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Koç University

Graduate School of Sciences and Engineering

This is to certify that I have examined this copy of a master’s thesis by

Ruhat Kabulantok

and have found that it is complete and satisfactory in all respects,

and that any and all revisions required by the final

examining committee have been made.

Committee Members:

Asst. Prof. Dr. Nadim Rustom

Assoc. Prof. Dr. Sinan Ünver
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ABSTRACT

Congruences Between Modular Forms

Ruhat Kabulantok

Master of Science in Mathematics

July, 2020

Modular forms admit Fourier expansions whose coefficients encode a lot of inter-

esting arithmetic information. One fruitful method of studying these coefficients

is through studying their congruences modulo primes l or powers of l. This the-

ory can be traced back to the work of Ramanujan, and was developed by Serre,

Swinnerton-Dyer, and Katz, among others.

In this thesis, we will study Serre and Swinnerton-Dyer’s theory of modular forms

modulo l. We will examine some applications of this theory, including Jochnowitz’s

proof of finiteness of systems of Hecke eigenvalues modulo l. We will also give a

brief exposition of Serre’s theory of l-adic modular forms.
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ÖZETÇE

Modüler Formlar Arasındaki Denklikler

Ruhat Kabulantok

Matematik, Yüksek Lisans

Temmuz, 2020

Modüler formların sahip oldukları Fourier serilerinin katsayıları birçok ilginç arit-

metik bilgi içerir. Bu katsayıları incelemenin bir yolu, bu katsayıların modulo l ya da

l’in kuvvetlerindeki denkliklerini incelemektir. Bu teori Ramanujan’ın çalışmalarına

dayanır. Serre, Swinnerton-Dyer ve Katz bu teoriyi geliştiren isimler arasındadır.

Bu tezde, Serre ve Swinnerton-Dyer’in modulo l modüler formlar teorisinin üzerine

çalışacağız. Jochnowitz’in modulo l Hecke özdeğerleri sisteminin sonlu oluşunun is-

patı da dahil olmak üzere bu teorinin bazı sonuçlarını inceleyeceğiz. Ayrıca Serre’in

l-adik modüler formlarından da kısaca bahsedeceğiz.
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support during my studies and in every single moment of my life.

vi



TABLE OF CONTENTS

Chapter 1: Introduction 1

Chapter 2: Modular Forms 6

2.1 Congruence Subgroups . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.2 Modular Forms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.3 Examples of Modular Forms of Level N “ 1 . . . . . . . . . . . . . . 11

2.4 Dimension Formula . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

Chapter 3: Hecke Operators 20

3.1 The Hecke Operators . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

Chapter 4: Congruences of Modular Forms Mod l 25

4.1 Congruences of Eisenstein Series . . . . . . . . . . . . . . . . . . . . . 25

4.2 The Space of Modular Forms mod l . . . . . . . . . . . . . . . . . . . 26

4.3 Operators on Modular Forms . . . . . . . . . . . . . . . . . . . . . . 28

Chapter 5: Systems of Eigenvalues of Modular Forms 36

5.1 Number of Systems of Eigenvalues . . . . . . . . . . . . . . . . . . . . 36

Chapter 6: Serre’s l-adic Modular Forms 44

6.1 Congruences modulo lm . . . . . . . . . . . . . . . . . . . . . . . . . 44

6.2 l-adic Modular Forms . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

6.3 l-adic Eisenstein Series . . . . . . . . . . . . . . . . . . . . . . . . . . 51

6.4 Modular forms with respect to Γ0plq . . . . . . . . . . . . . . . . . . . 53

Bibliography 59

vii



Chapter 1: Introduction 1

Chapter 1

INTRODUCTION

The modular forms are ubiquitous mathematical objects which are defined as

complex holomorphic functions on the upper half-plane with some transformation

properties under the action of the congruence subgroups of the modular group

SL2pZq. Due to their symmetry properties, a modular form has q-expansion with

complex coefficients, and these coefficients give plenty of arithmetic information.

Therefore it is natural to study these coefficients and one way to do that is to

examine their reductions modulo some prime l.

This thesis aims to study the space of modular forms modulo prime l investi-

gated by Serre in [Serre, 1973b] and Swinnerton-Dyer in [Swinnerton-Dyer, 1973],

to explain a generalization of their results given in [Jochnowitz, 1982] and then to

introduce the l-adic modular forms constructed by Serre in [Serre, 1973b].

The first examples of non-trivial modular forms with respect to SL2pZq are the

Eisenstein series of weight k denoted by Gk and the normalized Eisenstein series,

Ek, have the q-expansion:

Ek “ 1´
2k

Bk

ÿ

ně1

σk´1pnqq
n

where σkpnq “
ÿ

d|n

dk and Bk is the kth Bernoulli number.

The Hecke operator Tn is a linear operator on the space of modular forms,MkpΓq.

The pth Hecke operator Tp for some prime p, acts on the q-expansion of a modular

form f by:

Tppfq “
8
ÿ

n“0

anpq
n
` pk´1

8
ÿ

n“0

anq
np.

For n “ pr, then we have Tpr :“ TpTpr´1 ´ pk´1xpyTpr´2 and for n “
ź

i

peii , the nth
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Hecke operator is defined by Tn :“
ź

i

Tpeii . A modular form which is simultaneously

an eigenvector for all the Hecke operators is called an eigenform and an eigenform f

is called normalized is a1pfq “ 1. For each normalized eigenform f , the eigenvalue

corresponding to Tn is equal to the nth Fourier coefficient anpfq.

Modular forms can be approached in a classical way. Moreover, it is natural to

analyze their properties modulo a prime l. From now on l and p are primes where

l ě 5, p ‰ l and l - N . To study the reduction modulo l of modular forms, we choose

the modular forms with rational numbers whose denominator is not divisible by l.

Then the space of modular forms modulo l is a subspace of Flrrqss such that:

M̃kpΓq “

#

f̃ “
8
ÿ

n“0

ãnq
n
| f “

8
ÿ

n“0

anq
n
PMkpΓ0pNq,QX Zlq and ãn ” an pmod lq

+

.

The algebra M̃pΓq is defined by the sum of M̃kpΓq’s and this algebra is studied by

Swinnerton-Dyer [Swinnerton-Dyer, 1973] and Serre [Serre, 1973b]. The operators

U , V and θ on this algebra are defined by the following formulas:

• Upfq “
8
ÿ

n“0

anlq
n

• θpfq “
8
ÿ

n“0

nanq
n

• V pfq “
8
ÿ

n“0

anq
nl

If we examine the Eisenstein series modulo prime l, we get the following two con-

gruences:

Proposition. Ek ” Ek1 pmod lq when k ” k1 ‰ 0 pmod pl ´ 1qq

Proposition. Ek ´ 1 P lZlrrqss if and only if pl ´ 1q | k

In the proof of these two congruences, we use two main congruences about the

Bernoulli numbers, namely: Kummer’s Congruences and Clausen-von Staudt’s the-

orem. Since the reduction modulo l of El´1 is one by the congruences above, there is

an inclusion M̃kpΓq Ď M̃k`l´1pΓq obtained by multiplication by El´1. The smallest
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weight of the space M̃kpΓq where the reduction of the modular form f contained in

is called the filtration and it is denoted by wpfq “ inftk : f P M̃kpΓqu.

The Hecke module where we take the quotient of the space of modular forms

with coefficients in F̄l by the modular forms with the lower filtrations is denoted by:

Wk “ pM̃kpΓq b F̄lq{pM̃k´l`1pΓq b F̄lq

A twist of Wk is the Hecke module Wkras where 0 ă a ď l´ 1 which F̄l-vector space

Wk with the action of the Hecke operator is pa. These Hecke modules Wkras and Wk

are isomorphic as vector spaces. Moreover, if the system of eigenvalues tλpu appears

in Wk, then tpaλpu appears in the Hecke module Wkras. For each Wk there exist

only finitely many twists. The set tλp : l - pu where λp P F̄l is called the system

of eigenvalues mod l, if there exists an integer k ě 0 and f P M̃kpΓq b F̄l such

that Tpf “ λpf for all p - N . In this thesis, the main theorem which is proved in

[Jochnowitz, 1982] is the following.

Theorem 5.1.7. There exist finitely many systems of eigenvalues mod l for fixed

level N .

This theorem has shown for level one in [Serre, 1975] and for an arbitrary level

N by Jochnowitz, it immediately follows from:

Theorem 5.1.5. Let j be a positive integer. Then there exists a positive integer k

with k ď 2l such that the space Wj is isomorphic to a twist of the space Wk as a

Hecke module.

The idea of the proof relies on the fact that the operators U , V and θ induce the

operators on Wk using the fact that the filtration wpθfq “ wpfq ` l ` 1 when l - k

and wpUfq “ wpfq`l2´1
l

when wpfq ” 1 pmod lq. Moreover the operators U , V , θ

and Tp commute as following:

• Tp ˝ θ “ pθ ˝ Tp

• Tp ˝ V “ V ˝ Tp

• U ˝ V “ I
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• V ˝ U “ I ´ θpl´1q

and these are the facts that are used in the proof.

As an application of the main theorem, we show that there exist only 9 systems

of eigenvalues when l “ 7 and the level is one. We also show there are 4 system of

eigenvalues for l “ 5 and the level one. Additionally, the main theorem has a nice

corollary:

Corollary 5.1.10. For fixed level N , there are finitely many congruence classes of

normalized eigenforms.

Besides, the modular forms can also be worked in the l-adic sense. The l-adic

modular forms are defined as the limit of classical modular forms with rational

coefficients. As a result of this construction, we will see that even though there is

no Eisenstein series of weight 2, we can talk about l-adic Eisenstein series which are

l-adic modular forms of weight 2. Finally, we have the following interesting result

proved in [Serre, 1973b]:

Theorem 6.4.4. If f is a classical modular form with respect to Γ0plq with rational

coefficients, it is also an l-adic modular form.

Structure of the thesis

This thesis has three main parts. In the first part, we introduce the modular forms

in the classical way and define the Hecke operators, closely following [Diamond and

Shurman, 2005]. In the second part, the main reference is [Jochnowitz, 1982]. In this

part, the space of modular forms mod l is described and this is the part where we

try to understand our main theorem. Lastly, we give details on the l-adic modular

forms which are constructed by Serre in 1973 [Serre, 1973b].

In Chapter 2, the fundamental notions of the classical theory of modular forms

will be presented. In the first part of this chapter, we define the congruence sub-

groups Γ of the modular group SL2pZq, then the modular forms with respect to Γ.

Next, the Eisenstein series will be introduced as non-trivial examples of the modular

forms for level one.
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In the second part of this chapter, our main goal is to give a dimension formula

for the space of modular forms with respect to an arbitrary congruence subgroup,

MkpΓq. To do so, the compact modular curve XpΓq “ ΓzH˚ will be seen as a

compact Riemann surface. Then we will give some necessary definitions including

elliptic point, period of an elliptic point, and degree of a map between two compact

Riemann surfaces. Finally, we will give the dimension formula using the Riemann-

Hurwitz theorem.

In Chapter 3, The Hecke operator Tn which is a linear operator on the space

of modular forms will be introduced by using the definition of the double coset

operator. Particularly, the action of the Hecke operators on the q-expansion of a

modular form will be stated. Finally, the eigenforms and the relation between their

coefficients and the eigenvalues will be introduced.

In Chapter 4, we start by the congruences between the Eisenstein series. Then

we introduce the space of modular forms modulo l and the operators U , V , and

θ. We also define the filtration w and give the relations of the filtration with the

operators above on the space of modular forms modulo l.

In Chapter 5, we define the system of eigenvalues and the Hecke module. This is

the chapter where we give the detailed proof of the main theorem on the finiteness

of the systems of eigenvalues in Theorem 5.1.7. Then we give the corollary on the

finiteness of congruence classes of the modular forms modulo l. The chapter finishes

with two concrete examples on the number of systems of eigenvalues modulo 5 and

7 in level one.

In Chapter 6, we give an introduction to l-adic modular forms constructed by

Serre. We start by examining the Eisenstein series modulo lm for some positive

integer m. Then we define the l-adic modular forms and the space X of the weights

of l-adic modular forms. Finally, the l-adic Eisenstein series will be introduced.
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Chapter 2

MODULAR FORMS

This first chapter aims to introduce the basic concepts of the classical theory

of modular forms. We will begin with presenting the congruence subgroups and

modular forms with respect to these congruence subgroups. Then we will give some

examples of modular forms. Lastly, we will give the dimension formula of the space

of modular forms.

In the following two chapters, we’re closely following [Diamond and Shurman,

2005].

2.1 Congruence Subgroups

The modular group SL2pZq is the multiplicative group of 2ˆ2 matrices with integer

entries and with determinant 1. The modular group SL2pZq acts on the upper-half-

plane H “ tz P C | Impzq ą 0u by the fractional linear transformation:

γz “
az ` b

cz ` d

where γ “

»

–

a b

c d

fi

fl P SL2pZq and z P H.

We extend this to an action of SL2pZq on extended upper-half-plane which is

H˚ “ H Y Q Y t8u. Here, we define the action of SL2pZq on 8 by γ8 “ a
c

and

γz “ 8 if cz ` d “ 0.

Proposition 2.1.1. The modular group SL2pZq is generated by the following two

matrices:

S “

»

–

0 ´1

1 0

fi

fl and T “

»

–

1 1

0 1

fi

fl
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Proof. First, observe that S2 “ ´I and T n “

»

–

1 n

0 1

fi

fl.

Let γ “

»

–

a b

c d

fi

fl P SL2pZq. Suppose c ‰ 0, then there exists n, r P Z such that

d “ cn` r with 0 ď |r| ă |c|.

γT´n “

»

–

a ´an` b

c ´cn` d

fi

fl “

»

–

a b
1

c r

fi

fl and γT´nS “

»

–

b
1

´a

r ´c

fi

fl .

As we keep multiplying with T niS, we will eventually have a matrix in form

γ̃ “

»

–

ã b̃

0 d̃

fi

fl. Since this matrix is in SL2pZq, d̃ “ ˘1. If d̃ “ ´1, multiply by

S2 to get a matrix in forms T b̃. Then

»

–

ã b̃

0 d̃

fi

fl “

»

–

1 b̃

0 1

fi

fl “ T b̃. So we have γ “

T b̃T n1S´1T n2S´1 ¨ ¨ ¨T n. Thus any element of SL2pZq can be written as a product

of the matrices S and T .

Now, we will introduce some subgroups of the modular group, namely the con-

gruence subgroups.

Definition 2.1.2. Let N be a positive integer. Then we define the following subsets

of SL2pZq:

• ΓpNq “

$

&

%

»

–

a b

c d

fi

fl P SL2pZq

ˇ

ˇ

ˇ

ˇ

ˇ

»

–

a b

c d

fi

fl ”

»

–

1 0

0 1

fi

fl pmod Nq

,

.

-

is called the principal congruence subgroup of level N of SL2pZq.

• Γ0pNq “

#

»

–

a b

c d

fi

fl P SL2pZq

ˇ

ˇ

ˇ

ˇ

ˇ

»

–

a b

c d

fi

fl ”

»

–

˚ ˚

0 ˚

fi

fl pmod Nq

+

• Γ1pNq “

#

»

–

a b

c d

fi

fl P SL2pZq

ˇ

ˇ

ˇ

ˇ

ˇ

»

–

a b

c d

fi

fl ”

»

–

1 ˚

0 1

fi

fl pmod Nq

+

Note that ΓpNq Ă Γ1pNq Ă Γ0pNq Ă SL2pZq. They are also subgroups. In the

chapter 3 and 4, we use especially Γ0pNq.
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Proposition 2.1.3. The subgroup Γ1pNq is a normal subgroup of Γ0pNq.

Proof. Let

ϕ : Γ0pNq Ñ pZ{NZqˆ

which maps
»

–

a b

c d

fi

fl ÞÑ d pmod Nq.

This is a surjective group homomorphism. Since kerϕ “

$

&

%

»

–

a b

c d

fi

fl

ˇ

ˇ

ˇ

ˇ

d ” 1 pmod Nq

,

.

-

,

d ” 1 pmod Nq, then a is also congruent to 1 modulo N . So kerϕ “ Γ1pNq. Thus

Γ1pNq is a normal subgroup of Γ0pNq.

Proposition 2.1.4. We have the index rSL2pZq : Γ0ppqs “ p` 1 where p is prime.

Proof. Let

ϕ̃ : Γ1pNq Ñ pZ{NZq

which maps
»

–

a b

c d

fi

fl ÞÑ b pmod Nq.

This is a surjective group homomorphism. Since kerϕ̃ “

$

&

%

»

–

a b

c d

fi

fl

ˇ

ˇ

ˇ

ˇ

b ” 0 pmod Nq

,

.

-

,

then kerϕ̃ “ ΓpNq. Thus ΓpNq is a normal subgroup of Γ1pNq.

Therefore

Γ1pNq{ΓpNq – Z{NZ

and by the previous proposition we know that

Γ0pNq{Γ1pNq – pZ{NZqˆ

Furthermore,

φ : SL2pZq Ñ SL2pZ{NZq

has kernel ΓpNq. Then

SL2pZq{ΓpNq – SL2pZ{NZq
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Now, we need to show that:

rSL2pZq : Γppqs “ p3
´ p.

This means that we need to show | SL2pZ{pZq |“ p3´ p. First, let us find the order

of GL2pZ{pZq. Let

»

–

a b

c d

fi

fl P GL2pZ{pZq. Since we don’t want to have determinant

zero, we’re excluding the case pa, bq “ p0, 0q. Then there is p2 ´ 1 possibility for

the tuple pa, bq. Then the tuple pc, dq has p2 ´ p possible values because we’re

excluding the case where pc, dq is a multiple of pa, bq. If this would be the case, we

get determinant zero. Therefore | GL2pZ{pZq |“ pp2´ pqpp2´ 1q. Since we have the

surjection det : GL2pZ{pZq Ñ pZ{pZqˆ and it has kernel SL2pZ{pZq, the order of

SL2pZ{pZq “ pp2´pqpp2´1q
p´1

“ p3 ´ p. Therefore we have:

rSL2pZq : Γppqs “ rSL2pZq : Γ0ppqsrΓ0ppq : Γ1ppqsrΓ1ppq : Γppqs

p3
´ p “ rSL2pZq : Γ0ppqs | pZ{pZqˆ | . | Z{pZ |

p3
´ p “ rSL2pZq : Γ0ppqspp´ 1qp.

Hence

rSL2pZq : Γ0ppqs “ p` 1

Definition 2.1.5. Let Γ be a subgroup of SL2pZq. The subgroup Γ is called a

congruence subgroup of level N if N is the smallest positive integer which satisfies

ΓpNq Ă Γ.

2.2 Modular Forms

In this section, we will introduce the modular forms of weight k with respect to the

congruence subgroup Γ.

Definition 2.2.1. Let f : HÑ C be a function. The slash k operator -|k is defined

by

pf |k γqpzq “ pcz ` dq
´kfpγzq
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where γ “

»

–

a b

c d

fi

fl P SL2pZq and z P H.

Definition 2.2.2. Let f : H Ñ C be a holomorphic function. The function f is

called weakly modular of weight k with respect to Γ if f |k γ “ f for all γ P Γ.

To define the modular forms, we should explain what it means to be “holomorphic

at the cusps”. Let f be a weakly modular function of weight k with respect to

Γ. Since ΓpNq Ď Γ, there exists γ “

»

–

1 h

0 1

fi

fl P Γ for some h P Zě0. Then

fpzq “ fpz`hq which means f is hZ-periodic. Therefore f has a Fourier expansion

f “
8
ÿ

n“´m

anq
n
h where qnh “ e2πiz{h, this is the q-expansion at 8. If an “ 0 for all

n ă 0, then f is called holomorphic at 8.

If f is weakly modular for Γ, then for all α P SL2pZq, f |k α is weakly modular

for α´1Γα.

A cusp c is a Γ-equivalence class of the action of Γ on Q Y t8u. Let h be the

minimal positive integer which satisfies

»

–

1 h

0 1

fi

fl P α´1Γα for all α P SL2pZq with

c “ α ¨ 8, then h is called the width of the cusp c. The function f |k α is hZ-

periodic where h is the width of the cusp c and the q-expansion of f |k α at 8 is

the q-expansion of f at the cusp c.

We say f is holomorphic at the cusp c if f |k α is holomorphic at 8 for all

α P SL2pZq with c “ α¨8. Say f is holomorphic at the cusps if f |k α is holomorphic

at 8 for all cusp c and for all α P SL2pZq with c “ α ¨ 8.

Proposition 2.2.3. The action of SL2pZq on the extended upper-half-plane H˚ is

transitive. Hence Γ “ SL2pZq has only one cusp.

Proof. Let a
c
P Q where a and c are coprimes. Then there exist b, d P Z such that

ad´bc “ 1 by Bézout’s theorem. Let γ “

»

–

a b

c d

fi

fl P SL2pZq, then we have γ ¨8 “ a
c
.

Therefore the action of SL2pZq on QYt8u is transitive. Thus there exists only one

cusp.
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Definition 2.2.4. Let Γ be a congruence subgroup and k be a non-negative integer.

Let f : HÑ C be a holomorphic function. Then f is called a modular form of weight

k with respect to Γ if it satisfies the following properties:

• f is weakly modular of weight k with respect to Γ,

• f |k α is holomorphic at 8 for all α P SL2pZq.

The set of all modular forms of weight k with respect to Γ is denoted byMkpΓq

and this is a C-vector space. The space of all modular forms of all weights is denoted

by:

MpΓq :“
à

kPZ
MkpΓq

and this is a graded ring.

The set of modular forms of weight k with coefficients in a ring A Ă C is denoted

by MkpΓ,Aq. This set is an A-module.

Remark. Let f PMkpSL2pZqq. Since

»

–

´1 0

0 ´1

fi

fl P SL2pZq, we have

fpzq “ p´1qkfpzq

and this implies that there is no non-zero modular form of odd weight with respect

to SL2pZq.

Definition 2.2.5. A modular form f with respect to Γ of weight k is called a cusp

form of weight k if a0pf |k αq “ 0 for all α P SL2pZq.

The set of all cusp forms of weight k is denoted by SkpΓq and it is a vector

subspace of MkpΓq.

2.3 Examples of Modular Forms of Level N “ 1

The most trivial examples of modular forms are non-zero constant functions defined

on the upper half-plane and they have weight zero, also the zero function which has

weight k for all integers. Now, we will define the Eisenstein series of weight k which

are the first examples of non-constant modular forms of level N “ 1. Later, it will
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be seen that they are important for the space of modular forms modulo l and the

l-adic modular forms that we will study.

Let us define the following sum:

Gk :“
ÿ

pm,nqPZ2

pm,nq‰p0,0q

1

pmz ` nqk

which is called the Eisenstein series of weight k.

Theorem 2.3.1. The Eisenstein series Gk is a modular form of weight k where

k ě 3.

Proof. Let k ě 3 be odd. Then

Gk pzq “
ÿ

pm,nqPZ2
ą0

pm,nq‰p0,,0q

1

pmz ` nqk
´

ÿ

pm,nqPZ2
ă0

pm,nq‰p0,,0q

1

pmz ` nqk
“ 0

Then Gk is a modular form for all odd weights k.

Let k be even. Then the Eisenstein series Gk converges absolutely and it is a

holomorphic function for k ě 4.[Serre, 2012]

To show that Gk is weakly modular, it is enough to show for the matrices S and

T , since SL2pZq is generated by these two matrices.

Gk

ˆ

´
1

z

˙

“
ÿ

pm,nqPZ2

pm,nq‰p0,,0q

1

p´m
z
` nqk

“
ÿ

pm,nqPZ2

pm,nq‰p0,,0q

zk

p´m` nzqk

“ zk
ÿ

pm,nqPZ2

pm,nq‰p0,,0q

1

pmz ` nqk

“ zkGkpzq

and

Gk pz ` 1q “
ÿ

pm,nqPZ2

pm,nq‰p0,0q

1

pmpz ` 1q ` nqk
“

ÿ

pm,nqPZ2

pm,nq‰p0,0q

1

pm` nzqk

“ Gkpzq

We could do these rearrangements in the series because Gk converges absolutely

when k ě 4. So Gk is weakly modular of weight k.
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Now, we need to show that Gk is holomorphic at 8. Since Gk converges uni-

formly,

lim
=pzqÑ8

Gkpzq “
ÿ

pm,nqPZ2

pm,nq‰p0,0q

lim
=pzqÑ8

1

pm` nzqk
“

ÿ

n‰0

1

nk
“ 2ζpkq

Recall Riemann’s removable singularity theorem from complex analysis. To show

that it is holomorphic at 8, it is enough to show that Gk is bounded. So Gk is

holomorphic at 8.

Thus the Eisenstein series Gk is a modular form of weight k.

Let Ek :“ Gk
2ζpkq

where ζpkq is the Riemann zeta function, this series is called the

normalized Eisenstein series.

Theorem 2.3.2. The normalized Eisenstein series of weight k ě 3 has a q-expansion

Ek “ 1´
2k

Bk

ÿ

ně1

σk´1pnqq
n

where σkpnq “
ÿ

d|n

dk and Bk is the kth Bernoulli number which is defined by

t

et ´ 1
“

8
ÿ

k“0

Bk
tk

k!

Proof. See [Diamond and Shurman, 2005], Chapter 1.

Example 2.3.3.

• E4 “ 1` 240
ÿ

ně1

σ3pnqq
n

• E6 “ 1´ 504
ÿ

ně1

σ5pnqq
n

Here we can see that all the coefficients of the q-expansions of E4 and E6

are integers. Furthermore, these two Eisenstein series generate the graded ring

MpSL2pZqq “
à

kPZ
MkpSL2pZqq.

Another important example of a non-constant modular form is the modular

discriminant.



Chapter 2: Modular Forms 14

Definition 2.3.4. The modular discriminant is defined as

∆ :“
E3

4 ´ E
2
6

1728

The modular discriminant ∆ has q-expansion:

∆ “

8
ÿ

n“1

τpnqqn

where τpnq is called Ramanujan tau function. Since a0p∆q “ 0, it vanishes at 8. So

∆ is a cusp form of weight 12 and it generates the space of cusp forms S12pSL2pZqq,

since dimpM12pSL2pZqq “ 2 and this means that dimpS12pSL2pZqqq “ 1 by Example

2.4.11. One can also show that

∆ “ q
8
ź

n“1

p1´ qnq24.

Remark. We can also define the Eisenstein series of weight 2 as follows:

E2 “ 1´ 24
ÿ

ně1

σ1pnqq
n

But this series fails to be absolutely convergent and hence it is not a modular form

with respect to SL2pZq. Even though it is not a modular form in the classical sense,

we will later see that we can talk about l-adic Eisenstein Series of weight 2 which is

an l-adic modular form. This Eisenstein series E2 is important because we will use

this to define derivation B on the space of modular forms.

2.4 Dimension Formula

The aim of this section is to give the dimension formula for the vector space of

modular forms for an arbitrary weight k and level N , with respect to the congruence

subgroup Γ.

First of all, we will define the necessary notions to state the formula such as the

elliptic point and the period of an elliptic point. Then we will state the dimension

formula. For the detailed proofs, see Chapter 3 of [Diamond and Shurman, 2005].

Definition 2.4.1. We define the modular curve as the quotient of the upper-half-

plane by the left action of a congruence subgroup Γ and it is a Riemann surface.
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We denote the modular curve by Y pΓq “ ΓzH. This can be compactified and the

compact modular curve is denoted by XpΓq “ ΓzH˚

Definition 2.4.2. Let Γ be a congruence subgroup. An elliptic point is defined as

the point z P H such that t˘Iu is a proper subgroup of t˘IuΓz where Γz is the

stabilizer of z in Γ.

Definition 2.4.3. Let z P H be an elliptic point. Then the period of this elliptic

point is defined by

hz “

$

&

%

|Γz |
2

if ´ I P Γz

|Γz| otherwise.

Proposition 2.4.4. The elliptic points for SL2pZq are the points i with period 2

and ρ “ e2πi{3 “ ´1`i
?

3
2

with period 3.

Proof. The points i and ρ are the only elliptic points, see [Miyake, 2006], Section

4.1. for the proof. We will only show the calculation of the periods of these points.

First, we are looking for the stabilizer of i. Let

»

–

a b

c d

fi

fl P SL2pZqi. We have

»

–

a b

c d

fi

fl i “
ai` b

ci` d
“ i

So ai` b “ di´ c. So a “ d and b “ ´c. Thus we have the stabilizer of i:

SL2pZqi “

$

&

%

˘I,

»

–

0 ¯1

˘1 0

fi

fl

,

.

-

Then the period of i is hi “
|SL2pZqi|

2
“ 2.

Now, we will find the period of ρ. To do so, we calculate the stabilizer of ρ which

is:

SL2pZqρ “

$

&

%

˘I,

»

–

¯1 ¯1

˘1 0

fi

fl ,

»

–

0 ¯1

˘1 ˘1

fi

fl

,

.

-

So the period of ρ is hρ “
|SL2pZqρ|

2
“ 3.



Chapter 2: Modular Forms 16

Now, we will give a formula for the genus of a compact modular curve which

follows from the Riemann-Hurwitz formula. First, let us recall the standard theorem

from complex analysis [Busam and Freitag, 2009].

Theorem 2.4.5. Let f be a non-constant analytic function at the point x such

that fpzq ´ ω0 has order n at x. Then there exist a neighbourhood U of ω0 and a

neighbourhood V of x such that every ω P Uztω0u has exactly n preimages in V .

Let X and Y be two compact Riemann surfaces and f : X Ñ Y be a non-

constant holomorphic function. Let ex be the non-negative integer which makes f

an ex-to-1 map near x by Theorem 2.4.5 and it is called the ramification degree

(multiplicity) of f at x.

The degree d of f is the number of x P X such that fpxq “ y so it is |f´1pyq| and

it is also equals to
ÿ

xPf´1pyq

ex which is finite and independent from the choice of y.

Theorem 2.4.6 (Riemann-Hurwitz Formula). Let X and Y be compact Riemann

surfaces. Let f : X Ñ Y be a non-constant holomorphic function with degree d and

X has genus g1, Y has genus g2. Then we have the following formula:

2g1 ´ 2 “ dp2g2 ´ 2q `
ÿ

xPX

pex ´ 1q

Proposition 2.4.7. Let Γ1 and Γ2 be congruence subgroups such that Γ1 Ă Γ2.

Then the degree d of natural projection f : XpΓ1q Ñ XpΓ2q such that fpΓ1zq “ Γ2z

is

d “ rt˘IuΓ2 : t˘IuΓ1s

Proof. Since Γ1 Ă Γ2, we have t˘IuΓ2 “
ď

j

t˘IuΓ1γj where γj P Γ2. Let y “

Γ2z P XpΓ2q. Then the degree d “ |f´1pyq| “ |f´1pΓ2zq| “ |tΓ1γjzu|. Assume

Γ1γ1z “ Γ1γ2z where γ1 ‰ γ2, then Γ1γ1γ
´1
2 P pΓ2qz. Then z is an elliptic point for

Γ2. So if z is not an elliptic point for Γ2, the elements of the set tΓ1γjzu are distinct.

Therefore |tΓ1γjzu| is the number of elliptic points which is d “ rt˘IuΓ2 : t˘IuΓ1s.
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Theorem 2.4.8. Let f : XpΓq Ñ XpSL2pZqq be the natural projection such that

fpΓzq “ SL2pZqz. Let d be the degree of this projection. Then the genus g of XpΓq

can be found as

g “ 1`
d

12
´
ε2

4
´
ε3

3
´
ε8
2

where ε2 : the number of elliptic points of period 2

ε3 : the number of elliptic points of period 3

ε8 : the number of cusps.

Proof. See [Miyake, 2006], Chapter 4.

Before defining the dimension formula, we should define the regular and irregular

cusps:

Let h be the width of the cusp c. The cusp c is is called an irregular cusp if the

stabilizer of c, pα´1Γαqc, is generated by the matrix

»

–

´1 ´h

0 ´1

fi

fl. Otherwise, it is

called a regular cusp.

Theorem 2.4.9. The dimension formula for the modular forms of weight k with

respect to the congruence subgroup Γ, MkpΓq, is

dimpMkpΓqq “

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

pk ´ 1qpg ´ 1q `
X

k
4

\

ε2 `
X

k
3

\

ε3 `
k
2
ε8 if k ě 2, even

pk ´ 1qpg ´ 1q `
X

k
3

\

ε3 `
k
2
εreg8 ` k´1

2
εirr8 if k ě 3, odd

1 if k “ 0

0 if k ă 0.

The dimension formula for the cusp forms of weight k with respect to the con-

gruence subgroup Γ, SkpΓq, is

dimpSkpΓqq “

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

pk ´ 1qpg ´ 1q `
X

k
4

\

ε2 `
X

k
3

\

ε3 `
`

k
2
´ 1

˘

ε8 if k ě 4, even

pk ´ 1qpg ´ 1q `
X

k
3

\

ε3 `
k´2

2
εreg8 ` k´1

2
εirr8 if k ě 3, odd

g if k “ 2

0 if k ď 0

where g : the genus

ε2 : the number of elliptic points of period 2
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ε3 : the number of elliptic points of period 3

ε8 : the number of cusps

εreg8 : the number of regular cusps

εirr8 : the number of irregular cusps

Proof. See [Diamond and Shurman, 2005], Chapter 3.

Since we especially will be interested in the space of modular forms with respect

to Γ0pNq, let us see the following example.

Example 2.4.10. For Γ “ Γ0pNq where N ą 2, the necessary ingredients for the

dimension formula of MkpΓ0pNqq are as follows:

• d “ rSL2pZq : Γ0pNqs “ N
ź

p|N

ˆ

1`
1

p

˙

• ε2 “

$

’

’

&

’

’

%

ź

p|N

ˆ

1`

ˆ

´1

p

˙˙

if 4 - N

0 if 4 | N

• ε3 “

$

’

’

&

’

’

%

ź

p|N

ˆ

1`

ˆ

´3

p

˙˙

if 9 - N

0 if 9 | N

• ε8 “
ÿ

d|N

φpgcdpd,N{dqq

See [Diamond and Shurman, 2005], Section 3.9.

Now, let us see the dimension formula for level one.

Example 2.4.11. Let k be even and positive. We know that ε8 “ 1 by Proposition

2.2.3 and ε2 “ ε3 “ 1 for SL2pZq by Proposition 2.4.4. The degree of the natural

projection f : XpSL2pZqq Ñ XpSL2pZqq is d “ 1. Then we have genus:

g “ 1` 1´
1

4
´

1

3
´

1

2
“ 0.
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Then we have the following dimension formula when k is an even, positive integer:

dimpMkpSL2pZqqq “ p1´ kq `
Z

k

4

^

`

Z

k

3

^

`
k

2

and

dimpSkpSL2pZqqq “ p1´ kq `
Z

k

4

^

`

Z

k

3

^

`
k

2
´ 1

Therefore, we have dimpMkpSL2pZqqq “ dimpSkpSL2pZqqq`1 and Ek R SkpSL2pZqq,

since it does not vanishes at the cusp8. Hence, we have the following decomposition:

MkpSL2pZqq “ CEk ‘ SkpSL2pZqq

Besides, we have

dimpMkpSL2pZqqq “

$

&

%

t k
12

u if k ” 2 pmod 12q

t k
12

u` 1 otherwise

Moreover, we have some equalities between the Eisenstein series.

Example 2.4.12. The space M10pSL2pZqq has dimension one by the previous

example. Then it is generated by E10 and we have E10 “ 1 ´ 264
ÿ

ně1

σ9pnqq
n.

Since E4E6 P M10pSL2pZqq, there exist λ P C such that E4E6 “ λE10. Since

a0pE4E6q “ 1 “ a0pE10q, we have λ “ 1, and hence E10 “ E4E6.

E4E6 “

˜

1` 240
ÿ

ně1

σ3pnqq
n

¸˜

1´ 504
ÿ

ně1

σ5pnqq
n

¸

“ 1`
ÿ

ně1

p240σ3pnq ´ 504σ5pnqqq
n
`

˜

240
ÿ

ně1

σ3pnqq
n

¸˜

´504
ÿ

ně1

σ5pnqq
n

¸

“ 1`
ÿ

ně1

p240σ3pnq ´ 504σ5pnqqq
n
´ 120960

ÿ

ně2

n´1
ÿ

i“1

σ5pn´ iqσ3pnqq
n

Then we have

240σ3pnq ´ 504σ5pnq ´ 120960
n´1
ÿ

i“1

σ5pn´ iqσ3pnq “ ´264σ9pnq.

So we have the following identity relation between the functions σ3pnq, σ5pnq and

σ9pnq for n ě 2:

11σ9pnq “ ´10σ3pnq ` 21σ5pnq ` 5040
n´1
ÿ

i“1

σ5pn´ iqσ3pnq.
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Chapter 3

HECKE OPERATORS

In this chapter, we will introduce some operators on the space of modular forms

such as the diamond and the Hecke operators.

In the first chapter we defined the slash operator for SL2pZq. We can extend

this definition to GL`2 pQq as

pf |k γqpzq “ detpγq
k
2 pcz ` dq´kfpγzq

where γ “

»

–

a b

c d

fi

fl P GL`2 pQq and z P H.

Definition 3.0.1. Let Γ1, Γ2 be congruence subgroups of SL2pZq. The set of

Γ1αΓ2 “ tγ1αγ2 | γ1 P Γ1, γ2 P Γ2, α P GL
`
2 pQqu

is called the double coset.

Lemma 3.0.2. If Γ is a congruence subgroup of SL2pZq, then α´1Γα X SL2pZq

where α P GL`2 pQq, is also a congruence subgroup of SL2pZq.

Proof. See [Diamond and Shurman, 2005], Lemma 5.1.1.

There exists an action of Γ1 on Γ1αΓ2 by multiplication on the left. So we have

Γ1αΓ2 “
Ť

j Γ1βj where βj’s are the orbit representatives of the action.

Now, we can define double coset operators.

Definition 3.0.3. Let Γ1,Γ2 be two congruence subgroups and f PMkpΓ1q. Then

the weight k double coset operator, -|kΓ1αΓ2 is defined as follows:

f |kΓ1αΓ2 “
ÿ

j

f |kβj

and f |kΓ1αΓ2 PMkpΓ2q.
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First, we need to show that pf |k Γ1αΓ2q |k α̃ “ f |k Γ1αΓ2 for all α̃ P Γ2.

pf |k Γ1αΓ2q |k α̃ “

˜

ÿ

j

f |kβj

¸

|k α̃

“
ÿ

j

f |kβjα̃

“ f |k Γ1αΓ2

since βjα̃’s are also orbit representatives of Γ1αΓ2. Moreover, f |k Γ1αΓ2 is holo-

morphic at the cusps, and hence f |kΓ1αΓ2 PMkpΓ2q.

Now, we will check this is well-defined. Let β1 “ γ1αγ2 and β2 “ γ̃1αγ̃2 be in the

same orbit where γ1, γ̃1 P Γ1 and γ2, γ̃2 P Γ2. This means that there exists γ P Γ1

such that β1 “ γβ2 Then

f |k β1pzq “ f |k γ1αγ2pzq “ f |k γγ̃1αγ̃2pzq

“ f |k γ̃1αγ̃2pzq “ f |k β2 since f PMkpΓ1q

So f |k β1 “ f |k β2. Thus the operator -|k Γ1αΓ2 is well defined.

Let α P Γ0pNq and Γ1 “ Γ2 “ Γ1pNq. The subgroup Γ1pNq is normal in Γ0pNq

as we showed in the previous chapter. So α´1Γ1pNqα “ Γ1pNq. Then we have

f |k Γ1pNqαΓ1pNq “ f |k Γ1pNqα “ f |k α.

Now, we can define the diamond operator which is a Hecke operator.

Definition 3.0.4. Let d P pZ{NZqˆ. Then the diamond operator

xdy :MkpΓ1pNqq ÑMkpΓ1pNqq defined as xdyf “ f |k γ

where γ “

»

–

a b

c δ

fi

fl P Γ0pNq with d ” δ pmod Nq.

Definition 3.0.5. A Dirichlet character modulo N is a group homomorphism

χ : pZ{NZqˆ Ñ Cˆ.

Any such homomorphism takes elements of pZ{NZqˆ to roots of unity in Cˆ. The

group pZ{NZqˆ is denoted by GN . The set of Dirichlet characters modulo N forms

a group ĜN such that pχϕqpxq “ χpxqϕpxq for all x P GN . This multiplicative group

is called dual group of GN .
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Definition 3.0.6. Let χ : GN Ñ Cˆ be a Dirichlet character modulo N . We define

the χ-eigenspace of

MkpΓ0pNq, χq “ tf PMkpΓ1pNqq | xdyf “ χpdqf, @d P GNu.

3.1 The Hecke Operators

First, we will define the Hecke operator Tp where p is prime. Then we will generalize

the definition to Tn for n P Z`.

Definition 3.1.1. Let p be a prime. Then we define the Hecke operator

Tp :MkpΓ1pNqq ÑMkpΓ1pNqq

such that

Tppfq “ f |k Γ1pNqαΓ1pNq

where α “

»

–

1 0

0 p

fi

fl.

Proposition 3.1.2. Let f PMkpΓ1pNqq. Then we have the following formula:

Tppfq “

$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

p´1
ÿ

j“0

f |k

»

–

1 j

0 p

fi

fl if p | N

p´1
ÿ

j“0

f |k

»

–

1 j

0 p

fi

fl` f |k

»

–

mp n

Np p

fi

fl if p - N and mp´ nN “ 1

In this thesis, what is important for us is how the Hecke operators act on the

q-expansion of modular forms.

Proposition 3.1.3. Let f P MkpΓ1pNqq with q-expansion
8
ÿ

n“0

anq
n. If p does not

divide N ,

Tppfq “
8
ÿ

n“0

anpq
n
` pk´1

8
ÿ

n“0

anq
np.

If p divides N , then we have

Tppfq “
8
ÿ

n“0

anpq
n.
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Proposition 3.1.4. Let xd1y, xd2y, Tp1 and Tp2 be the Hecke operators where p1, p2

are primes and d1, d2 P pZ{NZqˆ. These operators are commute.

Now, we will generalize the Hecke operator for an arbitrary positive integer n.

Definition 3.1.5. Let T1 “ I. If n “ pr, then we have the following formula:

Tpr :“ TpTpr´1 ´ pk´1
xpyTpr´2 .

This is well defined by Proposition 3.1.4.

If n “
ź

i

peii , then the nth Hecke operator is defined by Tn :“
ź

i

Tpeii .

Definition 3.1.6. Let f PMkpΓ1pNqq with q-expansion f “
8
ÿ

n“0

anq
n. This mod-

ular form f is called an eigenform if it is simultaneously an eigenvector for all the

Hecke operators Tn and xny. Moreover, an eigenform is called a normalized eigen-

form if a1pfq “ 1.

Proposition 3.1.7. Let f PMkpΓ1pNqq be a normalized eigenform with q-expansion

f “
8
ÿ

n“0

anq
n. Then we have:

Tnpfq “ anpfqf

In general, for any eigenform f :

Tnpfq “
anpfq

a1pfq
f

Proof. Suppose that a1pfq “ 1 and Tnpfq “ λnf for all n ě 1. By Proposition 3.1.3

and from Definition 3.1.5,

a1pTnpfqq “ anpfq

which implies that

a1pλnfq “ λn.

Then we have Tnpfq “ anpfqf .

If a1pfq ‰ 1,

Tn

ˆ

f

a1pfq

˙

“ an

ˆ

f

anpfq

˙

f

a1pfq
“
anpfq

a1pfq

f

a1pfq

This implies that Tnpfq “
anpfq
a1pfq

f
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Example 3.1.8. Take E4 PM4pSL2pZqq. By dimension formula the spaceM4pSL2pZqq

has dimension 1. Then we have TnpE4q “ λnE4. We know that E4 “ 1 `

240
ÿ

ně1

σ3pnqq
n. Since σ3p3q “ 28, a3 “ 28 ˆ 240 and a1 “ 240. We also have

the following:

σ3p3nq “

$

’

’

’

&

’

’

’

%

σ3p3qσ3pnq if 3 - n

σ3p3
e`1qσ3pmq if n “ 3em where 3 - m

Then

T3pE4q “ 1` 240
ÿ

ně1

σ3p3nqq
n
` 27

˜

1` 240
ÿ

ně1

σ3pnqq
n

¸

“ 28

˜

1` 240
ÿ

ně1

σ3pnqq
n

¸

“
a3pE4q

a1pE4q
E4

Remark. In this chapter, we defined the Hecke operators for f PMkpΓ1pNqq, in fact

we can define this operator for the congruence subgroup Γ0pNq.
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Chapter 4

CONGRUENCES OF MODULAR FORMS MOD l

In the following chapter, we introduce the modular forms modulo l. To do so, we

will start by introducing the two congruences between the Eisenstein series. Then we

will present the space of modular forms modulo l and we will define some operators

on this space. For this chapter, we follow [Jochnowitz, 1982] and [Serre, 1973b].

Throughout this chapter, l is a prime, and l ě 5 unless stated otherwise. Let p

be a prime and assume l ‰ p. From now on, Γ0pNq will be denoted by Γ and QXZl
will be denoted by R.

Let x P Ql, this x is called an l-integral, or an l-integer if x P Zl, this means the

l-adic valuation vlpxq ě 0.

4.1 Congruences of Eisenstein Series

We willl state some of the congruences between the Eisenstein series. To do so, we

need the following two theorems:

Theorem 4.1.1 (Kummer’s Congruence). Let l be a prime, k be an even, positive

integer such that pl ´ 1q - k. Then Bk
k

is an l-integer and if k1 ” k2 pmod pl ´ 1qq,

Bk1

k1

”
Bk2

k2

pmod lq.

Proof. See [Borevich and Shafarevich, 1986].

Theorem 4.1.2 (Clausen-von Staudt’s Theorem). Let l be a prime and k be an

even, positive integer such that pl ´ 1q - k. Then l does not divide the denominator

of Bk. Moreover, we have lBk ” 1 pmod lq, if pl ´ 1q | k.

Proof. See [Borevich and Shafarevich, 1986].
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Theorem 4.1.3. If k ” k1 pmod pl ´ 1qq and k ı 0 pmod pl ´ 1qq, then Ek ” Ek1

pmod lq.

Proof. Suppose that k ” k1 pmod pl ´ 1qq. Without loss of generality, we may

assume k “ k
1

` l ´ 1. Then

σkpnq “ σk1`l´1pnq “
ÿ

d|n

dk
1
`l´1

“
ÿ

d|n

dk
1

dl´1
”
ÿ

d|n

dk
1

“ σk1pnq pmod lq

by Fermat’s Little Theorem.

Ek “ 1´
2k

Bk

ÿ

ně1

σk´1pnqq
n
” 1´

2k1

Bk1

ÿ

ně1

σk1´1pnqq
n
“ Ek1`l´1 pmod lq

by Theorem 4.1.1 and the congruence σkpnq ” σk1pnq pmod lq.

Theorem 4.1.4. We have Ek ´ 1 P lZlrrqss if and only if pl ´ 1q | k.

Proof. Suppose that pl ´ 1q | k, then vlpBkq “ ´1 by Theorem 4.1.2. This implies

that vl

´

k
Bk

¯

ě 1. We conclude that Ek ” 1 pmod lq. So we have Ek ´ 1 P lZlrrqss.

For the other direction of the proof, suppose that Ek ´ 1 P lZlrrqss and assume

that pl ´ 1q - k. By Theorem 4.1.1, Bk
k

is an l-integer. This means that vl
`

Bk
k

˘

ě 0

and this implies that vl

´

k
Bk

¯

ď 0. We also assumed that Ek ´ 1 P lZlrrqss, this

means Ek ” 1 pmod lq. So we have 2k
Bk
” 0 pmod lq, then vl

´

2k
Bk

¯

ě 1. Since we

assumed that l ě 5 in the beginning of the chapter, we have vl

´

k
Bk

¯

ě 1. This is a

contradiction. Hence we have pl ´ 1q | k.

4.2 The Space of Modular Forms mod l

In this part, we will introduce the space of modular forms mod l.

Definition 4.2.1. Let M̃kpΓq be the subset of FlJqK such that

M̃kpΓq “

#

f̃ “
8
ÿ

n“0

ãnq
n
| f “

8
ÿ

n“0

anq
n
PMkpΓ,Rq and ãn ” an pmod lq

+

.

The set M̃kpΓq is called the space of modular forms mod l of weight k, level N .
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Proposition 4.2.2. M̃kpΓq –MkpΓ,Rq{lMkpΓ,Rq –MkpΓ,Rq b Fl.

When l “ 2 or 3, the reduction modulo l of the Eisenstein series of weight 4 and

6 are Ẽ4 “ Ẽ6 “ 1.

Proposition 4.2.3. dimFl M̃kpΓq “ dimCMkpΓ,Cq.

Proof. We know that the ring R is a discrete valuation ring. So it is a principal

ideal domain. We also know that the space of modular formsMkpΓ,Rq is a finitely

generated torsion free R-module. Since R is a principal ideal domain, this implies

that MkpΓ,Rq is a free R-module.

Since MkpΓ,Rq is a free R-module, MkpΓ,Rq – Rn for some n P N. Then we

have

MkpΓ,Rq b C “MkpΓ,Cq ñ Rn
b C “ CdimC MkpΓ,Cq ñ Cn

“ CdimC MkpΓ,Cq

So n “ dimCMkpΓ,Cq. Then

MkpΓ,Rq b Fl “ RdimC MkpΓ,Cq b Fl “ FdimC MkpΓ,Cq
l .

Thus dimFl M̃kpΓq “ dimCMkpΓ,Cq.

Definition 4.2.4. Let M̃pΓq :“
8
ÿ

k“0

M̃kpΓq. There is an injection

M̃kpΓq ãÑ M̃k`l´1pΓq

defined by multiplication with El´1, because El´1 ” 1 pmod lq from Theorem 4.1.4.

From this map, it can be seen that M̃kpΓq Ď M̃k`l´1pΓq. Thus this sum is not a

direct sum.

But this space has the following direct sum decomposition:

M̃pΓq “
à

αPZ{pl´1qZ
M̃k

α
pΓq

where M̃k
α
pΓq is

8
ÿ

k“0

M̃kpΓq where k ” α pmod pl ´ 1qq for all k. This also implies

that the space M̃pΓq is a graded algebra. For the level N “ 1, see [Serre, 1973a]

and see [Katz, 1973] for an arbitrary level N .
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Theorem 4.2.5. The intersection of M̃kpΓq and M̃k1pΓq is non-empty if and only

if the weights satisfy k ” k1 pmod pl ´ 1qq.

Proof. Suppose that k ” k1 pmod pl ´ 1qq. The fact that M̃kpΓq X M̃k1pΓq ‰ H

directly follows from Definition 4.2.4.

For the other direction, suppose that f̃ P M̃kpΓq X M̃k1pΓq. Then there exists

f PMkpΓq and f 1 PMk1pΓq such that f̃ ” f ” f 1 pmod lq. Then we have the result

for level one that will be shown in Theorem 6.1.2. For arbitrary level N , see [Katz,

1977].

Definition 4.2.6. The filtration w is defined on M̃pΓq by

wpfq “ inftk : f P M̃kpΓqu

and by convention wpfq “ ´8, if f “ 0.

Example 4.2.7.

• wpEl´1q “ 0, because El´1 ” 1 pmod lq and 1 has weight 0.

• When we have the level N “ 1, the filtration wpEl`1q “ l` 1, since in modulo

l, the Eisenstein series El`1 is congruent to E2 but this is not a modular form.

The only modular from of weight 2 in level 1 is f “ 0.

4.3 Operators on Modular Forms

Definition 4.3.1. Let f has the q-expansion
8
ÿ

n“0

anq
n. Define the operators U, V

and θ on FlJqK by

• Upfq “
8
ÿ

n“0

anlq
n

• θpfq “
8
ÿ

n“0

nanq
n

• V pfq “
8
ÿ

n“0

anq
nl
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If l “ p, we have Tppf̃q “ Upf̃q when f̃ P M̃pΓq.

Theorem 4.3.2. The operators U, V and θ induce operators on M̃pΓq.

Proof. Let f̃ P M̃pΓq, we will show that Upf̃q is also in M̃pΓq. It can be seen that

Upf̃q P FlJqK. If f PMkpΓ,Rq we know that Tlpfq is also inMkpΓ,Rq and we have

seen that Tlpfq “ Upfq ` lk´1V pfq ” Upfq pmod lq. So Upf̃q P M̃kpΓq.

For the operator V , we have V pfq ” f l pmod lq by the Fermat’s little theorem

as in the Theorem 4.3.6 and hence V pf̃q P M̃pΓq.

The fact that θpf̃q P M̃pΓq follows from the following Theorem 4.3.3 and the

fact that E2 ” El`1 pmod lq.

If f PMkpΓq, usually d
dz
fpzq is not a modular form and θpfq is also usually not

a modular form.

Theorem 4.3.3. There exist a map B :MkpΓ,Rq ÑMk`2pΓ,Rq defined by

Bpfq “ θpfq ´
k

12
E2f.

Furthermore, B is a derivation on M̃pΓ,Rq.

Proof. First, let us show that B :MkpΓ,Rq ÑMk`2pΓ,Rq. Let f PMkpΓ,Rq. Let

Bpfq “ θpfq ´ k
12
E2f “ g. We have to show that g PMk`2pΓ,Rq. It can be seen

that g is holomorphic on H since f, E2 and θpfq are holomorphic on H.

To begin with, we need to show that Bf is weakly modular. Let α “

»

–

a b

c d

fi

fl P

Γ0pNq.

Bf |k`2 α “ θpfq |k`2 α ´
k

12
pE2 |2 αqpf |k αq

“
1

2πi
f 1 `

1

2πi

ck

pcz ` dq
f ´

k

12

ˆ

E2 `
1

2πi

12c

pcz ` dq

˙

f

“
1

2πi
f 1 ´

k

12
E2f

“ θpfq ´
k

12
E2f “ Bpfq

Therefore Bpfq is weakly modular of weight k ` 2.
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Now, we need to show that B is a derivation. This map is clearly linear. We need

to show that B satisfies the Leibniz formula. Let f PMk and g PMk1 .

Bpfgq “ θpfgq ´
pk ` k1q

12
E2fg

“ θpfqg ` fθpgq ´
k

12
E2fg ´

k1

12
E2fg

“ pθpfq ´
k

12
E2fqg ` pθpgq ´

k1

12
E2gqf

“ Bpfqg ` fBpgq

So B is a derivation on MpΓ,Rq.

Remark. The operator θ can be written as θpfq “ Bpfq ` k
12
E2f . Since El´1 ” 1

pmod lq and E2 ” El`1 pmod lq, we get θpfq ” BpfqEl´1 `
k
12
El`1f pmod lq. So

θpfq P M̃k`l`1pΓq.

Theorem 4.3.4. The filtration satisfies wpθfq ď wpfq ` l ` 1 and if l - wpfq, then

this is an equality.

Proof. Let wpfq “ k. If l | k, then θpfq ” Bpfq pmod lq. Since B maps a weight

k modular form to a weight k ` 2 modular form, θpfq P M̃k`2pΓq. Therefore

wpθfq ď k ` 2 “ wpfq ` 2.

For the case l - k, see the [Katz, 1977].
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Proposition 4.3.5. Tp ˝ θ “ pθ ˝ Tp

Proof. Let f “
8
ÿ

n“0

anq
n be a modular form of weight k. Then

pTp ˝ θqpfq “ Tp

˜

8
ÿ

n“0

nanq
n

¸

“

8
ÿ

n“0

npanpq
n
` ppk`l`1q´1

˜

8
ÿ

n“0

nanq
np

¸

“

8
ÿ

n“0

npanpq
n
` pk`1

˜

8
ÿ

n“0

nanq
np

¸

“ p

˜

8
ÿ

n“0

nanpq
n
` pk´1

8
ÿ

n“0

npanq
np

¸

“ pθ

˜

8
ÿ

n“0

anpq
n
` pk´1

8
ÿ

n“0

anq
np

¸

“ pθ

˜

Tp

˜

8
ÿ

n“0

anq
n

¸¸

“ ppθ ˝ Tpqpfq

because θ operator changes the weight k to k ` l ` 1 and pl´1 ” 1 pmod lq by

Fermat’s Little Theorem.

Theorem 4.3.6. Let f P M̃kpΓq, then V f P M̃klpΓq.

Proof. Let f “
8
ÿ

n“0

anq
n be a modular form of weight k. Then V f “

8
ÿ

n“0

anq
nl. Since

l is a prime, we have V f “ f l by Fermat’s Little Theorem. Therefore V f P M̃klpΓq.

Theorem 4.3.7. The filtration wpV fq “ lwpfq.

Proof. For the proof see [Katz, 1977].

Proposition 4.3.8. Let I be the identity map. We have the following relations

between the operators U , V , Tp and θ on M̃pΓq:

1. Tp ˝ V “ V ˝ Tp
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2. U ˝ V “ I

3. V ˝ U “ I ´ θpl´1q

Proof. Let f “
8
ÿ

n“0

anq
n be a modular form of weight k.

1. Then:

pTp ˝ V qpfq “ Tp

˜

8
ÿ

n“0

anq
nl

¸

“

8
ÿ

n“0

anpq
nl
` pk´1

8
ÿ

n“0

anq
npl

“ V

˜

8
ÿ

n“0

anpq
n
` pk´1

8
ÿ

n“0

anq
np

¸

“ V

˜

Tp

˜

8
ÿ

n“0

anq
n

¸¸

“ pV ˝ Tpqpfq

2. We have:

pU ˝ V qpfq “ U

˜

8
ÿ

n“0

anq
nl

¸

“ U

˜

8
ÿ

n“0

bnq
n

¸

where bn “ 0 if l - n and bn “ an
l

if l | n. Then we have

U

˜

8
ÿ

n“0

bnq
n

¸

“

8
ÿ

n“0

bnlq
n
“

8
ÿ

n“0

anq
n

Hence U ˝ V “ I.

3. We have the following equality:

pV ˝ Uqpfq “ V

˜

8
ÿ

n“0

anlq
n

¸

“

8
ÿ

n“0

anlq
nl

We can see
8
ÿ

n“0

anlq
nl as

8
ÿ

n“0

bnq
n where bn “ 0 if l - n and bn “ an if l | n.

Then:
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pI ´ θl´1
qpfq “ f ´

8
ÿ

n“0

npl´1qanq
n

” f ´
8
ÿ

n“0
l-n

npl´1qanq
n
pmod lq

“ f ´
8
ÿ

n“0
l-n

anq
n by Fermat’s Little Theorem

“

8
ÿ

n“0

bnq
n

where bn “ 0 if l - n and bn “ an if l | n. Therefore V ˝ U “ I ´ θl´1.

Proposition 4.3.9. We have the following exact sequence:

0 ÝÑ M̃pΓq V
ÝÑ M̃pΓq θ

ÝÑ M̃pΓq U
ÝÑ M̃pΓq ÝÑ 0

Proof. First, we will show that the operator V is injective. Let f, g P M̃pΓq. Suppose

that V f “ V g. Then we have UpV fq “ UpV gq. Since U ˝ V is the identity map by

Proposition 4.3.8(2), we have f “ g. Thus V is injective.

The fact that the operator U is surjective directly follows from UpV fq “ f for

all f P M̃pΓq.

Now, we will show that ImV “ ker θ.

θpV fq “ θ

˜

V

˜

8
ÿ

n“0

anq
n

¸¸

“ θ

˜

8
ÿ

n“0

anq
nl

¸

“

8
ÿ

n“0

nlanq
nl
” 0 pmod lq

Hence, we have ImV Ď ker θ.

For the other direction of the inclusion, let f “
8
ÿ

n“0

anq
n such that θf “ 0. We

want to show that there exists g such that V g “ f . Let g “ Uf . Then

V g “ V pUfq “ f ´ θpl´1qf by Proposition 4.3.8(3)

” f pmod lq.
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So we have ker θ Ď ImV , and hence ker θ “ ImV .

Lastly, we need to show Im θ “ kerU . Let Uf “ 0. This implies
8
ÿ

n“0

anlq
n
“ 0.

So anl “ 0 for all n P N. Then f “
8
ÿ

n“0
l-n

anq
n. If we apply the operator θ, we get:

θl´1f “
8
ÿ

n“0
l-n

nl´1anq
n
“

8
ÿ

n“0
l-n

anq
n
“ f.

Thus kerU Ď Im θ. For the other direction of the inclusion:

Upθfq “ U

˜

θ

˜

8
ÿ

n“0

anq
n

¸¸

“ U

˜

8
ÿ

n“0

nanq
n

¸

“

8
ÿ

n“0

nlanlq
n
” 0 pmod lq.

Hence Im θ “ kerU . Therefore we have the exact sequence.

Proposition 4.3.10. We have the following inequality:

wpUfq ď
wpfq ` l2 ´ 1

l
.

When wpfq ” 1 pmod lq, this is an equality.

Proof. We already know that

wpV pUfqq “ wpf ´ θl´1fq by Proposition 4.3.8(3)

“ wpθl´1fq

ď wpfq ` l2 ´ 1 by Theorem 4.3.4.

We also know that wpV pUfqq “ lwpUfq by Theorem 4.3.7. Therefore we have

wpUfq ď
wpfq ` l2 ´ 1

l
.

Let wpfq ” 1 pmod lq. Then by Theorem 4.3.4, we have wpθl´1fq “ wpfq`l2´1.

Hence we have wpUfq “ wpfq`l2´1
l

.
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Corollary 4.3.11. When the filtration wpfq ” 1 pmod lq, Uf is nonzero.

Proof. Since we have Γ0pNq as the congruence subgroup, the filtration should be

even. So wpfq ‰ 1. Therefore wpUfq is non-zero. Hence Uf is also non-zero by the

Proposition 4.3.10.
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Chapter 5

SYSTEMS OF EIGENVALUES OF MODULAR FORMS

In this chapter, our main goal is to give the proof of the theorem which says

there exist finitely many systems of eigenvalues modulo l for a fixed level N . To do

so, we will be following [Jochnowitz, 1982] as in the previous chapter. First, we will

define the system of eigenvalues, and the Hecke module. Then we will prove our

main theorem.

We fix a level N and a prime l such that l ě 5 and l - N , as in the previous

chapter.

5.1 Number of Systems of Eigenvalues

Definition 5.1.1. The set tλp : l - pu where λp P F̄l is called the system of eigenval-

ues mod l, if there exists an integer k ě 0 and f P M̃kpΓq b F̄l such that Tpf “ λpf

for all p - N .

Let us denote the following quotient space:

Wk “ pM̃kpΓq b F̄lq{pM̃k´l`1pΓq b F̄lq.

Definition 5.1.2. Let p be a prime not dividing the level N . The endomorphisms

of the space M̃pΓq of modular forms mod l is an Fl-algebra. Let A be the subalgebra

generated by the Hecke operators Tp. The modules over this ring A are called Hecke

modules.

Since the Hecke operators also act on the space Wk, it is a Hecke module.

Definition 5.1.3. We define the Hecke module Wkras where a is a positive integer

and a ď l ´ 1 as the F̄l-vector space Wk with the action of the Hecke operators

modified to give the following commutative diagram of F̄l-vector spaces:
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Wk Wk

Wkras Wkras

Tp

id ˆpa

Tp

Here l ‰ p, so p is invertible modulo l. This implies that the map ˆpa is an

isomorphism. Hence, the Hecke modules Wkras and Wk are isomorphic as vector

spaces.

If the system of eigenvalues tλpu appears in Wk, then tpaλpu appears in the Hecke

module Wkras. The module Wkras is called a twist of Wk, also the system tpaλpu is

called a twist of the system tλpu. Since we assumed a ď pl ´ 1q, for each Wk there

exist finitely many twists.

Lemma 5.1.4. Let l - k. We have the operator θ̄ : Wk Ñ Wk`l`1 which is induced

by the operator θ. This map is an injection. In addition to that, it is an isomorphism

of F̄l-vector spaces when k ě l ` 1.

Proof. Let l - k. Then wpθfq “ wpfq ` l` 1 by Theorem 4.3.4. Therefore θ induces

a map θ̄ : Wk Ñ Wk`l`1.

Let f P ker θ̄. Then θ̄f P M̃k`2pΓq. Since we know that θ maps a weight k

modular form to a weight k ` l ` 1, we have f P M̃k´l`1pΓq. So θ̄ is an injection.

Let k ě l ` 1. We want to show that θ is an isomorphism. To do so, it is

enough to show that Wk and Wk`l`1 have the same dimension as vector spaces.

Since Wk “ pM̃kpΓq b F̄lq{pM̃k´l`1pΓq b F̄lq, we have:

dimF̄lWk “ dimFl M̃kpΓq ´ dimFl M̃k´l`1pΓq

We showed that dimFl M̃kpΓq “ dimCMkpΓ,Cq in Proposition 4.2.3. So

dimF̄lWk “ dimCMkpΓ,Cq ´ dimCMk´l`1pΓ,Cq
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By the dimension formula that we stated in Theorem 2.4.9:

dimF̄lWk “ pk ´ 1qpg ´ 1q `

Z

k

4

^

ε2 `

Z

k

3

^

ε3 `
k

4
ε8 ´ pk ´ l ` 1´ 1qpg ´ 1q

´

Z

k ´ l ` 1

4

^

ε2 ´

Z

k ´ l ` 1

3

^

ε3 ´
k ´ l ` 1

4
ε8

“ pl ´ 1qpg ´ 1q `

ˆZ

k

4

^

´

Z

k ´ l ` 1

4

^˙

ε2

`

ˆZ

k

3

^

´

Z

k ´ l ` 1

3

^˙

ε3 `
l ´ 1

4
ε8

Let k “ 4a` b and l “ 4a1 ` b1 where b “ 0, 2 and b1 “ 1, 3. Then we have:
Z

k

4

^

´

Z

k ´ l ` 1

4

^

“

Z

4a` b

4

^

´

Z

4pa´ a1q ` pb´ b1q ` 1

4

^

“ a´ pa´ a1q ´

Z

pb´ b1q ` 1

4

^

“

$

’

’

’

&

’

’

’

%

a1 if b1 “ 1 or b “ 2

a1 ` 1 otherwise

and
Z

k ` l ` 1

4

^

´

Z

k ` 2

4

^

“

Z

4pa` a1q ` pb` b1q ` 1

4

^

´

Z

4a` b` 2

4

^

“ a` a1 `

Z

pb` b1q ` 1

4

^

´ a´

Z

b` 2

4

^

“

$

’

’

’

&

’

’

’

%

a1 if b1 “ 1 or b “ 2

a1 ` 1 otherwise

Hence we have:
Z

k

4

^

´

Z

k ´ l ` 1

4

^

“

Z

k ` l ` 1

4

^

´

Z

k ` 2

4

^

and with a similar calculation we have:
Z

k

3

^

´

Z

k ´ l ` 1

3

^

“

Z

k ` l ` 1

3

^

´

Z

k ` 2

3

^

Therefore dimF̄lWk “ dimF̄lWk`l`1 and this means that θ̄ is an isomorphism of

F̄l-vector spaces.
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The following theorem will imply our main theorem.

Theorem 5.1.5. Let j be a positive integer. Then there exists a positive integer k

with k ď 2l such that the space Wj is isomorphic to a twist of the space Wk as a

Hecke module.

Proof. If j ď 2l, the Hecke modules Wj and Wjr0s are isomorphic as Hecke modules.

So let j ą 2l. We will show that there exists k ă j and there exists a ď pl´ 1q such

that Wj – Wkras. We will divide the proof into the two cases: j ı 1 pmod lq and

j ” 1 pmod lq.

Suppose that j ı 1 pmod lq. Let k “ j ´ l ´ 1. Since Tp ˝ θ “ pθ ˝ Tp by

Proposition 4.3.5 and we have induced operator θ̄, we have the following diagram

commutes:

Wk Wk`l`1

Wk Wk`l`1

θ̄

Tp Tp

pθ̄

Moreover, θ̄ and pθ̄ are isomorphisms of vector spaces. ThereforeWk`l`1 – Wkr1s

as Hecke modules. Thus when j ı 1 pmod lq and j ą 2l, we have the result.

Suppose that j ” 1 pmod lq. We know that wpUfq “ wpfq`l2´1
l

by Proposition

4.3.10. Then the operator U induces an operator Ū : Wj Ñ W j`l2´1
l

which is an

injection. We also know that wpV fq “ lwpfq by Theorem 4.3.7. So the operator V

also induces an injection V̄ : W j`l2´1
l

Ñ Wj`l2´1. Then we have:

V̄ ˝ Ū : Wj Ñ Wj`l2´1

By Proposition 4.3.8(3), we know that V ˝ U “ I ´ θl´1. As wpfq ď j ` l2 ´ 1, the

operator V̄ ˝ Ū “ ´θ̄l´1.

We showed that θ is an isomorphism. Since j ” 1 pmod lq, the operator θ̄l´1 is

also an isomorphism of F̄l-vector spaces, and hence V̄ ˝ Ū is also an isomorphism.

Then V̄ is surjective. We know that the operators Ū and V̄ are injections. Then V̄ is

an isomorphism, and hence Ū is also an isomorphism of F̄l-vector spaces. Moreover,
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we have the following commuting diagram:

Wj W j`l2´1
l

Wj W j`l2´1
l

Ū

Tp Tp

Ū

Hence Wj and W j`l2´1
l

are isomorphic as Hecke modules. Therefore, we also have

the result when j ” 1 pmod lq and j ą 2l.

Example 5.1.6. Let l “ 5 and k ą 24. Then

Wk – Wk´6r1s – Wk´12r2s – Wk´18r3s – Wk´24r4s “ Wk´24

Theorem 5.1.7. There exist finitely many systems of eigenvalues mod l for fixed

level N .

Proof. By the Theorem 5.1.5, every system of eigenvalues modulo l appears in the

twists of Wk where 0 ď k ď 2l and we also know that each Wk has finitely many

twists. Hence there exist finitely many systems of eigenvalues modulo l.

This theorem has a nice corollary on the finiteness of the congruence classes

of the normalized eigenforms mod l. For the corollary, we need the following two

lemmas.

Lemma 5.1.8. For a given sequence tλp P F̄l : p is a primeu where p is not necessar-

ily different from l, there are only finitely many normalized eigenforms f “
ÿ

ně0

anq
n

such that ap ” λp pmod lq, for all primes p.

Proof. Recall from Definition 3.1.5 that the Hecke operator Tpr is defined by the

following formula:

Tpr :“ TpTpr´1 ´ pk´1Tpr´2

and the n-th Hecke operator is defined by the product of Tpeii ’s. So we have:

apr “ apapr´1 ´ pk´1apr´2
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Each apr pmod lq is determined by a1 which is 1 in this case because f is normalized,

ap which is λp modulo l, r and congruence class of pk´1 pmod lq, and hence by the

congruence class of k pmod pl ´ 1qq. Then for fixed r, the set tapr : r ě 0u is

completely determined by the eigensystem and by k pmod l´1q. For a fixed integer

n “ pe11 p
e2
2 ...p

em
m , the coefficient an is completely determined by the eigensystem and

by k pmod l´1q. Consequently, there are only finitely many normalized eigenforms

f “
ÿ

ně0

anq
n such that ap ” λp pmod lq, for all primes p.

Lemma 5.1.9. Let k ą l ` 1, then UpWkq “ 0.

Proof. Let k ą l ` 1 and let f P Wk. By Proposition 4.3.10, we have

wpUfq ď
wpfq ` l2 ´ 1

l
ă l ` 1 ă k.

Hence, we have Uf “ 0.

Corollary 5.1.10. There are only finitely many congruence classes of normalized

eigenforms mod l for fixed level N .

Proof. Let λ “ tλp : l - pu be a system of eigenvalues mod l. Let f P M̃pΓq b F̄l
be a normalized eigenform with q-expansion

ÿ

ně0

anq
n that gives the system λ. Since

ap ” λp pmod lq when p ‰ l, the set of sequences tappfq pmod lq : p ‰ lu is finite

because there exist finitely many systems of eigenvalues by Theorem 5.1.7.

The operators U and Tl are equal modulo l and if wpfq ą l ` 1, then Upfq “ 0

by Lemma 5.1.9, and hence alpfq ” 0 pmod lq. If wpfq ď l ` 1, then f appears

in a space of modular form of weight at most l ` 1. Since each space of modular

forms has finite dimension, there are finitely many possibilities for alpfq since it is

the eigenvalue of the operator U .

Hence, there exist only finitely many congruence classes of eigenforms modulo l

by Lemma 5.1.8.
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Example 5.1.11. Let l “ 5 and the level N “ 1. We will try to find all systems

of eigenvalues. Every system of eigenvalues appears up to twist in weight at most

2l “ 10. In M0, there are only constant modular forms and in M2 there are no

non-zero modular forms. The space M4 is generated by E4 and M8 is generated

by E2
4 . We know that E4 ” 1 pmod 5q by Theorem 4.1.4. Therefore M̃4 and M̃8

contain only constant modular forms. The space M̃6 is generated by Ẽ6. Moreover,

the space M10 is generated by the Eisenstein series E10 and it is equal to E4E6 by

Example 2.4.12. Then M̃10 is also generated by Ẽ6. Hence there are up to twist only

the systems of eigenvalues coming from the weight 6. Every system of eigenvalues

coming from the twists θapG6q where 0 ď a ď 3.

appG6q “ 1` p5
” 1` p pmod 5q

appθG6q ” p` p2
pmod 5q

appθ
2G6q ” p2

` p3
pmod 5q

appθ
3G6q ” p3

` p4
” p3

` 1 pmod 5q

So these are only 4 systems of eigenvalues that appear in modulo 5.

Example 5.1.12. Let l “ 7 and the level N “ 1. We use the same idea as in the

previous example. We’re only checking up to the weight 14. Again, the space M0

contains only constant modular forms and in the spaceM2 there is only zero. Since

E6 ” 1 pmod 7q, the space M̃6 also consist of constant modular forms. We know

that M̃4 is generated by Ẽ4 and the space M̃10 is also generated by Ẽ4 because

E10 “ E4E6 ” E4 pmod 7q. There are the systems of eigenvalues coming from G4.

appG4q “ 1` p3

appθG4q ” p` p4
pmod 7q

appθ
2G4q ” p2

` p5
pmod 7q

appθ
3G4q ” p3

` p6
” 1` p3

” appG4q pmod 7q

We also know that M̃8 is generated by Ẽ8. Additionally, the space M̃14 is generated

by Ẽ8 because E14 “ E8E6 ” E8 pmod 7q. So we have the systems of eigenvalues
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coming from G8.

appG8q “ 1` p7
” 1` p pmod 7q

appθG8q ” p` p2
pmod 7q

appθ
2G8q ” p2

` p3
pmod 7q

appθ
3G8q ” p3

` p4
pmod 7q

appθ
4G8q ” p4

` p5
pmod 7q

appθ
5G8q ” p5

` p6
” 1` p5

pmod 7q

The space of modular forms M12 is generated by E12 and ∆. We calculated on

SAGE :

E12 “ E2
6 `

762048

691
∆ ” 1 pmod 7q

and hence the only new eigensystem coming from M12 is the system of eigenvalues

coming from ∆ “
ÿ

ně1

τpnqqn where τ is the Ramanujan tau function.

Since E10 “ E4E6, we have wpE10q “ 4. Then wpθE10q “ 4 ` 7 ` 1 “ 12 by

Theorem 4.3.4. So θpE10q can be written as a linear combination of E12 and ∆.

θpE10q “ λE12 ` β∆ ” λ` β∆ pmod 7q

since θpE10q and ∆ have no constant coefficient λ “ 0. The Eisenstein series E10 has

the q-expansion 1`2q`4q2`... modulo 7. Then we have θpE10q ” 2q`8q2`... ” 2∆

pmod 7q. This means that θpG10q ” ∆ pmod 7q. Therefore

τpnq ” nσ9pnq pmod 7q

Here we showed that ∆̃ is a twist of the Eisenstein series G̃10. We already found

that the eigenvalues with respect to E10 come from the system of eigenvalues of the

Eisenstein series G4. So there are exactly 9 systems of eigenvalues appear in modulo

7.
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Chapter 6

SERRE’S l-ADIC MODULAR FORMS

In the previous chapters, we talked about the reductions of modular forms mod-

ulo prime l. Now we will introduce the l-adic modular forms with level N “ 1 and

we are following [Serre, 1973b]. Throughout this chapter l is a prime.

6.1 Congruences modulo lm

In the Chapter 4, we talked about the congruences modulo l satisfied by the Eisen-

stein series. Now, it is natural to examine the congruences of Eisenstein series

modulo lm where m is a positive integer.

Proposition 6.1.1. Let m be a positive integer. Then we have Ek ´ 1 P lmZlrrqss

if and only if pl ´ 1qlm´1 divides the weight k when l ą 2 and lm´2 divides k when

l “ 2.

Proof. Let pl ´ 1qlm´1 divides the weight k and l ą 2. Since pl ´ 1q | k, we have

vl
`

Bk
k

˘

ă 0 by Theorem 4.1.2. So vl

´

2k
Bk

¯

ą 0 and we also know that lm´1 | k.

Therefore vl

´

2k
Bk

¯

ě m. If l “ 2 and lm´2 | k, then vl

´

k
Bk

¯

ě m ´ 1. So we have

vl

´

2k
Bk

¯

ě m. Hence Ek ´ 1 P lmZlrrqss.

For the other direction of the proof, suppose that Ek´1 P lmZlrrqss. This implies

that Ek ´ 1 P lZlrrqss and pl ´ 1q | k by Theorem 4.1.4. Since Ek ´ 1 P lmZlrrqss,

the valuation vl

´

k
Bk

¯

ě m when l ą 2 and vl

´

k
Bk

¯

ě m ´ 1 when l “ 2. Since

pl ´ 1q divides k, we know that vlpBkq “ ´1. If we combine these two results, we

get vlpkq ě m´ 1 when l ą 2 and we have vlpkq ě m´ 2 when l “ 2. Therefore we

have the result.



Chapter 6: Serre’s l-adic Modular Forms 45

Theorem 6.1.2. Let m ě 1. Let f PMkpSL2pZq,Qq which is non-zero and

f 1 PMk1pSL2pZq,Qq. Suppose that

vlpf ´ f
1
q ě vlpfq `m.

Then we have the following congruences between the weights k and k1:

k ” k1 pmod pl ´ 1qlm´1
q if l ą 2

k ” k1 pmod lm´2
q if l “ 2

Proof. The existence of the integral basis implies that the coefficients of f have

valuations bounded from below (for the existence, see [Kilford, 2008]). Therefore,

without loss of generality, we can assume that vlpfq “ 0. Then we have

vlpf ´ f
1
q ě m.

This means that f ´ f 1 ” 0 pmod lmq. Then reducing modulo l we have f̃ “ f̃ 1.

This means that there exists α P Z{pl ´ 1qZ such that f, f 1 P M̃α. Therefore we

have k ” k1 pmod pl ´ 1qq. This means we have the result when m “ 1.

Now, we will show the result for m ą 1 and l ě 5. Let h :“ k1 ´ k. To finish

the proof we need to show that lm´1 | h. The modular forms f 1 and f 1Elnpl´1q have

the same q-expansion by reduction modulo l. Hence we can replace f 1 by f 1Elnpl´1q

for some n positive integer to get h ą 2. In this way, we have the Eisenstein

series of weight h, Eh. Since h ” 0 pmod pl ´ 1qq, we have Eh ´ 1 ” 0 pmod lq by

Proposition 6.1.1. Let us define r :“ vlphq ` 1. If we show that r ě m, we would

have vlphq ě m´ 1 and this means that lm´1 | h so we would be done.

Assume that m ą r. By hypothesis, we know that f ´ f 1 ” 0 pmod lmq. There-

fore f ´ f 1 ” 0 pmod lrq. We also know that h ” 0 pmod pl ´ 1qlr´1q and hence

Eh´1 ” 0 pmod lrq by Proposition 6.1.1. Therefore we have the following equality:

fEh ´ f
1
“ f ´ f 1 ` fpEh ´ 1q ” 0 pmod lrq.

Then we have

l´rpfEh ´ f
1
q ” l´rfpEh ´ 1q pmod lq.
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Then by Theorem 4.1.2, we have vlpBhq “ ´1. So we have:

vl

ˆ

l´r
2h

Bh

˙

“ vlpl
´r
q ` vlp2hq ´ vlpBhq “ 0.

Therefore, we have the following:

l´rpEh ´ 1q “ tϕ

where gcdpt, lq “ 1 and ϕ “
ÿ

ně1

σh´1pnqq
n. Then we have

fϕ “ ptlrq´1fpEh ´ 1q ” ptlrq´1
pfEh ´ f

1
q pmod lq.

We have

ϕ´ ϕl ”
ÿ

l-n

σh´1pnqq
n
pmod lq

” θh´1

˜

ÿ

ně1

σ1pnqq
n

¸

pmod lq

” θh´1

˜

´
Ẽ2

24

¸

” ´
θp´2pẼ2q

24
.

Then if we look at their filtration we have

wpϕ̃´ ϕ̃lq “ w

˜

´
θl´2pẼ2q

24

¸

.

This means that wpϕ̃lq “ wpθl´2pẼl`1qq since E2 ” El`1 pmod lq by Theorem 4.1.3.

We know that wpϕ̃lq “ lwpϕ̃q by [Katz, 1977]. We also know that wpEl`1q “ l ` 1

by example 4.2.7. Then wpθl´2pẼl`1qq “ pl´ 1qpl` 1q by Theorem 4.3.4. Therefore

lwpϕ̃q “ l2 ´ 1 but this is a contradiction since l2 ´ 1 is not divisible by l. Hence

r ě m and this means lm´1 | h “ k1´ k. Therefore k1´ k is divisible by pl´ 1qlm´1.

For the case l ă 5, see [Serre, 1973b].

6.2 l-adic Modular Forms

In this part, we will introduce l-adic modular forms which is constructed by Serre

and we will describe some of its properties. Then we will give an example of Serre’s

l-adic modular forms which is l-adic Eisenstein series.
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Definition 6.2.1. Let f P Qlrrqss with f “
8
ÿ

n“0

anq
n. We define the l-adic valuation

on the formal power series by

vlpfq “ inf vlpanq.

In order to define the l-adic modular forms, we introduce the following group

which will be the group of weights of l-adic modular forms.

Definition 6.2.2. The group X is defined by the inverse limit X “ lim
ÐÝ

Xm where

Xm “ Z{lm´1ZˆZ{pl´ 1qZ when l ą 2 and Xm “ Z{2m´2Z when l “ 2. Therefore

X – Zl ˆ Z{pl ´ 1qZ when l ą 2

where Zl is the set of l-adic integers and

X – Z2 when l “ 2.

Let k P X. This k is called even if it lies in 2X.

Definition 6.2.3. Let f P Qlrrqss. This power series f is called an l-adic modu-

lar form if there exists a sequence of modular forms fi P MkipSL2pZ,Qqq which

converges to f in the sense that lim
iÑ8

vlpf ´ fiq “ `8.

Proposition 6.2.4. Let fi be a sequence of modular forms with rational coefficients,

of weight ki which converges to an l-adic modular form f . Then the sequence of

weights ki converges to some k P X.

Proof. If the sequence tfiu converges, this means that vlpf ´ fiq goes to `8 when

i Ñ `8. So there exist N such that vlpfi ´ fjq ě m for all i, j ě N . Therefore

ki ” kj pmod pl ´ 1qlm´1q by Theorem 6.1.2. Then the image of ki is eventually

constant in Xm for every m. So the limit k of the sequence tkiu exists in X.

This k P X is called the weight of the l-adic modular form f . Furthermore, this

weight k always lies in 2X. Therefore the weight of an l-adic modular form is also

even.
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Recall that we showed in Theorem 6.1.2 that: if f PMkpSL2pZq,Qq is non-zero

and f 1 P Mk1pSL2pZq,Qq with vlpf ´ f 1q ě vlpfq ` m for m ě 1, then k ” k1

pmod pl ´ 1qlm´1q. Actually the same is true also for l-adic modular forms.

Lemma 6.2.5. Let tfiu be a Cauchy sequence in Qlrrqss. If lim
iÑ`8

|fi|l ‰ 0, then

vlpfiq “ vlpfq for i " 0.

Proof. Since lim
iÑ`8

|fi|l ‰ 0, there exists ε “ l´r ą 0 and N P N such that |fi|l ě ε

if i ě N . This means that vlpfiq “ inftvlpan,iqu ď r. Since tfiu is a Cauchy

sequence there exists N 1 such that |fm ´ fm1 |l ă ε if m,m1 ě N 1 and it means that

vlpfm ´ fm1q “ inftvlpan,m ´ an,m1qu ą r. Then we choose Ñ “ maxtN,N 1u, for

m,m1 ě Ñ

vlpfmq “ vlpfm ´ fm1 ` fm1q

ě mintvlpfm ´ fm1q, vlpfm1qu

“ vlpfm1q

By symmetry, we have vlpfmq ď vlpfm1q and hence vlpfmq “ vlpfm1q. Thus vlpfiq “

vlpfq for i ě Ñ .

Proposition 6.2.6. Let m ě 1 and let f and f 1 be nonzero l-adic modular forms

with weights k and k1. Suppose that vlpf ´ f
1q ě vlpfq `m. Then

k ” k1 pmod pl ´ 1qlm´1
q if l ą 2

k ” k1 pmod lm´2
q if l “ 2

and this means that k ´ k1 is zero in Xm.

Proof. The statement is clear if f “ f 1. Suppose that f, f 1 are distinct. By definition

of l-adic modular forms, there exist a sequence of modular forms fi of weights

ki which converges to f and a sequence of modular forms f 1i of weights k1i which

converges to f 1. Since f and f 1 are nonzero, by the previous lemma we have vlpfq “

vlpfiq and vlpf ´ f
1q “ vlpfi ´ f

1
iq for i big enough.
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Thus

vlpf ´ f
1
q “ vlpfi ´ f

1
iq ě vlpfiq `m “ vlpfq `m

as iÑ 8. Then ki ” k1i pmod pl´1qlm´1q when l ą 2 and ki ” k1i pmod lm´2q when

l “ 2 by Theorem 6.1.2. Therefore

k ” k1 pmod pl ´ 1qlm´1
q if l ą 2

k ” k1 pmod lm´2
q if l “ 2

and hence k ´ k1 “ 0 P Xm.

Corollary 6.2.7. Let f be an l-adic modular form of weight k with q-expansion
ÿ

ně0

anq
n. Suppose that m ě 0 and k pmod pl ´ 1qlmq is nonzero. Then

vlpa0q `m ě vl

˜

ÿ

ně1

anq
n

¸

.

Proof. Let f 1 “ a0. If a0 “ 0, we have vlpa0q “ `8 and we have the result.

Suppose that a0 is nonzero. Then f 1 has weight zero. We assumed that k ı 0

pmod pl´ 1qlmq. Then vlpf ´ f
1q ă vlpfq `m` 1 by Proposition 6.2.6. This means

vl

˜

ÿ

ně1

anq
n

¸

ă vlpfq `m` 1. Therefore we have

vl

˜

ÿ

ně1

anq
n

¸

ď vlpfq `m.

Since we defined vlpfq “ inf vlpanq, we have the result:

vl

˜

ÿ

ně1

anq
n

¸

ď vlpa0q `m.

Corollary 6.2.8. Let fi’s be l-adic modular forms of weight ki which have q-

expansions fi “
ÿ

ně0

an,iq
n. Suppose that the following hold:

• For each n ě 1, there are an P Ql such that an,i converges uniformly to an as

iÑ `8.
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• The sequence of weights tkiu converges to nonzero k in the group X.

Then the sequence of the constant terms a0,i converges to a0. Furthermore, the

sequence fi converges to an l-adic modular form f whose q-expansion is
ÿ

ně0

anq
n

and which has weight k.

Proof. Since we assumed k is nonzero, then we can choose an m ě 1 such that k is

nonzero in Xm. The sequence an,i converges as i Ñ `8 uniformly to an for each

n ě 1, then |an,i|l uniformly converges to |an|l. This implies that |an,i|l is uniformly

bounded. Then we can choose r P Z such that there exists Nr P N

vlpan,iq ě r

for all n ě 1 and i ě Nr.

By the previous corollary, we

vlpa0,iq `m ě vl

˜

ÿ

ně1

an,iq
n

¸

“ inf vlpan,iq ě r

for all n ě 1 and i ě Nr.

So

vlpa0,iq ě r ´m

This means that lr´m | a0,i. Therefore a0,i P l
r´mZl. The space Zl is compact and

since it is a metric space it is also sequentially compact. Let ta0,iju be a subsequence

of ta0,iu which converges to a0 and ta0,ihu be a subsequence of ta0,iu which converges

to ã0. Then these two limits give the following two l-adic modular forms of weight

k:

f “ a0 `
ÿ

ně1

anq
n and f̃ “ ã0 `

ÿ

ně1

anq
n

Since these two have weight k, their difference f ´ f̃ also has weight k nonzero.

But f ´ f̃ “ a0 ´ ã0 has also zero weight. Therefore a0 ´ ã0 “ 0. So different

subsequences have the same limit, and hence the sequence a0,i has the limit a0.

Therefore, we conclude fn,i converges to l-adic modular form f “
ÿ

ně0

anq
n.
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6.3 l-adic Eisenstein Series

We know that the Eisenstein series of weight 2 is not a modular form in the classical

theory of modular forms. But after defining l-adic Eisenstein series we will see that

there exists l-adic Eisenstein series of weight 2.

Let k be an integer. We know that σkpnq “
ÿ

d|n

dk. Let k P X and n be a

non-negative integer. If l does not divide d, then d is contained in Zˆl . Then we can

define σ˚kpnq as follows:

σ˚kpnq “
ÿ

d|n
pl,dq“1

dk.

In order to make sense of this definition, we need to define the term dk:

Since d is in Zˆl , we can write it as d “ d1d2 where d1 is a pl´ 1qst root of unity

and d2 ” 1 pmod lq. Let k P X such that k “ pm1,m2q P Zl ˆ Z{pl ´ 1qZ. Then

dk :“ dm2
1 dm1

2

Now, we will show that the term dm1
2 is well-defined. Let z “ 1 ` la P 1 ` lZl

and τ P Zl such that τ “
ÿ

iě0

ail
i where 0 ď ai ď pl ´ 1q. Let τj “

j
ÿ

i“0

ail
i. Then

vlpz
τh ´ zτjq ě vlplaq ` vlpτh ´ τjq

“ 1` vlpaq ` vlpaj`1l
j`1
` aj`2l

j`2
` ...` ahl

h
q

This means that zτj converges to zτ . Therefore raising to an l-adic power can be

defined by this limit:

zτ :“ lim
jÑ`8

zao`a1l`...`aj l
j

Let ki ě 4 be a sequence which converges to k in X in the sense of l-adic topology

and |ki| goes to `8 in the usual sense. Since ki converges to k in X:

dki´1
Ñ dk´1 as iÑ `8, if l - d

Since |ki| Ñ `8:

dki´1
Ñ 0 as iÑ `8, if l | d
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Therefore we have:

σki´1pnq Ñ σ˚k´1pnq

as iÑ `8. Now, we will show that this convergence is also uniform in n.

ˇ

ˇσki´1pnq ´ σ
˚
k´1pnq

ˇ

ˇ

l
“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

l|d

dki´1
`
ÿ

l-d

dki´1
´
ÿ

l-d

dk´1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

l

ď max

$

&

%

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

l|d

dki´1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

l

,

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

l-d

pdki´1
´ dk´1

q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

l

,

.

-

We have
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

l|d

dki´1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

l

ď max
 
ˇ

ˇdki´1
ˇ

ˇ

l
: d | n, l | d

(

ď l1´ki

We also have
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

l-d

pdki´1
´ dk´1

q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

l

ď max
 
ˇ

ˇdki´1
´ dk´1

ˇ

ˇ

l
: d | n, l - d

(

ď max
 
ˇ

ˇdki´1
1 dki´1

2 ´ dm2´1
1 dm1´1

2

ˇ

ˇ

l
: d | n, l - d

(

since k ” ki pmod pl ´ 1qlm´1
q then m2 ” ki pmod pl ´ 1qq

ď l´vlpd
ki´1
2 ´d

m1´1
2 q

ď l´vlpm1´kiq

Thus
ˇ

ˇσki´1pnq ´ σ
˚
k´1pnq

ˇ

ˇ

l
ď maxtl1´ki , l´vlpm1´kiqu

Hence we have an upper bound which does not depend on n. Therefore it converges

uniformly.

Recall that

Gk :“ ´
Bk

2k
`

ÿ

ně1

σk´1pnqq
n

Let Gki be the Eisenstein series of weight ki. We know an,i “ σki´1pnq converges

uniformly to an “ σ˚k´1pnq for each n ě 1 and the weights ki converges to k in X.

Therefore, by Corollary 6.2.8, the sequence of Eisenstein series Gki has a limit G˚k

which is an l-adic modular form whose q-expansion is

G˚k “ lim
iÑ`8

´
Bki

2ki
`

ÿ

ně1

σ˚k´1pnqq
n
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We need to show that there exists a sequence of ki ě 4 which converges to 2 P X.

Then we can conclude that there exists l-adic Eisenstein series of weight 2. Let

ki “ 2` pl ´ 1qli

Then for m big enough we have:

ki ” 2 pmod pl ´ 1qlm´1
q

So ki converges to 2 in X as iÑ `8 and |ki| Ñ `8 in the usual sense. Therefore

we have the l-adic Eisenstein series of weight 2:

G˚2 “ lim
iÑ`8

´
Bki

2ki
`

ÿ

ně1

σ˚1 pnqq
n

6.4 Modular forms with respect to Γ0plq

In this part of the chapter, we will show that if f is a classical modular form with

rational coefficients with respect to Γ0plq, then it is also an l-adic modular form.

First we define the trace of a modular form.

Definition 6.4.1. Let f be a modular form with respect to Γ0plq. Let γi where

i P t1, ..., l ` 1u be coset representatives of Γ0plq in SL2pZq. Then the trace of f is

defined by:

Tr :MkpΓ0plqq ÑMkpSL2pZqq

Trpfq “
l`1
ÿ

i“1

f |kγi

Notice that this definition comes from the double coset definition in Definition

3.0.3. Let Γ1 “ Γ0plq, Γ2 “ SL2pZq and α be the identity matrix I, then we get this

trace map.

Let W “

»

–

0 1

´l 0

fi

fl. Then W 2 “

»

–

´l 0

0 ´l

fi

fl. Recall that we defined the slash k

operator by:

f |k γpzq “ pdet γq
k
2 pcz ` dq´kfpγzq.
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Therefore we have:

f |k W
2
pzq “ pdetW 2

q
k
2 p0z ´ lq´kfpW 2zq

“ p´1q´kfpzq “ fpzq.

Let f be a modular form with respect to Γ0plq and γ “

»

–

a b

ln d

fi

fl P Γ0plq. Then

WγW´1
“

»

–

0 1

´l 0

fi

fl

»

–

a b

ln d

fi

fl

»

–

0 1
l

´1 0

fi

fl “

»

–

d ´n

´lb a

fi

fl P Γ0plq.

Since we said f PMkpΓ0plqq,

f |k WγW´1
“ f.

Then we have

pf |k W q |k γ “ f |k W

and hence f |k W is also a modular form with respect to Γ0plq.

Lemma 6.4.2. Suppose that f is a modular form with respect to Γ0plq. Then we

have the following formula:

Trpfq “ f ` l1´
k
2Upf |k W q

where U is the operator defined in Definition 4.3.1.

Proof. We know that rSL2pZq : Γ0plqs “ l ` 1 by Proposition 2.1.4. Let the coset

representatives of Γ0plq in SL2pZq be:

γl`1 “ I

and if j P t1, ..., lu

γj “

»

–

0 ´1

1 j

fi

fl .

Let βj “

»

–

1
l

j
l

0 1

fi

fl. Then we have

»

–

0 ´1

l 0

fi

fl

»

–

1
l

j
l

0 1

fi

fl “

»

–

0 ´1

1 j

fi

fl .
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This means that we can write each γj “ Wβj. Then

Trpfq “
l`1
ÿ

j“1

f |kγj “ f `
l
ÿ

j“1

f |kγi

“ f `
l
ÿ

j“1

f |kWβj

“ f `
l
ÿ

j“1

pf |kW q|kβj

“ f `
l
ÿ

j“1

ˆ

1

l

˙
k
2

l´kf |kW

ˆ

z ` j

l

˙

“ f ` l´
k
2

l
ÿ

j“1

f |kW

ˆ

z ` j

l

˙

.

Since f |kW is a modular form, it has a q-expansion, say f |kW pzq “
ÿ

ně0

anq
n where

q “ e2πiz. Then

l
ÿ

j“1

f |k W

ˆ

z ` j

l

˙

“

l
ÿ

j“1

ÿ

ně0

ane
2πni z`j

l

“
ÿ

ně0

an

l
ÿ

j“1

e
2πnipz`jq

l

“
ÿ

ně0

ane
2πniz
l

l
ÿ

j“1

e
2πnij
l

and

l
ÿ

j“1

e
2πnij
l “

l
ÿ

j“1

´

e
2πni
l

¯j

“
1´ pe

2πni
l ql

1´ e
2πni
l

“

$

’

&

’

%

0, if l - n

l, if l | n.

Then we have

l
ÿ

j“1

f |k W

ˆ

z ` j

l

˙

“ l
ÿ

ně0

ane
2πniz
l where l | n.
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This means
l
ÿ

j“1

f |k W

ˆ

z ` j

l

˙

“ lUpf |kW q.

Hence, we have the result:

Trpfq “ f ` l1´
k
2Upf |k W q.

In order to show that every modular form with rational coefficients with respect

to Γ0plq is also an l-adic modular form, we need the following the lemma.

Lemma 6.4.3. Let h ě 4 be an integer such that pl´1q | h and let g “ Eh´l
h
2Eh|hW .

Then g ” 1 pmod lq. Moreover, g|hW ” 0 pmod l1`
h
2 q.

Proof. Since pl ´ 1q | h, we have Eh ” 1 pmod lq by Theorem 4.1.4. This implies

that g ” 1 pmod lq.

The matrix W can be written as

W “

»

–

0 ´1

1 0

fi

fl

»

–

l 0

0 1

fi

fl .

Since

»

–

0 ´1

1 0

fi

fl P SL2pZq, we have

Eh |h W “ Eh |h

»

–

0 ´1

1 0

fi

fl

»

–

l 0

0 1

fi

fl

“

¨

˝Eh |h

»

–

0 ´1

1 0

fi

fl

˛

‚|h

»

–

l 0

0 1

fi

fl

“ Eh |h

»

–

l 0

0 1

fi

fl

“ l
h
2Ehplzq

“ l
h
2V pEhq
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where V is the operator we defined in Definition 4.3.1. Therefore, we have:

g|hW “ Eh|hW ´ l
h
2Eh|hW

2

“ Eh|hW ´ l
h
2Eh

“ l
h
2V pEhq ´ l

h
2Eh

“ l
h
2 pV pEhq ´ Ehq

” 0 pmod l1`
h
2 q

because we showed Eh ” 1 pmod lq and we also have V pEhq ” 1 pmod lq, so

l|pV pEhq ´ Ehq. Hence we have g|hW ” 0 pmod l1`
h
2 q.

Theorem 6.4.4. Let f PMkpΓ0plq,Qq. Then f is an l-adic modular form.

Proof. In order to show that f is an l-adic modular form, we need to find a sequence

of modular forms with rational coefficients tfiu which converges to f . So we need

to show that vlpfi ´ fq Ñ `8 with vlpki ´ kq Ñ `8 as iÑ `8.

Let fi :“ Trpfgl
i
q where g “ Eh´ l

h
2Eh|hW as in the previous lemma. We know

that Trpfgl
i
q PMkipSL2pZq,Qq where ki :“ k` lih, since f has weight k and g has

weight h, the weight of fi is ki “ k ` lih. Then we have

vlpfi ´ fq “ vlpTrpfg
li
q ´ fq

“ vlpfg
li
` l1´

ki
2 Upfgl

i

|ki W q ´ fq

“ vlpfpg
li
´ 1q ` l1´

ki
2 Upfgl

i

|ki W qq

ě mintvlpfpg
li
´ 1qq, vlpl

1´
ki
2 Upfgl

i

|ki W qqu

Let us calculate vlpfpg
li ´ 1qq and vlpl

1´
ki
2 Upfgl

i
|ki W qq.

vlpfpg
li
´ 1qq “ vlpfq ` vlpg

li
´ 1q

“ vlpfq ` i` 1
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because we showed in the previous lemma, g ” 1 pmod lq.

vlpl
1´

ki
2 Upfgl

i

|ki W qq “ 1´
ki
2
` vlpUpfg

li
|ki W qq

ě 1´
ki
2
` vlpfg

li
|ki W q

“ 1´
ki
2
` vlppf |k W qpg |h W q

li
q

“ 1´
ki
2
` vlpf |k W q ` l

ivlpg |h W q

Since g|hW ” 0 pmod l1`
h
2 q we have “ 1´

k

2
´
hli

2
` vlpf |k W q ` l

i

ˆ

1`
h

2

˙

“ 1´
k

2
` vlpf |k W q ` l

i

Then

vlpfi ´ fq ě mintvlpfq ` i` 1, 1´
k

2
` vlpf |k W q ` l

i
u

Therefore vlpfi ´ fq Ñ `8 as iÑ `8. So this sequence tfiu converge to f . Since

ki “ k ` hli, the sequence tkiu converge to k P X. Hence f is an l-adic modular

form of weight k.

Corollary 6.4.5. Let f PMkpΓ0plq,Zq. Then there exists f 1 PMk`ipl´1qpSL2pZq,Zq

such that f ” f 1 pmod lq for i is big enough.

Proof. Let h “ l ´ 1. Then we have g “ El´1 ´ l
l´1
2 El´1|l´1W as in Lemma 6.4.3.

Let us choose f 1 :“ fi “ Trpfgl
i
q PMk`ipl´1qpSL2pZq,Zq where i is big enough such

that vlpf |k W q ` l
i ě k

2
. Then as in the previous theorem we have,

vlpf
1
´ fq ě mintvlpfq ` i` 1, 1´

k

2
` vlpf |k W q ` l

i
u

Since f has integer coefficients, vlpfq ě 0 and since we chose i so that vlpf |k

W q ` li ě k
2
, we have 1 ´ k

2
` vlpf |k W q ` li ě 1. Hence, we have vlpf

1 ´ fq ě 1.

Therefore f ” f 1 pmod lq.
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