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ABSTRACT

MODIFICATION AND SOLUTION OF THE DYNAMICAL SYSTEM
OF COVID-19

Alyaa Mhmood Faraj FARAJ
Master of Science in Mathematics
Advisor: Assoc. Prof. Dr. Ufuk OZTURK
Co-Advisor: Prof. Dr. Saad Naji AL-AZZAWI
January 2023

On January 30, 2020, the first instance of COVID-19, a new coronavirus disease for
2019, was found. The most dangerous coronavirus, later known as COVID-19, is the
name of the virus. This thesis aims to make predictions about disease control and
disease regression in the future. This thesis uses the COVID model considered by
Shaikh et al. (2020). The modification of this model is accomplished by utilizing the
iterative Laplace transform method and a comparative study of different fractional
differential operators. The impacts of various biological parameters on the transmission
dynamics of COVID-19 are investigated where the medical model is. Where the
medical model is, we will modify it, find the equilibrium point, and test the stability,
and according to Hartmann's theory, they have the same behavior. We will then solve
the modified model by the Sumudu transformation method. The results obtained will be

graphically illustrated.

2022, 64 pages

Keywords: COVID-19, Fractional, Calculus, Dynamical system



OZET

COVID-19'UN DINAMIK SISTEMININ DEGISIKLIGI VE COZUMU

Alyaa Mhmood Faraj FARAJ
Matematik, Yiiksek Lisans
Tez Danismani: Dog. Dr. Ufuk OZTURK
Es Danisman: Prof. Dr. Saad Naji AL-AZZAWI
Ocak 2023

30 Ocak 2020'de 2019'un yeni koronaviriis hastaligi olan COVID-19'un ilk Ornegi
bulunmus olup, daha sonra COVID-19 olarak bilinen en tehlikeli koronaviriis, virlisiin
adidir. Bu tez, gelecekte hastalik kontrolii ve hastalik gerilemesi hakkinda dngoriilerde
bulunmay1 amaglamaktadir. Bu tezde Shaikh et al. (2020) tarafindan ele alinan COVID
modeli kullanilmaktadir. Bu modelin modifikasyonu, yinelemeli Laplace doniisiim
yontemi ve farkli kesirli diferansiyel operatorlerin karsilastirmali bir calismasi
kullanilarak gergeklestirilir. Tibbi modelin oldugu yerde ¢esitli biyolojik parametrelerin
COVID-19'un bulagsma dinamikleri iizerindeki etkileri arastirilmaktadir. Tibbi modeli
degistirece8iz, denge noktasin1 bulacagiz ve kararliligi test edecegiz ve Hartmann'in
teorisine gore ayni davranisa sahiptirler. Daha sonra degistirilmis modeli Sumudu

doniisiim yontemi ile ¢dzecegiz. Elde edilen sonuglar grafiksel olarak gosterilecektir.
2022, 64 sayfa

Anahtar Kelimeler: COVID-19, Kesirli, Analiz, Dinamik sistem
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1. INTRODUCTION

Fractional calculus is one of the branches of mathematics that deals with the derivative
and integration of arbitrary orders. Fractional calculus was discovered in the 17th
century by Leibniz. Since then, this topic has been developed through effective
contributions by Leibniz, Newton, Euler, Fourier, and others. The two major players in
fractional calculus are the Caputo derivative and derivative of Riemann-Liouville
theory. Derivative of Riemann-Liouville appears for the first time was in Abel's work
on the problem of time, and from here it became clear that the concepts of fractional
calculus are not just mathematical operations but rather have enormous uses in
applications. It has been applied in the fields of physics, engineering, medicine, and
other sciences (Daftardar-Gejji 2014). Hence the importance of mathematical modeling
as a tool for solving many problems in life. One of these problems is the analysis of the
prevalence and fractional differential equations have the property of describing the
memory of different processes, making them useful in the treatment of infectious
diseases and other scientific fields as they appear as fractional differential equations.
(Lichae et al. 2019).

In the last 20 years, numerous mathematical models have been created to manage and
stop the spread of infectious diseases like HIV, ADIS, and hepatitis B virus cough. This
infection, if left unchecked, can spread and eventually cause acute respiratory distress
syndrome, pneumonia, and death. Corruption-associated virus type 19 (COVID-19)
spreads rapidly in close quarters (within about 2 meters). We extend a basic dynamic
process for adaptive "social distancing™ measures from a standard SIR model of the
COVID pandemic. This process leads to widespread instability or fluctuations in the
effective reproduction number around its bifurcation value due to short attention spans
and a lack of a consistent long-term pandemic strategy. However, this process is
inherently fragile and does not constitute a long-term strategy that societies could
follow, even if it does help to slow the spread of the pandemic in the short term. Normal

incubation lasts anywhere from 1 week to 14 days (Organization 2020).



Without any conclusive treatment methodology like an immunization, physical
separation has been acknowledged universally as the most proficient system for
diminishing the seriousness of the illness and succeeding in mastering it (Ferguson et al.
2020). The point of these precautions is to hide the fact that people are touching each
other in public places like workplaces, classrooms, and other public places. There is
growing evidence that coronaviruses cause disease in both humans and animals. We
evaluate the feasibility of preventative measures, future episodes, and possible control
procedures for the disease using the proposed model based on the awareness
investigations and elements of the limit boundary. A mathematical calculation is
finished using the iterative Laplace change technique, and a relative investigation of
various partial differential administrators is finished. The effects of different organic
boundaries on the transmission elements of coronavirus are being explored. To give a
reasonable image of the idea of the proposition and its items, it has been partitioned into
three sections. The primary part contains a basic prologue to the historical backdrop of
fragmentary math and a short synopsis of the clever Covid. The subsequent section
incorporates fundamental definitions and ideas. The third section incorporates providing
a fragmentary request change of "A numerical model of Coronavirus utilizing partial
subordinate: transmission and control elements fuel India's latest outbreak " (Shaikh et
al. 2020), and it utilizes the Sumudu change with the Adomian technique, and
afterward, a correlation is given with different strategies. With respect to the third

section, it contains two sections.

The principal area manages the arrangement of the "A fractional derivative-based
mathematical model of the COVID-19 epidemic in India, including transmission
dynamics and potential for containment™ model provided by Shaikh et al. (2020), using
the Sumudu transform with the Adomian method of Caputo derivative. The second
section of this chapter solves the same model using the iteration form method by using
the Sumudu transform with the Caputo-Fabrizio fractional derivative.



2. PRELIMINARIES

In this chapter, a number of definitions and concepts are given to use in the following

chapter.

2.1 Fractional Calculus

Integrals and derivatives of any real or complex order are the subject of study in
fractional calculus. It is a generalization of classical calculus and thus retains many of
its basic properties. As a rapidly developing area of calculus over the last few decades,
it has provided tremendous new features for research and thus has become increasingly
popular in a variety of applications. The theory of integrals and derivatives of arbitrary
order (also known as fractional integrals and derivatives) unifies and generalizes n-fold
integration and integer-order differentiation and is known by the name (Podlubny
1998). To put it another way, the infinite sequence of classical n-fold integrals and n-
fold derivatives can be thought of as a "interpolation” for fractional derivatives and
integrals.

af) d*f@
fO, == =z

jtf(Tl)drl,jtjrlf(TZ)drz dry,

2.2 Dynamical system

Definition 2.1 (Barreira and Valls 2013) A dynamical system is a pair (X, p) where p

is the state space or phase space, and X, is a set of transformations from p to p, i.e.

Xg:p—p

1.Xo(x) = x



2. Xt(Xs (X)) = Xeps )

Note 2.1

(1) If the time teZ (integers), then it is called discrete dynamical system.

(2) If te R, then it is called continuous dynamical system.

2.3 Equilibrium Points

Definition 2.2 (Boyce and DiPrima 2012) Let X = F(X) be a dynamical system where
X€ER", FERY, F:R"XR - R%F(t, x4,..., X)

A point X, is called an equilibrium points if F(X,) = 0

Example 2.1

Letx = siny,y = cos x be a dynamical system. Its equilibrium points are given by

2n+1

cosy = 0 »y= mneE’7Z

sinx =0 > xXx=mn,m € Z

which forms a grid.

2.3.1 Stability of Equilibrium Point Stable

Definition 2.3 (Derrick and Grossman 1976) It is said that X,, the equilibrium point, is
stable if and only if...



Ve>0,36 > 0 S.tif [|X(ty) — Xoll < 6,then || X(t) — Xyl] < &, VEt =0
where X (t) is the solution otherwise unstable.
2.3.2 Asymptotically stable

Definition 2.4 (Derrick and Grossman 1976) If an equilibrium point is stable in the long
run, we say that it is asymptotically stable and 3 A > 0s.tif |X(t,) — X,l <
A then tlim X(t) =Xo

2.4 Hartman—-Grobman theorem

Let x* represent a hyperbolic equilibrium point in the system.Then there is
a homeomorphism h defined on some neighborhood U of x* in R™ taking nonlinear
orbits locally system's flow @(t) to that of a linear flow systemic e/t (Guckenheimer
and Holmes 1983). Homeomorphism preserves the sense of can also be chosen to
preserve parameterization by time. Consequently, When the system is in hyperbolic
equilibrium, the orbit structure is identical to that given by the associated linearized
dynamical system. Accordingly, it is clear that the local stability of a hyperbolic
equilibrium point x* of The system is sensitive to the direction of the real part of the
eigenvalues of | = dF (x*). Therefore, in the following, We provide the most widely-

used criteria for determining the direction of the eigenvalues.
Example 2.2

An online service that calculates normal-form coordinate transformations of
autonomous or non-autonomous, deterministic or stochastic systems of differential

equations can easily handle the algebra necessary for this example (Roberts 2009).

Let's pretend that a pair of coupled differential equations describing the evolution of a
2D system in variables u = (y, z) are true.



Y 3y 0=y
dt_ yT+Yyz an dt_Z y

This system's one and only equilibrium point is at the origin, as shown by a simple

calculation,thatisu* =0 wu = h™Y(U) where U = (Y, Z) given by

Y+YZ+ ! Y3+1YZZ
Y= 42 2

1 1
~7—=Y2_Zy2z
d 7 3

& _ —3Y and g, —-3Y
dt dt

That is, a distorted version of the linearization gives the original dynamics in some

finite neighborhood.
2.5 Gronwall Inequality

Theorem 2.1 Let f,g: [0,a] — [0, o) be continuous and let c be a nonnegative number
(Burton 2005). If f(t) <c+ g(s)f(s)ds, (0<t<a),then

t

ft) <c expf gs)ds, (0<t<a).
0

Proof

Suppose first that ¢ > 0 Divide by ¢ + fotg(s)f(s)ds and multiply by g(t) to obtain

t

f0g®/[c + f o()f(s)ds] < g(0).



An integration from 0 to t yields

In{[c + fotg(s)f(s)ds]/c} < fotg(s)ds

or

t

t
fH) < c +f g(s)f(s)ds < cexpj g(s)ds
0 0

If ¢ = 0, take the limitas ¢ — 0 through positive values. This completes the proof.

2.6 Routh Hurwitz Criterion

To guarantee that all eigenvalues (roots of the characteristic polynomial equation) of the
Jacobian matrix | = dF(x*)lie in the left half of the complex plane, the Routh-
Hurwitz criterion imposes a number of constraints on the coefficients a4, a,...,a,,,
Therefore, the system will be asymptotically stable at x* if and only if the Routh

Jacobian Hurwitz constraints hold. Nonetheless, if any of these conditions are

disregarded, the unstable point (May 2001).

P,()=y" +ay" ! +a,y"*+...+a,

LetDy = a;, Dy =det[] 7],

1 a,

Where a;, = 0if k > n. If so, that's because P,(y) = 0 if and only if they have actual

negative components D, >0, forallk =1,2,.......,n.

R
[N

S O

-2 88

Aok—11
Azk—2
A2k-3
A2k—4




Now, by applying this criterion when n = 2 we have

P,(y)=y* +a1y +a, =0

a, as
Hence D1 =a, DZ = det[ 1 az] =aqa

Thus, ifn =2, a; > 0and a, > 0 are both true, then roots with negative real parts

are guaranteed.

Forn = 3, we have

Ps(y) =y® +a1y® +azy +a3=0

And hence
a, as
Dy =a,, D2=det[1 az]zalaz—a3
a;, az 0
D; = det[ 1 a, 0] = (aya; — az)as
0 a a3

Therefore, if n=3, a; >0, a; >0anda,;a, — a3 >0 are all necessary and
sufficient conditions for having roots with negative real parts, then n=3 has roots with

negative real parts.

2.7 Some Special Functions

In this section, we will handle some special functions and their properties



2.7.1 Gamma function

It is known that the n € N fold integral f; f; f;f(t)dtldt2 .. dt,

_+yn—1
can be written in the from [ &2 SO g¢

a n!

and what happens if n is any number (natural, integer, real, complex). Their equation

means that there is a generalization for n!. This is called gamma function I'(n).

Definition 2.5 (Srivastava and Choi 2012): As such, we can define the Gamma

Function as
I'(z) = f t?~le~tdt ,Re (2) >0
0

Intuitive Gamma as a Function of the Imaginary Unit i = v/—1 gives
I'(i) =(=1+1i)!~ —0.1549 + 0.498i

The Gamma function I'(z) has multiple equivalent definitions, one of which is given by

Weierstrass:

e_yZ oo VA z
1_[ (1+)7ek (2 €€\ T332 = {0,-1,-2,..]),
k=1

I'(z) = ~

The constant of the Euler-Mascheroin type v, is defined as

n o1
k=1K



As for the Legendre's duplication formula of the Gamma function, viz (Srivastava and
Choi 2012)

_ 1 1 3
VT (2z) = 222 1r(z)r(z + 5) z#0,-2,-1,-3,.)

for every positive integer m, we have (Srivastava and Choi 2012)

mox+j—1
@ =m™ [ [ (F2—) (meNneny,
n

j=1 m

Now we give some Properties of the Gamma Function, including the following

(Podlubny 1998).
1.T(z+1) =2z (2),

which can be easily proved by integrating by parts

[0e] (0]

e tt?dt = [—e tt?)iZy + zf e tt? 1 dt = zI'(2)
0

F(Z+1)=J

0

obviously, I'(1) = 1 and using the previous property we obtain for z = 1,2,3, ...
re)=1.r=1=1!

rd) =2 r@)=21=2!

r)=3.r@3)=32=3!

rn+1)=nr(n)=nn-1)'=n!

10



Vi

3Ir(1—2z)r(z) = , 0< Re(z)<1

sinmZ

3

ANTL(22) = 227 T@r (z+3),  (2#0,—3,-1,-3,.)

The function it defines in the positive reals has a unique analytic continuation in the

negative reals even though z < 0 does not converge.

Using Euler's integral for positive arguments and the identity function to extend the

domain to negative numbers is one way to find that analytic continuation (Das 2020)

r'(z+n)
z(z+1)..(z+n—-1)

I'z)=

and also

nln?

z(z+1)..(z+n)

I'z) =1lim, e

11



Figure 2.1 Gamma function

2.7.2 Beta function

One of the basic functions of the fractional calculus is beta function.

Definition 2.6 (Milici et al. 2019) Beta Function is denoted by g(n, m) is

1
x™ 1 -x)"tdx m>0,n>0

panm) = |

0

The Gamma function and the Beta function are very similar to one another. We have

ﬁ(m,n)=% m>0,n>0

Now we give some Properties of the Beta Function

12



1. B(m,n) = B(n,m)
2.1f x = (sin9)?, then f(m,n) = 2 fg(sin 0)?™ 1(cos §)?*"1do

3. Ifx= ft we get the following representation of (m, n) as an infinite integral

tm—l

ﬁ(m,n):fooo(lﬂ)mmdt m>0,n>0

& N == ) Joo
\ . e — E,,“_\‘,lé.g-oﬂ‘.-d?'
. < oo

Figure 2.2 Beta function

2.7.3 Mittag- leffler function

Definition 2.7 (Gorenflo et al. 2014) Mittag function is denoted by E, (z), and depends
on one parameter n, where n may be complex number with strictly positive real part,

from the power series
k
00 z
En(Z) = Zkzom ,Re(n) >0,z€eC

is called one parameter Mittag- Leffler function.

13



Definition 2.8 The Mittag-Leffler with two parameter is

zk

Enm(2) = Z,‘?Lom L ZzEC,M>0m>0

If m =1, two-parameter version of the Mittag-Leffler function coincides with one

parameter

En1(2) = En(2)

It follows the previous definition that is:

Eyi(2) = Do = Single = e
' r(k+1) k!

k k+1 z
—yo _Z _yo Z lyeo 2z _e-1
E12(2) = Zk=o r(k+2) Z’<=°(z+1)! zzk=0(2+1)!

z

k+2

. z v z _lgw 2 __ef-1-z
E1,3(Z) - Zkzom - Zk:O (z+2)! g2 Zk=0 (z+2)! -

z2

And in general

1 _ k
Eym(2) = s (6% — B3

One-parameter Mittag-Leffler functions are thus a special case of the two-parameter
versions of these functions. You can also derive other special cases of the Mittag-Leffler
function.

Several characteristics of the Mittag-Leffler function (Gorenflo et al. 2014).

14



5 oo (_1)k22k
Ey(—z°) = zk—o—F(Zk D = coSZ

o ZZk
E 2 =Z —_— h
2(Z9) o TR+ 1) coshz

1
(F1)kz2

m =e? [1 + erf($zé)] =e? erfc (izi)

E (F22) = £

The error function is denoted by erf(erfc) here (complementary error function) and is

given by:

erf (z) =\/%foze‘”2 du erfc(z) =1—erf (2),z€C

Mditaz-L effler et o

Figure 2.3 Mittag-leffer function

15



2.8. Fractional derivative

Fractional derivatives and integrals are defined, and the connection between the

Riemann-Liouville derivative and the Caputo derivative is explained.
2.8.1 Riemann-Liouville fractional derivative

Definition 2.9 (Ge et al. 2018) In calculus, if a function f: [0,0) — R has a Riemann-

Liouville fractional integral of order @ > 0, it is written as
a _ L X Na-1
1F(0) =5 Jo (- O f(D)

Riemann-Liouville integrals achieves properties according to the following theorem.

Theorem 2.2 (Mirevski et al. 2007) Let f(x) and g(x) be such that
both I™ f(x)and I g(x) exist.

Then, satisfy the fundamental properties of Riemann-Liouville integrals, which are:
171131” I"f(x) =I"f(x) (continuity)

2.1" [af(x) + gx)] = al™ f(x) + ["g(x) (Linearity)

3.1 [IM f(x)] = ™™ f(x)  (Law of exponents)

4. 1° ™ = ™" (commutatively).

Definition 2.10 (Heymans and Podlubny 2006) Derivative of the Riemann-Liouville
fractional order

16



n,m-1 <n<m,m € N represents the definition of

x (x—t)m-n-1

dm
D(;l f(x) - dx™ [fa r(m-n)

f (t)dt]

Derivative of Riemann-Liouville achieves properties according to the following

theorem.

Theorem 2.3 (Mirevski et al. 2007) Let f(x) and g(x) be such that both Daf (x) and

Dag(x) exist. Then, the basic properties of the Riemann Liouville derivative satisfy:
1. iii% D% [f(x)] = f®)(x) (continuity)

2. D[f(x) + g(x)] = uD*f(x) + D%g(x) (Linearity)

3. DY [D*f(x)] # D* #f(x). (The semi- group property )

4. D*DB =+ DPD* (Non-commutatively)

Example 2.3 Let n= 1 and f(t) = C, where c is constant. Find the Riemann-

Liouville derivative of the function f(x).

Solution. By applying the definition of Riemann-Liouville integration

1 X
1576 = s jo (x — )% f(t)dt

1-a _ 1 * —dt = ¢ a
I f(X)—mLC(x—t) t—mx

17



Now D%f(x) = ;—x [~ f (x)]

1 -1
d cx2 cx 2 .
=— a'F(l—a)l = %r(%) Type equation here.

D%f(x) = j—% le
The following theorem shows the interplay between the differentiation and integration.
Theorem 2.4 (Mirevski et al. 2007) For u > 0,x > 0and —1<a < pu-
LDU[I* f(x)] = f(x)

2. If the fractional derivative D“f (x) is integrable, then

xa—K

1D ()] = () = B4y D F ()] eco 17

a—k+1)
2.8.2 Caputo fractional derivative

Definition 2.11 (Xue 2017) Derivatives of the fractional order, as defined by Caputo,

are as follows:

m)
D%f(x) = = fox U0 dtn—1<a<n,n€N

r(n-a) (x—t)a—n+1

where a > 0 is the derivative order and n is the smallest integer greater than a. To get

the Caputo derivative, we use

D&c = 0 (cis a constant)
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D%*xP
0 ,for B € Ngand B < [«a]

= ra+p) 4,

I(1+B —a) ,for B € Noand B = [a]or B & Nand g > [a]

Where{[a]} is the {smallest } natural number greater than « .
[a] biggest

D& f =L wherea =n

dtn
DI (cif +¢29) = e DIf + c;Dig
Where c; and c, are constant

Example 2.4 Leta =

NlH

,n=1and f(t) = t2. Find the Caputo derivative.

Solution. By applying the formula of Caputo derivative

QU |Q..
N|R| N|R

f© =r(1l ; {2 de

2 (t-1)2

=\/% f()tr(t—r)_?dr=:/—;r(t—r)5]é+% fot(t—T)Edt

QU |Q.
N =] N

f(t) = %ﬁ/z

2.8.3 The relation between Caputo and Riemann-Liouville fractional derivative

In this item, We present an alternative method of illustrating the connection between the

Riemann-Liouville operator and the Caputo operator.
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Lemma 2.1 (Dielthelm 2010) Let a = 0 and 8 = [a]. Assume that f is such that both

-1 Dk _
DL f(x) = DE f(x) = B oy pons (x — )~

In this case, D is the Riemann-Liouville fractional differential operator of order « and

D§ is the Caputo differential operator of order «.
Proof
Applying the Caputo derivational definition and let

fX)=x—a),y>-1anda >0

- r(y+1) e
D fx) = DI 15"~ £(0) = iy DG = e 1o

If «a —y € N on the right you'll find the [a] —th derivative of a classical scaled

polynomial [a] — (a —y) € {0,1, .....,[a] — 1}, then
D¢ (a—a)*F]|=0,a>0,€{1,2,......,[al}
On the other hand, ifa —y ¢ N

r'y+1)

DZ [(x — a)](x) = o +i-a)

(x—a)r ¢

p-1pk
b () = g f -y L b -

_ -1_D*f(@ -
=D () = Ti o rorasy ¥~ OF

20



2.8.4 Caputo-Fabrizio fractional derivative

Caputo-Fabrizio is one of the current proposals for fractional derivatives with a smooth
kernel that relies on two different representations in terms of time variables that

transform, which makes it appropriate a Laplace transform is used.

Two is more Fourier transform in nature and is connected to the spatial variable
(Owolabi and Atangana 2019).

Definition 2.13 (Caputo and Fabrizio 2015) Let ¥ € L'(a,b) ,b >aand 0 < a <

1 then the formula for the Caputo-Fabrizio derivative of the function ¥ (t) of order « is

D (p() = XD [3) (Wexp [2] dx

In which the normalization function M () is used with M(0) = M(1) = 1. But if the

function does not belong to L*(a, b) , then the derivative is

DI () = 22 [ () — v (0))exp [2E2] dx

1-a

Definition 2.14 Let « € (0,1) then the fractional integral of Caputo-Fabrizio order « is
defined by

2(1-a)
2-a)M(a)

F(yp®) = P(&) + = [T p(s)ds t 2 0

2-a)M(a)

To clarify, the Caputo-Fabrizio fractional integration is a function of order @ € (0,1)
that is the mean between the function i and its integral of order one, as defined above
(Losada and Nieto 2015). Then imposes

2(1-a) 2a =1
-a)M(a)  @E-a)M(a) o
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We obtain a formula for M(a) , M(a) = ﬁ ,a €[0,1]

2.8.5 System of fractional derivative

The main feature of derivatives of fractional order is the description of memory and the
genetic characteristics of different processes. The following is an expression for the

fractional differential system

( DuB) = f(c.u(), D u(p)) = 6B, u(B), v(p)
{I BEOT]T>00<ac<l,

D*v(B) — f(c,v(B), D* v(B)) = I(B, u(B), v(B)
L w(0) + h(w) = ug,v(0) + h(v) = v,

In which g is a positive real number and D* u(B) and D* v(f) are derivatives in terms
of fractions, respectively. The functions f,g have a complete and finite set of

boundaries and 9, 8 are continuous functions that are not local (Ahmad et al. 2020).

Definition 2.15 (Zhang 2005) A pointX, € R™ is called an equilibrium point of a
function f(x) if f(x) =0

Definition 2.16 (Dielthelm 2010) It is said that the solution y(x) = 0 to the differential
equation D™ y(x) = f(x,y(x)) is stable if and only if, for € > 0 that there is some § >
0 in a way that the differential equation describing the initial value problem can be
D™ y(x) = f(x,y(x)) in addition to the initial state y(0) = y, satisfies ||y (x)|| < € for
all x > o whenever ||yy|| < &. (b): The solution y(x) = 0 of homogenous differential
equation D™ y(x) = f(x,y(x)) can be said to be asymptotically stable if and only if it

is stable and there is some y > 0 such that lim ||y(x) = 0|| whenever ||yl <.
X—00
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2.9 Some type of transforms

This section examines the Laplace transform, the Sumudu transform, and their

properties.
2.9.1 Laplace transformation

Definition 2.17 (Cohen 2007) Consider the function f (t) defined on the positive half of
the real axis R, which may be real or complex in value. For any function f (t), we have

the Laplace transform as the function F (s)

F(s) = Jme‘“f(t)dt
0

Where f is exponentially bounded

The inverse of the Laplace transform is defined

o+it

f(®) =LF ()] = == lim [T " e*F (s)ds,

2Tl t—»00 "0
Where ¢ is large enough that F(s) is defined for the real part of S > o.
2.9.1.1 Some properties of laplace transform

There are many properties of the Laplace transform, but we will refer to some special

characteristics of the Laplace transform as following (Cohen 2007, Kazem 2013):
Linearity, i.e.
LY k=1 cifi @] = Xk=1 ¢k LUfr (D]
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The integration rule  f(t) = fotg(x)dx then L[f(t)] = @

Then by iterating this rule, we obtain fOX" fOxS foxzf(xl)dxldx2 e dy =2

(n+1)

If f(t) =" then L[f()] = F(s) = 5

Differentiation rules

LIf™ )] = s"F(s) = s"1f(0) = s"2£(0) — - — "1 (0)
n

= s"F(x) — Z sk Fk=1(0)
k=1

The image shift rule for any complex number it holds that

Lle®f(O)] =F(s—a)

1. The t- multiplication rule

LIEPf (D] = (—D)"F™(s)
LIf(t + u(t)] = e lF(S) — fce‘“ f(t)dtl ,c>0
0

The convolution integration rule

f*9)®) = " fF(@g(t — dt, LI(f * 9)(®)] = F()G(s)
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2.9.2 Sumudu transformation

Definition 2.18 (Belgacem and Karaballi 2006) The space of functions over which the

Sumudu transform is defined

¢l
A= {f(t)|EIM,rl‘L'2 > 0,|f(t)| < Me,if t € (—1)) x [0, oo)}
according to this equation
o 1 =
G(u) =f g(ut)e~tdt, or G(u) =;f e(u g(t)dt,
0 0

For any function f (t) and —7; <u <7, .

Definition 2.19 Denoted by g(t), the inverse Sumudu transform of G (u) is defined as

follows.

fyﬂoo 1e G (w)du, where Re( ) >yandy €C

2mi YY1l

g =sTew] =

the essential feature of the sumudu transform is S [ =u%a>0

I'(a+1)

t[l

then sumudu inverse transforms of u®is S™1[u%] = @D

Definition 2.20 (Darzi et al. 2013) As an example, here is how to write down the

Sumudu transform of the Caputo's derivative of a function f:

SIDEf();ul = u 6 (w) = i [fR@®)] _,, m-1<a<m
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Definition 2.21 Atangana and Alkahtani defined the Sumudu transformation of Caputo-

Fabrizio Derivative of Fractions of f(t) as

M(a)
1-a+au

S(D*)G(t) =

[S(G(t) — G(0)]
In which the normalization function M («) is used

Theorem 2.5 (Belgacem and Karaballi 2006) Let G (uw) is Sumudu transform of the

function £(t), then the Sumudu transform of derivative f™(t),n > 1 is
G,(w) = u™[G(w) — XRZduk F®2(0) n =1
Where G, (t) is the Sumudu transform of the derivative f ™ (¢).

2.9.2.1 Some Properties of Sumudu Transform

There are many properties of the Sumudu transform, but we will refer to some special

characteristics of the Sumudu transform as following (Latifi 2020):

Linearity The Sumudu transform is a linear transform which is necessary in transform

inversion and this propriety can be expressed as follows:

Slaf(®) + Bg ()] = aS[f ()] + BS[g(®)]

Let f(t),g(t) €A, and F(u),G(u) be the Sumudu transform of f(t), g(t),

respectively then the Sumudu of the convolution

F+9®) = [, f@gt—-ndr, isS[(f*g)®)]=uF@WGw)
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. . ) -
The power series f(t) = Zv=0(—1)"% = e,

Transforms to the geometric series

SIF(O] = Tizo(-D¥(auw)’ = —— , ue (-2 ,2).

1+au

The Sumudu and Laplace transforms exhibit a duality relation as follows (Belgacem
and Karaballi 2006)

G G) =sF(s) , F G) =uG(u)

Similarly, the Sumudu and Laplace transform of the sin(t)and cos(t) is (Belgacem and
Karaballi 2006)

1
1+u?’

u
14+u?

S[cos(t)] = L[sin(t)] = S[sin(t)] = L[cos(t)] =

Where S is Sumudu transform and L is Laplace transform.

Example 2.5 (Tuluce et al. 2015) Let us solve the homogeneous fractional ordinary

differential equation by Sumudu transform.

1 1
dg(t) , d2g(t) _ _ d2g(0) _
m 7 2g(t) =0, i =c,t>0

With initial condition g(0) =0

Solution. We first apply the Sumudu transform
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5(42) + 5 (£42) - 25(6(0) - 0

dat'/2

-1

[6(w) — 6(0)] + <2 - 22O —26(w) =0

uz

1+

- 26w) =0

u uz

(1 +u%—2u)G(u) =c

G e C - 2c + c
W) = = s T 3w

o0 = (28 £ (25)

1-4u 3\ 1-u

600 5 - 2) 435+ )

c
3 \1-4u 1-4u

When applied the inverse Sumudu transform of G (u), we obtain

5601 = 57 [ (g~ 20) + £+ 25

g = % [e*t — e* erf(2,/t)] + g [et + et erf (/D]

Example 2.6 (Tuluce et al. 2015) Let us solve the nonhomogeneous fractional ordinary
differential equation by Sumudu transform

D22(t) + Daz(t) + z(£) = t + 1, lD? Z(t)l —0
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With initial conditions z(0) = 2(0) =1 .

Solution. Take Sumudu transform of both sides

s|p2z@) + Daz(t) + 2(t)] = S[t + 1]

1
1 _ . dz(t) Z(w) D2z(t) _
= [Z(u) —z(0) U—-= L:o + 7 l—u L_O +Z(u)=u+1

1
D2z(t)
u

u—12[Z(u)—1—u]+l l +Z(uw)=u+1
t=0

Zw) —1—u+u?Z(u) = ud +u?

ZwW?+1]=ud+u?+u+1

ud+u?+u+1
Z0) =—mm
_ (u+D(u+1)
Z(u) = T (u+1)

SHZw)]=S"t(u+1)

z(t)=t+1
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3. MODIFICATION AND SOLUTION THE INDIA MODEL OF SHAIKH,
SHAIKH AND NISAR

Over the course of the planet's history, COVID disease is likely to emerge as a
watershed moment. The severe acute respiratory syndrome coronavirus 2 (SARS-CoV-
2) (Organization 2020) caused COVID-19, the abbreviated form of COVID-19. In
December of 2019, the first case was found in Wuhan, Hubei Province, China (Chen et
al. 2020). The discovery of the COVID-19 virus on January 30, 2020, prompted the
World Health Organization (WHO) to issue a public health emergency declaration. A
pandemic has been declared as of March 11, 2020. There is a lack of specificity in the
symptoms associated with COVID-19, and many cases have shown that a person
infected with the virus may exhibit no symptoms at all. A dry cough (present in 68%)
and fever (88% of cases) are the most frequently reported symptoms. Fatigue, muscle
and joint pain, sputum production in the respiratory system, sore throat, diminished
sense of smell, fever, chills, and shortness of breath are just some of the symptoms that
may be present. The progression of this infection can also cause severe respiratory
distress syndrome, severe pneumonia, and death. Coxsackievirus type 19 (COVID-19)
spreads rapidly amongst neighbors (within approximately 2 m). From one week to two
weeks is the average incubation time (Organization 2020). It is generally agreed that, in
the absence of a cure, the most effective method of reducing the severity of a disease
and gaining control over it is physical distancing, which can take the form of a vaccine
(Ferguson et al. 2020). The point of these safeguards is to make actual contact in open
settings like workplaces, schools, and other public places unnoticeable. The
development of the vaccine was time-consuming, but was necessary to prevent the virus
from spreading. Protecting against infection and bolstering the immune system, the
Corona vaccine is a must-have. As soon as a virus enters the body, the immune system
recognizes it, launches an antibody production response, and stores this information for
future use. Therefore, the function of the immune system is to defend the body against
harm. Since the vaccine has undergone extensive testing, produces a robust immune
response and continuous antibodies, and is administered in two doses every three weeks
through muscle injection, it is considered safe. You can see some pictures from
COVID-19 down below.
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in blood

Figure 3.1 Coronavirus

Figure 3.2 Synthesis of coronavirus
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The Math Behind Social Distancing

NOw S DAYS O DAYS
W => NN

1 PERSON 2.5 PEOPLE 406 PEOPLE
INFECTED INFECTED

50% LESS EXPOSURE 5 DAYS
-

-
‘n_ m@ ‘“. 'I T RN EE R L]

15 PEOPLE
INFECTED

30 DAYS

1.25 PEOPLE
L BERSORN INFECTED

75% LESS EXPOSURE 5 DAYS 30 DAYS
-

Fe> § W

2.5 PEOPLE

1 PERSON -5&5'::55'?;;5 INFECTED

Figure 3.3 A look at the math behind social distancing

3.1 Mathematical Model of Shaikh, Shaikh and Nisar

In order to numerically simulate outbreaks in populations, computational mathematical
methods are used. More than a century has passed since the first mathematical models

of the dynamics of infectious diseases were developed.

Figure 3.4 Numbers of recovered people and deaths from 14 March 2020 to 26 March
2020 in India

Recovered people, death people:
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This paper by Chen et al. (2020) explores a mathematical model for recreating the
stage-based transmissibility of a novel coronavirus (Chen et al. 2020, Khan and
Atangana 2020) modelled the interaction between the coronavirus and human
populations mathematically. Equation 3.1 presents the fundamental model of (Amjad et
al. 2010).

aS(I+BA) _

D,S(t)=A— AS — ¥SQ

DE(t) = D 4 y5Q — (1— $)SE — puE — AE

DI(t) = (1= ¢)SE — (g + A) I (3.1)

D.A(t) = puE — (p+ 1) A

D:R(t) = ol + pA — AR

D.Q(t) = kI +vA —nQ

The number of populations, N, is divided by the number of time intervals, t, into six
equal parts: S(t) represents the susceptibility distribution, E(t) the exposure
distribution, I(t) the infectiousness distribution, A(t) the asymptotically infected
distribution, R(t) the recovery distribution, and Q(t) the reservoir. This model's
parameters, along with their descriptions, values, and citations, can be found in Table
3.1 (Khan and Atangana 2020).
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Table 3.1 Description of parameter and notation

parameter and notation description | value
Estimated Annual Birthrate A 53,320.19
Statistically Significant Percentage of a 0.05
Contact
Normalized Death Rate A 1
69.50 * 369
Fastest possible rate of transmission B 0.02844
Incubation period of I ) 0.0717876
duration of A's incubation period u
0.05
The percentage of infections that cause no ¢ 0.8243
symptoms
coefficient of transmission for disease y 0.121* 1077
Recovery, reduction, rate, or | o 0.09871
Recovery, Elimination, Rate, and A p 0.854302
Effects of I's Virus on Q K 0.000398
An | virus-related contribution to Q v 0.001
Rate of Virus Elimination from Q n 0.01

3.2 System adjustment of Mathematical Model of Shaikh, Shaikh and Nisar

If no virus is detected, we'll figure out a solution here.

_ aS(I+BA) _

D,S(t)==A— 2S ¥SQ

‘;—St = A-2AS

AgiA =-dt = AiiA =—dt

%lnMS — Al = —t+ C , Where C arbitrary constant

When integrating the above equation, we get

A — e—lt+Cl

S =—
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1

In|AS = D| = —-At + 1C,

AS — A= e—)lt+)lC0 = AO e—lt

_ p—At+cA

LS = =

. . . A
in the solution Now t - o = lim S(t) ==
A t -0 A

If S(0) = k; then

1
¢ =5 In(uk; — 8)

A + e—At+In(Aks—2)

S(t) = >

; _4
tll_t?os(t)_a

Using the following values as substitutes A= 53320.19, 4 = 0.00004

tlim S(t) = 1333004750 While S(t) from 1350900000 to 3242160000

In this case, we found that there is a decrease so we will change the equation to the

following equation:
D.S=A—-AS

Use the Laplace transform on  both  sides of each equation
D.S=A—-2S
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of L(D,S) = L(A) — AL(S)
AL(S) — 45715(0) = T — AL(S)

A+AS(O) 4 ASO)

L(S) = A(AE — 1) - A4 =)  A(4E - A)

Substitution S(0) = 1350900000 and use of the converse Equation with a Laplace

transform

Y A—l L Ae—l
S(t) =AL <A€ - /1) + 1350900000L <A£ _/1>

(AtE)k
&1 r(ek+1)

S(t) = At°E, ;41 (At%) + 1350900000E

%) (At&‘)k
k=0 l'(ek + e+ 1)

) (;{ts)k

S(t) = 53320.19t82 —
( ) k=0 F(Ek + 1)

+ 13509000002

_ 53320.19t%

So = + 1350900000
r'(a+1)

_2.133t%2¢  54036t°
T r(2e+1)  I(e+1)

1

Good accuracy can be achieved with only a few terms due to the uniform convergent
(Rahman 2007).

S(t) ~ Sy + S, +S,

Then 0 < ¢ < 1= 1350900000 < S(t) < 3242160000 , i =1,2,3,....
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Differential equations of fractional order are a common mathematical model for
problems in biology and related fields. As a result, the system is as follows Equation
3.2

D,(S) = A— A5 — BB _ 60
Do(E) = ZUED 1 y5Q — (1 — $)SE — puE — AE
D,(I) = (86— p8)E — (c+ A) (3.2)

D.(A) = puE —(p+ 1) A

D.(R) = ol + pA — AR

D.(Q) =kl + vA —nQ

Based on the same initial conditions These mathematical models can be solved by a
wide variety of numerical methods. Adomian showed a decomposition method (ADM),
a potent technique for approximating analytical solutions to differential equations. To
get a handle on this system, we employ the Sumudu transform technique in conjunction
with the Anomaly Detection Method (SADM).

3.3 Equilibrium Points and Stability Analysis

aS(I+BA)

A— S — —yS0 =0

aS(I;BA) + )/SQ _ (1 _ ¢)5E — ¢‘uE —AE =0

(5= ¢p8)E — (o + ) =0
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PuE —(p+DA=0

ol +pA—AR=0

kl +vA—mR =0

Here we find eigenvalues of the Type equation, which are used in the equilibrium point

stability test.

A 0 0 0 0 0
0 (—6+05—du—2) 0 0 0 0

o 5— 06 —@+h) 0 0 0
=10 d 0 —(p+d) 0 0
0 0 o b -1 0

0 0 K % 0 -—nl

The linearization of Al is in the form

F O oo (A)

(:O/ = >l — [TY, U):/
EENEE

(Equations of the second degree so that it approaches zero when the point approaches
the equilibrium point)

Given that the eigenvalues are not completely imaginary (A # bi ) then the behavior of
(A1 & A2) are qualitatively the same in the neighbourhood of (N,0,0,0,0,0,0) (Hartman
theorem or linearization theory). Therefore, M is similar to:

38



coocood

S O O O (e

As

coo Jo o

codoo o
o Soocoo

~ococoooo

M*
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—2 0 0 0 0 0
25000
0 2087 _ ) 0 0 0 0
50000
0 L 257 _ ), 0 0 0
— 80 50000
0 2 0o =Z- 0 0
2500 500

0 0 il 2 -2 0
10000 500

0 0 3 1 0 -1
10000 1000 100

Its eigenvalues are

A =-001, A,~ —0.00004<0, A3~ —0.05374 <0 ,
Ay~ —0.09874 <0 A~ —0.8539<0 A, ~ —0.00008 < 0

Therefore, the point of equilibrium is not stable.
3.4 Solution of the Model

The system of initial-valued fractional equations is solved using SADM in this

subsection.

as(l +pA)

DS(t) = A= 25 — ——

ySQ

aS(I+BA)

D.E(t) = =

+ ¥SQ — (1 — §)SE — puE — AE
DJ(t) = (85— ¢pSE— (g + )1

D A(t) = ¢puE — (p+ 1) A

D.R(t) = ol + pA— AR
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D.Q(t) =kl + vA—nQ
S(0)= So, E(0) = Ey,1(0)= 1Ip,A(0) = 4y, R(0) = Ry, Q(0) = Qo
On both sides of each model equation, we use the sumudu transform.

aS(I + BA)

SIDS®] =S[a- 2 ~ 50|

SIDE(t)] = 5 [ZED

+ ¥SQ — (1 — ¢)SE — puk — AE]
SIDA®)] = SIS — p8)E — (o + ) 1]

S[DA®)] = S[PpuE — (p + 1) A]

S[D.R(£)] = S[ol + pA — AR]

S[d.Q(®)] = S[kl + vA —nQ]

aS(I+BA)

~#[S(t) — S(0)] = S[a— 25— ~ 50|

[M + ¥SQ — (1 — $)SE — puE — AE|

u"f[E(t) — E(0)] =
u™[1(t) = 1(0)] = S[(6 — p6)E — (o + D) I]

u"*[A(t) — A(0)] = S[PuE — (p + 1) 4]

u~é[R(t) — R(0)] = S[ol + pA — AR]
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u~?[Q(t) = Q(0)] = S[kI + vA —nQ]

The inverse Sumudu transform is applied to both sides of the equation, and the initial
conditions are substituted.

S(t)= S0)+ s
E(t)= E0)+ S
I(t) = 1(0)+ S71

A(t) = A(0)+ S
R(t)= R(0)+ S71
Q)= Q)+ S

aS(I+BA)

S=w, +51 [uES {a-2s- - ySQ}]

E=w,+57[u’s {%”“) + ¥SQ — (1 — $)SE — puE — AE}|

I =ws+ S HusS{(6 — p&YE — (o + A1) I}]
A=w, + ST HusS{puE — (p + 1)A}]
R = ws + S7usS{ol + pA — AR}]

Q = wg + S7HusS{kl + vA — nQ}]
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Let's think about how to put ADM to use by

S=XiZoSi + E=XiZoEi . I = XiZol;

A= Y204, R=2X20R , Q=3X2,0;

The nonlinearities SI , SA AND SQ can be written as

SI=320Y Yi=YXi0Shio; AS= 320X . Xi= Y04 S

_j,

SQ=Y20Zi  Zi= Xie0S; Qi-j

oo -1 ) 06272 Si Zfi Ii"'ﬁZ?i Aj o)
205 =wi + 571 [urs{a— Ax2, S — LTEAEEMEIEA) 50 7 1]

aYizo 5i(2i=£]1i+52i=of4i) + )/Z(ix;OZi — (1 — )8 — pu —

%2 By = wy + 57 [uss |

D IR0 E|
izoli = w3 + ST uS{(6 — ¢p8) 2o Ei — (0 + 1) XiZo 1]
Yiodi = wy + STHutS{Ppu X0 Ei — (p + ) XiZo Al
RoRi =ws + STHuS{o X220 i + p Y20 Ai — A2 Ri}]
20Qi =we+ STHutS{k X2 L + v Y20 A — 1220 Qi}]

So=wi, Eg=wy ,Ip=w3,40 =ws, Ry =ws, Qg = Ws

aSyl, + aS, LA,
- yZn}]

Spq =871 [ufs {A — AS, — -
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aY, + afX,
- )/Zn}]

Sy =871 [ues {A — AS, — -

aSyl, + aS, LA,
N

Enr =57 [uts + vZ, — (L= $)8 = g = DE|

Enpr = S70 [uss {2 4 y7, — (1 - 9)6 — pu — DE, ]
Inss = STHUES{(8 — $8)Ey — (0 + D}]

Anss = ST UES{UE, — (p + DAn}]

Rns1 = STHusS{oly + pAn — ARy}]

Qn+1 = S_l[usS{KIn + VAn - nQn}]

aYy + af X,
-~ )/Zo}]

S =S‘1[ ES{A—AS -
1 u 0 N

= §1 [{A — AS, — “Y0+Ta'8x° — yZO}uS] Couf = te

s = [{a- /150—““’+T“”)X°—VZO}%]

a5010+a50ﬁA0

5, = |{a— a5, — Rl ySoQo}#;)]

tS

S1=W [(e+1)

Ey = $7H {0 4 yZy — (1= 9)8 — du — DEnu]
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£ — t*
I'(e+1)

t&'
r'(e+1)

By = [{F5F2 4 vz, — (1 - )6 — du — DEo}

N

tS
=W, [(e+1)

Ey

I = S7HufS{(8 — ¢p8)E; — (0 + Do}l

L = [{(6 = p6)Ey — (0 + Dlp}u]

£
e t

Y TEr D

&

Iy = [{(6 —p&E; — (o + ﬂ)lo}m

tE

I =Ws T(e+1)

Ay = STHuS{puE, — (p + DAo}l

Ay = [{puEy — (p + DAotu’]

t£
&

Y ITETr D

Ay = [{puEq = (o + DAo} ]

r(e+1)
tS

Ay =W, [(e+1)
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R, = S YNusS{ol, + pA, — AR, }]

Ry = [{oly + pAg — AR }u?]

£ — t*
I'(e+1)

&

Ry = [{aly + pA — ﬂRo}m

tE
= Wg—
*T(e+ 1)

Q, = S~HusS{kly + vAy — 1Qo}]

Q1 = [{xly + vAy — nQo}uf]

tS
“T(e+ 1)

tg
Q= [{Klo + vA, — UQo}m]

tS
U =Wers

s, =51 [ugs {— As, — TP )/Zl}]

t& t& t& t€
a(Sows m+w1 mlo)‘l’dﬁ(:qowl m+w4 mSO) _

— ¢—-1 & _ te _
S, =S [u s{ Aws 7o ~

t€ t€
YoWs 7 T W1 Ferp QO)}]
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S, = 51 [ugs {_ Awy uE — a(Sows u®+wy u®lp)+apf(Aows u+ws uSo) ¥ (SoWe uE +

N

W1 UEQO)}]

a(Sows u?€+wq u?€lp)+af (Agwy u?c+w, u?€sy)

Sp = |{a - awyu — ¥ (Sowe uZ% +

N
Wy UZEQO)}]
(SoWs +W3 Io)— ot @B (Agw; +W4 So) e
NN ¢2€ _a oWs W1 lo)rrarytab (Aows +Wa So)rmay
Sy H Awy TaerD ~ — ¥ (Sows +
w1 Qo) r(25+1)}]

By =571 [uf S{THER 4 yZ) — (1= )6 — b — DE |

By = $71 [uf S PR 4 yZ — (1= )6 — gy =~ DE ]

té a té té

_ o1, a 2 -
E,=S$ v S{N Sows r(e+1) Ty r(e+1)

aﬁ _t5 ,8
2 pgwy =+ L5y

F(sil)}]

r(s+1) +

YSoWe————=+yw1 Qo——=— (6 — ¢pd + pu+ Hw,

r(e +1) r(e +1)

E, =51 [u‘€ S{%SOW3 ué + %Wllo uf + %Aowl uf + O;V—ﬁW450 ué + ySoweuf +

ywy Qou® — (8 — 8 + pu + Hwyuc |

E; = [{% Sows u*® + Twilou? + %A0W1 u* + %Wﬁtso U +ySoweu® +

yw, Qou® — (6 — ¢8 + pu + Hw,u*e}|
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E;, = [{%50W3 + %Wllo + %Aowl + OEV_BW‘LSO TYSows +ywi Qo= (8~ 90+

du -+ Hwa|

e
I, = STHutS {(6 — pS&)E; — (6 + 1) L,}]

=57 [us {(6 = $oIw o = (0 + Dwar 5
I, = S~Huf {(6 — $p8)wouf — (¢ + Dwsut }]

I; = ST (6 — pS)wou* — (0 + Hwsu®® ]

t2€

= [{(6 = p8)w; = (0 + Dws }]

r2e+1)

Ay = S7Hu® S{puE;, — (p + 1) A}]

=52 [u 5[ (o 2w

2¢

A, = [{puw, — (p + D) Wil = r(z oy

R, = S7Yu® S{ol, + pA; — AR,}]

Ry =571 [us S {UW3 e T PWa F(stfrl) Aws %}]

t2£

R, = [{ows + pw, — Aws}] F2e+ D)

Q= 5_1[1185{’(]1 + vA; —1Q4}]
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=57 Juss o gy + v )
Qo =5 WS Ws ey T T v ) - ™o TG + 1)

tZS

Q2 = [{xw3 + vw, — nwe}] rzetD)

R [ B

a(5012+5111+5210)+aB(A052+A151+A250)

Sy =571 |uss{- 15, - — ¥ (SoQ2 + $:10Q1 +

N

$200)]
tZS tZS t2£

S. =S5 1|yesi— aw t2¢ _ a(SOW3F(2£+1)'W31"(2€+1)"1F(2£+1)'5210)

3 1r@e+1) N
t & tZS t2€ tZS
aB(AoWirG oyt WarGarnWirGern T VAT e 0) Y (Sew t2¢ N t2€ w t2¢ +
N Y OoWe r e 1r@e+1) "0 r(e+1)

tZE
WiToerD Qo)

a(Sowsu?é + wyuéw, u?é + S,wsu’é)
N

S;=5871 lu‘ES {— Aw u?é —

aB (Agw u?s + wau?éw u?s + wau?es,)
N

- )’(50W6uz£

+ wiu?wgu?é + Wluszo)}l

S P a(Sow3u3 + waudewau3e + wiu3wyu3®)
= |{— Aw u3€ —
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N Y (ooWe

+ wiuiwude + W1u3£Q0)}l
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Iy = STHulS{(6 — $p6)E; — (0 + DI,]]
Iy =5 [ °S {(6 POW2 T r(z +1) —(@+ 2w 3r(2t:1)}]
I; = STHusS{(6 — pS)wsu?s — (0 + Dwsu?é}]

I3 = [{(6 — $p&)w,u’ — (o + DHwsu®}]

I; = [{(§ — p6)w, — (0 + Dws]]

F(3£+1)

Az = ST u® S{puE, — (p + 1) A,}]

_ -1 e tZS _ tZS
A3 =S5 [u $ {¢MW2 rQe+1) (p+ ) w, r(25+1)}]
Az = S7Hu® S{puw,u?é — (p + 1) wyu®e}]

Az = [{puw,us — (p + 1) wyu}]

Az = [{Qb.“ W r(3£+1) —(p+ ) w, %}]

R3 = S_l[ug S{O’Iz + pAZ - ARz}]

R _ S—l [ s S{ t2£ + t2£ _ A t2£ }]
3 u OWs Taern * PWarzern W5 rzet1)

R; = S7Huf S{owsu?® + pw,u?é — Awsu?é}]

R; = [{owsu3¢ + pw,u3e — Awgu3é}]
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t3£ t3£ t3£
Ry = [{UW3 re+1) T PWs rGe+1) Aws F(3e+1)}]
Qs = S [usS{kl, + vA; — nQ,}]
_ 1 € t28 tZS _ 2¢&
Q=S [u S {KW3 r(ze+1) T VW, rzern  MWe r(25+1)}]
Q3 = S HusS{kw;u?® + vw,au® — nwgu?él]

Q3 = [{rkwsu3® + vw,u® — nweul]

3¢& 3¢& 3&
Qs = [{KW3 r3e+1) b rGern MW F(3€+1)}]

Here, we take three terms of the infinite series of S, E, I, A, R, and using Q as a rough
estimate. In the following we display the result of the mathematical model.

(s(t) = Xi2Si(t) = So(t) + S1(t) + S,(8) + S3(t)
E(t) = X720 Ei(t) = Eo(t) + E;(t) + Ex(t) + E3(t)

< I(t) = X720 1:(0) = I(t) + 1, () + L, () + 13(8)
At) = X2, A1) = Ag(t) + A1 (1) + A (2) + A3 (1)
R(t) = X720 Ri(t) = Ro(t) + Ry (t) + R (t) + R3(t)

\Q(t) = Xi200Q:(t) = Qo(t) + Q1(t) + Q2 (1) + Q3(1)

3.5 Numerical Simulation
Here, we make some adjustments to the starting points S(0) = 1350900000, E(0) =
1724266,1(0) = 745,A(0) = 413,R(0) = 66,Q(0) = 10000, N =

1352600000 . We take € = 1 for results closer to reality.

So = 1350900000
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&

S1 = —164212.6

rce+1)
2e
=677 ————
52 =6 rQ2e +1)
3¢
S =—-1262 ——
3 rie+1)

SO =) S0 = 5(0) +5:(0) + 550 + 55(0)

& 2¢& 3¢
1677 L ‘

~ 1350900000 — 164212.6 26
r(e+1) r(ze+1) r(3e+1)

E, = 1724266
&

E, = 212809 ————

1 re+1)
2€

E, =5599 —————

2 rQ2e +1)
t3£
E3 = 1102 1

EO =) B~ B + B0+ B0 + Bs()

2¢& 3¢
C 11102 -

~ 1724266 + 212809
r(2e+1) r3e+1)

Y 15599
r'(e+1)

IO = 74’5
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&

I, = 21824

re+1)
2¢
I, =543 ———
2= 3F(2£+1)
t3£
I; =17 ————
3 rie+1)

o)

0= ) 1O~ (6 + () + () + 15(0)

£ 2& 3¢
~ 745 + 212809 ——— + 5599 —— 4 1102 —
F(8+1) F(2£+1) F(3£+1)
A, = 413
&
A, = 70686 ———
1 r(s+1)
2&
A, = —51315 ——
2 r2e+1)
3¢
A, = 43847.6 ————
3 rGe+1)

AD =) A = Af0) + 41O + Ax() + 450

tE tZE t3€
re+1) 51315 r(2e+1) +43847.6 r(3e+1)

~ 413 + 70686

R0:66
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&

R, = 418

re+1)
2¢&
R, = 62 S
2 = 62050 r2e+1)
3&
R, = —43570 ——————
3 rBGe+1)

R(t) = X2 Ri(t) = Ro(t) + Ry (t) + Ry(t)

& 2¢& 3&
~ 66 + 418 —— + 62050 ——— — 43570 —
r'(e+1) r(2e+1) r(3e+1)
Q, = 10000
&
=-9929—
@ re+1)
2¢&
=801 ——
@ r2e +1)
t38
Qs = —51.2 r(3e+1)

Q(t) = X720 Q:i(1) = Qo(t) + Q1(1) + Q2(1)

Y 8017 - _5189—_t"

~ 10000 —99.29 rGe+D) rGe+1)

Numerical simulations of the exposed population S(t), the exposed population E(t), the
affected population 1 (t), the asymptotic affected population A (t), the recovered
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population R(t), and the reservoir population Q will be put through their paces (t)
Figures 3.5, 3.6, 3.7, 3.8, 3.9, and 3.10; Tables 3.2, 3.3, 3.4, 3.5, 3.6, 3.7.

Table 3.2 Numerical simulations of S(t) susceptible population

t susceptible population S(t)
e=1
0 1.3509 x 10°
50 1.3172 x 10°
100 1.1275 x 10°
150 6.2400 x 108
200 3.5106 x 108

Table 3.3 Numerical simulations of E(t) exposed people

t Exposed population E(t)
e=1
0 1.7242x 10°
50 4.2321x 107
100 2.2973% 108
150 7.1650% 108
200 1.3130x% 10°

Table 3.4 Numerical simulations of Affected persons 1 (t)

t Infected population 1(t)
e=1
0 745
50 2.1311 x 10°
100 7.7564 x 10°
150 1.9001 x 107
200 3.7892x 107

Table 3.5 Numerical simulations asymptotic affected persons A (t)

t Infected population A asymptotically (t)
e=1
0 413
50 8.5286x 108
100 7.0583% 10°
150 2.3530x 10°
200 5.7454x 10*°
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Table 3.6 Numerical simulations of recovered population R(t)

t Recovered population R(t)
e=1

0 66

20 4.5660 x 107

40 4.1506 x 108

60 1.4568x 10°

80 3.5193x 10°

Table 3.7 Numerical simulations of Reservoir population Q(t)

t Reservoir population Q(t)
e=1
0 10000
15 9912.5
3.0 9045
45 6512
6.0 5176
1,6E+09
1,4E+09 |-
1,2E+09
1E+09
800000000 1
600000000 N reeeeen, Linear (1)
400000000
200000000
0
0 50 100 150 200 250
Figure 3.5 Dynamics of susceptible population
1,5E+09
1E+09
3000000 1
......... Linear (]_)
0
0 50 100 150 200 250
-5E+08
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Figure 3.6 Dynamics of exposed people
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Figure 3.7 Dynamics of affected persons
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Figure 3.8 Dynamics of asymptotic affected persons
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Figure 3.9 Dynamics of recovered population
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Figure 3.10 Dynamics of Reservoir population
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4. CONCLUSIONS AND RECOMMENDATION

Conclusions and recommendations for further research are presented in this section.

e We found the equilibrium point, tested the stability, and according to Hartmann's
theory, they have the same behavior. We then solved the modified model by the

Sumudu transformation method. The results obtained graphically illustrated.

e We noticed that the values of S(t),E(t),I(t),A(t),R(t),Q(t) are closer to

reality whenitisae =1

e The fractional models are better than the classical models with natural order

derivatives.

o S(t),E(t),I(t),A(t),R(t),Q(t) close values agree with medical measurement.

e In the future, the concerned fractional COVID-19 model may also be examined
using additional cutting-edge numerical techniques with new findings and

conclusions in the context of numerical simulations.
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