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ABSTRACT

PSEUDOSPECTRA OF MATRICES

Giiraydin, Sema
M.Sc., Department of Mathematics
Supervisor: Assist. Prof. Dr. Yusuf Cesur

June 2009, 48 pages

In this study, we investigate the spectral and pseudospectral points of the
quadratic and cubic polynomials with matrix coefficients (pencils)
PA)=P,(MP,(A) and P(A\) =P, (M)P,(A)P;(N\). Where P,()), P,(N), P,(\) are
linear pencils. The ¢—pseudospectrum for these types of quadratic and cubic
matrix polynomials can be detailed by means of the linear pencils above mentioned.
But this can be possible for matrix polynomials of small dimensions. The spectrum
of linear pencil coincides with the spectrum of matrix of dimension NxN, in the usual
sense. Shortly, the pseudospectral properties of polynomials with matrix coefficients
can be studied by means of linear pencils factors.

In the second chapter, we survey the qualitative properties concerning
boundedness and connected components of pseudospectra for general matrix

polynomials.



This study presents computed examples for the relation between the
pseudospectra of matrices and quadratic and cubic pencils with using Mathematica

programs and applications of numerical analysis.

Keywords: Matrix polynomial, eigenvalue, perturbation, € —pseudospectrum.

v



OZET

MATRISLERIN PSEUDOSPEKTRUMLARI

Giiraydin, Sema
Master, Matematik Boliimii
Yonetici: Yrd. Dog. Dr. Yusuf Cesur

Haziran 2009, 48 sayfa

Bu ¢alismada, P(A\) =P,(\) P,(A) ve P(A\)=P,(\) P,(\) P;(\) seklindeki
kuadratik ve kiibik matris katsayilt polinomlarin spektral ve pseudospektral
noktalarin1 arastirtyoruz. Burada P,(\), P,(\), P;(\) polinomlar1 birer lineer

demettir. Bu tipte verilen kuadratik ve kiibik matris polinomlarinin pseudospektrumu
lineer demetleri yardimiyla bulunabilir. Bu kiigiik boyutlu matris polinomlar1 i¢in
miimkiin olmaktadir. Bir lineer demetin spectrumu, genel anlamda, NxN boyutlu
matrisin ~ spektrumu ile aymdir. Kisaca, matris katsayili polinomlarin
pseudospektrumu, ele alinan matris katsayili polinomun lineer carpanlar seklinde
yazilist miimkiinse, lineer demetlerin spektrumu ve pseudospektrumu yardimiyla
bulunabilir.

Ikinci béliimde ise, genel matris polinomlar: icin pseudospektrumun bagl

bilesenleri ve siirliligina iligkin niteliksel 6zellikleri inceliyoruz.



Bu calismada, matrislerle kuadratik ve kiibik demetlerin pseudospektrumu
arasindaki iligki ile ilgili 6rneklerin arastirilmasinda, Mathematica programlarindan

ve niimerik analiz tekniklerinden yararlanilmstir.

Anahtar Kelimeler: Matris polinomu, 6zdeger, 6teleme, € —pseudospektrum.
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CHAPTER 1

INRODUCTION

1.1 Introduction

Let C"N be the algebra of all NxN complex matrices and consider the
matrix polynomial,

PO =A A" +A, A"+ +AN+A,, (1.1)

where X is a complex variable and A; € C™", j=0,1,2,..,m with detA =0.If

m =2, then P()\) is called quadratic matrix polynomial or quadratic pencil and is
written in the following form,
PO =AN +AN+A,. (1.2)
If m=3, it is called cubic matrix polynomial or cubic pencil and is written in the
following form,
PO =AN +A N +AN+A,. (1.3)
The study of polynomials with matrix coefficients has a long history, especially

with regard to their spectral analysis. The one of these studies belongs to F. R.

Gantmacher [1]. The Russian name of the book consisting his studies is Teoriya



Matrits. In this book, treatment of the characteristic and minimal polynomial and
functions of matrices were searched.

In 1982, the book which was written by I. Gohberg, P. Lancaster and L.
Rodman provides a comprehensive treatment of the theory of matrix polynomials
higher degrees, and forms an important new part linear algebra for which the main
concepts and results have been arrived since 1977 [2].

The operator polynomials of the form,
AN =A,+ XA, +..+2"A,
were investigated by A. S. Markus [3]. Here A\ is a spectral parameter and
A,, A,,..,A, are linear operators acting in a Hilbert space. We encounter some

applications of the results to the spectral theory of differential operators in A. S.
Markus works.

F. Tisseur and N. J. Higham [4] defined the weighted pseudospectrum which is
mentioned in this thesis. However, they obtained a graphical representation of

o_,(P) by evaluating s ; (P(z)) on a grid of points in the complex plane. The

€ —pseudospectrum of the scalar polynomial of the form
pN=a\"+a, A" +..+a\+a,,
was introduced by R. G. Mosier [5]. The e—pseudozero set of p(\) was
investigated by K. C. Toh and L. N. Trefethen [6].
The case for further development of algorithms for matrix polynomials rests

largely on the pervasive second (and higher) degree polynomials used in the analysis

of vibrating systems. Efficiencies are gained by avoiding linearizations and, as with



problem areas already developed, pseudospectra give valuable insights into the
ensitivities of spectra and, particularly, can be expected to clarify the effects of

clustered and multiple eigenvalues.

1.2 History of Pseudospectra

In this section we attempt to survey the history of the subject of pseudospectra.
In the context of Hermitian and near-Hermitian systems, mathematical physicists
have for years spoken of quasimodes, which are the same as what we would call
pseumodes or pseudoeigenvectors.

In the nonnormal context, the earliest definition of pseudospectra we have
encountered is given in J.M.Varah’s 1967, thesis at Stanford University, The
Computation of Bounds for the Invariant Subspaces of a General Matrix Operator.
Varah introduced the notion of an &—pseudo-eigenvalue under the name r-
approximate eigenvalue, as shown in Definition 1.1. Motivated by his analysis of the
accuracy of eigenpairs produced by computer implementations of the inverse

iteration algorithm, Varah incorporated a parameter, 7,, in his definition to describe
floating-point precision.

eigenvalue

A
Definition 1.1 { } is an r -approximate { .
y eigenvector

} of A if there exists a matrix

. Al . eigenvalue
E with ||E||2 =r.77, such that 1s an exact of A+E.
y

eigenvector



This definition is first definition from Varah’s unpublished 1967 thesis [7].
Landau applied this concept to the theory of Toeplitz matrices and associated integral
operators.

Definition 1.2 A is an ¢ -approximate eigenvalue of A, if there exists ¢ € D(rQ),
with ||g0|| =1, such that ||Arg0—ﬂ,(p|| <¢&. We call ¢ an ¢-approximate eigenfunction

corresponding to A .

This definition is first published definition of pseudospectra from Landau,
1975 [8].

In Novosibirsk, S. K. Godunov and his colleagues conducted research related
to pseudospectra throughout the 1980s. Those involved included A. G. Antonov, A.
Y. Bulgakov (later Haydar Bulgak), O. P. Kirilyuk, V. I. Kostin, A. N. Malysheyv,
and S. I. Razzakov. Godunov, together with Ryabenkii and others, had made
significant contributions in the 1960s to the study of how nonnormality affects the
numerical stability of discretized differential equations. In fact, in their 1962
monograph, Godunov and Ryabenkii introduce the spectrum of the family of

operators { R, }, indexed by a mesh parameter h [9]. A point z€ C is in this set if,
for every € >0, z is an € —pseudoeigenvalue of R, for all sufficiently small h.
The Novosibirsk group defined the <—spectrum by relative rather than
absolute perturbations:
o.(A={zeC: |[z-A"|>E]|A)"}
In [10] and [11], computed plots of pseudospectra were presented and called

‘spectral portraits of matrices’ containing various ‘patches of spectrum’, and



computations based on both contour plotting and curve tracing were discussed. A
sketch of two pseudospectra had appeared earlier in 1985 a paper by Kostin and
Razzakov [12].

Pseudospectra were investigated in several papers by J. W. Demmel in the mid-
1980s, appearing with the labels S(A,¢) in [13] and o(e,A) in [14]. The former
paper contains the first published computer plot.

Beginning in the mid-1980s, D. Hinrichsen and A. J. Pritchard wrote a number
of papers on the stability radius of matrix, i.e., the distance to the set of unstable
matrices. In a 1992 paper [15] they introduce the term spectral value set and notation

o(A,p) to denote the real structured ¢ —pseudospectrum of a nonnormal matrix.

Another paper by Hinrichsen and Kelb in 1993 extended these ideas to complex
perturbations and also to more general structured perturbations [16].

Trefethen’s first publications that mentioned pseudospectra were [17] and [18]
in 1990 (the first use the term & —approximate eigenvalues). These were an
outgrowth of a 1987 paper by Trefethen and Trummer, who found eigenvalues that
were extraordinarily sensitive to perturbations but failed fully to appreciate their
significance [19]. A crucial collaborator in this work was Trefethen’s student Satish
Reddy, who began to work with pseudospectra in 1988 and made many contributions
after that date. Reddy’s early work on these topics was summarized in his 1991 thesis
at MIT [20].

In 1992 Trefethen’s paper “Pseudospectra of Matrices” appeared, which
presented the idea of pseudospectra and exhibited thirteen examples [21]. It was after

this point that the idea began to be widely known. A later companion paper,



“Pseudospectra of Linear Operators”, presented ten examples involving operators on
infinite-dimensional spaces [22].

The papers by Demmel and Wilkinson mentioned above cite each other, and
they both cite paper of Varah [23]. Apart from these cases, none of the papers
discussed here published before 1990 cite any of the others. These data suggest that
pseudospectra have been invented at least five times.

J. M. Varah 1967, r —approximate eigenvalues, 1979 ¢ —spectrum
H.J. Landau 1975 ¢ —approximate eigenvalues

S. K. Godunov et. al. 1982 spectral portraits

L. N. Trefethen 1990 ¢ —pseudospectrum

D. Hinrichsen and A. J. Pritchard 1992 spectral value

1.3 Pseudospectra of Matrices

Eigenvalues (more generally, spectra) have been a standard tool of the
mathematical sciences for a century and a half. Since the arrival of computers, they
have also been a standard tool of scientific computing.

In the simplest context of matrices, the definition are as follows. Let A be an
N x N matrix with real or complex coefficient; we write A €C"™. Let v be a

nonzero real or complex column vector of length N, and let A\ be a real or complex

scalar; we write VEC", and A € C. Then A € C is an eigenvalue of A and v is an

eigenvector its corresponding eigenvalue, if

Av=)v.



The set of all eigenvalues of A is the spectrum of A, a nonempty subset of
the complex plane C that we denote by o(A),
o(A)={AeC: []N-A|=0}

where I is identity matrix. The spectrum can also be defined as the set of points

A € C where the resolvent matrix
A—A)"
does not exist. (A—A) is shorthand for (A\I—A), where I is identity matrix [24].

The complement of the spectrum of A is called resolvent set of A and it is denoted by

p(A). Namely, p(A)=C—c(A).

o

p(A)

Figure 1.1: Where C= p(A)Uo(A)and p(A)No(A)=g

Definition 1.3 The Euclidean norm of a vector X =[X, X,, X;,...,X,]€ C" is:

X, = w/;Ixilz- (1.4)

Definition 1.4 The Euclidean norm of a matrix A is:

Al :1/;2‘% " (1.5)

where ai is the element of i -th row and j -th column of the matrix A.

J
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Some Basic Definitions for Pseudospectra of Matrices

Definition 1.5 Let AcC""and >0 be arbitrary. The € —pseudospectrum
o-(A) of A is the set of A € C such that,

[CYEFVI B (1.6)
Definition 1.6 o-(A) is the set of A € C such that,

Aeo(A+E), (1.7)
for some EcCV™ with ||E|| <e.

In the words, the € —pseudospectrum is the set of numbers that are eigenvalues
of some perturbed matrix A+E with ||E|<e. The examples in this thesis will be
based on the use of the 2-norm, defined by (1.4) for a vector X and by (1.5) for a

matrix A.

Definition 1.7 o_(A) is the set of A € C such that,
[A=A)| <e, (1.8)
for some v C" with ||V|| =1.

The number A in (1.6) (or equivalently in any of our definitions) is an
¢ —pseudo-eigenvalue of A,and v is a corresponding ¢ —pseudo-cigenvector. In
words, the € —pseudospectrum is the set of € —pseudo-eigenvalues.

Definition 1.8 For | ||=]

o_(A) isthesetof A€ C such that,

A—A)<e, (1.9)

Smin

8



where s, (A—A) denotes the smallest singular value of A—A. If | =]

'min 5 the

norm of a matrix is its largest singular value and the norm of the inverse is the

inverse of the smallest singular value. In particular,

| =2, =[8m A=A (1.10)

'min

From (1.10) it is clear that (1.9) is equivalent to (1.6).



CHAPTER 2

PSEUDOSPECTRA OF MATRIX POLYNOMIALS

2.1 Basic Definitions

Definition 2.1 (Eigenvalue, Eigenvector, Spectrum of a Matrix Polynomial) A

scalar \, € C is said to be an eigenvalue of the matrix polynomial P(\) in (1.1), if
the system
P(\, )V, =0, (2.1)

has a nonzero solution v, € C". This solution Vv, is known as an eigenvector of
P(X) corresponding to ) . The set of all eigenvalues of P(\) is the spectrum of
P(X)

o(P)={ AeC: det(P(\)=0, (P(\)eC"™ 1. (2.2)
Since detA_ =0 (1.1), o(P) contains no more than Nm distinct eigenvalues.
Definition 2.2 (Matrix Norm) We consider matrix norms on (C™",C). All results
hold for (R™",R). A function || || :C™" — R is called a matrix norm on C™" if for
all A,BEC™" and o €C.

M) |A|>0 (positivity),

10



M) [A|l=0< A=0,
Ms) ||aA||:|a| ||A|| (homogeneity),
M) |A+B| <||A|+|B|| (subadditivity).

A matrix norm is simply a vector norm on the finite dimensional vector spaces

(C™",C) of mxn matrices.

Definition 2.3 (Subordinate Matrix Norm) A matrix norm ||| on C™"is
subordinate to the vector norms || ||a on C" and || || , on C" if,

|Ax], <[ A] |x forall A€ C™" and xeC".

o 3

Definition 2.4 (Spectral Norm) Let A" be the conjugate transpose of the square

matrix A, so that (a; )t = (a_ji), then the spectral norm is defined as the square root

of the maximum eigenvalue of ATA, i.e.,

i [AX],

||A||2 — (maximum eigenvalue of ATA)"? = max
=0 [|x[,

Definition 2.5 (Weighted Pseudospectrum) Consider the pseudospectrum of

perturbations of the matrix polynomial P(\)in (1.1) of the form
PA ()‘) = (Am + Am))‘m + (Am—l + Am—l))\nF1 + + (Al + A1))\ + AO + A0 o (23)
where the matrices A, A,,...,A, € C"" are arbitrary. A weighted pseudospectrum

is defined as follows: For a given € >0 and a given set of nonnegative weights

W= {w,,w,,....,w, }, the € —pseudospectrum of P(\) with respect to W is defined to

be

11



sew(P)={ AeC: det(P,(\) =0,

Aj|<ew;t, j=0.1,..m (2.4)
where || || 1s any subordinate matrix norm.

The parameters w,,w,,...,w,, >0 allow freedom in how perturbations are

measured; for example, in an absolute sense, when w, =w, =...=w, =1, or, in a

relative sense when w; :HAJ.H (J=1{0,1,2,...,m}). Note also that, when =0,
O'O’W(P) =o(P).

Definition 2.6 (Associated Compact Set of Perturbations) The associated compact

set of perturbations of P(\) in (1.1) can be defined in the form
B(Pew)={ P,(V): [A;|<ew;; j=0,12....m }, (2.5)
where P, ()\) as defined in (2.3). So, the €—pseudospectrum of P(\) can also
expressed in the form
o.,P)y={AeC: det(P,(N)=0, P,(A\) eB(P,e,w) }.
Definition 2.7 (Self-Adjoint Matrix Polynomial) If

A’}:AJ., j=0,1,2,...m
i.e., if all the coefficients of P(\) in (1.1) are hermitian, then P(\) is said to be self-
adjoint matrix polynomial. Here, A? is conjugate transpose of the matrix A.

Definition 2.8 (Root Neighborhoods of a Polynomial) The root neigborhoods of

P()), a scalar polynomial over the complex field, are the sets of complex numbers

that are the roots of polynomials which are near to P(\). The term “near” means

12



that the coefficients of the polynomials are within some fixed magnitude of the
coefficients of P(\).
Definition 2.9 (¢ —Pseudozero Set of p()\)) The e —pseudozero set Z_(p) is the
set of zeros of all polynomials p obtained by coefficientwise perturbations of p of
size < ¢ ; where p is a scalar polynomial over the complex field.
Definition 2.10 (Compact Set) A set S of real numbers is called compact if every
sequence in S has a subsequence that converges to an element again contained in S.
Definition 2.11 ( Topological Space) A topology on a set X is a collection <& of
subsets of X having the following properties:

(1) @ and X arein &.

(2) The union of the elements of any subcollection of & isin .

(3) The intersection of the elements of any finite subcollection of & is in .
A set X for which a topology <& has been specified is called a topological space.
Definition 2.12 (Connected Component) A topological space decomposes into its
connected components. The connectedness relation between two pairs of points
satisfies transitivity, i.e., if a~b and b~ c then a ~ c. Hence, being in the same
component is an equivalence relation, and the equivalence classes are the connected
components. Using connectedness, the connected component containing X € X is the
set of all y connected to x. That is, it is the set of Yy such that there is a continuous
path from X to Y.
Definition 2.13 (Closed Set) In a topological space, a set is closed if and only if it

coincides with its closure. Equivalently, a set is closed if and only if it contains all of

its limit points.

13



Definition 2.14 (Connected Set) A connected set is a set that cannot be partitioned
into two nonempty subsets which are open in the relative topology induced on the
set. Equivalently, it is a set which cannot be partitioned into two nonempty subsets
such that each subset has no points in common with the set closure of the other.

Definition 2.15 (Convex Set) Let C be a subset in a real or complex vector space. C

is said to be a convex if, for all X and yin C and all t in the interval [0,1], the point
(1—t) x+ty is in C. In other words, every point on the line segment connecting x

andy is in C.

Definition 2.16 (Toeplitz Matrix) Any N x N matrix A of the form,

a0 a'l 2 a‘n72 n—1
a—1 aO 1 aZ : an—2
T T (2.6)
a, " " q a,
aZ—n ‘ 0 1
1—n a2—n a’—2 a'—l 0

is a Toeplitz Matrix. The i,j-th element of A is denoted by A; =a; ;. A Toeplitz

matrix has constant entries on each diagonal.

2.2 Basic Boundedness Properties

We define the scalar polynomial,
4N =w A" +w, A"+ wd+w,,
where W= {w,,w,,...,w, } nonnegative weights.

Lemma 2.1 If the pseudospectrum is defined in terms of the spectral norm, then

14



o (P)={XeC: s (PN) < eq,(A) }. (2.7)

Here, s_. () denotes the minimum singular value of a complex matrix. The

min
spectral norm is the matrix norm subordinate to the Euclidean vector norm.

As the eigenvalues of P, (\) in (2.3) are continuous with respect to the entries

of the coefficient matrices, it follows from the lemma that the boundary of the

€ —pseudospectrum can be written in the form,
do_,(PY={ AeC:s,,(PN)=¢q,(A\) } (2.8)
and do_, (P) depends continuously on €.
If there is a perturbation P, ()\) € B(P,e,w) with identically zero determinant,
then o_, (P) coincides with the whole complex plane so, a priori, the
pseudospectrum may be unbounded. On the other hand, since the leading coefficient

A, is nonsingular, (detA  =0), the matrix polynomial P()\) has exactly Nm

m
(finite) eigenvalues, counting multiplicities, so that for ¢ sufficiently small, the
pseudospectrum must be bounded and consist of no more than Nm connected
components.

Theorem 2.2 Let P(A) be an N xN matrix polynomial as in (1.1). Then the
pseudospectrum is bounded if and only if the ew, —pseudospectrum of the leading

coefficient A of P()\) doesn’t contain the origin.

Proof <) For fixed £ >0 and W= {w,,w,,...,w,} >0, suppose that 0 o_, (A).

Then det(A, +A,,) =0 whenever |A | <ew,, and

15



¢ =min { |det(Am —|—Am)| : ||Am|| <ew, }>0.
Since the set B(P,e,w) is the compact, there isan M_ >0 such that for any
perturbation of P()),
P.AM)=QA,+A)IN"+..+ (A, + AN+ A, + A, €B(P,e,w),

and for any A € C with |/\| > M., we have

[det P, (V) —det(A,, + A AY| < &

ANT| < |det(A,, + A OAM
(keeping in mind that detP,(\) is a scalar polynomial with leading term
det(A,, +A,)A"). Hence, detP,(A\) =0, i.c, 0., (P) € { A€ C:]A|<M, };
o_,(P) is bounded.
=) To prove the converse, assume that o_, (P) is bounded but there is a

P )=y +ADA +ot (A +ADA+A + A, € BP,e,W)
with det(A +Am) =0. Then at least one of the coefficients of the scalar
polynomial detP;(\) is nonzero; otherwise o_,(P)=C, a contradiction. Let the

coefficient of A" (7 €{0,1,...,Nm—1}) in detP; (A) be nonzero and denote it by 3, .

A A

Construct a sequence {Am,k}keN C C™" such that lim,_ A=A, and

det(A, + A, )= 0 and HAMH <ew. (k=1,2,.).
Clearly, for a fixed ¢>0, ‘det(Am +Am’k) < 6 for all sufficiently large K.
Since o_,(P) is bounded, the (Nm—7)th elementary symmetric function of the

roots of det[(Am+Am’k))\m+...+(A1+A1)A+AO+AO], which is equal to
16



£3_/det(A, +Am’k) , is bounded for all k. This contradicts the construction of the

sequence {Am’k}keN. m]

Theorem 2.3 If o_,(P) is bounded, then it has no more than Nm connected
components, and any P,()\) € B(P,e,w) has an eigenvalue in each one of these
components. Furthermore, P, (A\) and P(\) have the same number of eigenvalues,
counting multiplicities, in each connected component of o, ,(P).

Proof Suppose o_,(P) is bounded. It follows from Theorem 2.2 that, for any
perturbation of P()\),

PAN=QA,+A A" +..+ (A +A)DN+A,+ 4, € BP,e,w)

det(A,, +A,)=0, ie., the leading coefficient of the polynomial detP,()) is
nonsingular. As a sequence, P,(\) has exactly Nm eigenvalues, counting

multiplicities, as does every number of the family of matrix polynomials

Py (M) =(1-t) PA)+tP,(N); t €[0,1].
Moreover, for any t€[0,1], P, (A\) belongs to B(P,e,w) and its eigenvalues lie
ino_,(P).

The coefficients of the scalar polynomial detP, (\) are continuous functions
of t€[0,1]. Hence, by the continuity of the zeros of detP, () with respect to its
coefficients, as t varies from 0 to 1, the eigenvalues of P, (\) trace continuous
paths from the eigenvalues of P(M\)(=P,,(\)) to the eigenvalues of

P,(A)(=P4,;(A)). Thus, if P(A) has k eigenvalues ( counting multiplicities) in a
17



connected component 2 of o_,(P) and its Nm—Kk remaining eigenvalues are

isolated in o W(P)\Q, then this is true for the eigenvalues of

everyP, (), t€[0,1]. Consequently, P,(\) has exactly k eigenvalues in (2,
counting multiplicities.

Finally, note that each bounded connected component of o_,(P) contains at
least one eigenvalue of P()\), and by the above discussion, it contains at least one
eigenvalue of perturbation P,(A\). Hence, o_,(P) cannot have more than Nm

connected compenents. O

Since the origin lies in o_, (A,) if and only if s ; (A,)<ew,, it also

min

follows that:

Corollary 2.4 For any € > 0 such that ew, <s_. (A,), o.,(P) consists of no more

min

than Nm bounded connected components.
2.3 Matrix Polynomials with Bounded Numerical Range

Definition 2.17 (Numerical Range): The numerical range of the matrix polynomial

P()) is defined and denoted by

WP)={ eC: VPOAWV=0, veC", viv=11}. (2.9)
Definition 2.18 (Classical Numerical Range) For the linear pencil IA—A,
AcC"™, W({IX—A) coincides with the classical numerical range (also known as
the field of values) of the matrix A,

F(A)={V'Av: veC", viv=1}, (2.10)
18



which is always compact and convex [25].

Some basic geometrical properties of W (P) are given below:

1) The numerical range W (P) is not always connected, and it is bounded if and
only if 0¢ F(A,). In this case, W(P) has no more than m (bounded) connected
components [26]. It is always closed and contains o(P).

i1) Suppose €2 is a bounded connected component of W(P) and for a unit
vector vEC", the scalar polynomial V'P(A\)v has exactly c(f2) roots in €,
counting multiplicities. Then the number c(€2) doesn’t depend on v [27], i.e., it is

constant. P(\) has exactly Nc(€2) eigenvalues in {2, counting multiplicities [28].

iii) For any p € OW (P), the origin is a boundary point of F(P(u)).

iv) If u is a corner of W(P) and there is a unit v, € C" such that p is a

simple root of the polynomial V;P()\)Vﬂ, then g is an eigenvalue of P(\) . Here,

the precise definition of a “corner” is that of a sharp point: a point W on the

boundary of a set S C C is called a sharp point of S if there exist two angles 6, and
0, with 0 <6, <0, <27 such that for all z€ S and for all 6 €(6,,6,) the inequality

Ree’w>Ree'z holds.
The inner numerical radius of A is defined by
F(A)=min{\|: A€IF(A)}. (2.11)
The € —pseudospectrum of A lies in the region

F(A)+S(0,e) =\ e C: dist\\,F(A)<el, (2.12)
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where dist(\, F(A)) denotes the distance between the point A and the numerical
range F(A). Thus, F(A)+S(0,e) is often used as an initial region for the
estimation of o_(A).

Theorem 2.5 Let P(\) = A A" +...4+A X+ A, bean N xN matrix polynomial with
bounded numerical range that consists of ¢ (<m) connected components

Q, Q,,....80 . Then for given £ >0 and W>0,

Tdi cy — E0(AD
o, (P) C {xeC: J]dist(\,Q)"" < 0t
’ { Hl ‘ F(A,)

where it is assumed that dist(),{2;) =0 when A €2;.
Proof Suppose that )\, € 0., (P). Then there exists a perturbation of P(}),
P.A)=QA,+A)DN" +..+A +A)DA+A + A, € B(P,e,w),
and a unit vector v, € C" such that P, (\)v, = 0. Hence,
Vo (AN 4+ AXN +A) Vy = —VPOAY,,

and consequently,

m

2

i=0

m

Z (V;A jVo))‘oj

i=0

v;Ajvo‘ A >

VaP(A )Y,

b

= ‘V;Amvo‘ H‘)‘o _>‘j (Vo)
j=1
where A (V,), A (V,),....\,(V,) are the zeros of the polynomial V;P()\,)V,. Since

fw; > HAJH > ‘V;Ajvo

, j=0,1,...,m, it follows that
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ERVED S NN S N
j=0 j=0

>F(A,) ﬁ\x(,—x,-(vo)\ > F(A,) f[dist(xo,ﬂ,»““. u
j=1 i=1
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CHAPTER 3

QUADRATIC AND CUBIC MATRIX POLYNOMIALS

3.1 Quadratic Matrix Polynomials with Toeplitz Matrix Coefficients

If P(\)=I\—A for some A € C"", then P()) is called linear pencil. o(P)
coincides with the spectrum of A, o(A), in the usual sense. Furthermore, if we set
W= {w,,w,} = {1,0}, then o_, (P) coincides with ¢ —pseudospectrum of the matrix
A, that is,

o (A)={ AeC: A€a(A+A,),

A <e . (3.1)
Also, the special case N =1, the £ —pseudospectrum of the scalar polynomial
pA)=aA\"+a, A"'+..+a)\+a, coincides with the root neighborhood of
p(M\) and the ¢—pseudozero set of p(N).
If the matrix polynomial P()\) in (1.1) is real (i.e. all its coefficients are real
matrices) or self- adjoint, then it is well known that the spectrum of P()\) is

symmetric with respect to the real axis. This symmetry also holds for the

pseudospectra of matrix polynomials.
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Proposition 3.1 Let PA)=A A" +A, A""'+.+AX+A, bean NxN real or
self-adjoint matrix polynomial. Then for any >0 and w2>0, the

e —pseudospectrum o_(P) is symmetric with respect to the real axis.

Proof Suppose p€ o, (P). Then there is a matrix

polynomial (A, + A A" +...4+ (A, +ADN+ A, + A, € B(P,e,w) such that,
det [((A,, + A )u" +..+ (A, +A))u+A,+A,]1=0.

If the coefficients of P(\) are real, then

det [(A, +A )L™ +..+A, +A)p+A +A =
det [(A, +A Y +. (A, +A)u+A, +A,]=0,
where (A, +A DA +..+ (A, + A +A,+A, also lies in  B(P,e,w).
Hence,,t_L €o_,(P).
Similarly, if all the coefficients of P(\) are hermitian, then
det [(A, +A )" +..+ A, +A Du+A,+A,] =
det [(A, + A DE 4ot (A, + A+ A, +A]=0,
where (A, +A DA™ +..+ (A, +ADA+A,+A, € B(P,&,w). Thus, 7z lies in
o..(P). O

In this chapter we investigated the pseudospectrum of the quadratic and cubic
matrix polynomials which were defined in (1.2) and (1.3). Here, we determined that
quadratic and cubic matrix polynomials are equal to multiplicities of two and three

linear pencils. Namely, the quadratic matrix polynomial can be written in the form
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PO\ =0, —A) (A, -B)=\+CA+D, A,B,C,DeC"™, (3.2)
The matrices A and B were selected as tridiagonal Toeplitz matrices.
We investigated whether € —pseudospectrum of P(A) in (3.3) can be fined

by means of ¢ —pseudospectrum of the matrices A and B. Let’s consider the

quadratic matrix polynomial
P(\) = (AL, —A) (AL, —B), (3.3)

with the tridiagonal Toeplitz matrices

02 0.5 03 0.4
0.7 02 05 0.6 03 04
A= 07 . B= 0.6 . - (3.4)
0.5 04
0.7 02 0.6 0.3

Firstly, we began with the tridiagonal Toeplitz matrices A and B of small
dimension and than studied the matrices of larger size. The plots were obtained with
Mathematica programming. Eigenvalues of A, B and P(\) were marked by red, blue
and green points, respectively.

Suppose N=10, 25, 75, 100, 200, 300; for each one, the figures are shown as

following:
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1 1

0.75 0.75
0.5 0.5
0.5 0.5

O 00009000000 | X O 000000080 | X
-0.25 -0.25
-0.5 -0.5
-0.75 -0.75

15 -1 05 0 05 1 15 2 15 -1 05 0 05 1 15 2

() o(A) (b) o(B)
Y Y

1 1
0.75 0.75
0.5 0.5
0.5 0.5

o som | x )—— DD OB
-0.25 -0.25
-0.5 -0.5
-0.75 -0.75

15 -1 05 0 05 1 15 2 15 -1 05 0 05 1 15 2

(c) o(P) (d) o(A), a(B), o(P)

Figure 3.1: (a) Spectral points of the tridiagonal matrix (3.4) A of dimension N=10.
(b) Spectral points of the tridiagonal matrix (3.4) B of dimension N=10. (¢) Spectral
points of the quadratic matrix polynomial (3.3) P(\) of dimension N=10 (d) All

spectral points of them in the same region.

For N=10, it is seen that the spectrum of P(J\) is equal to union of spectrum of

the matrices A and B. Namely,
P(\) = (AL, —A) (A, ~B)

o(P)=0c(A)Ua(B).
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1 1

0.75 0.75
0.5 0.5
0.5 0.5

0 GENISDE00000000000MD | X 0 GEINSISes00NNNND | X
-0.25 -0.25
-0.5 -0.5
-0.75 -0.75

-15 -1 05 0 05 1 15 2 -15 -1 05 0 05 1 15 2

(@) o(A) (b) o(B)
Y Y

1 1
0.75 0.75
0.5 0.5
0.5 0.5

0 e o (IIISIINTINT D | X
-0.25 -0.25
-0.5 -0.5
-0.75 -0.75

-15 -1 05 0 05 1 15 2 -15 -1 05 0 05 1 15 2

(c) a(P) (d) o(A), o(B), o(P)

Figure 3.2: (a) Spectral points of the tridiagonal matrix (3.4) A of dimension N=25.
(b) Spectral points of the tridiagonal matrix (3.4) B of dimension N=25. (¢) Spectral
points of the quadratic matrix polynomial (3.3) P(\) of dimension N=25 (d) All

spectral points of them in the same region.
For N=25, it is seen that the spectrum of P()\)is different from the union of
spectrum of the matrices A and B. o(P)contains 50 distinct eigenvalues. It can be

written in the form

P()‘) = ()‘125 _A) ()‘125 - B)

o(P) ~ o(A)Ua(B).
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-1

(c) a(P)

2

1 ......
2 °

O Q@uumfe o —o | X
o ® °

-1 ......

2

4 o0 1 2 3 4

(b) o(B)

(d) o(A), o(B), o(P)

Figure 3.3: (a) Spectral points of the tridiagonal matrix (3.4) A of dimension N=75.
(b) Spectral points of the tridiagonal matrix (3.4) B of dimension N=75. (c) Spectral
points of the quadratic matrix polynomial (3.3) P(\) of dimension N=75 (d) All

spectral points of them in the same region.

It was re-indicated that o(P)is not equal to the union of o(A)and o(B). It

contains 150 distinct eigenvalues. When N=75,

P(A) = (Al;; —A) (AL; —B)

oc(P)~o(A)Uao(B)

Similarly, we also obtained the same results for N=100, 200, 300.
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000
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-1 q. .:
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-3

4
3 ° °
[}
2 .. . [ ]
1 ° °
0 X
° °
=) o
2 () [ ]
3 e [ ] °

(c) o(P) (d) o(A), a(B), o(P)

Figure 3.4: (a) Spectral points of the tridiagonal matrix (3.4) A of dimension N=100.
(b) Spectral points of the tridiagonal matrix (3.4) B of dimension N=100. (c) Spectral
points of the quadratic matrix polynomial (3.3) P(\) of dimension N=100 (d) All

spectral points of them in the same region.

P(A) =L —A) (AL, —B) o(P)y=o(A)Uo(B).

7.5

2.5
0 X
2.5

-71.5

-5 5 25 0 25 5 75 10

(b) o(B)
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20 20
D D
20 20
10 \ 10 )’
o—9% - X oF—4f ——————— X
-10 ! 10 Tbi
20 -2
-0 -0
0 0 1 2V D L0 2 0 0 1 2V D L0 2
(c) a(P) (d) o(A), a(B), o(P)

Figure 3.5: (a) Spectral points of the tridiagonal matrix (3.4) A of dimension N=200.
(b) Spectral points of the tridiagonal matrix (3.4) B of dimension N=200. (c¢) Spectral
points of the quadratic matrix polynomial (3.3) P(\) of dimension N=200 (d) All

spectral points of them in the same region.

Y Y

4 4
2 2 i
°
ow X 04“00—0— X
°
2 -2 ° °
4 4
4 2 0 2 4 4 2 0 2 4
(@) o(A) (b) o(B)
Y Y

100 100
= 75
0 0
P P

0 X 0 1 x

\

5 5
0 0
iy -5

B B B 0 B 50 B 10 B B B 0 B 50 B 10

(c) o(P) (d) o(A), o(B), o(P)

Figure 3.6: (a) Spectral points of the tridiagonal matrix (3.4) A of dimension
N=300. (b) Spectral points of the tridiagonal matrix (3.4) B of dimension N=300. (c¢)
Spectral points of the quadratic matrix polynomial (3.3) P(\) of dimension N=300.

(d) All spectral points of them in the same region.
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The figures 3.1-6 are stated that as long as the dimensions of the matrices A

and B become larger, the spectrum of P(\) differ from the union of spectrum of A
and B. Since the leading A coefficient is nonsingular, the matrix polynomial P())

has exactly Nm (finite) eigenvalues. The larger dimension of the matrix polynomial
get the larger there becomes the degree of characteristic polynomial for the
eigenvalues. When it is the larger degree of characteristic polynomial (n>3) , there is
no mathematical process to find out eigenvalues. So, we can just reach the values
nearer the roots. Here, dividing the process into sub-intervals inwhich there are the
changes of function-sign and also narrowing the intervals, it is possible to figure out
proper areas of roots.

Thus, the roots of characteristic polynomials corresponding to the matrices A

and B are not the same as those of characteristic polynomial for P(\). When we
perturbed the matrices (3.4) A and B correspondig to ||A0|| <e=107,10"%,10"°; the

below figures came out. The perturbation of the matrix polynomial P(\)in (3.3) is

written in this form,

P, =QAI—(A+A,) AI—(B+A,)). (3.5)
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Figure 3.7: In the left four plots corresponding to N=25 show the spectral points of
tridiagonal matrices A,B (3.4) and of quadratic matrix polynomial (3.3) P(\). In the

right four plots corresponding to N=25,

A,|<e=10"° show the pseudospectral

points of randomly perturbed matrices A+A,, B+A, and of perturbed matrix

polynomial (3.5) P, ().
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Figure 3.8: In the left four plots corresponding to N=75 show the spectral points of
tridiagonal matrices (3.4) A, B and of quadratic matrix polynomial (3.3) P()). In the

right four plots corresponding to N=75, A0|| <e=10" show the pseudospectral
points of randomly perturbed matrices A+A,, B4+A, and of perturbed matrix
polynomial (3.5) P, ().
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Figure 3.9: In the left four plots corresponding to N=100 show the spectral points of
tridiagonal matrices (3.4) A, B and of quadratic matrix polynomial (3.3) P()\). In the

AOH =10"*show the pseudospectral points

of perturbed matrix

A <e=10"
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Figure 3.10: In the left four plots corresponding to N=200 show the spectral points of
tridiagonal matrices (3.4) A, B and quadratic matrix polynomial (3.3) P(\). In the

right part four plots corresponding to N=200, AOH =10"° show the pseudospectral
points of randomly perturbed matrices A+A,, B+A; and of perturbed matrix
polynomial (3.5) P, ().
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If we investigate the figures 3.7-10, we see that the spectrum of P, (\) is not

equal to the union of pseudospectrum of the matrices A and B but very nearer to it.

Symmetry of the pseudospectra with respect to the real axis is apparent, comforming

Proposition 3.1.

3.2 Cubic Matrix Polynomial with Toeplitz Matrix Coefficients

We investigated spectrum and pseudospectrum of the cubic matrix polynomials

with the tridiagonal Toeplitz matrix coefficients in this section. We consider the

cubic matrix polynomial
P(\)= (AL, —A) (AL, —B) (AL, ~C),

with the tridiagonal Toeplitz matrices

0 1 -1 3
2 0 1 6 —1 3
A=| 2 o0 , B= 6 —1
1
2 0 6
2 4
8 -2 4
C= 8 -2
4
g8 —2

(3.6)

(3.7)

Firstly, we searched the spectrum of cubic matrix polynomial (3.6) P(\). Firstly, we

consider N=10.
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Figure 3.11: (a) Spectral points of the tridiagonal Toeplitz matrix (3.7) A of
dimension N=10. (b) Spectral points of the tridiagonal Toeplitz matrix (3.7) B of
dimension N=10. (c) Spectral points of the tridiagonal Toeplitz matrix (3.7) C of
dimension N=10. (d) Spectral points of the cubic matrix polynomial (3.6) P()\)of

dimension N=10. (e) All spectral points of them in the same region.

For N=10, we see that spectral points of P(\) are equal to the union of

spectrum of matrices A, B and C. It is written the equality
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PN = ()\IIO _A) ()\IIO —B) ()‘IIO -C)

oc(P)=c(A)Ua(B)Ua(C).

Let’s research for N=25.
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(c) o(C) (d) o(P)
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(©) a(A), o(B), a(C), o(P)

Figure 3.12: (a) Spectral points of the tridiagonal Toeplitz matrix (3.7) A of
dimension N=25. (b) Spectral points of the tridiagonal Toeplitz matrix (3.7) B of
dimension N=25. (c) Spectral points of the tridiagonal Toeplitz matrix (3.7) C of
dimension N=25. (d) Spectral points of the cubic matrix polynomial (3.6) P()\)of

dimension N=25. (e) All spectral points of them in the same region.
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The spectrum of the cubic matrix polynomial (3.6) P(\) is equal to the union

of spectrum of the tridiagonal Toeplitz matrices (3.7) A, B and C. It has 75 distinct

eigenvalues for N=25. We research the matrices A, B and C of dimensions 30.

Y Y

1 1
0.75 0.75
0.5 0.5
0.25 0.25
O G X 0 ———CNNS0000000000000D | X
0.5 -0.25
-0.5 0.5
-0.75 -0.75
-10 -5 0 5 10 -10 5 0 5 10
(a) o(A) (b) o(B)
Y Y
1 1
0.75 0.75
0.5 0.5
0.25 0.25
0/ GISS000000 0000000000000 X 0} X
0.5 0.5
0.5 -0.5
-0.75 0.5
-10 5 0 5 10 -10 -5 0 5 10
(c) o(C) (d) a(P)
Y
1
0.75
0.5
0.25
- onENEREDED -
0.5
0.5
0.7
-10 -5 0 5 10

(©) a(A), o(B), a(C), o(P)

Figure 3.13: (a) Spectral points of the tridiagonal Toeplitz matrix (3.7) A of
dimension N=30. (b) Spectral points of the tridiagonal Toeplitz matrix (3.7) B of
dimension N=30. (c) Spectral points of the tridiagonal Toeplitz matrix (3.7) C of
dimension N=30. (d) Spectral points of the cubic matrix polynomial (3.6) P()\)of

dimension N=30. (e) All spectral points of them in the same region.
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We see again that o(P) is equal to union of o(A), o(B)and o(C) for N=30.
o(P)contains 90 distinct eigenvalues. The matrices (3.7) A, B and C of different
dimensions were perturbed for ||A,|<e=10",10",10"°. Then the perturbed cubic
matrix polynomial can be written in this form,

P.OAO)=QAI-(A+A)) AI-B+A4,) AI-(C+A))), (3.8)

where A, € CV",

A|<e, e>0. We compared pseudospectral points of the
matrices (3.7) A, B and C with pseudospectral points of P, (\). Firstly, let’s look at

the plots corresponding to N=10 and ||AO|| <e=10"

Y Y
3 3
2 2
1 1
O @sesed ————— X 0—00 00090 0000 X
4 -1
2 2
-10 5 0 5 10 -10 5 0 5 10
(@) a(A+A), [|A,|<e=10" (b) o(B+A,), [A|<e=10""
Y Y
3 3
2 2
1 1
0000 0 0 0 0 0 00 X o000 000 - 9 X
) -1
2 -2
-10 -5 0 5 10 -10 -5 0 5 10
(©) a(C+A), [A]<e=107 (d) o(P,)
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-10 -5 0 5 10

(©) a(A+4,), a(B+A4,), a(C+A,),

U(PA)a

A <e=10"

Figure 3.14: (a) Pseudospectral points of the perturbed matrix (3.7) A+ A,
AOH <e=10"2(b) Pseudospectral points of the perturbed
|A||<e=10"(c) Pseudospectral
points of the perturbed matrix (3.7) C+A, corresponding to N=10,

corresponding to N=10,

matrix (3.7) B+ A, corresponding to N=10,

||A0|| <e=10".(d) Pseudospectral points of the perturbed matrix polynomial (3.8)
P, (N).(e) All the pseudospectral points of them in the same region.

Figure 3.14 indicates that spectral points of the tridiagonal Toeplitz matrices

(3.7) A, B and C are not much sensitive for N=10,

AOH <e=10". However, we see
that the pseudospectral points of P,(\) are equal to the union of pseudospectral
points of the matrices A+A,, B4+A, and C+A,.

Let’s take N=25, 30;

AOH <e=10" and ||AO|| <e=10"
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(©) a(C+A), A <e=10" (d) o(P,)
Y
1 [
75 ‘
5
25
o ( F X
25
-5
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[
-1200 -1000 -800 -600 400 -20 0 20

(e) c(A+A,)), o(B+4,), c(C+A))

U(PA),

A <e=10"

Figure 3.15: (a) Pseudospectral
A+ A, corresponding to N=25,

points of the perturbed matrix (3.7)
Ay <e=10"" (b) Pscudospectral points of the

A <e=10"" (o)
Pseudospectral points of the perturbed matrix (3.7) C+ A, corresponding to N=25,

perturbed matrix (3.7) B+ A, corresponding to N=25,

||A0|| <e=10" (d) Pseudospectral points of the perturbed matrix polynomial (3.8)
P, (N). (e) All pseudospectral points of them in the same region.
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Figure 3.16: (a) Pseudospectral points of the perturbed matrix (3.7)
A + A, corresponding to N=25, A0|| <e=10"% (b) Pseudospectral points of the

perturbed matrix (3.7) B+A, corresponding to N=25, ||A0|| <e=10" (c)
Pseudospectral points of the perturbed matrix (3.7) C+ A, corresponding to N=25,

||A0|| <e=10". (d) Pseudospectral points of the perturbed matrix polynomial (3.8)
P, (N). (e) All pseudospectral points of them in the same region.
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Figure 3.17: (a) Pseudospectral points of the perturbed matrix (3.7)
A+ A, corresponding to N=30, A0|| <e=10"% (b) Pseudospectral points of the

perturbed matrix (3.7) B+ A, corresponding to N=30, ||A0|| <e=10" (c)
Pseudospectral points of the perturbed matrix (3.7) C+ A, corresponding to N=30,

||A0|| <e=10". (d) Pseudospectral points of the perturbed matrix polynomial (3.8)
P, (N). (e) All pseudospectral points of them in the same region.
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Figure 3.15-17 indicates that pseudospectral points of the perturbed cubic

matrix polynomial (3.8) P, (\) differ from the union of the pseudospectral points of
the perturbed matrices A+A,, B+A,and C+A, for N=25,30;

|1A,|<e=10",10"2
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CONCLUSIONS

In this study we investigate the pseudospectral points of linear, quadratic and
cubic polynomials (pencils) with matrix coefficients and we show that the
pseudospectral properties of polynomials with matrix coefficients can be studied by
means of linear pencils factors. Also in this study we write Mathematica programs to
compute and plot the ¢ —pseudospectral region for pencils. We plot
¢ —pseudospectral points for linear, quadratic and cubic polynomials with matrix
coefficients with dimensions N=10, 25 75, 100, 200, 300. We don’t plot
¢ —pseudospectrum for large N dimensions, for example for N=1000, 2000,
5000...Because we don’t have a computer with delicate CPU to compute our

problems.
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