5)

where k is a property of the MNPs [20], which is

_ Ho™m

E = 0
kT’

(2.6)

where kp is the Boltzmann’s constant, 7" is the absolute temperature, and pg is

the vacuum permeability.
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Figure 2.2: MPI signal encoding for the cases a) the MNP sample is in the FFP
and b) the MNP sample is outside of the FFP, with its magnetization saturated.
The MPI signal, which is proportional to the time derivative of the magnetization,
is given on the right side of the figures, together with its spectrum.



For the 1D case of MNP density along the x axis, c(z,y, 2) = c(z)6(y)d(2), the

magnetization becomes:
M (x,t) = mc(x)d(y)o(2)LIkG (xs(t) — x)). (2.7)

Hence, the 1D magnetization flux, ®, as a function of time is:

B(t) = —m / / / ()5 (0)8(w) LG (4 (t) — )] dudvduw

(2.8)
= —mec(z) * L[kGx]
r=x5(t)
The 1D MPI signal can then be written as [20]:
d® :
s(t) = Op—y = o.me(z) * LIkG] kGis(t), (2.9)
r=xs(t)

where o, is the sensitivity of the receive coil, which is assumed to be uniform in

space.

A similar derivation can be performed for the 3D MPI signal. While the
steps are more complicated, after several assumptions, the 3D MPI signal can be

written as [6]:

Plly oz (2.10)
x=xX;(t)

where x is the 3D location in the FOV, H,, is the magnetic field required for satu-

s(t) = o(x)me(x) * * *

sat

ration, X, is the time derivative of x,, h(x) is the 3D point spread function (PSF)

of the MPI system given as

h(x) = L[|Gx]| /Hqu] ngn <||g§ll> o

LG /Ho] ( _ Gx <Gx )T G
G|l / Hoar 1G]] \ [l G|l ’

where G is the 3D magnetic field gradient matrix, and I is the 3 x 3 identity

(2.11)

matrix.

To scan the FFP across all the positions inside the FOV| several different tra-
jectories have been proposed [21]. In this thesis, in the simulations featuring an
FFP MPI system, the Lissajous trajectory is used (see Fig. 2.3) as it outper-
forms other trajectories such as the Cartesian and the spiral in terms of image

quality [21].



Figure 2.3: The Lissajous trajectory, which is commonly used for scanning a FFP
across the FOV.

2.2 Image Reconstruction Approaches

MPI images can be reconstructed either using a SM approach that involves a
separate calibration procedure [1], or alternatively, using the x-space method,

based on several assumptions on the MNP properties and the magnetic fields [20].

2.2.1 X-Space Reconstruction Method

In the x-space approach, the received MPI signal given in Eqn. 2.9 is processed
with simple velocity compensation and gridding steps to convert it into the
so-called x-space domain. We can express the x-space 1D image equation, as
following [20]:

MG (s (1) = — D )« £kGa]

ok (?) (2.12)

r=x4(t)

Here, the derivative of the Langevin function corresponds to the 1D PSF. Simi-

larly, the 3D image equation can be shown to be equal to [6]:

IMG(x,(t)) = ¢(x) * * % X, - h(x)X, (2.13)

r=x5(t)



2.2.1.1 Projection based X-Space Reconstruction for FFL MPI

Systems

An FFL instead of an FFP can be used to increase the sensitivity of the MPI
system [12]. For 3D imaging with this approach, the FFL is rotated and translated
to cover the entire FOV. For this approach, the MPI signal equation at projection

angle 0 can be reformulated as follows:
S0k, t) = (DA'(t)(m(v) * R(c) (b, v))) (2.14)

where v is the distance of the FFL to the center of the FOV given as

V(t) = gA(t), (2.15)

m(v) is the convolution kernel given as

A d woGrm
m(v) = mdyﬁ ( T ) , (2.16)

D is the amplitude of the DF, A(t) = sin(27 fot) is the excitation function of
the DF, fj is the DF frequency, and R(c) is the Radon transform of the particle
density [15].

For the reconstruction process, the time domain signal is divided by the FFL
velocity, and transformed to the spatial domain using interpolation. Next, the
signal is deconvolved with the convolution kernel (7). This process is repeated
for all rotation angles. Finally, the image is reconstructed with inverse Radon
transform [13,15].

2.2.2 System Matrix (SM) Reconstruction Method

In the SM approach, the MPI signal received from a small source object located
at a single voxel is recorded. Measurements are repeated as the source object is
placed at each voxel within the FOV. These calibration measurements are used

to construct the SM. The main experiment is conducted afterwards, and the MPI
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signal is recorded for the actual object of interest. MPI image is finally recon-
structed by solving an LSE comprising the SM and the signal measurements. The
SM approach inherently accounts for field imperfections, and thus it has the po-
tential to improve the reconstruction accuracy. At the same time, it requires the
solution of a regularized inverse problem either via direct or iterative techniques,
which are computationally demanding. ART is a technique of common choice
due to its rapid convergence behavior [5,22]. Recently, NFL has been proposed

as an improved method for edge preservation [7].

2.2.2.1 Algebraic Reconstruction Technique (ART)

For the ART reconstruction, the following regularized least-squares problem is
solved [5]:

argmin ||Ac — b||5 + o ||c]|3 (2.17)
where A is the SM, c is the desired image to be reconstructed, c is the vectorized

form of ¢, b is the measurement vector, and « is a regularization constant.

In the ART method, at one iteration, the rows of A are swepth through while

projecting the solution to the measurements as shown below [9]:

b(Z)— < (IT, Ci—1 >

]

Ci = Ci—1 + CL,LT, for i = 1,...,M, (218)

2
laill;

where ¢; is the reconstructed image at the i projection, b(i) is the i’ element
of the measurement vector, a; is the i'® row of the SM, and M is the number of
rows in A. As seen in this relation, one iteration in ART corresponds to M inner

iterations.

2.2.2.2 Nonnegative Fused LASSO (NFL)

In the NFL approach, the following problem is defined and solved [7]:
1
argmin. 3 |cfl; +aTV,(e) + 5[ Ac - bll2 + Lpos(c), (2.19)
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where § and a are regularization parameters, I,(c) is the indicator function
of all-positive elements such that its value is zero if all elements of ¢ > 0, and

infinite if any element is negative, and 7'V, (c) is the TV term defined as [23]:

P
TVy(c) = ) ) wpley) — Ciginml- (2.20)
(

p=1 (i,5)

Here, P is the number of directions. The directions and weights (w,) for each

direction is [24]:
N ={(1,0),(0,1),(1,1),(1,-1),(2,1),(2,-1),(1,2), (1,-2)} (2.21)

V5 —2, p=12
wy = § V5 - 3V2, p=34 (2.22)
11+v2-+5), p=5,6,7,8

The taut string algorithm [25] is used to perform the TV minimization part of
the problem defined in Eq. 2.19.
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Chapter 3

Fast Image Reconstruction in
MPI

This chapter is based on the publications titled “Comparison of System-Matrix-
Based and Projection-Based Reconstructions for Field Free Line Magnetic
Particle Imaging”, Serhat Ilbey, Can Barig Top, Alper Gilingor, Tolga Cukur,
Emine Ulku Saritas, and H. Emre Giiven, International Journal on Magnetic
Particle Imaging, Vol. 3, No. 1., 1703022, 2017 (Reproduced with permis-
sion from Infinite Science Publishing, under a Creative Commons License.) and
“Real-Time Three-Dimensional Image Reconstruction Using Alternating Direc-
tion Method of Multipliers for Magnetic Particle Imaging”, Serhat Ilbey, Alper
Giingor, Can Barig Top, Emine Ulku Saritas, and H. Emre Giiven, Proc. of the
26" Signal Processing and Communications Applications Conference, (SIU’18)
[zmir, Turkey, 2018.

3.1 Introduction

The FFR in MPI systems typically spans a small spatial region of ellipsoidal

shape, referred to as the FFP. This narrow FFP offers relatively increased spatial
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resolution in MPI images. However, it also decreases the overall system sensitiv-

ity, as fewer nanoparticles can respond to the applied DF.

Creating an FFL instead of an FFP significantly increases the sensitivity of the
MPI system [12]. To image a 3D volume with this approach, the FFL needs to be
rotated and translated to sample the entire FOV. While this spatial positioning
can be implemented mechanically [14,26], electronic designs can be preferable in
preclinical/clinical imaging setups to avoid mechanical positioning of the imaging
system relative to the imaged subject. Recently, an electronically rotated FFL
scanner was presented [15] based on an efficient coil design that enabled electronic

rotation and translation of the FFL [27].

The data acquired along an FFL is essentially a projection of the MNP den-
sity along that line. This acquisition scheme bears close resemblance to that
in Computerized Tomography (CT), where the acquired projection data can be
written in the form of a Radon transform. Thus, x-space reconstruction for FFL
MPT scans is based on the well-known projection reconstruction technique for CT
images [13,15,28].

During x-space reconstruction, the MPI signal is first compensated for line
velocity and particle relaxation, and deconvolved with the system’s transfer func-
tion. The image can then be reconstructed using an inverse Radon transform [15].
In this x-space-based method [28], the magnetic field gradient is assumed to be
independent of scan position and constant along the FFL. In addition, the FFL is

assumed to be a straight line, although deviations can occur in practice [29-31].

This chapter compares the projection-based and SM reconstruction techniques
for an FFL-MPI system, in terms of both reconstruction time and quality.
For the SM reconstruction, this thesis proposes the use of ADMM algorithm,
which is based on an augmented Lagrangian method [32]. The algorithm in-
cludes augmented Lagrangian terms that yield fast convergence speed. The SM
based NFL algorithm is implemented, and the results are compared with the
ADMM approach [16]. Moreover, ADMM is implemented on CUDA environment

and real-time 3D image reconstruction results are presented on an NVIDIA®R)
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Figure 3.1: Selection field (dB) used in the simulations shown for (a) 0°, (b) 45°,
(c) 90° and (d) 135° FFL angles. Horizontal axis: x (m), vertical axis: y (m).

GeForce®) GTX 1080 GPU. The speed performance of these results were com-
pared with those obtained with two CPUs.

3.2 Methods

An ideal FFL with an SF of 2 T/m was generated and scanned in a
48 mm x 48 mm FOV with a 25 kHz DF frequency (see Fig. 3.1). The pixel size
used in the simulation was 300 gm x 300 um. The FFL was rotated in 3° angular
steps. A particle diameter of 25 nm was assumed [33,34]. The transmit pulse
width was 280 us. A DF was applied to translate the FFL in the direction or-
thogonal to it. For simplicity, the DF was chosen as 60 mT, large enough to
cover the entire FOV in a single cycle, releasing the need to adjust the amplitude

offsets of the partial FOV images [6].

The MPI signal at each rotation angle 6, (k : 1,...,x) was calculated using
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the MPI signal equation [13]:

o [* [~ H
S0 =5 [ [ sl €O 0l aden, (5)

where c(z,y) is the magnetic particle distribution inside the FOV. L is the
Langevin function. 8 = Mg, /kpT, with My saturation magnetization (0.6/ ),
kp : Boltzmann constant (1.38x10723), T": particle temperature (305 K). q, de-
notes the sensitivities of the receiving coils, which are assumed to be uniform.

H(x,y,t) is the total magnetic field at position (x,y) and time t.

To mimic realistic imaging conditions, the signal was convolved with an expo-
nential relaxation kernel r(t) with 7 =1 us [28,35], and additive white Gaussian
noise (AWGN), n(t), was added to the time domain signal with awgn function of
MATLAB:

Sr(O,t) = S(Ok, t) xr(t) + n(t), (3.2)

where

r(t) = e h(), (3.3)

with 7 > 0 is the relaxation time constant and h(t) is the unit step function.

The received signal S, (6x,t) was sampled at 10 MHz rate. A numerical bi-
nary vascular tree phantom (160 x 160 pixels) including three stenosis regions
(see Fig. 3.2) was imaged using the presented FFL MPI configuration (see Fig. 3.1)

with three different reconstruction methods.

Images of the vessel phantom were reconstructed using frequency components
up to 1.25 MHz. As required in practice, to remove the direct feedthrough sig-
nal from the transmit coil, the frequency components up to and including the
first harmonic were filtered out prior to reconstruction. All algorithms and the
simulator were implemented on MATLAB, while chambolle projection step asso-
ciated with TV is implemented using mex library of MATLAB in C, running
on an Intel® Xeon® 2.4 GHz CPU 2620v3 12 cores, workstation (2 proces-
sors) with 64 GB RAM. The reconstructed images were compared with the ref-
erence image in terms of structural similarity index measure (SSIM) [36], and

normalized root-mean-square error (nRMSE) for various SNR values (noise-free,
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Figure 3.2: Numerical vessel phantom used in the simulations. Arrows show the
regions with stenosis.

30 dB, 20 dB, and 10 dB), where noise power was calculated relative to the norm

of the raw received time domain signal before filtering.

3.2.1 Image Reconstruction with SM Method

For the system calibration, the received signal’s temporal Fourier transform data
was stored for a known particle concentration at each pixel position for each ro-
tation angle 0. These calibration data form the SM, A. The temporal Fourier
transform of the received signal in the imaging experiment was stored in the
vector b. Then, the LSE Ac = b was solved to reconstruct the vectorized par-
ticle distribution c. Instead of using complex values in the equation system,
the real and imaginary parts of A and b were separated and row-wise appended.
Compared to complex operations that would yield 4-fold increased computational
load, this real-valued formulation only poses a 2-fold increase, since the image of

interest is real-valued.

For ADMM reconstruction, the problem was formulated as a constrained op-
timization minimizing the weighted sum of the TV and the /;-norm of the image.
Furthermore, a constraint on positivity of all elements of ¢ was added. This
constraint was implemented in the ADMM algorithm using an objective func-
tion I,,s(c), which is the indicator function of all-positive elements such that its

value is zero if all elements of ¢ > 0, and infinite if any element is negative. The
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problem can therefore be expressed as:

argmin ay||clly + arvTV(e) + Ipos(c)
. , (3.4)
subject to ||Ac— b, <€

where € is the Euclidean norm of the presented noise, b is the received signal and
TV is defined as:

TV(e) = Y 4/ (Cirry =€) + (€ijer — €iy)* (3.5)
.

Unlike [7], here an isotropic TV definition was used [37]. The data fidelity con-
straint in Eqn. 3.4 was also cast as a cost function such that the value of the
indicator function is zero if the constraint is satisfied, and infinity otherwise. The

resulting optimization problem was solved with the hybrid cost function presented
in Eqn. 3.4, using ADMM [38].

ADMM solves a given problem by dividing it into smaller sub-problems. The
pseudocode of the algorithm is given below, where p is the step size. Here, m = 2

because a weighted sum of 2 cost functions are proposed as TV and [;-norm.

Algorithm 1 ADMM with Hybrid Cost Function

1: Set iteration variable n = 0, choose step size > 0

2: Initialize z(()l), d((f)

3: Repeat

4 Eppn = (mI+ AFA) (AH(Z;@ +d9) + 3 (2 + dﬁf’))
5: Cnt+1 = én+1 : (én+1 > 0)

6: for:=1,---,m do

7 Zg:}rl = \I]ocmﬁi/u (Cn+1 — d?)

s dh =d 2l - e

9: end for

10: ZSzO—i)-l = \IIIE(E,I,b) <Acn+1 - dg»)

11: dY, = aY + 2%, — Ac,y
12: n4n+1
13: Until some stopping criterion is satisfied.

Proximal mapping for TV with weighting oy is calculated using Chambolle
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projections as in [39]. For the constraint function ||Ac — b||, < €, proximal map-

ping is as follows:

Sa HS - b“2 S €
QIE(E,I,b)(S) = (36)

b
b+em, |s —bll, > €

where Ip1p) represents the indicator function of the feasible set E(e,1,b).
Positivity constraint can be forced at the least squares step of the algorithm
(see step b, Alg. 1).

For comparison purposes, the NFL reconstruction was implemented on MAT-
LAB using the previously presented algorithm in [7] (see Chapter 2.2.2.2 for
details of NFL). It is worth mentioning that although the problem model stated
for ADMM is very similar to the one in NFL, the TV formulations are different.

In ADMM solution, the € value was scaled with the noise level. The ADMM
parameters oy, and apy, and NFL parameters a and /3 were separately adjusted
to attain the optimal SSIM values. €, «, and [ values used for each SNR value

are given in Table 3.1.

As a stopping criterion for the above solutions,
len-1 = cally /(llenlly + 10_3) < tol (3.7)

was used, where n is the iteration number and tol was set as 107°. Maximum
number of iterations was set to 5 x 10® for ADMM and 10* for NFL solutions.
With these parameters, the SSIM values of the reconstructed images converged
before reaching the maximum number of iterations or upon satisfying the stopping

criterion.

For both ADMM and NFL solutions, regularized least squares solution of the

problem was given as an initial solution to start the reconstruction algorithms.
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Table 3.1: The parameters for ADMM and NFL that result in the best SSIM
performance at each SNR value.

Noise free 30 dB 20 dB 10 dB

€ 0.1 0.68 2.14 6.74

ay, 0.96 0.96 0.96 0.85
ADMM ary 0.04 0.04 0.04 0.15

1 90 80 75 40

a 2x107° 2x107° 7x107° 7x107*

B 9%x107* 1x10% 6x10* 1x1073

NS A 1 1 1 1
v 1.8 1.8 1.8 1.8

3.2.2 Image Reconstruction with Projection-Based

X-Space Method

The signal in the case of projection reconstruction imaging was previously given
in Eqn. 2.14. Taking into account the nanoparticle relaxation effects, the received

signal can be reformulated as follows:
S0k, t) = (DA(t)(m(v) * R(c)(Ok, v))) * r(t), (3.8)
where 7(t) is the relaxation kernel [15,35].

For the reconstruction process, the average of the DF cycles of the received
signal was taken first, and the average signal was passed through a Wiener filter
to remove the effect of relaxation. Then, the time domain signal was divided
by the FFL velocity, and transformed to the spatial domain using interpolation.
For interpolation, the interpl function of MATLAB was used with piece-wise
cubic hermit interpolating polynomial (pchip). Next, the signal was deconvolved
with the convolution kernel using a Wiener filter. This process was repeated
for all rotation angles. Finally, the image was reconstructed with inverse Radon
transform using the iradon function in MATLAB. Details of these reconstruction
procedures were previously presented in [13,15]. TRadon images can contain

negative values as a side-effect of various filtering and deconvolution steps. These
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values were set to zero, and images were then normalized to a maximum of one.

3.2.3 Real-Time 3D Image Reconstruction Using ADMM

In this thesis, real-time 3D image reconstruction is performed using the ADMM
algorithm and its results are obtained by using a workstation having 1 NVIDIAR)
GeForce GTX 1080 GPU are presented [40]. The speeds of the reconstruction
performance of ADMM using a GPU and CPUs are compared.

3.2.3.1 Simulation Parameters

The magnetic field gradients were set to 1.25 T/m, 1.25 T//m, and 2.5 T//m in the
x-, y- and z-directions, respectively. The FOV was 20 mm x 20 mm x 10 mm, dis-
cretized into a 20 x 20 x 10 voxel grid. A Lissajous trajectory was used to scan the
FFP at the entire FOV [21]. Maximum DF amplitude was 12.5 mT. The received
signal was sampled at 20 MHz. 30 kHz - 1 MHz band of the signal was stored
and used. wgn function of MATLAB was used to generate AWGN, which was
added to the received signal. The MNPs were assumed to be mono-disperse with

25 nm diameter [33,34]. The temperature of the system was set to 37 °C.

During the simulations, the numeric vessel object shown in Fig. 3.3a is used
as a reference. In Fig. 3.4, the two-dimensional (2D) cross-sections of the same

phantom are presented.

The ADMM algorithm is implemented in CUDA programming language.
The time for the image reconstruction results obtained using a GPU were com-

pared with those obtained using two CPUs.

The workstation used during the simulation had Intel®) Xeon®) CPU E5-2637
v4 @ 3.50 GHz (x2) CPUs, and 1 NVIDIA®) GeForce GTX 1080 GPU and
256 GB RAM.
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Figure 3.3: a) The reference object and b) the reconstructed object in noise-free
environment with 100 iterations of ADMM.

Figure 3.4: 2D cross-sections of the reference 3D object given in Fig. 3.3a. In this
figure, the pixel intensity represents MNP concentration.
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The image quality of the images were analyzed for different SNR levels (0 dB,
10 dB, 20 dB, oo dB) and number of iterations (5, 10, 100, 300).

3.2.4 Image Metrics

SSIM, Peak SNR (PSNR), and nRMSE metrics were used to quantitatively com-
pare the reconstructed images. The SSIM [36] and PSNR metrics were calculated
using the ssim and psnr functions in MATLAB with default input parameters.
The nRMSE was calculated using the standard definition. All reconstructed im-

ages were normalized to a maximum of one prior to metric calculations.

3.3 Results

3.3.1 Comparison Results for SM-Based and Projection-

Based Reconstruction Techniques

Figs. 3.5-3.8 show the SSIM and nRMSE results for the ADMM and NFL meth-
ods as a function of cumulative computation time, which is measured with cputime
function in MATLAB, for noise-free case, 30 dB SNR, 20 dB SNR, and 10 dB
SNR values. The corresponding images are given in Fig. 3.9. The SSIM and
nRMSE parameters of the reconstructed images are tabulated for all noise levels
in Table 3.2 and Table 3.3, respectively.

For the IRadon solution, the reconstruction time was 15.6 ms for all SNR
values. Since this is a direct algorithm, its reconstruction time is significantly

shorter and depends only on the size of the data.

For all noise levels, the images reconstructed with ADMM and NFL, and the
resulting quality metrics (SSIM and nRMSE) are similar. Both system-matrix
methods clearly depict vessel edges, yet the IRadon method yields blurry images
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Figure 3.5: SSIM and nRMSE as a function of cumulative computation time for
the noise-free case.
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Figure 3.6: SSIM and nRMSE as a function of cumulative computation time at
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Figure 3.8: SSIM and nRMSE as a function of cumulative computation time at
10 dB SNR.
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Figure 3.9: Final images of ADMM, NFL, and IRadon solutions for noise-free,
30 dB SNR, 20 dB SNR, and 10 dB SNR cases.

and lower SSIM values as shown in Fig. 3.9. Furthermore, gridding artifacts in
[Radon reconstructions are visible at all SNR values and residual artifacts reach
the intensity level of the vessels themselves at 10 dB. These residual artifacts
result in a poor contrast in IRadon images compared to the system-matrix-based

images.

In the presence of noise, ADMM and NFL show similar SSIM and nRMSE
performance as a function of CPU time. For both methods, convergence is reached
within similar total CPU time. These results are expected because ADMM and
NFL use nearly identical problem formulations apart from the differences in the
definitions of the TV term.
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Table 3.2: SSIM of final images.

Noise free 30dB 20dB 10 dB

ADMM 0.87 0.86 0.81 0.68
NFL 0.88 0.86 0.84 0.66
IRADON 0.55 0.55 0.54 0.42

Table 3.3: nRMSE of final images.

Noise free 30dB 20dB 10 dB

ADMM 0.15 0.16 0.18 0.23
NFL 0.15 0.16 0.17 0.23
IRADON 0.27 0.27 0.27 0.30

3.3.2 Real-Time 3D Image Reconstruction Results Using
ADMM

For each SNR level and different number of iterations, the vessel object is recon-
structed. The reconstruction results for the noise-free case with 100 iterations
are shown in Figs. 3.3b and 3.10.

For different SNR levels and number of iterations, the performance of the
ADMM algorithm is measured and shown in Tables 3.4 and 3.5. Accordingly, the
reconstruction quality increases with increasing SNR and number of iterations.
Except for the infinite SNR case, which is not realistic, the PSNR and SSIM

Table 3.4: SSIM of the reconstructed object for each SNR level and iteration
numbers.

SSIM Number of Iterations

SNR (dB) | 5 | 50 | 100 | 300
o0 0.90 [ 0.93]0.95 | 0.99
20 0.89 [ 0.92 | 0.93] 0.96
10 0.83 [ 0.86 | 0.88 | 0.92
0 0.33 [ 0.35 | 0.37 | 0.61
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Table 3.5: PSNR of the reconstructed object for each SNR level and iteration
numbers.

PSNR Number of Iterations

SNR (dB) | 5 | 50 | 100 | 300
0 22.0 | 28.7 | 30.4 | 41.5
20 21.9 | 244 | 247 | 255
10 212 | 22.7 | 22.9 | 23.3
0 17.0 | 188 | 189 | 187

Figure 3.10: 2D cross-sections of the reconstructed object with 100 ADMM it-

erations, shown in Fig. 3.3b. In this figure, the pixel intensity represents the
reconstructed MNP concentration.

values do not change significantly beyond 100 iterations.

In Table 3.6, the reconstruction time of the ADMM algorithm is presented.
It is concluded that, for a 20 x 20 x 10 resolution system, for 100 iterations of
ADMM, performing 8-9 volumetric reconstructions is possible using a single GPU.

Moreover, the GPU performance was 30 to 65 times faster than the performance
obtained with the CPUs.
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Table 3.6: Processing time the reconstructed object for each SNR level and iter-
ation numbers.

Number of Iterations 5 50 | 100 | 300
CPU duration (s) 0.25 | 2.33 | 4.73 | 14.10
GPU duration (s) | 0.004 | 0.07 | 0.12 | 0.38
Acceleration Rate 62.5 | 33.3 394 | 37.1

3.4 Discussion

The SM-based ADMM and NFL methods outperformed the x-space-based
IRadon method, which yielded blurry images, in terms of both SSIM and nRMSE.
On the other hand, the IRadon method was very fast, resulting in reconstructions
on the order of 10-20 ms. As the problem complexity of the ADMM and NFL

solutions are similar, they converged to similar images.

While SSIM and nRMSE performance metrics are used commonly for image
evaluation, purely quantitative inspections can be misleading without confirma-
tion via visual inspection. In particular, SSIM and nRMSE are global metrics that
do not reflect the type of reconstructions errors contained (e.g., blurring, noise,
block artifacts). Further studies are needed to identify performance metrics that

most highly correlate with the radiological evaluations in a clinical setting.

There were three small regions with stenosis included in the numerical phan-
tom tested here. By means of visual inspection, it was observed that SM-based
methods (ADMM and NFL) result in higher contrast near stenotic regions com-
pared to projection-based (IRadon) reconstructions at all SNR values. In this
study, the reconstruction parameters (o;, and ary vs. « and ) were selected
freely to optimize the SSIM value in each method. Although the formulation of
the SM solutions was similar for the ADMM and NFL approaches, the relative
weightings assigned to /;-norm and TV penalties were different. This is primar-
ily due to the differences in the TV definitions. The TV definition in the NFL
method was proposed by Chambolle [23], whereas the definition in ADMM was
the isotropic TV [39]. Importantly, the isotropic TV term introduces a two-fold
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scaling in magnitude that in turn roughly halves the relative TV penalty weights
in ADMM.

In the simulations, the whole FOV was covered in a single scan, which required
a relatively high DF amplitude and the use of large number of signal harmonics
for high resolution. By dividing the FOV into smaller sections, the amplitude of
the DF can be decreased and a smaller number of signal harmonics may suffice to
obtain a similar resolution [41]. Utilizing a lower DF may actually be necessary

to abide by the safety limits of the imaging procedure [42].

The simulations in this study were performed assuming ideal magnetic fields
with a constant gradient and linear FFL. In non-ideal conditions, the gradient
and the linearity of the FFL would deteriorate with increasing distance from the
FOV center, depending on the coil system design. This non-ideality of the FFL
results in signal fading and resolution losses [28]. If the FOV is defined as the
region where the deviation of FFL gradient and linearity is within “acceptable
limits”, the results would be similar to the ideal-field conditions. The extent of
the “acceptable limits” is out of the scope of this work and is a subject of future
studies. The non-linearity of the FFL can be mitigated by using the measured
fields in the reconstruction phase. This is already taken into account in the SM
approach. For the projection-based reconstruction method, the formulation can
be adapted for non-linear FFL paths. The decrease in the gradient amplitude

may be a bigger concern as it directly affects the image resolution.

Although the reconstruction times compared to IRadon reconstruction are very
high for SM-based ADMM and NFL algorithms, these algorithms can be paral-
lelized to significantly improve their convergence time. GPUs may also be used
for the same purpose, as these algorithms include many vector-based calculations.
Furthermore, reducing SM size and system calibration procedure by applying CS
techniques can also improve the convergence time of SM-based methods signifi-
cantly [11,43].

In the SM-based reconstruction methods, the regularized least squares so-

lution of the problem was given as an initial condition. Performance may be
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further improved by selecting the starting point as the image reconstructed by
the fast IRadon method. A synergistic combination of the SM and projection-
reconstruction methods that involves gridding steps followed by iterative recon-
structions may improve the convergence speed and quality of the resulting im-
ages [44].

For a 20 x 20 x 10 resolution system, it is shown that performing 8-9 volumet-
ric reconstructions per second is possible using a single GPU when the ADMM

algorithm is used with 100 iterations.
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Chapter 4

Fast Calibration Using Coded

Calibration Scenes

4.1 Introduction

In MPI, the time needed for the system calibration procedure for a single calibra-
tion measurement is approximately 1.3 seconds [8]. Hence, even for a very small
FOV with 20 x 20 x 20 voxels, a complete system calibration would take approx-
imately 3 hours. In the literature, CS methods were proposed to mitigate the
problem of long calibration scans [9-11,22]. The motivation for using CS is that
the SM can be represented very sparsely in Chebyshev domain, since its rows can
be represented with Chebyshev polynomials of the second kind [22]. Moreover, it
was shown that using the DCT or the discrete Fourier transform (DFT) domains

as sparsifying domains is also sufficient to obtain a sparse SM representation [9].

SM reconstruction using the CS methods provided promising results using only
10%-20% of the full SM [10, 11]. However, these acceleration rates are still not
sufficient for achieving acceptable calibration durations for the clinical MPI scan-
ners. Recently, a hybrid calibration approach was proposed, in which the MNP

sample is measured in a separate calibration device that emulates the magnetic
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fields of the MPI system [8]. High SNR is achieved with this approach, enabling
a faster calibration. However, this approach requires the magnetic fields to be

known as a function of time for every voxel position.

In this chapter, the concept of “coded calibration scene” (CCS) is proposed
for fast system calibration. In general, a CCS is defined as a calibration phantom
that includes multiple number of MNP samples placed at random positions, with
a size larger than or equal to the imaging FOV. One of the main advantages of the
CCS appraoch is that the SNR is much higher than that of a single MNP sample
measurement. Moreover, the received signal induced from the MNPs at multiple
positions increases the information content of each calibration measurement [45].
Therefore, it is hypothesized that CCS-based calibrations can be done much faster

when compared to the conventional calibration methods.

Using simulations, the performance of the proposed CCS approach is analyzed
for different implementations considering its realization under practical imaging
scenarios. ADMM was used to reconstruct the SM using CCS measurements [46].
It is shown that the proposed CCS approach provides significant improvements in
image quality when compared to the standard CS method [10], even with highly
accelerated calibrations. The effects of CCS filling rate, number of measurements,

and SNR on the accuracy of the SM reconstruction are also investigated.

4.1.1 MPI System Calibration with Compressed Sensing

The imaging problem in MPI can be written as an LSE [1]:
Ac=0b, (4.1)

where A is the full SM, c is the vectorized representation of the MPI image to
be reconstructed, b is the measurement vector including noise. Conventionally,
the SM is obtained by measuring a single MNP sample at each voxel position
in the FOV. The SM is sparse in DChT, DCT, and DFT domains, and the
CS methods can be used to decrease the number of calibration measurements.

In the standard CS method, an MNP sample is moved to randomly selected voxel
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positions in the FOV grid, where the calibration data is taken. Then, the SM is
reconstructed using convex optimization algorithms utilizing the sparsity property
of the SM [10]. Accordingly, the following optimization problem is solved:
argmin HDAT ‘ ‘ L
A (4.2)
subject to [|[AC — A/ < e,

where D is the DCT matrix, and A, is the matrix of undersampled calibration
measurements. C is the masking matrix that sifts the columns of A corresponding
to the positions for which the calibration measurements are acquired. ||| is the
Frobenius norm of a matrix and ||-||; is the sum of absolute values of all elements

of a matrix.

4.1.2 Coded Calibration Scenes for System Calibration

In this chapter, the use of CCSs is proposed for the SM calibration. In the
standard CS approach [10], each column of the C matrix in Eqn. 4.2 has only one
non-zero entry (which is at the position of the MNP sample for the corresponding
calibration measurement). On the other hand, in the proposed method, multiple
number of MNP samples are present in each CCS. Therefore, each column of the

C matrix corresponds to the nanoparticle distribution of a single CCS.

This chapter proposes five different approaches for practical implementation
of CCS-based calibration, as described below:

4.1.2.1 Multi-CCS (M-CCS)

This is the basic implementation of the CCS [47]. Multiple number of CCSs are
used for calibration. Each CCS has the size of the FOV. Voxel-sized MNP samples
are randomly placed on the FOV grid with a certain filling rate. The filling rate is
defined as the number of voxels with MNP samples divided by the total number
of voxels. Examples of M-CCSs with different filling rates are shown in Fig. 4.1.
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Figure 4.1: Examples of the Multi-CCS (M-CCS) implementation that are ran-
domly created with a) 10% b) 30% c) 50% filling rates. These CCSs have di-
mensions 20 mm x 10 mm with 40 x 20 pixels.

For calibration measurements, a CCS is placed in the FOV, measured, and then
replaced by another CCS.

4.1.2.2 Sliding CCS (S-CCS)

This is an extended size CCS, which can be slided through the FOV. This way, the
need for multiple CCS preparations and replacements are eliminated. An example
of an S-CCS is shown in Fig. 4.2a. The S-CCS is slided in the y-direction by a

predetermined number of grids before each calibration measurement.

4.1.2.3 Rotating CCS (R-CCS)

In the R-CCS case, a single CCS larger than the FOV size is rotated during
the SM calibration measurements. An R-CCS example is shown in Fig. 4.2b.
The size and position of the FOV are also depicted in the figure. The FOV is
positioned as far away from the center of the R-CCS as possible, so that rotations
cause maximal change in the MNP distribution that fall within the FOV.

4.1.2.4 Rotating and Sliding CCS (RS-CCS)

RS-CCS is a variation of the R-CCS implementation. Accordingly, the R-CCS

is shifted after a full (360°) turn, and further measurements are taken at the
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a) S-CCS

b) R-CCS and RS-CCS c) RSC-CCS

Figure 4.2: Different implementations of CCSs. a) Sliding CCS (S-CCS) filled
randomly with MNPs and slided through the FOV. The length of the CCS is
determined by the number of measurements and the amount of shift between
two consecutive measurements. b) Rotating CCS (R-CCS) filled randomly with
MNPs and rotated about its center. The R-CCS can be slided after a 360° turn,
and rotated about a different axis, which is named as a Rotating and Sliding CCS
(RS-CCS). ¢) Rotating and sliding connected CCS (RSC-CCS), where the MNPs

are connectively distributed for a very practical implementation.
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new rotation axis (Fig. 4.2b). The advantage of this implementation is that the

calibration can be done using a smaller sized CCS compared to the S-CCS and
R-~CCS cases.

4.1.2.5 Rotating and Sliding Connected CCS (RSC-CCS)

This is a very practical implementation of an RS-CCS, in which the MNP samples
are distributed in a connected fashion (Fig. 4.2c¢). This implementation allows
filling (and emptying) the CCS with nanoparticles easily, e.g., by using a capillary
tube filled with MNP solution.

There are a number of design parameters for the CCS implementations such
as the filling rate, the number of measurements, the step size for the S-CCS case,
and the step angle for the R-CCS and its variations. In the following sections, the
effects of these parameters on the SM reconstruction performance are analyzed
using simulations. The MPI images reconstructed using the SMs obtained by the

different CCS implementations are also compared.

4.1.3 MPI Simulations

The proposed methods were evaluated using an in-house developed MPI simu-
lator. The magnetic field gradients were set to 1.25 T/m and 2.5 T/m in the
y- and z-directions, respectively. A Lissajous trajectory with 26.042 kHz and
25.252 kHz frequencies was used to scan the FFP at the entire FOV [21]. The
MNPs were assumed to be mono-disperse with 25 nm diameter [33,34]. The
temperature of the system was set to 37 °C. Two different FOV sizes were used
in the study. For the SM reconstruction performance analyses, the FOV was
20 mm x 10 mm, discretized into a 40 x 20 pixel grid. The corresponding DF
amplitudes were 12.5 mT for both y- and z-directions. For the imaging analyses,
a larger FOV with 50 mm x 25 mm (100 x 50 pixels) size was used with 31.25 mT
DF amplitudes.
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The received signal was calculated using the following equation [48]:
om(r,t
u(t) = / —pop™(r) - %C(T)d?’r, (4.3)
FOV
where ¢ is the MNP distribution in the FOV, p® is the sensitivities of the re-
ceiver coils, which were assumed to be uniform, pg is the free space magnetic

permeability, and 77 is the average of the magnetic moment of the MNPs [48].

The received signal was sampled at 20 MHz. 30 kHz - 1 MHz band of the
signal was stored and used. The built-in wgn function of MATLAB was used
to generate AWGN, which was added to the received signal. The signal power
obtained with a single MNP sample was used as the reference when calculating
the standard deviation of the noise at different SNR levels.

The ratio of the number of measurements to the number of pixels in the FOV
(N) is defined as the "measurement rate” and is denoted with the symbol §. Ac-
cordingly, 6 = 1 corresponds to a full calibration with N measurements, whereas

0 = 0.1 corresponds to a calibration with only Yo measurements.

4.1.4 System Matrix Reconstruction

To solve the problem defined in Eqn. 4.2, ADMM is used for both the standard
CS and the proposed CCS approaches [46,47]. In Fig. 4.3, the flowchart for the
system calibration and system matrix reconstruction procedure is shown. For the

standard CS case, each coded scene has only one MNP sample.

To assess the performance of the SM reconstruction quantitatively, the esti-
mation error of the reconstructed SMs is calculated using normalized root mean
squared error (nRMSE), defined as:

\/ ST (Ay-Ag)?
nRMSE = 201log,, M , (4.4)

OA

where M and N are the number of rows and columns of A, respectively. A is
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Image Acquisition ()

Figure 4.3: The flowchart for CCS-based MPI system calibration and image re-
construction. The calibration measurements (A.) are taken using the CCSs (rep-
resented as C in the problem formulations). First, the full system matrix (A)
is estimated with these measurements using ADMM, by minimizing the [;-norm
of the DCT of the SM subject to the data fidelity constraint. Next, the image
acquisition starts. With the estimated A and imaging measurements b, the MPI
image is reconstructed using ADMM by minimizing the weighted sum of TV
and [;-norm of the reconstructed image with a data fidelity and nonnegativity
constraint.

the ideal system matrix obtained with a full calibration measurement and oy is

the standard deviation of the elements of A.

Monte Carlo (MC) simulations were run until convergence of the mean and
variance for each CCS analysis. 200 MC simulations were sufficient to reach

convergence for all the analysis.

4.1.5 Image Reconstruction

For the image reconstruction, the following problem was solved with ADMM [16]:
argmin ay, ||c|l; + aryTV(c)

subject to ||[Ac — b, < €im ’ (4.5)
¢ >0, Vie{l,2,.. N}

where ¢ is the unknown 2D image, ¢ is vectorized representation of ¢, and ¢; is
the i'" position of c¢. This problem was defined in a way that a weighted sum
of the TV and the [;-norm of the reconstructed images is minimized. More-
over, a nonnegativity constraint was inserted to the problem definition, as the
MNP density can not be negative [16,17]. Defining the problem with TV and

l;-norm cost functions is highly suitable for MPI, since MPI images are sparse
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z
L
Figure 4.4: Numerical phantom used in the simulations. The disks have 5

mm (left) and 4 mm (right, bottom) diameter. The squares (right, top) have
2.5 mm side length.

and block-wise contiguous. For example, the images of blood vessels have these

properties naturally.

The schematic describing the image reconstruction is presented in Fig. 4.3 for
the M-CCS case. The numerical phantom used in the study is shown in Fig. 4.4.
There are disk objects that have 4 mm and 5 mm diameters and squares whose
side length is 2.5 mm. This phantom was used to analyze the image reconstruction

performance in terms of resolution.

For quantitative comparison of the resultant images, SSIM [36] and PSNR
values were calculated using the built-in ssim and psnr functions of MATLAB

with the default parameters.

4.2 Results

4.2.1 Effects of filling rate, measurement rate, and SNR

For the M-CCS case, the effect of the filling rate on the SM reconstruction was
analyzed for different measurement rates (6 = 0.5, 0.2, 0.1, and 0.05) and for
various SNR levels (0 dB, 10 dB, 20 dB, 30 dB, and oco) with MC simulations.
The contour plots of the SM reconstruction nRMSE values are shown in Fig. 4.5.
The simulated filling rates were Y00, 0.1, 0.3, 0.5, 0.7, 0.9, and ™%00. Note that
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Figure 4.5: Contour plots of the nRMSE of the estimated system matrices for dif-
ferent filling rates and ¢§’s for the M-CCS case. For the filling rates, the following
values were used: Yso0, 0.1, 0.3, 0.5, 0.7, 0.9, and "%o0.

Y800 filling rate corresponds to a CCS with a single-voxel MNP sample, which
is equivalent to the standard CS method. The dual case is %00 filling rate, in
which all voxels except for one voxel are filled with MNP samples. In addition,

cross sections of these plots for 10 dB SNR are presented in Fig. 4.6a.

The results show that for 6 = 0.5 and 0 = 0.2, the best filling rate is 0.5,
independent of the SNR level. At lower measurement rates of § = 0.1 and § = 0.05,
the effect of the filling rate is gradually reduced, as better seen in Fig. 4.6a. At
0 = 0.1, while the best filling rate is 0.3, the filling rates between 0.1-0.9 also
have comparable performances. At § = 0.05, the contour plot in Fig. 4.5d is
not monotonous along the vertical direction due to both the reduced effect of the
filling rate and the high standard deviation of the MC simulations (see error bars
in Fig. 4.6a). For the optimal filling rates at 10 dB SNR, nRMSE is improved by
15 dB, 10 dB, 3 dB, and 0.5 dB compared to the standard CS case (i.e., a filling
rate of Ysoo) for 6 = 0.5, 0.2, 0.1, and 0.05, respectively (Fig. 4.6a). As seen in
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Figure 4.6: The nRMSE (dB) as a function of filling rate for § = 0.2 at 0.1 filling
rate and 10 dB SNR for a) M-CCS and b) R-CCS. The mean values and standard
deviations across repeated Monte Carlo simulations are plotted.

Fig. 4.5, for all four measurement rates, choosing the correct filling rate causes

even more significant improvements in nRMSE if the SNR is lower than 10 dB.

A similar analysis was also done for the full rotation of the R-CCS case at
0.45, 0.18, 0.1, and 0.05 measurement rates, corresponding to 1°, 2.5°, 4.5°, and
9° angle-steps, respectively. The size of the R-CCS was 50 mm x 50 mm (cor-
responding to 100 x 100 voxels), and the distance between the FOV center and
the rotation center was 17.5 mm in these simulations. The contour plots of the
SM reconstruction nRMSE values are shown in Fig. 4.7 for filling rates of 0.1,
0.3, 0.5, 0.7, and 0.9. In addition, cross sections of these plots for 10 dB SNR are
presented in Fig. 4.6b.

For the § = 0.45 case the best filling rate is 0.7, whereas for 6 = 0.18, it is
0.5. Similar to the M-CCS case, the effect of the filling rate is reduced at lower
measurement rates (see Fig. 4.6b). At 0 = 0.1, filling rates between 0.3-0.7 have
similar performances. At delta = 0.05, the filling rate has almost no effect on the
SM reconstruction performance, causing the contour plot to be dominated by the

standard deviation of the MC simulations.

4.2.2 Effects of Sliding Step Size and Angle Step Size

For the S-CCS case, the effect of the sliding step size was analyzed from 1 to
40 grid step size, for 6 = 0.2 at 0.1 filling rate and 10 dB SNR. Note that for
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Figure 4.7: Contour plots of the nRMSE of the estimated system matrices for
different filling rates and ¢’s for the R-CCS case. For the filling rates, the following
values were used: 0.1, 0.3, 0.5, 0.7, and 0.9.
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Figure 4.8: The nRMSE (dB) as a function of a) the number of slided grids for
S-CCS, and b) the angle step for R-CCS before each measurement with param-
eters: 0.1 filling rate, § = 0.2, and 10 dB SNR.
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the FOV size of 40 x 20 voxels, the total number of calibration measurements at
0 = 0.2 is 160. Sliding along the y-direction with one-grid step size before each
measurement requires an S-CCS with a total length of 199 grids. On the other
hand, using a 40-grid step size corresponds to fully replacing the effective CCS
before each measurement (i.e., equivalent to M-CCS), and requires an S-CCS with
a length of 6400 grids. As shown in Fig. 4.8a, the nRMSE for SM reconstruction
decays sharply from one to four grid steps, emphasizing the need for a sufficient
level of variation among the effective regions of the S-CCS that fall within the
FOV. On the other hand, a similar performance is observed when step size is

increased from 10 to 40 grids.

For the R-CCS case, the effect of angle step size was analyzed between 0.5° to 2°
step for 6 = 0.2 at 0.1 filling rate and 10 dB SNR. With the total number of
calibration measurements fixed to 160, the total rotation range of the R-CCS
increases from 80° to 320° when the angle step size is increased from 0.5° to 2°.
The resulting nRMSE for SM reconstruction as a function of rotation angle step
size is shown in Fig. 4.8b. Accordingly, increasing the angle step size increases the
performance significantly, once again emphasizing the need for variation among

effective portions of the R-CCS.

4.2.3 Performance Under a Limited Calibration Time

For a limited system calibration duration, a question is how many different CCSs
should be measured for optimal performance for a given measurement SNR and
duration. In this study, the trade-off of using the time budget to increase the
SNR (via averaging) vs. to vary the effective CCS was analyzed.

For the S-CCS with 40-grid step size (i.e., equivalent of M-CCS) case, it was
assumed that the time required for sliding between two consecutive measurements
is one second, measurement time for a single Lissajous cycle is one millisecond,
SNR is -30 dB, filling rate is 0.1, and the total calibration time is ~320 sec-

onds. When the number of calibration measurements is reduced, then the time
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Figure 4.9: The nRMSE as a function of a) the total number of measurements

for S-CCS case and b) R-CCS case used in the calibration measurements with
0.1 filling rate.
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allocated for each measurement is increased. For instance, when 160 calibra-
tion measurements are taken instead of 320, then the allocated time for each
measurement time becomes 2 seconds instead of 1 ms. So, for each calibration
measurement, 2000 Lissajous cycles are performed. Then, the SNR after the
averaging (SNR,y) increases by 10log;,(2000/160) = 30 dB, so that SNR. be-
comes 0 dB (see Fig. 4.9a). The nRMSE and the corresponding SNR levels as a
function of number of calibration measurements are given in Fig. 4.9a. For the

system parameters used, taking 200 measurements (i.e., § = 0.25) is optimal.

Similar results are obtained for the R-CCS case (Fig. 4.9b), for 360 seconds
total calibration time, -30 dB SNR, and 0.1 filling rate. Between each consecutive
measurements, the time needed was assumed to be 1 second. The rotation angle-
step was set according to the number of calibration measurements. For example,
for 144 measurements, the angle-step was 2.5°. The optimal number of measure-

ments is 144 for this case, corresponding to § = 0.18.

4.2.4 Image Reconstruction Results

The images reconstructed using the resultant SMs of standard CS, M-CCS,
S-CCS, RS-CCS, and RSC-CCS methods are presented in Fig. 4.10 for the phan-
tom in Fig. 4.4 with a FOV size of 100 x 50 voxels. Three different scenarios were
tested: 6 = 0.2 and SNR = 10 dB, 6 = 0.2 and SNR = 0 dB, and 6 = 0.1 and
SNR = 0 dB. For all cases, the filling rate of the CCSs was 0.1. For the S-CCS
case, the sliding step size was 5 grids in the z-direction. For the RS-CCS and
RSC-CCS cases, the distance between the center of the FOV and the rotation
center was 45 mm in the z-direction, and the angle step size was 1°. After each
full turn, the CCS was slided 30 grids in the z-direction twice for the § = 0.2
case. This corresponds to 1080 measurements (§ = 0.216) in total with three full
turns of the CCS. On the other hand, for 6 = 0.1 case, 1.5° angle-steps was used
and the CCS was slided once for 40 grids in the z-direction. This corresponds to
480 measurements (§ = 0.096) in total with two full turns of the CCS.

For all scenarios in Fig. 4.10, the CCS methods outperform the standard CS
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Standard CS Method

Proposed Methods

a) 6=0.2, SNR=10dB b) 0=0.2, SNR=0dB c¢) 6=0.1, SNR=0 dB

M-CCS

S-CCS

RSC-CCS RS-CCS

Figure 4.10: Reconstructed images with system matrices reconstructed via M-
CCS, RS-CCS, RSC-CCS, S-CCS (with 5 grid sliding step) types of CCSs, for
a) 6 = 0.2 and 10 dB SNR, b) § = 0.2 and 0 dB SNR, and ¢) § = 0.1 and 0 dB
SNR scenarios. The filling rate of the CCSs were 0.1.
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Table 4.1: SSIM of the reconstructed images for different 6 and SNR values with
the standard CS and the CCS approaches. The filling rate of CCSs were 0.1.
SNR values are given in dB.

Methods | 6=0.2, SNR=10 | 6=0.2, SNR=0 | 6=0.1, SNR=0
Standard CS 0.71 0.55 0.49
M-CCS 0.94 0.88 0.81
S-CCS 0.91 0.86 0.74
RS-CCS 0.93 0.89 0.83
RSC-CCS 0.97 0.95 0.91

Table 4.2: PSNR of the reconstructed images for different 6 and SNR values with
the standard CS and the CCS approaches. The filling rate of CCSs were 0.1.
SNR and PSNR values are given in dB.

Methods 0=0.2, SNR=10 | 0=0.2, SNR=0 | 6=0.1, SNR=0
Standard CS 13.64 12.04 11.63
M-CCS 19.72 16.94 15.26
S-CCS 18.00 16.28 14.16
RS-CCS 18.84 17.16 15.42
RSC-CCS 22.68 20.19 17.62

method, which is evident by both visual inspection and quantitative results given
in Tables 4.1 and 4.2. The small square objects in the top right of the numerical
phantom were successfully resolved by the CCS based reconstructions, whereas
they could not be resolved with the standard CS method. Although the random-
ness of the CCS is partially violated for the RSC-CCS case, the reconstructed
images have the highest quality.

For the S-CCS case, the effect of sliding step size on the reconstructed images
was also analyzed, for the cases of 1, 5, and 10 grid step sizes. The results
are shown in Fig. 4.11 for § = 0.2 and SNR = 10 dB, and filling rate = 0.1.
Sliding 5 to 10 grids in the y-direction after each measurement resulted in almost
identical image quality, whereas sliding one grid yielded a significantly worse

image. This result is consistent with the SM reconstruction analysis in Fig. 4.8a,
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S-CCS

a) 1 grid step b) 5 grid step c) 10 grid step

Figure 4.11: Image reconstruction results for the S-CCS with a) 1 grid sliding
step, b) & grid sliding step, and c) 10 grid sliding step. 6 = 0.2, SNR = 10 dB,
and filling rate = 0.1.

and highlights the fact that the effective CCS needs to vary among measurements

to ensure that each measurement provides maximal amount of new information.

4.3 Discussion

The results of the simulations on the imaging performance showed that signifi-
cantly improved image quality is obtained with the proposed CCS methods com-
pared to the standard CS method for the same SNR and measurement rate.
This is a consequence of (i) the higher SNR of the CCS compared to single
MNP measurements, and (ii) the higher amount of information gathered from
a single measurement. The filling rate analyses showed that the optimal filling
rate is between 0.3 and 0.7. While SNR increases with increasing filling rates
above 0.5, the coherency of the measurements also increase, limiting the SM re-
construction performance. The symmetrical behavior with respect to the filling
rate shows that the reconstruction performance is limited by the ill-posedness
of the problem, rather than the measurement noise. Furthermore, the effect of
the measurement noise on the SM reconstruction error decreases with decreasing

measurement rates.

The CCS method is based on measuring multiple “scenes” with randomly
positioned MNPs, which is the M-CCS case. Other CCS variations were proposed
looking from a practical implementation point of view. The MNP samples are
placed at random positions in these CCSs (S-CCS and R-CCS), but during the
sliding and rotation movements, the successive measurements become correlated.

Hence, the randomness and incoherence of measurements, which is a necessary
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condition in CS, is partially violated. On the other hand, the sparsity level of the
SM is sufficiently high that these variations are feasible. For example, sliding a
long CCS for 4 or 5 grids before each measurement was enough to get sufficient
level of incoherency among measurements for a 40-grid FOV and a measurement
rate of 0.2. Although this is an advantage of the S-CCS, a large CCS with at

least 20 times the size of FOV is required, which may not be practical.

The main advantage of the CCS is that it may be possible to obtain calibration
data during a continuous movement of the CCS, since the measurement SNR
is not a concern. If this is the case, calibration duration can be significantly
reduced compared to the conventional SM calibration methods. To this end,
the position of CCS should be known precisely to generate the calibration mask
matrix. The position of the moving CCS can be tracked by precision position

measurement devices such as laser trackers, if necessary.

If the measurement SNR is relatively low, the number of averaging and the
measurement rate can be optimized. For a continuous CCS movement, the speed

of the motion should be adjusted accordingly.

The R-CCS implementations can be used to mitigate the large size require-
ments of the S-CCS. By using rotation and translation, the measurements can be
diversified. Using only the rotation movement resulted in higher SM reconstruc-
tion errors compared to the M-CCS case for the R-CCS size used in this study
(i.e., with a size 10 times the FOV area). However, the RS-CCS case resulted in
a similar imaging performance as the M- and S-CCS cases with only 2-3 rotation

centers.

In case the CCS is implemented as a mold that can be filled with MNP sam-
ples, filling and emptying the random CCS pattern with MNP samples may be
impractical. Here, a connected CCS pattern is proposed as a solution. To min-
imize the size, it is implemented as a RS-CCS. The imaging results show that
this implementation has the highest image quality among all proposed imple-
mentations of CCSs. This may be caused by slightly higher filling rate of this
implementation (0.12 vs. 0.1 for other CCS cases).
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Chapter 5

Conclusion

In this thesis, three main contributions are presented for system calibration and

image reconstruction in MPI.

Firstly, the SM and x-space-based reconstruction methods for MPI are compar-
atively analyzed. ADMM is proposed as a fast SM method in MPI. The x-space
method is computationally fast compared to the SM methods and it does not re-
quire a time-consuming system calibration scan [11,43]. The reconstruction time
for the x-space method was 10-20 ms whereas it was about 10 minutes for the
SM-based methods. However, x-space reconstructions can yield residual artifacts
and relatively low contrast. The results show that SM methods outperform the x-
space method in terms of SSIM and nRMSE metrics that reflect enhanced image
contrast and artifact suppression. For example, for 20-dB SNR level, the image
reconstructed with the ADMM algorithm has 0.18 nRMSE value and 0.81 SSIM
value, whereas the one reconstructed with the IRadon method has 0.27 nRMSE
value and 0.54 SSIM value.

Secondly, 8-9 volumetric reconstructions for a 20 x 20 x 10 resolution system are
performed using a single GPU with the ADMM algorithm. The GPU performance
is shown to be approximately 40 times faster than the performance obtained with
the CPUs.

20



Finally, a fast calibration method is proposed for SM using CCSs and CS.
Its different variations are demonstrated considering practical implementation.
The results show that system calibration using CCSs outperforms the standard
CS SM reconstruction, which uses a single MNP sample. The quality of the
reconstructed images significantly increases for the same number of measurements
and SNR level. For example, when the calibration measurements are reduced by
a factor of 5 at 10-dB SNR, the standard CS method has 13.64 dB PSNR value
and 0.71 SSIM value, whereas the proposed CCS approach has 22.68 dB PNSR
value and 0.97 SSIM value.

The techniques proposed in this thesis substantially reduce the required
number of measurements for the system calibration, and significantly improve
the MPI image reconstruction process in terms of both the reconstruction speed

and the resulting image quality.
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