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MATHEMATICAL MODELING AND SIMULATION OF
DIFFUSION PROCESSES

ABSTRACT

Modeling and simulating diffusion processes are studied in this thesis. The
explicit formulae for solutions of initial value problems and initial boundary value
problems are obtained. Using these formulae the simulations of the diffusion
processes have been done. The pulse point sources are used for computational
applications. These sources have real physical sources and they are described by

generalized functions (the Dirac delta function).

Fourier series expansion method is applied for the construction of explicit for-
mulae for initial boundary value problems of the diffusion equation in one, two and
three dimensional cases with Dirichlet, Neumann and Mixed (Robin) boundary

conditions.

Green’s function method is used for finding explicit formulae of initial value

problems and initial boundary value problems with Dirichlet boundary condition.

Theory of partial differential equations and ordinary differential equations,
theory of generalized functions and modern computer tools (symbolic calculation,

graph packages at etc.) are actively used in this thesis.

Keywords: Diffusion processes, simulation, symbolic calculation.
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DIFUZYON ISLEMININ MODELLEMESI
VE SIMULASYONU

Oz

Bu tezde diflizyon isleminin matematiksel modellemesi ve simiilasyonu caligildi.
Basglangi¢c siir deger ve sinir deger problemlerinin ¢oztimleri elde edildi. Bu
¢oziimler kullanilarak simiilasyonlar yapildi. Hesaplamalar i¢in noktasal kay-
naklar kullanildi. Bu kaynaklar reel fiziksel kaynaklardir ve genellestirilmis fonksiy-

onlar (Dirac delta fonksiyonu) olarak tanimlandilar.

Fourier serileri methodu kullanilarak bir, iki ve ti¢ boyutlu uzaylarda Dirich-
let, Neumann ve Mixed sinir kosullari ile baglangic ve sinir deger problemlerinin

¢oziimleri olugturuldu.

Baslangic deger ve Dirichlet sinir kogullu baglangic sinir deger problemlerinin

¢oziimleri i¢in Green fonksiyon metodu kullanildi.
Kismi diferansiyel denklemler ve adi diferansiyel denklemler teorileri,

genellegtirilmig fonksiyon teorisi ve bilgisayar araclar1 (sembolik hesaplama, grafik

paketleri vs) tezde aktif olarak kullanildi.

Anahtar sozciikler: Difiizyon iglemi, simiilasyon, sembolik hesaplama.
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CHAPTER ONE
INTRODUCTION

1.1 Goal and Methods

The main object of the thesis is the diffusion processes. Diffusion equation is
a mathematical model of the diffusion processes. This equation is the partial
differential equation. We will consider two types of problems for this diffusion
equation: Initial value problems (IVPs) and Initial boundary value problems
(IBVPs). We consider these problems in one dimensional (1-D), two dimensional

(2-D) and three dimensional (3-D) spaces.

The main aim of the study is

e obtain explicit formulae for solutions of [IVPs and IBVPs.

e adjust these formulae for the case of pulse point sources described by the

Dirac delta function.

e using obtained formulae and modern computer tools to simulate diffusion
processes on a string, in a rectangle and in a homogeneous parallelepiped

and for unbounded space.

e obtain 1-D, 2-D and 3-D graphs and animated movies of processes of the

diffusion propagations.

e analyze the obtained simulation results.

The theory and methods of partial differential equations, symbolic computa-

tion, Mathematica, graphic facilities are actively used in the thesis.



1.2 Statements of the IBVP for the Heat-Diffusion Equation

Let D € R3 be a bounded domain, € D, t > 0. Consider the following system

0—12%=Axu(w,t)+f(x,t) ,xeD, t>0, (1.2.1)
u(z,0) = ¢(z) , (1.2.2)
ou(x,t)

(cqu(z,t) + as

o MNop =0, (1.2.3)

where 0D is the boundary of the bounded domain D, f(z,t) is a given scalar
function which depends on z, ¢, and ¢(z) is a given scalar function of . Problem
(1.2.1)-(1.2.3) is called the initial boundary value problem for the heat-
diffusion equation. And for different a;; and a» values we have different bound-
ary value problems. The initial boundary value problem (1.2.1)-(1.2.3) will be
studied for the following boundary conditions Cohen (2002):

1. Dirichlet boundary condition : oy #0, @ =0,
2. Neumann boundary condition : a; =0, a9 #0,

3. Mixed (or Robin) boundary condition : oy #0, g #0.



1.3 Pulse Point Heat Source

If a source of the heat propagation is acting in a moment, in order to model
this physical situation we will use pulse point sources. The mathematical model
represent this pulse point sources is the Dirac delta function which was originally
introduced by Paul Dirac, a well known physicist of the first half of the C20.

The function f(z,t) in the equation (1.2.1) is the internal source in the domain

and the equation (1.2.2) is the initial condition.
In our study we use the Dirac delta function in the following cases of the heat-

diffusion equation in a bounded domain D. And these functions are written only

for 3-D domain,

L ¢(z) =0, f=0d(x—x0)6(y — yo)d(z — 20)(t — to) ,

2. ¢(x) =0(x —20)d(y —yo)d(z2 — 20) , f=0,

where 4(+) is the Dirac delta function.

Here (x1, 22, x3) is the location of the source and ¢y is the time when the source

acts.



CHAPTER TWO
IBVP FOR HEAT-DIFFUSION EQUATION
WITH DIRICHLET BOUNDARY CONDITION

In this section IBVP for 1D, 2D and 3D heat(diffusion) equation with Dirichlet
Boundary condition in a homogeneous strip, rectangle and parallelepiped will be
studied. The formulas will be generated and using these formulas simulations will
be found. Sources are taken as pulse point source and here we substituted Dirac

delta function.

2.1 IBVP for a Homogeneous 1D Heat-Diffusion Equation with
Dirichlet Boundary Condition

Let z € (0,¢), t € (0,T), where ¢ and T are given positive numbers. Let us

consider the IBVP for the diffusion equation on a string :

1 Ou(z,t) OPu(z,t)

2 5 = oz r€00, te(0T), (2.1.1)
w,0) = ¢(x), (2.1.2)
u0,1) = u(t;t) =0, (2.1.3)

where ¢ > 0 is a given number. Here ¢(z) is a given smooth function for z € [0, ¢].
IBVP consists of finding u(zx,t) satisfying (2.1.1), (2.1.2), (2.1.3).

We will use the separation of variables :
u(z,t) =TH) X (x) . (2.1.4)

Substituting (2.1.4) into (2.1.1) we find

L)X (2) = T X" ()

2
Dividing both sides of the last equation by T'(t) X (x), we have

17 X"(x)
ATt  X(z)

Let us fix ¢ and let x € (0,¢). Since ¢t and z are independent variables then the
last equality takes place if and only if the left hand side and the right hand side



of this equation are equal to the same constant which we denote as —A\.

1T'(t)  X"(x)

2T - X
As a result of it we get the following equations :
X"x)+ XX (z) =0, z€(0,0), (2.1.5)
T'(t)+A\T(t) =0, te(0,T). (2.1.6)
Substituting (2.1.4) into (2.1.3) we obtain
X0)=0 & X({)=0. (2.1.7)

That is, X (z) has to be a solution of the following eigenvalue-eigenfunction prob-

lem (Sturm-Liouville problem) :
X"(z)+ XX (z) =0, z € (0,0), (2.1.8)

X(0)=0 & X(0)=0. (2.1.9)

The solution of the eigenvalue-eigenfunction problem (2.1.7)-(2.1.8) of the form

A = (%)2 : (2.1.10)

2
Xi(z) = \/;sin Ve, i=1,2, .. (2.1.11)

We can construct the Fourier series by using the following remark.

Remark 2.1.1. The system of eigenfunctions {X;}i—12,. is a complete orthonor-

goon

mal basis. And we can write each function ¢(x) in the form of Fourier series

expansion which is convergent :

P(z) = Z¢1Xz(l‘) ;
where ,
O :/0 o(x) X, (x)dz .

Remark 2.1.2. (Fourier Series Expansion of d(x) function) We can generalize

the idea of Fourier expansion of a classical function for the Dirac delta function
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d(x — x0), where (xo) is a fixred point in x € (0,€). It may be written in the form

of the Fourier Series expansion as follows :

§(x — ) Zax (2.1.12)
where
5—/5$—x0 (x)dx = X;(z0) .
Let us consider the equation (2.1.6) for A = \; for ¢ = 1,2,... . This equation

may be written in the form
T/(t) + ANT(t) =0, i=1,2,... (2.1.13)

A general solution of (2.1.13) is given by

Ti(t) = A; e N, i=1,2, .., (2.1.14)
where A; are arbitrary constant for ¢ = 1,2,.... Let us consider the function
u(z,t) defined by

)= A e “MX,(x), (2.1.15)
i=1
where A; are arbitrary constants for ¢ = 1,2,.... This function satisfies (2.1.1)-

(2.1.3). The main goal consists in finding A; for which the initial data (2.1.2)
holds. Using the orthonormal functions X;(z), we can write ¢(x) in the form of

the Fourier series expansion as follows :

= Z@-Xi(x) , (2.1.16)

/¢>

Using the initial conditions (2.1.2) and (2.1.15), (2.1.16) we can find A; by

where

Ai:¢i7



Substituting found values of A; into (2.1.15), we have

u(z,t) = i ¢ e NEX () (2.1.17)
=1

where

This function wu(z,t) satisfies (2.1.1)-(2.1.3). Therefore this function is a solution
of the problem (2.1.1)-(2.1.3).

2.2 IBVP for a Non-Homogeneous 1D Heat-Diffusion Equation with
Dirichlet Boundary Condition

Let x € (0,0), t € (0,T), where ¢ and T are given positive numbers. Let us

consider the IBVP for the diffusion equation on a string :

1 du(x, 1) 0*u(x,t)

2 Ot Oz
+ F(z,t), xe(0,4),te(0,T), (2.2.1)
u(z,0) = ¢(z), (2.2.2)
uw(0,t) = u(l,t)=0, (2.2.3)

where ¢ > 0 is a given positive number; ¢(z) is a given smooth functions for
xr € [0,0], F(z,t) is a given smooth function for (z,t) € ([0,¢] x [0,¢]). IBVP
consists of finding u(x,t) satisfying (2.2.1)-(2.2.3).

Consider the system of eigenfunctions which is a solution of eigenvalue-eigen-
function problem for the Laplace operator in a parallelepiped with the Dirich-
let Boundary Condition. These are functions X;(x),_, , satisfying (2.1.8) and

(2.1.9). Using this system of functions, we will find the solution in the form :

oo

u(a,t) =Y Ti(H)Xi(x) (2.2.4)

i=1



where T;(t) are unknown Fourier coefficients of u(z,t). We have

F(z,t) = Z Fi(t)X;(x) , (2.2.5)
where ,
E(t):/ Flo, ) Xs(@)dz, i=1,2,.. . (2.2.6)

Substituting (2.2.5) and (2.2.4) into (2.2.1) we will get

Z {C%Ti/(t)xi(x) - Ti(t) X! (x) — E(t)Xz(l’>} —0.

i=1

And using (2.1.8) we get

Hence

Z {C—lzT{(t) +ANT;(t) — E(t)} Xi(z)=0.

Since the function system {X;};—1 2 . are normalized orthogonal system, the pre-

gooo

vious equation implies a first order ordinary differential equation as follows

LT+ ATt - Bt =0, € (0.7) .

2
And using (2.2.2) and (2.1.16) we get
T;(0) = ¢ -
So we have the following system for T;(t), 1 = 1,2, ...
1
gTi’(t) + NT(t) — Fi(t) =0, t>0, (2.2.7)
T(0) = 6, (228)
Remark 2.2.1. The function

u(x,t) = Z T,()X,(x)

is a solution for (2.2.1)-(2.2.3) if and only if T;(t) satisfy (2.2.7), (2.2.8) for



1 =1,2,... which is given by

¢
Ti(t) = e <Nt + 02/ Fy(r)e Nt gr (2.2.9)
0

(See Appendix A.1). Thus
u(z,t) =Y Ti(H)Xi(z), (2.2.10)
=1

is the solution of the problem (2.2.1)-(2.2.3), where T;(t) is defined in (2.2.9) and
X;(z) is defined in (2.1.11) for i = 1,2, ...
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2.3 IBVP for a Homogeneous 2D Heat-Diffusion Equation with
Dirichlet Boundary Condition

Let (r,y) e R%, t e R, D = {(z,y) € R* : 0 < x < 1,0 <y < by} be a
homogeneous rectangle. Let us consider the IBVP for the diffusion equation in

the rectangle D :

1 du(z,y,t)

ET = Am,yu(xvyvt) a(l‘7y) € D; t>0 s (231)
u(z,y,0) = é(z,y), (2.3.2)

U(Qf,y,t)b[) = 0 ) (233)

where 0D is the boundary of D. Here ¢(x,y) is given function in D U 9D, ¢ is
a positive constant. IBVP consists of finding u(x,y,t) satisfying (2.3.1), (2.3.2),
(2.3.3).

We will use the separation of variables :
u(z,y, 1) = TV (z,y) (2.3.4)

Substituting (2.3.4) into (2.3.1) we find

LTV (2,y) = T() Dy V(w,y)

2
Dividing both sides of the last equation by T'(¢)V (z,y), we have

1T'(®) _ AwyV(z,y)
AT(t)  Viy)

Let us fix t and let (x, y) vary in the rectangle D. Since ¢ and (z, y) are independent
variables then the last equality takes place if and only if the left hand side and the
right hand side of this equation are equal to the same constant which we denote

as —A\.
LT'(t) Ay, Vi(zy)

- = -
¢ T(t) V(z,y)
As a result of it we get the following equations :
Am,yv(xa?/) + )\V(I,y) = 07 (ZL’, y) S D ) (235)

T'(t)+AENT(t) =0, t>0. (2.3.6)
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Substituting (2.3.4) into (2.3.3) we obtain
V(z,y)lop =0. (2.3.7)

This means that V(x, y) has to be a solution of the following eigenvalue-eigenfunc-

tion problem (Stum-Liouville problem) :
ApyV(z,y) + AV (2,y) =0, (v,y) €D, (2.3.8)

Vi(z,y)lop = 0. (2.3.9)

For the solution of the eigenvalue-eigenfunction problem we will use the method

of separation of variables. Setting
Vie,y) = X(@)Y(y) (2.3.10)

and substituting (2.3.10) into (2.3.8) and dividing both sides of the equation
(2.3.8) by X(2)Y (y), we have

X'(z) | Y'(y)

X)) "y T
Thus Y”( ) X”( )
y _ X

Y T X@

The left hand side of the last equation depends on variable y, right hand side
depends on z. Since the variables z, y are independent variables, the last equation
holds if and only if the both sides of this equation are equal to the same constant

which we denote as «
X//<:U)

+ A= =.
Y(y) X(z)
or equivalently
Y"(y)
+A=0«
Y(y)
Hence Y7(y)
Y
A—a=— =/
Y(y)

where «, # are constants such that

A=a+0.
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Also substituting (2.3.10) into (2.3.9) we have three Strum-Liouville equations

for the ordinary differential equations :
X"(z)4+aX(x) =0, X(0)=X(b)=0, (2.3.11)

Y"(y) + BY (y) =0, Y(0)=Y(by) =0, (2.3.12)

The solutions of these eigenvalue-eigenfunction problem (2.3.11), (2.3.12) are
given by

' 2
Q; = (Zb—T)Q, Xi(z) = \/asin\/a_ix . i=1,2,...;

7 [2 . .
ﬁj = (%)27 Y;(y) = ESIH V ﬁ]y y J = 1727 ey

(see Appendix A1 for detailed explanation) As a result of this we get the solution

of eigenvalue-eigenfunction problem (2.3.8), (2.3.9) as follows :

. 2 . 2
17T ]7'('
p— il T 2.3.1
’ (b1> +(b2) (2.3.13)

[ 4
Vij = ﬁsin \/OC_Z:L' siny/Bjy, 4,j=1,2,.. (2.3.14)
1Y2

Remark 2.3.1. The system of eigenfunctions {V;;}; j=12,. is a complete or-
thonormal basis, D = {(z,y) € R* : 0 < x < b,0 < y < by}. This means
that each function ¢(z,y) may be written in the form of Fourier series expansion
which is convergent:

i=1 j=1

where

b1 bo
bij = / o(z,y)Vij(x,y)dydx .
0 0

Remark 2.3.2. (Fourier Series Expansion of §(x,y) function) We can generalize
the idea of Fourier expansion of a classical function for the Dirac delta function
d(x — xo,y — yo), where (xo,v0) S a fized point in D. It may be written in the

form of the Fourier Series expansion as follows :

0z —xo,y —yo) = Z Z 0ijVij(x,y) , (2.3.15)

i=1 j=1
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where

by bo
0 0

- %j(xOJ y()) .

Let us consider the equation (2.3.6) for A = \;; for 4, j = 1,2, .... This equation

may be written in the form
T;(t) + AT (t) =0, i,j=1,2,... (2.3.16)

A general solution of (2.3.16) is given by

Ti(t) = Ay e SNt j=1,2, .., (2.3.17)
where A;; are arbitrary constant for ¢,7 = 1,2,.... Let us consider the function
u(z,y,t) defined by

[e.e] o
ulw,yt) = 3D Ay e V() (2:3.18)
=1 j5=1
where A;; are arbitrary constants for ¢, j = 1,2, .... This function satisfies (2.3.1)-

(2.3.3). The main goal consists in finding A;; for which the initial data (2.3.2) is
hold. Using the orthonormal functions Vj;(z,y), we can write ¢(z,y) in the form

of the Fourier series expansion as follows :

where

bij = ¢z, y)Vij(z,y)dydz
0 0

Using the initial conditions (2.3.2) and (2.3.18),(2.3.19) we can find A;; by
Az] - qbij ;

Substituting found values of A;; into (2.3.18), we have

u(w, y,1) ZZ% e~ MV (2,y) (2.3.20)

=1 j=1
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where

b1 bo
= / oz, y)Vij(z,y)dydz
0 0

1
Vij = Xi(2)Yj(y) = [ 75— sin o,
blbg
T 2 s
Nij = ;3] = n LAY Ci=1,2,..
bl ba

This function u(x,y,t) satisfies (2.3.1)-(2.3.3). Therefore this function is a solu-
tion of the problem (2.3.1)-(2.3.3).

2.4 1IBVP for a Non-Homogeneous 2D Heat-Diffusion Equation with
Dirichlet Boundary Condition

Let (z,y) € R, t e R, D = {(z,y) € R? : 0 < 2 < b;,0 <y < by} bea
homogeneous rectangle. Let us consider the IBVP for the heat-diffusion equation

in the rectangle D :

1 du(z,y,t)

2 ot = Axva(fL’,yﬂf)
+ F(x,y,t), (v,y)eD, t>0, (2.4.1)
u(z,y,0) = é(z,9), (2.4.2)
U(IE,y,t”aD = Oa (243)

where 9D is the boundary of D. Here F(x,y,t), ¢(x,y) are given functions, c is
a positive constant. IBVP consist of finding u(z,y,t) satisfying (2.4.1)-(2.4.3).

Consider the system of eigenfunctions which is a solution of eigenvalue-eigenfunction
problem for the Laplace operator in a rectangle with the Dirichlet Boundary Con-
i j—1.0,.. satisfying (2.3.8) and (2.3.9). Using

this system of functions, we will find the solution in the form :

u(w, y, ) ZZT] Vij(z,y) (2.4.4)

=1 j=1

dition. These are functions V;;(x,y)

where T;;(t) are unknown Fourier coefficients of u(z,y,t). We have

F(z,y,t ZZ Vij(z,y) (2.4.5)

=1 j=1
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where

bi b
t) = / / F(z,y, t)Vij(z,y)dydr , i,j=1,2,.. (2.4.6)
o Jo

Substituting (2.4.5) and (2.4.4) into (2.4.1) we will get
ZZ {c2 i (OVij (. y) — Ty () Ap y Vig(z,y) — Fij(t)Vij(x,y)} =0.
i=1 j=1

And using (2.3.8) we get
ZZ{ Vij(@,y) + Nij Ti; (t )Vij(%y)—ﬂj(t)‘/z‘j(x,y)} =0.
i=1 j=1

Hence

ZZ{ +A,jﬂj()—Fij(t)}Wj($>y) =0.

i=1 j=1

Since the function system {V;;}; =12, are normalized orthogonal system, the

gooe

previous equation implies a first order ordinary differential equation as follows
1 !
gTij(t) + N\; T () — Fi(t) =0, ¢t>0.
And using (2.4.2) and (2.3.19) we get
Ti5(0) = ¢ -
So we have the following system for T;;(¢) ,i,5 = 1,2, ...
1
ST + M\T(t) = Fy(t) =0, 10, (24.7)

Remark 2.4.1. The function

u(x,y, 1) Z Wis(z,y)
1 j=1

1=

is a solution for (2.4.1)-(2.4.8) if and only if T;;(t) satisfy (2.4.7), (2.4.8)
fori,5 =1,2,... which is given by
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t
,I‘Z](t) — ¢7jj€_02/\ijt —|—02/ Ej<7)6_02)\ij(t_7—)d7_, (249)
0
(See Appendix A.1). Thus
u(w,y,1) ZZT] Vij(z,y) (2.4.10)
=1 j=1

is the solution of the problem (2.4.1)-(2.4.3), where T};(t) is defined in (2.4.9) and
Vij(z,y) is defined in (2.3.14) for i, = 1,2, ...
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2.5 IBVP for a Homogeneous 3D Heat-Diffusion Equation with
Dirichlet Boundary Condition

Let (z,y,2) €R* t € R, D ={(2,9,2) €R*: 0 <2 <by,0 <y <by,0< 2 < by}
be a homogeneous parallelepiped. Let us consider the IBVP for the diffusion
equation in the parallelepiped D :

10 t
_2% = Ay u(z,y, 2, t),(x,y,2) €D, t>0, (25.1)
c

u(z,y,2,0) = ¢(x,y,2), (2.5.2)
u(xayvzat”@D = 0 ) (253)

where 0D is the boundary of D. Here ¢(x,y, z) is given function in DUJD, cis a
positive constant. IBVP consists of finding u(z,y, 2,t) satisfying (2.5.1), (2.5.2),
(2.5.3).

We will use the separation of variables :
u(z,y, 2 1) = TV (0,9, 2) (2.5.4)

Substituting (2.5.4) into (2.5.1) we find

1
ET'(t)V(x,y, 2) =Tt)Apy.V(z,y,2) .

Dividing both sides of the last equation by T'(t)V(x,y, z), we have

1T'(1)  Agy.Vi(x,y,2)
ATE)  Vivy,z2)

Let us fix t and let (z,y,2) vary in the parallelepiped D. Since ¢t and (z,v, 2)
are independent variables then the last equality takes place if and only if the left
hand side and the right hand side of this equation are equal to the same constant

which we denote as —A\.

1 7'(t) B Ay Viz,y, z)

— =—-\.
¢ T(t) V(z,y,2)
As a result of it we get the following equations :
ANpyViz,y, z)+ AV (x,y,2) =0, (v,y,2) €D, (2.5.5)

T'(t)+AENT(t) =0, t>0. (2.5.6)
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Substituting (2.5.4) into (2.5.3) we obtain
V(z,y,2)lop = 0. (2.5.7)

This means that V(z,y,z) has to be a solution of the following eigenvalue-

eigenfunction problem (Stum-Liouville problem) :
ANpyV(z,y, z)+ AV (r,y,2) =0, (z,y,2) €D, (2.5.8)

Vi(z,y,2)|lop =0 . (2.5.9)

For the solution of the eigenvalue-eigenfunction problem we will use the method

of separation of variables. Setting
Ve, 2) = X (@)Y (5)2() (2.5.10)

and substituting (2.5.10) into (2.5.8) and dividing both sides of the equation
(2.5.8) by X(2)Y (y)Z(2), we have

X'x)  Y'y)  2"(2)

X "YW 2z T
Thus Y//( ) Z//( ) X//( )
y ya _ i

Y 2 T T X@)

The left hand side of the last equation depends on variables y, z, right hand side
depends on x only. Since the variables x,y, z are independent variables, the last
equation holds if and only if the both sides of this equation are equal to the same

constant which we denote as a

" " "
Yy 2, X
Y(y)  Z(2) X(x)
Hence Yy Z2'(2)
Y z
+ +A=a
Yy) = Z(2)
Repeating the same argument to the last equation we find
Z"(z) Y"(y)
FA-—a=— )
Z(z) Y(y)
Z//(Z) Y//(y)
+ A—a=— - B )
Z(z) Y(y)
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where «, 3,7 are constants such that

ZH(Z) B
Z(2) =7,

A—a—f=-—

A=a+[F+7.

Also substituting (2.5.10) into (2.5.9) we have three Strum-Liouville equations

for the ordinary differential equations :

X"(z) +aX(@) =0, X(0)=X(b)=0, (2.5.11)
Y'(y)+08Y(y) =0, Y(0)=Y(h)=0, (2.5.12)
Z"(z)+~Z(z) =0, Z(0)=Z(bs)=0. (2.5.13)

The solutions of these eigenvalue-eigenfunction problem (2.5.11), (2.5.12), (2.5.13)

are given by

' 2

O = (21)27 Xi(z) = \/—sinyasr, i=1,2,...;
bl bl
Jm /2 . .

/6] = (6)27 E(y) = ESIH V 6]y ) J = 1727 ey

2
Y= ()% Zp(z) =/ —sinyuz, k=12 .;
bs bs

(see Appendix A1 for detailed explanation) As a result of this we get the solution

of eigenvalue-eigenfunction problem (2.5.8), (2.5.9) as follows :

im\” gm 2 k2
Mg = | 2 Jn il I 2.5.14
& (b1> +(b2) +<b3> ( )

8
Vijk = ”b = sin /oy sin /By siny/ gz, 1,5,k=1,2,... (2.5.15)
10203

Remark 2.5.1. The system of eigenfunctions {Viji}ijr=12

... 18 a complete or-
thonormal basis in the space Ly, D = {(z,9,2) € R*: 0 <2 < b,0 <y < by, 0 <
z < b3}. This means that each function ¢(x,y, z) from Lo(D) may be written in

the form of Fourier series expansion which is convergent in Ly(D) :

oo oo o0

gbxy, _ZZZ Z]k“/;jk}xy7 )7

i=1 j=1 k=1
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where

b1 bo b3
qbijk - / / ¢(.T, Y, Z)‘/ijk(x7 Y, Z)dZdyd[E .
0 0 0

Remark 2.5.2. (Fourier Series Expansion of 0(x,y, z) function) We can gen-
eralize the idea of Fourier expansion of a classical function for the Dirac delta
function 6(x — xo,y — Yo, 2 — 20), where (xg, Yo, 20) 1S a fized point in D. It may

be written in the form of the Fourier Series expansion as follows :

[ o lENe S¢S

6 — 20,y — Y0, 2 — 20) = Z ZZ zngmkz r,Y,2) (2.5.16)

i=1 j=1 k=1

where
b1 bo b3
57/]]? = / / 5(1: —Z0,Y — Yo, 2 — ZO)V;]k('Ia Y, Z>d2’dyd$
0

= V%jk(iﬂo,yo, Zo) .

Let us consider the equation (2.5.6) for A = A, for 4, j, k = 1,2, .... This equation

may be written in the form

/
T;,]k

)+ AN T(#) =0, i,5,k=12.. (2.5.17)
A general solution of (2.5.17) is given by

Tije(t) = Ayje e Novt G j k=1,2, .., (2.5.18)
where A,;j;, are arbitrary constant for ¢, j,k = 1,2, .... Let us consider the function

u(zx,y, z,t) defined by

oo oo o0

u(z,y, z,t) = Z Z ZAijk e_CQAijkt‘/ijk(:v,y, z), (2.5.19)

i=1 j=1 k=1

where A;;, are arbitrary constants for ¢,j,k = 1,2,.... This function satis-
fies (2.5.1)-(2.5.3). The main goal consists in finding A;j, for which the initial
data (2.5.2) is hold. Using the orthonormal functions V;;x(z, vy, z), we can write

o(z,y, z) in the form of the Fourier series expansion as follows :

o(z,y,2) = Z Z Z GijkVijk(z,y, 2) (2.5.20)
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where
b1 bo b3
qbijk - / / ¢(.T, Y, Z)‘/ijk(x7 Y, Z)dZdyd[E .
0 0 0

Using the initial conditions (2.5.2) and (2.5.19),(2.5.20) we can find A;;;, by
Aiji = Pijr

Substituting found values of A;j; into (2.5.19), we have

oo o o0

u(z,y, z,t) = ZZZ¢Zﬂk e * A”’”tvjk(a: Y, 2), (2.5.21)

i=1 j=1 k=1

where

b1 ba b3
Gijk = / / ¢($ay72)vijk(xaya z)dzdyda: )
o Jo Jo

/[ 8 : :
Vije = Xi(2)Y;(y) Zi(2) = briabs sin /o, x sin \/ By sin /Y2

i\ Jm 2 k)
)\'L]k:alﬁ]f}/k‘: e + | + | ) iujak:1727"' :
by bo b3

This function u(z,y, z,t) satisfies (2.5.1)-(2.5.3). Therefore this function is a
solution of the problem (2.5.1)-(2.5.3).

2.6 IBVP for a Non-Homogeneous 3D Heat-Diffusion Equation with
Dirichlet Boundary Condition

Let (Iuyvz>€R37 tER,D:{(x7y,Z)ERS:OSbel,OSysz,OS
z < b3} be a homogeneous parallelepiped. Let us consider the IBVP for the
heat-diffusion equation in the parallelepiped D :

1 Ou(zx,y, 2,t)
g at A;p’yyzu(x’ y7z7 t)
+ F(z,y,2,t), (x,y,2)€eD, t>0, (2.6.1)
u(r,y,2,0) = ¢(z,y,2), (2.6.2)
u<x7yaz7t)|3D =0 ’ (263)

where 0D is the boundary of D. Here F(x,y, z,t), ¢(z,y, z) are given functions,
¢ is a positive constant. IBVP consist of finding u(zx,y, z,t) satisfying (2.6.1)-
(2.6.3).
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Consider the system of eigenfunctions which is a solution of eigenvalue-eigen-
function problem for the Laplace operator in a parallelepiped with the Dirichlet
i jk—1o,. Satisfying (2.5.8)

and (2.5.9). Using this system of functions, we will find the solution in the form :

Boundary Condition. These are functions Vjjx(z, v, 2)

oo 0o o0

w(@,y, z,t) =Y > > Tyt Vir(z,y. 2) | (2.6.4)

i=1 j=1 k=1

where T;;x(t) are unknown Fourier coefficients of u(z,y, z,t). We have

Qf y Y, 2, t — ZZZEﬂc Uk T, Y,z )7 (265)

i=1 j=1 k=1

where

bi pbo b
Fi(t / / / (x,y, 2, ) Viju(z,y, 2)dzdydz , 1,5,k =1,2,... (2.6.6)

Substituting (2.6.5) and (2.6.4) into (2.6.1) we will get

= [1

5 { STVt 2) = Tir(08s Vil 2) — Fin(Oi( )} = 0.
ijk=1

And using (2.5.8) we get

= (1
Z {gﬂ/jk(t)v;jk(%y, z2) + NijeLign(0) Vigr (@, y, 2) — Fijn(t) Vg2, y, 2)} =0.
i,5,k=1
Hence
1 !
> L) + A Tige(t) — Fygu(t) ¢ Vige(2,y,2) = 0.,

i=1 j=1 k=1

Since the function system {Vjji}ijr=12,. are normalized orthogonal system, the

geee

previous equation implies a first order ordinary differential equation as follows
L,
_ngk( ) + Aige L (t) — Fie(t) =0, ¢ >0.

And using (2.6.2) and (2.5.20) we get

Uk( ) ¢wk‘
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So we have the following system for T}, () ,7,7,k = 1,2, ...

1
2Tz'gk( ) + NijiTiji(t) — Fige(t) =0, ¢>0, (2.6.7)

zyk( ) QSka (268)

Remark 2.6.1. The function

u(z,y, z,t) = ZZZTZM Vige(7,y, 2)

i=1 j=1 k=1

is a solution for (2.6.1)-(2.6.3) if and only if T;;,(t) satisfy (2.6.7), (2.6.8) for
1,7,k =1,2,... which is given by

t
Tiju(t) = pigue™ M+t + 2 / Fyjp(r)e= P iart="dr | (2.6.9)
0

(See Appendiz A.1).

Thus

oo 0 o0

w(@,y, z,t) = > > > Tyt Vipr(z,y. 2) | (2.6.10)

i=1 j=1 k=1
is the solution of the problem (2.6.1)-(2.6.3), where T};;(t) is defined in (2.6.9)
and Vi;,(z,y, ) is defined in (2.5.15) for i, j,k = 1,2,.
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2.7 Examples of simulations for Heat-Diffusion equation with Dirich-
let B.C. (1-D, 2-D, 3-D cases)

This section contains some examples of modeling and simulations of a diffusion
process in 1-D, 2-D and 3-D bounded domains with Dirichlet boundary condition.
IBVP for heat equation with the Dirichlet boundary condition on a string, in a
rectangle and in a parallelepiped will be simulated by using mathematical tools.
We took a pulse point source concentrated in different points in these domains:

in the center, near the boundary, on the corner.

2.7.1 1-D Heat-Diffusion equation

In this case we have a string on [0, 4].

Example 2.7.1. The mathematical model of the diffusion process is given by
(2.1.1)-(2.1.3), where

o(x) = 0(x — x0), 0 € [0,4],

and d(z) is Dirac delta function. Using the formula for ¢(z) and the properties
of Dirac delta function the solution of (2.1.1)-(2.1.3) is given by the formula:

u(w,t) =Y ¢ie MXi(x), >0, (2.7.1)
=1

where
¢ ¢
O; = /0 o(x) X;(x)dx = /0 Sz — 29) Xi(x)dx = X;(xo) ,

Ai and X;(z) are defined in (2.1.10), (2.1.11) for i = 1,2,3, ... .

For the given data of Example 2.7.1, we used mathematica codes in order to
find the solution and to animate when 2y = 2, ¢ = 0.1. Using (2.7.1) into the

finite series form we get

n

u(@,t) =Y ¢ e M X(x), t >0, (2.7.2)

=1

where n = 20.
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2.7.1.1 Results of the simulation by Formula 2.7.2 :

Using the formula (2.7.2) for n = 20 and the Mathematica codes we simulated
our problem and the source is located in the center of the domain. Now we will

give some pictures for different times

3 3 3
2.5 2.5 2.5
2 2 2
1.5 15 15
1 1 1
0.5 0.5 0.5
1 /\ 3 /\g/ 5 6 1 2 3 1 5 6 1 2 3 4 5 6
-0.5 \/ v 0.5 0.5
o1 -1 -1
(a) t =0 (b) t=2 (c) t=35
3 3 3
2.5 2.5 2.5
2 2 2
1.5 1.5 15
1 1 1
0.5 0.5 0.5
1 2 3 4 5 6 1 2 3 4 5 3 1 2 3 4 5 6
0.5 0.5 0.5
1 -1 1
(d) t=50 (e) t=10 (f) t =22

Figure 2.1: Example 2.7.1: The source in the center of the bounded domain for 1D
homogeneous problem.

We can see in the pictures that our solution makes a big pick in the first picture
and then this pick is getting smaller and smaller when the time increasing.At the
same time it extends to the domain up to boundaries. Our problem has a bounded
domain, we are concerning about IBVP so we may get some reflections near the
boundaries of the domain but in the nature of heat-diffusion equation we can not

see this reflections very well.
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Example 2.7.2. Let us consider the problem (2.2.1)-(2.2.3). The functions ¢(x)
and F'(x,t) are given by

F(x,t) = 0(x — x0)d(t) ,z0 € [0,4] .

Using formulas for ¢(x) and F(z,t) and the properties of the Dirac delta function
we can construct the solution of the problem (2.2.1)-(2.2.3).

Substituting the given data into the equation (2.2.6) we have

¢ ¢
Fi(t) = /0 F(z,t)X;(z)dx = /0 Oz — x0)d(t) X;(x)dx = 6() X;(x) ,

and using (2.2.9) and (2.2.10) for n = 20 we have

n

t
o) = Y {04 [ R X

i=1

since ¢(z) = 0 we have ¢; = 0 and using F;(t) = §(t) X;(zo) we get

u(z,t) = Z{/O 8(7) Xi(wo)e M dr X (z) |

and using the definitions of Dirac delta function we get the solution as in the

form
n

u(e,t) =Y e M X (w0) Xi(w) | (2.7.3)

=1

and \; and X;(x) are defined in (2.1.10), (2.1.11) for i = 1,2,3, ... .
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2.7.1.2 Results of the simulation by Formula 2.7.5 :

For this example we consider o = 2, ¢ = 0.1 and n = 20. And the simulations

will be in the form

AV \/ 2 A\/\é\/ A 1 2 3 4
0.01 \/ \/ 0.01 0.01
(a) t=0 (b) t=0.5 (c)t=15
(d) t=3.0 (e) t=5 () t=9

Figure 2.2: Example 2.7.1.1: The source in the center of the bounded domain for
non-homogeneous problem .

We can see that if we multiply equation (2.7.2) with ¢ we get directly equation
(2.7.3). In the non-homogeneous problem we have extra ¢? and it only makes
change the range of the solution. For ¢ = 1 the homogeneous and the non-

homogeneous problems have the same solutions.
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2.7.2 2-D Heat-Diffusion equation

In this case we have a rectangle D = ([0, 6] x [0, 12]).

Example 2.7.3. The mathematical model the diffusion process is given by (2.3.1)-
(2.3.3), where

oz, y) = 0(x — 20)0(y — o), (w0, %0) € D,
where 0(z) and 6(y) are Dirac delta functions. Using the formula for ¢(z,y) and

the properties of Dirac delta function the solution of (2.3.1)-(2.3.3) is given by

the formula:

u(zx,y,t) ZZQSU ¢ ’\”tV,] (r,y), t>0, (2.7.4)

=1 j=1

where

b1 bo b1 bo
_ / o2, y)Viy (2, y)dady — / / 5 — 20)5(y — yo)Vis(, y)derdy
0 0 0 0

or equivalently
¢1] = ‘/;j(x(hy()) ;

Aij and Vj;(x,y) are defined in (2.3.13), (2.3.14) for 4,5 = 1,2,3, ... .

For the given data of Example 2.7.2, we used mathematica codes in order to
find the solution and to animate when zq = 3, yo = 6, ¢ = 1. Using (2.7.4) into

the finite series form we get

n n

u(z,y,t) ZZ@] e NtV (2, y), £ 0, (2.7.5)

=1 j=1

where n = 20.
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2.7.2.1 Results of the simulation by Formula 2.7.5 :

Using the formula (2.7.5) for n = 20 and the Mathematica codes we simulated
our problem and the source is located in the center of the domain. Now we will

give some pictures for different times

Figure 2.3: Example 2.7.2: The source in the center of the bounded domain for 2D
homogeneous problem.

For 2-D case; we can see in the pictures that our solution makes a big pick
in the first picture and then this pick is getting smaller and smaller when the
time increasing. Our problem has a bounded domain, we are concerning about
IBVP so we may get some reflections near the boundaries of the domain but in

the nature of heat-diffusion equation we can not see very well this reflections.
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Example 2.7.4. Let us consider the problem (2.4.1)-(2.4.3). The functions
¢(z,y) and F(x,y,t) are given by

¢(x,y) =0,

F(z,y,t) = 0(x — x0)d(y — y0)d(t) , (o, y0) € D .

Using formulas for ¢(z,y) and F(z,y,t) and the properties of the Dirac delta
function we can construct the solution of the problem (2.4.1)-(2.4.3).

Substituting the given data into the equation (2.4.6) we have

by bo
) = / / e,y t)Vis (2, y)dudy
0 0

b1 bo
_ / / 5(a — 20)3(y — yo)3(t)Viy (, y)drdy

or equivalently

Fi;(t) = 0(t)Vij (0, o) »

and using (2.4.9) and (2.4.10) for n = 20 we have

ZL‘ y7 ZZ{¢ZJ —c >\”t+C / Fz]( ) _CQAij(t—T)dT} ‘/ij(xyy);

i=1 j=1

since ¢(x,y) = 0 we have ¢;; = 0 and using Fj;(t) = 6(t)V;;(xo, yo) we get

u(z,y,t) =c ZZ{/ 3(7)Vi(wo, yo)e ™ M= dr} Vi (w, )

=1 j=1

and using the definitions of Dirac delta function we get the solution as in the
form
n n
2
u(x,t) = CQZZ(B*C )\ijt‘/;j<x07y0)‘/ij(x7y) ) (276)
i=1 j=1

and \;; and Vj;j(x,y) are defined in (2.3.13), (2.3.14) for 4,5 = 1,2,3, ... .
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2.7.2.2  Results of the simulation by Formula 2.7.6 :

For this example we consider zo = 3, yo = 6, ¢ = 1 and n = 20. And the

simulations will be in the form

Figure 2.4: Example 2.7.2.1: The source in the center of the bounded domain for 2-D
non-homogeneous problem .

We can see that if we multiply equation (2.7.5) with ¢? we get directly equation
(2.7.6). In the non-homogeneous problem we have extra ¢* and it only changes
the range of the solution. For ¢ = 1 the homogeneous and the non-homogeneous

problems have the same solutions.
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2.7.3 3-D Heat-Diffusion equation

In this case we have a parallelepiped D = ([0, 6] x [0, 12] x [0, 3]).

Example 2.7.5. The mathematical model of heat equation is given by (2.5.1)-
(2.5.3), where

¢(z,y,2) = 0(x — 20)0(y — 40)0(2 — 20),  (Zo, Yo, 20) € D,

where 0(x), d(y) and 6(z) are Dirac delta functions. Using the formula for
o(z,y, z) and the properties of Dirac delta function the solution of (2.5.1)-(2.5.3)

is given by the formula:

u(z,y, z,t) iii¢iik e ° A”’“thk(:t: y,2), t >0, (2.7.7)

i=1 j=1 k=1

where

b1 bo bs
Bi = / / O(2,y, 2)Vigk (0, y, 2)dedydz
0 0 0

b1 pba by
= / / / 5(35 - 330)5(3/ - ?/0)5(2 - ZO)Vijk(xa Y, z)dxdydz = V%jk(xmyo, Zo) )
o Jo Jo

Nijk and Vi, (z,y, z) are defined in (2.5.14), (2.5.15) for 4, j,k =1,2,3, ... .

For the given data of Example 2.7.3, we used mathematica codes in order to
find the solution and to animate when xy = 3, yg = 6, 20 = 2 ¢ = 1. Using (2.7.7)

into the finite series form we get

u(z,y, z,t) ZZZgbUk e ¢ ’\”’“thk(x y,2), t >0, (2.7.8)

i=1 j=1 k=1

where n = 20.



2.7.3.1 Commands in Mathematica for Example 2.7.3 :

<< Graphics‘Animation®
bx = 6; by
x0 = 3; yO = 6; z0 = 2; (the position of the source where

12; bz = 3; (dimension of the parallelepiped)

it is located)
n:=20; (number of terms in the sum)

sc:=1; (the speed of propagation)

(eigenvalues)
alkk_] = (kkxPi/bx)~2; blkk_] = (kk*Pi/by)"2;
clkk_1 = (kk*Pi/bz)"2;

(computing the eigenfunctions and Fourier coefficients)
For[i =1, 1 <= n, i++,
For[j =1, j <= n, j++,
For[k = 1, k <= n, k++,

Lambdal[i, j, k] = a[i] + b[j] + c[k];

V[Ii, j, k] = Sqrt[8/(bx*by*bz)]*Sin[Sqrt[ali]]*x]
*Sin[Sqrt [b[jl]*yl*Sin[Sqrt [c[k]]*z];
Apsi[i, j, k] =ReplaceAll[ReplaceAll[ReplaceAll[V[i, j, k]
, x =>x0], y -> y0l, z -> z0];
T[i, j, k] = Apsil[i, j, kl*e"((sc”2)*(-Lambdali, j, kI*t))
1515

(computing the sum)
son := Sum[Sum[Sum[T[i, j, kI*V[i, j, k], {i, 1, n}]
» {j, 1, n}l, {k, 1, n}]

fixing parameter z=1

son2 = ReplaceAll[son, z -> 1];

(animating the picture w.r.t time variable with step size 0.25)
Animate[Plot3D[son2, {x, 0, 6}, {y, 0, 12}, ColorFunction

-> (Hue[1 - #] &),PlotRange -> All, AspectRatio -> Automatic,
Mesh -> False,PlotPoints -> 40], {t, 0, 34, 0.5}]
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2.7.3.2 Results of the simulation by Formula 2.7.8 :

Using the formula (2.7.8) for n = 20 and the Mathematica codes we simulated
our problem and the source is located in the center of the domain. Now we will

give some pictures for different times

Figure 2.5: Example 2.7.3: The source in the center of the bounded domain for 3D
homogeneous problem.

We can see in the pictures that our solution makes a big pick in the first picture
and then this pick is getting smaller and smaller when the time increasing. Our
problem has a bounded domain, we are concerning about IBVP so we may get
some reflections near the boundaries of the domain but in the nature of heat-

diffusion equation we can not see very well this reflections.
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Example 2.7.6. Let us consider the problem (2.6.1)-(2.6.3). The functions
o(z,y,z) and F(z,y, z,t) are given by

qb(xuy?Z) :O7

F(.ZE, Y, Zat) = 5(.’E - $0)(S(y - yO)d(z - Zo)é(t) ) (:EO)yOa ZO) eD.
Using formulas for ¢(z, vy, 2) and F(z,y, z,t) and the properties of the Dirac delta

function we can construct the solution of the problem (2.6.1)-(2.6.3).

Substituting the given data into the equation (2.6.6) we have

by ba b3
zgk / / / */Ij Y, 2, t z]k(m Y,z )dxdydz

b1 bo b3
/ / / (x — x0)d(y — 0)d(z — 20)0(t)Viji(z, y, z)dxdydz
- 5(t)‘/;jk<x0a Yo, ZO)

and using (2.6.9) and (2.6.10) for n = 20 we have

ez =33 ) {¢> Mt / Fi(r)e <>d} Vige(w,9,2)

i=1 j=1 k=1

since ¢(z,y, z) = 0 we have ¢, = 0 and using Fj;x(t) = () Vijx(zo, Yo, 20) We get

ZE y Y, 2, t =cC ZZZ{/ 5 Z]k Ian()aZO) _CZAijk(t_T)dT}‘/ijk(xay7Z) )

i=1 j=1 k=1

and using the definitions of Dirac delta function we get the solution as in the

form

n n n

u(z,y,2,t) = e /\”’“thk(iﬁ'o,yoazo)v;jk(i&@/,z) ) (2.7.9)

i=1 j=1 k=1

and \;j and Vjj,(z,y, 2) are defined in (2.5.14), (2.5.15) for 4,5,k =1,2,3, ... .



2.7.3.3 Commands in Mathematica for Example 2.7.53.2 :

<< Graphics‘Animation®
bx = 6; by
x0 = 3; yO = 6; z0 = 2; (the position of the source where

12; bz = 3; (dimension of the parallelepiped)

it is located)
n:=20; (number of terms in the sum)

sc:=1; (the speed of propagation)

(eigenvalues)
alkk_] = (kkxPi/bx)~2; blkk_] = (kk*Pi/by)"2;
clkk_1 = (kk*Pi/bz)"2;

(computing the eigenfunctions and Fourier coefficients)
For[i =1, 1 <= n, i++,
For[j =1, j <= n, j++,
For[k = 1, k <= n, k++,

Lambdal[i, j, k] = a[i] + b[j] + c[k];

V[Ii, j, k] = Sqrt[8/(bx*by*bz)]*Sin[Sqrt[ali]]*x]
*Sin[Sqrt [b[jl]*yl*Sin[Sqrt [c[k]]*z];
PV[i, j, k] =ReplaceAll[ReplaceAll[ReplaceAll[V[i, j, k]
, x =>x0], y -> y0l, z -> z0];
T[i, j, k] = sc™2xe”((sc 2)*(-Lambdali, j, K1*t))*PV[i,j,k]
1515

(computing the sum)
son := Sum[Sum[Sum[T[i, j, kI*V[i, j, k], {i, 1, n}]
» {j, 1, n}l, {k, 1, n}]

fixing parameter z=1

son2 = ReplaceAll[son, z -> 1];

(animating the picture w.r.t time variable with step size 0.25)
Animate[Plot3D[son2, {x, 0, 6}, {y, 0, 12}, ColorFunction

-> (Hue[1 - #] &),PlotRange -> All, AspectRatio -> Automatic,
Mesh -> False,PlotPoints -> 40], {t, 0, 34, 0.5}]

36
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2.7.3.4 Results of the simulation by Formula 2.7.9 :

For this example we consider xog = 3, yo =6, 2o = 2 ¢ = 1 and n = 20. And the

simulations will be in the form

Figure 2.6: Example 2.7.3.2: The source in the center of the bounded domain for 3-D
non-homogeneous problem .

We can see that if we multiply equation (2.7.8) with ¢? we get directly equation
(2.7.9). In the non-homogeneous problem we have extra ¢* and it only changes
the range of the solution. For ¢ = 1 the homogeneous and the non-homogeneous

problems have the same solutions.
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2.8 Analysis of the chapter 2 study

1. Exact and approximate formulae for the solutions of IBVPs with Dirich-
let boundary condition for the diffusion (heat) equations on a string, in a

rectangle and in a parallelepiped were obtained.

2. These formulae were adjusted to cases when initial data or inhomogeneous
term are the Dirac delta function with a support in a point which is inside
the domain D. The pulse point source is modeled by these initial data and

in homogeneous term.

3. Obtained formulae for generalized solutions of IBVPs for the heat-diffusion
equations were used for modeling and simulations of diffusion processes in

bounded domain D arising from the pulse point sources.

4. Results of diffusion processes simulation are presented by 1-D, 2-D and 3-D

pictures and animated movies.

5. Obtained formulae and results of the simulation were analyzed.



CHAPTER THREE
IBVP FOR HEAT-DIFFUSION EQUATION
WITH NEUMANN BOUNDARY CONDITION

In this section IBVP for 1D, 2D and 3D heat(diffusion) equation with Neumann
Boundary condition in a homogeneous strip, rectangle and parallelepiped will be
studied. The formulas will be generated and using these formulas simulations will

be found. Sources are taken as pulse point sources.

3.1 IBVP for a Homogeneous 1D Heat-Diffusion Equation with

Neumann Boundary Condition

Let x € (0,¢), t € (0,T), where ¢ and T are given positive numbers. Let us

consider the IBVP for the diffusion equation on a string :

1 Qu(w,t) O?u(x,t)

2 = gz €00, te(0.T), (3.1.1)
wz,0) = (), (3.1.2)
0u(0,1) _ 8u(€,1€)207 6513)

on on

Here ¢(x) is a given function, ¢ > 0 is a positive constant. IBVP consist of finding
u(z,t) satisfying (3.1.1)-(3.1.3). We will use the same method which is applied
for the IBVP for heat-diffusion equation in a string with Dirichlet condition. We

will use the separation of variables :
u(z,t) =T)X () . (3.1.4)
Using the same techniques which is done before we get :
X"(z)+ XX (z) =0, =ze€(0,0), (3.1.5)

T'(t)+ANT(t) =0, te(0,T). (3.1.6)

Substituting (3.1.4) into (3.1.3) we obtain

X'(0) = X'(£) = 0. (3.1.7)

39
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That is, X (z) has to be a solution of the following eigenvalue-eigenfunction prob-
lem

X"(x)+ XX () =0, x€(0,T), (3.1.8)
X'(0)=X'(¢)=0. (3.1.9)

The solution of the eigenvalue-eigenfunction problem (3.1.8), (3.1.9) has the form

. 2
A = (%T) . i=0,1,2, ... (3.1.10)
2
Xi(a;):\/;cos\/x-x i=0,1,2, ... (3.1.11)

Now we can find the function T'(¢). Substitute \; into (3.1.6) we get
T/(t) + ANTi(t) =0, i=0,1,2,... (3.1.12)
Hence (3.1.12) has the following solution
Ty(t) = A; e N, i=0,1,2, ... (3.1.13)

We have u(z,t) = T;(t) X;(x) for each i = 0,1, 2, ... are solutions of (3.1.1)-(3.1.3).

Hence

u(z,t) = iTi(t)Xi(x) . (3.1.14)
i=1
Using the initial condition (3.1.2) we can find (3.1.1)
T,(0) = ¢ . (3.1.15)
So we have for i =0,1,2, ...
A= i, (3.1.16)

where ¢
(25 /(; (25([[’) X (.l’) T

So we conclude that we obtain the solution of our problem (3.1.1)-(3.1.3)
u(z,t) =Y Ti(H)Xi(z), (3.1.17)
i=1

where T;(t) are defined in (3.1.13) and X;(z) are defined (3.1.11).
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3.2 IBVP for a Non-Homogeneous 1D Heat-Diffusion Equation with

Neumann Boundary Condition

Let x € (0,¢), t € (0,7), where ¢ and T are given positive numbers. Let us
consider the IBVP for the 1D heat-diffusion equation on a string:

1 Ju(x,t) O*u(x,t)

2 o = a2 TF@D
re(0,0), te(0,T), (3.2.1)
u(z,0) = o¢(z), (3.2.2)
ou(0,t)  Ou(l,t)
S = =0, (3.2.3)

where ¢ > 0 is a given positive number; ¢(x) are given functions for z € [0, ¢],
F(xz,t) is a given smooth function for (z,t) € ((0,¢) x (0,¢)). IBVP consists of
finding u(z,t) satisfying (3.2.1)-(3.2.3).

Using the same techniques of the chapter two for non-homogeneous problem with
the boundary condition u(z,t)|sp = 0 and the homogeneous problem for the

Neumann boundary condition we will get the following results :
2 t 2
T, = ¢; e Nt 4 02/ Fi(r)e MU= dr, i=0,1,2,... (3.2.4)
0

Therefore

u(z,t) = Z T,(H)X,(x) (3.2.5)

is the solution of (3.2.1)-(3.2.3), where T;(t) is defined in (3.2.4) and X;(x) are
defined (3.1.11) for i = 0,1, 2, ...
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3.3 IBVP for a Homogeneous 2D Heat-Diffusion Equation with

Neumann Boundary Condition

Let (r,y) € R}, t e R, D = {(z,y) € R? : 0 < 2 < b;,0 <y < by} bea
homogeneous rectangle. Let us consider the IBVP for the heat-diffusion equation

in the rectangle D :

1 Ou(z,y,t)
C_2 8t = AI,yu(xvyat)a
(z,y) €D, t>0, (3.3.1)
u(z,y,0) = oz,y), (3.3.2)
du(z,y,t) B
o, lop =0, (3.3.3)

where 0D is the boundary of D. Here ¢(x,y) is a given function, ¢ is a positive
constant. IBVP consists of finding u(z, y, t) satisfying (3.3.1)-(3.3.3). We will use
the same method which is applied for the IBVP for heat-diffusion equation in a

rectangle with Dirichlet condition. We will use the separation of variables :
u(z,y,t) =T)V(x,y) . (3.3.4)
Using the same techniques which is done before we get :
Ay Vi, y) + AV (z,y) =0, (z,y) €D, (3.3.5)
T'(t)+AENT(t) =0, t>0. (3.3.6)
Substituting (3.3.4) into (3.3.3) we obtain

ov(r,y),
" lop = 0. (3.3.7)

This means that V' (x, y) has to be a solution of the following eigenvalue-eigenfunction

problem (Stum-Liouville problem) :

A yViz,y) + AV (2,y) =0, (z,y) €D, (3.3.8)

oV (z,vy)

5, lop=0. (3.3.9)
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For the solution of the eigenvalue-eigenfunction problem we will use the method

of separation of variables. Setting
V(z,y) = X(2)Y(y) . (3.3.10)
Substituting (3.3.10) into (3.3.8) we have two eigenvalue-eigenfunction problems:
X"(z) +aX(z) =0, X'(0)=X'(b)=0, (3.3.11)

Y'(y) + BY (y) =0, Y'(0)=Y'(bs) =0, . (3.3.12)

We can get the eigenvalues and corresponding to them eigenfunctions for the
systems (3.3.11) and (3.3.12) as follows :

' /2
o = (T)2> Xi(x) =] —cosy/ax, 1=1,2,..;
bl b1

Jm /2 .
6] = (5)27 }/J<y> - ECOS V ﬁjyu J = 1727 ey

(see Appendix A.2 for detailed explanation) As a result of this we get the solution

of eigenvalue-eigenfunction problem (3.3.8), (3.3.9) as follows :

4
Vij = ‘/Wcos Vazcosy/ By, 1,7 =1,2,.. (3.3.13)
102

and corresponding eigenvalues

N L2
im Jm
Aij = | 7= — - 3.3.14
=)+ () (3:3.14)
Now we can find the function 7'(¢). Substitute \;; into (3.3.6) we get
Ti(t) + ENgTy(t) = 0, dyj = 1,2, (3.3.15)
Hence (3.3.15) for 2 + j2 # 0 has the following solution
T; = A;j e—CQAijt7 i,7=1,2,.. (3.3.16)

Otherwise the solution is
Too(t) = Ao - (3.3.17)

We have u(z,y,t) = T;;Vij(z,y) for each 7,5 = 1,2, ... are solutions of (3.3.1)-



(3.3.3). Hence by the superposition principle we have the solution

u(z,y, t) ZZTJ Vij(z,y)

i=1 j=1
Using the initial condition (3.3.2) we can find (3.3.1)
Ti;(0) = 5 -
So we have for i? + 52 #0;4,7=0,1,2, ..
Aij = ¢ij

and
Ago = do0

where

b1 ba
[ [ Vit g
0 0

44

(3.3.18)

(3.3.19)

(3.3.20)

(3.3.21)

So we conclude that we obtain the solution of our problem (3.3.1)-(3.3.3)

u(z, y, t) ZZ Wis(z,)

=1 j=1

(3.3.22)

where Tj;(t) are defined in (3.3.16), (3.3.17) and V;;(z,y) are defined (3.3.13).
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3.4 IBVP for a Non-Homogeneous 2D Heat-Diffusion Equation with

Neumann Boundary Condition

Let (r,y) € R}, t e R, D = {(z,y) € R? : 0 < 2 < b;,0 <y < by} bea
homogeneous rectangle. Let us consider the IBVP for the heat-diffusion equation

in the rectangle D :

é@u(agty,t) = Agu(z,y,t)+ F(z,y,t) ,(z,y) €D, t>0, (34.1)
u(z,y,0) = o(z,y), (3.4.2)

Ou(,y, t)

—a = 4.
on ‘8D 0, (3 3)

where 0D is the boundary of D. Here F(x,y,t), ¢(z,y) are given functions in
D U 0D, c is a positive constant. IBVP consists of finding u(x,y,t) satisfying
(3.4.1)-(3.4.3).

Using the same techniques of the chapter two for non-homogeneous problem with
the boundary condition u(z,y,t)|sp = 0 and the homogeneous problem for the

Neumann boundary condition we will get the following results :
t 2
Ty; = ¢y e Nt ¢ / Fy(r)eXa="qr 4 j=1,2, ... (3.4.4)
0

P24+ 40;4,5=0,1,2, ...

Too(t) = Qb()o + 02/0 Foo(T)dT . (345)

Therefore

u(z,y,t) ZZT Vij(z,y) (3.4.6)

=1 j=1

is the solution of (3.4.1)-(3.4.3), where T};(t) is defined in (3.4.6) and Vj;(x,y) are
defined (3.3.13) for i,7 =0,1,2, ...
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3.5 IBVP for a Homogeneous 3D Heat-Diffusion Equation with

Neumann Boundary Condition

Let (z,y,2) € R®, t € R, D = {(z,9,2) € R® : 0 < 2 < 1,0 <y < by, 0 <
z < b} be a homogeneous parallelepiped. Let us consider the IBVP for the
heat-diffusion equation in the parallelepiped D :

10 t
G—U(m’ayt’z’ ) _ Auley ), (my ) €D, 20, (35.1)
C
u(z,y,2,0) = ¢(z,y,2), (3.5.2)
ou(z,y, z,t)
———lop = 0 3.5.3
on lop ’ ( )

where 0D is the boundary of D. Here ¢(x,y, z) is a given function, ¢ is a positive
constant. IBVP consists of finding u(z,y, z,t) satisfying (3.5.1)-(3.5.3). We will
use the same method which is applied for the IBVP for heat-diffusion equation

in a parallelepiped with Dirichlet condition. We will use separation of variables :
u(z,y,z,t) =TV (x,y,2) . (3.5.4)

Using the same technics which is done before we get :
ANpyVi(z,y, z2)+ AV (z,y,2) =0, (v,y,2) €D, (3.5.5)

T'(t)+AENT(t) =0, t>0. (3.5.6)
Substituting (3.5.4) into (3.5.3) we obtain

ovi(e,y,z),
0 =0, (3.5.7)

This means that V(z,y,z) has to be a solution of the following eigenvalue-

eigenfunction problem (Stum-Liouville problem) :

Ay V(z,y,2) + AV (z,y,2) =0, (x,y,2) €D, (3.5.8)
ovi(z,y,z),
S lon = 0. (3.5.9)

For the solution of the eigenvalue-eigenfunction problem we will use the method

of separation of variables. Setting

Viz,y,z) = X(2)Y(y)Z(2) . (3.5.10)
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Substituting (3.5.10) into (3.5.8) we have three eigenvalue-eigenfunction prob-

lems:
X"(z)+aX(x)=0, X'(0)=X'(hh)=0, (3.5.11)
Y'(y)+BY (y) =0, Y'(0)=Y'(bs) =0, (3.5.12)
Z"(z2)+~vZ(z) =0, Z'(0)=Z'(b3)=0. (3.5.13)

We can get the eigenvalues and corresponding to them eigenfunctions for the
systems (3.5.11), (3.5.12), (3.5.13) as follows :

2
a; = ()% Xi(x) = \ 3 cosvair, i=1,2,...;
1
_ ' |
B; = <Jb—2>2, Vi) =[5 cos By, G =12

/2
Ve = (—)27 Zi(2) = | —cos\/z, k=1,2,..;
b3 bg

(see Appendix A.2 for detailed explanation) As a result of this we get the solution

of eigenvalue-eigenfunction problem (3.5.8), (3.5.9) as follows :

8
Vi = 1 /b b cosVa cos /By cos iz, ig k=12, (3.5.14)
1V2V3

and corresponding eigenvalues

it \ > Vs 2 k2
Nije = | — — — . 5.1
ik (b1> +(b2) +<b3> (3.5.15)
Now we can find the function T'(¢). Substitute \;jx into (3.5.6) we get

/
Tiji

)+ AN Tij() =0, 4,5,k =1,2,... (3.5.16)
Hence (3.5.16) for i? + 52 + k* # 0 has the following solution
T = Aije e 0% 0 k=1,2,.. (3.5.17)

Otherwise the solution is

Tooo(t) == AOOO . (3518)
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We have u(z,y, 2,t) = T, Vij(z,y, 2) for each 7,7,k = 1,2, ... are solutions of
(3.5.1)-(3.5.3). Hence by the superposition principle we have the solution

oo o0 o0

u(z,y, z,t) ZZZTU’“ Vije(x,y, 2) . (3.5.19)

i=1 j=1 k=1

Using the initial condition (3.5.2) we can find (3.5.1)

Uk( ) ¢2]k (3520)

So we have for i? + 72+ k> #0;4,5,k=0,1,2, ...

zgk ¢zgk ) (3521)

and
Apoo = Pooo (3.5.22)

where
by pba b
ow= [ [ [ ol Wirtev. dedyds
o Jo Jo
So we conclude that we obtain the solution of our problem (3.5.1)-(3.5.3)

oo 0 0

u(z,y, z,t) ZZZTW’“ Vije(z,y, 2) , (3.5.23)

i=1 j=1 k=1

where T (t) are defined in (3.5.17), (3.5.18) and V};x(x, y, 2) are defined (3.5.14).
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3.6 IBVP for a Non-Homogeneous 3D Heat-Diffusion Equation with

Neumann Boundary Condition

Let (z,y,2) € R®, t € R, D = {(z,9,2) € R® : 0 < 2 < 1,0 <y < by, 0 <
z < b} be a homogeneous parallelepiped. Let us consider the IBVP for the
heat-diffusion equation in the parallelepiped D :

1
?W = Ayyu(z,y, 2, t)+ Fx,y, 2,t) , (z,y,2) € D, t>8.6.1)
u<x7yv 270) = ¢(I,y,2) y (362)
ou(z,y, z,t)
- = 0 3.6.3
on lop ’ ( )

where 0D is the boundary of D. Here F(x,y,z,t), ¢(z,y, z) are given functions
in DUJD, c¢ is a positive constant. IBVP consists of finding u(x, y, z, t) satisfying
(3.6.1)-(3.6.3).

Using the same techniques of the chapter two for non-homogeneous problem with
the boundary condition u(x,y, z,t)|sp = 0 and the homogeneous problem for the

Neumann boundary condition we will get the following results :
2 t 2
Tk = Gige €€ Mokt 4 ¢ / Fip(r)e 2 t=drj jk=1,2,...  (3.6.4)
0

P4+ Pk #0;4,5,k=0,1,2,...

Tooo(t) = qb()o() + 02/ Fooo(T)dT . (365)
0

Therefore

oo o0 o0

u(z,y,z,t) = ZZZT”’“ Vige(w,y, 2) (3.6.6)

=1 j=1 k=1

is the solution of (3.6.1)-(3.6.3), where T;;x(t) is defined in (3.6.6) and V;;(z, y, 2)
are defined (3.5.14) for 4,7,k =0,1,2, ...
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3.7 Examples of simulations for Heat-Diffusion equation with Neu-
mann B.C. (1-D, 2-D, 3-D cases)

This section contains some examples of modeling and simulations of diffusion pro-
cesses in 1-D, 2-D and 3-D bounded domains. IBVP for heat equation with the
Neumann boundary condition on a string, in a rectangle and in a parallelepiped
will be used for modeling and simultions. We took a pulse point source concen-
trated in different points in these domains: in the center, near the boundary, in

the corner.

3.7.1 1-D Heat-Diffusion equation

In this case we have a string on [0, 6].

Example 3.7.1. Let us consider the problem (3.2.1)-(3.2.3). The functions ¢(x)
and F'(x,t) are given by

F(x,t) =0(x — x0)0(t) ,z0 € [0,4] ,

where 6(x) is the Dirac delta function. Using formulas for ¢(z) and F'(x,t) and the
properties of the Dirac delta function the solution of the problem (3.2.1)-(3.2.3)

can be found by the following formula

u(xz,t) = Z Ty() X, (x) (3.7.1)

where .
Tit) = ¢ / Fy(r)e M dr
0
240, i=0,1,2,...
t rg
To(t) = 02/ / Fo(T)drd€ |
o Jo
and
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Hence
Ti(t) = Pe N X (o)

P40, i=0,1,2,..

and \; and X;(x) are defined in (3.1.10), (3.1.11).

For the given data of Example 3.7.1, we used Mathematica codes in order to
find the solution and to animate. The exact solution (3.7.1) is given by the series
containing infinite number of terms. We found an approximate solution by means

of the formula

u(z,t) = ¢ ZTi(t)Xi(x) : (3.7.2)

where n = 20. This number n is chosen by considering the theoretical evaluation
of the general term of the series (3.7.2) and the numerical experiments. We will

consider each case for the function (3.7.2).
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3.7.1.1 Simulations of 1-D Heat-Diffusion equation with Neumann B.C

Using the formula (3.7.2) for n = 20 and Mathematica codes we simulated the
diffusion processes from the pulse point source which is located in the center of

the domain D. The simulations for different times shown in figures below.

0.4
0.2

-0.2

0.4 0.4

3ol F
:W\/(\/\ W -

a)t=0 (b) t=0.2 (c)t=0.5

-0.4

T/z 3 a\f\s Tz 3 45— 6 T 2 3 4 5 —%
(d) t=1.0 (e) t=15 (f) t=2.0

Figure 3.7: Example 3.7.1: The source in the center of the bounded domain for non-
homogeneous problem .

In the non-homogeneous problem we have extra ¢? and it only changes the
range of the solution. For ¢ = 1 the homogeneous and the non-homogeneous

problems have the same solutions.

3.7.2 2-D Heat-Diffusion equation

In this case we have a rectangle D = ([0, 6] x [0, 12]).

Example 3.7.2. Let us consider the problem (3.4.1)-(3.4.3). The functions
¢(z,y) and F(z,y,t) are given by

P(z,y) =0,

F(x,y,t) = 6(x — 10)0(y — 40)0(t) , (v0,%0) € D ,

where §(z) is the Dirac delta function. Using formulas for ¢(z,y) and F(x,y,t)
and the properties of the Dirac delta function the solution of the problem (3.4.1)-
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(3.4.3) can be found by the following formula

u(eyt) =3 3 Ty®Vilw,y) (3.7.3)

i=0 j=0
where .
Ti;(t) = 02/ F;; (7')6702)‘”(’5 T)dT,
0
P?+53240, 4,7=01,2,..
t g
Too(t) = 62/ / FO()(T)def s
o Jo
and
Fij(t) = Vij(20,90)0(2)
Foo(t) =0.
Hence

EJ(t) = CZQ_CQAijt‘/ij(x07y0) )
P?4+432#40, 4,7=0,1,2,..
T[)()(t) — 0 5

and \;; and Vj;(x,y) are defined in (3.3.10), (3.3.11). For this example consider
the different positions of (xg, ) (the point in which the pulse point source is

concentrated). These positions (xg, yo) are given in the following table

(0, Yo)
Case 1| (3,6)

Case 2 | (3,11)
Case 3 | (1,11)

Table 3.1: Positions of sources in a rectangle D with the Dirichlet B.C.

For the given data of Example 3.7.2, we used Mathematica codes in order
to find the solution and to animate for each cases. The exact solution (3.7.3) is
given by the series containing infinite number of terms. We found an approximate

solution by means of the formula

3
3

u(z,y,t) = ¢ T,;()Vii(z,y) , (3.7.4)
i=0 j=0

where n = 20. This number n is chosen by considering the theoretical evaluation
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of the general term of the series (3.7.4) and the numerical experiments. We will

consider each case for the function (3.7.4).

3.7.3 Simulation Examples

3.7.3.1 Simulation for Casel

Using the formula (3.7.4) for n = 20 and Mathematica codes we simulated the
diffusion processes from the pulse point source which is located in the center of

the domain D. The simulations for different times shown in figures below.

Figure 3.8: Example 3.7.2: The source in the center of the rectangle with Neumann

B.C.

In the non-homogeneous problem we have extra ¢? and it only changes the
range of the solution. For ¢ = 1 the homogeneous and the non-homogeneous

problems have the same solutions.
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3.7.3.2  Simulation for Case2

The result of the simulation corresponding to Case 2 (the position of the source

is near the boundary) is presented on the figure 4.16 (a)-(f).

Figure 3.9: Example 3.7.2: Source near the boundary of the rectangle with Neumann

B.C.

In the non-homogeneous problem we have extra ¢? and it only changes the
range of the solution. For ¢ = 1 the homogeneous and the non-homogeneous

problems have the same solutions.
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3.7.3.3  Simulation for Case3

The result of the simulation corresponding to Case 3 (the position of the source

is near the corner) is presented on the figure 4.17 (a)-(f).

Figure 3.10: Example 3.7.2: Source near the corner of the rectangle with Neumann

B.C.

In the non-homogeneous problem we have extra ¢? and it only changes the
range of the solution. For ¢ = 1 the homogeneous and the non-homogeneous

problems have the same solutions.
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3.7.4 3-D Heat-Diffusion equation

In this case we have a parallelepiped D = ([0, 6] x [0,12] x [0, 3])

Example 3.7.3. Let us consider the problem (3.6.1)-(3.6.3). The functions
¢(z,y,z) and F(x,y, z,t) are given by

¢(‘Z.7y7 Z) = O ?

F(z,y,2z,t) = 6(x — 20)0(y — y0)d(z — 20)6(t) , (w0, 0, 20) € D,

where 0(z) is the Dirac delta function. Using formulas for ¢(z,y, 2) and F(z,y, 2,t)
and the properties of the Dirac delta function the solution of the problem (3.6.1)-
(3.6.3) can be found by the following formula

(o O IENe S¢S

u(z,y,2,t) = ZZZTM Viie(x,y,2) , (3.7.5)

i=0 7=0 k=0
where ,
T,]k(t) = 02/ Fijk(7)6_02>\ijk(t_7—)d7',
0
PP EERA0, i,5=0,1,2, ..
t rg
Too(t) = ¢ / / Foo(7)drde |
o Jo
and
Fijn(t) = Vijr(o, v0)0(t) ,
FO()(t) == O .
Hence

Tiju(t) = c*e ¢ A”’“tvjk(flﬁoayo)
PR #0, i,5,k=0,1,2, ...
Tooo(t) =0,

and \;jx and Vi (z,y, 2) are defined in (3.5.10), (3.5.11). For this example con-
sider the different positions of (xg, %o, 20) (the point in which the pulse point
source is concentrated). These positions (xg,yo,20) are given in the following
table

For the given data of Example 3.7.4, we used Mathematica codes in order
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(2o, Yo, 20)
Case 1 | (3,6,2)
Case 2 | (3,11,2)
Case 3 | (1,11,2)

Table 3.2: Positions of sources in a parallelepiped D with the Dirichlet B.C.

to find the solution and to animate for each cases. The exact solution (3.7.5) is
given by the series containing infinite number of terms. We found an approximate

solution by means of the formula

u(z,y, z,t) = ¢ T () Vi, y, 2) (3.7.6)
i=0 j=0 k=0

where n = 20. This number n is chosen by considering the theoretical evaluation
of the general term of the series (3.7.6) and the numerical experiments. We will

consider each case for the function (3.7.6).
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3.7.4.1 Commands in Mathematica for Example 3.7.4 :

<< Graphics‘Animation®
bx = 6; by = 12; bz = 3; (dimension of the parallelepiped)
x0 = 3; yO = 6; z0 = 2; (the position of the source where

it is located)
n:=20; (number of terms in the sum)

sc:=1; (the speed of propagation)

(eigenvalues)
alkk_] (kk*Pi/bx)"2; blkk_] = (kk*Pi/by)"2;
clkk_1 = (kk*Pi/bz)"2;

(computing the eigenfunctions and Fourier coefficients)
For[i =1, 1 <= n, i++,
For[j =1, j <= n, j++,
For[k = 1, k <= n, k++,
Lambdal[i, j, k] = a[i] + b[j] + c[k];
V[Ii, j, k] = Sqrt[8/(bx*by*bz)]*Cos[Sqrt[ali]]*x]
*Cos [Sqrt [b[jl]*yl*Cos[Sqrt [c[k]]*z];
PV[i, j, k] =ReplaceAll[ReplaceAll[ReplaceAll[V[i, j, k]
, x =>x0], y -> y0l, z -> z0];
If[i==0 && j==0 && k==0, (T[i,j,k]1=0),;
(Tli, j, k] = sc™2«PV[i,j,k]*e"((sc”2)*(-Lambdali, j, kl*t)))
1515

(computing the sum)
son := Sum[Sum[Sum([T[i, j, k]1*V[i, j, k], {i, O, n}]
b {j bl O, n}] s {k: O, n}]

fixing parameter z=1

son2 = ReplaceAll[son, z -> 1];

(animating the picture w.r.t time variable with sitep size 0.25)
Animate[Plot3D[son2, {x, 0, 6}, {y, 0, 12}, ColorFunction

-> (Hue[l - #] &) ,PlotRange -> All, AspectRatio -> Automatic,
Mesh -> False,PlotPoints -> 40], {t, 0, 34, 0.5}]
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3.7.5 Simulation Examples

3.7.5.1  Simulation for Casel

Using the formula (3.7.6) for n = 20 and Mathematica codes we simulated the
diffusion processes from the pulse point source which is located in the center of

the domain D. The simulations for different times shown in figures below.

Figure 3.11: Example 3.7.4: The source in the center of the bounded domain for non-
homogeneous problem .

2 and it only changes the

In the non-homogeneous problem we have extra c
range of the solution. For ¢ = 1 the homogeneous and the non-homogeneous

problems have the same solutions.
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3.7.5.2  Simulation for Case2

The result of the simulation corresponding to Case 2 (the position of the source

is near the boundary) is presented on the figure 4.19 (a)-(f).

Figure 3.12: Example 3.7.4: Source near the boundary of the bounded domain D .

In the non-homogeneous problem we have extra ¢? and it only changes the
range of the solution. For ¢ = 1 the homogeneous and the non-homogeneous

problems have the same solutions.
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3.7.5.3  Simulation for Case3

The result of the simulation corresponding to Case 3 (the position of the source

is near the corner) is presented on the figure 4.20 (a)-(f).

Figure 3.13: Example 3.7.4: Source near the corner of the bounded domain D .

In the non-homogeneous problem we have extra ¢? and it only changes the
range of the solution. For ¢ = 1 the homogeneous and the non-homogeneous

problems have the same solutions.
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3.8 Analysis of the chapter3 study

1. Exact and approximate formulae for the solutions of IBVPs with Dirich-
let boundary condition for the diffusion (heat) equations on a string, in a

rectangle and in a parallelepiped were obtained.

2. These formulae were adjusted to cases when initial data or inhomogeneous
term are the Dirac delta function with a support in a point which is inside
the domain D. The pulse point source is modeled by these initial data and

in homogeneous term.

3. Obtained formulae for generalized solutions of IBVPs for the heat-diffusion
equations were used for modeling and simulations of diffusion processes in

bounded domain D arising from the pulse point sources.

4. Results of diffusion processes simulation are presented by 1-D, 2-D and 3-D

pictures and animated movies.

5. Obtained formulae and results of simulation were analyzed. The different
behavior of the boundary due to the Neumann boundary condition was

seen.



CHAPTER FOUR
IBVP FOR HEAT-DIFFUSION EQUATION
WITH MIXED BOUNDARY CONDITION

In this section IBVP for 1D, 2D and 3D heat(diffusion) equation with Mixed
Boundary condition in a homogeneous strip, rectangle and parallelepiped will be
studied. The formulas will be generated and using these formulas simulations will

be found. Sources are taken as pulse point sources.

4.1 IBVP for a Homogeneous 1D Heat-Diffusion Equation with
Mixed Boundary Condition

Let x € (0,¢), t € (0,T),where ¢ and T are given positive numbers. Let us

consider the IBVP for the diffusion equation on a string :

l@u(m,t) _ 82u(x,t) T € (0,€), t e (07T) , (411)

¢z Ot 0x?
u(,0) = o(x), (412)
0
(2 o) o - 0 w12

where ¢ > 0 is a given number.Here ¢(z) is a given smooth function for € [0, £].
IBVP consists of finding u(zx,t) satisfying (4.1.1), (4.1.2), (4.1.3).

Using Fourier Series Expansion Method we will find w(z,t) which satisfies
(4.1.1)-(4.1.3). We will use the same method which is applied for solving the
problem (2.5.1)-(2.5.3) and (3.5.1)-(3.5.3) to solve (4.1.1)-(4.1.3). We will use the

separation of variables. Setting
u(z,t) =T ()X (x), (4.1.4)

and substituting (4.1.4) into (4.1.1) we find

1Tt X"(x)

ATE) X(z) =N

So we get the following equations for 7'(¢) and X (z) :
X"(x)+ XX (z) =0, x€(0,¢), (4.1.5)

64
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T'(t)+ANT(t) =0, te(0,T). (4.1.6)

Our aim is to construct Strum-Liouville equations. Substituting (4.1.4) into
(4.1.3) we have

ou N B
(a—n—l—au) =(Vu-n+au)=0,

and so

(VX(z) -7 +aX(z))=0. (4.1.7)

Equations (4.1.5), (4.1.7) we will write as an Sturm-Liouville problem
X"(z)+ XX (z) =0, (4.1.8)
(VX(z) -7 +aX(z))=0. (4.1.9)

We are trying to find eigenvalues and eigenfunctions. Using the separation of

variables we find
X"x)+ XX (z) =0, X'(0)—aX(0)=0, X'({)+aX{l)=0. (4.1.10)

Using Appendix A.3 we can get the eigenvalues and correspondingly eigenfunc-

tions for the system (4.1.10) as follows
Xi(z) = Cysin(&x +¥), =&, ¢f = arctan(é) i=1,2,...
«

where &; for each ¢ = 1,2, ... is the solution of

l/2 «

cot(xl) = 5 (— — —) ,

(0% T

a >0, £ >0 fixed and

&i
2\/2£@~+snﬂ2¢ﬂ-—snﬂ2@%i+-¢fﬂ’

C; = i=1,2 .., (4.1.11)

So we get the eigenvalues eigenfunctions of (4.1.8), (4.1.9) as follows

Xi(z) = C;sin(&zx + ¢f) (4.1.12)
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and corresponding eigenvalues
N=E i=12,.., (4.1.13)

where C; is defined in (4.1.11). We get the solution of the equation (4.1.6) using

the equation (4.1.13) from the previous section we get

Ti(t) = Aje Nt 1 =1.2, ... 4.1.14
() , .2,

Hence u(x,t) = T;(t)X;(z) are solutions of (4.1.1)-(4.1.3) for each i = 1,2, ...

By the superposition principle we get the solution of the series form

oo

u(z,t) = in(xm(t) . (4.1.15)

Now, we can find the Fourier coefficients A;. By using the orthonormal functions

X;(x), ¢; can be written as in the Fourier series form

= Z i Xi(z) (4.1.16)

/¢>

Using the initial condition (4.1.2) and (4.1.16) we get

where

A=
Substitution gives
)= gie " MX(x), (4.1.17)
i=1

the general solution of (4.1.1)- (4.1.3).
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4.2 IBVP for a Non-Homogeneous 1D Heat-Diffusion Equation with
Mixed Boundary Condition

Let x € (0,0), t € (0,T),where ¢ and T are given positive numbers. Let us

consider the IBVP for the diffusion equation on a string :

1 ou(z,t)  O*u(x,t)

2 ot Oz +F@.t),
ze(0,0), te(0,T), (4.2.1)
u(z,0) = ¢(z,y), (4.2.2)
ou
(2 ) by = 1. a2

where ¢ > 0 is a given positive number; ¢(z) is a given smooth functions for
xz € (0,4, F(x,t), is a given smooth function for (z,t) € ([0,¢] x [0,¢]). IBVP
consists of finding u(z,t) satisfying (4.2.1)-(4.2.1).

Using the same techniques from the previous sections for non-homogeneous
problem with the Dirichlet and Neumann boundary conditions and homogeneous

problem for Mixed boundary condition we will get the following result
2 t 2
Ti(t) = e M + 2 / Ei(r)e MU= qr | (4.2.4)
0

and

u(z,t) = Z T,()X,(x) (4.2.5)

is the solution of (4.2.1)-(4.2.3), where T;(t) is defined in (4.2.4) and X;(x) is
defined in (4.1.12).
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4.3 IBVP for a Homogeneous 2D Heat-Diffusion Equation with
Mixed Boundary Condition

Let (v,y) € R:, t € RD = {(z,y) € R? : 0 < 2 < 1,0 < y < by} be a
homogeneous rectangle. Let us consider the IBVP for the diffusion equation in

the rectangle D :

é% = Agyeu(z,yt) (zy)eD, 20, (431
u(z,y,0) = é(z,9), (4.3.2)

ou
(a_n+o‘“) lop = 0, (4.3.3)

where 0D is the boundary of D. Here ¢(x,y) is given function in D U dD, ¢ is a

positive constant.

Using Fourier Series Expansion Method we will find w(z,y,t) which satisfies
(4.3.1)-(4.3.3). We will use the same method which is applied for solving the
problem (2.5.1)-(2.5.3) and (3.5.1)-(3.5.3) to solve (4.3.1)-(4.3.3). We will use the

separation of variables. Setting
u(z,y,t) =TV (z,y), (4.3.4)

and substituting (4.3.4) into (4.3.1) we find

lT’(t) _ Ax,yv(x7y) — )\
ST Viry) |

So we get the following equations for T'(¢) and V(z,y) :
ApyVi(,y) + AV (2,y) =0, (z,9) €D, (4.3.5)

T'(t)+ANT(t) =0, t>0. (4.3.6)

Our aim is to construct Strum-Liouville equations. Substituting (4.3.4) into
(4.3.3) we have

0
(—u+au> ‘aD:(v“'W+&u)|aD:07

and so

(VV(Q:, T(t) -7 +aV(z, y)T(t)) 0,

|aD -
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T(t) (VV(z,y)- 7 +aV(z,y)|,, =0,
(VV(z,y) -7 +aV(z,y)) ‘BD =0. (4.3.7)

Equations (4.3.5), (4.3.7) we will write as an Sturm-Liouville problem
Ay Vi, y) + AV(2,y) =0, (4.3.8)

(VV(z,y) -7 +aV(z,y)) ’8[) =0. (4.3.9)

We are trying to find eigenvalues and eigenfunctions. Using the separation of

variables we find
Viz,y) = X(2)Y(y) . (4.3.10)

Substituting (4.3.10) into (4.3.8), (4.3.9) we get
X"(2) + pX(x) =0, X'(0)—aX(0)=0, X'(b)+aX()=0, (43.11)

Y'(y)+ 8Y(y) =0, Y'(0)—aY(0)=0, Y'(h)+aY(b)=0. (4.3.12)
Using Appendix A.3 we can get the eigenvalues and correspondingly eigenfunc-

tions for the system (4.3.11), (4.3.12) as follows

7

Xi(x) = Cisin(&x + ¢F), =&, ¢f = arctan(%) 0=1,2,...

where &; for each ¢ = 1,2, ... is the solution of

cot(xby) = % (— — —) ,

a >0, £ >0 fixed and

&i .
=2 =
\/251£i+sin[2sof]—sin[2(bl&+sof)]’ oh

&

. iy .
Yi(y) = Cjsin(ny + %), G5 = 77]2-, @4 = arctan(—) ,j = 1,2, ...

A
o

where 7); for each j = 1,2, ... is the solution of

1 o}
cot(yby) = 5 (% — Z) ,
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a >0, £ >0 fixed and

oy j
j 2b,v; + sin[20?] — sin[2(bar; + ¢¥)]

i=1,2,.., (4.3.14)

So we get the eigenvalues eigenfunctions of (4.3.8), (4.3.9) as follows
Vij(z,y) = Xi(2)Y;(y) ,
or equivalently
Vij(z,y) = CiCjsin(§x + ¢f ) sin(n;y + ¢5) (4.3.15)
and corresponding eigenvalues
Ng =&+ i.j=12 .., (4.3.16)

where C; and C; are defined in (4.3.13) and (4.3.14). We get the solution of the

equation (4.3.6) using the equation (4.3.16) from the previous section we get

Ti(t) = Aye ' i j=1,2, .. (4.3.17)

Hence wu(x,y,t) = T;;V;j(x,y) are solutions of (4.3.1)-(4.3.3) for each i,j =

1,2, ... By the superposition principle we get the solution of the series form
u(w,y,t) = Y ViTy - (4.3.18)
ij=1

Now, we can find the Fourier coefficients A;;. By using the orthonormal functions

Vij(x,y), ¢i; can be written as in the Fourier series form

Sla,y) = ¢iVi(2,y) | (4.3.19)

1,7=1

where

b1 pbo
¢z’j = / ¢($,y)Vz‘jd37dy .
0o Jo

Using the initial condition (4.3.2) and (4.3.19) we get

Ay =65
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Substitution gives
o0

U(.Z', Y, t) = Z ¢7Lj 6_62/\“1:‘/;']'(337 y) 3 (4320)

ij=1

the general solution of (4.3.1)- (4.3.3).

4.4 IBVP for a Non-Homogeneous 2D Heat-Diffusion Equation with
Mixed Boundary Condition

Let (z,y) € R}, t € RD = {(z,y) € R? : 0 < 2 < 1,0 <y < by} be a
homogeneous rectangle. Let us consider the IBVP for the diffusion equation in

the rectangle D :

1 Ou(x,y,t
C_Q% = Ax,yU(l',y,t) —i—F(x,y,t) )
(z,y) €D, t=0, (4.4.1)
u(@,y,0) = o(z,y), (4.4.2)
0
(8—z+au> by = O, (4.4.3)

where 0D is the boundary of D. Here F(z,y,t) and ¢(x,y) are given functions
in DU D, cis a positive constant. IBVP consists of finding u(x,y, t) satisfying
(4.4.1)-(4.4.3).

Using the same techniques from the previous sections for non-homogeneous
problem with the Dirichlet and Neumann boundary conditions and homogeneous

problem for Mixed boundary condition we will get the following result
2 ¢ 2
Tii(t) = ¢ije it + 02/ Fy(t)e < Mult="qr | (4.4.4)
0

and

u(z,y,t) ZZ Vij(z,y) (4.4.5)

=1 j5=1

is the solution of (4.4.1)-(4.4.3), where T;;(t) is defined in (4.4.4) and Vj;(z,y) is
defined in (4.3.15).
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4.5 IBVP for a Homogeneous 3D Heat-Diffusion Equation with
Mixed Boundary Condition

Let (z,y,2) ER*, t € RD = {(2,y,2) ER*: 0 <2 <by,0 <y < by,0< 2 < by}
be a homogeneous parallelepiped. Let us consider the IBVP for the diffusion
equation in the parallelepiped D :

C%(?U(:U,az, z,1) = Ay, u(z,y, 2, t),(x,y,2) €D, t>0, (4.5.1)
U(ZL‘,y,Z,O) = gb(:v,y, Z) s (452)

ou

(3_,,, +0‘“) lop = 0, (4.5.3)

where 0D is the boundary of D. Here ¢(z, vy, z) is given function in D U dD, c is

a positive constant.

Using Fourier Series Expansion Method we will find u(x,y, z,t) which satisfies
(4.5.1)-(4.5.3). We will use the same method which is applied for solving the
problem (2.5.1)-(2.5.3) and (3.5.1)-(3.5.3) to solve (4.5.1)-(4.5.3). We will use the

separation of variables. Setting
u(@,y, z,t) = TV (z,y,2) , (4.5.4)

and substituting (4.5.4) into (4.5.1) we find

LT'(t)  Apy.V(z,y,z)

2T Viwyz) =N

So we get the following equations for 7'(t) and V (z,y, z) :
Ay Vi, y,z)+ AV (z,y,2) =0, (z,y,2) €D, (4.5.5)

T'(t)+ANT(t) =0, t>0. (4.5.6)

Our aim is to construct Strum-Liouville equations. Substituting (4.5.4) into
(4.5.3) we have

0
(—u+au> ‘aD:(v“'W+&u)|aD:07

and so

(VV(x, y,2)T(t) -7 +aV(x,y, z)T(t)) 0,

‘BD -



73
Tt)(VV(z,y,2) -7 +aV(x,y,z2)) ‘8D =0,
(VV(z,y,2) -7 +aV(z,y,2)) |8D =0. (4.5.7)

Equations (4.5.5), (4.5.7) we will write as an Sturm-Liouville problem
Am,y,zv(aj, Y, Z) + )\V(ill', Y, Z) =0 , (458)

(VV(z,y,2) -7 +aV(z,y,2)) |8D =0. (4.5.9)

We are trying to find eigenvalues and eigenfunctions. Using the separation of

variables we find
Viz,y,2) = X(2)Y(y)Z(2) . (4.5.10)

Substituting (4.5.10) into (4.5.8), (4.5.9) we get
X"(2) + pX(x) =0, X'(0)—aX(0)=0, X'(b)+aX(b)=0, (45.11)

Y'(y)+ 8Y(y) =0, Y'(0)—aY(0)=0, Y'(h)+aY(b)=0, (4.5.12)
Z"2)+~Z(z) =0, Z'(0)—az(0)=0, Z'(bs)+aZ(bs)=0. (4.5.13)

Using Appendix A.3 we can get the eigenvalues and correspondingly eigenfunc-
tions for the system (4.5.11), (4.5.12), (4.5.13) as follows

Xi(z) = Cisin(&z + ¢F), w=&, ¢f = arctan(%) vi=1,2, ...

where &; for each ¢ = 1,2, ... is the solution of

cot(xby) = % (E - g) :

a >0, £ >0 fixed and

Ci=2 : & , 1=1,2, ...,
201&; + sin[2¢f] — sin[2(b1&; + ¢F)]

Yi(y) = Cysin(ny + ¢f), B; = 77]2», ©f = arctan(é) J=1,2, ..

where 7); for each j = 1,2, ... is the solution of

cot(yby) = % (g - g) ;

a y
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a >0, £ >0 fixed and

j :
C; =2 L i=1,2,..., 4515
J \/leuj + sin[2Y] — sin[2(b2n; + )] J ( )
Zi(2) = Cpsin(vpz + ¢5), Ww=1ri, ¢i= arctan(ﬁ) k=12, ..
o

where v, for each k = 1,2, ... is the solution of

1l/2 «

cot(zbz) = 5 <— — —> ,

(07 z

a >0, £ >0 fixed and

Cy = 2\/2bguk o] iksmp(b?’yk el k=12, .., (4.5.16)
So we get the eigenvalues eigenfunctions of (4.5.8), (4.5.9) as follows
Vige(z, 9, 2) = Xi(2)Y;(y) Ze(2)
or equivalently
Vijk(2,y, 2) = C;C;Cy sin(§x + ¢f) sin(n;y + ¢f) sin(vgz + @) | (4.5.17)
and corresponding eigenvalues
Now = E2 422 i k=1,2,., (4.5.18)

where C;,C; and Cy are defined in (4.5.14), (4.5.15) and (4.5.16). We get the
solution of the equation (4.5.6) using the equation (4.5.18) from the previous
section we get

Tij(t) = Ayjre SNkt G5 k=12, ... (4.5.19)

Hence w;ji(x,y, 2,t) = T;;xVije(x,y, 2) are solutions of (4.5.1)-(4.5.3) for each

i,7,k = 1,2, ... By the superposition principle we get the solution of the series

u(z,y, z,t) = Z Ujjk

i,5,k=1

form
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SL’ Y5 2, t Z ‘/z]kl—rz]k (4520)

i,j,k=1
Now, we can find the Fourier coefficients A;;;. By using the orthonormal functions

Vije(x,y, 2), @i can be written as in the Fourier series form

o(z,y,2) = Z biikVijk(2, Y, 2) (4.5.21)

i,5,k=1

b pbe pbs
Oijk = / / é(x,y, 2)Vigpdrdydz .
o Jo Jo

Using the initial condition (4.5.2) and (4.5.21) we get

where

ij gbzyk

Substitution gives
u(z,y, z,t) Z Bijie €™ MMV, y, 2) (4.5.22)
i,5,k=1

the general solution of (4.5.1)- (4.5.3).

4.6 IBVP for a Non-Homogeneous 3D Heat-Diffusion Equation with
Mixed Boundary Condition

Let (z,y,2) e R}t e RD = {(z,y,2) ER?*: 0 <2 <b,0 <y <by,0< 2 < b3}
be a homogeneous parallelepiped. Let us consider the IBVP for the diffusion
equation in the parallelepiped D :

1
EW = Ayy.u(z,y, 2, t)+ F(z,y, 2,1),
(z,y,2)€ D, t>0, (4.6.1)
'LL(ZL’7y,Z,0) = Qﬁ(.T,y,Z) ) (462)
ou
(8_77 + au) |6D = 0, (463)

where 0D is the boundary of D. Here F'(z,y, z,t) and ¢(x, y, z) are given functions
in DUJD, c is a positive constant. IBVP consists of finding u(x, y, z, t) satisfying
(4.6.1)-(4.6.3).
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Using the same techniques from the previous sections for non-homogeneous
problem with the Dirichlet and Neumann boundary conditions and homogeneous

problem for Mixed boundary condition we will get the following result
2 t 2
Tig(t) = gigre Nt 4 02/ Fyji(r)e=rust=)dr | (4.6.4)
0

and
o o o0

ZL‘ Y5 2, t ZZZTka Z]k T, Y,%z ) ) (465)

i=1 j=1 k=1
is the solution of (4.6.1)-(4.6.3), where T;;;(t) is defined in (4.6.4) and Vjx(x,y, 2)
is defined in (4.5.17).
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4.7 Examples of simulations for Heat-Diffusion equation with Mixed
B.C. (1-D, 2-D, 3-D cases)

This section contains some examples of modeling and simulations of the diffusion
processes in 1-D, 2-D and 3-D bounded domains. IBVP for heat equation with the
Mixed boundary condition on a string, in a rectangle and in a parallelepiped will
be used for modeling and simulations. We took a pulse point source concentrated
in different points in these domains: in the center, near the boundary, in the

corner.

4.7.1 1-D Heat-Diffusion equation

In this case we have a string on [0, 6].

Example 4.7.1. Let us consider the problem (4.2.1)-(4.2.3). The functions ¢(x)
and F'(x,t) are given by

F(x,t) =0(x — x0)0(t) ,z0 € [0,4] ,

where 6(x) is the Dirac delta function. Using formulas for ¢(z) and F'(x,t) and the
properties of the Dirac delta function the solution of the problem (4.2.1)-(4.2.3)

can be found by the following formula

u(xz,t) = Z Ty() X, (x) (4.7.1)

where

Hence
E(t) = 626_62)\itXi(Z)30) 5

and \; and X;(z) are defined in (4.1.13), (4.1.12).

For the given data of Example 4.7.1, we used Mathematica codes in order to

find the solution and to animate. The exact solution (4.7.1) is given by the series



78

containing infinite number of terms. We found an approximate solution by means

of the formula

u(z,t) = ¢ ZTi(t)Xi(x) : (4.7.2)

where n = 20. This number n is chosen by considering the theoretical evaluation
of the general term of the series (4.7.2) and the numerical experiments. We will

consider each case for the function (4.7.2).

4.7.1.1  Simulations of 1-D Heat-Diffusion equation with Mized B.C

Using the formula (4.7.2) for n = 20 and Mathematica codes we simulated the
diffusion processes from the pulse point source which is located in the center of

the domain D. The simulations for different times shown in figures below.

(d) t=08 (e) t=15 (f) t =2.0

Figure 4.14: Example 4.7.1: The source in the center of the bounded domain with
Mixed B.C.

In the non-homogeneous problem we have extra ¢? and it only changes the
range of the solution. For ¢ = 1 the homogeneous and the non-homogeneous

problems have the same solutions.
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4.7.2 2-D Heat-Diffusion equation

In this case we have a rectangle D = ([0, 6] x [0, 12]).

Example 4.7.2. Let us consider the problem (4.4.1)-(4.4.3). The functions
¢(z,y) and F(x,y,t) are given by

¢(x,y) =0,

F(z,y,t) = 6(x — 20)0(y — %0)d(t) , (v0,%0) € D,

where 0(x) is the Dirac delta function. Using formulas for ¢(x,y) and F(x,y,t)
and the properties of the Dirac delta function the solution of the problem (4.4.1)-
(4.4.3) can be found by the following formula

u(z,y,t) ZZTm Vij(x,y) (4.7.3)

i=1 j=1
where .
Ty(t) = & / Fy(r)ee=7dr |
0
and
Fij(t) = Vij(2o, 40)0(2) -
Hence

E] (t) 626—0 )\”tv (x(]?y()) )

and \;; and V;;(z,y) are defined in (4.3.16), (4.3.15). For this example consider
the different positions of (xg,y0) (the point in which the pulse point source is

concentrated). These positions (zg,yg) are given in the following table

(0, Yo)
Case 1 | (3,6)

Case 2 | (3,11)
Case 3 | (1,11)

Table 4.3: Positions of sources in a rectangle D with the Mixed B.C.

For the given data of Example 4.7.2, we used Mathematica codes in order
to find the solution and to animate for each cases. The exact solution (4.7.3) is

given by the series containing infinite number of terms. We found an approximate
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solution by means of the formula
u(w,y,t) = > Ty(t)Vis(x,y) (4.7.4)
i=1 j=1

where n = 20. This number n is chosen by considering the theoretical evaluation
of the general term of the series (4.7.4) and the numerical experiments. We will

consider each case for the function (4.7.4).
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4.7.3 Simulation Examples

4.7.3.1  Simulation for Casel

Using the formula (4.7.4) for n = 20 and Mathematica codes we simulated the
diffusion processes from the pulse point source which is located in the center of

the domain D. The simulations for different times shown in figures below.

Figure 4.15: Example 4.7.2: The source in the center of the rectangle with Mixed B.C.

2 and it only changes the

In the non-homogeneous problem we have extra c
range of the solution. For ¢ = 1 the homogeneous and the non-homogeneous

problems have the same solutions.
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4.7.3.2  Simulation for Case2

The result of the simulation corresponding to Case 2 (the position of the source

is near the boundary) is presented on the figure 4.16 (a)-(f).

Figure 4.16: Example 4.7.2: Source near the boundary of the rectangle with Mixed
B.C.

In the non-homogeneous problem we have extra ¢? and it only changes the
range of the solution. For ¢ = 1 the homogeneous and the non-homogeneous

problems have the same solutions.
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4.7.3.8  Simulation for Case3

The result of the simulation corresponding to Case 3 (the position of the source

is near the corner) is presented on the figure 4.17 (a)-(f).

Figure 4.17: Example 4.7.2: Source near the corner of the rectangle with Mixed B.C.

In the non-homogeneous problem we have extra ¢? and it only changes the
range of the solution. For ¢ = 1 the homogeneous and the non-homogeneous

problems have the same solutions.
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4.7.4 3-D Heat-Diffusion equation

In this case we have a parallelepiped D = ([0, 6] x [0,12] x [0, 3])

Example 4.7.3. Let us consider the problem (4.6.1)-(4.6.3). The functions
o(z,y,2) and F(z,y, z,t) are given by

¢('T7y7z) :O7

F(x,y,2,t) = 6(x — 20)6(y — y0)(2 — 20)0(t) , (0, Y0, 20) € D ,

where () is the Dirac delta function. Using formulas for ¢(z, y, z) and F(x,y, 2, t)
and the properties of the Dirac delta function the solution of the problem (4.6.1)-
(4.6.3) can be found by the following formula

(o o IENe S BNe o]

u(z,y,z,t) = ZZZT”’“ Vii(x,y,2) , (4.7.5)

i=1 j=1 k=1
where .
Tiji(t) = 02/ Fyr(r)e o dr
0
and
Fijr(t) = Vige(zo,90)0(t) -
Hence

E]k(t) - 026_0 )\”kt‘/;jk<x07 yO) )

and \;jx and Vi (z,y, 2) are defined in (4.5.18), (4.5.17). For this example con-
sider the different positions of (xg, %o, 20) (the point in which the pulse point
source is concentrated). These positions (zg,yo, 20) are given in the following
table

(x07 Yo, Zo)
Case 1| (3,6,2)
Case 2 | (3,11,2)
Case 3 | (1,11,2)

Table 4.4: Positions of sources in a parallelepiped D with the Mixed B.C.

For the given data of Example 4.7.4, we used Mathematica codes in order

to find the solution and to animate for each cases. The exact solution (4.7.5) is
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given by the series containing infinite number of terms. We found an approximate

solution by means of the formula

n n n

u(w,y,z,t) = Tyi(t)Vige (2, 1, 2) (4.7.6)

i=1 j=1 k=1

where n = 20. This number n is chosen by considering the theoretical evaluation
of the general term of the series (4.7.6) and the numerical experiments. We will

consider each case for the function (4.7.6).
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4.7.4.1  Commands in Mathematica for Fxample 4.7.4 :

<< Graphics‘Animation®
bx = 6; by
x0 = 3; yO = 6; z0 = 2; (the position of the source where

12; bz = 3; (dimension of the parallelepiped)

it is located)

n:=20; (number of terms in the sum)
sc:=1; (the speed of propagation)
Alpha := 2;

For[i = 0, i <= n, i++,
R[i] = FindRoot [Cot[r[il*bx] == (1/2)*(r[i]/Alpha - Alpha/r[il),
{r[il, 0.001 + i*Pi/bx}];
ell[i] = r[i] /. RI[i];
Nrm[i] =(1/Integrate[(Cos[el[i]l*x + ArcCot[-el[i]/Alphal]l)"2,
{x, 0, bx}1)"(1/2);
X[i] = Nrm[i]*Cos[el[il*x + ArcCot[-el[i]/Alphal]; ]

For[j = 0, j <= n, j++,
R[j] = FindRoot [Cot[r[jl*by]l == (1/2)*(r[jl/Alpha - Alpha/r[j]l),
{r[j], 0.001 + j*Pi/by}];
e2(jl = r[jl /. RLj];
Nrm[j] = (1/Integrate[(Cos[e2[jl*y + ArcCot[-e2[j]/Alphall)~2,
{y, 0, by}])"(1/2);
Y[j] = Nrm[jl*Cos[e2[jl*y + ArcCot[-e2[j]/Alphal]l;]

For[k = 0, k <= n, kt++,
R[k] = FindRoot[ Cot[r[k]*bz] == (1/2)*(r([k]/Alpha - Alpha/r[k]),
{r(k], 0.001 + k*Pi/bz}];
e3[k] = rl[k] /. R[k];
Nrm[k] = (1/Integrate[(Cos[e3[k]*z + ArcCot[-e3[k]/Alphall)~2,
{z, 0, bz}])"(1/2);
Z[k] = Nrm[k]*Cos[e3[k]*z + ArcCot[-e3[k]/Alphal];]
For[i = 0, i <= n, i++,
For[j = 0, j <= n, jt++,
For[k = 0, k <= n, k++,
Lambdali, j, k] = (el[i]"2) + (e2[jl1"2) + (e3[k]"2);
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VIi, j, k] = X[il*Y[jI1*Z[k];

Apsi[i, j, k] =ReplaceAll[ReplaceAll[ReplaceAll[V[i, j, k],
x => x0], y -> y0], z -> z0];

T[i, j, k] = Apsi[i, j, k]l*e"((sc”2)*(-Lambdali, j, kl*t))
1;151

son := Sum[Sum[Sum[T[i, j, kI*V[i, j, k], {i, 0, n}]
» {j, 0, n}l, {k, O, n}]

fixing parameter z=1

son2 = ReplaceAll[son, z -> 1];

(animating the picture w.r.t time variable with sitep size 0.25)
Animate[Plot3D[son2, {x, 0, 6}, {y, 0, 12}, ColorFunction

-> (Hue[l1 - #] &),PlotRange -> All, AspectRatio -> Automatic,
Mesh -> False,PlotPoints -> 40], {t, 0, 34, 0.5}]
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4.7.5 Simulation Examples

4.7.5.1  Simulation for Casel

Using the formula (4.7.6) for n = 20 and Mathematica codes we simulated the
diffusion processes from the pulse point source which is located in the center of

the domain D. The simulations for different times shown in figures below.

Figure 4.18: Example 4.7.4: The source in the center of the bounded domain for non-
homogeneous problem .

2 and it only changes the

In the non-homogeneous problem we have extra c
range of the solution. For ¢ = 1 the homogeneous and the non-homogeneous

problems have the same solutions.
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4.7.5.2  Simulation for Case2

The result of the simulation corresponding to Case 2 (the position of the source

is near the boundary) is presented on the figure 4.19 (a)-(f).

Figure 4.19: Example 4.7.4: Source near the boundary of the bounded domain D .

In the non-homogeneous problem we have extra ¢? and it only changes the
range of the solution. For ¢ = 1 the homogeneous and the non-homogeneous

problems have the same solutions.
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4.7.5.8  Simulation for Case3

The result of the simulation corresponding to Case 3 (the position of the source

is near the corner) is presented on the figure 4.20 (a)-(f).

Figure 4.20: Example 4.7.4: Source near the corner of the bounded domain D .

In the non-homogeneous problem we have extra ¢? and it only changes the
range of the solution. For ¢ = 1 the homogeneous and the non-homogeneous

problems have the same solutions.
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4.8 Analysis of the chapter4 study

1. Exact and approximate formulae for the solutions of IBVPs with mixed
boundary condition for the diffusion (heat) equations on a string, in a rect-

angle and in a parallelepiped were obtained.

2. These formulae were adjusted to cases when initial data or inhomogeneous
term are the Dirac delta function with a support in a point which is inside
the domain D. The pulse point source is modeled by these initial data and

in homogeneous term.

3. Obtained formulae for generalized solutions of IBVPs for the heat-diffusion
equations were used for modeling and simulations of diffusion processes in

bounded domain D arising from the pulse point sources.

4. Results of diffusion processes simulation are presented by 1-D, 2-D and 3-D

pictures and animated movies.

5. Obtained formulae and results of simulation were analyzed. The behavior

of the boundary due to the Mixed boundary condition was seen.



CHAPTER FIVE
GREEN’S FUNCTION OF IBVP FOR
HEAT-DIFFUSION EQUATION

In this section IBVP for 1D, 2D and 3D heat(diffusion) equation with Dirichlet
Boundary condition in a homogeneous strip, rectangle and parallelepiped will be
studied. Green’s function method will be used in this section and some important
definitions will be given in Appendix. The formulaes will be generated and using

these formulaes simulations will be found.

5.1 Generalized IBVP for 1D Heat-Diffusion Equation

Let e R, teR;
10 0?
Lc =\ 55 — 37 5 5
2ot 0x?
is the heat operator, ¢ is a given positive constant.

Definition 5.1.1. The space ©'(U) of distributions on U is defined to be the
continuous linear dual of C2°(U); i.e., the space of continuous linear functionals
Cx(U)—C

Definition 5.1.2. (Generalized IBVP for the heat equation) Let

Leu(z,t) = f(x,t), t >0, x € D, (5.1.1)
u(z,+0) = g(z), v € D, (5.1.2)
u(@,t)|zep =0, (5.1.3)

where f(z,t) € @' (D x (0,00)), g(z) € D'(D) are given generalized functions.
The problem (5.1.1)-(5.1.3) is called a generalized IBVP for the heat equation
with the Dirichlet boundary condition.

Lemma 5.1.1. Let u(z,t) be a solution of the problem (5.1.1)-(5.1.3) then
v(z,t) = 0(t)u(z,t)
is a solution of the following problem

Low(z,t)=F(x,t), t>0, €D, (5.1.4)

92
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v(z,t)|t<0 =0, (5.1.5)
v(x,t)|zeop =0, (5.1.6)

where

F@J%zé&ﬂﬁ%ﬂ+9@f@ﬁ%

0(t) is the Heaviside function, (t) is the Dirac delta function.

Proof. Substituting v(x,t) into (5.1.4)-(5.1.6), we have

v (x,t) = %H(t)u(x, t) + Q(t)%u(:p,t)

= 0(t)u(z,t) + G(t)%u(x, t)

Thus

Lw@¢y—é&wM%n+9@fu¢y—Fu¢)
And since
o-{77 50
0(@, )0 = (O(E)u(, 1)), = 0
And

(@, )|ven = (0)u(2,1)) e p = 0(t)(u(z,)2ep) = 0.

We showed that v(z,t) satisfies also (5.1.5)-(5.1.6). The Lemma is proved. [
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5.2 Green’s Function of IBVP for 1D Heat-Diffusion Equation with
the Dirichlet Boundary Condition

Definition 5.2.1. Let £ € D, 7 € R be parameters. A generalized function
Gz, t/{,7) € D' (D x R) is called the Green’s function of the IBVP for the

Heat-Diffusion operator L, if

L.G(x,t/¢,7)=0d(x =&t —71), (x,t) € DX R, (5.2.1)
G(z,t/,T)|i<r =0, (x,t) € D X R, (5.2.2)
G(z,t/€,T)|zcop =0, t € R, (5.2.3)

Lemma 5.2.1. Let G(x,t/¢,7) be Green’s function of the IBVP for the Heat-
Diffusion operator L. and F(z,t) € ©'(D X R) is an arbitrary generalized function
such as F(x,t)|i<0. Then

U(x,t):/_oo/o G(x,t/¢,7)F(& 7)dedr, (5.2.4)

is a solution of the generalized IBVP (5.1.4)-(5.1.6).
Proof. Applying L. to (5.2.4) we get
00 b
Lowt) = [ [ LGatyen) P ndgar
—o0 J0

- /: /Ob(s(x — &t —7)F(E,7)dédT = F(z,t).

And also for t < 0, we have

00 b
0(2, )]rco = / /0 G, /6,7 oo P (£, 7)dEdr = 0,

and for x € D

[e%) b
vmﬂmD=[>AC%MKmm@F@ﬂ%M=O-

So v(z,t) is the solution of the generalized IBVP (5.1.4)-(5.1.6). O
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5.3 Construction of Green’s Function by a Fourier Series Expansion

Let € be a parameter from D, T be a parameter from (0,00), D ={z € R: 0 <z < b}
be a string. Let us consider the IBVP in the string D :

LGz, t)é,1)=0(x—&t—71), (x,t) € DX R, (5.3.1)
G(z,t/§,T)|i<r =0, (x,t) € D X R, (5.3.2)
G(x7t/£77—)|:c€8D = 07 te R, (533)

where L g

The solution of (5.3.1)-(5.3.3) can be found by the fourier series expansion method.
Using ¢t =t — 7, (5.3.1)-(5.3.3) can be written in the form

L.G=6(x—¢&, 1), (x,t) € D X R, (5.3.4)
Gli<r =0, (z,t) € DX R, (5.3.5)
Glocop =0, t € R, (5.3.6)

Using the reasoning which we applied for the IBVP for a non-homogeneous Heat-
Diffusion equation with the Dirichlet boundary condition we can write the solution
of (5.3.4)-(5.3.6) as follows

) 7 B
G= 2(0251»/0 e~ N DV (x) | (5.3.7)

=1

where

5, = / 5z — E)SAVi(€)dx = Vi(€)S(D) . (5.3.8)

Using (5.3.8) the equation (5.3.7) can be written as
G =Y Fo(H)e NVi(&Vi(x),
i=1
where 60(¢) is the Heaviside function. Replacing ¢ =t — 7 we get

G = i Ot —7)e NIV (Vi) -

=1



The function is the solution of the generalized problem (5.3.1)-(5.3.3).
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5.4 Generalized IBVP for 2D Heat-Diffusion Equation

Let x = (1, 22) e R2, t e R, A, = 8‘9—;2 + 22 is the Laplace operator;
1

2
Ox3

10
L= (=2 A
C (C2at 1‘)7

is the heat operator, ¢ is a given positive constant.

Definition 5.4.1. The space ©'(U) of distributions on U is defined to be the
continuous linear dual of C2°(U); i.e., the space of continuous linear functionals
Cx(U)—C

Definition 5.4.2. (Generalized IBVP for the heat equation) Let

Lou(z,t) = f(z,t), t >0, x € D, (5.4.1)
u(z,+0) = g(z), x € D, (5.4.2)
u(xvt”xeD =0, (543)

where f(z,t) € ©'(D x (0,00)), g(z) € D'(D) are given generalized functions.
The problem (5.4.1)-(5.4.3) is called a generalized IBVP for the heat equation
with the Dirichlet boundary condition.

Lemma 5.4.1. Let u(z,t) be a solution of the problem (5.4.1)-(5.4.3) then
o(w,1) = O(t)uz )

15 a solution of the following problem

Lev(z,t) = F(z,t), t >0, z€ D, (5.4.4)
v(2,t)]ico =0, (5.4.5)
v(x,t)]scon =0, (5.4.6)

where
Fla,t) = < 5(t)u(e, t) + 0(6) f(x, 1)

c2

0(t) is the Heaviside function, 6(t) is the Dirac delta function.



Proof. Substituting v(z,t) into (5.4.4)-(5.4.6), we have

vz, t) = %H(t)u(:c, t) + H(t)%u(x,t)

= 0(t)u(z,t) + Q(t)%u(x, t)
And also

Thus

Using (5.4.1) we have

Lov(z,t) = Cia(t)u@;, B+ 0(0) f(2,1) = Flat) -

And since
w-{1 7 15
v(x,t)|<0 = (O(t)u(z, 1)), = 0.
And

o(@,)]sen = (O0)u(z, 1)) e = O (ulx, D)sep) = 0.

We showed that v(z,t) satisfies also (5.4.5)-(5.4.6). The Lemma is proved.
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5.5 Green’s Function of IBVP for 2D Heat-Diffusion Equation with
the Dirichlet Boundary Condition

Definition 5.5.1. Let £ € D, 7 € R be parameters. A generalized function
Gz, t/{,7) € D' (D x R) is called the Green’s function of the IBVP for the

Heat-Diffusion operator L, if

L.G(x,t/¢,7)=0d(x =&t —71), (x,t) € DX R, (5.5.1)
G(z,t/,T)|i<r =0, (x,t) € D X R, (5.5.2)
G(xat/fvT)‘xeaD = 07 teR. (553)

Lemma 5.5.1. Let G(x,t/¢,7) be Green’s function of the IBVP for the Heat-
Diffusion operator L. and F(z,t) € ©'(D X R) is an arbitrary generalized function
such as F(x,t)|i<0. Then

v(x,t):/_z /Obl /;2 Glat)€,7)F(E, )dedr (5.5.4)

is a solution of the generalized IBVP (5.4.4)-(5.4.6).
Proof. Applying L. to (5.5.4) we get
00 b1 by
Latet) = [ [7 [ LGy npe ndcar
—o0 J 0 0

_ /_Z /Obl /0b2 §(z — &t — T)F(€,7)dédr = F(z,1).

And also for t < 0, we have

00 b1 by
U(xvt)|t<0 = /_ \/0 /0 G(xat/€77)‘t<0F(§7T>d§dT - 07

and for x € D

00 b1 bo
0(, Dloen = / / / G, t/6,7)oen F(€, 7)dédT = 0.

So v(z,t) is the solution of the generalized IBVP (5.4.4)-(5.4.6). O
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5.6 Construction of Green’s Function by a Fourier Series Expansion

Let & = (&,&) be a parameter from D, 7 be a parameter from (0,00), D =
{z = (21,25) € R?:0 < 21 < by,0 <1y < by} be arectangle. Let us consider the
IBVP in the rectangle D :

L.G(x,t/¢,7)=6(x =&t —1), (x,t) € DX R, (5.6.1)
G(x,t/&,T)|i<r =0, (x,t) € D X R, (5.6.2)
G(x,t/&,T)|weop =0, t € R, (5.6.3)

where L 8
L.=|—==—-A, | .
<c2 ot )

The solution of (5.6.1)-(5.6.3) can be found by the fourier series expansion method.
Using t =t — 7, (5.6.1)-(5.6.3) can be written in the form

L.G=d(x—&, 1), (x,t) € D x R, (5.6.4)
Glier = 0, (2,t) € D x R, (5.6.5)
Glocon =0, t € R. (5.6.6)

Using the reasoning which we applied for the IBVP for a non-homogeneous Heat-
Diffusion equation with the Dirichlet boundary condition we can write the solution

of (5.6.4)-(5.6.6) as follows

[o¢] f -
G=> (¢ / b= N A) Vi (6, &) (5.6.7)
ij=1 0
where
b1 pbo B i
5ij = / 5(1’ — 5)(5(t)‘/zj(fl,§2)dl'1dl’2 = V;j(«fla Ig)é(t) . (568)
0o Jo

Using (5.6.8) the equation (5.6.7) can be written as

G = Z AO(F)e MV (&, &) Vij(a, 22)

ij=1
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where 60(¢) is the Heaviside function. Replacing ¢ =t — 7 we get

o0

G = Z ot — 7)6_02/\”(“7)‘/2‘]‘(51; §a)Vij(w1, m2)

1,j=1

The function is the solution of the generalized problem (5.6.1)-(5.6.3).
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5.7 Generalized IBVP for 3D Heat-Diffusion Equation

Let x = (v, 29, 23) € R3, t e R, A, = 23 22 is the Laplace operator;

i=1 8:1:12

10
LC_<§§_A$) )

is the heat operator, ¢ is a given positive constant.

Definition 5.7.1. The space ®'(U) of distributions on U is defined to be the
continuous linear dual of C2°(U); i.e., the space of continuous linear functionals
CcxU) - C

Definition 5.7.2. (Generalized IBVP for the heat equation) Let

Lou(z,t) = f(x,t), t >0, x € D, (5.7.1)
u(z,4+0) = g(x), x € D, (5.7.2)
u(z,t)|zep =0, (5.7.3)

where f(z,t) € ©'(D x (0,00)), g(x) € D'(D) are given generalized functions.
The problem (5.7.1)-(5.7.3) is called a generalized IBVP for the diffusion equation
with the Dirichlet boundary condition.

Lemma 5.7.1. Let u(z,t) be a solution of the problem (5.7.1)-(5.7.3) then
o(w,1) = B(t)u(w, 1)

is a solution of the following problem

Le(z,t) = F(z,t), t >0, z € D, (5.7.4)
v(z,t)]i<0 =10, (5.7.5)
U(xat)‘xeaD = Oa (576)

where
F(z,t) = C%é(t)u(x,t) +0(t)f(x,t),

0(t) is the Heaviside function, 6(t) is the Dirac delta function.



Proof. Substituting v(z,t) into (5.7.4)-(5.7.6), we have

vz, t) = %H(t)u(:c, t) + H(t)%u(x,t)

= 0(t)u(z,t) + Q(t)%u(x, t)
And also

Thus

Using (5.7.1) we have

Lov(z,t) = Cia(t)u@;, B+ 0(0) f(2,1) = Flat) -

And since
w-{1 7 15
v(x,t)|<0 = (O(t)u(z, 1)), = 0.
And

o(@,)]sen = (O0)u(z, 1)) e = O (ulx, D)sep) = 0.

We showed that v(z,t) satisfies also (5.7.5)-(5.7.6). The Lemma is proved.
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5.8 Green’s Function of IBVP for 3D Heat-Diffusion Equation with
the Dirichlet Boundary Condition

Definition 5.8.1. Let £ € D, 7 € R be parameters. A generalized function
Gz, t/{,7) € D' (D x R) is called the Green’s function of the IBVP for the

Heat-Diffusion operator L, if

L.G(x,t/¢,7)=0d(x =&t —71), (x,t) € DX R, (5.8.1)
G(z,t/,T)|i<r =0, (x,t) € D X R, (5.8.2)
G(xat/fvT)‘xeaD = 07 teR. (583)

Lemma 5.8.1. Let G(x,t/¢,7) be Green’s function of the IBVP for the Heat-
Diffusion operator L. and F(z,t) € ©'(D X R) is an arbitrary generalized function
such as F(x,t)|i<0. Then

o(z, 1) = /_ Z /0 § /0 " /0 " Glat /e TV (e 7V dedr (5.8.4)

is a solution of the generalized IBVP (5.7.4)-(5.7.6).

Proof. Applying L. to (5.8.4) we get

Lov(a,t) /_ : /0 § /0 ” /0 " LGt /e TV F (€. ) dedr

:/: /Obl /0b2 /f §(z — €.t — T)F(E, 7)dédr = Fla,t) .

And also for t < 0, we have

vmwhw=[ZAhA@A%aawaﬂmﬁﬁmmszm

and for x € D

wmmmp:[:Ahlml%m%waﬂm@m&ﬂ@m:o,

So v(z,t) is the solution of the generalized IBVP (5.7.4)-(5.7.6). O



105

5.9 Construction of Green’s Function by a Fourier Series Expansion

Let & = (&,£,&3) be a parameter from D, 7 be a parameter from (0, 00),
D = {z = (21,29,23) € R®: 0 <y <b1,0 <y <by,0 <3 <bs} be a paral-
lelepiped. Let us consider the IBVP in the parallelepiped D :

L.G(x,t/¢,7)=6(x =&t —1), (x,t) € DX R, (5.9.1)
G(x,t/&,T)|i<r =0, (x,t) € D X R, (5.9.2)
G(x,t/&,T)|weap =0, t € R, (5.9.3)

where L 8
L.=|—==—-A, | .
<c2 ot )

The solution of (5.9.1)-(5.9.3) can be found by the fourier series expansion method.
Using t =t — 7, (5.9.1)-(5.9.3) can be written in the form

L.G=d(x—&, 1), (x,t) € D x R, (5.9.4)
Glier = 0, (2,t) € D x R, (5.9.5)
Glocon =0, t € R. (5.9.6)

Using the reasoning which we applied for the IBVP for a non-homogeneous Heat-
Diffusion equation with the Dirichlet boundary condition we can write the solution

of (5.9.4)-(5.9.6) as follows

o0 { -
G=>, (02/ digre” N dy) Vi (€1, 62, &) (5.9.7)
i,j,k=1 0
where
b1 b bs B
5ijk = / / / 5(95 - 5)5(t)‘/;‘jk(fla€2753)d$1d$2d$3 )
o Jo Jo
that is

dije = Vije(@1, 22, 23)6(1), (5.9.8)

Using (5.9.8) the equation (5.9.7) can be written as

G= > AO(E)e MM Vi (&1, o, &) Vig(@1, 72, 73) |

1,5,k=1



where 60(¢) is the Heaviside function. Replacing ¢ =t — 7 we get

G= Z Ot — T)e_CQAij’“(t_T)ij(&, §2,&3) Vi (w1, 12, 73)

i.j.k=1

The function is the solution of the generalized problem (5.9.1)-(5.9.3).

5.9.1 Examples of the simulation using Green’s function
5.9.1.1 Commands in Mathematica for 3-D Case:

<< Graphics‘Animation®
bx = 6; by
x0 = 3; yO = 6; z0 = 2; (the position of the source where

12; bz = 3; (dimension of the parallelepiped)

it is located)
n:=20; (number of terms in the sum)
sc:=1; (the speed of propagation)

tau:=0;

(eigenvalues)
alkk_] = (kk*Pi/bx)~2; blkk_] = (kk*Pi/by)"2;
clkk_] = (kk*Pi/bz)"2;

(computing the eigenfunctions and Fourier coefficients)
For[i = 1, i <= n, i++,
For[j = 1, j <= n, j++,
For[k = 1, k <= n, k++,

Lambdali, j, k] = a[i] + b[j] + c[k];

V[i, j, k] = Sqrt[8/(bx*by*bz)]*Sin[Sqrt[ali]]*x]
*Sin[Sqrt[b[jl]*yl*Sin[Sqrt [c[k]]*z];
d[i, j, k] =ReplaceAll[ReplaceAll[ReplaceAll[V[i, j, kI
, x => x0], y -> y0], z -> z0];
T[i, j, k] = dli, j, klxe"((sc2)*(-Lambdali, j, kl*(t-tau)))
15151

(computing the sum)
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G := Sum[Sum[Sum([T[i, j, kI*V[i, j, k], {i, 1, n}]
, {j, 1, n}], {k, 1, n}]

fixing parameter z=1
G2 = ReplaceAll[son, z -> 1];

(animating the picture w.r.t time variable with sitep size 0.25)
Animate[Plot3D[G2, {x, 0, 6}, {y, 0, 12}, ColorFunction

-> (Hue[1 - #] &),PlotRange -> All, AspectRatio -> Automatic,
Mesh -> False,PlotPoints -> 40], {t, 0, 34, 0.5}]
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5.9.1.2 For 1-D Case

This section deals with modeling and the simulation of diffusion processes by

Green’s function. We have the formula for the Green’s function of the form

G =Y 0t —r)e NIV Vi(x), (5.9.9)
=1
where
Q(t—T):{O , t<’7"
1 t>T1

¢ is the position of the pulse point source, z is the space variable, 7 is the time
when the pulse point source starts to act. For ¢ = 0.1 we have the following

pictures

V! \/A 2 A\/\3\/ V3 i 2 3 3
0.01 \/ \/ 0.01 0.01

(a) t = 0.0 (b) t=0.5 (¢) t =10

(d) t=15 (e) t =2.5 (f) t=5

(g) t=85 (h) t =125

Figure 5.21: Simulation of the Heat-Diffusion by using Green’s function for 1-D in a
bounded domain.

We can see in the pictures that for 7 = 0, ¢ = 1 and n = 20 we get directly
the same pictures in the Chapter2 (Dirichlet B.C.) for 1-D case.
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5.9.1.3 For 2-D Case

This section deals with modeling and the simulation of Heat-Diffusion equation

by Green’s function. We have the formula for the Green’s function of the form

G=> 0t —r)e P IV(EVi(a), (5.9.10)
i,j=1
where
0 t
o(t — ) = { T
1 t>T7

¢ = (&,&) is the position of the pulse point source, x = (1, x2) is the space

variable, 7 is the time when the pulse point source starts to act.

Figure 5.22: Simulation of the Heat-Diffusion by using Green’s function for 2-D in a
bounded domain.

We can see in the pictures that for 7 = 0, ¢ = 1 and n = 20 we get directly
the same pictures in the Chapter2 (Dirichlet B.C.) for 2-D case.
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5.9.1.4 For 3-D Case

This section deals with modeling and the simulation of Heat-Diffusion equation

by Green’s function. We have the formula for the Green’s function of the form

G — Z 02(9(t . T)e_CQAijk(t—T)‘/;jk(g)wjk(q;)’ (5911)
i’j’kzl
where
0 t <
o(t — ) = { | ’
1 t>T

¢ = (&1,&2,&3) is the position of the pulse point source, x = (xy,z2,x3) is the

space variable, 7 is the time when the pulse point source starts to act. We can

Figure 5.23: Simulation of the Heat-Diffusion by using Green’s function for 3-D in a
bounded domain.

see in the pictures that for 7 = 0, ¢ = 1 and n = 20 we get directly the same
pictures in the Chapter2 (Dirichlet B.C.) for 3-D case.
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5.10 Analysis of the chapter5 study

1. Exact and approximate formulae for the solutions of IBVPs with Dirich-
let boundary condition for the diffusion (heat) equation on a string, in a
rectangle and in a parallelepiped were obtained by using Green’s function
method.

2. These formulae were adjusted to cases when initial data or inhomogeneous
term are the Dirac delta function and Heaviside function with a support in

a point center the bounded domain D.

3. Obtained formulae for generalized solutions of IBVPs for the heat-diffusion
equations were used for modeling and simulations of diffusion processes in

bounded domain D arising from the pulse point sources.

4. Results of diffusion processes simulation are presented by 1-D, 2-D and 3-D

pictures and animated movies.

5. Obtained formulae and results of simulation were analyzed.



CHAPTER SIX
FOURIER TRANSFORM METHOD FOR CONSTRUCTING
GREEN’S FUNCTION OF IVP
FOR HEAT-DIFFUSION OPERATOR

The operator

0 0?
(— — az—) 1s called 1D Heat Dif fusion operator for x € R,
x

<% — a2AJJ) is called 2D Heat Dif fusion operator for x € R?,

0
(a — azAa:) is called 3D Heat Dif fusion operator for x € R3.

6.1 Green’s Function of IVP for 1-D Heat-Diffusion Operator

Definition 6.1.1. A generalized function G(x,t, 1) satisfying

0 5 O B
aG(w,t,r) —a a—xG(x,t, T)=0(z,t—7), z € R, teR, (6.1.1)

G(ZL’, t77—)’t<7' =0 ; (612)

is called the Green’s function of IVP for 1D Heat Diffusion operator. Here 7 is a

parameter from R.

6.1.1 Constructing The Green’s Function G(z,t,7)

Applying the Fourier transform F, with respect to z € R to (6.1.1),(6.1.2) we
find

aé(z/, t,7) + G, t,7) =0(t —7), teR | (6.1.3)

Gv,t,7)ier =0, (6.1.4)
where G(v,t,7) = F,[G(x,t,7)](v), v € R is a parameter of the Fourier transform.

Remark 6.1.1. The following properties of the Fourier transform were used here

Sz, t —7)=0(x)d(t —1),

112
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Fe[o(z,t = 7)|(v) = Fa[6(2)o(t — 7)] = Fa[d(2)]o(t —7) = 6(t —7) ,

FA%G(IJ,T)](V) = (—i)*F[G(z,t,7)](v) = —*G(v,t,7) .

Remark 6.1.2. The function G(v,t,7) satisfying (6.1.8),(6.1.4) is the Green’s
function of IVP for the Ordinary differential equation (% + a2y2). We have stud-

ied the construction of this Green function.
The formula for G(v,t,7) is
Gy, t,7) = 0(t — 7)e V1) (6.1.5)

The formula (6.1.5) was obtained from appendiz(2.2).

G(ilf7 ta T) == F_l[é<l/, t, 7')](1’) = ‘9<t _ T) / e—a2V2(t—7’)6—idey )

v 2 o

Calculating the integral we find

o 0t—1) o [ x?
G(ac,i&,7’)-—2Cl\/m p( —4a2(t—7))' (6.1.6)

Remark 6.1.3. Here we used to the formula from calculus
L[~ 2 2 — 1 ( z? >
— exp (—a“v(t—71))e "dr = ———= exp | ———+—— | .
2 /_Oo P ( ( )) 2a\/m(t — 1) P da?(t —7)

6.1.2 Properties of Green’s Function

Let G(z,t,7) be the Green’s function of IVP for 1D Heat-Diffusion operator then
G(z,t,T) satisfies

0

2
EG(I—f,t,T)—a2a—G(l’—§,t,T> =dz—-&t—71),x€R, z€R, (6.1.7)

0x?

for any parameters ¢ € R and 7 € R.

G(l‘ - Ea t 7—)’t<‘r =0. (618)

Proof. Let T = x — £. According to definition the Green’s function G(Z,t,7)
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satisfies 5 o
JR— r — 2_ r — — —
atG(:c,t,T) a a#G(x,t,T) Mz —¢&t—1), (6.1.9)
G(Z,t,7)] t<r = 0. (6.1.10)

Substituting T = = — £ into (6.1.9), (6.1.10) and using equality

0? 0?
ﬁG(Z’, t, 7')‘ T=z—& — @G(Z’ — f, t, 7')
We find (6.1.7), (6.1.8) from (6.1.9), (6.1.10). O

6.1.3 Applications of Green’s Function

Let G(z,t,7) be Green’s function of IVP for 1D Heat-Diffusion operator; f(z,t)

be continuous function;

=50+

Then the solution of the following IVP

0 02
1) — 0 gl 1) = f(at) 1 >0, (6.1.11)
u(z,0) =0, (6.1.12)

is given by the following formula

u(z,t) = /_00 /_OO Gz — &, t,7)f(& T)dédr . (6.1.13)

Proof. Applying the operators % and 88—; to (6.1.13) we find

—u x,t) / / 815 — &, 7)) f(€, T)dédT , (6.1.14)
(1) / / et )T, ) dedr (6.1.15)
Using (6.1.14), (6.1.15) we have
0 0?
au(x t)—a @u(:ﬁ t)
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2

using (6.1.7) we get

B 82 00 o0 _
au(as t) — a? Wu(x t) = /_ /_ 0z —&t—71)f(& T)dedT

using the property of f(x,y) we get
2

Ol 1) = @ (e ) = T, ) = S,

t), fort>0.

This means that (6.1.11) is proved.

To prove (6.1.12) we will consider (6.1.13) where G(x,t, 7) is defined as (6.1.6).
Substituting (6.1.6) into the equation (6.1.13) we have

o= gue [ R e i e e

then we have

wet) = 5o [ [ Ao {5 e ndear

Then we have for t =0

o5 [ [

The condition (6.1.12) is proved.

exp{ 422(; & >} f(€,7)dedr = 0.
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6.2 Green’s Function of IVP for 2-D Heat-Diffusion Operator

Definition 6.2.1. Let z = (21, 22) € R?, t € R. A generalized function G(z,t,7)
satisfying

%G(m,t,T) —a®’A,G(z,t,7) =6(x)6(t —7), re R% t € R, (6.2.1)

G(l’, taT)’t<‘r =0 5 (622)

is called the Green’s function of IVP for 2D Heat Diffusion operator. Here 7 is a
parameter from R and 6(z) = 0(z1)d(z2) is 2D Dirac delta function concentrated

131:0,.732:0.

6.2.1 Constructing The Green’s Function G(z,t, )

Applying the fourier transform F, with respect to z € R? to (6.2.1),(6.2.2) we
find

%é(y, t,7) + V|G, t,7) =6t —7), t € R, (6.2.3)

G, t,7)|ier =0, (6.2.4)

where G(1,t,7) = F,[G(z,t,7)](v), v € R? is a parameter of the fourier trans-

form.

Remark 6.2.1. The following properties of the Fourier transform were used here
Sz, t —7) =0(x1)d(z2)0(t — 7)

Fo[o(z,t=7)|(v) = Fp[6(21)0(22)0(t —7)] = Fu[0(x1)] Fp[0(22)]0(t —7) = 6(t—7) ,
FAG(z,t,7)|(v) = (—itn)* + (—ivn) F[G(z, t, 7)](v) = — (V7 + Vg)é(u,t, T) .
And v = (1n,1n) € R, v? = vi + 13 and F,[0(21)]|(v) = Fu[0(x9)](v) = 1.

Remark 6.2.2. The function G(v,t,7) satisfying (6.2.3),(6.2.4) is the Green’s
function of IVP for the Ordinary differential equation (% +a2|u|2). We have

studied the construction of this Green function.

The formula for G(v,t,7) is

G, t,7) =0t — 7)e @ MFE=) (6.2.5)
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The formula (6.2.5) was obtained from appendiz(2.2).

~ 0t — IO e 21,2 ;
G(x,t,T) _ Fy_l[G(l/, ¢ 7)}(33) _ ((27);-> / / e vl (t—T)e—z(V1x1+V2:c2)dyld,/2

or equivalently

I N
Gz, t,7) = NI p( )) : (6.2.6)

Here |z|* = 23 + 23 and |v|* = v} + 13.
Remark 6.2.3. Here we used to the formula from calculus

1 [ ,
o | [ e (el =) e,

1 2
= exp (——2|I| ) .
(2ar/m(t — 7))? 4a?(t — 1)
6.2.2 Properties of Green’s Function

Let G(z,t,7) be the Green’s function of IVP for 2D Heat-Diffusion operator then
G(z,t, ) satisfies

0

aG(m —&4,7) —a?AG(r — &t 1) =0(r — &t —T), (6.2.7)

G(l‘ - ga t, 7—>|t<7' =0. (628)

where © — § = (x1 — &, 22 — &) € R?

Proof. Let T = x — £. According to definition the Green’s function G(Z,t, 1)

satisfies p
EG(E, t,7) — a’AG(7,t,7) =6(x — &t —T), (6.2.9)

G@ 4, 7)|1er = 0. (6.2.10)
Substituting 7 = x — £ into (6.2.9), (6.2.10) and using equality

0* 0?
ﬁG(ﬂ?atJ)\ T=z—t = @G(SL’ —&,t,7)

We find (6.2.7), (6.2.8) from (6.2.9), (6.2.10). O



6.2.3 Applications of Green’s Function
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Let G(z,t,7) be Green’s function of IVP for 2D Heat-Diffusion operator; f(x,t)

be continuous function, x = (z,x) € R?;

R

then the solution of the following IVP

%u(w,t) —a?Agu(z,t) = f(a,t) ,t >0,
u(z,0) =0,

is given by the following formula

u(z,t) /// — &t 1) f(E,T)dEdT .

Proof. Applying the operators - and A, to (6.2.13) we find

9 et / / / (Gl — &, 7)) T, T)dedr
—u:ﬂt / / / et )€, )dedr

Using (6.2.14), (6.2.15) we have

9 2
— — a2A
zfu(as, t) —a"Ayu(x,t)

(6.2.11)

(6.2.12)

(6.2.13)

(6.2.14)

(6.2.15)

///{875 —&t,7) = a*AG(x £,t,7)}7(§,7)d§d7,

using (6.2.7) we get

%u(m,t) —a®Agu(z,t) = /OO /OO /00 S(x — &t —7)f(&,7)dédr

using the property of f(z,y) we get

0
ot

—u(x,t) — a*Agu(z,t) = f(z,t) = f(zx,t), fort > 0.
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Where d§ = d&ydés, A, = ;—;%—;—;. This means that (6.2.11) is proved. To prove
(6.2.12) we will consider (6.2.13) where G(x,t,7) is defined as (6.2.6). Substitut-
ing (6.2.6) into the equation (6.2.13) we have

flx,t) =0 ., 7<0
Ot—71)=0 t<rT

then we have

o0 =g | [ 7

Then we have for t =0

u(zx,0) = 2a\/_ // / - exp{ 4' <;§|2)}f(§,7)d§ch:o.

Where |z — £ = (21 — &)? + (25 — &)? and d€ = d€;dé,. The condition (6.1.12)
is proved. O

= exp {—%} f(&, m)dédr
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6.3 Green’s Function of IVP for 3-D Heat-Diffusion Operator

Definition 6.3.1. Let z = (71, 29,23) € R® t € R. A generalized function
G(z,t, T) satisfying

%G(l’,tﬂ') —a®’A,G(z,t,7) =6(x)6(t —7), r€R3 t € R, (6.3.1)

G(I, t77)|t<7' =0 5 (632)

is called the Green’s function of IVP for 3D Heat Diffusion operator. Here 7
is a parameter from R and 0(z) = §(z1)0(z2)0(x3) is 3D Dirac delta function

concentrated x1 =0, xo =0, 3 = 0.

6.3.1 Constructing The Green’s Function G(x,t,7)

Applying the fourier transform F, with respect to x € R3 to (6.3.1),(6.3.2) we
find

%é(y, t,7) + WG, t,7) =6t —1), t € R, (6.3.3)
G, t,7)|eer =0, (6.3.4)

where G(v,t,7) = F,|G(z,t,7)](v), v € R?® is a parameter of the fourier trans-

form.

Remark 6.3.1. The following properties of the Fourier transform were used here
Oz, t —7) =0(x1)0(x2)0(23)0(t — 7)

Fyd(z,t = 7)](v) = Fu[0(21)d(22)0(25)d(t — 7))
= I [0(20)] Fa[0(22)| Fu[0(23)])0(t — 7) = o(t — 7)
Fu[AGa, t,7))(v) = (—irn)? + (—ivn)? + (—ivs) 2 F[G(x, 1, 7)] ()
= — (2 + 2+ )G t,7) .

And v = (11,0, v3) € R3, v? = v + 13 + v and F,[0(x1)](v) = F.[0(x0)](v) =
F.[6(x3)|(v) = 1.

Remark 6.3.2. The function G(v,t,7) satisfying (6.3.3),(6.3.4) is the Green’s
function of IVP for the Ordinary differential equation (% —{—a2|u|2). We have
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studied the construction of this Green function.

The formula for G(v,t,7) is

Gv,t,7) = 0(t — 7)e @ MPE=) (6.3.5)

The formula (6.3.5) was obtained from appendiz(2.2).

G(z,t,7) = F, ' [G(v,t,7)](x)

v

N (<27T);-) /_oo /—oo /—oo 6_a2‘V|2(t_T)e_l(ylml+V2m2+ysxg)dyldy2dy3 )

or equivalently

Ot —T)

jzf?
(2a/7(t —7))3/2 exp <_m) : (6.3.6)

Here |x|* = 22 + 25 + 25 and |v|* = v¥ + V3 + 3.

G(x,t,T) =

Remark 6.3.3. Here we used to the formula from calculus

1 (e, o0 o] )
(2m)3 /—oo /_oo /_oo exp (—a®|v*(t — 7)) e imtvarates2) du, dyy dus

1 2
= exp <—2’$—|> .
(2ar/7(t — 7))3/2 da?(t — 1)
6.3.2 Properties of Green’s Function

Let G(z,t,7) be the Green’s function of IVP for 3D Heat-Diffusion operator then
G(x,t,7) satisfies

0

aG(x —&64,7) — aPAG(r — &t T) =0(n — &t — 7)), (6.3.7)

G(l’ - 57 tv 7—)|t<7' =0. (638)

where z — £ = (21 — &1, 22 — &, 73 — &3) € R?

Proof. Let T = x — £. According to definition the Green’s function G(Z,t,7)
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satisfies

0

SCET) = A, G(F 4,7) = 3w — &t = 7). (6.3.9)

G, t,7) 1er = 0. (6.3.10)

Substituting T = = — £ into (6.3.9), (6.3.10) and using equality

0? 0?
ﬁG(Z’, t, 7')‘ T=z—& — @G(Z’ — f, t, 7')
We find (6.3.7), (6.3.8) from (6.3.9), (6.3.10). O

6.3.3 Applications of Green’s Function

Let G(z,t,7) be Green’s function of IVP for 3D Heat-Diffusion operator; f(z,t)

be continuous function, r = (zy, T, x3) € R3;

_ ] fet)y . t>0
f(l’,t)—{ 0 7 t<0

then the solution of the following IVP
0 2
au(x,t) —a“Ayu(z,t) = f(x,t) ,t >0, (6.3.11)

u(z,0) =0, (6.3.12)

is given by the following formula

u(w,t) :/Z /Z /Z /ZG(x—g,t,T)T(g,T)dng. (6.3.13)

Proof. Applying the operators and A, to (6.3.13) we find

_”“ ////8t —&tm)fET)dédr,  (6.3.14)
8:102 ule 1) //// — &) T)dedr . (6.3.15)

Using (6.3.14), (6.3.15) we have

9 2
au(:p,t) —a“Ayu(z,t)
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L {Getecan-este-canl s

using (6.3.7) we get

%u(w, £) — a®Au(z,t) = / Z / O; / Z / Z 5w — &t —7)F(€, 7)dedr

using the property of f(z,y) we get

%u(w t) —a*Agu(z,t) = f(z,t) = f(x,t), fort > 0.

Where d€ = d§,d&dés, A, = 25 + 25 + 2, This means that (6.3.11) is proved.
1 2 3

To prove (6.3.12) we will consider (6.3.13) where G(z,t,7) is defined as (6.3.6).

Substituting (6.3.6) into the equation (6.3.13) we have

et s | e e

flx,t) =0 , 17<0

then we have

e = g [ | e i Sy e e

Then we have for t =0
u(z,0)=0.

Where [z — £* = (21 — &)* + (22 — &)* + (23 — &) and d§ = d&id&>dg;. The
condition (6.1.12) is proved. O
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6.4 Examples of simulations of IVP for Heat-Diffusion equation

This section contains some examples of modeling and simulations of heat-diffusion
equation in 1-D; 2-D and 3-D IVPs. Solutions will be simulated by using mathe-
matical tools. We have an unbounded domain and we took a pulse point source

described by the Dirac delta function.

6.4.1 1-D Heat-Diffusion equation

In this case we have a string on [—3, 3]

Example 6.4.1. Let us consider the problem (6.1.11)-(6.1.12). Where f(z,t) is
given by
[, 1) = o(x)o(t) ,

and 0(z) is the Dirac delta function. Using formula for f(x,t) and the properties
of the Dirac delta function the solution of the problem (6.1.11)-(6.1.12) can be
found by the following formula

() = ﬁ/{)t /: tl_TeXp{—él(;;(;—E)j_)}(S(f)(S(T)dde, (6.4.1)

and substitutions gives that

Equation (6.4.2) is the special solution of the problem (6.1.11)-(6.1.12).

u(z,t) = (6.4.2)

For the given data of Example 6.4.1, we used Mathematica codes for finding

simulations.
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6.4.1.1 Simulations of 1-D Heal-Diffusion equation (IVP)

Using the formula (6.4.2) and Mathematica codes we simulated the diffusion
processes from the pulse point source which is located in the center of the domain
D. The simulations for different times shown in figures below. And the speed of

the propagation was taken as a = 0.25

(g) t =36.0 (h) t =50.0

Figure 6.24: Example 6.4.1: IVP for 1-D heat-diffusion equation .

We can see in the pictures that in the first picture we have a big pick, and
the other pictures shows us this source propagates everywhere. If the domain is
bounded we have some reflections (we did it in Chapters 2,3,4) but in this case

there is no reflection.
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6.4.2 2-D Heat-Diffusion equation

In this case we have a string on [—10, 10] x [—10, 10]

Example 6.4.2. Let us consider the problem (6.2.11)-(6.2.12). Where f(z1, x2,t)
is given by

f(x1,w9,t) = 0(21)d(22)6(2)

and 6(-) is the Dirac delta function. Using formula for f(zq,x2,t) and the prop-
erties of the Dirac delta function the solution of the problem (6.2.11)-(6.2.12) can
be found by the following formula

2a\/_// / V— { 4527(;5'27)} O(&)o(r)dgdr
(6.4.3)

where [z — f|2 = (21 — 51)2 + (12 — 52)2, 6(€) = 0(£1)0(&2) and d§ = d&idés

substitutions gives that

u(xy, xg, t) =

1 x5 + a3
l) = ———F—— —— . 4.4
wlws, @2, 1) da’m(t — 1) P { 4a?(t — 1) (644)

Equation (6.4.4) is the special solution of the problem (6.2.11)-(6.2.12).

For the given data of Example 6.4.2, we used Mathematica codes for finding

simulations.
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6.4.2.1 Simulations of 2-D Heat-Diffusion equation (IVP)

Using the formula (6.4.4) and Mathematica codes we simulated the diffusion
processes from the pulse point source which is located in the center of the domain
D. The simulations for different times shown in figures below. And the speed of

the propagation was taken as a =1

Figure 6.25: Example 6.4.2: IVP for 2-D heat-diffusion equation .

We can see in the pictures that in the first picture we have a big pick, and
the other pictures shows us this source propagates everywhere. If the domain is
bounded we have some reflections (we did it in Chapters 2,3,4) but in this case

there is no reflection.
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6.4.3 3-D Heat-Diffusion equation

In this case we have a string on [—10, 10] x [-10, 10] x [-10, 10]

Example 6.4.3. Let us consider the problem (6.3.11)-(6.3.12). Where f(x1, 22, x3,1)
is given by
f([El, To, T3, t) = (5(1]1)5(172)5([E3)5(t) s

and 6(-) is the Dirac delta function. Using formula for f(zq,x2,2s,t) and the
properties of the Dirac delta function the solution of the problem (6.3.11)-(6.3.12)

can be found by the following formula

e [T s s

(6.4.5)

where [z — £” = (21 — &)% + (22 — &)% + (233 — &)°, 0() = 0(£1)0(€2)d(&3) and
d€ = d&1d&xdEs substitutions gives that

U(I'l, T2, T3, t

1 T2+ 23 + 23
t) = —_ . 6.4.6
U(I’l,l‘%x& ) <2am>3/2 GXp{ 4&2(t—7') ( )

Equation (6.4.6) is the special solution of the problem (6.3.11)-(6.3.12).

For the given data of Example 6.4.3, we used Mathematica codes for finding

simulations.
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6.4.3.1 Simulations of 3-D Heat-Diffusion equation (IVP)

Using the formula (6.4.6) and Mathematica codes we simulated the diffusion
processes from the pulse point source which is located in the center of the domain
D. The simulations for different times shown in figures below. And the speed of

the propagation was taken as a =1

(g) t =18.0 (h) t = 25.0

Figure 6.26: Example 6.4.2: IVP for 2-D heat-diffusion equation .

We can see in the pictures that in the first picture we have a big pick, and
the other pictures shows us this source propagates everywhere. If the domain is
bounded we have some reflections (we did it in Chapters 2,3,4) but in this case

there is no reflection.
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6.5 Analysis of the chapter6 study

1. By using Green’s function method the exact solutions of the [VPs are found.

2. These formulae were adjusted to cases when inhomogeneous term is the

Dirac delta function with a support in a point center the bounded domain

D.

3. Obtained formulae for generalized solutions of IVPs for the heat-diffusion
equation were used for modeling and simulations of diffusion processes in

unbounded domain arising from the pulse point sources.

4. Results of diffusion processes simulation are presented by 1-D, 2-D and 3-D

pictures and animated movies.

5. Obtained formulae and results of simulation were analyzed.



CHAPTER SEVEN
ELECTRIC FIELD IN DIFFUSION APPROXIMATION

In this section diffusion processes for electric fields will be studied. Using the
symbolic and algebraic computations in MATLAB a new method of constructing
the exact solution of the initial value problem is obtained. The formulaes will be

generated and using these formulaes simulations will be found.

7.1 Definitions of the IVP for systems

By using the articles (Weiss & Newman (2003)), (V.G.Yakhno & T.M.Yakhno
& Kasap (2006)) we can define the following IVP for diffusion processes. Let
0 = (0ij)3x3 1s a symmetric positive definite matrix with constant elements, o

and j be given and j = (ji, jo2,j3) is defined as the density of electric current.
Here E = (Eq, E5, E3) be the electric fields.

Consider the following IVP :

E .
curlycurl, E + 08_ = O]

- 3 teR 1.1
at at ,l’ E R b 6 ) (7 )

E[,_,=0. (7.1.2)

For finding the solution of IVP system we will apply some steps which were

written in the next section.

7.2 Finding the exact solution of (7.1.1) and (7.1.2)

Let ]:j(u, t), 3(1/, t) be the Fourier transform images of the electric fields E(z,1)

and current j(z,t) with respect to x = (x1, 19, 73) € R3 i.e

E(v,t) = F.[El(v,t) , j(v,t) = Flil(v, 1),

where

FE|(v, 1) = / / / E(z, ) e da, dradas
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where v = (v1, 1o, 13), TV = T11 + Tavs + 2303 and % = —1.

Applying Fourier transform to equations (7.1.1), (7.1.2) we get the following

problem
OE ~ 9
— +AWE=—-=_tcR,vreR?, 7.2.1
7ot +AW) ot v ( )
E,_,=0,reR?, (7.2.2)
where
vs +1vi —unry —us
Aw)=| —wnve i+ -y | - (7.2.3)
—vs =y VP U

The method of exact solution contains several steps. In the first step, using
the transfer matrix formalism for given A(r) and the symmetric positive definite
matrix ¢ we can construct a non-singular matrix 7 () and a diagonal matrix

D(v) with non-negative elements such that

T' W) eTWw)=1T, (7.2.4)
T' () A(v) T(v) = D(v) (7.2.5)

where 7 is the identity matrix, 77 (v) is the transposed matrix to 7 (v).

In the second step we are looking for the solution of (7.1.1), (7.1.2) in the form

E(v,t) = TW)Y (1), (7.2.6)

where the matrix 7 (v) is constructed in the first step and a vector function Y (v, t)
is unknown. Substituting (7.2.6) into (7.2.1) and (7.2.2) we find

v :
aTaa—tJrA(y)TY:—%,teR,ueRS, (7.2.7)

Y(v,t)|,.,=0,v€R?, (7.2.8)
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Multiplying (7.2.7) by 77 (v) and using (7.2.4), (7.2.5) we have

v :
aa—t +DW)TY = —TT(I/)% teR,veR?. (7.2.9)

In the third step of the method, using the ordinary differential equations tech-
nique, see, for example, (Boyce & Diprima (1992)), a solution of the initial value
problem (7.2.8), (7.2.9) is given by

Y (v, t) = column(Y1(v,t), Ya(v, 1), Ys(v, 1)) , (7.2.10)

where for ¢t < 0 the function Y, (v, t) vanishes and for ¢ > 0 is defined by

Yo (v,t) = —[T"w)jw,)]n+ dn(v) /0 e DT (W) (v, 7) |ndr
ifd,(v) >0,  (7.2.11)
Y., t) = —[TTW)jw.t)]n if du(v)=0, (7.2.12)

where d,(v), n = 1,2,3 are elements of the matrix D(v); [T7(v)j(v, )], is the

nth component of the vector.

Proof 7.2.1. (Solution of (7.2.7), (7.2.6))) The homogeneous part of the problem

(7.2.7)
Y

—+Dv)Y=0
-+ DW)Y =0,

has the solution of the form
Y(v,t) = Ce Pt

where C is a constant.

Using the variation of parameters technique (writing C' with parameter t) we

can write the solution
Y(v,t) = C(t) e Pt

and the last equation satisfy (7.2.7).

Substitution gives that
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or equivalently

_ 0j
/ D)t _ TT
C'(t)e v,
then we have _
C'(t) = —eD(”)tTT(y)a—j
ot

Integrating the last equation from 0 to t with respect to t we get

o -0 = [ e g Dyar,

Substitution gives that

o]

Y(1,1) = C(0)e PV — / D) (77 () 2 g
0 or
Setting
e PV — oy = D) e PV dr = du |
and ~
T %] T/ \N=
T ( )8—d7':dv = T (v)j=v
T

Now, using integration by parts we have

Y(v,t) = C(O)eD(”)t—{e DO TT (1)) 5

/D 7D(u (t— T)[TT( ) }dT} )

Using (7.2.6) we have
Y(t) = ~{T7W)00)] + D) [ e PO 0) Form) i
and if dy(v) > 0 we have
Yalort) =~ T T+ ) [ eI TT(0) )

if d,(v) =0 we have
Yo t) = =[T"(v) (v, ) ]n

where d,(v), n = 1,2,3 are elements of the matriz D(v); [TT(v)j(v, 7)), is the

nth component of the vector.

Using formulae (7.2.8), (7.2.10)-(7.2.11) and given matrices 7 (v), 77 (v), D(v)
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found in the first step we find the Fourier image of the electric fields E(y, t). In
the last step the electric fields E(z, ) is determined by inverse Fourier transform
Flof B(ut), i

(x t) ‘I[E](I t),

FHE|(z

v

e dydvydus (7.2.13)
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7.3 Matrix formalism and symbolic implementation in MATLAB

Let us consider in details this matrix formalism and its computer implementa-
tion, which simultaneously transfer the symmetric positive definite matrix ¢ and
the matrix A(v) defined by (7.2.3) into the identity matrix and diagonal matrix
with non-negative respectively. This matrix formalism is based on the following
procedures of the matrix theory (Goldberg (1992)): finding o~'/2, constructing
an orthogonal matrix £ of eigenvectors of ¢ =1/24(v)o~/2 and a diagonal matrix

D(v) of eigenvalues of o='/2A(v)o~/2,

7.3.1 Finding o~ '/?

Let us consider a symmetric positive definite matrix o. Matrix Z such that

2 1/2

Z? = ¢ is denoted as ¢'/2. The inverse matrix to ¢*/2? is denoted as o~

o0~1/2 = (¢/2)~1. There are the following properties of o~/2;

, i.e

o125 — 51/2 : (071/2)71 — g1/ :

—-1/2

o~ /? is symmetric positive definite. The procedure of finding & contains the

following operations.

(O1) Find three linear independent eigenvectors of o. From these eigenvectors

form the matrix where each eigenvector is a column. This matrix is denoted

by P

(02) Find three eigenvalues of o. Form the diagonal matrix with these eigenval-
ues on diagonal. Denote this matrix as M i.e M = diag(us, p2, p13), where

i1, po and pg are eigenvalues of o

Remark 7.3.1. Since o is positive definite then all its eigenvalues iy, po and ps

are real and positive.

(03) Calculate the square root of M by the formula

MY = diag(y/1i, \/fiz, /1is) -
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(O4) Find the matrix 0'/2 by the formula ¢'/2 = PMY2P~! where is the matrix
found by (O1), P~lis the inverse to P, M'/? is the matrix defined by (O3).

(O5) Find the matrix 0~'/2 by means of the formula 0='/2 = (¢'/2)7!, where

(01/2)~1 is the inverse to o'/?

MATLAB commands of above mentioned matrix operations are listed below.
INPUT: Eps;
[EigVecSgm,EigValSgm] = eig(Sgm);
P=EigVecSgm;
PT=P’ .;
M=EigValSgm;
Mh=sqrt (M) ;
SqrSgm=P*Mh*PT;
InvSrtSgm=inv(SqrSgm)
OUTPUT: SqrSgm, InvSrtSgm.
Here
Sgm, SqrSgm, InvSrtSgm

1/2
)

are o, /2, o= Y/2 respectively.

7.3.2 Constructing D(v), 7 (v)

Using the procedure described in Section(1.3.1) the matrix o~*/2 is found, if o is
known. As a result of it the matrix o~/2A(v)o~'/? may be found as well. The
procedure of constructing matrices D(v), 7 (v) satisfying (7.2.4) and (7.2.5) for

given o and A(v) consists of the following operations.

(06) Find three linear independent orthonormal eigenvectors of o~ /2A(v)o~1/2.
From these eigenvectors form the matrix where each eigenvector is a column.

Denote this matrix by L.

(O7) Find three eigenvalues of 0~'/2A(v)o~"/2. Form the diagonal matrix with
these eigenvalues on diagonal. Denote this matrix as D(v) i.e D(v) =
diag(di(v),ds(v),ds(v)), where dy(v), dao(v), d3(v) are eigenvalues of
o~ V2A(v)o™1/2,
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Remark 7.3.2. Since 0= V/2A(v)o~1/% is positive semi-definite then all its eigen-

values dy(v), da(v) and d3(v) are real and non-negative.

(O8) Calculate the matrix 7 (v) by the formula

T(v) =0 2L(v).

(09) Find the matrix 77 (v) as transpose to 7 (v).

MATLAB commands of constructing D(v), 7 (v) are listed below.
INPUT: InvSrtSgm , S;
A = simplify(InvSrtSgm*S*xInvSrtSgm) ;
[EigVecA, EigValA] = eig(h);
D = simplify(EigValA);
Q = simplify(EigVecA);
QC:,1) = QC:,1) ./ sqrt(sum (Q(:,1).72));

QC:,2) = Q(:,2) ./ sqrt(sum (Q(:,2).72));
QC:,3) = Q(:,3) ./ sqrt(sum (Q(:,3).72));
T = InvSrtSgm * Q;

transT = T.’;

OUTPUT: D, T, transT.

Here

InvSrtSgm, D, T, transT
are 02 D(v), T (v), TT(v) respectively.
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7.4 Image of the simulation of electric fields by (7.2.13)

We consider now examples of electric fields simulations obtained by the exact
formula (7.2.13) for the solution of initial value problems for the time-dependent
Maxwell’s system with different tensors of dielectric permittivity. For all these

examples the current density j was taken in the form
j(z,t) = e 0(21)8(22)6(x3)0(t) , x = (w1, 79,23) € R? (7.4.1)

where e! = (1,0,0), d(-) is the Dirac delta function. This form of the current
density is related to a directional pulse electric source concentrated at the origin
of coordinates at the time ¢ = 0 in the direction e'. Results of the electric fields
simulation are pictures of the all components of electric fields Ej(z1, 2, x3,1),

Es(x1, 29, x3,1), Eg(x1, 29, 23,1) obtained for z; = 0 for different time.

And applying fourier transform to j with respect to x, we get ] in the form
j=e'(t). (7.4.2)

Remark 7.4.1. For simulations, substituting (7.4.2) into the equations (7.2.11)
and (7.2.12) gives
for d,(v) > 0 we have;

Yo(v,t) = —[T7(v) €'6(t) ]n + du(v) /0 et T () e6(r) udr
or equivalently
Y, (v, t) = =[T"(v) e'3(t) o + du(v) e [T (v) €], ,
and for d,(v) = 0 we have;
Y, (v,t) = —[T7(v) e'5(t) ] .
Using (Barton (1991)) we can write 3(t) as

5(t) = lim SR0/E)

e—0 7t

where € is a given small number and we can substitute §(t) numerically into the

last two equations for finding numerical solutions and simulations.



140

7.5 Examples of simulations for IVP systems

This section contains some examples of simulations for IVP for electric fields.
Solutions will be simulated by using mathematical tools. For different matrix o we

have the different system. And also numerical results were used for simulations.

Example 7.5.1. The matrix o is given by
o = diag(10, 10, 40).

And x = (z1,79,23) € R3 and using numerical representation of Dirac delta
function, 2-D level plots were generated for fixed t and given value for one of the
coordinate, the other two coordinate were plotted in [—10, 10] x [—10, 10] interval.

For the function Eq(x1, 22, x3,t) we have this simulations;

(a)t=0 (b) t =2.0

(c) t=16.0

Figure 7.27: Example 6.4.1: 2D level plots of E1, (a) E1(0, 22, x3,0), (b) E1(0, 22, 23, 2),
(C) E1 (0, xro,x3, 6)
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For the function Es(x1, 29, x3,t) we have the simulations as shown in below;

(c) t=16.0

Figure 7.28: Example 6.4.1: 2D level plots of Eg, (a) E2(0, 22, x3,0), (b) E2(0, z2, 23, 3),
(C) EZ(Oa xr2,T3, 6)
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For the function Eg(x1, 22, x3,t) we have the simulations as shown in below;

¥ ¥

(c) t=6.0

Figure 7.29: Example 6.4.1: 2D level plots of Eg, (a) E3(0, z2,x3,0), (b) E3(0, z2, x3, 3),
(c) E3(0, 29, 23,6).
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7.6 Analysis of the chapter7 study

1. We describe the efficient method for modeling electric fields by system
(7.1.1)-(7.1.2).

2. Exact solution was found by matrix symbolic calculations and the inverse

Fourier transform which is done numerically.
3. Results of electric fields are presented by 3-D pictures and animated movies.

4. Obtained formulae and results of simulation were analyzed.



CHAPTER EIGHT
CONCLUSION

The main result of this thesis are the following;

e Explicit formulae for solutions of initial boundary value problems with the

Dirichlet, Neumann and Mixed boundary conditions were obtained.

e Explicit formulae for solutions of initial boundary value problems with the
Dirichlet boundary condition were obtained by using generalized Green’s

function method.

e Explicit formulae for solutions of initial value problems with unbounded
domain were obtained by using Fourier transform method for constructing

Green’s function.

e Explicit formulae for electric fields were obtained by using Fourier transform

and matrix formalism.

e Obtained formulae were adjusted for the case of pulse point sources de-

scribed by the Dirac delta function.

e using obtained formulae, 'Mathematicab” and '"MATLABG.5’ the simulations

of diffusion phenomena were obtained.

e Results of simulations were presented by 1-D,; 2-D and 3-D pictures and

animated movies.

e Analysis of obtained formulas and results of simulations were described.
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Appendix A

STURM-LIOUVILLE PROBLEMS (SLP)

This part of the Appendix contains the solutions of the Sturm-Liouville prob-
lems (SLP) for an ordinary differential equations with different boundary condi-

tions.

A.1 SLP with Dirichlet Boundary Condition

Consider the following SLP
y'(x)+My(x) =0, =x€(0,0), (A.1.1)

y(0) =y(0) =0, (A.1.2)

where £ is a given positive number, A\ is a parameter.

For finding the solution of the SLP we have three cases for the parameter \.

A<0 (Casel), A=0 (Case2), A>0 (Case3).

1. Casel For A\ < 0 we have a general solution for (A.1.1) as in the form

y(z) = Cyexp(—v—=Xz) + Cyexp(v=Az) . (A.1.3)

147
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Substituting (A.1.3) to (A.1.1) we get :
y(O)ch—i-OQ:O,

y(0) = Cyexp(—V—=M) + Cyexp(v/ =) =0 .

This system has trivial solution, C} = C5 = 0, so we conclude for A < 0

there is no eigenvalues and eigenfunctions.

. Case2 For A = 0 we have a general solution for (A.1.1) as in the form
y(x) =Cix+Cy . (A.1.4)
Substituting (A.1.4) to (A.1.1) we get :
y(0)=Ci04+C,=0 = (Cy,=0,
and using the last equation we have
y)=Ct=0 = =0,

since ¢ # 0. This implies that for A = 0 we have zero solution, so we

conclude for A = 0 there is no eigenvalues and eigenfunctions.

. Cased For A > 0 we have a general solution for (A.1.1) as in the form
y(z) = Cy cos(VAz) + Cysin(vVAz) . (A.1.5)
Substituting (A.1.5) to (A.1.1) we get :
y(0) = Cy cos(VA0) + Cosin(vA0) =0 = C; =0,
and using the last equation we have
y(0) = Cysin(vVA0) =0,

for finding a solution we may select C, # 0 and this implies that sin(v/\¢) =
0 and VM = kr for k =1,2,... that is

kr\°
k ( / > ) ) 4y
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So we have eigenvalues A and corresponding eigenvectors yi(x) = Cy sin(yv/\g2)
for £k = 1,2,.... We can normalize this orthogonal functions by choosing
Cr=4/2.

4. Conclusion: Generally the eigenvalue-eigenfunction problem (A.1.1), (A.1.2)

has the solution

k 2 .
Ak = (%)2 k(@) = \/;Sln(\/Akw) L k=1,2, ...

where )y are eigenvalues and yy(x) are eigenvectors corresponding to them.

A.2 SLP with Neumann Boundary Condition

Consider the following SLP

y'(x)+My(x) =0, x€(0,0), (A.2.1)

y'(0)=y'(6) =0, (A.2.2)

where ¢ is a given positive number, ) is a parameter.

For finding the solution of the SLP we have three cases for the parameter \.

A<0 (Casel), A=0 (Case2), A>0 (Case3).

1. Casel For A < 0 we have a general solution for (A.2.1) as in the form
y(z) = Cy exp(—v—Xx) + Cyexp(vV—Az) , (A.2.3)
and
y'(2) = C1(—V—=N) exp(—V=Xz) + Cy(vV—N) exp(v—Az) . (A.2.4)
Substituting (A.2.4) to (A.2.1) we get :
y(0) = (C1 =) =0,

Yy (0) = Cyexp(—v—=M) — Coexp(v/ =) = 0.
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This system has trivial solution, C| = C5 = 0, so we conclude for A < 0

there is no eigenvalues and eigenfunctions.

. Case2 For A = 0 we have a general solution for (A.2.1) as in the form
y(r) = Ciz + Cy . (A.2.5)
Substituting (A.2.5) to (A.2.1) we get :
y'(0)=C1 =0,
and using the last equation we have
vy =Cit=0 = ¢, =0,

since ¢ # 0. This implies that for A = 0 we have a solution if we choose
Cy # 0. So we have y(z) = Cy. So we conclude A = 0 is an eigenvalue and

y(x) = Cy is corresponding eigenfunctions to A =0 .

. Case3 For A > 0 we have a general solution for (A.2.1) as in the form
y(z) = Cy cos(VAz) + Cosin(VAz) | (A.2.6)

y(z) = —VACy sin(VAz) + VAC, cos(VAz) | (A.2.7)

Substituting (A.2.7) to (A.2.1) we get :
y'(0) = —VAC; sin(VA0) + VACy cos(VA0) =0 = =0,
and using the last equation we have
y'(0) = =V ACysin(VA) =0,

for finding a solution we may select Cy # 0 and this implies that sin(v/Al) =
0 and VA = kr for k = 1,2, ... that is

Er\ 2
)\k: <7> y k':172,

So we have eigenvalues A and corresponding eigenvectors yi(z) = C4 cos(v/ A\x2)
for k = 1,2,.... We can normalize this orthogonal functions by choosing

(JF\/%.
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4. Conclusion: Generally the eigenvalue-eigenfunction problem (A.2.1), (A.2.2)

has the solution

k2 2

where )y are eigenvalues and yy(x) are eigenvectors corresponding to them.

A.3 SLP with Mixed Boundary Condition

Consider the following SLP

y'(x) + My(z) =0, =z €(0,0), (A.3.1)
y'(0) —ay(0) =0, (A.3.2)
y'(6) —ay(l) =0, (A.3.3)

where £ is a given positive number, A\ is a parameter.

For finding the solution of the SLP we have three cases for the parameter \.

A<0 (Casel), A=0( Case2), A>0 (Case3).

1. Casel For A < 0 we have a general solution for (A.3.1) as in the form
y(z) = Cyexp(—vV—Az) + Crexp(V—Az) ,

Set —\ = ¥2. Then;
y(l’) = 016_1% + 0261% 3 (A34)

y(z) = —C19e™"" + Cylle’™ . (A.3.5)

Substituting (A.3.4), (A.3.5) into (A.3.2), (A.3.3) we get;
y'(0) — ay(0) = —C1d + Oy — a(C1 + C2) = 0,

Y (0) + ay(l) = —Cyde™ + Cyde’ 4 a(Cre ™" + Che’™) = 0.



We need to solve this system for C, Ci:
—0119 + 0219 - 04(01 + 02) =0 s

—Clﬁeiﬁz + 021961% -+ Oé(Cleiﬁe + C’ge‘%) =0.

Or equivalently:
Ci(=0—a)+ Cy( —a) =0,

C1 (=0 + a)e ™ + Co(9 +a)e? = 0.
To find a non-zero solution we must have;

(=0—-a)  (V-0q)

(=9 4+ a)e™ (¥ + a)e?

(=9 — a)(¥ + a)e’ — (9 — a) (=9 + a)e ™ =0
—(W+a)e’ + (W —a) e =0,
(0 + a)?e” = (9 — a)’e™
(Y + @) _ 20t
(¥ — «)? ’
‘ (¥ + )
(VY —a)

—v
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But the last equation is true for ¥ = 0. And this implies that A = 0. That

is for A < 0 we have no eigenvalues and correspondingly no eigenfunctions.

2. Case2 For A\ = 0 we have a general solution for (A.3.1) as in the form

y(ZL’) = C’lx —+ CQ s

and
y(r)=Ch .

Substitution gives that;

y'(0) —ay(0) =C1 —alCy =0,

Y () +ay(l) = Cr + a(Cil +Cs) = 0.

So we need to solve:
Cl — OCCQ =0 s
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Ci+a(Cil+Cy) =0.
But we have the following non-zero determinant

1 —Q

=a+(a+a*)=al2+al)#0.
l+a «

Since o > 0 and ¢ > 0. We conclude that A = 0 is not eigenvalue and there

is no eigenfunction for A\ = 0.

. Case3 For A > 0 we have a general solution for (A.3.1) as in the form
y(z) = Cy cos(VAz) + Cosin(VAx) |
Set —\ = ¥2. Then;
y(x) = Cy cos(Vz) + Cysin(dx) |

y'(x) = —C19sin(dz) + Cov) cos(Vz) .

Substituting these into (A.3.1), (A.3.2) we will find:
y'(0) = ay(0) = Co —aCy =0,

y'(0)+ay(l) = —C10 sin(9) + Ca cos(9) +a(C cos(9) +Cosin(¥f)) =0 .
Hence we need to find:

—o U

=0.
—0sin(¥) + acos(¥l) I cos(Vl) 4+ asin()

So,
—a(V cos(¥0) 4+ asin(l)) — I(—Isin(V) + acos(¥)) =0,

—at) cos(W) — a?sin(9) + 97 sin(I¢) — dacos(V€) =0,
—2a) cos(V0) + (92 — a?)sin(¥f) = 0 .
Hence after rearranging we have;

cos(¥l) (9% —a?)

sin(¥f) 209
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1
cot() = 5 (g — %) ,

The last equation implies that there are infinitely many 9, £k = 1,2,...
which satisfies the equation. So correspondingly there are infinitely many

eigenvalues of the problem for A > 0. Since, it was A = 9¥2. So we have

eigenfunctions

yr(x) = C} cos(Vgx) + Cysin(Vyx) .
Choose 9

Clz_kck, CQZCk.
«

We get

yr(x) = % cos(Vyx) + Cy sin(Vyx)

Uy, .
=C} - cos(Vgz) + sin(dyx)
= Cysin(Ipz + ¢x) ,

where o

Y = arctan (Ek) , k=1,2,..

. Conclusion: We have eigenfunctions
yp(x) = Crsin(Vgr +¢r), k=12, ..
and correspondingly the eigenvalues \y = 97, where U5, k = 1,2,... are a

1 /9 o

and C}, is chosen as follows

solutions of

¢ ¢ ¢
/ yi(r)dr = / CZsin® (U + pp)dr = C,f/ sin® (Vg + op)dz =1 .
0 0 0
Hence
1
(fog sin? (U + p)dx) /2

¢ £1 — cos2(¥
/ sin? (D + pp)da — / cos (2 KT+ %k)dx
0 0

l

Cr =

So

¢ _ sin 2(?9k.1' -+ gpk)
. 40y

x
2

0
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¢ sin2(lx + ¢y) N sin 20y,

2 49, 49,
200, — sin2(0x + ) + sin 20,
N 49,

Hence

49,

C \/2€0k —sin 2(4x + ) + sin 20, T




Appendix B

B.1 Definitions of Dirac Delta Function

A generalized function ¢(z — z°) defined by
| st (s = e

for any continuous function ¢(z°) is called the Dirac delta function concentrated
at x = 2¥. Here z € R! and 2° € R! is a parameter.

Let # = (21, 29,...,2,), 2° = (2%, 29,...,2%) then the Dirac delta function
§(x —2%) = §(xy — 2Y) ... 8(x, — 2°) defined by

for any ¢(z) = (29,29, ...,2%) continuous function of ¥, z9,..., %

rn

variables.

B.1.1 Properties Of The Dirac Delta Function

1. Let z € R, 2° € R, 6(z) be the Heaviside (step) function, which is defined

by
1, >0
bla) = { 0, <0
then ;
- [0(@)) = b(a)
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2. Let f(z) € C*(x > 2°) N C*(x < 2°). Then a generalized derivative L f is
defined by

L@ = @)+ [Flomss 6z — %)

where {f'(x)} is the classical derivative at all points where this derivative

exists.

Remark B.1.1. {f'(z)} is not defined at x = 2°

[flazao = f(2° +0) = f(2a* = 0)  (Jump)

Remark B.1.2. Let 0(x — 2°) be Heaviside function

%[Q(x —2%)] = {0} + 1.5(x — 2°)
or equivalently we have

d 0] 0
b — ")) = 3z — a")

where
1, >2°

H(x—xo):{ 0, z<a°

definition of derivative for any function such that f(x);

i 1@) = (@)

T—a r—a

s not defined,

0 > 0
9($_x0):{ 0 i<i0

for x = 2°, {0(x — 2%)} is not defined
3. Let x = (1,79, ...,2,) € R®, (29,29, ...,2%) € R™ then

f@)d(z —a%) = f(2")d(x — 2°)



Appendix C

C.1 1D Fourier Transform And Its Properties

Let Cg° be a class of infinitely differentiable functions which are equal to zero
outside of interval [—A, A] (for each function, A is different).

Definition C.1.1. The transform F, defined by

Fulel(v) =/ p(r)e™ dr (C.1.1)
is called the Fourier transform with respect to x variable; v is a parameter of
Fourier transform; @(v) = F,[¢](v) is the image of Fourier transform; i* = —1,
veR.

This is 1 — D Fourier transform.

PROPERTIES :

& 50) = L Rlp@)w) = Bl e@)]v)

Proof: Substituting (C.1.1) into the property(1) we have

0 = o Rlp@)) = el [ ea)e

dy™ dy™ Cdvmt)

— [ ale@eids = [ pta) ol

o dv™ oo dym™
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~ [ ey = Bl el@)w)

—0o0

Property(1) is proved.

dam

Proof: Using (C.1.1) we have

| )] 0) = (il

OOdm

P | o) 00 = [~ et

dzm oo dx™

By using integration by parts we get

dmil wx |00 > dmil d wx
dxm—le —oo_/_ W@(I') [%(6 )] dx

o0

or equivalently
. - dmil W
(—w) /_OO W@(m)e dx

Applying integration by parts m — 1 times we get

| @) 0) = [ pta)etis = i Elaw).

Property(2) is proved.

. Let
u*mwra[ F(€)glx — €)de

be the convolution of f and g.
Then

E(f *9)w)] = Ef(@)](v) - Fulg(2))(v) = f(r)g(v) Vf.g € CF

0

Fylo(z —a")](v) = e,

in particular if 2° = 0 then

F.[6(x)](v)=1.



160

5. Let the operator F, ! is defined by
—1 1 > —ivT
FoW) = o [ dv)e™ dv

for any 1 () € C° for which the integral [*_ |4 (v)|dv exists.
Then
F Rl ()](z) = ¢(z), Y o(z) € CF .

Definition C.1.2. The operator F, ! is called the inverse Fourier transform

operator.
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C.2 2D Fourier Transform And Its Properties

Let C{° be a class of infinitely differentiable functions depending on xy, xy vari-

ables which are equal to zero outside 2% + z3 < A%

Definition C.2.1. The transform of the form
Gv) = Folo(a)](v) = / / oz)edz | (C.2.1)

where dr = dzydzy and v = v121 4+ 1529, for any p(z) € CJP is called the Fourier
transform with respect to = (z1,72) € R? v = (11,1») € R? is a parameter,

P(v) = Fy[o(x)](v) is the image of Fourier transform; 1> = —1, v € R2.

This is 2D Fourier transform.

PROPERTIES :

dm1+m2 _ dm1+m2
W@(”b”ﬂ = WFm,zz [¢($17x2)](V17 V2)
1 2 1 2

= Fy iy [(11)™ (i22) ™ (21, 22)] (11, 12)

dm +ma

Fo |l ———
dx|" dxy™? 7

($17$2)} (11, 19) = (=)' (= i)y Fay 2y [(21, T2) | (11, 1)

3. Let
(f % g) (1, 72) = / / F(E)glar — 1,0 — E2)dErdes

be the convolution of f and g.
Then

Foyao[(f x 9) (1, 12)] = Foy oo [f (21, 22) | (1, v2) Fay o [9(21, T2) | (11, 1)

= f(v1,12)9(v1, %)

for all f,g € CJ° .

Fx17ﬂc2 [5(1‘1 — $(1))5(:132 — ng)](y) - ein(l)eiugxg ’
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in particular if 29 = 2§ = 0 then
Foy 2, [0(21)0 ()| (w1, 1) = 1.
. Let the operator F ! is defined by

1 [e.o] [e.o] )
Fluonm)@) = o [ vt v,

for any (v, 15) € CP
Then

E o wolel(v1,12)] (1, 32) = (a1, 22) , V¥ (31, 22) € CFF .

Definition C.2.2. The operator F,, ! is called the inverse Fourier trans-

V2

form operator.



Appendix D

D.1 Green’s function of IVP for the Operator (% + a2)

Definition D.1.1. A generalized function G(¢,7) is called Green’s function of
IVP for (4 +a?) if

%G(t,7)+a2G(t,7) =0(t—71),teR, (D.1.1)

G(t,7)|t<-r =0. (D.1.2)
Here 7 is a parameter, 7 € R.

Lemma D.1.1. let 0(t) be the Heaviside function; Z(t,T) be a solution of

d
%Z@,T) +a®Z(t,7) =0, t>T, (D.1.3)

Z(r,T)=1. (D.1.4)
Then G(t,7) = 0(t — T)Z(t,7) is the Green’s function for (% + a?).

Proof D.1.1. Let 0(t — ) be the Heaviside function; Z(t,T) be a solution of
(D.2.3),(D.2.4)
G(t,7)=0(t —1)Z(t,T) . (D.1.5)

Applying operators % and % + a® we find

d d
ZGT) =2 {6t —7)Z(t,7)}
d d
= —(0(t = T)Z(t,7) + 0(t — 7)—(Z(t,7))

163
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by using the property(1) we get
d
=0(t—71)Z(t, )+ 0(t — T)%(Z(t, 7)),
by using property(3) we have

= Z(1,7)8(t — T) + 0(t — 7)%(2@, 7))

using eqn(D.2.4) we get

d d
TGt ) =0(t—7) +0(t — 1) (Z(t,7)) .

Using the last relation we find

d 2 _ d 2
EG(lt, T)+a G(t,7) =0(t —7) + 0(t — T)E(Z(t, 7)) + a“0(t — 7)Z(t, T)

=6(t—7)+0(t—7) {%(Z(t, 7)) + a®Z(t, 7’)} =0(t—1)

And also by using the definition of Heaviside function we can say that
G(t,T)|t<r ={0(t — T)Z(t,T)} |t<r = 0.

Therefore G(t,T) is the Green’s function of IVP for the operator (4 + a?).

Lemma D.1.2. The solution of (D.2.3), (D.2.4) is given by
Z(t, 1) =e @t t> 1 (D.1.6)
Proof D.1.2. A generalized solution of (D.2.3) is given by
Z(t,7) = cre= ) (D.1.7)
¢y 1s an arbitrary constant, substituting (D.1.7) into (D.2.4) we find
Z(r,7)=1 = e =1 = e @O =1 = ¢ =1.

Hence Z(t,7) = e =7) satisfies (D.2.3),(D.2.4).

Corollary D.1.3. The Green’s function of IVP for (4 + a?) is given by

Gt,7)=0(t—7)e "D teR, TeR,
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where O(t) is the Heaviside function.

Lemma D.1.4. Let G(t,7) be the Green’s function of IVP for (% +a?); f(t) be

an arbitrary continuous function.

Then -
= / G(t,7)f(r)dr (D.1.8)
s a solution of the following IVP
i y(t) +a*y(t) = f(t), t >0, (D.1.9)
y(0) =0, (D.1.10)
here
=} fe)y . t=0
fh)_{ 0, t<0
Proof D.1.3. Applying operators % e E +a? to (D.1.8) we find
d d o0 S ® _
0 =5 | [~ cani@mar] - [ Sice o
and J © g -
G+ e = [ LG+ [ G

/Oo {%G(t,T)—i-aQG(tT} T)dT = 5t— Vf(r)dr = f(t) = f(t), t > 0.

—00

This means that y(t) satisfies (D.1.9).

Let us consider (D.1.8);

/ GtT

/ o(t — 7)e~ =) f(r)dr

f(r) = , 7<0
o(t — ) 0 , t<r

~—

implies that

0 t oo t
y(t) :/ O.dT—l-/ e_“2(t_7)f(7')d7'+/ O.dT:/ e~ f(7)dr
—o0 0 0 0
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so we have

Using the last equality we find that y(0) = 0, therefore y(t) satisfies (D.1.9),(D.1.10).
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D.2 Green’s function of IVP for the Operator <% + a2)

Definition D.2.1. A generalized function G(¢,7) is called Green’s function of
IVP for (% + a?) if

2

%G(t, )+ a*G(t,7) =0(t —7) ,t € R, (D.2.1)

G(t,7)|t<r =0. (D.2.2)
Here 7 is a parameter, 7 € R.

Lemma D.2.1. let §(t) be the Heaviside function; Z(t,T) be a solution of

2

%Z(t, )+ ad®Z(t,7) =0, t>T, (D.2.3)
d

Z(t,T) =0, %Z(tﬂ') = 1. (D.2.4)

Then G(t,7) = 60(t — 7)Z(t, T) is the Green’s function for (5722 + a?).

Proof D.2.1. Let O(t — ) be the Heaviside function; Z(t,T) be a solution of
(D.2.3),(D.2.4)
G(t,7)=0(t —1)Z(t,T) . (D.2.5)

Applying operators %, j—;, 5722 + a® we find

d d
5Ot 7) = - 10(t = T)Z(t, 7)}
d d
= —(0(t = T)Z(t,7) +0(t — 1) (Z(2,7))

by using the property(1) we get
d
=6(t—7)Z(t,T)+0(t — T)%(Z(t, 7)),
by using property(3) we have
d
=Z(r,7)0(t — 1)+ 6(t — T)E(Z@, 7)),
using eqn(D.2.4) we get

d d
%G(tﬂ') =6(t — T)E(Z(tﬂ')) ,
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and applying % to the last equality we get

d? d d
%#mﬁy—a{ﬂr~ﬂ£@@m»}
d d 2 1,2
— EW — T)Ez(t’ )+ 0(t — 7) fracd®dt°Z(t, T) ,

by using the property(1) we get

=6t — T)%Z(t, )+ 0(t — 7) fracd®*dt*Z(t, ) ,

by using property(3) we have

=0(t— T)%Z(t, ier + 0t — 7) fracd*dt*Z(t, T) ,

using eqn(D.2.4) we get

=0(t —7) +0(t — 7) fracd®dt*Z(t, ) .

Then we have
2 2

d 2 _ d 2
@G(t, T)+a " G(t,7)=0(t —7)+0(t — 7)@@(2&, 7))+ a“0(t — 7)Z(t, T)

dt?

And also by using the definition of Heaviside function we can say that

=0(t—T1)+0(t—71) {d—<Z(t,T)) + a2Z(t,7')} =4(t—T1)

G(t,7)|ier ={0(t = 7)Z(t, 7)} [1<r =0 .
Therefore G(t,T) is the Green’s function of IVP for the operator (% + a?).

Lemma D.2.2. The solution of (D.2.3), (D.2.4) is given by

Z@Ty:fﬁ@%ilﬂ, t>7. (D.2.6)

Proof D.2.2. We will apply % and j—; to (D.2.6)

d{ﬂnh@—Tﬂ}:C%W@—T”

pr - - ,a = cosla(t — )],
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@ {w} _d {cos[a(t — 7)]} = —a , sin[a(t — T)] .

dt? a dt
Then we get
d? 9 . .
@Z(ta 7—) + CLQZ(t, ’7') = —asin[a(t _ 7—)} + CLa Szn[a( 7—)] —0.
a

Therefore Z(t, T) satisfies the differential equation (D.2.3), and using (D.2.4) we

have )
Z(r7) = sm[a(;' —7)] _0

and

d
EZ(L T>|t:T = COS[CL(T - T)] =0.

that is Z(t, ) is the solution of (D.2.3), (D.2.4).
Corollary D.2.3. The Green’s function of IVP for (jt—gz +a?) is given by

Gitr) o -2t =1 g LR,

a

where O(t) is the Heaviside function.
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