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MODELLING ELECTROMAGNETIC WAVES IN ANISOTROPIC
MATERIALS

ABSTRACT

The thesis deals with modelling electromagnetic waves in anisotropic media. In the
first part of the thesis, a new method of approximate computation of the electric and
magnetic matrix Green’s functions in general gyrotropic media has been suggested
and investigated. This method is based on the following. The Fourier images of
the elements of the electric and magnetic matrix Green’s functions with respect to
space variables are computed exactly by some matrix transformations and symbolic
computations in MATLAB. The element of the Green’s functions for electric and
magnetic fields are derived approximately by the regularized numerical computation
of the inverse Fourier transform of their images obtained on the previous step.
The regularization parameters are chosen by comparison the elements of regularized
Green'’s functions for electric and magnetic fields with exact the Green’s functions for
electric and magnetic fields in the case of an isotropic medium. The computational

experiments confirmed the robustness of the method.

In the second part of the thesis we suggested a new method of approximate
computation of the fundamental solution of time-dependent Maxwell’s equations for
general anisotropic conductive materials. This method is based on the following.
Applying the Fourier transformation with respect to the space variables, the initial
value problem is reduced to the Volterra integral equations. The solution of the
obtained integral equation is constructed by the method of successive approximations.
Finally, the inverse Fourier transform is applied numerically to the fundamental
solution for the time-dependent Maxwell’s equations. The computational experiments

confirmed the robustness of the method.

Keywords: Maxwell’s equations, Green’s functions, Anisotropic media, Gyrotropic
media, initial value problem, integral equations, modeling, simulation, analytical

method.
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ELEKTROMANYETIK DALGALARIN ANIZOTROPIiK ORTAMLARDA
MODELLENMESI

0z

Bu tez eletromanyetik dalgalarin anizotropik ortamlarda modellenmesi ile ilgilidir.
Tezin ilk bolimiinde, genel gyrotropic ortamdaki elektrik ve manyetik matris Green
fonksiyonlarinin yaklagsik olarak hesaplanmasi i¢in yeni bir yontem Onerilmis ve
arastirtlmistir. Bu yontem asagida belirtilenlere dayanmaktadir. Elektrik ve manyetik
matris Green fonksiyonlarinin elemanlarinin uzay degiskenlerine gére Fourier goriin-
tilleri baz1 matris doniisiimleri ve MATLAB’da sembolik hesaplamalar ile tam olarak
hesaplanmistir. Elektrik ve manyetik alanlar i¢in Green fonksiyonlarinin elemanlari,
bir onceki adimda elde edilen goriintiilerine ters Fourier doniisiimiiniin regiilarize
edilmis sayisal hesaplanmasi ile yaklagik olarak tiiretilmigtir. Regiilarizasyon paramet-
releri, regiilarize edilmis elektrik ve manyetik alanlarin Green fonksiyonlar: ile tam
elektrik ve manyetik alanlarin Green fonksiyonlarinin izotropik ortamda kiyaslanmasi

ile secilir. Sayisal deneyimler bu yontemin dogrulugunu gostermektedir.

Tezin ikinci boliimiinde, zamana bagli Maxwell denklemlerinin genel anizotropik
iletken malzemelerdeki yaklasik hesaplamasi ile ilgili yeni bir yontem Onerilmistir.
Bu yontem agagida belirtilenlere dayanmaktadir. Baslangic deger problemi, uzay
degiskenlerine gore Fourier doniisiimii uygulanarak Volterra integral denklemine
indirgenmistir. Elde edilmis integral denkleminin ¢6ziimii ardisik yaklagim yontemiyle
olusturulmustur. Son olarak zamana bagli Maxwell denklemlerinin temel ¢6ziimiinii
bulmak icin ters Fourier doniisiimii sayisal olarak uygulanmigtir. Sayisal deneyimler

bu yontemin dogrulugunu gostermektedir.

Anahtar Kelimeler : Maxwell denklemleri, Green fonksiyonu, anizotropik ortam,
gyrotropic ortam, baslangic deger problemi, integral denklemler, modelleme, simiilas-

yon, analitik yontem.



CONTENTS

Page

THESIS EXAMINATION RESULT FORM ...t il
ACKNOWLEDGEMENTS ..ot e e e e e e e e e e e e eeeeeaeaeas iii
ABSTRACT ...t ettt ee e e e e e e e e e et aa e rreeaesseeeeereaananss v
O Z e e ettt ettt ettt ettt e et e et e e e e e e e r e e e e e e e e e e e erearenreran \%
LIST OF FIGURES ... e e e e e e e e e e e e e eaeaa e e s Xi
LIST OF TABLES ..ottt ettt e e e e e e ettt sreeee e e e e eeessaaaaeas Xii
CHAPTER ONE - INTRODUCTION 1
1.1 The Results of the Previous Research Related to the Thesis .....ouvvvueeeeeeeeeen. 1
1.2 The Goal Of the TIESIS .cevnneeeeieee et e e e e e e ees 6
1.3 Methods OF the TIRESIS . .ceveneeeeiiee e e eeee e e e e eaeaaeees 7

1.4 The Descriptions of Historical Background of the Main Problems and Results
OF the TRESIS .ccueiiiiiieii e 7

CHAPTER TWO - THE APPROXIMATE COMPUTATION OF TIME HARMONIC
MAXWELL’S EQUATIONS IN GENERAL GYROTROPIC MEDIA.......ccccceeeveunaneee 14

2.1 Approximate Computation of the Green’s Functions of the Electric Field ... 14
2.2 Approximate Computation of the Green’s Functions of the Magnetic Field. 17
2.3 Computational EXPeriments............couueeerieiriiieinieeniieenieeeieeesiee s 20
2.3.1 Determining Parameters for the Approximate Computation of the Inverse
Fourier Transform (Using Isotropic Maxwell’s Equations).................... 21

2.3.2 The Approximate Computation of the Electric and Magnetic Green’s
Functions in General Gyrotropic Media........c.ccoecueevienienciineeneenncnnen. 22

2.4 Summary of the Chapter TWO .........coviiiiiiiiriiieeiieeeee e 33

CHAPTER THREE - COMPUTING THE ELECTRIC AND MAGNETIC MATRIX
GREEN’S FUNCTIONS IN GENERAL ELECTRICALLY GYROTROPIC MEDIA 34

3.1 Electric and Magnetic Green’s Functions in General Gyro-electric Media... 34

vi



3.1.1 Computing the Electric Green’s FUnction ............ccceceevvieiniieeniieenieenns 35
3.1.2 Computing the Magnetic Green’s FUNCtion...........ccccceeevveencieeinveennnenn. 37
3.2 Computational EXPeriments............coeoueeiriiiniiiinieeniieenieeeiieesiee e 40
3.2.1 Computational Accuracy of the Fourier Transform of the Electric Green’s
FUNCHON ...t 41

3.2.2 Determining Parameters for the Approximate Computation of the Fourier

Transform in the Space of Generalized Functions (Using Helmholtz

B ) e e 44

3.2.3 The Approximate Computation of the Electric and Magnetic Green’s
Functions in General Gyro-electric Media ...........ccceevveeniiiiniceniiennneen. 46

3.3 Summary of the Chapter Three..........coccoooiiviiniiiiiieecee 54

CHAPTER FOUR - COMPUTING THE ELECTRIC AND MAGNETIC MATRIX
GREEN’S FUNCTIONS IN GENERAL MAGNETICALLY GYROTROPIC MEDIA 55

4.1 Electric and Magnetic Green’s Functions in General Gyro-magnetic Media 55

4.1.1 Computing the Magnetic Green’s Function..........c.ccceceeveereeecieeneennenne 56
4.1.2 Computing the Electric Green’s FUnction ..........c.ccccoecveervieenieennneenneen. 58
4.2 Computational EXPeriments..........c.cceevveereiiernieeniiieeniienieeeneeesieesnveesneeennnes 61

4.2.1 The Approximate Computation of the Electric and Magnetic Green’s
Functions in Gyro-magnetic Media...........ccocueriiiiiinienieniienicnieceene 61

4.3 Summary of the Chapter FOUT.........cccciiviiiiiiiiiiie e 73

CHAPTER FIVE - THE APPROXIMATE COMPUTATION OF THE FUNDAMENTAL
SOLUTION OF TIME-DEPENDENT MAXWELL’S EQUATIONS FOR GENERAL
ANISOTROPIC CONDUCTIVE MATERIALS 74

5.1 The Derivation of the Fundamental Solution of the Electric Field................ 74
5.1.1 The Fourier Transform of the Equation for the Fundamental Solution.. 74
5.1.2 The Reduction of (5.2) to a Vector Integral of the Volterra Type............ 75
5.1.3 Solution of the Volterra Type Integral Equation (5.8) by Using the Method

of Successive APPrOXIMAtIONS. .....cc.ueeerueeeriueeerireerieeenireesieeesreesieeeneeens 78

5.2 Computational EXPeriments...........ccceeeereuiieeeniiieeiniiieeeeniieeeeeieeeeesieeeesiveeeenn 84

vii



5.2.1 Explicit Formulae of the Problem for Isotropic Conductive Media ....... 84
5.2.1.1 Solution of the System (5.24)-(5.25): cecuvvevieiecieiieeeieeeeeeee e 85
5.2.1.2 Comparison of the Values of E(x,1) for the Isotropic Conductive

IMAALETIALS .ttt 92

5.2.2 Determining Parameters for the Approximate Computation of Inverse

Fourier Transform .......cooccoiieiieiiiiiieieteeeeee e 93

5.2.3 Computational Experiments for an Anisotropic Monoclinic Structure.. 99

5.2.4 Computational Experiments for an Anisotropic Triclinic Structure ...... 103

5.3 Summary of the Chapter Five ........cccccooiiiiiiiiiiiieeeeee 111
CHAPTER SIX - CONCLUSION ...... . . . . 112
REFERENCES.... . . . 114
APPENDICES... . . 123
Al MATLAB Code of General Gyrotropic Media..........ccoocueeevieiniieinieennecnnnne. 123
Al.1 MATLAB Code of Symbolic Computation of Matrix E V) oo, 123

A1.2 MATLAB Code of Symbolic Computation of Matrix HO) oo, 124

A2 MATLAB Code of General Gyro-electric Media..........oocceeevviiiieeniieeennnnnen. 126
A2.1 MATLAB Code of Computation of Matrix 7' (v) and D(V)......ccccceuee. 126

A2.2 MATLAB Code of Computation of Matrix Q(v) and M(V)...........cc....... 127

A3 MATLAB Code of General Gyro-magnetic Media .........ccccceeveuieenveenneennnee. 128
A3.1 MATLAB Code of Symbolic Computation of Matrix J2I0% N 129

A3.2 MATLAB Code of Symbolic Computation of Matrix J210% J 130

A4 Some Basic Concepts for Chapter 5 ........cccoevvveevviiiiriiieniieeiee e 131

viii



LIST OF FIGURES

Figure 2.1

Figure 2.2

Figure 2.3

Figure 2.4

Figure 2.5

Figure 2.6

Figure 2.7

Figure 2.8

Figure 2.9

Figure 3.1

Figure 3.2

Figure 3.3

Figure 3.4

Figure 3.5

Figure 3.6

Figure 3.7

Page
1D plot of H3(x) and H3 |y, a)(x) for N =40, A=0.5.....cccoovvimrrrrunnee. 22
1D plot of H}(x) and H} |y, a)(x) for N =40, A = 1.0..ccccrvvveeccrrrrinnns 23
w = 3Ghz, Case 1-3, (a) 1D plot of Im(E%(z,z,O)); (b) 1D plot of
RE(EJ(2:2,0)). wvveeueeieeeiieceeiecemieceeies i 26
w = 3Ghz,6Ghz, Case 2, (a) 1D plot of Im(E%(z,z, 0)); (b) 1D plot of
RE(E1(2,2,0)). wovoeerreeeeeiiiseeeeceeiiesseeeeeoeiss oo 27
w = 3Ghz, Case 1, (a) 2D plot of Im(Eé(xl,xz,O)); (b) 3D plot of
IM(E)(X1,52,0)). oo 28
w = 3Ghz, Case 3, (a) 2D plot of Im(E;(xl,xz,O)); (b) 3D plot of
Im(E5(X1,X2,0)). woooeroeiereiiieseiseseieee s 29
w = 3Ghz, Case 3, (a) 2D plot of Re(E%(xl,xz,O)); (b) 3D plot of
ReE(E(X1,2,0)). oo 30
w = 3Ghz, Case 1-3, (a) 1D plot of Im(H3'(z,z,0)); (b) 1D plot of
RE(H3(2,2,0)). covooerreieeeeeeeesesese s 31
w = 3Ghz,6Ghz, Case 2, (a) 1D plot of Im(H{(z,z, 0)); (b) 1D plot of
RE(H[(2,2,0)). ovooeeveiereiieneeissseesseeii s 32
1D plot of U(x) and Uya(x) for N =40, A=0.5 ..o, 45
1D plot of U(x) and Uya(x) for N =40, A=1.0 ccccoviiiiniiiinn. 46
w =2c, k=1071,10"2, (a) 1D plot of Im(E)(x,x,0)); (b) 1D plot of
1 m(E;(x, x,0)) in rectangular reZION .........ccceeevveeeiieeerieeeiieeeieeeie e 48
w =2¢c, k=1071,1072, (a) 2D plot of Im(H{(x,x,0)); (b) 2D plot of
RE(H | (X,2,0)) oo 49
w =2 k=10"", (a) 2D plot of Im(E}(x1,x2,0)); (b) 3D plot of
IM(E{(X1,52,0)) covooeeioeeiieciieeiieseeiseeeis e 50
w =2, k=10"", (a) 2D plot of Re(E|(x1,x2,0)); (b) 2D plot of
RE(EJ(X1,22,0)) oo eesesesse s 51
w =2¢c, k=107, (a) 2D plot of Im(H|(x1,x2,0)); (b) 2D plot of
Re(H [ (x1,62,0)) oo 52

iX



Figure 3.8

Figure 4.1

Figure 4.2

Figure 4.3

Figure 4.4

Figure 4.5

Figure 4.6

Figure 4.7

Figure 4.8

Figure 4.9

Figure 5.1

Figure 5.2

Figure 5.3
Figure 5.4
Figure 5.5
Figure 5.6
Figure 5.7

w =2c, k=107, (a) 2D plot of Im(H,(x1,x2,0)); (b) 2D plot of

RE(H(X1,X2,0)) coeorrviemreeieeiieseiaeseesee s 53
w = 2c, (a) 1D plot of Re(E,(z,z,0)); (b) 1D plot of Re(E}(z,z,0)) for
Y =107 072 e 63
w=2¢, y=10"1,1072, (a) 1D plot of Im(H;(z,2,0)); (b) 1D plot of
RE(H}(2,2,0)).coveeeeveeeiiisseeeceeniesseeeeeoenis oo 64
w =2, y=10"1, (a) 2D plot of Im(E{(x1,x2,0)); (b) 3D plot of
IM(E](X1,52,0)) covooeeviieiiceeicenieeeiseeeiecesee e 65
w=2c, y=10"", (a) 2D plot of Im(E}(x1,x2,0)); (b) 3D plot of
IM(E)(X1,52,0)) covooeveieeiieeiieeeieseeise e 66
w =2¢c, y=10"", (a) 2D plot of Im(Ej(x1,x2,0)); (b) 2D plot of
RE(ES(X1,52,0)) oo 67
w=2c, y=10"1, (@) 2D plot of Im(H|(x1,x2,0)); (b) 3D plot of
Im(H (X1, X2,0)) covooereeieneiinseeese s 68
w=2c, y=10"1, (a) 2D plot of Im(H;(x1,x2,0)); (b) 3D plot of
IM(HS(X1,22,0)) covoooveeecseceeceesseeeeeseees e 69
w=2, y= 1071, (a) 2D plot of Re(H%(xl,xz,O)); (b) 2D plot of
Re(H(X1,52,0)) oo 70
y=1071, (a) 1D plot of Re(E}(z,2,0)); (b) 1D plot of Re(E}(z,2,0)) for
(D T 20, 5C ettt 71

0,025 e e e a e e et e e e e ar e e e enaareas 98

2D graph of E1(x1,x2,— V1/3x1,8) for 09 = 0. cocvevevevereeeeeeeeeeeenee. 100
3D graph of E1(x1,x2,— V1/3x1,8) for 09 = 0. eoeveveverereeeeeeeeee. 100
2D graph of E1(x1,x2,— V1/3x1,8) for 079 = 1. eueveveueeeeeeeeeeeee. 101
2D graph of E1(x1,Xx2,— V1/3x1,8) for 079 = 3. eueveveeeeeeeeeeeeeen. 101
2D graph of E1(x1,x2,— V1/3x1,8) for 09 = 5. eueueueueeeeeeeeeeea. 102



Figure 5.8 2D graph of E{(x1,x2,— V1/3x1,8) for 09 = 8. ceoveriiiiiiieieeeee, 102

Figure 5.9 2D graph of E1(x1,x2,— V1/3x1,8) for 09 = 10. ccooveveveveverieeeeeene. 103
Figure 5.10 2D graph of E3(x1,x2,— V1/3x1,0.5) for .# =Iand o9 = 0. ............... 104
Figure 5.11 3D graph of E3(xy,xp,— V1/3x1,0.5) for # =T and o9 = 0. ............... 105
Figure 5.12 2D graph of E3(x1,x2,— V1/3x1,0.5) for .# =1 and .# =1 and oy = 1.105
Figure 5.13 2D graph of E3(x1,x2,— V1/3x1,0.5) for # =1 and g =5. ............... 106
Figure 5.14 2D graph of E3(x1,x2,— V1/3x1,0.5) for # =T and 09 = 8. .cevnr....... 106
Figure 5.15 2D graph of E3(x1,x2,— V1/3x1,0.5) for .# =1 and oy = 10. ............. 107

Figure 5.16 2D graph of E3(x1,x2,— V1/3x1,0.5) for triclinic .# and ¢ =0......... 108
Figure 5.17 3D graph of E3(x1,x2,— V1/3x1,0.5) for triclinic .# and oo =0......... 108
Figure 5.18 2D graph of E3(xy,x3,— V1/3x1,0.5) for triclinic .4 and og = 1......... 109
Figure 5.19 2D graph of E3(x1,x2,— V1/3x1,0.5) for triclinic .# and ¢ =5......... 109
Figure 5.20 2D graph of E3(x1,x2,— V1/3x1,0.5) for triclinic .# and o¢ = 8. ........ 110
Figure 5.21 2D graph of E3(x1,x3,— V1/3x1,0.5) for triclinic .# and o = 10....... 110

xi



LIST OF TABLES

Table 3.1
Table 3.2
Table 5.1
Table 5.2
Table 5.3

Page
The comparison for imaginary part of E for 1SOtropic case. ................ 42
The comparison for real part of H for 1SOLTOPIC CASE. .eevvvreerreerireennenn 43
The comparison of E!™ and EY© for 079 = 0. covoeveeeeeeeeeeeeeeeeeeeenn. 94
The comparison of E!™ and E'© for 079 = 1. eevvooevveeeeeeeeceeeeeeeeeeene 95
The comparison of E! and E'© for 079 = 10. covveeveeeeeeeeeeceeeeees 96

xii



CHAPTER ONE
INTRODUCTION

1.1 The Results of the Previous Research Related to the Thesis

In the 19th century, most basic laws in electromagnetic theory were established by
a variety of talented scientists, including Gauss, Poisson, Ampere and Faraday. In
that time, the equations existed in incomplete forms as a result of the work of these
scientists. In 1873, James Clerk Maxwell added a displacement current term to these
equations. It was important to prove that an electromagnetic field could exist as waves
and these fundamental equations are named as Maxwell’s equations. In 1888, Heinrich
Hertz experimentally verified the wave nature of these equations and since then the
importance of Maxwell’s equations have been demonstrated in optics, microwaves,

antennas, communications, radar and many sensing applications.

In vector notation and SI units, Maxwell’s equations in differential representations

(time-dependent domain) are (see, for example, Chew, 1995)

curl Hix.r) = 202D Arp o (1.1)
c Ot c

curlLlE(x,t) = _18B(x,t), (1.2)
c Ot

divy(D(x,t)) = 4np(x,t), (1.3)

div,(B(x,1) = 0, (1.4)

where x = (x1,x2,x3) € R3isa space variable, ¢ € R is a time variable, E and H denote
the electric and magnetic fields, E = (E, E», E3), H= (H,H>,H3), Ex = Ex(x,1), Hy =
Hi(x,t), k=1,2,3; D, B are the displacement and magnetic induction, respectively;
J(x,1) and p(x, ) denote the densities of current and charge; ¢ > 0O is the speed of light

in vacuum.

Taking the divergence of (1.1) and using (1.3) we have

diva(x,t)+ap(a’;’t) - 0, (15)




which is known as conservation of charges.

It is also possible to represent Maxwell’s equations in time-harmonic domain as

(see, for example, Chew, 1995)

curl,H(x) = —iwD(x)+J(x), (1.6)
curlyE(x) = iwB(x), (1.7)
divi(D(x)) = p(x), (1.8)
divy(B(x)) = 0, (1.9)

where x = (x1,x2,x3) €R3is a space variable, w € R is a fixed parameter (frequency),
E(x) and H(x) denote the electric and magnetic fields, E(x) = (E, E>, E3), H(x) =
(Hy,Hy,H3), Ex = Ex(x), H, = Hy(x), k=1,2,3; D(x), B(x) are the displacement and
magnetic induction, respectively; J(x) and p(x) denote the densities of current and

charge.

If the electric and/or magnetic properties of a medium depend on the direction
then the medium is called anisotropic and the constitutive relation for the electric and

magnetic flux densities D and B have the following forms
D = ¢ &E, B =puo.7ZH, (1.10)

where gy and uo are defined as the permittivity and permeability of free space;
& = (&ij)3x3 and A = (M;j)3x3 are matrices of relative permittivity and permeability,

respectively; E and H are the electric and magnetic fields, respectively.

Anisotropic media may be divided into two classes, depending on whether the
natural modes of propagation are linearly polarized or circularly polarized waves. For
the first class, the permittivity and permeability components are symmetric, that is
& = & and My, = My; and for the second class, called ‘gyrotropic anisotropic’ or
‘gyrotropic’ media, the permittivity or permeability components are Hermitian, that
is &jj = &7 and Mij = M i» where * is denoted as complex conjugate of the given

component.

The fundamental solutions (Green’s functions) technique can be considered as a



useful tool for different methods in the presentation of acoustic, electromagnetic,
elastic and other fields, in particular, for the method of moments and boundary element
method (Kong, 1984; Chew, 1990; Tai, 1994; Lindell et al., 1994; Tewary, 1995,
2004; Rashed, 2004; Young et al., 2005; Yang & Tewary, 2008; Gu et al., 2009; Chen
et al., 2009; Yakhno, 2011; Yakhno & Cerdik Yaslan, 2011; Yakhno & Ozdek, 2012,
2013). When the dyadic Green’s functions can be constructed it leads to the significant
simplification of modelling electromagnetic waves and allows engineers to overcome
calculational difficulties (Tewary et al., 2002). The existence proofs for fundamental
solutions (infinite-body Green’s functions) in the spaces of generalized functions
(tempered distributions) for any linear differential equations with constant coefficients
were given by (Malgrange, 1955-56; Ehrenpreis, 1960; Hormander, 1963). The proofs
were based on the Fourier transform meta-approach consisting of the application of
the Fourier transform with respect to the space variables. As a result, the equations
for the image of the fundamental solutions depending on the Fourier parameters were
found. Finally, to get the fundamental solution it is necessary to apply the inverse
Fourier transform to this image with respect to parameters of the Fourier transform.
This inverse Fourier transform is defined in the space of tempered distribution only.
Generally speaking, tempered distributions do not have values at fixed points and
can not be presented in the graphic form (as graphs). Moreover, the inverse Fourier
transform in the space of tempered distributions is presented in the form of the
divergent integrals in the classical sense. Using the technique of generalized functions
the inverse Fourier transform of the Fourier images has been calculated analytically
in the space of the tempered distributions for some scalar partial differential equations
with constant coefficients; see, for example, (Vladimirov, 1971)). Maxwell’s equations
in isotropic materials and the particular cases of anisotropic materials and media
in (Ortner & Wagner, 2004; Wagner, 2011a). The methods for the derivation of
the fundamental solutions and Green’s functions for the Maxwell’s equations in
some anisotropic materials have been developed in (Malgrange, 1955-56; Ehrenpreis,
1960; Hormander, 1963; Pershan, 1967; Freiser, 1968; Chew, 1990; Barkleshli,
1993; Weiglhofer, 1993; Lindell & Weiglhofer, 1994; Tai, 1994; Weiglhofer, 1995;
Lakhtakia & Weiglhofer, 1997; Tan, 2002; Ortner & Wagner, 2004; Burridge &



Qian, 2006; Lakhtakia & Mackay, 2006; Eroglu, 2010; Wagner, 2011a; V. Yakhno
& T. Yakhno, 2012). We note that finding the fundamental solutions and Green’s
functions by methods of the above mentioned works have complicated mathematical
forms, which are difficult to evaluate numerically for general anisotropic media. The
approximate computation of fundamental solutions in general anisotropic materials
of the first class (with symmetric permittivity and permeability components) by the
Fourier transform approach was developed in the papers (Yakhno & Altunkaynak,
2010; V. Yakhno & T. Yakhno, 2012; Yakhno & Cerdik Yaslan, 2012; Yakhno et al.,
2012; Yakhno & Ersoy, 2014, 2015).

For solving the initial value and initial boundary value problems of Maxwell’s
equations, boundary element method (BEM) is also used actively. BEM is related
to the fundamental solutions (free space Green’s functions) and the number of
publications about applications of the BEM for solving applied problems indicates
the growing importance of the BEM; see, for example, the works of (Beskos, 1987a,b,
1989; Hirose & Achenbach, 1989; Hirose & Kitahara, 1989, 1991; Wang et al., 1996;
Beskos, 1997; Beskos & Manolis, 1997; Albuquerque et al., 2002; Tan et al., 2005;
Takahashi et al., 2004). The BEM requires an integral presentation for a solution of
the motion equations in an integral form. This integral presentation provides a solution
in terms of its boundary values and traction by means of the fundamental solution (FS)
(see review papers of (Beskos, 1987a, 1997) and their references). For this reason it is

important to compute the FS values before application of BEM.

The methods for constructing Green’s functions (fundamental solutions) of the
Maxwell’s equations in the second class (gyrotropic media) are given for the particular
cases of anisotropic (or gyrotropic) media studied in (Barkleshli (1993); Eroglu &
Lee, 2003, Prati, 2003; Eroglu & Lee, 2005, 2006a,b; Eroglu, 2010; Yakhno &
Cigek, 2014). The numerical computation of the Green’s functions for the electric and
magnetic fields of Maxwell’s equations in general gyrotropic (and also electrically and
magnetically gyrotropic) media is not known because these fundamental solutions are
singular generalized functions and numerical methods are not developed in the space

of these functions (tempered distributions).



There is also great interest in modelling electromagnetic waves in biological tissues
(white and grey matter, outer skull and skin) and anisotropic earth materials (brine,
water, oil and gas) using Maxwell’s equations with an anisotropic conductive tensor;
see, for example, (Wang & Fang, 2001; Weiss & Newman, 2002; Newman &
Alumbaugh, 2002; Weiss & Newman, 2003; Sekino et al., 2003; Darvas et al., 2004;
Commer et al., 2008). The electrical conductivity is an elegant experimental tool
to probe the structural defects and internal purity of crystalline materials (see, for
example, (Gowri & Shajan, 2006) and (Greena et al., 2010)). The wave propagation
in these materials and media is described by the time-dependent Maxwell’s equations
containing the permittivity, permeability and conductivity tensors. The solutions of
these equations are an important issue of the material science, geophysics, biology
etc. Let us point out some methods solving these Maxwell’s equations. A general
solution for the time-dependent Maxwell’s equations for an infinite isotropic medium
with constant permittivity, permeability and conductivity has been studied in the paper
(Moses & Prosser, 1990). In this paper the electric, magnetic vector fields and
the current density have been expressed as sums of the longitudinal and transverse
longitudinal component of magnetic field is shown to be zero, and longitudinal
component of magnetic field is the gradient of the Coulomb potential. The transverse
electromagnetic fields are solved in terms of the initial values of the transverse fields
and the transverse part of the external current density. The method of the paper (Moses
& Prosser, 1990) is based on the technique of the eigenfunctions of the curl operator.
Using the expansion technique, the solution of the Maxwell’s equations is constructed
in a composite isotropic structure in the work (Oster & Turbe, 1993). Moreover,
numerical experiments are given in (Oster & Turbe, 1993) for the optical medium
presented a real interest. The integral presentation of the fundamental solution of
the time-dependent Maxwell’s equations in bi-axial, non-dispersive crystals has been
studied in (Burridge & Qian, 2006) by the plane wave approach. In the paper (Burridge
& Qian, 2006) the electric permittivity has been chosen as a diagonal matrix and
crystals have been assumed to be non-conductive. The explicit formulas in the form of
integrals over the Fresnel surface for the fundamental solution of the time-dependent

Maxwell’s equations of the crystal optics for cubic and hexagonal crystals were



found by Herglotz-Petrovsky formulas in the papers (Wagner, 1999, 2004, 2005,
2006; Ortner & Wagner, 2008). The numerical procedure for the evaluating integrals
over the Fresnel surface is discussed in (Burridge & Qian, 2006) for the bi-axial
crystals. Using the Herglotz -Petrowsky formula technique the explicit formula for
the singular part of the fundamental solutions of the time dependent equations of
the crystals optics has been obtained for the crystal optics for the bi-axial crystals
in (Wagner, 2011b). We note that the generalization of the methods of the works
(Wagner, 1999, 2004, 2005; Burridge & Qian, 2006, Wagner, 2006; Ortner & Wagner,
2008; Wagner, 2011b) for the derivation and computation of the fundamental solution
of the time-dependent Maxwell’s equations in anisotropic materials is questionable.
The computation of the fundamental solutions of the time-dependent Maxwell’s
equations in general anisotropic materials with zero conductivity has been made by
the Fourier transform technique and matrix transformations in MATLAB in (Yakhno,
2005, Yakhno et al., 2006; V. Yakhno & T. Yakhno, 2007; Yakhno, 2008, 2010, 2011;
Yakhno & Cerdik Yaslan, 2012). The methods of the works (Yakhno, 2005; Yakhno
et al., 2006; V. Yakhno & T. Yakhno, 2007; Yakhno, 2008) have been generalized for
the computation of the Green’s functions of the time-dependent Maxwell’s equations
with the general anisotropic media, and in the works (Yakhno, 2010, 2011) for
conductivity tensor in quasi-static approximations for the homogeneous anisotropic
media. But the approximate solution of the time-dependent Maxwell’s equations in

general anisotropic conductive materials is not studied because of its complexness.

1.2 The Goal of the Thesis

The main goal of the thesis is to work out methods for the approximate computation
of magnetic and electric matrix Green’s functions in general gyrotropic media and
the fundamental solutions of the time-dependent Maxwell’s equations in general

anisotropic conductive media.



1.3 Methods of the Thesis

The methods of the generalized functions and partial differential equations of
hyperbolic and elliptic types as well as the theory and application of the mathematical
and functional analysis, theory of integral equations and computational methods and

computational tools are actively applied and used in the thesis.

1.4 The Descriptions of Historical Background of the Main Problems and
Results of the Thesis

Media with the gyrotropic behavior arise from the application of a finite magnetic
field to plasma, ferrite, and some dielectric crystals. Michael Faraday in 1845 (Faraday,
1933) was the first who discovered such kind gyrotropic behavior medium in a piece of
glass between the poles of magnet. The study of electromagnetic wave propagation in
gyrotropic media is an important issue of the recent electromagnetic theory (Eroglu &
Lee, 2003; Lee & Rhee, 2005; Eroglu, 2010). The electromagnetic wave propagation
in gyrotropic media are an active research topic because the gyrotropic behavior arises
in new microwave devices such as circulators, isolators, resonators, and optical devices
such as modulators, switches, phase shifters and so on (see (Eroglu & Lee, 2003,
2006a)). Moreover, the study of electromagnetic wave propagation in gyrotropic media
can be used in development of new devices for ionospheric applications (Eroglu & Lee,
2006a). The electromagnetic fields observed in magnetically biased plasma or ferrite

can be modeled as electromagnetic waves in gyrotropic media (Eroglu & Lee, 2006a).

Many problems of remote sensing, monolithic integrated circuits and optics,
geophysical probing, microstrip circuits and antennas, submarine communication,
opto-electronics etc. are connected with electromagnetic fields in gyro-electric media

(Eroglu & Lee, 2003; Prati, 2003; Eroglu & Lee, 2006a; Eroglu, 2010).

The methods for constructing Green’s functions and fundamental solutions for the

electric and magnetic fields of Maxwell’s equations in the second class (gyrotropic



media) are given for the particular cases of gyrotropic media in (Barkleshli, 1993;
Eroglu & Lee, 2003; Prati, 2003; Eroglu & Lee, 2006a; Eroglu, 2010; Yakhno &
Cicek, 2014). The numerical computation of the fundamental solutions of Maxwell’s
equations in general gyrotropic media is not known because these fundamental
solutions are singular generalized functions and numerical methods are not developed
in the space of these functions (tempered distributions). (Ortner & Wagner, 2004;
Wagner, 2011a) have applied the Fourier meta-approach and found the explicit
formulae of the Green’s functions for the systems of elasticity and Maxwell’s equations
for some particular cases of anisotropy only by the Fourier transform meta-approach.
These formulae can be used for the computer implementation. The approximate
computation of the time-dependent three-dimensional Green’s functions (fundamental
solutions) in general anisotropic materials by the Fourier transform meta-approach
was suggested in the papers (Yakhno, 2008; Yakhno, 2011). Using the Lorentz
reciprocity relation and the multiple scattering approach the dyadic Green’s functions
for gyro-electric media are found in (Barkleshli, 1993). The dyadic Green’s functions
for an electrically gyrotropic medium with particular form of & have been derived
by matrix method with dyadic decomposition in (Eroglu & Lee, 2003, 2006a,b).
The time-harmonic Green’s dyadics have been constructed in closed form for a
particular case of homogeneous gyrotropic materials by Fourier transform approach

in (Olyslager, 1997).

The classical example of the gyro-magnetic medium is a ferrite (Tsutaoka, 2003).
The ferrites were invented in 1930 by Kato and Takei (Okamoto, 2006) and then they
have become commercially available. The ferrites have various important applications
as phase shifters, isolators and circulators (Eroglu, 2010). Ferrite materials are applied
in such modern electromagnetic devices as inductors, converters and electromagnetic

wave absorbers (Tsutaoka, 2003).

The first problem of the thesis consists of the approximate computation of
the frequency dependent electric and magnetic Green’s functions in the gyrotropic

materials.



Let us introduce constitutive relations and structure of our problem. The matrices of
relative permittivity and permeability have the following form for a general gyrotropic

medium (see, for example, ((Eroglu, 2010))):

&=e+ig,  M=f+ih, PP=-1, (1.11)
€11 €12 €13 0 83 —82
€=| en e e3 [8=|-g 0 g |
€13 €3 €33 & -8 0
Hil M12 M3 0 hy -h
B=| 2 po2 po3 J=| -y 0 hy | (1.12)
M13  M23  M33 h, —-h; O

Let & and .# be matrices of the form (1.11). The Green’s functions for the electric

and magnetic fields of Maxwell’s equations are matrix functions

El(x) E}(x) E3(x) Hl(x) Hi(x) H;(x)
Ex)=| E)x) Es(x) E3) |.H®=| H)(x) Hi}(x) Hj(x) [, (1.13)
Ei(x) E3(x) E3(x) Hi(x) H3(x) Hj(x)

whose columns EF(x) = (E¥(x), E5(x), E4(x))" and HY(x) = (HY(x), H5 (x), H5(x))" (the

superscript “T" means “transpose") satisfy equations

curl, EF(x) iwpg A HF (x), (1.14)

curl, H*(x) —iweySEF(x) + ek 6(x), (1.15)

where x = (x1,x2,x3) € R3 is the 3D space variable; w is a fixed parameter (frequency);
el =(1,0,0)7, e? = (0,1,0)7, e* = (0,0, 1)7 are basis vectors of R3; i is the imaginary
unit i2 = —1; 6(x) = 8(x1)8(x2)8(x3), where 8(x ;) s the Dirac delta function concentrated
at x; = 0 for j=1,2,3; curl, is the differential operator defined by

OE3 B OE, OE; B 0E3 OE> B OF
3)(2 (9X3 ’ (9)63 3)(1 ’ (9)61 (9XQ

curl, E(x) =

for a vector function E(x) = (E;(x), E2(x), E3(x)).



We suppose that matrices €, g, f, h of the form (1.12) such that 6 X 6 symmetric
matrices B and K defined by

B=(
g €

Remark 1.4.1. Positive definiteness of B and K is the natural condition for a wide class

M
|
oQn

(1.16)

> =i
=i |3‘“
~—————

are positive definite.

of gyrotropic media. This is due to the facts that matrices € and i are always positive
definite, and the elements of matrix g are essentially smaller then elements of €, and
the elements of matrix / are essentially smaller then elements of f; see, for example,
(Freiser, 1968; Pershan, 1967). Moreover for the positive definite matrices B and K,
the matrices & = €+ ig and ./ = [i+ ih are invertible, i.e. the inverse matrix &~! and

1 exist.

Multiplying (1.14) by .# ! from the left side and then applying the operator curl,,

we find
curly (//_lcurlx Ek(x)) = iwug curly Hk(x) . (1.17)
The following equation follows from (1.15), (1.17)
- (%)2 EEXx) + curl, (A curl, B (x)) = iwpoets(x). (1.18)

Similarly, multiplying (1.15) by &~! from the left side and then applying the operator

curly, we find
curly (& curl, HY(x)) = —iweo curl EX(x) + curl,. (€*5(x)) . (1.19)
It follows from (1.14) and (1.19) that
- (%)Z%Hk(x) + curly (& eurl, H*(x)) = curl, (é"_leké(x)) . (1.20)

Remark 1.4.2. Equations (1.18) and (1.20) can be written in the form (1.14), (1.15).
This means that (1.18), (1.20) are equivalent to (1.14), (1.15). Moreover we can say

that the Green’s functions for the electric field is the matrix E(x) of the form (1.13)
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whose columns satisfy (1.18) and the Green’s functions for the magnetic field is the

matrix H(x) of the form (1.13) whose columns satisfy (1.20).

In chapter 2, we constructed a new method for the approximate computation of the
Green’s functions for the electric and magnetic fields of the time-harmonic Maxwell’s
equations in the general gyrotropic media. This method is based on the Fourier
transform meta-approach where the Fourier image of the Green’s functions for the
electric and magnetic fields are computed exactly by some matrix transformations and
symbolic computations in MATLAB and the inverse Fourier transform is computed
in a regularized (approximate) form. The parameters of the regularization have
been chosen by the comparison of the regularized Green’s functions for the electric
and magnetic fields with the Green’s functions for the electric and magnetic fields
obtained by the explicit formula for the isotropic case. The approximate computation
of the inverse Fourier transform has been implemented by MATLAB tools. The
computational experiments are presented in this chapter and confirms the robustness
of this method. Using our method, we approximately compute the Green’s functions
for the electric and magnetic fields of the time-harmonic Maxwell’s equations in the
general electrically gyrotropic media in Chapter 3 and magnetically gyrotropic media

in Chapter 4.

The second problem of the thesis is the approximate computation of the fundamen-

tal solutions of the electric field for general anisotropic conductive materials.

The time-dependent Maxwell’s equations given as (1.1)-(1.4) with conservation
law of charges (1.5) and the constitutive relations for anisotropic conductive materials

given by
D=¢E, B=.ZH, J=0E+j, (1.21)

where & = (&m)3x3 1s the relative dielectric permittivity matrix (which is assume to
be symmetric positive definite with constant elements); .# = (.#},)3x3 is the relative
magnetic permeability matrix (which is assume to be symmetric positive definite with

constant elements), k,m = 1,2,3; o is the conductivity matrix with constant elements;

11



J = (J1,j2,j3) is the density of the electric current, ji = ji(x,1), k = 1,2,3; ocE is the

density of the eddy current.

Inserting (1.21) into (1.2) and using (1.1) we obtain 3 X 3 system of equations for

the electric field E; see, for example, (Courant & Hilbert, 1962), (p. 603)

O°E OE j
ébﬁ + 47TO'E +cteurl, (//Z‘lcurlx E) = —47T8—Jt . (1.22)

The fundamental solution of the electric field for general anisotropic conductive
materials is defined as a 3 X3 matrix E whose columns E"(x,7) = (EY'(x,1), E}'(x,1),

Eg”(x, T are equal to zero for # < 0 and satisfy (1.22) for j(x, 1) = €"6(x1)0(x2)0(x3)0(2),
where e! = (1,0,0)7, 2 = (0, l,O)T, e3> =(0,0,1)T are basis vector in R3; o(1) is the

Dirac delta function of the variable ¢ concentrated at ¢ = 0.

The system (1.22) is a hyperbolic system with constant coefficients. Using the
meta-approach of (Hormander, 1963), (Section 3.8, p. 94) and (Schwartz, 1966)
(p. 140) the existence of the fundamental solutions of the electric fields for general
anisotropic media can be obtained in the space of distributions with finite supports
if the time ¢ runs the bounded interval [0,7] (see, also a brief review of (Wagner,
2011b), (p. 2666-2668)). The fact that, the fundamental solutions are generalized
functions (distributions) with compact supports for a fixed time variable, physically
means that perturbation from the pulse point of force is propagated in a bounded
domain anisotropic conductive media for a fixed time and therefore there is a quiet
in all points outside of this bounded domain. Using the Paley-Wiener theorem (see,
for example, (Simon & Reed, 1997)) we obtain that the Fourier transform of the
fundamental solution with respect to space variables is an analytic function depending
on Fourier parameters. Here the expression of the Fourier transform of the fundamental
solutions presented in terms of the Fourier parameters does not contain singularities.
We also note that to apply directly the meta-approach of (Hormander, 1963) (Section
3.8, p. 94) and (Schwartz, 1966) (p. 140) for computation of the fundamental solutions
for general anisotropic conductive materials is questionable because of complexity of
the technique over solutions of the hyperbolic equation (1.14) which is generalized

function (distributions) having the nontrivial singular part; see, for example, (Wagner,

12



2011b)).

In Chapter 5, we suggest a new method of approximate computation of the
fundamental solution of Maxwell’s equations for the general anisotropic conductive
materials. The method consists of the following. The equations for the fundamental
solution are written in the form of the Fourier transformation with respect to the
space variables. The obtained equations are reduced to a vector integral equation of
the Volterra type. The solution of the obtained integral equation is corrected by the
successive approximations in the form of the uniformly convergent infinite functional
series. Finally, the inverse Fourier transform is applied to constructed series with
respect to the Fourier parameters. The computation of the fundamental solutions
of electric fields in general anisotropic conductive materials have been made by
replacement of infinite series by a sum with finite terms and implemented numerically
in MATLAB, the inverse Fourier transform by the integration over a bounded domain.

The robustness of our method approved by the computational experiments.
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CHAPTER TWO
THE APPROXIMATE COMPUTATION OF TIME HARMONIC
MAXWELL’S EQUATIONS IN GENERAL GYROTROPIC MEDIA

This chapter deals with the frequency dependent Maxwell’s equation in gyrotropic
media and their applications. We suggest a method of an approximate (regularized)
computation of the Green’s functions for the electric and magnetic fields of the
Maxwell’s equations in the general gyrotropic media. This method is based on the
Fourier transform meta-approach where the Fourier image of the Green’s functions for
the electric and magnetic fields are computed exactly by some matrix transformations
and symbolic computations in MATLAB and the inverse Fourier transform is computed
in a regularized (approximate) form. The parameters of the regularization have
been chosen by the comparison of the regularized Green’s functions for the electric
and magnetic fields with the Green’s functions for the electric and magnetic fields
obtained by the explicit formula for the isotropic case. The approximate computation
of the inverse Fourier transform has been implemented by MATLAB tools. The

computational experiments are presented in this chapter.

2.1 Approximate Computation of the Green’s Functions of the Electric Field

The construction of formulas for the approximate computation of the Green’s
functions for the electric and magnetic fields of the electric field for the Maxwell’s
equations is the main topic of this section. Equation (1.18) is used to obtain these

formulas.

Let us consider the Fourier transform with respect to space variables x = (x, x2, x3).

The operator of this transform is denoted as ¥, and defined by the following formula

FEX)](v) = f N f B f B E(x)e”*dx;dxydx3, 2.1)

for the scalar integrable function E(x), where v = (v1,v2,v3) is a 3D parameter of the
Fourier transform; v- x = vy x| +v2x3 + v3x3. The definition of the Fourier transform and

its operator for any generalized function (tempered distribution) is given, for example,

14



in (Vladimirov, 1979). The image of the Fourier transform of elements E’]‘.(x) of the
Green’s functions E(x) is denoted by E";(v), ie. E’;(v) = FAEAWI0), jk=1,2,3.
Moreover we use the notation Ek(v) = (E’f(v),ﬁg(v),gk(v)) for the Fourier image of

k-th column of E(x).

The constitutive relations for general gyrotropic media as (1.10) with (1.11)-(1.13),
applying the operator of the Fourier transform ¥, given as (2.1), to (1.18) and using
the following equality (see, Yakhno, 2008)

Felcurly (4~ curl EX(x)] = S ). #~'S WEf(v),
we find
2 —
—(%) EEF W) +S )71 S MEFv) = iwpget, (2.2)

where
0 -vi w»m

SM=| v 0 -v | (2.3)

-V v 0
Let us denote the real part of j component of Ef(v) as Vj.‘(v) and the imaginary part
of j component of Ek(v) as V;.‘+3(v), ie. V;.‘(v) = Re(E’;(v)) and V;.‘+3(v) = Im(E’j‘.(v)),

Jj=1,2,3. Then (2.2) can be written as a vector equation
w\2
- (—) BVF() + CONVE() = F¥, 2.4)
c

where the matrix B is defined by (1.16) and F! = wup(0,0,0,1,0, O)T,
F? = w0(0,0,0,0,1,0)7, F? = wue(0,0,0,0,0, 1)

Since B is positive definite and C(v) is symmetric then it is possible to diagonalize
simultaneously both matrices B and C(v) (see, for example, Goldberg, 1992). Applying
computational technique from (Yakhno, 2008) we can compute an orthogonal matrix

T (v) and diagonal matrix D(v) = diag(d(v),dz(v),...,ds(v)), such that

TT»COT ()

D(),

TT ()BT (v) I,
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where [ is identity matrix and the superscript “T" means “transpose".
MATLAB code of this computation is given in Appendix Al.1.

Equation (2.4) is written in terms of a new unknown vector function YX(v) which is

defined by
Vi) = T Y (). (2.5)
After substitution (3.7) into (2.4) we find
- (%)2 BT)Y () + CONT(O)Y (v) = F¥. 2.6)
Multiplying the equation (2.6) from the left side by 77 (v), we find
- ( %)2 Y¢(v) + DOYY*(v) = TT (v)F¥,
or in the component form
—(%)Z YE0) + di) Ve ) = (TT)FY, 1= 1,2....6. 2.7)

For ( %)2 —d;(v) # 0, the solution of (2.7) can be written as

(TT(»FY),
—(w/c)? +di(v)
where [ = 1,2,...,6. Let Yk(v) = (Y{‘(v), Yé‘(v),...,Yé‘(v)), then a solution V¥(v) =
(Vi) V5(0),.... VE()) of (2.4) is determined by

(2.8)

Yi(v) =

Vi) = TO)YF (),

and components of solutions Ek(v) = (E’f(v),E’z‘(v),E’;(v)) of (2.2) for k =1,2,3 are

found by formulae

E\(n) =Vim+iVi3(),j=1,2,3;k=1,2,3. (2.9)

Finally, applying the inverse Fourier transform to (2.9), we find columns of the
electric matrix Green’s functions as vector functions whose components are tempered

distributions, i.e.

Ef(x) = 7, EF ) (), (2.10)
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where 7! is the operator of the inverse Fourier transform in the space of distribution
S’(R3) (the definition of 9’—'{1 in the space S ’(R?) can be found, for example, in
Vladimirov, 1979).

Usually the classical functions are defined by a point-wise manner and we can draw
their graphs. Unfortunately, this point-wise definition and its graphical presentation
is not adequate to singular tempered distributions (Vladimirov, 1979). They are
very often replaced by regularized functions which are classical and have graphic
presentations. This regularization has a parameter of the regularization and the singular
generalized function is a limit in sense of the generalized functions space, when the
parameter of the regularization tends to +co. Applying this approach the right hand

side of (2.10) can be regularized by

1 A rA A .
WIA fA fAEk(v)e_W'xdvldvde3, (2.11)

where A is the parameter of regularization.

For the numerical computation we take A = NA and approximate the integral (2.11)

by the integral sum

N N N
1 _ .
G § § § EF(nA, mA, IA) e IA0x1Fmia+ls) (A )3 (2.12)
n=—Nm=-NI[=—N

The parameters N and A are determined by the procedure described in Section 2.3.1.

2.2 Approximate Computation of the Green’s Functions of the Magnetic Field

Let k be one of numbers 1, 2, 3. Applying the Fourier transform with respect to x

to the equation (1.20) and using equalities

Fol curle(E7 curl, H(x)] = SESMBFO),

Frl curl (6~ eb)] SwméEet,

we find

2 — —_
- (%) MHE)+SEIS MHNv) = S(v)E e, (2.13)
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where & and .# are defined by (1.11) and (1.12); S(v) is given by (2.3); ﬁk(v) =
(H (), HY(v), HE(v)), HE(v) = FR[HE(01(0), n=1,2,3.

We denote the real and imaginary parts of ﬁﬁ(v) as X,]i(v) and Xs +3(v), i.e. ﬁ,ﬁ(v) =
X,’j(v) +i Xfl 3", n=1,2,3. Moreover the real and imaginary parts of § (»)& ek and
SMES (v) are denoted as (GX(v),G5(1), G5, (GA(1),GE(1).GEW)T and R,(»),
R;i(v), respectively. This means that

SmETe = (GiM),G50),G5 0 +i(G5(),G50). G0,

SMES W)

R,(v)+iR;(v).
We introduce vector functions X*(v), G¥(v) and 6 x 6 matrix P(v) by

X = XF0), X5 (), ... XE(), GF(v) = (G (1), G5 (), ..., GE (),

R,(v) —-Ri(v
P(v) = ) —Ri) : (2.14)
Ri(v)  R/(v)
Using these notations the equation (2.13) can be written in the form
2
-(2) kx40 + POIXE0) = G0, (2.15)
c

where K is 6 X 6 matrix defined by (1.16). We note that the matrix K is symmetric and

positive definite (see Remark 1.4).

Moreover applying symbolic computation in MATLAB we can compute matrices

R,(v), Ri(v) in the exact form. They are the following

0 -—anp a3 bi1 b2 bi3
1 1
R()=—| an 0 —a» |, R(W)=—| b1y by bx |, (2.16)
&y &y
—-ajz a3 0 b1z by b33

where

arn = vavaél + Vi€ +vivaés, aiz = i€l +vavaés +vivaés,

axz =vivaér + V%f3 +viwé,

b1 = —viés+2vavads —vaér, bia = vivads — vivade = vavads + V3o,
b1z = viv3&7 —vivade — Vi€ —vavaéo, by = —Viés +2vivaés — v3€lo,

baz = vavaélo — vivads — vide + Vivady, by = —viér + 2vivags —voéio,
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§1 = €1281 + €282+ €383, &2 = €1381 + €2382 + €3383,
_ Lo 2 2
&3 = €181 + €1282 + €1383, Xig = €33€], — 2€12€13623 + 2€128182 + €2€13
+2€ 2 +2 2 2 z_
138183 T €11€53 + 26238283 + €118] t+ €228, + €3385 — €11€22€33,
2 .2 2 .2
E =€, +gy €10, & = 8283 — €€z te163, 7= €;+83— €163,
&8 = 8183 —€12€23 + €13€22, §9 = 8182 — €13€23 + €12633,
2 .2

£10 = €3+ 81 — €2633.
It follows from (2.14) and (2.16) that the matrix P(v) is symmetric. Since K is
positive definite and P(v) is symmetric we can make the reasonings which are similar
to Section 2.2 (see also Goldberg, 1992) to diagonalize simultaneously both matrices
K and P(v). Therefore using the computational technique from (Kong, 1984) we can

compute symbolically in MATLAB an orthogonal matrix Q(v) and diagonal matrix

M(v) = diag(m,(v),n=1,2,3,4,5,6) such that

0T (MK Q)
0T (VPMQ(v)

I,

M®).

MATLAB code of computation of Q(v) and M(v) is given in Appendix A1.2.

Equation (2.15) is written in terms of vector function ZK(v) = or ("X (v) as follows
- (9)2 KQWZF») + PO ZH(v) = GF(v). (2.17)
c
Multiplying the equation (2.17) by Q7 (v) from the left side we find
- (%)2 2K ) + MOYZF(v) = 07 (V)GX. (2.18)

For (w/c)> — my(v) # 0 the solution of (2.18) can be written in a component form as
follows

Q' MG,

—(w/c)* +my(v)’ (19

Zkw) =

where n=1,2,...,6. A solution X¥(v) = (X¥(»), X4(v),..., XE(v)) of (2.15) is determined
by (2.19) and formulae

Z50) = (ZE0), ZE ), ... ZE), XE(v) = QO ZF ().
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The components of a solution H*(v) = (Hﬁ‘(v),H’z‘(v),H’;(v)) of (2.13) is found by
H=Xkm+ixt ,00,j=1,2,3;n=1,2,3. (2.20)

Applying the inverse Fourier operator #, ' to H*(v) we find the k—column of the
matrix fundamental solution of the magnetic field H¥(x) as a vector function whose

components are tempered distributions, i.e.
H-(x) = 7, ) (x). (2.21)

The right hand side of (2.21) can be regularized by

1 A A A .
wa fA fA H(v) e ¥ dvidvadys, (2.22)

where A is the parameter of regularization.

For the numerical computation we take A = NA and approximate the integral (2.22)

by the integral sum

N N N
1 — .
s § § § HN(An, Am, Al) e A0x1+ma+ls) (A3 (2.23)
n=—Nm=-NI[=-N

The parameters N and A are determined by the procedure described in Section 2.3.1.

2.3 Computational Experiments

The images of the Fourier transform of the elements of the Green’s functions
solutions of electric and magnetic fields in general gyrotropic media are found exactly
by symbolic computations in MATLAB. The code of these symbolic computations
is given in Appendix Al.l1 and Appendix Al.2. We note that the inverse Fourier
transform of elements of fundamental solutions and their images are defined as
transformations in the space of the tempered distributions. Moreover the symbolic
(analytic) computation of the inverse Fourier transform of the Fourier images of the
Green’s functions of electric and magnetic fields can be done in isotropic media only.
Unfortunately symbolic and numerical computations of the inverse Fourier transform

are not developed in the space of the tempered distributions. For this reason we suggest
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to compute the Green’s functions for the electric and magnetic fields in the regularized
(approximate) form. In our approach we use formulae (2.12), (2.23) and select the
parameter of regularization N and A using the comparison of the Green’s functions for
the electric and magnetic fields in an isotropic medium which can be found in exact and
regularized forms. Because of the type of the Green’s functions (type of singularities)
for isotropic media and fundamental solutions of the electric and magnetic fields for
gyrotropic media are similar, we apply the same parameters of regularization which
are found for the isotropic medium for the computation of approximate fundamental

solutions.

2.3.1 Determining Parameters for the Approximate Computation of the Inverse

Fourier Transform (Using Isotropic Maxwell’s Equations)
Equations (1.14)-(1.15) for columns of the electric and magnetic matrix Green’s
functions in isotropic homogeneous medium (free space) have the form

curly Ef (%) iw,uon(x) , (2.24)

curl, H (x) —iweoEX(x) + ek 5(x). (2.25)

Let EX(x), H*(x) satisfy (2.24), (2.25). The condition div, H*(x) = 0 follows from
(2.24). Applying curl, operator to (2.25) and using div, H*(x) = 0 we find that H*(x)
satisfies

AHF(x) + (V—Cv)z H (x) = —curl (¢ 5(x). (2.26)
The vector function H¥(x) defined by

2

+X2

+x3, (2.27)

1 k '
Hk(x): —curl, M x| = x%
dr | x|

is a solution of (2.26) (see, Vladimirov, 1971) and therefore this vector function is the
k—column of the magnetic matrix Green’s functions in free space. From the other hand

we compute approximately H*(x) in MATLAB by the method described in Section 2.2.

21



Namely, applying the symbolic computation by the code of Appendix A1.2 we find
the Fourier image of H*(x) in the exact form. Then using the integral sum (2.22),
we compute Hkl(N,A)(x), for A =0.1,0.5,0.8,1.0, N = 20,30,40,50,60,80 and so on,
numerically. Further, we compare the computed values of H kl( N, A)(x) with values of the
function H*(x) obtained by (2.27). We have observed that the difference between the
values of H¥|(y.4)(x) and H¥(x) corresponding to A = 1 and N = 30,40, 50, 60,80, 100
becomes small and increment of the approximation for the parameter N is not essential,
according to the case A = 1, N = 40. For this reason we choose A = 1, N = 40 as the

suitable parameters for the calculation of the inverse Fourier transform by (2.23).

We have presented 1D graphs of the functions H. % (x) and H31 l(v, a)(x) for the different

values of N and A in Figure 2.1 and Figure 2.2.

-15

Figure 2.1 1D plot of H3(x) and H;|y,a)(x) for N =40, A= 0.5

2.3.2 The Approximate Computation of the Electric and Magnetic Green’s Functi-

ons in General Gyrotropic Media

For computational experiments, we take w = 3Ghz and w = 6Ghz (microwave

region) and consider three media characterized by the permittivity £9&” and permeability
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Figure 2.2 1D plot of Hé (x) and H31 (v, a)(x) for N =40, A=1.0

Ho (g9, po are the permittivity and permeability of free space and &, .# are relative

permittivity and permeability).

Case 1: The first medium is electrically and magnetically anisotropic without
magneto-optic activity. The electric and magnetic susceptibilities g and h are

vanished in this medium. This medium is characterized by £9& and uo.# where

134 -03 -2.1 43 =21 -02
&= -03 07 19 |,..Z=| -21 35 14
-21 19 64 -02 14 29

Moreover we consider two media with magneto-optic activities. The electric and
magnetic susceptibilities g and h are different from zero and different from each other.

They are the following

Case 2: g = g0, h= 710; Case 3: g =23, h= 2710,
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where 3¢ and hj are given by

0 05 -i04 0 0.1 -i03
Zo=| -i05 0 02 |.ho=| =01 0 04
04 —i02 0 03 —i04 0

The relative permittivities and permeabilities for both cases are given by

Case 2:
13.4 -0.3+i0.5 -2.1-i0.4
&= -03-i0.5 0.7 1.7+i0.2 |,
-2.1+i04 1.7-i0.2 6.4
4.3 -2.1+i0.1 -0.2-i0.3
M =| -2.1-i0.1 3.5 1.4+i0.4
-0.2+i0.3 14-i04 2.9
Case 3:
13.4 -03+i1.0 -2.1-i0.8
&= -03-il.0 0.7 1.7+i04 |,
-2.1+i0.8 1.7-i0.4 6.4
4.3 -2.14+i0.2 -0.2-1i0.6
M=| -2.1-i0.2 3.5 1.4+i0.8
-0.2+i0.6 1.4-i0.8 2.9

Applying codes of Appendix Al.1 and Appendix A1.2 for the symbolic computati-
ons in MATLAB, we have found the Fourier images of all columns of the Green’s
functions of the electric and magnetic fields in the exact forms. After that, applying
the method described in Sections 2.1 and 2.2, we have computed approximately all
columns of the Green’s functions for these fields. In this computations, we have taken

the parameters of the regularization as: N =40, A=1.

The results of computations are presented in Figure 2.3-Figure 2.9. Figure 2.3,

Figure 2.5-Figure 2.7 show the dependence of elements Eé, Eé, H; of the Green’s
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functions of the electric and magnetic fields from the magneto-optic activities for x| =
x2 =z, x3 =0, w=3Ghz; Figure 2.4, Figure 2.8 demonstrate the effect of frequency on

the Green’s functions.

Figure 2.3(a), (b) present the 1D plots of Im(E;(z,z,O)), Re(E;(z,z,O)) for x; =
x2 =z, x3 =0, w = 3Ghz for Cases 1-3, respectively. Figure 2.8(a), (b) present the 1D
plots of Re(H}(z,z,0)), Im(H;(z,z,0)) for x; = x, =z, x3 = 0, w = 3Ghz for Cases 1-3,

respectively.

The behavior of the real and imaginary parts of the computed components of the
Green’s functions is presented in Figure 2.5-Figure 2.7. The result of the simulation
Im(Eé(xl,xz,O)) for w = 3Ghz, Case 1, is presented in Figure 2.5. The 3D plot of
Im(Eé(xl,xz,O)) is shown in Figure 2.5(b). Here the horizontal axes are x; and x3,
respectively. The vertical axis is the magnitude of Im(Eéxl,xz,O)). Figure 2.5(a)
is a screen shot of 2D level plot of the same surface Im(E%(xl,xz,O)), i.e. a view
of the surface z = Im(Eé(xl ,X2,0)) presented in Figure 2.5(b) from the top of z-axis.
Figure 2.6(a) presents 2D graph of Im(Eé(xl,xz,O)). Figure 2.6(b) presents the 3D
graph of Im(Eé(xl,xz,O)) for w = 3Ghz, Case 3. Figure 2.7(a) presents 2D graph
of Re(E3(x1,x2,0)). Figure 2.7(b) presents the 3D graph of Re(E3(x;,x2,0)) for
w = 3Ghz, Case 3.

Figure 2.4, Figure 2.9 demonstrates the results of the computation of real and

imaginary parts of Eé (x), H 11 (x) for Case 2 for w = 3Ghz,6Ghz, respectively.

Figure 2.4(a), (b) present the 1D plots of Re(E%(z,z,O)), Im(E%(Z,Z,O)) for x; =
x2 =z, x3 =0, for w = 3Ghz and w = 6Ghz respectively. Figure 2.9(a), (b) present the
1D graphs of Re(H| (x1,x2,0)) and Im(H| (x1,x2,0)), respectively for w = 3Ghz,6Ghz.
These graphs show the influence of frequency w on the components of the Green’s

functions.
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Figure 2.3 w = 3Ghz, Case 1-3, (a) 1D plot of Im(Eé(z,z, 0)); (b) 1D plot of Re(E%(z, z,0)).
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Figure 2.4 w = 3Ghz,6Ghz, Case 2, (a) 1D plot of Im(Eé(z,z, 0)); (b) 1D plot of Re(E; (2,2,0)).
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Figure 2.5 w = 3Ghz, Case 1, (a) 2D plot of Im(E}(x1,x2,0)); (b) 3D plot of Im(E}(x1,x2,0)).
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Figure 2.6 w = 3Ghz, Case 3, (a) 2D plot of Im(E}(x1,x2,0)); (b) 3D plot of Im(E}(x1,x2,0)).
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Figure 2.7 w = 3Ghz, Case 3, (a) 2D plot of Re(E} (x1,x2,0)); (b) 3D plot of Re(E}(x1,x2,0)).
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Figure 2.8 w = 3Ghz, Case 1-3, (a) 1D plot of Im(H% (z,2,0)); (b) 1D plot of Re(H% (z,2,0)).
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Figure 2.9 w = 3Ghz,6Ghz, Case 2, (a) 1D plot of Im(Hl1 (z,2,0)); (b) 1D plot of Re(Hl1 (z,2,0)).
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2.4 Summary of the Chapter Two

The new method of the approximate computation of the Green’s functions for the
electric and magnetic fields in general gyrotropic media has been developed. This
method has two steps. On the first step the Fourier images of the elements of the
electric and magnetic matrix Green’s functions with respect to space variables are
computed exactly by symbolic transformations in MATLAB. Finally, the elements of
the electric and magnetic matrix Green’s functions are derived approximately by the
regularized numerical computation of the inverse Fourier transform of their images
obtained on the previous step. The parameters of the regularization are chosen by
comparison the elements of regularized Green’s functions for the electric and magnetic
fields with exact Green’s functions for the electric and magnetic fields in the case of an

isotropic medium, which can be found explicitly.

The robustness of the method for the approximate computation of the Green’s
functions has been tested by the comparison with exact formulae for the Green’s
functions of magnetic fields in isotropic homogeneous media. A dependence of values
of the electric and magnetic matrix Green’s functions from the different level of electric

and magnetic susceptibility and frequency has been determined.
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CHAPTER THREE
COMPUTING THE ELECTRIC AND MAGNETIC MATRIX GREEN’S
FUNCTIONS IN GENERAL ELECTRICALLY GYROTROPIC MEDIA

A method for an approximate computation of the electric and magnetic Green’s
functions for the time-harmonic Maxwell’s equations in the general electrically
gyrotropic materials is proposed in this chapter. This method is based on the Fourier
transform meta-approach: the equations for electric and magnetic fields are written
in terms of images of the Fourier transform with respect to space variables and as a
result of it the linear algebraic systems for finding Fourier images of the columns of
the Green’s functions for the electric and magnetic fields are obtained. The explicit
formulas for the solutions of the obtained systems have been found. Finally, elements
of the Green’s functions for the electric and magnetic fields are determined by the
inverse Fourier transform in the space of tempered distributions. The approximate
computation of the inverse Fourier transform has been implemented by MATLAB

tools. The computational experiments confirm the robustness of the method.

3.1 Electric and Magnetic Green’s Functions in General Gyro-electric Media

For gyro-electric materials, .# = I in (1.10) and the columns of electric and

magnetic matrix Green’s functions (1.13) satisfies

- (9)2 EEX(x, w) + curl (curl EX(x, ) = g0 5(x). 3.1)

C

curl (&7 'e%s(x)). (3.2)

2
- (%) H*(x,w) + curlx(a@_lcurlek(x, w))

Here x = (x1,x2,x3) € R3 is the 3D space variable; w is a fixed parameter (frequency);
g0 = 8.854 x 1072F/m, uo = 1.257 x 107°N/A? are positive constants (dielectric
permittivity and magnetic permeability) of vacuum, respectively; e! = (1,0,0)7, e =
0,1,0)7, e = (0,0,1)7 are basis vectors of R3; i is the imaginary unit > = —1;
6(x) = 6(x1)0(x2)6(x3), 6(x;) is the Dirac delta function concentrated at x; = O for
j=1,2,3.
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3.1.1 Computing the Electric Green’s Function

Let EX(v) = (EX, EX, EY), where Ef = FEX@I0), jik =1,2,3. Applying the
operator of the Fourier transform ¥, given in (2.1) to (3.1) and using equality (see,

Yakhno, 2008)
Frlcurl (curl E¥(x))] = AOEX(v),
we find
- (%)2 EEX0) + AVERW) = iwpge®, (3.3)

where

2 2
V2+V3 —-V1vV2 —V1V3

AWV)=| —vin V%+v§ vz |- (3.4)

—V1vV3 —V2V3 V%+V%

The matrix & is defined by (1.11) with .# = 1. And from (1.16), the matrix B is
symmetric and from Remark (1.4.1) it is positive definite and C(v) is symmetric 6 X 6

matrices defined by

(3.5)

Alv) O
0 AW |

C(v):{

Moreover under assumption of positive definiteness of B the matrix & is invertible,

i.e. the inverse matrix & ! exists.

Let us denote V;.‘ as the real part of j component of EX(v) and V;? 5 as the imaginary

part of j component of Ek(v), 1.e. V;? = Re(E’jf(v)) and Vj?+3 = Im(Ef.(v)), j=1,2,3.
Then equality (3.3) can be written as a vector equation
2
- (9) BVK() + CO)VE(y) = F¥, (3.6)
c

where F! = wpu(0,0,0,1,0,0)7, F2 = wuy(0,0,0,0,1,0)7, F3 = wuy(0,0,0,0,0,1)7.

Applying technique and computational tools of (Yakhno, 2011), it is possible to

compute a non-singular matrix 7'(v) and diagonal matrix D(v) = diag(d(v),da2(v),
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...,dg(v)), such that

TT\COHNT(v)

D(v),

TT ()BT (v)

Il
~

(MATLAB code of this computation is given in Appendix A2.1).

Below the equation (3.6) is written in terms of a new unknown vector function YK

which is defined by
VE) = T YE(). (3.7)
Substituting (3.7) into (3.6) we find
- (%)2 BTO)YX() + CONT()YX(v) = F¥. (3.8)
Multiplying the equation (3.8) by 77 (v), we find
- (%)2 IY*(0) + DOYYX(v) = TT (v)FF,
or in a component form
—(%)2 YE o)+ di)Y*0) = (TT)F%), 1= 1,2,...6. 3.9)

For (%)2 —d;(v) # 0, the solution of (3.9) can be written as

(TTFX),
—(w/c)* +di(v)’

Yi(v) = (3.10)
where [ = 1,2,...,6, c = 1/ \[eouo. As a result, the solution of (3.6) is determined by
VE() = TOn)YK,

and the solution Ek(v, w) is found by

ES = Vim)+iVi00,j=1,2,3:k=1,2,3. (3.11)

Finally, applying the inverse Fourier transform to (3.11), we find the k-column of

the electric Green’s function as a tempered distribution, i.e.

EX(x) = 7, EX)](), (3.12)
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where 7! is the operator of the inverse Fourier transform in the space of distribution

S’(R3) (Vladimirov, 1979).

Usually the classical functions are defined by a point-wise manner and we can draw
their graphs. Unfortunately, this point-wise definition and its graphical presentation
is not adequate to singular tempered distributions (Vladimirov, 1979). They are
very often replaced by regularized functions which are classical and have graphic
presentations. This regularization has a parameter of the regularization and the singular
generalized function is a limit in sense of the generalized functions space, when the

parameter of the regularization tends to +co. The right hand side of (3.12) can be

1 A A pA .
s f ) f ) f AEk(v)e_‘V'xdvldvde3, (3.13)

where A is the parameter of regularization.

regularized by

We take A = NA and approximate the integral (3.13) by the integral sum

N N N
1 _ .
s § § § EX(nA, mA, IA) e D0ximaatla) (A))3 (3.14)
n=—Nm=—N [=—N

for the numerical computation. The parameters N and A are determined by the

procedure described in Section 3.2.2.

3.1.2 Computing the Magnetic Green’s Function

Applying the Fourier transform with respect to x to the equation (3.2) and using

equalities
Frleurl (& eurl HY (x)] = SME'SmBX®),
Fileurl(&7'e] = SE"e,
we find
- (%)2 H0) + S @IS WHK) = S(ETek, (3.15)
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where H¥(v) = (HY, HY, HY), H\(v) = FL[HE(x)1(v), n = 1,2,3; and S(v) is given in
(2.3).

Let X¥(v), GX(v), R.(v) be the real parts of H¥(v), (S ()& 'e¥), (S(ME 1S (v)) and
Xk (v), G _,(v), Ri(v) be the imaginary parts of HX(v), (S (V)& ~'e¥), (D& D)),

respectively.

Denoting X*(v) = (X} (v), X4(),..., XE(») and GK(») = (GA(v), GA(),...,GE(»)) the

equation (3.15) can be written in the form
w\? ok k k
-(2) X4+ P0IXE) = G¥ 0, (3.16)

where P(v) is a 6 X 6 symmetric matrix defined by

P(v) = R =Riv) | (3.17)
Ri(v) Ry(v)

We note that (S (V)&~1S (v)) = R.(v) + iR;(v), where

. 0 —aip ais | bll blz b13
Ri(v)=—| ap 0 —ax3 |, ROV)=—| bin bn by |
&y &4

—aj3 a3 0 b1z by b33

arn = vavaél + Vi€ +vivas, aiz = V€l +vavaéa +vivaés,

a3 =Vq V3§2 + V%§3 +v1 V2§1 ,

bi1 = —vaés +2vav3e — V37, b1 = Vivaés — vivade — vavaés + V3o,
b1z = viv3&r — vivade —voés — vavaéo, by = —Vis +2vivaés — viéio,

2 2 2
ba3 = vavi€ro —vivaés —viée + viva&o, b3z = —vi&7 + 2vivaés —v5€10,
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&1 = €281+ €082+ €383, &2 = €1381 + €382 + €33¢3,
&3 = €181 +€1282 + €1383,
2 2 2

&y = e33€), —2€12€13623 + 2€128182 + €063 +2€138183 + €116)3 + 26238283

2 2 2
t€118] + €028, + €3385 — €11€22633,

_ 2,2 _ _ 2 .2
& =€ +g3—€l1€n, &6 = 8283 — €1n€13 +€11623, &7 = €3+ 83— €11633,
&3 =g183 — €€+ €136, £9 = g182 — €13623 + €12€33,
2 2

£10 = €3 + 81 — €2633.

(3.18)

Using the symbolic matrix transformation in MATLAB and the technique from

(Yakhno, 2011) we can compute an invertible matrix Q(v) and M(v) such that

0 'O
0~ ' MPMOW)

I,

M),

where M(v) = diag(m,(v),n =1,2,3,4,5,6). (MATLAB code of computation of Q(v)
and M(v) is given in Appendix A2.2)

Let Z¥(v) = 0~'(»)X¥(v), then
XKk(v) = 0 ZX(v). (3.19)
Using (4.5) the equation (3.16) can be written in the form
2
- (%) OMZX(v) + P)Q()ZE(v) = GX. (3.20)
Multiplying the equation (3.20) by 0~ !(v), we find
w 2
—(?) Z50) + MO)ZE = 07 ()GE. 3.21)

For (w/c)? — m,(v) # 0 the solution of (3.21) can be written in a component form as
follows

(Q'MGY),

k _
E Ay o——

(3.22)
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where n = 1,2,...,6. As a result the solution of (3.16) is determined by
X ) = 0mZ~,
and the solution of (3.15) is found by
HE =Xk +iXk ,0),j=1,2,3;n=1,2,3. (3.23)

Applying the inverse Fourier transform to (3.23), we find the k—column of the magnetic

Green’s function as a tempered distribution, i.e.
H*(x) = 7, [HE )] (). (3.24)

The right hand side of (3.24) can be regularized by

1 A A A .
o f f f HE(v) e ™ *dvidvydvs, (3.25)
—AJ-AJ-A

where A is the parameter of regularization.

We take A = NA and approximate the integral (3.25) by the integral sum

N N N
1 — .
o Z Z Z HE(An, Am, Al) e~ A0x+matla) (A3 (3.26)
n=—Nm=—N [=—N

for the numerical computation. The parameters N and A are determined by the

procedure described in Section 3.2.2.

3.2 Computational Experiments

The images of the Fourier transform of the elements of the Green’s functions of
electric and magnetic fields in general electrically gyrotropic media can be found
exactly by symbolic computations in MATLAB by using the method which is
explained in Chapter 2. But in this chapter, we will demonstrate another approach. It
is possible to find explicit formulas for the Fourier images of the electric and magnetic
Green’s functions and we can compare with our results which are computed by our
method. This idea is given in section 3.2.1. In this chapter, we also demonstrated a

second way for determining parameters for the approximate computation of the Fourier
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transform in the space of generalized functions in section 3.2.2. For this case, we used
fundamental solution of Helmholtz equation and we obtained the same parameters
which is given in Chapter 2, Section 2.3.1. This computation supports correctness
of our approximate computation of the Fourier transform in the space of generalized
functions. The computational experiments for general electricaly gyrotropic media are

given in section 3.2.3.

3.2.1 Computational Accuracy of the Fourier Transform of the Electric Green’s

Function

The Fourier transform of the electric and magnetic Green’s functions can be found
by exact formulas for the case of isotropic homogeneous materials. We use these
formulas to compute the exact values of the Fourier transform of Green’s functions

and then to compare them with values computed by our method.

The components of EX(v) = (EX(»), EX(v), EX(v)), HX(v) = (HX(v), HE(v), HK(v))
satisfying equations (3.3) and (3.15) respectively for k = 1 in the case of the isotropic

homogeneous medium with permittivity &y and permeability p are given by formulas

1 2 : 1 1
——(—Vv7)—iwly ———V1V2 ———V1V3
iwen 1 1 iwey 1 iwen
,EE)=—— Ex(v) = ——— 3.27
(22 P 2() 3(V) (3.27)

.
fi= (22’ (@2’

(27—

V3

o o’ 3.28
(27 =P 29

H ) =0, H) = Hy(v) =

The functions E} ), ﬁ} (v) defined by the explicit formulas (3.27), (3.28) will be
denoted as Ej(v), ﬁj(v). The functions EJI ), ﬁjl (v) computed by our method for
the isotropic medium will be denoted as E’]’?(v), ﬁ;.”(v). The results of computations of
their values for w = 1/ yJupgo and v| = rcos¢siné, v, = rsingsinf, v3 = rcos d for fixed

0 =n/4, ¢ = /4 and for fixed parameter r are presented in Table 3.1 and Table 3.2.

These computational experiments have shown that values of EJI, ﬁjl found by our

method and by explicit formulas are almost the same (the accuracy is around 1079).
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3.2.2 Determining Parameters for the Approximate Computation of the Fourier

Transform in the Space of Generalized Functions (Using Helmholtz Eqn.)

The fundamental solution of the Helmholtz equation as well as the image of the
Fourier transform with respect to a space variable are given by explicit formulas.
We apply these explicit formulas to determine the parameters which we use for the
numerical computation of the inverse Fourier transform for finding the electric and

magnetic Green’s functions in gyro-electric media.

Let us consider the fundamental solution

iwlx|/c
Ulx)=- , X =(x1,x2,X3), (3.29)
47| x|
of the Helmholtz equation
WPU(X) + AU = 6(x). (3.30)

Applying the Fourier transform (the Fourier transform of generalized functions

Vladimirov, 1979) to equation (3.30), we find
QU - VPO =1,

where v = (vi,v2,v3) € R3 is the parameter of the Fourier transform, V|? = V% + V% + v%.

For ¢?|v[> — w? # 0 we have

UWv) = (3.31)

w2 — c2|v|2 ’
The fundamental solution U(x), defined by (3.29), can be found by application of the

inverse Fourier transform (as the inverse Fourier transform of generalized functions

Vladimirov, 1979) to U(v) determined by (3.31).

For the approximate computation Uya(x) of the function U(x) we apply the

approximation of the inverse Fourier transform by

—iA(nx)+mxy+1x3) 3
(271)3 Z Z Z W2 CzAz(nz P BaTmRTs) (Ay)? (3.32)

n=—Nm=-N [=—
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The parameters N and A have been chosen using the empirical observation and
natural logic. Namely, using the formula (3.32) we compute values Uya(x) for
A =0.1,0.5,0.8,1.0, N = 20,30,40,50,60,80 and so on numerically in MATLAB. We
compare the computed values of Uy a(x) with values of the function U(x), defined by
(3.29). We have observed that the difference between the values of Uy a(x) and U(x)
corresponding to A = 1 and N = 30,40,50, 60, 80, 100 becomes small and increment of
the approximation for the parameter N is not essential, according to the case A =1,
N =40. For this reason we choose A = 1, N =40 as the suitable parameters for the

calculation of the inverse Fourier transform by (3.32).

We have presented 1D graphs of the functions U(x) and Uy a(x) for the different
values of N and A in Figure 3.1 and Figure 3.2.

2.5

UN’ A(x)
*ok *  U(X)

15F

U(X), Uy )

-2 -15 -1 -0.5 0 0.5 1 1.5 2
x3=0, x1=x2=x

Figure 3.1 1D plot of U(x) and Uya(x) for N =40, A =0.5
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Uy a0

o ¥ UX)

U), Uy )

Figure 3.2 1D plot of U(x) and Uya(x) for N =40,A=1.0

3.2.3 The Approximate Computation of the Electric and Magnetic Green’s Functi-

ons in General Gyro-electric Media

In this section we consider the approximate computation of electric and magnetic

Green’s functions for general gyro-electric media characterizing by

30.7929 -12.7337+i0.5« -14.3432-i0.4«
& =| -12.7337-i0.5« 5.51479 5.86982+1i0.2« (3.33)
-14.3432+i0.4x  5.86982—-i0.2« 6.74556

where k = 107! and 1072,

Applying the method of Section 3.1.1 we have computed T(v), T” (v), D(v) and
then using the formula (3.14) we have derived solutions El(x), E2(x), E3(x) of (3.3)
numerically and applying the method of Section 3.1.2 we have computed Q(v), 0~ (v),
M(v) and then using the formula (3.26) we have derived solutions H(x), H2(x), H3(x)
of (3.15) numerically.

Results of the computation of real and imaginary parts of E ]1 (%), Eé(x) and H 11 (%),

H%(x) for k = 107,102 are presented in Figure 3.3, Figure 3.5-Figure 3.6 and
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Figure 3.4, Figure 3.7-Figure 3.8, respectively.

In Figure 3.3(a), the 1D plots of Im(Eé(x,x, 0) for xi =xo=x,x3=0, w=2c
for k = 107! and x = 1072 is given. Figure 3.3(b) presents the zoomed part of the
graph of Figure 3.3(a) in the indicated rectangle. Figure 3.4(a), (b) present the 1D
graphs of Im(H 11 (x1,x2,0)) and Re(H 11 (x1,x2,0)), respectively for k = 1071,1072. These
graphs show the influence of x on the components of the electric and magnetic Green’s

functions.

The behaviour of real and imaginary parts of the computed components of the
electric and magnetic Green’s functions is presented in Figure 3.3, Figure 3.5 and
Figure 3.6. The result of the simulation Im(E}(xl,xz,O)) for w =2¢, k = 107! is
presented in Figure 3.5. The 3D plot of Im(E }(xl,xg,O)) is shown in Figure 3.5(b).
Here the horizontal axes are x| and x», respectively. The vertical axis is the magnitude
of Im(E%(xl,xg,O)). Figure 3.5(a) is a screen shot of 2D level plot of the same
surface Im(E%(.X'l,XQ,O)), i.e. a view of the surface z = Im(E i(xl,xz,O)) presented in
Figure 3.5(b) from the top of z-axis. Figure 3.6(a), (b) illustrate the 2D level plots of
Re(E { (x1,x2,0)) and Re(Eé (x1,x2,0)), respectively.

The result of simulation Im(H%(xl,xz,O)) and Re(H%(xl,xz,O)) are presented in
Figure 3.7. Figure 3.7(a), (b) are the 2D plots of Im(H 11 (x1,x2,0)) and Re(H 11 (x1,x2,0))
respectively. The illustration of Im(H%(xl,xz,O)) and Re(Hé(xl,xz,O)) is given in

Fig.Figure 3.8.
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Figure 3.3 w = 2c, k = 107,107, (a) 1D plot of Im(E}(x,x,0)); (b) 1D plot of Im(E}(x,x,0)) in

rectangular region
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Figure 3.4 w = 2¢, k = 107!,1072, (a) 2D plot of Im(H| (x,x,0)); (b) 2D plot of Re(H | (x, x,0))
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Figure 3.5 w = 2¢, k = 107!, (a) 2D plot of Im(E| (x1,x2,0)); (b) 3D plot of Im(E}(x1,x2,0))
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(b)

Figure 3.6 w = 2¢, k = 107!, (a) 2D plot of Re(E}(x1,x2,0)); (b) 2D plot of Re(E} (x1,x2,0))
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Figure 3.7 w = 2¢, k = 107!, (a) 2D plot of Im(H| (x1,x2,0)); (b) 2D plot of Re(H| (x1,x2,0))
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Figure 3.8 w = 2¢, k = 107!, (a) 2D plot of Im(H}(x1,x2,0)); (b) 2D plot of Re(H, (x1,x2,0))
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3.3 Summary of the Chapter Three

The method for the approximate computation of the electric and magnetic Green’s
functions for the time-harmonic Maxwell’s equations in general gyro-electric materials
has been developed in this chapter. The method is based on the Fourier transform
meta-approach. The Fourier transform with respect to the 3D space variable has been
applied to partial differential equations for electric and magnetic Green’s functions.
The images of the Fourier transform of Green’s functions for the electric and magnetic
fields were found from the obtained equations by the matrix transformations in
MATLAB. The inverse Fourier transform of these images has been done numerically in
the regularized (approximate) form in MATLAB. The parameters of this regularization
have been chosen using the explicit formulae of the Green’s function and its Fourier
image for the Helmholtz equation. Two types of the computational experiments were
presented in this chapter. The first one demonstrates the high level of computational
accuracy for the Fourier images and the inverse Fourier transform. The second one
has been done for computing the electric and magnetic Green’s functions in a general
gyro-electric material. These computational experiments confirm the robustness of the

method.
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CHAPTER FOUR
COMPUTING THE ELECTRIC AND MAGNETIC MATRIX GREEN’S
FUNCTIONS IN GENERAL MAGNETICALLY GYROTROPIC MEDIA

A new method for the approximate computation of the frequency-dependent electric
and magnetic Green’s functions of Maxwell’s equations in general magnetically
gyrotropic media is suggested. The method is based on the Fourier transform with
respect to space variables, matrix transformations and numerical computation of the
inverse Fourier transform. The numerical computation of the magnetic and electric
Green’s functions for the electric and magnetic fields have been implemented in
MATLAB. Two types of the computational experiments have been done. The first
one is related to the error analysis of the method, and second one is the computation
of the elements of magnetic and electric Green’s matrices in a general gyro-magnetic

medium. The computational experiments confirm the robustness of the method.

4.1 Electric and Magnetic Green’s Functions in General Gyro-magnetic Media

For gyro-magnetic materials, & = [ in (1.10) and the columns of electric and

magnetic matrix Green’s functions (1.13) satisfies

2
~(2) @+ VX (7 xHE ) = ¥ x (o), @.1)

} (%)2 E () + Vx (471 X EX() = iwpoe (). (4.2)

Here x = (x1,x2,x3) € R3 is the 3D space variable; w is a fixed parameter (frequency);
£0=28.854%10"12F/m, o =1.257 % 10°°N/A2andc=1/ \/€opo are positive constants
(dielectric permittivity, magnetic permeability and speed of light) in vacuum, respecti-
vely; el = (1,0,0)7, e = (0,1,0)7, e = (0,0,1)7 are basis vectors of R3; i is the
imaginary unit 2= —1; 6(x) = 8(x1)6(x2)d(x3), 8(x i) 1s the Dirac delta function
concentrated at x; = 0 for j =1,2,3. We also assume that the inverse of the matrix

M exists (explained in Remark 1.4).

55



4.1.1 Computing the Magnetic Green’s Function

Let H¥(v) = (HY, H, HY), where ﬁf = FAHY01), jk =1,2,3. Applying the

operator of the Fourier transform ¥ given in (2.1) to (4.1) and using the equality
F[V X (VxH ()] = AWH¥ (),
we find
- (%)2 AE) + AWEE) = S ()ek, 4.3)
where A(v) and S (v) are given in (3.4) and (2.3) respectively.
The matrix .# is defined by (1.11) with & = 1. From (1.16), the matrix K is

symmetric and from Remark (1.4.1) it is positive definite and C(v) is symmetric 6 X 6

matrices given in (3.5).

Let us denote Wj.‘ as the real part of j component of HX(») and Wj.‘ 3 as the imaginary
part of j component of ﬁk(v), i.e. W;‘ = Re(ﬁf(v)) and W§?+3 = Im(ﬁf(v)), j=1,2,3.

Then equality (4.3) can be written as a vector equation

_(w)Z KWk( k 1k
V) +COv)W=(v) = L%, 4.4)

c

Where Ll = (O’ V3, V2, 0’ 07 0)T7 LZ = (_V3’ O’ V1, O’ 07 O)T’ L3 = (VZ, -V, Oa 09 07 O)T'

Applying technique and computational tools of (Yakhno, 2008), it is possible to
compute a non-singular matrix 7'(v) and diagonal matrix D(v) = diag(d(v),d>2(v),

...,dg(v)), such that

TTMCWMT) = D),

TTV)KT ()

I
~

MATLAB code of this computation is given in Appendix A3.1.

Below the equation (4.4) is written in terms of a new unknown vector function YK

which is defined by

WE(v) = TY*(v). (4.5)
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Substituting (4.5) into (4.4) we find
w\? N Kk k
—(;) KTY*(W)+C)TY*(v) =L*. (4.6)

Multiplying the equation (4.6) by T7, we get
2
—(9) IY*() + DO)YE(v) = TT (LK,
c
or in a component form

2
_(%) Ylk(y) +dl(V)Ylk(V) =(TTWLY,,1=1,2,...,6. (4.7)

For ( %)2 —d;(v) # 0, the solution of (4.7) can be written as

(T"LY),
—(w/c) +dy(v)’

Yi(v) = (4.8)

where [ =1,2,...,6, c = 1/ \[epuo. As aresult, the solution of (4.4) is determined by
WE() = T(n)YE,
and the solution ﬁk(v, w) 1s found by

HY = W) +iWs 50,/ =1,2,3:k=1,2,3. (4.9)

Finally, applying the inverse Fourier transform to (4.9), we find that the electric

Green’s function as a tempered distribution has the following form, i.e.
HE(x) = 7, [HE 0)](0), (4.10)

where 7! is the operator of the inverse Fourier transform in the space of distribution

S’ (R3) (Vladimirov, 1979).

Usually the classical functions are defined by a point-wise manner and we can draw
their graphs. Unfortunately, this point-wise definition and its graphical presentation
is not adequate to singular tempered distributions (VIladimirov, 1979). They are
very often replaced by regularized functions which are classical and have graphic
presentations. Such regularization has a parameter of the regularization and the

singular generalized function is a limit in terms of the generalized functions space,
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when the parameter of the regularization tends to +oco. The right hand side of (4.10)

can be regularized by

1 A A A .
s f f f H}‘(v)e_”"xdvldvzdm, 4.11)
—AJ-AJ-A

where A is the parameter of regularization.

We take A = NA and approximate the integral (4.11) by the integral sum

N N N

1 — .
Z Z ZH}‘(nA,mA,lA)e—‘A<"x1+mx2+IX3>(Av)3, (4.12)

3
(27T) n=—Nm=—N [=—N

for the numerical computation. The parameters N and A are determined by the

procedure described in Chapter 2, Section 2.3.1.

4.1.2 Computing the Electric Green’s Function
Applying the Fourier transform with respect to x to the equation (4.2) and using
equalities
F VX (ATVXER)] = SO).#7'SOEX®),
we find
w\2 =y ~1 ¢ Tk k
—(—) EX() + S (0.2~ EX() = icopge, (4.13)
c
where EX(v) = (EX, EX, EX), EX(v) = FL[EX(0)](v), n = 1,2,3; and S (v) is given as (2.3).

Let ZX(v), NX(v), R.(v) be the real parts of EX(v), iwpoe¥, (S(v).#~'S(v)) and
lej 30, N}’i 3", Ri(v) be the imaginary parts of E,’i(v), iwpoe®, (SO).A7'S(v)),

respectively.

Denoting Z¥(v) = (Z}(v), Z5(v),...,ZE(v)) and NE(v) = (N (v), N5(v),...,NE(v)) the

equation (4.13) can be written in the form

- (9)2 ZX() + PO)ZF(v) = N&(v) (4.14)
C - 9 .
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where P(v) is a 6 X 6 symmetric matrix defined by

R, —R;

Pv) = ¥ ¥ ) (4.15)
R()  R)

We note that (S (v).Z 'S (v)) = R.(v) +iRi(v), where

| 0 -liy L3 . miy mip mi3
Si(v)=— lir 0 —bs | Sr(v)=— mijz mp2 mp3 |-
&y &4

—li3 s 0 my3 mp3 ms3
2 2
Lo =vovamy +v3me +vivans, L1z = van +vavam +vivons,
2
Lz =vivamp +vinz +vivanr,
_ 2 2 2 _ 2
mi1 = —V,yn5 + 2V2V3ne — V37, M12 = V1V21)5 — V1V3Ie — V2V3ng + V319,
_ 2 N SN 2
mi3 = V1v3ng —Vivane — Vyljg — V2V3ng, Moy = —Vi1)5 + 2V1V3ng — V3110,

2 2 2
mp3 = Vavanio — Vivans —ViTle + vV1ving, m33 = —vin7 +2vivang — vanio,
where

m = pi2hy +pahy + po3hs, mo = pishy + pozha + p3shs,

n3 = pithy +pichy + p3hs,

M4 = p33pt12” — 2112134423 + 212l by + poopi3® + 2p13hy i + o3
+2pt23hahs + 11 Y + oo + 33 h3 — 1 oo

N5 = 12’ +h3 —piipaz, M6 = hahs — piopns + o3

m = 3 +h§ — 11433 > 8 = hihs — piopo3 + pi3un2,

Mo = hihy — 13023 + 12433 > 10 = Ha3° + T — uoofis3 .

Using the standard technique, from (Yakhno, 2011) we can compute an invertible

matrix Q(v) and M(v) such that

0~ 'OM)
0 'MPMQOW)

I,

M(v),

where M(v) = diag(m,(v),n =1,2,3,4,5,6). MATLAB code of computation of Q(v)

and M(v) is given in Appendix A3.2.
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Let UX(v) = 071 (»)ZX(v), then
Z¥(v) = 0()UX(»). (4.16)
Using (4.5) the equation (4.14) can be written in the form
w 2
_ (?) OMZE(v) + P()Q()ZE(v) = NX. 4.17)
Multiplying the equation (4.17) by Q~!, we find
2
—(%’) US() + M()U* = 0~ ()N (4.18)

For (w/c)? — m,(v) # 0 the solution of (4.18) can be written in a component form as

follows
-1 Kk
N
Uk = (QIOND, @19
—(w/)? +my(v)
where n = 1,2,...,6. As a result the solution of (4.14) is determined by
75(v) = 0()U¥,
and the solution of (4.13) is found by
EX=Z'w+iZk ;(v),j=1,2,3;n=1,2,3, (4.20)

Applying the inverse Fourier transform to (4.20), we find the electric Green’s function

as a tempered distribution, i.e.
Ef(0) =7, [Ef()](0). (4.21)

The right hand side of (4.21) can be regularized by

1 A A A .
s f ) f ) f AE}‘(v)e—’V'deldvde3, (4.22)

where A is the parameter of regularization.

We take A = NA and approximate the integral (4.22) by the integral sum

N N N
1 — .
o Z Z E EX(An, Am, Al)e A mtin) (A3 (4.23)
n=—Nm=-NI[=—-N

for the numerical computation. The parameters N and A are determined by the

procedure described in Section 2.3.1.

60



4.2 Computational Experiments

The electric and magnetic matrix Green’s functions are computed symbolically
by MATLAB. The code of these computations are given in Appendix A3.1 and
Appendix A3.2. The inverse Fourier transformation is computed numerically by using

the idea given in Chapter 2, Section 2.3.1.

4.2.1 The Approximate Computation of the Electric and Magnetic Green’s Functi-

ons in Gyro-magnetic Media

In this section we consider the approximate computation of electric and magnetic

Green’s functions for gyro-magnetic media characterizing by

315 -13.1 -14.1 0 0.5y -04y
M =] -13.1 55 58 |+i| -0.5y 0 0.2y
-14.1 5.8 6.7 04y -02y 0

In our computations we choose two different parameters. The first part of computation
is related to different y values such as y = 10~ and y = 1072 for fixed frequency w = 2c.
We add the parameter y to demonstrate how small changes on vy affect the solution of
the electric and magnetic field vectors. The second part is related to different frequency
such as w = 2¢ and w = 5c¢ for fixed y = 107!, We add the parameter w to demonstrate
the characteristics of the solution of the electric and magnetic field vectors for different

frequencies, i.e. w = 2¢,Sc.

Applying the method of Section 4.1.1 we have computed T(v), TT(v), D(v) and
then using the formula (4.12) we have derived solutions H!(x), H3(x), H3(x) of (4.3)
numerically and applying the method of Section 4.1.2 we have computed Q(v), 0~ (v,
M(v) and then using the formula (4.23) we have derived solutions El(x), E2(x), E3(x)

of (4.13) numerically.

For the first part of computational experiments, we fixed frequency w = 2¢ and

results of the computation of real and imaginary parts of E} (x), Eé(x), E;(x) and
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H{(x), Hy(x) for y = 107!,1072 are presented in Figure 4.1, Figure 4.3-Figure 4.5
and Figure 4.2, Figure 4.6-Figure 4.8, respectively.

In Figure 4.1(a), (b) present the 1D plots of Re(E%(Z,Z,O)), Re(E;(z,z,O)) for
X1 =x=2x3=0, w=2c for y = 107! and Y= 1072 respectively. Figure 4.2(a),
(b) present the 1D graphs of Im(H31 (x1,x2,0)) and Re(H31 (x1,x2,0)), respectively for
v =10"1,1072. These graphs show the influence of y on the components of the electric

and magnetic Green’s functions.

The behavior of the real and imaginary parts of the computed components of the
electric and magnetic Green’s functions is presented in Figure 4.1, Figure 4.3 and
Figure 4.4. The result of the simulation Im(E%(xl,xz,O)) for w =2c, y = 107! is
presented in Figure 4.3. The 3D plot of Im(E }(xl,xg,O)) is shown in Figure 4.3(b).
Figure 4.3(a) is a screen shot of 2D level plot of the same surface Im(E %(xl,xz,O)),
i.e. a view of the surface z = Im(E %(xl,xz,O)) presented in Figure 4.3(b) from the top
of z-axis. Figure 4.4(a) presents 2D graph of Im(E%(xl ,X2,0)). Figure 4.4(b) presents
the 3D graph of Im(Eé(xl,xz,O)) for w =2¢,y = 1071, Figure 4.5(a), (b) presents 2D

graph of Im(E; (x1,x2,0)) and Re(E; (x1,x2,0)) for w=2c,y = 107! respectively.

The result of simulation Im(H 11 (x1,x2,0)) is presented in Figure 4.6. Figure 4.6(a),
(b) are the 2D and 3D plots of Im(Hll(xl,xz,O)) respectively. Figure 4.7(a), (b)
are the 2D and 3D plots of Im(H;(xl,xz,O)) respectively. The 2D illustration of
Re(H} (x1,x2,0)), Re(H31 (x1,x2,0)) 1s given in Figure 4.8(a), (b).

For the second part of computational experiments, we fixed y as y = 10! and results
of the computation of real and imaginary parts of Eé(x), E; (x) and Hé (x) for w=2c,5¢
are presented in Figure 4.9 and Figure 4.10, respectively. Figure 4.9(a), (b) present the
1D plots of Re(E}(z,2,0)), Re(E5(2,z,0)) for x; = xp = 2,x3 =0, y = 107" for w = 2¢
and w = Sc respectively. Figure 4.10(a), (b) present the 1D graphs of Im(Hgl, (x1,x2,0))
and Re(H31 (x1,x2,0)), respectively for w = 2¢,5c. These graphs show the influence of

w on the components of the electric and magnetic Green’s functions.
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(b)

Figure 4.1 w = 2c, (a) 1D plot of Re(E}(z,2,0)); (b) 1D plot of Re(E}(z,2,0)) for y = 107!,1072
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(b)

Figure 4.2 w = 2¢, y = 1071,1072, (a) 1D plot of Im(H}(z,z,0)); (b) 1D plot of Re(H}(z,z,0))
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(@

x10

(b)
Figure 4.3 w =2¢,y = 107!, (a) 2D plot of Im(E| (x1,x2,0)); (b) 3D plot of Im(E| (x1,x2,0))
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(@

x10

(b)
Figure 4.4 w =2c¢,y = 107", (a) 2D plot of Im(E}(x1,x2,0)); (b) 3D plot of Im(E}(x1,x2,0))
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(b)
Figure 4.5 w = 2¢, y = 107!, (a) 2D plot of Im(E}(x1,x2,0)); (b) 2D plot of Re(E}(x1,x2,0))
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(b)
Figure 4.6 w = 2¢,y = 107!, (a) 2D plot of Im(H{ (x1,x2,0)); (b) 3D plot of Im(H| (x1,x2,0))
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(b)
Figure 4.7 w = 2¢,y = 107!, (a) 2D plot of Im(Hj (x1,x2,0)); (b) 3D plot of Im(H}(x1,x2,0))
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(b)
Figure 4.8 w =2¢,y = 107!, (a) 2D plot of Re(H| (x1,x2,0)); (b) 2D plot of Re(H}(x1,x2,0))
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(b)
Figure 4.9y = 107!, (a) 1D plot of Re(E}(z,z,0)); (b) 1D plot of Re(E}(z,z,0)) for w = 2¢,5¢
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(b)
Figure 4.10y = 107!, (a) 1D plot of Im(Hj](z.z,0)); (b) 1.D plot of Re(H}(z,z,0)) for w = 2¢,5¢
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4.3 Summary of the Chapter Four

The method for the approximate computation of the electric and magnetic Green’s
functions in general gyro-magnetic materials has been developed. This method
consists of the following. Applying the Fourier transform with respect to space
variables to the partial differential equations, defining column matrix Green’s functions,
the linear algebraic systems for Fourier images of these columns were obtained. These
images were computed by the matrix transformation in MATLAB. The inverse Fourier
transform of these images has been done numerically in the regularized (approximate)
form in MATLAB. The parameters of this regularization have been chosen using the
explicit formulae of the Green’s function and its Fourier image for the Helmholtz
equation. Two types of the computational experiments were presented in this chapter.
The first one demonstrates the high level of computational accuracy for the Fourier
images and the inverse Fourier transform. The second one has been done for computing
the electric and magnetic Green’s functions in a general gyro-magnetic material. These

computational experiments confirm the robustness of the method.
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CHAPTER FIVE
THE APPROXIMATE COMPUTATION OF THE FUNDAMENTAL
SOLUTION OF TIME-DEPENDENT MAXWELL’S EQUATIONS FOR
GENERAL ANISOTROPIC CONDUCTIVE MATERIALS

In this chapter, we suggest a new method of the approximate computation of
the fundamental solution of Maxwell’s equations for general anisotropic conductive
materials. The method consists of the following. The equations for the fundamental
solution are written in the form of the Fourier transformation with respect to the
space variables. The obtained equations are reduced to a vector integral equation of
the Volterra type. The solution of the obtained integral equation is corrected by the
successive approximations in the form of the uniformly convergent infinite functional
series. Finally, the inverse Fourier transform is applied to constructed series with
respect to the Fourier parameters. The computation of the fundamental solutions
of electric fields in general anisotropic conductive materials have been made by
replacement of infinite series by a sum with finite terms and implemented numerically
in MATLAB, the inverse Fourier transform by the integration over a bounded domain.

Computational experiments confirm the robustness of our method.

5.1 The Derivation of the Fundamental Solution of the Electric Field

5.1.1 The Fourier Transform of the Equation for the Fundamental Solution

Let x = (x1,x2,x3) € R, E™(x,1) = (E7'(x,1), E5'(x,1), E¥(x,1))” be m™ column of the
fundamental solution of the electric field, Em(v, 1) be the Fourier transform of E"(x, )
with respect to x = (x1, x2,x3) € R3, i.e. field Em(x, 1= (E’I"(x, t),j::g’(x, 1), Eg’(x, )T are
defined by Ef(v, 1) = ﬂ[EZ](V, 1), k =1,2,3, where the Fourier operator ¥ is given by

(see, for example, Vladimirov, 1971)

EZ’(V, N =FE (v, 0) = f f f El'(x,1) eV dxydxadxs, (5.1)

where v = (vi,v2,v3) € R3, x- v = x1vi + xova + X313, i% = —1.
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Equation (1.22) can be written in the form of their Fourier transform as follows

2
g%fm(% 1+ AWE"(v1) = —471% (O'E’”(v, )+ emé(t)) , (5.2)

where
AWE™(v,1) = Fylcurl, (%_lcurlx E™(x, t))](v, 1),

and A(v) = S (v) 4" S (v), where S (v) is given in (2.3).

5.1.2 The Reduction of (5.2) to a Vector Integral of the Volterra Type

Since & is symmetric positive definite and A(v) is symmetric positive semi-definite
matrices, we can construct a nonsingular matrix 7="(v) and a diagonal matrix lz)(v) =

diag(d;(v),d»(v),d3(v)) with non-negative elements such that
T"WeTv =1, TTMAMTY) = D),

where 1 is the identity matrix, 7=“T(v) is the transposed matrix or 7=‘(v). The
similar reduction of pair symmetric matrices to diagonal form by congruence has
been considered before by (Goldberg, 1992). Moreover computing lz)(v) and Yz’(v)
can be made by the following way; firstly find &~'/2

E12A()E1? we construct 5(1/) and 7="(v).

and then using the matrix

Finding & ~1/2 'We note that for a given diagonal matrix & = diag(e11,&22,€33) with

172 is given by &2 = diag(

.. . . — 1 1
positive elements on the diagonal matrix & NTRRYGTE

;3). For the given positive definite non-diagonal matrix & we construct an

orthogonal matrix R by the eigenfunctions of & such that RTER=L= diag(1y,12,43),

where R7 is the transpose matrix of R and A >0, k=1,2,3 are eigenvalues of &. The
& 12 is defined by &~1/2 = RL'2RT | where L'/? = diag(\A1, VA2, VA3). The matrix

&~1/2 is the inverse to &.

Finding 5(1/) and 7=’(v). Let us take the given positive semi-definite matrix

A(v) and the matrix &~'/2 which assumed to be found. Let us consider the matrix
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&E12A(v)&~ 112 which symmetric positive semi-definite. The diagonal matrix D(v)
is constructed by eigenvalues of &~!/24(»)&~1/2. The columns of the orthogonal
matrix é(v) are formed by normalized orthogonal eigenfunctions of & “124(n)&-12
corresponding to eigenvalues di(v), k = 1,2,3. The matrix 7="(v) is defined by the
formula 7(v) = £~1/2Q(v).

Let matrices 7="(V) and B(V) have been constructed using above mentioned technique.
Setting Em(v, 1) = 7=’(v) Y™ (v,1), equation (5.2) can be written as

o2 ) )
@@T(v)a—ym(v, 1)+ AT Y™ (v, 1) = —47ré (O'T(V)Ym(v, 0+ emé(t)) . (5.3)
or? ot

Multiplying (5.3) by 77 (v) we have

62 m 2 m d =T ¥ m =T m

23V 00 0+ ()Y (1) = ~An (TToTY"v.)+ T (v)e"s() . (5.4)
Integrating (5.4) and using Y"*(v,1)|;<o = 0 we find

! — -
Y"(v,1) = ld j; SiIl(C@(I—T))[—47T%(TT(V)O'T(V)Y'"(V,I)

c

+TT(e"s()ldr.  (5.5)
Equation (5.5) can be written as follows

- t - —_
Y"(v,1) = —4rcos(c \du)TT (v)e™ + f —4rcos(c \dut)TT (V)T ()Y (v, T)d.
0
(5.6)

Since E™ = f(v) Y™ (v,t), multiplying (5.6) by f(v) we get

E"(v,t) = —4rT(v)cos(c du)TT (v)e™

t - = —~
+ f —47T (v)cos(c \du(t —NTT MTE" (v, )dr. (5.7)
0

The last equation can be written in the form of Volterra type integral equation
!
E"(v,t) = f K(v,t—7)E"(v,T)dt+ f"(v,1), (5.8)
0

where K(v,t) (kernel of integral equation) and fm(v, 1) has the following forms

K(v,1) = =4nT (v) cos(c \d.) T (v)or, (5.9)
v, 1) = =4nT (v) cos(c \du) T (v)e™. (5.10)
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The following two lemmas demonstrates the continuity and boundedness of the Kernel
K(v,t) and the boundedness of inhomogeneous term f’"(v, t) which will be used in the

next section for constructing a solution of equation (5.8).

Lemma 5.1.1. Let T be a fixed number; v be a fixed point in R3; K(v,t) = (k; (v 1)3x3

be a matrix defined by (5.9) for any t € [0,T]. Then components of the vector function
!
f K(v,t—7)E(v,T)dT,
0

belongs to C'[0,T] for any E(v, 1) = (El(v, t),Ez(v, t),Eg(v, 1)) whose components are

continuous function with respect to t € [0,T].

Proof. Since elements of matrix K(v,7) are continuously differentiable with respect to
te[0,T] and Ej(v, 1), j=1,2,3 are continuous then fol K@, t— T)E(V, 7)dt form C'[0,T]

for even fixed v in R3. m]

Lemma 5.1.2. Let v be a fixed point in R3; K(v,1) = (k; i(v,1)3x3 be a matrix defined
by (5.9) for any t € [0,T]. Then

IK(v,t—=T)E(v,7)| < MIIE(v, 7)||co,

forVt€[0,T], T €[0,t], where

M= A Ao pmax(cT o)

/lmm(éa) ’

here o max(o! o) is the maximum eigenvalue of 3 X3 matrix o = (0)3x3 and Apin(&)

is the minimum eigenvalue of non-singular 3 X 3 matrix &.

Proof. Let K(v,t—1) be a matrix defined by (5.9), then
K.t = T)E(v.7)| = [T cos(c VD(t - 1) TT o E.7).

Taking maximum norm (see, for example, (Sundarapandian, 2008), pp.125 or Appendix

A4) we obtain the following result

KO, t=1)E0, 7|l 47T (v) cos(c VDt = )T Mo E(, 1)l

47Tl | c08(c VD = D)o ITT Ol oo IE Y, Do

IA

A7 T O)Nloo 1T )lleo Nl loo NEG, T oo »

47 Ao (ol o)

<

IA

IED, T)llco
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here we used

llcos(c VD(=)lle = max {cos(c Vdi (t - 1)).cos(c Vdy(t — 7)), cos(c ds(t - 7))}

< 1
and
1T ITT Moo = 1672 00l 100 €2 leo
1 = = 1 .
< 72 IQMI IQW)I2 167 2]l Appendix A4)
< II@@_%H% (lemma A4.7)
1
< YN
B /lmin(éa)
and

lolleo < lloll2 < Vomax(a™ o).

In this place, we can find a bound for fm(v, 1) (using (Sundarapandian, 2008) or

Appendix A4) to use in the next section with same notations as

00l = [4nT () cos(c VDI - )T (v)e™ oo
< 4Tl llcosc VD = )lloo ITT )l l1€"loo
4
PO
B /lmin(éa)’

where ||€"||co =1 form=1,2,3.

5.1.3 Solution of the Volterra Type Integral Equation (5.8) by Using the Method of

Successive Approximations
Theorem 5.1.3. Suppose that for any fixed v € R3, f(v, 1) € C'[0,T] is given function,

K(v,t) = (kij(v,1))3x3 be a matrix defined by (5.9) for any t € [0,T] there exits a unique
solution E(V, t) € C[0,T] of the integral equation (5.8).
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Proof. Let us consider the sequence of functions
Eo(v,) = f0r1),
—~ t —~
Ei(v,t) = f K(v,t—=1)Eo(v,7)dT,
0
inductively we have
—~— t —
E,(v,1) = f K(v,t—1)Ep_1(v,T)dT.
0
O

Lemma 5.1.4. Let v € R? be fixed; t be a fixed positive number then summation gives

)4 -l
D Evn= ) f Kt =0)E(v, )T+ f(0,1). (5.11)
k=0 k=00

Lemma 5.1.5. Let v € R3 be fixed; t be a fixed positive number then we have

(Mn)k
k!

|Ex(v,1)] < 1F 0 Dlloos Yk =0,1,.... p.

Proof. for k =0:

|Eo(v,D)| = |f(v,0), Y1 € [0,T1,

and
1f 0,0l < max | £, 7| = 1f (3 Dllco»
7€[0,f]
implies
IEo, )] < If (% D)llco »
fork=1:

!
E\(v,p)| = ‘ f K(v,t—7) f(v,7)d7],
0

IA

t —~
fo IK(v,t =Dl f (v, Dl
Mt max 1f0, D] < MAIF 3, D)lleo (5.12)

IA
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implies

|Ey (v, )] < M| f (v, D)llco

for k =2:
—~ t —~—
|[E2(v, 1) = U K(v,t=1)Ei(v,7)d7|,
0
l —~—
< u [ Mellfooledr.
0
(M1 —
< I (v Dlleo , (5.13)
implies
— (M1)? ~
|E2(v, 1) < X If (v, D)llo
induction completes proof. |

Lemma 5.1.6. Under above mentioned assumptions, v € R> and T > 0 be fixed,
p
ZEk(v, t) converges uniformly over [0,T] to a continuous function E(v,t) € C[0,T]

k=0
as p — oo,

Proof. Since

fOn,1) e C[0,T],

Eo(v,1)

E1(v,1)

!
f K, t—1t)Eo(v,T)dT € C[0,T],
0
then
—~— l —~—
E.(v,t) = fK(V,I—T)Ek_l(V,T)dTGC[O,T],
0

and from lemma 5.1.5 we have

- Mok — MT —
|Ex(v,1)] < ( k!t) IIf(v,t)Iloos( k!) If (3, Dlleo, Y2 €[0,T1,
(Mo

p
The expression Z lf(v,)||lco converges uniformly to eMT || F,0)|co-
k=0

k!
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2
From 1% Weierstrass theorem, we have ZEk(v, t) converges uniformly to E(v,?).

k=0
O

Lemma 5.1.7. Under above mentioned assumptions E (v,t) € C[0,T] is a solution of

the integral equation (5.8), satisfying |E(v, | <N forVt€[0,T], where N = eMT An

min

Proof. Taking limit as p — oo to (5.11), we have

e t P tp_l _
Z Ex(v,1) = lim f Z Ey(v,1) = lim f Z K0, t—1)Erw0) + fn,1).
p— Jo p— Jj
k=0 k=0 k=0
From 2"¢ Weierstrass theorem (changing order of limit and integral), we get
E(v,t) = f lim Z K, t—1)Ey(v,t)+ f(v,1), (5.14)
0 p—00 k:0
and lemma 5.1.6 implies
p-1
lim Kv,t—1t)Er(v,t) = K(v,t —1)E(v, 1), (5.15)
p—ooo
k=0

implies
—~— t — —
Ev,t) = f K, t—=1t)E(v,t)dt+ f"(v,1),
0

hence E(v, t) is the solution of (5.8). From lemma 5.1.6 and ||]7(v, Dl < % we have

|E(v,£)| < N where N = eMT 42 0

Amin

Lemma 5.1.8. Under above mentioned assumptions the solution E(,1) of the integral

equation (5.8) is unique.

Proof. Let E 1(v,1) and Ez(v, t) be solutions of (5.8) , then we have
—~— t P —~—
E\(v,t) = f K(v,t=D)E1(v,D)dt + f"(v,1),
0
—~— t —~— —
EZ(V’I) = f K(V’Z_T)EZ(V’T)dT-i_fm(V’Z)’
0

substraction gives

!
E\(v,H)= Ex(v,f) = f K(,t—1)E1(v,T) — Ex(v,7))dT,
0
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Denoting ¢(v,t) = E 1n 1) — Ez(v, 1), the last equation can be written as

e(v,t) = f K(v,t—1)e(v,7)drt,
0

Taking module gives

b

lo(v,t)| = ‘f K, t—1t)p(v,T)dt
0

IA

1 1
f IK(v,t = 1), 7)ldT < M f (v, 7)ld.
0 0

Taking maximum implies

!
oo, Dl < M f o0y, Dlead
0
d
ztllso(v,t)lloo < Mlle(v, )l s
d
eM’Euso(v,r)uoo < MM, 1)l
d
— e lle0n0llo] < 0.

which implies that eM! lle(v, )|l < 0. Since eM' >0 we have lle(v, H)]|eo = 0 which proves

uniqueness of the problem. O

Theorem 5.1.9. Under above mentioned assumptions, the solution of the integral

equation (5.8) has the solution of the Neumann series form

Ev,H= Z K0, f,0). (5.16)
k=0

After finding our solution as in the form of Neumann series, we should prove that
the inverse Fourier transform exists for generalized functions space S’. Let us consider

the following theorem:

Theorem 5.1.10. (L. Schwartz, pll15, Viadimirov, 1971) In order that the linear
functional f over S should belong to §’, (that is, be continuous over S), it is necessary
and sufficient that there be numbers C > 0 and p > 0, p being an integer, such that for

any ¢ € S the inequality

I(f. ol < Cllellp »
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is valid, where

lell, = sup  (1+|x)?ID%(x)].

la|<p, xeR"

From theorem, we have

(E,¢)| = | f Ev,0e(v)dv| < N f lo()ldv,
R3 R3

and we can find a restriction for p in R? such that

1 1
< —=— Ndrdlded = ——
< Tap S =" Sin(@drdods P2

00 1 r—p+3 0
f 2alr = ,
1 IrlP- -3+ph

leO)I <

implies

converges for p > 3.

Then for p =4, we have

(1+ ) le)|

b0l = o

IA

- 4
G Vseuﬂgl(l + V)" lo(v)|

1
———— sup  (1+P)* DY)
(1+|V|) la|<4 .veR"

IA

= WHSO(V)HAL,

then the functional (E ,¢) have

E, N
(E,¢)l < Nl f Rt

and we get C as

dv
g3 (L+ )4

This means that, 3C > 0, 4 p > 0 such that

I(E, )| < CligO)l|,, for p = 4,

where C is given in equation (5.17).
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From (Vladimirov, 1971), page 125, the Fourier transform ¥ and ¥ ~! map S’ (R?)
onto S’(R3) mutually one-to-one. Finally, we can find the solution by applying inverse

Fourier transformation to equation (5.16) as in the form

E(x,z):ﬁ-l[ﬁ(v,r)](x,r)zL f ) f ) f ) E(v,f)e™ " % dvidvadvs, (5.18)
(27T)3 —00 J—00 J—00

where E(x,1) = (E!(x,1), E2(x,1), E3(x,1)).

5.2 Computational Experiments

In this section, in the first part, we obtained an explicit formula for isotropic
materials to check the robustness of our method because of the difficulties to
obtain explicit formula for anisotropic materials, it is not possible to compare for
anisotropic materials. This comparison is done for Fourier images of electric field
vectors and the obtained tables proves the robustness of our method for suitable
parameters. The second part of this section is related with the determining parameters
for the approximate computation of inverse Fourier transformation. For the best
approximation we fixed our parameters and for these fixed parameters we simulated

our results for monoclinic and triclinic anisotropic conductive materials.

5.2.1 Explicit Formulae of the Problem for Isotropic Conductive Media

In this section we will obtain an explicit formula for isotropic materials with
conductivity, let us assume that & = (&;)3x3 and .# = (.#;})3x3 are symmetric positive

definite matrices with constant elements. Moreover we suppose that
E=¢el, M=ul, o=0cl
where and &, u and o are scalars and for r <0

E(x,)=0, Hx,tH)=0, p=0, jx1)=0. (5.19)

84



After substitutions, we get the following system

1 OE™ 4 4
curl "ty = 2e9E (et Zommn+ E iy, (5.20)
c ot c c
1 oH™
curl,E™(x,t) = ——,ua—(x,t), (5.21)
¢ ot
divy,(eE™(x,1)) = p, (5.22)
divi(uH™(x,1)) = 0, (5.23)

Differentiating (5.20) with respect to ¢ and using (5.21), we get the following initial

value problems

Problem 1:
2 rm m -m

OE 0
8“—(%2 (x,0)+ czcurlxcurlem(x, )= —47r,u0'7(x, rH— 47r,u#(x, N, (5.24)

E"(x,1)|<0 = 0. (5.25)

Therefore for the solution of the main problem first of all we have to find E™(x,1)
satisfying (5.24) and (5.25) and after that we can find H"(x, t) satisfying (5.21) in the

following form

Problem 2:

m

H
%(x, 1) = —cu” Leurl E™(x, 1), (5.26)

H"(x,0)|;<0 =0, (5.27)

if E(x,t) is given.

In this chapter, we find a solution of problem 1.

5.2.1.1 Solution of the System (5.24)-(5.25):

Applying Fourier transform to (5.24) with respect to x = (x1,x2,x3) € R? we have

the following system
2 m Tm ) om

— OE 0
2 m _ 2 v —am
P )+ c"AW)E™" (v,1) Aruo ” (v, t) —4nu o v,0, (5.28)

&u
- OE™
Em(va t)'l‘SO = O 5 7(‘/’ t)|l‘$0 = 0’ (529)
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where
AWE™ (v, 1) = Fylcurlecurl, E™(x,0)](v,1).
where A(v) is given in equation (3.4).

Dividing (5.28) by eu, we have

2 m 2 _ Em 1 A"m
D+ C—A(V)Em(v, 1 = —47r—a—(v ) — 47r—a—(v 1), (5.30)
e
— aEm
E"(v,Dlico=0 W(V, Dl<o0 = 0. (5.31)

For finding the solution of the system (5.30)-(5.31), we have three cases

Casel vi=vy=v3#0
Case2 vi=v3=0,1, 20

Case 3 V1=V2=V3=0

CASE 1: Solution for vi =vo, =v3 #0:

Setting E’"(v, 1) =T(v)Y™(v,t), substitution gives

2ym 2 m
T0) G 0+ SADTOY 000 = 2T ) S )—4—’“1@ ). (532)

after multiplying (5.2.1.1) and using the following identities

T\ T() I,

T ')A T()

D(v) = diag(d,,(v), m =1,2,3),

where the matrix 7'(v) has the following form:

Vi —V3 —Viv2

i \/V%-H/% Iv| \/v +v2
2
TwV)=| n 0 N , vl = w/V%+V%+v2,
v v

V3 vi —V2v3

vl 2.2 2,2
\/v1+v3 |1/|\/v1+v3
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then we get the following system

2vim ym
IV o+ 22T ‘9 1)+ —dY’"< 0 = —4—”[T“(v>8]m6’(t), (533)
or? &
a m
Y'"v,0lico = 0, Er —W <0 =0. (5.34)

Solution of (5.33)-(5.34):

Let Y™ (v,t) = ©(t)Z"(v,t) be the solution of the following initial value problem

2ym m 2
6 D+ 47r_0'(')L(V 1+ —de( ) = —4—nT,:l%(v)6(t), (5.35)
e Ot el £
Y*'(v,0)l<0 =0, (5.36)

for m =1,2,3, where Z"(v,1) is the solution of the following problem

d*zm dro dZ™ 2d,
o+ T 4 Sy <o, (537)
t EU
azm A _
Z"00l=0 =0, —=(Dl=o==—Tp;. (5.38)

Solution of (5.37)-(5.38): Since d; =0, d» = d3 = |v|* = (vl + v2 +v ) then the

discriminant of the equation (5.37) has the form

dno , 2|v|2
A= (=) - .
e
by setting
4 2
T 2T e,
E EC
where & = 2”” , and setting w = \/18_# we have (5.37) as in the following form:
27m dzm
yE () + 20— —(n 1)+ AW*WPZ™ v, 1) =0, (5.39)

and
A() =428 — 4P WP,

and the roots of (5.39) are

—2cE F \4c2E2 — 42 w?|v]2
2 b

mio(v) =
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or equivalently
m12(v) = c (=6 F €2 - V). (5.40)

Now we have three cases and since d; = 0, we can find a special solution for k = 1

as following

For m = 1, d(v) = 0: The solution has the form

—[T7! x
Z\nt) = (T 1 —e‘47f].
o
And since Y"(v,t) = O(r)Z"(v,t), we have
7! o
') = —o Ty _ -t
o
and then, we can find Y'(v,7) by using
m d m
Y"'(v,1) = E(Y (v, t—=1)*%68(7)). (5.41)
we get
1 4r o —dn7,
Y (v,t) = —;[T Mie & . (5.42)

For m=2,3, dx(v) = d3(v) = v*:
If A(v) =0 = m =m; = myp = —c¢ then the solution has the form
Z%v,1) = _%[T_I(V)]mlte_cgl,
and using (5.41) we have

Y™ (v,1) = —%”[T—l(v)]mle—cff[l —cét). (5.43)

If A(v) < 0 setting B(v) = wv|? - .fz we have the solution in the following form

Z"(v,t) = e~ ! (—4;" %T;ﬁ (v)) sin(cB(v)1),
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and using (5.41) we have

Y"(v,0) = (——) [T )l = &sin(cB()n) +B() cos(cBOIN].  (5.44)

,3( )
If A(v) > 0 since
mi(v) = —cé+cAlE2—w v,
my(v) = —cé—cy[E2 -2,

we have the solution in the following form

2y = =21 T ) Lo gmomy
my2(v)

where m12(v) = my(v) —my(v) = 2¢ /€2 — w?|v|*and using (5.41) we have

(M (V)™ = iy (v)e™ . (5.45)

A 1
Y"1 = (=T~ )i

€ mi2(v)
CASE 2: Solution for v{ =v3 =0, v, # 0 : By our assumption we have A(v) matrix

as in the following form:

v 00
A=l 0 0 0 | (5.46)

2
OOV2

After substitution of (5.46) into (5.30), we get the following system

O*E™ 4 aEm c2d,, 4
1)+ =< — (v n+ S8y = —Zans(n, (5.47)
or? € el £
_ OE™
E"(v,Dli<o = 0, 6_(V D<o =0, (5.48)

where d,,(v) = diag(v%, 0, V%).

Solution of (5.47)-(5.48): Let Y"(v,1) = O(t)Z" (v, 1) be the solution of the following

initial value problem

2ym 4 Ym 2 4
Ir o+ ’“’6 —(0)+ $ Cmyme, = amsio. (5.49)
or? £ gl €

Y™ (v,0)li<0 = 0, (5.50)
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form =1,2,3, where Z"(v,1) is the solution of the following problem

d*zm dro dZ™ 2d

c am
8] 83 Z"(v,t) =0, 5.51
o2 o+ 7 0+ o (v, 1) (5.51)
azm 4
Zm(va t)|t=0 = Oa 7(‘/’ t)|l‘=0 = _?é)m . (552)

Solution of (5.51)-(5.52): Since d»(v) =0, d1(v) = d3(v) = V% and the discriminant

of the equation (5.51) has the form

2.2
dro v
AY) = (== -4
e (Ve
by setting
4 2
T _ 0 2T e
£ ec
_2 : _ 1 - - )
where & = =77, and setting w = Vo Ve have (5.51) as in the following form:
27m dzm 5 29
7(v,t)+20§7(v,t)+c w v Z"(v,1) =0, (5.53)
and

A() = 428 - 4™,

and the roots of (5.53) are

—2céEF \/4c2§2 —4c2w?v3

miya(v) = 5 ,

or equivalently
mp(v) = c(—EF |2 - wzv%). (5.54)

Now we have three cases and since d»(v) = 0, we can find a special solution for k = 2

as following

For m =2, d>(v) = 0: The solution has the form

_4”_0'[

Z'v,n = _—l[l—e = 1.
ag
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And since Y"(v,t) = O(t)Z™(v,t), we have
- 4274

St = —@(r)l[l —e e 1.
ag

and then, we can find Ez(v, 1) by using (5.41), we get

o 4 o
BXn,t) = ——Z e (5.55)
e
Form=1,3,d =d3 = v%:
If A(v) =0 = m=m; = my = —c¢ then the solution has the form
— 4
EM(v,1) = — Lo~ — c£1]. (5.56)
E

If A(v) < 0 setting B(v) = wzv% — & we have the solution in the following form

~ 4 1
E"(v,t) = (—?ﬂ)me_c& [ — &sin(cB()1) + B(v) cos(cB(I)T)]. (5.57)

If A(v) > 0 since
mi(v) = —c€+cAlE2—wv3,
my(v) = —cé—cJE—wVi,
we have the solution in the following form

. an 1
E"(v,1) = (_?ﬂ)—mu(v) (m1 (V)™ O = my(v)e™ ) (5.58)

CASE 3: Solution for v{ = v, = v3 =0 : In this case our matrix A(v) is a zero

matrix and we get the following system

PE™ 4no- OE™ 4 .
Py v+ TF(V’I) = ¢ f @, (5.59)
— OE™
E"(v,Dli<0 = 0, 7(% Dli<o = 0. (5.60)

Solution of (5.59)-(5.60): Let Y"(v,t) = ®(¢+)Z™ (v, 1) be the solution of the following

initial value problem

2y 4no OY™ i,
o 0+ TW(V’ n = S o(1), (5.61)
Y"(v,0)li<0 =0, (5.62)
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form =1,2,3, where Z"(v,1) is the solution of the following problem

d*zm 4o dZ™
d[2 (V, Z) + Tw(v, l’) = 0, (563)
dzm 4
2", Dle0 =0, e (v, 1)y = — ™. (5.64)
dt &

Solution of (5.63)-(5.64): The solution has the form for m = 1,2, 3,

_4”_0'[

-1
Z"v,t)y=—[l—-e "¢ ].
o
And since Y"(v,t) = O(r)Z"(v,t), we have
1 _dno,
Y"(v,t) = -0@)—[1—e "¢ '].
o

and then, we can find E’"(v, t) by using (5.41), we get

47( _4”_0'1»

Em(v,t):—;e el (5.65)

And since Em(v, t)=T(v)Y™(v,t) we can construct E’"(v, t) and after finding l:f’"(v, 1),
by using the inverse Fourier transformation we can construct the general solution as in

the following form

1 (o] (o] (o] ~ .
E™(x,t) = wl_‘m Im ImEm(v,t)e’x'Vdvldvzdw

where v = (v1,v2,V3), V- X = V1X] + VX2 + V3X3, 2 =-1.

5.2.1.2 Comparison of the Values of E(x,1) for the Isotropic Conductive Materials

In this subsection we check the robustness of the method by using the exact solution
before applying inverse transform method and we find a limit of convergency by
changing the o values. Let us assume ¢, & M and o are fixed values which has

the following forms

94 0 O 1 00 1 00
E= 0 94 0 | M=[{01 0|, 0=00/0 10
0 0 94 0 01 0 01
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for fixed direction € = (1,0, 0), where oy =0, 1, 10.

Let us denote r as a parameter which satisfies:

vi = rcos(¢)sin(b),
vo = rsin(¢)sin(6),
vy = rcos(d),

fixing ¢ = /4 and 8 = r/4 we obtain
Vi=wv=r/2,v3= r\/§/2.

For fixed element of electric field vector El, let us denote E'™ as solution obtained
from our method and E'@ as exact solution of isotropic Maxwell’s equations, for

different oy values, we created Table 5.1-Table 5.3 :

We can see that the Fourier images of exact solution E!© and solution obtained
from our method E!®™ has closeness which depends on conductivity o. Here we
assumed that & = 9.4] where I is the identity matrix and it must be dominant to
conductivity o. Because of that reason, for better approximation, we have to choose
our o matrix smaller than & to protect the convergence. This idea will be applied in

this chapter for computational experiments.

5.2.2 Determining Parameters for the Approximate Computation of Inverse Fourier

Transform

In this section, we will explain our method for approximate computation of inverse
Fourier transformation. Let us consider the following wave equation:
2

0
@u(x, 1) — azAu(x, 1)

5(x)8(1), (5.66)
u(x,p)|_, = 0, (5.67)

t<0

where x = (x1, x2,x3) is the space variable, 7 is the time. Using generalized functions

theory and Green’s functions, applying Fourier transform we have the following
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system
2

21,12
¥ v

—u(v,t,T)—a (v, t,7) o(t—1), (5.68)

i(v,t,7)_, = O, (5.69)

t<0
where 7 and v = (v1,v3,v3) are real parameters and |2 = vf + V% + v%. The solution of
(5.66)-(5.67) is given in the following form

H.1.7) = Ot — 7y @M= 1) (5.70)

alv|

Now, we must apply the inverse Fourier Transform to the equation (5.70), with respect

[u(V 7] = u(x.t.7) = o )3 f f f - Sln(alvll(T 7)) —zvxd ,(5.71)

where v = (v,v2,v3), dv = dvidvadvs and vx = vix| + vaxs +v3x3. After calculating

tov,

inverse Fourier transform, we get the solution as in the following form:

O(—-1)
2ar

U(x,t,7) = 5@ (t—1)° = |xP), (5.72)

where 8(a®(t—1)% — |x]?) is replaced by

2 o o L (@)= x)?
Oe(a”(t—1)" —|xl") = \/ﬂ_geXP . :

where £ = 0.0001.

Now, we will apply inverse Fourier transform to (5.70) numerically by using our
method for different A and Av values to find better approximation by considering
suitable computation time. The following figures show that for better approximation it
is enough to choose regularization parameters as A = 80 and Av = 0.025. Figure 5.1 is
simulated for regularized solution (5.72) of wave equation and Figure 5.2 is simulated
for approximate computation of inverse Fourier transformation to (5.70) by using our

approximation.
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Figure 5.1 Graphic for regularized form of the Dirac delta function for A = 80 and Av = 0.025

Figure 5.2 Graphic for numerical inverse Fourier transformation for A = 80 and Av = 0.025
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5.2.3 Computational Experiments for an Anisotropic Monoclinic Structure

In this subsection, we will show some computational experiments for conductive
anisotropic monoclinic structures. Here we fixed € = (1/2,0, V3 /2), N =20, t =8 and

we choose permittivity &, permeability .# and conductivity ¢ as in the form:

17.1598 13.0178 0 310
&=| 130178 236688 0 |, .#Z=|15 0|
0 0  44.4444 009

0.1000 0.0667 0
o=09| 0.0667 0.1667 0 )
0 0 0.2667

where o7 is a fixed parameter.

We obtained the following simulations for Ej(xi,x2,—V1/3x1,8) for different
0o. The 2D and 3D plots of Ej(x1,x2,—V1/3x1,8) are presented in Figure 5.3
and Figure 5.4, respectively for o9 = 0. The result of the 2D simulation of
E(x1,x2,—V1/3x1,8) is presented in Figure 5.5 for oo = 1. The Figure 5.6,
Figure 5.7 and Figure 5.8 are the 2D simulation of Ej(x1,x2,— V1/3x1,8) for o9 = 3,
oo =5 and oo = 8 respectively and the Figure 5.9 present the 2D simulation of

El(xl,xz,—\ll/3x1,8) for go= 10.
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0.5
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-1.5
-1.5 -1 0.5 o 05 1 1.5

Figure 5.3 2D graph of E|(x1,x2,— V1/3x1,8) for o9 = 0.

15 15

Figure 5.4 3D graph of Eq(x1,x2,— V1/3x1,8) for o9 = 0.
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-1.5 -1 0.5 o 05 1 1.5

Figure 5.5 2D graph of E|(x1,x2,— V1/3x1,8) for og = 1.

-1.5 -1 0.5 o 05 1 15

Figure 5.6 2D graph of E{(x1,x2,— V1/3x1,8) for g = 3.
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-1.5 -1 0.5 o 05 1 1.5

Figure 5.7 2D graph of E|(x1,x2,— V1/3x1,8) for o9 = 5.

-1.5 -1 0.5 o 05 1 15

Figure 5.8 2D graph of E{(x1,x2,— V1/3x1,8) for g = 8.
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Figure 5.9 2D graph of Ej(x,x2,— V1/3x1,8) for o = 10.

5.2.4 Computational Experiments for an Anisotropic Triclinic Structure

In this subsection, we will show some computational experiments for conductive

anisotropic triclinic structures. Here we fixed € = (1/2,0, V3 /2), N =20, t=0.5 and

we choose &, .# and o as in the form:

30.7929 —-12.7337
e=| —12.7337 5.51497
—14.3432  5.86982
0.0050  —0.0020
o=0o0p| —0.0020 0.0007

—-0.0023  0.0007

—14.3432
5.86982
6.74556

-0.0023
0.0007
0.0010

-

3 -1 =2
-1 5 4 |
-2 4 9

and we obtained the following simulations for E3(x1,x2,— V1/3xy,1) for o9 =0, 1,5,

&, 10.

We have two computational experiments on this section. In the first, we assumed

permeability .# as identity matrix and we obtained the Figure 5.10-Figure 5.15.

Secondly, we assumed permeability .# as triclinic matrix given in previous equation

103



and we obtained the Figure 5.16-Figure 5.21 to see the effect of permittivity .# to the

system together with conductivity o.

The following computations are done for .# = 1. The 2D and 3D plots of
E3(x1,x2,— V1/3x1,0.5) are presented in Figure 5.10 and Figure 5.11, respectively
and o = 0. The result of the 2D simulation of E3(x1,x2,— V1/3x1,0.5) is presented
in Figure 5.12 for o9 = 1. The Figure 5.13, Figure 5.14 are the 2D simulation of
E3(x1,x2,—V1/3x1,0.5) forog=5and o9 =8, respectively and the Figure 5.15 present
the 2D simulation of E3(x1,x2,— V1/3x1,0.5) for o = 10.

0.5

-0.5

-1.5
-1.5 -1 -0.5 1] 0.5 1 1.5

Figure 5.10 2D graph of E3(xy,x2,—V1/3x1,0.5) for .# =1 and o9 = 0.
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Figure 5.11 3D graph of E3(xy,x2,— V1/3x1,0.5) for .# =1 and o¢ = 0.

-1.5 -1 0.5 o 05 1 15

Figure 5.12 2D graph of E3(x1,x2,— V1/3x1,0.5) for 4 =1and .# =1 and o = 1.
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-1.5 -1 0.5 o 05 1 1.5

Figure 5.13 2D graph of E3(xy,x2,— V1/3x1,0.5) for .4 =1 and og = 5.

-1.5 -1 0.5 o 05 1 15

Figure 5.14 2D graph of E3(x1,x2,— V1/3x1,0.5) for .# =1 and o9 = 8.
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15[

Figure 5.15 2D graph of E3(x1,x2,— V1/3x1,0.5) for .# = I and oy = 10.

The following computations are related to the second part. Figure 5.16 and
Figure 5.17 are the the 2D and 3D plots of E3(xy,x2,— V1/3x1,0.5), respectively for
oo =0. We presented 2D simulation of E3(x1,x2,— V1/3x1,0.5) in Figure 5.18 for
0o = 1. The Figure 5.19, Figure 5.20 are the 2D simulation of E3(x1, x2,— V1/3x1,0.5)
for g = 5 and o9 = 8 respectively and the Figure 5.21 present the 2D simulation of

E3(X1,X2,—V1/3X1,0.5) for oo = 10.
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Figure 5.16 2D graph of E3(x1,x2,— V1/3x1,0.5) for triclinic .# and o = 0.

«10°

Figure 5.17 3D graph of E3(x,x2,— V1/3x1,0.5) for triclinic .# and o = 0.
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-1.5 -1 0.5 o 05 1 1.5

Figure 5.18 2D graph of E3(x1,x2,— V1/3x1,0.5) for triclinic .# and o = 1.

-1.5 -1 0.5 o 05 1 15

Figure 5.19 2D graph of E3(x1,x2,— V1/3x1,0.5) for triclinic .# and o = 5.
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Figure 5.20 2D graph of E3(x1,x2,— V1/3x1,0.5) for triclinic .# and o = 8.

-1.5 -1 0.5 o 05 1 15

Figure 5.21 2D graph of E3(x,x2,— V1/3x1,0.5) for triclinic .# and o = 10.

110



5.3 Summary of the Chapter Five

In this chapter we suggested the new method of approximate computation of
the fundamental solution of Maxwell’s equations for general anisotropic conductive
materials which is based the following. The equations for the fundamental solution are
written in the form of the Fourier transformation with respect to the space variables.
The obtained equations have been reduced to the vector integral equation of the
Volterra type. The solution of the obtained integral equation were constructed by
successive approximations in the form of the uniformly convergent infinite functional
series. The variable of the functional series were Fourier parameters and the time
variable. Finally, the inverse Fourier transform were applied to constructed series
with respect to the Fourier parameters. We had showed that the results of this
transformation was generalized function (distribution) from the Schwartz space. The
computation of the fundamental solutions of electric fields in general anisotropic
conductive materials had been made by replacement of finite series by a sum with
finite terms and implemented numerically in MATLAB, the inverse Fourier transform

by the integral over a bounded domain.
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CHAPTER SIX
CONCLUSION

This thesis deals with the problems of the electromagnetic wave propagation in

gyrotropic media and anisotropic conductive media.

The results of the thesis are the following.

e The new method of the approximate computation of the electric and magnetic
matrix Green’s functions in general gyrotropic media has been developed. The
Fourier images of the elements of the electric and magnetic matrix Green’s
functions with respect to space variables are computed exactly by symbolic
transformations in MATLAB. The elements of the Green’s functions for the
electric and magnetic fields are derived approximately by the regularized numeri-
cal computation of the inverse Fourier transform of their images obtained on the
previous step. The robustness of the method for the approximate computation of
the Green’s functions has been tested by the comparison with exact formulae for

the Green’s functions of magnetic fields in isotropic homogeneous media.

e The new method of approximate computation of the fundamental solution of
Maxwell’s equations for general anisotropic conductive materials has been found.
This method based on the following. Applying the Fourier transformation with
respect to the space variables, the initial value problem is reduced to the Volterra
integral equation. Method of successive approximations is applied for solving the
obtained system of the integral equations. Finally, the inverse Fourier transform
is applied numerically to the finite sum of constructed series with respect to the
Fourier parameters in MATLAB. The robustness of the method is confirmed by

the computational experiments.

The result of Chapter 3 were published in the work:

e V. Yakhno and B. Cicek, “Computing the Electric and Magnetic Green’s
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Functions in General Electrically Gyrotropic Media”, CMC: Computers, Materials
& Continua, Vol. 44, No. 3, pp. 141-166, 2014.

Conference Paper is the following:

e B. Cicek and V. Yakhno, Computing the Electric and Magnetic Green’s Functions
in General Gyrotropic Media. PIERS Proceedings, 335 - 339, July 6-9, Prague,
2015.
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APPENDICES

Al MATLAB Code of General Gyrotropic Media

The following subsections are the MATLAB codes for the Chapter 2:

Al.1 MATLAB Code of Symbolic Computation of Matrix E(v)

Input: c (speed of light), w (frequency)
Input: N, BB, ndelta, xdelta
Input: kappae, kappam, epsi, epsr

Input: mui, mur

Epss=epsr+li*epsi
Mu=mur+i*mui
InvMu=inv(Mu);
InvMuR=real (InvMu) ;

InvMul=imag(InvMu) ;

Eps=[epsr -epsi; epsi epsr]
[EigVecEps, EigValEps] = eig(Eps);
P = EigVecEps;

PT = P.’;

M = EigValEps

Mh = sqrt();

SqrEps = P*Mh*PT;

InvSrtEps = inv(SqrEps);

SC=[® -v3 v2; v3 O -vl; -v2 vl 0];
Sr=SC*InvMuR*SC;
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Si=SC*InvMul*SC;

SS=[Sr -Si; Si Sr];
A=InvSrtEps*SS*InvSrtEps;
[EigVecA,EigValA]=eig(A);
De=EigValA;

Q=EigVecA;

for k=1:6;

QC:,k) = QC:,k) ./ sqrt(sum (QC:,k).*2));
end

T=InvSrtEps*Q;
D=diag(De);

transT=(TT).’;
ek=[1 0 0]’;
FK=[0;0;0;w*mu®*ek] ;
YK=transT*FK;
for k=1:6
YKN (k)=YK (k) /((DD(k))-taur2);
end
Etilda=TT*YKN.’;

Output: Etilda

Al.2 MATLAB Code of Symbolic Computation of Matrix H®)

Input: c (speed of light), w (frequency)
Input: N, BB, ndelta, xdelta
Input: kappae, kappam, epsi, epsr

Input: mui, mur

Epss=epsr+li*epsi

Mu=mur+i*mui
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InvEps=inv(Eps);
InvEpsR=real (InvEps);
InvEpsI=imag(InvEps);

Mu=[mur -mui; mui mur]
[EigVecMu, EigValMu] = eig(Mu);
P = EigVecMu;

PT = P.’;

M = EigValMu

Mh = sqrt();

SgrMu = P*Mh*PT;

InvSrtMu = inv(SqrMu);

SC=[0 -v3 v2; v3 0 -vl; -v2 vl 0];
Sr=SC*InvMuR*SC;

Si=SC*InvMul*SC;

SS=[Sr -Si; Si Sr];
A=InvSrtMu*SS*InvSrtMu;
[EigVecA,EigValA]=eig(A);
De=EigValA;

Q=EigVecA;

for k=1:6;

QC:,k) = Q(C:,k) ./ sqrt(sum (Q(:,k).*2));
end

T=InvSrtEps*Q;

D=diag(De);

transT=(TT).’;

ek=[1 0 0]’;

FK=[[0 -v3 v2; v3 0 -vl; -v2 vl 0]*epsr*ek;...
[0 -v3 v2; v3 0 -vl; -v2 vl 0]*epsi*ek];
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YK=transT*FK;
for k=1:6
YKN (k)=YK (k) /((DD(k))-taur2);
end
Htilda=TT*YKN.’;

Output: Htilda

A2 MATLAB Code of General Gyro-electric Media

The following subsections are the MATLAB codes for the Chapter 3:

A2.1 MATLAB Code of Computation of Matrix T (v) and D(v)

INPUT: Eps

[EigVecEps, EigValEps] = eig(Eps);
P = EigVecEps;

PT = P.’;

M = EigValEps;

Mh = sqrt();

SqrEps = P*Mh*PT;

InvSrtEps = inv(SqrEps);

OUTPUT: SqrEps, InvSrtEps

INPUT: InvSrtEps, SO, SS

S0=zeros(3,3);

SS=[(v2*ndelta)*2+(v3*ndelta)*2 -(vl*ndelta)*(v2*ndelta)
-(vl*ndelta)*(v3*ndelta); -(vl*ndelta)*(v2*ndelta)
(vl*ndelta)r2+(v3*ndelta)*2 -(v2*ndelta)*(v3*ndelta);
-(vl*ndelta)*(v3*ndelta) -(v2*ndelta)*(v3*ndelta)
(vl*ndelta)r2+(v2*ndelta)Ar2];
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S=[SS SO0;S0 SS];
A=InvSrtEps*S*InvSrtEps;
[EigVecA,EigValA]l=eig(A);
De=EigValA;
T=EigVecA;
[m,n]=size(T);
Tl=zeros(m,n);
R=zeros(n,n);
for j=1:n
v=T(:,3);
for i=1:j-1
R(1i,j)=T1(:,1)"*T(:,3);
v=v-R(1,j)*T1(:,1);
end
R(j,j)=norm(v);
T1(:,3)=v/R(j,3);
end
T=InvSrtEps*Ql;
D=diag(De);
OUTPUT:T, D

A2.2 MATLAB Code of Computation of Matrix Q(v) and M(v)

INPUT:Eps
Inveps=inv(Eps);

OUTPUT: Inveps
INPUT: InvEps, SC SC=[0® -v3 v2; v3 0 -vl; -v2 vl 0];
S=SC*Inveps*SC;

Sr=real(S);
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Si=imag(S);

SS=[Sr -Si; Si Sr];
[EigVecSS,EigValSS]=eig(SS);
De=EigValSs;

Q=EigVecSS;

[m,n]=size(Q);
Ql=zeros(m,n);

R=zeros(n,n);

for j=1:n
v=Q(:,3);
for i=1:j-1
R(1,3)=Q1(:,1)7*QC:,3);
v=v-R(1,3)*Q1(:,1);
end
R(j,j)=norm(v);
Q1(:,3)=v/R(j,31);
end

Q=Q1;

M=diag(De);
OUTPUT:Q, M

A3 MATLAB Code of General Gyro-magnetic Media

The following subsections are the MATLAB codes for the Chapter 4:
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A3.1 MATLAB Code of Symbolic Computation of Matrix E®v)

Input: c (speed of light), w (frequency)
Input: N, BB, ndelta, xdelta

Input: kappa, mui, mur

Mu=mur+i*mui

InvMu=inv(Mu);

[EigVecMu, EigValMu] = eig(Mu);
SC=[0 -v3 v2; v3 0 -vl; -v2 vl 0];
S=SC*InvMu*SC;

Sr=real (SS); Si=imag(SS);

SS=[Sr -Si; Si Sr];
[EigVecSS,EigValSS]=eig(SS);
De=EigValA;

Q=EigVecA;

for k=1:6;

QC:,k) = QC:,k) ./ sqrt(sum (Q(:,k).*2));
end

T=InvSrtEps*Q;

D=diag(De);

transT=(TT).’;
ek=[1 0 0]’;
FK=[0;0;0;ek];
YK=invT*w*mu®@*FK;
for k=1:6
YKN (k)=YK (k) /((DD(k))-taur2);
end
Etilda=TT*YKN.’;

Output: Etilda
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A3.2 MATLAB Code of Symbolic Computation of Matrix H®)

Input: c (speed of light), w (frequency)

Input: N, BB, ndelta, xdelta

Input: kappa, epsi, epsr

Input: mui, mur

Mu=[mur -mui; mui mur]

[EigVecMu, EigValMu] = eig(Mu);

P = EigVecMu;

PT = P.’;
M = EigValMu
Mh = sqrt();

SqrMu = P*Mh*PT;

InvSrtMu = inv(SqrMu);

S0=zeros(3)

SC=[v2A2+v3+2 -v1v2 v1v3;
-v1lv3 -v2v3 v1A2+v2A2];

SS=[SC SO; SO SCI;

A=InvSrtMu*SS*InvSrtMu;
[EigVecA,EigValA]l=eig(A);

De=EigValA;

Q=EigVecA;

for k=1:6;

-v1v2 v1A2+v3A2

QC:,k) = QC:,k) ./ sart(sum (Q(:,k).*2));

end
T=InvSrtEps*Q;
D=diag(De);

transT=(TT).’;
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ek=[1 0 0]’;
FK=[[0® -v3 v2; v3 0 -vl; -v2 vl O0]*ek;...
0;0;01;
YK=transT*FK;
for k=1:6
YKN (k)=YK (k) /((DD(k))-taur2);
end
Htilda=TT#*YKN.’;

Output: Htilda

A4 Some Basic Concepts for Chapter 5

Lemma A4.1. The co norm for a vector on R" is a function from R" to R defined in

Sundarapandian (2008) by
[Ixlleo = max |x,
1<i<n

and the oo norm for a matrix A = (a;j) € My, the set of all real m X n matrices, is

defined by

n

lA]lo = max Z|aij|,
1<i<m & 1
]:

Lemma A4.2. If |- ||, is a subordinate matrix norm, then we have the following

inequality
lA Bl < [|Allv lIBlly
where A is any m X n real matrix, and B is any n X p real matrix and

1A Xl < Al llxlly

where A is any m X n real matrix, and x is any n X 1 vector. Sundarapandian (2008)

Lemma A4.3. The subordinate norms satisfies the following relation

IAlleo < NlAll2 < VAllAllco ,
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where n is space dimension.

Proposition A4.4. The matrix Q is orthonormal if their columns are orthogonal, such

that for Q = (q1,92,93),

1, fori=j

qiqj = T
0, fori# j

Proposition A4.5. If Q is an orthonormal matrix then the 2-norm is defined by

10xll2 = lixll2,

for any vector x.

Proposition A4.6. The 2-norm of any matrix Q is defined by ||-||» has the following

property
1012 = Q2 lIxll2, V¥ x,
for any vector x.

Lemma A4.7. From proposition (A4.4-A4.6) for any vector x we have

IO2 llxll2 = [|x[2
implies ||Q||» = 1.

Lemma A4.8. For any symmetric matrix A, the 2-norm is defined in (Meyer (2001))
by

”A“Z <V /lmax(ATA) s

where dyar(AT A) is the maximum eigenvalue of the symmetric matrix A and for inverse

matrix A~! we have
_ 1
A7 S ———.
V/lmin(A A)

and where Ain(AT A) is the minimum eigenvalue of the symmetric matrix A~
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