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ABSTRACT

METASURFACE MICROLENS FOCAL PLANE
ARRAYS AND MIRRORS

Onur Akin
Ph.D. in Electrical and Electronics Engineering
Advisor: Hilmi Volkan Demir
January 2017

Lenses, mirrors and focal plane arrays (FPAs) are among the key components
affecting the functionality, performance and cost of electro-optical (EO) systems.
Conventional lenses rely on phase accumulation mechanism for bending wave-
front of light. This mechanism and the scarcity of transparent materials result in
high-complexity, high-cost and bulky EO systems. Conventional mirrors, on the
other hand, are limited by the electromagnetic properties of metals and cannot
be used in certain EO systems. Also, conventional FPAs suffer the fundamen-
tal tradeoff between the optical resolution and optical crosstalk. Metasurfaces,
relying on the concept of abrupt phase shifts, can be used to build a new class
of optical components. However, for realizing metasurfaces, optical resonators
should cover a full O-to-27m phase shift response with close to uniform ampli-
tude response. In this thesis, to develop these metasurface optical components,
nanoantennas that act as unit cell optical resonators were designed and modeled.
A design methodology for building and optimizing these metasurfaces using the
designed nanoantennas was developed. After obtaining the metasurfaces, we suc-
cessfully addressed the problems of optical crosstalk in mid-wavelength infrared
(MWIR) FPAs and weak field localization in mirror contacts. Full-wave simu-
lations confirmed major crosstalk suppression of the microlens arrays to achieve
< 1% optical crosstalk in the proposed metasurface FPAs, which outperforms all
other types of MWIR FPAs reported to date. However, due to intrinsic absorp-
tion losses in metals, the resulting device efficiency was low (< 10%). To solve
this problem, metallic nanoantennas were replaced by dielectric nanoantennas
and the focusing efficiency was dramatically increased to 80%. This is the first
account of high-efficiency low-crosstalk metasurface MWIR FPAs. Full-wave sim-
ulations also confirmed the strong field localization of metasurface mirrors that
can impose a phase shift response close to 0°. The findings of this thesis indicate
that metasurface FPAs and mirrors are highly promising for future EO systems.
Keywords: Metasurfaces, microlenses, magnetic mirrors.
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OZET

METAYUZEY MIKROLENS ODAK DUZLEM
MATRISLERI VE AYNALARI

Onur Akin
Elektrik ve Elektronik Miihendisligi, Doktora
Tez Danismani: Hilmi Volkan Demir
Ocak 2017

Mercek, ayna ve odak diizlem matrisleri (ODM) elektro-optik (EO) sis-
temlerin iglevselligini, performansini ve maliyetini dogrudan etkileyen onemli
bilegsenlerdendir. =~ Konvansiyonel mercekler 1s1gin dalgaoniinii faz biriktirme
mekanizmasiyla biikerler. Bu mekanizma ve saydam malzemelerin yetersizligi,
EO sistemlerin karmagikliginin, maliyetinin ve agirliginin artmasina neden ol-
maktadir. Diger yandan, konvasiyonel aynalar metallerin temel elektromanyetik
ozellikleri ile limitlenmislerdir ve belirli EO sistemlerde kullanilamazlar. Ayrica,
ODM’ler optik ¢oziintirliikk ve optik baglagimin arasindaki temel 6diin nedeniyle
performans kaybina ugramaktadir. Metayiizeyler ani faz kaymalar1 prensibine
dayanmalar1 sayesinde yeni bir optik bilesen cesidinin gelistirilmesine olanak
tamimaktadir. Ancak, metayiizeylerin gergeklenebilmesi igin, tam 0’dan 27’ye faz
degisimini neredeyse tektip genlik degigimi ile saglayabilen optik rezonatorlere
ihtiya¢ duyulmaktadir. Bu tezde, metaytizey optik bilegenleri tasarlamak icin,
birim hiicre optik rezonator gibi davranan nanoantenler tasarlanmig ve mod-
ellenmigtir. Bu metaylizeylerin gerceklenebilmesi ve optimizasyonu icin bir
tasarim yontemi gelistirilmistir. Daha sonra bu metaytlizeyler kullanilarak, orta
kizilotesi bant (OKB) ODM’lerdeki optik baglagim ve kontakt aynalardaki zayif
alan lokalizasyonu problemlerine ¢oziim iiretilmistir. Tam-dalga benzetimleri
optik baglagimin biiyiik oOlgiide baskilandigin1 dogrularken, onerilen metayiizey
ODM’lerin %1’den az optik baglasimimin elde edildigini ve bunun diger OKB
ODM'’lerden daha diigiik oldugunu gostermistir. Fakat, metallerin 6zsel kayiplari
yiiziinden oldukga diigiik verimlilik elde edilebilmigtir (< %10). Bu sorunu
¢ozmek icin metal nanoantenler dielektrik nanoantenler ile degistirilmig ve ver-
imlilik %80’e ¢ikarilmistir.  Bu ilk yiiksek verimlilik, diigiik optik baglagim
metaylizey OKB ODM tiriidiir. Tam-dalga benzetimleri, metaytizey aynalarin

kuvvetli alan lokalizasyonunu da dogrulamigtir. Bu tezdeki bulgular, metayiizey
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ODM ve aynalarin gelecek nesil EO sistemlerinin 6nemli bilegenlerinden ola-
bilecegini gostermektedir.

Anahtar sézcikler: Metaytizeyler, mikrolensler, manyetik aynalar.
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Chapter 1

Introduction

Motivation of seeing one’s own image led to invention of the mirror, which can
be labeled as the first optical component. This invention marked the beginning
of the field of optics around 2000 BC [1]. Different kinds of optical compo-
nents, including various types of lenses and prisms, were designed, developed and
used through the periods of classical Greece, the Roman Empire and the Islamic
Golden age. Between the seventeenth and the nineteenth centuries, a completely
new kind of optical components and systems emerged through studies of science
pioneers including Galileo, Newton, Huygens and Fresnel. These inventions led
to the major improvements of their age besides the realm of optics and revolu-
tionized our understanding of the universe. Finally, following the breakthrough
discovery of electricity, the integration of the field of optics and electronics paved
the way for development of complex electro-optical components and systems such
as electro-optical (EO) imaging systems.

EO imaging systems typically operate in the visible and near-infrared bands
of the electromagnetic spectrum while the operation of the infrared (IR) imaging
systems is commonly the far-infrared region. The optical transmission properties
of the atmosphere, however, divide the operation bandwidth of the IR imagin-
ing systems into two sub-regions: the mid-wave infrared, which is roughly from
3 to 5 pym, and the long wave infrared (LWIR), which is from roughly 8 to 14
um [2]. EO and IR imaging systems are composed mainly of optical components,
detectors and electronics such as pre-amplifiers and analog-to-digital converters.



Despite its long history of progressive development, optical components still make
the major contribution to the phenomena that either limit the functionality or
increase the complexity and/or cost of EO and IR imagining systems. For exam-
ple, the lack of variation in materials used in manufacturing optical components
results in limited functionality and the scarcity of such materials increases the
cost of these components. Especially, the choice of naturally transparent material
is particularly limited in both the near-infrared and MWIR region of the elec-
tromagnetic spectrum and this situation dictates the usage of special geometries
in design and thereby causing difficulties in fabrication processes of the relevant
optical components [3]. Another difficulty arises when the optics designer is con-
fronted with the generally conflicting requirements of size and performance of
an EO or IR imaging system since an optical component needs to be thick or
even bulky for achieving certain functionality using conventional optics. Also, in
order to achieve certain functionalities such as achromatic focusing, the number
of optical components being used must increase and this situation causes inte-
gration difficulties such as proper alignment of the components. Furthermore,
additional undesired effects that can cause performance degradation may occur
due to the functioning mechanisms of conventional optical components. For ex-
ample, the emergence of diffraction spots at approximately the centers of nearby
pixels increased spatial crosstalk in the case of refractive microlens arrays that
were purposefully designed to decrease spatial crosstalk [4]. Finally, some applica-
tions may require additional functionalities that may not be achievable using the
familiar geometries of conventional optical components as in the case of magnetic

mirrors [5].

Conventional optical components mainly re-shape the wavefront and /or change
the polarization state of light for achieving the required functionalities. For doing
so, well-defined gradual phase is accumulated along the path of light through
these devices. Generalizing this approach as transformation optics, metamaterials
have been designed and developed for functioning as optical components that
can achieve novel phenomena such as abnormal light bending, sub-wavelength
focusing and cloaking [6,7]. Despite these promising functionalities, material
characteristics still impose rigid restrictions of usual Snell’s law on capabilities
of optical components based on metamaterials [8]. Moreover, the difficulties in
fabricating relatively thick metamaterials cause degradations in relevant optical
components performance such as the quite small suppression ratio of thick chiral
metamaterials [9].



Recently, metasurfaces that can be defined as the two-dimensional counterparts
of metamaterials have been investigated progressively [3,9-29]. Main motivation
behind this intensive interest originates from the opportunity that the amplitude,
phase and polarization state of light can be controlled using metasurfaces. Con-
trolling such properties of light has paved the door for modulating wavefront,
designing beam structure and controlling direction of light on a subwavelength
scale [3,9-11]. Conceptually, phase, amplitude and/or polarization state of light
is changed abruptly over the scale of the wavelength as light traverses such a
metasurface [12,13]. This concept is quite different from the one used in design-
ing conventional optical components since the required phase, amplitude and/or
polarization state changes are introduced through gradual accumulation over at
least several wavelengths in that case. Using this concept, new phenomena such
as anomalous reflection, anomalous refraction, strong photonic spin-Hall effect,
and plasmonic Rashba effect have been observed by realizing proper metasur-
faces [3,14,15]. The observations of anomalous reflection and refraction led to
the generalization of the laws of reflection and refraction. Implementation of this
concept has been mainly done using transmissive array metasurfaces with metal-
lic unit elements since most of the optical components function in transmission
mode. Nevertheless, alternative implementations based on either reflective array
metasurfaces or dielectric unit elements have also been studied for overcoming
the efficiency problems occuring in several of the initial metallic transmissive ar-
ray metasurface designs. As results of these studies, both high energy conversion
of propagating waves into surface waves and anomalous reflection with high effi-
ciency have been observed [16-18]. Moreover, implementation of different types of
metasurfaces enabled observation of out-of-plane refraction, generation of optical
vortices with a variety of topological charges, manipulation of light polarization
state in a controllable manner and generation of holograms [19-24]. Furthermore,
birefringent and bianisotropic metasurfaces were also implemented [25, 26].

Of particular interest to our studies is the focusing ability of metasurfaces.
This ability has also been investigated in the context of metasurfaces [26-30].
Using transmissive metallic metasurfaces, aberration-free lenses were designed
and fabricated at the center wavelength of 1.55 um [27]. For increasing the
efficiency of aberration-free lens metasurfaces, metasurfaces were implemented
with different type of unit cells in an another study [28]. Moreover, drawbacks of
flat metasurface lenses such as off-axis aberration have also been dealt with the
design of aplanatic metasurfaces [29]. Furthermore, single achromatic metalens
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designs have been investigated for focusing light at three different wavelengths
on the same focal plane [30].

Among their direct utilization as optical components, different types of meta-
surfaces, have been studied for designing lumped nanocircuit elements and fre-
quency selective filters [31-33]. Of particular interest to our studies are the reflec-
tion phase controllable metasurface designs that were implemented for increasing
the interaction between the active semiconductor material close to contact and
electric field [5].

The goal of this thesis work is to model and design novel metasurface architec-
tures and to propose and demonstrate new EO and IR optical components in thin
films inspired by these optical metasurfaces. Also, the proposed optical metasur-
face components are compared and contrasted against the existing conventional
ones and the technological advantages and disadvantages given the state of the
art are identified. For achieving these purposes, we study the concept of optical
phase discontinuities for modifying phase, amplitude and polarization state of
light. We present our studies on understanding the physics of building blocks
used to implement metasurfaces. Also, we discuss our approach of using anti-
symmetric V-shaped antennas for optimizing the functionality of metasurfaces.
Moreover, we explain our modeling methodologies and assumptions in using these
models. Furthermore, we present our results on simulation and implementation

of the designed metasurfaces.

The rest of this thesis is organized as follows. In Chapter 2, first we provide
a background for the rest of the thesis. The concept of optical phase disconti-
nuities is progressively explored through several sections of this chapter. Also,
Pancharatnam-Berry (PB) phase is briefly summarized and a detailed deriva-
tion of the generalized Snell’s laws of reflection and refraction is provided. Main
principles used in realization of the concept of optical phase discontinuities are
summarized. Then, building blocks of metasurfaces are investigated in two dif-
ferent groups (metallic and dielectric building blocks). Major emphasis is given
to metallic nanoantennas and various types of them are studied in detail. Sim-
plified models are developed following the derivation of integral equations and
these models are used to study the scattering amplitudes and phase shifts of
these metallic nanoantennas in a large parameter space. Also, results of more
realistic but time-consuming models are provided for a limited parameter space.



Finally, recent studies in dielectric nanoantennas are discussed and modeling and
simulation of silicon nanodisks that are used to design metasurface lenses are
explored.

In Chapter 3, a metasurface design methodology is described in detail. Then,
using this design methodology, metasurface lenses, metasurface parabolic mirrors
and metasurface magnetic mirrors are designed. Full-wave simulations are per-
formed to analyze the scattered field distributions from designed metasurfaces and

expected behavior of the designed metasurface lenses and mirrors are confirmed.

In Chapter 4, the optical crosstalk problem in mid-wavelength infrared focal
plane arrays (MWIR-FPAs) is addressed using metallic metasurface microlens ar-
rays. Conventional approaches to this optical crosstalk problem are summarized
and their drawbacks are discussed. A set of asymmetrically shaped optical anten-
nas are designed and using this set microlens arrays are designed, modeled and
simulated using Lumerical FDTD. Then, the scattered field distributions from
the designed microlens arrays are recorded and analyzed. Finally, the optical
crosstalk performance of the metasurface microlens arrays integrated FPA’s are

compared to the reference FPA systems.

In Chapter 5, the efficiency problem in metallic metasurface microlens arrays
used in MWIR-FPAs is addressed using dielectric metasurface microlens arrays.
The drawbacks of metallic metasurfaces are discussed. A set of asymmetrically
shaped optical antennas are replaced by silicon nanodisks and using this set of
silicon nanodisks, microlens arrays are designed, modeled and simulated using
Lumerical FDTD. Subsequently, the scattered field distributions from designed
microlens arrays are recorded and analyzed. Last, both the optical crosstalk and

efficiency of metasurface FPAs are compared to the reference FPA systems.

In Chapter 6, we conclude our thesis study by summarizing the key points and
providing the scientific contributions.



Chapter 2

Building Blocks of Metasurfaces

Optically thin resonators can be used as the building blocks of metasurfaces.
Electromagnetic cavities [34-36], nanoparticle clusters [37-39] and plasmonic
antennas [40-43] are different types of optically thin resonators. Due to their
widely tailorable optical properties and the ease of fabrication, plasmonic anten-
nas have widely been preferred to design and fabricate different types of metasur-
faces [8,12,13,16,20,24,26,44-61]. However, the efficiency of these transmitting
plasmonic metasurfaces are limited due to the absorption losses of metals. This

situation has led to increased attention to dielectric metasurfaces [17,30,62-78].

In this chapter, metallic and dielectric nanoantennas that can be used as the
building blocks of metasurfaces are investigated. In Section 1, a theoretical back-
ground is provided. In Section 2, metallic nanoantennas are described in four
subsections. Each of these subsections corresponds to a different geometry of the
metallic nanoantennas and either analytic or numerical models of these antennas
are provided. In Section 3, different geometries of dielectric nanoantennas are
described and recent studies about these antennas are presented. Then, numer-
ical models of dielectric nanoantennas used to realize dielectric metasurfaces are

given and their behavior is analyzed.



2.1 Background

This section includes three subsections that progressively explore the concept
of optical phase discontinuities. In the first subsection, a brief summary of
Pancharatnam-Berry (PB) phase, which is fundamentally related to this con-
cept, is given and various studies related to PB optic elements are discussed.
In the second subsection, a detailed derivation of the generalized Snell’s laws of
reflection and refraction is provided since these laws are the key elements to the
understanding of this concept. Then, main principles used in realization of this
concept are summarized in the third subsection.

2.1.1 Pancharatnam-Berry Phase

Phase, amplitude and/or polarization state of light can be modified during the
processes of wavefront shaping, flow direction change and polarization conversion.
Generally, this modification takes place gradually and slowly as realized in the
case of conventional optical components. However, sudden modification is also
possible via the introduction of phase discontinuities over the scale of wavelength
along the optical path. This phase discontinuity or abrupt phase change can
be achieved through implementation of space variant subwavelength gratings or
arrays of resonators that have subwavelength distance to a nearest neighbor.

In his famous paper, Pancharatnam investigated the phase shift experienced
by a light beam that is going through different intermediate polarization states
and returning to its original polarization state at the end [79]. Figure 2.1 shows
the depiction of this transition on the Poincaré sphere. Red dashed lines corre-
spond to the polarization vectors while green continuous curves correspond to the
polarization state transitions that form a geodesic triangle. Although the light
beam returned to its original polarization state, it did not have the same initial
phase. Pancharatnam experimentally verified this phase shift and showed that
it is proportional to the half of the solid angle S4 corresponding to the geodesic

triangle on the Poincaré sphere.

In 1987, Berry expressed the phenomena Pancharatnam showed using quantum
mechanics and showed its relation to Adiabatic phase [80]. He also mentioned
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a very significant point that constitutes the fundamental idea of Pancharatnam-
Berry (PB) optic elements and metasurfaces. The polarization changes need not
be slow, their sudden accomplishment also leads to phase shifts. This idea was
later used in several studies and PB optic elements such as space-variant polar-
ization state manipulating gratings and polarization dependent focusing lenses
were demonstrated [81,82].

Ss

—

S
< ;U)
&

S1

S;

Figure 2.1: Cyclic polarization state transitions on the Poincaré sphere.

2.1.2 Generalized Snell’s Laws of Reflection and Refrac-

tion

Between two points A and B, light rays follow the path that takes the extremum
time of travel relative to neighboring points according to Fermat’s principle [83].
Figure 2.2 shows the depiction of ray reflection on a surface with zero phase gra-
dient. The straightforward derivation of the law of reflection for this surface using
Fermat’s principle is given by Equations (2.1) to (2.4). In these equations, the let-
ters a, b, d and x are the corresponding heights and distances shown in Figure 2.2

while ©; and O, are the incidence and reflection angles, respectively.
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Figure 2.2: Depiction of the law of reflection.

L=vVa+22+ /24 (d—z) (2.1)

aL 1 2z 12d-o)(1) (2.2)
dx 2\/a2—|—gj2 2 /b2+<d—$)2
x (d—x)
= (2.3)
va +a? \/b2+(d—x)2
sin 0; = sin 0, (2.4)

Introduction of an abrupt phase shift along the surface perturbs the law of re-
flection. Figure 2.3 shows the depiction of ray reflection from such a surface
with nonzero phase gradient. When a planewave having an incidence angle of
O; reflects from this surface, the phase difference between two paths that are
infinitesimally close to the actual path taken by the reflecting wave should be
zero. Mathematical formulation of this situation is given in Equation (2.5). In
this equation, kg is the wavenumber of light and n; is the refractive index while
©; and O, are the incidence and reflection angles, respectively. ¢ and (¢ + d¢)
correspond to the abrupt phase shifts at the specified locations of the surface. dx
is the distance between two points that the two infinitesimally close paths cross

the interface.
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Figure 2.3: Depiction of the law of generalized reflection.

If the phase gradient along the surface is designed to be constant, then Equa-
tion (2.5) results in the generalized Snell’s law of reflection. This law is provided
in Equation (2.6) where )\ is the wavelength of light. The phenomena predicted
by this law are fundamentally different from the specular reflection since there
is a nonlinear relation between the angles of incidence and reflection. This law
also implies that there is a critical angle above which the reflected wave becomes

evanescent. This special angle is given by Equation (2.7).

o do

: () — o
sin(6,.) — sin(6;) S —— (2.6)
. No | dob
¢ =sin"H1 — o |- 2.
05 = sin™ " ( 2 | do ) (2.7)

Figure 2.4 illustrates the ray refraction through a surface with zero phase gra-
dients between two media having different refractive indices. The derivation of
the law of refraction for this surface using Fermat’s principle is given by Equa-
tions (2.8) to (2.10). In these equations, the letters a, b, d and x are the cor-
responding heights and distances shown in Figure 2.2 while ©; and ©; are the
incidence and transmittance angles, respectively. n; and n; are the refractive

indices of the media and ¢ is the time of travel.
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Figure 2.4: Depiction of the law of refraction.

t=niVa2 + 22 +n\/b? + (d—2)° (2.8)

dt T d—ux

—=n —-n =0 2.9

dx Va2 + 2 ! /b2+(d—x)2 (2:9)
n; sin 0; = n,sinb, (2.10)

Introduction of an abrupt phase shift along the surface perturbs the law of re-
fraction. Figure 2.5 shows the depiction of ray refraction through such a surface
with nonzero phase gradient. When a plane wave having an incidence angle of ©;
refracts through this surface, the phase difference between two paths that are in-
finitesimally close to the actual path taken by the refracting wave should be zero.
Mathematical formulation of this situation is given in Equation (2.11). In this
equation, kg is the wavenumber of light. n; and n; are the refractive indices of the
media while ©; and O, are the incidence and transmittance angles respectively.
¢ and (¢ + d¢) correspond to the abrupt phase shifts at the specified locations
of the surface. dz is the distance between two points that the two infinitesimally
close paths cross the interface.
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Figure 2.5: Depiction of law of generalized refraction.

If the phase gradient along the surface is designed to be constant, then Equa-
tion (2.12) leads to the generalized Snell’s law of refraction. This law is given
in Equation (2.12) where A is the wavelength of light. This equation states that
the angle of refraction can be tuned by just changing the phase gradient. Also,
the orientation of ray with respect to the surface normal becomes critical even if
it has the same angle of incidence. This situation results in two different critical
angles given by Equation (2.13).

Ao do
C ondx

Ao do
sin™( n; 2mn; dx

nysin(0;) — n;sin(6;)

(2.12)

) (2.13)

2.1.3 Concept of Optical Phase Discontinuities

For achieving the nonzero phase gradient along a surface, an array of optically
thin resonators with subwavelength separation or subwavelength space-variant
polarization-state manipulators shall be used [3,84]. In the former case, the
amplitudes of the scattered field by these resonators shall ideally be equal. In the
latter case, the incoming beam is transmitted through a space-variant oriented
grooves and the transmission coefficient should be close to one at all points.

In this thesis, we studied optically thin resonators since they offer a more
flexible and simpler design methodology. Therefore, this part of the thesis only
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involves the realization of the optical phase discontinuities concept by using op-
tically thin resonators. The phenomenon that enables the usage of resonators
as building blocks of metasurfaces is the phase shift between the incident and
emitted fields across a resonance. The frequency response of a resonator depends
on factors such as geometry and material characteristics. So, for designing a
metasurface at a certain wavelength regime, one should decide on the appropri-
ate material to be used and then the required phase gradient can be formed by
tuning the geometries of the resonators at specified locations. However, when
tuning the geometry of the resonator chosen, one should consider several factors
and check if these factors are satisfied. The first of these factors is that the scat-
tering amplitude of these resonators shall be equal ideally as previously stated
in the beginning of this subsection. In addition to this requirement, unit cells
should be place side by side and each unit cell should satisfy a certain phase
shift response. Then, the phase shifts of different resonators shall cover the 0-
to-2m range. This requirement is necessary for full control of the wavefront of
light. Finally, another factor used in choosing the type of the resonator is the
magnitude of the scattering amplitude and it should be as high as possible for
not decreasing the transmission (reflection) efficiency of the transmission-mode
(reflection-mode) metasurface to be realized.

2.2 Metallic Nanoantennas

Metallic nanoantennas are the optical analogues of the radiowave and microwave
antennas since they have very similar properties except the additional properties
resulting from their small size and resonance condition. In the radiowave and
microwave regions of the electromagnetic spectrum, the control and modification
of electromagnetic waves by transmitting and reflecting arrays is a well-known
technique. Nevertheless, this well-known technique was not a feasible option for
the visible and infrared region of the spectrum where the optical components
operate. The reason for this situation is the necessity of fabricating antennas
having sizes of several hundreds nanometers, which is in the wavelength scale in
these regions. Recently, tools such as ion-beam lithography and electron-beam
lithography have removed this obstacle and paved the way for designing optical

components using this technique.
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Primary function of the metallic nanoantennas is converting the optical ra-
diation into localized energy and then re-radiating this energy efficiently with
a specified phase response. In the radiowave and microwave regions, this func-
tionality is achieved by antennas on the order of A/10 to A/100 (where A is the
wavelength of electromagnetic wave). However, in the optical region this fraction
of wavelength can correspond to a size of few nanometers. In this length scale,
the interaction between light and matter is quantized and the penetration of light
into metals cannot be neglected. The finite electrons in the metal cannot create
a simultaneous electronic response to the driving field and this delay results in a
skin depth that is typically larger than the half diameter of the antenna. There-
fore, the electrons of the metal respond to a shorter wavelength than that of the
driving field. This wavelength is generally labeled as the effective wavelength and
is given by Equation (2.14)

A
/\eff =+ o (—) (214)
/\p

where )\, is the plasma wavelength while ¢; and ¢y are geometric constants. The
length of a metallic half-wave antenna is determined by half effective wavelength
given by this equation. The ratio between the driving field’s wavelength and this
effective wavelength generally varies between 2 and 5 depending on the geometric
factors [41].

2.2.1 Rod Nanoantennas

In this subsection, amplitude and phase responses of the simplest metallic nanoan-
tenna, the rod antenna, are provided. For obtaining the mentioned behavior, the
rod antenna is modeled with the method of moments (MoM). For obtaining fast
results and scanning a large parameter space, a simplified one-dimensional ap-

proximation is used.

2.2.1.1 Derivation of the Integral Equation

In the derivation of the integral equation governing the behavior of the rod an-
tenna, thin-wire approximation is used. According to this approximation, both
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the rod antenna’s length and the excitation wavelength are much longer than the
radius of the antenna. The simplified geometry of the rod antenna using this
approximation and a reference coordinate system are depicted in Figure 2.6. In
this figure, h is the antenna length and a is the antenna radius.

[
\
\

Figure 2.6: Thin-wire model of a rod antenna.

An antenna, whether transmitting or receiving, is always driven by an external
source field. In receiving mode, the external source field is called the incident

field (E;,.). The incident field induces current on the antenna and the induced
current generates its own field (E,.,). Then, the total field, which is the sum
of the incident and generated fields, is given by Equation (2.15). For a perfect
electric conductor (PEC) antenna, the tangential component of the total electric
field should be zero as given in Equation (2.16). Since the direction and the
polarization of the incident field is known, the projection of the incident field on
the antenna can be found. Then, the scattered field can be defined in terms of

the incident field using Equation (2.17).
Etot = Einc + Escat (215)
t-Eu =0 (2.16)
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t Esat = —t Eine (2.17)
An explicit expression for the scattered field is given by Equation (2.18) for an
antenna in a homogeneous medium with an effective refractive index. In this
expression, w is the radial frequency of the field; u, and e, are the free space
permeability and permittivity, respectively; e, is the permittivity of the effec-
tive medium where the antenna is buried; k is the wavenumber; A is the vector
magnetic potential; and V and V- are the gradient and divergence operators,

respectively.

Bow = —— [V(V - A) + #7] (2.18)
JWHeEER

Vector magnetic potentials are related to the induced current on the arms of the
rod antenna and their direction is parallel to the induced current direction. In
the limit of a thin antenna where the radius goes to zero, the reduced Kernel
expression can be used. For such a case, vector magnetic potential is related to
the induced current as given in Equation (2.19). In this equation, Z is the unit
vector tangential to the antenna. R, is the effective distance (reduced geometric
distance) between the radiated point and the source point.

A=l / S1()de ];iRT (2.19)

h

Combining Equation (2.17) and Equation (2.19) into Equation (2.18) and rear-
ranging some of the terms, the Pocklington-type integral equation is obtained.

—JjkRy —jkRy

— jAmwe g, 2 - Eipe = V(V - /2[(2’)dz'€ ) + k2 / 2[(2’)dz’e 7 (2.20)

h h

where R, is given by Equation (2.21). By applying the gradient and divergence

operators and rearranging some of the constants, one can end up with Equa-

tion (2.22).
=/ (2 — )" + a2 (2.21)

Jer

2% Eine(2) = (0% + k) Jn / )dz' (2.22)

w\:
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2.2.1.2 MoM Numerical Solution

The objective of the previous section is to derive the Pocklington-type integral
equation by applying the thin-wire approximation. However, the resulting Equa-
tion (2.22) generally does not have an analytical solution, hence numerical solu-
tions must be implemented to solve this equation. In this subsection, MoM is

numerically applied for solving this equation.

M < Al

1 A,

0 < Ao

-1 <« 1||-1

CAVES

-M < Al

Figure 2.7: Current discretization on a rod antenna.

The rod antenna is discretized into N (2 x M + 1) slices such that the current
distribution is sampled at locations where the spatial variable 2’ equals to num-
bers such as {—M,—M +1,...,—1,0,1, M — 1, M}. In Figure 2.7 a schematic
representing this discretization process of the rod antenna is provided. D is the

sampling period, which is given by Equation (2.23).

h
D=— 2.2
- (223)
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For convenience, Equation (2.22) can be rearranged as follows:
2kEic(2) = (02 + k) V(2) (2.24)

where V' (z) is given by Equation (2.25)
V(z) = /H(Z, NI(2)dZ (2.25)

J77 e—jk\/ (z—2")2+a?

o

k(z,2") (2.26)
(z — ) + a2

Discretization of Equation (2.25) leads to Equation (2.27) while expansion of
the current distribution into a sum of weighted Dirac functions leads to Equa-

tion (2.28). Then, by using these two equations one can obtain Equation (2.29).

\w\:-

Vi(zn) = | K(zn, 2 )I(2")dZ (2.27)
I(Z) = ) Lnd(2 = zn) (2.28)
Vo = Z K(Zn, Zm ) Im (2.29)

The second derivative with respect to z can now be replaced by the finite difference
counterpart that is given by the following equation:

0? V(zne1) — 2V (zn) + V(zn1)

pY (o) = D?

Equation (2.24) can be rewritten using Equation (2.30) and rearranging some of
the constants with d = 2k and a =1 — LQDQ,

(2.30)

Vir1 — 2aV, + Vg = E,dD? (2.31)

Now, the discrete form of the Pocklington-type integral equation can be expressed
as follows, in which the double bars over head denote matrices while vectors are
denoted by the single bar over head and variables without a bar over head are
just scalars:

ARl = QdE (2.32)
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where 4 is given by Equation (2.33) and 5 is given by Equation (2.34).

[0 0 0 0 1
1 —2« 1 0
0 1 —2a
1| .
A:ﬁ T (2.33)
0 0 20 1 0
0 1 —2a 1
I 0 0 0 0]
o 0 i
0
Q=" "~ . el (2.34)
0 ... 0 0 1 0 0
0 ... 0 0 0 1 0
0 ... 0 0 0 0 0

All of the matrices used in Equation (2.32) are N x N square matrices. The
first and the last rows of these matrices are purposefully added as zero vectors
for making these matrices square. However, both of these rows and the first and
last columns of these matrices can be removed since the first and last elements
of the current vector (I) must be 0. This situation is a consequence of the end
conditions stating that the current distribution must vanish at the physical ends
of the antenna. After removing these rows and columns, the current distribution
on the rod antenna can be find using Equation (2.35) where T is the reduced
current distribution and zeros must be added as the first and last elements. Z is
given by Equation (2.36) where all of the variables are matrices.

&

I=71d (2.35)

7 = Ar (2.36)
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Figure 2.8: Amplitude of the current distributions on rod antennas.

For finding the current distribution on a rod antenna using MoM, we first find
the projection of the incident field on the rod antenna. Then, we calculate the
coefficients including o and D. Using these coefficients matrix A is calculated.
Then, the impedance matrix 7 is calculated using the reduced kernel Rr and
multiplied by A Finally, the inverse of the product of A and 7 is multiplied by
the vector corresponding to the projection of the incident field on the rod antenna
for obtaining the current distribution. In Figure 2.8 amplitudes of the current
distributions on rod antennas of varying length are provided. The antenna length
is changed from 0.25 to 3.0 wavelength in separating the data given in this figure
with MoM simulations. The first, second and third order resonances are clearly
observed at the 0.5, 1.5 and 2.5 wavelength long antennas. The phase of the
current distributions are also provided in Figure 2.9.
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Figure 2.9: Phase of the current distributions on rod antennas.

To account for the finite conductivity of the metals, the boundary condition
given in Equation (2.16) should be modified as given by:

1
A J Mow[

z - [Escat + E’mc] = ora E (237)

where a is the antenna radius, pg is the permeability, w is the radial frequency of
the incident field, and o is the AC conductivity of the metal. The AC conductivity
of the metal can be calculated from the DC conductivity of the metal when the

frequency of interest is given and the electron relaxation lifetime of the metal is
known.

2.2.1.3 Radiation into Farfield

Finding the scattered fields of a metallic rod antenna using MoM is a problem
that consists of two parts. Obtaining the current distribution along the antenna
for a known incident field is the first part of this problem. For the second part,
this current distribution should be re-radiated in order to find the scattered fields.
In this subsection, solution to this second part of the problem is provided.

The farfield radiation vector is defined as the three-dimensional spatial Fourier
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transform of the current density [85] and is given by Equation (2.38).

F(k) = /J ) F T By (2.38)

where J (1) is the current density on the antenna.This quantity depends on the
wavenumber and the directional unit vector 7, which is uniquely defined by the
spherical coordinate angles # and ¢. For a thin-linear antenna, the current density

can be expressed as follows:
J(r) = 21(2)6(x)o0(y) (2.39)

where 6(x) and d(y) are the Dirac functions of variables = and y, respectively,
while 7(z) is the current distribution. Substituting Equation (2.39) into Equa-
tion (2.38) the radiation vector of a rod antenna is obtained:

h
3 o
F=: / 1(2)e*=*dz (2.40)
h
—3
where k, = kcos @ is the amplitude of the z component of the wavevector (which
clearly shows the only angular dependence of radiation vector to the angular
variable 6). Electric and magnetic field vectors can be obtained from the radiation
vector. The relation between the electric field and the radiation vector is:

—jkr
|:éF9 + $F¢] (2.41)

— e
E=—jk
RN 4dmr
where 7 is the intrinsic impedance of the medium that surrounds the antenna;

Fy and F}, are radiation vectors in corresponding directions. Inserting Equa-
tion (2.40) into Equation (2.41), the relation between the scattered electric field
and the current distribution on a rod antenna is obtained as in Equation (2.42).
By taking the absolute square of this equation and dividing the result by double
the intrinsic impedance of the medium, the radiation intensity of rod antennas
can be found as given in Equation (2.43). Subsequently, gain pattern of rod an-
tennas can be obtained by normalizing this radiation intensity. In Figure 2.10,
normalized power gain patterns of several rod antennas are given. The lengths
of these antennas are varied between 0.5\ and 3.0\ with incremental steps of
0.5A. The current distributions on these antennas are calculated using MoM
and the scattered fields are obtained by re-radiating these current distributions
using Equation (2.42).

h

sin ¢ /I(z’)ejkzl cosl g (2.42)

e—jk:r

k

B =

D>

wr

v
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Figure 2.11 shows the variation of amplitude and phase response of farfield ra-

Lrad = | F|*sinf (2.43)

diation from a PEC rod antenna located in vacuum with respect to its length.
The antenna is excited by an incident field having a wavevector normal to the
axis of the antenna. Far field data along the wavevector direction is obtained by
MoM. The amplitude response of the antenna peaks at the resonance condition
of L = Acys/2 and the phase response of the antenna changes by an amount equal
to m across this resonance condition. However, this amount of phase shift is not
sufficient for full control of the wavefront of light. For full control of the wave-
front, 0 — 27 phase shift coverage is required. Therefore, rod antennas cannot be

used as building blocks of metasurfaces.

(a) L=0.5\ (b)L=1A (c)L=1.5x
o 0° o
45° 45° 45°
o a 5‘ Vi 9.6 .3 o
90 90 A& 90° 90
135° 1350 1350 135°
180° 180°
(dyL=2x (e) L=2.51

180°

Figure 2.10: Normalized gain patterns of rod antennas.
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Figure 2.11: Calculated phase and normalized amplitude responses of PEC rod
antennas.

2.2.2 L-shaped Nanoantennas

In this subsection, amplitude and phase responses of L-shaped metallic nanoan-
tennas are analyzed in detail. For studying the mentioned properties, the be-
havior of this nanoantenna is simulated using MoM methods. For obtaining fast
results and scanning a large parameter space, a simplified one-dimensional model
is used in the MoM method. Unlike rod nanoantennas, L-shaped nanoantennas
have phase shift responses that cover the whole 0-27 range thereby allowing for

a full modification of the wavefront of light.

2.2.2.1 Derivation of the Integral Equation

In the derivation of the integral equation governing the behavior of an L-shaped
nanoantenna, thin-wire approximation is used. According to this approximation,
antenna length and excitation wavelength are much longer than the radius of the
nanoantenna. The simplified geometry of the L-shaped nanoantenna using this
approximation and a reference coordinate system are depicted in Figure 2.12. In
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Figure 2.12: Depiction of the simplified geometry of L-shaped nanoantennas.

this figure, lengths of the arms of L-shaped nanoantenna can be different and are
labeled by symbols L; and L,. The angle between these two arms is fixed and is
equal to 90°. a is the radius of the nanoantenna while « is the angle between the
incident electric field and the 45° axis of the nanoantenna which is labeled as s.
I" is a spatial variable on the nanoantenna where the source point is located while
[ is an another spatial variable where the observation point is located. Finally,
A(r) is the magnetic potential vector resulting from the current distribution on

the nanoantenna.

The total field, which is described in Section 2.2.1.1, is given by Equation (2.15)
for the L-shaped nanoantenna. For PEC antennas, the tangential component of
this total field should be zero on the antennas as given by Equation (2.16). Rear-
ranging this equation, the tangential component of the unknown scattered field
can be written in terms of the known incident field as given by Equation (2.17).
This scattered field depends on the vector magnetic potential and its dependence
for an antenna in a homogeneous medium is given by Equation (2.18).

Vector magnetic potentials are related to the induced current on the arms of
the antennas. In the limit of a thin antenna where the radius goes to zero, reduced
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Kernel expression can be used. For this limit, vector magnetic potential is related
to the induced current as given in Equation (2.44) for an L-shaped nanoantenna.

Ly

A ILLO 7 eiijf
A= yp tI(l")dl' 7L (2.44)
— Ly r
where { is expressed as follows:
t=aH(~1)+gH(I) (2.45)

where H(l) is the Heaviside function whose output is 1(0) when its input is pos-
itive (negative). Using Equation (2.17) and Equation (2.44) in Equation (2.18)
and rearranging some of the terms, the Pocklington type integral equation is ob-
tained for an L-shaped nanoantenna, which is given by Equation (2.46). However,
this equation does not have an analytical solution and a numerical solution must
be used to solve this equation for obtaining the induced current distribution on
this nanoantenna.

L1 Ll

- . . —jkRy . —jkRE
— jAnweserd - By =1 |V(V - / F1(1')dr'S ) K / u(z')dz'eRL
—Lo —Lo

r

(2.46)
where RL is the reduced effective distance for the L-shaped nanoantenna. In
order to calculate the reduced effective distance, two different conditions should
be considered for the L-shaped nanoantenna:

1. when the observation and source points are on the same arm (! and [’ have

the same sign) and

2. when the observation and source points are on different arms (I and I’ have
different signs).

For case 1, Equation (2.47) should be used; for case 2, Equation (2.48) should be
used for the L-shaped nanoantenna.

R, =\/a2+ (1=1)° (2.47)
where [ and I’ should have same sign since they are on the same arm.

RE = Va2 +12 +17? (2.48)
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where [ and !’ should have different signs since they are on different arms.

For an antenna that has tangential unit vectors lying in only 2 and gy direc-
tions, the gradient of the divergence of the vector magnetic potential is given
by Equation (2.49) or Equation (2.50).

V(V-A)-7= [a% ((%A aa A )} (2.49)
V(vﬁ)@_[aax (aaxA +§A)} (2.50)

For the L-shaped nanoantenna, the arm along —z direction is labeled as I';
meaning arm 1 and the other arm is labeled as I'y meaning arm 2. In order to find
the vector magnetic potential affecting arm 1 of this antenna, & and gy directed
components of the vector magnetic potential shall be found. Only the current
on arm 2 creates a vector magnetic potential that has & component and flow
direction of this current is chosen to be the 2 direction as depicted in Figure 2.12.

The vector magnetic potential due to this current is given as follows:
e—ijrLd

0
Ho /
Ay = (1)
1 R,

4

dl’ (2.51)

where R%, is defined by Equation (2.52). z and y are the observation point
coordinates. [’ is the source point and its sign should be negative when used in
calculations since sampling points on arm 2 is defined for values between 0 and
— Ly where Ly is the length of arm 2.

RE = \/@2 +(z =1 442 (2.52)
_jkRL
The derivative of the kernel < ;;RM with respect to x is given by the following
rd

equation and it should be evaluated at x = 0 since the source point is on the
antenna. (Rfd), is given by Equation (2.54) for L-shaped nanoantenna.

8 e_ijrLd e_ijrLd e_ijqud /
— = | —jk - R (2.53)
dr RL, ( RE, (RE)’ (Rra)

oRL,  lpx2@-1y 1

— (2.54)
O St @0 ryp) T
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Using Equation (2.53) and Equation (2.54) in Equation (2.51), explicit expression
for x component of the vector magnetic potential on arm 1 is obtained:

OA, [ 0 e~ JkRE, .
=2 TN ————(1 + jkRENAl 2.
oo = ir ), O ey (L) (2.55)

where RL, is given by Equation (2.48) if y is replaced by .

For the L-shaped nanoantenna, only the current on arm 1 creates a vector
magnetic potential that has y-directed component. Flow direction of this current
is chosen to be +g-direction. The vector magnetic potential due to this current

is given as follows:
_ikRL
A Lo La e~ JkRrs
ly s

= dl’ 2.56
=/ (2.56)

where RL is defined by the following equation. I’ is the source point and its sign

is positive as a result of the coordinate system choice. Note that z is 0 on arm 1,
hence the source point is only represented by .

RE =1\/a2+ (y—1)? (2.57)

In Figure 2.12, the orientation of the incident field is given with respect to the
antenna symmetry axis. « is defined as the incidence angle and taken counter
clockwise direction from the symmetry axis of the antenna. Incident field prop-
agation direction is assumed to be out of page (+4z) direction. The boundary
condition for arm 1 of L-shaped nanoantenna with the assumption of antenna

being a perfect electric conductor is given as follows:

0.1 * o (04,
" Bnecos(g ) = G Ka?P o ) Aty < Oz ﬂ (258)

The constants in Equation (2.58) can be re-arranged as follows:

b omwe_1m
JWleELEr 4T 2k 27

(2.59)

where 7 is the effective intrinsic impedance of the effective homogeneous medium
where the antenna is placed. Then, the boundary condition for arm 1 can be
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written as follows:

2kE;,. cos(% +a) =

jfr] 82 v e_Jkva'ls
= {— + kQ} / Il ——dl' | +
2m / Ry, (2.60)

0

jn a / ! eiijfd . L N7/ 37/
— I(I')——= 1+ jkR;)ldl
o 8y_L2 ()(Rfd)?’( "

Rearranging Equation (2.60) and replacing variable y with [, the following equa-
tion is obtained:

2kE;,. cos(% +a) =

Ly
. 82
;ﬁ {ﬁwﬁ] / (e (1, 1)dl | +
0 o (2.61)
. a Ly
% = / I ko (1, 1) dl!
— Loy

where k1 is the integral kernel of the integration that will be differentiated twice
and given by Equation (2.62). k9 is the integral kernel of the integration that
will be differentiated only once and given by Equation (2.63).

L
Rrs

k(1,1 = H() (2.62)

where H symbolizes the Heaviside function whose output is 1 when its input is
positive. RE is given by Equation (2.47).

~jkRE,

/ € . / /
ol ) = s (4 KRB () (2.63)
rd

where RE, is given by Equation (2.48).

For arm 2, only the current on arm 1 creates a vector magnetic potential that
has y component and flow direction of this current is chosen to be y direction. The
vector magnetic potential due to this current is given by the following equation:
e_ijfd

L
er

Ly
Ay =22 [ 1)

= ! 2.64
=/ dl (2.64)
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where RE, is defined by the following equation. x and y are the observation
point coordinates. I’ is the source point and its sign is positive as a result of the

coordinate system choice.

RE = \/a2 + a2 (y— 1) (2.65)

The derivative of the integral kernel of Equation (2.64) with respect to y is given
by the following equation and it should be evaluated for y being equal to 0.

a e*ijfd e*ijrLd e*ijfd
= | ik - (Rra)' (2.66)
%y By < Rl (rL?) T

The derivative of the effective distance is calculated for the case of y being equal

to 0 and the result is given by the following equation:
ORL, B y—1 =l
- Y
dy \/a2 + a2 4 (y — l’)2 Ry

Inserting Equation (2.66) and Equation (2.67) into Equation (2.64), the derivative
of the y component of the vector magnetic potential with respect to variable y

(2.67)

can be obtained as given in Equation (2.68). The effective distance is given by
Equation (2.69) for the case of y = 0.

OAzy  fo /Ll ! e IMira . pL N a7
=2y o I ————(1 kR-)H'dl 2.68
oy 4w J, (>(R£d)3( +IkH) (268)

RE =Va2+22+17 (2.69)
Only the current on arm 2 creates a vector magnetic potential that has x

component and flow direction of this current is chosen to be in —x direction. The
vector magnetic potential due to this current is given by the following equation:

0
Ao =t [ 1)

dr | 1,

dl’ (2.70)

where RL is defined by the following equation. I’ is the source point and its sign
is negative as a result of the coordinate system choice. Note that y = 0 on arm

2, hence the source point is only represented by .

RE =\/a2 4 (z —1") (2.71)
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The boundary condition for arm 2 with the assumption of antenna being a
perfect electric conductor is given by the following equation:

3 1 0? 9 (0Ay
_ B 22 — 2) A, + = Y 2.72
ine COS( 1 + o) Tonea, [(8:62 +k ) 2z + o ( By )} (2.72)

The constants in Equation (2.72) can be re-arranged as follows:

L o L jn
o _ _ - JU 2.73
JWoELE 4T 2k 27 ( )

where 7 is the effective intrinsic impedance of the homogeneous medium where

the antenna stands. Then, the boundary condition for arm 2 can be written:

3
2kE;,. COS(IW +a) =

0 oL
j77 82 2 / / e_JkRm /
L= +k I(1 dl
2m L‘W i } () Rl " (2.74)

— Lo

27 \ Ox L3
rd

L1

; —jkRE

(9 / 1YE—"2(1 + jkRE) Il
0

Rearranging Equation (2.74) and replacing variable = with [, the following equa-

tion is obtained:

3
2kE;,. cos(z7r +a) =

Ly
]77 82 2 / / / /
AL ey N S AT NaY
o {azfr ]L (Omall, F)dl” | + (2.75)
. a Ly
% = / I ka1, 1) dl!
— Loy

where k3 is the integral kernel of the integration that will be differentiated twice
and given by Equation (2.76). k4 is the integral kernel of the integration that
will be differentiated only once and expressed in Equation (2.77).

L
RTS

where H symbolizes the Heaviside function whose output is 1 when its input is

(&

ka(1,1) = H() (2.76)

positive. RE is given by Equation (2.47).

Ll
——— (L+jkR)IH(I') (2.77)
rd

l€4(l, l,) =

31



where R, is given by Equation (2.48).

Combining the boundary conditions for both arms of the L-shaped nanoan-

tenna, one can obtain the following equation:

2k Eipe {cos(% +a)H(l) + cos(?% +a)H(=1)| =

Ly
j_77 8_2 2/ / / !
" {al2+k} IWka(L, 1)l | +
— Lo
. a Ly
Jn / N 37/
u al/](zm(z,z)dz
— Lo

where k1 and k9 are given by Equation (2.79) and Equation (2.80).

"il(l7 l/) = RL

[HWH) + H(=1)H(=1)]

Here RE, is given by Equation (2.47).

. pL
efijrd

ro(l,1') = (1 + jERE) UV HOH(-U)+ H(-)H(I")]

3
i)

where RZ, is given by Equation (2.48).

2.2.2.2 MoM Numerical Solution

(2.78)

(2.79)

(2.80)

The Pocklington type integral equation Equation (2.78) does not have an ana-

lytical solution. Hence, numerical solutions must be implemented to solve this

equation. In this subsection, MoM is applied for solving this equation.

The

antenna is discretized into N (N = Nj + N») parts such that the curvilinear vari-
able I" is sampled at points {—No, =Ny +1,...,—1,1,..., Ny — 1, Ny }. Figure 2.13
contains a schematic representing the discretization of the antenna. D is the

sampling period, which is given by the following simple relation:

Ly + Ly
N -1
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Figure 2.13: Current discretization on an L-shaped nanoantenna.

After discretization the integration parts of Equation (2.78) are represented by
discrete functions V![l,] and V2[l,,], which are given as follows:

Ly
VO, :% / I D (1, U)dl! (2.82)
— Lo

The current distribution on the antenna is expanded into a sum of weighted Dirac

functions:

) = Z L' —1,,) (2.83)

When this weighted distribution is used in Equation (2.82), the following relation

is obtained:

Ny
V.= > k) I, (2.84)
=—Ny

k), and k2, are given by the following equations:

L _ j_ne_ijTLS [H(l,)H (L) + H(=1,)H(—1,)] (2.85)
finm = o REL " " " " .

K2 = ﬁ(1 + jkRE )e_ijTLdl [H (=) H(lm) + H(ln)H(=1)] (2.86)
e o 554 (RLd)3 " " " '
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The first and second order derivatives of V¥[l,] are given by Equation (2.87) and
Equation (2.88) where finite difference schemes are used to convert derivatives in
the integral equation into sums.

0% iy _ Van =2V + Vi,
a 2 _ Vn2+1 _ Vnz—l
a” W="5p (2.88)

Equation (2.78) can be rewritten after discretization by using Equation (2.87)

and Equation (2.88) after rearranging some of the constants such as d = 2k and
k2D?
2

a=1- :
1 1

D? 2D

where E, is the discretized (normalized) incident field projection on the antenna

(Vg —2aV, + V) + =—=(V2,, = V2,) = dE, (2.89)

and given by the following equation:
3
E, = cos(% +a)H(l,) + cos% +a)H(-1,) (2.90)

Now, the discrete form of the Pocklington type integral equation can be written
as follows:

(AW + Ok T = QdE (2.91)
where A is given by Equation (2.92), C'is given by Equation (2.93) and @ is given
by Equation (2.94).

[0 0 0 0 1
—2« 1 0
0 1 —2a .0
A:% (2.92)
0 0 —2a 1 0
0O ... 0 0 1 =2a1
|0 0 0 0 0|
0 0 0 0 ]
-1 0 1
. 0 —1 0
C=gp| b e e e (2.93)
0 0 -1 0 1 0
—1
I 0 0 0]
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0
0
0

1
0
0

0
1
0

0
0
0

(2.94)

All of the matrices used in Equation (2.91) are N x N square matrices. The first

and last rows of these matrices are purposefully added as zero vectors for making

these matrices square. However, both of these rows and the first and last columns

of these matrices can be removed since the first and last elements of the current

vector (I) must be 0. This situation is a consequence of the end conditions,

which state that the current distribution must vanish at the physical ends of the

antenna. After removing these rows and columns, the current distribution on the

L-shaped nanoantenna can be find using Equation (2.95) where I is the reduced

current distribution and zeros must be added as the first and last elements. 7 is

given by Equation (2.96)

I =dZ'E
7 = ArQ

35

(2.95)
(2.96)



-
(4]
T

25T

antenna length (,\‘1 )

45 «
£
0

Figure 2.14: Amplitudes of the current distributions on L-shaped nanoantennas
with symmetric excitation.
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Figure 2.15: Amplitudes of the current distributions on L-shaped nanoantennas
with antisymmetric excitation.
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For finding the current distribution on an L-shaped nanoantenna using MoM,
we first find the projection of the incident field on the L-shaped nanoantenna.
Then, we calculate the coefficients such as a and D. Using these coefficients
matrices A and C' are calculated. Then, the impedance matrix Z; and Zy are
calculated using the reduced kernels R,.d and R,s and multiplied by A and C,
respectively. Finally, the inverse of the summation of the multiplication of A and
77 and the product of C' and Z, is multiplied by the vector corresponding to the
projection of the incident field on the L-shaped nanoantenna for obtaining the

current distribution.

In Figure 2.14 amplitudes of the current distributions on L-shaped nanoan-
tennas of varying arm lengths are provided for the case of symmetric excitation.
In the symmetric excitation, the polarization of the incident field has the same
direction of the antenna symmetry axis. For this excitation, the arms of the an-
tennas act as rod antennas of length L; and L, and their resonance conditions

occur proportional to these lengths.

In Figure 2.15 amplitudes of the current distributions on L-shaped nanoanten-
nas of varying arm lengths are provided for the case of antisymmetric excitation.
In the antisymmetric excitation, the polarization of the incident field has a di-
rection that is orthogonal to the antenna symmetry axis. For this excitation, the
antennas act similar to the rod antennas of length L and their resonance con-
dition occurs proportional to this length. The total antenna lengths are varied
from 1.2 to 3.2 wavelength in obtaining the data in these figures with MoM sim-
ulations. The phase of the current distributions are also provided in Figure 2.16

and Figure 2.17 for the cases of symmetric and antisymmetric excitations.
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Figure 2.16: Phase of the current distribution on a L-shaped nanoantenna with
symmetric excitation.
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Figure 2.17: Phase of the current distribution on a L-shaped nanoantenna with
antisymmetric excitation.
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In order to account for the finite conductivity of the metals, the boundary

condition given in Equation (2.16) should be modified as follows:

R 1—7 [pow
t- [Escat + Efmc] = 27'((1] MQLO_I (297)

where a is the antenna radius, pg is the permeability, w is the radial frequency
of the incident field and o is the AC conductivity of the metal. AC conductivity

of the metal can be calculated from the DC conductivity of the metal when the

frequency of interest is given and the electron relaxation lifetime of the metal is

known.

2.2.2.3 Radiation into Farfield

Finding the scattered fields of a metallic L-shaped nanoantenna using MoM is a
problem that consists of two parts. Obtaining the current distribution along the
antenna for a known incident field is the first part of this problem. For the second
part, this current distribution should be re-radiated in order to find the scattered

fields. In this subsection, solution to this part of the problem is provided.

The far-field radiation vector is defined as the three-dimensional spatial Fourier
transform of the current density [85] and is given by Equation (2.98).

F(k) = / J ()R dPr! (2.98)
%4

where J(r') is the current density on the antenna.This quantity depends on the
wavenumber and the directional unit vector 7, which is completely defined by
the spherical coordinate angles # and ¢. For a thin-linear antenna, the current

density can be expressed as follows:
J(r) = I(I') [#6(y)o(2) H (V') + §6 ()0 (2) H(I')] (2.99)

where d(x), 6(y) and §(z) are the dirac functions of variable z, y and z, respec-
tively, while I(I') is the current distribution. The wavevector k is expressed in
the spherical coordinate system as follows:

k = ki = k(& cos ¢psinf + i sin ¢sind + 2 cos 0) (2.100)

39



A A,

Then, k-7 = (2£7) - (I'l) = 27?%(72 -1) is given as follows:

!/

ki = QWZX sin@ {H(—1")cos¢ + H(I')sin ¢} (2.101)

For an z-directed antenna standing on the top of a semiconductor dielectric
interface, 6 electric field component is given by Equation (2.102) and ¢ electric
field component is given by Equation (2.103)( [86]). For a y-directed antenna
cos ¢ terms should be replaced by sin ¢ terms and sin ¢ terms should be replaced
by — cos ¢ terms.

2
B, - (cos0) cos
cos 6 + \/(712 — (sin6)?)
(2.102)
) cosf — \/(n2 — (sin6)?)
— | (sin®)” cos 6 Ccos ¢
ncosf + 1/ (n? — (sin6)?)
cos 6 ,
E,=— sin ¢ (2.103)

cos @ + 1/ (n? — (sinh)?)

For designing metasurfaces using L-shaped metallic antennas, their far-field
amplitude and phase responses along the incident field’s wavevector direction
should be considered. Hence, # and ¢ used in Equation (2.101), Equation (2.102)
and Equation (2.103) can be set to 0. Then, both of the electric field components

along the z and ¢ directions reduce to HL” Also, k - 7 diminishes for § = 0.
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Figure 2.18: Scattered field amplitudes of L-shaped nanoantennas.

Far-field amplitudes and phase shifts of L-shaped nanoantennas having varying
arm lengths are shown in Figure 2.18 and Figure 2.19. In order to obtain these
data, L-shaped nanoantennas are excited by the electric field polarized along
arm 2 and the scattered field along the normal direction to the antenna plane
is calculated. Only the scattered field that is cross-polarized (with respect to
incident field) is considered. Lengths of both antenna arms are varied between 0.1
and 0.6 effective wavelength so that it is possible to excite both resonance modes
for most of the antennas. Antennas are considered to be fabricated from gold
when considering the effect of finite conductivity of real metals. Scattered field
amplitudes of L-shaped nanoantennas maximized when both arm lengths have
length close to 0.5 effective wavelength. However, antennas having scattered field
amplitudes greater than 0.6 of the maximum scattering field amplitude can also be
used to design metasurfaces up to a certain level of performance. Scattered field
phase shifts of these antennas cover the whole 0 — 27 range as seen in Figure 2.19.

Therefore, L-shaped nanoantennas can be used to design metasurfaces.
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Figure 2.19: Scattered field phase shifts of L-shaped nanoantennas.

2.2.3 V-shaped Nanoantennas

In this subsection, amplitude and phase responses of V-shaped metallic antennas
are provided. For obtaining the mentioned data, the behavior of this antenna
is simulated using both FDTD and MoM methods. The results of the time
consuming FDTD simulations are used as references while a simplified model
is simulated with MoM method for obtaining fast results and scanning a large
parameter space. Similar to L shaped nanoantennas, V-shaped nanoantennas
have also phase shift responses that cover the whole 0-27 range thereby allowing
for a full modification of the wavefront of light.

2.2.3.1 Derivation of the Integral Equation

In the derivation of the integral equation governing the behavior of a V-shaped
nanoantenna, thin-wire approximation is used. According to this approximation,

the antenna length and the excitation wavelength are much longer than the radius
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of the antenna. The simplified geometry of the V-shaped nanoantenna using this
approximation and a reference coordinate system are depicted in Figure 2.20.
In this figure, lengths of the arms of V-shaped nanoantenna are equal and h
corresponds to the total length of these two equivalent arms. A is the angle
between these two arms and will be referenced as the opening angle throughout
this chapter. a is the radius of the antenna while « is the angle between the
incident electric field and the symmetry axis of the antenna, which is labeled as
S. I' is a spatial variable on the antenna where the source point is located while
[ is another spatial variable where the observation point is located. Finally, A(r)

is the magnetic potential vector.

A"
T I1=h/2
A(r)
R 4
S A
Enc‘ af\\ 5 » Q
I(z)
f
Ke//
//QX
% K =2

Figure 2.20: Depiction of the simplified geometry of V-shaped nanoantennas.

The total field, which is described in Section 2.2.1.1, is given by Equation (2.15)
for the V-shaped nanoantenna. For PEC antennas, the tangential component
of this total field should be zero on the antennas as given by Equation (2.16).
Rearranging this equation, tangential component of the unknown scattered field
can be written in terms of the known incident field as given by Equation (2.17).
This scattered field depends on the vector magnetic potential and its dependence
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for an antenna in a homogeneous medium is given by Equation (2.18).

Vector magnetic potentials are related to the induced current on the arms of
the antennas. In the limit of a thin antenna where the radius goes to zero, reduced
Kernel expression can be used. For this limit, vector magnetic potential is related
to the induced current as given in Equation (2.104) for a V-shaped nanoantenna.

h
2

o R e~ JIkRY
A= ﬁ tr(ldl RV (2.104)
_h "
2
where ¢ is expressed as follows:
t=[#sin A —gcos A| H(—1) + yH(I) (2.105)

where H([) is the Heaviside function whose output is 1(0) when its input is
positive (negative). Inserting Equation (2.17) and Equation (2.104) into Equa-
tion (2.18) and rearranging some of the terms, the Pocklington type integral equa-
tion is obtained for a V-shaped nanoantenna, which is given by Equation (2.106).
However, this equation does not have an analytical solution and a numerical so-
lution must be used to solve it for obtaining the induced current distribution on

this antenna.

; ¢—IkRY : ¢—IkRY
— jdmwe et Epe =1 |V(V - / (Ul =) + ¥ / (Al
_% T _% T
(2.106)

where R} is the reduced effective distance for the V-shaped nanoantenna. In
order to calculate the reduced effective distance, two different conditions should

be considered for the V-shaped nanoantenna:

1. when the observation and source points are on the same arm (I and I’ have
the same sign) and

2. when the observation and source points are on the different arms (I and !’

have different signs).

For Case 1, Equation (2.47) should be used for the V-shaped nanoantenna; for
Case 2, Equation (2.107) should be used.

RY = \/a2 + (L + l'cosA)? + (I'sinA)’ (2.107)
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For an antenna that has tangential unit vectors lying in only z and gy direc-
tions, the gradient of the divergence of the vector magnetic potential is given
by Equation (2.49) or Equation (2.50). For the V-shaped nanoantenna, the arm
along & direction is labeled as I'y (arm 1) and the other arm is labeled as I'y
(arm 2). In order to find the vector magnetic potential affecting arm 1 of this
antenna, = and ¢ directed components of the vector magnetic potential shall be
found. Only the current on arm 2 creates a vector magnetic potential that has x
component and flow direction of this current is chosen to be in the —2 direction
as depicted in Figure 2.20. The vector magnetic potential due to this current is

given as follows:

Ay, =22 ’ I e yddl’ A
L =L - dl'si 2.108
1 4 7% ( ) in Sln( ) ( )

where RY, is defined by Equation (2.109). x and y are the observation point

coordinates. I’ is the source point and A is the opening angle of the antenna.

RYy =1/ + (y + 1 cos(A))? + (x — Usin(A))? (2.109)

The derivative of the kernel £ gj r
rd

RE is replaced by RY, and it should be evaluated at x = 0 since the source point

with respect to x is given by Equation (2.53) if

is on the antenna. (R}fd)/ is given by Equation (2.110) for V-shaped nanoantenna.

ORy, 1/2 X 2(x —U'sinA) _ —I'sinA (2.110)
Or \/(a2 + (y 4 l'cosA)? + (x — I'sinA)?)

\%
er

Inserting Equation (2.53) and Equation (2.110) into Equation (2.108), explicit
expression for x component of the vector magnetic potential on arm 1 is obtained:

St o ’ / e_ij'Yd 1 PV NI 37
=2 | Il (1 + jER)Idl sin(A 2.111
Oz 47 _% ( ) (RKZ)S ( +J rd) Sln( ) ( )

where RY, is given by Equation (2.107) if y is replaced by .

For the V-shaped nanoantenna, both of the currents on arms 1 and 2 creates
vector magnetic potentials that have gy directed components. Flow direction of
the current on arm 1 is chosen to be 4+ direction. The vector magnetic potential
due to these currents on both arms is given as follows:

uo [ % e~iRRL 0 e IRy
Ay, =2 Afm<m,w+/IWFﬁfWPwﬂ) (2.112)

4m *% rd
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where RY, is defined by Equation (2.57) if L is replaced by V. I’ is the source
point and its sign is positive as a result of the coordinate system choice. Note
that x = 0 on arm 1, hence the source point is only represented by y.

In Figure 2.20, the orientation of the incident field is given with respect to
the antenna symmetry axis. « is defined as the incidence angle and taken in
the counter clockwise direction from the symmetry axis of the antenna. Incident
field propagation direction is assumed to be out of page in (+z) direction. The
boundary condition for arm 1 of V-shaped nanoantenna with the assumption of

antenna being a perfect electric conductor is given as follows:

A 1 0? 0 (04
— B St — (= + K2 A+ — - 2.11
e OS5 ) JW Lo oE K&lﬂ o ) v gy ( Oz )} (2.113)

The constants in Equation (2.113) can be rearranged as given in Equation (2.59).
Then, the boundary condition for arm 1 can be written as follows:

A
2kE;,. COS(E +a)=

0
. 2 —jkRY, —jkRY.
7 {8_+k2} /1(1')6 dl’+/](l’)e Sl (—cosA) | | +
™
0

0
: —jkRY.
% a% / I(z')e(R—du + jkRY,)I'dl (sin A)?

h
2

Rearranging Equation (2.114) and replacing the variable y with [, the following
equation is obtained:

A
2kE;,. COS(E +a) =

. 2
g—” {8— + kQ] / Ik, )l | | +
T ﬁ (2.115)

j’r] a ! / /
7 al/f(l)@(z,z,A)dz

Ny

where k1 is the integral kernel of the integration that will be differentiated twice
and given by Equation (2.116). ky is the integral kernel of the integration that
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will be differentiated only once and given by Equation (2.117).

_ijgs e_ijgd
H(l
m O,

s

e

k(1,1 A) = (—cosA)H(-1") (2.116)

where H denotes the Heaviside function whose output is 1 when its input is
positive. RY, is given by Equation (2.47).

, efij}jd
KJQ(Z,Z ,A) = —v 3
rd

(1+ jEkRE)! (sinA)*H (=) (2.117)

where RY, is given by Equation (2.107).

For arm 2, the reference coordinate system is rotated for relatively easier
derivation of the vector magnetic potentials as depicted in Figure 2.21. For this
arm, the only source of vector magnetic potential that has x component is the
current on arm 1. The vector magnetic potential due to this current is given by
Equation (2.118).
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Figure 2.21: Depiction of the simplified geometry of V-shaped nanoantennas for
arm 2.
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h . v
MO 2 eiijrd
Ay == | I(I')——F%—dl'(sinA) (2.118)
dm Jo rd

where RY, is defined by the following equation. z and y are the observation
point coordinates. I’ is the source point and its sign is positive as a result of the

coordinate system choice. A is the opening angle of the antenna.

RYy =@+ (y + U cos A + (z — I'sin AY? (2.119)

The derivative of the integral kernel of Equation (2.118) with respect to x is given
by the following equation and it should be evaluated for x = 0.

O e IkRY, eJkRyy  o—ikRY,
= = | —Jk - Ry, 2.120

The derivative of the effective distance is calculated for the case of £ = 0 and the

result is given by the following equation:

4 7 ;.
a;zrd _ r—1'sinA _ i;l/A (2.121)
* \/a2 + (z—U'sin A)® + (y + I'cos A)? rd

Using Equation (2.120) and Equation (2.121) in Equation (2.118), the derivative
of the & component of the vector magnetic potential with respect to variable x
can be obtained as given in Equation (2.122). The effective distance is given by
Equation (2.123) for the case of x = 0.

aAQCE /"LO % ! e_JkRXi . \4 ! /] -2
= 22 [ I(I')———(1 + jERY)'dlI'sin>A 2.122
RV, = \/ a2+ (y + l'cosA)” + (I'sin A)? (2.123)

The current on both arms 1 and 2 creates vector magnetic potentials that have
y components. The vector magnetic potential due to these currents is given by
the following equation:

o JkRY, e IkRY,

h
ar + P / I dl'(—cosA 9.124
RTYS + 47T 0 ( ) R,,“/;l ( cos ) ( )

0
A, = Z—; ()

_h
2

where RY, is defined by the following equation while RY, is defined by Equa-
tion (2.123). [’ is the source point. Note that x = 0 on arm 2, hence the source
point is only represented by y.

RV, =\|a2+ (y =) (2.125)
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The boundary condition for arm 2 with the assumption of antenna being a

perfect electric conductor is given by the following equation:

A 1 0? 0 (0As
E, S )= [ = k) Ay o+ — . 2.12
e €O = @) JW Lo oE K3y2 o ) gy ( Oz )} (2.126)

The constants in Equation (2.126) can be re-arranged as follows.

1 1]
Ho 2 J1 (2.127)

JWoELE 4T 2k 27

where n is the effective intrinsic impedance of the homogeneous medium where
the antenna stands. Then, the boundary condition for arm 2 can be written as

follows:

A
— 2kE;. COS(E —a) =

h

~ 2 —jkRY, h —jkRY,
/0 {‘9_ + k?} / J(fp[e— / 1) dl cos A | | +
T rd (2128)

h 0
2

Jn 0 / e I* i 2 DV N 372
T 21— (1 + iRV dl'sinA
2w | Oy / ( ) (R )3 ( / RTd) o

rd

Rearranging Equation (2.128) and replacing the variable y with [, the following

equation is obtained:

A
—2kE;,. cos(; —a) =

h

: 2
;_77 [5’_+k2] / T()rs(1, 0, AL | +
T (2.129)

[Ny

]77 8 / / /
— | = | I LU, A)dl
ot ol / ( )54( s by )
_h

2
where k3 is the integral kernel of the integration that will be differentiated twice
and given by Equation (2.130). k4 is the integral kernel of the integration that
will be differentiated only once and given by Equation (2.131).

e_JkR:s e_ij:d

LU, A) = H(-l) -
"4'3(7’ ) ( ) R;jd

7 H(l")cosA (2.130)

s
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where H represents the Heaviside function whose output is 1 when its input is
positive. RY, is given by Equation (2.47).

!/ eiij:d - v / . 2 /
ka(LU,A) = —— (1 4+ jkRy ) (sinA) H(I') (2.131)

R}y
where RY, is given by Equation (2.107).
Combining the boundary conditions for both arms of the V-shaped nanoan-
tenna, one can obtain the following equation:

2kE;,. {cos(% +a)H(l) — cos(% —a)H(=1)| =

|

- 2
1 {%Hﬁ] / (e (1, 1)dl | +
2m | L0l (2.132)

(NI

h

j/r] a / / /
= al/](l)ﬁg(l,l}dl

h
2

Here r1 and k4 are given by Equation (2.133) and Equation (2.134), respectively.

Hl(l7l,,A> = RV

[HOHI) + H(-)H(=1)] -
(2.133)

: \4
67] erd

", [H()H (=) + H(=1)H(I")] cos A

where RY, is given by Equation (2.47).
1 \% 6_ijYd

Ro(l, I, A) = (1 4+ jkR) ) ———
2 ) = ( a) %

where RY, is given by Equation (2.107).

Usin? A[H(O)H(=U')+ H(-DH(')] (2.134)

2.2.3.2 MoM Numerical Solution

The Pocklington type integral equation Equation (2.132) does not have an an-
alytical solution, hence numerical solutions must be implemented to solve this

equation. In this subsection, MoM is applied for solving this equation.
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Figure 2.22: Current discretization on a V-shaped nanoantenna.

The antenna is discretized into N (2 x M) parts such that the curvilinear vari-
able I’ is sampled at points {—M,—M +1,...,—1,1,.... M — 1, M}. Figure 2.22
shows a schematic representing the discretization of the antenna. D is the sam-
pling period, which is given by the following simple relation:

h
D= —— 2.135
N1 (2.135)

After discretization, the integration parts of Equation (2.132) are represented by
discrete functions V*[l,,] and V?[l,,], which are given as follows:

h

VO, = % / 1D (1,1, A)dl! (2.136)

_h
2

The current distribution on the antenna is expanded into a sum of weighted Dirac

functions:

)= > Lol =) (2.137)

When this weighted distribution is used in Equation (2.136), the following relation

is obtained:

M
LAREETON (2.138)
m=—M
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ki and K\2, are given by the following equations:

JkRY,

Jne”
i = Sy () H (ln) + H (L) H (=1)] =
PR rs (2.139)
— cos A [H(l,)H(—1,,) + H(=1,)H(l,,)]
2w R,Yd
k3 = j—"(1 + ijV)ﬂzmsm?A [H(—1,)H (1) + H(L,)H(~1,,)] (2.140)
nm 27‘(’ rd (R:,/d)?)

The first and the second order derivatives of V®[l,,] are given by Equation (2.141)
and Equation (2.142), respectively, where finite difference schemes are used to

convert derivatives in the integral equation into sums.

0 Vier =2V + Vi

@Vl(l) = b (2.141)
0 2 _ v112+1 — VnQA
5V () = B (2.142)

Equation (2.132) can be rewritten after discretization by using Equation (2.141)
and Equation (2.142) after rearranging some of the constants such as d = 2k and

272
a=1-— kD 2D :
1 1
T (Vior —2aV, + V) + ﬁ(vj+1 ~VZ))=dE, (2.143)

where E,, is the discretized (normalized) incident field projection on the antenna
and given by the following equation:
A A
E, = COS(E +a)H(l,) — COS(E —a)H(-1,) (2.144)

Now, the discrete form of the Pocklington type integral equation can be expressed

in the form of:

(AW + CxP] T = QdE (2.145)

where A is given by Equation (2.146), C' is given by Equation (2.147) and @ is
given by Equation (2.148).
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0 0 0 0
-1 0 1
0 —1 0
1
(o —
2D
0 0 —1
0
[0 0
0 0
Q:
0 0 1
0 0 0
I 0 0 0

0
1
0

0
0
0

(2.147)

(2.148)

All of the matrices used in Equation (2.91) are N x N square matrices. The first

and last rows of these matrices are purposefully added as zero vectors for making

these matrices square. However, both of these rows and the first and last columns

of these matrices can be removed since the first and last elements of the current

vector (I) must be 0. This situation is a consequence of the end conditions,

which state that the current distribution must vanish at the physical ends of the

antenna. After removing these rows and columns, the current distribution on the

V-shaped nanoantenna can be find using Equation (2.149) where I is the reduced

current distribution and zeros must be added as the first and last elements. Z is

given by Equation (2.150):
I=dZ'E

7 = ArQ
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Figure 2.23: Amplitudes of the current distributions on V-shaped nanoantennas
with symmetric excitation.
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Figure 2.24: Amplitudes of the current distributions on V-shaped nanoantennas
with antisymmetric excitation.
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For finding the current distribution on a V-shaped nanoantenna using MoM,
we first find the projection of the incident field on the V-shaped nanoantenna.
Then, we calculate the coefficients such as a and D. Using these coefficients
matrices A and C are calculated. Then, the impedance matrices Z; and Z, are
calculated using the reduced kernels R,.d and R,s and multiplied by A and C,
respectively. Finally, the inverse of the summation of the product of A and Z;
and the product of C' and Z; is multiplied by the vector corresponding to the
projection of the incident field on the V-shaped nanoantenna for obtaining the

current distribution.

In Figure 2.23 amplitudes of the current distributions on V-shaped nanoan-
tennas of varying length and fixed opening angle of 7 are provided for the case
of symmetric excitation. In the symmetric excitation, the polarization of the
incident field has the same direction of the antenna symmetry axis. For this ex-
citation, both arms of the antennas act as the rod antennas of length % and their

resonance condition occur proportional to this length.

In Figure 2.24 amplitudes of the current distributions on V-shaped nanoan-
tennas of varying length and fixed opening angle of %T’T are provided for the case
of antisymmetric excitation. In the antisymmetric excitation, the polarization of
the incident field has a direction that is orthogonal to the antenna symmetry axis.
For this excitation, the antennas act similar to rod antennas of length h and their
resonance condition occur proportional to this length. The antenna lengths are
varied from 0.25 to 3.0 wavelength in these figures with MoM simulations. The
phase of the current distributions are also provided in Figure 2.25 and Figure 2.26

for the cases of symmetric and antisymmetric excitations.
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Figure 2.25: Phase of current distribution on a V-shaped nanoantenna with sym-
metric excitation.
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Figure 2.26: Phase of current distribution on a V-shaped nanoantenna with an-
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In order to account for the finite conductivity of the metals, the boundary

condition given in Equation (2.16) should be modified as follows:

R 1—7 [pow
t- [Escat + Eznc] = 27’((1,] MQLO_I (2151)

where a is the antenna radius, pg is the permeability, w is the radial frequency
of the incident field and o is the AC conductivity of the metal. AC conductivity
of the metal can be calculated from the DC conductivity of the metal when the

frequency of interest is given and the electron relaxation lifetime of the metal is

known.

2.2.3.3 Radiation into Farfield

P <>

Figure 2.27: Source of scattering depiction on a V-shaped nanoantenna.

Finding the scattered fields of a metallic V-shaped nanoantenna using MoM is
a problem that consists of two parts. Obtaining the current distribution along the
antenna for a known incident field is the first part of this problem. For the second
part, this current distribution should be re-radiated in order to find the scattered
fields. In this subsection, solution to this part of the problem is provided.

The far-field radiation vector is defined as the three-dimensional spatial Fourier
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transform of the current density [85] and is given by Equation (2.152).

F(R) = / T() R oy (2.152)

\%4

where J(r') is the current density on the antenna. This quantity depends on the
wavenumber and the directional unit vector 7 which is completely defined by the
spherical coordinate angles # and ¢. For a thin-linear antenna, current density
can be expressed as follows:

A

J(r)=1{"YH(I" [m cos(%)é(y)é(z) + g)sin(;)é(m)é(z)} +
(2.153)

HOH (1) (- cos( 5 )3(05(:) + dsin 5)5(00(:)

where §(x), 6(y) and §(z) are the dirac functions of variable x, y and z, respec-
tively while I(I') is the current distribution. Wavevector k is expressed in the

spherical coordinate system as follows:
k = kit = k(& cos ¢sinf) + §sin ¢sind + 2 cos 0) (2.154)
Then, k-7 = (27) - (') = 27?%(? -1) is given as follows:

!/

P zﬂ% sin 0 {H(—l’)(—cos(% + o))+ H{l) cosé - ¢)} (2.155)

For an z directed antenna standing on top of a semiconductor dielectric inter-
face, 6 electric field component is given by Equation (2.156) and ¢ electric field
component is given by Equation (2.157)( [86]). For a y directed antenna cos ¢
terms should be replaced by sin ¢ terms and sin ¢ terms should be replaced by
— cos ¢ terms.

2
o (cos0) cos ¢

cos 0 + \/(712 — (sin6)?)

(2.156)
o cosf — \/(n2 — (sin6)?)
— | (sin®)” cos 6 Ccos ¢
n?cosf + 1/ (n? — (sinf)?)
cos 6 _
Ey,=— sin ¢ (2.157)

cosf + 1/ (n? — (sinh)?)
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For designing metasurfaces using V-shaped metallic antennas, their far-field

amplitude and phase responses along the incident field’s wavevector direction
should be considered. Hence, 6 and ¢ used in Equation (2.155), Equation (2.156)

and Equation (2.157) can be set to 0. Then, both of the electric field components
1
14n

along the z and y directions reduce to . Also, k - 7 diminishes for 6 equals 0.
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Figure 2.28: Scattered field amplitudes of V-shaped nanoantennas.

Far field amplitudes and phase shifts of V-shaped nanoantennas having varying
lengths and opening angles are shown in Figure 2.28 and Figure 2.29, respectively.
In order to obtain these data, V-shaped nanoantennas are excited by electric field
polarized at a 45° angle with respect to antenna symmetry axis and the scattered
field along the normal direction to the antenna plane is calculated. Only the cross-
polarized (with respect to incident field) scattered field is considered. Lengths of
antennas are varied between 0.2 and 1.1 effective wavelength so that it is possible
to excite both resonance modes for most of the antennas. Antennas are considered
to be fabricated from gold when considering the effect of finite conductivity of real
metals. Scattered field amplitudes of V-shaped nanoantennas maximized when
both arm lengths have length close to 0.5 effective wavelength. However, antennas
having scattered field amplitudes greater than 0.6 of the maximum scattering field

29



amplitude can also be used to design metasurfaces up to a certain performance.
Scattered field phase shifts of these antennas cover the whole 0 — 27 range as
seen in Figure 2.29. Therefore, V-shaped nanoantennas can be used to design

metasurfaces.

180
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degree (*)

45 90 135
Opening angle (%)

Figure 2.29: Scattered field phase shifts of V-shaped nanoantennas.

2.2.3.4 FDTD Numerical Solution

For understanding the general behavior of V-shaped nanoantennas, probing a
large parameter space in a relatively shorter amount of time and obtaining rough
results, a simplified model can be simulated with MoM as done in the previous
subsections. However, after the rough scanning stage, precise behavior of anten-
nas is required for designing metasurfaces with optimum performance. For this
part of the problem, full wave simulations can be used with a much more realistic

model having 3D geometry.

In this part, Lumerical FDTD is used to perform full wave simulations of
gold V-shaped nanoantennas that are placed onto a silicon substrate. Before
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determining the initial value for varying the length and cross-section of the V-
shaped nanoantennas, effective wavelength for this media should be considered.
Effective wavelength is given by Equation (2.14) for the visible and infrared region
of the electromagnetic spectrum. For excitation wavelength of 1550 nm and radii
of 20 nm, 50 nm and 100 nm, effective wavelength varies between 800 nm and
1200 nm for rod antennas standing in vacuum [87]. Therefore, total length of
a V-shaped nanoantenna can be close to 800 nm if it is standing in vacuum.
However, since the V-shaped nanoantennas are placed on a silicon substrate,
effective refractive index is close to 2.6 [51]. So, total length close to 300 can be
considered for the resonance condition.

Figure 2.30: Geometry of V-shaped nanoantennas modeled for Lumerical FDTD
simulations.

For modeling a realistic V-shaped nanoantenna geometry, two rectangular
prisms of gold (gold colored blocks 1 and 2) that have arm lengths h and width
w are connected by a triangular prism of gold (gold colored block 3) as depicted
in Figure 2.30. Guided by our MoM analysis results obtained in the previous
subsections, total length of V-shaped nanoantennas is varied between 100 nm
and 400 nm while the opening angle is changed between 30° and 180°. The width
w and thickness d is held fixed at 50 nm. For each V-shaped nanoantenna, a
silicon substrate having square cross-section of edge length L is used. This edge
length L should be long enough for avoiding mutual coupling of antennas when
antennas placed nearby to built metasurfaces and it should also be as short as
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possible for increasing the efficiency of designed metasurface. After several simu-
lation runs, we obtained the value of 300 nm to be used as the edge length. Then,
this V-shaped nanoantenna on a silicon substrate is excited by a monochromatic
(1550 nm) total field scattered field (TFSF) source at 1550 nm from the silicon
substrate. This TFSF source is a special kind of plane wave source of Lumerical
FDTD that is used for scattering simulations and it simplifies the splitting pro-
cess of the incident and scattered fields by just keeping the incident field inside its
boundaries. A frequency domain monitor is placed just above this TFSF source
boundary for recording the near scattered fields. Then, far field transformation
functions are used to calculate the farfield amplitude and phase responses of these
antennas along the desired directions. The polarization direction of the TFSF
source is chosen to be +45° with respect to x axis shown in the Figure 2.30 so
that it is possible to excite different resonance modes (ones that are parallel to the
symmetry axis of the antenna and ones that are perpendicular to this symmetry
axis). The recorded and far-field transformed scattered field has perpendicular

polarization direction to this incident field.

Table 2.1: Length and opening angle of modeled V-shaped nanoantennas

Antenna Type Arm Length (nm) Opening Angle (°) Axis Orien. (°)

1 180 79 -45
2 140 68 -45
3 130 104 -45
4 85 175 -45
) 180 79 45
6 140 68 45
7 130 104 45
8 85 175 45

In Table 2.1, length and opening angles of modeled V-shaped nanoantennas
are given. Since, our aim is to find a set of V-shaped nanoantennas that cover
full 0 — 27 range by their phase shift responses, we can first find a group of
antennas that cover 0 — 7 range and then rotate this group by 90°. Therefore,
last four of the antennas in Table 2.1 are just 90° rotated replicas of the first
four antennas. The phase shift and scattering amplitudes of these antennas are
provided in Table 2.2.
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Table 2.2: Far-field responses of modeled V-shaped nanoantennas
Antenna Type Phase Shift (°) Scat. Ampl. (a.u.)

1 2 0.92
2 95 0.85
3 98 0.73
4 140 1.00
5 182 0.92
6 235 0.85
7 278 0.73
8 320 1.00

2.3 Dielectric Nanoantennas

Pioneering studies on metasurfaces focused on metallic nanoantennas [8, 12,13,
16, 20, 24, 26, 45, 51] for designing metasurfaces. However, absorption losses of
metals and cross-polarization scheme required by metallic nanoantennas such as
V-shaped nanoantennas cause efficiency problems in metallic metasurfaces that
are designed to be used in transmittance mode as mentioned in Section 2.2.
Because of this phenomena, practical usage of metallic metasurfaces is limited to

reflectance mode optical components.

Dielectric nanoantennas emerged as alternatives to metallic nanoantennas for
designing and realizing metasurfaces. Besides the primary advantage of lack of
absorption losses, ease of integration with electronics and the possibility of man-
ufacturing by proven semiconductor fabrication technologies favor the dielectric
metasurfaces over metallic counterparts when manufacturing requirements are
considered. Furthermore, it has been recently shown that high efficiency trans-
mission mode optical components such as ultra-thin gratings, lenses and axicons
can be realized by patterning sub-wavelength thick dielectric materials such as
silicon [17].

2.3.1 FDTD Numerical Solution

Dielectric nanoantennas made from high (> 2.0) refractive index material can

show strong Mie-type scattering resonances similar to metallic nanoantennas
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[88,89]. For example, silicon nanowires show this type of resonance when their
circumference is an integral number of times the incident light’s wavelength inside

silicon [90]. This resonance condition is given by the following equation:
A
m=2 ~ 2mr (2.158)
n

where m is a positive integer, A\ is the wavelength of incident light in free space
and r is the radius of silicon nanowire. In addition to the electric dipole res-
onance inside high-refractive index dielectric materials, there can also exist a
magnetic dipole resonance depending on the orientation and localization of the
electric field [91,92]. These two resonances can be used to satisfy the 0-to-27
phase shift coverage requirement similar to the utilization of orthogonal modes
occurring in V and L-shaped metallic nanoantennas. Besides the phase coverage
issue, the primary interest in dielectric nanoantennas is the opportunity of in-
creasing transmission efficiency. In order to provide this, both of the resonance
modes should be excited with similar amplitudes and phases so that their far field
contributions can interfere constructively in the forward direction. This condition
was predicted theoretically for spherical particles in first Kerker’s condition [93].
Recently, almost zero back scattering was experimentally demonstrated using this
type of dielectric nanoparticles by spectrally overlapping electric and magnetic
dipole resonances [94,95]. For silicon nanodisks (which has a diameter that is
larger than its height), this zero backscattering condition is satisfied for a diame-
ter to height ration of 2 [65,66]. For example, for a design wavelength of 3.6 pum,
the diameter of the nanodisk can be around 1300 nm while its height should be
close to 600 nm.

For designing silicon nanodisks that can perform as dielectric nanoantennas
used to build metasurfaces, a design wavelength of 3.6 pum was selected. Then,
using the refractive index of silicon at this wavelength in Equation (2.158), a
starting point for nanodisk diameter is determined as 1300 nm. After this, the
nanodisk height was chosen as 600 nm. As the substrate, silica was chosen due
to its high transmission in the wavelength of interest and its compatibility with
silicon. For modeling this geometry Lumerical FDTD was used.
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2.3.2 Radiation into Farfield

For finding a suitable dielectric nanoantenna set from the proposed design of sil-
icon nanodisks on silica, its farfield scattering amplitudes and phases should be
analyzed. Moreover, its transmission efficiency should be obtained for assessing
its contribution to device efficiency. In order to obtain these characteristics of
silicon nanodisks, full wave simulations were performed using Lumerical FDTD.
A simulation region that spanned a volume of L nm x L nm x 5000 nm with a ho-
mogeneous refractive index that matches the silica’s refractive index in the light
source’s wavelength was used. L is the size of the axial lengths of the simulation
region and chosen as a design parameter in order to maximize transmission with-
out introducing mutual coupling between silicon nanodisks. A monochromatic
plane wave source that has wavelength varied between 3.0 pm and 5.0 pm from
simulation to simulation was used to excite the silicon nanodisk from a point that
is close to the bottom of the simulation region. A nearfield monitor was used to
record the scattered and transmitted field from the silicon nanodisk and placed
at a point close to the top of the simulation region. The diameter of the silicon
nanodisk was varied between 500 nm to 2000 nm while its diameter was varied
between 250 nm to 1000 nm. Also, L was varied between 1200 nm to 2400 nm.
After probing this parameter space, a suitable dielectric nanoantenna set was
obtained for the design wavelength of 3.2um and for L being equal to 1800 nm.

Far field amplitude and phase shift responses of the silicon nanodisks are given
as a function of the nanodisk diameter for the fixed designed height of 550 nm
in Figure 2.31. In the inset of this figure, depiction of the silicon nanodisk’s
geometry is provided. As seen in this figure, 0 — to — 27 phase shift coverage is
satisfied with an almost uniform amplitude response. So, these antennas can also

be used as building blocks of metasurfaces.
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Figure 2.31: Amplitude and phase responses of far-field scattered from Si nan-
odisks.

For obtaining the transmission efficiency of silicon nanodisks, a similar simu-
lation scenario was used. The only difference was the replacement of near field
monitor by a power transmission monitor. For comparing the transmission effi-
ciency to that of the metallic nanoantennas, gold V-shaped nanoantennas were
also modeled and full wave simulations were also performed for them. Maximum
efficiency that was obtained by using gold V-shaped nanoantennas was less than
11%. The far field characteristics’ and transmission efficiencies of a set of silicon
nanodisks that can be used to realize transmission mode dielectric metasurfaces is
provided in Table 2.3. As seen in this table, the transmission efficiencies of silicon
nanodisks is far more better than that of the V-shaped gold antennas. It can even
reach very close to zero backscattering when the first Kerker condition is satis-
fied. The main reason for this very efficient transmission is the lack of absorption
losses occurring in metallic nanoantennas. Therefore, these silicon nanodisks can
be used to replace metallic counterparts for realizing high efficiency transmission

mode metasurfaces that can perform as optical components.
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Table 2.3: Farfield characteristics and transmission efficiency of silicon nanodisks

Diameter (nm) Phase shift (°) Amplitude (a.u.) Transmission (%)

1240 35 0.94 96
1200 347 0.87 83
1160 295 0.77 65
1130 256 0.77 65
1090 214 0.82 75
1020 167 1.00 98
900 125 0.92 90
1320 79 0.82 75
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Chapter 3

Metasurface Design Methodology

Metasurfaces consist of dense two-dimensional arrangements of optically thin res-
onators. By changing the size, shape and orientation of optically thin resonators,
their amplitude and phase shift responses can be tuned. This controllability paves
the way of achieving desired optical functionalities by designing the arrangement

of these resonators.

This chapter consist of two sections. In Section 1, general procedure for de-
signing metasurfaces is explained in detail. Then, using this procedure, several
metasurface designs including lenslet arrays and parabolic mirrors are provided
in Section 2.

3.1 General Procedure

The procedure for designing a metasurface is depicted in Figure 3.1. A good
starting point is the determination of the central design wavelength. After fixing
this parameter, size range of the optical resonators can be roughly determined
depending on the resonance condition. Operational bandwidth of the metasurface
can be used as an input at this step. For example, midpoint of this bandwidth
can be picked as the central design wavelength.
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Figure 3.1: Depiction of the metasurface design methodology.
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Figure 3.2: Procedure for selecting the resonator set.
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Second and most time consuming step of designing a metasurface is the deter-
mination of the optical resonator set. A set of optical resonators shall be designed
for covering the full 0 — 27 range while keeping the amplitude response as uniform
as possible. In Chapter 2, a large parameter space is probed using method of mo-
ments and it is shown that V and L shaped metallic nanoantennas can satisfy the
phase coverage property. A V-shaped nanoantenna model is given in Figure 2.30.
The unit cell of this model is a square of edge length L and special care must
be given to this parameter since it should be long enough for avoiding mutual
coupling of antennas when antennas placed nearby to built metasurfaces. The
arm length and opening angle of a V-shaped nanoantenna is changed for tuning
the phase shift response and by playing with these parameters, a set of V-shaped
nanoantennas can be selected to fulfill phase coverage property with a moderate
amplitude uniformity. An exemplary set is provided in Table 2.2. Generalized
selection procedure for optical resonators is given in Figure 3.2. After selecting
the building blocks, metasurface parameters such as size and functionality shall
be determined. For a lens or a lenslet array, these parameters can be aperture
size and focal length. Then using these parameters, phase shift response function
of the metasurface can be extracted. Phase response that should be imparted on
an incident light beam by a cylindrical lens is given by Equation (3.1).

or) = 2 (VT 2 ) (31)

where r is the distance to the lens center and f is the focal length while A is
the free space wavelength. This phase response is plotted for two lenslets of
different f-numbers and same (50pm) aperture size in (a) and (b) of Figure 3.3.
However, these continuous phase responses cannot be realized by discontinuous
arrangement of optical resonators. Therefore, these phase responses must be
discretized into constant phase regions. If a set of n antennas is selected, then
the full phase shift response 27 is divided into n constant phase regions. For a
set of 8 antenna, the discretized phase responses imparted by exemplary lenslet
metasurfaces are given in (c) and (d) of Figure 3.3.
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Figure 3.3: Exemplary continuous and discretized phase shift responses of the
metasurfaces.

Final step of the metasurface design procedure is placing the resonators with
appropriate phase shift response to desired location for realizing the discretized
phase response of the metasurface. For a set of 8 antennas, arrangement of V-
shaped nanoantennas is shown in Figure 3.4. In this figure, constant phase shift

regions are represented with shadings of different densities.
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Figure 3.4: Realization of the phase shift response by placing nanoantennas.
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3.2 Example Designs

3.2.1 Metasurface Lens Design

In this subsection, several lenslets and lenslet arrays are designed using the meta-
surface design methodology described in Section 3.1. As the central design wave-
length, 1550 nm is selected. A set of 8 symmetric V-shaped nanoantennas is
selected as the optical resonator set that fulfills the 0 — 27 phase shift coverage
issue. The properties of this antenna set is given in Table 2.1 and Table 2.2. The
design parameters of the lenslet arrays are given in Table 3.1.

The phase shift responses of the lenslets in the lenslet arrays are given in
Figure 3.5. In this figure, only the phase response of one lenslet is shown for
each lenslet array. Continuous curves correspond to ideal phase responses while
dotted-dashed curves correspond to discretized versions of ideal phase responses.
For realization of the discretized phase shift response, the symmetric V-shaped
nanoantennas in the antenna set are placed one by one on phase shift response
defined locations of a silicon substrate. Since, the discretized phase shift responses
have constant phase shift regions, these regions are populated by same antennas
having same phase shift response. The distribution of antennas in these regions
are provided in Table 3.2.

Table 3.1: Metasurface lenslet array design parameters

Lenslet Type No of Lenslets Focal Len. (um) Aperture Dia. (um)

1 2 200 49.95
2 4 100 24.95
3 6 100 24.95
4 6 100 35.35
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Figure 3.5: Continuous and discretized phase shift responses of the lenslets.

For modeling the lenslet arrays in Lumerical FDTD, symmetric V-shaped
nanoantenna’s described in Section 2.2.3 are placed inside a 300 nm by 300 nm
unit cell. Then, the center of this unit cell is placed to the origin of the simula-
tion region and shifted to the discretized phase response specified location of a
silicon substrate. Each constant phase region specified in Table 3.2 are filled by
these unit cells. By this way, a lenslet is modeled and by repeating this lenslet
along the desired directions a lenslet array is modeled. Since the FDTD simu-
lations are very time consuming, we modeled these lenslet arrays as cylindrical

lenslet arrays instead of spherical ones so that periodic boundary conditions can

Table 3.2: Antenna distributions in constant phase regions of lenslets

Lenslet 1 Lenslet 2 Lenslet 3 Lenslet 4
Reg No No of Ant Reg No No of Ant Reg No No of Ant Reg No No of Ant

0 59 0 41 0 41 0 41
1,-1 12 1,-1 9 1-1 9 1,-1 9
2,-2 9 2,-2 6 2,-2 6 2,-2 6
3,-3 8 3,-3 6 3,-3 6 3,-3 6
4,4 7 4.-4 - 4,-4 - 4.-4 5
5,-5 6 5,-5 5,-5 - 5,-5 4
6,-6 6 6,-6 - 6,-6 - 6,-6 5
7,-7 6 7,-7 - 7,-7 - 7,-7 3
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be used to decrease computation time. After modeling the cylindrical lenslet ar-
ray, a monochromatic (1550 nm) plane wave source is injected from the silicon
substrate. The polarization of the incident field is along the +2 direction of the
simulation region where the antennas are located on a silicon substrate that lied
on the x — y plane. The antennas are oriented in such a way that their symme-
try axis and the polarization direction of the incident field has an angle of 45°.
This orientation angle makes sure that both of the orthogonal resonance modes
in the antennas are excited. Then the scattered field is recorded on a near field
monitor that is located above the lenslet array structure. Finally, this recorded
field data is transformed into far-field for cross-polarized (with respect to incident
field) field. This far-field data is sampled along the normal direction (+2) of the
lenslet array surface and focusing behavior is observed. This focusing behavior of
lenslets in the arrays can be seen in Figure 3.6 as the beam-width of the scattered
field narrows at the metasurface dictated focal plane.
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Figure 3.6: Cross-polarized far-field distributions of the lenslet arrays.
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3.2.2 Metasurface Parabolic Mirror Design

In this subsection, parabolic mirrors are designed using the metasurface design
methodology described in Section 3.1. As the central design wavelength, 850 nm
is selected. In the previous subsection, a set of 8 symmetric V-shaped nanoanten-
nas are used to build transmitting metasurfaces since the lenslets are transmitting
optical components. However, mirrors are reflective optical components and re-

flective metasurfaces should be designed to function as mirrors.

The optical resonator model used for building metasurface mirrors is depicted
in Figure 3.7. In this model, a gold plate is used for reflecting the incoming field
and a gold rectangular prism is placed on top of a magnesium fluoride spacer
