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MATHEMATICAL PROBLEMS OF ELECTROMAGNETIC WAVES IN
LAYERED MEDIA

ABSTRACT

In the first part of the thesis, the method of the approximate computation of
the magnetic and electric matrix Green’s functions in the rectangular parallelepiped
with the perfect conducting boundary and the multi-layered isotropic structures has
been suggested and investigated. This method based on the Fourier series expansion
meta-approach. The method has been implemented in MATLAB and the error analysis
of this method has been done by MATLAB tools. The computational experiments
confirmed the robustness of the method. Moreover it has been shown that the method
is applicable for the numerical computation of the electromagnetic wave propagation in
rectangular parallelepiped arising from the pulse point sources. The modern computer

tools allow us to observe the electromagnetic wave propagation.

In the second part of the thesis the analytical method of solving the initial value
problem for the time-dependent Maxwell’s equations in the general electrically and
magnetically anisotropic vertical inhomogeneous media has been described. This
method is based on the following. The Maxwell’s equations are written as symmetric
hyperbolic system of the first order. This system is written in terms of the Fourier
images with respect to lateral variables. The coeflicients of this system are functions
depending on vertical variable only. Applying method of integration along the
characteristics of the symmetric hyperbolic system reduces to a system of Volterra
integral equations. Method of successive approximations is applied for solving the
obtained system of integral equations. Finally, the inverse Fourier transform is applied
to find a solution of the initial value problem for the time-dependent Maxwell’s

equations.

The methods and techniques of the generalized functions and partial differential
equations of hyperbolic and elliptic types as well as the theory and application of the

mathematical and functional analysis, and computational methods and computational

v



tools are actively applied and used in the thesis.

Keywords: Maxwell’s equations, Green’s function, analytical method, simulations,
initial value problem, initial boundary value problem, perfect conducting boundary

conditions, interface conditions.



KATMANLI ORTAMDAKI ELEKTROMANYETIK DALGALARIN
MATEMATIKSEL PROBLEMLERI

0z

Tezin ilk boliimiinde ¢ok katmanli izotropik yapida ve iizerinde miikemmel sinir
kosullar1 tanimlanmis dikdortgensel paralel yiizlii icindeki manyetik ve elektrik matris
Green fonksiyonlarinin yaklasik olarak hesaplanmasi i¢in bir yontem Onerilmis ve
arastirilmistir. Bu yontem Fourier serileri acilimi yaklasimina dayanmaktadir. Yontem
MATLAB’ta uygulanmis ve MATLAB araclar1 kullanilarak yontemin hata analizi
yapilmugtir. Sayisal deneyimler bu yontemin dogrulugunu gostermektedir. Ayrica bu
yontemin dikdortgensel paralel yiizlii i¢indeki noktasal darbe kaynaginin olusturdugu
elektromanyetik dalga yayiliminin sayisal olarak hesaplanmasinda uygulanilabilirligi

gosterilmigtir.

Tezin ikinci boliimiinde genel elektriksel ve manyetiksel anizotropik dik homojen
olmayan ortamdaki zamana bagli Maxwell denklemlerinin baslangi¢ deger probleminin
¢cOziimii i¢in bir analitik yontem ele alinmistir. Bu yontem agagida belirtilenlere
dayanmaktadir. Maxwell denklemleri birinci dereceden simetrik hiperbolik sistem
olarak yazilir. Elde edilen sistemin yatay degiskenler cinsinden Fourier goriintiileri
yazilir. Bu sistemin katsayilar1 dik degiskene bagli fonksiyonlardan olusmaktadir.
Karakteristikler iizerinde integrasyon yontemi uygulanarak simetrik hiperbolik sistem
Volterra integral denklemleri sistemine indirgenir. Elde edilen integral denklem
sistemini ¢ozmek i¢in ardisik yaklasim yontemi uygulanir. Son olarak ters Fourier
doniisiimii uygulanarak zamana bagli Maxwell denklemlerinin baglangi¢ deger proble-

minin ¢oziimii elde edilir.

Tezde genellestirilmis fonksiyonlarin ve hiperbolik ve eliptik tip kismi diferansiyel
denklemlerin yontem ve teknikleri, matematiksel ve fonksiyonel analiz teorisi ve

uygulamalari, hesaplama metotlar1 ve araglart aktif bir sekilde kullanilmistir.

Anahtar Kelimeler : Maxwell denklemleri, Green fonksiyonu, analitik yontem,
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simiilasyon, baglangic deger problemi, baslangi¢c sinir deger problemi, miikemmel

iletken sinir kosullari, arayiiz kosullari.
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CHAPTER ONE
INTRODUCTION

1.1 Some Results of Past Research Related to the Thesis

The fundamental equations of the electromagnetic theory which were established
by James Clerk Maxwell in 1873, are called Maxwell’s equations. In 1888, they
were experimentally verified by Heinrich Rudolf Hertz. Since then the theory of
electromagnetic waves has played a magnificent role in the development of radio,
television, optical communications, radar, microwave heating, remote sensing, and in

many other practical applications.

The study of the Maxwell’s equations in bounded domains with the natural
boundary conditions is an important issue of the interdisciplinary science which
has many applications in wireless telecommunications and microwave engineering
(Eom, 2004, Russenschuck, 2010). Mobile communication systems, equipment and
environment conditions are studied systematically in papers Fujimoto (1991) and
Dolmans (1996). Nowadays general models of electromagnetic wave propagation in
closed areas are of great interest because distribution of the electromagnetic field in
these environments is very complicated. The interaction of electromagnetic waves
inside a real indoor environment (cabinets, desks, etc) has been studied in (Dolmans,
1995), where the walls, ceiling and floors of an indoor environment have been modeled

as perfectly conducting and the geometry of this model is a rectangular cavity.

Although the mathematical background of the theory of the initial boundary and
boundary value problems for the Maxwell’s equations has been described in Dautray
& Lions (1993) nevertheless different aspects of correctness, such as existence,
uniqueness, stability estimates, of the classical and generalized statements of the initial
and boundary value problems, are of great interest at present (Belgacem & Bernardi,
1999, Bofhi & Gastaldi, 2003, Bulmezaoud & El Rhabi, 2003, Buffa & Perugia, 2006,
Krigman & Wayne, 2007, Izsdk et al., 2008, Denisenko, 2011, Gui & Li, 2011).

The results of these papers have been used for constructing analytical and numerical



methods (Yee, 1966, Monk & Siili, 1994, Bulmezaoud & El Rhabi, 2005, Sazonov
etal., 2006, Izsdk et al., 2008, Petropavlovsky & Tsynkov, 2012, Gunel & Zoral, 2010,
2015).

Let us mention some of them. An implicit a posteriori error estimation technique for
the time-harmonic Maxwell’s equations has been developed in (Izsdk et al., 2008).
Boulmezaoud and Rhabi in (Bulmezaoud & El Rhabi, 2005) have used the mortar
spectral element method for numerically solving the Maxwell’s equations in a bounded
domain of R? with a perfect conducting boundary. In (Sazonov et al., 2006), Yee’s
scheme has been generalized to unstructured meshes, and the co-volume method
has been used for the integration of the Maxwell’s equations. The scattering of
electromagnetic waves by perfectly conducting objects has been computed numerically

and simulation of the electromagnetic wave propagation has been given.

Analytical methods also play an important role for the construction of solutions of
the Maxwell’s equations. The Green’s function technique has attracted considerable
attention and is widely used for solving electromagnetic boundary value problems
(Yaghjian, 1980, Tai & Yaghjian, 1981, Collin, 1990, Tai, 1993, Chew, 1995, Dolmans,
1995, Lukic & Yakoylev, 2002, Narayanaswamy & Chen, 2010, Fallahi & B.,
2011, Sevgi, 2006). Most of the studies related to the Green’s functions in the
electromagnetic theory have been done for the frequency domain. In (Dolmans, 1995)
the frequency dependent dyadic electric and magnetic Green’s functions corresponding
to the elementary electric and magnetic current point sources have been presented
inside the cavity with perfect conducting boundary by the eigenvalues and eigenmodes.
This presentation contains solenoidal and non-divergenceless terms. In (Tai, 1993) the
vector wave functions have been used to derive the expressions of the dyadic Green’s
functions. These functions were first introduced in (Hansen, 1937). Then Tai (1993)
has applied the sets of vector wave functions corresponding to TE (transverse electric)
and TM (transverse magnetic) modes for the construction of frequency dependent
dyadic Green’s functions for the rectangular waveguide and then, using the method of
scattering superposition, for the construction of frequency dependent Green’s function

in the rectangular cavity. The main results have been presented by quite complicated



formulae and procedures for the derivation of frequency dependent Green’s functions

Tai (1993). The computation of their values has not been made.

Some approaches for the computation of time-dependent electric and magnetic
Green’s functions have been developed for unbounded domain (Yakhno, 2010, 2011,
Yakhno et al., 2012, Yakhno & Yakhno, 2012). The computation of time-dependent
electric and magnetic Green’s functions for the bounded domain with perfect conducting

conditions has not been achieved so far.

The electromagnetic wave propagations in multi-layered media are described by the
Maxwell’s equations with piece-wise constant coeflicients. For solving the problems
of electromagnetic wave propagation in multi-layered media, analytical and numerical
methods have been applied (Dmitriev et al., 2002, Okhmatovski & Cangellaris, 2003,
Lukic & Yakoylev, 2002, Li et al., 2004, Oguzer et al., 2011, Chen et al., 2012, Stumpf
et al., 2003).

1.2 The Goal of the Thesis

The goal of the thesis is to work out a method for the approximate computation
of magnetic and electric Green’s functions in rectangular parallelepiped with the
multi-layered structure and the perfect conducting boundary and to develop a method
of solving the initial value problem for time-dependent Maxwell’s equations in the

anisotropic inhomogeneous three dimensional space.

1.3 Methods of the Thesis

The methods of the generalized functions and partial differential equations of
hyperbolic and elliptic types as well as the theory and application of the mathematical
and functional analysis, and computational methods and computational tools are

actively applied and used in the thesis.



1.4 The Descriptions of the Main Problems and Results of the Thesis

The first problem of the thesis consists of an approximate computation of frequency
dependent electric and magnetic Green’s functions in a rectangular parallelepiped with

the perfect conducting boundary.

Let by,by, b3 be positive reals and let
V:{xeRS: 0<x1<by, 0<x2<by, 0<x3<b3}

be a rectangular parallelepiped; I' be the boundary of V; w € R (frequency, w > 0), let

XK= (x(l),xg,xg) € V be 1D and 3D parameters, respectively. The 3 X 3 matrices

Hll(x,a),xo) Hf(x,w,xo) Hf(x,a),xo)
G (x,w,x") = Hzl(x,w,xo) H%(x,a),xo) H;(x,a),xo) ,

H;(x,w,xo) H%(x,w,xo) H;(x,a),xo)

E%(x,a),xo) E%(x,a),xo) E?(x,a),xo)
GE(x,w,x") = E)(x,w,x%) E3(x,w,x°) Eg(x,w,xo) ,

E; (x,w, xo) E%(x, w, xo) Eg (x,w, xO)

whose columns H*(x, w, x°), E*(x, w, 1Y), and s = 1,2,3 satisfy

curl, H* (x, w, x¥) = —iweE (x,w, %) + 5(x— xVe’, xeV, (1.1)
curl, BS(x,w,x°) = inwH* (x, w, x°), (1.2)
(E*xR)| =0, (H'-H)|.=0, s=1,2,3, (1.3)

are called frequency-dependent magnetic and electric Green’s functions in V, respec-
tively. Here i is the imaginary unit (> = —1); € > 0, u > 0 are given constants
characterizing the permittivity and permeability of the electromagnetic medium,
which is located inside V; € are the basis vectors from Euclidean space R? (e_i =
(1,0,0)7, e = 0,1,0)7, e = 0,0,H)7); X0 = (x(l),xg,xg) € V is the 3D parameter;
8(x—x%) = 6(x; — x(l))é(xz - xg)é(xg, — xg), and o(x; — x?) is the Dirac delta distribution
concentrated at x; = x(])., j=1,2,3; il is an outward unit normal vector on I'. The

relations in (1.3) are called the perfect conducting boundary conditions (Eom (2004)).



Remark 1.4.1. We note that div,H*(x,w,x°) =0 forall xe Visa consequence of (1.2).

A method of the approximate computation of frequency dependent Green’s func-
tions is described in Chapter 2 of this thesis. This method consists of the following.
The equations for magnetic Green’s function are written in special form which
does not contain elements of electric Green’s function. These equations are elliptic
partial differential equations and contain the components of the generalized vector
functions (distributions) in their right hand sides. We approximate components of these
generalized vector functions by the Fourier series with a finite number of terms and
then applied standard Fourier series expansion meta-approach for solving the boundary
value problem for the elliptic partial differential equations in the bounded region.
After calculation of all columns of magnetic matrix Green’s function the approximate
computation of the columns of electric Green’s function is given by explicit calculation
of the differential operator curl, from each column of magnetic matrix Green’s
function with respect to 3D space variable x. This method is implemented in
MATLAB. The error analysis and computational experiments are described in Chapter

2 and published in Yakhno & Ersoy (2014).

We note that the Fourier transform and Laplace transform are applied very often for
solving initial value or initial boundary value problems of the differential equations. In
this case there are three steps of solving. In the first step the problem for the considered
differential equation can be written in terms of the Fourier (or Laplace) images. After
solving the obtained problem, on the last step, we apply the inverse Fourier (or
Laplace) transform to the found solution. This last step is more complicated because
the application of the inverse Fourier transform can not always be realized easily in the
class of the functions where we try to find a solution of the original problem. For partial
differential equations, having the time and space variables, the frequency dependent
formulation of the problem can be considered as the result of the application the Fourier
transform to the time-dependent formulation. The computation of frequency dependent
electric and magnetic Green’s functions in a rectangular parallelepiped with perfect
conducting boundary by the Fourier series meta-approach has been worked in Yakhno

& Ersoy (2014) and described in Chapter 2. But the computation of time-dependent



electric and magnetic Green’s functions has not been achieved so far for the bounded

domain with perfect conducting conditions.

The second problem of the thesis is an approximate computation of time dependent
magnetic and electric Green’s functions in a rectangular parallelepiped with the perfect

conducting boundary.
Let b1,by,b3 € R* and x = (x1,x2,x3)7 € R?;
V={xeR: 0<uxi<bi, 0<xy<by, 0<ux3<bs (1.4)
be a rectangular parallelepiped; I' = 'y UT'; UT'3, where

F]Z{X:(X],Xz,x3)T: x1=0Vx1=b1, 0<xy<by, 0<)C3<b3},
rzZ{X:(X1,X2,X3)T: Xx2=0Vxy=by, 0<ux;<by, O<X3<b3},

I's :{x:(xl,xg,X3)T: x3=0Vx3=>b3, 0<x<b, 0<XQ<b2}.

The 3 X 3 matrices

Hll(x,t,xo) le(x,t,xo) Hf(x,t,xo)
G"(x,1,x°) = | Hl(1,2%) H2(xr,1,x%) Hi(x,1,x0) |,

H31(x,t,xo) H%(x,t,xo) Hg(x,t,xo)

E{(x,,x%) EX(x,1,x%) Ej(x,1,x%)
G (x,1,x%) =| EMx,1,x%) E2(51,4%) E3(x,1,29) |,

Ey(x,1,x°) E3(x,t,x%) E3(x,1,x0)

whose columns H*(x, 7, x%), E*(x,1,2%), s = 1,2,3 satisfy

N

curl H' = e +6(x=x")0(0e', xeV, 1eR, (1.5)
aHS

LES = —p—, 1.6

curiy M EY (1.6)

Es|t<0 =0, Hs|t<0 =0, (L.7)

(E*xR)| =0, (H-B)|.=0, s=1,2,3, (1.8)

are called magnetic and the electric Green’s functions, respectively, in V. Here € > 0,

u > 0 are given constants characterizing the permittivity and permeability; e¥ are the



basis vectors from Euclidean space R> (eﬁ1 =(1,0,0)7, e = 0,1,0)7, e = 0,0, H7);
K= (x(l),xg,xg)T € V is the 3D parameter; ¢ is the time variable; o(x — 20y = 6(x; -
x?)é(xz - xg)é(xg - xg), and o(x; — x?) is the Dirac delta distribution concentrated at
Xj= x?, j=1,2,3; 6() is the Dirac delta distribution at f = 0; i is an outward unit
normal vector on I'. We note that the relations in (1.8) are called the perfect conducting

boundary conditions (see, Eom (2004)).

Remark 1.4.2. We note div,H’ = 0 for all x € V is a consequence of (1.6),(1.7).

We note that there exists a connection between time dependent Green’s func-
tions and frequency dependent Green’s functions which can be expressed by the
Fourier transform with respect to the time variable. Moreover time-dependent Green’s
function, for example, of the wave equation in a whole space can be derived explicitly
by the application of the Fourier transform to the Green’s function of the Helmholtz
equation. The Fourier transform and inverse Fourier transform are defined here in
the class of the generalized functions (tempered distributions) and for some scalar
hyperbolic differential equations the application of the Fourier transform can be done
explicitly. Unfortunately the explicit or approximate computation of the inverse
Fourier transform, applied to frequency dependent electric and magnetic Green’s
functions in a bounded domain of the three dimensional space, is unknown. This
computation requires knowledge of frequency dependent Green’s functions for all
frequencies that is difficult to realize in practice. Moreover time-dependent electric
and magnetic Green’s functions are singular generalized functions and numerical
methods in the space of generalized functions are not developed yet. To overcome
these difficulties we suggest the adaptation of the Fourier series meta-approach for the
direct computation an approximate (regularized) time dependent electric and magnetic
Green’s functions in a rectangular parallelepiped with a perfect conducting boundary
and do not use frequency dependent Green’s functions. This method consists of
the following. The equations for magnetic Green’s function are written in a special
form which does not contain elements of electric Green’s function. These equations
are hyperbolic partial differential equations and our method is based on the standard

Fourier series expansion meta-approach for solving the initial boundary value problem



for hyperbolic partial differential equations in the bounded region. The elements of the
approximate Green’s function for magnetic field are found by the explicit formulae.
These formulae partial sums of the Fourier series. Using the partial sums we derive
explicitly the approximate elements of electric Green’s matrix by integration with
respect to time variable. The simple implementation of our method for computing
Green’s functions in a rectangular parallelepiped is based on the obtained presentations
and does not contain any type of discretization. The implementation of the method
has been done in MATLAB. The error analysis and computational experiments are

described in Chapter 3.

Time-dependent magnetic and electric Green’s functions for the Maxwell’s equa-
tions in multi-layered parallelepiped with the perfect conducting boundary are consid-
ered in Chapter 6. The columns of these Green’s functions are solution of Maxwell’s
equations satisfying the boundary and matching (interface) conditions. The coefficients
of the Maxwell’s equations are the piece-wise constant functions. Let us describe these

equations, conditions and definition of the Green’s functions.

Let by, by, b3, ri, i = 1,2,...,N be positive reals with 0 =rg <r; < ... <ry = by,

x = (x1,x2,x3)] € R3;
D:{xeR3: O<x;<b, 0<x<bo, O<x3<b3}

be a rectangular parallelepiped, I' be the boundary of D; and D;, i = 1,2,...,N be the
parallelepipeds

Di:{XER3Z 0<X1<b1, ri-1 <Xxp <rj, 0<X3<b3};

N
D = | D;.
i=1
Let u;, €, i =1,2,...,N be given positive numbers; u(xz), €(x2) be two piecewise

constant functions defined on [0, b;] such that

p(x) =i, €(n2) = &, for x2 € (rii,ri), i=1,2,...,N.



Find the 3 X 3 matrices

H{(x,,x%) H}(x,0,x°) H3(x,1,x°)
G"(x,0,x°) = | Hl(x,1,x%) H2(x1,2°) H3(x,1,x9) |,

Hy(x,t,x") H3(x,1,x%) Hj(x,1,x%)

E%(x,t,xo) E%(x,t,xo) E?(x,t,xo)
G (1,2 = | Eloe,t,2%) E206,6,2%)  E3(x,1,29) |,

Ei(x,t,x%) E3(x,1,x%) E3(x,1,x°)

whose columns H*(x, 7, x%), E*(x,1,2%), and s = 1,2,3 satisfy

N

curl, H® = €(xy) o+ ol - sed, xe D, teRT, (1.9)
oH*
curl,E* = —u(x;) , (1.10)
ot
the initial data
H'| =0, (1.11)
E’|_, =0, (1.12)
the perfect conducting boundary conditions
(ESx®)|. =0, (H-B)|.=0, (1.13)

and matching (interface) conditions

(Hs|x2=ri—0 - HSIxz:rl'+0) X 17 = 0’ (ﬂl HS|)C2=V,‘—0 _MH—] HS|)C2=I’,'+0) ’ 17 = O’ (114)

(B0 Elio) XP=0, (6B, - B'|__ o) #=0. (L15)

Here €’ are the basis vectors from Euclidean space R3 (1;1 = (1,0, O)T, eﬁ2 = (0, 1,O)T,

e =(0,0,1)7); 1= (x%,x3,x)7 € D, t is the time variable; 6(x—x) = 6(x; —x9)5(x2 -
xg)ci()g —xg), O(x; —x?) is the Dirac delta distribution concentrated at x; = x?, j=1,2,3;
&(1) is the Dirac delta distribution at £ = 0; i is an outward unit normal vector on T
7= (0,1,0). The matrices G (x,1,x%), GE(x,t,x°) are called time-dependent magnetic

and electric matrix Green’s functions for x € D°, r € R*.

Remark 1.4.3. div,H® =0, x € D° follows from (1.10), (1.11). This is the necessary
condition that H® satisfies (1.9)-(1.15) x € D°.



A method for an approximate computation of columns of time-dependent magnetic
and electric Green’s functions in the multi-layered rectangular parallelepiped with the
perfect conducting boundary is described in Chapter 6. This method is a generalization
of the method described in Chapter 3. We have shown that the adaption of the
Fourier series meta-approach can be done for the approximate computation of columns
of time-dependent magnetic Green’s function in multi-layered parallelepiped and
then electric Green’s function can be computed approximately. In Chapters 4 and
5 we solve the auxiliary problems which help to adapt the method of Chapter 3
for the approximate computation of time-dependent magnetic Green’s functions in

multi-layered parallelepiped with perfect conducting boundary.

In Chapter 7 we consider x = (x1,x3,x3) € R3, t € R as the space and time
variables, p;j(x3) > 0 and €;(x3) > 0 as the given functions depending on x3,
M(x3) = (1ij(x3))3x3 and E(x3) = (&(x3))3x3 as the given 3 x 3 matrices, J(x,1) =
(J1(x, 1), J2(x, 1), J3(x,1)) as a given vector function, E(x,1) = (E1(x,1), E2(x, 1), E3(x,1))
and H(x, 1) = (H(x,1), Hy(x,t), H3(x, 1)) as the unknown vector functions satisfying the

following Maxwell’s equations

OE(x,1)

curl, H(x,t) = &(x3) o +J(x,1), (1.16)
curl, E(x, ) = —M(xg)aHg’ 2 (1.17)

with the initial conditions
E(x,0)|_, =0, H(x,p|_,=0. (1.18)

Here, E(x,1), H(x,t) denote the electric and magnetic fields, respectively; J(x,?) is the
electric current density; &(x3) is the electric permittivity and M(x3) is the magnetic

permeability.

The problem of finding E(x, ) and H(x, ¢) satisfying (1.16)-(1.18) is called the initial
value problem for the Maxwell’s equations in vertically inhomogeneous, electrically
and magnetically anisotropic media. The main object of the study in this chapter is
an analytical method for solving this problem under the following assumptions. We

assume that E(x3), M(x3) are such symmetric positive definite matrices that there exist

10



positive constants €&, (i satisfying the following inequality
(E(x3)-&,&) = & - |E°, VEeR®, Vxs eR,
(M(x3)-£,E) > 4y - €, VEER?, Vxs eR,

for an arbitrary vector £ € R3 and x3 € R.

|
Let T be a positive number, ay = max{&,up}, M = —. The triangle A(M,T) is
ap
defined by

AM,T)={(x3,t): 0<t<T, —M(T—-1t)<x3<M(T -1)}. (1.19)

We assume also that the elements of the matrices E(x3), M(x3) are twice continuously
differentiable functions over [-MT, MT]. Moreover there exists the Fourier transform
with respect to x; and x» of the components of J(x,#) = (J1(x,1), J2(x,1), J3(x,1)). The
Fourier transformed image of the functions J(x,7) denoted by j;;(v, x3,1), are assumed
to be from C(C'(A(M,T));Co(R?)), k = 1,2,3. Here, v = (v1,72) is a parameter from
R2. The class C(C'(A(M, T); Co(R?))) consists of all continuous functions, depending
on (x3,t,v) with ((x3,t) eAM,T),ve R2) and are differentiable with respect to x3,¢

and have finite supports with respect to v.

The main result of Chapter 7 is an analytical method for solving (1.16)-(1.18). The
main steps of this methods are the following. The problem (1.16)-(1.18) is presented
in the form of the initial value problem for the symmetric hyperbolic system of the
first order. The initial value problem is written in terms of the Fourier images of the
Fourier transform with respect to x; and x, variables. Applying integration along
characteristics to the obtained symmetric hyperbolic system we reduce the initial value
problem for this system to the system of Volterra integral equations. Applying method
of successive approximations, a solution of this integral equation system is found in
the space C(C YAM;T)); Co(R?)). Finally, applying the inverse Fourier transform, a
solution of the original initial value problem for the Maxwell’s equations is determined
in the space C'(A(M;T); PW(R?)). We denote C!(A(M,T); PW(R?)) the class of all
continuous functions of (x3,7) € A(M,T) and (x,xp) € R2, that is, differentiable with
respect to x3 and ¢ over A(M, T) and belongs to PW(R?) for (x1, x2) € R?. Here PW(R?)

denotes the Paley Weiner Space of R? (see, Appendix A9).

11



We note that the analytical method for the study of the initial value problem
for the Maxwell’s equations with smooth coeflicients depending on one variable for
a particular case of anisotropy (uniaxial and bi-axial crystals) has been studied by

Yakhno & Sevimlican (2007, 2010, 2011).

The method of the works (Yakhno & Sevimlican, 2007; 2010; 2011) is based
on the reduction of the Maxwell’s equations to hyperbolic equations of the second
order, the application of the D’ Alamberd method and successive approximations. The
application of the approach of the works (Yakhno & Sevimlican, 2007; 2010; 2011)
for solving IVP for Maxwell’s equations with the smooth function coefficients in
anisotropic media with the general structures of the anisotropy is questionable. The
result of Chapter 7 has shown that the initial value problem for the Maxwell’s equations
with the smooth function coefficients depending on one space variable in the general
electrically and magnetically anisotropic media can be solved by the analytical method
based on the application of the theory and methods of the symmetric hyperbolic

systems of the first order and the functional analysis.
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CHAPTER TWO
COMPUTING THE ELECTRIC AND MAGNETIC MATRIX GREEN’S
FUNCTIONS IN A RECTANGULAR PARALLELEPIPED WITH A
PERFECT CONDUCTING BOUNDARY

In this chapter a boundary value problem (BVP) for frequency dependent Maxwell’s
equations in a rectangular parallelepiped with perfect conducting boundary is studied.
The method of solving the BVP, that is, approximate computation of magnetic and
electric matrix Green’s functions is described. The column elements of magnetic and
electric Green’s functions are found in the form of Fourier series with a finite number
of terms where the basis functions are the eigenfunctions of the 3D elliptic operator
Ay. Using these eigenfunctions regularizations (approximations) of the 3D Dirac delta
function and its derivatives are given. The method is implemented in MATLAB and

computational experiments are given to show applicability of the suggested method.

2.1 Frequency-Dependent Magnetic and Electric Green’s Functions

Let by, by, b3 be positive reals and let
V={xeR’: 0<uxi<b, 0<xy<by 0<x3<bs

be a rectangular parallelepiped; I' be the boundary of V; w € R (frequency, w > 0), let

K= (x(l), xg,xg) € V be 1D and 3D parameters, respectively. The 3 X 3 matrices

Hll(x,w,xo) le(x,w,xo) Hf(x,w,xo)
G (x,w,x°) = H%(x,w,xo) H%(x,a),xo) H;(x,a),xo) ,

H31(x,w,x0) H%(x,a),xo) H;(x,a),xo)

E%(x,w,xo) E%(x,a),xo) E%(x,a),xo)
GE(X,U),XO)= Eé(x,a),xo) E%(x,a),xo) E;(x,w,xo) ,

Eé(x,a),xo) E%(x,w,xo) Eg(x,w,xo)
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whose columns H*(x, w, x%), E*(x, w, 1Y), and s = 1,2,3 satisfy

curl H* (x, w, x°) = —iweE* (x,w, x%) + s(x— x")e’, xeV, 2.1)
curl E*(x,w, x°) = inwH* (x, w, x°), 2.2)
(E*xR)| =0, (H-B)|.=0, s=1,2,3, (2.3)

are called frequency-dependent magnetic and electric Green’s functions in V, respe-
ctively. Here i is the imaginary unit (i = —1); € > 0, u > 0 are given constants
characterizing the permittivity and permeability of the electromagnetic medium, which
is located inside V; ¢ are the basis vectors from Euclidean space R3, (eﬁl =(1,0,0)7,
&2 = (0,1,0)7, & =(0,0,07); 6(x—x%) = 6(x; — x)3(x2 — 20)3(x3 - 12), where
o(xj— x?) is the Dirac delta distribution concentrated at x; = x?, j=1,2,3; ilis
an outward unit normal vector on I'. The relations in (2.3) are called the perfect

conducting boundary conditions.
Remark 2.1.1. We note that div,H*(x,w,x°) =0 forall xe Vis a consequence of (2.2).
Applying curly to (2.1) and using (2.2), we find
2 s s _ 0\ o3
w eul” — curlcurl,H® = —curl, [6(x—x )e ], xeV. 2.4)
Taking the cross product of both sides of (2.1) and i, and using (2.3) we get

(curl H xR)|. =0, (H*-R)|.=0. (2.5)

It follows from (2.1) that
E(x,w,x°) = L [curles(x, w,x°) = 6(x— xO)e?] . (2.6)
We

Remark 2.1.2. 1f H® is a vector function satisfying (2.4)-(2.5), E’ is a vector function
satisfying (2.6) for a fixed value of s = 1,2,3, then H® and E° satisfy (2.1)-(2.3), that
is, H® and E° are columns of frequency-dependent magnetic and electric Green’s
functions. From (2.6), we find curl,H(x,w,x°) = —iweE*(x,w,x°) + 5(x — x0)e3.
Substituting this expression into (2.4) we have curl,E*(x,w,x%) = ijuwH?*(x,w, x°).

Moreover, taking the cross product of (2.6) and 1, letting x € I' and using (2.5) we
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find that E° satisfies the first condition of (2.3). Therefore, we obtain that if H® and E*
satisfy (2.4),(2.5) and (2.6) then H® and E* satisfy equations (2.1)-(2.3) also, that is, H®

and E°® are s-columns of frequency-dependent electric and magnetic Green’s functions.

Remark 2.1.3. Let H® and E° satisfy (2.4) and (2.6). Then div,H* =0, x€ V.

2.2 The Eigenvalue-Eigenfunction Problem for the Operator A,I3 in Rectangular

Parallelepiped

Let us consider the problem of finding all values of A (eigenvalues) for which there
exists a nonzero vector-valued function U(x) = (U;(x), Ua(x), Us(x))! (vector-valued
eigenfunction) satisfying

AZUx)+AU(x) =0, xeV, (2.7)
(curl U(x)x®)|. =0, (U-&)|.=0, (2.8)

where I3 is the 3 X 3 identity matrix.
In this section we show that the eigenvalue-eigenfunction problem (2.7),(2.8) can
be decomposed into three eigenvalue-eigenfunction problems for the scalar-valued

Laplace operator in the rectangular parallelepiped with the mixed boundary conditions.

These subproblems can be solved by a standard technique Weinberger (1995).

Lemma 2.2.1. Let the boundary I of the parallelepiped V be presented as

I'=T1UlLUT3, where I'y, I'; and '3 are the sets defined by
IM={x=01,x,x3): x1=0Vx;=b;, 0<x2<by, 0<x3<b3},
Iy={x=(1,x,x3): x=0Vxx=5b, 0<x;<b;, 0<x3<bs},
I's={x=(x1,x,x3): x3=0Vx3=b3, 0<x1<b;, 0<x<by}.

The boundary condition in (2.8) can be written as

OU (x)
ot

(aj(x) +B;(x)U ,-(x)) ‘r =0, (2.9)

where the functions a j(x) and B (x), j = 1,2,3 are defined by

0, XEFJ', 1, XEFj,
aj(x) = Bj(x) =
1, xel\T}; 0, xeT\T,.
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Proof. Let us prove this for j =1 and consider the part of the boundary where x| = b;.
Thus, the outward normal unit vector is eﬁ1 =(1,0,0)”. The second condition of (2.8)
reads

U](b],)Cg,X3) = 0, for 0< Xy < bz, 0< X3 < b3.
The first condition of (2.8) takes the form

oU 0
—z(bl,X2,x3)— —I[U1(b1,x2,x3)] =0,
axl 5)62

oU 0
(b1, x2,33) = —[U1(b1,x2,3)] = 0.
ox| 0x3
Combining the last three equalities we can write the boundary condition (2.8) in the
form
(9 2L ﬁ()U()) 0, j=1,2,3
a (X T +5i(x (X =V, =1,4)5,
/ on / / x1=b /

where a1 =0,81=1; a2 =1, 52 =0; @3 = 1, B3 = 0. Similar arguments hold for the

lower part of I'; and for the parts of the boundaries I'; and I'; leading (2.9). O

Remark 2.2.2. All eigenvalues of the problem (2.7)-(2.8) are real and nonnegative (see,

Appendix Al).

Let Agnn, denote the eigenvalues and Uk’"”(x) the corresponding vector-valued

eigenfunctions of (2.7)-(2.8). The eigenfunctions Ukm”(x) can be written in the form
U (x) = U™ (x)el + UE™ (x)e? + UR™ ()€,

and Ayn, Uf’"”(x), Jj=1,2,3 satisfy

Afo’"”(x) + A Ufm"(x) =0, xeV; (2.10)
6U§mn(x) kmn
cvj(x)T + (U™ (x) r:0. (2.11)

Applying the standard technique of the spectral theory (see, for example, Weinberger

(1995)) we find all eigenvalues and corresponding eigenfunctions of the problem

(2.10),(2.11) for each j as:
tom = () (Y (2m)
kmn = bl b2 b3 s
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For j =1,



k
Ull‘m”(x) = Ajmn SIN (b—71Tx1)cos (@xz) cos (E)Q), (2.12)

by b3
k=1,2,...; n,m=0,1,... are eigenvalues and corresponding eigenfunctions.
For j =2,
1 _kﬂ'2+m7'(2+l’lﬂ'2
kmn = bl b2 b3 ,
k
U’z""”(x):Bkmncos —ﬂxl sin mxz cos E)@ , (2.13)
by by bs

m=1,2,...; k,n=0,1,... are eigenvalues and corresponding eigenfunctions.

2 2 2
Akmn = kn T iy I o
kmn b] bz b3 s

k
U/;mn(x) = Cimn COS (b—:rx])cos (n;—:xz) sin(%)@),

n=12,..;k,m=0,1,... are eigenvalues and corresponding eigenfunctions.

For j =3,

Here Ayn, Bionns Cromn are constants, such that

by by by . ;o
[ e vy dx:{ O i mm W nt .

R 1, if k=K, m=m', n=n".
komn=0.1,..5 j=1,2,3. That is, Agmn = Bin = Clon = s> Akon = Akmo =
Bomn = Bimo = Comn = Cron = ﬁ Akoo = Bomo = Coon = ,,1,,—22@, k=1,2,.;m=
1,2,...n=1,2,....

Remark 2.2.3. Let U;?m"(x), Jj =1,2,3, be eigenfunctions of (2.10)-(2.11), defined
above. By the direct computation we can show that U¥""(x) satisfies the boundary

conditions (2.8) for the rectangular parallelepiped V.

Remark 2.2.4. For each j=1,2,3 the system of eigenfunctions {U ?m”(x)} is orthogonal
and complete in the space of the square integrable functions over V. That is, any
scalar-valued function /(x) € C° (V) can be written in the form of uniformly convergent

series over V (the closure of V) (see, for example, Weinberger (1995))

o 0

o= Y > k), (2.14)

k=0 m=0n=0

h’;mnz f f f h(x)U§m"(x) dx. (2.15)
\%
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The constants h’;’”" defined in (2.15) are called the Fourier coefficients of 4(x) relative

to the basis functions {Uf’"”(x)}.

Lemma 2.2.5. (Weinberger, 1995) Let h(x) € C°(V). Then

o o0 0

f f f hPdx= > SN[ < oo (2.16)

k=0 m=0n=0

holds. Here h];.m” are the Fourier coefficients (2.15). The equality (2.16) is known as

Farseval’s equality.

The proof of this lemma can be found, for example, in (Weinberger, 1995).

As a result, any vector function W(x) = (1 (x),¥2(x),3(x))T with components from
C(°)° (V) can be presented in the form
Y= > (w’;’”" UE™ (x)el +y&™ UE™ (x)e? + yhm Ugmn(x)e3) VxeV(2.17)
k=0 m=0 n=0

where

gl = f f f Y OUS™ () dx, j=1,2.3. (2.18)
\%4

o o0 o0

We note that if ¥ ;(x) € C(V) then Z Z Zw’;m" U™ (x), for each j = 1,2,3, is
__ k=0m=0n=0
uniformly convergent series over V.

2.3 Computation of Frequency-Dependent Magnetic Green’s Function

2.3.1 Regularizations of the Dirac Delta Function and Its Derivatives

Let,s=1,xeR3, x"eR3, 6(x—x0) =0(x —x(l))é(xz —xg)é(xg —xg) be the Dirac delta
distribution. The vector distribution curl, [6(x — xO)ej] = —curl o [5(x - xo)eq] (for the
proof, see Appendix A2) can be written as follows

=] = 06(x—x%) 3 A6(x—
o(x—x")el | =0-el + (x Ox ) P Ox
: ox; ox,

0) 5
e3(2.19)

—curl,

o(x— xo)eﬁ] = curlo

18



Using formulas (2.16), (2.18) we find the Fourier series expansion of curl,o [(5(x - xO)eT]

in the form of (2.17), where

Ukmn(XO)
NV L (2.20)
8x2

Ulzcmn ( XO)

kmn kmn __
=0, —
i ¥2 Gxg

(See, for example Vladimirov (1971, 2002), Schwartz (1966)).

Lemma 2.3.1. Let x° € V be Jfixed, and h(x) € C°(V). Then the series

0O 00 00 Ukmn(XO) kmn

, (2.21)
00 o0 0 kmn .0
ZZZGU o )"m", (2.22)
k=0 m=0 n=1 ax

are absolutely convergent.

Here hé’”" and h’gm” are defined by (2.15) for the given function A(x).

The proof of Lemma 2.3.1 is given in Appendix A3.

Using Lemma 2.3.1 the distributions 86((;; ) and Bé(xx ) can be defined by
3 2
5(x—x°) > () e U0
—h(x)) = = —=h"™ (2.23)
0 0 0 2
5 W L2ty o
86(x —x0) > Oh(X%) o o o AU ()
—.h = — ™ 2.24
) R e e

for any function h(x) € C(V).

Let us consider the infinitely differentiable functions wé’N (x,x9), 1/13 (x 1%) defined

by

. 0 N N N aUlzcmn(x()) L
N (x,x0) = ;;Z‘)a—x&)% (), (2.25)
N N N 6Ukmn(x0)
ZACEIEEDSIY 38711’;’""(@. (2.26)
k=0 m=0n=1 2

Lemma 2.3.2. Let x° € V be fixed, and functions ‘ﬁz (x x9), ¢3 (x x0) be defined by



(2.25), (2.26). Then for any h(x) € C(V)

jim [ f [ o et —<% hx >> @27)

lim f f f N (x,x )h(x)dx——<86(x D )> (2.28)

The proof of Lemma 2.3.2 follows from Lemma 2.3.1 and standard arguments of

the theory of distributions (see, for example, Vladimirov (1971, 2002)).

Remark 2.3.3. Equalities (2.27) and (2.28) mean that

36(x—x0) 36(x —x0)
i g ) = 5 andim g ) = =
in the space of generalized functions 9 (V) (see, for example, (Vladimirov, 1971,

2002)).

Remark 2.3 .4. tpz (x 10, 103 (x x%) can be taken as regularizations (approximations)

86(x—x9) 96(x—xY)
of = 9 0x)

for example, Vladimirov (1971, 2002)).

and — , respectively. Here N is a parameter of the regularization (see,

Remark 2.3.5. Let

P ) = 0,0, ug™

N N aUkmn( 0) 8Ukmn( 0) S
= ZZ Z Uk (x)e2 3—0xU§m"(x)e3). (2.29)
=0 m=0n=0 ax2

Using Lemma 2.3.2 and Remarks 2.3.3 and 2.3.4 we find that

]\}1_1)130 ‘I’l’N(x, xo) =curlo|6(x— xo)eﬂi

in the space of distributions 9’(V) and therefore the vector function PN (x, x9), with

infinitely differentiable components, can be taken as a regularization of the generalized
-

vector function curl,o [(5(x — Vel ]

Similarly, we find that the vector functions P2V (x, x9) and Y3V (x, x°) defined by

N N N kmn /0 kmn 0
(9U X - a ( )
P2 (x, X0 = —l—()Uk’””(x)el Uk’"”(x)e3 . (230
oxY ! X0
k=0 m=0 n=0 3 1
N N N kmn/ .0 kmn .0
AuUkmn 0y L Qukmn 0y
P3N (x, x0) = [1—U’fm"(x)e1 —Ukm"( )ez), (2.31)
kzz(l)n;)nzz() ‘9"3 x1

can be taken as the regularizations of curl o |6(x— 10)e?

and curl,o [5()C — xo)eé].
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2.3.2 Solving (2.4)-(2.5) with the Regularized Inhomogeneous Term

Let us consider the equations (2.4)-(2.5) for the frequency-dependent magnetic
Green’s function. We replace curl, [6(x—x0)e?] by their regularizations defined by
(2.29), (2.30), (2.31) for s = 1,2, 3, respectively. Moreover, equations (2.4)-(2.5) are

replaced by the following equations

A GHSN + e Y = WSV (x, 20), (2.32)

(curl BN x )| . =0, H>N-B)|.=0. (2.33)

We will find solutions of the problem (2.32)-(2.33) in the form

N N N
HS,N(x’ w,XO) — Z Z Z (Yiv,kmn(w’ xO)Ullcmn(x)e] + st,kmn(w’xO)Ulzcmn(x)eZ
k=0 m=0n=0
H V3 0, U (el ), (2.34)

where x € V; Ufm"(x) are eigenfunctions of the eigenvalue-eigenfunction problem

(2.10),(2.11); Y;’km”(a),xo), j=1,2,3, are the unknown Fourier coefficients.

Substituting (2.34) into (2.32) and using orthogonality of U j?m”(x), we find
(76— ) V3" (0,5 = 931 (60,

for j=1,2,3;5s=1,2,3;k=0,1,....,m=0,1,...,n=0,1, ...

/lkmn

Let w? #

, then Y;’km"(w,xo) is uniquely determined by

Jkmn, 0
vy O0)
Yo, Oy = L~ (2.35)
J wZE/J — Akmn

l,[/j-’kmn(xo) — fff\yj(x, _xO)U;fmn(x) dx,
\%4

k,m,n=0,1,.... As aresult we obtain the following explicit formula

where

OUs™(x0)

N N N
1 5
H'"N (x,w,x°) = § E E ( Uk (x)e2
1) ) 2 _ 0 2

120 =0 1m0 W€K — Aomn ax;

AUk (x0) _
— 5 U ’3‘"’”(X)e3], (2.36)
Ox,
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for all xe V, xY € V and all parameter w satisfying wze,u * Agun (k=0,1,...; m=
0,1,...; n=0,1,..).

Similarly, the solutions of (2.32)-(2.33) for s = 2 and s = 3 are obtained in the form

2N 0 VXX 1 U™ () i
" . - U mn 1
(x,w,x") kzz(:)mZ;)nZ:O a)ze,u — Akmn [ axg 1 e
AUkmn(x0) 3
_ETU’;"”(X)@ ’ (2.37)
1
NN N kmn .0
1 oU™ (xX") §
H (x,w,x°) = 1 Ui e
(x,w,x") ;mzz();o wzel,t—/lkmn ( axg 1 v
AUk (x0) 3
——E U e . (239
1

Using the explicit formulas for H*" (x,w,x°) and U f.m”(x) we can check directly that

H*Y (x, w, x°) satisfy the boundary condition (2.33).

Remark 2.3.6. By direct computation we can show that H*"(x,w,x°), defined by

(2.36)-(2.38), satisty divas’N(x,w,xo) =0, s=1,2,3.

2.3.3 Frequency-Dependent Magnetic Green’s Function and Its

Regularization

In this section we show that limy_ H‘;.’N(x,w, M), (s=1,2,3; j=1,2,3) exists
in the space of distributions 9’(V), and the distributions H; = limy_ oo H;’N are the
entries of the matrix-valued Green’s function G (x,w, xO).

Let us consider for example, s = 1, j = 2 (the other eight cases are verbatim) and
an arbitrary function h(x) € C7(V) of the form (2.14), (2.15). The integrable over V

function H;’N (x,,x°) defines a regular functional (distribution) by

(HN (0.5, h(x)) = i i i L UMD
2 ) ) ) - 2 _ 0 2 .
(=0 m=1n=0 @ €~ Akmn 023
. 00 00 1 aUlzcmn(XO) -
Using Lemma 2.3.1 we find that Z Z Z > ——hy"" is absolutely
(=0 m=1n=0 @ €~ Akmn 023

convergent for any i(x) € C°(V). This means that limy_,c <H;’N (x,w, 1Y), h(x)> exists
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for any i(x) € C(V) and defines the linear continuous functional HZI’N (x,w, x°) over
Cy ).

Similarly, we can find H]S.(x,w, xo) as limy_ o H;’N (x,w, xo) in the complete space
7' (V) (see, for example, Vladimirov (1971, 2002)) for s =1,2,3 and j = 1,2,3.
Moreover, since H*N (x, w, x%) = (H f’N (x, w,x%), H;’N (x,w, 1Y), Hg’N (x, w, xO))T satisfies
(2.32)-(2.33) then H(x,w,x") = (H}(x,0,x°), Hy(x, 0, "), H(x, 0,7))

satisfies the following equalities

w?euH’® — curlycurl, H® = —curl, [(5(x - xo)e_g] ,

(curl H’ x )| =0, (H*-&)|.=0,

that is, equalities (2.4)-(2.5). This means that H'(x,w,x°) is the s — column of

frequency-dependent magnetic matrix Green’s function.

2.4 Approximate Computation of the Electric Green’s Function

Let columns of the magnetic Green’s function be derived approximately, that is,
solutions H*N, s = 1,2,3 of the problem (2.32)-(2.33) be computed by (2.36)-(2.38).

For the approximate derivation of E*(x,w, x?), satisfying (2.6), we replace curl H® by
N N N

curl, H*" and 6(x — x°)e® by its regularization Z Z Z U]S‘m"(xo)Uls‘m"(x)e% in (2.6)
k=0 m=0 n=0
for s = 1,2,3, respectively and find an explicit formula for ES" (x, w, x°) as follows

N N N

crl BV (x,w,2) = 3" 3" 3" U (OU (0t |, (2.39)

k=0 m=0n=0

i
EN(x,w,x%) = —
we

for all x € V, x” € V and all parameter w satisfying w?eu # Agn.

2.4.1 The Regularization of the Electric Green’s Function
Let us consider (2.39) for s = 2, that is, EZN. The differentiable function

E%’N (x,w, x°) is the second component E>V . This function defines a linear continuous

regular functional over C°(V) by the following relation (see, for example, Vladimirov
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(1971, 2002))

. N N N kmn .0
2N s 1 6U (x”) f f f o ah(x)
< h(x) we Z:) Z Z:: w?ep — /lkmn (9x3 Uit )

m=0

Ukmn(XO)f f f Uy (x )ah(")dx] MEZZZUW@ WM (2:40)

=0n=0

for an arbitrary h(x) € C;(V). The series in the right-hand side of the last equality is
absolutely convergent for any A(x) € CS" (V) (see, Appendix A4). This means that the
limit of the inner product limN_,oo<E§’N (x,w,x%), h(x)) exists for any h(x) € C3(V) and
defines a linear continuous regular functional over C°(V). We denote this functional as
E%(x, w, x0), that is, E%(x,a), x0) = limp o0 Ei’N(x,w, x%) in the complete space D' (V).
Similarly, we can find E;(x,w,xo) as limy_eo E;’N (x,w,x%) in the space 9 (V) for
s=1,2,3and j=1,2,3.

The s-column (sth column) of the electric Green’s function is

E'(x,w,x°) = i [curles(x, w, )= §(x— xo)é’s] )

T
Now, let Es(x,w,xo) = (Es(x,w,xo),Es(x,w,xO),Es(x,w,xo)) be the generalized

vector function, whose components are distributions defined as ES = limy_ o Ej N ,
j=1,2,3. Since E*Y(x,w,x%) = ( ;N(x,a),xo),E2 (x, a),xo),E3Y Nx, a),xo))T satisfies
(2.39), then the generalized vector function E*(x,w, x°) satisfies (2.2).

Remark 2.4.1. We note that the vector of generalized functions H*(x, w, 1), ES(x, w, x%),
defined in Sections 2.3.3 and 2.4.1, satisfy (2.4)-(2.5) and (2.6). It follows that
H(x,w, x°) and E*(x, w, x°) satisfy (2.1)-(2.3), and therefore, H*(x, w, x%), E*(x, w, x%)
are s-columns of frequency-dependent electric and magnetic Green’s functions G and

GH | respectively.

2.5 Computational Experiments

In this section, we present computational experiments to show applicability of
the approximate computation of frequency-dependent magnetic and electric matrix

Green'’s functions in the rectangular parallelepiped. Here we consider the parallelepiped

v:{xeR3: 0<x; <3, O0<xy<4, O<x3<2.5}
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which contains a dielectric material characterized by the electric permittivity € and
the magnetic permeability u. We choose € and pas ¢ = 1/ +/eu (c = 3- 108m/s is the
speed of light) and w is equal to the value of c¢. The boundary of V, denoted as I', is a
perfect conducting boundary on which the tangential components of the electric field
component and normal component of the magnetic field component vanish. There is
an electric current J(x, w) inside V which produces the electric and magnetic fields. In

our experiments we take J*(x,w), s = 1,2,3 as
J(x,w) = 6(x - x°)e?,

¢’ are the standard basis vectors of R3 ; x0 = (x(l),xg,xg) is the 3D parameter from V
and chosen as x) = 2, x) =3, xJ = 1.5; 6(x — x%) = 6(x; — x¥)6(x2 — x0)6(x3 — x), and

o(xj— x?) is the Dirac delta distribution at x; = x(;, for each j=1,2,3.

Two types of computational experiments will be presented. The first one is related
to convergence and error analysis of our method; the second one is the computation of
the elements of the matrix magnetic and electric Green’s functions in the rectangular
parallelepiped V and the visualization of the computed magnetic and electric fields

components by MATLAB graphic tools.

2.5.1 Convergence Analysis

The Green’s function of the magnetic field is a 3 X 3 matrix whose elements are
distributions. Generally speaking, distributions do not have values at fixed points
(Vladimirov, 1971, 2002). The elements of the regularized (approximate) matrix
Green’s function, which we have computed by our method, are classical differentiable
and integrable functions over V having the values at fixed points. These classical
functions define regular distributions by the standard rule (see, Vladimirov (1971,
2002)). The comparison of the distributions can be made by comparing their integral
characteristics. Some integral characteristics of the elements of the matrix Green’s

function of the magnetic field can be found explicitly. For example, let H; (x, w, xV) be
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a solution of (2.4)-(2.5) for s = 1, j = 2 and h}(x3,w, x°) be defined by

by by
2()Cg,a) x) ffH (x, w, XO)COS( ) (b )dxzd)q.
2

We can show that hé(x3,w,x0) satisfies

62h1 P x0 40
= +k2hy = —a—x3(5(x3—xg)cos bll sin b—2 0<x3 <bs, (2.41)
dh! dh!
2 =0, 2 =0, (2.42)
dxs dx;
x3=0 x3=b3

2 2
where k? = w?eu — (b—”l) - (%) . A solution of (2.41)-(2.42) can be written in the form

sin (k(b3 xo)) ﬂxo nxo 0
sin(kb;)  COS (kx3)005( B )sm( b ) 0<x3<x3,

sin (kxo)

0 7 0 (2.43)
— sty €08 (k (b3 —x3))COS( )Sln( 5 ) x) < x3 < bs.

h(x3,w,x°) =

We can compare the values of h;(xg,w, xo), as the values of the integral characteristics

of H% with the values of the integral characteristic

b] by
h;’N(x&w, xO) = ffHé’N(x, cu,xo) cos(lxl] )sm( by )dxzdxl
0 0
N 0 0 0
-1 2 X X nrx
= Z 5 n7r2 cos| —L [sin| =2 |sin 3 cos(nﬂxS) (2.44)
e (Z_ﬂ) (b3) b b> b3 b3
3

of HZI’N . Here H;’N is the element of the approximate matrix Green’s function
computed by our method and N is the parameter of the approximation corresponding

to the number of terms in each series of the right hand side of (2.44).

In Figures 2.1-2.4 and Table 2.1 the values of hé’N are compared with the values of
h} for fixed x =2, xJ =3, x) = 1.5, and € and y such that ¢ = 1/ \/égi, and w = ¢, and
different numbers N. The graph of hé has jumps at two points and graphs of h;’N do not
have the small oscillations near the jumps of h% (see Figures 2.1-2.4). This behavior
is known as the Gibbs phenomenon, which manifests the peculiar manner in which
the Fourier series of a piecewise continuously differentiable function behaves at jumps
discontinuity. In all cases of the Gibbs phenomenon and regardless of the number of

harmonics (terms of the Fourier series) it is observed that overshoot of the ripples has
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Table 2.1 The accuracy of the calculation of the magnetic field for N=2 =3 xg =15, ry =

1 2
Ind — ;™|
; N = 15,50,100, 150.

Ih;

X3 ris rs50 r100 r150
0.5 0.0705 0.0213 0.0107 0.0071
0.7 0.0597 0.0232 0.0116 0.0078
0.9 0.0208 0.0271 0.0136 0.0090
1.1 0.0492 0.0356 0.0179 0.0119
1.3 0.1806 0.0625 0.0316 0.0211
1.7 0.1525 0.0531 0.0268 0.0179
1.9 0.0417 0.0317 0.0159 0.0106
2.1 0.0213 0.0251 0.0126 0.0084
22 0.0645 0.0235 0.0118 0.0078
24 0.0233 0.0220 0.0110 0.0073

a constant magnitude around 18%. The maximum of relative error ry(x3) = lh%;h—fllé]v'

at the point x3 = 1.3 of the interval [0,2.5] for N = 15,50,100,150 are ri5 = 0.12806,
rso = 0.0625, rio0 = 0.0316, ri50 = 0.0211, respectively. The error is monotonically
decreasing for each fixed x3. Making the error analysis we have concluded that the
biggest N corresponds to the smallest error between values of hé’N and hé We have

taken N = 100 as a reasonable value between accuracy and the time for our computation

in MATLAB.

2.5.2 Approximate Computation and Visualization of the Elements of Matrix

Magnetic and Electric Green’s Functions

The method described in Sections 2.3 and 2.4 has been applied for the approximate
computation of frequency-dependent magnetic and electric Green’s matrices in the

rectangular parallelepiped

V:{x€R3: 0<X1<b1,0<)€2<b2, 0<X3<b3},
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Figure 2.2 The graphs of hé and hé’N for N =50, x(l) =2, xg =3, xg =1.5.
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Figure 2.5 The second component of the first column of the regularized magnetic Green’s function,

Hy" (x1,22,1.5,w,x%), N = 100.

respectively. We note that each column of magnetic and electric frequency-dependent
Green’s matrices are the magnetic and electric fields arising from the pulse dipole
polarized in the direction of the standard basis vector of R?. For computation we
take by = 3, by =4, b3 = 2.5; £ and u such that ¢ = 1/+/eu; w = ¢ (c is the value
of the light velocity); x(l) =2, x(z) =3, xg = 1.5. Computation of H ;,N and E;’N have
been imple- mented in MATLAB and their graphs are presented. Figures 2.5-2.6 and
2.7-2.8 present the second and third components of the first column of the regularized
magnetic matrix, respectively, Hé’loo(x,w,xo) and H;’loo(x,w, xO). Figs. 2.9-2.10,
2.11-2.12, 2.13-2.14 present each component of the first column of the regularized
electric matrix, respectively, E }’loo(x, w,xo), Eé’loo(x,w, xo) and E;’loo(x,a), xO). The
views of the surfaces z = H;’N, z= Hé’N, z= Ei’N, z= Eé’N, z= E;’N ( N=100 )
from the top of z-axis are presented in Figs. 2.5, 2.7, 2.9, 2.11, 2.13, where x;-axis
is vertical and xp-axis is horizontal one. Figures 2.6, 2.8, 2.10, 2.12, 2.14 are 3D
images of the surfaces H;’loo(x,a), 10, H31’100(x, w, x°), E]l’loo(x,a), 10, E;’loo(x,w, 1)
and Eé’loo(x, w,xo) for x3 = 1.5, respectively. Here, x| and x; are horizontal axes and

z-axis is the magnitude.

30



P T

Figure 2.6 The second component of the first column of the regularized magnetic Green’s function,

HyY (x1,2%2,1.5,0,2%), N = 100.
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Figure 2.7 The third component of the first column of the regularized magnetic Green’s function,

HY (x1,32,1.5,w,2%), N = 100.
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Figure 2.8 The third component of the first column of the regularized magnetic Green’s function,

Hy"V(x1,x2,1.5,w,2%), N = 100.

Figure 2.9 The first component of the first column of the regularized electric Green’s function,

E}N(x1,x2,1.5,0,x%), N = 100,
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Figure 2.10 The first component of the first column of the regularized electric Green’s function,

EN(x1,x0, 1.5,0,x%), N = 100.
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Figure 2.11 The second component of the first column of the regularized electric Green’s function,

E}N(x1,x2,1.5,w,x%), N = 100.
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Figure 2.12 The second component of the first column of the regularized electric Green’s function,

EJN(x1,x0, 1.5,0,x%), N = 100.

Figure 2.13 The third component of the first column of the regularized electric Green’s function,

E3N(x1,x2,1.5,w,x%), N = 100,
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Figure 2.14 The third component of the first column of the regularized electric Green’s function,

E;N (x1,%2,1.5,0,x%), N = 100.

2.6 Summary of Chapter Two

A new method for the approximate computation of frequency-dependent magnetic
and electric Green’s matrices in the rectangular parallelepiped with a perfect conducting
boundary has been developed. The columns of the magnetic and electric matrix
Green’s function in the space of generalized functions (distributions) and their
regularizations (approximations) have been obtained . The method has been implement-ed

in MATLAB. The computational experiments have been confirmed its robustness.
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CHAPTER THREE
THE APPROXIMATE COMPUTATION OF THE TIME
DEPENDENT MAGNETIC AND ELECTRIC MATRIX GREEN’S
FUNCTIONS IN A RECTANGULAR PARALLELEPIPED

In this chapter an initial boundary value problem (IBVP) for the Maxwell’s
equations in a rectangular parallelepiped with perfect conducting boundary is studied.
A method based on the Fourier series meta-approach is suggested. This method
consists of the following: the construction of the eigenvalues and corresponding
orthogonal set of the eigenfunctions of the operator A,/3; regularizations (approxima-
tions) of the Dirac delta function and its derivatives using the found eigenfunctions as
basis functions; approximate computation of the elements of the magnetic Green’s
function using the Fourier series meta approach; the derivation of approximate
elements of the electric Green’s function by direct integration with respect to time
variable. The method is implemented in MATLAB and computational experiments are

given to show applicability of the suggested method.

3.1 Time-Dependent Magnetic and Electric Green’s Functions

Let by, by, b3 € RY, x = (x1,x2,x3)T be a 3D variable from R3;
V={xeR’: 0<xi<b, 0<xy<by, 0<x3<bs) (3.1)

be a rectangular parallelepiped; I' be the boundary of V.

The 3 x 3 matrices
H}(x,t,xo) H%(x,t,xo) Hf(x,t,xo)
G100 =| Hl(x,1,x%) H2(x,1,x%) H3(x,1,20) |,
Hy(x,t,x")  H3(x,1,x%) Hj(x,1,x%)
E%(x,t,xo) E%(x,t,xo) E?(x,t,xo)
GE(x,1,x%) = E)(x,1,x°)  E3(x,1,x°) Eg(x,t,xo) ,

El(x,t,x%) E3(x,1,x%) E3(x,1,x°)
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whose s-columns H*(x,7,x%), E*(x,1,x°), s = 1,2,3 satisfy

N

curl ' = e— +6(x—x0d(1)ed, xeV, teR, (3.2)
OH’

LES = —pu—, 33

curly i o (3.3)

ES|z<0 =0, Hs|z<0 =0, (3.4)

(E°x®)| =0, (H-B)|.=0, s=1,2,3, (3.5)

are called the magnetic Green’s function (matrix) and the electric Green’s function
(matrix), respectively, in V. Here € and u are given positive constants characterizing the
electric permittivity and magnetic permeability, respectively; e’ are the basis vectors
of R®; x%isa3D parameter from V; ¢ is the time variable; 6(¢) is the Dirac delta
function at 7 = 0 (see, for example Vladimirov (1971)); i is the unit normal vector to

the boundary I" of the parallelepiped V.
Remark 3.1.1. We note that div,H* = 0 for all x € V is a consequence of (3.3) and (3.4).

Remark 3.1.2. The boundary conditions (3.5) are called the perfect conducting

conditions (see, for example, Eom (2004)).

3.1.1 Equations for the Time-Dependent Magnetic Green’s Function

Applying curl, to (3.2) and using (3.3) with Remark3.1.1, we find
0’H*
or?
where ¢ = 1/ \/ep.

+ czcurlxcurles = czcurlx [5(x - xo)e_?‘] o(1), (3.6)

It follows from equation (3.3) and the second condition (3.4) that

O’
<0=0 S

Taking the cross product of both sides of the equation (3.2) and 1, and using the

=0. (3.7)

t<0

H'|

conditions in (3.5) we get
(curl H’ x )| . =0, (H®-&)|.=0. (3.8)

The equations (3.6)-(3.8) will be used for the computation of the time-dependent

magnetic Green’s function.
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3.1.2 Egquations for Time-Dependent Electric Green’s Function

Let H*(x, #, x°) be the s-column of the magnetic Green’s function, which we assume

to be computed. Then it follows from (3.2) and (3.4) that

oE* 1
” = Ecurles, (3.9)
& <o =0, (3.10)
where
s K 1 0 =3
E=E +-566(x—x")0(r)e’, (3.11)
€

and O(¢) is the Heaviside step function, that is, ®(t) = 1 for t > 0 and ®(¢) = 0 for ¢ < 0.

The equations (3.9)-(3.10) will be used for the computation of time-dependent

electric Green’s function if the magnetic Green’s function is known.

Remark 3.1.3. If H® is a vector function satisfying (3.6)-(3.8), & is a vector function
satisfying (3.9)-(3.10) and E* = &° — %6(x— xo)®(t)e_‘)Y for a fixed value of s =1,2,3.
Then H® and E° satisfy (3.2)-(3.5), that is, H® and E® are s-columns of time-dependent
magnetic and electric Green’s functions. Really, from (3.9), we find curl,H® =
E%S + eﬁsé(x— 106(0). Substituting the expression for curl,H® into (3.8) we have
% (,uaa—}f +curle“) = 0. Integrating this equality and using (3.7),(3.10) we find that
H® and E° satisfy equation (3.3). Moreover, taking the cross product of the equation
(3.9) and n, letting x € " and using (3.8) we find %(Es x i)|r = 0. Integrating the last
equality with respect to ¢ from —oo to ¢ and using (3.10) we find that E® satisfies the
first condition of (3.5). Therefore we obtain that if H® and &° satisfy (3.6)-(3.8), and
(3.9)-(3.11) then H?, E* satisfy equations (3.2)-(3.5). That is, H’, and E’ are s-columns

of the time-dependent magnetic and electric Green’s functions.

Remark 3.1.4. We note that if H® satisfies (3.6)-(3.8) then div,H®* = 0, x € V, that is,
diviH® = 0, x € V is the necessary condition for (3.6)-(3.8).

We use equations (3.6)-(3.8) for computation of the time-dependent magnetic

Green’s function and equations (3.9)-(3.11) for finding the time-dependent electric
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Green’s function when the magnetic Green’s function is known. The method for the
computation of the magnetic Green’s function is based on the Fourier series expansion
and describes as follows: The first step is to find eigenvalues and corresponding to
them vector-eigenfunctions of the vector differential operator A, I3 (I3 is the identity
3 x 3 matrix). We note that the set of all vector-eigenfunctions are orthogonal and
complete in the space of the vector functions with the square integrable components
over the considered parallelepiped. This set is used as a basis for the Fourier series
expansion. The second step of the method is a regularization (approximation) of the
generalized function curl, [5(x— xO)e_g] in the form of the Fourier series according to
the obtained system of vector-eigenfunctions with a finite number of terms. The third
step is solving the initial boundary value problem (3.6)-(3.8) when curly [6(x - xo)e_&] is
replaced by the regularized vector-function. We note that the solution of such problem
depends on the parameter of the regularization. We show that the solution of (3.6)-(3.8)
is a limit of the regularized solution in the space of the generalized function 9’ (V)
(see, Vladimirov (2002)) when the parameter of the regularization tends to infinity.
The fourth step is finding a solution of (3.9),(3.10) when the solution of (3.6)-(3.8)
is replaced by a regularized solution found in Step 3. We prove that the solution of
(3.9),(3.10) is a limit in D’(V) of the regularized solution obtained in Step 4 when the
parameter of the regularization tends to infinity. The vector functions constructed in
Steps 3 and 4 are s-columns of the regularized (approximate) magnetic and electric

Green'’s functions.

3.2 The Eigenvalue-Eigenfunction Problem for the Operator A,I3 in Rectangular

Parallelepiped

Let us consider the problem of finding all values of A (eigenvalues) for which
there exists a nonzero vector-valued function U(x) = (U(x), Uz(x), U3(x)) with x € V
satisfying

A3U(x) + AU(x) =0, (3.12)

(curl U(x)x®)|. =0, (U-&)|.=0. (3.13)
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Let Agm, denote the eigenvalues and Uk’"”(x) be the corresponding vector-valued

eigenfunctions of (3.12)-(3.13). The eigenfunctions Ukm”(x) can be written in the form
UM (x) = U™ (el + U™ (x)ed + U™ (e,

and Amn, UF™(x), i = 1,2,3 satisfy

A UN™ (%) + Ayrn U™ (x) = 0, x €V (3.14)
( AUKF™ (x) . )
@i(X)—=— +Bi(x) U™ (x) ‘ =0. (3.15)
on r

This eigenvalue-eigenfunction problem is solved in Section 2.2, and all eigenvalues

and corresponding eigenfunctions of the problem (3.14),(3.15) are found for each i as

follows:
Fori=1,
2 2 2
A = k_ﬂ + E + E
kmn bl b2 b3 5
k
Ulfm”(x):Akm,,sin —ﬂxl cos @xz cos T}g , (3.16)
b1 by b3
k=1,2,..; n,m=0,1,... are eigenvalues and corresponding eigenfunctions.
For i =2,
2 2 2
Akmn = k—ﬂ Y L T il
kmn bl b2 b3 P
k
U’Z“”"(x) = Biynn cos(b—71rx1)sin(rZ—:xz)cos(gm), (3.17)

m=1,2,...;k,n=0,1,... are eigenvalues and corresponding eigenfunctions.

For i =3,
2 2 2
Akmn = kn T iy I e
kmn b by b3 s

k
US™(x) = Clomn cos(b—’:xl)cos(';i:xz)sin(%x3), (3.18)

n=12,..;km=0,1,... are eigenvalues and corresponding eigenfunctions.

Here Ajns Bimn, Crmn are constants, such that

A 0, if (komm)# (Kom'n)
s, , .m,n) £ (kK',m’,n’),

f Utm(x)- UF™™ (x) dx =
R 1, if k=K, m=m', n=n’.

[ 8
k,mn=0,1,...; j: 1,2,3. That is, Axmn = Bimn = Crmn = —, Akon = Akmo =
b1barbs

[ 4 2
B =B =C =Cion= +/————, Ao =B =Coon=|—,.k=1,2,...;
Omn kmO Omn kOn bl b2 b3 k00 0m0 00n bl b2 b3
m=12,...n=1,2,....
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3.3 Computation of Time-Dependent Magnetic Matrix Green’s Function

3.3.1 Regularizations of the Dirac Delta Function and Its Derivatives

The vector functions defined by

N N N kmn .0 kmn .0
oUN™(x 5 oU(x 5
YLV (x,x0) = o) )Uk’"”(x)ez 9T )Uk’"”(x)e3 . (3.19)
ox0 2 oxd 3
k=0 m=0 n=0 13 *
N N N kmn .0 kmn .0
(9U (.x ) - aU (x ) >
L SUCEIEDIIY [—1—0U’fm”(x)e1 Pt Mhalle U§m"(x)e3], (3.20)
k=0 m=0n=0 0x;3 0x)
N N N kmn .0 kmn .0
ou X - oU X 5
Pl = Y [1—0() Uk (xyel — 2—0()U§m"(x)e2], (3.21)
iCom=on=0\ 0% x;

can be taken as regularizations of curl,o [5(x - xo)ei], curl o |6(x— xo)ea], and

curl o [(5(x— xO)ea] (for detailed explanation see Section 2.3.1).

3.3.2 Solving (3.6)-(3.8) with Regularized Inhomogeneous Term

Let us consider the equations (3.6)-(3.8) for the time-dependent magnetic Green’s
function. We replace curl, [5(x—xo)e}] by their regularizations defined by (3.19),
(3.20), (3.21) for s = 1,2,3, respectively. Moreover, (3.6)-(3.8) are replaced by the

following equations

aZHs,N
p¥ —AAHN = 2PN (6, x5 (), (3.22)
HS,N
HN| =0, ¢ =0, (3.23)
ot <0
(curl BN x@)| . =0, HN )| =0. (3.24)

We will find solutions of the problem (3.22)-(3.24) in the form

N N N
HY (%) = 0 3 3 (174 Ub el + T34, ) U (e
k=0 m=0n=0

T3S (o6t (3.25)

where x € V, t > 0; Uf’”"(x) are eigenfunctions of the eigenvalue-eigenfunction

problem (3.14),(3.15); Tl.s’km” (t,x°) are the unknown Fourier coefficients for i = 1,2, 3.
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By substituting (3.25) into (3.22), (3.23) and using orthogonality of Ufm”(x), we
find for s = 1:

2
ﬁ kml’l(l, xO) + Cz/lkmnTl kmn( xO) = O, > 0’ (326)
d
040 =0, ZTH"0.40) = 0; (3.27)
d2 . X kmn( O)
TR (1,30) + A Ty (1,5°) = = 2—6< n, >0, (3.28)
dt o3
d
1,k 0y _ L.k 0y — n.
T ", x%) = 0, ET2 0, x%) = 0; (3.29)
d2 0Ukmn(x0)
—2T31 kmn iy 0y 4 c2/lkmnT1 kmn (1. x0) = c23—05(t), >0, (3.30)
dt 0,
d
1,k 0y _ 1,k 0y _
T3 0, x°) = 0, ET3 mn ), x%) = 0, (3.31)

k,m,n=0,1,.... The solutions of (3.26)-(3.27), (3.28)-(3.29) and (3.30)-(3.31) can be

written in explicit form. As a result we obtain with (3.25)

. aUkmn 0 5
H'V(x. 1, 1) ZZZ csin(c V/lkmnf)[ ;X )Ulzmm(x)ez

J=0 m=0 n=0 Vinn 0x3
U™ (x0) 4
- ——Uwel|. (3.32)
ox;

Similarly, the solutions of (3.22)-(3.24) for s = 2 and s = 3 are obtained in the form

N N N . kmn .0
(9U X -
B (0 = )T YT Y kan”[ L) el
k=0 m=0 n=0 VAkann Ox3
AUL™ (1Y)
_ T

csin(c VAgmnt)
OV (140 = ;)zazo W(

LER)
8x(1)

U§m"(x)e3), (3.33)

U™ (x0)
0
Ox;

Ut (xel
U’gm"(x)e?). (3.34)

Using the explicit formulas for H*"(x,1,x°) and Ul’.‘m”(x) we can check directly that

HN (x,1,x%) satisfy boundary condition (3.24).

Remark 3.3.1. The vector functions H*V (x,z,x°), defined by, (3.32)-(3.34), satisfy

diviHN(x,1,x") =0, s=1,2,3.
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3.3.3 Time-Dependent Magnetic Green’s Function and Its Regularization

In this section we show that limy_;co HiS’N (x, t,xo), (s=1,2,3; i=1,2,3) exists
in the space of distributions 9’(V), and the distributions H? =limy_e His’N are the
entries of the matrix-valued Green’s function G (x,t, xo).

Let us consider for example, s = 1, i =2 and an arbitrary function 4 € (V) of the form

(2.14), (2.15). The integrable over V function H f N (x,1,x°) defines a regular functional

(distribution) by
UL (0

N N N
(HN 0100, h0) = =3 ST — - ) sin(e VAt RS,

0 m=00=0 VAkmn  0x3

kmn (.0
Using Lemma 2.3.1 we find that }7> ) >\ >'° 1 (c/ \//lkmn)aUzaxo(x ) sin(c \//lkmnt)hgm”

3

is absolutely convergent for any h(x) € C7(V). This means that limy_c <H21N ,h>

exists for any A(x) € C7(V) and defines linear continuous functional H;’N (x,1,x9) over
CyW).

Similarly, we can find H ls (x,t, 1Y) as limy— e HZZY’N (x,t, 1Y) in the complete space D’ (V)
(see, for example, Vladimirov (2002)) for s =1,2,3 and i = 1,2, 3.

Moreover, since H®M(x,r,x°) = (H f’N (x,1,x9), H;’N (x,1,x9), Hg’N (x,t, xo))T satisfies
equalities (3.22),(3.23),(3.24) then H'(x,1,x%) = (H3(x, 1,x°), H3(x, 1, 20), Hi(x,1,29))"
is the solution of (IBVP)

O*H* .
o AAH = eurl, [6(x - x")es] 50,
aHS
H| =0, —| =o,
|z<0 ot (<0

(curl H’ xB)| . =0, (H* &) =0.

This means that H%(x, t,xO) is the s — column of time-dependent magnetic matrix

Green'’s function.

3.4 Approximate Solution of (3.9),(3.10)

Assume that columns of the magnetic Green’s function be derived approximately.

That is, solutions H*Y, s = 1,2,3 of the problem (3.22)-(3.24) be computed by
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formulae (3.32), (3.33), (3.34). For the approximate derivation of E°(x, 1, a0, satisfying
(3.9)-(3.10), we replace curl,H*(x,1,x°) by curl H*N(x,1,x°) in (3.9), (3.10) for
s =1,2,3, respectively and consider the following initial value problem

o0& (x,t, xo) 1

= ~curl, H*" (x,1,x%), (3.35)
ot €
&N (x,1,x%)|,_, =0 (3.36)
A solution of (3.35), (3.36) is given by
t
EN(x,1,x%) = % fcurleS’N(x, 7,xY) dr. (3.37)
€

0

Using (3.11) we find from (3.37) an explicit formula for ESN(x,1,x9) as follows
t
s,N 0 ®(t) s,N 0 1 s,N 0 25
E*(x,t,x)=—= | curl H>" (x,7,x") dt — —D>" (x,x")O(1)€", (3.38)
€ €
0

or in component form

El Ny 0 @(l‘) Z Z Z cos (¢ VApmnt) — lcurl [8U’2<mn(x0) Ulzcmn(x)e_ﬁ
k=0 m=0 n=0 Akmn dxg
aUkmn(XO) N N N
_3—0 Ukmn(x)eS Z Z Z Ukm"(xo)Ukm"(x)G(t)e
ax; k=0 m=07=0 €
0) cos (¢ Vigmt) — 1 Ut (x0) -
EZ,N 0 — Ukmn 1
( ;) mZO nZO /lkmn T 0xg ! (x)e
0Ukmn(x0) . N N N 1 .
_ 3 5 U]:;{mn(x)e?, _ Z Z Z _Ukmn O)Ukmn(X)®(t)ez,
0x) k=0 m=01n=0 €
o) c0s (¢ Vgmnt) — 1 U™ (1Y) -
3N 1 kmn 1
E>"(x,t,x )— gng);) Lo curly —8xg U™ (x)e

Us™(x0)

Ukmn ( X) e_ﬁ _
0 2
Ox]

N N 1 S
> “US"GOUS (8(ne’.

The vector functions defined by
N N N
V(0 = ) Z Z Uk (x0) Uk (x)ed (3.39)
k=0 m=0n=0

are regularizations of the generalized vector functions 6(x — xo)eﬂ:‘, s=1,2,3.



3.4.1 Regularization of the Electric Green’s Function

Let us consider the differentiable function 8§’N (x,2,x°), given by (3.37). This
function defines a linear continuous regular functional over C’(V) by the following

relation (see, for example, Vladimirov (1971))

N N N (¢ Vamnt) — 110UR™(x0) i, Oh(x)
<8§,N,h(x)>zzzzcos c /lkmkn t [ laxg ffoIf (x) 8x: dx
v

k=0 m=0n=0

Uk (xY) i, OR(X)  10(t)
KRS [JurRalfl o
Vv

for all i(x) € C (V). The series in the right-hand side of the last equality is absolutely

convergent for any h(x) € C°(V) (see, Appendix A4), that is, ]\}1_1)20 (8§’N(x, t, xo),h(x)>
exists for any h(x) € CS" (V) and defines a linear continuous regular functional over
Cg" (V). We denote this functional as 8%(x, t, xO), that is, 8%(x, t, xo) = ]\}ggo 8§’N (x,1, xo)
in the complete space 9’. Similarly, we can find Sf(x, t, xo) as 1\17220 Sl.s’N (x,t, xO) in
D'(V)fors=1,2,3andi=1,2,3.

The s-column of the electric Green’s function is
t

(0163 1
E(x,1,x°) = 510 f curl, H*(x, 7, x°) dr — =6(x — x°)@(1)&".
€ €
0

Let & (x,t,x°) = (8; (x,1,x9), &3 (x.1, 10, Ei(x.1, xO))T be the generalized vector function,
whose components are distributions defined as 8;.‘ = limpy_ 00 Sf’N ,1=1,2,3. Since
&N (x,1,09) = (8 (x,1,19), 85V (x, 1,2, 85V (x,1,2%)) satisfies (3.35), (3.36) then
the generalized vector function &°(x,¢, 1Y) satisfies (3.9),(3.10) and the generalized

vector function E*(x, 7, x°), defined by
K 0 s 0 1 0 S
E(x,t,x)) =& (x,1,x°) — =0(x—x")O(r)e", (3.41)
€

satisfies (3.2).

Remark 3.4.1. We note that the generalized vector functions H*(x,z, xo), E¥(x,t, xO),
defined in Sections 3.3 and 3.4, satisfy (3.6)-(3.8) and (3.9),(3.10). The generalized
vector function E*(x, 1, x°), defined by (3.41), satisfy (3.2). It follows that H*(x, 7, x%)
and E*(x, 1, x%) satisfy (3.2)-(3.5), and therefore, H*(x, 1, x%), E*(x,1,x%) are s-columns

of time-dependent electric and magnetic Green’s functions GZ and G, respectively.
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3.5 Computational Experiments

In this section, we present computational experiments to show applicability of the
method for approximate computation of time-dependent magnetic and electric matrix

Green'’s functions in the parallelepiped V with by = 3, by = b3 = 2, that is,
V:{xeR3: 0<x;1<3, 0<xy<2, O<x3<2}.

Two types of computational experiments have been done. The first one is related to
convergence analysis of the method; the second one is the computation of the elements
of the magnetic and electric Green’s functions in V and visualization of the computed

magnetic and electric fields components by MATLAB graphic tools.

3.5.1 Convergence and Error Analysis

To obtain a reasonable accuracy and time for the computation of the approximate
Green’s functions for electric and magnetic fields in MATLAB by the personal
computer it is necessary to determine a value of the parameter of the regularization N.
We note that the Green’s functions of the magnetic and electric fields are 3 X 3 matrices
whose elements are distributions. Generally speaking, distributions do not have values
at fixed points (Vladimirov, 1971, 2002, Antosik & Mikusinski, 1973) (see also
Appendix AS). The elements of the regularized (approximate) matrix Green’s function
for the magnetic field (computed by our method) are classical differentiable and
integrable functions over V having values at the fixed points. These classical functions
define the regular distributions by the standard rule (see, Vladimirov (1971, 2002),
Antosik & Mikusinski (1973) and Appendix AS5). The comparison of distributions
can be made by the comparison of their integral characteristics. Some integral
characteristics of the elements of the matrix Green’s function of the magnetic field can
be found explicitly. These characteristics can be compared with integral characteristics
of the approximate Green’s function for different parameter of the approximation N to
select reasonable one. Let us consider the second column H? of the matrix Green’s

function of the magnetic field. The vector function H? is a solution of (3.6)-(3.8) for
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s = 2. Integrating (3.6) with respect to x(l) and X(z) and defining ﬁz(x, t, xg) by

l 2 xo
7 (x,1,x3) = f f H(x, 1, xO)sm( )dxzdxl,
by

we find that 72 = (h3,h2, h2) satisfies

0*h? x| 06(x3 — x3)
2 2 2 1
——L A2 = *sin —m, 3.42
= ( , ) o 00 (3.42)
A% h?
_8t22 ~PAHE =0, (3.43)
&°h 2 2 2_ 27 X1
?—c A3 =c b—lcos( 5 )(5(X3—xg)5(t), (3.44)
oh>
72 = _— =
|, =0 & 0, (3.45)
t<0
(curl,h* X i) =0, (h% - /) = (3.46)
A solution of (3.42)-(3.46) can be written in the form
h2 C2 Sin(ﬂ.X])ah(x3at x3)
B b (')x3 ’
h =0,
hz—cz—cos( )h X3,1,X 3.47
b by (x3, 3) (3.47)
where h(x3,t, xg) satisfies
Ph ,0%h 2
S St (bﬁl) h = 6(x3 - x)6(8), (3.48)
3
oh
hlo=0, —| =0, 3.49
li<0 i (3.49)
(33,8, 3520 = 0, h(x3,,x) 5y, = 0. (3.50)

It is well known that there is no influence of the boundary conditions (3.50) on the
solution A(x3,1, xg) of the initial boundary value problem (3.48)-(3.50) for all times
when the wave front |x3 — xgl = ct does not reach the boundaries x3 = 0 and x3 = b3. This
means that the solution of the initial value problem and the solution of the boundary

value problem are equal for these times.
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The function A(x3,1, xg) as a solution of the initial value problem (3.48)-(3.49) for
1 by —x0
x3€(0,03),0<1< min{—3, 3 reads as follows (see, Vladimirov (1971))
c

C

O(ct —|x3 —xJ))
h(xs,1,49) = 3 Jo( "

202 (2 0N2
2¢ by \/Ct (x3=33) )’

where Jy(?) is the Bessel function of the first kind of the real variable 7. As a result of
it the integral characteristic h%(x, t, xg) of the third component of the second column of

the matrix Green’s function is found in the explicit form for x3 € (0, b3),
0 0

Xy b3—x
0 <t < min —3, 3
c c

function of the magnetic field computed by our method and N be the parameter of

Let H>V be the second column of the matrix Green’s

the approximation corresponding to the number of the terms of the right hand side of
(3.33). Let us consider the third component H§’N of H>N and its integral characteristic
hg’N (x,1, xg), defined by similar rule as h%(x, t, xg), that is by

by by 0
X
h%»N(x,t,xg):fng,N(x,t,xo)sin(b—ll]dxgdx(l). (3.51)
0 0

Remark 3.5.1. Let h% and hg’N be defined by (3.47)-(3.50) and (3.51), respectively. We
note that hg’N can be written in the form of the Fourier series. Moreover, using (3.18),
(3.33), (3.51) and the reasoning of Appendix AS we can show that h% = limy -0 h%’N

in ’(V xR). This means that hg’N is an approximation of h% for a fixed V.

We compare the values of hg(x, t, xg) and hg’N (x,t, xg). The comparison of the values
hg’N and h% is presented in Figures 3.1-3.4 and Table 3.1. The values of hg’N are
compared with the values of h% for fixed r = 0.4/c, xg = 0.5, x; =1 and different
numbers N. The graph of h% has jumps at two points and graphs of hg’N do not have
the small oscillations near the jumps of h% (see Figures 3.1-3.4). This behavior is
known as the Gibbs phenomenon, which manifests the peculiar manner in which the
Fourier series of a piecewise continuously differentiable function behaves at jumps
discontinuity. In all cases of the Gibbs phenomenon and regardless of the number of

harmonics (terms of the Fourier series) it is observed that overshoot of the ripples has a
2,N
|h3— 3" |

constant magnitude around 18%. The maximum of a relative error ry(x3) = 2
3
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Table 3.1 The accuracy of the calculation of the integral characteristics h% of the magnetic
I —h3"|
Green’s function computed by our method for ¢ = 0.4/c; xg) =05 x=1;, ry = %; N =
3
5,10,25,50,100, 150.

X1 rs r10 s 50 r100 r150

0.2 0.2561 0.0491 0.0587 0.0041 0.0285 0.0005
0.3 0.0144 0.0864 0.0112 0.0193 0.0175 0.0065
0.4 0.1671 0.0024 0.0385 0.0002 0.0139 0.0000
0.5 0.1908 0.0740 0.0411 0.0156 0.0127 0.0052
0.6 0.0969 0.0096 0.0241 0.0005 0.0129 0.0001
0.7 0.0852 0.1059 0.0112 0.0236 0.0153 0.0079
0.8 0.3155 0.0624 0.0765 0.0047 0.0246 0.0006

at the points of the interval [0.2,0.8] for N = 5,10,25,50, 100, 150 are r5 = 0.3155,
rio = 0.1059, ry5 = 0.0765, rsg = 0.0236, rigo = 0.0285, ri590 = 0.0079, respectively.
Making the error analysis we have concluded that the biggest N corresponds to the
smallest error between values of hg’N and hg at the points of the interval [0.2,0.8].
We have taken N = 100 as a reasonable value between accuracy and the time for our

computation in MATLAB by the personal computer.

3.5.2 Approximate Computation and Visualization of Elements of Magnetic and

Electric Green’s Matrices

The suggested method has been applied for the computation of the time-dependent
magnetic and electric Green’s matrices in the parallelepiped V. More precisely, we
have derived elements H ls N and SI.S’N of the regularized time-dependent magnetic and
electric matrices, respectively. The parameter of the regularization N has been chosen
as 100. We note that each column of the magnetic and electric time-dependent Green’s
matrices is a magnetic or electric field, respectively, arising from the pulse dipole

polarized in the direction of the basis vector of R®. Computation of HI.S’N and Sf’N

has been implemented in MATLAB and their graphs are presented.
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Figure 3.1 The graphs of hg and hg’N for N=10,t=

0.4 . .. .
—, x3=0.5, x; = 1; the horizontal axis is x3-axis.
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Figure 3.2 The graphs of h% and hg’N for N =50, t= %, xg =0.5, x1 = 1; the horizontal axis is x3-axis.
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Figure 3.3 The graphs of h% and hg’N for N =100, ¢t = O—j, xg =0.5, x; = 1; the horizontal axis is x3-axis.
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Figure 3.4 The graphs of h% and hg’N for N=150,1= %, xg =0.5, x1 = 1; the horizontal axis is x3-axis.
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Figures 3.5-3.8 depict the first component of the second column of the approximate
magnetic Green’s matrix, whereas Figures 3.9-3.12 present the second component of
the second column of the approximate electric Green’s matrix. Figures 3.6, 3.10 are 3D
images of the surfaces z = H%’N(xl ,%2,0.5,0.1/c;x%) and z = 8§’N(x1 ,x2,0.5,0.1/c;29),
respectively, where x| and x, are the horizontal axes and z-axis is the magnitude of
Hf’N or 8§’N for N = 100. The view of the surfaces z = H%’N(xl,xz,O.S,t; xO) and
z= 8§’N(x1 ,Xx2,0.5,1; xo) from the top of z-axis is presented in Figures 3.5, 3.7, 3.8, and
3.9, 3.11, 3.12, where xj-axis, x»-axis are the horizontal and vertical axes, respectively.
The first component of the magnetic field and the second component of the electric
field, arising from the pulse dipole Jz(x, t, xO) =0(x— xo,t)t;2 at time ¢t = 0.1/c, are
presented in Figures 3.5, 3.6, 3.9, 3.10, respectively. Figures 3.5, 3.9 represent the
map of the surfaces z = le’N(xl,xz,O.S,t, xo), zZ= 8§’N(x1,x2,0.5,t, xO) for N =100 at

t =0.1/c. The 3D images of these surfaces for ¢ = 0.1/c are given in Figures 3.6, 3.10.

The dynamic of the magnetic and electric fields is presented in Figures 3.5-3.12. We
observe propagations of the electric and magnetic waves. The forward and reflected
wave fronts are presented by the essential fluctuations. The fronts of the magnetic and
electric waves, presented in Figures 3.5,3.6 and 3.9,3.10, did not reach the boundary of
the parallelepiped. In Figure 3.11 the front of the electric wave touches the boundary I'.
In Figures 3.7, 3.8, 3.12 we see further propagation of the magnetic and electric waves
and the reflections of these waves from the different parts of the boundary. Moreover
Figures 3.5-3.12 present the total magnetic and electric fields as a superposition of
the forward and reflected waves from the conducting boundary of the parallelepiped.
In Figures 3.5-3.12. there is also a visible ripple which is related to the errors of

approximations (see Appendices A5 and A6 ).

3.6 Summary of Chapter Three

A new method for the approximate computation of time-dependent magnetic and
electric Green’s matrices in the rectangular parallelepiped with a perfect conducting

boundary has been developed. The method is based on the adaption of the Fourier
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Figure 3.5 The first component of the second column of the approximate magnetic Green’s function for

N =100, x° =(1,1,0.5), x3 = 0.5 at times ¢ = 0.1 /c.

Figure 3.6 The first component of the second column of the approximate magnetic Green’s function for

N =100, x° = (1,1,0.5), x3 = 0.5 at times ¢ = 0.1 /c.
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Figure 3.7 The first component of the second column of the approximate magnetic Green’s function for

N =100, x° = (1,1,0.5), x3 = 0.5 at times 7 = 1.15/c.

Figure 3.8 The first component of the second column of the approximate magnetic Green’s function for

N =100, x° = (1,1,0.5), x3 = 0.5 at times ¢ = 1.75/c.
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Figure 3.9 The second component of the second column of the approximate electric Green’s function

for N = 100, x° = (1,1,0.5), x3 = 0.5 at times t = 0.1/c.

Figure 3.10 The second component of the second column of the approximate electric Green’s function

for N =100, x° = (1,1,0.5), x3 =0.5 at times = 0.1/c.
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Figure 3.11 The second component of the second column of the approximate electric Green’s function

for N =100, x° = (1,1,0.5), x3 = 0.5 at times 7 = 1 /c.

Figure 3.12 The second component of the second column of the approximate electric Green’s function

for N =100, x° = (1,1,0.5), x3 = 0.5 at times 7 = 1.5/c.
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series meta-approach for solving the initial boundary value problem of the hyperbolic
equations. We note that the generalized vector functions curl, [6(x—x0)e_5]5(t), s =
1,2,3, appear in the differential equations for the columns of the magnetic Green’s
matrix. We have suggested an approximation of these generalized vector functions for
the computation of the considered Green’s functions. The elements of the approximate
Green’s function for the magnetic field have been found in the form of the partial
sums of the Fourier series with a finite number of terms. Using them we have derived
explicitly the approximate elements of the electric Green’s matrix by integration with
respect to the time variable. Moreover we have proved that if all Fourier coefficients
derived, then, using the obtained Fourier series, the time dependent magnetic and
electric Green’s functions are defined in the space of the generalized functions
(distributions.) Using the method, a visualization of the behavior of the magnetic and
electric fields inside a given parallelepiped with perfect conducting boundary has been

made.

The columns of the magnetic and electric matrix Green’s function in the space of
generalized functions and their regularizations has been obtained . The method has
been implemented in MATLAB. The computational experiments have been confirmed

its robustness.
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CHAPTER FOUR

AN INITIAL BOUNDARY VALUE PROBLEM FOR 1D WAVE EQUATION

WITH PIECEWISE CONSTANT COEFFICIENT

In this chapter we study an IBVP for the 1D wave equation with piecewise constant

coefficient. This problem and its solution will be used in Chapter 6. The method of

characteristics is applied for solving this IBVP.

4.1 Statement of the IBV Problem for the One-dimensional Wave Equation with

Piecewise Constant Coeflicient

Let y € R be the space variable; ¢ € R be the time variable; ci, €, yk, k= 1,2,...,n,

be given positive constants and yg =0, y, =b > 0; fi(¥), k =1,2,...,n—1, be given

continuous functions. Find u(y, r) satisfying the wave equation for (y,?) € (yxk—1,yx) XR™

(thatis, y € (yx—1,yk), t€RY), k=1,2,...,n,
the initial data

u(y’ 0) = O’ ”t(y, 0) = O’
boundary conditions

uy|y=yo =0, u |y=yn =0,

and matching (interface) conditions:

Mly:yk+0 = uly:yk_o, k = 1,2,...,]1— 1,

u | €+l " | _ Gkl
Ty=p+0 = g V=m0 ¢

This problem is called the initial boundary value problem (IBVP).
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4.2 Reduction of IBVP for The Wave Equation to IBVP for a System

Let us consider a new variable z and a sequence of points zx, k = 1,2,...,n which

are defined by formula

Y : Y1
) e( 05 ])’ lf i1 =7
= o YEL0Y ) (4.6)
ety YE Gy, if zin =+ SR k=1,2,..,n -1,

with zo =0, z, = B.

Let y = y(z) be the inverse of the function z = z(y) defined by (4.6).
12, 7 €(20,21)
y =
yk+ck+1(Z_Zk)’ ZE(ZkaZk-f—l)a k:1927"'7n_1-

Introduce a new function v(z,1) = u(y(z),t). Equations (4.1)-(4.5) can be written in

terms of v(z,t) as follows:

Vlt_VZZ = O’ (Z’t) € (Zk—],Zk)XR+, k = 1’2" .. n, (4'7)
V(Za 0) = O’ Vt(Z, O) = 09 (48)
lez:O = O’ VZ'z:zn = O’ (49)
Vim0 = Viegmgr 1240.an—1, (4.10)
€k+1
VZlZ:Zk+0 = dk,k+1 leZ:Zk—O - G_ka+Ifk(l)’ 1929 NN (5 13 (4'1 1)

where dj j11 = %i—;l

Letting V = %, o= ‘;—;, (4.7) can be written for (z,1) € (zi—1,2x) X R* as follows

v _ar ar_ov
o 8z ot 07’

B A A T

Yl]:sT[V]: ! [V] Wheresr_[”ﬁ -M],

or equivalently

Let

ﬁ V+o 1/vV2 1/V2
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here * denotes the transposition. Then (4.7)-(4.11) can be written in terms of the vector

function Y(z,7) in the following form

0 1 0 |o 0
—Y+ —Y-= , 7€ (zetz), k=1,2,...,n, (4.13)
o o -1 )0 0
Y(z,0) =0, (4.14)
=Y1(0,0)+ Y2(0,1) =0, —=Y1(B,1) +Y2(B,1) =0, (4.15)

Yi(zk+0,0)+Y2(zk +0,0) = Y1(zx = 0,0) + Yo(2z = 0,1), k=1,2,...,n-1,  (4.16)
=Y1(zx+ 0,0+ Y2(zk +0,1) = =di j+1Y1(2k — 0,) + dy k41 Y2 (2 = 0,0

—\/EGI;—J:ckﬂfk(t), k=1,2,....n—1. (4.17)

The problem of finding Y(z,?) satisfying (4.13)-(4.17) we call the initial boundary
value problem for the system (4.13). If Y(z,¢) is a solution of (4.13)-(4.17) then (V, o)’
can be found by

14 Y 1 Yi+Y 1/V2 1/V2
=S =— , where S = ,
o Y | V2{ -vi+1, ~1/V2 1/V2
and the function v(z,7) can be found by integrating V(z, 7) with respect to 7 from O to ¢

t

v(z,t) = f V(z,7) dr,
0
and finally, we find

u(y,t) = v(z(y),1).

4.3 Solution of the IBVP (4.13)-(4.17)

4.3.1 Construction of Functions Y{(z;—0,1), Y1(zx +0,1), Y2(zx —0,1), Yo(zx +0,1)

The system of equation (4.13) has the following form

0 0 0 0
—Y 1 +=Y = —Y——Y, = 4.1
ot 1+6z 1=0. FTREE 0. (4.18)

for (z,1) € (zk—1,2k) XR*, k=1,2,...,n, and can be written as

d d
p [Y1(z,2)] =0, p [Y2(=z,2)] = 0.
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Let tx = zx — zx—1, using the initial condition (4.14) and the boundary condition (4.15)
we find
Yl(Zk_t90)a tstk’
Y1(zx—0,0) =
Yi(zeo1+0,t=1), t>t,, k=1,2,...,n,

Yo(zx +1,0), t < trtl,s
Y2(2k+0,t)={ o

Y2(zke1 = 0,1 =tks1), t>tiy1, k=0,1,...,n—1.
Finding Y(zx - 0,1), Y2(B,?) for t € (0,1;), k=1,2,...,n.

Equation (4.18) may be written in terms of £ and 7 as

0 0
8_7'Y1(§’T)+8_§Y1(§,T) =0.

The characteristics of this equation are given by

d d.
T_l &

— =1, =2 =1.
ds ds

The characteristic passing through the point (zx,t), k = 1,2,...,n is defined by
T= f +t—Zk.
(4.18) along this characteristic may be written in the following form
L M@ gri-z01=0
df 1 ’ Zk - Y.
Integrating the last equation along the curve 7 = &+t — 7, from (zx —1,0) to (zx,t) for

t € (0,1;), we find
2%

d
fd—g[Yl(f,fﬂ—Zk)] =0,

Zk—t
that is,

Yi(zk—0,1) = Y1(zx —1,0), 1€ (0,%).

Using the initial condition (4.14) we find
Y1(zx=0,0)=0, t€(0,%), k=1,2...,n. (4.19)
For the particular case where k = n we have

Y1(B,t) =0, t€(0,1,). (4.20)
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Therefore, using (4.15), we find

Y>(B,t) =0, t€(0,1,). (4.21)

Finding Y>(zx +0,7), Y1(0,¢) for t € (0,t441), k=0,1,...,n—1.
Equation (4.18) may be written in terms of £ and 7 as

0 0
5,267~ a—sz(f,T) =0.

The characteristic of this equation passing through the point (z,?) is given by
T=—E+t+7, k=0,1,...,n—1.

Equation (4.18) along this characteristic may be written as follows

d
£ [Y2(6, €+t +21)] = 0.

Integrating the last equation along the curve 7 = =& + 1 + 2, from (zg, ) to (zx +¢,0) for

t € (0,t41) we find
g+t

d
f T [Y2(£,—é+1+21)] =0,

Tk
that is,

YZ(Zk +07t) = YZ(Zk_'—t’O), te (O’tk+1)'

Using the initial condition (4.14) we find
Y2(zx +0,0) =0, 1 €(0,t4+1), k=0,1...,n—-1. (4.22)
For the particular case where k = 0 we have
Y2(0,1) =0, 1€ (0,17). (4.23)
Therefore, using (4.15), we find

Y1(0,1) =0, t€(0,11). (4.24)
Finding Y(zx +0,?), Y2(zx —0,¢) for t € (0,1*), k= 1,2,...,n—1.
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The functions Y1(zx —0,1), Ya(zx +0,1), k = 1,2,...,n— 1, are found in the previous
steps. We use these functions for finding the unknowns Y;(zx +0,1), Ya(zx —0,1), k =
1,2,...,n—1,forte(0,r), t* =min{ty,1,...,t,}. Using the matching conditions (4.16),
(4.17) we get the following algebraic system
[1 -1 ]( Yi(z+0.1) ]_[ Yi(zk—0.6) = Ya(z +0.1)

Va—0.0) ) | dint Vi - 0.0+ Vol + 0,0+ V2%Lep fi0) |

€

I dign
—_—
Ap s

(4.25)
Since detAyx+1 = dix+1 +1 > 0, using the Cramer’s rule, we get unknown functions

Y1(zx+0,1) and Ya(zx —0,1) as

1 G n -1 di 141G H+F t
V(o4 0.0) = kk+1(7) _ i K+ 1(0) + Fr g1 ), 4.26)
I+dieer | F kk+1(0)  digr Ut die gt
1 1 G t F H-G t
V(s —0.1) = kk+1(0) _ kk+1(0) = Grger1 )’ @27)
tdiir1 | 1 Frpn () 1+ d g1

and the functions Gy x+1(?), Fi k+1(¢) are defined as

Grir1(t) = Y1(zk —0,0) = Yo(zx +0,1),
€
Frir1(t) = dij+1Y1(zk = 0,8) + Ya(zr + 0,0) + ﬁ%%ﬂfk(ﬂ,

forte(0,t*), k=1,2,...,n—1.
Finding Y(zx - 0,1), Y2(B,1) for t € (ty,t + %), k = 1,2,...,n.

Here, we need to find the functions Y (z;x —0,1), for t € (ty, tx + ), k=1,2,...,n.
Integrating the equation (4.18) along the curve 7 = &+ — zi, from (zx—1,¢ — 1) to (2x, 1)

for t € (ty, 1 + ) we find
%

d
fd—g[Yl(é‘lfﬂ—Zk)] =0,

-1
that is,

Yi(zx—0,0) = Y1(zp—1 + 0,6 —13), t € (ty, 15 +17), k=1,2,...,n.

In the previous steps, the functions Y;(zx + 0,7) have been constructed for ¢ € (0,"),
k=1,2,...,n—1. By shifting ¢ variable #; units down we get

Ak 1 kGr—11(t = ti) + Fr1 1 (t — 1)
1+ dk—l,k

Yi(zpo1 +0,1— 1) = , te(t,tx+1), k=2,3,...,n.
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Hence we find

A1 ) Gr—1,4(t —tx) + Fr_1 1(t — ;)

Yi(zx—0,1) = v di s

, te(tti+1), k=2,3,...,n. (4.28)

Let us consider the particular case k = 1
Y1(z1 —0,0) = Y1(0,£—11).

In the previous steps we find Y1(0,7) = 0 for ¢ € (0,#1). By shifting the ¢ variable #; units
down we get

Y1(0,1—11) =0, te(11,28).

Hence, we find

Y1(z1—-0,0) =0, t€(t1,2t1). (4.29)

For finding the function Y»(B,?), we consider the case k = n of the result (4.28) and
using (4.15) we find

Ay 12Gn1,(t—1)+ F,_1,(t—t .
Y>(B,1) = Y1(B,1) = 2=Lnn 1’”§+d”)1 n-ia ”), tE (tyty+15).  (4.30)
n—1,n

Finding Y>(zx +0,1), Y1(0,1) for t € (tys1,tx+1 +1°), k=0,1,...,n—1.

Here, we need to find Y>(zx +0,1) for t € (tx41,tk+1 +17), k=0,1,...,n—1. Integrating

(4.18) along the curve T = —¢ + £ + zx from (zg, 1) to (Zx+1,¢ — 1) we find
Yo(zk +0,1) = Yo(zks1 = 0,0 = tgs1), 1€ Tk, trr1 +17).
In the previous steps the function Y>(zx —0,1), k = 1,2,...,n—1 has been constructed

for ¢ € (0,¢"). By shifting ¢ variable #;,; units down we get

Fri1 j42(t = tie1) = Gra1 a2 — tes1)
Yo (zkr1 — 0,8 —ths1) = y 1€ (ter1s 1 +17),
1 +di+1 442

k=0,1...,n-2.

Hence, we find

Fri1 j+2(t = ti1) — Gt 42 = tis1)
I+ dk+1,k+2

Yo(zk+0,1) = , 1€ (trs 1 +17), (4.31)
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k=0,1....,n-2.

Similarly, for the case k =n—1 we find
Yo(2,-1+0,0) = Yo(B,t—1,) =0, t, <t <2t,.

For finding the function Y1(0,7), we consider the case k = 0 and use (4.15), and find

Fia2(t—11)—-G12(t—11)

Y1(0,0) = Y2(0,1) = T+dia

, te(t,n +15). (4.32)

Finding Y|(z; +0,7), Y2(zx = 0,0) for t* <t <2t k=1,2,...,n—1.

Similar to the previous steps the functions Y(zx —0,7), Y2(zx + 0,¢) can be found as

Aic j+1G e 1(8) + Fr 1 (1)

Yi(zx +0,0) = Tt dorn , (4.33)
K+
F H-G t
V(s —0.1) = k,k+11(+)dkkk;k+l( ), 4.34)
K+

forte (¢*,2t"), k=1,2,...,n—1.
Finding Y (z; - 0,1), Y2(B,t) for t € (t +t*, 13, + 2t*), k= 1,2,...,n.
Here we need to find the functions Y;(z;x —0,1), fort € (ty +*, 1, +2t), k= 1,2,...,n.
Integrating the equation (4.18) along the curve 7 = € + ¢ — zx, from (zx—1, —tx) to (2x, 1)
Y1(zx—0,1) = Y1(zk-1 + 0,2 — 1), k=1,2,...,n.

In the previous steps the function Y1(zx +0,1), k =1,2,...,n— 1, has been constructed
for t € (0,1*) U (r*,2¢*). Hence, we find

k-1 ) Gr—1,4(t = ti) + F—1 1(t — tx)
1 +dk—l,k

Y1(zx=0,0) = , te(t+17, 1+ 217), (4.35)

k=2,...,n.
Using the constructed function Y1(0,7), ¢ € (0,¢1) U (t1,¢; +t*), we find the function

Yi(z1 =0,¢) for t € (21,211 +t*) as

12(=2)) — G1,2(t=211)

F
Y1(z1-0,0) = 15dis

(4.36)

For finding the function Y»(B,?), we consider the case k = n of the result (4.35) and
using (4.15) we find

dn—l,nGn—l,n(t - tn) + Fn—l,n(t - tn)
1+dn_1,n

Y>(B,1t) = , tE(ty +17, 1, +21). 4.37)
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Finding Yo(zi +0,1), Y1(0,1) for 1 € (t41 +t5, 1 +2t%), k=0,1,...,n—1.

Similar to the previous steps the functions Y»(zx +0,¢), k =0,1,...,n—1, can be

found using the following equality
Y2(zk +0,0) = Yo(zkr1 — 0,7 = tgs1).

In the previous steps the functions Y>(zx —0,1) k=1,2,...,n— 1, have been constructed
for ¢t € (0,£*) U (¢*,2¢"). Using this result we find

F r—t -G -t
Ya(ze +0,0) = et ff;k : :+;”‘+2( 0 ¢ s+ e 426, (438)
+1,k+

k=0,1...,n—2. Similarly for the case k =n—1 we find

dn—l,nGn—l,n(t - 2tn) + Fn—l,n(t - 2tn)
1+ dn—l,n

Y2(zp-1+0,0) = , 1€ (21,2t +1%).

For finding the function Y;(0,7), we consider the case k = 0 and use (4.15), and find

Fi2(t—11)—-Gr(t—11)

, tE(t  +1,1H +215). 4.39
T+d, (1 1 ) ( )

Y1(0,1) = Y2(0,1) =

Finding Y (zx +0,1), Y2(zx —0,1), k= 1,2,...,n— 1.

Similar to the previous steps the functions Y(zx —0,7), Y2(zx + 0,¢) can be found as

Aic jo+1G i 1(8) + Fr g1 (1)

Yi(zx +0,0) = I diet , (4.40)
K+
F H-G t
Ya(zi—0.1) = k,k+11(+)dkkk;k+l( ), 4.41)
K+

forte (2t*,3t"), k=1,2,...,n—1.

Similar we can do in general case. Really, let p € Z* denote the order of the step.
Then for p > 2, the functions Y1(zx —0,1), Y1(zx +0,1), Y2(zx +0,1), Y2(zx —0,7) can be
find by the formulas
Fio(t—11)-Gi2(t—1)

Y1(0,1) = Y2(0,1) = , te(t+(p— Dt 1 + pt).

1+d1,2
dn— nGn— nll =1y +Fn— nf—1y
Y1(B,1) = Ya(B,1) = == 1’5 VHFtnll=10) (gt (pm Dt + i)
+dn—1,n
Fi2(t-2t1)—G(t -2t
V(- 0, = T2UZ20 G220 o 4 (pm 2y 20+ (p- D),
1+di>
Ai-1 ) Gr—14@ =)+ Fr—1 1 (1 — 1,
Yi(s—0.1) = k=1,Gh—1 k(= 15) + Fr—1 1 ( k),te(tk+(p—1)t*,tk+pt*),
1+dk—1,k
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where k=2,...,n—1.

Fri1 j+2(t = tis1) = Gt g+ 2(E = s 1)
1+dk+l,k+2

where k=1,2,...,.n-2,

Yo(zx+0,0) = , 1€ (te1 +(p— Dt tip1 + ptY),

dn—l,nGn—l,n(t - 2tn) + Fn—l,n(t - 2ln)

Y2(zp-1+0,0) = TTd
n—1,n

fort € 2t,+(p—-2)t",2t, +(p— 1)t").

i j+1G k1 (D) + Fi 1 (0)

Yi(zx+0,0) = v die , for re (pt*,(p+ D), k=1,2,...,n—1.
K+
F Hn-G t
Yo(zi —0,1) = k’kﬂl(:dkkk;kﬂ(), for te(pt*,(p+ D), k=1,2,...,n—1.
K+

4.3.2 Solution of IBVP (4.13)-(4.17) by Method of Characteristics

Firstly, let us consider the IBVP (4.13)-(4.17) and choose an arbitrary point in
(z0,21) YU (22,23)U...U(24-1,22) X R*, such that, (z,7) € (zx—1,2x) X R". Note that in the
previous section, we have shown that the system (4.13) can be rewritten in component
form as in equation (4.18). Then these equations have been rewritten in terms of ¢ and
7. Now, let us consider these equations. The characteristics passing through the point
(z,1) € (zk—1,2x) X R™ can be found as 7 = é+t—z and T = =€+t + z. Equation (4.18)

along these characteristics can be written as

d d
d—§Y1(§,§+t—z) =0, d_§Y2(§’_§+t+Z) =0.

Integrating the equations above with respect to & from z;_1 to z and z to zx, respectively,

we find
Y1(z,1) = Yi(zg—1 + 0,0 — (2 — 2%=1)), (2,0) € (zk-1,2k) XRT, (4.42)
Ya(z,0) = Ya(zk = 0,1+ (2= 20)), (2.1) € (zx-1,26) XR”, (4.43)
where k= 1,2,...,n. Note that the functions Y{(zz_1 +0,f—(z—2zx_1)), and Y2(zz — 0,1+

(z—zx)) have been constructed in the previous section. Then using this result we find

solution of the IBVP for the system (4.13)-(4.17) as

Y Yi(zp—1+0,t— (z— 75—
y=| 1 |o| e Em) | e G X R, k=12,
Yoz = 0,1+ (z—zx))

(4.44)
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4.4 Solution of IBVP (4.1)-(4.5)

Now, let us find solution of the IBVP (4.7)-(4.11). Firstly, substituting ¥ and Y>

into the formulas for V and o~ we get

1
V=-—[Y1(zk-1+0,t = (2= 2k-1)) + Yo (2 = 0,1 + (2 — zx))], (4.45)
V2
1
o=—[-Y1(zg-1+0,t = (2= 2k-1)) + Y2 (2 = 0,1 + (2 — z))], (4.46)
V2

for (z,1) € (zx-1,2t) XR™, k=1,2,...,n. Integrating the equality V = % with respect to

7 from O to ¢ we find solution of the IBVP (4.7)-(4.11) as
t 1
w(z,1) = f NG [Y1(zk-1+0,7= (2= zk-1)) + Y2(zk = 0,7+ (z—zx)] d7,  (4.47)
0

for (z,1) € (zx-1,2t) XRY, k=1,2,...,n. As a result we find solution of the problem
4.1)-(4.5)
u(y, 1) =v(z(y), 1), .1 € -1,y xR, k=1,2,...,n. (4.48)

4.5 Summary of Chapter Four

Initial boundary value problem for the 1D wave equation with piecewise constant
coeflicient has been solved. The solution of this problem has the following steps.
The IBVP for 1D wave equation is reduced to an initial value problem for symmetric
hyperbolic equations with two independent variables and piecewise constant coefficients.
Applying the method of characteristics the IBVP for the obtained symmetric hyperbolic
equations has been solved explicitly. Finally, the solution of the original initial value
problem has been written by explicit formula. The solution of this problem will be

used in the Chapter 6.
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CHAPTER FIVE
THE EIGENVALUE-EIGENFUNCTION PROBLEM IN
LAYERED RECTANGULAR PARALLELEPIPED

Three eigenvalue-eigenfunction problems for the scalar differential operator ¢?(x2)A,
with piecewise constant function c(x;) in N-layered rectangular parallelepiped in R3
are studied in this chapter. The formulation of each problem contains the boundary

and matching (interface) conditions.

The procedure of finding eigenvalues of the considered problems are described
in this chapter. This procedure is implemented in MATLAB. Eigenfunctions are
constructed in explicit form. The regularizations of 1D, 2D and 3D Dirac delta
functions are given in terms of the Fourier series with finite number of terms of the
basis functions. The results and explicit formulae, and regularization of the Dirac delta

function will be used in Chapter 6.

5.1 Solving the Eigenvalue-Eigenfunction Problems in Layered Parallelepiped

Let by, by, b3, ri, i =1,2,...,N be given real positive numbers withO=ryp <r; <... <

rn = ba, x = (x1,x2,x3) € R%;
D:{xeR3: 0<x;<b;, 0<xy<by, O<x3<b3}

be a rectangular parallelepiped, I" be the boundary of D; and D;, i = 1,2,...,N be the
parallelepipeds

Di:{x€R3: O<xi1<by, rio1<x<r, O<X3<b3}

N
and D° = | J D;.
i=1
Let y;, €, fori=1,2,...,N given real positive numbers; u(x>), €(xp) be two piecewise

constant functions defined on [0, b;] such that

u(x2) =i, €(x2)=¢, for xo € (ri-1,17), i=1,2,...,N.
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We define the function c(x,) as

1
c(x)=c¢; = —. for xp € (ri_1,19), i=1,2,...,N.

Hi€i

(5.1)

Let us consider the problem of finding all values of A (eigenvalues) for which there

exists a nonzero scalar function U(x), j = 1,2,3 satisfying

AU +—5—AUi(x) =0, xeD’,
c=(x2)
Ul(x)|x1=0 =0, U (x)|x1=b1 =0,
oU 0
oUrl _o, Uil
aXZ x2=0 ax2 xp=by
oUu
ol _y Y
0x3 |y,=0 0x3 | xy=p,
U1|x2=ri—0 = U |x2=r,-+0 g
axz x2=ri+0 € axz x2=r,-—0,
1 0
A Usr(x)+ 5 AUx(x) =0, xeD",
c=(x2)
oU oU
vz ~ 0, vz -0,
0x1 |x,=0 0x1 |y, =p,
UZ(x)|)C2=0 = 0’ U2(X)|XZ=b2 = Oa
oU ou
vz =0, —2 -0,
ax3 )C3=0 ax3 )C3=b3
Mi+1
U2|x2:r,~—0 = + U2|x2:r,~+0’
0xz xp=r;+0 Ox; x2=r,-—0’
A U3(x)+ AU3(x) =0, xeDY,
c2(x2)
oU 0
oUs| _o Yl
axl X1=0 axl x1=b1
oU oUu
9vs =0, 9v3 -0,
0x2 |x,=0 0x2 | xy=b,

U3(x)|)C3=0 = O’ U3(x)|X3=b3 = O’

U3|xz=}’[—0 = U3|xz=r,'+0 >
oU3 _ €41 0U3

0x2 lyy=riv0 & Ox2

b
xp=ri—0
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(5.2)

(5.3)

(5.4)
(5.5)

(5.6)

(5.7)

(5.8)
(5.9)

(5.10)

(5.11)
(5.12)

(5.13)

(5.14)
(5.15)
(5.16)

(5.17)
(5.18)

(5.19)



wherei=1,2,....N—1.

We find the eigenfunctions of the problems (5.2)-(5.7), (5.8)-(5.13), (5.14)-(5.19)

in the form

UN'(x1,30,03) = Z{" ()W (31, x3), j=1,2,3.

The functions Wj.‘”(xl ,x3) are defined explicitly for each j=1,2,3 as:

For j =1,
n . [km nmn
Wi (x1,x3) = ag sin EXI cos b—3x3 , k=1,2,...
_ 2 _ 2 _ _
aro = m, akn—m, k—1,2,..., n—1,2,....
For j =2,

k
Wé‘"(xl,x;;) = by, cos(b—ﬂxl)cos(ﬂ)g), k=0,1,...;

1 b3

;n=0,1,...
:n=0,1,
] n:l,za
cn=1,2,

(5.20)
, (5.21)
(5.22)

(5.24)

(5.25)

(5.26)

2
= ba = |2 - S S U A
bro=bon = 555> bin = NI boo = 550 kK=12,...
For j =3,
n km . [nm
W3 (x1,x3) = cgpcos| —xp |sin| —x3), k=0,1,...;
b b3
2
2
COk= |7, Cin=——, k=1,2,..., n=1,2,....
i oy
Substituting (5.20) into (5.2)-(5.7), (5.8)-(5.13), (5.14)-(5.19), we find the following
equations
dZan(x2)
Cz(xz)#+(/l—c2(x2)§kn)Zf"(x2):0, X €(0,71)U...U(rn-1,b2), (5.23)
2
k k
azy" _ dzy" _
dx» 2p=0 dx» xymby
kn _ r7kn
Zl x=ri-0 “1 |x2=ri+0’
k
dzx" _ & dzy"
dx; org St dxy I,
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2 2
where A is a parameter; &, = (k—”) +(M) ,k=1,2,..;n=0,1,..;i=1,2,....N—1.

bl b3
dZan(XZ)
cz(xz)—dzx2 + (1= A0)En) ZE(2) =0, 32 € (0,r)U..Ulrv-1.b2),  (5.27)
2
ki _ k _

Zzn|x2:0 =0, Z2n|x2:bz =0, (5.28)

k _ Hitl Sk
2n|xz=ri—0 T 2n|x2:ri+07 (5.29)

den dzkn
. = —2 ’ (5.30)

dx; dx

x2=ri=0 x2=r;+0

2 2
where A is a parameter; &, = (k”) +(%) Jkn=0,1,..;i=1,2,..,N-1.

by
dZan(x2)
cZ(xz)—;x2 + (/1—62(x2)§kn)Z’3<n(x2) =0, x€(0,r)U...U(ry_1,b2), (5.31)
2
de” dzkn
. =Y . =0, (5.32)
dx; dx»
x2=0 xp=by
k _ 7k
3n|xz=r[—0 - 3n|xZ:ri+() > (533)
dzkn  d7kn
. =L 2 : (5.34)
dxy | o €1 dxp|
x=ri=0 Xo=ri+0

2 2
where A is a parameter; &, :(’;—’f) +(%) ,k=0,1,..;n=1,2,..;i=1,2,...,N—1.

The problems (5.23)-(5.26), (5.27)-(5.30) (5.31)-(5.34) are eigenvalue-eigenfunction

problems for the operators Ly, = c2(x2) [—j—; +ém |, k,n=0,1,....
2

Remark 5.1.1. The operator Ly, = c2(x2) [—j—; + fkn] is positive-definite and symmetric
2

operator for all &,, k,n =0,1,.... By the general theory of positive-definiteness and

symmetry of operators (see, for example, (Zauderer, 1988, Vladimirov, 1971)), this

implies that all eigenvalues A = A, of the operator Ly, are real positive numbers.

Proof. We give the proof only for the case j = 2. Let v(xp) be a piecewise constant
function defined on [0,b>], such that v(xy) = [,ul']ZE,-, for x, € (ri_1,ry), i=1,2,...,N;

Z’z‘"(xz) and Yé‘”(xz) be square integrable functions on [0,71)U...U (ry-1,b2]

by r by
2 2 2
fU(XQ) [Zém] dxp = f(/l] )2 €] [lecn] dxp+...+ f (/JN)2 EN [lecn] dxy < oo,
0 0 TN-1
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satisfying the boundary conditions (5.28) and matching conditions (5.29),(5.30).

We want to show that the operator Ly, satisfies the followings:

by 2 7kn by 2 vkn
2 _d ZZ kn | ykn _ kn 2 _ YZ kn
veT(x) 5 +E&mnZy" | Yy dxy = | vZy c"(x2) — + &Yy | dxa, (5.35)
J dx2 J dx2
by dZan
V(x2)c2(x2) | ———2— + & Z8 | Z dxy > 0 (5.36)
2 2 2 knfy £y AX2 . .
2
0

Under the above assumptions, applying the integration by parts and using the indicated
boundary and matching conditions, the integral of the left side of (5.35) equals

by

dend kn
f v(xz)cz(xz)[d—;zd—jz +EZEmYE | dxs. (5.37)
0

Similarly, applying the integration by parts to the integral above gives

by 2ykn
fv(xz)le‘”cZ(xz)[— § +§knY§” dx;.
J dx;

Thus, the equation (5.35), implies the symmetry property of the operator Lj,, is

satisfied.

Now, consider the equality (5.37). Replacing the term Yé‘” by Z’zm in (5.37), and

using v(xp) = (,u,-)2 €>0and c(xp)=c;>0forxp € (ri_1,ry),i=1,2,...,N, we find

by 2k by k 2
V(x2)C2 _d Z" kn|kn ;. _ 2 dzy" n\?| 4
2 (0) | =— 3 +énZy" | Ay = | v @) || —E |+ (Z5") |dx > 0.
J dx2 J X2

That is, the inequality (5.36), implies positive-definiteness of the operator Ly,,.

Similar proof can be repeated for the cases j =1 and j = 3 by taking v(x,) = y; for

X2 €(ri_y,r),i=1,2,...,N. m|

5.1.1 Constructing a Solution of the Problem (5.27)-(5.30)

Let Z’Z‘”(xz) be any nonzero continuous function on [0,r)U...U(ry-1,b>] satisfying

(5.27)-(5.30). By Remark 5.1.1, we know that the eigenvalues A = Ay, are real and
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positive for fixed k and n. Thus

by ’ by 2zki’l
0 < Amn f W(x2)*(x2) (28")" doxy = f v(xz)cz(xz)[— dx; + EnZE | ZE dxy.
0 0 2
Using the last equality we have
by by 2 7kn
2 kn') 2 2 Z,
V02 | = (206 (23") 2 = | v | =) — | .
2
0 0

. 2. o . .

Since the operator —cz(xz)j? is positive-definite and symmetric for ¢2(xp) > 0,
2

xp € (0,r1) U ... U (ry—1,b), then gy — c?égn < 0, i = 1,2,...,N are not valid,

simultaneously.

Without any loss of generality assume that ¢; > ¢, > ... > ¢y which implies c%fkn >

c%&m > .. > Cjzvfkm for fixed k and n. We consider the case Aj,, > c%fkn > .. > clzvfkn to

solve the eigenvalue-eigenfunction problem (5.27)-(5.30).

For each k,n =0, 1,... we find general solution of the ordinary differential equation

(5.27) for x, € (0,r))U...U(ry_1,b2) in the form

Zk1(xy) = Al cos( /2 fknxz) + B sin( NI fknxz), (5.38)

X2 € (ri—1,r;), with arbitrary constants A;‘”, Bf.‘", i=1,2,....N. We use (5.28)-(5.30) to
determine the constants Af.‘”, Bf”. Setting B’l‘” =1 and using the conditions (5.28)-(5.30)

we get A’l‘” = 0 and the following algebraic system

T

[QWDI-| 1 Ak Bir ... Akr  BRn Ak Bl | =0, (5.39)

where 0 is a zero column vector, and Q is (2N — 1) X (2N — 1) block matrix of the form

[P1(D] [F1(D] 0 0 0 0 0
0 [P2(D)]  [F2()] 0 0 0 0
0 0 [Px)] [F3D)] 0 0 0
0 0 0 [P4(D] [Fa(D] 0 0
0 0 0 e 0 [Pn—2(D] [Fn-2()] 0
0 0 0 e 0 0 [PN-1(D]  [Fn-1(D]
0 0 0 .. 0 0 0 [Pn()]
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[P;(D)] and [F j(1)] are submatrices defined by

[P1()] = sin{ et 6o |

P = cos( \/mri) sin \/mri) ,
— \JA/¢? = sin( m’?) mcos( mri) 2x2

fori=2,3,....N—-1;

[Fi(D] =

—IZ—;]COS( ,/l/ci_ﬂ_fknrj) —/%Sin( /l/C§+1_'§knrj)
\M/Cﬁl — &kn Sin( \/A/Cil _fknrj) - \//l/C?H —&kn COS( V/l/CiLl _fknrj) 2x2

for j=1,2,...N—1.
Hence finding a nonzero function Z’zm(xz) satisfying (5.27)-(5.30) is reduced to

determining the constants Aif”, Bk i = 2,3,...,N, satisfying (5.39). The system

f
(5.39) is consistent if and only if the determinant of the matrix [Q] is equal to zero.
Moreover, the roots of the characteristic equation of det[Q(A1)] = 0 are the eigenvalues
of (5.27)-(5.30). The roots of det[Q(A)] = 0 can be computed by MATLAB tools.

Let us assume that the roots A = Ay, k,m,n = 0,1,... of det[Q(1)] = 0 have been

derived. Substituting A = Ay, AY™ =0, B = 1 into (5.39), we obtain the following

relations:
kmn
[F1mn)]-| 2 | = =[P1 ()]s
Bkmn
2
[Fim)l-| 1 | = =[Pl )] -| , i=2,3,.,N-1
Bl Bl
i+1 i
We note that det [Fi(Amn)] = - Vi1 €01 Yo — En # 0, forall i = 1,2,....,N — 1. This
HMi
1S SO Hixl # 0 and by assumption Ay, > gﬁ i=1,2,...,N. Then for finding the values
Mi Hi€i
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of Af.‘m”, Bf’"", i=2,3,...,N we can use the following recurrence relations:

kmn

B,fmn = —[F1 ()] [P (A1,

2
kmn kmn
F = [Fim)] ™ Pl A)] | |, 22,3, N =1,
B

Substituting the obtained values A;""", Bf.‘m", i=1,2,...,Ninto (5.38) we get the explicit

formula for the eigenfunction Z’z‘m"(xz), of (5.27)-(5.30) as follows:

Zkmn (xy) = Ak cos( /€2 - gknxz) + Bl sin( At/ €2 —fknxz), (5.40)

where x, € (ri_1,r),i=1,2,...N; k,km,n=0,1,....

5.1.2 Constructing Solutions of the Problems (5.23)-(5.26), (5.31)-(5.34)

In this section we solve the problems (5.23)-(5.26), (5.31)-(5.34). For construction
of the solutions of these problems we follow the way that has been used for solving
(5.27)-(5.30) in the last section. By repeating the calculations of the solution steps
we find solutions of the problems (5.23)-(5.26), (5.31)-(5.34), respectively, for x; €

O,r)HVU...U(ry-1,b2) as

24 (52) = A" 05 ([ U/ F = €z + B sin( A F —axz). (541

k=1,2..., n=0,1,... forxp € (ri_1,1y), i=1,2,...,N,

25 (53) = A" 05 (| U/ F = €z | + B sin( A = iaz). (5.42)

k=0,1..., n=1,2,...forxp € (ri_1,ry), i=1,2,...,N.
Here A = Ay, are roots of the equation det[Q(A)] = 0. The form of the block matrix
Q is given in the last section. For this case, the submatrices [P;(1)] and [F ()] are

defined as follows:

cos( /l/cf —gknrl)

PO e, sin( /3 -6n) | |



cos( /l/cl.z—fknr,-) sin(,//l/cl.z—gknr,-)

fori=2,3,....N—-1;

[PAOL = | =i 1 sin (/e ickcos( il cp2) ]lxz,

where 7t/ = A— 3 &

[Pi(D] =

—cos( m, e +1rj) —sin(,/nin/c§+lrj
€ Jo2 o2 €j Joy2 o2
et Ve €1 Sm(\j”kn/cj+1rj) o \/”kn/cj+1cos(\/”kn/cj+1rj) o
where nin = /l—c§+1§kn, j=12,.,N—1.
The roots of det[Q(1)] = 0 can be computed by MATLAB tools.

2
[Fi()] = !

Let us assume that the roots A = Ay, k,m,n = 0,1,... of det[Q(1)] = 0 have been
derived. Then the values of Af.‘m”, Bi.‘m”, i=2,3,...,N can be found by the use of the

following recurrence relations:

kmn _ kmn _
Almn - 1’ Blmn — 0,

kmn
Bimn = —[F1(Amn)] ™ [P1 Q)]s
2
H = [Fim)] ™ P An)) -] |, i=2,3,.N 1,

det[Fi(Agmn)] #0,i=1,2,...,N-1.

As a result, substituting the explicit formulas for Zf’"”(xz) and W;?”(x3) into the
equation (5.20) for each j = 1,2,3, we construct the eigenfunctions of (5.2)-(5.7),
(5.8)-(5.13), (5.14)-(5.19) as

U™ (x1, 52, x3) = W™ (x1,63) 2™ (x2), (5.43)
k=1,2,...m=0,1,....n=0,1,...,

U5™ (x1,x2,x3) = WA™ (x1, x3) 25" (x2), (5.44)
k=0,1,...m=0,1,....n=0,1,...,

US™ (x1,x2,x3) = W5 (x1, x3) 25" (x2), (5.45)

k=0,1,...m=0,1,...,n=0,1,..., for x; €[0,b1], xp € [0,r))U...U(ry_1,b2], x3 €
[0, b3].
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5.1.2.1 Orthogonality Property of the Eigenfunctions

The set of the functions Ufm"(x), k,m,n=0,1,..., and Uj?/’"'"/(x), K.m',n=0,1,..
satisfy the orthogonality property, that is,

by b3l by
f f f V) UN™ () U™ (x) dixy | dix doxy =
0 0 LO

0, ifk+klorm+m orn+n,

Kimn, fk=k',m=m',n=n’,

where kign >0, j=1,2,3.

For the proof see, Appendix A7.

5.2 Regularization of the Dirac Delta Function

In this section regularization of the 1D, 2D and 3D Dirac delta functions are
given by means of the classical functions. On comparing the classical functions with
the Dirac delta function, it can be seen that the Dirac delta function does not have
point-wise values and so it can not be drawn. Regularization, that is, presentation of it

by means of classical functions gives opportunity to graph it.

Regularization of the 1D Dirac Delta Function and its Derivative

Let 6(x1 — x(])), 0(xr — xg), o(x3 — xg) be 1D Dirac delta functions concentrated
at x; = x(l’, Xy = x(z), X3 = xg, respectively. Let us consider the classical functions
k: k:
sin —ﬂxl , COS —nxl , Sin @)Q , COS @)Q , and the functions Z’f’””(xz), Z’z""”(xz),
by by bs b3
Z§’""(xz) that are defined as in (5.41), (5.40), (5.42), respectively, for x; € [0,b],
xp €10, r)U(r, ) U...U(ry_1,b2], x3 €[0,b3], k,m,n=0,1,.... Here, we show the
regularization (approximation) of 1D Dirac delta function by means of the classical

function mentioned above.
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Example 1. Regularization of the Dirac delta function 6(x — x(l)) by means of the

k km

functions cos(b—ﬂxl),k:O,l, ..and sm(b—)q) k=1,2,...for x; €[0,b1] (see,(Arfken
1 1

& Weber, 2005)).

Let zp(xl,x(l)) =0(x1 — x(l)), and K be a fixed natural number. Then the functions

K
- kzz(:)t//k(x(l))COS(]Z—Tm), Z;l/ (x )sm(_xl)

can be taken as regularization of 6(x; — O) by means of cos( ) k=0,1,... and

sin(’l‘)’r xl) k=1,2,..., respectively. Here, the coeflicients wk(x(l)) can be computed as

follows:
by
k k
wk(x(l)):fé(xl D) cos (= xp | dxy = cos[—x9), k=0,1,...,
by by
0
by
k k
v (xl)—fé(xl—x(l))sin x| dxy =sin[—2°), k=1.2.....
b b
0

Hence, we can write

S km km
o(x) —x9) ~ Z:cos(b—lx(l))cos(b1 )

k=0
K
k. k
o(x1 — x(l)) ~ kzz; sin(b—jlrx(l)) sin(b—jlrxl).

Similarly,

iCOS XO Ccos nﬂx

n=0

can be taken as regularization of d(x3 — xg) by means of cos(%)@), n=0,1,... and

sin(%m), n=1,2,..., respectively, for x3 € [0, b3].

Example 2. Regularization of the Dirac delta function 6(x, — x(z)) by means of the
functions Zf™(x;) defined by (5.41), k =1,2,..., m,n =0,1,...; Z¥™(x;) defined by
(5.40), k,m,n =0,1,...; Z§m”(xz) defined by (5.42), k,m =0,1,..., n = 1,2,..., for

x2 €[0,r)VU(r1,r2)U...U(ry-1,b2].
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Let z//(xz,xg) =0(xp — xg), and K be fixed natural number. Then the function
K
WK (. x9) = ) " OZEM (xa), (5.46)
m=0

can be taken as a regularization of 6(x; — xg) by means of Zé‘m"(xz) for fixed k and fixed
n,k,m,n=0,1,..., The coefficients ¥ (x") can be found by the formula

by

f V(22)8(x2 — XNZ5™(x2) dxa

0
r by

f €1(1)26(x2 — X ZE™ (x2) dxy + ... + f en(Un)26(x2 = XNZEM (x2) dxa
0 IN-1
vONZEm (xD),

Y (D)

2
with v(xg) = [u(xg)] e(xg), for xg €0, r)U(r;,m)U...U(rn_1,b2].
For example, if we choose x(z) € (r1,rp) then the formula above takes the form

r rn

YY) = f €1(11)26(x2 — X Z5™ (x2) dxa + f & (112)26(x2 — X)Z5™ (x2) dx
0 r
=0

by
+o+ f en(Un)?8(x2 — XNZE (x2) dxa

=0 vy

=0
)

f 241275k — XDZ (x3) dxy
r
= eW)’Zy"(x)

= v(DZEmM (D).

Hence, we can write

K
802 —x) ~ D VODZE" D ZE (x2),

m=0
for fixed k and fixed n; x, € [0,71) U (r1, ) U...U(ry_1,b2], x(z) e[0,r)DU(r],mpU...U

(rn-1,b2].
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Similarly,

K
D VNZ(DZ™ (x2),
m=0
K

D v ZE ) ZE™ (x)

m=0
can be taken as regularization of 6(x; — xg) by means of the functions Z’l‘m”(xz) and
Z§m”(x2), respectively, for xo € [0,r]) U (r1,r)U...U (ry-1,b2], xg e[0,r))U...U
(rn-1,b2]. For these cases the piecewise constant function v(xg) need to be taken as

V(1) = p(x).

Regularization of the 2D Dirac Delta Function

Here we find regularization of the 2D Dirac delta functions 6(x; — x?)ci(xz — xg),
o0(xp— xg)é(x3 — xg) by means of the functions sin(’;—’fxl)cos (%xz), sin (’Z—’lrxl)le‘m"(xz),
cos(’l‘]—’lrxl)le""”(xz). Using a similar way that is used in the regularization of the 1D
Dirac delta function we can find

K K
k k
o(xy — x(l))é(xz - x(z)) ~ kz Z sin (%x?) cos (%xg) sin(b—jlrxl ) cos (Z—:xz),

=1 n=0

K K
km km
5(x1 = xN6(xy — x9) ~ v xO)sin(—xo)ka” %0 sin(—x )ka” x2),
(x1 1)(2 2 kz:;mzzé)(z b112(2) b112(2

K K

k k

0(xy — xg)é()g - xg) ~ Z Z v(xg) cos (birxg)le‘m"(xg) oS (—ﬂxg )Z’gm”(xz).

3 b3
k=0 m=0

These double series with finite number of terms can be taken as regularizations

of the 2D Dirac delta functions. Here K is a fixed natural number (parameter of

regularization).

Regularization of the 3D Dirac Delta Function

Let us consider the 3D Dirac delta function 6(x—x%) = 6(x; — x(l))d(xz - xg)é(x3 — xg)

concentrated at x| = x(l), Xy = xg, X3 = xg. Generalizing the way that is used for
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Figure 5.1 The 3D surface plot for the approximate function of §(x — x) with K = 20.

regularizing (approximating) the 1D and 2D Dirac delta functions, we can make
regularization of the function 6(x; — x(l))é(xz - xg)é(xz - xg) by means of the function

U’z‘m"(x) defined in (5.44), k,m,n =0,1,..., as follows

K K K
=20~ 37N V) UET O UE™ (), (5.47)

k=0 m=0n=0

here K is a fixed natural number (parameter of regularization).

Let us do a computational experiment to show the applicability of this approximation
and the selection of the parameters of the regularization. For computation we consider
the eigenfunctions Ulz""”(x), k,m,n = 0,1,..., which are solutions of the problem
(5.8)-(5.13). Using these eigenfunctions the values of the approximate function of
5(x— xY) has been computed with different K by the formula (5.47) for the case N =2
(two layered case) with

,ul:2,/12=6,61=4,€2=8.

The result of the computation for two layered case where (x(l),x(z), xg) =(0.5,0.75,0.75)

and (x1,x2,x3) € [0,2] X [0,1.25) U (1.25,2] % [0, 1] is presented in Figures 5.1 and 5.2.
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Figure 5.2 The 3D surface plot for the approximate function of §(x — x°) with K = 36.

The result of analysis of Figure 5.1 and Figure 5.2 indicate that the choice
K = 36 is better than the choice K = 20, because the values of the approximate
function for K = 36 are small or vanishing outside the small neighbourhood of the
point (x,x),x3) = (0.5,0.75,0.75) but inside this neighbourhood the values of the
approximate function are large. Therefore, the approximate function defined by (5.47)
with the chosen parameter K can be taken as the approximation of the Dirac delta

function 6(x — x°) = 6(x1 — x))6(x2 — xD5(x3 — x3).

5.3 Summary of Chapter Five

A procedure for construction of the eigenvalues and corresponding eigenfunctions
of the scalar differential operator ¢?(x»)A, in a multi-layered rectangular parallelepiped
with perfect conducting boundary, has been done. Here c(xy) is a function of one
variable x; with piecewise constant values. It has been shown that eigenvalues are roots
of a characteristic equation of a coeflicient matrix. The eigenvalues can be computed

by using symbolic calculation tools such as MATLAB. The orthogonality property of
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the eigenfunctions has been proved. The regularization of 1D, 2D and 3D Dirac delta
functions and their derivatives have been done. The results of this chapter will be used

in Chapter 6.
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CHAPTER SIX
THE APPROXIMATE COMPUTATION OF TIME
DEPENDENT MAGNETIC AND ELECTRIC MATRIX GREEN’S
FUNCTIONS IN LAYERED RECTANGULAR PARALLELEPIPED

A method for an approximate computation of columns of time-dependent magnetic
and electric Green’s functions in multi-layered rectangular parallelepiped with the
perfect conducting boundary is described. This method is a generalization of
the method described in Chapter 3. We show that the adaption of the Fourier
series meta-approach can be done for the approximate computation of columns of
time-dependent magnetic Green’s function in multi-layered parallelepiped and then

electric Green’s function can be computed approximately.
6.1 Statement of the Problem
Let by, by, b3, ri, i = 1,2,...,N be positive reals with 0 = rg <r; < ... <ry = by,
xeR3;
D={xeR*: 0<xi<b, 0<xp<by, 0<ux;<bs

be a rectangular parallelepiped, I' be the boundary of D; and D;, i = 1,2,...,N be the
parallelepipeds

Di:{x€R3: O<xy<by, ri-1<xp<rj 0<x3<b3};

N
D° = D;.
i=1
Let y;, €, i =1,2,...,N are given positive numbers; u(xz), €(x) be two piecewise

constant functions defined on [0, 53] such that

u(x2) =i,  €(x2)=¢, for xp € (rizq,ry), i=1,2,...,N.
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Find the 3 X 3 matrices

Hll(x,t,xo) H%(x,t,xo) Hf(x,t,xo)
G"(x, 1,00 =| Hl(x,1,x%) H2(x,1,x%) Hi(x,0,x) |,

H;(x,t,xo) Hg(x,t,xo) Hg’(x,t,xo)

El(x,t,x%) E3(x,t,x%)  ES(x,1,4Y)
GE(x,1,2%) = Eé(x,t,xo) E%(x,t,xo) E;(x,t,xo) ,

Ej(x,1,x%) E2(x,1,x%) E3(x,1,x0)

whose columns H*(x, 1, x°), E*(x, 1, x°) satisfy
N

ot
curl,E* = —u(xy)

+6(x—x"s(H)e’, xeD°, te R,
OH’
ot’

curl,H* = e(xp)

initial data

H’|_ =0,

t<0

E‘|_ =0,

t<0

perfect conducting boundary conditions
(E*xi)|. =0, (H'-®)|.=0,
and matching (interface) conditions

(Hs|x2:ri—0 - S|x2:ri+0) XV = 0, (/Ji HS|

s s 2 S . s
(E |x2=r,~—0 E |x2=ri+0)xv_ 0, (El E |x2=r,~—0 €i+1 E |x2=ri+0

0,0 .0

. s .
xp=r;—0 Hi+1 H |x2:r,~+0) v
)-¥=0.

(6.1)

(6.2)

(6.3)
(6.4)

(6.5)

(6.6)
6.7)

-2, . . . . .
Here e’ are the basis vectors from R?; x0 = (x1 s X5, x3)T € DY, tis the time variable; R is

an outward unit normal vector on I'; v = (0, 1,0). The matrices GH (x,t, xo), GE (x,t, xo)

are called time-dependent magnetic and electric matrix Green’s functions for x € D°,

teR*.

Remark 6.1.1. div,;H* = 0, x € D° follows from (6.2), (6.3). This is the necessary

condition that H® satisfies (6.1)-(6.7) for x € D°.
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6.1.1 Egquivalent Form of Equations (6.1)-(6.7)

Applying curl, to (6.1) and using (6.2) we find

*H? -
o2 + Cz(xz)curlxcurles = cz(xz)curlx [6(x - xO)es] o(t), xe€ D’ teR.
It follows from (6.2)-(6.4) that
oH’®
H| =0, =
|l<0 at l‘<0

Taking the cross product of both sides of the equation (6.1) and n, and using the

conditions in (6.5) we get
(curl, H* x )| . = &( )Q(ESx*)| +(5( - 0)*s5(:)x*)‘ =0
curly nr—exzat )| x—x")e n) =0.

Let us divide both sides of (6.1) by €(x»), and consider the new equation for each layer

separately such that

1 OE* 1 >
—curl H°|__ = +—5(x—x") 8(1)e?, (6.8)
€ 2=t ot x=ri-0 € xp=r;—0
OE* 1 5
curl H* = — + —6(x—x° (e, 6.9
€i+1 ! |x2=”'+0 Ot |yy=ri+0  €it1 ( )xz=r,»+0 ® (©2)

subtracting (6.9) from (6.8) and then taking the cross product of both sides of the new

equation and ¥ and using (6.7) we obtain

(lcurlH| —LcurlH| XV =0.

€ Xp=ri— €ir1 X2 r,+0)
By writing the equation (6.1) for each layer separately and making subtraction each
equation from the consecutive one and taking dot product of both sides of these

equations and v, using the second condition in (6.7) we obtain

(curl H* | curl H* | v=0.

x=ri-0 xzzr,'+0)

Let &% be defined as

&’ Es+%5(x O)0(r)ed,

differentiating both sides of this equation with respect to ¢ we obtain
oc® 1
ot e(x)

Moreover, for ¢t < 0 the equation of &° gives

curl,H*, xeD teR.

&'

t<0
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6.1.2 Egquations for Time-dependent Magnetic Green’s Function

For finding columns of the magnetic Green’s function we use the following

equalities
62Hs 2 s 2 0N % 0
oo ol eurl A = (x)eurly [5(x— X )es] 5(), xeD’ teR, (6.10)
oH’
HY| =0, =0, 6.11
|t<0 (9t <0 ( )
(curl H’ x®)|. =0, (H*-B)|.=0, (6.12)
(W], o= H|, o) ¥V =0, (|, o= minH|__ ()-7=0, (6.13)
1 N
(E curl H'|, _ o~ -~ curleY|x2:ri+0) X7 =0, (6.14)
(curlx H5|x2=ri_0 —curly Hs|x2=r,-+0) =0, (6.15)

where s =1,2,3;i=1,2,....N—1.

Remark 6.1.2. div,H® =0, x € D° follows from (6.10)-(6.11) and this is the necessary
condition for (6.10)-(6.15).

6.1.3 Equations for the Time-dependent Electric Green’s Function

Let H*(x, 1, xO) be the s-column of the magnetic Green’s function, which we assume

to be computed.

08" 1

= E(xz)curles, xeD° teR, (6.16)
&, =0, (6.17)
| .
E =E' + ——5(x— x")O(r)é’, (6.18)
€(x2)

where O(f) = 1 for t > 0 and O(¢) = 0 for ¢ < 0, that is, O(¢) is the Heaviside step
function.

(6.16)-(6.18) will be used for the computation of the time-dependent electric Green’s
function if the magnetic Green’s function is known.

Remark 6.1.3. 1f H®, &° satisfy (6.10)-(6.15) and (6.16)-(6.18) then H*® and E° also
satisfy equations (6.1)-(6.7).
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Proof. Differentiating both sides of (6.18) with respect to ¢ and using (6.16) we get
(6.1). Checking curl,H® from this equation and substituting into (6.10) we have
%(%—T -+ ﬂ(iz)curleS) = (. Integrating this equality with respect to ¢ from —oco to ¢
and using (6.11),(6.17) we find that H® and E’ satisfy (6.2). Equation (6.3) follows

from (6.11). (6.4) follows from (6.17),(6.18). Taking the cross product of (6.16) and 1,

letting x € I" and using (6.12) we find £ (&° x if) |r = 0. Integrating the obtained equality
with respect to 7 from —co to 7 and using (6.17) we obtain (E° x1i)|r = 0. Taking the
cross product of (6.18) and 1, letting x € I' and using (E* x i) |r = 0 we have the first
condition of (6.5). (6.6) follows from (6.13). Using (6.16),(6.18) we have found (6.1).
Now, considering this equation for each layer separately and making subtraction and
taking the cross product both sides of the new equation and ¥, and using (6.14) we
find % (ES lxy=ri—0 — E’| xzzri+0) x v = 0. Integrating the obtained equality with respect
to ¢t from —oo to t and using (6.4) (which we have found) we get the first condition of
(6.7). Similarly, considering (6.1) for each layer and making subtraction and taking
the dot product both sides of the new equation and ¥, and using (6.15) and integrating
the obtained equality with respect to ¢ from —oco to ¢ and using (6.4) (which we have

found) we get the second condition of (6.7).

Therefore we obtain that if H®, & satisfy (6.10)-(6.15) and (6.16)-(6.18) then
H* and E° also satisfy equations (6.1)-(6.7), that is, H® and E* are s-columns of

time-dependent magnetic and electric Green’s functions. |

6.2 Computation of the Magnetic Green’s Function

In this section we find solution of the problem (6.10)-(6.15) for each s = 1,2,3,
that is, the column elements of the magnetic Green’s function. For solving we use
the following steps. Firstly, using the equations (6.10)-(6.15), we write equations
for finding each element of the magnetic Green’s function, H;'(x, t, xO), separately.
Secondly, we solve the problem for H;(x, t, xo), s=1,2,3, and compute the approximate
solution H;’K (x,t, xO) for fixed K, in the form of a series with a finite number of terms.

Thirdly, using the explicit formulas for H;’K, we write the equations for H ‘f’K, H;’K
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and solve each problem separately. As a result, we find each element HJS.’K (x,1, K),
Jj=1,2,3 of the magnetic Green’s function explicitly in the form of series with a finite

number of terms.

Now, let us consider the equations (6.10)-(6.15). Then the equations for H f (x,t, xO),

H3(x,1,x%), and Hi(x,1,x%), s = 1,2,3, follow as

2HS )
3 tzl — PO)AH] = A(x) feurl [o(x— el |} 6(1), xe D, teRY,  (6.19)
Hil,,,=0 a1 6.20
Hc0 ™ "5 0 - Y (6.20)
Hil, ,=0. Hi|,_, =0, 6.21)
a_PIf =0, % =0, (6.22)
(9)52 =0 axz Xo=by
" g 0 (6.23)
oxsy|, g x|, :
Hf|xz=ri—0 = Hf|xz:ri+0’ (6.24)
ol & 9 OH, 6 OH3 (6.25)
Ox x=ri-0 G+l 0x x=r;+0 dx xo=ri—0 €+l 0x X227i+0’
27178
3 t22 — (A HS = P (0) {eurl, [6(x— x|} (1), xe D, teR*,  (6.26)
) OHS
H2|z<o =0, o . =0, (6.27)
adl 0 aH%K 0 (6.28)
(9)61 )C1=0 ’ aX] X1=b1 ’ :
Hglxzzo = O’ H5|x2:b2 = 0’ (629)
OH} . OH} . 630
0x3 |, 0 T Ox3 x3=bs ’ :
'uiH;|X2:ri—0 = ﬂi+1H;|x2=ri+0’ (631)
s s
o 9% , (6.32)
6x2 xp=ri—0 axz xp=ri+0
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2717S
3 _ cz()cz)AxHés =% (x) {curlx [5(x— )co)eﬁs]}3 5t), xe D', re R, (6.33)

ot?
, OH}
H3|z<0 =0, o | T 0, (6.34)
t<0
OH; OH;
D =0 == =0, (6.35)
a.Xl x1=0 0)61 x1=b,
OH; OH;
= =0 = =0, (6.36)
axz x=0 (9)62 Xo=by
H§|X3:0 = 0’ H§|X3:b3 = 0’ (6.37)
H§|x2=ri—() = H§|x2:rl~+()’ (638)
o3 _a 9 M) _ & OH; (6.39)
12 x2:r,~—0 €i+l 2 x2:ri+0 3 xzzri—o i+1 3 X2=ri+0

where s =1,2,3,i=1,2,...,N. Here c(x;) is a piecewise function as in (5.1).

6.2.1 Approximate Computation of H;(x,t, x0), s=1,2,3
In this section, we compute the second elements of the column vectors of the

magnetic Green’s function, H;(x,t,xo), s = 1,2,3, using (6.26)-(6.32). For an

approximate solution of this problem we use the following steps:

Eigenvalue-Eigenfunction Problem Solving:

Let us consider the problem of finding all values of A (eigenvalues) for which there

exists a nonzero scalar function U»(x), satisfying

1
AUs(x) + ——AUs(x) = 0, xe D,
c=(x2)

0 0

| o U,
axl x1=0 axl X1=b1
Uz(x)le:O = 07 U2(x)|x2:b2 = 0’
Wrl
0x3 | 3=0 0x3 | xy=p,
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Hi+1

U2|x2:r,~—0 U2|x2 ri+0>
oU» 3 5U2
0x2 ly=ri+0  0X2 lxy=r,—0

i=1,2,...,N-1.
Construction of the eigenvalues (4 = Ay,,) and the corresponding eigenfunctions
(U’z""”(x)) of the problem above was described in Chapter 5. The eigenfunctions given

in (5.44) are of the form
US™ (x1, %2, x3) = W3 (x1, x3) 25" (x2),

for x1 € [0,b1], xp € [0,r))U...U(rny-1,b2], x3 €[0,b3], k=0,1,..., m=0,1,...,n=

0,1,.... For further discussion, see Section 5.1.

Approximate Solution of (6.26)-(6.32):

Let us consider the problem of finding approximate solution of (6.26)-(6.32).
Firstly, we replace the terms {curlx [(5(x—x0)e_§]}2 = —{curlxo [6(x—x0)e_5‘]} 5 in (6.26)
for each s = 1,2,3, by

K K K kn
(), )
Uy = ZZZv(x8>2’5m"<x2>—;3ka"<x2>W§"(x1,xg)
k=0 m=0 n=0 0x3
K K K kmn( 0) L
= S ) e<x2>TUzm”< ),
k=0 m=0 n=0 3
v a0 =0,
K K K kn( , )
K ona?) = ZZZV 2)zk’""(x2>%Z’W”u WA (x1, x3)
k=0 m=0 n=0 1
K K K kmn( 0)
= >SN [ued] e(xz)—Uk'""( ).
k=0 m=0 n=0 ox)

The equations above can be taken as the regularization of the generalized functions
{curlx [6(x - xo)e%]} 5= 1,2,3. Here K is a fixed natural number. Throughout Chapter

6, K denotes the parameter of regularization. For details, see Section 5.2.

92



Moreover, equations (6.26)-(6.32) are replaced by the following equations

PHSK
7~ CODAHYS =~y (6,160, (6.40)
aHS,K
s K 2 _
=0 ——| =0 (6.41)
t<0
K K
0H, “o, 0H, _o, (6.42)
ox| oxy
x1=0 x1=by
s K s,K _
oo = 0: s, = 0 (6.43)
OHS K OHSK
2 =0, 2 =0, (6.44)
aX3 (9)63
x3=0 x3=b3
Hy" lmrimo = st Y[, Lo (6.45)
K K
0H, _ 0H, ’ (6.46)
0x> 0x>
x2=r;i—0 x2=ri+0
fors=1,2,3, i=1,2,...,N—-1,xe D’ reR*,
Then we find solution of (6.40)-(6.46) for x € D°, r € R* in the form
K K K
HY (e, = 7% 3 T3, 0 UE™ (), (6.47)
k=0 m=0 n=0
Here Tzs’k'"” (t,x°) are unknown functions and U™(x) are eigenfunctions of the

eigenvalue-eigenfunction problem stated above.
By substituting (6.47) into (6.40), (6.41) and using the orthogonality of the set of
functions U’z‘m"(x), we obtain the following initial value problems of T;’km”(t, 19):
d2
d—zT; 11, x0) + A T3 (£,5%) = =2 o5 (:0)8(r), 1€ RT, (6.48)
d

T54"(0,x%) = 0, d—tTg”‘m”(o, ) =0, (6.49)

fors=1,2,3;k=0,1,....m=0,1,..;n=0,1,....

By solving them for each s = 1,2,3, we get the explicit formula for the solutions of

(6.48)-(6.49) in the form:

sin( \/mt)
Vtann

T;,km}’l(t, xO) — _CZ(XZ) lﬁ;,kmi’l(x()), xO c DO, te R+_ (6.50)

Using the formula
by b3

$;kmn 0)_ff Zf[ﬂ] &5 (x, xo)Ulzcmn(x)dxz dxz dx;, xX°e D, (6.51)
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we find the values of v,bs kmn 40y for each s = 1,2,3, as:

aUkmn(xO) aUkmn(xO)
Lkmn, ON _1,,72_._ 2 2kmn, 0O\ _ 3kmn, ON _ 1,12, 2
lﬁz (x ) - [/“tl] 6_l 8xg D) '702 ( ) - O’ wz ( ) - [/’tl] El 0x? D)

i=1,2,...,N.
Finally, substituting the formula (6.50) for Tg’km"(t, x%) into (6.47) we obtain the

approximate solution of (6.40)-(6.46) as

k=0 m=0 n=0 VA

s=1,2,3, forxe D%, re R*; X e DO,

Remark 6.2.1. Let H;’K(x, 1,x9), s=1,2,3, be the approximate solution of (6.26)-(6.32)

for a fixed K. We will use the symbols fl.s’K and gf’K to denote

s,K s,K
s, K 0 HHZ € aHZ
S (L, x3,0,x0) = - , (6.53)
(9)61 Xp=ri— €i+l axl xp=ri+0
K o OHYK e OHY®
2K 1, x3,1,20) = - , (6.54)
0x3 €+1 OX3
)Cg:r,‘—() x2:r,~+0

x1 €(0,b)), x3€(0,b3), e D;teR*;i=1,2...,N—1.

We note that, if H;’K (x,1,x°) are constructed then fl.S’K (x1,x3,1,x9), gf’K (x1,x3,2,x%)

are given functions for s = 1,2,3;i=1,2,...,N—1.

6.2.2 Approximate Computation of Hf (x,t, xO), s=1,2,3

In this section, we construct the first elements of each column of the magnetic
Green’s function, that is, H IS (x,1,x%) satisfying the equations (6.19)-(6.25). For finding

the approximate solution of (6.19)-(6.25) we follow the way described as follows:

Firstly, the terms {curl, [6(x—x0)e}} . s = 1,2,3, in (6.19), denoted by y(x,x0),

are replaced by their regularization given as

wi ¥ (x2%) = ZZwi’k”(xz,x%w{‘"(xl,xg), (6.55)
k=
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for fixed natural number K. Here W{‘”(xl,x;;) are given functions as in (5.21) and

wi’k"(xz, x9) are the Fourier coefficients which can be computed by

by b
sk

U, x0) = f f W3 (e, XYW (x1, x3) dosdy,

0 0
k=1,2,...n=0,1,.
) ('iHiv € aHé . '
We now consider the term —= - —= ,i=1,2,....N—1 1in

X1 xp=r;i—0 €it+1 6)(:1 x2=r;i+0

(6.25). As a regularization of it we can take the function fis’K (x1,x3,1,29), defined in
(6.53). Using the set of functions W{‘”(xl ,X3) wWe can present fl.s’K(xl ,x3,1,x%) in a form

similar to that in (6.55) as

K K
R = ) S W ) (6:56)
k=1 n=0
where
by b3
fis’k"(;,xo):fffl.s’K(xl,xg,t,xO)W{‘”(xhx3)dX3dx1,
0 0

k=1,2,..;n=0,1,....
Thus, we can replace the term mentioned above by (6.56) in (6.25) .

Moreover, we replace the equations (6.19)-(6.25) by

PHK
6t21 — A)AH K = o)y (1, 2%58(r), xe DO, 1eR", (6.57)
oH> K
sK|  _ 1 3
HY =0, ——| =0, (6.58)
t<0
s,K _ s, K _
Hy |xl=o =0, H| lezbl =0, (6.59)
0H, ~ OH B
=0, =0, (6.60)
0xy _ 0x2 B
x2=0 xp=by
K K
OH) OH;
=0, =0, (6.61)
0x3 _ 0x3 B
x3=0 x3=b3
K _ K
Hf |X2=ri—0 - Hiv |x2:r,~+0’ (6.62)
oHk e OHSK .
1 i+1 1 El+1 s K
- -——J; 6.63
xo=r;i+0 xo=r;—0

fors=1,2,3,i=1,2,...,N-1.
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We look for a solution of (6.57)-(6.63) in the form

K K
HYX 0,20 = 37 HY 0o, 1,0 Wiy, x3), (6.64)
k=1 n=0

here H f’k”(xz, t,x°) are unknown functions.
Substituting (6.55), (6.56), (6.64) into (6.57)-(6.63) and using the orthogonality
property of the set of functions W{‘”(xl,xg) we get the equations for finding H ]S’k" for

xe DY teR* as

62Hs,kn asz,kn
= —c2<x2>[ & | = 0w, (6.69)
2
N
H* =0 et 1 0 (6.66)
LI P20 ’ ot ’
t<0
OHM" OH "

e =0, P =0, (6.67)

2 Xp= 2 xp=by
H* = H" (6.68)

1 x2=ri=0 1 x2=r;i+0 ’

ki k
6H1S " — ﬂ aHls " _ Ef.s’kn(l’ x()) (6 69)
: . i 2 2 .
0x x2=ri+0 & 0x x2=ri=0 5

> kn\*  (nm\*
Wherefkn:(b—l) +(b_3) ,i=1,2,...,.k=1,2,...n=0,1,....

Let hi’k"(xz,t, K0y = Hls’k"(xz,t, K0y — vi’k"(xz,t,xo) with vi’k"(xz,t, 1) for (x,7) €

(r,~_1,r,-)><R+, i=1,2,...,N, satisfying

azvs,kn 2( )azvi,kn . (6 70)
—c“(x2 =0, .
2 2
ot 0x;
avs,kn
s,kn _ 1
=0 | 6.71)
=0
avs,kn 6VS’kn
L L =0, (6.72)
0x> 0x>
xp= xp=by
s,kn s,kn
Y1 xp=ri+0 Sl xp=ri—0 ’ (673)
avs,kn €inl avs,kn €inl
a)lc = l€+ 6; - % £, 20, (6.74)
2 xp=r;i+0 ! 2 xp=ri—0 !

where s =1,2,3;i=1,2,....N-1;k=1,2,...,n=0,1,....
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Remark 6.2.2. The problem (6.70)-(6.74) is an IBVP for the 1D wave equation with

piecewise constant coefficients. The solution of (6.70)-(6.74), that is, the explicit

s,kn

. (x2,1, xO), can be found by the method described in Chapter 4.

formula for v

Checking the term H{*(x,1,x%) in b (x2,1,x%) = H* (x2,1,20) = v* (22, 1,x0)

and substituting it into (6.65)-(6.69) we get

aZhs,kn 27 8.kn
= —cz(xz)[—axl2 —g,%nh{”‘”] = ()} " (x2,x0)6(0) - ()& 7L (6.75)
2
s,kn ahi’kn
=0 ——| =0, (6.76)
- =0
oS- ony*
3 =0, 3 =0, (6.77)
*2 x=0 *2 x2=by
s,kn s,kn
hl x2=ri+0 S xo=r;i—0 ’ (678)
k ki
oSt ey O
= (6.79)
oxy | & Oxp |
xp=ri+0 x2=r;=0

By a method similar to that is applied for solving (6.40)-(6.46), we find an approximate
solution of (6.75)-(6.79) as follows

K
Iy G, 1,20 = 3 TP 0,60 28 (x), (6.80)

m=0
here the functions Z’l""”(xz) are eigenfunctions of the problem (5.23)-(5.26), which
was considered in Section 5.1.2, corresponding to the eigenvalues Ag,,;,; the unknown

functions Tls’km"(t, 1), s = 1,2,3, are solutions of the IVP for 7 € R*, x? € D°

dZTS,kml’l
o + U T =y 6660 = ) v 0,1,
de,kmn
kmn 0 1
TS, t,x ' :0, =0V,
1 ( )t:() dt 0
=
where
N 7
ki 0 k 07k
VACOREEDY f pithy ™ (2, )21 (x2) dxa
=17,
by bj N

Ti
f f >, f i (6, xX)ZE () Wi (31, x63) dxa | des dix,
0 o0 =

ri-1
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N "
s,k 0 s,k k
DY f v (0, 0Z8M (x2) dxs.
i=1"

The solution of the IVP of T kmn ;10 can be found as

s,kmn 0 Sin( ﬂkmnt) s,kmn, 0
TR0y = S sk ,0)
Vﬁkmn
.
2 s,kmn
+c7(xp)—— | sin| \/ Agun(t—7) (x ,T) dT,
V kmn ( ) 2

k=1,2,...m=0,1,...,n=0,1,....

As a result, we find the approximate solution of the problem (6.19)-(6.25) in the

explicit form as

s, K 5& G sin ﬁkmn) kmn O\ —~kmn kn
HYK (o0 = 3 3 3 | ———=—0"" 2™ ) W (1, x3)
k=1 m=0 n=0 Vi
2
+c2(x2) 'i" f Sin (VA (t =)o} (3, 7) dTZE™ () W (31, 63)
kmn
0

K K
£ e 1 W (xy, x3),

k=1 n=0
s=1,2,3,forxe D° teR*; x°e DO,

6.2.3 Approximate Computation of H;(x,t, x0), s=1,2,3

Here we construct the third elements of the magnetic Green’s function by solving
the problem (6.33)-(6.39). The approximate solution of (6.33)-(6.39) follows by the

same way as described in the last section.

Firstly, we replace the equations (6.33)-(6.39) for x € D°, t € R* by

o*HY
3~ CODAHL = 0y (60, (6.81)
aHS,K
K 3 -
HY| =0, ——| =0, (6.82)
<0
OH OH
=0, =0, (6.83)
8)61 8x1
x1=0 x1=b;
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K K
8H; _ 6H§ _
=0, =0, (6.84)
3)62 _ 6)62 _
x2=0 x2=by
K _ K 3
s |x3=0 =0, H; |x3=b3 =0, (6.85)
K K
H; |x2 r=0 " s |x2=ri+0 > (686)
K K
(9H§ €z+1 aHs €+l 5K
———gh", (6.87)
0x> € Ox g !
x2=r;+0 x2=r;—0
where
K K
R0 = > U G, X WA (e, x3), (6.88)
k=0 n=1
K K
g 0rn, x5, 1,20 = 30 (1, XY WA (e, x3), (6.89)
k=0 n=1
fors=1,2,3,i=1,2,...,N—1.
We look for a solution of (6.81)-(6.87) in the form
K K
HY (e, = ) 3 HY (o, 1, ) WA e, x3), (6.90)

k=0 n=1
here H;’k” (x2,1,x°) are the unknown functions and Wé‘"(xl,)@) are given functions as
in (5.22).
Substituting (6.88), (6.89), (6.90) into (6.81)-(6.87) we get the equations for finding

Yk"(xg,t a9) for xe DY, t e R* as

62 Hs,kn 2 r7S.kn
- cz(xz)[ ™ —g,%nH;’k"] = A" (2, x)8(0), xe DY, teRY,
2
(6.91)
s.kn
HR = oH, =0 (6.92)
3 0o 7 Ot 0 ’ '
<
OHM OHM
=0, =0, (6.93)
0x> 0x>
Xp= X2=b2
s,kn s,kn
H3 xp=ri—0 - 3 xp=ri+0 ’ (694)
) Hs,kn ‘ g Hs,kn
3 =Sl 3 Sl gskngy 40y, (6.95)
0% Xxo=ri+0 € 0x Xx2=r;=0 i

5 kn\*  (nm\*
Wheregkn:(b)+(b3) k=0,1,...n=1,2,....
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Let h;’k"(xz,t, K0y = H;’k”(xz,t, 10y — vy k1 (x,1,x0) with vy kn (a1, x9) for (xp,f) €

(ri1,r))XR*, i=1,2,...,N, satisfying

52Vs’kn (92 skn
G ) — 5 =0, (6.96)
avs,kn
s,kn 3
=% | (6.97)
avg”‘” avg”‘”
=0, =0, (6.98)
3)62 aX2
x=0 x2=b
s,kn s,kn
V3 x2=ri+0 -3 x=ri—0’ (6.99)
6vs,kn ' avs,kn
2 S = Sl gskn gy 40), (6.100)
*2 xp=ri+0 € 12 xp=r;—0 i

where s =1,2,3;i=1,2,....N-1;k=0,1,....,n=1,2,....

Remark 6.2.3. The solution of (6.96)-(6.100) follows by the same method as in Chapter
4.

Then equations (6.91)-(6.95) can be written as

azhs,kn c?zhs’k”
e 2)[ . —f,%nh;""] = 2" (2. x0)8(0) — A(e)ég, vy, (6.101)
2
s,kn
R S (6.102)
=0 7 Ot . ’
t=
8h§’k” 6h;’k”
’ =0, (6.103)
%=0 x2=by
s,kn s.kn
h Xo=ri+0 -3 Xo=ri—0 > (6104)
ahs’k” ) ahs,kn
. =2 2 (6.105)
x2:ri+0 xgzri—O

Using the same method that is applied for solving (6.75)-(6.79) we find an approximate
solution of (6.101)-(6.105) as

K
B e, 100 = T X0 ZE (), (6.106)

m=0
k=0,1,...,n=1,2,.... Here Z’;’""(xz) are given functions as defined in Section 5.1.2,

and Tg’km"(t, x%) are unknown functions which can be found by solving an IVP similar
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to the IVP for 77" (£,x°) as

s, kmn 0 Sin( /lkmnt) s,kmn 0
ek 0y = T sk 0)
V/lkmn
+c2(x) \/k_ f sin (v (t = 1) 05" (23, 7) d,
mn

where

P = Z f it oo, X ZE (x2) dixy

rll

by b3
f f Z f 36 x)Z5"" () W3 (x1, x3) dxa | dxs dx,

N U
S =) f pivs (e, DZY (x2) dxa,
i=1
k=0,1,...m=0,1,....n=1,2,....

As a result, we find the approximate solution of the problem (6.33)-(6.39) in the

explicit form as

H‘;’K(x, t,x°) = ZK: ZK: ZK: [—Sm( Vi )

5.k Ok k
1 Yy ()25 (x) W5 (x1, X3)
k=0 m=0 n=1 kmn
t

2
+c%(x) e fsin(\//l_(t T))Vg km"(xg,r) dTZlgm”(xz)Wg‘"(xl,xg)
0

)

k=0n

ViR ey, 1, XY WA (xy, x3).

M=

I
—_

6.3 Computation of the Electric Green’s Function

Let columns of the magnetic Green’s function be derived, that is, | § LY (x,t, xO),
s = 1,2,3 be approximate solution of the problem (6.10)-(6.15). For computation of
E*(x,1,xY), satisfying (6.16)-(6.18), we replace curl, H*(x,1,x°) by curl H*X(x,1,x%)

and 6(x — x0)e’ by its regularization in (6.16) for s = 1,2, 3, respectively. Then we find
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an explicit formula for ESK(x,t,x°) as follows

t
1
E*¥(x,1,x%) = o l f curl H"¥ (x,7,x0) dr - @ (x,x")|, (6.107)
€ex
2

where the vector functions defined by

K K K
O, = 3T N v eHUEmE U (e, (6.108)

k=0 m=0n=0

where 0 < x(l) < by, rie] < 19

5 <Ti, i=1,2,...,N,0< xg < b3, are regularizations of

o(x— xo)e_ﬁ.

6.4 Computational Experiments

In this section, we present computational experiments to show applicability of
the method. Here we consider a two — layered rectangular parallelepiped D =
{xeR¥: 0<x; <2, 0<x;<2, 0<x3<1}. This parallelepiped divided into two
layers with respect to x, — variable and each layer (parallelepiped) D;, i = 1,2 is of the

form

Dlz{xeR3: 0<x; <2, 0<x<1.25, 0<x3<1},

Dzz{x€R3: 0<x;1 <2, 125<x <2, 0<x3<1},

which contain dielectric material characterized by the electric permittivity e(x;) =
€0€(x2) (€ is the vacuum permittivity, and €(x») is relative permittivity of the material)
and the magnetic permeability u(xy) = poit(xz) (uo is the vacuum permeability, and

[(xp) is relative permeability of the material). €(x7) and ji(x;) are chosen as

) 2, xe(0,125), 4, xp€(0,1.25),
i(x2) = €(x) =
6, xp€(1.25,2), 8, xp€(1.25,2),

and c(x2) = cot(xa) (co = =)

Ho€o

1

L x€(0,1.25),
c(xp) = 2V2

ﬁ, x € (1.25,2).
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The boundary of D is a perfect conducting boundary on which the tangential
components of the electric field and normal component of the magnetic field component
vanish. There is an electric current J*(x,7) inside D. This electric current produces the

electric and magnetic fields. In our experiments we take J°(x,7), s = 1,2,3 as
J(x,0) = €6(x—x")s(0),
the 3D parameter 1Y is chosen as x(l) =0.5; xg =0.75; xg =0.75.

The main goal of this experiment is the approximate computation of the time-depen-
dent magnetic and electric matrix Green’s functions in two-layered rectangular
parallelepiped. Firstly, we find eigenvalues and corresponding eigenfunctions of
(5.8)-(5.13) using the technique described in Chapter 5. Substituting N = 2 into the

algebraic system (5.40) we find the coefficient matrix Q(z)(/l) of the form

m, ; ;
sin fr —Z—T cos fr —Z—? sin %r
1 2 2
1 1 2 2 2 2
2 n n Moy - n n n
QP = kncos| [ Lar Lnsin| [Hr] — /2 cos| /Ly
Cl Cl C2 C2 C2 C2
2 2
n . 1
0 cos( %bz) sm( A /%bz)
53 3

where 17, = A=, i=1,2,k,n=0,1,....

-

For each k,n =0,1,..., the roots of the equation det(QP () = 0, that is, Ay, m =
0,1,..., have been computed using MATLAB. The found roots are eigenvalues of
(5.8)-(5.13).

After computing the eigenvalues Ag;,,, we have constructed the corresponding eigen-

functions U’z‘m”(x) using the way described in Section 5.1 as
U5™ (x) = W5 (x1,x3)Z5™"(x2), (6.109)

for x; € [0,b1], x2 € [0,7r1) U (r1,72], x3 € [0, b3]. Here the functions Wé‘”(xl,xg) given

as in (5.22), and Z’gm”(xz) has been computed as

103



ZEm(xy) =

1
. n
sin([5x2),  x2€[0,r);
1

\ Amn! c? —Ekn . 1 2
l Z_; S i i Sin 77% + 77% r|+
\[/lkmn/cg_fkn ‘1 )
\[ Amn /C2 —En . 1 2 2
Ly X L lsin niz” - n% r||cos( n—"z”xz)+
\[/lkmn/cg_gkn ‘1 ) )
ﬂ/lknm/c2 —Ekn 1 2
— % Z_; S it i COS T]% + 77% rl+
V/lkmn/cg_fkn “ )

\[/lkmn/cl_fkn ] 2 . 2
% “; X feos Do [\ g | sin( [ e xy)+
& Akmn/ C% —Ekn 1 © ©

x2 € (r,b7]

D=

=

roI—
5|

=

where 7} = A= i, i=1,2,kn=0,1,....

6.4.1 Approximate Computation and Visualization of Elements of Matrix Green’s

Function for Two Layered Parallelepiped

The method described in the last two sections have been applied for the approximate
computation of the time-dependent magnetic and electric Green’s matrices in the
N — layered rectangular parallelepiped D. For computational experiments we take a
two-layered rectangular parallelepiped as defined above. Computation of Hjs.’K (x,1,x°)
has been implemented in MAT LAB and its graphs for j =2, s = 1 are presented. Here,
K 1s the parameter of the regularization and taken as K = 36 (see, Section 5.2). Figs.
6.1-6.6 present the second component of the first column of the regularized magnetic
matrix, Hé’K (x,1,xY), for different time data. The x; and x, are horizontal axes and
z—axis is the magnitude of HZI’K . In Figures 6.1 and 6.2 the fronts of the magnetic
wave did not reach the boundary of the parallelepiped. In Figures 6.4, 6.5, and 6.6 we
see the further propagation of the magnetic waves and the reflections and transmissions

from the different part of the boundary.
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Figure 6.1 The map of the surface plot of z = HZI’K (x1,x2,0.75,t, xO) for K =36 at t = 0.5/cg; source is
placed at x° = (0.5,0.75,0.75)T position inside the parallelepiped; the horizontal axis is x, — axis and

the vertical axis is x; —axis.
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Figure 6.2 The map of the surface plot of z = H;’K (x1,%2,0.75,2,x9) for K =36 at t = 1/cg; source is
placed at x° = (0.5,0.75,0.75)T position inside the parallelepiped; the horizontal axis is x, — axis and

the vertical axis is x; —axis.
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Figure 6.3 The map of the surface plot of z = H;’K(xl,x2,0.75,t, xO) for K =N =236 at t =2/cp; source
is placed at x° = (0.5,0.75,0.75)" position inside the parallelepiped; the horizontal axis is x, — axis and

the vertical axis is x; —axis.
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Figure 6.4 The map of the surface plot of z = H21’K (x1,%2,0.75,1,x9) for K = 36 at t = 2.5/cg; source is
placed at x° = (0.5,0.75,0.75) position inside the parallelepiped; the horizontal axis is x, — axis and

the vertical axis is x; —axis.
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Figure 6.5 The map of the surface plot of z = H;’K (x1,x2,0.75,1, xO) for K = 36 at t = 3/cg; source is
placed at x° = (0.5,0.75,0.75)T position inside the parallelepiped; the horizontal axis is x, — axis and

the vertical axis is x; — axis.
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Figure 6.6 The map of the surface plot of z = H;’K (x1,%2,0.75,1,x9) for K =36 at t = 5/cg; source is
placed at x° = (0.5,0.75,0.75)T position inside the parallelepiped; the horizontal axis is x, — axis and

the vertical axis is x; —axis.
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6.5 Summary of Chapter Six

A new method for approximate computations of time dependent magnetic and
electric matrix Green’s functions in rectangular multi-layered parallelepiped with the
perfect conducting boundary, is described. This method based on the Fourier series
meta-approach. The problem has been decomposed into problems: approximate
computation of the magnetic matrix Green’s function and approximate computation
of the electric Green’s function. After calculation of the column elements of the
magnetic matrix Green’s function the approximate computation of the columns of
the electric matrix Green’s function has been given by explicit calculation of the
differential operator curl, from each column of the magnetic Green’s function with

respect to 3D space variable x and then by integration with respect to time variable.
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CHAPTER SEVEN
FINDING A SOLUTION OF IVP FOR THE ANISOTROPIC MAXWELL
SYSTEM WITH DIFFERENTIABLE FUNCTION COEFFICIENTS

An analytical method for solving the initial value problem for the time-dependent
Maxwell’s equations in the general electrically and magnetically anisotropic vertical
inhomogeneous media is described in this chapter. This method has the following
steps. The Maxwell’s equations are written as the symmetric hyperbolic system of
the first order. This system is written in terms of the Fourier images with respect to
lateral variables. The coefficients of this system are functions depending on vertical
variable only. Applying method of integration along the characteristics the symmetric
hyperbolic system is reduced to a system of the Volterra integral equations. Method
of successive approximations is applied for solving the obtained system of the integral
equations. Finally, the inverse Fourier transform is applied to find a solution of the

initial value problem for the time-dependent Maxwell’s equations.

7.1 Maxwell’s Equations in Anisotropic Media

Let x = (x1,x2,x3) € R, 1 € R be space and time variables, u;j(x3) > 0 and
€ij(x3) > 0 are given functions depending on x3, M(x3) = (u;j(x3))3x3 and E(x3) =
(€j(x3))3x3 are given 3 X 3 matrices, J(x,1) = (J1(x,1),J2(x,1), J3(x,1)) is a given vector
function, E(x,1) = (E1(x,1), E2(x,1), E3(x,1)) and H(x,t) = (H(x,1), H2(x,1), H3(x,1))
are unknown vector functions satisfying the following initial value problem (IVP) for

the anisotropic Maxwell’s system

curl , H(x,1t) = 8(X3)6E((;: 0 +J(x,0), (7.1)
curlE(x,1) = —M(xg)aHg’ 2 (7.2)

with the initial conditions
E(x,0)|_,=0, H(xn|_,=0. (7.3)

Here, E(x,1), H(x,t) denote the electric and magnetic fields, respectively; J(x,) is the

electric current density; &(x3) is the electric permittivity and M(x3) is the magnetic
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permeability.

7.1.1 Assumptions

We assume that &E(x3), M(x3) are such symmetric positive definite matrices that

there exist positive constants &, tip satisfying the following inequality

(E(x3)-&,6) 2 & €17, VéeR?, Yx3eR,

(M(x3)-£,6) > i -|E1°, VE€R’, V3 €R,
for an arbitrary vector & € R? and x3 € R.

1
Let T be a positive number, ay = max{éy,p}, M = —. The triangle A(M,T) is
ao
defined by

AM,T)={(x3,1): 0<t<T, —-M(T—-1t)<x3<M(T-1)}. (7.4)

We assume also that the elements of the matrices E(x3), M(x3) are twice continuously
differentiable functions over [-MT, MT]. Moreover there exists the Fourier transform
with respect to x; and x, of the components of J(x,7) = (J1(x,1), J2(x,1), J3(x,1)). The
Fourier transformed image of the functions J(x,7) denoted by f;;(v, x3,1), are assumed
to be from C(C'(A(M,T)); Co(R?)), k = 1,2,3. Here, v = (v1,72) is a parameter from
R2. The class C(C'(A(M, T); Co(R?))) consists of all continuous functions, depending
on (x3,1,v) (x3,1) e AMM,T), v e R? that are differentiable with respect to x3,¢ and have

finite supports with respect to v.

7.2 The Reduction of IVP (7.1)-(7.3) for a Symmetric Hyperbolic System

In this section, the initial value problem for the anisotropic Maxwell’s system is

written in the form of an initial value problem for a symmetric hyperbolic system.

Lemma 7.2.1. Under the assumptions of Section 7.1.1, the initial value problem
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(7.1)-(7.3) can be written as an initial value problem of symmetric hyperbolic system

3
3V(x, l) (9\_’)()(:, t) =2 3 +
Ao(x3) + > Ai——==1(x,1), xeR’, teR", (7.5)
ot FZI / 8Xj
V(x, Bl=0 = Vo(x), x€R, (7.6)

N
here V(x,1), f(x,t) are 6 X 1 vector functions, Ay(x3) is a 6 X6 symmetric positive definite

matrix and A j are 6 X 6 symmetric matrices j = 1,2,3 such that

*

‘_')(x,t):[E H] :[El E, Es H H H3],

1x6
*

f(x,t):[—J 0] =[—J1 “Jh —J3 00 o]*,

1x6
VO(X)Z[O 0000 o],

Ao(x)_[a(x>3x3 0 ] | A'_[ O3 Al ] o
0 M(x)3x3 66 (A}-)* 0353 )6
0 0 0 00 -1 0 10
Al=|lo o 1| , Al=lo o0 o , A=l -1 00| ,
0 -10) 100 ) 000)

where * denotes the transposition.

Proof. The initial value problem of anisotropic Maxwell’s system in (7.1)-(7.3) can be
written as an initial value problem of a first order symmetric hyperbolic system. (For

further discussion about the reduction see Appendix AS). O

7.3 1IVP (7.5)-(7.6) in Terms of the Fourier Images: the Reduction to the System

of the Volterra Integral Equations

Applying Fourier transform with respect to xj, x; to the equations (7.5), (7.6), the

IVP for the symmetric hyperbolic system (7.5)-(7.6) can be written in the following

form
Ao(x3)5—‘7+A3ﬁ =B)v+f, xeR’ teR", (7.8)
ot 0x3
V23, )|,_y = V0%, x3), (7.9)
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where
Vv, x3,1) = f f V(% x3,0e" dX, %= (x1,x2), v=(v1,v2) €R?,
R2

v(v,x3,1), f(v, x3,1), Vo(v,x3) are the Fourier transformed image of V(x,7), F(x, 1),

Vo(x,0). And we denote the matrix B(v) = iviA| +ivaA,.

7.3.1 Properties of the Coefficient Matrices Ay and A3

By the assumptions for &(x3) and M(x3) of the Section 7.1.1, we can see that the
matrix Ag(x3), defined in (7.7), is positive definite and and the elements of Ay(x3) are

from CZ[—MT, MT]. That is, for any vector i € RO and x3€R

(Ao-t,0) > ao- WP, ap=max{e,uo). (7.10)

The matrix Az, defined in (7.7), is symmetric matrix. Thus, it is diagonalizable.

Remark 7.3.1. For the symmetric positive definite matrix Ag(x3) and symmetric matrix

_1
A3 there exists a nonsingular matrix T(x3) such that, T(x3) = A, 2(x3)Q(x3), and
T*(x3)A0(x3)T(x3) = Tox6, T (x3)A3T(x3) = D(x3)6x65

where, Q(x3) is an orthogonal matrix and D(x3) = (d1(x3),...,ds(x3)) is a diagonal

matrix (see, Goldberg (1991)).

Lemma 7.3.2. Let x € R3, 1 € [0,00); Ag(x3) be symmetric positive definite matrix and
Aj, j=1,2,3 be symmetric matrices then the IVP (7.8)-(7.9) can be written in the

following form

ov +D(x3)ﬂ = B(v,x3)V+F(v,x3,0), veER?, x3€R, 1> 0, (7.11)
ot 0x3
Vli=o = Vo(v,x3), veR?, x3€R, (7.12)

where, V=V (v,x3,1), V(v,x3,1) = T(x3)V(v, x3,1) and B(v,x3) =T *(x3)§(v, x3)T(x3)—

T*(x3)A3 j% for an orthogonal matrix T(x3).

Proof. By Remark 7.3.1, we suppose that there exists a function satisfying

V(v,x3,1) = T(x3)V(v, x3,1). (7.13)
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Inserting (7.13) into the equations (7.8), (7.9) and multiplying the new equations by
T*(x3) from the left we get the IVP (7.11)-(7.12), where

B(V,)C3) =T A|IT+vT°AT+T A3d—

X3

F(v,x3,1) = T"(x3)f(v, x3,8), Vo(v, x3) = T*(x3)¥0(v, x3).

7.4 Reduction of IVP (7.11)-(7.12) to Integral Equation System

Let us consider the IVP (7.11)-(7.12) in the following form

v, aV; )
s +dj(x3)8_x3 =(BV)j(v,x3,0) + Fj(v,x3,1), veR", x3€R, 1 >0, (7.14)

Vili=o = V)(v,x3), veR?, x3€R. (7.15)

Here, dj(x3) € C[-MT,MT], |dj(x3)| <M and M = % for any x3 € R then
23

el dj(&(7)), (7.16)
ET)e=r = x3, (7.17)
where 0 <7 <t<T, & =E&(1;x3,0).
The characteristics can be found as
.
)= x5+ f dj(Ea)dn = 9, 33,1, (7.18)
t

Erxs,)ex3—M(t—1),x3+M({t—1)]C[-MT,MT].

Construction of the characteristics is discussed in the following section.

7.4.1 Construction of Characteristics

Let us consider the IVP (7.14) - (7.15). If d j(x3) € C'[-MT,MT] and ldj(x3)| <M=

1
— for any x3 € R then
ao

dg =dj(é(1), 0<t<t<T, (7.19)

dr
E@r=r = x3. (7.20)
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The initial value problem (7.19)-(7.20) can be written in the form of Volterra type

integral equation
f0 =+ | deman (7.21)
t

To construct a solution of (7.21) we use the successive approximations.

Let us consider the sequence of functions

£u(r) = x3 + f diEnr()dn, n=1,2,....
t

&o(1) = x3, x3 €R,

here, |x3] < MT, and |d(x3)| < M . Then let us consider the Neumann series

x5+ ) [ (D =&,

n=0

and let Sy = x3+ X [&541(1) — &,(7)], that is,
Sy=x3+[&1()—x3]+[E2(0) - &1 (D] +... + [En+1(TD) —En(D] = En+1 (D).

Since, each term of the sequence &y(7), £1(7), ..., £(7) is a continuous function, then

the series Z;’;O[é-“nﬂ(‘r) —&,(1)] 1s continuous. Subtracting &,(7) from &,4+1(7) we find

En 1@ =& = [T1dEm) — d(En1(7)1dn.

Remark7.4.1. Let T and M be fixed numbers, if |d j({)| < M and d (&) € C'[-MT,MT]
then for arbitrary (x3,t) € A(M,T)

(1) &(nxz,)e[x3—M(t—1),x3+M(—1)]C[-MT,MT]

(ii) then there exists a positive constant K = K(M, T) such that

a1 (D) =D <K f £ = oty (I

Proof. () [£4(7) —x3| = |ftTd(§n_1(n))dn| < M(t—7) Hence,

En(T)—x3| < M(t—1) = -M@{—-1)<&(T)—x3 < M(t—71).
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So,
—MT < x3—M(t—7) <&,(1) <x3+M(t—7) < MT

(ii) For fixed positive numbers T and M, if |d;(&;)| < M and dj(&;) € C "=MT,MT]
then for arbitrary (x3,t) € A(M,T) then we can find a constant K = K(M,T) such
that

dj(x3)] < K.

T C n(T)
f f d’(é(n))dfdn‘
t J& (1)

T 0 (T)
f |d’ (£(m))ldédn
t &n-1(7)

T 2(T)
K f dédn
r J&()

K f €n(T) = En-1(D)ldn
t

then

[En+1(T) = En(D)

IA

IA

IA

Let us denote |z,,(7)| = |£p+1(7) — &n(7)|, then using Remark7.4.1 we find,

n(DI < f fen 1 (Pl
t

Since,
20(7) = [E1(0) —So(DI =1 (D) —x3| < M(t—-7), O<7<t
by Remark 7.4.1 we have

. ’ (t—71)°
|1l = f lzo(mldn < f M(t—n)dn < KM TG
t t .

Similarly,
t f— 2 K2 f— 3 K2T3
|z2|$KfKM( 2?) dy = M (3'T))SM( = ),
. ! ! !

Hence, each term of z, is continuous, since d;j({(7)) € C "[-MT,MT]; and

¢ 2 (n+1)

(t—n) M (KT)
<k | km gn=MED™
el < f, 2 MK e
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foreachn=1,2....

o0

M (KT)"+D
The series Z E% converges uniformly to %eKT. Then by Weierstrass
n .
n=0

Theorem the series
N
Sn =X+ ) [t (@) = E(D)] = Ener ()
n=0
converges uniformly to a continuous function &(7). And

|d(£n(7)) = d(&(1))| < K|&n(T) = £(7)]

which is convergent, so d(&,(7)) is also convergent. Then by the continuity of d;(£(7))

and the Second Weierstrass Theorem

£(r) = lim &x(r)

I
g B

X3+ f dj(fn-l(n))dﬂ]
t

= lim x3+ lim
N—>oo N—oo

dj(&n-1(7))dn
t
N—-o

.
= lim x3+ f Sim dj(Ep-1(m)dn
t —00

.
= A;i_rgomﬁ“ft dj( lim &1 (m)dn

.
Jim i+ [ dicen

—00 ¢
So, £(7) is a solution of the integral equation (7.21) and equivalently a solution of the

IVP (7.19)-(7.20). Therefore we construct the characteristics as follows

£r) = x3+ f d;(E)dn.
t

Let ¢ (7, x3,1) be a function

&1)=x3 +f di(Em))dn = (T, x3,1)
t

and ¢;(f,x3,1) = x3.

7.5 The Reduction of IVP (7.14)-(7.15) to a System of the Volterra Integral

Equations

Using the characteristics

)= x3 + f d(Em))dn,
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the partial differential equation (7.14) can be written in the form of an integral equation

by the following lemma.

Lemma 7.5.1. The IVP (7.11)-(7.12) can be written in the form of Volterra integral

equation
t
Vv, x3,t) = G(v, x3,1) + f (KV)(v, x3,t,7)dT, (7.22)
0

where V is the unknown vector function;, K = (K1,K3,K3,K4, Ks,Kg) is the vector
integral operator; the given vector function G = (G1,G2,G3,G4,Gs,Ge) is the inhomo-

geneous term of the integral equation and they are defined as

(KV) j(v,x3,t,7) = (BV) j(v,0j(T; x3,1),7), j=1,2,...,6; (7.23)

t
Gi(v,x3,1) = V(J)-(v, ¢;(0;x3,1)) +f Fi(v,pj(t;x3,0),0)d7, j=1,2,...,6. (7.24)
0

Proof. The differential equation (7.14) along the characteristics can be written as

dv;
—L 0, p(13x3,0),7) = (BV) (v, 0 (T3 33, 1), T) + F j(v, (T3 X3, 1), 7). (7.25)
dr

Integrating the last equation along the characteristics with respect to 7 from O to # and

using ¢(t, x3,1) = x3 and the initial data (7.15) we find

V(v.x3.1) = V9,00, x3.1)) + fo |(BV);+ Fj|0ngi(rixa,0,)dr,  (7.26)

where V;(v,¢;(0,x3,1),0) = V?(V, ¢;(0,x3,1)).

Thus, the IVP (7.14)-(7.15) can be written in the form of Volterra integral equation
!
Vi(v,x3,0) = Gj(v,x3,1) + f (KV) (v, x37)dT, (7.27)
0
where

(KV)(v,x3,1,7) = (BY) j(v, 0 (7: x3,1),7), j=1,2,....,6,

1
G_,-(v,X3,t)=V?(v,<ﬁj(0;X3,t))+f Fiv@j(tix3,0,7)dt, j=12,....6.
0

117



7.5.1 Finding A Solution of the Integral Equation (7.22)

Let € be a positive number and (x3,7) € A(M,T), then let us consider the integral
equation (7.22). To find a solution of this integral equation we apply method of

successive approximations. For this we consider the sequence of the functions

VO, x3.0) = G(v, x3, 1),
!
V”(v,x3,t):f(KV"_l)(v,xg,T)dT, n=1,2,....
0

Main aim of this method is to show that for (x3,¢) € A(M,T), |v| < €, the series
DIV x3,1) = [Z VI, x3,0, ) VA0, 23,0, Ve, x3,0)
n=0 n=0 n=0 n=0

converges uniformly to a continuous vector function

Vv, x3,1) = (Vi(v, x3,1), Va(v, X3, 1), ..., V6 (v, x3,1)).
Then the vector function V(v, x3,7) is a solution of the integral equation (7.22).

For this, we need to show firstly the following lemma.
Lemma 7.5.2. Let us consider the Volterra integral equation (7.22) with the operator
K and inhomogeneous term G defined in (7.23) and (7.24), respectively. Then the
operator K satisfies the following properties
1

(K1) f (KV)(v,x3,1,7)dt € C(A(M,T),R?), YV(v,x3,1) € C(C'(AM, T)); C(R?)),

0
(K2) There exists a constant By = Bo(M, T) such that,

|BV)(v, x3,1,7)| < BollVII(x),  V(x3,0) € AM, T),

where, |[VII(t)= max  max _ [V(x3,n)|
0<n<t (x3,7)€AM,T)

Proof. Firstly, let us check the linearity property of the operator K defined in (7.23).
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Let @ and S be arbitrary constants, V| and V; be arbitrary vector functions,

Kj(aVi+BV2)(v,x3,1,7) [B(aV1+BV2)]j(v,@i(T;x3,1),T)
[a(BV 1) +B(BV2)] (v, (t;x3,1),7)

a(K;V)(v, (15 x3,1),7) + B(K;V2) (v, 0(T; X3, 1), 7).

Hence, the operator K is linear.
Let us check if the operator K satisfies property (K1).

Since, the matrix Ag(x3) is continuous, B(v,x3) is also continuous over A(M,T).
Therefore (KV)(v,x3,7) € C(AMM,T),R?) for a continuous function V(v,x3,7) in
C(C'(A(M,T)); C(R?)) then

f (KV)(v, x3,1,7)d7 € C(AM, T),R?)
0

Now, let us check if the operator satisfies the property (K2).

IK;V (v, x3,1,7)| = [(BV) j(v, (75 x3,1), T)]

< (|vl|-||T*||-||A1||-||T||+|vz|-||T*||-||Az||.||T||+||T*||-||A3||-||M||).||V||<r>

0x3

< (il 1 ke + bl e = 1R IV

(M) IVII(v) < Bo(ao, T)-||V||(7).

ag

where R = ||

Il and [[V]|(r) = max ~ max |V(x3,7)|.
0<n<t (x3,1)eAM,T)

9T (x3)
X3
vil+Ival+ Ri vao
ao
property (K2). |

For the constant By(ag,T) = ( ), then the operator K satisfies the

Theorem 7.5.3. Let G(v,x3,t) be as defined in (7.24) and K be the operator satisfying

the properties (K1) and (K2), then there exists a solution
V(v,x3,1) € C(C'(A(M, T)); C(R?))

of the integral equation (7.22).
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Here, the class C(CY(A(M,T));C(R?)) consists of all continuous functions of
(x3,1) € AMM,T) and v = (v1,v2) € R? that is differentiable with respect to x3 and t

over A(M, T), into the class C(R?).

Proof. The first step of the proof is to show that each term of the sequence V" (v, x3,1),
n=20,1,2,...1s continuous.

Let us consider the sequence of functions

VO, x3,1) = G(v, x3,1), (7.28)
!

Vx50 = f (KVO) (v, x3,7)d7, (7.29)
0
!

Vv, x3,1) = f (KV" Y, x3,7)dr. (7.30)
0

By the continuity of G(v, x3,1), defined in (7.24), and the property (K1) of the operator

K, each term of the sequence V"(v,x3,7), n =0, 1,2,... is continuous.

The second step is to show that each term of the sequence V" (v, x3,1) is bounded,

that is,
(Bot)"

n!

IVEIl@) <

IGlI(®), VYn=0,1,....

For proving we use mathematical induction and the second property (K2) of the
operator K.

Let D(M,T,t) be a domain of the form

DM, T,t) ={(x,7):0<7<t, (x,T1) € AM,T)}.

For k=0,
Vo, x3,7) = 1G(,x3,7), (x3,7) € AM,T)
< max max |G, x3,t), (x3,7)€AM,T)
0<7<t (x3,7)eAM,T)
< G0, (x3,0) € D(M,T,t)

where [VO|[(r) = max  max  |V°(v,x3,7)|. Thus,
0<t<t (x,))eEAM,T)

IVIlI5) < lIGII(2).
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Fork=1,

i
Vi, x3,7)| ‘ f (KVO)(v, x3,2)dz|,
0

Y(x3,7) € AMM,T)

IA

f IKVO)(v, x3,2)ldz,  V(x3,7) € AM,T)
0

IA

foBoIIVOII(Z)dzsf(;BoIIGII(Z)dZ
BollGll(t)r, VY(x,7)e DIM,T,?t)

IA

IA

Bol|Gl|(1)1,

then

IV = max  [V'(x,7)| < max |BylIGlI(r)7| < Bot||GI|(1).
(.X3,T)€D(M,T,t) 0<r<t

Thus,
IVYI(£) < Bo-£-1IGII(r), V(x,7) € D(M,T,?.

Now, assuming that IVEI(D) < (B(’t) IGl|(r), Yk =0,1,...,n, we prove IVED(r) <

Bot)k+
B2 1IGI).

IV L (v, x3,7) ‘ fo (KVMY(v, x3,2)dz|, Y(x,7)€ AM,T)

IA

f ’ KV, x3,2)ldz,  Y(x,7) € AM,T)
0

i
< fo BollV¥ll(2)dz

TBk+1
< fo Gl

Bk+l
< TGl Ven e DT
< BTG - :
- 70 (k+1)!

Thus, we conclude that [[V”]|(2) < B2)|G|(1), ¥r=0,1,... and [[V"]|(r) < BT GI|(T).

We know that the numerical series ¥, %IIGII(T) converges to e207 . ||G||(T).
Then by the Weierstrass theorem (see, Weierstrass M-Test in Cohen (2003)), the
functional series } V"(x,t) is uniformly convergent to a continuous function

V(v,x3,1) over (x3,f) € A(M,T) i.e. V(v,x3,1) € C(AIM,T)).
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The last step is to show that V(v,x3,7) is a solution of the integral equation (7.22).
Let us consider the summation of the sequence of functions in (7.30)

Pl

p
ZV”(V,Xg,t) =G, x3,1) +f Z(KV")(V,Xg,T)dT, (7.31)
n=0 0 n=0

taking limit as p — oo and using the Dominated Convergence Theorem (see, Evans
(1998)) and linearity property of the operator K, we have

00 )4 s p—1
ZV"(v,x3,t) lim Y V'(x,f) = lim |G(v,x3,0) + f Z(KV")(v,x3,r)dr
n=0 p—e n=0 p=ee 0 n=0

‘ p-1
= lim G(v,x3,0) + f lim Z(KV”)(v,xg,T)dT
p—)OO 0 p—)OO n:O

¢ =1
= lim G(v, x3,t)+f Z(K lim V")(v,x3,7)dt

¢ p-]
= G(v,x3.0+ f D (KV)(,x3,7)dr.
0 %=0

Hence, we get

!
Vv, x3,1) = G(v,x3,1) + f (KV)(v, x3,7)dT,
0

that is, V(v, x3,1) is a solution of the integral equation (7.22. O

Lemma 7.5.4. Suppose that G(v,x3,t) € C(A(M,T)) is given function, K is a linear
operator satisfying the properties (K1), (K2), then the solution V(v,x3,t) of (1.22) is
unique in C(A(M,T)).

Proof. Let V(v,x3,1) and V?(v,x3,1) be two solutions of the integral equation (7.22),

that is,

A
Vv, x3,0) = G(v, x3,1) + f (KVH(, x3,7)dr,
0

!
VA, x3,1) = G(v, x3,1) + f (KV?)(v, x3,7)dT.
0

Subtracting V2(v, x3,1) from V!(v, x3,1)

!
Vv, x3,0 = V2(v,x3,0) = f [K(V!' = V)], x3,1,7)dT,
0
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and letting W(v, x3,1) = Vl(v, x3,1) — Vz(v, x3,1), we have

IW(v,x3,0)| = ' fo [K(V! = V)](v,x3,2)dz

IA

f K(V! = VD), x3,2)d2
0

IA

.
Bof IWll(2)dz,  ¥(x3,7) € DIM,T,1),
0

then
!
IIWII(I)SBof0 IW]|(z)dz.

Byt

By differentiating and multiplying both sides with e”°7, we get

d . .
TP IWID] <0 = WD <0 = W@ =o0.

Hence, V(v x3,1) = VZ(v, x3,1). |

As a result, we proved that there exists a unique solution V(v, x3,1) € C(A(M,T)) of

the integral equation (7.22).

Theorem 7.5.5. Suppose that G'(v,x3,1) € C(AM,T)), G*(v,x3,1) € C(AM,T))
are given functions, K is a linear operator satisfying (K1), (K2), and Vi, x3,1),
V2(v,x3,1) are two solutions of the integral equation (7.22) with the inhomogeneous
terms G'(v,x3,1), G*(v,x3,1), respectively. Then there exists a constant L = L(M,T)
such that

V!0, x3,0) = V2(v, 33,0 < L+ |G (v, x3,1) = G*(v, x3,1)]. (7.32)
Proof. Let Vv, x3,1), V2(v, x3,1) be two solutions of the integral equation (7.22) with
the inhomogeneous terms Gl(v, x3,1), Gz(v, x3,1), respectively. Then
!
Vv,x3,0 = G (v,x3,0) + f (KVH(v,x3,7)dr,
0
73
Vi) =G+ [ KV
0
Subtracting Vz(v, x3,1) from Vl(v, x3,1), we get

73
VI(V’X?)’I) _Vz(v’ x3’t) = GI(V’ x3’t) - Gz(V,X:;,t) +f [K(Vl _VZ)](Va x3’T)dT’
0
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let W(Va x37t) = Vl(va x3’t) —VZ(V,X:;,I) and G~(Va -x3’t) = Gl(va x3’t) - GZ(V,X3’I)

(W(v,x3,0)|

‘G(V,X3,l)+ f [K(W)](V,X3,z)dz'
0

IA

IG(v, x3, 1) + ‘ f [(KW)](, X3,z)dz'
0

IA

IG(V,xs,f)lJrf ((KW)(v, x3,2)ldz
0

IA

IG(v,X3,t)|+BofIIWII(Z)dZ, V(x3,7) € D(M,T,1)
0

then
!
IWIi(2) < 1IGII(1) + Bofo IWll(z)dz.

By the Gronwall’s Lemma, we have

IWII(®) < 1IGlI(t)e™" < |IGI(H)ePoT.

Hence, the inequality (7.32) is proved for a constant L = ¢80T, O

Theorem 7.5.6. Let G(v,x3,1) € CY(A(M,T)) is given function, K is a linear operator
satisfying the properties (K1), (K2), and

f i [(KV)(v,x3,7)]dT € C(AM,T)), f 2 [(KV)(v,x3,7)]dT € C(A(M,T)).
0 0x3 o Ot

Then
a—v(x, 1) € C(A(M,T)), a—V(x, € C(AM,T)).
ox3 ot

Proof. By the Theorem 7.5.3, there exists a solution V(v,x3,t) € C(A(M,T)) of the

integral equation (7.22) in the form
!
Vv, x3,0) = G(v,x3,0) + f (KV)(v,x3,7)dT.
0

Since, V(v, x3,1) € C(A(M,T)) and by assumption G(v,x3,?) € CHAWM,T)),

! !
f 9 (V) x3,0)]dr € CAM, TY), f 9 RV, x3,0)]dr € CAM, TY).
0 0x3 o Ot

Additionally, the upper and lower limits of the integral is differentiable functions over

A(M,T), so we can take the differentiation with respect to x3 and ¢

1
0
—(Z (v, x3,1) = —%?(v, x3,0) + (KV)(v, x3,1) + f 5 BV x3.1)dr € C(AM. T)),
0
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oV oG o
—(,x3,1) = — (v, x3,1) +f —(KV)(v, x3,7)dT € C(AM, T)).
3)63 6)63 0 8)63

Corollary 7.5.7. There exists a unique solution of the IVP (7.14)—(7.15)

Vv, x3,1) € C(CHAM, T)); C(R?)).

7.6 Application of the Inverse Fourier Transform and Finding A Solution of

(7.1)-(7.3)

Lemma 7.6.1. Under assumptions above, G j(v,x3,t) € C(C YAM,T); Co(R?))) and

has finite support with respect to v, forall j=1,2,3.

Proof. Let G (v, x3,1) be defined as in (7.24) where
VO(Va x39 t) = T*(.X’_?,)VO(V, -x3a t) = T*(x3)Fx1 , X2 [‘_I)O(X’ t)](V),

F(v,x3,8) = T*(x3)f(v,x3,1) = T*(x3) Fx, 1, [F(x, D](¥),
and Fy, »,[-1(v) denotes the Fourier transform with respect to v and

~J1(v,x3,1)
~Dr(v,x3,0)
—J3(v, x3,1)

0

0

0

FX],X2 [f_.)] =

Since, we assumed that j;{ e C(CY(AM,T)); Co(R?)), then the function F(v,x3,1) €
C(C'(A(M,T)); Co(R?)). Hence, G(v, x3,1) € C(C'(A(M,T); Co(R?))). O

Lemma 7.6.2. Under the above assumptions and the linear operator K is, defined as
in (7.23), satisfying the properties (K1) — (K2) then the unique solution V(v, x3,t) has

a finite support with respect to v, that is,

Vv, x3,1) € C(CHAM, T)): Co(R>)).
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Proof. The integral equation has the form

t
Vi(v,x3,1) = G (v, x3,0) + f (KV)j(v,x3,7)dT,
0

then
!
Vi, x3,0l = |Gj(v,x3,0+ f (KV)j(v,x3,7)dt
0
!
< IGj(V,X3,t)|+j;I(KV)j(V,X3,T)|dT
!
< |Gj(V,X3,l‘)|+j;|(KV)j(V,X3,T)|dT
1
< max |Gj(v,x3,t)|+Bof max |V;(v,x3,7)|d7,
(x3,))EA(M,T) 0 (x3.0EAM,T)
!
< ||G||+Bof||VII(T)dT, Y(x,t) € AM,T).
0
Hence,

!
IVII(r) < IGlI(7) + Bof IVI|(7)dx,
0
and by Gronwall’s Lemma,

IVII(r) < IGI(£)e" < IGII(T)ePoT . (7.33)

By Lemma 7.6.1 G (v, x3,1) has a finite support with respect to v then there exists a
constant A so that if [v| > A then |G (v, x3,1)| = 0. Hence if we take |[v| > A we have by

the equation (7.33),
IVIIiH) <0  =||VI||(r) =0, for (x3,) € A(M,T) and |v| > A

That means the solution V(v,x3,¢) of the problem (7.14) — (7.15) has a finite support

with respect to v and considering the Lemma 7.5.2, the solution belongs to the class
V(v,x3,1) € C(C'(AM, T)); Co(R)).
O

Lemma 7.6.3. If G (v, x3,1) € C(CYHAM,T);Co(R?))) is defined as in (7.24), the linear
operator K is defined as in (7.23) and satisfying the properties (K1) —(K2) then there

exists a unique solution

Ve C(CHAM,T)); Co(R?))
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of IVP (7.8) - (7.9).

Proof. By the Lemma 7.5.2 and Lemma 7.6.2 there exists a unique solution V(v, x3, )
and

T*(x3)V(v, x3,1) = V(v, x3,1) € C(CH(AM, T)); Co(R?)).

Thus,
(v, x3,1) € C(CHAM, T)): Co(R?)).

That is, v(v, x3,7) is a solution of IVP (7.8) —(7.9) and has finite support with respect

to v. So, by taking the Inverse Fourier transform with respect to v = (v{,v2)

V(x,1) = H (v, x3,0)e™ dv,
R2

Vo(x) = ff Vo(v, x3)e™dv,
R2

where V(x,1) = F,[v(v,x3,0)](X) and vo(x) = F,[vo(v,x3)](X). Hence, there exists a
unique solution

V(x,1) € C{(AM, T); PW(R?)).

We note that C'(A(M, T); PW(R?)) is the class of all continuous functions of (x3,7) €
AM,T) and (x,x>) € R? that is differentiable with respect to x3 and ¢ over A(M,T)
and belongs to PW(R?) for (x1,x) € R2.

Here, PW(R?) denotes the Paley Weiner Space of R2. The definition of Paley
Wiener Space and the real version of Paley Wiener Theorem is included in Appendix

AO9.

7.7 Summary of Chapter Seven

An analytical method for solving the initial value problem for the time-dependent

anisotropic Maxwell’s system with differentiable function coefficients has been suggest-
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ed. The initial value problem for the anisotropic Maxwell’s system has been reduced
to an initial value problem for the symmetric hyperbolic system of the first order. Then
applying Fourier transform with respect to the variables x| and x; the initial value
problem has been written in terms of Fourier images. Applying integration along
characteristics to the obtained symmetric hyperbolic system has been reduced to the
initial value problem for the system of Volterra integral equations. Applying method of
successive approximations, a solution of this integral equation system has been found
in the space C(C'(A(M;T)); Co(R?)). Finally, applying the inverse Fourier transform,
a solution of the original initial value problem for the Maxwell’s equations has been

determined in the space C YAM;T); PW(R?)) (see, AppendixA9).
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CHAPTER EIGHT
CONCLUSION

The main results of the thesis are the following:

e The method of the approximate computation of the magnetic and electric matrix
Green’s functions in the rectangular parallelepiped with the perfect conducting
boundary and the multi-layered isotropic structures has been developed. This
method based on the Fourier series expansion meta-approach. The method
has been implemented in MATLAB and the error analysis of this method has
been done by MATLAB tools. The computational experiments confirmed the
robustness of the method. Moreover it has been shown that the method is
applicable for the numerical computation of the electromagnetic wave propagation
in rectangular parallelepiped arising from the pulse point sources. The modern

computer tools allow us to observe the electromagnetic wave propagation.

e The method of solving the initial value problem for the time-dependent Maxwell’s
equations in the general electrically and magnetically anisotropic vertical inhomo-
geneous media has been found. This method based on the following. The
Maxwell’s equations are written as the symmetric hyperbolic system of the first
order. This system is written in terms of the Fourier images with respect to
lateral variables. The coefficients of this system are functions depending on
vertical variable only. Applying method of integration along the characteristics
the symmetric hyperbolic system is reduced to a system of the Volterra integral
equations. Method of successive approximations is applied for solving the
obtained system of the integral equations. Finally, the inverse Fourier transform
is applied to find a solution of the initial value problem for the time-dependent

Maxwell’s equations.

The result of Chapter 2 were published in the work:

e V.Yakhno and S.Ersoy, Computing the electric and magnetic matrix Green’s
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functions in a rectangular parallelepiped with a perfect conducting boundary,
Abstract and Applied Analysis, Vol.(2014), 1-13, 2014 (doi:10.1155/2014/586370).

(sci-expanded)

The work about the result of Chapter 3 is in press:

e V.G.Yakhno and S.Ersoy, The computation of the time-dependent magnetic and
electric matrix Green’s functions in a parallelepiped, Applied Mathematical

Modelling, (2015), http://dx.doi.org/10.1016/j.apm.2015.01.057. (sci-expanded)

Conference papers are the followings:

e S. Ersoy (Kecelli) and V. Yakhno, A Boundary Value Problem of the Frequency
Dependent Maxwell’s System for Layered Materials. 14th International Congress
on Computational and Applied Mathematics (ICCAM-2009), 99-100, Antalya,
2009.

e S. Ersoy and V.G. Yakhno, The Computation of the Frequency-Dependent
Magnetic and Electric Green’s Functions in Layered Rectangular Parallelepiped.
2nd International Eurasian Conference on Mathematical Sciences and Applica-

tions IECMSA-2013), Sarajevo, 2013.
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APPENDICES

Al Properties of the Eigenvalues and Eigenfunctions of (2.7)-(2.8)

Property 1. All eigenvalues of the problem (2.7)-(2.8) are real and nonnegative.

Proof. We have

3
<—Ax13U(x),U(x)>=—Z f f f AUj(x)Uj(x) dx,
J=1 74

where (.,.) is the inner (dot) product in RS.

(Al.1)

Using the first Green’s identity (see, for example, Vladimirov (1971)) we find that

3 3 3 U
—ZfffAUj(x)Uj(x)dx:fofleUjlzdx—Zfoja—jdl"(Al.Z)
=Ty 1Yy =YY n

Using (2.9) we have from (Al.1), (A1.2)

3
(-ATU), Uy = Y f f f VU, dx.
J=1 174

With (2.7), we find

3

]Z:;fvfflvajlzdx:/lfvffm(x)ﬁdx,

; fvffoUjl2
ﬂ:ZfJflU(x)deZO'

J=1

or

This means that eigenvalues of (2.7),(2.8) are real and nonnegative.

Property 2. 1 =0 is not an eigenvalue of (2.7),(2.8).

Proof. Let A =0 be an eigenvalue of (2.7)-(2.8). Then we have

(-AI3U(x),U(x)) = 0.
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(Al.4)

(AL.S)



Using (A1.3) and (A1.5) we have IVUjI2 =0, that is, U(x) = constant, j=1,2,3. This
means that, if 4 =0 is an eigenvalue of the problem (2.7),(2.8) then U(x) = constant is
an eigenfunction corresponding to this value, and it needs to satisfy (2.7),(2.8). But,
U(x) = 0 due to the second equation in (2.8). This is a contradiction because the
eigenfunction should be different from zero. Therefore, 4 = 0 is not an eigenvalue

of (2.7),(2.8). O

138



A2 Properties of the Dirac Delta Function

Let x° be a 3D parameter from V, 6(x — x°) = 6(x1 — x(l))é(xz — xg)d(xg - xg) be the
Dirac delta function concentrated at x| = x(l), Xy = xg, X3 = xg, and h(x) € C(V). We

have the following properties of the Dirac delta function:

Property 1.

d d
—o(x—x") = ——6(x—x"), j=1,23. (A2.6)
dx; dx;

Proof. We can prove this property as follows

0
——h(x°
9x° )

- <5(x— x0), %h(x)>
J j

<ié(x— xo),h(x)>

(9)6]'

) 9
"5 (60x=x°), h(x)) = <—£?(5(x—xo),h(x)>,

j=12,3. O

Property 2.

curly [6(x—x0)e_§] = —curl o [5(x—x0)e_§] , s=1,2,3.

Proof. Let for example, s = 1, the vector distribution curl, [5(x—x0)ej] can be

written as follows

- > —_ 0y o 40y
Curlx[é(x—xo)el] =0-el +(95(x X )e2_55(x X )e3.
Ox3 0x

Using the equality (A2.6) we get

0 0
. 06(x—x )e—ﬁ_ 0o(x—x )e-é

curly [6()6 — xo)e_i] = 0-el e o
0 0
_ O'eﬁl_66(x—0x)+2+66(x—0x )(;3
(9x3 0x2
= —curlyo [5(x—xo)e_i].
Similar arguments hold for j = 2,3. O
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A3 Proof of the Lemma 2.3.1

+ + . .
Let D% = % be the differential operator, where @ = (a1, @2,@3) and a1, a2, a3
X1

are non-negatlve 1ntegers. We have

f f f [D*h(x)]* dx < oo, (A3.7)
\%

for an arbitrary h(x) € C (V).
Using the Parseval’s equality (2.16) we find

[N < Ne ]

f f f [D*ho) dx = ZZZ[h’;ﬂ"]zmo. (A3.8)

k=0 m=0 n=0
Here h’;’g” denotes the Fourier coefficients of the function D%h(x) relative to basis
functions {Ufm"(x)}, kmn=0,1,...; j=1,2,3.
For even positive integers a1, a2, @3 we have

plmn (_1)|04|/2 k_ﬂ “ mn " nr " pkmn (A3.9)
ha T bl bz b3 ;o .

where |a| = a1 + a2 + @3.

Using (2.13),(A3.9) we have

kmn

Uk (x0)
k¥ a2 pa3 -1 2«

0 2
Ox;

< 201

Bkmnhgmn
b3

(A3.10)

<c 1 |hkmn ],

k2a1 m2a/2 n2(¥3 -2

where c1 = ' V27(B1b2ba)b| by b

The convergence of Z Z Z |h§f’é”|2 follows from (A3.8). The series
k=1m=1n=1

0o 00 00
ZZZk2a1m2a2n2a3 2

k=1m=1n=1
converges for 2a; > 1, 2ap > 1, 2(a3 — 1) > 1. Therefore, taking even positive integers
a1,a2,a3 and using equality (A3.10), we find that the series (2.21) is convergent for
any fixed % € V and h(x) € Cy’ (V). The convergence of (2.22) can be established
similarly.

Lemma 2.3.1 is proved.
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A4 Convergence of the series (2.40)

Let us consider the convergence of the following series for any fixed x” € V and any

function i(x) € CF(V):

N N kmn .0
1 Uk oh
> ) f f f Uk 2 g (a4
w2ept — Amn Gxg 0x3

i

>
we k=0 m=0n=0
. N N N kmn .0
i U (x ) Bh(x)
——ZZZ T ffo’“""( ) dx, (A4.12)
we k=0 m=0n=0 W= EL = Akmn
Z Z Z Ukmn (xOypkmn, (A4.13)
2 2 2
€ 0m=0n=0 Y H~ /lk
Let h(x) be an arbitrary function from C °°(V) and ¢(x) = % a = (a1, ay,a3), where
X3

«j, j = 1,2,3 are natural numbers, such that 2a; > 1, 2a2 > 1, 2(a3—1) > 1. Let ¢’1‘”m,
qﬁ’l‘":x” be the Fourier coefficients of ¢(x) and D?¢(x) relative to the basis {U’fm”(x)},

k=1,2,...mmn=0,1,2,3,.... Then we have

1 aUlfmn(xo) kmn Akmn kmn
we (wZEI'[ - /lkmn) (9x(3) ffol (X)¢(X)dx ( G(ﬁkmn - a)ZG/J)) b3 |¢ |

< Akmn @|¢kmn| 1 |¢kmn
= "we bs =0 21 22 p2(@s—1) ’

1-lal

where ¢ = T——/2/(b1b1b3) bo”b‘)’zb(a3 D Using the technique similar to Appendix

1 kmn
A3 we find that ZZZ 2[k2“1m2a2n2(“3 0 |¢ | ] converges and as a result

of it, the series (A4.11) converges absolutely for any fixed x” € V and any function

h(x)eC SO(V). The convergence of the series (A4.12), (A4.13) for any fixed e Vand

an arbitrary function /(x) € C’(V) can be established in a similar way. Convergence of
series (A4.11), (A4.12), (A4.13) implies the absolute convergence the series in (3.40)
for any fixed 1% eV and arbitrary h(x) € C 8° ).
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AS Elements of the Distribution Theory

Let V € R? be an open set. Similar to Vladimirov (2002), D(V) is the space of
the test functions which consists of the infinitely differentiable functions with compact
supports in V. The linear continuous functionals over D(V) are called distributions.
We denote the space of all distributions as 9’(V). A sequence of distributions
T,,T3,...,Tk,... in D'(V) converges to a distribution 7 € 9 (V) if for any test function
he D)

(Tr,h) > (T, h) as k — oo.

This convergence is termed as weak convergence. Distributions determined by
functions locally integrable in V are termed regular distributions. All other distributions
are said to be singular. From the Du Bois Reymond lemma (see, Vladimirov (2002),
pp. 15-16) it follows that any regular distribution in V is defined by a unique
function (unique up to the values on a set of measure zero) that is locally integrable
in V. Consequently, there is a one-to-one correspondence between locally integrable
functions in V and regular distributions in V. For this reason we identify a function
locally integrable in V with the regular distribution from 9’(V) that is generated by
it. In this sense, locally integrable functions in V are regular distributions from D’(V).
We shall say that the regular distribution 7" belongs to the class of p-times continuously
differentiable functions CP(V) if for any test function h € D(V) the functional T

coincides with the functional defined by the rule

(T, h) = fv Jo(x)h(x)dx,

where fo(x) is a function of the class CP(V). It is clear from the definition of the
singular distributions that they have no values at separate point x € V and their graphs
can not be drawn. The simple example of a singular distribution is the Dirac delta

function 6(x — x°) defined for any test function i € D(V) as the functional
(6(x—x), ) = h(x").

The other example of a singular distribution is

0

5(c*% = |x?), (A5.14)
2nc
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Figure A.1 The graph of the function dy(x, x°) for N = 100, 10 = 1.

% + x% + x%, t is the time variable,

where x = (x1,x2,x3) is the space variable, x> = x
¢ > 0 is a constant, O(¢) is the Heaviside step function (see Section 1.3), 6(7) is the
Dirac delta function of one variable ¢ (see, for example, Vladimirov (1971), pp. 149 ).
This singular distribution is the fundamental solution of the wave operator g—; —C2A.
Generally speaking, generalized functions do not have values at separate points.
Nevertheless, one may speak of the vanishing a generalized function in an open set. We
say that a generalized function 7' € ©’(V) vanishes in an open set V' Cc V if (T,h) =0
for any test function & € D(V’) and we write, formally, T'(x) = 0 for x € V’ (see, for
example, Vladimirov (2002), pp. 13).

From the completeness of the space D’(V) (see, Vladimirov (2002), pp. 12-13)
there follows: any weak limit of locally integrable functions in V is a distribution in
9 (V). Therefore, it is possible to construct a theory of distributions by proceeding
from weakly convergent sequences of ordinary locally integrable functions (see this
approach in Antosik & Mikusinski (1973)). Completing the set of locally integrable

functions by all weak limits of sequences of locally integrable functions, we obtain all

distributions of D’ (V).

If the sequence of distributions defined by continuous and locally integrable

functions {Ug}p=1 ... in V weakly converges to the distribution 7" € (V) as k — oo,

seee
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30

Figure A.2 The graph of the function 66"’6()%)6 ) for N =100, x° = 1.

then for fixed value of k, Uy is called the regularization (or approximation) of the
distribution 7" and k is the parameter of this regularization. As the regularizations of
the Dirac distribution 6(x — x°) € 2Y(0,b) and its derivative a‘s(g—;‘o) € D'(0,b) , where
1Y € (0,b), we can take (see, for example, Kanwal (1983), pp. 65-66)) the following

continuous and locally integrable functions
2 Y nmw nrw
oy(na’) =7 nz:; sin (- -x)sin (—-x),

A5n(x, x°)
OxY

N
2 nmw oo . NT
= ﬁZ}I’lTFCOS(;X )sm(;x).

The graphs of the functions 6y (x, x°) and a‘sN (x <) ( N =100 ) are presented in Figures

A.1, A.2. The generalized functions 6(x — xo) and aé(g - ) are equal to zero for all
x € R for which x # x° (see, for example, Vladimirov (2002)). At the same time their
35N (x,x%)

approximations Sy (x, x%), have a ripple in x-axis. This ripple is an error of the

dx0
approximation.
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A6 Generalized Solution of the Wave Equation

Approximate Green’s function for the wave equation in V:

Let u(x,t, xo) be a solution of

0*H! P
?22 = c*AH, — cza—xg(xx ~x0)é(0), (A6.15)
| oH,
Hlg=0. —* =0, (A6.16)
<0
1 1
Hy) g =0. Hy|,_,,=0. 0sxisby, 0sm<by,  (AGI7)
OH, OH,
— =0, —= =0, 0<xx<by, 0<x3<b3, (A6.18)
ox| oxy
X1=0 X1=b1
OH) OH)
—=| =0, —= =0, 0<x <b, 0<x <hy. (A6.19)
0)63 a)C3
x3=0 x3=b3

when the inhomogeneous term —czﬁé(x— a06() is replaced by o(x — x06(¢). This
3

generalized function u(x, t,xO) is the Green’s function of the wave equation in V.

Applying the method of Section 3.3 we find an approximate Green’s function in the

form

N N N .
N 0 Sin (C V/lkmnt ) kmn 0N 7 7kmn
u(x,t,x°) = 06() ——F—U5" (x)U;" (%),

where Ay, and U’z‘m"(x) are defined in Section 2. The graph of u"(x,1, %) (N=100)
is presented in Figure A.3 for r = 0.4, x(l) = xg =1, xg =05,¢c=1,x3=05, x» =1,
0 < x1 < 3. This graph has two peaks at r = 0.6 and r = 1.4 and ripple around zero for
all r outside the neighborhood of these two points.

We note that the Green’s function u(x, ¢, xo) coincides with the fundamental solution
of the wave operator (see formula (AS5.14)) for all times ¢ when the wave front
|x — x°] = ¢t does not reach the boundary T of the parallelepiped V. We note also
that the fundamental solution of the wave operator is zero for |x — 1Y > ¢t and the
sequence u(x, ¢, x%) has a limit in the space of generalized functions O’(V x R) for

each parameter 1% from V. This means that u™ (x,#,x°) is an approximation of u(x,t, x0).
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Figure A.3 The graph of approximate Green’s function u™ (x,, x°) of the wave equation for N = 100,

c=1,2=(1,1,0.5), x3=0.5, x = 1,0 < x3 < 3 at times 7 = 0.4.

Figure A.4 The map of the surfaces z = wN(x, t, xo) for N =100, x0 = (1,1,0.5), c =1, x3 = 0.5 at times

t=0.3.
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A generalized solution of the wave equation in V and its approximate computation:

Let v(x,2,x%) be a solution of (A6.15)-(A6.19) when the inhomogeneous term
—c?Z56(x = x0)8(2) is replaced by ©__5(x — x°)8(f) and w(x, ,x°) be defined by
3

0
Ox30x3

73
w(x,xo,t): f V(X,XO,T)dT.

o

Applying the approximate computation of v(x,#,x°) by the method of the Section 3.3

and then integrating from —oco to ¢ we find an approximation of w(x, 7, %) in the form

N N N _ 02 Ukmn 0 aUkmn
WN(x,t’xo):®(t)ZZZ[cos(cwlkmnt) 1] 3(x") OUS (x)'

2 Agmnn Gxg 0x3

k=0 m=0n=0
The graphic presentation of the surface z = w" (x, ¢, 19) (N = 100) for x° = (1,1,0.5),

c=1,x3=0.5at times ¢ = 0.3 is given in Figure A 4.

Using (Yakhno & Ersoy, 2014) we can show that limy_,c w"

= w in the space
of generalized functions 27 (V x R) for any x” € V and therefore w" ( N = 100 ) is an

approximation of w. Moreover, we can show that w is equal to the generalized function

o? [@(ct—lx—xol)]

0x3 ﬁxg 4mc?|x — x9)

for all times 7 when the wave front |x— x°| = ¢z did not reach the boundary I of V. Hence
w is zero outside the front sphere |x—x°| = cz. In Figure A .4 there is a visible (especially
in vertical and horizontal directions) ripple corresponding to points for which |x—x°| >
ct. This ripple is an error of approximation w by means of w" ( N = 100 ). We note that
it is impossible to define a norm for singular generalized functions. For this reason we
can not evaluate accuracy of the approximation in the classical sense. The comparison
of generalized functions w and w" can be made by the comparison of their integral

characteristics similar to Section 3.5.1.
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A7 Orthogonality Property of the Eigenfunctions

The set of the functions U’;’""(x), k,m,n=0,1,..., and U]]?/m'"/(x), K,m',n =0,1,...
satisfy the orthogonality property, that is,

by bs[ by
f f f v(xz)Ufm"(x)Uj?'m'"’(x) dxo | dxs dx; =
0 0 0

0, ifk#korm+m orn+n,
Kimn» ifk=k',m=m’, n=n,

where ki, >0, j=1,2,3.

Proof. For the proof we consider the case j = 2.

Let (k,m,n) # (K',m’,n’), Agmn and Ap,y,y be distinct eigenvalues and U’z‘m"(x),
U’Z"m'”'(x) be the corresponding eigenfunctions k,m,n = 0,1,...; kK',m’,n" =0,1,...
of the eigenvalue-eigenfunction problem (5.8)-(5.13). Consider the following partial

differential equations

A2 AL U™ (%) + A US™ (%) = 0,

A)AUE™ () + Aoy UE™T () = 0.

Multiplying the first equation by Ulz‘/m/”/ (x) and the second one by U’z‘m"(x) and making

subtraction we get

() [ALUE™ ) UE™ ™ () = ALUE ™ (x) U™ (x0) | +

(A = A YUE™ ()UK ™ (x) = 0.

Integrating the last relation with respect to x; from O to by, with respect to x, from 0

to by, and with respect to x3 from O to b3 we find
by by b3
2 kmn K'm'n’ K'm'n’ kmn
f v(x2)c? () [ AL US™ () U ™™ () = AL US ™™ ()US™ ()| dxidxydixs

0 0 O
by by b3

+ fffv(x2) (/lkmn - /lk'm'n') Uémn(x) Ulg,m,n, (X) XmddeX3 =0.
0 0 0

148



Applying integration by parts many times, using the boundary conditions (5.9), (5.10),
(5.11) and matching conditions (5.12), (5.13) we get

by by b3
(Atgmn = Armrnt) f f f y(x) U™ ()UK ™™ (x) dxydxadiy = 0.
0 0 O

Since for (k,m,n) # (K',m’,n’), Agun # Akmyw We obtain

by by b3
fffv(xz)Ulz‘m"(x)U’{m/"/(x) dx1dx>dx3 = 0.
00 0

We note that for (k,m,n) = (k’,m’,n") the left hand side of the last integral should be

different from zero since the eigenfunctions U’z"”"(x) are nonzero functions.

Letting

by by by

Kimn = f f f v(xz)[U’z‘m”(x)]2 dxidx>dxsz # 0,
0 0 0

we conclude that

by bi[ by

ff fv(xz)Ulz‘m”(x)Ulz‘/m/"/(x) dxy | dx3 dx; =

0 0 Lo

0, ifk+korm#m orn+n,
Kimn, fk=k',m=m',n=n’,

where Ky, > 0.

The proof for U, and U3 is similar. O
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A8 Reduction of IVP of the Maxwell System to IVP for a Symmetric Hyperbolic
System

Let us consider the IVP for the anisotropic Maxwell’s system (7.1)-(7.3). Under the
assumptions given in Section 7.1.1 and using the definition of curl, equation (7.1) can

be rewritten in the following form:

0 0 0 00 -1 0 1 0

80E+0018H+0008H+1008H—J

ot ox1 oxy | ~ oxs
0 -1 0 10 0 0 0 0

Let us make the following denotations

0 0 0 00 -1 0 10
Al=|l0o 0o 1], A=[0o0 0| Ai=[-10 0
0 -1 0 10 0 0 00

3
OE oH
E— Al — = A8.20
ar ; igx, =Y (A8.20)
Applying the same procedure to equation (7.2) we get
- 3 -
OH 1 OF
— AN — =0. A8.21
Mat+;( R (A8.21)
Then equations (7.1) and (7.2) can be written as
Ex 0 o E . 6| E J
[ (ava Do ] - + ) Ao = _{ . (A8.22)
, X
O3 Mxa)ss Jo SAH 5= AH o 0 Joxi

Let

‘_’)(x,t):[E H]16:[E1 E, Es H H H3],
X

F(x,t):[—J 0] =[—J1 “Jh —J3 00 o]*,

1x6

Vo(x)=[0 0000 o],

Ao() E(X)3x3 0 A 0353 A}.
0 = 5 j = . )
0 M(x)3x3 et (A})* 03x3 6
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then (A8.22) and the initial data (7.3) takes the form

Ao(x3) > — =f(x.0), xeR3, teR",

- 3 -
ov(x,1) ov(x,t) 2
+ZAJ Ox;
J=1

V(x, )li=0 = Vo(x), x€R?,

that is, the initial value problem of a symmetric hyperbolic system.
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A9 Paley-Wiener Space and the Real Version of Paley-Wiener Theorem

The result here has been taken from the paper Andersen (2004) (see also Bang
(1995), Tuan & Zayed (2002)).

It is well known that the classical Fourier transform F is an isomorphism of the
Schwartz space S (R¥) onto itself (see Vladimirov (1971), Andersen (2004), Bang
(1995), Tuan & Zayed (2002)). The space C(‘;"(Rk) which consists of all smooth
functions with compact support is dense in the Schwartz space S(R¥), and as the
classical Paley Wiener theorem states that the Fourier transform image of C’ (RK) is
described as a rapidly decreasing function having a holomorphic extension to C* of
exponential type. Here, we give the definition of the Paley-Wiener space in order to

consider the real version of the Paley-Wiener theorem.
Definition A9.1. The Paley-Wiener space PW(R) is the space of all functions ¢(x) €
C™(RF) satisfying

(@) (1+x])"A"p(x) € L2(R?) for all m,n € {0,1,2...},

(b) RS = lim, o0 A" ()]} < 00

where £>(R?) l1/s2 the space of square integrable functions with the norm |¢||; =

( f lp(x)I? a’x) for any ¢(x) € Lo(R?); A = 0%/0x + ...+ 0%/dx] is the Laplacian
RZ

on R, Further, PW5(RY) = {¢(x) € PW(RY) : RS = B} for B 2 0.

Theorem A9.2. The inverse Fourier transform F~' is a bijection on CS"(R") onto

PW(RY), mapping C(RF) onto PW(RY). Here C3(RY) is defined as
Cy R = {p(x) e CyRY : R, = BY,

where R, = sup |x| is the radius of the support of ¢(x).
XESUPp PP

Proof. The proof of the theorem is included in the paper Andersen (2004). O
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