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ABSTRACT

Congruences Between Modular Forms
Ruhat Kabulantok
Master of Science in Mathematics
July, 2020

Modular forms admit Fourier expansions whose coefficients encode a lot of inter-
esting arithmetic information. One fruitful method of studying these coefficients
is through studying their congruences modulo primes [ or powers of [. This the-
ory can be traced back to the work of Ramanujan, and was developed by Serre,
Swinnerton-Dyer, and Katz, among others.

In this thesis, we will study Serre and Swinnerton-Dyer’s theory of modular forms
modulo /. We will examine some applications of this theory, including Jochnowitz’s
proof of finiteness of systems of Hecke eigenvalues modulo . We will also give a

brief exposition of Serre’s theory of [-adic modular forms.
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OZETCE

Modiiler Formlar Arasindaki Denklikler
Ruhat Kabulantok
Matematik, Yiiksek Lisans
Temmuz, 2020

Modiiler formlarin sahip olduklari Fourier serilerinin katsayilar: birgok ilging arit-
metik bilgi igerir. Bu katsayilar1 incelemenin bir yolu, bu katsayilarin modulo [ ya da
I’in kuvvetlerindeki denkliklerini incelemektir. Bu teori Ramanujan’in caligmalarina
dayanir. Serre, Swinnerton-Dyer ve Katz bu teoriyi geligtiren isimler arasindadir.
Bu tezde, Serre ve Swinnerton-Dyer’in modulo [ modiiler formlar teorisinin tizerine
caligacagiz. Jochnowitz’in modulo [ Hecke 6zdegerleri sisteminin sonlu olugunun is-
pat1 da dahil olmak tizere bu teorinin baz sonuglarini inceleyecegiz. Ayrica Serre’in

l-adik modiiler formlarindan da kisaca bahsedecegiz.
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Chapter 1: Introduction 1

Chapter 1

INTRODUCTION

The modular forms are ubiquitous mathematical objects which are defined as
complex holomorphic functions on the upper half-plane with some transformation
properties under the action of the congruence subgroups of the modular group
SLy(Z). Due to their symmetry properties, a modular form has g-expansion with
complex coefficients, and these coefficients give plenty of arithmetic information.
Therefore it is natural to study these coefficients and one way to do that is to
examine their reductions modulo some prime [.

This thesis aims to study the space of modular forms modulo prime [ investi-
gated by Serre in [Serre, 1973b] and Swinnerton-Dyer in [Swinnerton-Dyer, 1973],
to explain a generalization of their results given in [Jochnowitz, 1982] and then to
introduce the [-adic modular forms constructed by Serre in [Serre, 1973b].

The first examples of non-trivial modular forms with respect to SLy(Z) are the
Eisenstein series of weight k denoted by G} and the normalized Eisenstein series,
E., have the g-expansion:

2k
E.=1-— B Z or—1(n)q"

k n=1

where o(n) = Z d" and B is the kth Bernoulli number.
dn
The Hecke operator T, is a linear operator on the space of modular forms, M (I").

The pth Hecke operator T}, for some prime p, acts on the g-expansion of a modular

form f by:

e¢] 0¢]

To(f) = Y anpg” + "1 )" ang™.

n=0 n=0

For n = p", then we have T)r := T, T,r-1 — p* " 1(p)T,r—> and for n = pr", the nth
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Hecke operator is defined by T, := H Tei. A modular form which is simultaneously

an eigenvector for all the Hecke operlators is called an eigenform and an eigenform f
is called normalized is a;(f) = 1. For each normalized eigenform f, the eigenvalue
corresponding to T}, is equal to the nth Fourier coefficient a,(f).

Modular forms can be approached in a classical way. Moreover, it is natural to
analyze their properties modulo a prime [. From now on [ and p are primes where
l=5,p#landltN. To study the reduction modulo [ of modular forms, we choose
the modular forms with rational numbers whose denominator is not divisible by .

Then the space of modular forms modulo [ is a subspace of F;[[¢]] such that:

0 0

M (T) = {f = Z anq" | f = Z ang" € Mp(To(N),Q n %) and a, = a,, (mod l)} :
n=0 n=0

The algebra M(T) is defined by the sum of M (I')’s and this algebra is studied by

Swinnerton-Dyer [Swinnerton-Dyer, 1973] and Serre [Serre, 1973b]. The operators

U, V and @ on this algebra are defined by the following formulas:

o V()= ang"

n=0
If we examine the Eisenstein series modulo prime [, we get the following two con-

gruences:
Proposition. Ey, = Ej (mod ) when k=% # 0 (mod (I — 1))
Proposition. E, — 1 € 1Z]q] if and only if (I —1) | k
In the proof of these two congruences, we use two main congruences about the
Bernoulli numbers, namely: Kummer’s Congruences and Clausen-von Staudt’s the-

orem. Since the reduction modulo [ of E;_; is one by the congruences above, there is

an inclusion My (I") € M1 (T') obtained by multiplication by E;_;. The smallest
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weight of the space M, (I") where the reduction of the modular form f contained in
is called the filtration and it is denoted by w(f) = inf{k : f € My(I')}.
The Hecke module where we take the quotient of the space of modular forms

with coefficients in F; by the modular forms with the lower filtrations is denoted by:
Wi = (M) @ Fp) /(M1 (1) @ Fy)

A twist of Wy, is the Hecke module Wy [a] where 0 < a < [ — 1 which F;-vector space
W}, with the action of the Hecke operator is p®. These Hecke modules Wy [a] and W),
are isomorphic as vector spaces. Moreover, if the system of eigenvalues {),} appears
in Wy, then {p®\,} appears in the Hecke module Wy[a]. For each W} there exist
only finitely many twists. The set {\, : [ { p} where )\, € F; is called the system
of eigenvalues mod 1, if there exists an integer & = 0 and f € My(T') ® F; such
that T,f = A, f for all p{ N. In this thesis, the main theorem which is proved in
[Jochnowitz, 1982] is the following.

Theorem 5.1.7. There exist finitely many systems of eigenvalues mod | for fixed

level N.

This theorem has shown for level one in [Serre, 1975] and for an arbitrary level

N by Jochnowitz, it immediately follows from:

Theorem 5.1.5. Let j be a positive integer. Then there exists a positive integer k
with k < 2l such that the space W; is isomorphic to a twist of the space Wy, as a

Hecke module.

The idea of the proof relies on the fact that the operators U, V and # induce the
operators on W}, using the fact that the filtration w(0f) = w(f) + 1+ 1 when [ { k

and w(Uf) = %ﬂ_l when w(f) = 1 (mod [). Moreover the operators U, V', 0

and T, commute as following:

e T,o0=phoT,
e I,oV=VolT,

e UoV =1
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e VoU=1-60"D

and these are the facts that are used in the proof.

As an application of the main theorem, we show that there exist only 9 systems
of eigenvalues when [ = 7 and the level is one. We also show there are 4 system of
eigenvalues for [ = 5 and the level one. Additionally, the main theorem has a nice

corollary:

Corollary 5.1.10. For fixed level N, there are finitely many congruence classes of

normalized eigenforms.

Besides, the modular forms can also be worked in the [-adic sense. The [-adic
modular forms are defined as the limit of classical modular forms with rational
coefficients. As a result of this construction, we will see that even though there is
no Eisenstein series of weight 2, we can talk about [-adic Eisenstein series which are
l-adic modular forms of weight 2. Finally, we have the following interesting result

proved in [Serre, 1973b]:

Theorem 6.4.4. If f is a classical modular form with respect to I'o(l) with rational

coefficients, it is also an l-adic modular form.

Structure of the thesis

This thesis has three main parts. In the first part, we introduce the modular forms
in the classical way and define the Hecke operators, closely following [Diamond and
Shurman, 2005]. In the second part, the main reference is [Jochnowitz, 1982]. In this
part, the space of modular forms mod [ is described and this is the part where we
try to understand our main theorem. Lastly, we give details on the [-adic modular
forms which are constructed by Serre in 1973 [Serre, 1973b].

In Chapter 2, the fundamental notions of the classical theory of modular forms
will be presented. In the first part of this chapter, we define the congruence sub-
groups I' of the modular group SLy(Z), then the modular forms with respect to T
Next, the Eisenstein series will be introduced as non-trivial examples of the modular

forms for level one.
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In the second part of this chapter, our main goal is to give a dimension formula
for the space of modular forms with respect to an arbitrary congruence subgroup,
M (). To do so, the compact modular curve X (I') = I'\H* will be seen as a
compact Riemann surface. Then we will give some necessary definitions including
elliptic point, period of an elliptic point, and degree of a map between two compact
Riemann surfaces. Finally, we will give the dimension formula using the Riemann-
Hurwitz theorem.

In Chapter 3, The Hecke operator T}, which is a linear operator on the space
of modular forms will be introduced by using the definition of the double coset
operator. Particularly, the action of the Hecke operators on the ¢-expansion of a
modular form will be stated. Finally, the eigenforms and the relation between their
coefficients and the eigenvalues will be introduced.

In Chapter 4, we start by the congruences between the Eisenstein series. Then
we introduce the space of modular forms modulo [ and the operators U, V', and
6. We also define the filtration w and give the relations of the filtration with the
operators above on the space of modular forms modulo (.

In Chapter 5, we define the system of eigenvalues and the Hecke module. This is
the chapter where we give the detailed proof of the main theorem on the finiteness
of the systems of eigenvalues in Theorem 5.1.7. Then we give the corollary on the
finiteness of congruence classes of the modular forms modulo [. The chapter finishes
with two concrete examples on the number of systems of eigenvalues modulo 5 and
7 in level one.

In Chapter 6, we give an introduction to [-adic modular forms constructed by
Serre. We start by examining the Eisenstein series modulo [™ for some positive
integer m. Then we define the [-adic modular forms and the space X of the weights

of l-adic modular forms. Finally, the [-adic Eisenstein series will be introduced.
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Chapter 2

MODULAR FORMS

This first chapter aims to introduce the basic concepts of the classical theory
of modular forms. We will begin with presenting the congruence subgroups and
modular forms with respect to these congruence subgroups. Then we will give some
examples of modular forms. Lastly, we will give the dimension formula of the space
of modular forms.

In the following two chapters, we're closely following [Diamond and Shurman,

2005].

2.1 Congruence Subgroups

The modular group SLy(Z) is the multiplicative group of 2 x 2 matrices with integer
entries and with determinant 1. The modular group SLs(Z) acts on the upper-half-

plane H = {z € C | Im(2) > 0} by the fractional linear transformation:

az +b
cz+d

Vz=
a b

where v = € SLy(Z) and z € H.
d

We extend this to an action of SLy(Z) on extended upper-half-plane which is
H* =H v Qu {}. Here, we define the action of SLy(Z) on o by yoo = 2 and

vz=owif cz+d=0.

Proposition 2.1.1. The modular group SLs(Z) is generated by the following two

matrices:
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Proof. First, observe that S? = —I and T" =

a b
Let v = € SLy(Z). Suppose ¢ # 0, then there exists n,r € Z such that
c d

d=cn+r with 0<|r| <|c|
a —an+b a b b —a
T = = and Y1"S =
¢ —cn+d c r r  —c

As we keep multiplying with 7™S, we will eventually have a matrix in form

a b - -
= _|. Since this matrix is in SLy(Z), d = +1. If d = —1, multiply by
0 d
g . 1 b .
S? to get a matrix in forms 7°. Then = T So we have v =
01
TPT™ =172 §=1. .. 7" Thus any element of SLy(Z) can be written as a product

of the matrices S and T'.
Il

Now, we will introduce some subgroups of the modular group, namely the con-

gruence Sllng'OllpS.

Definition 2.1.2. Let N be a positive integer. Then we define the following subsets
of SLQ (Z)

a b 1 0
e I'(N) = € SLy(7Z) = (mod N)
c d c d 0 1

is called the principal congruence subgroup of level N of SLy(Z).

a b

a b a b "

o ['\(N) = € SLy(Z) = (mod N)
c d c d 0 =
a b a b 1 =

e ['|(N) = € SLy(7Z) = (mod N)
c d c d 0 1

Note that I'(N) < T';(N) < T'(N) < SLy(Z). They are also subgroups. In the
chapter 3 and 4, we use especially I'y(N).
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Proposition 2.1.3. The subgroup I'y(N) is a normal subgroup of T'o(N).

Proof. Let
p:To(N) — (Z/NZ)"

which maps

a
—d (mod N).
c d

a b

This is a surjective group homomorphism. Since kery = d=1 (mod N) »,

c d
d=1 (mod N), then a is also congruent to 1 modulo N. So kery = I';(N). Thus

['1(N) is a normal subgroup of I'g(N).
[

Proposition 2.1.4. We have the index [SLs(Z) : To(p)] = p + 1 where p is prime.

Proof. Let
¢ :I'(N) — (Z/NZ)

which maps

a
— b (mod N).
c d
a b
This is a surjective group homomorphism. Since kerg = b=0 (mod N) p,
c d
then kerp = T'(IV). Thus I'(N) is a normal subgroup of I'; (V).

Therefore
[''(N)/T'(N) = Z/NZ

and by the previous proposition we know that
Lo(N)/T4(N) = (Z/NZ)*

Furthermore,

¢ : SLy(Z) — SLy(Z/NZ)
has kernel T'(N). Then

SLy(Z)/T(N) = SLy(Z/NZ)
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Now, we need to show that:

[SLo(Z) : T(p)] = p* — p.
This means that we need to show | SLy(Z/pZ) |= p* — p. First, let us find the order

a b
of GLy(Z/pZ). Let € GLo(Z/pZ). Since we don’t want to have determinant
c d

zero, we're excluding the case (a,b) = (0,0). Then there is p*> — 1 possibility for
the tuple (a,b). Then the tuple (c,d) has p* — p possible values because we're
excluding the case where (c, d) is a multiple of (a,b). If this would be the case, we
get determinant zero. Therefore | GLy(Z/pZ) |= (p? —p)(p* — 1). Since we have the
surjection det : GLo(Z/pZ) — (Z/pZ)* and it has kernel SLy(Z/pZ), the order of
SLy(Z/pZ) = PPl p® — p. Therefore we have:

p—1

[SLa(Z) : T(p)] = [SLa2(Z) : To(p)][To(p) : T1(P)][T1(p) - T(p)]

P’ = p =[SL(Z) : To(p)] | (Z/pZ)* | . | Z/p |
P’ —p = [SLx(Z) : To(p)](p — Dp-
Hence
[SLa(Z) : To(p)] = p+1
[
Definition 2.1.5. Let I" be a subgroup of SLy(Z). The subgroup I is called a

congruence subgroup of level N if N is the smallest positive integer which satisfies

T'(N)cT.

2.2 Modular Forms

In this section, we will introduce the modular forms of weight k£ with respect to the

congruence subgroup I'.
Definition 2.2.1. Let f : H — C be a function. The slash k operator -|; is defined
by

(f le () = (cz + d) ™" f(72)
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a b
where v = € SLy(Z) and z € H.
c d

Definition 2.2.2. Let f : H — C be a holomorphic function. The function f is

called weakly modular of weight k with respect to T if f |, v = f for all y e T.

To define the modular forms, we should explain what it means to be “holomorphic

at the cusps”. Let f be a weakly modular function of weight k£ with respect to

1 h
I'. Since I'(V) < T, there exists v = e I' for some h € Zsy. Then
0 1
f(2) = f(z+ h) which means f is hZ-periodic. Therefore f has a Fourier expansion
o0
f = Z anq) where ¢ = e2™#/" this is the g-expansion at co. If a, = 0 for all

n < 0, then f is called holomorphic at co.
If fis weakly modular for T, then for all « € SLy(Z), f |, « is weakly modular
for o 'Ta.

A cusp ¢ is a I'-equivalence class of the action of I' on Q U {e0}. Let h be the

minimal positive integer which satisfies € a T for all a € SLy(Z) with
01

¢ = « -, then h is called the width of the cusp ¢. The function f |, « is hZ-
periodic where h is the width of the cusp ¢ and the g-expansion of f |, « at oo is
the g-expansion of f at the cusp c.

We say f is holomorphic at the cusp ¢ if f |, « is holomorphic at oo for all
a € SLy(Z) with ¢ = a-00. Say f is holomorphic at the cusps if f | « is holomorphic

at oo for all cusp ¢ and for all @ € SLy(Z) with ¢ = a - 0.

Proposition 2.2.3. The action of SLy(Z) on the extended upper-half-plane H* is

transitive. Hence I' = SLo(Z) has only one cusp.

Proof. Let 2 € Q where a and ¢ are coprimes. Then there exist b,d € Z such that

C

a b

ad—bc = 1 by Bézout’s theorem. Let v = € SLy(Z), then we have vy-00 = 2.
c d

Therefore the action of SLy(Z) on Q U {0} is transitive. Thus there exists only one

cusp.
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Definition 2.2.4. Let I' be a congruence subgroup and k be a non-negative integer.
Let f : H — C be a holomorphic function. Then f is called a modular form of weight
k with respect to T' if it satisfies the following properties:

e f is weakly modular of weight k& with respect to I,

o f |i a is holomorphic at oo for all & € SLy(Z).

The set of all modular forms of weight & with respect to I' is denoted by M (T")
and this is a C-vector space. The space of all modular forms of all weights is denoted
by:

M(T) := D Mi(T)

keZ
and this is a graded ring.

The set of modular forms of weight k£ with coefficients in a ring A < C is denoted

by My(I', A). This set is an A-module.

0
Remark. Let f e My(SLy(Z)). Since € SLy(Z), we have

and this implies that there is no non-zero modular form of odd weight with respect

to SLQ(Z)

Definition 2.2.5. A modular form f with respect to I' of weight & is called a cusp
form of weight k if a(f |x o) = 0 for all a € SLy(Z).

The set of all cusp forms of weight & is denoted by Si(I') and it is a vector
subspace of My (I).

2.3 [Examples of Modular Forms of Level N =1

The most trivial examples of modular forms are non-zero constant functions defined
on the upper half-plane and they have weight zero, also the zero function which has
weight k for all integers. Now, we will define the Eisenstein series of weight k& which

are the first examples of non-constant modular forms of level N = 1. Later, it will
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be seen that they are important for the space of modular forms modulo [ and the
[-adic modular forms that we will study.
Let us define the following sum:
1
Gk = P
(m%izz (mz 4+ n)k
(m,n)#(0,0)

which is called the Fisenstein series of weight k.

Theorem 2.3.1. The FEisenstein series Gy is a modular form of weight k where

k=3.

Proof. Let k > 3 be odd. Then

1 1
Gr(z) = (m,n)2622>0 (mz + n)k - (m,n)ZeZ2<0 (mz + n)k =0
(m,n)#(0,,0) (m,n)#(0,,0)
Then Gy, is a modular form for all odd weights k.
Let k be even. Then the Eisenstein series GGy converges absolutely and it is a
holomorphic function for k > 4.[Serre, 2012]

To show that Gy is weakly modular, it is enough to show for the matrices S and

T, since SLy(Z) is generated by these two matrices.

o ( 1) 3 1 3 2
AL )T (= oYk (—m + n2)k
o (m,n)eZ? (z +TL) (m,n)eZ>? ( m+nz)
(m,n)#(0,,0) (m,n)#(0,,0)
1
k
=z -
(m%:eﬁ (mz + n)k
(m,n)#(0,,0)
= 2"Gp(2)

and

1 1
Gr(z+1) = Z (m(z+1) +n)F Z (m +nz)*

(m,n)eZ? (m,n)eZ?
(m,n)#(0,0) (m,n)#(0,0)
= Gi(?)

We could do these rearrangements in the series because Gy converges absolutely

when k > 4. So Gy, is weakly modular of weight k.
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Now, we need to show that G} is holomorphic at oo. Since G} converges uni-

formly,

1 1
lim Gi(z) = > lim ———— = — = 2((k)
S(z)—0 — F(z)—0 (m + nz) o n

(mn)#(0,0)
Recall Riemann’s removable singularity theorem from complex analysis. To show
that it is holomorphic at oo, it is enough to show that Gy is bounded. So G is
holomorphic at oo.

Thus the Eisenstein series G, is a modular form of weight k.

]

Let By := %(’“k) where ((k) is the Riemann zeta function, this series is called the

normalized Eisenstein series.

Theorem 2.3.2. The normalized Eisenstein series of weight k = 3 has a q-expansion

where o(n) = Z d* and By, is the kth Bernoulli number which is defined by
din

t Ltk
et — 1 :kZOBkE

Proof. See [Diamond and Shurman, 2005], Chapter 1.

Example 2.3.3.

o £, =1+240 Z os(n)q"

n=1
o [y =1—-504 Z o5(n)q"
n=1
Here we can see that all the coefficients of the ¢-expansions of E,; and Fjg

are integers. Furthermore, these two Eisenstein series generate the graded ring

M(SLy(Z)) = D Mi(SL2(Z)).
keZ
Another important example of a non-constant modular form is the modular

discriminant.
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Definition 2.3.4. The modular discriminant is defined as

. B} - E}
1728

The modular discriminant A has g-expansion:

A= Z T(n)q"

where 7(n) is called Ramanujan tau function. Since ag(A) = 0, it vanishes at c0. So
A is a cusp form of weight 12 and it generates the space of cusp forms S12(SLs(Z)),
since dim(M2(SLo(Z)) = 2 and this means that dim(S12(SLy(Z))) = 1 by Example
2.4.11. One can also show that

Q0
A=q] =g

n=1

Remark. We can also define the Eisenstein series of weight 2 as follows:
By =1-24) o1(n)q"
n=1

But this series fails to be absolutely convergent and hence it is not a modular form
with respect to SLy(Z). Even though it is not a modular form in the classical sense,
we will later see that we can talk about [-adic Eisenstein Series of weight 2 which is

an [-adic modular form. This Eisenstein series F5 is important because we will use

this to define derivation ¢ on the space of modular forms.

2.4 Dimension Formula

The aim of this section is to give the dimension formula for the vector space of
modular forms for an arbitrary weight k& and level N, with respect to the congruence
subgroup I'.

First of all, we will define the necessary notions to state the formula such as the
elliptic point and the period of an elliptic point. Then we will state the dimension

formula. For the detailed proofs, see Chapter 3 of [Diamond and Shurman, 2005].

Definition 2.4.1. We define the modular curve as the quotient of the upper-half-

plane by the left action of a congruence subgroup I' and it is a Riemann surface.
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We denote the modular curve by Y (I') = I'\H. This can be compactified and the
compact modular curve is denoted by X (T') = T'\H*

Definition 2.4.2. Let I' be a congruence subgroup. An elliptic point is defined as
the point z € H such that {+I} is a proper subgroup of {£I}I", where T, is the

stabilizer of z in I.

Definition 2.4.3. Let z € H be an elliptic point. Then the period of this elliptic

point is defined by

, Ll if —Ter,

IT',| otherwise.

Proposition 2.4.4. The elliptic points for SLy(7Z) are the points i with period 2

2mi/3 _ —1+iv/3
2

and p = e with period 3.

Proof. The points i and p are the only elliptic points, see [Miyake, 2006], Section
4.1. for the proof. We will only show the calculation of the periods of these points.

a b
First, we are looking for the stabilizer of i. Let € SLy(Z);. We have
c d

a bl  ai+b .
1= — =1
c d ct+d

Soai+b=di—c. Soa=dandb= —c. Thus we have the stabilizer of :

0 F1
+1 0
Then the period of i is h; = ‘SL22(ZM 2.

Now, we will find the period of p. To do so, we calculate the stabilizer of p which

is:

+
—_

SLy(Z), = { +1,

H -+

1 F1 0
1 0| [+1 +1

So the period of p is h, = ‘SLQZM = 3.
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Now, we will give a formula for the genus of a compact modular curve which
follows from the Riemann-Hurwitz formula. First, let us recall the standard theorem

from complex analysis [Busam and Freitag, 2009].

Theorem 2.4.5. Let f be a non-constant analytic function at the point x such
that f(z) — wo has order n at x. Then there ezist a neighbourhood U of wy and a

neighbourhood V' of x such that every w € U\{wy} has exactly n preimages in V.

Let X and Y be two compact Riemann surfaces and f : X — Y be a non-
constant holomorphic function. Let e, be the non-negative integer which makes f
an e,-to-1 map near x by Theorem 2.4.5 and it is called the ramification degree
(multiplicity) of f at x.

The degree d of f is the number of x € X such that f(z) =y so it is |f~!(y)| and

it is also equals to Z e, which is finite and independent from the choice of y.
zef~1(y)

Theorem 2.4.6 (Riemann-Hurwitz Formula). Let X and Y be compact Riemann
surfaces. Let f : X —'Y be a non-constant holomorphic function with degree d and
X has genus g1, Y has genus go. Then we have the following formula:
291 =2 = d(2g: — 2) + Y (s — 1)
zeX

Proposition 2.4.7. Let I'y and I's be congruence subgroups such that I'y < T's.
Then the degree d of natural projection f : X(I'1) — X(I's) such that f(['1z) = [yz
s

d=[{xI}Ty:{+I}T]

Proof. Since T'; < Ty, we have {+I}Ty = U{i[}l“wj where 7; € I'y. Let y =
J

Iz € X(T'2). Then the degree d = |f~'(y)| = |f1(T22)] = [{T17;2}]. Assume
I'1v12 = ['1922 where 41 # 72, then I'1917,* € (I's).. Then z is an elliptic point for
I's. Soif z is not an elliptic point for I'y, the elements of the set {I';y;2} are distinct.
Therefore |{I';7y;z}| is the number of elliptic points which is d = [{£1}T'y : {£1}T].

O



Chapter 2: Modular Forms 17

Theorem 2.4.8. Let f : X(I') — X(SLy(Z)) be the natural projection such that
f(Lz) = SLy(Z)z. Let d be the degree of this projection. Then the genus g of X(I")
can be found as

E9 £3 Ewo

1.4
I= T 13 7

where €9 : the number of elliptic points of period 2
€3 : the number of elliptic points of period 3

w & the number of cusps.
Proof. See [Miyake, 2006], Chapter 4. O]

Before defining the dimension formula, we should define the regular and irregular
cusps:

Let h be the width of the cusp ¢. The cusp c is is called an irregular cusp if the
-1 —-h

stabilizer of ¢, (a™'Ta),, is generated by the matrix . Otherwise, it is

0 -1
called a regular cusp.

Theorem 2.4.9. The dimension formula for the modular forms of weight k with
respect to the congruence subgroup T', My (T'), is
(k — J52+[J63+ Ze if k =2, even
g3+ Eeig? + EAelm if k>3, odd
dimwu(ry) = 4 ¢ Joraete e
if k=0

1
0 if k< O0.

k‘ k‘
— =
N~— ~—
— /-\
s

| |
— =
SN~— N~—
+ +
wlm A

The dimension formula for the cusp forms of weight k with respect to the con-

gruence subgroup I', Si(T"), is

(k — |£es+ (5 —1)ew ifk =4, even
(k — E2el9 4 Edeir if k> 3, odd
g if k=2
| 0 if k<0

PT‘ ?T‘
— —
S~— N—
A —

=)
| |
— —
N~— N—
+ +
[SSI N
— ——
m ™
w N
+ +

dim(Sx(T")) = <

where g : the genus

g9 : the number of elliptic points of period 2
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€3 : the number of elliptic points of period 3
€ & the number of cusps

reg

€0’ & the number of reqular cusps

wrr

ey’ the number of irreqular cusps

Proof. See [Diamond and Shurman, 2005], Chapter 3.
O

Since we especially will be interested in the space of modular forms with respect

to T'o(IV), let us see the following example.

Example 2.4.10. For I' = T'((NV) where N > 2, the necessary ingredients for the

dimension formula of M (I'g(IN)) are as follows:

o d=[SLy(Z): To(N)] = NJ] (1 + 1)

pIN p
( 1 '
H(1+(—)> if 44 N
® £9 = 4 p|N p
0 if 4| N
H(1+<_—3)> if 9t N
® 3= N P
0 if 9| N

o 2o = Y 6lged(d, N/d))

d|N

See [Diamond and Shurman, 2005], Section 3.9.
Now, let us see the dimension formula for level one.

Example 2.4.11. Let k be even and positive. We know that €., = 1 by Proposition
2.2.3 and €9 = g3 = 1 for SLy(Z) by Proposition 2.4.4. The degree of the natural
projection f: X (SLy(Z)) — X(SLy(Z)) is d = 1. Then we have genus:
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Then we have the following dimension formula when k is an even, positive integer:

dim(My(SLs(Z))) = (1— k) + EJ + {gJ +§

T s - aow [ [

Therefore, we have dim(My(SLs(Z))) = dim(Sp(SLa(Z)))+1 and Ej, ¢ Si(SL2(Z)),

since it does not vanishes at the cusp co. Hence, we have the following decomposition:
M (SLy(Z)) = CE, @ Si(SLy(Z))

Besides, we have

|£] if k=2 (mod 12)

—_

dim(My(SL2(Z))) =

[%J + 1 otherwise

Moreover, we have some equalities between the Eisenstein series.

Example 2.4.12. The space Mio(SL2(Z)) has dimension one by the previous
example. Then it is generated by F;y and we have Ejp = 1 — 264 Z ae(n)q

n=1

Since EyEs € Mio(SL2(Z)), there exist A € C such that E4Fg = AEjy. Since
ao(E4Eg) = 1 = ag(F1p), we have A = 1, and hence Ejg = E,;Fg.

E,E¢ = (1 + 240 2 ag(n)q"> (1 — 504 Z 05(n)q”>

n=1

=1+ Z (24005(n) — 50405(n))q" + (240 Z Ug(n)q"> (—504 Z os(n)

n=1 n=1 n=1

= 1+ ) (24005(n) — 50405(n))q" — 120960 Z (n = d)os(n)q"

n=1 n=2 1=1

Then we have
n—1

24003(n) — 50405(n) — 120960 Z o5(n —i)os(n) = —26409(n).

i—1
So we have the following identity relation between the functions o3(n), o5(n) and
og(n) for n = 2:

n—1

11og(n) = —1003(n) + 2105(n) + 5040 Z os(n —1i)os(n).

i=1

:
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Chapter 3

HECKE OPERATORS

In this chapter, we will introduce some operators on the space of modular forms
such as the diamond and the Hecke operators.

In the first chapter we defined the slash operator for SLs(Z). We can extend
this definition to GL3 (Q) as

MBS

(f [ 7)(2) = det(7)%(cz + d) ™" f(72)

b
where v = ¢ € GL; (Q) and z € H.
d

C

Definition 3.0.1. Let I';, I'; be congruence subgroups of SLy(Z). The set of

FlOéFQ = {710472 | 71 € F17’72 € F2a Q€ GL;_(Q)}
is called the double coset.

Lemma 3.0.2. If T is a congruence subgroup of SLs(Z), then a 'Ta n SLy(Z)

where o € GL3 (Q), is also a congruence subgroup of SLy(Z).

Proof. See [Diamond and Shurman, 2005], Lemma 5.1.1.
]

There exists an action of I'; on I'yal’s by multiplication on the left. So we have
I'aly = l I'y8; where 3;’s are the orbit representatives of the action.

Now, we can define double coset operators.

Definition 3.0.3. Let I'1,I's be two congruence subgroups and f € My(I'y). Then

the weight k& double coset operator, -|,['yal’y is defined as follows:

fliT1als =) flkb;
J

and f|kFIOéF2 € Mk(rg)
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First, we need to show that (f |, ['1al's) |x & = f | ['1al'y for all & € T's.

(f |x T1aly) | & =

since 3;@&’s are also orbit representatives of I'yal's. Moreover, f |, I'ial’s is holo-
morphic at the cusps, and hence f|p['1al'ys € My(Ts).

Now, we will check this is well-defined. Let 51 = a7, and By = 407, be in the
same orbit where 1,7, € I'y and 79,72 € I'y. This means that there exists v € 'y

such that g, = v8 Then

[k Bi(z) = [ |k mava(2) = [ |k vade(z)
= f |k adz(2) = [ |x B2 since f e M;(I')
So f |k B1 = f |k P2. Thus the operator - ['yal'y is well defined.
Let v € To(N) and I'y = T'y = T'1(IV). The subgroup I';(N) is normal in I'o(V)
as we showed in the previous chapter. So a™'T'j(N)a = I'1(N). Then we have

fle T1i(N)al'y(N) = f [k Ti(N)a = f | .
Now, we can define the diamond operator which is a Hecke operator.

Definition 3.0.4. Let d € (Z/NZ)*. Then the diamond operator

{d) : Mg(T'1(N)) > Mr(I'1(N)) defined as (d)f = f | v

a b
where v = € I'o(N) with d = § (mod N).
c

Definition 3.0.5. A Dirichlet character modulo N is a group homomorphism
X:(Z/Nz)* — C*.

Any such homomorphism takes elements of (Z/NZ)* to roots of unity in C*. The
group (Z/NZ)* is denoted by G. The set of Dirichlet characters modulo N forms
a group Gy such that (y¢)(z) = x(2)¢(x) for all 2 € Gy. This multiplicative group
is called dual group of G .
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Definition 3.0.6. Let xy : Gy — C* be a Dirichlet character modulo N. We define

the y-eigenspace of

Mi(To(N), x) = {f € Mx(T1(N)) [{d)f = x(d)[,Vd € Gn}.

3.1 The Hecke Operators

First, we will define the Hecke operator 7, where p is prime. Then we will generalize

the definition to T, for n € Z*.

Definition 3.1.1. Let p be a prime. Then we define the Hecke operator
T, : My(I'1(N)) = Mi(T'1(N))

such that
Tp(f) = f |x T1(N)al'1(N)

10
where o =

0 p .
Proposition 3.1.2. Let f € My(I'1(N)). Then we have the following formula:

- 1 |
Al ifp| N
j=0

- Ly mp n '
Zf|k + £k if pt N and mp —nN =1
§=0 0 p Np p

\ L .

In this thesis, what is important for us is how the Hecke operators act on the

g-expansion of modular forms.

Qo0
Proposition 3.1.3. Let f € My(I'1(N)) with q-expansion Z anq"”. If p does not

n=0
divide N,

e¢] 0 ¢]

To(f) = Y anpg” + "1 )" ang™.

If p divides N, then we have
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Proposition 3.1.4. Let {(dy), {ds), T,, and T,, be the Hecke operators where py, pa

are primes and dy,dy € (Z/NZ)*. These operators are commute.
Now, we will generalize the Hecke operator for an arbitrary positive integer n.

Definition 3.1.5. Let 77 = I. If n = p", then we have the following formula:
Tpr = Tpr'r‘fl — pk_1<p>Tp7"72.

This is well defined by Proposition 3.1.4.
Ifn= 1_[ p;', then the nth Hecke operator is defined by T, := H Tyei

7

o0
Definition 3.1.6. Let f € My(I'1(N)) with g-expansion f = Z anq". This mod-
n=0

ular form f is called an eigenform if it is simultaneously an eigenvector for all the

Hecke operators 7, and (n). Moreover, an eigenform is called a normalized eigen-

form if a1 (f) = 1.

Proposition 3.1.7. Let f € My(T'1(N)) be a normalized eigenform with q-expansion
o0

f= Z anq". Then we have:
n=0

In general, for any eigenform f:

an(f)
Gl(f)

Proof. Suppose that a;(f) =1 and T,,(f) = A, f for all n > 1. By Proposition 3.1.3
and from Definition 3.1.5,

Tn(f) =

f

which implies that

Then we have T,,(f) = a,(f)f.
Ifa(f)#1,
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Example 3.1.8. Take £, € My(SL2(Z)). By dimension formula the space M4(SLy(Z))
has dimension 1. Then we have T,(E;) = A\,E;. We know that £, = 1 +
240 Z o3(n)q". Since 03(3) = 28, a3z = 28 x 240 and a; = 240. We also have

n=1

the following:

o3(3)os3(n) if 3tn
03(3n) =

03(3°T)as(m) if n = 3°m where 3t m

Then

T3(Ey) = 1+ 240 )" 03(3n)q" + 27 (1 +240 ) Ug(n)qn>

nx=1 n>=1

= 28 (1 + 240 Z Ug(n)q”)

n=1
_ as(Ey)
a1 (Ey)

Ey

Remark. In this chapter, we defined the Hecke operators for f € My (T'1(V)), in fact

we can define this operator for the congruence subgroup I'g(N).
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Chapter 4

CONGRUENCES OF MODULAR FORMS MOD |

In the following chapter, we introduce the modular forms modulo [. To do so, we
will start by introducing the two congruences between the Eisenstein series. Then we
will present the space of modular forms modulo [ and we will define some operators
on this space. For this chapter, we follow [Jochnowitz, 1982] and [Serre, 1973b].

Throughout this chapter, [ is a prime, and [ > 5 unless stated otherwise. Let p
be a prime and assume [ # p. From now on, I'y(N) will be denoted by I" and Q n Z,
will be denoted by R.

Let x € QQ;, this x is called an [-integral, or an Il-integer if x € Z;, this means the

l-adic valuation v;(z) = 0.

4.1 Congruences of Eisenstein Series

We willl state some of the congruences between the Eisenstein series. To do so, we

need the following two theorems:

Theorem 4.1.1 (Kummer’s Congruence). Let [ be a prime, k be an even, positive
integer such that (I — 1)t k. Then Z& is an l-integer and if k1 = ks (mod (I — 1)),
By, By,
— = d ).
T " (mod 1)
Proof. See [Borevich and Shafarevich, 1986].

]

Theorem 4.1.2 (Clausen-von Staudt’s Theorem). Let | be a prime and k be an
even, positive integer such that (I — 1) t k. Then | does not divide the denominator

of B. Moreover, we have [By =1 (mod ), if (I — 1) | k.

Proof. See [Borevich and Shafarevich, 1986].



Chapter 4: Congruences of Modular Forms Mod [ 26

Theorem 4.1.3. If k =k (mod (I — 1)) and k # 0 (mod (I — 1)), then Ey = Ey
(mod 1).

Proof. Suppose that k = k' (mod (I — 1)). Without loss of generality, we may
assume k = k' +1 — 1. Then
ox(n) = oy (n) = YA =N aFd =Y d = op(n)  (mod 1)
dln dln dln

by Fermat’s Little Theorem.

2K
Ek =1-— Z Of— 1 q =p — — Z Jk/_l(n)q” = Ek’+l—l (mod l)

TL>1 n>1

by Theorem 4.1.1 and the congruence oy(n) = o (n) (mod ).

Theorem 4.1.4. We have Ey, — 1 € IZ||q] if and only if (I —1) | k.

Proof. Suppose that (I — 1) | k, then v;(By) = —1 by Theorem 4.1.2. This implies
that v (B%) > 1. We conclude that Ey =1 (mod [). So we have Ej; — 1 € IZ[q]-

For the other direction of the proof, suppose that Ey — 1 € {Z]q]] and assume
that (I — 1) { k. By Theorem 4.1.1, Z¢ is an l-integer. This means that v; (2£) >0
and this implies that v, (%) < 0. We also assumed that E, — 1 € 1Z[[¢], this
means Ey = 1 (mod [). So we have 2—’; = 0 (mod 1), then v, (é—’;) > 1. Since we
assumed that [ > 5 in the beginning of the chapter, we have v, (BLJ > 1. This is a
contradiction. Hence we have (I — 1) | k.

]

4.2 The Space of Modular Forms mod [

In this part, we will introduce the space of modular forms mod I.

Definition 4.2.1. Let M, (I") be the subset of F;[q] such that

M () = {f = i anq" | f = i anq" € M(I',R) and @, = a,, (mod l)} :
n=0

n=0

The set /\;lk(F) is called the space of modular forms mod | of weight k, level N.
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Proposition 4.2.2. M (') = M,(T,R)/IMy(T,R) = My(T,R) QF,.

When [ = 2 or 3, the reduction modulo [ of the Eisenstein series of weight 4 and

GareE4=E6=1.
Proposition 4.2.3. dimg, M (") = dime M,(T, C).

Proof. We know that the ring R is a discrete valuation ring. So it is a principal
ideal domain. We also know that the space of modular forms M (I', R) is a finitely
generated torsion free R-module. Since R is a principal ideal domain, this implies
that My (I, R) is a free R-module.

Since M(I',R) is a free R-module, My(I', R) = R"™ for some n € N. Then we

have
Mi([,R)®C = My(T',C) = R*® C = CIime Mr(I'C)  ¢n = Cdime Mi(10)
So n = dimec M (', C). Then
Mi(T,R) @F, = Rime M(0) @ 7, — F?imc Mi(T.C).

Thus dimg, M, (') = dime M,(T, C).

0¢]
Definition 4.2.4. Let M(T) := Z M;(T). There is an injection
k=0

Mk(r) - Mk+l—1(r)

defined by multiplication with £;_;, because F;_; = 1 (mod [) from Theorem 4.1.4.
From this map, it can be seen that My(T') € My,_1(I'). Thus this sum is not a

direct sum.

But this space has the following direct sum decomposition:

MD) = D MDD

aeZ/(1-1)Z

0
where M,,"(I) is Z M, (T') where k = a (mod (I — 1)) for all k. This also implies
k=0

that the space M(T') is a graded algebra. For the level N = 1, see [Serre, 1973a]

and see [Katz, 1973] for an arbitrary level N.
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Theorem 4.2.5. The intersection of My(T') and My (T') is non-empty if and only
if the weights satisfy k = k' (mod (I — 1)).

Proof. Suppose that k = k' (mod (I — 1)). The fact that My(I') n My (L) # &
directly follows from Definition 4.2.4.

For the other direction, suppose that f € My(I') A My /(). Then there exists
fe My(I") and f" € My, (T) such that f = f = f' (mod [). Then we have the result
for level one that will be shown in Theorem 6.1.2. For arbitrary level N, see [Katz,

1977).

Definition 4.2.6. The filtration w is defined on M(T") by
w(f) = inf{k : fe M)}

and by convention w(f) = —oo, if f =0.

Example 4.2.7.

e w(E;_1) =0, because E;_; =1 (mod [) and 1 has weight 0.

e When we have the level N = 1, the filtration w(E;;;) = [+ 1, since in modulo
[, the Eisenstein series Ej, is congruent to Fy but this is not a modular form.

The only modular from of weight 2 in level 1 is f = 0.

4.3 Operators on Modular Forms

w
Definition 4.3.1. Let f has the g-expansion Z a,q". Define the operators U,V
n=0

and 6 on F[q] by

e Ulf) = aud”
n=0

o 4(f) = Z na,q"
n=0

0

o V(f) =), ang"

n=0
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If [ = p, we have T,,(f) = U(f) when f e M(T).
Theorem 4.3.2. The operators U,V and 0 induce operators on M(T).

Proof. Let f € M(T), we will show that U(f) is also in M(T'). It can be seen that
U(f) e Fi[q]. If f € Mg(T',R) we know that T;(f) is also in My (I, R) and we have
seen that Tj(f) = U(f) + F"'V(f) = U(f) (mod ). So U(f) € My(L).

For the operator V, we have V(f) = f! (mod ) by the Fermat’s little theorem
as in the Theorem 4.3.6 and hence V(f) € M(T).

The fact that 6(f) € M(T) follows from the following Theorem 4.3.3 and the
fact that Fy = Ej,1 (mod ).

[

If f e My(T), usually - f(z) is not a modular form and 6(f) is also usually not

a modular form.

Theorem 4.3.3. There exist a map 0 : My(I',R) = My 2(I',R) defined by

o) = 07) — (5Bt

Furthermore, 0 is a derivation on M(T,R).

Proof. First, let us show that 0 : My(I',R) = My 2(I',R). Let f e My(I',R). Let
o(f) =6(f) — %EQf = g. We have to show that g € My o(I', R). It can be seen
that ¢ is holomorphic on H since f, Es and (f) are holomorphic on H.

a b
To begin with, we need to show that Jf is weakly modular. Let a = €

c d
Co(N).

k
Of |2 = 0(f) [k42 o — E(EQ l2 @) (f & @)

zi,f'—i-l ck F k:(E+1 120))f

27i omi(cz+d)”  12\7 " 2mi(cz+d
1.,k
- —f—_E
omi! 1ot
k

=0(f) — EE2f = 0(f)

Therefore 0(f) is weakly modular of weight k + 2.
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Now, we need to show that ¢ is a derivation. This map is clearly linear. We need

to show that ¢ satisfies the Leibniz formula. Let f € My and g € My.

a(ta) = 0(1g) — L1
k/

=WM+W@—%&M—E&M

= (07) — 15 B2y + (0g) — = Eag) f

12
=d(f)g + folg)

Esfg

So 0 is a derivation on M(I',R).
[l

Remark. The operator 6 can be written as 0(f) = o(f) + £E,f. Since E_; = 1
(mod ) and F» = Eyq (mod 1), we get 0(f) = 0(f)Ei—1 + 5E41f (mod 1). So
Q(f) € Mk+l+1(r).

Theorem 4.3.4. The filtration satisfies w(0f) < w(f) + 1+ 1 and if {1 w(f), then

this is an equality.

Proof. Let w(f) = k. If [ | k, then 0(f) = 0(f) (mod ). Since ¢ maps a weight
k modular form to a weight k& + 2 modular form, 6(f) € My,o(I'). Therefore
wlf) <k+2=w(f)+2.

For the case [ 1 k, see the [Katz, 1977].
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Proposition 4.3.5. T, 060 = pf o T,

0
Proof. Let f = Z a,q" be a modular form of weight k. Then

n=0

RgE

(T, 0 0)(f) =1, (Z nanq”> =

0
npanpqn + p(k:-‘rl-i-l)—l (Z nanqnp)
n=0
06
npanpqn +pk+1 (Z nanqnp)
n n=0
[ee} [ee}
p| D nang" + 9 npanq"”)

n=0

n:oo o0
po | Y anpd" + 9" ) anq”p>

n=0 n=0

(5(Ee))

= (p0 o T,)(f)

n=0

Il I
107s

because 6 operator changes the weight k to k + [ + 1 and p'~* = 1 (mod l) by

Fermat’s Little Theorem.

Theorem 4.3.6. Let f € My(I), then V f € My(I).

[ee} 0
Proof. Let f = Z a,q" be a modular form of weight k. Then V f = Z ang™. Since
n=0 n=0

[ is a prime, we have V f = f! by Fermat’s Little Theorem. Therefore V f € Mkl(F).
]

Theorem 4.3.7. The filtration w(V f) = lw(f).

Proof. For the proof see [Katz, 1977].
[

Proposition 4.3.8. Let I be the identity map. We have the following relations
between the operators U, V', T, and 0 on M(F)

1. T,oV =VoT,
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2. UoV =1
3. VoU=1-60-1

e¢]
Proof. Let f = Z a,q" be a modular form of weight k.

=0
1. Then:
(T, o V() =T, <§Oanqm> 2 anpg™ + P! Zoj] g™
= (Z g + " IZanq )
: ( ( w"))
2. We have:
(UoV)(f)=U (ianq”l> —U (ibnqn>

where b, = 0if [ {n and b, = a» if [ | n. Then we have
0 0 0

v (z w) Y b = 3 g

Hence UoV = I.

3. We have the following equality:

VoU)f) =V (i q>

n=0

0
nl
= Z an1q
n=0

o0 Q0
We can see Z amq™ as Z b,q" where b, = 0if [ ¥ n and b, = a, if [ | n.

n=0 n=0
Then:
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(T 6)() = f— Y nlVag

n=0

0
=f— Z nVa,g®  (mod 1)

o0
=f— 2 a,q" by Fermat’s Little Theorem

n=0

in
a0
n=0

where b, = 0 if [ {n and b, = a, if [ | n. Therefore VoU =1 — "1,

Proposition 4.3.9. We have the following exact sequence:
0 — M(T) 5> MT) S MT) S MT) — 0

Proof. First, we will show that the operator V' is injective. Let f, g € M(F) Suppose
that V' f = Vg. Then we have U(V f) = U(Vg). Since U oV is the identity map by
Proposition 4.3.8(2), we have f = g. Thus V is injective.

The fact that the operator U is surjective directly follows from U(V f) = f for
all fe M(T).

Now, we will show that Im V' = ker 6.

e (o) o)

0
= Z nla,g™ =0 (mod 1)
n=0

Hence, we have Im V' < ker 6.
o0
For the other direction of the inclusion, let f = Z a,q" such that 0f = 0. We

n=0
want to show that there exists g such that Vg = f. Let ¢ = Uf. Then

Vg=V({Uf)=f—0""f by Proposition 4.3.8(3)
= f (mod ).
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So we have ker < Im V', and hence ker = Im V.

o0
Lastly, we need to show Im# = kerU. Let U f = 0. This implies Z amq" = 0.

n=0

a0
So a,; = 0 for all n € N. Then f = Z anq". If we apply the operator 6, we get:

n=0
ln
00] o0
Ql—l _ -1 n __ n __
f=>n""ang" = > ang" = f.
T T

Thus ker U < Im 6. For the other direction of the inclusion:

om0 (o (St )) -0 (S )

0'e]
= Z nlayg® =0  (mod ).
n=0

Hence Im # = ker U. Therefore we have the exact sequence.

Proposition 4.3.10. We have the following inequality:

w(f)+1?-1

w(Uf) < l

When w(f) =1 (mod 1), this is an equality.

Proof. We already know that

w(f — 0" f) by Proposition 4.3.8(3)

= w(™'f)
< w(f) +1* — 1 by Theorem 4.3.4.

w(V(Uf))

We also know that w(V(Uf)) = lw(U f) by Theorem 4.3.7. Therefore we have

w(f)+1?-1

w(Uf) < l

Let w(f) =1 (mod [). Then by Theorem 4.3.4, we have w(0' ' f) = w(f)+1*>—1.

Hence we have w(U f) = %
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Corollary 4.3.11. When the filtration w(f) =1 (mod [), U f is nonzero.

Proof. Since we have I'o(/V) as the congruence subgroup, the filtration should be
even. So w(f) # 1. Therefore w(U f) is non-zero. Hence U f is also non-zero by the

Proposition 4.3.10.
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Chapter 5

SYSTEMS OF EIGENVALUES OF MODULAR FORMS

In this chapter, our main goal is to give the proof of the theorem which says
there exist finitely many systems of eigenvalues modulo [ for a fixed level N. To do
so, we will be following [Jochnowitz, 1982] as in the previous chapter. First, we will
define the system of eigenvalues, and the Hecke module. Then we will prove our
main theorem.

We fix a level N and a prime [ such that [ > 5 and [ { N, as in the previous
chapter.

5.1 Number of Systems of Eigenvalues

Definition 5.1.1. The set {\, : [ { p} where \, € F; is called the system of eigenval-
ues mod [, if there exists an integer £k > 0 and f € Mk(F) ®T; such that T, f = A\, f
for all p{ N.

Let us denote the following quotient space:

Wi = (M (1) @ Fp) /(My—p1 (1) ® F,).
Definition 5.1.2. Let p be a prime not dividing the level N. The endomorphisms
of the space M(I") of modular forms mod [ is an Fj-algebra. Let A be the subalgebra
generated by the Hecke operators T,,. The modules over this ring A are called Hecke

modules.
Since the Hecke operators also act on the space Wy, it is a Hecke module.

Definition 5.1.3. We define the Hecke module Wy[a] where a is a positive integer
and a < [ — 1 as the Fj-vector space W), with the action of the Hecke operators

modified to give the following commutative diagram of [F;-vector spaces:
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WkL)Wk

ia| |

Wila] —2 Wia]

Here [ # p, so p is invertible modulo /. This implies that the map xp® is an
isomorphism. Hence, the Hecke modules Wy[a] and W} are isomorphic as vector
spaces.

If the system of eigenvalues {\,} appears in W}, then {p®\,} appears in the Hecke
module Wy[a]. The module Wi[a] is called a twist of Wy, also the system {p®A,} is
called a twist of the system {\,}. Since we assumed a < (I — 1), for each W}, there

exist finitely many twists.

Lemma 5.1.4. Let [ 1 k. We have the operator 6 : Wi — Wyyie1 which is induced
by the operator 6. This map is an injection. In addition to that, it is an isomorphism

of F;-vector spaces when k =1+ 1.

Proof. Let [ 1 k. Then w(0f) = w(f)+ 1+ 1 by Theorem 4.3.4. Therefore # induces
amap 0 : Wy — Wipii1.
Let f € kerf. Then 6f € Myo(I'). Since we know that 6 maps a weight k
modular form to a weight k£ + [ + 1, we have f € Mk—l+1(F). So 6 is an injection.
Let K = [ + 1. We want to show that # is an isomorphism. To do so, it is

enough to show that W and Wy, ;.1 have the same dimension as vector spaces.

Since W, = (Mi(T) ® F))/(Mp—iz1(T') ® F,), we have:
dim]ﬁl Wk = dim[gl Mk(F) — dimpl Mk—l+1(r)
We showed that dimg, M(T') = dime M, (I, C) in Proposition 4.2.3. So

dimg, W), = dime My, (T, C) — dime My_144(T, C)
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By the dimension formula that we stated in Theorem 2.4.9:

dimFkaz(k:—l)(g—l)+{%Jsg—l—{§|€3+§5®—(kz—l+1—1)(9—1)
{k—l+1J€2{k—l+1J63k—l+1E
4 3 4 77
-t [5-[52))

(5] [

Let k =4a+band [ = 4a’ + O where b = 0,2 and & = 1,3. Then we have:

EJ_{¥J ) {4a4+bJ_{4(@—@’)+4(b—b’)+1J

u (g |zt
=a—(a—a) { /i
a iftY =1orb=2

a +1 otherwise

and

{k+i+1J B VcZQJ B {4(a+a’)+4(b+b’)+1J B {4&+4b+2J

(b+b’)+1J o {b+2J

= gy R
a—+a 1 1

a’ ifd =1orb=2

a +1 otherwise

Hence we have:
k B k—1+1| |k+1+1 B k+ 2
4 4 B 4 4
and with a similar calculation we have:
k k—l+1| |k+1+1 k+2
3 3 B 3 3
Therefore dimg, W), = dimg, Wy 41 and this means that 6 is an isomorphism of

[F;-vector spaces.
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The following theorem will imply our main theorem.

Theorem 5.1.5. Let j be a positive integer. Then there exists a positive integer k
with k < 20 such that the space W; is isomorphic to a twist of the space Wy as a

Hecke module.

Proof. 1f j < 21, the Hecke modules W; and W;[0] are isomorphic as Hecke modules.
So let j > 2[. We will show that there exists k£ < j and there exists a < (I — 1) such
that W; =~ Wy[a]. We will divide the proof into the two cases: j # 1 (mod [) and
j=1 (mod ).

Suppose that j #% 1 (mod ). Let k = j —1 — 1. Since T, 06 = pf o T, by
Proposition 4.3.5 and we have induced operator @, we have the following diagram

commutes:
0
Wi —— Wit

o —

po
Wi —— Wit

Moreover, § and pf are isomorphisms of vector spaces. Therefore Wy 1 = Wy [1]
as Hecke modules. Thus when j # 1 (mod /) and j > 2, we have the result.

Suppose that j =1 (mod ). We know that w(U f) = %ﬂ_l by Proposition
4.3.10. Then the operator U induces an operator U : W; — W2, which is an
injection. We also know that w(V f) = lw(f) by Theorem 4.3.7. Solthe operator V

also induces an injection V' : W 2.1 — W;,;2_;. Then we have:
l
VoU :W; - W2y

By Proposition 4.3.8(3), we know that VoU =1 — 01, Asw(f) <j+1*>—1, the
operator Vo U = —@-1.

We showed that € is an isomorphism. Since j = 1 (mod [), the operator #'~! is
also an isomorphism of F;-vector spaces, and hence V o U is also an isomorphism.
Then V is surjective. We know that the operators U and V are injections. Then V is

an isomorphism, and hence U is also an isomorphism of F;-vector spaces. Moreover,
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we have the following commuting diagram:

U
W, =L Woe,
l

Tpl lTp

W U W
i Witz
1

Hence W; and W, ,2_, are isomorphic as Hecke modules. Therefore, we also have
]

the result when j =1 (mod [) and j > 2l.

Example 5.1.6. Let [ = 5 and k£ > 24. Then
Wi = Wi_g[1] = Wi_12[2] = Wi_18[3] = Wi—aa[4] = Wi—a

Theorem 5.1.7. There exist finitely many systems of eigenvalues mod | for fized

level N .

Proof. By the Theorem 5.1.5, every system of eigenvalues modulo [ appears in the
twists of Wy where 0 < k < 2] and we also know that each W} has finitely many
twists. Hence there exist finitely many systems of eigenvalues modulo [.

]

This theorem has a nice corollary on the finiteness of the congruence classes
of the normalized eigenforms mod [. For the corollary, we need the following two

lemmas.

Lemma 5.1.8. For a given sequence {\, € F,:pisa prime} where p is not necessar-

ily different from [, there are only finitely many normalized eigenforms f = Z anq"
n=0

such that a, = A, (mod 1), for all primes p.

Proof. Recall from Definition 3.1.5 that the Hecke operator T} is defined by the
following formula:

Tpr = Tprrfl — pk_lTpr72
and the n-th Hecke operator is defined by the product of T)«i’s. So we have:

Qpr = Aplyr—1 — pk’lapr_z
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Each a,r (mod () is determined by a; which is 1 in this case because f is normalized,
a, which is A\, modulo I, r and congruence class of p*~! (mod [), and hence by the
congruence class of £ (mod (I — 1)). Then for fixed r, the set {a, : r > 0} is
completely determined by the eigensystem and by k& (mod [ —1). For a fixed integer
n = pi'ps*...pém, the coefficient a,, is completely determined by the eigensystem and
by k (mod [ —1). Consequently, there are only finitely many normalized eigenforms

f= Z anq" such that a, = A\, (mod 1), for all primes p.

nz=0

O
Lemma 5.1.9. Let k > [+ 1, then U(W}) = 0.
Proof. Let k> 1+ 1 and let f € W;. By Proposition 4.3.10, we have

[A=r]
w(Uf)<%<l+l<k:.

Hence, we have U f = 0.

O

Corollary 5.1.10. There are only finitely many congruence classes of normalized

eigenforms mod | for fixed level N.

Proof. Let A = {)\, : [ { p} be a system of eigenvalues mod I. Let f € M(I') ® F,

be a normalized eigenform with g-expansion Z a,q" that gives the system \. Since
n=0

a, = A\, (mod [) when p # [, the set of sequences {a,(f) (mod l) : p # [} is finite
because there exist finitely many systems of eigenvalues by Theorem 5.1.7.

The operators U and 7T are equal modulo [ and if w(f) > [+ 1, then U(f) =0
by Lemma 5.1.9, and hence a;(f) = 0 (mod l). If w(f) < [+ 1, then f appears
in a space of modular form of weight at most [ + 1. Since each space of modular
forms has finite dimension, there are finitely many possibilities for a;(f) since it is
the eigenvalue of the operator U.

Hence, there exist only finitely many congruence classes of eigenforms modulo [

by Lemma 5.1.8.
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Example 5.1.11. Let [ = 5 and the level N = 1. We will try to find all systems
of eigenvalues. Every system of eigenvalues appears up to twist in weight at most
2l = 10. In My, there are only constant modular forms and in My there are no
non-zero modular forms. The space My is generated by F; and Mg is generated
by E?. We know that Fy = 1 (mod 5) by Theorem 4.1.4. Therefore M, and My
contain only constant modular forms. The space Mg is generated by Eg. Moreover,
the space M is generated by the Eisenstein series Fjy and it is equal to E4FEg by
Example 2.4.12. Then M is also generated by Eg. Hence there are up to twist only
the systems of eigenvalues coming from the weight 6. Every system of eigenvalues

coming from the twists 6(Gg) where 0 < a < 3.

J(Ge)=1+p°=1+p (mod5)

S

(

a,(0Gs) =p +p°  (mod 5)

a,(6°Ge) = p* +p*>  (mod 5)
(

ay(*°Ge) =p* +p* =p* +1  (mod 5)
So these are only 4 systems of eigenvalues that appear in modulo 5.

Example 5.1.12. Let [ = 7 and the level N = 1. We use the same idea as in the
previous example. We're only checking up to the weight 14. Again, the space M,
contains only constant modular forms and in the space M there is only zero. Since
Es =1 (mod 7), the space My also consist of constant modular forms. We know
that M, is generated by E; and the space M is also generated by Ej because

FEyy = E,FEs = E; (mod 7). There are the systems of eigenvalues coming from Gj.

a,(0*G) =p* +p° =1+ p* =a,(G4) (mod 7)

We also know that Ms is generated by FE. Additionally, the space My is generated
by Eg because F1y = EgFg = Eg (mod 7). So we have the systems of eigenvalues
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coming from Gg.

a,(0Gs) =p+p° (mod 7)
Gs)=p° +p° (mod7)
0°Gs) =p’ +p'  (mod 7)
Gs)=p' +p° (mod 7)
Gs)

=p"+p°=1+p" (mod7)

The space of modular forms M, is generated by E;» and A. We calculated on
SAGE:

A=1 (modT7)

and hence the only new eigensystem coming from M5 is the system of eigenvalues

coming from A = Z 7(n)q" where 7 is the Ramanujan tau function.

n=1

Since Eyg = E,FEg, we have w(Fyy) = 4. Then w(0Ey) =4+ 7+ 1 = 12 by

Theorem 4.3.4. So 0(FE}p) can be written as a linear combination of Ej5 and A.
O(F19) = AE1a + BA= X+ A (mod 7)

since 0(E1p) and A have no constant coefficient A = 0. The Eisenstein series Ey has
the g-expansion 1+2¢+4¢?+... modulo 7. Then we have 0(E1g) = 2q+8¢*+... = 2A
(mod 7). This means that §(G1p) = A (mod 7). Therefore

T(n) = nog(n) (mod 7)

Here we showed that A is a twist of the Eisenstein series élO- We already found
that the eigenvalues with respect to E1g come from the system of eigenvalues of the
Eisenstein series G4. So there are exactly 9 systems of eigenvalues appear in modulo

7.
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Chapter 6

SERRE’S 1-ADIC MODULAR FORMS

In the previous chapters, we talked about the reductions of modular forms mod-
ulo prime [. Now we will introduce the [-adic modular forms with level N = 1 and

we are following [Serre, 1973b]. Throughout this chapter [ is a prime.

6.1 Congruences modulo ['™

In the Chapter 4, we talked about the congruences modulo [ satisfied by the Eisen-
stein series. Now, it is natural to examine the congruences of Eisenstein series

modulo [ where m is a positive integer.

Proposition 6.1.1. Let m be a positive integer. Then we have Ey, — 1 € I"Z[¢]
if and only if (I — 1)I™~ divides the weight k when | > 2 and I™~2 divides k when
[ =2.

Proof. Let (I — 1)I™! divides the weight k and [ > 2. Since (I — 1) | k, we have
Ul (B’“) < 0 by Theorem 4.1.2. So v <2k) > 0 and we also know that {1 | k.

& By
Therefore v, (é—i) >m. Ifl =2 and ™2 | k, then v (%) > m — 1. So we have
Uy (é—i) > m. Hence E, — 1 € I"Z[q]

For the other direction of the proof, suppose that Ey —1 € I"Z,[[¢q]]. This implies
that By — 1 € IZ[[q]] and (I — 1) | k by Theorem 4.1.4. Since Ej, — 1 € I"Z[q],
the valuation v, (B%) > m when [ > 2 and v, <Bik> > m — 1 when [ = 2. Since
(I — 1) divides k, we know that v(By) = —1. If we combine these two results, we
get v;(k) = m — 1 when [ > 2 and we have v;(k) = m — 2 when [ = 2. Therefore we

have the result.
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Theorem 6.1.2. Let m > 1. Let f € My(SLy(Z),Q) which is non-zero and
e My (SLy(Z),Q). Suppose that

u(f = f) = ulf) +m.

Then we have the following congruences between the weights k and k' :

k=K (mod (I—1)m") if 1>2

k=K (modI™?) if =2

Proof. The existence of the integral basis implies that the coefficients of f have
valuations bounded from below (for the existence, see [Kilford, 2008]). Therefore,

without loss of generality, we can assume that v;(f) = 0. Then we have

u(f—f)=m.

This means that f — f = 0 (mod ™). Then reducing modulo [ we have f = f’.
This means that there exists a € Z/(I — 1)Z such that f, f' € Me. Therefore we
have k =k’ (mod (I — 1)). This means we have the result when m = 1.

Now, we will show the result for m > 1 and [ = 5. Let h := k' — k. To finish
the proof we need to show that {™~" | h. The modular forms f” and f'Ejn_1) have
the same g-expansion by reduction modulo [. Hence we can replace f’ by f'Epnq_1)
for some n positive integer to get h > 2. In this way, we have the Eisenstein
series of weight h, Ej. Since h =0 (mod (I — 1)), we have E, —1 =0 (mod ) by
Proposition 6.1.1. Let us define r := v (h) + 1. If we show that r» = m, we would
have v;(h) = m — 1 and this means that [™~! | h so we would be done.

Assume that m > r. By hypothesis, we know that f — f' =0 (mod ["). There-
fore f — f/ = 0 (mod ["). We also know that h = 0 (mod (I — 1)I""') and hence
E,—1=0 (mod [") by Proposition 6.1.1. Therefore we have the following equality:

fEh—f/Zf—f/+f(Eh—1) =0 (mod lr)

Then we have

7" (fE,— f)=U"f(E,—1) (mod ).
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Then by Theorem 4.1.2, we have v;(Bj) = —1. So we have:

(z ZZ ) (7Y + 0i(2h) — w(By) = 0.

Therefore, we have the following:
lir<Eh — 1) = t(p

where ged(t,1) =1 and ¢ = Z on-1(n)q". Then we have

fo = (tlr)_lf(Eh 1) =) (fE,— f) (mod ).

We have

o —¢ = Z op-1(n)q" (mod I)
ltn

P2 ()
24 .

Then if we look at their filtration we have

w(@— @) =w <_—" _22<4E2>> |

This means that w(@') = w(0'2(Ey)) since By = Ej4q (mod 1) by Theorem 4.1.3.

We know that w(@!) = lw(p) by [Katz, 1977]. We also know that w(Ej;) = + 1

by example 4.2.7. Then w(8'2(Ey,1)) = (I —1)(1 + 1) by Theorem 4.3.4. Therefore

lw(p) = 1> — 1 but this is a contradiction since [* — 1 is not divisible by I. Hence

r = m and this means ™! | h = k' — k. Therefore k¥’ — k is divisible by (I — 1)I™ !,
For the case [ < 5, see [Serre, 1973b].

6.2 |[-adic Modular Forms

In this part, we will introduce [-adic modular forms which is constructed by Serre
and we will describe some of its properties. Then we will give an example of Serre’s

[-adic modular forms which is [-adic Eisenstein series.
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[oe}

Definition 6.2.1. Let f € Q¢ with f = Z a,q". We define the [-adic valuation
n=0

on the formal power series by

v (f) = inf v (ay).

In order to define the l-adic modular forms, we introduce the following group

which will be the group of weights of /[-adic modular forms.

Definition 6.2.2. The group X is defined by the inverse limit X = lim X, where
X =ZJI™Z x 7)(1 — 1)Z when | > 2 and X,, = Z/2™ 27 when | = 2. Therefore

X =7 xZ/(l—1)Z when | > 2
where 7Z; is the set of [-adic integers and
X =~ 7Zs when [ = 2.
Let ke X. This k is called even if it lies in 2.X.

Definition 6.2.3. Let f € Q;[[¢]]. This power series f is called an [-adic modu-
lar form if there exists a sequence of modular forms f; € My, (SLy(Z,Q)) which

converges to f in the sense that lim v(f — f;) = +o0.
1—00

Proposition 6.2.4. Let f; be a sequence of modular forms with rational coefficients,
of weight k; which converges to an l-adic modular form f. Then the sequence of

weights k; converges to some k e X.

Proof. 1f the sequence {f;} converges, this means that v;(f — f;) goes to +00 when
i — +00. So there exist N such that v(f; — f;) = m for all 4,5 > N. Therefore
ki = k; (mod (I — 1)I™!) by Theorem 6.1.2. Then the image of k; is eventually
constant in X, for every m. So the limit k of the sequence {k;} exists in X.

]

This k € X is called the weight of the [-adic modular form f. Furthermore, this
weight £ always lies in 2X. Therefore the weight of an [-adic modular form is also

everl.
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Recall that we showed in Theorem 6.1.2 that: if f € M (SL2(Z),Q) is non-zero
and f' € Mp(SLs(Z),Q) with v (f — ') = v/(f) +m for m > 1, then k = ¥

(mod (I —1)I™~1). Actually the same is true also for [-adic modular forms.

Lemma 6.2.5. Let {f;} be a Cauchy sequence in Qq]]. If lliI_El |fili # 0, then
1—+00
v(fi) = w(f) fori>0.

Proof. Since Z211100 |fili # 0, there exists ¢ = [7" > 0 and N € N such that |f;|; > ¢
if ¢ > N. This means that v(f;) = inf{v/(a,,;)} < 7. Since {f;} is a Cauchy
sequence there exists N’ such that |f,, — for|i < & if m,m’ = N’ and it means that
O (fm = far) = inf{vy(apm — @)} > 7. Then we choose N = max{N, N'}, for

m,m' = N

Ul(fm) = Ul(fm - fm’ + fm’)
= min{vl(fm - fm’)avl(fm’)}
= Ul(fm’)
By symmetry, we have v;(f,) < vi(fm) and hence v(fin) = vi(frr). Thus u(f;) =

u(f) for i = N.
[

Proposition 6.2.6. Let m > 1 and let f and f' be nonzero l-adic modular forms

with weights k and k'. Suppose that v/(f — f') = v/(f) +m. Then
k=K (mod (I — 1)) if 1>2

k=K (mod ™ ?) if =2
and this means that k — k' is zero in X,,.

Proof. The statement is clear if f = f’. Suppose that f, f’ are distinct. By definition
of [-adic modular forms, there exist a sequence of modular forms f; of weights
k; which converges to f and a sequence of modular forms f; of weights k] which

converges to f’. Since f and f’ are nonzero, by the previous lemma we have v;(f) =

v(f;) and v (f — f') = v(fi — f!) for i big enough.
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Thus
ou(f =) =ulfi—f)=ulfi) +m=u(f) +m

asi — 0. Then k; =k, (mod (I—1)I™"1) when [ > 2 and k; = k/ (mod I™~2) when
[ = 2 by Theorem 6.1.2. Therefore

k=K (mod (I— 1)) if 1> 2

k=K (modI™?) if =2

and hence k — kK =0€ X,,.
]

Corollary 6.2.7. Let f be an l-adic modular form of weight k with q-expansion
2 anq". Suppose that m =0 and k (mod (I — 1)I") is nonzero. Then

n=0

v(ag) +m = v (Z anq") :

n=1
Proof. Let f' = ap. If ap = 0, we have v;(ag) = +o0 and we have the result.
Suppose that ag is nonzero. Then f’ has weight zero. We assumed that k& £ 0
(mod (I —1){"™). Then v (f — f') <wu(f)+ m+ 1 by Proposition 6.2.6. This means

vy Z anq" | <v/(f)+ m+ 1. Therefore we have

n=1

U (Z anq”) <ul(f)+m.

n=1

Since we defined v;(f) = inf v;(a, ), we have the result:

Uy (Z anq”) < v(ag) + m.

n=1

]

Corollary 6.2.8. Let f;’s be l-adic modular forms of weight k; which have q-
expansions f; = 2 an,iq". Suppose that the following hold:

n=0
e For each n = 1, there are a, € Q; such that a,; converges uniformly to a,, as

7 — +00.
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e The sequence of weights {k;} converges to nonzero k in the group X.

Then the sequence of the constant terms ag; converges to ay. Furthermore, the

sequence f; converges to an l-adic modular form f whose q-expansion is Z anq"
n=0

and which has weight k.

Proof. Since we assumed k is nonzero, then we can choose an m > 1 such that £ is

nonzero in X,,. The sequence a,; converges as ¢ — +00 uniformly to a, for each

n > 1, then |a, |, uniformly converges to |a,|;. This implies that |a,,;|; is uniformly

bounded. Then we can choose r € Z such that there exists N, e N
v(an:) =1

forallm >1and 7> N,.

By the previous corollary, we

vi(ap;) +m =y (2 anﬂ-q”) = infu(an,:) =r

n=>1
forallm >1and 7> N,.
So

v(ap;) =r—m

This means that {"™™ | ag,;. Therefore ag; € I""™Z;. The space Z; is compact and
since it is a metric space it is also sequentially compact. Let {aq, } be a subsequence
of {ao;} which converges to ag and {ag,, } be a subsequence of {a;} which converges
to ag. Then these two limits give the following two [-adic modular forms of weight
k:

fzao—i-Zanq” and fz&o—l—Zanq”

n>1 n>1
Since these two have weight k, their difference f — f also has weight k& nonzero.
But f — f = ag — do has also zero weight. Therefore ag — ao = 0. So different
subsequences have the same limit, and hence the sequence ag; has the limit ay.

Therefore, we conclude f,,; converges to [-adic modular form f = Z anq".

n=0
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6.3 l-adic Eisenstein Series

We know that the Eisenstein series of weight 2 is not a modular form in the classical
theory of modular forms. But after defining [-adic Eisenstein series we will see that
there exists [-adic Eisenstein series of weight 2.

Let k£ be an integer. We know that ox(n) = de. Let k € X and n be a
din
non-negative integer. If [ does not divide d, then d is contained in Z; . Then we can

define o} (n) as follows:

op(n) = Z d”.
dn
(1,d)=1
In order to make sense of this definition, we need to define the term d*:

Since d is in Z;°, we can write it as d = d;dy where d; is a (I — 1)st root of unity

and dy = 1 (mod ). Let k € X such that k = (my,ma) € Z; x Z/(l — 1)Z. Then
d* = d2dyn

Now, we will show that the term d3" is well-defined. Let z = 1 +la e 1 +1Z,

J
and 7 € Z; such that 7 = Z a;l* where 0 < a; < (l—1). Let 7; = Z a;l*. Then

120 1=0

v (z™ —27) = u(la) + v(m, — 7))

=1+ v(a) +v(aj ™ +a; o + L+ aplh)

This means that 2™ converges to z7. Therefore raising to an [-adic power can be

defined by this limit:

T ao+a1l+...+ajlj

Zz" = lim =z
J—+00

Let k; > 4 be a sequence which converges to k in X in the sense of [-adic topology

and |k;| goes to +00 in the usual sense. Since k; converges to k in X:
d" ' - dF "t as i — 4o, if [ {d

Since |k;| — +o0:

d"' - 0asi— +oo, ifl|d
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Therefore we have:
Op,—1(n) — op_(n)

as © — +00. Now, we will show that this convergence is also uniform in n.

‘Uki—l(n) - O—Z—l(n)h = Z dki_l + Z dki_l - Z dk_l

I|d Ud Ud l

<max<{ Y dh LY (dE = dt

I|d Itd

l l

We have

dei_l < max{‘dki_l‘l td|nl|d} <R

I|d .

We also have

Dd T —d* | <max {|dh Tt —d* o d | n, 1t d}

Ud .
< max {|d} 'y — df* T o d  ny Lt d}

since k =k; (mod (I —1)I™ ") then my =k; (mod (I — 1))

k;—1 -1
<l—vl(d2l —d;nl )

< l_UZ(ml_ki)

Thus

‘Uki—l(”) - 02_1(n)|l < max{ll_ki7 l_vl(ml_ki)}

Hence we have an upper bound which does not depend on n. Therefore it converges
uniformly.
Recall that
B
Gy = —2—2 + Z op-1(n)q"

n=1

Let Gg, be the Eisenstein series of weight k;. We know a,,; = oy,-1(n) converges
uniformly to a, = o} _;(n) for each n > 1 and the weights k; converges to k in X.
Therefore, by Corollary 6.2.8, the sequence of Eisenstein series Gy, has a limit G

which is an [-adic modular form whose g-expansion is

B,
Gr=lim ——= + > o7 (n)q"

imto 2k &
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We need to show that there exists a sequence of k; > 4 which converges to 2 € X.

Then we can conclude that there exists [-adic Eisenstein series of weight 2. Let
ki=2+ (-1
Then for m big enough we have:

ki=2 (mod (I —1)I™1)

So k; converges to 2 in X as i — 400 and |k;| — +o0 in the usual sense. Therefore

we have the [-adic Eisenstein series of weight 2:

By,
Gy = lim —=" 4+ ) of(n)q"

i>+oo  2k; A

6.4 Modular forms with respect to I'y(l)

In this part of the chapter, we will show that if f is a classical modular form with
rational coefficients with respect to T'g(1), then it is also an l-adic modular form.

First we define the trace of a modular form.

Definition 6.4.1. Let f be a modular form with respect to I'z(l). Let ~; where
i€ {l,...,l + 1} be coset representatives of I'y(l) in SLy(Z). Then the trace of f is
defined by:

Tr: Mg(To(l)) > My(SL2(Z))

1+1
Tr(f) = > flwvi
i=1
Notice that this definition comes from the double coset definition in Definition
3.0.3. Let I'y = T'g(I), I'y = SLy(Z) and « be the identity matrix I, then we get this

trace map.

0 1 -1 0
Let W = . Then W? = . Recall that we defined the slash k
-1 0 0 -l

operator by:

k
2

flev(2) = (det )2 (cz + d) " f(v2).
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Therefore we have:
Fle W2(2) = (det W2)2 (02 — 1) F F(W22)
= (-D)7Ff(z) = f(2).

a b
Let f be a modular form with respect to I'g({) and v = € I'y(l). Then
In d
o 0 1 a b 0 % d —n
WAW ™" = = e T'o(1)
-l 0| |ln d] -1 O —lb a

Since we said f € My(T'y(1)),
[l WAW =t = f.

Then we have
W) lky=Fflx W

and hence f | W is also a modular form with respect to I'g(().

Lemma 6.4.2. Suppose that [ is a modular form with respect to T'g(l). Then we

have the following formula:
Tr(f) = f+1730(f [k W)
where U is the operator defined in Definition 4.3.1.

Proof. We know that [SLy(Z) : T'y(1)] = I + 1 by Proposition 2.1.4. Let the coset
representatives of I'g(l) in SLy(Z) be:

Vg1 =1
and if j € {1,...,1}
0 -1
V=
L

Let 3; = . Then we have

O ==
—_ o~

o~
)
S~
—_ ~<
[u—
<
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This means that we can write each v; = W ;. Then

I+1

!
ZZf\k’Yj :f+2f’k7i
j=1 j=1

z
= [+ > W B

j=1

!
= [+ D (FWV)[B;

j=1

1B e ()
=f+1 22f|kW<ZJlr]>

Since f|,W is a modular form, it has a g-expansion, say f|,W(z

q = €2™*. Then

l l
zZ+]
3171w () - L B
j=1 j=1n=0
2mni(z+yj)
= an, Z [ l
n=0  j=1
l
27rn1z 27'r'n,7,]
= ame ) e
n=0 7=1
and
l l .
2mnij 27rnz
Dt =2 ()
J=1 J=1
27ni
1—(e 1)
= 2mni
1—e
0, ifltn
[, ifl|n.

Then we have

l
DM w <Z
=1

+ ] T™niz
lj) :lZane2l where [ | n.
n=0

Z a,q" where

n=0
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This means

l .
S kew (S < wsan)

Hence, we have the result:

Tr(f) = f+1730(f o W).
]

In order to show that every modular form with rational coefficients with respect

to I'g(l) is also an [-adic modular form, we need the following the lemma.

Lemma 6.4.3. Let h > 4 be an integer such that (1—1) | h and let g = E,—1% )|,V
Then g = 1 (mod ). Moreover, g[,W = 0 (mod [*+2).

Proof. Since (I — 1) | h, we have Ej, = 1 (mod [) by Theorem 4.1.4. This implies
that g =1 (mod [).

The matrix W can be written as

0 -1 [0
W =
1 0 01
0 —
Since € SLy(Z), we have
1 0
-1 [0
By [n W= Ep |n
0 01
0 -1 [0
= | Enln In
1 0 01
[0
= B |n
0 1
= 12 By (12)

= 13V (By)
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where V' is the operator we defined in Definition 4.3.1. Therefore, we have:
gInW = Bu|y)W — 12 Ey|,W?

= E\W — 12E),
= 12V(Ey) — 12 E),

[

=12(V(En) — Ep)

=0 (mod ['*2)

because we showed Ej, = 1 (mod[) and we also have V(E,) = 1 (mod ), so

I|(V(E,) — Ep). Hence we have g|,W =0 (mod I'*2).

Theorem 6.4.4. Let f € My(Ty(1),Q). Then f is an l-adic modular form.

Proof. In order to show that f is an [-adic modular form, we need to find a sequence
of modular forms with rational coefficients {f;} which converges to f. So we need
to show that v,(f; — f) — +oo with v (k; — k) — 400 as i — +00.

Let f; := Tr(fg") where g = E), — l%Eh|hW as in the previous lemma. We know
that Tr(fg") € My, (SLy(Z), Q) where k; := k + I'h, since f has weight k and ¢ has
weight h, the weight of f; is k; = k + [*h. Then we have

ulfi = f) =w(Tr(fg") - f)
= vl(fgli + ll_%U(fgli kW)= f)
= vl(f(gli —-1)+ ll_%U(fgli K W))

> min{u(f(g" — 1)), 0" 2 U(fg"

s W)}

Let us calculate v,(f(¢g" — 1)) and Uz(ll_%U(fgli

u(fg" = 1)) = u(f) +uld" —1)

=u(f)+i+1
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because we showed in the previous lemma, g = 1 (mod ).

(P HU (" b W) = 1= 2w s, W)
>1- % +u(fg" e, W)
1 S al(f Wy b))
=1—%+Ul(f Ik W) + (g |n W)
Since g[sW =0 (mod {'*2) we have = 1 — g — % +u(f | W) +1' (1 + g)

k )
21—§+Ul(f|kW)+ll

Then
u(fi — f) = min{y(f) +i+ 1,1 — g +u(f g W)+ 1%}

Therefore v;(f; — f) — +o0 as i — +00. So this sequence { f;} converge to f. Since
ki = k + hl’, the sequence {k;} converge to k € X. Hence f is an [-adic modular

form of weight k. O]

Corollary 6.4.5. Let f € M (L'o(l),Z). Then there exists f' € Myyiq-1)(SL2(Z), Z)
such that f = f' (mod 1) for i is big enough.

Proof. Let h =1 — 1. Then we have g = F;_; — ll_TlEl_1|l_1W as in Lemma 6.4.3.
Let us choose f' = f; = Tr(fg") € Miti1-1)(SL2(Z), Z) where i is big enough such

that v (f | W) +1' > g Then as in the previous theorem we have,
1 . : k %
alf' = 1) > minfu(f) 414 1,1~ 5 4 af b W) + 1)

Since f has integer coefficients, v;(f) = 0 and since we chose i so that v(f |«

W)+1 =% wehave 1 — £+ v (f [ W)+ 1 > 1. Hence, we have v,(f' — f) > 1.

Therefore f = f' (mod ).
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