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ABSTRACT

Master of Science Thesis

MATRIX SEQUENCES OF SPECIAL CASES OF GENERALIZED TRIBONACCI
NUMBERS

Canan KOC

Zonguldak Biilent Ecevit University
Graduate School of Natural and Applied Sciences
Department of Mathematics

Thesis Advisor: Prof. Dr. Yiiksel SOYKAN
November 2022, 65 pages

The matrix sequences have taken so much interest for different type of numbers. In this thesis,
we consider the matrix sequences of special cases of the generalized 3-step Fibonacci

(generalized Tribonacci) numbers. We summarize the chapters as follows.

In chapter 1, we present some basic important definitions and some results used throughout
the thesis.

In chapter 2, we define and investigate the Tribonacci and Tribonacci-Lucas matrix
sequences. We give Binet's formulas, generating functions, and the summation formulas for
these sequences. Moreover, we present some identities and matrices related with these

sequences.



ABSTRACT (continued)

In chapter 3, we introduce and investigate the adjusted Tribonacci-Lucas matrix sequence. We
present Binet's formula, generating function, and the summation formulas for this sequence.

Moreover, we give some identities and matrices related with this sequence.

In chapter 4, we define and investigate the third-order Pell and third-order Pell-Lucas matrix
sequences. We give Binet's formulas, generating functions, and the summation formulas for
these sequences. Moreover, we present some identities and matrices related with these

sequences.

In chapter 5, we define and investigate the Narayana matrix and Narayana-Lucas matrix
sequences. We present Binet's formulas, generating functions, and the summation formulas
for these sequences. Moreover, we give some identities and matrices related with these

sequences.

In chapter 6, we introduce and investigate the generalized Narayana matrix sequence and we
deal with, in detail, three special cases of this sequence which we call them Narayana,
Narayana-Lucas and Narayana-Perrin matrix sequences. We present Binet's formulas,
generating functions, and the summation formulas for these sequences. Moreover, we give
some identities and matrices related with these sequences. Furthermore, we show that there
always exist interrelation between generalized Narayana, Narayana, Narayana-Lucas and

Narayana-Perrin matrix sequences. This chapter contains our original work.

Keywords: Tribonacci numbers, Tribonacci matrix, Narayana numbers, Narayana matrix.

Science Code: 403.01.01



OZET

Yiiksek Lisans Tezi

GENELLESTIRILMIS TRIBONACCI SAYILARININ OZEL DURUMLARININ
MATRIS DIiZILERI

Canan KOC

Zonguldak Biilent Ecevit Universitesi
Fen Bilimleri Enstitiisii

Matematik Anabilim Dal

Tez Damismani: Prof Dr. Yiiksel SOYKAN
Kasim 2022, 65 sayfa

Matris dizileri, farkli say1 tiirleri i¢cin ¢ok fazla ilgi gérmiistiir. Bu tezde, genellestirilmis 3
adimli Fibonacci (genellestirilmis Tribonacci) sayilarinin 6zel durumlarinin matris dizilerini

ele aliyoruz. Boliimleri asagida oldugu gibi 6zet olarak verebiliriz.

Bolim 1'de, tez boyunca kullanilacak olan bazi temel Onemli tanimlar1 ve sonuglar

sunuyoruz.

Boliim 2’de, Tribonacci ve Tribonacci-Lucas matris dizilerini tanimliyor ve arastiriyoruz. Bu
diziler i¢in Binet formiillerini, iirete¢ fonksiyonlarin1 ve toplama formiillerini veriyoruz.

Ayrica, bu dizilerle ilgili baz1 6zdeslikler ve matrisler sunuyoruz.

Boliim 3’de, diizeltilmis Tribonacci-Lucas matris dizisini tanitiyor ve arastirtyoruz. Bu dizi
icin Binet formiiliinii, lirete¢ fonksiyonunu ve toplama formiillerini sunuyoruz. Ayrica, bu

diziyle ilgili baz1 6zdeslikler ve matrisler veriyoruz.



OZET (devam ediyor)

Bolim 4’de, iicincii mertebeden Pell ve tgilincii mertebeden Pell-Lucas matris dizilerini
tanimliyor ve arastirtyoruz. Bu diziler i¢in Binet formiillerini, lirete¢ fonksiyonlarini ve
toplam formiillerini veriyoruz. Ayrica, bu dizilerle ilgili bazi 6zdeslikler ve matrisler

sunuyoruz.

Bolim 5’de, Narayana ve Narayana-Lucas matris dizilerini tanimliyor ve arastiriyoruz. Bu
diziler i¢in Binet formiillerini, iireteg fonksiyonlarini ve toplam formiillerini sunuyoruz.

Ayrica, bu dizilerle ilgili baz1 6zdeslikler ve matrisler veriyoruz.

Boliim 6°da, genellestirilmis Narayana matris dizisini tanittyor ve arastirtyoruz ve bu dizinin,
Narayana, Narayana-Lucas ve Narayana-Perrin matris dizileri olarak adlandirdigimiz ti¢ 6zel
durumunu ayrintili olarak ele aliyoruz. Bu diziler igin Binet formiillerini, {ireteg
fonksiyonlarini ve toplam formiillerini sunuyoruz. Ayrica bu dizilerle ilgili baz1 6zdeslikler ve
matrisler veriyoruz. Ayrica, genellestirilmis Narayana, Narayana, Narayana-Lucas ve
Narayana-Perrin matris dizileri arasinda her zaman karsilikli iliski oldugunu gosteriyoruz. Bu

boliim, orijinal calismamizi icermektedir.

Anahtar Kelimeler: Tribonacci sayilari, Tribonacci matrisi, Narayana sayilari, Narayana

matrisi.

Bilim Kodu: 403.01.01
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CHAPTER 1
INTRODUCTION

In this chapter, we present some basic important definitions and some results used

throughout the thesis.

1.1 GENERALIZED 3-STEP FIBONACCI NUMBERS

The generalized 3-step Fibonacci sequence (also called the generalized Tribonacci se-

quence or generalized (r,s,t)-sequence)

{W,(Wo, W1, Wasr, s, ) bso

(or shortly {W,,},>0) is defined as follows:

W, =rW,_1+ sW,_o+tW,_3, Wo=a,Wy=bWy=¢, n>3 (1.1)

where Wy, Wi, Wy are arbitrary complex (or real) numbers and r, s,t are real numbers.
The sequence {W,, },>0 can be extended to negative subscripts by defining

s r 1
W—n = _ZW*(nfl) - ZW*("*Q) + ZWf(n*B)

for n = 1,2, 3, ... when ¢ # 0. Therefore, recurrence (1.1) holds for all integer n. For more
information on generalized 3-step Fibonacci numbers, see for example Soykan [22].
As {W,} is a third order recurrence sequence (difference equation), it’s characteristic

equation is
2d—ra® —sx—t=0 (1.2)

whose roots are

a = a(r,s,t)zg—i—A—i—B,
B = Blrst)=g+wA+uw’B,
Y= 7<T737t):§+w2A+WB7



where

3

T s t 1/3
A = (—+—+—+\/Z> ,

27 6 2
3 rs t 1/3
B - (i1 L _VA
(27+6+2 ) ’
3t r?s?  rst s 2
A = A Hle=—— - 4 2 47
st =~ Ts 6 w1
—1+12v3
w = +T“/_:exp(2m'/3).

Note that we have the following identities

at+f+y =1
af+ay+py = —s,

afy = t.

If A(r,s,t) > 0, then the Equ. (1.2) has one real («) and two non-real solutions with the
latter being conjugate complex. So, in this case, it is well known that generalized 3-step
Fibonacci numbers (generalized Tribonacci numbers) can be expressed, for all integers n,
using Binet’s formula

bl a bgﬁn bg’}/n

S Py S 7 e o Bl ey vy

(1.3)
where

by = We— (B8+y)Wi+ ByWo,
by = Wy — (a+ )W+ ayW,
b3 = W2 - (CY + B)Wl + OéﬁWO.

Note that the Binet form of a sequence satisfying (1.2) for non-negative integers is valid
for all integers n, for a proof of this result see [13]. This result of Howard and Saidak
[13] is even true in the case of higher-order recurrence relations as the following theorem

shows.

Theorem 1.1 [13] Let {w,} be a sequence such that

{wn} = a1w, 1 + axw, 2 + ... + apwp_y,



for all integers n, with arbitrary initial conditions wg, wy, ..., w,_1. Assume that each a;

and the initial conditions are complex numbers. Write

flz) = ¥ —ay Tt —aat Tt — L — a1 — ay, (1.4)

= (r—a)%(x —ay)®...(x — ap)™

with di + dy + ... + d, = k, and aq, s, ..., oy, distinct. Then
(a) For alln,

Wy, = Z N(n,m)(am)"” (1.5)

where

rm—1

N(n, m) :AEM) +Aém)n+... +A£7Z)nr"”_1 _ Z Agz)lnu
u=0

with each AZ(»m) a constant determined by the initial conditions for {w,}. Here,
equation (1.5) is called the Binet form (or Binet formula) for {w,}. We assume

that f(0) # 0 so that {w,} can be extended to negative integers n.

If the zeros of (1.4) are distinct, as they are in our examples, then

wy, = Ar(a)” + Ag(an)” + ... + Ag(ag)".
(b) The Binet form for {w,} is valid for all integers n.

oo
Next, we give the ordinary generating function ) W, z™ of the sequence W,,.
n=0

Lemma 1.2 Suppose that fw, (x) = > Wya" is the ordinary generating function of the
n=0

generalized 3-step Fibonacci sequence (generalized Tribonacci sequence) {W,},>o. Then,
W,x™ is given by

n=0

i wan = Wot Wa = tWo)z + (Wo — rWh — sWo)a” (1.6)
n=0

1 —rx — sx?2 —tad

We next present Binet formula of generalized 3-step Fibonacci numbers (generalized Tri-

bonacci numbers) {W,,} by the use of generating function for W,,.



Theorem 1.3 (Binet formula of generalized 3-step Fibonacci numbers (generalized Tri-

bonacci numbers))

dya” n do 3" n dzy™
(a=B)a—=y) B-a)B—7) (H—-—a)(v—~5)

W, = (1.7)

dl = Woa/2 + (Wl — TWo)Oé + (WQ — ’I“Wl — SW()),
dy = WofB*+ (Wi —rWo)B + (Wa — rWy — sWp),
d3 = W()’72 + (W1 — TW())”)/ + <W2 — TWl — SWO).

Note that from (1.3) and (1.7) we have

Wo — (B+y)Wi+ ByWo = Woa? + (Wi — rWo)a + (W — rWy — sWy),
Wy — (@ + )Wy +ayWy = WoB? + (W — rWo)B + (Wy — rWy — sWy),
Wy — (a+ B)Wi+afWy = Wy + (Wi — rWo)y + (Wa — rW — sWh).

1.2 GENERALIZED TRIBONACCI NUMBERS

In this section, we consider the case r = 1, s = 1, = 1 and in this case we write
V,, = W, and in this case we also call the sequence V,, as generalized Tribonacci sequence.
So a generalized Tribonacci sequence {V,}n,>0 = {Va(Vo, V1, V2)}n>o is defined by the

third-order recurrence relations
Vn == anl + Vn72 + anS (18)

with the initial values Vy = ¢, Vi = ¢1, Vo = ¢ not all being zero.

The sequence {V,,},>0 can be extended to negative subscripts by defining
Vo= =V_ 1) = Von—2) + Vo(nuosz)

for n = 1,2, 3, .... Therefore, recurrence (1.8) holds for all integer n. For more information
on generalized Tribonacci numbers, see for example Soykan [21].
(1.3) can be used to obtain Binet formula of generalized Tribonacci numbers. Binet

formula of generalized Tribonacci numbers can be given as

bra™ b 5™ bsy"
(@a=BAa—  B-a)F-7  G-a)-5

4

Vo =

(1.9)



where

by = Va—(B+7)Vi+ B, (1.10)
by = Vo—(a+7)Vi+ayl, (1.11)
by = Vo—(a+B)Vi+abl. (1.12)

Here, o, $ and ~ are the roots of the cubic equation
2 - —r—1=0.

Moreover

14+ v/19 + 333+ v/19 — 3v/33
3 M
14+ wv19+ 3v33 +w?v19 — 34/33

5 - . ,
L 1+w2\3/m?+w3/m’
where
w= _1+TZ\/§ = exp(2mi/3).
Note that

at+fB+vy = 1,
af +ay+py = -1,

afy = 1.

Tribonacci sequence{ T}, },,>0, Tribonacci-Lucas sequence { K, },>0, and adjusted Tribonacci-

Lucas sequence {H,, },>0 are defined, respectively, by the third-order recurrence relations

Tn+3 - Tn+2 + TnJrl + Tn; TO = 07 Tl = 17T2 = 17 (113)
Kniz = Kppo+ Knpp + K, Koy=3,K,=1,Ky =3, (1.14)
Hyi3 = Hyo+ Hyp + Hy, Hy=4,H,=2,Hy, =0, (1.15)

The sequences {7, }>0, { Ky }n>0 and {H, }n>0 can be extended to negative subscripts by

defining

T_n = _T—(n—l) - T—(n—?) + T—(n—3)7 (116)
K., = _K—(n—l) - K—(n—2) + K—(n—3)7 (117)
H., = —H_ (1)~ H_(n—2) + H_(_3), (1.18)



for n = 1,2,3, ... respectively. Therefore, recurrences (1.13)-(1.15) hold for all integer n.
T, is the sequence A000073 in [17] and K, is the sequence A001644 in [17].

We can give some relations between {7} and {K,} as

K,=3T,,1—-2T,—-T, 1 (1.19)
and

K,=T,+2T, 1+ 3T, (1.20)
and also

K,=4T,,1 — T, — T, o. (1.21)

For all integers n, Tribonacci, Tribonacci-Lucas and adjusted Tribonacci-Lucas numbers

(using initial conditions in (1.34)-(1.12)) can be expressed using Binet’s formulas as

n+1 BTLJrl n+1

o v
@—Ba- B-a)B-7 G-a)r-5)
K, = oa"+5"+7",

H, = (a—1%"+(8-1)28"+ (v—1)*7",

respectively.

oo
Next, we give the ordinary generating function ) V,,2™ of the sequence V.
n=0

Lemma 1.4 Suppose that fv, (z) = > V,x™ is the ordinary generating function of the
n=0

generalized Tribonacci sequence {Vy,}n>o. Then, > V2" is given by

n=0

S pan = Yot (0= Voo + (13 = Vi = Voo
n=0

1.22
l—x—a%—2a3 (1.22)

The previous lemma gives the following results as particular examples.

Corollary 1.1 Generated functions of Tribonacci, Tribonacci-Lucas, adjusted Tribonacci-

Lucas numbers are

= T
E T,x" =

l—2z—a22—2%
n=0

> 3—2x — a2
Knn - 5
; T

l—z—2a%—23

53 4 — 2z — 62*

Hoan = x — 6x 7
l—x—a%—2a3

n=0

respectively.



1.3 GENERALIZED THIRD-ORDER PELL NUMBERS

In this section, we consider the case r = 2, s =t = 1 and in this case we write V,, = W,,.
A generalized third order Pell sequence {V,,},>0 = {V.(Vo, V1, V2)}n>0 is defined by the

third-order recurrence relations
V=2V 1+ Voo +V,_3 (1.23)

with the initial values Vy = ¢, V7 = ¢1, Vo = ¢ not all being zero.

The sequence {V,, },>0 can be extended to negative subscripts by defining
Vo, = _V—(n—l) - 2V—(n—2) + V—(n—3)

forn = 1,2, 3, .... Therefore, recurrence (1.23) holds for all integer n. For more information
on generalized third-order Pell numbers, see for example Soykan [31].
(1.3) can be used to obtain Binet formula of generalized third order Pell numbers. Binet

formula of generalized third order Pell numbers can be given as
bla” bgﬂn bg’}/n
(@a=pf)la=v) (F-a)f-7) (—a)ly—F)

V, =
where
by = Vo= (B+7)Vi+87Vo, by = Va—(a+7)Vi+ay Vg, by = Va—(a+F)Vi+aBV. (1.24)

Here, o, 8 and v are the roots of the cubic equation 2® — 222 — 2 — 1 = 0. Moreover

1/3 1/3
_ 2 (o, 2\ (e 29
@7 37 51" Ve 54\ 36
1/3 1/3
5 2, (s, 9\ (6 29
- —_— w —_— — W —_— JR—
3 54 "\ 36 54 V36

1/3 1/3
= 2+w2 ﬂ—ir 2 +w a_/®
T T3 54 7V 36 54 6

where
w= _1+TZ\/§ = exp(27i/3)
Note that

a+f+vy = 2
af+ay+py = —1,

afy = 1



Now we define three special case of the sequence {V},}. Third-order Pell sequence{P,Sg) tn>o0,
third-order Pell-Lucas sequence {Q,(f’) }n>0 and modified third-order Pell sequence {ES’) .

are defined, respectively, by the third-order recurrence relations

PO, = 2P®, 4 p® L p® PP o p® =1 P =2, (1.25)
QY = 200, + Q% +QP, QY =30 =200 =6 (1.26)
EY, = 2B9,+EY, +EY, EY=0EY=1E" =1 (1.27)

The sequences {Py(f’)}nzo, {Q%S)}nzo and {Eflg)}nzo can be extended to negative subscripts

by defining
@ _ _p® _opB) ®3)
Py = =Pl gy = 2P0 o+ Pl s (1.28)
QY = —Q¥ _,—2Q% _, +Q% (1.29)
@ _ 3) 3) 3)
EXy = —Bg ) = 2B ) T B (1.30)

for n = 1,2, 3, ... respectively.

In the rest of the paper, for easy writing, we drop the superscripts and write P,, Q),, and
E, for P£3), ® and E,(f), respectively.

Note that P, is the sequence A077939 in [17] associated with the expansion of 1/(1 —
2r — 2% — %), Q, is the sequence A276225 in [17] and @, is the sequence A077997 in [17].
For all integers n, third-order Pell, Pell-Lucas and modified Pell numbers can be expressed

using Binet’s formulas as

B O/L—i—l Bn+1 ,yn—&-l
L oy Py R 7y ey g vy vy
Qu = a"+ 5"+ 7",
o _(a-Da" _(B-DF G-y
! (a=pB)a—v) B-a)B-7) @—a)y—=25)
respectively.

oo
Next, we give the ordinary generating function ) V,,2™ of the sequence V.
n=0

Lemma 1.5 Suppose that fy, () = > V,a™ is the ordinary generating function of the
n=0

generalized third-order Pell sequence {V,,}n>0. Then, > V,a" is given by
n=0

- -2 —2V; — 2
S pn = Yot (= 2Vt (Vo = 20 = Voot (1.31)
n=0

1 -2z — 22 — a3



The previous Lemma gives the following results as particular examples.

Corollary 1.2 Generated functions of third-order Pell, Pell-Lucas and modified Pell

numbers are

= x

Pn "= )
Z g 1 -2z —22—2a3
n=0
- 3 —4dx — 2?
Zann = 2 37
—~ 1-2z—2°—2x
o0 2

T —x

Ex" =
nZ:o " 1—2z—a2—a%
respectively.

1.4 GENERALIZED NARAYANA NUMBERS

In this section, we consider the case r = 1, s = 0, £ = 1 and in this case we write
V, = W,. A generalized Narayana sequence {V,},>0 = {Vo(Vo, V1, Va) }n>o is defined by

the third-order recurrence relations
Vn == anl + anB (132)

with the initial values Vj = co, Vi = ¢1, Vo = ¢2 not all being zero. The sequence {V/, },>0

can be extended to negative subscripts by defining
Vo= =V_(n—2) + V_(n=3)

for n = 1,2,3,.... Therefore, recurrence (1.32) holds for all integer n.For more details on
generalized Narayana numbers, see Soykan [18]. Binet formula of generalized Narayana

numbers can be given as

bla" bgﬁn bg’}/n

R P o S 7 ) S oy o)

(1.33)

where

by = Vo= (B+7)Vi+5Vo, b =Va—(a+7)Vi+arVo, by =Va—(a+5)Vi+afls. (1.34)



3

Here, o, 8 and v are the roots of the cubic equation 2® — 22 — 1 = 0. Moreover

1/3 1/3
L (2, /31 e 31
a = —_ [R— _— —_— PR—
37 154" V108 54 108 )
1/3 1/3
5 N E N Lo 31
o — w e _— w _— —_—
3 54 7\ 108 54 \V108)
1/3 1/3
L2 3 e 31
- —_— w —_— — w —_— [
i 3 54 108 54 108

where

—1+4+14V3
w= %\/_ = exp(2mi/3).

Note that

atf+y = 1,
af +ay+py = 0,
afy = 1.

Now we define three special case of the sequence {V,}. Narayana sequence {N,},>o,

Narayana-Lucas sequence {U, },>¢ and Narayana-Perrin sequence {H,},>o are defined,

respectively, by the third-order recurrence relations

Npys = Npja + Ny, No=0,Ny =1,Ny =1, (1.35)
Un+3 - Un+2 + U’m UO = 37 Ul = ]-7 U2 = 1a (136>
HTL+3 - Hn+2 + HTL7 HO - 37 Hl - 07 H2 - 27 (137)

The sequences { Ny, } >0, {Un }n>0 and {H,, },,>0 can be extended to negative subscripts by

defining

Non = —N_(n-2)+ N_(n-3),
Uy = —U_(n_g) +U_(—3),
H_, = —H_(n_o)+ H_(4_3),

for n = 1,2, 3, ... respectively. Therefore, recurrences (1.35)- (1.37) hold for all integer n.

For more details on generalized Narayana numbers, see [18].

10



We can give some relations between { N, } and {U,} as

U, = 3Nni4—5N, 13+ 2N, o, (1.38)
U, = —2N,i3+2N,42+ 3N41, (1.39)
U, = 3N,i1 —2N,, (1.40)
U, = N,+3N,_,, (1.41)
and

3IN,, = —=3Upta + Uyys + 11U, 49, (1.42)
3IN,, = —2Up43+ 11Up12 — 3Up41, (1.43)
3IN,, = 9U,y2 — 3U,41 — 2U,, (1.44)
31N, = 6U,+1 —2U, +9U,,—1, (1.45)
31N, = 4U, +9U,_1 + 6U,,_s. (1.46)

Note that all the above identities hold for all integers n (for more details, see [18]).
Note that N, is the sequence A000930 in [17] associated with the Narayana’s cows se-
quence and the sequence A078012 in [17] associated with the expansion of (1 — z)/(1 —
r — %) and U, is the sequence A001609 in [17].

For all integers n, Narayana, Narayana-Lucas and Narayana-Perrin numbers (using initial

conditions in (1.34)) can be expressed using Binet’s formulas as

Oén+1 BnJrl ,yn+1

R ) oy B ey ey Rl ey T oy (1.47)

U, = o+ "+, (1.48)
(34 2a)™t (3428)8" (B 2y

th = (@ Bla— BB 0-a)n-5 (1.49)

respectively.

Next, we give the ordinary generating function »_ V,,x2™ of the sequence V,.
n=0

Lemma 1.6 Suppose that fy, () = > V,x™ is the ordinary generating function of the

n=0

generalized Narayana sequence {V,}n>0. Then, > V,a™ is given by
n=0

(1.50)

ivnx" _ Vot (M=Vo)z+ (o - Vi)a?
n=0

1—a2—2a3

The previous lemma gives the following results as particular examples.
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Corollary 1.3 Generated functions of Narayana, Narayana-Lucas and Narayana-Perrin

numbers are

- x - 3-2r 3 — 3z + 227

Npya" = ———| Uy = ———| Hyax" = ——+——, 1.51
; ’ 1—2— a3 ; v 1—2—a3 ; v 1—2—a3 (1.51)
respectively.

1.5 MATRIX SEQUENCES

Recently, there have been so many studies of the sequences of numbers in the literature
that concern about subsequences of the Horadam (generalized Fibonacci) numbers and
generalized Tribonacci numbers such as Fibonacci, Lucas, Pell and Jacobsthal numbers;
third-order Pell, third-order Pell-Lucas, Padovan, Perrin, Padovan-Perrin, Narayana,
third order Jacobsthal and third order Jacobsthal-Lucas numbers. The sequences of
numbers were widely used in many research areas, such as physics, engineering, archi-
tecture, nature and art. On the other hand, the matrix sequences have taken so much
interest for different type of numbers. We present some works on matrix sequences of the
numbers in the following Table 1.1.

Table 1.1. A Few Special Study On The Matrix Sequences Of The Numbers.

Name of sequence work on the matrix sequences of the numbers
Generalized Fibonacci 6,7,11,32,33,34,35,36,39]
Generalized Tribonacci [4,23,24,27,28,37,38|
Generalized Tetranacci [25]

12



CHAPTER 2

ON MATRIX SEQUENCES OF TRIBONACCI AND
TRIBONACCI-LUCAS NUMBERS

In this chapter, we introduce and investigate Tribonacci and Tribonacci-Lucas matrix
sequences and investigate their properties. We give Binet’s formulas, generating functions,
and the summation formulas for these sequences. Moreover, we present some identities

and matrices related with these sequences. We use Soykan [23].

2.1 THE MATRIX SEQUENCES OF TRIBONACCI AND TRIBONACCI-
LUCAS NUMBERS

In this section we define Tribonacci and Tribonacci-Lucas matrix sequences and investgate

their properties.

Definition 2.1 For any integer n > 0, the Tribonacci matriz (7,) and Tribonacci-Lucas

matriz (IC,,) are defined by

T, = T +T,o+7T,3, (2.1)
’Cn = ,Cn—l + ’Cn—Q + ]Cn—S, (22>

respectively, with initial conditions

1 00 111 2 21
=010, Zi=]l100]|.2=|111
00 1 010 100
and
1 2 3 3 4 1 7 4 3
Ko = 3 -2 -1 |, K=11 2 3 Jo=13 4 1
-1 4 -1 3 -2 —1 1 2 3

13



The sequences {7, },>0 and {K, },>0 can be extended to negative subscripts by defining

To=~T (n1y =T (n2) +T_(n-3

’C—n = _K—(n—l) - IC—(n—?) + IC—(n—?))

for n =1,2,3,... respectively. Therefore, recurrences (2.1) and (2.2) hold for all integers

n.

We list some properties of the Tribonacci and Tribonacci-Lucas matrix sequences.

e For any integer n > 0, we have the following formulas of the matrix sequences:

., Tom gy
7, = Tw Taoi+Tho Ths
T. M. . % T. 4
Koo K,+K,: K,
K. = K, K,i1+K,» K,
Ko, Koo+ K,3 K,

e For every integer n, the Binet formulas of the Tribonacci and Tribonacci-Lucas

matrix sequences are given by

7;1 = AIC(n + Blﬁn + Cl’}/n,

’Cn = Aga” + Bgﬁn + Og’yn

where

4 0Btala-DL+T o FLEAB-DL+T
ala—7)(a=p) BB =7)(B—a)

c - Y +v(y = 1T+ Ty A2:aK2+a(a—1)/C1+lCo
Tr=8(y—a) al@=7)(a=p)

B, — By + B(B = DK + Ko C2ZVIC2+7(7—1)7C1+IC0_
BB=7(B—a) YOy =8)(v—«a)

14



For m > j > 0, we have

[asry

n—

. Tmn—l—m—i—j + Tmn—m—l—j + (1 -

Km)Tmm-j N Tm+j + %—m + (1 - Km)’];

T .=
mi+j Km _ K,m

s
Il
<)

and

’Cmn+m+j + ’Cmnferj + (1 -

K, —K_,
(2.7)

Km)/CmnH _ Kngj + Kjom + (1-— Km)]Cj

K, —K_,,

n—1
E ICmi+j ==
1=0

K, —K_,
(2.8)

e The generating function for the Tribonacci and Tribonacci-Lucas matrix sequences

are given as

1 z+4+=x T
o 1
len:l—:c—ﬂ—x?’ r 11—z z?
n=0
22 z—22 1—x—22
and
14+2x+322 2422 —222 3—2x—22
> 1
ZKnIEnzl 3 3—2x — 22 —2+44r+42® —1+ 4z — 22
— —r—x2—z
—1 4 4z — 22 4 — 6x —1+ 522

respectively.

2.2 RELATION BETWEEN TRIBONACCI AND TRIBONACCI-LUCAS

MATRIX SEQUENCES

Now, we list some properties of Tribonacci and Tribonacci-Lucas matrix sequences.

e For the matrix sequences {7,} and {K,

(a) Ky =371 — 27, — T,1.
(b) K, =7,+27,_1+37,_».
(C) Kn =471 — T — Tpyo.

(d) Kn=-To2+47,01 — T,

15
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(e) 7;1 = %(5’Cn+2 — 3]Cn+1 — 4]Cn)
e For all non-negative integers m and n, we have the following identities.

(a) ]C()/];l = '];JCO = ’Cn

(b) Tk, = KnTo = K.

e The following relations hold:

A? - A17 B%:Bla 012:017
A1 By BiA; = A)Cy = C1Ay = OBy = B0y = (0),

A2B2 = BZAZ = A202 = 02A2 = CY2B2 = B202 = (O) :

e For all non-negative integers m and n, we have the following identities.

@) T, T, = Tyin = T, T

(b) Tk = KnTr = Kopin.

(©) KonKon = KnKom = 9Trminss — 12T ini1 — 2Tmin + 4Tt + Tonins.
(d) KnKn = KnKom = Trnin + 4Tpmsn1 + 10750402 + 12T 3 + 9T ina.

(e) ICmICn = ’Cnlcm = 4m4n — 8Tm+n+1 + 187m+n+2 - 8Tm+n+3 + Tm+n+4-
e For non-negatif integers m,n and r with n > r, the following identities hold:

(a) T, = Tonn-
(C) Tn—rTpir = 7:12 = Tzn

e For non-negatif integers m,n and r with n > r, the following identities hold:

(a) ICnfrlCnJrr = K2

n:

(b) K = K§" Tonn-
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CHAPTER 3

ON MATRIX SEQUENCE OF ADJUSTED TRIBONACCI-LUCAS
NUMBERS

In this chapter, we present and investigate the adjusted Tribonacci-Lucas matrix se-
quence. We present Binet’s formula, generating function, and the summation formulas
for this sequence. Moreover, we give some identities and matrices related with this se-

quence. We use [28].

3.1 THE MATRIX SEQUENCES OF ADJUSTED TRIBONACCI-LUCAS
NUMBERS

In this section, we define adjusted Tribonacci-Lucas matrix sequence and investigate its

properties.

Definition 3.1 For any integer n > 0, the adjusted Tribonacci-Lucas matriz (H,) is

defined by
Hn = anl + anQ + an?n (31)

with initial conditions

2 -2 4 0 6 2 6 2 0
Ho = 4 -2 —6 | Hi=] 2 -2 4 Ho=10 6 2
—6 10 4 4 —2 —6 2 —2 4

The sequence {H,, },>0 can be extended to negative subscripts by defining
Hon=-"H_(n-1) = Ho(n—2) + H-(n-3)

for n =1,2,3,... . Therefore, recurrences (3.1) holds for all integers n.

We list some properties of the adjusted Tribonacci-Lucas matrix sequence.

17



e For any integer n > 0, we have the following formula of the matrix sequence:

H,.. H,+H, H,
Hn = Hn Hn,1 + Hn,Q Hn,1 . (32)
Hn—l Hn—2 + Hn—3 Hn—2

e For every integer n, the Binet formula of the adjusted Tribonacci-Lucas matrix

sequence is given by

Hn = A6Oén -+ BGﬁn -+ Cﬁ’}/n (33)
where
A — oaHy + Oé(Oé — 1)H1 + H
’ alf@=v)(a—=p8)
B BHz + 5(8 — 1)H1 + Ho
‘ BB-7B-a)
o YHa + (v — 1)H1 + Ho
‘ Y-8 (y—a)

e For all integers m and j, we have

& o Hmn—i—m—i—j + Hmn—m—i—j + (1 - K—m)Hmn—i-j - Hm+j - Hj—m + (Km - 1)H]
k=0 m -m

(3.4)

e The generating function for the adjusted Tribonacci-Lucas matrix sequence is given

as
4a* —2x+2 22 4+8r—2 —62*—2z+4
> 1
> Haat = 3 | 62> —2z+4 1022 — 2 42? + 10z — 6
o l—z—a*—2

472 + 100 — 6 —1022 — 122+ 10 622 — 10z + 4

3.2 RELATION BETWEEN TRIBONACCI, TRIBONACCI-LUCAS AND
ADJUSTED TRIBONACCI-LUCAS MATRIX SEQUENCES

Now, we list some properties of the Tribonacci and adjusted Tribonacci-Lucas matrix

sequences.

18



e For the matrix sequences {7,} and {H,,}, we have the following identities.

(a) 44T, = —3H,ia + 4Horss + THo o,
(b) 44T, = Hyrs + 6Horo — 3Ho 1.
(¢) 44T, = THy 1o — 2Hos1 + H.

(d) 447, = 5H,oy + 8Hy, + THoo 1.

(e) 44T, = 13H,, + 12H,_, + 5Hy_o.
(f) Hp = 67514 — 27,13 — 167, 45.

(g) Hn =473 — 107,12 + 67T, 41.

(h) H, = —6T,42 + 107,41 + 47,,.

() Hy = 4T, 1 — 2T, — 6T, 1.

(G) Hn =27, — 27,1 + 47, ».
e For the matrix sequences {K, } and {H, }, we have the following identities.

(a) 2K, = Huy3 — Hpso-

(b) 2K,, = Hps1 + Ha.

(c) 2K, =2H,, + Hp—1 + Hn—2.

(d) Hy, = —3K4a + 4K13 + 3K, 42
(e) Hp=Knis —3K11.

(f) Hy =Ko — 2K, 11 + K.

(8) Hn=—Knp1 +2K, + Koy

(h) H, =K, — K.

e For all non-negative integers m and n, we have the following identities.

(a) HO,Z;L = Z’LHO :Hn

(b) ToH, =H, Ty =H,..

e For all non-negative integers m and n, we have the following identity.

Hm—i—n = TmHn = HnTm

19



e For all non-negative integers m and n, we have the following identities.

(@) Homin = 2(—3Hmia + 4Hprs + Mo o) Hon.

(b) Hinsn = 35(Hmts + 6Hpyo — 3Hmi1) Ha

(€) Hinin = 5 (THomso — 2Homi1 + Hon) Ho.

(d) Hisn = 35 OHmi1 + 8Hm + THi—1) Ha.

(€) Hpsn = 35(13Hy + 12H—1 + 5Hon—2) Ha.

(f) H,H, =H,H,, = 36T nss — 24T snr7 — 188T 0 ns6 + 64T 15 + 256 T nsa-
(g) H,H, =H,H,, = 167, n+6 — 80T snss+ 1487 s nia — 1207, 4 nss + 36T pnro-
(h) H,H, =H,H,, = 367,144 — 12071013 + 52T iz + 80T i1 + 1675 4.
() H,,H, =H,H,, = 16T, ns2 — 16Tpnini1 — 44T 0 + 24T 01 + 36T 0.

(j) HmHn :HnHm - 4Tm+n - 8Tm+n_1 + 2OTm+n—2 - 16Tm+n_3 + 16Tm+n—4'
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CHAPTER 4

ON MATRIX SEQUENCES OF THIRD-ORDER PELL AND
THIRD-ORDER PELL-LUCAS NUMBERS

In this chapter, we define and investigate the third-order Pell and third-order Pell-Lucas
matrix sequences. We give Binet’s formulas, generating functions, and the summation
formulas for these sequences. Moreover, we present some identities and matrices related

with these sequences. We use Soykan [26].

4.1 THE MATRIX SEQUENCES OF THIRD-ORDER PELL AND THIRD-
ORDER PELL-LUCAS NUMBERS

In this section, we define third-order Pell and third-order Pell-Lucas matrix sequences

and investigate their properties.

Definition 4.1 For any integer n > 0, the third-order Pell matriz (P,) and third-order
Pell-Lucas matriz (Q,,) are defined by

Pn == 2Pn—l + Pn—2 + Pn—?n (41>
Qn = 20, 1+ 9p 2+ Q3 (4.2)

respectively, with initial conditions

1 00 2 11 5 3 2
Po = 010 ,P1= 1 00 , Py = 211
0 0 1 010 1 00
and
2 2 3 6 5 2 17 8 6
Qo = 3 -4 -1 1], Q9= 2 2 3 , Qo = 6 5 2
-1 5 =3 3 -4 -1 2 2 3
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The sequences {P,, },>0 and {Q,, } >0 can be extended to negative subscripts by defining
Pon==P-n-1) = 2P-(n-2) + P-(n-3)
and

Qn=-9 (1) —2Q (n2 + 2 (n3

for n =1,2,3, ... respectively. Therefore, recurrences (4.1) and (4.2) hold for all integers
n.
We list some properties of the third-order Pell and third-order Pell-Lucas matrix se-

quences.

e For any integer n > 0, we have the following formulas of the matrix sequences:

Poy1 P+ P =

Pn = P, P,1+P,y P, (4.3)
Po1 Poo+Po3 P

Qny1 @n+tQn1 @n

Q = Qn Qn1tQua Quna |- (4.4)
Qn-1 Quna2+Qns Qna

e For every integer n, the Binet formulas of the third-order Pell and third-order Pell-

Lucas matrix sequences are given by

P, = A"+ B1g" + Cy", (4.5)
Q, = A"+ Byf" + Coy". (4.6)
where

Py + a(a — 2)731 + Po _ BPy + ﬁ(ﬁ - 2)731 + P

b= e P T BG-GB -a

o, — 7732+7(’Y—2),P1+'Po A2:Oz92+a(a—2)Q1+Qo
Y(y=B)(y—a) ala=v)(a=p)

By — Qs+ (8 —2)Q1 + Qo 02:7Q2+7(7—2)Q1+Q0.
BB-7B—a) Y(y=8) (v — )
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e Let m and j be integers. Then we have

"Zl p  Pontti + Prncmss + (L= Q) Prons Pty + Piom + (L= Qu)P,
i=0 " Qm - Q—m Qm - Q—m
(4.7)

and

nzi Qi = an+m+j + an,erj + (1 - Qm)anJrj _ Qm+j + Qj*m + (1 _ Qm)g]
= Qe Qo Qn = Qo |

(4.8)

e The generating function for the third-order Pell and third-order Pell-Lucas matrix

sequences are given as

1 z2+z T
o0 . 1
ZPn:U =1 9, 2 | 1—2x z2
n=0
22 r—222 —x2—-2x+1
and
32420 +2 —dx’+r+2 —2x2—4xr+3
o0 . 1
D Q"= | 24w 43 5+ 1004 3224501
o [ -

322 +5xr—1 b2 —14x+5 8x>+5r—3

4.2 RELATION BETWEEN THIRD-ORDER PELL AND THIRD-ORDER
PELL-LUCAS MATRIX SEQUENCES

Now, we list some properties of third-order Pell and third-order Pell-Lucas matrix se-

quences.

e For the matrix sequences {P, },>0 and {Q,, }n>0, we have the following identities

O, = 8Pnis—19P, 13 — 3P0,
Q, = —3Pui3+5Pni2+ 8Puia,
Q, = —Pni2+5Pui1 — 3Py,
Q, = 3Pnt1 — 4P, — Py,
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and

87P, = 20,44 — 180,43 + 37000,
87P, = —14Q,.5+ 39002+ 20m:1,
87P, = 110,90 — 120,.1 — 140,
87P, = 100,41 — 30, + 110, _1,
87P, = 170, +21Q,_; + 109, »,

e For all non-negative integers m and n, we have the following identities.

(a) QOPn - PnQO - Qn

e Then the following relations hold:

A? - A17 B%:Bl) 012:017
By, = BiA =AC, =CA =C1By = B,C, = (O>7
AyBy = ByAy = AyCy = CyAy = CyBy = ByCy = (O) .

e For all non-negative integers m and n, we have the following identities.

(a) PP, =P, =P, P

(b) PrnQp = OuPy = Q.

(€) Q@ = 21O = IPmins2 — 24P inst + 10Pmin + 8Pt + Prtn_s-
(d) 9nQn = 20O = 4Ppin + 8Prmin-1+ 16Prin 2+ 12Pnin 5 + 9P in s

(e) Qm Qn = Qn Qm = FPm4n+4 — 107Dm+n+3 + 31Pm+n+2 - 307)m+n+1 + 97)m+n
e For non-negatif integers m,n and r with n > r, the following identities hold:

() P = Prn-
(b) Py = P Pran.

(C) Pn—rpn—l-T = Pg = 7)2n
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e For non-negatif integers m,n and r with n > r, the following identities hold:

(a) anrQn+7“ = Q?L
(b) O = QFPun.
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CHAPTER 5

ON MATRIX SEQUENCES OF NARAYANA AND NARAYANA-LUCAS
NUMBERS

In this chapter, we define and investigate the Narayana matrix and Narayana-Lucas
matrix sequences. We present Binet’s formulas, generating functions, and the summation
formulas for these sequences. Moreover, we give some identities and matrices related with

these sequences. We use [27].

5.1 THE MATRIX SEQUENCES OF NARAYANA AND NARAYANA-
LUCAS NUMBERS

In this section we define Narayana and Narayana-Lucas matrix sequences and investigate

their properties.

Definition 5.1 For any integer n > 0, the Narayana matriz (N,) and Narayana-Lucas
matriz (U,) are defined by

Nn = anl +Nn737 (51>
Uy = Uy i+ Uy s (5.2)

respectively, with initial conditions

100 101 111
No=lo1o | M=[100]|,M=]|101/],
001 010 100
1 0 3 1 3 1 411
U = 3 -2 0 |, Uh=]1 0 3 |, Ue=]1 31
0 3 -2 3 =20 10 3

The sequences {N,, },>0 and {U, },>0 can be extended to negative subscripts by defining
Ny ==N_(n_o) + N__3
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and
U = —U_(n_2) +U_(n_3)

for n =1,2,3, ... respectively. Therefore, recurrences (5.1) and (5.2) hold for all integers
n.

We list some properties of the Narayana and Narayana-Lucas matrix sequences.
e For any integer n > 0, we have the following formulas of the matrix sequences:

Npt1 Nporo Ny,
N, = N, N,_2 N,_1 (5.3)
Nn1 Np—z Npo
U1 Upor Up
U, = Up Unsz Upy |- (5.4)
U1 Un-3 Un—z

e For every integer n, the Binet formulas of the Narayana and Narayana-Lucas matrix

sequences are given by

N, = A"+ Bs"+ Ciy", (5.5)
Z/{n = AQO!n + Bgﬁn -+ CQ’V” (56)
where

OZNQ + oz(a — 1)./\/1 +No

_ BNz + (8 — )Nt + Ny

4 aa-Na-5 T E-nB-a T A 6-H(-a)
A - ally + oo — 1)Uy + Uy B :5U2+5(5—1)U1+U0 c :7U2+7(7—1)U1+U0
? ala—9)(a—p) 7 BB-7B-a) " A(y=-B)(y-a)

e For all m,j we have

nZ_IN o Nmn—i—m-‘rj +Nmn—m+j + (1 — Um)Nmn+j - Nm-i—j — M—m + (Um — 1>A/’J
2 mk-+j Un+(1-U_,)—1

(5.7)
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and

Zu i = mn+m+j + Upnin— m+j T (1 - Um)umn+j - um+j — Uj—m + (Um - 1)uj'
mk+j — Um+(1_U—m)_

(5.8)

e The generating function for the Narayana and Narayana-Lucas matrix sequences

are given as

ZNSC 1—x—x3 x l—z 22

and
322 +1 3x — 222 3— 2
1
Zux —— | 3-2¢ 32420-2 32-22
l—ox—2x
3r—22% 222 —5x+3 3x2+2x—2
respectively.

5.2 RELATION BETWEEN NARAYANA AND NARAYANA-LUCAS MA-
TRIX SEQUENCES

Now, we list some properties of the Narayana and Narayana-Lucas matrix sequences.
e For the matrix sequences {N,} and {U,}, we have the following identities.

(@) Uy, = 3N,is — 5Npis + 2N 40,
(b) U, = —2N, 43 + 2N 0 + 3N, 11
(c) U, = 3N, 11 — 2N,.

(d) U, =N, + 3N, —a.

(e) 31N, = —3Uyrg + Uiz + 11Uy 0.
(f) 31N, = —2Uy,y5+ 11U, 49 — Uy

(g8) 31N, = Wy yo — 3Unir — 2U,.
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(h) 31N, = 6Ups1 — 2Uy + Nyy_1.

(i) 31N, = AUy, + WUp—1 + Uy, —o.
For all non-negative integers m and n, we have the following identities.

(a) UN, = N, Uy = U,.
(b) Nold, = UNy = U,

Then the following relations hold:

A% - Al, B% - Bl, 012 - Cl,
AB, = BA = AC =CA =CB, = B,C, = (O)>
A2B2 = B2A2 = AQCQ - CQAQ - OQBQ — BQOQ = (O) .

For all non-negative integers m and n, we have the following identities.

() NNy = Norrn = NN,
(0) Nl = UpNiyy = Uy

() Unlhy = Unlh, = WNipimis — 30N inir + 3TNomsnss — 20Nominss + AN i ia.
(d) Uplhy = Ulh = ANpinis — SNimsnss — SNiminsa + 12N ints + N inio.
(€) Unlhy = Unlhy = WNimsns2 — 12Niminst + AN in.

(f) z/{mZ/{n = Z/{nZ/{m = Nm+n + 6N’m+nf2 + 9Nm+n74'
For non-negatif integers m,n and r with n > r, the following identities hold:

(a) N™ = Ny
(b) il = N{" N
(C) anan+r :Ng :Nzn

For non-negatif integers m,n and r with n > r, the following identities hold:

(a) unfrun+r = Z/{Q

n*

(b) U = Us" N
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CHAPTER 6

ON MATRIX SEQUENCE OF GENERALIZED NARAYANA NUMBERS

In this chapter, we introduce and investigate the generalized Narayana matrix sequence
and we deal with, in detail, three special cases of this sequence which we call them
Narayana, Narayana-Lucas and Narayana-Perrin matrix sequences. We present Binet’s
formulas, generating functions, and the summation formulas for these sequences. We
present the proofs to indicate how these sum formulas, in general, were discovered. Of
course, all the listed sum formulas may be proved by induction, but that method of
proof gives no clue about their discovery. Moreover, we give some identities and matrices
related with these sequences. Furthermore, we show that there always exist interrelation
between generalized Narayana, Narayana, Narayana-Lucas and Narayana-Perrin matrix

sequences.

We use our paper [29].

6.1 THE MATRIX SEQUENCES OF NARAYANA AND NARAYANA-
LUCAS NUMBERS

In this section we define generalized Narayana matrix sequence and investigate its prop-

erties.

Definition 6.1 For any integer n > 0, the generalized Narayana matriz (V,,) is defined

by

Vn = Vn—l + Vn—3 (61)
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with initial conditions
Vi Vo=V Vo
Vo = Vo i-Wo Vo=V |,
Vo—Vi W+Wi=Vy Vi—V

Vo W Vi
i = | Wi -1 W :
Vo i—=W Va—V4
VotV Vi 15
Vo = Va oo Wi
Vi V=V VW

The sequence {Vy,}n>0 can be extended to negative subscripts by defining

V_n=-V_(n—2) +V_(n-3
forn =1,2,3, ... respectively. Therefore, recurrence (6.1) holds for all integers n.

Three special cases of generalized Narayana matrix sequence (take V,, = N,,V, =

Un, Vi, = H,, respectively) can be defined as follows.

Definition 6.2 For any integer n > 0, the Narayana matriz (N,) and Narayana-Lucas

matriz (Uy,) and Narayana-Perrin matriz (H,) are defined by
No = Nooi +Ns,

Uy = Up1 +Uys,

H, = Hp-1+Hns,

respectively, with initial conditions

100 101 111
No=1]lo1o | M=[100]|M=|101/]/],

00 1 010 100

1 0 3 1 3 1 41 1
U = 3 2 0 |WUh=]1 0 3 |,U=]131]/[,

0 3 —2 -2 0 1 0 3

0 2 3 2 3 0 50 2
Ho = | 3 -3 2 |\ Hai=|0 2 3|, Ha=]|2 30

2 1 -3 3 -3 2 023




The sequences {N,}n>0, {Un}nso and {H, },>0 can be extended to negative subscripts
by defining

an = _Nf(n72) + Nf(nf?))a
Uy = —U_(n—2) +U_(n_3),
Hopn = —H_o(moo)+H_n-3),

for n = 1,2, 3, ... respectively.
The Narayana matrix (N, ) and Narayana-Lucas matrix (U,,) were defined and studied in

27].

The following theorem gives the nth general terms of the generalized Narayana matrix

sequence.

Theorem 6.1 For any integer n, we have the following formulas of the generalized

Narayana matrix sequence:

Vn+1 Vn—l Vn
Vn = Vn Vn,Q Vn,1 (62)
anl Vn73 an2

Proof. Suppose that n > 0. We prove (6.2) by strong mathematical induction on n. If
n =0 then, since V_1 = Vo — Vi, V.o, =V — Vo, V_3 =V + V] — V5, we have

Vi Vi W Vi Vo=V Vo
Vo= Vo Voo Vo | = Vo i—Vo Vo=V
Vo Vg Vo Vo=Vi Vo+Vi—=Va Vi—V
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which is true. Assume that the equality holds for n < k. For n = k + 1, we have

Vit

Thus,

Vi + Vi—2
| Vicr Vs Vi
Vo Vel Vieer [+ Vi Viea Vies
Vicr Vs Vo Vies Vs Via
Vicr + Virr Vi +Vies Vit Vo
Vit Vi Via+Via Vi +Vis
Vicr+ Vs Vs + Vs Vo + Viy
Vire Vi Vi
Vier Vier Vi
Vi Vik—a Vi
Vi1 Virior o Vin
Vitr  Viti—2 Viiia
Viti-1 Vipios Vi

by strong induction on k + 1, this proves (6.2).

For the case n < 0, similarly,(6.2) can be proved by strong mathematical induction on n.

0J

The following theorem gives the nth general terms of the Narayana, Narayana-Lucas and

Narayana-Perrin matrix sequences.

Corollary 6.1 For any integer n, we have the following formulas of the matriz sequences:

N, =

Npt1 Npo1o Ny,

N, N, N,1 |
Nn—1 Nyp_3 N,
Unt1 Un1 Uy

U, Uy, U, |,
U1 Uss U,
Hpyw Hopon  Hy

H, H,, H,
Hy, 1 Hp3 Hpo

We now give the Binet’s formula for the generalized Narayana matrix sequence.
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Theorem 6.2 For every integer n, the Binet’s formula of the generalized Narayana ma-

triz sequence are given by
V, = Aa" + BB" + Cy"

where

aVy +ala— 1)V +V B BV + B(B— 1)V + Vo c— Ve t+y(y =DVi+ W

A= e @=p BB-7)B—a) Ty =08y —a)

Proof. We need to prove the theorem only for n > 0. By the assumption, the character-

istic equation of (6.1) is #® — 2> — z — 1 = 0 and the roots of it are o, 3 and . So it’s

general solution is given by
V, = Aa" + BpB" + Cy".

Using initial condition which is given in Definition 6.1, and also applying lineer algebra
operations, we obtain the matrices A, B, C' as desired. This gives the formula for V,,. O
The following theorem gives the Binet’s formulas of the Narayana, Narayana-Lucas and

Narayana-Perrin matrix sequences.

Corollary 6.2 For every integer n, the Binet formulas of the Narayana and Narayana-

Lucas matrixz sequences are given by
Nn = Ala" + Blﬁn -+ Cl’yn,

U, = Axd" + Byf" + Con",

H, = Aza"+ Bsf" + Csy",

where
A = alNs + ala — 1N + N B — BNz + B(8 — 1N+ Ny
al@=7)(e=p) BB=7)(B—a)
C, = ’YNQ‘I—’Y(’}/—l)Nl + No A2:CYUQ+OZ(Q—1)U1 + Uy
TOy=B8)(y—a) afa—7)(a=p)
B, — BUy + B(B — 1)Uy + Uy Cn YUy + (v — 1)Uy + Uy
BB=7)(B—a) YOy=B8)(y—a)
A3 _ OCH2+05<OC_1)H1+H0 Bgz 5H2+5(ﬁ—1>H1+H0
al@=7)(@=p) BB-=7B-a)
03 . ’YHQ —|—’7(’7 - 1)H1 —f-Ho.
vy =8) (v — )
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The well known Binet formulas for generalized Narayana numbers is given in (1.33). But,
we will obtain these functions in terms of generalized Narayana matrix sequence as a
consequence of Theorems 6.1 and 6.2. To do this, we will give the formulas for these
numbers by means of the related matrix sequences. In fact, in the proof of next corollary,
we will just compare the linear combination of the 2nd row and 1st column entries of the

matrices.

Corollary 6.3 For every integers n, the Binet’s formulas for the generalized Narayana

numbers s given as
bla” i bgﬂn 4 bg’}/n
(@=PB)a=7) B-a)B-7) G-a)ly=7)

V, =
where
by =Va= (B+NVi+ W0, ba=Va— (@ +7)Vi+aVo, by =V — (a+ B)Vi + bV
Proof. From Theorem 6.2, we have

V, = Aa"+ Bg" 4+ Cy"
OéVQ—I—Oé(Oé—l)Vl—FVO n BVQ—FB(ﬁ— 1)V1—|—V0

- ala—7)(a—p) iy’ B(B—=7)(B~—a) &
+7V2+7(7—1)V1+VO "
Y(y—=B) (v —«a)
" oo | Ml D
ﬁn—l
Ee G | o
+(7—g;(7—a) WD

(we only write the 2nd row and 1st column entries of the matrices). By Theorem 6.1, we
know that

Virr Vo +Vur W
Vi = Vi Vi +Vie Vi

Vier Vo + Vg Vo
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Now, if we compare the 2nd row and 1st column entries with the matrices in the above

two equations, then we obtain

V, = (a_7)<&_5)(a%+a(a—1)m+%)
ﬂnfl
TR AR G R O
,yn—l
+W—5M7—aﬁﬂé+7ﬁ—1ﬂﬁ+%)

bia" by 3" n bsy"
(a=B)la=7) B-a)B-7) (G- -0)

where

by =Vo— (B+7)Vi+ByVo, ba =Vo— (a+7)Vi +aryVy, by = Vo — (a+ B)V1 + afVh.

Note that
Votalo-1)VitVo = alVat(@-1)Vi+ 1)
= a(Va— (B+ NV + B7V) = ab,
B4 B(B—D)VitVy = 5(‘/2+(5—1)V1+%V0)
= B(Va—=(a+7)V1+ayVp) = Bba,
Warr(G=DVite = (et (=it V)
( (

= (Vo — (a+ )V + aBVp) = bs.

OJ

Now, we present summation formulas for the generalized Narayana matrix sequence.

Theorem 6.3 For all integers m,j we have

k=0 mk+j [Ln +‘(1 _-L[”n)<_ 1 |

Proof. Note that

[asy

n—1 n—
D Vi = (A 4 BT 4 077
=0

_famm—1 (-1 S -1
A« (am_1>+Bﬁ (5,”_1 + Cy po—

Simplifying and rearranging the last equalities in the last two expression imply (6.3) as

I
o

required. [
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As in Corollary 6.3, in the proof of next Corollary, we just compare the linear combination
of the 2nd row and 1st column entries of the relevant matrices to obtain summation

formula for the generalized Narayana sequence..

Corollary 6.4 For all integers m, 7 we have

n—1
Z V, — an+m+j + an—m+j + (1 - Um)vmn+j - Vm+j - ‘/}—m + (Um - 1)‘/;
Ly TR Un+ (1 =U_p)—1 '

We now give generating functions of V), .

Theorem 6.4 The generating function for the generalized Narayana matrix sequences is

qguven as

1—2—2a3

io: ann - V() + (Vl = V())ZE + (VQ — Vl)ZL’Z
n=0

@11 Qai12 Q13

1

= | axn ax a
1 — 72— 23 21 QG22 (23

a31 aszz G33

where

ay = Vot +(-Vi+ W)z + W
asn = (-Vi+W)2*+(-Vo+Vi)z+ W

azi = (=Vo+W)2®+(V+WVi—-Vo)x—Vi+V,

a;g = (-Vo+W)22+ (Vo+Vi—=Va)z—Vi+V,
4y = (Vo+Vi—Wa)a?+(Vo—2Vi+Wa)z —Vo+ W
azs, = Vo+Vi—Vo+a? (Vo—2Vi+ Vo) + 2 (Vo — 2Vp)

ay = (Vi+W)2+(-Vo+WV)az+ 1,
ass = (—Vo+ Vi) + (Vo+Vi—Va)z—Vi+ Vs
azz = (Vo+Vi—W)a*+(Vo—-2Vi+ W) o —Vo+ W

Proof. Suppose that g(xz) = > 7 V,z" is the generating function for the sequence

{Vs}n>0. Using the definition of the matrix sequence of generalized Narayana numbers
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(6.1), and substracting x o2 (V2" and 2® >"°2 (V2™ from Y oo V,a" we obtain
o0 o0 o0 o0
j—— V" = V" —x Vo' — 2® V,z"
(
n=0 n=0 n=0 n=0
o0 [o¢] o0
= Z Vyx" — Z Vo — Z Va3
n=0 n=0 n=0
o (o @] o0
H SIS SONPR po
n=0 n=1 n=3
o0

= (Vo +Viz+Var?) = Vo + V12?) + > (Vo = Vot — Vas)a”
n=3

= V() + le + V2$2 — V[).I' — V1$2

= VO + (Vl — Vo)ZL‘ + (Vg — Vl)l"?.

Rearranging above equation, we obtain

n Vo + (Vl — Vo).?? + (VQ F— V1)$2
> V=
1—x—2a3
which equals the )" V,2" in the Theorem. This completes the proof. [
The following corollary gives the generating functions of the Narayana, Narayana-Lucas

and Narayana-Perrin matrix sequences.

Corollary 6.5 The generating functions for the Narayana, Narayana-Lucas and Narayana-

Perrin matrix sequences are given as

1 x? x
OON n 1 2
Z nr = e r 1—=x z )
n=0

2 r—22 1—=x

3x2+1 3r — 212 3 —2x
e 1
U = ————=| 3-2¢ 324+2w-2 3r-22 |,
—~ l—z—=x

3r—22% 222 —5r+3 32422 —2

32?2 + 22 —3x*+x+2 222—-3x+3
> 1
ZHTLZEn = m 21‘2—3QJ+3 .%'2—|—5l'—3 —3&324-33'—1-2
n=0

32 4+x+2 baxt—4xr+1 22+5x—3

The well known generating function for generalized Narayana numbers is as in (1.50).
However, we will obtain these functions in terms of generalized Narayana matrix sequences

as a consequence of Theorem 6.4. To do this, we will again compare the the 2nd row
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and 1st column entries with the matrices in Theorem 6.4. Thus we have the following

corollary.

Corollary 6.6 The generating function for the generalized Narayana sequence {V,} is

given as

n=0

1—a2—2a3

Using Theorem 6.1 and Corollary 6.1, we see that

Vo Vi—VWo Vo=V

Vo = Vo—Vi W+Vi—V, Vi—VWo )
Vi—Vo =21 +V; Vo+Vi—V;

Vo -0 Vo+Vi—=V, Vi—=Vo

Voo = Vi-Vo Vo—2Vi+Va Vo+Vi—-Va |,
Vo+Vi—=Vo Vo2V  Vp—2V1+ 1V}

and
0 1 0 0 0 1
Ny = 0 0 1 |,Ne=1]1-1 0 [,
1 -1 0 0 1 -1
3 -2 0 0 3 -2
U, = 0 3 -2 |, U= -2 2 3 |,
-2 2 3 3 -5 2
3 -3 2 2 1 -3
Hoy = 2 1 -3 | Hao=] -3 5 1
-3 5 1 1 -4 5

We now give generating functions of the generalized Narayana matrix sequence V,, for

negative indices.
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Theorem 6.5 For negative indices, the generating function for the generalized Narayana

matrix sequence is given as

i V. " = VU + (VO + V*l)x + (Vfl + V72)gj2
n=0

1+2—a3
1 bll b12 blS
T e | b b

b31 b32 b33

by = Vo—-Vi+W) 22+ V+WV)z+W,
byy = (—%+‘@)$2+(%—‘/1+‘/2)I+%
by = Vo—Vi—a(Vo— Vo) — 2% (Vo —21))

bio = Vo—Vi—a(Vo— Vo) —a®(Vy — 21%)
byy = Vi—Vp—a(Va—2V3) —a® (Vi — 2V})
bis = Vo+Vi—Va—a (Vi —2Vp) — a® (Vp + 2V — 2V5)

s = (“Vo+Vo)a®+ (o —Vi+Va)z+ Vo
by = Vo—Vi—a(Vo—Vo)—a® (Vo —21A)
by = Vi—Vo—a(Va—2V1) —a® (Vi - 2Vp)
Proof. Then, using Definition 6.1, and adding zg(z) to g(z) and also substracting 23¢g(x)

we obtain (note the shift in the index 7 in the third line)

(1+z—a2Yg(x) = i V_,z" +x i V_,at — 28 i V_,z"
n=0 n=0 n=0
— i V_,x" + i YV, — i Va3
n=0 n=0 n=0
= Z V_nJTn + Z V_n+1$n — Z V_n+3$n
n=0 n=1 n=3

= (Vo4 Voiz +Vooz?) + Vor + V_127)
+ Z(an + V*ﬂri’l - an+3)xn
n=3

= (Vo+Vz+V_92?) + Vox + V_127)

= Vo + (Vo + V_l)ZL‘ + (V_l + V_2)$2
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Rearranging above equation, we get

. Vo + (VO + V,1)$ + <V71 + V,Q)LEZ
N 1+x—23

g9()

which equals the Y >° /V_,2" in the Theorem. [
The following corollary gives the generating functions of the Narayana, Narayana-Lucas

and Narayana-Perrin matrix sequences with negative indices .

Corollary 6.7 The generating functions for the Narayana, Narayana-Lucas and Narayana-

Perrin matriz sequences with negative indices are given as

r+1 2?4 x?
> 1
ZN_TLLE” = m x2 —$2+x+1 $2+:U )
n=0

Tl —x —*+z+1

32 +4x +1 x? — 2 —222+3x+3
> 1
ZZ/{_nLE” Sl P 222 +3x+3 b5xl4+x—2 2 — 2 ,
o r—x

x? — 2x —3z2+5x+3 52+ —2

522 + 3z 22—z +2 —22+5x+3
> 1
ZH_nIn = ﬁ —224+5r+3 622—-2x—3 222 —x+2 ,
—~ T —x

222 —x+2 224+6x+1 622—2x-—3

respectively.

Now, we will obtain generating functions for generalized Narayana numbers in terms of
generalized Narayana matrix sequences with negative indices as a consequence of Theorem
6.5. To do this, we will again compare the the 2nd row and 1st column entries with the

matrices in Theorem 6.5. Thus we have the following corollary.

Corollary 6.8 The generating functions for the generalized Narayana sequence {V_, }n>0

18 given as

iv xn_‘/()+(‘/()—‘/1+‘/§)x+(—%+\/2)x2
o o 14+2—a3 '

The previous corollary gives the following results as particular examples.
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Corollary 6.9 Generated functions of Narayana, Narayana-Lucas and Narayana-Perrin

numbers with negative indices are

o 2

SN =
142 —23
n=0
- 3+ 3z — 222
N
~ l+z—=x
- 3+ 51 — 2
S H o = Shor =
14z —23
n=0
respectively.

6.2 SOME IDENTITIES

In this section, we assume that m and n are arbitrary integers, unless otherwise men-
tioned. In this section, we obtain some identities of generalized Narayana and Narayana,
Narayana-Lucas and Narayana-Perrin numbers. We need these identities in the next

section. First, we can give a few basic relations between {V,,} and {N,}.
Lemma 6.6 The following equalities are true:

(@) Vo= (Vo+ Vi = Vo) Ny + (Vo = 2V0) Nipys + (Vo — 2Vi + V3) Niyps.

(b) V= (Vi = Vo)Nnys + (Vo — 2Vi + Vo) N2 + (Vo + Vi — Va) Ny

(€) Vi=(Va=Vi)Nuj2 + (Vo + Vi = Vo) N1 + (Vi — Vo) Ny

(d) Vi =VoNnsr + (Vi = Vo) Ny + (Vo = Vi) N1

(e) Vi, =ViN,+ (Vo = Vi)N,o1 + VoN, o

Proof. Note that all the identities hold for all integers n. We prove (a). Writing
Vi=aX Npig+bXxX Nyizs+cXxX Npyio

and solving the system of equations

‘/0 = CLXN4+b><N3+CXN2
Vi = axNs+bx Ny+cx Ns

Vo = ax Ng+bxNs+cx Ny
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we find that a = Vo + Vi — Vo, b = Vo — 2V, ¢ = Vi — 2V; + V. The other equalities can
be proved similarly. [J
Note that all the identities in the above lemma can be proved by induction as well.

Next, we present a few basic relations between {N,,} and {V,}.

Lemma 6.7 The following equalities are true:

(@) (VE+VeVa+ VoV =3VoViVa+ VEH VRV, —2ViVE + VRN, = (Vi = ViVa—=VoVi) Vgt
(‘/'12 +WViVa+WVi — ‘/22 — %‘/Q)Vn+3 + (%2 + WLV — ‘/1‘/2)‘/71+2

(b) (V§ + V5Va+ VoV = 3VoViVa + VPP + ViV, = 2V 4 VPN, = (V= VoVa) Vius +
(V5 +VaVo = ViVa)Voya + (V3 = ViVa — VoVi) Vi

() (VE+VRVat VoV —3VoViVet Vi + VRVa— 2ViVZ 4 VRN, = (V2 + V2~ VaVi)Viya +
(Vi = ViV = VoVi)Voyr + (V2 — o W2) V.

(d) (V5 + ViVa+ WV = 3VoVaVa + VP + ViV, — 2V 4+ V)N, = (Vi = VoVi + V7 —
2iVa + V) Vas1 + (V2 = VoVo)Va + (V2 + V2 = VW)V

() (V& +ViVa+ VoV = 3VoWiVa + VP + VEVa = 2V V3 + V)N, = (V3 = VoVi — VoV +
2‘/12_2‘/1%+‘/22)Vn+(‘/()2+‘/12_‘/2‘/'1)‘/”_1+(%2_%‘/v1+‘/12_2‘/1‘/2_'_‘/22)‘/”_2

Now, we give a few basic relations between {V,,} and {U,}.

Lemma 6.8 The following equalities are true:

(a) 31V, = (Vo — 14V; + 11Va)Upsa + (10Vp + 15V; — 14V5) Uy + (10V; — 14Vy + Vo) Uy o
(b) 31V, = (11Vp + Vi — 3Va)Unss + (10Vi — 14V + Va)Upyo + (Vo — 14V + 11V3) U1
(c) 31V, = (11V; — 3V — 2Va)Upio + (Vo — 14V4 + 11Va)Upy + (11Vp + Vi — 3Va)U,.
(d) 31V, = (9V, — 3Vy — 2Vp)Upy + (11Vy + Vi — 3V5)U, + (11V; — 3V — 2V5) U, 1.
(e) 31V, = (9Vp — 2V; + 6Va)U,, + (11V] — 3V — 2V5)U,, 1 + (9Va — 3V — 2V) U, —a.

Next, we present a few basic relations between {U, } and {V,}.
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Lemma 6.9 The following equalities are true:

(a) (VE+VEVa+VoV2=3VoViVa+ V2 + V2V, =2V VE+ VAU, = (V2 +2Vi Vo +2Vp Vi —
2V — 3VoVa)Vira + (BVE — 2VoVi + 5V Vo — 2V — 5Vi Vo + 2V V, 3 + (—2V§E —
2VoVa — 3ViVp + 3V2 — ViVa) Voo

(b) (V@& + V@Va+ VoV =3VoWiVa+ V2 + VAV, — 2V VE+ VU, = (BVE + Vi + 2V Vo —
3ViVa)Voys + (—2Vig — 2V Vo — 3ViVo + 3V5 — ViVa) Viss + (BVE — 2V + 2V V) —
3VoVa + 2V1V2)Vn+1-

() (VE+VeVat VoV =3V ViVat VP VPV —2ViVE+ VU, = (V7 =3V Vi VE =4V Vot
3V Vo + BV 2V Vot 20V —2V3 —BVoVa) Vi + (BV5 + 2Vl VE =315V Vs

(d) (V@E+VEVa+VoV2=3VoVi Vot VE+V2Va—2Vi VR4 VAU, = (VE—VoVi =3V Vo +4V2 —
2V1 Vot V) Vi1 +(3VEH2Va Vo + V2 =3Va Vi) Vi + (VE =3V Vi + V2 =4V Vo + 3V V.

(e) (V5 + ViV + VoV = 3VoVala + VP + ViV, — 2VVE + VYU, = (4V5 = VoV = VoVa +
BVE = 5ViVa+ VAV + (VE — 3VoVi + V2 — 4ViVa + 3V2) Vit + (VE = VoVi — 3VoVa +
4‘/12 - 2‘/1‘/2 + ‘/QQ)VH,Q.

Now, we give a few basic relations between {V,,} and {H,}.

Lemma 6.10 The following equalities are true:

(a) 53V, = (15Va—11V4—10Vp) Hy y 4+ (25Vo+ Vi —11V3) Hyy 5+ (25V3 — 11V —10V2) H,, 5.
(b) 53V, = (15Vp—10V1+4Va) H,p i 34+(25V1 —11Vo—10Va) H,p 0+ (15Vo— 11V —10Vh) Hyp 1.
(c) 53V, = (4Vp+ 15V; — 6V3) Hypso + (15Va — 11V; — 10Vp) Hyper + (15V — 10V; +4Va) H,.
(d) 53V, = (4Vi — 6Vp + Vo) Hyo1 + (15Vp — 10Vi + 4Va) H,, + (4Vp + 15Vi — 6V5) Hy_ 1.
(e) 53V, = (9Vp — 6V4 + 13V5)H,, + (4Vo + 15V) — 6Va)H, oy + (4V4 — 6Vh + 9V5) H,—o.
Next, we present a few basic relations between {H,} and {V,,}.

Lemma 6.11 The following equalities are true:
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(a) (V& +VEVa+VoV2 —3VoViVa+ VE+ V3V, — 2V V2 + V) H,, = (2V2 +3VpVi — VoVa +
V2 + ViV — 3V2)Viyya + (V2 — BVoVh + AV Vs — BV — 6ViVa + 5V2) Vs + (—3V2 —
VoVi — 5VoVa + 2V2 + 2Vi Va + V) Vs,

(b) (V& + ViVe + VoV = 3VoViVe + Vi + VPVe — 2WiV3 + Vi) H,, = (3VF + 3VoVa —
2AVo + 2VF = 5ViVe)Vass + (=3VE — VoV — 5VoVa + 2V2 4 2ViVh + V)V +
(2VE2 + 3VoVi — Vol + 3V + ViV — 3V2) Vi1,

(c) (VP+VEVa+ W V2 =3VoWiVa+ VP +VEV, =2V VE+ VP H, = (2VE -3V Vo —3VpVi+
3V3 = 2VoVa) Vo + (2VE +3Vo Vi — Vo Vo + 3VE+ Vi Vo — 3VE) Vs + (BVE 43V Vo —
2ViVo + 2V5 = 5ViVa) V.

(d) (V@ +VEVa+VoVE=3VoVi Vo + VE+ V2V —2ViV2+ V3 H,, = (2VE — 3VoVy+ 5V —
2VuV)Vaga + (BVE + 3VoVa — 2V1 Vg + 2V — BV VL)V, + (2V2 — 3V Vs — 314 Vh +
3VZ — 2VoVa) Vs,

(e) (V& +VeVat+ VoV =3VoViVa + Vi + V2V, —2Vi V2 + V) H,, = (5V — 2V Vi + 5V —
TViVa+2V2)V, + (2V2 — 3V1Va — 3V Vi + 8V — 2V Vo) Vg + (2V2 — 3Va Vo + 512 —
2‘/2‘/1)‘/71—2

6.3 RELATION BETWEEN GENERALIZED NARAYANA MATRIX SE-
QUENCES AND IT’S SPECIAL CASES

In this section, we assume that m and n are arbitrary integers, unless otherwise mentioned.
The following theorem shows that there always exist interrelation between generalized

Narayana and Narayana matrix sequences.

Theorem 6.12 For the matriz sequences {V,} and {N, }, we have the following identi-

ties.
(a) Vn = (% + ‘/1 - ‘/2)-/\[71+4 + (‘/2 - 2%)Nn+3 + (‘/0 - 2‘/1 + ‘/Q)Nn-‘r?'
(b) Vo = (Vi = Vo)Niuis + (Vo — 2Vi + Va)Npyo + (Vo + Vi — Va)Np 1.

(€) Vi=(Va = Vi)Nuj2 + (Vo + Vi = Vo)Noy1 + (Vi = Vo).

46



(d) Vn = ‘/ONn—i—l + (‘/1 - %)Nn + (‘/2 - ‘/I)Nn—l-
(e) Vi =ViN, + (V2 - Vl)Nn—l + VoN,—a.

(£) (VE+ViVa+ W VE=3VoViVa+ VP + VAV, 2V VZ+ VAN, = (Vi =ViVa—VoVi)Vura+
(V2 +ViVa+ VoVi = VE = VoVa) Vs + (VE + VaVo — ViVa) Vs

(8) (V&' +V§Va+ Vol = 3VoValh + VP + VEVa — 2V + V)N, = (V2 = VoVo) Vags +
(V5 + VaVo = ViVa)Vusz + (V5 = ViVa = VoVi)Vara.

(h) (V@ +VEVa+ VoV =3V ViVa+- VP + VEV, = 2ViVE + VRN, = (VE+VE = VaVi) Vg +
(V2 = ViVa = VoVi)Vuir + (V2 = VoVa)V.

() (V5 + V5V + VoV = 3VoWiVa + VP + ViVL — 2ViVE + V3N, = (Vi — Vi + V7 —
2ViVa + V&) W1 + (V2 = VoVa)Vu + (Vi + V2 = VaVA) Vs

G) (V@ +VERVa+ VoV = 3VgViVa + V2 + VAV, — 2V VR + VRN, = (V2 = VoWi — VoV +
2VE —2ViVo+ VAWV, + (Vi + VE—=VoVi)V,q + (Vi — VoV + V2 =2V Vo + V2V, s

Proof. From Lemmas 6.6 and 6.7, (a)-(j) follow. OJ
The following theorem shows that there always exist interrelation between generalized

Narayana and Narayana-Lucas matrix sequences.

Theorem 6.13 For the matriz sequences {V,} and {U,}, we have the following identi-

ties.

(a) 31V, = (Vo — 14V + 11Va) Uy g + (10Vp + 15V; — 14Va) Uy 5+ (10V4 — 14Vy + Vo)l so.

(b) 31V, = (11Vo + Vi — 3Va)Upys + (10Vy — 14Vh + Vo)l o + (Vo — 14V4 + 11Vo) Uy 1.

(c) 31V, = (11V; — 3V — 2Va)lUnsa + (Vo — 14V4 + 11Va)lUpyr + (11Vo + Vi — 3Va)U,..

(d) 31V, = (Vs — 3Vi — 2Vo)Ups1 + (11Vo + Vi — 3Va)Uhy, + (11V4 — 3V — 2Va)Uyu_1.

(€) 31V, = (9 — 2V + 6Va)ly, + (11V — 3V — 2Vo)lUy_1 + (9 — 3V4 — 2V Uy .
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(F) (VE+VEVa+VoVE=3VoViVa+ V2R + VAV, —2ViVE+ VAU, = (BVE+2Vi Vo + 2V, V) —
2V = 3VoVa)Viya + (BVE — 2VoVi + 5VpVa — 2V — 5ViV, + 2VE ) Vs + (=21 —
2VoVa — 31V + 3V — ViVa) Vo

(&) (V&+ViVa+VoV2=3VoViVa+ VP2 + VRV = 2ViVE + VAU, = (3VE + V2 + 2V, Vs —
3ViVa)Voss + (—2V2 — 2VpVa — 3ViVp + 3V2 — ViVa) Voo + (3VE — 2V2 + 21 V4 —
3VoVa + 2V1V2)Vn+1-

(h) (VE+VeVa+ VoV =3VoViVa+ VP +VEV, =2V VE+ VAU, = (Vi =3VoVi+ VP —4V1 Vo +
3V Vo + (BVE+2Vi Vo +2Vo Vi — 2V =3V Vo) Vit + (BVE+2Va Vo + V2 =3V V1)V,

(1) (V§+VEVat VoV =3VoViVat VP VEVa =2V VR VU, = (Vi = VoVi =3V Vo +4V7 —
2ViVat V3 ) Vo + (V7 +2VaVo+ V2 =3V V)V, + (Vi = 3Vo Vi + V=4V Vo 3VE) V.

G) (V@+VEVa+ VoV —3VgViVa + V3 + V2Vy — 2 VE+ VAU, = (4VE — VoVi — VoV +
SVE—5ViVo+ VRV, + (VE = 3VoVi + VE—4AVi Vo + 3V WV, 1+ (VE = VoVi — 3V Vo +
4V2 = 2ViVo + V2 Vo a.

Proof. From Lemmas 6.8 and 6.9, (a)-(j) follow. [
The following theorem shows that there always exist interrelation between generalized

Narayana and Narayana-Perrin matrix sequences.

Theorem 6.14 For the matriz sequences {V,} and {H,}, we have the following identi-

ties.

(a) 53V, = (15Vo—11Vi —10Vo) Hysa+(25Vo+ Vi —11Va)Hy 3+ (25V1 — 11V — 10V2) H 0.
(b) 53V, = (15Vo—10V1+4Vo)H, i 3+(25Vi—11Vo—10Vo ) Hyy o+ (15Vo—11V1—10Vo ) Hopa 1 -
(c) 53V, = (4Vo+15V] —6Vo)Hyqo+ (15Ve — 11V) — 10Vo)Hyp i1 + (16V — 10V +4Vo ) H,,.
(d) 53V, = (4Vh —6Vy + 9Va)H, i1 + (15Vh — 10V) + 4Vo)H,, + (4Vo + 15V) — 6V2)H,,— 1.
(e) 53V, = (9Vp — 6Vi + 13Va)H,, + (4Vh + 15V4 — 6Va)H, 1 + (4V1 — 6V + Vo) H,,—s.

(£) (V@ +V2Va+VoV2 —3VoViVa+ V2 + V2V —2ViVE + VR YH, = (2VE +3VoVi — VoV +
SVE+VIVa—3VEVia+ (VE—5VoVi +4Vo Ve — 3VE =6V Vo + 5VE)V, 3+ (—3VE —
VoVi —5VoVa + 2V + 2V Vo + VE )V io.
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(&) (V& + VVa + VoV — 3VoWiVa + V{2 + V2V — 2ViV2 + VRYH,, = (3V3 + 3Vplh —
2iVo + 2V2 — 5ViVa)Vays + (—3V2 — VoVi — BVpVa + 2V2 + 2Vi Vs + V)V ia +
2V + 3VoVi — VoVa + 3V2 + ViV — 3V V1.

() (Vi + VEVe + Vol = 3VoViVe + Vi + VVe — 2ViV3 + V)M, = (27 — 3V1Ve —
BVoVi+3V5' = 2VoVa) Voo + (V5 +3VoVi = VoVa 43V 4+ ViVa = 3V Vo + BV +
3VoVa — 2ViVg + 2V5 = 5ViVa) V.

(1) (V& +VEVa+VV2 —3VoViVa+ Vi + V2V — 2VIVE + VY H, = (2VF — 3VaVp + 5V —
2VoVi) Vi1 + (BVE + 3VoVa — 2V Vg + 2V — 5ViVL)V, + (2V2 — 3ViVh — 314 V4 +
3V2 — 2VpVa) V1.

() (V& +VeVa+VoVE = 3VoViVa+ VP2 + V2V, — 2ViVE + Vi3 Y H, = (BV — 2VoVi 4 5V —
ViV +2VR)V, + (2V2 — 3Vi Vo — 3V Vi + 3V2 — 2V Vo) Vot + (2VE — VoV + 5V —
2V5Vi)V, o

Proof. From Lemmas 6.10 and 6.11, (a)-(j) follow. O

To prove the following Lemma 6.16 (c) we need the next lemma.

Lemma 6.15 Let A, B,C as in Theorem 6.2 and Ay, B1,C1; Aa, By, Cy; Az, B3, C3 as in
Corollary 6.2. Then the following relations hold:

A2 = Ay, Bi =B, O} =0y,

AB = BA=AC=CA=CB=BC=(0),
AB, = BjA; = AC, = C1 Ay = C,B, = B,C, = (0),
AyBy = ByAy = AyCy = CyAy = CyBy = ByCy = (0),
A3Bs = BsAs = A3Cs = C3A3 = C3Bs = B3Cs = (0).

Proof. Using a+ 8 +v =1, af + ay+ By =0 and afSy = 1, required equalities can be

established by matrix calculations. See also [27]. [
Lemma 6.16 For all integers m and n, we have the following identities.
(a) MoV, =V, Ny = V..

(b) VoN, = NV = V.
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(¢) NoNow = NuNiw = Nongn.-

(d) NV = VN = Vi

(e) Ny, = UNoyy = Upin.-

(f) NoH, = HoNo = Hin.

(8) VoV, =V, )Vo.

(h) V.V, =V Vo = VoVisn-

(i) Moy =N, L

(@) Voo = Wo)' (V)"

Proof. Identities can be established easily.
(a) Since N is the identity matrix, (a) follows.
(b) It can be seen by using Lemma 6.6.

(c) (c) is given in [27]. We supply the proof for completeness. Using Lemma 6.15 we

obtain

NN = (Ara™ + B g™ + Ciy™)(Ara™ + B1f" + C1y")
= Ala™t" 4+ B 4+ O3y + A Bia™ 8" 4 BiAio" 3"
+A41C1a"y" + C1A1a"y™ + B1C1 ™" + C1B1 "™
= A" 4 BT 4+ Oyt

= Nm—l—n-

(d) From (b), we have
NV = N Nolhy.

Now from (c) and again from (b), we obtain N,,V, = Nyt Vo = Vinin.

It can be shown similarly that V,N,, = Vinin.
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(e) Take V, =U, in (d).

(f) Take V, =H, in (d).

(g) After matrix multiplication, just compare the row and column entries of the matrices.

(h) Using (d) and (g) and (b) we get

VOVm+n - VOVnNm - VnVONm - anm

Again, using (d) and (g) and (b), we obtain

VoViin = VoVimlNa = Vi VoNo, = Vi V.

This completes the proof of (h).

(i) Suppose first that n > 0. We prove by mathematical induction. If n = 0 then we

have
-1
1 00 1 00
M=lo1o0o|l=[010 = (Np)™!
0 01 0 01
which is true and
-1
0 1 0 1 01
Na=|o o 1]=[100 = (M)
1 -1 0 010

which is true. Assume that the equality holds for n < k. For n = k + 1, by using
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(c), we obtain

Wipn)™h = NN = (M) T (NG) T = NN

0 1 0 N g1 N1 Ny
= 0 0 1 N,k N,k,Q kafl
1 =10 N_p1 N_jp—3 N_j_

N_;, N_j_o N_p1

= N_j1 N_j_3 N_j_2

Nig—=N_p N_jp1—N_jo N_p—N_,
N N_p2 N_j

- N_j—1 N_jp—3 N_j_o

N 2 Njga N3

N_te+)+1 Noer)-1 Nt

= N_g+1)  Nogrn—2 N_(er1)-1

N_(k+1)-1 N-@s1)-3 N_(ry1)—2
= N—(k+1)

Thus, by induction on n, this proves (g) for n > 0. Suppose now that n < 0. Say

m = —n. Then (g) can be written as

Ny = (N ) !

and we prove this. Since m > 0, from the first part of the proof, we have
N =N)™!

and so

which completes the proof.

(j) Taking —n + 1 for m and 1 for n in VoV, 4y, = ViV, which is given in (h), we obtain
that

VoVon = Vi1 V_1. (6.4)
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If we multiply both side of the equation (6.4) with V, we have the relation

VoVoV_rn = VoV_ni1V1
= V_p2V1V_1.

Repeating this process we then obtain
) VAN VA
Thus, it follows that
Vo, =V, "V
This completes the proof. []
Note that using Lemma 6.16 (j) and (d), we obtain
Vo= (Vo) (V)" = (VN TV = N, TV
and then by Lemma (i), we get
V_, = Nplmnyn
Using Lemma 6.16 and comparing matrix entries, we have next result.

Corollary 6.10 For generalized Narayana, Narayana, Narayana-Lucas and Narayana-

Perrin numbers, we have the following identities:

(@) Vinen = NoVis1 + Now2Vio + N1 Vi1 = Nppid Vo + N1 Vi1 + N Vi o

(b) Npin = NpNpy1+ Ny 2Ny + Ny 1Ny 1 = Nypit Ny + N 1Ny 1 + NNy o,
(¢) Upnin = NuUpi1 + Npp2Up + Ny 1U, 1 = Np1Up + Ny 10Uy 1 + NpyUp s,
(d) Hpsn = NpyHyi1 + NywoH, + Ny 1Hy 1 = Nypy1Hy + Ny 1 Hyy 1 + Ny Hy, s

(e) Vm—i—lvn + Vm—lvn—l + VmVn—Q - van—‘rl + Vm—QVn + Vm—lvn—l - %Vm+n+1 + (‘/1 -
%)Vm+n + (‘/2 - %)Vm—i—n—L

(f) Nm+1Nn + N1 N1 + Ny Ny g = NmNn—H + N2 Ny + Nyt Ny = Nm+n-
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(g) Um+1Un+Um—1Un—1+UmUn—2 = UmUn+1+Um—2Un+Um—1Un—1 = 3Um+n+1_2Um+n‘

(h) Hm+1Hn +Hy, 1 Hy 1+ HyH, 5 = HmHn—H +Hy, oH, + Hyp 1H, 1 = 3Hm+n+1
- 3Hm+n + 2Hm+n71'

Proof. We prove (a) and (e) by using Lemma 6.16 (d) and (h). The others are special
cases of (a) and (e). Lemma 6.16 (d), i.e., N;wVi = VoNi = Vingn, can be writtten as

Vindnt1 Vian-1 - Vingn Npt1 Np—1 N Vitr Voo Vi
Vinin  Vian—2 Viano1 = Ny Npo Ny Vi Vao Vi
Vindn—1 Vinin-3 Vinpn—2 Nm-1 Npz Ny Vier Vs Vo
| A . Nmy1 Npo1 Ny

= Vi Vo Vo N, Np—o N,_1

Vit Vaes Voo N1 Nm-3 Ny

Now, by multiplying the matrices and then by comparing the 2nd rows and 1st columns

entries, we get the required identities in (a).

Lemma 6.16 (h), i.e., V,,V,, = V;, Vi, = VoV 10, can be writtten as

Vier Vet Vi Vit Vi1 Vi
Vi Vieo Vi Vi Vine2 Vinoa
Vit Vaes Vaeo Viner Vines Vo
Vet Vi1 Vi Virr Vet Va
= Vi Vs Vi Vi Vo Vi
Viner Vines Vo Vet Vaes Vo
Vi Vo=V Vo Vitntt Vin-1 Vit
- Vo Vi—V Vo=V Vingn  Vinin-2  Vingn—a
Vo=V o+Vi=Va Vi—=Vj Vinin-1 Vinin-3 Vimin—2

Now, by multiplying the matrices and then by comparing the 2nd rows and 1st columns

entries, we get the required identities in (e). [J

As an application of Lemma 6.16 (i) and Corollary 6.10 (b), we present the following

example.

Example 6.1 For all integers n, we have the following identities.

N_, = N2, = N,N,_»
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and
Nn3+l -+ Ns -+ Ns—l - 2NnNn2+1 + (anl + Nn+1)Nn2 - (3Nn - anl)Nn+1anl - 1

Solution. By comparing the 2nd rows and 1st columns entries of both sides of the relation

N_, = (N,)~! which is given in Lemma 6.16 (i), we get

N2 | — N,N,_s
N, = . . (6.5)
Nn—SNyg - 2NnNn—1Nn—2 + Nn_l - n+1Nn—3Nn—1 + Nn-l—an_Q
Ngfl - NnNn—Q

N2+ N3+ N3 —2N, N2 + (N1 + Noy1) N2 — (BN, — Nyp1) N1 Npy

where we used the identities

Nn = anl iy Nn73 = Nn - anl = Nn737

Nyt = Nud Nops= Npyt — Ny = N,

Using (taking m = n in) Corollary 6.10 (b), we get

Nyp = N2_| + NyNpy1 + NuNp_o. (6.6)
In [19, Corollary 12 (a)], the following formula is presented for N_,, :

N_, =2N? + Ny, — 3N, 1N,,.

which (using (6.6)) can be written as

N_, = N,Nu_s —2N,Np;1 +2N2+ N2_|. (6.7)
Note that

Ng—l - NnNn—2 = (NnNn—Z - 2NnNn+1 + QNS + Ns—l) - 2Nn (Nn - Nn+1 + Nn—2)

= N,N,_3 —2N,N,41 +2N? + N2_|

because N,, — N, 11 + N,,_» = 0. So the rights sides of the equations (6.5) and (6.7) must
be equal. This completes the solution. [l

Theorem 6.17 For all integers m and n, we have the following identities.

(a) VinVn = V'V = (Vl - ‘/2)2Nm+n+4 - 2(‘/1 - V2)(V0 +Vi— V2)Nm+n+3 + (V22 - ‘/12 +
%2 +4VoV1 — 4%‘/2)-/\/‘m+n+2 + 2(Vl - Vb) (Vb + Vi - V2)Nm+n+1 + (Vb - ‘/1)2Nm+n-
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(b) VmVn - anm = (‘/2 - ‘/I)Vm+n+2 + (VE] + ‘/1 - %)Vm—&-n—&-l + (‘/1 - ‘/())Vm+n-
(C) NmVn - VnNm = (‘/2 — Vvl)Nm+n+2 + (‘/0 + ‘/1 — ‘/2)Nm+n+1 + (‘/1 - %)Nm+n

(d) 31NV, = 31V, N, = (11V; — 3Vo — 2Va)Usnio + (Vo — 14V4 + 11Va)Usnis +

(€) 53NV, = 53V, N, = (4Vp + 15Vi — 6Va)Hunsniz + (15Va — 11V4 — 10Vo) Hongnsr +
(15Vp — 10V; + 4V5) Hon -

Proof.

(a) It follows from Theorem 6.12 (c) and Lemma 6.16 (c).
(b) It follows from Theorem 6.12 (c¢) and Lemma 6.16 (d).
(c) It follows from Theorem 6.12 (c¢) and Lemma 6.16 (c).
(d) It follows from Theorem 6.13 (c) and Lemma 6.16 (e).
(e) It follows from Theorem 6.14 (c¢) and Lemma 6.16 (f). O

Note that in Theorem 6.17 we use (c¢)’s of Theorems 6.12, 6.13 and 6.14. Using (a),(b),(d),(e),(f),(g)(h),(
of Theorems 6.12, 6.13 and 6.14 we can establish other recurence relations.

Using Theorem 6.17 and comparing matrix entries, we have next result.

Theorem 6.18 For generalized Narayana, Narayana, Narayana-Lucas and Narayana-

Perrin numbers, we have the following identities:

(a) VmVn+1 + Vm—QVn + Vm—lvn—l - Vm—l—an + Vm—lvn—l + van—Z - (‘/1 - ‘/2)2Nm+n+4 +
2(Va = Vi) (Vo + Vi = Vo) Noppgs + (VG + 4V Vi — 4V Vo — VP2 + V) Ny + (2V1 —
2‘/0) (‘/0 + ‘/1 — ‘/2) Nm+n+1 + (‘/0 - %>2Nm+n'

(b) vmVnJrl + me2vn + melvnfl = Veran + melvnfl + VmVn72 = (‘/2 - ‘/1>Vm+n+2 +
(Vb + vl - %)Vm—&-n—&-l + (Vl - %)Vm—&-n'

(C) van+1+Nm—2Vn+Nm—1Vn—1 - Nm+1vn+Nm—1Vn—l+NmVn—2 - (‘/2_‘/1)Nm+n+2+
(Vb + Vi - %)Nm+n+l + (‘/1 - %)Nm-‘rn-
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(d) 31NVt + Noo Vi + Ny 1 Vieot) = 31(Nypi1Viy + N1 Voot + NonVip_o) = (11V; —

(e) 53(van+1 + Nm—QVn + Nm—lvn—l) = 53(Nm+lvn + Nm—lvn—l + NmVn—Z) = (4‘/0 +
15V — 6Va) Hopnya + (15Vo — 10Vi + 4Va) Hypan + (15Va — 11V4 — 10Vo) Hymsrs1.

Proof. By multiplying matrices and then by comparing the 2nd rows and 1st columns
entries in Theorem 6.17 (a), we get the required identities in (a). The remaining of
identities can be proved by considering again Theorem 6.17. [

Taking V,, = N,, in Theorem 6.18, we obtain the following corollary.
Corollary 6.11 For Narayana numbers, we have the following identities:
(a) NmNn+1 + N2 Ny + Ny 1 Ny = Nm+1Nn + Nne1 N1 + Ny Ny g = Nm+n-

(b) 31(NmNn+1 + W o N Nm—an—l) - 3]-(Nm+1Nn + N1 Npoq + NmNn—Q) =

9Um+n+2 - 3Um+n+1 - 2Um+n

(C) 53(NmNn+1 + NmfZNn + Nmlenfl) = 53(Nm+1Nn + Nmlenfl + NmNn72> =
9Hm+n+2 + 4Hm+n+1 - 6Hm+n

Taking V,, = U,, in Theorem 6.18, we get the following corollary.

Corollary 6.12 For Narayana-Lucas numbers, we have the following identities:

(a) UmUnJrl + Um72Un + UmflUnfl = Um+1Un + UmflUnfl + UmUn72 = 9Nm+n+2 -
12N, i1 + AN .

(b) UmUn+1+Um—2Un+Um—1Un—1 = Um+1Un+Um—1Un—1+UmUn—2 = 3Um+n+1_2Um+n‘

(C) NmUn+1 + Nmf2Un + NmflUnfl = NerlUn + NmflUnfl + NmUan = 3Nm+n+1 -
2N, .

(d) NmUn+1 + Nm—QUn + Nm—lUn—l = Nm+1Un + Nm—lUn—l + NmUn—2 = Um+n~

(e) 53(NmUn+1+Nm—2Un+Nm—1Un—1) = 53(Nm+1Un+Nm—1Un—1+NmUn—2) = 2]-Hm+n+2_
26 H,rns1 + 39H,sn.
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Taking V,, = H,, in Theorem 6.18, we obtain the following corollary.

Corollary 6.13 For Narayana-Perrin numbers, we have the following identities:

(a) HmHn—l—l + Hm—ZHn + Hm—lHn—l - Hm+1Hn + Hm—lHn—l + HmHn—2 - 4]\'fm—l—n—l—4 +
4Nm+n+3 - 11Nm+n+2 - 6Nm+n+1 + 9Nm+n

(b) HmHn+1 +Hy oHy+ Hy 1 Hy oy = Hm+1Hn +Hy 1 Hy o+ HypHy g = 2Hm+n+2 +

Hm+n+1 - 3Hm+n

(C) NmHn+1 + NmfZHn + Nmlenfl = NerlHn + Nmlenfl + Nman2 = 2Nm+n+2 +
Nm+n+1 - 3Nm+n

(d) 31(NmHn+1 =F Nm—QHn F Nm—lHn—l) - 31(Nm+1Hn I Nm—IHn—l + NmHn—Q) -
—13Upinsa + 25Unminss + 270mm .

(e) NmHn+1 + NypoHy + Ny 1 Hyp g = Nm+1Hn + Np1Hyy + Ny Hy o = Hm+n-

The next two theorems provide us the convenience to obtain the powers of generalized

Narayana, Narayana, Narayana-Lucas and Naraya-perrin matrix sequences.

Theorem 6.19 For all integers m,n and r, the following identities hold:

(a) N&" = Nonn,

(b) TTH :N{nNmm

(C) anan+r :Ng :Nzn

Proof. We prove for m,n,r > 0. The other cases can be proved similarly.

(a) We can write N as

N = NN, N, (m times).

o8



Using Theorem 6.16 (c) iteratively, we obtain the required result:

N = NN, N,
—_———

m times
= NopwNNG,.. N,
———
m—1 times

—_———

m—2 times

= J\[(mfl)n-/\[n
= N

(b) As a similar approach in (a) we have
r:rjrl = Nn+1'Nn+1"'Nn+1 - Nm(n—i—l) = NmNmn = Nlefl mn-

Using Theorem 6.16 (c), we can write iteratively N, = NiN;,_1, N1 = MN,, o,
..., No = NiN;. Now it follows that

= NN NN = NN

m times

(c) Theorem 6.16 (c) gives
Nn—an+r - -/\/'211 - NnNn - NT%
and also

Nn—r-/\/n+r — Mn - N2N2'-'N2 - N2n
——

n times

We have analogues results for the matrix sequence V,.

Theorem 6.20 For all integers m,n and r, the following identities hold:
(@) ViuiVisr = V2,

(b) VI = V"N

Proof.

29



(a) We use Binet’s formula of generalized Narayana sequence which is given in Theorem

6.2. So

anr VnJrr - v2

_ (Aan—r + Bﬁn—r + C,yn—r)(Aan—&-r + Bﬁn—&-r + C,Yn—l—r) . (Aan + Bﬂn + C’YH)Q
_ ABan_an—r<ar . 67‘)2 + ACOén_T’Yn_T(OéT - 77’)2 4 BCBn_T’}/n_T(BT - ,yr)2

= 0

since AB = AC = BC = 0 (see Lemma 6.15). Now we get the result as required.
(b) By Theorem 6.19, we have

VgnNmn = VOV()VoNnNnNn
W

m times m times

When we apply Lemma 6.16 (b) iteratively, it follows that

VN = (VN (VolG)...(VolNG)
= V.V, =V,

This completes the proof. []
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