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Advisor: Süleyman Serdar Kozat
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We investigate nonlinear prediction for nonstationary time series. In most real-

life scenarios such as finance, retail, energy and economy applications, time se-

ries data exhibits nonstationarity due to the temporally varying dynamics of the

underlying system. This situation makes the time series prediction challenging

in nonstationary environments. We introduce a novel recurrent neural network

(RNN) architecture, which adaptively switches between internal regimes in a

Markovian way to model the nonstationary nature of the given data. Our model,

Markovian RNN employs a hidden Markov model (HMM) for regime transitions,

where each regime controls hidden state transitions of the recurrent cell inde-

pendently. We jointly optimize the whole network in an end-to-end fashion. We

demonstrate the significant performance gains compared to conventional methods

such as Markov Switching ARIMA, RNN variants and recent statistical and deep

learning-based methods through an extensive set of experiments with synthetic

and real-life datasets. We also interpret the inferred parameters and regime belief

values to analyze the underlying dynamics of the given sequences.

Keywords: Time series prediction, recurrent neural networks, nonstationarity,

regime switching, nonlinear regression, hidden Markov models.

iii



ÖZET

MARKOV ANAHTARLAMALI TEKRARLAYAN
YAPAY SİNİR AĞLARI İLE DURAĞAN OLMAYAN

ZAMAN SERISİ TAHMİNİ

Fatih İlhan

Elektrik ve Elektronik Mühendisliği, Yüksek Lisans

Tez Danışmanı: Süleyman Serdar Kozat

Temmuz 2021

Durağan olmayan zaman serileri için doğrusal olmayan tahmin problemini

çalışmaktayız. Finans, perakende, enerji ve ekonomi gibi çoğu gerçek hayat uygu-

lamalarındaki zaman serisi verileri, temel sistemin zamansal olarak değişen di-

namikleri sebebiyle durağan olmama özelliği göstermektedir. Bu durum, durağan

olmayan ortamlarda tahmin yapmayı zorlaştırmaktadır. Verinin durağan ol-

mayan doğasını modellemek amacıyla Markovvari bir şekilde iç rejimler arasında

geçiş yapan yeni bir tekrarlayan sinir ağı (RNN) mimarisi tasarlanmıştır. Mod-

elimiz, Markovian RNN, rejimler arası geçişleri modellemek için gizli Markov

modeli (HMM) kullanmakta ve her rejim, tekrarlayan hücrelerin gizli durum

geçişlerini bağımsız olarak kontrol etmektedir. Bu yapıda, tüm model uçtan

uca hep beraber optimize edilmektedir. Sentetik ve gerçek veri setleri üzerinde

yapılan detaylı deneyler sonucunda, Markov anahtarlamalı ARIMA gibi gelenek-

sel yöntemlere ve istatiksel veya derin öğrenme tabanlı yeni yöntemlere kıyasla

elde edilen ciddi performans artışları gösterilmiştir. Ek olarak, öğrenilen model

parametreleri ve rejim olasılık değerleri yorumlanarak, verilerin altında yatan di-

namikler analiz edilmiştir.

Anahtar sözcükler : Zaman serisi tahmini, özyinelemeli sinir ağları, durağan ol-

mama, rejim değişimi, doğrusal olmayan regresyon, saklı Markov modeli.
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Chapter 1

Introduction

1.1 Preliminaries

In this thesis, we study nonlinear time series prediction with recurrent neural net-

works in nonstationary environments. In particular, we receive a sequential data

and predict the next samples of the given sequence based on the knowledge about

history, which includes the previous values of target variables and side informa-

tion (exogenous variables). Time series prediction task is extensively studied for

various applications in the machine learning [1, 2], ensemble learning [3], signal

processing [4], and online learning theory [5] literatures. In most real-life sce-

narios such as finance and business applications, time series data may not be an

output of a single stochastic process since the environment can possess nonsta-

tionary behavior. In particular, the dynamics of the underlying system, which

generates the given sequence can exhibit temporally varying statistics. Moreover,

the behavior of the system can even be chaotic or adversarial [6, 7]. Therefore,

successfully modeling the nonstationarity of the data carries importance while

performing prediction.
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Although linear models have been popular, partly since they have been inte-

grated into most statistics and econometrics software packages, neural network-

based methods are becoming widely preferred for the time series prediction task

thanks to their ability to approximate highly nonlinear and complex functions [8].

In particular, deep neural networks (DNNs) with multiple layers have been suc-

cessful in resolving overfitting and generalization-related issues. Although their

success in some fields such as computer vision has been demonstrated in numer-

ous studies [9,10], this multi-layered structure is not suitable for sequential tasks

since it cannot capture the temporal relations in time series data properly [11]. To

this end, recurrent neural networks (RNNs) are used in sequential tasks thanks

to their ability to exploit temporal behavior. RNNs contain a temporal memory

called hidden state to store the past information, which helps them to model time

series more successfully in several different sequential tasks [12–14]. Hence, we

consider nonlinear regression with RNN-based networks to perform time series

prediction.

To address the difficulties raised by nonstationarity, several methods mostly

based on mixture of experts [15] are proposed due to their ability to represent

nonstationary or piecewise sequential data. Mixture of experts models rely on

the principle of divide and conquer, which aims to find the solution by parti-

tioning the problem into smaller parts. These models usually consist of three

main components: separate regressors called experts, a gate that separates the

input space into regions, and a probabilistic model that combines the experts [3].

The fact that mixture of experts simplifies complex problems by allowing each

expert to focus on specific parts of the problem with soft partitioning provides

an important advantage while modeling nonstationary sequences [3]. However,

these methods require training multiple experts separately, which disallows joint

optimization and end-to-end training. In addition, these methods rely on enough

diversity among experts such that each expert makes errors at different regions

in the feature space. Otherwise, their performance compared to single expert

models becomes negligibly better or even worse, if none of the experts can fit the

data well enough [16].

In certain studies, simple linear regressors such as autoregressive integrated
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moving average (ARIMA) models are considered as experts, where each individual

expert specializes in a very small part of the problem [15]. To perform gating oper-

ation between experts, several adaptive switching approaches such as Markovian

switching and transition diagrams are widely preferred [17–19]. Markov switching

models and their variants were first introduced for sequential modeling tasks in

the econometrics literature to handle nonstationarity [20–23] and also applied in

other fields such as control systems in nonstationary environments [24–26]. Initial

methods employing Markovian switching time series prediction use multiple linear

regressors (or classifiers), where each regressor is responsible for characterizing

the behavior of the time series in a different regime. The switching mechanism

between these regimes is controlled by a Hidden Markov Model (HMM). Markov

switching model can capture more complex dynamic patterns and nonstation-

arity, especially when the assumption of the existence of different regimes with

Markovian transitions hold. This model and its variants are applied in analyzing

and forecasting business, economic and financial time series [18,27]. For instance,

these models are used to identify business cycles, which consist of several regimes

such as expansion and recession states [21, 27]. However, none of these methods

consider nonlinear regression with recurrent neural networks, which limits their

capability to capture complex temporal patterns. Our model, Markovian RNN

can be interpreted as a temporally adaptive mixture of experts model, where the

regime-specific hidden state transition weights inside the RNN cell are employed

as experts and HMM-based Markovian switching performs the gating operation

between regimes. In this way, Markovian RNN can detect different regimes and

focus on each of them separately through learning separate weights, which enables

our model to adapt nonstationarity while making predictions.

Although there exists a significant amount of prior work on the time series pre-

diction task in nonstationary environments, we combine the benefits of recurrent

neural networks and HMM-based switching for nonlinear regression of nonsta-

tionary sequential data. In this study, we introduce a novel time series prediction

network, Markovian RNN, which combines the advantages of recurrent neural

networks and Markov switching. Our model employs a recurrent neural network

with multiple hidden state transition weights, where each weight corresponds
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to a different regime. We control the transitions between these regimes with a

hidden Markov model, which models the regimes as part of a Markov process.

In this way, our model can capture the complex sequential patterns thanks to

RNNs, and handle nonstationary with Markovian switching. We also optimize

the whole network jointly at single stage. Our model can also be extended using

different RNN structures such as long short-term memory (LSTM) [28] and gated

residual unit (GRU) [29] networks as remarked in Section 3.2. Furthermore, we

demonstrate the performance gains of Markovian RNN in the time series predic-

tion task with respect to the conventional forecasting methods such as ARIMA

with Markov switching [20], RNN variants [28–30] and recent statistical [31] and

deep learning-based methods [32]. We perform extensive experiments over both

synthetic and real datasets. We also investigate the inferred regime beliefs and

transitions, as well as analyzing forecasting error.

1.2 Prior Art and Comparisons

A considerable amount of research has been conducted in machine learning,

signal processing and econometrics literatures to perform time series predic-

tion [2, 32, 33]. Although there are widely embraced linear methods such as

autoregression (AR), moving average (MA), autoregressive integrated moving

average (ARIMA) and their variants in the conventional time series prediction

framework, these methods fail to capture complex temporal patterns, since they

cannot fully capture nonlinearity [33]. There exists a wide range of nonlinear

approaches to perform regression in the machine learning and signal processing

literatures. However, these earlier methods suffer from practical disadvantages

such as memory and can perform badly due to stability and overfitting issues [34].

To overcome these limitations, neural network-based methods have been in-

creasingly popular thanks to the developments in optimization and neural network

literatures [10]. Most of the recent studies adopt RNNs and its variants such as

GRU and LSTM networks for sequential tasks. Certain studies have successfully

applied RNNs and their variants for sequential tasks [29, 35]. In this study, we
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employ RNNs considering their power to capture complex nonlinear temporal

patterns and generalization capability over unseen data. In addition to RNNs,

certain recent studies employ statistical methods based on decomposition [31]

or hybrid models that combine statistical methods such as AR and exponential

smoothing with RNN-based deep architectures [36, 37]. In another study, au-

thors use fully-connected layer stacks with residual connections [32]. However,

these methods are not designed to perform under nonstationary environments in

which the underlying dynamics of the sequence might evolve through time. To

increase generalization, authors employ certain ensembling procedures. In [32],

a three-level ensembling procedure is applied through training multiple models

on different metrics, with various temporal scales and different random initializa-

tions, and considering the median of predictions as final. In [37], authors train

models with different random initializations, number of epochs and data subsets

and then perform rank-based selection over validation set.

In order to improve generalization capability and handle nonstationarity for

time series prediction, several studies adopt mixture of experts based approaches

instead of straightforward ensembling procedures used in [32, 37]. A mixture of

ARMA experts is considered in [15] to obtain a universal approximator for pre-

diction in stationary sequences. In the work, the authors interpret the mixture

of experts as a form of neural network. Various studies have developed universal

sequential decision algorithms by dividing sequences into independent segments

and performing switching between linear regressors [15,19]. However, these works

utilize linear regressors as experts, which may perform poorly in challenging sce-

narios. Another study also employs nonlinear regressors as experts for stock price

prediction task [38]. However, the nonlinear regressors employed in these stud-

ies have multi-layered perceptron architectures without any temporally recurrent

structure. Instead, we employ RNNs to handle the temporal patterns in time

series data. In addition, we jointly optimize the whole network at single stage

whereas mixture of experts models require separate training sessions for each

expert.

Designing the gating model in mixture of experts approach is as crucial as
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choosing the expert models. For instance, authors employ randomized switch-

ing mechanism based on transition diagrams in [19]. In another study, authors

use a gating procedure based on a fuzzy inference system in [38]. However,

most studies, especially in the business domain and finance literature, prefer

Markovian switching-based approaches since they express financial cycles more

accurately [21, 23]. Certain earlier variants of this approach such as Hamilton

model [20], Kim-Nelson-Startz (KNS) model [21] and Filardo model [22] have

been specifically designed and preferred for the tasks in business and finance ap-

plications [27]. In addition, these approaches have been integrated into popular

analysis, forecasting and software packages [39, 40]. However, these statistical

methods are not flexible in terms of modeling, since they employ linear mod-

els with certain assumptions such as sequences with varying mean and variance.

Similar approaches have been applied for anomaly detection tasks as well. For

instance, in [41], authors develop an adaptive HMM with an anomaly state to

detect price manipulations. Although Markovian switching-based methods are

commonly used for sequential tasks in nonstationary environments, few of them

consider nonlinear models, which are mostly simple multi-layer networks. In ad-

dition, they usually require multiple training sessions and cannot be optimized

jointly. However, we introduce a jointly optimizable framework, which can utilize

the benefits of nonlinear modeling capability of RNNs and adaptive Markovian

switching with HMMs in an effective way.

1.3 Contributions

Our main contributions are as follows:

1. We introduce a novel time series prediction model, Markovian RNN, based

on recurrent neural networks and regime switching controlled by HMM.

This approach enables us to combine the modeling capabilities of RNNs and

adaptivity obtained by HMM-based switching to handle nonstationarity.

2. We use gradient descent based optimization to jointly learn the parameters

6



of the proposed model. The proposed sequential learning algorithm for

Markovian RNN enables us to train the whole network end-to-end at single

stage with a clean pipeline.

3. Our model can prevent oscillations caused by frequent regime transitions

by detecting and ignoring outlier data. The sensitivity of the introduced

model can readily be tuned to detect regime switches depending on the

requirements of desired applications, or with cross-validation.

4. Through an extensive set of experiments with synthetic and real-life

datasets, we investigate the capability of Markovian RNN to handle non-

stationary sequences with temporally varying statistics.

5. We compare the prediction performance of the introduced model with con-

ventional switching methods, RNN variants, recent decomposition-based

statistical methods and deep learning-based models in terms of root mean

squared error (RMSE), mean absolute error (MAE).

6. We analyze the effect of number of regimes and illustrate the inferred regime

beliefs and switches to interpret our model.

1.4 Organization

The organization of this thesis is as follows. We define the time series prediction

task and describe the framework that uses recurrent neural networks and hidden

Markov models in Chapter 2. Then we provide the introduced model, switching

mechanism, and sequential learning algorithm for Markovian RNN in Chapter 3.

In Chapter 4, we demonstrate the performance improvements of the introduced

model over an extensive set of experiments with synthetic and real datasets and

investigate the inferred regimes and transitions. We mention the future directions

and challenges in Chapter 5. Finally, we conclude the thesis in Chapter 6 with

several remarks.
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Chapter 2

Problem Description

2.1 Nonlinear Time Series Prediction

In this study, all vectors are column vectors and denoted by boldface lower case

letters. Matrices are denoted by boldface upper case letters. xT and XT are

the corresponding transposes of x and X. ‖x‖ is the `2-norm of x. � and �
denotes the Hadamard product and division, i.e., element-wise multiplication and

division, operations, respectively. |X| is the determinant of X. For any vector x,

xi is the ith element of the vector. xij is the element that belongs to X at the

ith row and the jth column. sum(·) is the operation that sums the elements of a

given vector or matrix. δij is the Kronecker delta, which is equal to one if i = j

and zero otherwise. E-notation is used to express very large or small values such

that mEn = m× 10n.

We study nonlinear prediction of nonstationary time series. We observe a

vector sequence x1:T , {xt}Tt=1, where T is the length of the given sequence, and

xt ∈ Rnx is the input vector for the tth time step. Input vector can contain target

variables (endogenous variables) as well as side information (exogenous variables).

The target output signal corresponding to x1:T is given by y1:T = {yt}Tt=1, where

yt ∈ Rny is the desired output vector at the tth time step. Our goal is to estimate
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yt using the inputs until the tth time step by

ŷt = f(x1:t;θ),

where f is a nonlinear function parameterized with θ. After observing the target

value yt, we suffer the loss `(yt, ŷt), and optimize the network with respect to

this loss. We evaluate the performance of the network by the mean squared error

obtained over the sequence with

LMSE =
1

T

T∑
t=1

`MSE(yt, ŷt), (2.1)

where

`MSE(yt, ŷt) = eTt et,

and

et , yt − ŷ,

is the error vector at the tth time step. Other extensions are also possible such

as mean absolute error (MAE) as remarked in Section 3.2.

2.2 Recurrent Neural Networks

We particularly study time series prediction with RNNs. For this task, we use

the following form:

ht = fh(ht−1,xt;θh)

= fh(Whhht−1 + Wxhxt) (2.2)

ŷt = fy(ht;θy)

= fy(Whyht), (2.3)

where fh(x) = σtanh(x) is the element-wise tanh function such that σtanh(x) =
ex−e−x

ex+e−x , and fy(x) = x. Here, ht ∈ Rnh is the hidden state vector at time step

t. Whh ∈ Rnh×nh , Wxh ∈ Rnx×nh and Why ∈ Rnh×ny are the weight matrices.

9



We use θh = {Whh,Wxh} and θy = {Why} to denote the state transition and

state-to-observation parameters respectively.

We note that the introduced framework can be applied for any recurrent neural

network structure. Hence, it can be extended to various RNN-based networks

such as Gated Recurrent Units (GRU) [29] and Long Short-term Memory Units

(LSTM) [28]. We provide the equations for possible extensions in Remark 1 in

Section 3.1. Here, we consider RNNs due to its simplicity and practicality in

real-life applications. We also do not state bias terms explicitly since they can be

augmented into input vector such that xt ← [xt; 1].

2.3 Hidden Markov Models

We utilize HMMs to model the switching mechanism of RNNs, as will be de-

scribed in Chapter 3. HMM is a statistical model, which consists of a discrete-

time discrete-state Markov chain with unobservable hidden states kt ∈ {1, ..., K},
where K is the number of states. The joint distribution has the following form:

p(k1:T ,y1:T ) =
T∏
t=1

p(kt|kt−1; Ψ)p(yt|kt;θ), (2.4)

where p(k1|k0) = π(k1) is the inital state distribution. p(kt|kt−1; Ψ) is the

transmission model defined by a transmission matrix Ψ ∈ RK×K such that

Ψij , p(kt = j|kt−1 = i). The observation model (emission model) is sometimes

modeled as a Gaussian such that p(yt|kt = k;θ) = N (yt|µk,Σk).

The state posterior p(kt|y1:T ) is also called the filtered belief state and can be

estimated recursively by the forward algorithm by

p(kt|yt) =
p(yt|kt)p(kt|y1:t−1)

p(yt|y1:t−1)

∝ p(yt|kt)
K∑
kt=1

p(kt|kt−1)p(kt−1|yt−1). (2.5)

Let αt,k , p(kt = k|y1:T ) denote the belief for the kth state, define αt =

[..., αt,k, ...]
T as the K-dimensional belief state vector, and φt = [..., p(yt|kt =

10



k), ...]T as the K-dimensional likelihood vector respectively. Then (2.5) can be

expressed as

αt ∝ φt � (ΨTαt−1). (2.6)

The filtered belief state vector can be obtained after normalizing the expression in

(2.6) through dividing by the sum of values. We note that we call HMM states as

regimes from now on to prevent terminological ambiguity with the hidden states

of RNN.

In the following chapter, we introduce the Markovian RNN architecture with

HMM-based switching between regimes. We also provide the equations and the

sequential learning algorithm of our framework.
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Chapter 3

A Novel RNN Structure

In this chapter, we introduce our novel contributions for sequential learning with

RNNs. We provide the structure of the Markovian RNN, by describing the modi-

fied network with multiple internal regimes in Section 3.1 and HMM-based switch-

ing mechanism in Section 3.2. We present the sequential learning algorithm for

the introduced framework in Section 3.3. The detailed schematic of the overall

structure of our model is given in Fig. 3.1.

3.1 RNNs with Multiple Internal Regimes

Here, we describe the introduced Markovian RNN structure with multiple

regimes, where each regime controls hidden state transition independently. To

this end, we modify the conventional form given in (2.2) and (2.3) as

h
(k)
t = fh(ht−1,xt;θ

(k)
h )

= fh(W
(k)
hhht−1 + W

(k)
xhxt), (3.1)

ŷ
(k)
t = fy(h

(k)
t ;θy)

= fy(Whyh
(k)
t ), (3.2)

12



where k ∈ {1, ..., K} is the regime index, and K is the number of regimes. We

also illustrate the modified RNN cell with multiple regimes in the left hand side

of Fig. 3.1. Here, the hidden state vector is independently propagated to the next

time step at each node with different weights θ
(k)
h . We highlight that the state-to-

observation model is same for all regimes. However, the resulting predictions ŷ
(k)
t

are still different for each regime because of different hidden states h
(k)
t obtained

for the tth time step.

Figure 3.1: Detailed schematic of the Markovian RNN cell. Here, xt, yt and ŷt
are the input, target and prediction vectors for the tth time step. αt and ht are
the belief state and hidden state vectors respectively. R

(k)
t is the error covariance

matrix for the kth regime.

We obtain the final estimate of the hidden state at time step t by the weighted

average of hidden states of each regime as

ht =
K∑
k=1

wt,kh
(k)
t , (3.3)

where wt,k is the weight for the kth regime. Finally, we estimate the output us-

ing (2.3). Here, the weights wt,k are determined by the switching mechanism

described in Section 3.2. The number of regimes, K, is considered as a hyperpa-

rameter and can be selected using cross-validation.

Remark 1. Our model can also be extended with different RNN structures such

as long short-term memory (LSTM) [28] and gated residual unit (GRU) [29]. For

instance, for LSTM, all gating operations and cell/hidden state updates can be

13



performed for each internal regime with the following equations:

c
(k)
t = c

(k)
t−1 � f

(k)
t + c̃

(k)
t � i

(k)
t ,

h
(k)
t = fh(c

(k)
t )� o(k)t ,

ŷ
(k)
t = fy(Whyh

(k)
t )

where f
(k)
t , i

(k)
t , o

(k)
t are the forget, input and output gates, and c̃

(k)
t is the candi-

date cell state at time step t for the kth regime such that

f
(k)
t = σ(W

(k)
xf xt + W

(k)
fhh

(k)
t−1),

i
(k)
t = σ(W

(k)
xi xt + W

(k)
ih h

(k)
t−1),

c̃
(k)
t = fh(W

(k)
xg xt + W

(k)
gh h

(k)
t−1),

o
(k)
t = σ(W(k)

xo xt + W
(k)
oh h

(k)
t−1),

where σ and fh are nonlinear element-wise activation functions. For the final

estimates of the hidden state, we can apply (3.3). For the cell state, the same

form is applicable as well:

ct =
K∑
k=1

wt,kc
(k)
t .

The final output estimate ŷt can be calculated with (2.3).

3.2 HMM-based Switching Mechanism

We employ an HMM to control the switching mechanism between internal

regimes. In particular, we perform soft switching, where the weights given in

(3.3) are represented using the belief values of the HMM as follows:

ht =
K∑
k=1

αt−1,kh
(k)
t , (3.4)

where αt−1,k , wt,k denote the belief for the kth regime. To perform belief update

as given in (2.6), we need to calculate the likelihood values of φt for the tth time
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step after observing yt. To this end, for mean squared error loss, we consider the

error model with Gaussian distribution such that

yt = ŷ
(k)
t + e

(k)
t , (3.5)

e
(k)
t ∼ N (0,R

(k)
t−1), (3.6)

where e
(k)
t is the error vector and R

(k)
t−1 is the error covariance matrix for the kth

regime, which stores the errors of the corresponding regime until the tth time

step, excluding the last step. Then we compute the likelihood by

p(yt|kt = k) =
1√

(2π)ny |R(k)
t−1|

exp

(
−1

2
e
(k)T

t R
(k)−1

t−1 e
(k)
t

)
. (3.7)

Once we obtain the likelihoods, we update the regime belief vector using (2.6) as

α̃t = φt � (ΨTαt−1)

αt = α̃t/sum(α̃t),
(3.8)

where we calculate φt = [..., p(yt|kt = k), ...]T with (3.7). We finally update the

error covariance matrix using exponential smoothing by

R
(k)
t = (1− β)R

(k)
t−1 + βe

(k)
t e

(k)T

t , (3.9)

where β ∈ [0, 1) controls the smoothing effect, which can be selected using cross

validation. For instance, β = 0.95 would result in high sensitivity to errors, which

can cause outlier data to bring frequent oscillations between regimes, whereas

very small values for β might prevent the system to capture fast switches. The

second part of the schematic in Fig. 3.1 illustrates the operations of HMM-based

switching module.

Remark 2. Our frameworks can also be used with different loss functions such

as mean absolute error (MAE) loss. In this case, we can model the distribution of

the error vector et with the multivariate Laplacian distribution. The computation

of regime likelihoods given in (3.7) can be modified for the multivariate Laplacian

distribution as

p(yt|kt = k) =
2√

(2π)ny |R(k)
t−1|

Kv(
√

2ρ)
(
−ρ

2

)ny/2

,
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where ρ = e
(k)T

t R
(k)−1

t−1 e
(k)
t , v = 1 − ny/2 and Kv is the modified Bessel function

of the second kind [42]. For one-dimensional case (ny = 1), considering scalars

instead of vectors, the likelihood equation reduces to

p(yt|kt = k) =
1

2r
(k)
t−1

exp

(
−|e

(k)
t |
r
(k)
t−1

)
,

where ekt and rkt are the error value and error variance at the tth time step for the

kth regime.

Remark 3. HMM-based switching inherently prevents instability due to the fre-

quent oscillations between regimes or possible saturations at well-fitted regimes.

One might argue that certain regimes that have been explored heavily during the

early stages of the training would dominate other regimes and cause the system to

degenerate into quite a few number of regimes. However, since the error covari-

ance matrix penalizes errors for well-fit regimes more harshly than the regimes

that are not explored yet, the model will tend to switch to other regimes if the

predictions made by the dominating regimes start to produce high errors. Here,

the choice of the smoothing parameter β can be interpreted as an adjuster of the

tolerance for the errors made in different regimes. As β increases, the switching

mechanism will have greater sensitivity to errors, which can cause instability and

high deviations in the regime belief vector. Likewise, as β approaches towards

zero, the system will not be able to capture switches due to the smoothing effect.

This can eventually lead to saturations at well-fitted regimes. Thus, the choice

of β directly affects the behavior of our model and we can readily tune it depend-

ing on the needs of the specific application or select it with cross-validation. We

further discuss and illustrate the effect of this parameter in Section 4.3.

3.3 Sequential Learning Algorithm for Marko-

vian RNN

In this section, we describe the learning algorithm of the introduced framework.

During training, at each time step t, our model predicts the hidden state ht and
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Algorithm 1 Sequential Learning Algorithm for Markovian RNN

1: Input: Input and target time series: {xt}Tt=1 and {yt}Tt=1.
2: Parameters: Error covariance update term β ∈ [0, 1), learning rate η ∈ R+,

number of epochs n ∈ N+, early stop tolerance ntolerance ∈ N, train-
ing/validation set durations Ttrain and Tval.

3: Initialize: θ (weights).
4: Initialize: θbest = θ (best weights)
5: Initialize: v =∞ (lowest validation loss)
6: Initialize: j = 0 (counter for early stop)
7: for epoch e = 1 n do
8: Training Phase:
9: for time step t = 1 Ttrain do
10: Initialize: h1, α1 and {R(k)

t }Kk=1.
11: RNN Cell Forward Pass:
12: Receive xt
13: for regime k = 1 K do
14: h

(k)
t = fh(W

(k)
hhht−1 + W

(k)
xhxt)

15: ŷ
(k)
t = fy(Whyh

(k)
t )

16: end for

17: ht =
K∑
k=1

αt−1,kh
(k)
t

18: ŷt = fy(Whyht)
19: Calculate Loss:
20: Receive yt
21: et = yt − ŷt
22: `MSE(yt, ŷt) = eTt et
23: Backward Pass:
24: Update model weights via backpropagation using ∂`

∂θ

25: Ψij ← exp (Ψij)/
∑K

j′=1 exp (Ψij′)
26: HMM-based Switching:
27: φt = [..., p(yt|kt = k), ...]T from (3.7)
28: α̃t = φt � (ΨTαt−1)
29: αt = α̃t/sum(α̃t)

30: e
(k)
t = yt − ŷ(k)

t

31: R
(k)
t = (1− β)R

(k)
t−1 + βe(k)e(k)

T

32: end for
33: Validation Phase:
34: Lval = 0 (validation loss)
35: for time step t = Ttrain Ttrain + Tval do
36: Make predictions ŷt using (2.3)-(3.9).
37: Lval = Lval + `MSE(yt, ŷt)
38: end for
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39: L̄val = Lval

Tval

40: if L̄val < v then
41: v = L̄val
42: θbest = θ
43: j = 0
44: else
45: j = j + 1
46: end if
47: if j > ntolerance then θbest
48: end if
49: end forθbest

output ŷt. We receive the loss given in (2.1) after observing the target output yt.

We denote the set of weights of our model as θ = {{θ(k)h }Kk=1,θy,Ψ}. We use the

gradient descent algorithm to jointly optimize the weights during the training.

In Algorithm 1, we present the sequential learning algorithm for the introduced

Markovian RNN. First, we initialize the model weights θ, hidden state h1, regime

belief vector α1 and error covariance matrices {R(k)
1 }Kk=1. For a given sequence

with temporal length T , after receiving input xt at each time step t, we compute

hidden states for each internal regime using (3.1). Then, we predict the output

with these hidden states for each regime using (3.2). After forward-pass of each

internal regime, we generate ht and output prediction ŷt using (3.4) and (2.3).

After receiving the target output yt, we compute the loss using (2.1) and update

the model weights through the backpropagation of the derivatives. We provide the

derivatives of model weights in equations (3.11)-(3.26). To satisfy the requirement

that each row of Ψ should sum to one, we scale the values row-wise using softmax

function such that Ψij ← exp (Ψij)/
∑K

j′=1 exp (Ψij′). Finally, we update the

regime belief vector and error covariance matrices by (3.7)-(3.9).

Remark 4. Our model introduces more parameters depending on the number

of regimes. In our approach, we use truncated backpropagation through time

(TBPTT) algorithm, which results in O(n2
h) weights, O(nhτ) space complexity

and O(n2
hτ) time complexity for vanilla RNN1 [43]. In Markovian RNN, each

1We use big O notation, i.e., g(nh) = O(f(nh)), to describe the limiting behavior as nh >>
ny, where ny is the number of output dimensions.
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regime has separate state transition parameters ({θ(k)h }Kk=1). Therefore we have

O(Kn2
h) weights, O(Knhτ) space complexity and O(Kn2

hτ) time complexity for

our model, i.e. the computational complexity increases linearly with the number

of regimes. Even though the computation of the likelihood in (3.7) can be com-

putationally expensive due to determinant and matrix inversion operations, we

do not suffer in practice since ny is usually small or 1 as in our experiments in

Chapter 4.

Here, we provide the derivatives of the model weights (θ = {{Wxh}Kk=1,

{Whh}Kk=1,Why,Ψ}) of Markovian RNN. The equations of the basic derivatives

are as follows:

∂`t
∂ŷt

= −2eTt , (3.10)

∂ŷt
∂ht

= Why, (3.11)

∂ht

∂h
(k)
t

= αt−1,k, (3.12)

∂h
(k)
t

∂ht−1
= W

(k)
hh � diag(f

′

h(z
(k)
t )), (3.13)

∂ht
∂αt−1,k

= h
(k)
t , (3.14)

∂αt,k
∂α̃t,k′

=
δkk′sum(α̃t)− α̃t,k

sum(α̃t)2
, (3.15)

where z
(k)
t = W

(k)
hhht−1+W

(k)
xhxt. We use (3.12) and (3.13) to obtain the following:

∂ht
∂ht−τ

=
t∏

t′=t−τ+1

∂h′t
∂ht′−1

, (3.16)

where

∂ht/∂ht−1 =
K∑
k=1

αt−1,kW
(k)
hh � diag(f

′

h(z
(k)
t )). (3.17)

Then, we can use (3.10)-(3.13) and (3.16) to obtain ∂`t/∂W
(k)
xh and ∂`t/∂W

(k)
hh as

19



follows:

∂`t

∂W
(k)
xh

=
t∑

t′=t−τ

∂`t
∂ŷt

∂ŷt
∂ht

∂ht
∂ht′

∂ht′

∂h
(k)
t′

∂h
(k)
t′

∂W
(k)
xh

, (3.18)

∂`t

∂W
(k)
hh

=
t∑

t′=t−τ

∂`t
∂ŷt

∂ŷt
∂ht

∂ht
∂ht′

∂ht′

∂h
(k)
t′

∂h
(k)
t′

∂W
(k)
hh

, (3.19)

where

∂h
(k)
t′ /∂W

(k)
xh =

[
∂h

(k)
t′ /∂W

(k)
xh,ij

]
(3.20)

such that

∂h
(k)
t′ /∂W

(k)
xh,ij = xt′,jdi � f ′h(z

(k)
t′ ), (3.21)

∂h
(k)
t′ /∂W

(k)
hh =

[
∂h

(k)
t′ /∂W

(k)
hh,ij

]
(3.22)

such that

∂h
(k)
t′ /∂W

(k)
hh,ij = ht′−1,jdi � f ′h(z

(k)
t′ ), (3.23)

and τ is the truncation length. Here, d is a vector such that di′ = δii′ .

Using (3.10), we can calculate ∂`t/∂Why as:

∂`t
∂Why

=
∂`t
∂ŷt

∂ŷt
∂Why

= −2eth
T
t . (3.24)

Finally, we can compute the derivative of the transition matrix Ψ using (3.10),

(3.11), (3.14) and (3.16) as follows:

∂`t
∂Ψ

=
t∑

t′=t−τ

∂`t
∂ŷt

∂ŷt
∂ht

∂ht
∂ht′

∂ht′

∂Ψ
, (3.25)

where ∂ht′/∂Ψ =
∑K

k=1 h
(k)
t′ ∂αt′−1,k/∂Ψ. We can express the derivative terms in

this summation as:

∂αt′−1,k
∂Ψ

=
K∑
k′=1

∂αt′−1,k
∂α̃t′−1,k′

∂α̃t′−1,k′

∂Ψ
, (3.26)
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where

∂α̃t′−1,k′/∂Ψ =
[
∂α̃t′−1,k′/∂Ψij

]
(3.27)

such that

∂α̃t′−1,k′/∂Ψij = δi,k′φt−1,k′αt′−2,j, (3.28)

and ∂αt′−1,k/∂α̃t′−1,k′ is given in (3.15).
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Chapter 4

Simulations

In this chapter, we demonstrate the performance of the introduced Markovian

RNN model and its extensions both on real and synthetic datasets. We show the

improvements achieved by our model by comparing the performance with vanilla

RNN, GRU, LSTM, conventional methods such as ARIMA, Markovian switching

ARIMA (MS-ARIMA) [20], Kim-Nelson-Startz (KNS) model [21], and Filardo

model with time-varying transition probabilities (TVTP) [22]. We also consider

recent successful methods such as Prophet [31] that employs a decomposition-

based statistical approach and NBeats [32] that has a deep architecture with

stacked fully connnected blocks with residuals. In the first part, we simulate

three synthetic sequences with two regimes and analyze the inference and switch-

ing capacity of our model under different scenarios. Then, we investigate the

effect of number of regimes on the performance improvement. In the second

set of experiments, we demonstrate the performance enhancement obtained by

our method in six real-life datasets and compare our results with the results of

other methods. Also, we investigate the inferred regimes for given sequences by

interpreting the temporal evolution of regime beliefs and switching behavior of

Markovian RNN.

For real dataset experiments, we report test errors in terms of mean squared

error (MSE), mean absolute error (MAE) and mean absolute percentage error
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(MAPE). Here, MAPE provides a scale-invariant measure that enables compar-

isons across datasets. The expression for MAPE is given as

LMAPE =
100

T

T∑
t=1

|yt − ŷt|
yt

,

where yt is the target value and ŷt is the predicted value at the tth time step.

For synthetic dataset experiments, using MAPE measure is not feasible since

the generated sequences consists of real numbers and MAPE behaves very in-

consistent due to the division operation for the series that contain values close

to zero. Therefore, we report another scale-independent measure, mean absolute

scaled error (MASE) that provides the accuracy of forecasts by comparing them

with naive forecasts (ŷt = yt−1). It is defined as follows:

LMASE =
1
T

∑T
t=1 |yt − ŷt|

1
T−1 |yt − yt−1|

.

Here, if the MASE score is greater or equal than 1, it means that the prediction

model does not improve over naive forecasts.

4.1 Synthetic Dataset Experiments

In order to analyze the capability of Markovian RNN to detect different regimes,

and to investigate the switching behavior between these regimes, we conduct

initial experiments on synthetic data. We first describe the simulation setups for

synthetic data generation and then, present the results obtained by all methods

on the synthetic datasets.

4.1.1 Simulation Setups

In the synthetic data experiments, our goal is to predict the output yt given the

input data x1:t such that xt ∈ R is a scalar. The output data is given by yt = xt+1.
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Here, the goal of these experiments is to conceptually show the effectiveness of

our algorithm. In order to demonstrate the learning behavior of our algorithm

with different patterns and switching scenarios, simulated sequences should have

various regimes, where each regime possesses different temporal statistics. To this

end, we conduct three experiments in which we simulate autoregressive processes

with deterministic and Markovian switching, and a sinusoidal with Markovian

switching.

4.1.1.1 Autoregressive Process with Deterministic Switching

In the first synthetic dataset experiment, we aim to generate a sequence with

sharp transitions and obvious distinctions between regimes. To this end, we

generate an autoregressive (AR) process with deterministic switching, which is

given with the following set of equations:

xt+1 =

xt + ε if mod (t, 1000) < 500,

−0.9xt + ε if mod (t, 1000) ≥ 500.
(4.1)

where xt ∈ R is the value of the time series at the tth time step, and ε ∼ N (0, 0.01)

is the process noise. Here, (4.1) describes an AR process with two equal-duration

regimes with temporal length 500, in which the system osciallates between. The

first regime describes a random walk process, whereas the second regime gradually

drifts towards white noise. The simulated system is deterministic in terms of

switching mechanism between regimes since it strictly depends on the time step.

Fig. 4.1a demonstrates the time series generated by this setup.

Simulations AR (deterministic) AR (markovian) Sinusoidal (markovian)
Methods RMSE MAE MASE RMSE MAE MASE RMSE MAE MASE
ARIMA 0.333 0.228 0.539 0.183 0.148 0.913 0.136 0.108 0.866

MS-ARIMA [20] 0.206 0.145 0.477 0.148 0.120 0.824 0.128 0.103 0.839
KNS [21] 0.447 0.271 0.550 0.196 0.155 1.110 0.142 0.114 0.890

TVTP [22] 0.206 0.145 0.500 0.160 0.129 0.891 0.136 0.108 0.840
RNN [30] 0.193 0.134 0.474 0.146 0.113 0.844 0.126 0.099 0.795

Markov-RNN 0.178 0.120 0.458 0.126 0.097 0.836 0.121 0.091 0.801

Table 4.1: Synthetic dataset experiment results for baseline methods and the
introduced Markovian RNN are given in terms of RMSE, MAE and MASE.
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(a) AR(1) process with two regimes and deterministic switching

(b) AR(3) process with two regimes and Markovian switching

(c) Sinusoidal process with two regimes and Markovian switching

Figure 4.1: Illustrations of simulated sequences for synthetic dataset experiments.
Red color is used for the first regime and blue color is used for the second regime.
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4.1.1.2 Autoregressive Process with Markovian Switching

In this setup, we consider Markovian switching instead of deterministic switch-

ing. Here, the transition between regimes has Markovian property, therefore the

regime of next time step only depends on the current regime. We consider third

order AR processes with the coefficients of {0.95, 0.5,−0.5} and {0.95,−0.5, 0.5}
for each regime respectively, and ε ∼ N (0, 0.01). For the transition matrix, we

consider Ψ =
[
0.998 0.002
0.004 0.996

]
. Fig. 4.1b demonstrates the time series generated by

this setup.

4.1.1.3 Sinusoidal Process with Markovian Switching

In this experiment, we generate a noisy sinusoidal signal with two regimes, where

every regime represents a different frequency. Here, the simulated signal has two

regimes with the magnitude of 0.5 and periods of 50 and 200 for the generated si-

nusoidals. The whole sequence consists of 5000 time steps and Markovian switch-

ing is controlled by the transition matrix Ψ =
[
0.99 0.01
0.01 0.99

]
. We also scale the mag-

nitude to half and add Gaussian noise to the generated signal (ε ∼ N (0, 0.0025)).

4.1.2 Synthetic Dataset Performance

Here, we present the training procedure and the results of the methods in terms

of RMSE, MAE and MASE. In these experiments, each synthetic time series has

5000 time steps of temporal length. We split the data into three splits for training

(60%), validation (20%), and test (20%) respectively. We perform training on the

training set and choose the best configuration based on the performance in the

validation set. Then, we compare the test results of the best configuration for

each method. We also perform early stopping based on validation error such that

we stop the training if the loss does not decrease for 20 consecutive epochs or the

number of epochs reaches to 200.
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In Table 4.1, we provide the test RMSE, MAE and MASE obtained by each

method on the synthetic datasets. In all setups, our model performs significantly

better than other methods. Regardless of the switching mechanism and process

dynamics, our model brings considerable improvements. The performance of Kim,

Nelson and Startz model is not competitive with other methods, since it relies

on switching variance between regimes. TVTP also has the form of MS-ARIMA,

but it also models the transition probabilities as temporally varying values. In

our setups, the transition probabilities are fixed, hence this method does not

bring any improvement over MS-ARIMA. MS-ARIMA works significantly more

accurately than standard ARIMA as expected. Likewise, Markovian RNN enjoys

the benefits of adaptive HMM-based switching, which improves the predictions

compared to the predictions of vanilla RNN. We also illustrate regime belief values

of our model for AR process sequence with deterministic switching in Fig 4.2. Our

model is able to detect and switch between the regimes properly. This behavior

is further discussed in Section 4.3.

4.1.3 The Effect of the Number of Regimes

In this part, we investigate the effect of number of regimes on the performance

of our model. To this end, we focused on Markovian switching AR process

simulations with 2, 5 and 10 regimes. All sequences have the same length

T = 5000 and variance σ2 = 0.01. We set the probability of staying at the

same regime as 0.98 and probabilities of transition to other regimes to have

the same value. We set AR coefficients as ((0.95, 0.5,−0.5), (0.95,−0.5, 0.5)),

((0.95, 0.5,−0.5), (0.95,−0.5, 0.5), (1), (−0.9), (0.5))) and ((0.95, 0.5,−0.5),

(0.95,−0.5, 0.5), (1), (−0.9), (0.5), (0.9), (−0.5), (−1), (0.75, 0.25), (0.25, 0.75)) re-

spectively.

To investigate the improvement for different number of regimes, we have com-

pared vanilla RNN with Markovian RNN. In addition, we have considered dif-

ferent number of regimes for our model to see how it performs if the number of
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Simulations K=2 K=5 K=10
Methods RMSE MAE MASE RMSE MAE MASE RMSE MAE MASE
ARIMA 0.18 0.14 0.91 0.18 0.14 0.90 0.21 0.17 0.94

RNN 0.14 0.11 0.79 0.15 0.12 0.80 0.18 0.14 0.89
RNN Ensemble 0.14 0.11 0.78 0.14 0.11 0.76 0.16 0.14 0.83

Markov-RNN-2 0.13 0.10 0.76 0.14 0.11 0.76 0.17 0.14 0.85
Markov-RNN-5 0.13 0.10 0.75 0.13 0.11 0.74 0.15 0.13 0.80
Markov-RNN-10 0.16 0.12 0.79 0.14 0.11 0.77 0.15 0.13 0.80

Table 4.2: Results for simulations of AR processes with different number of
regimes are given in terms of RMSE, MAE and MASE.

regimes are overestimated or underestimated, although we select it through cross-

validation for other experiments. We also included the results obtained for RNN

ensemble that contains 10 RNNs trained with different random initializations and

considered the mean of outputs as the final prediction.

As shown in Table 4.2, the performance gap between our method and vanilla

RNN increases as the number of regimes get higher. For instance, MASE improve-

ments were 0.04, 0.052 and 0.089 for K = 2, K = 5 and K = 10 respectively.

In addition, we observe that significantly underestimating or overestimating the

number of regimes can degrade the performance, however our model configured

with 5 regimes obtains very close scores to the best configurations for sequences

with 2 and 10 regimes. Furthermore, RNN ensemble cannot surpass our model

although it gets significantly better results than single RNN, which show the ef-

fectiveness of Markovian switching employed in our model compared to straight-

forward ensembling procedures while adapting the statistical changes in data.

4.2 Real Dataset Experiments

In this section, we provide the performance of our model and other methods in

six real-life datasets. We also investigate the regime switching behavior of our

model and the effect of error covariance smoothing parameter (β) introduced in

(3.9) and mentioned in Remark 3. We consider the following datasets:
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1. USD/EUR, USD/GBP and USD/TRY currency exchange ratio data [44]:

We use the data from January 1, 2010 to January 24, 2020 with hourly

resolution. We utilize the mean and variance of prices for every day, and

work in daily resolution. The goal is to predict the average currency rate

for the next day.

2. M5 Forecasting Competition Sales Dataset [45]: The dataset is available for

M5 Forecasting Competition in Kaggle and covers the daily item sales for

Walmart stores in USA. It contains the records from January 29, 2011 to

May 22, 2016. We consider the aggregated time series in daily resolution.

3. UCI Electricity Load Dataset [46]: The dataset contains the electricity us-

age of 370 customers covering the period from January, 1, 2011 and January

1, 2015. We consider the aggregated time series in daily resolution starting

from 2012 since some records in 2011 were missing.

4. UCI PEMS-SF Traffic Dataset [47]: The dataset contains the occupancy

rate of 440 freeways in San Francisco Bay Area and spans the dates between

January 1, 2008 and March 30, 2009. We consider the mean aggregated time

series in hourly resolution.

For all experiments, we split the data into three splits for training (60%),

validation (20%), and test (20%) respectively. We also repeat the experiments

10 times to reduce random effects and provide the standard deviation of MAPE

scores in Table 4.3 and 4.4. We take the first-order difference of the data to

decrease the trend effect. Before testing, we calibrate the predictions by fitting a

linear regressor on validation set for all models. We also perform early stopping

on validation error such that we stop the training if the loss does not decrease

for 20 consecutive epochs or the number of epochs reaches to 200.

In Table 4.3 and 4.4, we provide the test RMSE, MAE and MAPE values ob-

tained by each method on USD/EUR, USD/TRY, USD/GBP, Sales, Electricity

and Traffic datasets. For currency exchange ratio dataset experiments, all meth-

ods perform worst in USD/TRY due to the high oscillations in the sequence. We

observe that the performance gap between our model and ARIMA-based models
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is greater in Sales, Electricity and Traffic datasets probably due to the greater

randomness effects in currency exchange ratio datasets. In all cases except the

MAPE score in the Electricity dataset, Markovian RNN and its extensions per-

form significantly better than other methods. Only in the Electricity dataset,

our model gives a slightly higher (+0.01%) MAPE than N-Beats [32]. Since our

models are directly trained to minimize the mean squared error, the performance

improvement in terms of MAPE can be less significant. On the other hand,

N-Beats relies on an ensembling approach that aggregates the predictions from

submodels trained on different metrics, scales and data subsets [32]. Therefore, it

usually gives the most competitive and robust (in terms of metric) results among

the comparison methods. Overall, our method obtains the lowest error values

thanks to the efficient combination of nonlinear modeling capability of RNNs

and adaptive switching controlled by HMM. Although the regimes that affect the

sequential dynamics cannot be observed, our model can detect these regions and

switch between them to adjust the predictions for nonstationarity. We further

analyze the switching behavior of Markovian RNN in Section 4.3 and investigate

the inferred regime belief vectors.
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4.2.1 Run Configurations

We also provide the hyperparameter settings for our model in real dataset experi-

ments. For the parameter search of RNN/GRU/LSTM and their Markovian vari-

ants, we perform grid search in the range of nh ∈ {4, . . . , 128}, τ ∈ {2, . . . , 100},
and η = [0.00001, 0.03]. For the number of internal regimes in our models, we

search in K ∈ {2, . . . , 5} since we could not observe any improvement from in-

creasing the number of regimes after K = 5. We employ Xavier initialization for

weight initialization and set initial regime belief values to 1/K. We initialize the

rows of the transition matrix (Ψ) using the Dirichlet distribution with the concen-

tration vector ρ(k) such that ρ
(k)
i = ρ0 if i = k and 1− ρ0/K − 1 otherwise, where

k is the regime index. Here, ρ0 determines the concentration over the diagonal

elements of the initialized transition matrix. We search ρ0 and β on the interval

of [0.1, 0.95]. We provide the hyperparameters that resulted in the best validation

performance for Markovian RNN, Markovian GRU and Markovian LSTM in Ta-

ble 4.5 for synthetic and real datasets. For ARIMA, MS-ARIMA [20], KNS [21]

and TVTP [22], we determine the component order ranges through analying au-

tocorrelation and partial autocorrelation plots, and use the parameters that result

with the best validation performance. For these methods, we use the statsmodels

package in Python [40]. For Prophet [31], we directly use the code provided by

the authors and enable all decomposition options depending on the resolution of

the dataset. For other models, we use the PyTorch framework.
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Datasets Hyperparameters

AR-Det. nh = 16, ρ0 = 0.5, β = 0.7, τ = 4, K = 2, η = 0.0003

AR-Markov nh = 8, ρ0 = 0.6, β = 0.5, τ = 8, K = 2, η = 0.0001

Sin-Markov nh = 16, ρ0 = 0.7, β = 0.9, τ = 8, K = 2, η = 0.003

USDEUR nh = 32, ρ0 = 0.7, β = 0.9, τ = 32, K = 2, η = 0.003

USDTRY nh = 32, ρ0 = 0.5, β = 0.5, τ = 16, K = 3, η = 0.001

USDGBP nh = 64, ρ0 = 0.7, β = 0.7, τ = 64, K = 3, η = 0.0003

Sales nh = 16, ρ0 = 0.7, β = 0.6, τ = 16, K = 3, η = 0.003

Electricity nh = 32, ρ0 = 0.7, β = 0.8, τ = 8, K = 4, η = 0.003

Traffic nh = 16, ρ0 = 0.5, β = 0.3, τ = 16, K = 3, η = 0.001

(a) Markovian RNN

Datasets Hyperparameters

USDEUR nh = 16, ρ0 = 0.7, β = 0.9, τ = 32, K = 2, η = 0.003

USDTRY nh = 32, ρ0 = 0.7, β = 0.6, τ = 64, K = 3, η = 0.0002

USDGBP nh = 32, ρ0 = 0.8, β = 0.7, τ = 64, K = 3, η = 0.0006

Sales nh = 16, ρ0 = 0.7, β = 0.6, τ = 16, K = 3, η = 0.003

Electricity nh = 16, ρ0 = 0.9, β = 0.9, τ = 8, K = 4, η = 0.001

Traffic nh = 16, ρ0 = 0.25, β = 0.1, τ = 32, K = 3, η = 0.0006

(b) Markovian GRU

Datasets Hyperparameters

USDEUR nh = 16, ρ0 = 0.95, β = 0.5, τ = 64, K = 2, η = 0.003

USDTRY nh = 32, ρ0 = 0.9, β = 0.5, τ = 64, K = 3, η = 0.002

USDGBP nh = 32, ρ0 = 0.8, β = 0.3, τ = 64, K = 3, η = 0.0006

Sales nh = 16, ρ0 = 0.9, β = 0.5, τ = 100, K = 3, η = 0.001

Electricity nh = 16, ρ0 = 0.9, β = 0.3, τ = 32, K = 4, η = 0.002

Traffic nh = 8, ρ0 = 0.5, β = 0.2, τ = 64, K = 3, η = 0.0008

(c) Markovian LSTM

Table 4.5: Hyperparameter settings that resulted in the best validation perfor-

mance (nh: number of hidden dimensions, ρ0: concentration parameter, τ : trun-

cation length, K: number of regimes, η: learning rate)
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4.3 Regime Switching Behavior of Markovian

RNN

To investigate how our model detects the regimes and decides to switch from

one to another, we illustrate the regime beliefs through time in Fig. 4.2 for AR

process sequence with deterministic switching and in Fig. 4.3 for USD/EUR and

sales datasets, respectively. In Fig. 4.2, we observe that our model can determine

different regimes correctly and adjust the belief vector accordingly. During the

analysis of real-life dataset experiments, checking the consistency between regime

beliefs and real regimes is not possible, since they are not observable. In Fig. 4.3a,

we observe that there are certain periods in which the second regime dominates

the predictions, especially when the market is in an uptrend. We can also observe

how the model switches between three regimes for Sales dataset in Fig. 4.3b. The

second regime seems comparably more significant during summers but gradually

loses its dominance during 2013 and 2014. Considering the switching behaviors

in Fig. 4.3, we can interpret that our model does not suffer from rapid oscillations

between regimes or does not saturate in a regime. The evolution of regime beliefs

are stable, but still responsive to nonstationarity.

In addition, we zoom in to the predictions of Markovian RNN around switching

regions in Fig. 4.4a, and show that our model can successfully adapt to nonsta-

tionarity. As we mention in Remark 3, the error covariance smoothing parameter,

β in (3.9) can be tuned with cross-validation to adjust the switching behavior of

Markovian RNN. For instance, lower values of this parameter (β = 0.5) bring

more toleration for prediction errors and may provide robustness against outliers

with the expense of lagged transitions between regimes as shown in Fig. 4.4a.

On the contrary, higher values (β = 0.9) provide faster transitions but may cause

oscillating predictions or lead to instability.
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Figure 4.2: Regime beliefs of Markovian RNN for AR process sequence with
deterministic switching. Here, background colors represent the real regime value,
where red color is used for the first regime and blue color is used for the second
regime. Our model can properly distinguish between the two regimes except a
short-term undesired switch around t = 2300, thus the resulting regime belief
values are consistent with the real regimes.
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(a) Filtered regime beliefs of Markovian RNN and data sequence for USD/EUR dataset

(b) Filtered regime beliefs of Markovian RNN and data sequence for Sales dataset

Figure 4.3: Filtered regime beliefs of Markovian RNN and data sequence for two
experiments. Since the the real regime values are not observable in real dataset
experiments, consistency analysis is not possible. However, we still observe that
our model switches between regimes in a stable way without any saturation. (a)
We observe that there are certain periods in which the second regime dominates
the predictions, especially when the market is in an uptrend. (b) The second
regime seems comparably more significant during summers but gradually loses
its dominance during 2013 and 2014.

.
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(a) β = 0.5

(b) β = 0.7

(c) β = 0.9

Figure 4.4: Markovian RNN predictions on the test set of the AR process with
deterministic switching, and the zoomed in plot at the regime switching region for
different error covariance smoothing parameters. Here, our model can adaptively
handle nonstationarity by switching between internal regimes during test.
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Chapter 5

Challenges and Future Directions

Our model can effectively combine Markovian switching with recurrent neural

networks to improve robustness against nonstationarity and increase usability

in real-life time series prediction applications. To further increase the practical

value, improving the switching mechanism can be a promising research direction.

Since we employ soft switching, the backward passes are executed for each regime

during the training stage and forward passes are executed for each regime in

both training and test stages. This approach introduces a computational cost

that increases linearly with the number of regimes. To bring efficiency from this

perspective, hard switching-based approaches using Bayesian optimization can

also be considered. In addition, our method models the switching mechanism

in a Markovian setting. Even though this approach is practically feasible for

most real-life time series applications, it is also possible to design more generic

switching architectures that can capture more complicated switching behaviors.
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Chapter 6

Conclusion

We study nonlinear regression for time series prediction in nonstationary envi-

ronments. We introduce a novel time series prediction network, Markovian RNN,

which is an RNN with multiple internal regimes and, HMM-based switching.

Each internal regime controls the hidden state transitions with different weights.

We employ an HMM to control the switching mechanism between the internal

regimes, and jointly optimize the whole network in an end-to-end fashion. By

combining the nonlinear representation capability of RNNs and the adaptivity

obtained thanks to HMM-based switching, our model can capture nonlinear tem-

poral patterns in highly nonstationary environments.

Through an extensive set of synthetic and real-life dataset experiments, we

demonstrate the performance gains compared to the conventional eceonometric

methods such as MS-ARIMA [20] and Filardo model [22], and recent successful

approaches including Prophet [31] and N-Beats [32]. We show that the introduced

model performs significantly better than other methods in terms of prediction

RMSE, MAE and MAPE thanks to the joint optimization and the efficient com-

bination of nonlinear regression with RNNs, and HMM-based regime switching.

Markovian RNN can properly determine the regimes and switch between them to

make more accurate predictions. We also analyze the effect of the error covariance
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smoothing parameter and number of regimes on our model. As the experimen-

tal results and our analysis indicate, our model can capture nonlinear temporal

patterns while successfully adapting nonstationarity without any instability or

saturation issues.
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