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Yıldıray Ozan
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ABSTRACT

MONOID ACTIONS, THEIR CATEGORIFICATION
AND APPLICATIONS

Mehmet Akif Erdal

Ph.D. in Mathematics

Advisor: Özgün Ünlü

December, 2016

We study actions of monoids and monoidal categories, and their relations with

(co)homology theories. We start by discussing actions of monoids via bi-actions.

We show that there is a well-defined functorial reverse action when a monoid

action is given, which corresponds to acting by the inverses for group actions.

We use this reverse actions to construct a homotopical structure on the cate-

gory of monoid actions, which allow us to build the Burnside ring of a monoid.

Then, we study categorifications of the previously introduced notions. In par-

ticular, we study actions of monoidal categories on categories and show that the

ideas of action reversing of monoid actions extends to actions of monoidal cate-

gories. We use the reverse action for actions of monoidal categories, along with

homotopy theory, to define homology, cohomology, homotopy and cohomotopy

theories graded over monoidal categories. We show that most of the existing

theories fits into our setting; and thus, we unify the existing definitions of these

theories. Finally, we construct the spectral sequences for the theories graded over

monoidal categories, which are the strongest tools for computation of cohomology

and homotopy theories in existence.

Keywords: monoid, monoidal category, action, reversility, Burnside ring, stabi-

lization, (co)homology, (co)homotopy, spectral sequence.
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ÖZET

MONOİD ETKİLERİ, KATEGORİFİKASYONLARI
VE UYGULAMALARI

Mehmet Akif Erdal

Matematik, Doktora

Tez Danışmanı: Özgün Ünlü

Aralık, 2016

Monoidlerin ve monoidsel kategorilerin etkilerini, ve bu etkilerin (ko)homoloji

teorilerine uygulamalarını çalıştık. Başlangıçta, monoidlerin çift taraflı etkilerini

tanımladık. Bir monoid etkisinin tersinin funktöriyel olarak tanımlanabileceğini

gösterdik. Öyle ki, monoid bir grup olduğunda bu ters etki, grup elemanlarının

tersleri ile etki edildiğinde oluşan etkiye tekabül ediyor. Daha sonra, bu ters

etkiyi kullanarak monoid etkilerinin kategorisinde homotopi teorisi tanımladık,

ve bu homotopy teorisi monoidler için Burnside halkasını tanımlayabilmemizi

sağladı. Devamında, başlangıçta ortaya koyduğumuz bazı tanımları kategori-

fiye ettik. Özellikle, monoidsel kategorilerin kategorilere olan etkilerini çalışıp, ilk

bölümdeki ters etkinin monoidsel kategorilerin etkileri için de tanımlanabileceğini

gösterdik. Bu ters etkileri, homotopi teorisi ile birlikte kullanarak, monoidsel kat-

egorilerde indekslenen homoloji, kohomoloji, homotopi ve kohomotopi teorilerini

tanımladık. Bu tanımlar, hali hazırda literatürde bulunan tüm tanımları ortak

bir şekilde genelleştirmekte ve hepsini bir arada çalışabilmek için birleşmiş bir

ortam oluşturmaktadır. En sonunda ise kohomoloji ve homotopi teorileri için

en güçlü hesaplama aracı olan spektral dizileri, daha öncesinde tanımladığımız

monoidsel kategorilerde indekslenen teoriler için inşa ettik.

Anahtar sözcükler : monoid, monoidsel kategori, etki, tersinirlik, Burnside halkası,

stabilizasyon, (ko)homoloji, (ko)homotopi, spektral dizi.
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Chapter 1

Introduction

This thesis essentially consist of three different parts. In the first part, we stud-

ied monoid actions on sets via bi-actions. In the second part, we categorified

the notions of first part and studied actions of monoidal categories on cate-

gories, again via bi-actions. We later use these ideas to study stabilization and

(co)homology and (co)homotopy theories graded over monoidal categories. The

strongest tools of computation for (co)homology and (co)homotopy theories are

spectral sequences. In the third part, we construct spectral sequences for the

homology and cohomology theories that are graded over an arbitrary monoidal

category.

We start the first part by discussing monoid actions, which appear quite often

as mathematical models of progressive processes. In computer science, for exam-

ple, automata, or so called state machines, is just an monoid action on a finite

set. In physics a (continuous) dynamical system can be seen as a monoid action

on a space (by continuous maps).

One of the main objectives of the first part is determining the reversible parts

of a monoid action. Observe that, once we are given a left group action on a set,

we can define a right action on the same set by applying inverses of elements from

left. This action is called the inverse or reverse action of the given one. Hence,
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once we are given a set with a left action of a monoid on it, one can expect

that on symmetric parts acting from right reverses the original action. From this

observation, we introduced a new approach to the notion of monoid action on

a set, so that the monoid acts from both sides but the equivariance of maps is

defined in the diagonal. This is particularly good for determining the subsets

of a set where the monoid acts by isomorphisms. We construct the notion of

the reverse action of a given monoid action on a set, as analogues to the group

actions. This new action will be defined on a different set, it agrees with the

above construction when the monoid is a group.

We show that the category of monoid actions possesses a homotopical category

structure in the sense of [1], defined via the maximal reversible parts, see Section

4.6. We show that, on the subcategory of finite sets with an action of a monoid,

this homotopical structure is nice enough to have a convenient homotopy category,

as it admits a 3-arrow calculus; and thus, due to 27.5 of [1], it is saturated. Using

its homotopy category, we define the Burnside ring of a monoid, with an injective

Burnside character. This Burnside ring generalized the one defined in [2], and

has nice use in automata theory.

In the second part of the thesis, motivated by the definitions of first part,

we study actions of monoidal categories on categories. We introduced the reverse

action for a monoidal category action on a category, defined parallel to the reverse

action for monoid actions.

The main focus of the second part is to obtain of reverse action of a cer-

tain types of monoidal category actions, which is called suspension and looping

actions. In these cases, reversing actions will correspond to deloopings and desus-

pensions. When such an action of a monoidal category on a homotopical cate-

gory is given, the reverse action corresponds to the stabilization with respect to

this action and we obtain a bi-functorial stabilization for a general homotopical

category with an action of a monoidal category. We also introduce ‘environment

independent’ definitions for (co)homology and (co)homotopy theories graded over

a monoidal category. Basically, we just need two pointed homotopical categories

M and S, a monoidal category I, and a suspension or a looping I-action onM.
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If S is considered with the trivial action, then we define these theories via the

reverse action of the action induced on the functor category rM,Ss.

In this setting, the morphisms in the monoidal category can be considered as

(co)homology operations. In other words, one can consider (co)homology theories

graded over a monoidal category as usual (co)homology theories which are graded

over a monoid together with a selected set of operations which satisfy certain

relations.

The most advanced technologies for computation of (co)homology and

(co)homotopy theories are spectral sequences. In the third part of this thesis,

we construct a general very abstract form of spectral sequences and discuss un-

der what conditions these spectral sequences converge. By using these abstract

form, we construct (co)homology and (co)homotopy spectral sequences that can

be used for computation of (co)homology and (co)homotopy theories graded over

a monoidal category.

3



Chapter 2

Category Theoretical

Preliminaries

In this section we discuss some category theoretical preliminaries according to

our needs in later chapters.

2.1 Homotopical Categories

We follow [3] and [1] as a general reference for this section. We start by stating

some basic definitions of homotopical algebra. A convenient way of presenting

homotopy theory in a category is to have the concept of weak equivalences. Let

M be a category. A class of morphisms W in M is said to have the 2-out-of-3

property, if for every pair of composable morphisms f, g inM with any two of the

morphisms tf, g, g ˝fu are inW , then so is the third. If furtherW contains every

isomorphism in M, then M is called a category with weak equivalences. Every

category can be made into a category with weak equivalences in two trivial ways;

the first one by choosing isomorphisms as weak equivalences and the second one

by choosing all morphisms as weak equivalences. Some other well known examples

are weak homotopy equivalences and homotopy equivalences in the category of

4



topological spaces. A slightly modified and stronger version of 2-out-of-3 property

is the so called 2-out-of-6 property. A class of morphismsW inM is said to have

the 2-out-of-6 property, if given composable morphisms f , g and h in M such

that h ˝ g and g ˝ f are in W , then the morphisms f , g, h and h ˝ g ˝ f are also in

W . If further W has all the identity maps inM, thenM is called a homotopical

category. It is easy to see that every homotopical category is a category with

weak equivalences. The converse is not true though, and examples are plentiful.

Although very plain and simple, the 2-out-of-6 property becomes extremely

useful combined with other easy properties, while trying to understand the ho-

motopy category. All the examples mentioned in the previous paragraph also

satisfy the 2-out-of-6 property.

2.1.1 Homotopy category of a category with weak equiv-

alences

When a category with weak equivalences M is given, the primary concern of

homotopy theory (or in particular homotopical algebra) is to formally invert

these weak equivalences; that is, define a new category having the same class of

objects as M, but all of the weak equivalences become isomorphisms. This new

category is called the homotopy category of M and denoted by HopMq. This

assignment has to be done by a universal property. To be precise the homotopy

category of M (with respect to the class of weak equivalences W) is equipped

with a functor

Q :MÑ HopMq

such that Q sends weak equivalences to isomorphisms and given any other functor

F : M Ñ N sending weak equivalences to isomorphisms, there exists a unique

functor F : HopMq Ñ N such that F ˝ Q “ F . This universal property is

especially important in defining homotopy limits and homotopy colimits.

The class of weak equivalences in a category with weak equivalences is called

saturated if every morphism that become isomorphism in the homotopy category

5



is already a weak equivalence. This is a very nice property that a category with

weak equivalences can have, since it means we know exactly which morphisms

are inverted and which are not. The 2-out-of-6 property is very useful to show

saturation in a category with weak equivalences. For example, if a homotopical

category admits a 3-arrow calculus in the sense of 27.3 of [1], or it admits a

calculus of fractions in the sense of [4], then we have the saturation. For the

latter, saturation is in fact is the same as having the 2-out-of-6 property.

2.1.2 Homotopy limits and homotopy colimits

Let M be a category with weak equivalences W . If F : M Ñ N is a functor,

then the right Kan extension of F along G :MÑ K is a functor

RanGF : KÑ N

together with a natural transformation νG,F from RanGF ˝ G to F , which is

universal as a morphism from F̃ : rK,N s Ñ rM,N s induced from F ˝ G to F .

The definition of left Kan extensions can be obtained by replacing all categories

with their opposite in the definition of right Kan extension.

Definition 2.1.1. Let M be a category with weak equivalences W and let F :

MÑ N be a functor,

• the left derived functor LF of F is defined as the right Kan extension of F

along Q :MÑ HopMq

• the right derived functor RF of F is defined as the left Kan extension of F

along Q :MÑ HopMq

There are other equivalent definitions of homotopy colimit and homotopy limit,

but we will use the derived functor perspective.

Definition 2.1.2. LetM be a category with weak equivalences and let φ : C Ñ

M be a functor from the small category C.

6



• The homotopy colimit of φ is defined as the image of image of φ under the

left derived functor of the colimit functor

colimC : rC,Ms ÑM.

• The homotopy limit of φ is defined as image of image of φ under the right

derived functor of the limit functor

lim
C

: rC,Ms ÑM.

The homotopy colimit of a diagram over the category

1 ÐÝ 0 ÝÑ 2

is known as homotopy pushout. Dually, the homotopy limit of a diagram over the

category

1 ÝÑ 0 ÐÝ 2

is known as homotopy pullback. These special homotopy colimits and homotopy

limits are particularly important for defining cofiber and fiber sequences.

2.1.3 Fiber, cofiber and exact sequences

An object H in a category M is called an initial object if for every object A in

M, there exist a unique morphism HÑ A. Dually, an object ˚ is called terminal

object inM if for every object A, there exist a unique morphism AÑ ˚. If these

two objects are the same, then it is called a zero object.

Let M be a category with weak equivalences and with a zero object ˚.

Definition 2.1.3. A sequence of morphisms

A
i
ÝÑ B

p
ÝÑ C

in M is called a cofiber sequence if the diagram

˚ C

A B
i

p

7



is a homotopy push-out and it is called a fiber sequence if it is a homotopy

pull-back.

In the category Top˚, pointed topological spaces, with the usual weak ho-

motopy equivalences, the definition of fiber and cofiber sequences given above

coincide with the usual definitions of fiber and cofiber sequences in Top˚.

Definition 2.1.4. A sequence

A
i
ÝÑ B

p
ÝÑ C

in M is called exact if the sequence

Y
f
ÝÑ B

g
ÝÑ X

is simultaneously fiber and cofiber sequence whenever

Y
f
ÝÑ B

p
ÝÑ C

is a fiber and

A
i
ÝÑ B

g
ÝÑ X

is a cofiber sequence.

Proposition 2.1.1. Let Ab be the category of abelian groups with the isomor-

phisms are considered as weak equivalences. Then the above definition coincides

with the definition of exact sequences of abelian groups.

Proof. First, observe that when weak equivalences are all isomorphisms, then ho-

motopy pullback and homotopy pushouts are just ordinary pullback and pushout.

Let

A
i
ÝÑ B

p
ÝÑ C

be a sequence fitting in the following diagram.

cokerpiq

kerpjq

A B

˚

˚

C
i j

8



By definition of the pull-backs and pushouts, the sequence

kerpjq ÝÑ B
j
ÝÑ C

is a fiber and the sequence

A
i
ÝÑ B ÝÑ cokerpiq

is a cofiber sequence. If the vertical sequence

kerpjq ÝÑ B ÝÑ cokerpiq

is simultaneously fiber and cofiber sequence; the following diagram

kerpjq ˚

B cokerpiq

is simultaneously pull-back and pushout. Hence, kerpjq “ impiq, i.e.,

A
i
ÝÑ B

p
ÝÑ C

is an exact sequence. Converse is evident from above; and thus, for abelian group

the definition of exact sequence is the same as the exact sequence of Definition

2.1.4.

2.2 Monoidal categories

In this section we start with discussing basic definitions on monoidal categories.

Basically a monoidal category is a category obtained by generalizing the idea of

monoids to categories. It is a category with an associative monoid operation,

together with unit object equipped with certain coherence conditions. The defi-

nitions given here are taken from [5], and we refer to there for further reading on

monoidal categories.

The formal definition of a monoidal category is as follows:

9



Definition 2.2.1. A monoidal category is a category I “ pI,‘, 1, λ, ρ, aq con-

sisting

• a functor ‘ : I ˆ I Ñ I called the monoidal product

• 1 P I unit object

• natural isomorphisms λx : 1‘ xÑ x and ρx : x‘ 1 Ñ x

• a natural isomorphism ax,y,z : px ‘ yq ‘ z Ñ x ‘ py ‘ zq which gives the

associativity

such that two coherence diagrams are commutative

• Pentagon coherence diagram:

px‘ yq ‘ pz ‘ tq

ppx‘ yq ‘ zq ‘ t x‘ py ‘ pz ‘ tqq

px‘ py ‘ zqq ‘ t x‘ ppy‘zq ‘ tq

ax‘y,z,t ax,y,z‘t

1‘ ay,z,t

ax,y‘z,t

ax,y,z ‘ 1

• Triangle coherence diagram:

x‘ y

px‘ 1q ‘ y x‘ p1‘ yq
ax,1,z

ρx ‘ 11‘ λx

Examples 2.2.1. Some well known examples are as follows:

• SET : The category of sets, is an example with union as the monoid oper-

ation, empty set as unit.

10



• Top, T op˚: The category of topological spaces (resp. pointed topological

spaces), is an example with cartesian product (resp. smash product) as the

monoid operation, the point ˚ (resp. S0) as the unit.

• Any monoid can be seen as a monoidal category, with objects as elements

and morphisms as the identity maps.

• Given a category A, the endofunctor category on A, EndpAq is a monoidal

category with composition(either from left or right). Furthermore, EndpAq

is a strict monoidal category, which means all morphisms giving associativ-

ity and units are identity for every object.

Definition 2.2.2. A braided monoidal category is a monoidal category I with

a natural isomorphism Bx,y : x ‘ y Ñ y ‘ x, such that the following diagrams

commute:

px‘ yq ‘ z x‘ py ‘ zq py ‘ zq ‘ x

py ‘ xq ‘ z y ‘ px‘ zq y ‘ pz ‘ xq

ax,y,z

Bx,y ‘ id

Bx,y‘z

ay,z,x

ay,x,z id‘Bx,y

and

x‘ py ‘ zq px‘ yq ‘ z z ‘ px‘ yq

x‘ pz ‘ yq px‘ zq ‘ y pz ‘ xq ‘ y

a´1
x,y,z

id‘By,z

Bx‘y,z

a´1
z,x,y

a´1
y,x,z Bx,z ‘ id

commute, where a denote the associativity isomorphism. If further we have By,x˝

Bx,y “ id for all objects x, y, then I is called a symmetric monoidal category.

2.2.1 Monoidal functors

A monoidal functor is a functor that preserves the underlying monoidal product,

analogues to a homomorphism preserving the monoid operation. However, the

definition of a monoidal functor a little bit more complicated since it should

preserves the coherence conditions as well. The following definition of monoidal

11



functor is also called strong monoidal functor. Here in this thesis, all monoidal

functors are assumed to be strong.

Definition 2.2.3. Given two monoidal categories

I “ pI,‘, 1I , λ, ρ, aq and J “ pJ ,d, 1J , λ̂, ρ̂, âq,

a functor F : I Ñ J together with natural isomorphisms

ψx,y : F pxq d F pyq Ñ F px‘ yq

and a morphism

φ : 1j Ñ F p1Iq,

is called a monoidal functor, if for every three objects x, y and z in I the diagrams

F px‘ yq d F pzq

pF pxq d F pyqq d F pzq F pxq d pF pyq d F pzqq

F pxq d F py ‘ zq

F ppx‘ yq ‘ zq F px‘ py ‘ zqq

ψx,y d 1J

ψx‘y,z

F pax,y,zq

1J d ψy,z

ψx,y‘z

âF pxq,F pyq,F pzq

and

F pxq d 1J F pxq d F p1Iq

F pxq F px‘ 1Iq

ρ̂F pxq

F pρxq

ψx,1I

φd 1J
1J d F pxq F p1Iq d F pxq

F pxq F p1I ‘ xq

λ̂F pxq

F pλxq

ψ1I ,x

1J d φ

are commutative.

The natural transformation ψ and the morphism φ in the above definition are

called coherence maps. If the coherence maps are chosen to be natural transfor-

mations instead of isomorphisms, then in this case such a functor is called a lax

monoidal functor, and if the coherence maps are identity maps, then it is called

strict monoidal functor.

12



A braided monoidal functor between braided monoidal categories is a monoidal

functor that respect the braiding and a symmetric monoidal functor between sym-

metric monoidal categories is a monoidal functor such that the obvious diagram

with the symmetry isomorphism commutes.
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Chapter 3

Preliminaries on Equivariant

homotopy theory

A group G equipped with a topology is called a topological group. Given a

topological group and a space X, a continuous action of G on X is a continuous

map

¨ : GˆX ÝÑ X

which is also a group action. Such a space is called a G-space. A map f : X Ñ Y

of such objects is a G-equivariant map; i.e., it satisfies fpg ¨xq “ g ¨fpxq for every

g in G and x in X. Such a map is called a G-map.

In this chapter we will mention some basic notions in equivariant homotopy

theory which are preliminaries to our work. We use [6] as a general source for

the theorems, definitions and notations that we use in this chapter.

Equivariant homotopy theory concerns with the homotopy theory of G-spaces;

i.e., homotopy theory in the category of G-spaces. A G-homotopy between G-

maps f, g : AÑ B is a G-equivariant homotopy with respect to the unit interval

with trivial action; that is, a G-map

H : Aˆ I ÝÑ B

which is also a homotopy in the usual sense.
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We denote by GTop (resp. GTop˚) the category of left G-spaces (resp. pointed

left G-spaces), with G-maps (resp. pointed G-maps). For a given subgroup H of

G, the H-fixed points of a G-space X is defined as

XH
“ tx P X : hx “ x @h P Hu.

Much of the equivariant homotopy theory of G-spaces (unpointed or pointed)

can be done by using the ordinary homotopy theory of fixed points of topological

spaces. This is due to the Elmendorfs theorem, see [7]. In fact, the category

GTop (resp. GTop˚) is a homotopical category. A morphism f : X Ñ Y is

a weak equivalence provided that for any closed subgroup H of G, the map

restricted to the fixed points

fH : XH
ÝÑ Y H

is a weak homotopy equivalence in the usual sense.

The homotopy theory of G-spaces well studied and it is known that most

of the classical theorems, such as ‘Whitehead theorem’, ‘Cellular approximation

theorem’, etc., has equivariant versions, see e.g. Chapter I of [6]. The equivariant

homology and cohomology theories are also defined and proven to be very useful

in this setting, especially for equivariant surgery and Smith theory. On the other

hand, the standard cohomology theories that are graded over integers miss very

crucial theorems such as Poincaré duality. Hence, the cohomology theories for

equivariant spaces ought to have richer structures and they should be graded over

representations, see Chapter X of [6], i.e., stable homotopy theory has also richer

structure.

3.1 Equivariant spectra and cohomology

Let G be a group. A complete G-universe is a countably infinite dimensional

real inner product space U such that G acts on U through isometries and U

contains the trivial representation, all irreducible representations and each of its

finite dimensional representations infinitely often.
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For any G-space X and G-representation V , define

ΣVX “ X ^ SV

and

ΩVX “ HompSV , Xq,

where SV is the one point compactification of the representation V . Given a

complete G-universe U , the set of G-stable maps between a finite G-CW -complex

A and a G-space B is defined as

tA,BuG “ colimV rΣ
VA,ΣVBs,

where colimit runs over all finite dimensional sub-inner product spaces of U . The

equivariant version of the Freudenthal suspension theorem, as given in Chapter

IX in [6], is given as follows:

Theorem 3.1.1 (Equivariant Freudenthal suspension theorem). For a finite

group G and A, B as above, there is a representation V0 such that, for any

representation V , the map

ΣV : rΣV0A,ΣV0Bs Ñ rΣV0‘VA,ΣV0‘VBs

is an isomorphism.

The following definition is the equivariant version of the classical notion of

spectra. This definition is the version of [6] Chapter XII, however, alternative

equivalent definitions exist.

Definition 3.1.1. A G-prespectrum indexed on U is a sequence of based G-

spaces EV , for V Ă U and a sequence of based G-maps, called the structure

maps,

σV,W : ΣW´VEV Ñ EW

for each W containing V , such that

• σV,V : EV Ñ EV is the identity map
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• for V Ă W Ă Z in A, the diagram

ΣZ´VEV EZ

ΣZ´WΣW´VEV ΣZ´WEW

is commutative.

Here W ´ V denote the orthogonal complement of V inside W .

It is well-known that the loop space functor Ω is the adjoint of Σ. This is also

true equivariantly. Given a prespectrum E, if the adjoints of the structure maps

are homeomorphisms, then E is called a G-spectrum. A map of G-spectra (or

G-prespectra) is a sequence of maps that preserve the structure, i.e., commute

with the structure maps. The category of G-prespectra and G-spectra indexed

over A are denoted by GPA and GSA respectively. There exist a spectrification

functor

L : GPA Ñ GSA,

which is the left adjoint of the forgetful functor

l : GSA Ñ GPA,

see for example [8]. For a given G-prespectrum E, the G-spectrum LE is given

by

LEV “ colimWΩW´VEW ,

where the colimit is taken over finite dimensional subspaces W Ă U that contain

V .

As in the standard non-equivariant case, the most important applications of

these objects are representation of cohomology theories. The axiomatic def-

initions of classical non-equivariant cohomology theories is due to Eilenberg-

Steenrod, see [9]. For the equivariant case, the axiomatic characterization is

given in [6].
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3.1.1 Axiomatic definition of equivariant cohomology

The axiomatic characterization of G-cohomology theories given in this section is

due to Chapter XIII, 1 of [6]. This characterization is one of our fundamental

motivations for definitions given in Chapter 6 of this thesis.

Let G be a group and U be a complete G-universe. The class of all represen-

tations of G that can be embeddable in U forms a category, which is denoted

by ROpG,Uq. The morphisms of this category is chosen as G-linear isomet-

ric isomorphism of representations. Given objects V,W of ROpG,Uq, two maps

f, g : V Ñ W are said to be equivalent if the induced maps in rSV , SW sG are stably

homotopic. The equivariant cohomology theories are graded over the equivalence

classes in ROpG,Uq with respect to this equivalence relation, which is a monoidal

category with the direct sum operation. This category is denoted by ROpG,Uq.

The following definition is given as Definition 1.1 in [6] Chapter XIII:

Definition 3.1.2. An ROpG,Uq graded equivariant cohomology theory is a func-

tor hG from the product category ROpG,Uq ˆGTopop
˚ to the category of abelian

groupsAb (with notation hVG for hGpV q); such that for each object W of ROpG,Uq

we have an isomorphism

σW : hVGpXq Ñ hV‘WG pΣWXq

subject to the following axioms:

1. For each representation V , the functor hVG sends cofiber sequences in GTop˚

to exact sequences in Ab and wedge products in GTop˚ to direct products

in S.

2. If α : W Ñ W 1 is a morphism in ROpG,Uq, then we have a commutative

diagram as follows:

hV‘W
1

G pΣW 1

Xq hV‘W
1

G pΣWXq

hVGpXq hV‘WG pΣWXq
σW

hGpid‘ αqpidqσW
1

hGpV ‘W qpΣ
αq
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3. σp0q “ id and for each pair of representations pW,Zq we have a commutative

diagram as follows:

hV‘W‘ZG pΣW‘ZXq

hVGpXq hV‘WG pΣWXq
σW

σZσW‘Z

This definition lead experts of the area to cohomology theories graded over the

Picard groups-Picard categories. For Picard graded cohomology theories we refer

to [10]. In our point of view, given in Chapter 5 and 6 of this thesis, hG is an

action of the monoidal category ROpG,Uq, and cohomology theories arise from

reversing that action. Our definitions combine all other definitions of cohomology

theories graded over different objects, and the extra axioms follow immediately

from the reversing process.
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Chapter 4

Actions of monoids

Much of the content of this chapter is going to appear in [11]. A monoid is a set

I together with a binary operation

˚ : I ˆ I ÝÑ I

such that ˚ is associative and there is an identity element with respect to ˚. One

most known example is the set of natural numbers N, with respect to addition.

Any group with the group operation is also a monoid. A homomorphism of

monoids is a function that preserve the monoid operation. It is called a monoid

isomorphism if it is bijection.

Given two sets A and B, denote the set of functions from A to B by rA,Bs

and we denote the set of endofunctions on A, rA,As by EndpAq. One can obtain

two distinct monoid structures on EndpAq.

1. The monoid operation on EndpAq is the composition when endofunctions

are applied from right. We denote this monoid by EndrpAq

2. The monoid operation on EndpAq is the composition when endofunctions

are applied from left. We denote this monoid by EndlpAq

In the former case we write fg for the composition of f and g in EndrpAq. If a
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is in A then

paqpfgq “ ppaqfqg.

In the latter case we write f ˝ g for the composition of f and g in EndlpAq and

if a is in A then

pf ˝ gqpaq “ fpgpaqq.

Note that the identity map on EndpAq is not a monoid isomorphism.

4.1 Actions of monoids on sets

In this section an action of a monoid on a set will be seen as a biaction. The

usual left action is an action with the right component is trivial and the usual

right action is an action with the left component is trivial.

Definition 4.1.1. Suppose that I is a monoid and A is a set. An action α of I

on A is a pair of monoid homomorphisms pαl, αrq such that

αl : I Ñ EndlpAq and αr : I Ñ EndrpAq,

and αl commutes with αr; that is, for every i, j in I and a in A we have

pαlpiqpaqqαrpjq “ αlpiqppaqαrpjqq.

Notation. We also use the classical notation ¨ for such an action, i.e. instead of

αlpiqpaqαrpjq

we write

i ¨ a ¨ j.

When we say ¨ is an action of I on A or pA, ¨q is a I-set, we understand ¨ is an

action from both sides as in the above definition. If an element i P I acts as a

bijection on A from the left (resp. from the right), then we write piq´1, which

satisfies

i ¨ piq´1
¨ a “ a “ piq´1

¨ i ¨ a

(resp. a ¨ i ¨ piq´1
“ a “ a ¨ piq´1

¨ i ).
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Definition 4.1.2. Suppose that we have I-actions ¨ on A and ‹ on B such that

both actions operate from left and right. There is an induced I-action r¨, ‹s on

rA,Bs such that for f in rA,Bs and i in I the function ir¨, ‹sf is given by the

composition

A A B B
´ ¨ i f i ‹ ´

and f r¨, ‹si is given by the composition

A A B B.
i ¨ ´ f ´ ‹ i

Observe that the left action in the definition commutes with the right action,

so that this action is well defined.

4.1.1 Equivariant functions and fixed point sets

Let pA, ¨q be a I-set. As in the case of a group action it is also possible to talk

about centralizers, equivariant functions and fix point sets of the monoid actions.

We will start with the definition of the centralizer.

Definition 4.1.3. The the centralizer of I in A, CApIq, is defined as

CApIq “ ta P A : @i P I, i ¨ a “ a ¨ iu.

Suppose that we have I-sets pA, ¨q and pB, ‹q. Consider the I-action r¨, ‹s on

rA,Bs.

Definition 4.1.4. A function f : A Ñ B will be called I-equivariant if and

only if it belongs to the centralizer of I in prA,Bs, r¨, ‹sq. Hence the set of I-

equivariant functions from A to B will be equal to CrA,BspIq. We denote this set

by MapIpA,Bq.

Remark 1. A function f : A Ñ B is a I-equivariant function if and only if we

have the identity

fpi ¨ aq ‹ i “ i ‹ fpa ¨ iq

for all i in I and a in A.
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Definition 4.1.5. The set of fix points of I on A, FixIpAq, is defined as

FixIpAq “ MapIp˚, Aq

where ˚ denotes a set with single element with the trivial I action.

4.1.2 Properties of the equivariant functions

Let pA, ¨q, pB, ‹q, pC, ‚q, and pD,dq be four I-sets. Assume

f : AÑ B and h : C Ñ D

be two functions. The functions f and h induces a function

rB,Cs Ñ rA,Ds

which sends g : B Ñ C to the composition

A B C D.
f g h

We have the following proposition:

Proposition 4.1.1. If f : AÑ B and h : C Ñ D are two I-equivariant functions

then the induced function rB,Cs Ñ rA,Ds by f and h is I-equivariant.

Proof. Since f and h are I-equivariant, we have

hpi ‚ gpfpi ¨ aq ‹ iqqd i “ id hpgpi ‹ fpa ¨ iqqd iq

for all a in A, i in I and g in rB,Cs. Hence we have

h ˝ ppir‹, ‚sgq ˝ fqr¨,dsi “ ir¨,dsh ˝ ppgr‹, ‚siq ˝ fq

for all i in I and g in rB,Cs. This means the induced function from rB,Cs to

rA,Ds is I-equivariant.

This proposition shows that compositions by equivariant functions induces an

equivariant function between function sets.
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Proposition 4.1.2. Let I be a monoid or a monoid, and A, B be two I-sets.

Then we have a bijection

MapIpA,Bq – FixIprA,Bsq.

Proof. More generally for an I-set A we have a bijection from CIpAq to CIpr˚, Asq

sending z in CIpAq to the function from ˚ to A which sends the unique point in

˚ to z.

Given a function f : AÑ rB,Cs we define

f̄ : AˆB Ñ C

by f̄pa, bq “ fpaqpbq for all a in A and b in B.

Proposition 4.1.3. Let A, B and C be three I-sets with I-actions ¨, ‹ and ‚

respectively. Then the function

MapIpA, rB,Csq ÑMapIpAˆB,Cq

defined by f ÞÑ f̄ is a bijection.

Proof. We only need to show that f : A Ñ rB,Cs is a I-equivariant function

if and only if f̄ : A ˆ B Ñ C is a I-equivariant function. We know that the

statement f : AÑ rB,Cs is a I-equivariant function means

f r¨, r‹, ‚ssi “ ir¨, r‹, ‚ssf

for all i in I. In other words it means

pfpi ¨ aqpi ‹ bqq ‚ i “ i ‚ pfpa ¨ iqpb ‹ iqq

for all a in A, b in B and i in I. Hence it is equivalent to

f̄pi ¨ a, i ‹ bq ‚ i “ i ‚ f̄pa ¨ i, b ‹ iq

for all a in A, b in B and i in I. Therefore the statement f : A Ñ rB,Cs is a

I-equivariant function is equivalent to

f̄ r¨ ˆ ‹, ‚si “ ir¨ ˆ ‹, ‚sf̄

which means f̄ : AˆB Ñ C is a I-equivariant function.
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Remark 2. If A, B and C be three I-sets, then there is an obvious bijection

MapIpA,B ˆ Csq ÑMapIpA,Bq ˆMapIpA,Cq.

4.2 Categories of I-sets

The class of I-sets with equivariant functions do not form a category since the

composition of equivariant functions does not always have to be equivariant. In

this section we will construct categories whose class of objects are a subclass of

the ”sets with an action of I” defined as in the sense of previous section. These

categories will contain the usual category of left and right actions of I as a full-

subcategory. In each case the morphisms will be I-equivariant functions.

4.2.1 Semi-reversible actions and actions reversible-on-

one-side

Let pA, ¨q be an I-set. First note that if the left component acts by bijections on

A then for all a in A then we have the equality

piq´1
¨ pa ¨ jq “ ppiq´1

¨ paqq ¨ j.

Similarly in the case when the right component acts by bijections then we have

i ¨ pa ¨ pjq´1
q “ pi ¨ aq ¨ pjq´1.

Definition 4.2.1. A I-set pA, ¨q is called “semi-reversible” if i ¨ ´ or ´ ¨ i is an

action by automorphism of A for all i in I.

We say the left component (resp. the right component) of ¨ is reversible if i ¨´

(resp. ´ ¨ i) is an automorphism of A for all i.

Definition 4.2.2. A I-set pA, ¨q is called “reversible on one side” if either the

left component or the right component of ¨ is reversible.

Remark 3. If an action is reversible on one side then it is semi-reversible, but not

the contrary.
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4.2.2 Compositions of equivariant functions

The following technical result shows composition of equivariant functions are

equivariant under mild assumptions.

Lemma 4.2.1. Let S be a set and for every s in S, pBs, ‹sq be a semi-reversible

I-set. Define B as the product

B “
ź

sPS

Bs

with the I-action given by ‹s on the sth component. Assume pA, ¨q and pC, ‚q are

I-sets and f : A Ñ B, g : B Ñ C are I-equivariant functions. Then g ˝ f is

I-equivariant.

Proof. We want to show

i ‚ pg ˝ fqpa ¨ iq “ pg ˝ fqpi ¨ aq ‚ i

for any a in A and i in I. Let us denote the left-hand side of above equality by

LHS and the right-hand side by RHS. Let fs denote the sth component of f .

Denote by βpsql as the map

βpsqlp: I Ñ EndlpAq

given by i ÞÑ i ‹s ´ and βpsqr as the map

βpsqr : I Ñ EndrpAq

given by i ÞÑ ´ ‹s i. Similarly, denote by αl, αr the maps into the monoid of

endomorphisms of A associated to the right and the left actions on A and denote

by γl, γr the maps the monoid of endomorphisms of C associated to the right and

the left actions on C. Since pBs, βpsqq is semi-reversible, given any s in S and i

in I there exists xps, iq in tl, ru such that βpsqxps,iqpiq is an automorphism of Bs.

Since βpsqxps,iqpiq
´1 ˝ βpsqxps,iqpiq is identity, we have

LHS “ γlpiqpgpfppaqαrpiqqq

“ γlpiqpgppfsppaqαrpiqqqsPSqq

“ γlpiqpgppEpa, iqsqsPSqq
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where

Epa, iqs “

#

pβpsqlpiq
´1 ˝ βpsqlpiqqpfsppaqαrpiqqq if xps, iq “ l

pfsppaqαrpiqqqpβpsqrpiq
´1βpsqrpiqq if xps, iq “ r

We have

LHS “ γlpiqpgppF pa, iqsqsPSqq

if F pa, iqs is defined as follows:

F pa, iqs “

#

βpsqlpiq
´1pβpsqlpiqpfsppaqαrpiqqqq if xps, iq “ l

ppfsppaqαrpiqqqβpsqrpiq
´1qβpsqrpiq if xps, iq “ r

Since f is I-equivariant means fs is I-equivariant for all s in S, we have

LHS “ γlpiqpgppGpa, iqsqsPSqq

where

Gpa, iqs “

#

βpsqlpiq
´1ppfspαlpiqpaqqqβpsqrpiqq if xps, iq “ l

ppfsppaqαrpiqqqβpsqrpiq
´1qβpsqrpiq if xps, iq “ r

By the above equality

LHS “ pgpβpsqlpiqppHpa, iqsqqsPSqqγrpiq

with

Hpa, iqs “

#

βpsqlpiq
´1pfspαlpiqpaqqq if xps, iq “ r

pfppaqαrpiqqqβpsqrpiq
´1 if xps, iq “ r

Since g is I-equivariant

LHS “ pgppJpa, iqsqsPSqqγrpiq

“ pgppKpa, iqsqsPSqqγrpiq

where

Jpa, iqs “

#

βpsqlpiqpβpsqlpiq
´1pfspαlpiqpaqqqq if xps, iq “ l

βpsqlpiqppfsppaqαrpiqqqβpsqrpiq
´1q if xps, iq “ r

and

Kpa, iqs “

#

fspαlpiqpaqq if xps, iq “ l

pβpsqlpiqpfsppaqαrpiqqqqβpsqrpiq
´1 if xps, iq “ r
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Since fs is I-equivariant for all s P S, we have

LHS “ pgppLpa, iqsqsPSqqγrpiq

“ pgppfspαlpiqpaqqqsPSqγrpiq

“ pgpfpαlpiqpaqqqγrpiq

“ RHS

where

Lpa, iqs “

#

fspαlpiqpaqq if xps, iq “ l

ppfspαlpiqpaqqqβpsqrpiqqβpsqrpiq
´1 if xps, iq “ r

This means

i ‚ pg ˝ fqpa ¨ iq “ pg ˝ fqpi ¨ aq ‚ i;

and hence, we are done.

4.2.3 Definitions of categories of I-sets

Let I be a monoid, considering the usual definition one-sided of actions we let

ACTlpIq, ACTrpIq, actlpIq, actrpIq to denote the category of left I-sets, right I-

sets, finite left I-sets and finite right I-sets respectively, with I-equivariant maps.

Now we construct four new categories as follows:

Definition 4.2.3. We have the following categories:

• ACTpIq: objects are I-sets which are products of semi-reversible I-sets.

• actpIq: objects are finite I-sets which are products of semi-reversible I-sets.

• ACTpIq: objects are I-sets which are products of I-sets with actions that

are reversible on one side.

• actpIq: objects are finite I-sets which are products of I-sets with actions

that are reversible on one side.

The morphisms of the categories ACTpIq, actpIq, ACTpIq, actpIq are I-

equivariant functions (defined as in Section 4.1.1).
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We can understand the relation of these categories by the following diagram:

ACTpIq

ACTpIqactpIq

ACTrpIqACTlpIqactpIq

actlpIq actrpIq

Each arrow in the diagram are inclusions, which map an I-set to itself. All of

these subcategories are full-subcategories of ACTpIq.

Proposition 4.2.2. Let f : AÑ B be a bijective equivariant function where pA, ¨q

and pB, ‹q are semi-reversible finite I-sets. Then the inverse f´1 is equivariant.

Proof. Assume f is equivariant. We want to show

i ¨ f´1
pb ‹ iq “ f´1

pi ‹ bq ¨ i,

for b P B and i P I. Assume first both i ¨ ´ and i ‹ ´ are isomorphisms. First

since both f and i ¨ ´ are bijective, we can write

i ‹ pb ‹ iq “ pfpi ¨ piq´1
¨ pf´1

pi ‹ bqqq ‹ i.

Since f is equivariant,

i ‹ pb ‹ iq “ i ‹ fppiq´1
¨ pf´1

pi ‹ bq ¨ iqq.

and since i‹ is bijective, we get

b ‹ i “ fppiq´1
¨ ppf´1

pi ‹ bqq ¨ iqq

which implies

i ¨ f´1
pb ‹ iq “ f´1

pi ‹ bq ¨ i.
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The case when both ´ ¨ i and ´ ‹ i are isomorphisms is the same. Assume now

both ´¨ i and i‹´ are isomorphisms. Since f is an isomorphism, the composition

of f´1, ´ ¨ i and i ‹´ is an isomorphisms. Since A and B are finite sets, from the

equality

fpi ¨ aq ‹ i “ i ‹ fpa ¨ iq

we get i¨´ and ´‹i are isomorphisms as well. Hence, f´1 is equivariant. The case

´¨ i and i‹´ are isomorphisms is the same. Hence this proves the statement.

Observe that if the semi-reversible actions are isomorphism in the same side,

then we do not need the finiteness assumption. However, in general this propo-

sition is not correct when we drop the assumption on finiteness. For example if

I “ N and A “ B “ N with the action ¨ on A such that 1 ¨ i “ i` 1 with trivial

right component, and the action ‹ on B such that pi ` 1q ‹ 1 “ i and 0 ‹ 1 “ 0

with trivial left component, then the identity function id : AÑ B is equivariant

but id : B Ñ A is not.

4.3 Action reversing functors

For a monoid I we define four monoid homomorphisms as follows: The homo-

morphisms

ιl : I Ñ EndlpIq and ιr : I Ñ EndrpIq

sends every element to identity endofunction and the homomorphisms

µl : I Ñ EndlpIq and µr : I Ñ EndrpIq

are given by multiplication from left and right respectively.

4.3.1 Reversing actions from left to right

Consider I itself as a I-set with the action pιl, µrq. Let A be a set with a I-action

¨. To indicate the right action on I is trivial let us denote the set of equivariant
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functions, MapIpI, Aq, by Invrl pAq. Let f : I Ñ A be a I-equivariant map, i.e.,

for every i, j in I we have

fpjq ¨ i “ i ¨ fpj ˚ iq

Definition 4.3.1. Let pA, ¨q be a I-set. There is a I-action r¨´s on Invrl pAq as

follows: The left component

θl : I Ñ EndlpInvrl pAqq

is trivial, i.e. ir¨´sf “ f . The right component

´r¨
´
sk : Invrl pAq Ñ Invrl pAq

defined as the function that sends f to the composition

I I A
k ˚ ´ f

so that we have ppfqr¨´skqpjq “ fpk ˚ jq, for every j, k P I. Since I is semi-

reversible, by Lemma 4.2.1 we can say r¨´s is well defined.

The action r¨´s is called the reverse action of ¨ from left to right.

This construction is functorial on ACTpIq and we denote the functor sending

an I-action on a set A to the reverse I-action on Invrl pAq by

Invrl : ACTpIq Ñ ACTpIq.

This functor sends a morphism f : AÑ B to the morphism which sends h : I Ñ A

to the composition f ˝ h from I to B.

Definition 4.3.2. Given I-set A we can define the evaluation function

Erl : Invrl pAq Ñ A

given by Erl pfq “ fp1q whenever we have 1.

Lemma 4.3.1. The evaluation Erl defines a natural transformation from Invrl to

id, the identity functor.
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Proof. Let A be an I-set with action ¨. From the equality

i ¨ Erl pf r¨´siq “ i ¨ fpiq “ fp1q ¨ i

“ Erl pfq ¨ i,

we can say Erl is equivariant, so that it defines a natural transformation from Invrl

to id.

4.3.2 Reversing actions from right to left

Consider I as an I-set with the action pµl, ιrq, so that an I-equivariant function

f : I Ñ A satisfies

fpi ˚ jq ¨ i “ i ¨ fpjq

for every i, j in I. In this case we denote the set of equivariant functions from I

to A, MapIpI, Aq, by InvlrpAq.

Definition 4.3.3. We define a I-action r´¨s on InvlrpAq as follows: The left

component is given by the function

kr´¨s´ : InvlrpAq Ñ InvlrpAq

defined as the function that sends f to the composition

I I A
µrpkq f

so that we have pkr´¨sfqpiq “ fpi ˚kq. The right component of r´¨s is trivial. The

action r´¨s is called the reverse action of ¨ from right to left.

Again by Lemma 4.2.1 this construction is well defined. There is again an

equivariant evaluation function

E lr : InvlrpAq Ñ A

given by E lrpfq “ fp1q provided that we have 1, which is equivariant. Similar to

the Lemma 4.3.1, E lr defines a natural transformation from Invlr to id.

The following is an important property of reverse actions when I is a monoid:
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Proposition 4.3.2. Let pA, ¨q be an I-set such that the right component of the

action is reversible, then there is a isomorphism InvlrpAq – A as I-sets. If the left

component of the action is reversible, then there is a isomorphism Invrl pAq – A

as I-sets.

Proof. Assume right component is reversible . Define a map φ : A Ñ Invlr such

that φpaq “ fa for a P A where

fapiq “ i ¨ a ¨ i´1.

This map is well defined since

fapi ˚ jq ¨ i “ pi ˚ jq ¨ a ¨ pi ˚ jq
´1
¨ i

“ i ¨ pfapjqq,

where fa is in Invlr. Since fap1q “ a, φ is the inverse of the E lr, so that E lr is a

bijection and by Proposition 4.2.2 φ is equivariant, so that we get an isomorphism

of I-sets. The proof of the case when the left component is reversible is the

same.

4.4 As idempotent endofunctors on actpIq

Let I be a monoid. The following lemma shows that the reversing functors are

idempotent.

Theorem 4.4.1. The evaluations function Erl (resp. E lr) defines a natural iso-

morphism from Invrl ˝ Invrl to Invrl (resp. from Invlr ˝ Invlr to Invlr).

Proof. For any I-set A, consider the function

ΦA : Invrl pAq Ñ Invrl ˝ Invrl pAq

given by

Φpgqpiqpjq “ gpi ˚ jq
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for g P Invrl pAq and i, j P I. It is straightforward to check the equalities

k ¨ pΦpgqpiqpj ˚ kqq “ pΦApgqpiqpjqqk¨

and

Φpgqpi ˚ kq “ pΦpgqpiqqr¨´sk

so that Φ is well defined. Since

gpk ˚ i ˚ jq “ Φppgqr¨´skqpiqpjq “ pΦpgqqr¨´skpiqpjq

“ gpk ˚ i ˚ jq,

Φ is equivariant. For any g P Invrl pAq we have

pErl ˝ Φqpgqpiq “ Φpgqpiqp1q “ gpiq

and for any h P Invrl ˝ Invrl pAq we have

pΦ ˝ Erl qphqpiqpjq “ Φphp1qqpiqpjq

“ hp1qpi ˚ jq

“ hpiqpjq

so that Erl and Φ are mutual inverses. This completes the proof. The same proof

works for E lr as well.

We denote the composition of two reverse endofunctors on actpIq by INV, in

other words we have

INV “ Invrl ˝ Invlr

considered as an endofunctor on actpIq. An equivariant function f in INVpAq

satisfies

fpi ˚ jqpi ˚ kq “ fpjqpkq

for every i, j and k in I. For any I-set A we have an evaluation function

E : INVpAq Ñ A

defined by Epfq “ fp1qp1q. If γ is the reverse of the reverse action on A, i.e.

action on InvlrpInvrl pAqq, then we have

Epi ‚ fq ¨ i “ pf ˝ µrpiqp1qp1qq ¨ i

“ fpiqp1q ¨ i.
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By equivariance of fpiq this is equal to

i ¨ fpiqpiq “ i ¨ fp1qp1q “ i ¨ Epfq

hence, E is equivariant. Then E defines a natural transformation from INV ˝ INV

to INV. When I is a commutative monoid, we have the following proposition:

Proposition 4.4.2. If I is a commutative monoid then E defines a natural iso-

morphism from INV ˝ INV to INV.

Proof. For any I-set A, the function

ΦA : INVpAq Ñ INV ˝ INVpAq

given by

ΦApgqpiqpjqpkqplq “ gpi ˚ kqpj ˚ lq

for g P INVpAq and i, j, k, l P I. It is straightforward to check that this function is

equivariant since on both INVpAq and INV ˝ INVpAq, the right actions are trivial.

We have

EpΦApgqqpkqplq “ gpkqplq

and

ΦApEpgqqpkqplq “ gpkqplq

so that E and ΦA are mutual inverses. This completes the proof.

4.4.1 Reverse actions on finite sets

We again use the same notations for the restrictions of Invrl , Invlr and their com-

positions INV on actpIq. Let pA, ¨q be an I-set such that the right component of

the action is trivial. For an element a in A, let Ia denote the orbit set

Ia “ ti ¨ a : i P Iu

and for a given f : I Ñ A in Invrl pAq let IfpIq denote the set

IfpIq “ ti ¨ fpjq : i, j P Iu.
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We define a set Al as the set

Al “ ta P A : for all i P I, i ¨ p´q|Ia is one-to-oneu.

Note that

Lemma 4.4.3. Let I be a monoid and let A be a finite set. Let pA, ¨q be an I-set

such that the right component of the action is trivial. Then there is a isomorphism

Invrl pAq – Al as I-sets.

Proof. Firstly, for an element a P Al we define fa : I Ñ A with fapiq “ piq
´1 ¨ paq,

then since a P Al, this is a well-defined map. By definition, for every i, j in I we

have:
i ¨ fapj ˚ iq “ i ¨ pj ˚ iq´1

¨ a

“ pjq´1
¨ a

“ fapjq.

Hence, fa is equivariant and we have an injective function Al Ñ Invrl pAq.

Now suppose that f : I Ñ A be a function in Invrl pAq. We claim that fp1q is

an element of Al. Assume the contrary; then there exist i, j, k in I such that

j ¨ fp1q ‰ k ¨ fp1q and pi ˚ jq ¨ fp1q “ pi ˚ kq ¨ fp1q.

Since A is finite, for every i P I there exist positive integers m,m1 with m ą m1

such that for all a in IfpIq, we have the identity im ¨a “ im
1

¨paq. Hence, restriction

of the left component of the action of im´m
1

¨ ´ to the set

im
1

¨ pIfpIqq :“ tim
1

¨ paq : a P IfpIqu

is the identity function. Moreover, for any v P I we have

fpvq “ im
1

¨ fpv ˚ im
1

q

so that impfq is contained in im
1

¨ pIfpIqq.

Let j and k be two elements in I. As above there are integers t, t1 with t ą t1

and jt
1

¨fpjtq “ jt
1

¨fpjt
1

q so that j ¨fp1q “ fpjt´t
1´1q. Similarly there are integers
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s, s1 with s ą s1 and k ¨ fp1q “ fpks´s
1´1q. Hence both k ¨ fp1q and k ¨ fp1q are

elements of impfq, which means im´m
1

acts as identity on both.

By our initial assumption, we have

im´m
1´1
¨ ppi ˚ jq ¨ fp1qq “ im´m

1´1
¨ ppi ˚ kq ¨ fp1qq

which implies

im´m
1

¨ pj ¨ fp1qq “ im´m
1

¨ pk ¨ fp1qq

As a result we get j ¨ fp1q “ k ¨ fp1q; i.e. a contradiction, so that fp1q must

be an element of Al. The evaluation function Erl is injective by definition of Al

and Erl pfaq “ a. By Proposition 4.2.2 we get an isomorphism as desired. This

completes the proof.

Objects in actpIq are the actions with either left or right component is re-

versible. Assume A is an I-set with right component is reversible. Then we

define Al as Invlr A
l. We have the following lemma:

Lemma 4.4.4. There is an isomorphism Invrl pAq – Al as I-sets.

Proof. The proof follows from Lemma 4.4.3 and Proposition 4.3.2.

For an I-set A we define Ar similarly. We have a similar lemma as follows:

Lemma 4.4.5. Let pA, ¨q be an I-set such that the left action is reversible. Then

there is an isomorphism InvlrpAq – Ar.

Let E denote the restriction of E on finite I-sets. Note that E is bijective by

the previous propositions. We have the following lemma:

Proposition 4.4.6. E defines a natural isomorphism from INV ˝ INV to INV.

Proof. This proposition directly follows from Proposition 4.2.2, since E from

INV ˝ INV to INV is bijective, by the Lemma 4.4.3 and Proposition 4.3.2.
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4.5 Equivalence of view points on groups

The following theorem shows that Definition 4.1.1 is equivalent to the usual one

for groups.

Theorem 4.5.1. For a group G, the categories actpGq, actpGq, actlpGq and

actrpGq are all equivalent to each other as categories and ACTpGq, ACTpGq,

ACTlpGq, ACTrpGq are all equivalent to each other as categories.

Proof. Here we will only prove the equivalence of ACTpGq and ACTlpGq the rest

is either similar or just obtained by restrictions of the equivalences. First note

that the functor

Invlr : ACTpGq Ñ ACTpGq

factors through the inclusion

inc : ACTlpGq Ñ ACTpGq.

We again write

Invlr : ACTpGq Ñ ACTlpGq

for the functor in the factorization, by an abuse of notation. Then this functor

sends an object pA, ¨q in ACTpGq to the left action µ : GÑ EndlpAq given by

µpgqpaq “ g ¨ pa ¨ g´1
q

and sends a morphism f from pA, ¨q to pB, ‹q to itself considered as a function

from A to B. Now clearly Invlr ˝ inc is identity on ACTlpGq. By Proposition 4.3.1

and 4.3.2, E lr defines a natural isomorphism from inc ˝ Invlr to the identity on

ACT pGq. Hence, this gives an equivalence between ACTpGq and ACTlpGq.

We define a functor

invrl : ACTlpGq Ñ ACTrpGq

which sends a left G action

ν : Gˆ AÑ A, given by pg, aq ÞÑ g ¨ a
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for g P G and a P A, to a right G-action

ν´1 : AˆGÑ A, given by pa, gq ÞÑ g´1
¨ a

for g P G and a P A, i.e. the reverse action of ν. The following theorem shows

that the two definitions we gave for reverse actions agree for group actions.

Theorem 4.5.2. The diagram

ACTpGq ACTpGq

ACTlpGq ACTrpGq
invrl

incinc

Invrl

is commutative up to a natural isomorphism.

Proof. This follows from Proposition 4.3.2, since group actions are reversible on

both sides.

A version of Theorem 4.5.2 is also true for the case of reversing actions from

right to left, i.e. the diagram

ACTpGq ACTpGq

ACTrpGq ACTlpGq
invlr

incinc

Invlr

is commutative up to a natural isomorphism, where invlr is defined similarly.

4.6 Homotopy category of monoid actions and

the Burnside ring

In this section we discuss homotopical category structure on actpIq where I is

a monoid. We refer [1] for general terminology and homotopical notions in this
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section. Let A,B be I-sets in actpIq and f : A Ñ B be an I-equivariant map.

We say f is a weak equivalence if the induced function

INVpfq : INVpAq Ñ INVpBq

is an isomorphism. We denote the class of weak equivalences byW . It is straight-

forward to check that these weak equivalences satisfy the 2-out-of-6 property,

since isomorphisms do. Hence this makes actpIq into a homotopical category.

The homotopical structure on the subcategories of actpIq is defined accordingly.

In order to define the Burnside ring of a monoid I we concentrate on the

actions of I on finite sets. Note that the functor

INV : actpIq Ñ actpIq

factors through the inclusion

inc : actlpIq Ñ actpIq.

We again denote the functor actpIq Ñ actlpIq in the factorization by INV, by an

abuse of notation. Note that the functor

INV : actpIq Ñ actlpIq

preserve weak equivalences so does the inclusion

inc : actlpIq Ñ actpIq.

The composition INV ˝ inc is identity functor on actlpIq and there is a natural

weak equivalence from inc ˝ INV to idactpIq given by the evaluation map E . Hence

actlpIq is a left deformation retract of actpIq, so that their homotopy categories

are naturally equivalent (see [1], 26.3, 26.5 and 29.1). We will continue with

the category actlpIq to define the Burnside ring. The category actlpIq has nice

properties such as monomorphisms are stable under pushouts and epimorphisms

are stable under pullbacks [12], as it is a topos, so that isomorphisms are also

stable under pullbacks and pushouts. In fact assume we have a diagram

A C

D B
f 1

pp1

f
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Pullbacks and pushouts are given in a standard way. If D is the pullback of the

maps p and f where ¨ , ‹ and ‚ are the actions on A, B and C respectively, then

D is given as the set

D “ tpa, bq P AˆB : fpaq “ ppbqu

and the action d on D is given by a pair of actions; i.e. d “ p¨, ‹q and trivial

right action. The maps p1 and f 1 are induced by projections so that they are

equivariant.

If the above square is a pushout then

C “ pA >Bq{ „

where p1pdq „ f 1pdq for all d in D. The action γ on C is given by

i ‚ rxs “

#

i ¨ pxq if x P A

i ‹ pxq if x P B

for all i P I, with trivial right action. By equivariance of the maps p1 and f 1 in

diagram, so that for all d P D and i P I we have

i ¨ p1pdq “ p1pid dq and i ‹ f 1pdq “ f 1pid dq,

so that i ¨ p1pdq „ i ‹ f 1pdq; i.e. the action is well defined. The maps p and f are

induced by inclusions so that they are also equivariant.

We will show that the category actlpIq admits a 3-arrow calculus, for details

of 3-arrow calculus we refer [1], 27.3.

4.6.1 3-arrow calculus of actlpIq and Saturation

Let us denote the homotopy category of actlpIq by HopactlpIqq and let

L : actlpIq Ñ HopactlpIqq

be the localization with respect to the above weak equivalences (see [1] 26.5).

We will show that actlpIq admits a 3-arrow calculus. To do this we define two
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subclasses U and V of the class weak equivalences W of actlpIq as follows: U will

be the subclass of W which are also inclusions and V will be the subclass of W
which are also surjections. Firstly, suppose that we have a zig-zag

A1
u
ÐÝ A

f
ÝÑ B

in actlpIq where u is in U . Then we can associate another zig-zag

A1
f 1
ÝÑ B1

u1
ÐÝ B

from the pushout

A1 B1

A B
f

u1u

f 1

so that f 1 ˝ u “ u1 ˝ f and the function u1 is an inclusion. Let pA, ¨q, pA1, ˛q,

pB, ‹q and pB1, ˝q be I-sets with trivial right actions. To be able to see u1 is weak

equivalence, it is enough to show Invrl pB
1q is contained in the image of Invrl pu

1q.

Assume the contrary and let σ : I Ñ B1 be a map in Invrl pB
1q which is not in the

image of Invrl pu
1q. Then σp1q is not in the image of u1 because otherwise σ factors

through u1 since σp1q P pB1ql, see Lemma 4.4.3. Hence, σp1q is in the image of f 1.

Thus, there is an element a1 in A1 such that f 1pa1q “ σp1q. Assume first a1 R pA1ql

i.e. there exist i, i1, i2 in I such that

i1 ˛ a
1
‰ i2 ˛ a

1 but pi ˚ i1q ˛ a
1
“ pi ˚ i2q ˛ a

1

then there exist b P B such that u1pbq “ f 1pi1 ˛ a
1q. But as in the proof of Lemma

4.4.3 there exist an integer m such that

f 1pa1q “ im1 ˛ f
1
pi1 ˛ a

1
q

“ im1 ˛ u
1
pbq “ u1pim1 ˝ bq

But then this leads us a contradiction unless a1 P pA1ql. Thus, σ must be an

element in the image of Invrl pf
1q. Since u is a weak equivalence, any element in

Invrl pA
1q factors through u, which implies σ is in the image of Invrl pf

1 ˝ uq. But

then we get a contradiction again since σ is not in the image of Invrl pu
1 ˝ fq.
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Hence, u1 is a weak equivalence, i.e. u1 is in U . If u is an isomorphism then u1 is

also an isomorphism since both u and u1 fits in above pushout diagram.

Similarly if we have a zig-zag

X
g
ÝÑ Y

v
ÐÝ Y 1

in actlpIq where v is in V , then we can associate another zig-zag

X
v1
ÐÝ X 1 g1

ÝÑ Y

from the pullback diagram

X Y

X 1 Y 1
g1

vv1

g

so that g ˝ v1 “ v ˝ g1, and the function v1 is a surjection. Let σ : I Ñ X 1 ,

σ̄ : I Ñ X 1 elements in Invrl pX
1q with σpiq “ pxi, yiq and σ̄piq “ px̄i, yiq for i P I

xi, x̄i P X and y P Y 1, i.e.

Invrl pv
1
qpσq “ Invrl pv

1
qpσ̄q.

Since Invrl pg
1qpσqpiq “ xi and Invrl pg

1qpσ̄qpiq “ x̄i, we have

Invrl pvqpxiq “ Invrl pv
1
qpyiq “ Invrl pvqpx̄iq.

We know v is a weak equivalence so that Invrl pvq is bijection, thus xi “ x̄i, i.e.

v1 is a weak equivalence. Hence v1 is in V . Again if v is an isomorphism then so

does v1 since both fits into a pullback diagram.

Assume now w : M Ñ N is a weak equivalence in actlpIq, then consider the

pushout diagram

N M 1

INVpMq M
E

uw ˝ E

ũ
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From the Lemmas 4.4.3 and 4.4.5 we know E is injective. Moreover, w is a weak

equivalence implies w ˝ E is injective, due to the commutativity of the following

diagram:

INVpNq N

INVpMq M
E

w–

E

Since the above square is a pushout, both u and ũ is injective. Hence, there is a

unique function v : M 1 Ñ N which is surjective. As before, the functions u and

v are also equivariant, so that we have a factorization of w as w “ v ˝u such that

v is in V and u is in U . Hence actlpIq admits a 3-arrow calculus tU ,Vu. Thus,

we have a 3-arrow description of the hom-sets as in 27.2 of [1]. Moreover, by 27.5

of [1], we also get that the homotopical structure of actlpIq is saturated; i.e., a

function in actlpIq is a weak equivalence if and only if its image in HopactlpIqq,

under the localization functor, is an isomorphism.

4.7 The Burnside ring of a monoid

In the classical theory of group actions, when a group G is given, the Burnside ring

of G, ApGq, is defined as the Gröthendieck ring of the semiring of isomorphism

classes of finite G-sets where the addition is given by disjoint union and the

multiplication is given by cartesian product. The Burnside ring of a group is a

very important construction in the group theory, and has several applications,

see e.g. [13], [14], [15], [16]. We define the Burnside ring of a monoid by using the

homotopical structure on actlpIq. The isomorphism classes in HopactlpIqq forms a

semiring under disjoint union as addition and cartesian product as multiplication.

We call the Gröthendieck ring of this semiring as the Burnside ring of I, and we

denote this ring by BrpIq. Most of the properties of this Burnside ring follows

from the Section 4.4.1.

By definition the Burnside ring of a group given in this way is equal to the

standard one. Hence, it does validate the name “the Burnside ring of a monoid”.
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Moreover, the following proposition shows that the definitions of the Burnside

ring of a commutative monoid is same as the Burnside ring of its Gröthendieck

construction. Let us denote by KpIq the Gröthendieck group of a commutative

monoid I. Then BrpKpIqq denotes the usual Burnside ring of the group KpIq

(see e.g. [13]).

Theorem 4.7.1. If I is commutative monoid then BrpIq is isomorphic to

BrpKpIqq.

Proof. Define

rΛ : actlpKpIqq Ñ actlpIq

as the map induced by the natural map from I to KpIq and let

Λ : BrpKpIqq Ñ BrpIq

denote the induced function on Burnside rings. Here we will define the inverse

of Λ. Let A be an I-set with action ¨ and let r´¨´s be the action on INVpAq.

Lemma 4.4.3 implies that the action on INVpAq has a group action factorization,

i.e. the map

ϑl : I Ñ EndlpINVpAqq

factors through the inclusion

AutlpINVpAqq ãÑ EndlpINVpAqq.

Hence, we can consider INVpAq as a KpIq-set. Define a function

Γ : BrpIq Ñ BrpKpIqq

by sending a class rAs of I-set A in BrpIq to the class rINVpAqs in BrpKpIqq.

Notice that

INVprΛpAqq – rΛpAq

by Proposition 4.3.2, so that Γ ˝ Λ is identity. The composition Λ ˝ Γ is also

identity since by Proposition 4.4.6, the natural transformation E gives a weak

equivalence from INVpAq to A. Hence Γ is a ring isomorphism with the inverse

Λ. Since for every I-set M,N we have

Invrl pM ˆNq – Invrl pMq ˆ Invrl pNq
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and

Invrl pM >Nq – Invrl pMq > Invrl pNq

then these maps are ring isomorphisms.

4.7.1 Burnside mark homomorphism

Assume I is a monoid and A is a finite left I-set. Let J be a submonoid of I. We

define the mark m̂JpAq of J on A as the number of elements in INVpAq that are

fixed by every element in J ,

m̂JpAq “ |FixJpINVpAqq|.

In other words, i.e. if ϑl : I Ñ EndlpINVpAqq denotes the map associated to the

action on INVpAq (which is the action obtained by reversing α twice) then m̂JpAq

is the number of equivariant functions in INVpAq satisfying

fpi ˚ jqpkq “ fpiqpkq

for every i, k in I and j in J . This defines a semiring homomorphism

m̂J : IsompHopactlpIqqq Ñ Z

since

INVpA >Bq “ INVpAq > INVpBq,

so that m̂JpA >Bq “ m̂JpAq ` m̂JpBq and

INVpAˆBq “ INVpAq ˆ INVpBq

and hence

m̂JpAˆBq “ m̂JpAq.m̂JpBq,

same as the usual case. The associated ring homomorphism

mJ : BrpIq ÝÑ Z

is called the mark homomorphism at J . Note that when a finite I-set A is given,

the image of ϑl in AutlpINVpAqq form a subgroup, and let ϑlpIq denote this
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subgroup. Let ϑlpJq denote the image of the submonoid J under ϑl, which is a

subgroup of ϑlpIq. Then mark of A at J corresponds to the usual mark of ϑlpIq at

the subgroup ϑlpJq. We call an I-set pA, ¨q in actlpIq weakly-transitive, if for every

pair of elements f, g P INVpAq, there is an elements i in I such that ϑlpiqpfq “ g.

The set INVpAq can be expressed as a disjoint union of orbits ϑlpIq{ϑlpJtq for some

family tJt : t P T u of submonoids. Hence isomorphism classes weakly transitive

I-sets generate the additive group of Burnside ring, same as the classical case,

see [17].

Let J and J 1 be two submonoids of I. We say J and J 1 are weakly conjugate,

and we write J „I J
1, if for every I-set A the subgroup ϑlpJq is conjugate to

ϑlpJ
1q in ϑlpIq, where ϑl is the action on INVpAq. It is straightforward to check

that weak conjugation is an equivalence relation. Let Y pIq be the set of weak

conjugacy classes of I, i.e. the set of equivalence classes of ‘„I ’. Observe that

weakly conjugate submonoid have the same mark, i.e. if J „I J
1 then for any

given I-set A we have mJpAq “ mJ 1pAq, which follows from standard group theory

facts. Hence one can see the mark homomorphism as a ring homomorphism

m : BrpIq ÝÑ
à

rJsPY pIq

Z

into the direct sum of integers Z, so that m “
à

rJsPY pIq

mJ .

Theorem 4.7.2. The mark homomorphism m is injective.

Proof. Proof follows from ideas of the proof in the standard case (see [17], Proposi-

tion 1.2.2). Let A be an I-set and x be the corresponding element in the Burnside

ring, and let ϑ be the action on INVpAq. Then, since there is an induced action

of the group ϑlpIq, we can write

x “
ÿ

JPY pIq

ztrϑlpIq{ϑlpJqs

with zJ P Z. Let K be a monoid such that ϑlpKq is the maximal conjugacy class

in ϑlpIq with respect to the inclusion, with zK ‰ 0. The rest is same as the proof

of Proposition 1.2.2 in [17]. Since FixKpϑlpIq{ϑlpJqq is non-empty if and only if
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ϑlpKq is sub-conjugate to ϑlpJq, we have mpxq is non-zero due to maximality of

ϑlpKq. Hence m is injective.

Some applications of this Burnside ring in ‘Computer science’ and in particular

in ‘Automata theory’ are discussed in Section 6.3 of [11].
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Chapter 5

Actions of monoidal categories

In this chapter we give a “categorification” of definitions in Chapter 4. We replace

the concept of monoid with a monoidal category and it will act on a category

instead of on a set. We start this section by defining the notion of an action of a

monoidal category on a category.

5.1 Actions on categories and functor categories

Let A and B be two categories. Then rA,Bs denotes the category of functors from

A to B and EndpAq “ rA,As. The endofunctor category EndpAq is a (strict)

monoidal category with composition (from left or from right). We denote EndlpAq
(resp. EndrpAq) the monoidal category of endofunctors on A with composition

as the monoid operation applied from left (resp. right).

Notation. If f and g are two endofunctors on A then

• in EndlpAq the monoidal product is the composition f ˝ g of f and g is the

endofunctor obtained by applying g first and applying f second

• in EndrpAq then the monoidal product fg of f and g is the endofunctor

obtained f first and applying g second.
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Definition 5.1.1. Let A be a category and I be a monoidal category. Then a

I-action on A is a pair α “ pαl, αrq such that

αl : I Ñ EndlpAq and αr : I Ñ EndrpAq

are strong monoidal functors satisfying

pαlpiqpaqqαrpjq “ αlpiqppaqαrpjqq,

for every i, j in I and a in A, either all of i, j, a are objects or one of them is a

morphism.

The choice of equality for commutativity of left and right actions make sense

since both EndlpAq and EndlpAq are strict monoidal categories. A category with

an I-action will be called an I-category.

It is less convenient to use classical ‘¨’ notation for the action for such actions,

since we also need to deal with morphisms. Hence, we stick to the notation of

above definition during the whole chapter.

5.1.1 Centralizer and Equivariant functors

Let A,B be two categories. Given a functor γ : A Ñ EndpBq one can obtain

functors:

• γ : B Ñ rA,Bs given by γpbqpaq “ γpaqpbq

• rγ : Aˆ B Ñ B given by rγpa, bq “ γpaqpbq

• rγ : B ˆAÑ B given by rγpb, aq “ γpaqpbq.

The latter two functors are denoted in the same way but it will be clear from the

context which one we mean.

Let I be a monoidal category, A be a category and let α “ pαl, αrq be an

I-action on A. Then for x in tl, ru one can define a functor αx from A to rI,As
as above, by forgetting the monoidal structure on I.
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Definition 5.1.2. The centralizer of I in A as the category whose objects are

pairs pa, σq where a is an object in A and σ is a natural isomorphism from αrpaq

to αlpaq such that the following diagrams commute:

paqidA idApaq

paqαrp1q αlp1qpa2q
σp1q

id

φr φl

and

paqαrpiqαrpjq pαlpiqpaqqαrpjq “ αlpiqppaqαrpjqq αlpiq ˝ αlpjqpaq

paqαrpi‘ jq αlpi‘ jqpaq
σpi‘ jq

pσpiqqαrpjq αlpiqpσpjqq

ψrψl

for every i, j objects in I and a, a1, a2 objects in A.

A morphism from pa1, σ1q to pa2, σ2q is a morphism m : a1 Ñ a2 in A such

that the diagram

pa1qαrpiq pa2qαrpiq

αlpiqpa1q αlpiqpa2q
αlpiqpmq

pmqαrpiq

σ1piq σ2piq

is commutative for all i object in I.

We denote the centralizer by CApIq. The first diagram in the above definition

shows that σ is compatible with the monoidal product.

Remark 4. If we choose σ in the above definition a natural transformation instead,

we call the centralizer as pseudo-centralizer of I in A, and denote by CApIqP .

Suppose that A is a category with weak equivalences. Let us choose σ in the

above definition a natural weak equivalence. In this case we call the centralizer

as the weak centralizer of I in A, and denote by CApIqW .
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Definition 5.1.3. Let A and B be two I-categories with I-actions α, β, respec-

tively. Let i, j be objects in I, m : iÑ j be a morphism in I and f : AÑ B be

a functor. The induced I-action

rα, βs “ prα, βsl, rα, βsrq

on rA,Bs is defined by

• rα, βsl : I Ñ EndlprA,Bsq is the monoidal functor such that the the functor

rα, βslpiqpfq is the composition:

A A B B
αrpiq f βlpiq

• rα, βsr : I Ñ EndrprA,Bsq is the monoidal functor such that the functor

pfqrα, βsrpiq is the composition:

A A B B
αlpiq f βrpiq

• the natural transformation rα, βslpmqpfqpaq is given by the morphism in B
by the composition

βlpiqpfppaqαrpiqqq

βlpjqpfppaqαrpiqqq

βlpjqpfppaqαrpjqqq

βlpmqpfppaqαrpiqqq βlpjqpfppaqαrpmqqq

rα, βslpmqpfqpaq

and the natural transformation pfqrα, βsrpmqpaq is given by the morphism

in B by the composition

pfpαlpiqpaqqqβrpiq

pfpαlpiqpaqqqβrpjq

pfpαlpjqpaqqqβrpjq

pfpαlpiqpaqqqβrpmq pfpαlpmqpaqqqβrpjq

pfqrα, βsrpmqpaq
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Let A and B be two I-categories with actions α and β be I-action respectively.

Consider the I-action rα, βs on rA,Bs.

Definition 5.1.4. We define MapIpA,Bq namely the set of I-equivariant func-

tors from A to B as the centralizer of I in rA,Bs; i.e.,

MapIpA,Bq “ CrA,BspIq.

Hence a functor is called a I-equivariant functor from A to B if it is in

MapIpA,Bq.

In particular if f : AÑ B is I-equivariant functor then

σpiq : pfpαlpiqpaqqqβrpiq Ñ βlpiqpfppaqαrpiqqq

is a natural isomorphism for all i object in I and a object in A, such that the

diagram commutes:

ppfpαlpjq ˝ αlpiqpaqqqβrpiqqβrpjq βlpjq ˝ βlpiqpfppaqαrpiqαrpjqqq

pfpαlpi‘ jqpaqqqβrpi‘ jq βlpi‘ jqpfppaqαrpi‘ jqqq
σpi‘ jq

rα, βslpiqpσpjqq ˝ pσpiqqrα, βsrpjq

––

i.e., σ is compatible with the monoidal product as in the sense of Definition 5.1.2.

Given a category A with an I-action, the fixed-point category of the action is

defined as

FixIpAq “MapIp˚,Aq.

Here ˚ is the trivial category; which is a category with a single object and single

morphism which is the identity morphism of that object. The action on ˚ here is

the trivial I-action. As in the previous section, we have an analogues theorem:

Theorem 5.1.1. Let I be a monoidal category and A, B be two categories with

I-actions. Then we have an isomorphism

MapIpA,Bq – FixIprA,Bsq.

53



The proof is similar to the one in the previous section since we have an iso-

morphism of categories CApIq – Cr˚,AspIq for any I-category A.

Remark 5. Following the remark 4 above, we define the categories MapWI pA,Bq
as CrA,BspIqW and MapPsI pA,Bq as CrA,BspIqPs. We will call a functor from A to

B a weakly I-equivariant functor if it belongs to MapWI pA,Bq and a pseudo-I-

equivariant functor if it belongs to MapPsI pA,Bq.

Let pA, αq, pB, βq, pC, γq, and pD, δq be four I-categories. Assume f : A Ñ B
and h : C Ñ D be two functors. Then f and h induces a functor rB, Cs Ñ rA,Ds
by composition. We have the following proposition:

Proposition 5.1.2. If f : AÑ B and h : C Ñ D are two I-equivariant functors

then the induced functor rB, Cs Ñ rA,Ds by f and h is I-equivariant.

Proof. Since f and h are I-equivariant, on objects we have

phpγlpiqpgppfpαlpiqpaqqqβrpiqqqqqδrpiq – δlpiqphppgpβlpiqpfppaqαrpiqqqqqγrpiqqq

for every object a in A, i in I and g in rB, Cs. Hence we have the natural

isomorphism

ph ˝ pprβ, γslpiqpgqq ˝ fqqrα, δsrpiq – rα, δslpiqph ˝ pppgqrβ, γsrpiqq ˝ fqq

for every object i in I and g in rB, Cs. This means the induced functor from

rB, Cs to rA,Ds is I-equivariant. The coherence conditions are evident.

Proposition 5.1.3. The functor F : rA ˆ B, Cs Ñ rA, rB, Css defined by

F pfqpaqpbq “ fpa, bq is an equivariant equivalence of categories with respect to

the induced actions.

Proof. Let f : A ˆ B Ñ C be a functor. Let a be an object in A and b be an

object in B. From the definitions we have the identities

rα, rβ, γsslpiqpF ppfqrα ˆ β, γsrpiqqqpaqpbq “ γpiqpfpαpiqpaq, βpiqpaqq

and

pF prα ˆ β, γslpiqpfqqqrα, rβ, γssrpiqpaqpbq “ γpiqpfpαpiqpaq, βpiqpaqq

54



in C. Hence the identity map from pF prα ˆ β, γslpiqpfqqqrα, rβ, γssrpiqpaqpbq to

rα, rβ, γsslpiqpF ppfqrα ˆ β, γsrpiqqqpaqpbq gives us a natural isomorphism. The

above coherence condition can easily be checked.

5.2 Reverse actions on categories

In this section we define the reverse action of a given action of a monoidal cate-

gory on a category. We start with defining four monoidal functors from a given

monoidal category I to EndxpIq, where x P tl, ru. The functors ιx : I Ñ EndxpIq
sends every object to identity endofunctor and the functors

µl : I Ñ EndlpIq and µr : I Ñ EndrpIq

are given by applying the monoid operation from left and right respectively.

Just as in the case of monoids, we will consider the monoidal category I itself

as an I-category with the action pιl, µrq and pµl, ιrq to define the reverse actions.

First we define reversing action from left to right, and thus, will consider I with

the action pιl, µrq.

Let α be an I-action on a category A. We define the reverse I-action θ on

MapIpI,Aq as follows: Let f PMapIpI,Aq be a I-equivariant functor. For all

i P I define θlpiq as the identity functor on MapIpI,Aq and θrpiq as the functor

which sends f to the composition

I I A
µlpiq f

On morphisms, if m : iÑ j is a morphism in I, then for every k in I, θlpmqpfqpkq

is the morphism fpmq in A and θrpmqpfq is the natural transformation such that

for k in I it is the morphism

fpµlpmqpkqq : f ˝ µlpiqpkq Ñ f ˝ µlpjqpkq
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in A. Let pf, σq be an object in MapIpI,Aq. Then for each object i, j in I,

σpiq : pfpjqqαrpiq Ñ αlpiqpfpj ‘ iqq

is an isomorphism. For an object k in I, define the morphism

σkpiq : pf ˝ µlpkqpjqqαrpiq Ñ αlpiqpf ˝ µlpkqpj ‘ iqq

as the composition

fpk ‘ jqαrpiq
σpiq
ÝÑ αlpiqpfppk ‘ jq ‘ iqq

–
Ñ αlpiqpfpk ‘ pj ‘ iqqq.

Hence, pf ˝ µlpkq, σkq is an object in MapIpI,Aq. As a result we defined the

categorical version of the first reverse action, which reverses the left component

of the action.

Now consider I with the action pµl, ιrq. We define the other reverse action

I-action ϑ on MapIpI,Aq as follows: For f P MapIpI,Aq an I-equivariant

functor, define ϑrpiq as the identity functor on MapIpI,Aq and ϑlpiq as the

functor which sends f to the composition

I I A
µrpiq f

On morphisms, if m : iÑ j is a morphism in I, then for every k in I, ϑlpmqpfqpkq

is the morphism fpmq in A and pfqϑrpmq is the natural transformation sending

an object k in I to the morphism

fppkqµrpmqq : f ˝ µrpiqpkq Ñ f ˝ µrpjqpkq

in A. Let pf, ςq be an object inMapIpI,Aq. Then, by definition for each object

j in I,

ςpiq : pfpi‘ jqqαrpiq Ñ αlpiqpfpjqq

is an isomorphism. For an object k in I, we define the morphism

ςkpiq : pf ˝ µrpkqpi‘ jqqαrpiq Ñ αlpiqpf ˝ µrpkqpjqq

as the composition

pfppi‘ jq ‘ kqqαrpiq
–
Ñ pfpi‘ pj ‘ kqqqαrpiq

ςpiq
ÝÑ αlpiqpfpj ‘ kqq.

56



Hence, pf ˝ µlpkq, ςkq is an object in MapIpI,Aq. As a result we get the second

reverse action, which reverses the right component.

Assume now I is a symmetric monoidal category and A be an I-category with

the action α whose right component is trivial. Consider I with the action pιl, µrq.

Define an action α1 onMapIpI,Aq as follows: define α1l as the trivial action and

for f : I Ñ A an object define pfqα1rpiqpjq as the object pfpjqqαrpiq. A morphism

m : iÑ j is sent to the obvious morphism in MapIpI,Aq. Then, we have

pppfqα1rpiqqθrpiqqpjq “ pppfqα
1
rpiqqpi‘ jq “ pfpi‘ jqqαrpiq

which is isomorphic to fpjq. Similarly,

pppfqθrpiqqα
1
rpiqqpjq “ ppfqθrpiqpjqqαrpiq “ pfpi‘ jqqαrpiq

which is again isomorphic to fpjq. Hence, we get the following lemma:

Lemma 5.2.1. If I is a symmetric monoidal category and α is an I-action on A
with trivial right component, then the reverse action θ, that reverses the left com-

ponent of the action, is an auto-equivalence of MapIpI,Aq; i.e., an equivalence

as an endofunctor on MapIpI,Aq.

A similar lemma can be derived for the second reverse action, ϑ. If we drop

the assumption of being symmetric monoidal, then this lemma fails. However,

if A as in above lemma, we can assign a reversible action by first reversing the

left component, and then reversing the first reverse action θ, then continue re-

versing the appearing left and right reverse actions ad infinitum. That is, the

reversible action corresponds to an inverse limit in the two category of category

of categories. For convenience, we will continue with ordinary reverse actions.

We mainly use the first reverse action above on actions with the right component

is trivial for convenience. Hence, we just write MapIpI,Aq and we understand

the first reverse action; i.e., the reverse from left to right. The isomorphism σ

will play an important role in the next chapter, as it is the key point of defining

homotopical stabilization in our theories.
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5.2.0.1 Objects of the reverse actions

We will discuss how the objects inMapIpI,Aq will look like, where I is equipped

with the action pιl, µrq. An object of MapIpI,Aq is a functor f : I Ñ A, which

is I equivariant. Thus, there exist a natural isomorphism

σpiq : pfpjqqαrpiq Ñ αlpiqpfpj ‘ iqq

such that the following diagram commutes

αlpiqppfpk ‘ iqqαrpjqq “ pαlpiqpfpk ‘ iqqqαrpjq

ppfpkqqαrpiqqαrpjq αlpjqpαlpiqpfpk ‘ i‘ jqqq

pfpkqqαrpi‘ jq αlpi‘ jqpfpk ‘ i‘ jqq
σpi‘ jq

––

pσpiqqαrpjq σ̃pjq

where σ̃pjq is the corresponding natural transformation. Since σ is a natural

transformation, for any morphism m : i Ñ j in I, the following diagram com-

mutes:

pfpkqqαrpiq αlpiqpfpk ‘ iqq

pfpkqqαrpjq αlpjqpfpk ‘ jqq
σpjq

σpiq

pidqαrpmq αlpmqpid‘mq

The map αlpmqpid‘mq factors through αlpjqpfpk ‘ iqq, due to Definition 5.1.3.

These commuting diagrams will be essential elements of the theories we will build

in the next chapter.

5.2.1 Opposite actions on categories

Let F : A Ñ B be a functor. There is an induced functor F op : Aop Ñ Bop on

opposite categories defined as F oppaq “ F paq for any object a in A and for any

morphism f : aÑ b, F oppfq is

F pfqop : F pbq Ñ F paq.
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This functor is called the opposite functor.

Now we will define two other actions which can be assigned to an actions of a

monoidal category. These actions will be called opposite actions. Let α “ pαl, αrq

be an I-action on a category A. Then

• We define a new Iop action rα “ prαl, rαrq on Aop as follows: for x P tl, ru,

for an object i in Iop, and for m : iÑ j a morphism in I we have rαxpiq “

αxpiq
op and the natural transformation

rαxpm
op
q : αxpjq

op
Ñ αxpiq

op

is defined for every object a in Aop, as

αxpmqpaq
op : αxpjqpaq Ñ αxpiqpaq

in Aop.

• Assume that αxpmq is a natural isomorphism for all x P tl, ru and for all

m : iÑ j morphism in I. Then we can define a new Iop action α “ pαl, αrq

on A as follows: for x P tl, ru, for an object i in Iop, and for m : i Ñ j a

morphism in I we have αxpiq “ αxpiq and the natural transformation

αxpm
op
q : αxpjq Ñ αxpiq

is defined for every object a in A, as

αxpmqpaq
´1 : αxpjqpaq Ñ αxpiqpaq

in A.

These two actions are usually different than reverse actions. Observe that the lat-

ter is not always defined. We will use these actions in the definitions (co)homology

theories and (co)homotopy theories.
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Chapter 6

(Co)homology and (co)homotopy

theories graded over monoidal

categories

One can consider (co)homology and (co)homotopy theories as measurement tools

that can be used to decide how far a map is from being a weak equivalence. The

general idea of measurement is ‘assigning an object with well-known properties

to one with relatively not well-known properties’. For example, abelian groups

are well-known algebraic objects whose properties and classification is easy. On

the other hand topological spaces are relatively harder to understand. Hence, one

universally assign an abelian group to a space which is invariant under certain

properties, such as homotopy equivalence. As doing so, we get a nice measurement

tool for measuring homotopical properties of spaces.

Before defining (co)homology and (co)homotopy theories, we first define the

categories of (co)homology and (co)homotopy functors. Our purpose is to define

these functors as general as possible. Thus, these functors will be defined on a

homotopical category M whose properties are to be understood and will assign

objects of M to another homotopical category S, whose objects are structurally

better understood up to weak equivalence.
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6.1 (Co)homology functors and (co)homotopy

functors

Let M and S be two categories with weak equivalences and a zero object

1. A functor from M to S will be called a homology functor if it sends weak

equivalences to weak equivalences, cofiber sequences in M to exact se-

quences in S, and coproducts in M to coproducts in S. The full sub-

category of rM,Ss with objects the homology functors from M to S will

be denoted by hmlpM,Sq.

2. A functor from Mop to S will be called a cohomology functor if it sends

weak equivalences to weak equivalences, cofiber sequences in M to exact

sequences in S, and coproducts inM to products in S. The full subcategory

of rMop,Ss with objects the cohomology functors from Mop to S will be

denoted by cohmlpM,Sq.

3. A functor from M to S will be called a homotopy functor if it sends

weak equivalences to weak equivalences, fiber sequences in M to exact

sequences in S, and products inM to products in S. The full subcategory

of rM,Ss with objects the homotopy functors fromM to S will be denoted

by htypM,Sq.

4. A functor from Mop to S will be called a cohomotopy functor if it sends

weak equivalences to weak equivalences, fiber sequences in M to exact

sequences in S, and products inM to products in S. The full subcategory

of rMop,Ss with objects the cohomotopy functors from Mop to S will be

denoted by cohtypM,Sq.

The usual definitions of (co)-homology and (co)-homotopy functors (see [9],

[18], [19], [20]) are particular cases of these definitions except few cases of co-

homotopy groups. For example, take M as the category of pointed topological

spaces and S as the category of abelian groups then singular homology Hn and
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cohomology Hn functors are respectively homology and cohomology functors for

all n ě 0. Take M as the category of pointed topological spaces and S as the

category of groups then πn is a homotopy functor for all n ě 1. The cohomotopy

groups which take a pointed topological space pX, ˚q and gives out the set of

homotopy classes of maps rpX, ˚q, pSn, ˚qs is not a cohomotopy functor but the

usual definition of cohomotopy groups for spectra is a cohomotopy functor.

6.2 (Co)homology theories and (co)homotopy

theories

Let I be a symmetric monoidal category andM be a category with weak equiv-

alences. Let 1M denote the trivial action onM. An action Σ “ p1M,Σrq of I on

M is called suspension action if for each i object in I, x P tl, ru the functor Σxpiq

preserves weak equivalences and homotopy colimits. An action Ω “ pΩl,1Mq of

I on M is called looping action if for each i object in I, x P tl, ru the functor

Ωxpiq preserves weak equivalences and homotopy limits.

Let M and S be two pointed homotopical categories. Let Σ be a suspension

action of I on Mop, Ω be a looping action of I on M, and s “ p1S ,1Sq be the

trivial action on S. Now we define (co)homology and (co)homotopy theories as

follows:

1. Suppose that s can be defined. The Iop-action rrΣ, ss on rM,Ss induces an

Iop-action on hmlpM,Sq. Then the category of homology theories graded

over I is defined as

HMLIpM,Sq “MapWIoppIop, hmlpM,Sqq

namely the category having the reverse action of Iop on hmlpM,Sq. Here

we say that a homology theory is an object in the category of homology

theories.
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2. The I-action rΣ, ss on rMop,Ss induces a I-action on cohmlpM,Sq. Then

the category of cohomology theories graded over I is defined as

COHMLIpM,Sq “MapWI pI, cohmlpM,Sqq

namely the category having the reverse action of I on cohmlpM,Sq. Here

we say that a cohomology theory is an object in the category of cohomology

theories.

3. The I-action rΩ, ss on rM,Ss induces an I-action on htypM,Sq. Then the

category of homotopy theories graded over I is defined as

HTYIpM,Sq “MapWI pI, htypM,Sqq

namely the category having the reverse action of I on htypM,Sq. Here

we say that a homotopy theory is an object in the category of homotopy

theories.

4. Suppose that s can be defined. The Iop-action rrΩ, ss on rMop,Ss induces

an Iop-action on cohtypM,Sq. Then the category of cohomotopy theories

graded over I is defined as

COHTYIpM,Sq “MapWIoppIop, cohtypM,Sqq

namely the category having the reverse action of Iop on cohtypM,Sq. Here

we say that a cohomotopy theory is an object in the category of cohomotopy

theories.

Note that s can be defined if we choose I as the core of a monoidal category.

The collection of all functors MÑM which preserve weak equivalences and

homotopy colimits form a monoidal category by composition as the monoid op-

eration. LetMΣ denote this monoidal category. Then the (co)homology theories

could be graded on a monoidal subcategory of this monoidal category. Similarly

the collection of all functors MÑM which preserve weak equivalences and ho-

motopy limits form a monoidal category and denote this monoidal category by

MΩ. Then the (co)homotopy theories could be graded on a monoidal subcategory

of this monoidal category.
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6.3 Lifting Problem, Representability and Spec-

tra

Let I be a symmetric monoidal category andM, S be two categories with weak

equivalences. Assume both categoriesM and S have a zero object. Let s be the

trivial I-action on S. Let Σ be a suspension action of I on Mop and Ω be a

loop action of I on M. Let T be another category with weak equivalences with

a I-action t such that tpvq preserves weak equivalences for every v object in I.

Assume that there exist a I-equivariant functor

m : T Ñ S.

The functor m induces the following functors:

1. Considering the Iop-actions rΣ, s, and t on M, S, and T respectively, mor

induces a Iop-equivariant functor

Rhml : rM
rΣ, Tts Ñ rM

rΣ,Sss.

2. Considering the I-actions Σ, s, and t on Mop, S, and T respectively, mor

induces a I-equivariant functor

Rchm : rMop
Σ , Tts Ñ rMop

Σ ,Sss.

3. Considering the I-actions Ω, s, and t on M, S, and T respectively, mor

induces a I-equivariant functor

Rhty : rMΩ, Tts Ñ rMΩ,Sss.

4. Considering the Iop-actions rΩ, s, and t onMop, S, and T respectively, mor

induces a Iop-equivariant functor

Rcht : rMop
rΩ
, Tts Ñ rMop

rΩ
,Sss.

In part p1q and p4q above, we further require that s and t can be defined.

Given mor as above, one can state a lifting problem from (co)homology and

(co)homotopy functors with values in S to (co)homology and (co)homotopy func-

tors with values in T by using respectively defined functors R˚.

64



6.3.1 Representation of (Co)homology and (Co)homotopy

Theories

Let I be a symmetric monoidal category, M, S be two categories, Σ be a sus-

pension I-action on Mop, Ω be a looping I-action on M, and s be the trivial

I-action on S as in the previous section. In part p1q and p4q below, we further

assume that Σ, Ω and s can be defined. Suppose that we are given a I-equivariant

functor

mor :Mop
ˆMÑ S

where the I-action on Mop ˆM is Σ ˆ Ω. Then the equivariance of morp´,´q

implies that for all x and y objects in M, we have the isomorphism

morppxqΣrpvq, yq – morpx,Ωlpvqpyqq

in S. Observe that in the case when mor is the internal-hom andM is S-enriched

(with the assumption that S is symmetric monoidal), we have Σrpvq and Ωlpvq

are adjoint pairs.

We define representability of (co)homology and (co)homotopy theories as par-

ticular instances of lifting problems, by taking T asMopˆM, t as ΣˆΩ, and m

as mor. In this section, we use the notation Cα for any category C with an action

α.

1. The functor Rhml induces a functor

MapWIoppIop, rM
rΣ,M

op

Σ
ˆMΩsq ÑMapWIoppIop, rM

rΣ,Ssq.

We also have the following functor:

MapWIoppIop,Mop

Σ
qˆMapWIoppM

rΣ,MΩq ÑMapWIoppIop, rM
rΣ,M

op

Σ
ˆMΩsq

which sends pE,F q to h, where

hpvqpxq “ pEpvq, F pxqq

for v an object in Iop and x an object inM. We say a homology theory in

HMLIpM,Sq is representable if it isomorphic to an object in the image of
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the composition of the above functors. Given such a mor if h is representable

with respect to mor, then we have

hpvqpxq “ morpEpvq, F pxqq.

2. The functor Rchm induces a functor

MapWI pI, rM
op
Σ ,M

op
Σ ˆMΩsq ÑMapWI pI, rM

op
Σ ,Ssq.

We also have the following functor:

MapWI pM
op
Σ ,M

op
Σ q ˆMapWI pI,MΩq ÑMapWI pI, rM

op
Σ ,M

op
Σ ˆMΩsq

which sends pF,Eq to h̃, where

h̃piqpmq “ pF pmq, Epiqq

for i an object in Iop and x an object in M. We say a cohomology theory

in COHMLIpM,Sq is representable if it isomorphic to an object in the

image of the composition of the above functors. Given such a mor if h is

representable with respect to mor, then we have

hpvqpxq “ morpF pxq, Epvqq.

3. The functor Rhty induces a functor

MapWI pI, rMΩ,Mop
Σ ˆMΩsq ÑMapWI pI, rMΩ,Ssq.

We also have the following functor:

MapWI pI,M
op
Σ q ˆMapWI pMΩ,MΩq ÑMapWI pI, rMΩ,Mop

Σ ˆMΩsq

which sends pE,F q to π, where

πpvqpxq “ pEpvq, F pxqq

for v an object in Iop and x an object inM. We say a homotopy theory in

HTYIpM,Sq is representable if it isomorphic to an object in the image of

the composition of the above functors. Given such a mor if π is representable

with respect to mor, then we have

πpvqpxq “ morpEpvq, F pxqq.
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4. The functor Rcht induces a functor

MapWIoppIop, rMop
rΩ
,Mop

Σ
ˆMΩsq ÑMapWIoppIop, rMop

rΩ
,Ssq.

We also have the following functor:

MapWIoppMop
rΩ
,Mop

Σ
qˆMapWIoppIop,MΩq ÑMapWIoppIop, rMop

rΩ
,Mop

Σ
ˆMΩsq

which sends pF,Eq to h, where

πpvqpxq “ pF pxq, Epvqq

for v an object in Iop and x an object inM. We say a cohomotopy theory

in COHTYIpM,Sq is representable if it isomorphic to an object in the

image of the composition of the above functors. Given such a mor if π is

representable with respect to mor, then we have

πpvqpxq “ morpEpvq, F pxqq.

It is natural to define an Ω-spectrum as an object in MapWI pI,MΩq. Weak

equivalences are defined object-wise.

Following [6] Chapter XII, we simply say spectra for the objects of

MapIpI,MΩq. Note that an object in MapIpI,MΩq consist of objects fpvq

in M together with natural isomorphisms

σpwq : fpvq Ñ Ωlpwqpfpw b vqq.

6.4 Relation to stabilization and Picard grading

Let pM,^,1q be a pointed homotopical, closed symmetric monoidal category.

Let I be a monoidal subcategory of M and Ω “ pΩl,1Mq be a looping action of

I on M given by Ωlpvqpxq “Mpv, xq for v object in I and x object in M. Let

Υ be the reverse action of Ω, which is defined onMapIpI,MΩq, see Section 5.2.

For an object pE, σq in MapIpI,MΩq the right action is given by

pEqΥrpvqpwq “ Epv ^ wq,
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and the left action of Υ is trivial. Since we have

fpwq – Ωlpvqpfpv ^ wqq “Mpv, fpw ^ vqq,

we can consider the action Ω as an action on MapIpI,MΩq. In fact, we can

define ΩlpvqpEq : I ÑM by the identity

ΩlpvqpEqpwq “ ΩlpvqpEpwqq.

By the equivariance of E, we get

ΩlpiqppEqΥrpiqqpjq – ΩlpiqpEpi^ jqq – Epjq

and

ppΩlpiqpEqqΥrpiqqpjq – ΩlpiqpEqpi^ jq – Epjq.

As a result, we get that the action Υ induces an auto-equivalence on the homotopy

category of MapIpI,MΩq.

An object v in a symmetric monoidal category C is invertible if there is an

object w with an isomorphism v ^w Ñ s. The inverse of an object v is given by

the dual Dv “Mpv, sq, see [21]. The Picard category PicpCq of C, see [21], [22]

or [23], is defined as the full-subcategory of invertible objects in C. If MΩ is as

above, we have the following theorem:

Theorem 6.4.1. The evaluation functor

E :MapIpI,MΩq ÑMΩ

induces an equivalence on the homotopy categories if and only if I is a subcategory

of PicpHoMq.

Proof. Assume first I is a subcategory of PicpHoMq. Define a functor

Φ :MΩ ÑMapIpI,MΩq

by Φpxqpvq “MpDv, xq where Dv “Mpv, sq is the dual of v. Since

Mpw,MpDpv ^ wq, xqq –Mpw ^Dpw ^ vq, xq –MpDv, xq,

68



Φ is well defined. Then we have

E ˝ Φpxq “ Φpxqpsq “Mps, xq – x,

i.e. E ˝Φ is weak equivalent to identity in the homotopy category. For f : I ÑM ,

we have

Φ ˝ Epfqpvq “ Φpfpsqqpvq – ΩpDvqpfpsqq – ΩpDvqpΩpvqfpvqq – fpvq.

Hence we get E induces an equivalence of categories HoMapIpI,MΩq and HoM.

Conversely assume E induces an equivalence on homotopy categories. Then

for v an object in I we have

Mpv, fspvqq “ Ωpvqpfspvqq – fspsq “ s

and

Mpv, fspvqq –Mpv,MpDv, sqq –Mpv ^Dv, sq – Dpv ^Dvq.

As a result we get that v^Dv is weak equivalent to s. Hence I is a subcategory

of PicpHoMq.

6.5 Examples of theories graded over monoidal

categories

Recall that, if M is a category with weak equivalences and a point, a sequence

of morphisms

A
i
ÝÑ B

p
ÝÑ C

in M is called a cofiber sequence if the diagram

˚ C

A B
i

p
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is a homotopy push-out. Assume that pushouts always exist in M. When we

have such a diagram, we can form the following one

˚ C

A B ˚

D

i

p

where both squares are homotopy pushout diagrams. This make D weak equiva-

lent to ΣA, since the bigger square is also a homotopy pushout. Hence, if we have

an object s in I such that ΣpsqpXq is weak equivalent to the homotopy pushout

of the two unique diagram of maps

˚ ÐÝ X ÝÑ ˚

inM, then the homology and cohomology functors gives us long exact sequences,

where the suspension isomorphisms are given by the reverse action. Hence we

have the following proposition:

Proposition 6.5.1. If h is a homology (resp. cohomology) theory satisfying the

Eilenberg-Steenrod homology (resp. cohomology) axioms, then h is an element

in the category of homology (resp. cohomology) theories defined in Section 6.2

provided that M “ Top˚ with weak equivalences as usual weak equivalences, S “

Ab and Σ “ p1,Σq to be the usual reduced suspension functor. The converse is

also true.

Proof. This follows from the fact that given a pointed space X in Top˚, the usual

reduced suspension ΣX fits into the following homotopy pushout diagram

˚ ΣX

X ˚

Hence for a homology or cohomology theory h, it follows from the reverse action

that we have an isomorphism

σp1q : hpnqpXq Ñ hpn‘ 1qpX ^ S1
q.

The converse is also evident from above.
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6.5.1 Bigraded (co)homology theories

Let I be the monoidal category with object set is Z ˆ Z and morphisms are

only identity morphisms. Assume Σ is a suspension action on a homotopical

category M. Let Ab be an abelian category. Then the cohomology theories in

COHMLIpM,Abq are bigraded theories. For any integer i, j, and any object in

COHMLIpM,Abq we have the diagram

hi`1,j`1pΣp1, 1qXq hi`2,j`1pΣp2, 1qXq

hi,jpXq hi`1,jpΣp1, 0qXq
σp1, 0q

hpid‘ αqpidqσp1, 1q

hp1, 0qpid^ Sαq

which commutes for any object X in M where

σpi, jq : hp˚, ˚qpXq Ñ hp˚ ` i, ˚ ` jqpΣpi, jqXq

is a natural isomorphism for every integer i, j. This is due to the construction of

COHMLIpM,Abq, see also Section 5.2.0.1. This means the suspension coherence

condition is satisfied. Hence, these theories corresponds to the bigraded theories

given in [24], section 3.4. A particular example is Motivic cohomology theory, see

[24] and [25].

6.5.2 ROpGq-graded cohomology theories

In this section we show that the definition of ROpGq-graded cohomology theories

(see Definition 1.1 in [6], Ch. 13, Sec. 1) is a particular case of the definition

we have in the previous section once categories I, M, S and actions Σ, Ω, s

are selected in the right way. Let G be a group and U be G-universe which

means U is a countable direct sum of G-representations such that U contains

the trivial representation and contains each of its sub-representations infinitely

many often. Let I “ ROpG;Uq be the monoidal category whose objects are the

G-representations embeddable in U and whose morphisms are G-linear isometric

isomorphisms and monoidal product is direct sum. LetM denote the category of
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pointed G-spaces and G-maps where we take all spaces to be compactly generated

and weakly Hausdorff. In M we will consider weak equivalences as homotopy

weak equivalences. Let S be the category of abelian groups. In S the weak

equivalences will be group isomorphisms. Notice both categories M and S have

a zero object. Let s be the trivial I-action on S. Given V an object in Iop, SV

will denote the one point compactification of V . We define

ΣlpV qpXq “ SV ^X

and

pXqΣrpV q “ X ^ SV

for V an object in I and X and object in M. Let Σ be the I-action p1,Σrq on

M. Let

ΩlpV qpXq “MpSV , Xq

considered with the compact open topology. Let Ω be the I-action pΩl, 1q onM.

Note that the functor ΣrpV q preserves weak equivalences and homotopy colimits

for each V object in I and ΩlpV q preserves weak equivalences and homotopy

limits for each V object in I, see [8]. Hence Σ is a suspension action and Ω is a

loop action.

The I-action rΣ, ss on rMop,Ss induces an I-action on cohmlpM,Sq. Take

ph, σq a cohomology theory graded over I which is an object in the reverse action

of I on cohmlpM,Sq. Then we can consider h as a functor from I ˆMop to S;

in fact it factors through the homotopy category of its domain. For each object

W of I we have an isomorphism

σpW q : hpV qpXq Ñ hpV ‘W qpX ^ SW q

such that the following holds:

1. For each representation V , the functor hpV q from Mop to S, sends cofiber

sequences inM to exact sequences in S and wedge products inM to direct

products in S.
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2. If α : W Ñ W 1 is a morphism in I. Then we have a commutative diagram

as follows:

hpV ‘W 1qpX ^ SW
1

q hpV ‘W 1qpX ^ SW q

hpV qpXq hpV ‘W qpX ^ SW q
σpW q

hpid‘ αqpidqσpW 1q

hpV ‘W 1qpid^ Sαq

because σ is natural transformation, combined with the fact that hpiq is

contravariant for every object i in I, see also Section 5.2.0.1.

3. σp0q “ id and for each pair of representations pW,Zq we have a commutative

diagram as follows:

hpV ‘W ‘ ZqpX ^ SW‘Zq

hpV qpXq hpV ‘W qpX ^ SW q
σpW q

σpZqσpW ‘ Zq

because σ is compatible with the monoidal structure.

Converse is clear from above. Observe that this is just the list of axioms that

defines the ROpG,Uq-graded cohomology theories, as given in Definition 1.1 in

[6], Ch. 13, Sec. 1.
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Chapter 7

Spectral sequences

Generally speaking a spectral is the process of analyzing an object by first filtering

it into pieces and reconstructing it with the information of each piece. In this

chapter we give construction of spectral sequences for the homology, cohomology,

homotopy and cohomotopy theories defined in the previous chapter. In Section

7.2.1, we use similar techniques for the constructions of ‘spectral sequences for

stable 8-categories’ given in [26].

However, we will obtain spectral sequences for theories defined in the previous

chapter and for ordinary homotopical categories. Moreover, our general construc-

tion does not require to have a homology or cohomology theory, but a class of

functor satisfying some conditions. It is also not necessary that these functor

take values in an abelian category but a category that has kernels and cokernels,

satisfying some mild assumptions.

With these constructions one would be able to construct most of the classical

spectral sequences as special cases of these spectral sequences. In addition, this

will allow us to construct generalized versions of the classical spectral sequences

for the homology, cohomology, homotopy and cohomotopy theories graded over

several monoidal categories.
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7.1 Kernel-Image-Cokernel factorizations

To define spectral sequences we need some extra conditions on the category that

the homology, cohomology, homotopy and cohomotopy theories take values. In

particular, we will require to have ”Kernel-Image-Cokernel factorization” of any

morphism in this category, so that we can talk about homology of a sequence of

morphism in this category.

Let rns denote the poset t0 Ñ 1 Ñ ...Ñ nu and let A be a category with weak

equivalences. Let us denote the functor category rrns,As by Arns. Then Arns is a

category with weak equivalence where weak equivalences defined object wise.

Definition 7.1.1. A functor Γ : Ar1s Ñ Ar4s will be called a kernel-image-

cokernel factorization if it preserve weak equivalences and for every morphism

f : A Ñ B in A considered as an object in Ar1s we have Γpfq in the following

form

Kpfq
kpfq
ÝÝÝÑ A

mpfq
ÝÝÝÑ Ipfq

ipfq
ÝÝÝÑ B

cpfq
ÝÝÝÑ Cpfq.

such that f “ ipfq ˝mpfq.

Remark 6. In abelian categories we always have a kernel-image-cokernel factor-

ization.

Let A be a category with a kernel-image-cokernel factorization Γ.

Definition 7.1.2. Given a sequence of morphisms in A

. . .
Bn`2
ÝÝÝÑ An`1

Bn`1
ÝÝÝÑ An

Bn
ÝÝÝÑ An´1

Bn´1
ÝÝÝÑ . . .

we define the nth homology with respect to Γ of this sequence as follows:

HnpA˚q “ IpcpBn`1q ˝ kpBnqq

Observe that if A is the category of abelian groups and the sequence A˚ is a

chain complex in A then

IpcpBn`1q ˝ kpBnqq “ impkerpBnq ãÑ An Ñ An{impBn`1qq “ HnpA˚q.

Hence in the usual sense this definition is the homology of a chain complex.
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7.2 (Co)homology spectral sequences

In this section we will introduce (Co)homology spectral sequences. The construc-

tion will be given in most general sense

7.2.1 Construction of the spectral sequence

The techniques of this construction is influenced by Definition 1.2.2.2 of [26]. Let

M be a homotopical category with a terminal object ˚. Let hoM denote the

homotopy category ofM. Assume that homotopy colimits of diagrams inM can

be defined functorially. Recall that the suspension object associated to a given

X an object in M is obtained as the homotopy pushout

˚ ÝÝÝÑ ΣX
İ

§

§

İ

§

§

X ÝÝÝÑ ˚

Suppose that we are given a sequence of morphisms in M as follows:

. . . ÝÝÝÑ X´2 ÝÝÝÑ X´1 ÝÝÝÑ X0 ÝÝÝÑ X1 ÝÝÝÑ X2 ÝÝÝÑ . . .

For each i, j in Z we define Xi,i “ ˚ and if i ď j we recursively define Xj`1,i by

the following homotopy pushout diagram:

Xj,i ÝÝÝÑ Xj`1,i
İ

§

§

İ

§

§

Xj ÝÝÝÑ Xj`1

Notice that for each i, j in Z there is a morphism Xi`1,j Ñ Xi`1,j`1 unique under
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the projection to hoM. We obtain the following diagram

˚ ÝÝÝÑ . . .
İ

§

§

˚ ÝÝÝÑ X2,1 ÝÝÝÑ . . .
İ

§

§

İ

§

§

˚ ÝÝÝÑ X1,0 ÝÝÝÑ X2,0 ÝÝÝÑ . . .
İ

§

§

İ

§

§

İ

§

§

˚ ÝÝÝÑ X0,´1 ÝÝÝÑ X1,´1 ÝÝÝÑ X2,´1 ÝÝÝÑ . . .
İ

§

§

İ

§

§

İ

§

§

İ

§

§

...
...

...
...

İ

§

§

İ

§

§

İ

§

§

İ

§

§

. . . ÝÝÝÑ X´1 ÝÝÝÑ X0 ÝÝÝÑ X1 ÝÝÝÑ X2 ÝÝÝÑ . . .

so that each square is a homotopy pushout. For i, j, k, l in Z, if i ď j, k ď l

then the morphism from Xj,i to Xl,k in the above diagram will be denoted by

fpj, i, l, kq. Let i ď j ď k and let us denote the morphism from Xk,j to ΣXj,i in

the homotopy pushout diagram

˚ ÝÝÝÑ Xk,j
dpk,j,iq
ÝÝÝÝÑ ΣXj,i

İ

§

§

İ

§

§

İ

§

§

Xj,i ÝÝÝÑ Xk,i ÝÝÝÑ ˚

by dpk, j, iq. We have the following lemma, which is influence by remark 1.2.2.3

of [26]:

Lemma 7.2.1. If i ď j ď k ď l then Σdpk, j, iq ˝ dpl, k, jq factors through ˚.

Proof. In the homotopy category the composition Σdpk, j, iq ˝ dpl, k, jq is equiva-

lent to the composition h ˝ g ˝ f ˝ e in the below diagram where all rectangles are
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homotopy pushouts.

˚ ÝÝÝÑ ΣΣXj,i
İ

§

§
h

İ

§

§

˚ ÝÝÝÑ ΣXl,i ÝÝÝÑ ΣXl,j
İ

§

§

İ

§

§

g

İ

§

§

˚ ÝÝÝÑ Xl,k
e

ÝÝÝÑ ΣXk,i
f

ÝÝÝÑ ΣXk,j
İ

§

§

İ

§

§

İ

§

§

İ

§

§

˚ ÝÝÝÑ Xk,j ÝÝÝÑ Xl,j ÝÝÝÑ ΣXj,i ÝÝÝÑ ˚
İ

§

§

İ

§

§

İ

§

§

İ

§

§

Xj,i ÝÝÝÑ Xk,i ÝÝÝÑ Xl,i ÝÝÝÑ ˚

A morphism ε in Mr1s can be considered as a commutative diagram in M

B
ε2

ÝÝÝÑ D
İ

§

§

İ

§

§

A
ε1

ÝÝÝÑ C

Let A be a category with a kernel-image-cokernel factorization Γ as in definition

7.1.1. Let

H “ thn :Mr1s
Ñ AunPZ

be a family of functors with a family of natural isomorphisms

tσn : hn Ñ hn`1 ˝ Σ˚unPZ.

Axiom 7.2.1. The following conditions holds for the family H

1. hn preserves weak equivalences for all n

2. For every morphism ε inMr1s given by the commutative diagram inM as

above, we have

Iphnpεqq “ hn

¨

˚

˝

D
İ

§

§

A

˛

‹

‚
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3. If the morphism ε fits in a diagram

X

A

Z1

˚

˚

ΣX

D

Z2

B

C
ε1

ε2

where the three rectangles are homotopy pushouts, then the kernel-image-

cokernel decomposition of the image of this morphism under hn is naturally

isomorphic to the following sequence:

hn

¨

˚

˝

B
İ

§

§

X

˛

‹

‚

Ñ hn

¨

˚

˝

B
İ

§

§

A

˛

‹

‚

Ñ hn

¨

˚

˝

D
İ

§

§

A

˛

‹

‚

Ñ hn

¨

˚

˝

D
İ

§

§

C

˛

‹

‚

Ñ hn

¨

˚

˝

ΣX
İ

§

§

C

˛

‹

‚

for all n.

If these conditions holds for the family H then we define a spectral sequence

as follows:

Theorem 7.2.2. There is a ((co)homology) spectral sequence with

Er
p,q “ hp`q

¨

˚

˚

˝

Xp`r´1,p´1
İ

§

§

Xp,p´r

˛

‹

‹

‚

and the differential dr : Er
p,q Ñ Er

p´r,q`r´1 is the map induced by the morphism in

Mr1s given by

Xp`r´1,p´1
dpp´r`1,p´1,p´r´1q
ÝÝÝÝÝÝÝÝÝÝÝÝÝÑ ΣXp´1,p´r´1

İ

§

§

İ

§

§

Xp,p´r
dpp,p´r,p´2rq

ÝÝÝÝÝÝÝÝÝÝÝÝÑ ΣXp´r,p´2r
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Proof. We have that differential dr leaving Er
p,q is induced by

ΣXp`r´1,p´1
Σdpp´r`1,p´1,p´r´1q
ÝÝÝÝÝÝÝÝÝÝÝÝÝÝÑ ΣΣXp´1,p´r´1

İ

§

§

İ

§

§

ΣXp,p´r
Σdpp,p´r,p´2rq

ÝÝÝÝÝÝÝÝÝÝÝÝÝÑ ΣΣXp´r,p´2r

on hp`q`1 On the other hand the differential entering Er
p,q is induced by the

morphism in Mr1s

Xp`2r´1,p`r´1
dpp`1,p`r´1,p´1q
ÝÝÝÝÝÝÝÝÝÝÝÑ ΣXp`r´1,p´1

İ

§

§

İ

§

§

Xp`r,p
dpp`r,p,p´rq

ÝÝÝÝÝÝÝÝÝÝÝÝÑ ΣXp,p´r

on hp`q`1. Hence, by lemma 7.2.1 the composition of these morphisms Σε̃ ˝ ε

factors through the zero object ˚, i.e. the composition is null-homotopic. Since

the functors hn are weak equivalence preserving functors then the composition

dr ˝ dr is zero map in A. Consider the following diagram

˚ ÝÝÝÑ Xp`2r´1,p`r ÝÝÝÑ ΣXp`r,p´r ÝÝÝÑ ΣXp`r,p´1
İ

§

§

İ

§

§

İ

§

§

İ

§

§

Xp`r,p`r´1 ÝÝÝÑ Xp`2r´1,p`r´1
f̄

ÝÝÝÑ ΣXp`r´1,p´r
ḡ

ÝÝÝÑ ΣXp`r´1,p´1
İ

§

§

İ

§

§

İ

§

§

İ

§

§

Xp`r,p
f

ÝÝÝÑ Xp`2r´1,p
g

ÝÝÝÑ ΣXp,p´r ÝÝÝÑ ΣXp,p´1
İ

§

§

İ

§

§

İ

§

§

İ

§

§

Xp`r,p´1 ÝÝÝÑ Xp`2r´1,p´1 ÝÝÝÑ ΣXp`1,p´r ÝÝÝÑ ˚

where all squares are homotopy pushouts. The differential entering Ep,q is given

by a map

dr : hp`q`1

¨

˚

˚

˝

Xp`2r´1,p`r´1
İ

§

§

Xp`r,p

˛

‹

‹

‚

Ñ hp`q`1

¨

˚

˚

˝

ΣXp`r´1,p´1
İ

§

§

ΣXp,p´r

˛

‹

‹

‚

induced by the compositions g˝f and ḡ˝ f̄ . On the other hand from the following
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diagram

˚ ÝÝÝÑ ΣΣXp´r,p´r´1 ÝÝÝÑ ΣΣXp´1,p´r´1 ÝÝÝÑ ΣΣXp,p´r´1
İ

§

§

İ

§

§ h̄

İ

§

§

İ

§

§

ΣΣXp´r`1,p´2r ÝÝÝÑ ΣΣXp´r,p´2r ÝÝÝÑ ΣΣXp´1,p´2r ÝÝÝÑ ΣΣXp,p´2r
İ

§

§
h

İ

§

§

ē

İ

§

§

İ

§

§

ΣXp`r´1,p´r´1 ÝÝÝÑ ΣXp`r´1,p´r ÝÝÝÑ ΣXp`r´1,p´1 ÝÝÝÑ ΣXp`r´1,p
İ

§

§

e

İ

§

§

İ

§

§

İ

§

§

ΣXp,p´r´1 ÝÝÝÑ ΣXp,p´r ÝÝÝÑ ΣXp,p´1 ÝÝÝÑ ˚

where again all squares are homotopy pushouts, it can be seen that the differential

leaving Ep,q is given by a map

dr : hp`q`1

¨

˚

˚

˝

ΣXp`r´1,p´1
İ

§

§

ΣXp,p´r

˛

‹

‹

‚

Ñ hp`q`1

¨

˚

˚

˝

ΣΣXp´1,p´r´1
İ

§

§

ΣΣXp´r,p´2r

˛

‹

‹

‚

induced by the compositions h ˝ e and h̄ ˝ ē. Hence, Axiom 7.2.1 part 3 implies

that the homology of this sequence is given by Ipcpdrq ˝ kpdrqq. The composition

cpdrq ˝ kpdrq is equal to

hp`q`1

¨

˚

˚

˝

ΣXp`r´1,p´1
İ

§

§

ΣXp,p´r´1

˛

‹

‹

‚

kpdrq
Ñ hp`q`1

¨

˚

˚

˝

ΣXp`r´1,p´1
İ

§

§

ΣXp,p´r

˛

‹

‹

‚

cpdrq
Ñ hp`q`1

¨

˚

˚

˝

ΣXp`r,p´1
İ

§

§

ΣXp,p´r

˛

‹

‹

‚

which is equivalent to

hp`q`1

¨

˚

˚

˝

ΣXp`r´1,p´1
İ

§

§

ΣXp,p´r´1

˛

‹

‹

‚

Ñ hp`q`1

¨

˚

˚

˝

ΣXp`r,p´1
İ

§

§

ΣXp,p´r

˛

‹

‹

‚

Hence the image Ipcpdrq ˝ kpdrqq is equal to

hp`q`1

¨

˚

˚

˝

ΣXp`r,p´1
İ

§

§

ΣXp,p´r´1

˛

‹

‹

‚

“ hp`q

¨

˚

˚

˝

Xp`r,p´1
İ

§

§

Xp,p´r´1

˛

‹

‹

‚

“ Er`1
p,q

by Axiom 7.2.1 part 2.
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7.2.2 Convergence

Let M be a homotopical category such that it has all small homotopy colimits.

Recall that for every object X in M we have

˚ ÝÝÝÑ ΣX
İ

§

§

İ

§

§

X ÝÝÝÑ ˚

Assume that each hn in the family H satisfies

hn

¨

˚

˝

ΣX
İ

§

§

˚

˛

‹

‚

“ 0

for all n positive integer and for every object X inM. Suppose that in the given

a sequence

. . . ÝÝÝÑ X´2 ÝÝÝÑ X´1 ÝÝÝÑ X0 ÝÝÝÑ X1 ÝÝÝÑ X2 ÝÝÝÑ . . .

and in M. Let X “ hocolimrXr. We define the filtration of

hn

¨

˚

˝

X
İ

§

§

X

˛

‹

‚

induced by the above sequence as a sequence of object

F phn

¨

˚

˝

X
İ

§

§

X

˛

‹

‚

“ hn

¨

˚

˚

˝

X
İ

§

§

Xp

˛

‹

‹

‚

Assume we have Xk » ˚ for every k ď ´1 in the above sequence. This implies

that Xj,i “ ˚ whenever j ď ´1.

Then whenever r ą p we have

Er
p´r,q`r´1 “ hp`q´1

¨

˚

˚

˝

Xp´1,p´r´1
İ

§

§

Xp´r,p´2r

˛

‹

‹

‚

“ hp`q´1

¨

˚

˝

Xp´1,p´r´1
İ

§

§

˚

˛

‹

‚

“ 0
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whenever p ` q ą 0. When r ą p we have Xp,p´r “ Xp since we it is defined as

homotopy pushout
Xp´r,p´r ÝÝÝÑ Xp,p´r

İ

§

§

İ

§

§

Xp´r ÝÝÝÑ Xp

Then by definition we have

Er
p,q “ hp`q

¨

˚

˚

˝

Xp`r´1,p´1
İ

§

§

Xp

˛

‹

‹

‚

Let Yp “ hocolimrXp`r´1,p´1, then

E8p,q “ hp`q

¨

˚

˚

˝

Yp
İ

§

§

Xp

˛

‹

‹

‚

Since
˚ ÝÝÝÑ Xp`r´1,p´1
İ

§

§

İ

§

§

Xp´1 ÝÝÝÑ Xp`r´1

is a pushout diagram, then the sequence

Xp´1 Ñ Xp`r´1 Ñ Xp`r´1,p´1

is a homotopy cofiber sequence. This gives rise to a homotopy cofiber sequence

Xp´1 Ñ hocolimrXp`r´1 Ñ hocolimrXp`r´1,p´1

which is equivalent to Xp´1 Ñ X Ñ Yp. We have the following diagram

˚ ÝÝÝÑ ΣX
İ

§

§

İ

§

§

˚ ÝÝÝÑ Yp ÝÝÝÑ ΣXp´1
İ

§

§

İ

§

§

İ

§

§

Xp´1 ÝÝÝÑ X ÝÝÝÑ ˚
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such that every square is a pushout. Then in following the diagram

Yp

ΣXp´1

ΣXp´1

˚

˚

ΣYp

ΣX

ΣX

ΣX

ΣXp

all three rectangles are pushouts. Hence we have

E8p,q “ hp`q

¨

˚

˚

˝

Yp
İ

§

§

Xp

˛

‹

‹

‚

“ Cphp`qpGqq

where G is the morphism in Mr1s given by

X
“

ÝÝÝÑ X
İ

§

§

İ

§

§

Xp´1 ÝÝÝÑ Xp

Hence we have

E8p,q “ CpF p´1hp`qpidXq Ñ F php`qpidXqq

Then the spectral sequence given above is convergent.

7.3 Spectral sequences for homology theories

graded over a monoidal category

In this section we give some examples of spectral sequences for homology and

cohomology theories given in section 6. LetM be a homotopical category with a

zero object ˚. Let A be an abelian category where isomorphism are considered as
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weak equivalences. Consider A with its own kernel-image-cokernel decomposition

which is given by

Kerpfq
kerpfq
ÝÝÝÝÑ A

coimpfq
ÝÝÝÝÑ Impfq

impfq
ÝÝÝÑ B

cokerpfq
ÝÝÝÝÝÑ Cokerpfq

where kerpfq coimpfq, impfq and cokerpfq denote the kernel, coimage, image and

cokernel of f respectively. Let I be a monoidal category and Σ be an I-action

on M which is a suspension action and s be an I-action on A which is a both

suspension and loop action such that s can be defined. Suppose that there is an

object 1 in I such that for every object X in M the right action Σrp1qpXq is

defined as the suspension object ΣX of X and Σlp1qpXq “ X. We are going to

define a spectral sequence for a homology theory h̃ in HMLIpM,Aq. Define a

family

H “ thn :Mr1s
Ñ AunPZ

such that for any object i in I and for any morphism f : AÑ B in M we have

hn

¨

˚

˝

B
İ

§

§

A

˛

‹

‚

“ Im

¨

˚

˚

˝

h̃i`npBq
İ

§

§
h̃i`nf

h̃i`npAq

˛

‹

‹

‚

where n is the object in I obtained by n-fold sum of the object 1. The inverse

action of Σ on 1 give us another family of natural isomorphisms

tσn : hn Ñ hn`1 ˝ Σ˚unPZ.

Our claim is that the family H satisfies the Axiom 7.2.1. Since h̃ is a homol-

ogy theory Axiom 7.2.1 part 1 is satisfied automatically, since h̃i preserves weak

equivalences for every object i in I. Suppose that ε be a morphism inMr1s given

by a commutative diagram
B

ε1
ÝÝÝÑ D

f

İ

§

§

İ

§

§

g

A ÝÝÝÑ
ε2

C
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in M. Then for any object i in I, in the following commutative diagram

h̃ipCq

Imph̃ipgqq

h̃ipAq

ImpεqImph̃ipfqq

h̃ipBq h̃ipDq

coimph̃ipfqq

coimph̃ipεqq imph̃ipεqq

imph̃ipgqq

the compositions

coimph̃ipεqq ˝ coimph̃ipfqq and imph̃ipgqq ˝ imph̃ipεqq

are epimorphisms and monomorpshism respectively. Thus, by the uniqueness of

epi-mono factorization up to isomorphism in an abelian category, we have that

the image of the morphism

h̃ipεq : Imph̃ipfqq Ñ Imph̃ipgqq

in A is equal to image of the composition h̃ipAq Ñ h̃ipDq which implies Axiom

7.2.1 part 2 holds for the family H. Now assume that the above commutative

diagram ε fits into the diagram

X

A

Z1

˚

˚

ΣX

D

Z2

B

C
ε1

ε2
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such that each square is a homotopy pushout. From the diagram we obtain the

following diagram where the rows are exact sequences:

h̃ipXq h̃ipAq h̃ipZ2q h̃ipΣXq

h̃ipXq h̃ipZ1q h̃ipDq h̃ipΣXq

h̃ipBq

h̃ipCq

c0

b3

c1 b2

b0 b1

c2 c3

where c0, c1, c2 and c3 are corresponding induced morphisms.

Lemma 7.3.1. [27] Given a diagram in an abelian category A

B
e1

ÝÝÝÑ D

m1

§

§

đ

§

§

đ

m2

A ÝÝÝÑ
e2

C

1. if the diagram is a pullback and e2 is an epimorphism then e1 is an epimor-

phism

2. if the diagram is a pushout and m1 is an monomorphism then m2 is an

monomorphism

We need the following technical lemma:

Lemma 7.3.2. Given a diagram in an abelian category A

X Y Z

A

B

c0 c1

c2 c3

such that the row is exact, then

kerpImpc2 ˝ c1q Ñ Impc3 ˝ c2 ˝ c1qq “ Impc2 ˝ c1 ˝ c0q.
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Proof. From this diagram one can obtain the following diagram

X A Y B Z

Impc0q Impc1q Impc2q Impc3q

Impc1c0q Impc2c1q Impc3c2q

Impc2c1c0q Impc3c2c1q

0

c0 c1 c2 c3

e0 m0 e1 m1 e2 m2 e3 m3

e1,0 m1,0 e2,1 m2,1 e3,2 m3,2

e2,1,0 m2,1,0 e3,2,1 m3,2,1

obtained by the canonical epi-mono factorizations of each map (see [27]), that

all maps labeled as e´ are epimorphisms and that all maps labeled as m´ are

monomorphisms. Since the sequence

X
c1c0
ÝÝÝÑ Y

c3c2
ÝÝÝÑ Z

is exact, then we have Impc1c0q “ Kerpc3c2q, so that in the following portion of

the above diagram

Impc1q

Impc1c0q

Impc2c1q

Impc2c1c0q

Impc3c2c1q

0

the outer square is a pullback diagram. We want to show the right hand side

square is also a pullback so that Impc2c1c0q is the kernel of the map

Impc2c1q Ñ Impc3c2c1q

in the above diagram. Assume that the following diagram

Impc2c1q

K

Impc3c2c1q

0
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is a pullback diagram. Then there is a unique map

κ : Impc2c1c0q Ñ K

so that the following diagram is commutative:

Impc1q

Impc1c0q

Impc2c1q

Impc2c1c0q K

Impc3c2c1q

0
κ

where both squares (that contain K as a vertex) are pullbacks. Since the maps

m2,1,0 : Impc2c1c0q Ñ Impc2c1q and K Ñ Impc2c1q

in the diagram are monomorphisms, so does κ. We also have

e2,1 : Impc1q Ñ Impc2c1q

is epimorphism. Since A is an abelian category, then the map

Impc1c0q Ñ K

in the diagram above is an epimorphism (see [27]); as both maps fits into a

pullback square as above. Since

e2,1,0 : Impc1c0q Ñ Impc2c1c0q

also an epimorphism, then we have κ is an epimorphism, which implies it is an

isomorphism.

Hence we have

Kerph̃ipεqq “ Im

¨

˚

˚

˝

h̃ipBq
İ

§

§

h̃ipXq

˛

‹

‹

‚

If we apply dual procedure to the sequence

h̃ipAq
b0

ÝÝÝÑ h̃ipCq
b1

ÝÝÝÑ h̃ipZ6q
b2

ÝÝÝÑ h̃ipDq
b3

ÝÝÝÑ h̃ipΣXq
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again obtained from the diagram so that the sequence

h̃ipAq
b1b0
ÝÝÝÑ h̃ipZ6q

b3b2
ÝÝÝÑ h̃ipΣXq

is exact, we obtain

Cokerph̃ipεqq “ Im

¨

˚

˚

˝

h̃ipΣXq
İ

§

§

h̃ipCq

˛

‹

‹

‚

From part 2 of Axiom 7.2.1 we have

Imph̃ipεqq “ Im

¨

˚

˚

˝

h̃ipDq
İ

§

§

h̃ipAq

˛

‹

‹

‚

Hence we have shown that Axiom 7.2.1, Part 3 also holds for the family H. Hence

if we are given a sequence of morphisms

. . . ÝÝÝÑ X´2 ÝÝÝÑ X´1 ÝÝÝÑ X0 ÝÝÝÑ X1 ÝÝÝÑ X2 ÝÝÝÑ . . .

inM, we can construct an associated spectral sequence for the homology theory

h̃. In the case when Xn “ ˚ for n ă 0, then the spectral sequence converges.

More precisely, we have the following theorem:

Theorem 7.3.3. Let I, M and A as above. For any homology theory h̃ in

HMLIpM,Aq and for every object i P I; there is a spectral sequence with

E1
p,qpiq “ h̃i`p`qpXp,p´1q

which converges to h̃i`p`qphocolimnXnq

This theorem is an straightforward consequence of the definition of hn’s as the

image of the homologies. There is also a cohomology version as well. This time

for any object i in I and for any morphism f : AÑ B in M we just define

hn

¨

˚

˝

B
İ

§

§

A

˛

‹

‚

“ Im

¨

˚

˚

˝

h̃i`npBq
§

§

đ
h̃i`nf

h̃i`npAq

˛

‹

‹

‚
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where h̃ is a cohomology theory COHMLIpM,Aq. Reversing all arrows in the

above construction will give us the cohomology spectral sequence. This cohomol-

ogy spectral sequence will converge to

h̃i`p`qphocolimnXnq,

as it is equal to the image of the identity map on h̃i`p`qphocolimnXnq. In other

words we have the following theorem:

Theorem 7.3.4. For any cohomology theory COHMLIpM,Aq and for every

object i P I; there is a spectral sequence with

Ep,q
1 piq “ h̃i`p`qpXp,p´1q

which converges to h̃i`p`qphocolimnXnq

7.4 Homotopy spectral sequences

The homotopy theories defined in Section 6.2 with objects in a category with the

inverse of a loop space action. For the spectral sequences for these homotopy the-

ories we will associate a loop space object in a category with a weak equivalences

and point. The definition of a loop space object is as follows:

Definition 7.4.1. For an object X in M we define the loop space object ΩX

from the the homotopy pullback square

ΩX ÝÝÝÑ ˚
§

§

đ

§

§

đ

˚ ÝÝÝÑ X

Then one can also define objects Xj´1,i in M as follows analogues to above

construction of the spectral sequences by using homotopy pullbacks. For each

integers i, j, define Xi,i “ ˚ and Xj´1,i by the homotopy pullback diagrams

Xj´1 ÝÝÝÑ Xj
§

§

đ

§

§

đ

Xj´1,i ÝÝÝÑ Xj,i
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So that we obtain the following diagram

. . . ÝÝÝÑ X´2 ÝÝÝÑ X´1 ÝÝÝÑ X0 ÝÝÝÑ X1 ÝÝÝÑ . . .
§

§

đ

§

§

đ

§

§

đ

§

§

đ

...
...

...
...

§

§

đ

§

§

đ

§

§

đ

§

§

đ

. . . ÝÝÝÑ X´2,1 ÝÝÝÑ X´1,1 ÝÝÝÑ X0,1 ÝÝÝÑ ˚
§

§

đ

§

§

đ

§

§

đ

. . . ÝÝÝÑ X´2,0 ÝÝÝÑ X´1,0 ÝÝÝÑ ˚
§

§

đ

§

§

đ

. . . ÝÝÝÑ X´2,´1 ÝÝÝÑ ˚
§

§

đ

. . . ÝÝÝÑ ˚

If i ď j ď k then the morphism from ΩXj,k to Xi,j in the homotopy pullback

diagram
ΩXj,k ÝÝÝÑ Xi,j ÝÝÝÑ ˚
§

§

đ

§

§

đ

§

§

đ

˚ ÝÝÝÑ Xi,k ÝÝÝÑ Xj,k

will be denoted by δpi, j, kq. Homotopy version of lemma 7.2.1 is as follows:

Lemma 7.4.1. If i ď j ď k ď l then δpi, j, kq ˝ Ωδpj, k, lq factors through ˚.

Proof. As in the proof of 7.2.1 in the homotopy category the composition

δpk, j, iq ˝ Ωδpl, k, jq is equivalent to the composition e ˝ f ˝ g ˝ h in the below
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diagram where all rectangles are homotopy pullbacks.

ΩΩXk,l ÝÝÝÑ ˚

h

§

§

đ

§

§

đ

ΩXi,k ÝÝÝÑ ΩXi,l ÝÝÝÑ ˚

g

§

§

đ

§

§

đ

§

§

đ

ΩXj,k
f

ÝÝÝÑ ΩXj,l
e

ÝÝÝÑ Xi,j ÝÝÝÑ ˚
§

§

đ

§

§

đ

§

§

đ

§

§

đ

˚ ÝÝÝÑ ΩXk,l ÝÝÝÑ Xi,k ÝÝÝÑ Xj,k ÝÝÝÑ ˚
§

§

đ

§

§

đ

§

§

đ

§

§

đ

˚ ÝÝÝÑ Xi,l ÝÝÝÑ Xj,l ÝÝÝÑ Xk,l

Let A be a category with a kernel-image-cokernel factorization Γ. Let

H “ thn :Mr1s
Ñ AunPZ

be a family of functors with a family of natural isomorphisms

tσn : hn Ñ hn`1 ˝ Σ˚unPZ.

Suppose that we are given a a morphism ε in Mr1s as

B ÝÝÝÑ D
İ

§

§

İ

§

§

A ÝÝÝÑ C

Axiom 7.4.1. The following conditions holds for the family H

1. hn preserves weak equivalences for all n

2. For every morphism ε inMr1s given by the commutative diagram inM as

above, we have

Iphnpεqq “ hn

¨

˚

˝

D
İ

§

§

A

˛

‹

‚
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3. If the morphism ε fits in a diagram

ΩX ÝÝÝÑ Z7 ÝÝÝÑ Z8 ÝÝÝÑ ˚
§

§

đ

§

§

đ

§

§

đ

§

§

đ

A ÝÝÝÑ Z5 ÝÝÝÑ C ÝÝÝÑ Z6
§

§

đ

§

§

đ

§

§

đ

§

§

đ

Z3 ÝÝÝÑ B ÝÝÝÑ Z4 ÝÝÝÑ D
§

§

đ

§

§

đ

§

§

đ

§

§

đ

˚ ÝÝÝÑ Z1 ÝÝÝÑ Z2 ÝÝÝÑ X

where each square is a homotopy pullback square, then the kernel-image-

cokernel decomposition of hnpεq is naturally isomorphic to the following

sequence:

hn

¨

˚

˝

ΩX
§

§

đ

B

˛

‹

‚

Ñ hn

¨

˚

˝

A
§

§

đ

B

˛

‹

‚

Ñ hn

¨

˚

˝

A
§

§

đ

D

˛

‹

‚

Ñ hn

¨

˚

˝

C
§

§

đ

D

˛

‹

‚

Ñ hn

¨

˚

˝

C
§

§

đ

X

˛

‹

‚

for all n.

Theorem 7.4.2. There is a ((co)homotopy) spectral sequence with

Er
p,q “ hp`q

¨

˚

˚

˝

Xp´r,p
§

§

đ

Xp´1,p`r´1

˛

‹

‹

‚

and the differential dr : Er
p,q Ñ Er

p´r,q`r´1 is the map induced by the morphism in

Mr1s given by

ΩXp´r,p
δpp,p´r,p´2rq
ÝÝÝÝÝÝÝÝÑ Xp´2r,p´r

§

§

đ

§

§

đ

ΩXp´1,p`r´1
δpp´r`1,p´1,p´r´1q
ÝÝÝÝÝÝÝÝÝÝÝÝÝÑ Xp´r´1,p´1

The proof is analogues to the proof of Theorem 7.2.2.

One can obtain dual spectral sequences for homotopy and cohomotopy theories

graded over symmetric monoidal categories, by using similar arguments that are

used in Section 7.3. These spectral sequences will compute homotopy and coho-

motopy groups graded over symmetric monoidal categories of homotopy limits of

cofiltered objects.
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