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ABSTRACT

MONOID ACTIONS, THEIR CATEGORIFICATION
AND APPLICATIONS

Mehmet Akif Erdal
Ph.D. in Mathematics
Advisor: Ozgiin Unlii

December, 2016

We study actions of monoids and monoidal categories, and their relations with
(co)homology theories. We start by discussing actions of monoids via bi-actions.
We show that there is a well-defined functorial reverse action when a monoid
action is given, which corresponds to acting by the inverses for group actions.
We use this reverse actions to construct a homotopical structure on the cate-
gory of monoid actions, which allow us to build the Burnside ring of a monoid.
Then, we study categorifications of the previously introduced notions. In par-
ticular, we study actions of monoidal categories on categories and show that the
ideas of action reversing of monoid actions extends to actions of monoidal cate-
gories. We use the reverse action for actions of monoidal categories, along with
homotopy theory, to define homology, cohomology, homotopy and cohomotopy
theories graded over monoidal categories. We show that most of the existing
theories fits into our setting; and thus, we unify the existing definitions of these
theories. Finally, we construct the spectral sequences for the theories graded over
monoidal categories, which are the strongest tools for computation of cohomology

and homotopy theories in existence.

Keywords: monoid, monoidal category, action, reversility, Burnside ring, stabi-

lization, (co)homology, (co)homotopy, spectral sequence.
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OZET

MONOID ETKILERI, KATEGORIFIKASYONLARI
VE UYGULAMALARI

Mehmet Akif Erdal
Matematik, Doktora
Tez Damsmant: Ozgiin Unlii
Aralik, 2016

Monoidlerin ve monoidsel kategorilerin etkilerini, ve bu etkilerin (ko)homoloji
teorilerine uygulamalarini caligtik. Baslangigta, monoidlerin ¢ift tarafli etkilerini
tanimladik. Bir monoid etkisinin tersinin funktoriyel olarak tanimlanabilecegini
gosterdik. Oyle ki, monoid bir grup oldugunda bu ters etki, grup elemanlarmin
tersleri ile etki edildiginde olusan etkiye tekabiil ediyor. Daha sonra, bu ters
etkiyi kullanarak monoid etkilerinin kategorisinde homotopi teorisi tanimladik,
ve bu homotopy teorisi monoidler icin Burnside halkasini tanimlayabilmemizi
sagladi. Devaminda, basglangicta ortaya koydugumuz bazi tanimlar1 kategori-
fiye ettik. Ozellikle, monoidsel kategorilerin kategorilere olan etkilerini ¢aligip, ilk
boliimdeki ters etkinin monoidsel kategorilerin etkileri i¢in de tanimlanabilecegini
gosterdik. Bu ters etkileri, homotopi teorisi ile birlikte kullanarak, monoidsel kat-
egorilerde indekslenen homoloji, kohomoloji, homotopi ve kohomotopi teorilerini
tanimladik. Bu tanimlar, hali hazirda literatiirde bulunan tiim tanimlar1 ortak
bir gekilde genellestirmekte ve hepsini bir arada caligabilmek i¢in birlegsmis bir
ortam olugturmaktadir. En sonunda ise kohomoloji ve homotopi teorileri igin
en giiclii hesaplama araci olan spektral dizileri, daha oncesinde tanimladigimiz

monoidsel kategorilerde indekslenen teoriler igin insa ettik.

Anahtar sézciikler: monoid, monoidsel kategori, etki, tersinirlik, Burnside halkasi,
stabilizasyon, (ko)homoloji, (ko)homotopi, spektral dizi.

v



Acknowledgement

I would like to express my sincere gratitude to my supervisor Asst. Prof. Dr.
Ozgiin Unlii for his guidance, valuable suggestions, encouragement, patience and
conversations full of motivation. Without his guidance I can never walk that far
in my studies and mathematics may not be this much delightful. My thanks to

him can never be enough.

I would like to thank Prof. Dr. Turgut Onder for his suggestions and guidance
from the very beginning of my educational life in the university. I am also grate-
ful to him for introducing me the subject Algebraic Topology first, which is very
enjoyable to study. I also thank him for the invaluable advices as TIK member

and for accepting to read and review my thesis.

I would like to thank Prof. Dr. Alexander Degtyarev for the invaluable advices
he gave as TIK member, during the course of writing thesis. I would also express

my gratitude for accepting to read and review my thesis.

I would express my gratitude to Prof. Dr. Yildiray Ozan and Assoc. Prof.
Dr. Mehmet Ozgiir Oktel for accepting to read and review my thesis.

I would like to thank Prof. Dr. Ergiin Yalcin, Prof. Dr. Fatihcan Atay and

Asst. Prof. Dr. Mathew Gelvin for various valuable discussions.

I would like to thank Prof. Dr. Stefan Schwede for accepting me to study in
University of Bonn, as I benefited a lot from discussions with him and various
other mathematicians in University of Bonn. I would also like to thank people of

in University of Bonn during years 2013-2014.

I would like to thank TUBITAK for supporting my studies through the
TUBITAK-BIDEB 2214 Programme, during my visit to study in University of

Bonn.



vi

I would like to thank Ipek, Kemal, Abdullah, Aysegiil, Ash (and all other
people that I could not mention here) for their friendship and support during the
years of my Ph.D. studies.

I would like to thank all of my close relatives, especially to my cousin Fatma
Altunbulak Aksu, who gave countenance to me during the years of my Ph.D.

studies.

I would like to thank my parents, Mehmet Selahattin and Sultan, my sisters

Hatice and Biisra for their encouragement, support, patience and love.

And lastly, I am much grateful to my lovely spouse Esma, for her love, support
and patience, during the course of writing this thesis. This PhD would not be

possible without her love and encouragement.



Contents

1 Introduction

2 Category Theoretical Preliminaries
2.1 Homotopical Categories . . . . . . . . ... .. .. ... .....
2.1.1 Homotopy category of a category with weak equivalences .
2.1.2  Homotopy limits and homotopy colimits . . . . . . .. ..
2.1.3  Fiber, cofiber and exact sequences . . . . . . . . . ... ..
2.2 Monoidal categories . . . . . . . ... Lo
2.2.1 Monoidal functors . . . . . . ...

3 Preliminaries on Equivariant homotopy theory
3.1 Equivariant spectra and cohomology . . . . . ... .. ... ...

3.1.1 Axiomatic definition of equivariant cohomology . . . . . .

4 Actions of monoids
4.1 Actions of monoids onsets . . . . . ... ... oL
4.1.1 Equivariant functions and fixed point sets . . . . . . . ..
4.1.2 Properties of the equivariant functions . . . . . . .. . ..
4.2 Categoriesof I-sets . . . . . . ... oo
4.2.1 Semi-reversible actions and actions reversible-on-one-side .
4.2.2 Compositions of equivariant functions . . . . . . . . .. ..
4.2.3 Definitions of categories of I-sets . . . . .. . .. .. ...
4.3 Action reversing functors . . . . .. ..o
4.3.1 Reversing actions from left to right . . . . .. .. ... ..
4.3.2 Reversing actions from right to left . . . . . .. ... ...

4.4 As idempotent endofunctors on act(l) . . . . . . ... ... ...

vil

© 9 O Ul A~ A

11

14
15
18



CONTENTS viii

7.4

4.4.1 Reverse actions on finite sets . . . . . .. ... ... 35
4.5 Equivalence of view points on groups . . . . .. .. ... ... .. 38
4.6 Homotopy category of monoid actions and the Burnside ring . . . 39
4.6.1 3-arrow calculus of act;(/) and Saturation . .. ... ... 41
4.7 The Burnside ring of a monoid . . . . . . .. ... 44
4.7.1 Burnside mark homomorphism . . . ... ... ... ... 46
5 Actions of monoidal categories 49
5.1 Actions on categories and functor categories . . . . . . . ... .. 49
5.1.1 Centralizer and Equivariant functors . . . . . . . ... .. 50
5.2 Reverse actions on categories . . . . . . ... ... 99
5.2.1 Opposite actions on categories . . . . . . . . . . ... ... 58
6 (Co)homology and (co)homotopy theories graded over monoidal
categories 60
6.1 (Co)homology functors and (co)homotopy functors . . . . . . .. 61
6.2 (Co)homology theories and (co)homotopy theories . . . . . . . .. 62
6.3 Lifting Problem, Representability and Spectra . . . . . . . . . .. 64
6.3.1 Representation of (Co)homology and (Co)homotopy Theories 65
6.4 Relation to stabilization and Picard grading . . . ... ... ... 67
6.5 Examples of theories graded over monoidal categories . . . . . . . 69
6.5.1 Bigraded (co)homology theories . . . . ... ... ... .. 71
6.5.2 RO(G)-graded cohomology theories . . . . . . . ... ... 71
7 Spectral sequences 74
7.1 Kernel-Image-Cokernel factorizations . . . . . . .. ... ... .. 75
7.2 (Co)homology spectral sequences . . . . . ... ... ... .... 76
7.2.1 Construction of the spectral sequence . . . . . . . ... .. 76
7.2.2 CONVergence . . . . . . . . o v 82
7.3 Spectral sequences for homology theories graded over a monoidal

category . ... Lo 84

Homotopy spectral sequences . . . . . . ... .. ... ...... 91



Chapter 1

Introduction

This thesis essentially consist of three different parts. In the first part, we stud-
ied monoid actions on sets via bi-actions. In the second part, we categorified
the notions of first part and studied actions of monoidal categories on cate-
gories, again via bi-actions. We later use these ideas to study stabilization and
(co)homology and (co)homotopy theories graded over monoidal categories. The
strongest tools of computation for (co)homology and (co)homotopy theories are
spectral sequences. In the third part, we construct spectral sequences for the
homology and cohomology theories that are graded over an arbitrary monoidal

category.

We start the first part by discussing monoid actions, which appear quite often
as mathematical models of progressive processes. In computer science, for exam-
ple, automata, or so called state machines, is just an monoid action on a finite
set. In physics a (continuous) dynamical system can be seen as a monoid action

on a space (by continuous maps).

One of the main objectives of the first part is determining the reversible parts
of a monoid action. Observe that, once we are given a left group action on a set,
we can define a right action on the same set by applying inverses of elements from

left. This action is called the inverse or reverse action of the given one. Hence,



once we are given a set with a left action of a monoid on it, one can expect
that on symmetric parts acting from right reverses the original action. From this
observation, we introduced a new approach to the notion of monoid action on
a set, so that the monoid acts from both sides but the equivariance of maps is
defined in the diagonal. This is particularly good for determining the subsets
of a set where the monoid acts by isomorphisms. We construct the notion of
the reverse action of a given monoid action on a set, as analogues to the group
actions. This new action will be defined on a different set, it agrees with the

above construction when the monoid is a group.

We show that the category of monoid actions possesses a homotopical category
structure in the sense of [1], defined via the maximal reversible parts, see Section
4.6. We show that, on the subcategory of finite sets with an action of a monoid,
this homotopical structure is nice enough to have a convenient homotopy category,
as it admits a 3-arrow calculus; and thus, due to 27.5 of [1], it is saturated. Using
its homotopy category, we define the Burnside ring of a monoid, with an injective
Burnside character. This Burnside ring generalized the one defined in [2], and

has nice use in automata theory.

In the second part of the thesis, motivated by the definitions of first part,
we study actions of monoidal categories on categories. We introduced the reverse
action for a monoidal category action on a category, defined parallel to the reverse

action for monoid actions.

The main focus of the second part is to obtain of reverse action of a cer-
tain types of monoidal category actions, which is called suspension and looping
actions. In these cases, reversing actions will correspond to deloopings and desus-
pensions. When such an action of a monoidal category on a homotopical cate-
gory is given, the reverse action corresponds to the stabilization with respect to
this action and we obtain a bi-functorial stabilization for a general homotopical
category with an action of a monoidal category. We also introduce ‘environment
independent’ definitions for (co)homology and (co)homotopy theories graded over
a monoidal category. Basically, we just need two pointed homotopical categories

M and S, a monoidal category Z, and a suspension or a looping Z-action on M.



If § is considered with the trivial action, then we define these theories via the

reverse action of the action induced on the functor category [M,S].

In this setting, the morphisms in the monoidal category can be considered as
(co)homology operations. In other words, one can consider (co)homology theories
graded over a monoidal category as usual (co)homology theories which are graded
over a monoid together with a selected set of operations which satisfy certain

relations.

The most advanced technologies for computation of (co)homology and
(co)homotopy theories are spectral sequences. In the third part of this thesis,
we construct a general very abstract form of spectral sequences and discuss un-
der what conditions these spectral sequences converge. By using these abstract
form, we construct (co)homology and (co)homotopy spectral sequences that can
be used for computation of (co)homology and (co)homotopy theories graded over

a monoidal category.



Chapter 2

Category Theoretical

Preliminaries

In this section we discuss some category theoretical preliminaries according to

our needs in later chapters.

2.1 Homotopical Categories

We follow [3] and [1] as a general reference for this section. We start by stating
some basic definitions of homotopical algebra. A convenient way of presenting
homotopy theory in a category is to have the concept of weak equivalences. Let
M be a category. A class of morphisms W in M is said to have the 2-out-of-3
property, if for every pair of composable morphisms f, g in M with any two of the
morphisms {f, g, go f} are in W, then so is the third. If further W contains every
isomorphism in M, then M is called a category with weak equivalences. Every
category can be made into a category with weak equivalences in two trivial ways;
the first one by choosing isomorphisms as weak equivalences and the second one
by choosing all morphisms as weak equivalences. Some other well known examples

are weak homotopy equivalences and homotopy equivalences in the category of



topological spaces. A slightly modified and stronger version of 2-out-of-3 property
is the so called 2-out-of-6 property. A class of morphisms W in M is said to have
the 2-out-of-6 property, if given composable morphisms f, g and h in M such
that hog and go f are in W, then the morphisms f, g, h and hogo f are also in
W. If further VW has all the identity maps in M, then M is called a homotopical
category. It is easy to see that every homotopical category is a category with

weak equivalences. The converse is not true though, and examples are plentiful.

Although very plain and simple, the 2-out-of-6 property becomes extremely
useful combined with other easy properties, while trying to understand the ho-
motopy category. All the examples mentioned in the previous paragraph also

satisfy the 2-out-of-6 property.

2.1.1 Homotopy category of a category with weak equiv-

alences

When a category with weak equivalences M is given, the primary concern of
homotopy theory (or in particular homotopical algebra) is to formally invert
these weak equivalences; that is, define a new category having the same class of
objects as M, but all of the weak equivalences become isomorphisms. This new
category is called the homotopy category of M and denoted by Ho(M). This
assignment has to be done by a universal property. To be precise the homotopy
category of M (with respect to the class of weak equivalences W) is equipped
with a functor

Q: M — Ho(M)

such that () sends weak equivalences to isomorphisms and given any other functor
F : M — N sending weak equivalences to isomorphisms, there exists a unique
functor F' : Ho(M) — N such that FF o Q = F. This universal property is

especially important in defining homotopy limits and homotopy colimits.

The class of weak equivalences in a category with weak equivalences is called

saturated if every morphism that become isomorphism in the homotopy category



is already a weak equivalence. This is a very nice property that a category with
weak equivalences can have, since it means we know exactly which morphisms
are inverted and which are not. The 2-out-of-6 property is very useful to show
saturation in a category with weak equivalences. For example, if a homotopical
category admits a 3-arrow calculus in the sense of 27.3 of [1], or it admits a
calculus of fractions in the sense of [4], then we have the saturation. For the

latter, saturation is in fact is the same as having the 2-out-of-6 property.

2.1.2 Homotopy limits and homotopy colimits

Let M be a category with weak equivalences W. If F': M — N is a functor,
then the right Kan extension of F along G : M — K is a functor

RancF K - N

together with a natural transformation vg p from RangF o G to F, which is
universal as a morphism from F : [K,N] — [M,N] induced from F o G to F.
The definition of left Kan extensions can be obtained by replacing all categories

with their opposite in the definition of right Kan extension.

Definition 2.1.1. Let M be a category with weak equivalences W and let F' :
M — N be a functor,

e the left derived functor Lg of F is defined as the right Kan extension of F’
along Q) : M — Ho(M)

e the right derived functor R of F' is defined as the left Kan extension of F
along Q) : M — Ho(M)

There are other equivalent definitions of homotopy colimit and homotopy limit,

but we will use the derived functor perspective.

Definition 2.1.2. Let M be a category with weak equivalences and let ¢ : C' —
M be a functor from the small category C.

6



e The homotopy colimit of ¢ is defined as the image of image of ¢ under the

left derived functor of the colimit functor
colime : [C, M] — M.
e The homotopy limit of ¢ is defined as image of image of ¢ under the right
derived functor of the limit functor

lién [Co M| - M.

The homotopy colimit of a diagram over the category

l«—0—702

is known as homotopy pushout. Dually, the homotopy limit of a diagram over the

category

1—0+«—2

is known as homotopy pullback. These special homotopy colimits and homotopy

limits are particularly important for defining cofiber and fiber sequences.

2.1.3 Fiber, cofiber and exact sequences

An object ¢ in a category M is called an initial object if for every object A in
M, there exist a unique morphism & — A. Dually, an object = is called terminal
object in M if for every object A, there exist a unique morphism A — =. If these

two objects are the same, then it is called a zero object.

Let M be a category with weak equivalences and with a zero object =.
Definition 2.1.3. A sequence of morphisms
A B-L ¢
in M is called a cofiber sequence if the diagram
A——>B

|l

* ———— ()



is a homotopy push-out and it is called a fiber sequence if it is a homotopy
pull-back.

In the category Top,, pointed topological spaces, with the usual weak ho-
motopy equivalences, the definition of fiber and cofiber sequences given above

coincide with the usual definitions of fiber and cofiber sequences in Top,.
Definition 2.1.4. A sequence
A B C
in M is called exact if the sequence
y LpL x
is simultaneously fiber and cofiber sequence whenever
vy LB
is a fiber and
AL B-L X
is a cofiber sequence.

Proposition 2.1.1. Let Ab be the category of abelian groups with the isomor-
phisms are considered as weak equivalences. Then the above definition coincides

with the definition of exact sequences of abelian groups.

Proof. First, observe that when weak equivalences are all isomorphisms, then ho-
motopy pullback and homotopy pushouts are just ordinary pullback and pushout.
Let

A-BItc
be a sequence fitting in the following diagram.

ker(j) ——— =

|




By definition of the pull-backs and pushouts, the sequence
ker(j) — B L c
is a fiber and the sequence
A - B —> coker(i)
is a cofiber sequence. If the vertical sequence
ker(j) — B — coker(i)

is simultaneously fiber and cofiber sequence; the following diagram

ker(j) ——— =

|

B — coker(7)

is simultaneously pull-back and pushout. Hence, ker(j) = im(i), i.e.,
A-LB-L ¢

is an exact sequence. Converse is evident from above; and thus, for abelian group
the definition of exact sequence is the same as the exact sequence of Definition
2.1.4. m

2.2 Monoidal categories

In this section we start with discussing basic definitions on monoidal categories.
Basically a monoidal category is a category obtained by generalizing the idea of
monoids to categories. It is a category with an associative monoid operation,
together with unit object equipped with certain coherence conditions. The defi-
nitions given here are taken from [5], and we refer to there for further reading on

monoidal categories.

The formal definition of a monoidal category is as follows:

9



Definition 2.2.1. A monoidal category is a category Z = (Z,®, 1, \, p,a) con-
sisting
e a functor @ : Z x 7T — 7 called the monoidal product
e 1 € 7 unit object
e natural isomorphisms A\, : 1®z —xand p, :2P1 - x
e a natural isomorphism a,, . : (t@y) ®z — =@ (y @ z) which gives the
associativity

such that two coherence diagrams are commutative

e Pentagon coherence diagram:

(r@y) @ (2 1)

ax@y,z,t a:p,y,z@t
(z@y) ®2) Bt r®y® (1))
ax,y,z (‘D 1 1 @ &y,z,t

ax’y®z7t

(@ y®2) Ot — 2@ ((yd2) B 1)

e Triangle coherence diagram:

Ag.1,2

() @y ———— 2z (1@y)

1@&\ /@1

TDY

Examples 2.2.1. Some well known examples are as follows:

e SET: The category of sets, is an example with union as the monoid oper-

ation, empty set as unit.

10



e Top, Top,: The category of topological spaces (resp. pointed topological
spaces), is an example with cartesian product (resp. smash product) as the

monoid operation, the point = (resp. S°) as the unit.

e Any monoid can be seen as a monoidal category, with objects as elements

and morphisms as the identity maps.

e Given a category A, the endofunctor category on A, End(A) is a monoidal
category with composition(either from left or right). Furthermore, End(A)
is a strict monoidal category, which means all morphisms giving associativ-

ity and units are identity for every object.

Definition 2.2.2. A braided monoidal category is a monoidal category Z with

a natural isomorphism B, , : t ®y — y @ x, such that the following diagrams

commute:
Ax,y,z Bac,y z
@YDz — 51D (y®2) — s (y@2) D
lBlyy@id ay,z,wl
Qy,z,z id @ B,y
(Y@r)®2z ——y®(r®2) — YD (2 D7)
and

-1
Az,y,z

B Y,z
T®YD2) — s @YDz ——s 2@ (2 DY)

\Lid@By’Z azylzwl
—1

[ By,. ®id
1@y —— D) Oy —— (2@1) Dy

commute, where a denote the associativity isomorphism. If further we have B, ;o

B, = id for all objects x,y, then Z is called a symmetric monoidal category.

2.2.1 Monoidal functors

A monoidal functor is a functor that preserves the underlying monoidal product,
analogues to a homomorphism preserving the monoid operation. However, the
definition of a monoidal functor a little bit more complicated since it should

preserves the coherence conditions as well. The following definition of monoidal

11



functor is also called strong monoidal functor. Here in this thesis, all monoidal

functors are assumed to be strong.

Definition 2.2.3. Given two monoidal categories
1= <I7®a 117)‘7p7a) and j = (\77®7 1J75‘7ﬁ7d)7

a functor F' : Z — J together with natural isomorphisms

Yoy : F(z) O F(y) —» F(z @)

and a morphism

¢ . 1]' — F(lz),
is called a monoidal functor, if for every three objects x, y and z in Z the diagrams

aF(x),F(y),F(2)

(F(z) © F(y)) © F(2) F(2)© (F(y) © F(2))
%y@hl lh@lﬁy,z
Flz@y) O F() F(z)© F(y®2)
Ya@y,= l wa,y@z
Fl(z®y) @) e Flz®(y®2))
and
10N Y4 170¢

Fx)Oly ——— F(z)OF(1z) 170F(z) —— F(17) © F(x)

ﬁF(z)l lwz,lz S\F(z)l lwlz’m

F(z) o Fle Flz®17) F(z) AN F(l;® 1)

are commutative.

The natural transformation v and the morphism ¢ in the above definition are
called coherence maps. If the coherence maps are chosen to be natural transfor-
mations instead of isomorphisms, then in this case such a functor is called a lax
monoidal functor, and if the coherence maps are identity maps, then it is called

strict monoidal functor.

12



A braided monoidal functor between braided monoidal categories is a monoidal
functor that respect the braiding and a symmetric monoidal functor between sym-
metric monoidal categories is a monoidal functor such that the obvious diagram

with the symmetry isomorphism commutes.

13



Chapter 3

Preliminaries on Equivariant

homotopy theory

A group G equipped with a topology is called a topological group. Given a
topological group and a space X, a continuous action of G on X is a continuous
map

S GExX — X

which is also a group action. Such a space is called a G-space. Amap f: X - Y

of such objects is a G-equivariant map; i.e., it satisfies f(g-z) = g- f(z) for every

g in G and z in X. Such a map is called a G-map.

In this chapter we will mention some basic notions in equivariant homotopy
theory which are preliminaries to our work. We use [6] as a general source for

the theorems, definitions and notations that we use in this chapter.

Equivariant homotopy theory concerns with the homotopy theory of G-spaces;
i.e., homotopy theory in the category of G-spaces. A G-homotopy between G-
maps f,g: A — B is a G-equivariant homotopy with respect to the unit interval

with trivial action; that is, a G-map
H:AxI— B
which is also a homotopy in the usual sense.

14



We denote by GTop (resp. GTop,) the category of left G-spaces (resp. pointed
left G-spaces), with G-maps (resp. pointed G-maps). For a given subgroup H of
G, the H-fixed points of a G-space X is defined as

X* ={reX :hx=zVYhe H}.

Much of the equivariant homotopy theory of G-spaces (unpointed or pointed)
can be done by using the ordinary homotopy theory of fixed points of topological
spaces. This is due to the Elmendorfs theorem, see [7]. In fact, the category
GTop (resp. GTop,) is a homotopical category. A morphism f : X — Y is
a weak equivalence provided that for any closed subgroup H of G, the map

restricted to the fixed points
S xt —yH
is a weak homotopy equivalence in the usual sense.

The homotopy theory of G-spaces well studied and it is known that most
of the classical theorems, such as ‘Whitehead theorem’; ‘Cellular approximation
theorem’, etc., has equivariant versions, see e.g. Chapter I of [6]. The equivariant
homology and cohomology theories are also defined and proven to be very useful
in this setting, especially for equivariant surgery and Smith theory. On the other
hand, the standard cohomology theories that are graded over integers miss very
crucial theorems such as Poincaré duality. Hence, the cohomology theories for
equivariant spaces ought to have richer structures and they should be graded over
representations, see Chapter X of [6], i.e., stable homotopy theory has also richer

structure.

3.1 Equivariant spectra and cohomology

Let G be a group. A complete G-universe is a countably infinite dimensional
real inner product space U such that G acts on U through isometries and U
contains the trivial representation, all irreducible representations and each of its

finite dimensional representations infinitely often.
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For any G-space X and G-representation V', define
WX =XnA8Y
and
QX = Hom(S", X),

where SV is the one point compactification of the representation V. Given a
complete G-universe U, the set of G-stable maps between a finite G-C'W-complex
A and a G-space B is defined as

{A, B}g = colimy[2Y A, XV B],

where colimit runs over all finite dimensional sub-inner product spaces of U. The
equivariant version of the Freudenthal suspension theorem, as given in Chapter

IX in [6], is given as follows:

Theorem 3.1.1 (Equivariant Freudenthal suspension theorem). For a finite
group G and A, B as above, there is a representation Vo such that, for any

representation V', the map
2V [%4, 5 B] — [SY0V 4, Y8V B)

s an isomorphism.

The following definition is the equivariant version of the classical notion of
spectra. This definition is the version of [6] Chapter XII, however, alternative

equivalent definitions exist.

Definition 3.1.1. A G-prespectrum indexed on U is a sequence of based G-
spaces Fy, for V < U and a sequence of based G-maps, called the structure
maps,

ovw - EW_VEV - EW

for each W containing V', such that

e oyy : By — By is the identity map
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o for Vc W < Z in A, the diagram

ZZ_WEW_VEV N EZ_WEW

| |

N2V E, Ey

1s commutative.

Here W — V' denote the orthogonal complement of V' inside W.

It is well-known that the loop space functor €2 is the adjoint of . This is also
true equivariantly. Given a prespectrum F, if the adjoints of the structure maps
are homeomorphisms, then £ is called a G-spectrum. A map of G-spectra (or
G-prespectra) is a sequence of maps that preserve the structure, i.e., commute
with the structure maps. The category of G-prespectra and G-spectra indexed
over A are denoted by GP4 and GS4 respectively. There exist a spectrification
functor

L:GPy — GSy,

which is the left adjoint of the forgetful functor
l:GSy — GPy,

see for example [8]. For a given G-prespectrum FE, the G-spectrum LE is given
by

LEy = colimy QW =V By,

where the colimit is taken over finite dimensional subspaces W < U that contain
V.

As in the standard non-equivariant case, the most important applications of
these objects are representation of cohomology theories. The axiomatic def-
initions of classical non-equivariant cohomology theories is due to FEilenberg-
Steenrod, see [9]. For the equivariant case, the axiomatic characterization is

given in [6].
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3.1.1 Axiomatic definition of equivariant cohomology

The axiomatic characterization of G-cohomology theories given in this section is
due to Chapter XIII, 1 of [6]. This characterization is one of our fundamental

motivations for definitions given in Chapter 6 of this thesis.

Let GG be a group and U be a complete G-universe. The class of all represen-
tations of G that can be embeddable in U forms a category, which is denoted
by SRO(G,U). The morphisms of this category is chosen as G-linear isomet-
ric isomorphism of representations. Given objects V, W of RO(G,U), two maps
f,g:V — W aresaid to be equivalent if the induced maps in [S", SV are stably
homotopic. The equivariant cohomology theories are graded over the equivalence
classes in RO(G, U) with respect to this equivalence relation, which is a monoidal

category with the direct sum operation. This category is denoted by RO(G,U).

The following definition is given as Definition 1.1 in [6] Chapter XIII:

Definition 3.1.2. An RO(G, U) graded equivariant cohomology theory is a func-
tor hg from the product category RO(G,U) x GTops® to the category of abelian
groups Ab (with notation A, for hg(V')); such that for each object W of RO(G, U)

we have an isomorphism
o hG(X) = bV (B X)

subject to the following axioms:

1. For each representation V', the functor h}, sends cofiber sequences in GTop,

to exact sequences in Ab and wedge products in GTop, to direct products
in S.

2. f a«: W — W’ is a morphism in RO(G,U), then we have a commutative

diagram as follows:

he(X) he® (B X)

UW'l Jhg (id ® o) (id)
/ , ha(V @ W)(2%) /
BV (B X) —— gAY (S X)
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3. 0(0) = id and for each pair of representations (W, Z) we have a commutative

diagram as follows:

O'W
h(X) hePV (Y X)
U% /
hg@W(JBZ (EW(@ZX)

This definition lead experts of the area to cohomology theories graded over the
Picard groups-Picard categories. For Picard graded cohomology theories we refer
to [10]. In our point of view, given in Chapter 5 and 6 of this thesis, hg is an
action of the monoidal category RO(G,U), and cohomology theories arise from
reversing that action. Our definitions combine all other definitions of cohomology
theories graded over different objects, and the extra axioms follow immediately

from the reversing process.
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Chapter 4

Actions of monoids

Much of the content of this chapter is going to appear in [11]. A monoid is a set

I together with a binary operation
s I x [ — T

such that * is associative and there is an identity element with respect to *. One
most known example is the set of natural numbers N, with respect to addition.
Any group with the group operation is also a monoid. A homomorphism of
monoids is a function that preserve the monoid operation. It is called a monoid

isomorphism if it is bijection.

Given two sets A and B, denote the set of functions from A to B by [A, B
and we denote the set of endofunctions on A, [A, A] by End(A). One can obtain

two distinct monoid structures on End(A).

1. The monoid operation on End(A) is the composition when endofunctions

are applied from right. We denote this monoid by End,(A)

2. The monoid operation on End(A) is the composition when endofunctions
are applied from left. We denote this monoid by End;(A)

In the former case we write fg for the composition of f and ¢ in End,(A). If a
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is in A then
(@)(fg) = ((a)f)g.

In the latter case we write f o g for the composition of f and ¢ in End;(A) and

if @ is in A then
(fog)(a) = flg(a)).
Note that the identity map on End(A) is not a monoid isomorphism.

4.1 Actions of monoids on sets

In this section an action of a monoid on a set will be seen as a biaction. The
usual left action is an action with the right component is trivial and the usual

right action is an action with the left component is trivial.

Definition 4.1.1. Suppose that I is a monoid and A is a set. An action « of [

on A is a pair of monoid homomorphisms (o, cv,.) such that
a; : I — End;(A) and «, : I — End,(A),

and oy commutes with «,; that is, for every 7,7 in I and a in A we have

(e (2)(a))ar(j) = cu(i)((@)ar(5))-

Notation. We also use the classical notation - for such an action, i.e. instead of

ay(i)(a)ay(5)

we write

1-a- 7.
When we say - is an action of [ on A or (A,-) is a I-set, we understand - is an
action from both sides as in the above definition. If an element ¢ € I acts as a

bijection on A from the left (resp. from the right), then we write (i)~*, which

satisfies

(resp. a-i-(i) ' =a=a-(i)" i ).
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Definition 4.1.2. Suppose that we have [-actions - on A and = on B such that
both actions operate from left and right. There is an induced [-action [-,*] on
[A, B] such that for f in [A, B] and i in I the function i[-,*]f is given by the
composition

A——"s 4 B-"".p

and f[-, «]i is given by the composition

i — f — %1

A A B B.

Observe that the left action in the definition commutes with the right action,

so that this action is well defined.

4.1.1 Equivariant functions and fixed point sets

Let (A,-) be a I-set. As in the case of a group action it is also possible to talk
about centralizers, equivariant functions and fix point sets of the monoid actions.

We will start with the definition of the centralizer.

Definition 4.1.3. The the centralizer of I in A, C's(1), is defined as

Ca(l)={acA:Vieli-a=a-1i}.

Suppose that we have I-sets (A4, ) and (B, ). Consider the I-action [-, *] on
[A, B].

Definition 4.1.4. A function f : A — B will be called I-equivariant if and
only if it belongs to the centralizer of I in ([A, B],[-,*]). Hence the set of I-

equivariant functions from A to B will be equal to Cpa (/). We denote this set
by Map,(A, B).

Remark 1. A function f : A — B is a [-equivariant function if and only if we

have the identity
fl-a)xi=ixf(a-1)
for all 7 in I and a in A.
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Definition 4.1.5. The set of fix points of I on A, Fix;(A), is defined as
Fix;(A) = Map,(*, A)

where = denotes a set with single element with the trivial I action.

4.1.2 Properties of the equivariant functions

Let (A,-), (B,*), (C,e), and (D,[-]) be four I-sets. Assume
f:A—> B and h:C — D
be two functions. The functions f and A induces a function
[B,C] — [A, D]

which sends g : B — C to the composition

aA—l gt o p

We have the following proposition:

Proposition 4.1.1. If f : A — B and h : C — D are two I-equivariant functions
then the induced function |B,C| — [A, D] by f and h is I-equivariant.

Proof. Since f and h are [-equivariant, we have
h(ieg(f(i-a)xi)) i =ilCIh(g(i f(a-i))[Di)
for all ain A, 7 in [ and g in [B, C]. Hence we have
ho ((i[*, e]g) o NI B]i = i[-,[0]h o ((g[*, o]i) © f)

for all 7 in [ and ¢ in [B,C]. This means the induced function from [B,C] to
[A, D] is I-equivariant. O

This proposition shows that compositions by equivariant functions induces an

equivariant function between function sets.
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Proposition 4.1.2. Let I be a monoid or a monoid, and A, B be two I-sets.

Then we have a bijection

Mapr(A, B) = Fiz ([A, B]).

Proof. More generally for an I-set A we have a bijection from C(A) to Cr([x, A])
sending z in C7(A) to the function from = to A which sends the unique point in
+ to 2. [l

Given a function f: A — [B, C] we define
f:AxB—-C
by f(a,b) = f(a)(b) for all @ in A and b in B.

Proposition 4.1.3. Let A, B and C' be three I-sets with I-actions -, x and e

respectively. Then the function
MapI(A7 [B, C]) - MapI<A X B7 C)

defined by f — f is a bijection.

Proof. We only need to show that f : A — [B,(C] is a [-equivariant function
if and only if f : A x B — C is a I-equivariant function. We know that the

statement f : A — [B, (] is a I-equivariant function means
FLsTxselle =l [+, o1 f
for all 7 in I. In other words it means
(f(i-a)(ixb))ei=ie(f(a-i)(bxi))
for all ¢ in A, b in B and 7 in I. Hence it is equivalent to
fli-a,ixb)ei=1ie f(a-ibxi)

for all @ in A, b in B and ¢ in I. Therefore the statement f : A — [B,C] is a

I-equivariant function is equivalent to

flxox o]i =] x %, o] f
which means f: A x B — C is a I-equivariant function. O
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Remark 2. If A, B and C be three I-sets, then there is an obvious bijection

Mapr(A, B x C]) — Map;(A, B) x Mapr(A,C).

4.2 Categories of I-sets

The class of I-sets with equivariant functions do not form a category since the
composition of equivariant functions does not always have to be equivariant. In
this section we will construct categories whose class of objects are a subclass of
the ”sets with an action of I” defined as in the sense of previous section. These
categories will contain the usual category of left and right actions of I as a full-

subcategory. In each case the morphisms will be I-equivariant functions.

4.2.1 Semi-reversible actions and actions reversible-on-

one-side

Let (A,-) be an I-set. First note that if the left component acts by bijections on
A then for all a in A then we have the equality

@)~ (aj) = ()" (a) .

Similarly in the case when the right component acts by bijections then we have
i(a- () =(a) ()"

Definition 4.2.1. A [-set (A,-) is called “semi-reversible” if i - — or — -7 is an

action by automorphism of A for all 7 in 1.

We say the left component (resp. the right component) of - is reversible if 7 - —

(resp. — - 1) is an automorphism of A for all 7.

Definition 4.2.2. A [-set (A,-) is called “reversible on one side” if either the

left component or the right component of - is reversible.

Remark 3. If an action is reversible on one side then it is semi-reversible, but not

the contrary.
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4.2.2 Compositions of equivariant functions

The following technical result shows composition of equivariant functions are

equivariant under mild assumptions.

Lemma 4.2.1. Let S be a set and for every s in S, (Bs, *5) be a semi-reversible
I-set. Define B as the product

anBs

seS
with the I-action given by *, on the s component. Assume (A,-) and (C,e) are
I-sets and f : A - B, g: B — C are I-equivariant functions. Then go f is

I -equivariant.

Proof. We want to show

ie(gof)la-i)=(gof)(i-a)ei
for any a in A and 7 in I. Let us denote the left-hand side of above equality by
LHS and the right-hand side by RHS. Let f, denote the s** component of f.

Denote by 5(s); as the map
B(N(: T — Endy(A)
given by 7 +— i *s — and ((s), as the map
B(s), : I — End,(A)

given by ¢ — — %, 4. Similarly, denote by «y, o, the maps into the monoid of
endomorphisms of A associated to the right and the left actions on A and denote
by 71,7, the maps the monoid of endomorphisms of C' associated to the right and
the left actions on C. Since (B, (s)) is semi-reversible, given any s in .S and ¢
in I there exists x(s,7) in {l,7} such that 3(s)ys)(¢) is an automorphism of B,.

Since B(8)a(s,) (1) 0 B(8)x(s.)(7) is identity, we have
LHS = % (i)(g(f((a)on(i)))
= (1) (g((fs((@)er(i)))ses))
= (i) (9((E(a,1)s)ses))
26
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where

We have
LHS = %()(9((F(a,7)s)ses))
if F(a,i)s is defined as follows:

Pla,), - { B (B0 (f((@)en(8))) i a(s,i) =1
’ ((fs((@)ar())B(s)- (1) "B()e (1) if x(s,i) =7

Since f is I-equivariant means f, is I-equivariant for all s in .S, we have

LHS = 7()(g((G(a,)s)ses))
where

Cla.i), = { BN (Ul D@DIEN) i (s,0) =

By the above equality

LHS = (Q(B(S)l(l)((H(av i)s))seS))’Yr@)

with

where

and



Since f4 is I-equivariant for all s € S, we have

(9((L(a,7)s)ses)) 7 (4)
= (9((fs(au(i)(a)))ses) 7 (1)
= (9(f((2)(a)))7.(7)

LHS =

where

This means

and hence, we are done. O

4.2.3 Definitions of categories of [-sets

Let I be a monoid, considering the usual definition one-sided of actions we let
ACT(I), ACT,(I), act;(I), act,(I) to denote the category of left I-sets, right I-
sets, finite left I-sets and finite right /-sets respectively, with [-equivariant maps.

Now we construct four new categories as follows:

Definition 4.2.3. We have the following categories:

e ACT(I): objects are I-sets which are products of semi-reversible I-sets.
e act([): objects are finite /-sets which are products of semi-reversible I-sets.

e ACT(I): objects are I-sets which are products of I-sets with actions that

are reversible on one side.

e act(I): objects are finite [-sets which are products of I-sets with actions

that are reversible on one side.

The morphisms of the categories ACT(I), act(I), ACT(I), act(l) are I-

equivariant functions (defined as in Section 4.1.1).
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We can understand the relation of these categories by the following diagram:
ACT(I

act(/ ACT
act( ACT, (I ACT,(

\?& /

actl
Each arrow in the diagram are inclusions, which map an I-set to itself. All of
these subcategories are full-subcategories of ACT(I).

Proposition 4.2.2. Let f : A — B be a bijective equivariant function where (A, -)

and (B, x) are semi-reversible finite I-sets. Then the inverse f~1 is equivariant.

Proof. Assume f is equivariant. We want to show
i fTHbxd) = fHixD) 4

for b e B and ¢ € I. Assume first both ¢ - — and ¢ ¥ — are isomorphisms. First

since both f and i - — are bijective, we can write

w(bwi) = (F(i- ()" (f (i %)) wi
Since f is equivariant,

x(bxi) =i% f((i)""- (fH(i*b)-1)).

and since i* is bijective, we get

bxi=f((i) - ((f 7' (ixD)) 1))

which implies
i fTHbwd) = fTHix D) i
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The case when both — -7 and — x ¢ are isomorphisms is the same. Assume now
both —-7 and ¢+ — are isomorphisms. Since f is an isomorphism, the composition
of f~!, —-i and i * — is an isomorphisms. Since A and B are finite sets, from the
equality

fl-a)xi=ixf(a-1)
we get i-— and —«% are isomorphisms as well. Hence, f~! is equivariant. The case

— -4 and ¢* — are isomorphisms is the same. Hence this proves the statement. []

Observe that if the semi-reversible actions are isomorphism in the same side,
then we do not need the finiteness assumption. However, in general this propo-
sition is not correct when we drop the assumption on finiteness. For example if
I =N and A = B = N with the action - on A such that 1-i =1+ 1 with trivial
right component, and the action » on B such that (i 4+ 1)1 =dand 0x1 =0
with trivial left component, then the identity function id : A — B is equivariant
but id : B — A is not.

4.3 Action reversing functors

For a monoid I we define four monoid homomorphisms as follows: The homo-
morphisms
y: I — End)(I) and ¢, : 1 — End,.(I)

sends every element to identity endofunction and the homomorphisms
w oI — End;(I) and p,:I — End,(I)

are given by multiplication from left and right respectively.

4.3.1 Reversing actions from left to right

Consider [ itself as a [-set with the action (i, j1,-). Let A be a set with a I-action

-. 'To indicate the right action on [ is trivial let us denote the set of equivariant
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functions, Map;(I, A), by Invj(A). Let f: I — A be a [-equivariant map, i.e.,
for every i, 7 in I we have

fG)-i=i- f(+1)

Definition 4.3.1. Let (A, ) be a I-set. There is a I-action [-7] on Invj(A) as

follows: The left component
0, : I — End;(Inv;(A))
is trivial, i.e. i[-7]f = f. The right component
—[-7]k : Inv] (A) — Inv;(A)

defined as the function that sends f to the composition

* — !
sy A

so that we have ((f)[-7]k)(4) = f(k = j), for every j,k € I. Since I is semi-

reversible, by Lemma 4.2.1 we can say [-~] is well defined.

The action [-7] is called the reverse action of - from left to right.

This construction is functorial on ACT(/) and we denote the functor sending

an [-action on a set A to the reverse [-action on Invj(A) by
Inv] : ACT(I) — ACT(J).

This functor sends a morphism f : A — B to the morphism which sendsh : I — A
to the composition f o h from I to B.

Definition 4.3.2. Given I-set A we can define the evaluation function
& Invj(A) - A
given by & (f) = f(1) whenever we have 1.

Lemma 4.3.1. The evaluation £ defines a natural transformation from Inv; to

id, the identity functor.
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Proof. Let A be an [-set with action -. From the equality
i E(fI]) =i f() = f(1) -
=&/ (f) 4,
we can say & is equivariant, so that it defines a natural transformation from Inv;
to id. O]

4.3.2 Reversing actions from right to left

Consider I as an I-set with the action (yy,¢,), so that an [-equivariant function
f I — A satisfies

fliwg)-i=i-f(j)
for every 7,7 in I. In this case we denote the set of equivariant functions from [
to A, Map;(I, A), by Inv'(A).
Definition 4.3.3. We define a I-action [~-] on Invi(A) as follows: The left
component is given by the function
E[7-]— : Invl(A) — Invi(A)
defined as the function that sends f to the composition

(k)
j . —1 A

so that we have (k[~-]f)(i) = f(i*k). The right component of [~-] is trivial. The

action [~-] is called the reverse action of - from right to left.

Again by Lemma 4.2.1 this construction is well defined. There is again an

equivariant evaluation function
E:Tnvi(A) —» A

given by EL(f) = f(1) provided that we have 1, which is equivariant. Similar to

the Lemma 4.3.1, £ defines a natural transformation from Inv’ to id.

The following is an important property of reverse actions when [ is a monoid:
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Proposition 4.3.2. Let (A,-) be an I-set such that the right component of the
action is reversible, then there is a isomorphism Invi(A) >~ A as [-sets. If the left
component of the action is reversible, then there is a isomorphism Invj(A) = A

as I-sets.

Proof. Assume right component is reversible . Define a map ¢ : A — Inv’ such
that ¢(a) = f, for a € A where

fo())=i-a-i "
This map is well defined since

Fulieg)i=(isf)-a- (e i
=i (fa).

where f, is in Inv.. Since f,(1) = a, ¢ is the inverse of the &', so that &' is a
bijection and by Proposition 4.2.2 ¢ is equivariant, so that we get an isomorphism
of I-sets. The proof of the case when the left component is reversible is the

same. O

4.4 As idempotent endofunctors on act([)

Let I be a monoid. The following lemma shows that the reversing functors are

idempotent.

Theorem 4.4.1. The evaluations function & (resp. E') defines a natural iso-
morphism from Inv} oInv] to Inv} (resp. from Inv oInv’ to Inv').
Proof. For any I-set A, consider the function

O, : Invi(A) — Invj olnvj(A)

given by
®(g)()(4) = g(i = j)
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for g € Invj(A) and 7,5 € I. Tt is straightforward to check the equalities

k(@) (@) (7 = k) = (®alg)(D)(5))k-

and

so that ® is well defined. Since
gk = ix7) = @((g9)[-" [F)()(G) = (P97 1k() ()
— glk+isj),
® is equivariant. For any g € Inv](A) we have

(& 0 @)(9) (i) = 2(g)())(1) = g(7)

and for any h € Inv] oInv;(A) we have

(@0 &N (R)E)()

O(h(1)) () ()
(1)@= j)
(1)(5)

so that & and ® are mutual inverses. This completes the proof. The same proof

I
> S

works for £ as well. O

We denote the composition of two reverse endofunctors on act(/) by INV, in

other words we have
INV = Inv] o Inv!

considered as an endofunctor on act(I). An equivariant function f in INV(A)

satisfies
flisg)ixk) = f(5)(k)
for every 7,7 and k in I. For any I-set A we have an evaluation function
E:INV(A) - A

defined by E(f) = f(1)(1). If v is the reverse of the reverse action on A, i.e.

action on Inv! (Inv}(A)), then we have
Eief)-1=(fou(i)(1)(1))
= f)(1) -
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By equivariance of f(i) this is equal to

i f@)6) =i f)) =i E(f)

hence, &£ is equivariant. Then £ defines a natural transformation from INV o INV

to INV. When [ is a commutative monoid, we have the following proposition:

Proposition 4.4.2. If I is a commutative monoid then £ defines a natural iso-
morphism from INV o INV to INV.

Proof. For any I-set A, the function
®,: INV(A) - INVoINV(A)
given by
a(g) (D) () (kY1) = g(i = k)(j = 1)
for g € INV(A) and 1, j, k, 1 € I. It is straightforward to check that this function is

equivariant since on both INV(A) and INV o INV(A), the right actions are trivial.
We have

E(Palg))(k)(1) = g(k)(1)
and

A(E(9)(K)(1) = g(k)(1)

so that £ and ®4 are mutual inverses. This completes the proof. O]

4.4.1 Reverse actions on finite sets

We again use the same notations for the restrictions of Inv}, Inv. and their com-
positions INV on act(I). Let (A, ) be an I-set such that the right component of

the action is trivial. For an element a in A, let Ia denote the orbit set
Ia={i-a:iel}
and for a given f: I — A in Inv](A) let If(I) denote the set

Lf(I) ={i- f(3) =4, j e},
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We define a set A' as the set
Al={aeA: foralliel, i-(—)|j, is one-to-one}.
Note that

Lemma 4.4.3. Let I be a monoid and let A be a finite set. Let (A,-) be an I-set
such that the right component of the action is trivial. Then there is a isomorphism
Inv)(A) = Al as I-sets.

Proof. Firstly, for an element a € A' we define f, : I — A with f,(i) = (i)7 - (a),
then since a € A’ this is a well-defined map. By definition, for every i, j in I we
have:
i faGi)=i-(j*1)" a
=) a
= fa(d)-

Hence, f, is equivariant and we have an injective function A' — Invj(A).

Now suppose that f : I — A be a function in Inv;(A). We claim that f(1) is

an element of A'. Assume the contrary; then there exist 7, §, k in I such that

Jof) # k- f(1) and (ixj)- f(1) = (ixk)- f(1).

Since A is finite, for every i € I there exist positive integers m,m’ with m > m/
such that for all a in I f(I), we have the identity i™-a = ™ -(a). Hence, restriction

of the left component of the action of i™~" - — to the set
" (L)) = ™ - (a) cae If(I)}
is the identity function. Moreover, for any v € I we have
F0) =i flon i)

so that im(f) is contained in ™ - (I f(I)).

Let j and k£ be two elements in I. As above there are integers t,t' with ¢t > ¢/
and 7 - f(5%) = 7" f(5%) so that j- f(1) = f(4*7¥~"). Similarly there are integers
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s,s' with s > s and k- f(1) = f(k*~¥'~1). Hence both k- f(1) and k - f(1) are

m/

elements of im(f), which means i"~"™ acts as identity on both.

By our initial assumption, we have

T (i) - f() =T (k) - f(1))
which implies
(G f) =T (k- (1)
As a result we get j - f(1) = k- f(1); i.e. a contradiction, so that f(1) must
be an element of A'!. The evaluation function & is injective by definition of A!

and & (f,) = a. By Proposition 4.2.2 we get an isomorphism as desired. This
completes the proof. O

Objects in act(l) are the actions with either left or right component is re-
versible. Assume A is an [-set with right component is reversible. Then we

define A’ as Inv’, A'. We have the following lemma:

Lemma 4.4.4. There is an isomorphism Inv) (A) = Al as I-sets.
Proof. The proof follows from Lemma 4.4.3 and Proposition 4.3.2. O]

For an I-set A we define A" similarly. We have a similar lemma as follows:

Lemma 4.4.5. Let (A,-) be an I-set such that the left action is reversible. Then

there is an isomorphism Invi(A) = A",

Let € denote the restriction of £ on finite I-sets. Note that & is bijective by

the previous propositions. We have the following lemma:

Proposition 4.4.6. £ defines a natural isomorphism from INV o INV to INV.

Proof. This proposition directly follows from Proposition 4.2.2, since £ from
INV o INV to INV is bijective, by the Lemma 4.4.3 and Proposition 4.3.2. [

37



4.5 Equivalence of view points on groups

The following theorem shows that Definition 4.1.1 is equivalent to the usual one

for groups.

Theorem 4.5.1. For a group G, the categories act(G), act(G), act,(G) and
act,(G) are all equivalent to each other as categories and ACT(G), ACT(G),
ACT|(G), ACT,(G) are all equivalent to each other as categories.

Proof. Here we will only prove the equivalence of ACT(G) and ACT,;(G) the rest
is either similar or just obtained by restrictions of the equivalences. First note
that the functor

Inv’ : ACT(G) — ACT(G)

factors through the inclusion
inc : ACT,(G) — ACT(G).

We again write

Inv! : ACT(G) — ACT,(G)

for the functor in the factorization, by an abuse of notation. Then this functor
sends an object (A, ) in ACT(G) to the left action p : G — End;(A) given by

1(g)(a) =g-(a-g7")

and sends a morphism f from (A,-) to (B, ) to itself considered as a function
from A to B. Now clearly Inv', o inc is identity on ACT;(G). By Proposition 4.3.1
and 4.3.2, & defines a natural isomorphism from incoInv’ to the identity on
ACT(G). Hence, this gives an equivalence between ACT(G) and ACT(G). O

We define a functor
inv] : ACT,(G) — ACT,.(G)
which sends a left G action

v:Gx A— A, given by (g,a) — g-a
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for g e G and a € A, to a right G-action
v i Ax G — A, given by (a,9) — g ' -a

for g € G and a € A, i.e. the reverse action of v. The following theorem shows

that the two definitions we gave for reverse actions agree for group actions.

Theorem 4.5.2. The diagram

ACT/(G) — 5 ACT,(G)

incl l inc
Invy

ACT(G) —— ACT(G)

18 commutative up to a natural isomorphism.

Proof. This follows from Proposition 4.3.2, since group actions are reversible on
both sides. 0

A version of Theorem 4.5.2 is also true for the case of reversing actions from

right to left, i.e. the diagram

ACT,(G) — ACTY(@)

incl linc
!

ACT(Q) — ACT(@)

is commutative up to a natural isomorphism, where inv’ is defined similarly.

4.6 Homotopy category of monoid actions and

the Burnside ring

In this section we discuss homotopical category structure on act(l) where I is

a monoid. We refer [1] for general terminology and homotopical notions in this
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section. Let A, B be I-sets in act(I) and f : A — B be an [-equivariant map.

We say f is a weak equivalence if the induced function
INV(f) : INV(A) — INV(B)

is an isomorphism. We denote the class of weak equivalences by W. It is straight-
forward to check that these weak equivalences satisfy the 2-out-of-6 property,
since isomorphisms do. Hence this makes act(/) into a homotopical category.

The homotopical structure on the subcategories of act() is defined accordingly.

In order to define the Burnside ring of a monoid I we concentrate on the

actions of I on finite sets. Note that the functor
INV : act(I) — act(I)
factors through the inclusion
inc : act) (1) — act([).

We again denote the functor act(I) — act;(I) in the factorization by INV, by an

abuse of notation. Note that the functor
INV :act(l) — act;(I)
preserve weak equivalences so does the inclusion
inc : acty(I) — act(I).

The composition INV oinc is identity functor on act;(/) and there is a natural
weak equivalence from inc o INV to idyg ) given by the evaluation map E. Hence
act;(I) is a left deformation retract of act(/), so that their homotopy categories
are naturally equivalent (see [1], 26.3, 26.5 and 29.1). We will continue with
the category act;(I) to define the Burnside ring. The category act;(/) has nice
properties such as monomorphisms are stable under pushouts and epimorphisms
are stable under pullbacks [12], as it is a topos, so that isomorphisms are also
stable under pullbacks and pushouts. In fact assume we have a diagram

f

D
p’l
A

%B
lp

f
%C’

40



Pullbacks and pushouts are given in a standard way. If D is the pullback of the
maps p and f where - , x and e are the actions on A, B and C respectively, then

D is given as the set
D ={(a,b) e Ax B: f(a) = p(b)}

and the action [-] on D is given by a pair of actions; i.e. [[] = (-, *) and trivial
right action. The maps p’ and f’ are induced by projections so that they are

equivariant.

If the above square is a pushout then
C=(AUuB)/ ~

where p'(d) ~ f'(d) for all d in D. The action v on C' is given by

, ) i(x) ifzeA
Z.[x]_{i*(x) if re B

for all i € I, with trivial right action. By equivariance of the maps p’ and f’ in

diagram, so that for all d € D and ¢ € I we have
i-p/(d) = p/(i0d) and i f'(d) = f(i D d),

so that i - p'(d) ~ i f’(d); i.e. the action is well defined. The maps p and f are

induced by inclusions so that they are also equivariant.

We will show that the category act;(I) admits a 3-arrow calculus, for details

of 3-arrow calculus we refer [1], 27.3.

4.6.1 3-arrow calculus of act;(/) and Saturation

Let us denote the homotopy category of act;(I) by Ho(act;(I)) and let
L : act;(I) — Ho(act; (1))

be the localization with respect to the above weak equivalences (see [1] 26.5).

We will show that act;(I) admits a 3-arrow calculus. To do this we define two
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subclasses U and V of the class weak equivalences W of act,(I) as follows: U will
be the subclass of W which are also inclusions and V will be the subclass of W

which are also surjections. Firstly, suppose that we have a zig-zag
AAa-LB

in act;(I) where u is in U. Then we can associate another zig-zag
AL g

from the pushout

so that f'ou = « o f and the function «’ is an inclusion. Let (A4,-), (4’,0),
(B,*) and (B’, 0) be I-sets with trivial right actions. To be able to see v’ is weak
equivalence, it is enough to show Invj(B’) is contained in the image of Invj (u').
Assume the contrary and let o : I — B’ be a map in Inv; (B’) which is not in the
image of Invj («'). Then (1) is not in the image of u' because otherwise o factors
through v’ since o(1) € (B')!, see Lemma 4.4.3. Hence, o(1) is in the image of f’.
Thus, there is an element ' in A’ such that f’(a’) = o(1). Assume first o’ ¢ (A"’

i.e. there exist 7,471,175 in I such that
irod #igoad but (ixi1)oa = (i*ip)0d

then there exist b € B such that u/(b) = f’(i; ©a’). But as in the proof of Lemma

4.4.3 there exist an integer m such that

f(d) =il o f'(iy 0 a)
=i ou'(b) = v (i7" 0 b)
But then this leads us a contradiction unless @’ € (A’)!. Thus, ¢ must be an
element in the image of Inv;(f’). Since u is a weak equivalence, any element in

Invj(A’) factors through u, which implies o is in the image of Inv;(f’ o u). But

then we get a contradiction again since o is not in the image of Invj (v’ o f).
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Hence, u' is a weak equivalence, i.e. u’ is in Y. If u is an isomorphism then o’ is

also an isomorphism since both u and «’ fits in above pushout diagram.

Similarly if we have a zig-zag
X-5HY &Y
in act;(I) where v is in V, then we can associate another zig-zag
X Lx Ly

from the pullback diagram

so that g o v’ = wo ¢/, and the function v’ is a surjection. Let o : I — X',
o : 1 — X' elements in Inv; (X’) with o(i) = (z;,v;) and &(i) = (Z;,y;) forie [

zi, 7€ X andye Y’ ie.
Inv] (v/)(0) = Inv] (v/)(5).
Since Inv}(¢')(0)(i) = 2; and Inv}(¢')(5)(i) = &, we have
Invy (v)(2:) = Invi (v')(y;) = Inv} (0)(2;).

We know v is a weak equivalence so that Invj(v) is bijection, thus z; = Z;, i.e.
v’ is a weak equivalence. Hence v is in V. Again if v is an isomorphism then so

does v’ since both fits into a pullback diagram.

Assume now w : M — N is a weak equivalence in act;(I), then consider the

pushout diagram

INV(M) —5 5 1

v

N ————
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From the Lemmas 4.4.3 and 4.4.5 we know & is injective. Moreover, w is a weak
equivalence implies w o € is injective, due to the commutativity of the following
diagram:

INV(M) —5

Y

INV(N) —5

Since the above square is a pushout, both v and # is injective. Hence, there is a
unique function v : M’ — N which is surjective. As before, the functions u and
v are also equivariant, so that we have a factorization of w as w = vowu such that
visin V and w is in Y. Hence act;(I) admits a 3-arrow calculus {U,V}. Thus,
we have a 3-arrow description of the hom-sets as in 27.2 of [1]. Moreover, by 27.5
of [1], we also get that the homotopical structure of act;(I) is saturated; i.e., a
function in act;(I) is a weak equivalence if and only if its image in Ho(act;(/)),

under the localization functor, is an isomorphism.

4.7 The Burnside ring of a monoid

In the classical theory of group actions, when a group G is given, the Burnside ring
of G, A(G), is defined as the Grothendieck ring of the semiring of isomorphism
classes of finite GG-sets where the addition is given by disjoint union and the
multiplication is given by cartesian product. The Burnside ring of a group is a
very important construction in the group theory, and has several applications,
see e.g. [13], [14], [15], [16]. We define the Burnside ring of a monoid by using the
homotopical structure on act;(/). The isomorphism classes in Ho(act;([)) forms a
semiring under disjoint union as addition and cartesian product as multiplication.
We call the Grothendieck ring of this semiring as the Burnside ring of 7, and we
denote this ring by Br(/). Most of the properties of this Burnside ring follows
from the Section 4.4.1.

By definition the Burnside ring of a group given in this way is equal to the

standard one. Hence, it does validate the name “the Burnside ring of a monoid”.
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Moreover, the following proposition shows that the definitions of the Burnside
ring of a commutative monoid is same as the Burnside ring of its Grothendieck
construction. Let us denote by K(I) the Gréthendieck group of a commutative
monoid /. Then Br(K(I)) denotes the usual Burnside ring of the group K (I)
(see e.g. [13]).

Theorem 4.7.1. If I is commutative monoid then Br(I) is isomorphic to
Br(K (I)).

Proof. Define
A s acty(K(I)) — acty(I)

as the map induced by the natural map from I to K(I) and let
A :Br(K(I)) — Br(I)

denote the induced function on Burnside rings. Here we will define the inverse
of A. Let A be an I-set with action - and let [~-7] be the action on INV(A).
Lemma 4.4.3 implies that the action on INV(A) has a group action factorization,
i.e. the map

9, : I — End;(INV(A))

factors through the inclusion
Aut;(INV(A)) — End;(INV(A)).
Hence, we can consider INV(A) as a K (I)-set. Define a function
' Br(I) — Br(K([))

by sending a class [A] of I-set A in Br(I) to the class [INV(A)] in Br(K(I)).
Notice that

~

INV(A(A)) = A(A)

by Proposition 4.3.2, so that I' o A is identity. The composition A o I' is also
identity since by Proposition 4.4.6, the natural transformation £ gives a weak
equivalence from INV(A) to A. Hence I' is a ring isomorphism with the inverse

A. Since for every I-set M, N we have
Inv; (M x N) = Inv; (M) x Inv](N)
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and
Inv; (M 1IN) = Inv] (M) 11 Inv] (N)

then these maps are ring isomorphisms. O

4.7.1 Burnside mark homomorphism

Assume [ is a monoid and A is a finite left /-set. Let J be a submonoid of /. We
define the mark 7m;(A) of J on A as the number of elements in INV(A) that are

fixed by every element in J,
my(A) = |Fiz;(INV(A))].

In other words, i.e. if ¥, : I — End;(INV(A)) denotes the map associated to the
action on INV(A) (which is the action obtained by reversing a twice) then 7, (A)

is the number of equivariant functions in INV(A) satisfying
flixg)(k) = f(i)(k)
for every 7, k in I and j in J. This defines a semiring homomorphism
my = Isom(Ho(act;(1))) — Z

since

INV(A 1 B) = INV(A) 1 INV(B),
so that m;(AUB) = my(A) +m,(B) and
INV(A x B) = INV(A) x INV(B)

and hence
my(A x B) =my(A).m;(B),
same as the usual case. The associated ring homomorphism
my:Br(l) — Z
is called the mark homomorphism at J. Note that when a finite I-set A is given,
the image of ¢ in Aut;(INV(A)) form a subgroup, and let 9;(I) denote this
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subgroup. Let ¥;(J) denote the image of the submonoid J under ¥;, which is a
subgroup of ¥;(1). Then mark of A at J corresponds to the usual mark of ¥;(1) at
the subgroup 9;(.J). We call an I-set (A, -) in act;(]) weakly-transitive, if for every
pair of elements f, g € INV(A), there is an elements i in / such that 9;(i)(f) = g.
The set INV(A) can be expressed as a disjoint union of orbits ¥;(1)/9;(.J;) for some
family {J; : t € T} of submonoids. Hence isomorphism classes weakly transitive
I-sets generate the additive group of Burnside ring, same as the classical case,
see [17].

Let J and J’ be two submonoids of I. We say J and J' are weakly conjugate,
and we write J ~; J', if for every I-set A the subgroup ¥;(J) is conjugate to
9 (J') in 9,(I), where 9; is the action on INV(A). It is straightforward to check
that weak conjugation is an equivalence relation. Let Y (I) be the set of weak
conjugacy classes of I, i.e. the set of equivalence classes of ‘~;’. Observe that
weakly conjugate submonoid have the same mark, i.e. if J ~; J’ then for any
given [-set A we have mj(A) = my(A), which follows from standard group theory

facts. Hence one can see the mark homomorphism as a ring homomorphism

m:Br(l)— P Z
[J]eY (1)

into the direct sum of integers Z, so that m = @ my.
[J]eY (1)

Theorem 4.7.2. The mark homomorphism m is injective.

Proof. Proof follows from ideas of the proof in the standard case (see [17], Proposi-
tion 1.2.2). Let A be an I-set and z be the corresponding element in the Burnside
ring, and let ¥ be the action on INV(A). Then, since there is an induced action

of the group ¥,(I), we can write

xr = Z Zt[ﬁz([)/ﬂl(J)]

JeY (I)

with z; € Z. Let K be a monoid such that 9J;(K) is the maximal conjugacy class
in 9;(I) with respect to the inclusion, with zx # 0. The rest is same as the proof
of Proposition 1.2.2 in [17]. Since Fiz g (9;(1)/9;(J)) is non-empty if and only if
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Y,(K) is sub-conjugate to ¥;(.J), we have m(z) is non-zero due to maximality of

Y;(K). Hence m is injective. O

Some applications of this Burnside ring in ‘Computer science’ and in particular

in ‘Automata theory’ are discussed in Section 6.3 of [11].
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Chapter 5

Actions of monoidal categories

In this chapter we give a “categorification” of definitions in Chapter 4. We replace
the concept of monoid with a monoidal category and it will act on a category
instead of on a set. We start this section by defining the notion of an action of a

monoidal category on a category.

5.1 Actions on categories and functor categories

Let A and B be two categories. Then [A, B] denotes the category of functors from
A to B and End(A) = [A, A]. The endofunctor category End(.A) is a (strict)
monoidal category with composition (from left or from right). We denote End;(.A)
(resp. End,(A)) the monoidal category of endofunctors on A with composition

as the monoid operation applied from left (resp. right).

Notation. If f and g are two endofunctors on A then

e in End;(A) the monoidal product is the composition fog of f and g is the
endofunctor obtained by applying ¢ first and applying f second

e in End,(A) then the monoidal product fg of f and g is the endofunctor
obtained f first and applying g second.
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Definition 5.1.1. Let A be a category and Z be a monoidal category. Then a

Z-action on A is a pair @ = (g, ;) such that
a;:Z — End;(A) and «, : Z — End,(A)
are strong monoidal functors satisfying
((i)(a))ar(j) = cu(i)((a)on())),

for every i,j in Z and a in A, either all of i, j, a are objects or one of them is a

morphism.

The choice of equality for commutativity of left and right actions make sense
since both End,;(A) and End,(A) are strict monoidal categories. A category with

an Z-action will be called an Z-category.

It is less convenient to use classical ‘-’ notation for the action for such actions,
since we also need to deal with morphisms. Hence, we stick to the notation of

above definition during the whole chapter.

5.1.1 Centralizer and Equivariant functors

Let A, B be two categories. Given a functor 7 : A — End(B) one can obtain

functors:

: B — [A, B] given by 3(b)(a) = v(a)(b)

°
]

e 3: A x B — Bgiven by ¥(a,b) = vy(a)(b)

e 7:Bx A— Bgiven by 5(b,a) = v(a)(b).

The latter two functors are denoted in the same way but it will be clear from the

context which one we mean.

Let Z be a monoidal category, A be a category and let o = (o, ) be an
Z-action on A. Then for z in {[,r} one can define a functor @, from A to [Z, A]

as above, by forgetting the monoidal structure on Z.
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Definition 5.1.2. The centralizer of Z in A as the category whose objects are
pairs (a, o) where a is an object in A and o is a natural isomorphism from @, (a)

to @;(a) such that the following diagrams commute:

id

(a)idA idA(a)

J- Js

(a)ax(1) a,(1)(az)

and

a(i))ar(j) NCIOICO))
—

(a)orr (i)ar ()22 (o) (@) s () = eu(i)((@)os () (i) o ai(j)(a)

- -

(@) (i ® ) el (i ® ) (a)

for every i, 7 objects in Z and a, ay, as objects in A.

A morphism from (a;,01) to (ag,02) is a morphism m : a; — ay in A such

that the diagram
(m)orr (i)

is commutative for all ¢ object in 1.

We denote the centralizer by C4(Z). The first diagram in the above definition
shows that ¢ is compatible with the monoidal product.
Remark 4. If we choose o in the above definition a natural transformation instead,
we call the centralizer as pseudo-centralizer of 7 in A, and denote by C4(Z)*.
Suppose that A is a category with weak equivalences. Let us choose ¢ in the
above definition a natural weak equivalence. In this case we call the centralizer

as the weak centralizer of T in A, and denote by C4(Z)".
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Definition 5.1.3. Let A and B be two Z-categories with Z-actions «, (3, respec-
tively. Let 7, j be objects in Z, m : i — j be a morphism in Z and f : A — B be

a functor. The induced Z-action

[Oé,ﬁ] = ([@7B]l7 [aaﬁ]f‘)

on [A, B] is defined by

e [, 5] : I — End([A, B]) is the monoidal functor such that the the functor
[a, B]:(2)(f) is the composition:

ar (e Bu(i
A (@) A f B () B

e [o,5], : I — End.([A, B]) is the monoidal functor such that the functor
()], B]-(i) is the composition:

ay( Br (i)
A 1(2) A f B ( B

e the natural transformation [«, 8];(m)(f)(a) is given by the morphism in B

by the composition

Bi()(F((a)on (i) o L) BiG)(F((a)an()))
Bi (M)(f((am\ B (f((a)ar(m)))
BG)(F((a)an (i)

and the natural transformation (f)[a, 8].(m)(a) is given by the morphism

in B by the composition

(f(eu(i)(a)))B,(4) ()l 8]
(f(eq (z’)(a)m\
(f (au(@)(

)()))Br (5

r(m)(a)

(f(au(4)(a)))Br(5)
(F (e (m)(@)))Br ()
(J)
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Let A and B be two Z-categories with actions o and 3 be Z-action respectively.
Consider the Z-action [«, 5] on [A, B].

Definition 5.1.4. We define Mapz(.A, B) namely the set of Z-equivariant func-
tors from A to B as the centralizer of Z in [A, BJ; i.e

Mapz(A, B) = CLas(Z).
Hence a functor is called a Z-equivariant functor from A to B if it is in

Mapz(A, B).

In particular if f: A — B is Z-equivariant functor then

o(i) : (f(eu(i)(a))) 5 (i) — Bi()(f((a)anr(i)))

is a natural isomorphism for all 7 object in Z and a object in A, such that the

diagram commutes:

((F(oa5) 0 (i) (@) (i) B, (5 LTy 0y 6 65) (f (@) (7)o ()

| . e

o(i®J)

(f(uli®j)(a)))br(i @) At @) (f((a)an (i@ j)))

i.e., o is compatible with the monoidal product as in the sense of Definition 5.1.2.

Given a category A with an Z-action, the fixed-point category of the action is
defined as
.FZCL’[(.A) = Mapz(*,A).

Here = is the trivial category; which is a category with a single object and single
morphism which is the identity morphism of that object. The action on = here is

the trivial I-action. As in the previous section, we have an analogues theorem:

Theorem 5.1.1. Let Z be a monoidal category and A, B be two categories with

T-actions. Then we have an isomorphism

Mapz(A, B) = Fizz([A, B]).
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The proof is similar to the one in the previous section since we have an iso-

morphism of categories C4(Z) = Cp,, 41(Z) for any Z-category A.

Remark 5. Following the remark 4 above, we define the categories Map¥ (A, B)
as Crap)(2)" and MapZ*(A, B) as Crap(Z)7*. We will call a functor from A to
B a weakly I-equivariant functor if it belongs to Mapy (A, B) and a pseudo-Z-
equivariant functor if it belongs to Mapr*(A, B).

Let (A, «), (B,f), (C,7), and (D,d) be four Z-categories. Assume f: A — B
and h : C — D be two functors. Then f and h induces a functor [B,C] — [A, D]

by composition. We have the following proposition:

Proposition 5.1.2. If f: A — B and h : C — D are two Z-equivariant functors
then the induced functor [B,C] — [A, D] by f and h is I-equivariant.

Proof. Since f and h are Z-equivariant, on objects we have

(R (@) (g((f (@) (@) Br(0)))))r (i) = 6,1(&) (A((9(Bi (D) (f ((@)ar())))) (7))

for every object a in A, i in Z and ¢ in [B,C]. Hence we have the natural

isomorphism

(ho (([8,71u(9)(9)) o F)ev, 0]-(i) = [a, 6L () (R o ((9)[B, 7]+(8)) © f))

for every object ¢ in Z and ¢ in [B,C]. This means the induced functor from

[B,C] to [A, D] is Z-equivariant. The coherence conditions are evident. O

Proposition 5.1.3. The functor F' : [A x B,C] — [A,[B,C]] defined by
F(f)(a)(b) = f(a,b) is an equivariant equivalence of categories with respect to

the induced actions.

Proof. Let f : A x B — C be a functor. Let a be an object in A and b be an

object in B. From the definitions we have the identities

[, [B, /I @ (E (Pl x B,71(0))(a)(b) = »(@)(f(ali)(a), B(i)(a))

and

(F'(le < B, AL @ ()DL [8,711:() (@) (0) = () (f (i) (a), B(i)(a))
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in C. Hence the identity map from (F([a x 8,7]:(0)(f)))[e, [5,7]]-(7)(a)(b) to
[, [B, Y]] () (F((f)[a x B,7](7)))(a)(b) gives us a natural isomorphism. The

above coherence condition can easily be checked.

5.2 Reverse actions on categories

In this section we define the reverse action of a given action of a monoidal cate-
gory on a category. We start with defining four monoidal functors from a given
monoidal category Z to End,(Z), where z € {l,r}. The functors ¢, : Z — End,(Z)

sends every object to identity endofunctor and the functors
w2 L — Endy(Z) and p,.:Z — End,.(2)
are given by applying the monoid operation from left and right respectively.

Just as in the case of monoids, we will consider the monoidal category Z itself
as an Z-category with the action (¢, p) and (py, ¢,) to define the reverse actions.
First we define reversing action from left to right, and thus, will consider Z with

the action (¢, fi,).

Let a be an Z-action on a category A. We define the reverse Z-action 6 on
Mapz(Z, A) as follows: Let f € Mapz(Z,.A) be a Z-equivariant functor. For all
i € T define 6,(i) as the identity functor on Mapz(Z,.A) and 6,.(7) as the functor

which sends f to the composition

(i
LU S S

On morphisms, if m : ¢ — j is a morphism in Z, then for every k in Z, 6,(m)(f)(k)
is the morphism f(m) in A and 6,.(m)(f) is the natural transformation such that

for k in Z it is the morphism

fQu(m)(k)) = f o pu(i)(k) — f o m(5)(k)
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in A. Let (f,0) be an object in Mapz(Z, A). Then for each object i, j in Z,

(i) = (f(5)aw(i) — (i) (f (1 ©7))

is an isomorphism. For an object k in Z, define the morphism

ok (i) = (f o pu(k)(7)) (@) = au(i)(f o pu(k) (5 D))

as the composition

o(7)

Flk @ j)en (i) == a(@)(f (k@) ®1)) = @) (f(k D (j ®1))).

Hence, (f o w(k),ox) is an object in Mapz(Z, A). As a result we defined the
categorical version of the first reverse action, which reverses the left component

of the action.

Now consider Z with the action (g, ¢,). We define the other reverse action
Z-action ¥ on Mapz(Z,A) as follows: For f € Mapz(Z, A) an Z-equivariant
functor, define ¥,(i) as the identity functor on Mapz(Z, A) and 3;(i) as the

functor which sends f to the composition

(@) s
AN A

On morphisms, if m : ¢ — j is a morphism in Z, then for every k in Z, 9,(m)(f) (k)
is the morphism f(m) in A and (f)¥,.(m) is the natural transformation sending

an object k in Z to the morphism

F((R)pr(m)) = f o (i) (k) = f © pr(5) (K)
in A. Let (f,<) be an object in Mapz(Z,.A). Then, by definition for each object
jinZ,
<(1) : (fE @) (i) — au(d)(f(4))
is an isomorphism. For an object k in Z, we define the morphism

k(1) = (f o pr(B) (0 @ J)) (i) — (i) (f © pn(K)(5))

as the composition

(F(i®5) ®R))ar(i) > (fi @ (G & k))ay(i) <> ali) (£ @ k).



Hence, (f o w(k), <) is an object in Mapz(Z, A). As a result we get the second

reverse action, which reverses the right component.

Assume now Z is a symmetric monoidal category and A be an Z-category with
the action o whose right component is trivial. Consider Z with the action (¢, p,).

Define an action o/ on Mapz(Z, A) as follows: define o] as the trivial action and
for f : 7 — A an object define (f)al.(i)(j) as the object (f(j))c.- (7). A morphism

m : i — jis sent to the obvious morphism in Mapz(Z, A). Then, we have

(N (0)0:()(7) = (Far ()@ @ 5) = (f(i @ j))an (i)

which is isomorphic to f(j). Similarly,

—
—~
—~
s
N—
>
S
—~
~.
S~—
S~—
Q
<o~
—
~
N—
N—
YanS
<
SN—
|

((NO(0)(5)) o (2) = (F(2 @ j))an(i)
which is again isomorphic to f(j). Hence, we get the following lemma:

Lemma 5.2.1. If T is a symmetric monoidal category and « is an Z-action on A
with trivial right component, then the reverse action 0, that reverses the left com-
ponent of the action, is an auto-equivalence of Mapz(Z,A); i.e., an equivalence

as an endofunctor on Mapz(Z, A).

A similar lemma can be derived for the second reverse action, 9. If we drop
the assumption of being symmetric monoidal, then this lemma fails. However,
if A as in above lemma, we can assign a reversible action by first reversing the
left component, and then reversing the first reverse action 6, then continue re-
versing the appearing left and right reverse actions ad infinitum. That is, the
reversible action corresponds to an inverse limit in the two category of category
of categories. For convenience, we will continue with ordinary reverse actions.
We mainly use the first reverse action above on actions with the right component
is trivial for convenience. Hence, we just write Mapz(Z, A) and we understand
the first reverse action; i.e., the reverse from left to right. The isomorphism o
will play an important role in the next chapter, as it is the key point of defining

homotopical stabilization in our theories.
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5.2.0.1 Objects of the reverse actions

We will discuss how the objects in Mapz(Z, A) will look like, where Z is equipped
with the action (i, ). An object of Mapz(Z, A) is a functor f : Z — A, which

is 7 equivariant. Thus, there exist a natural isomorphism

o(i) : (f(5))ew(i) = (i) (f(j ©1))
such that the following diagram commutes

(i) ((f(k®1i))ar(f)) = (i) (f(k @ 1)) (j)

(o()ar (s \M\

(F (k) (i), () () () (f(ED i@ 5)))
(F())on (i ® ) ey (i ®§)(F(k®i® J))

where 7(j) is the corresponding natural transformation. Since o is a natural
transformation, for any morphism m : ¢ — j in Z, the following diagram com-
mutes:

(PR o (i) —— s (i) (F(k @ 1))

l (id)ar(m) l ay(m)(id @ m)

o(d)

(f(k))ew(j) ————— () (f(k D))

The map oy(m)(id @ m) factors through ay(j)(f(k @ 1)), due to Definition 5.1.3.
These commuting diagrams will be essential elements of the theories we will build

in the next chapter.

5.2.1 Opposite actions on categories

Let F': A — B be a functor. There is an induced functor F°P : A°° — B°P on
opposite categories defined as F°P(a) = F'(a) for any object a in A and for any
morphism f :a — b, F°P(f) is

F(f)™ : F(b) — F(a).
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This functor is called the opposite functor.

Now we will define two other actions which can be assigned to an actions of a
monoidal category. These actions will be called opposite actions. Let o = (oy, o)

be an Z-action on a category A. Then

e We define a new Z° action a = (&, d,) on A as follows: for x € {l,r},
for an object ¢ in Z°P, and for m : i — j a morphism in Z we have &, (i) =

a,(7)°P and the natural transformation
Az (m®) (7)™ — (1)
is defined for every object a in A, as

az(m)(a)™ : ax(j)(a) — au(i)(a)
in A°P.

e Assume that «,(m) is a natural isomorphism for all z € {l,r} and for all
m : 4 — j morphism in /. Then we can define a new Z°P action a = (@, @,)
on A as follows: for x € {l,r}, for an object ¢ in Z°°, and for m : i — j a

morphism in Z we have @,(i) = «,(i) and the natural transformation

(M) () — au(i)
is defined for every object a in A, as
az(m)(a)™" : ax(j)(a) — au(i)(a)
in A.
These two actions are usually different than reverse actions. Observe that the lat-

ter is not always defined. We will use these actions in the definitions (co)homology

theories and (co)homotopy theories.

29



Chapter 6

(Co)homology and (co)homotopy
theories graded over monoidal

categories

One can consider (co)homology and (co)homotopy theories as measurement tools
that can be used to decide how far a map is from being a weak equivalence. The
general idea of measurement is ‘assigning an object with well-known properties
to one with relatively not well-known properties’. For example, abelian groups
are well-known algebraic objects whose properties and classification is easy. On
the other hand topological spaces are relatively harder to understand. Hence, one
universally assign an abelian group to a space which is invariant under certain
properties, such as homotopy equivalence. As doing so, we get a nice measurement

tool for measuring homotopical properties of spaces.

Before defining (co)homology and (co)homotopy theories, we first define the
categories of (co)homology and (co)homotopy functors. Our purpose is to define
these functors as general as possible. Thus, these functors will be defined on a
homotopical category M whose properties are to be understood and will assign
objects of M to another homotopical category S, whose objects are structurally

better understood up to weak equivalence.

60



6.1 (Co)homology functors and (co)homotopy

functors

Let M and S be two categories with weak equivalences and a zero object

1. A functor from M to § will be called a homology functor if it sends weak
equivalences to weak equivalences, cofiber sequences in M to exact se-
quences in S, and coproducts in M to coproducts in §. The full sub-
category of [M,S] with objects the homology functors from M to S will
be denoted by hml(M, S).

2. A functor from M°P to § will be called a cohomology functor if it sends
weak equivalences to weak equivalences, cofiber sequences in M to exact
sequences in S, and coproducts in M to products in §. The full subcategory
of [M°P S| with objects the cohomology functors from M° to S will be
denoted by cohml(M,S).

3. A functor from M to § will be called a homotopy functor if it sends
weak equivalences to weak equivalences, fiber sequences in M to exact
sequences in S, and products in M to products in S. The full subcategory
of [M, S] with objects the homotopy functors from M to S will be denoted
by hty(M,S).

4. A functor from M° to S will be called a cohomotopy functor if it sends
weak equivalences to weak equivalences, fiber sequences in M to exact
sequences in S, and products in M to products in S. The full subcategory
of [M°P S] with objects the cohomotopy functors from M to S will be
denoted by cohty(M,S).

The usual definitions of (co)-homology and (co)-homotopy functors (see [9],
[18], [19], [20]) are particular cases of these definitions except few cases of co-
homotopy groups. For example, take M as the category of pointed topological

spaces and S as the category of abelian groups then singular homology H,, and
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cohomology H™ functors are respectively homology and cohomology functors for
all n > 0. Take M as the category of pointed topological spaces and S as the
category of groups then m, is a homotopy functor for all n = 1. The cohomotopy
groups which take a pointed topological space (X, *) and gives out the set of
homotopy classes of maps [(X, *), (S™, )] is not a cohomotopy functor but the

usual definition of cohomotopy groups for spectra is a cohomotopy functor.

6.2 (Co)homology theories and (co)homotopy

theories

Let Z be a symmetric monoidal category and M be a category with weak equiv-
alences. Let 1 denote the trivial action on M. An action ¥ = (1, ;) of Z on
M is called suspension action if for each i object in Z, = € {l, r} the functor 3, (7)
preserves weak equivalences and homotopy colimits. An action 2 = (£, 1) of
Z on M is called looping action if for each ¢ object in Z, x € {l,r} the functor

2,.(7) preserves weak equivalences and homotopy limits.

Let M and S be two pointed homotopical categories. Let ¥ be a suspension
action of Z on M°P, Q be a looping action of Z on M, and s = (1g, 1s) be the
trivial action on S. Now we define (co)homology and (co)homotopy theories as

follows:

1. Suppose that 5 can be defined. The Z°P-action [, 5] on [M, S] induces an
Z°P-action on hml(M,S). Then the category of homology theories graded

over 7 is defined as
HMLz(M,S) = Map¥e, (Z°, hml(M, S))

namely the category having the reverse action of Z°° on hml(M,S). Here
we say that a homology theory is an object in the category of homology

theories.
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2. The Z-action [3, s] on [M°P,S] induces a Z-action on cohml(M,S). Then

the category of cohomology theories graded over 7 is defined as
COHMLz(M,S) = Map¥ (Z, cohml(M, S))

namely the category having the reverse action of Z on cohml(M,S). Here
we say that a cohomology theory is an object in the category of cohomology

theories.

3. The Z-action [€2, s] on [M, S] induces an Z-action on hty(M, S). Then the

category of homotopy theories graded over Z is defined as
HTY7(M,S) = Mapy (Z,hty(M,S))

namely the category having the reverse action of Z on hty(M,S). Here
we say that a homotopy theory is an object in the category of homotopy

theories.

4. Suppose that 5 can be defined. The Z°P-action [}, 5] on [M°P, S] induces
an Z°P-action on cohty(M,S). Then the category of cohomotopy theories
graded over Z is defined as

COHTYZ(M,S) = Map¥., (I, cohty(M, S))

namely the category having the reverse action of Z°P on cohty(M, S). Here
we say that a cohomotopy theory is an object in the category of cohomotopy

theories.

Note that 5 can be defined if we choose Z as the core of a monoidal category.

The collection of all functors M — M which preserve weak equivalences and
homotopy colimits form a monoidal category by composition as the monoid op-
eration. Let M* denote this monoidal category. Then the (co)homology theories
could be graded on a monoidal subcategory of this monoidal category. Similarly
the collection of all functors M — M which preserve weak equivalences and ho-
motopy limits form a monoidal category and denote this monoidal category by
M. Then the (co)homotopy theories could be graded on a monoidal subcategory

of this monoidal category.
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6.3 Lifting Problem, Representability and Spec-

tra

Let Z be a symmetric monoidal category and M, S be two categories with weak
equivalences. Assume both categories M and S have a zero object. Let s be the
trivial Z-action on §. Let ¥ be a suspension action of Z on M and €2 be a
loop action of Z on M. Let T" be another category with weak equivalences with
a Z-action ¢ such that t(v) preserves weak equivalences for every v object in Z.

Assume that there exist a Z-equivariant functor
m:7T —S.

The functor m induces the following functors:

1. Considering the Z°P-actions i, 5, and £t on M, S, and T respectively, mor

induces a Z°P-equivariant functor
Rimi + [Mg, T7] — [Ms;, Ss].

2. Considering the Z-actions ¥, s, and t on M°P S, and T respectively, mor

induces a Z-equivariant functor
1%Chm : [M;jpa,-rt] - [M%pags]'

3. Considering the Z-actions €2, s, and t on M, S, and T respectively, mor

induces a Z-equivariant functor
Rhty . [Mﬂuﬂ] - [MQ,SS]

4. Considering the Z°P-actions 62, 5, and t on M°P, S, and T respectively, mor

induces a Z°P-equivariant functor

Rcht . [M%p, Tf] d [M%p, Sg]

In part (1) and (4) above, we further require that s and ¢ can be defined.
Given mor as above, one can state a lifting problem from (co)homology and
(co)homotopy functors with values in S to (co)homology and (co)homotopy func-

tors with values in T' by using respectively defined functors R..
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6.3.1 Representation of (Co)homology and (Co)homotopy

Theories

Let Z be a symmetric monoidal category, M, S be two categories, ¥ be a sus-
pension Z-action on M°P ) be a looping Z-action on M, and s be the trivial
Z-action on § as in the previous section. In part (1) and (4) below, we further
assume that 3, Q and 5 can be defined. Suppose that we are given a Z-equivariant

functor

mor : MP? x M —- S

where the Z-action on M x M is ¥ x €. Then the equivariance of mor(—, —)

implies that for all x and y objects in M, we have the isomorphism

mor((z)%,(v), y) = mor(z, 4(v)(y))

in S. Observe that in the case when mor is the internal-hom and M is S-enriched
(with the assumption that S is symmetric monoidal), we have 3, (v) and §;(v)

are adjoint pairs.

We define representability of (co)homology and (co)homotopy theories as par-
ticular instances of lifting problems, by taking T" as M x M, t as ¥ x {2, and m
as mor. In this section, we use the notation C, for any category C with an action

Q.

1. The functor Ry, induces a functor
Mapie, (I, [Ms, MZ x Mg]) — Mapye, (I, [Ms, S]).
We also have the following functor:
Maplfi, (I, ME) x Mapro, (Mg, Mg) — Mapie, (Z%, [Mg, ME x Mg])
which sends (E, F') to h, where
h(v)(z) = (E(v), F(x))

for v an object in Z°? and z an object in M. We say a homology theory in

HMLz(M, S) is representable if it isomorphic to an object in the image of
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the composition of the above functors. Given such a mor if h is representable

with respect to mor, then we have

h(v)(z) = mor(E(v), F(z)).

. The functor Ry, induces a functor
Mapy (I, [MF, M x Mal) > Mapy (I, [MSF, S]).
We also have the following functor:
Mapy (M, MY) x Mapy (T, Mq) — Mapy (T, [MP, M x Mq])

which sends (F, E) to h, where

for ¢ an object in Z° and x an object in M. We say a cohomology theory
in COHMLz(M,S) is representable if it isomorphic to an object in the
image of the composition of the above functors. Given such a mor if h is

representable with respect to mor, then we have

h(v)(x) = mor(F(x), E(v)).

. The functor Ry, induces a functor
Mapy (I, [Ma, M x Mq]) — Mapy (Z,[Ma, S)).
We also have the following functor:
Mapy (Z, M) x Mapy (Ma, Ma) — Mapy (T, [Ma, M x Mq)

which sends (E, F) to m, where

for v an object in Z°° and x an object in M. We say a homotopy theory in
HTY7(M,S) is representable if it isomorphic to an object in the image of
the composition of the above functors. Given such a mor if 7 is representable

with respect to mor, then we have
m(v)(x) = mor(E(v), F(x)).
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4. The functor Ry induces a functor
Map¥, (7, (M MT x Mg]) — Map¥, (Z°P, [MZ,S]).
We also have the following functor:
Mt (M2 M) < Maptl (7, Mg) — Mapll (I, M, M M)

which sends (F, E) to h, where

for v an object in Z° and x an object in M. We say a cohomotopy theory
in COHTYz(M,S) is representable if it isomorphic to an object in the
image of the composition of the above functors. Given such a mor if 7 is

representable with respect to mor, then we have

7(v)(x) = mor(E(v), F(x)).

It is natural to define an Q-spectrum as an object in Map¥ (Z, Mgq). Weak

equivalences are defined object-wise.

Following [6] Chapter XII, we simply say spectra for the objects of
Mapz(Z, Mg). Note that an object in Mapz(Z, Mq) consist of objects f(v)

in M together with natural isomorphisms

o(w) : f(v) = Q(w)(f(w @ v)).

6.4 Relation to stabilization and Picard grading

Let (M, A, 1) be a pointed homotopical, closed symmetric monoidal category.
Let Z be a monoidal subcategory of M and Q = (€, 1) be a looping action of
Z on M given by (v)(x) = M(v,x) for v object in Z and x object in M. Let
T be the reverse action of €2, which is defined on Mapz(Z, Mg), see Section 5.2.
For an object (E, o) in Mapz(Z, Mgq) the right action is given by

(BT (v)(w) = E(v A w),
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and the left action of T is trivial. Since we have

f(w) = Q()(f(v A w)) = M(v, fw A wv)),

we can consider the action 2 as an action on Mapz(Z, Mq). In fact, we can

define ;(v)(E) : T — M by the identity

Q(0)(E)(w) = Y(v)(E(w)).

By the equivariance of E, we get

Qi) ((E)Tr(2)(5) = u(i)(E( A j)) = E())

and
(@) (ENYA(E) () = U@ (B A ) = E().
As a result, we get that the action T induces an auto-equivalence on the homotopy

category of Mapz(Z, Mgq).

An object v in a symmetric monoidal category C is invertible if there is an
object w with an isomorphism v A w — s. The inverse of an object v is given by
the dual Dv = M(v,s), see [21]. The Picard category Pic(C) of C, see [21], [22]
or [23], is defined as the full-subcategory of invertible objects in C. If M, is as

above, we have the following theorem:

Theorem 6.4.1. The evaluation functor
E: MCLPZ(I>MQ) — Mg
induces an equivalence on the homotopy categories if and only if L is a subcategory
of Pic(HoM).
Proof. Assume first Z is a subcategory of Pic(HoM). Define a functor
b Mg — Mapzr(Z, Mgq)
by ®(z)(v) = M(Dv,z) where Dv = M(v, s) is the dual of v. Since

M((w, M(D(v A w),x)) = M(w A D(w Av),x) = M(Dv,x),
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® is well defined. Then we have
€0 B(x) = D(x)(s) = M(s,7) = a,

i.e. £0® is weak equivalent to identity in the homotopy category. For f : Z — M,

we have

® o E(f)(v) = ®(f(s))(v) = Q(Dv)(f(s)) = Q(Dv)(Q(v) f(v)) = f(v).

Hence we get € induces an equivalence of categories HoMapz(Z, Mg) and HoM.

Conversely assume & induces an equivalence on homotopy categories. Then

for v an object in Z we have

M(v, fs(v)) = Qv)(fs(v)) = fo(s) = s

and

M(v, fs(v)) = M(v, M(Dwv,s)) =~ M(v A Dv,s) = D(v A Dv).

As a result we get that v A Dv is weak equivalent to s. Hence 7 is a subcategory
of Pic(HoM). O

6.5 Examples of theories graded over monoidal

categories

Recall that, if M is a category with weak equivalences and a point, a sequence

of morphisms
A B C

in M is called a cofiber sequence if the diagram

i

i

_
_



is a homotopy push-out. Assume that pushouts always exist in M. When we
have such a diagram, we can form the following one

i

b

where both squares are homotopy pushout diagrams. This make D weak equiva-
lent to X A, since the bigger square is also a homotopy pushout. Hence, if we have
an object s in Z such that X(s)(X) is weak equivalent to the homotopy pushout

of the two unique diagram of maps

% —— X —> %

in M, then the homology and cohomology functors gives us long exact sequences,
where the suspension isomorphisms are given by the reverse action. Hence we

have the following proposition:

Proposition 6.5.1. If h is a homology (resp. cohomology) theory satisfying the
Filenberg-Steenrod homology (resp. cohomology) axioms, then h is an element
in the category of homology (resp. cohomology) theories defined in Section 6.2
provided that M = Top, with weak equivalences as usual weak equivalences, S =
Ab and ¥ = (1,X) to be the usual reduced suspension functor. The converse is

also true.

Proof. This follows from the fact that given a pointed space X in Top,, the usual

reduced suspension XX fits into the following homotopy pushout diagram

X ———=

|

3 X

Hence for a homology or cohomology theory h, it follows from the reverse action
that we have an isomorphism

a(1) : h(n)(X) - h(n®1)(X A SH).
The converse is also evident from above. O
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6.5.1 Bigraded (co)homology theories

Let Z be the monoidal category with object set is Z x Z and morphisms are
only identity morphisms. Assume X is a suspension action on a homotopical
category M. Let Ab be an abelian category. Then the cohomology theories in
COHMLz(M, Ab) are bigraded theories. For any integer i, j, and any object in
COHMLz(M, Ab) we have the diagram

o(1,0)

hid (X) R (5(1,0)X)

o(l,l)l Jh(id@a)(id)
. . h(1,0)(id A S* o
hl+1,]+1(2(171)X) (1, 0)( ) hl+2,]+1<2(2’1)X)

which commutes for any object X in M where
o(i,7) : h(x =) (X) = h(x+ 4, + j)(2(z,7)X)

is a natural isomorphism for every integer ¢, 7. This is due to the construction of
COHMLz(M, Ab), see also Section 5.2.0.1. This means the suspension coherence
condition is satisfied. Hence, these theories corresponds to the bigraded theories
given in [24], section 3.4. A particular example is Motivic cohomology theory, see
[24] and [25].

6.5.2 RO(G)-graded cohomology theories

In this section we show that the definition of RO(G)-graded cohomology theories
(see Definition 1.1 in [6], Ch. 13, Sec. 1) is a particular case of the definition
we have in the previous section once categories Z, M, § and actions X, €2, s
are selected in the right way. Let G be a group and U be G-universe which
means U is a countable direct sum of G-representations such that U contains
the trivial representation and contains each of its sub-representations infinitely
many often. Let Z = RO(G; U) be the monoidal category whose objects are the
G-representations embeddable in U and whose morphisms are G-linear isometric

isomorphisms and monoidal product is direct sum. Let M denote the category of
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pointed G-spaces and G-maps where we take all spaces to be compactly generated
and weakly Hausdorff. In M we will consider weak equivalences as homotopy
weak equivalences. Let & be the category of abelian groups. In & the weak
equivalences will be group isomorphisms. Notice both categories M and S have
a zero object. Let s be the trivial Z-action on S. Given V an object in Z°P, SV

will denote the one point compactification of V. We define
S(VI(X)=8SY A X

and
(X)), (V) =X A SY

for V' an object in Z and X and object in M. Let ¥ be the Z-action (1,3,) on
M. Let
Q(V)(X) = M(SY, X)

considered with the compact open topology. Let €2 be the Z-action (£2;,1) on M.
Note that the functor ¥, (V') preserves weak equivalences and homotopy colimits
for each V' object in Z and €;(V') preserves weak equivalences and homotopy
limits for each V' object in Z, see [8]. Hence ¥ is a suspension action and 2 is a

loop action.

The Z-action [3,s] on [M° S] induces an Z-action on cohml(M,S). Take
(h, o) a cohomology theory graded over Z which is an object in the reverse action
of Z on cohml(M, S). Then we can consider h as a functor from Z x M°P to S;
in fact it factors through the homotopy category of its domain. For each object

W of Z we have an isomorphism
oc(W): h(V)(X) = hW(VOW)X A SY)

such that the following holds:

1. For each representation V', the functor h(V') from M°®P to S, sends cofiber
sequences in M to exact sequences in S and wedge products in M to direct

products in S.
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2. If a: W — W' is a morphism in Z. Then we have a commutative diagram

as follows:

h(V)(X) h(V @ W)(X A SW)

U(W’)l lh(id@a)(id)

VW )(id A S*)
WV @ WX A sV CEE I v (X A SW)

because o is natural transformation, combined with the fact that h(i) is

contravariant for every object 7 in Z, see also Section 5.2.0.1.

3. 0(0) = id and for each pair of representations (W, Z) we have a commutative

diagram as follows:

X) " v @ W) (X A SW)

a<w<% %

(VAW ®Z)(X A SVOZ)

because ¢ is compatible with the monoidal structure.

Converse is clear from above. Observe that this is just the list of axioms that
defines the RO(G, U)-graded cohomology theories, as given in Definition 1.1 in
[6], Ch. 13, Sec. 1.
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Chapter 7

Spectral sequences

Generally speaking a spectral is the process of analyzing an object by first filtering
it into pieces and reconstructing it with the information of each piece. In this
chapter we give construction of spectral sequences for the homology, cohomology,
homotopy and cohomotopy theories defined in the previous chapter. In Section
7.2.1, we use similar techniques for the constructions of ‘spectral sequences for

stable co-categories’ given in [26].

However, we will obtain spectral sequences for theories defined in the previous
chapter and for ordinary homotopical categories. Moreover, our general construc-
tion does not require to have a homology or cohomology theory, but a class of
functor satisfying some conditions. It is also not necessary that these functor
take values in an abelian category but a category that has kernels and cokernels,

satisfying some mild assumptions.

With these constructions one would be able to construct most of the classical
spectral sequences as special cases of these spectral sequences. In addition, this
will allow us to construct generalized versions of the classical spectral sequences
for the homology, cohomology, homotopy and cohomotopy theories graded over

several monoidal categories.
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7.1 Kernel-Image-Cokernel factorizations

To define spectral sequences we need some extra conditions on the category that
the homology, cohomology, homotopy and cohomotopy theories take values. In
particular, we will require to have ”Kernel-Image-Cokernel factorization” of any
morphism in this category, so that we can talk about homology of a sequence of

morphism in this category.

Let [n] denote the poset {0 — 1 — ... — n} and let A be a category with weak
equivalences. Let us denote the functor category [[n], A] by A", Then A is a

category with weak equivalence where weak equivalences defined object wise.

Definition 7.1.1. A functor I' : AN — Al will be called a kernel-image-
cokernel factorization if it preserve weak equivalences and for every morphism
f:A— Bin A considered as an object in AM we have I'(f) in the following

form

K(f) k(f) A m(f) 1(f) i(f) B (f) C(f).
such that f = i(f)om(f).

Remark 6. In abelian categories we always have a kernel-image-cokernel factor-

1zation.

Let A be a category with a kernel-image-cokernel factorization I.

Definition 7.1.2. Given a sequence of morphisms in .4

a71-%—2 an+1 A 0" an—l
n

. App Ay — ...

we define the n'" homology with respect to I' of this sequence as follows:

Hy(As) = I(c(Ony1) 0 k(0n))

Observe that if A is the category of abelian groups and the sequence A, is a

chain complex in A then
I(c(Ony1) 0 k(0p)) = im(ker(0,) — A, — An/im(0ns1)) = Hu(Ay).
Hence in the usual sense this definition is the homology of a chain complex.
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7.2 (Co)homology spectral sequences

In this section we will introduce (Co)homology spectral sequences. The construc-

tion will be given in most general sense

7.2.1 Construction of the spectral sequence

The techniques of this construction is influenced by Definition 1.2.2.2 of [26]. Let
M be a homotopical category with a terminal object . Let hoM denote the
homotopy category of M. Assume that homotopy colimits of diagrams in M can
be defined functorially. Recall that the suspension object associated to a given

X an object in M is obtained as the homotopy pushout
— XX

R

Suppose that we are given a sequence of morphisms in M as follows:

LT X_Q X_1 X(] X1 X2

For each ¢,j in Z we define X;; =  and if ¢ < j we recursively define X;,,; by

the following homotopy pushout diagram:

Xj,i - XjJrl,z'

! |

Xj - Xj+1

Notice that for each 7, j in Z there is a morphism X;;; ; — X1 ;41 unique under

76



the projection to hoM. We obtain the following diagram

* _—
* _— X21 -
. — X509 —— Xo9 ——

R

.—>X_1—> XO —_— X1 —_— X2 — > ...

so that each square is a homotopy pushout. For 4,7, k,l in Z, if 1 < 5,k < [
then the morphism from X,; to Xj; in the above diagram will be denoted by
f(J,4,1,k). Let i < j <k and let us denote the morphism from Xj ; to ¥X;; in
the homotopy pushout diagram

* — Xy Ji

| T W

Xji — Xpg —— =

by d(k, j,i). We have the following lemma, which is influence by remark 1.2.2.3
of [26]:

Lemma 7.2.1. Ifi < j < k < then Xd(k,j,i) od(l, k,j) factors through =.

Proof. In the homotopy category the composition Xd(k, j, i) o d(l, k, j) is equiva-

lent to the composition ho go f oe in the below diagram where all rectangles are
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homotopy pushouts.
* —_— EEXJ'J

* Lk — EXk,i _— EXk,j

* Xk,j Xl] > ZX]l E— *
X]z sz Xl,i - *

A morphism ¢ in MM can be considered as a commutative diagram in M

B —=25> D

[

A—>C
Let A be a category with a kernel-image-cokernel factorization I' as in definition
7.1.1. Let
H = {hy, : MY — A},o7

be a family of functors with a family of natural isomorphisms
{Un . hn - hn+1 o 2*}n€Z~

Axiom 7.2.1. The following conditions holds for the family H

1. h,, preserves weak equivalences for all n

2. For every morphism ¢ in M[! given by the commutative diagram in M as

above, we have



3. If the morphism ¢ fits in a diagram

. X
7 B = D

A = C Zy
X #

where the three rectangles are homotopy pushouts, then the kernel-image-
cokernel decomposition of the image of this morphism under h,, is naturally

isomorphic to the following sequence:

B B D D Y X
G U S N et R e R e O
X A A C C

for all n.

If these conditions holds for the family H then we define a spectral sequence

as follows:

Theorem 7.2.2. There is a ((co)homology) spectral sequence with

Xp+r—1,p—1
Epq = hpiq [
X

p,p—r

and the differential d, : £}, — E} . .. 1s the map induced by the morphism in

MU given by

d(p—r+1,p—1,p—r—1)

Xp+r71,p71 Zprl,prfl
d(p,p—r,p—2r)
Xp,p—r ZXp—np—%“
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Proof. We have that differential d, leaving E;  is induced by

Yd(p—r+1,p—1,p—r—1)

E‘erJrrfl,pfl EZ:)(pfl,pfrfl
EXpm_r Sd(p,p—r,p—2r) Esz_r7p_2r

on hyyqp1 On the other hand the differential entering E is induced by the

morphism in M

d(p+1,p+r—1,p—1)

Xp+2r71,p+r71 EXp+r71,p—1

! T

X d(p+T,p,p—T) EXp

ptT.P

p—r

on hyyq+1. Hence, by lemma 7.2.1 the composition of these morphisms € o €
factors through the zero object *, i.e. the composition is null-homotopic. Since
the functors h,, are weak equivalence preserving functors then the composition

d, o d, is zero map in A. Consider the following diagram

* - p+2r—lp+r Z:)(p-&-r,p—r - EAva-&-r,p—l
f g
Xpirpir—1 — Xpior—1pir—1 — EXppr1pr — LXpir1p1
X SN 4, ¥X — s ¥X
p+7,p p+2r—1,p p,p—T pp—1
Xptrp-1 — prar—1p-1 — XXpyipy —— *

where all squares are homotopy pushouts. The differential entering £, , is given

by a map
Xp+2r71,p+r71 EAXYerrfl,pfl
dr : hpigra X = hpig1 I
Xp+7‘7p ZXp»p*T

induced by the compositions go f and go f. On the other hand from the following
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diagram

* e EEXp—r,p—r—l —— EZXP—LP—T—l EE—— Zsz,p—r—l

EZAXVp—T+1,p—2r - ZEXP—T,])—QT’ - ZZAXVp—l,p—Zr - Z12)(17,;1)—2r
h €
Z)(p-i-r—l,p—r—l - EXp-i-T—l,p—T - Z)(p-‘rr—l,p—l - E)(p-‘rr—l,p

e

Y2Xppr1 — 2 Xpp—r - 2 Xpp-1 - *

where again all squares are homotopy pushouts, it can be seen that the differential

leaving F), , is given by a map

E)(p-l-r—l,p—l ZE-)(p—l,p—r—l
dr: hyygin T = hpyg1 I
)3} SY X, rpor

induced by the compositions h o e and h o . Hence, Axiom 7.2.1 part 3 implies
that the homology of this sequence is given by I(c(d,) o k(d,)). The composition
c(d,) o k(d,) is equal to

EXZH—T—I,p—l EX]H—T—I,p—l EXp—&-r,p—l
k(dT) C(d’r)
hp+q+1 I - hp+q+1 I - hp+q+1 W
ZXp,p—T—l Evap—r EXp,p—T

which is equivalent to

Z)(17-"-7‘—1,;7—1 EX}H—T,p—l
hp+q+1 I - hp+q+1 ]
ZXp,p—T—l ZXPJ?—T

Hence the image I(c(d,) o k(d,)) is equal to

S Xyt Xpirpr
hp+q+1 [ = liptq I = E;:;l
2 X1 Xppri
by Axiom 7.2.1 part 2. O
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7.2.2 Convergence

Let M be a homotopical category such that it has all small homotopy colimits.
Recall that for every object X in M we have

# —— XX
X — =
Assume that each h,, in the family H satisfies
¥X

*

for all n positive integer and for every object X in M. Suppose that in the given

a sequence

A d X_2 X_1 XO Xl X2

and in M. Let X = hocolim, X,. We define the filtration of
X

|

X

induced by the above sequence as a sequence of object

X X
FPh, I ~ b, [
X X,

Assume we have X ~ = for every k < —1 in the above sequence. This implies

that X;; = » whenever j < —1.

Then whenever r > p we have

XP*LP*Tfl Xp—l,p—r—l
I _ _ —
p—ryqtr—1 hptq—1 I = Mpte—l T =0
prr,pf% *

82



whenever p + ¢ > 0. When r > p we have X, ,_, = X, since we it is defined as

homotopy pushout
Xp—r,p—r Xp,p—’/‘

T I

X,., — X

p=r p

Then by definition we have

Xptr—1p-1
E;,q = hpiq I
Xp
Let Y, = hocolim, Xp;,_1,-1, then
Yy
Epq = hpiq W
Xp
Since
¥ T Apypr—1p-1

T I

Xpg —— Xerrfl

p
is a pushout diagram, then the sequence

Xp—l - Xp—i—r—l - Xp—i—r—l,p—l
is a homotopy cofiber sequence. This gives rise to a homotopy cofiber sequence
Xp—1 — hocolim, Xy, ,,_1 — hocolim, X, ,_1 -1

which is equivalent to X,_; — X — Y,,. We have the following diagram

+ —— XX
. Y, £X,
Xp,1 X *
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such that every square is a pushout. Then in following the diagram

] Y,

2 X, X X

SX, 1 2X, — ¥X
Y, "

p

all three rectangles are pushouts. Hence we have

Y,

p
By = Py T = C(hp44(G))
Xp
where G is the morphism in MY given by
X — X

Xp1 — Xp

Hence we have
EF = C(FP  hyyqlidx) — FPhyo(idx))

Then the spectral sequence given above is convergent.

7.3 Spectral sequences for homology theories

graded over a monoidal category

In this section we give some examples of spectral sequences for homology and
cohomology theories given in section 6. Let M be a homotopical category with a

zero object =. Let A be an abelian category where isomorphism are considered as
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weak equivalences. Consider A with its own kernel-image-cokernel decomposition

which is given by

coker(f)

Ker(f) her(f) A coim(/) Im(f) im{f) B Coker(f)

where ker(f) coim(f), im(f) and coker(f) denote the kernel, coimage, image and
cokernel of f respectively. Let Z be a monoidal category and ¥ be an Z-action
on M which is a suspension action and s be an Z-action on A which is a both
suspension and loop action such that s can be defined. Suppose that there is an
object 1 in Z such that for every object X in M the right action 3,(1)(X) is
defined as the suspension object X of X and ¥;(1)(X) = X. We are going to
define a spectral sequence for a homology theory h in HMLz(M, A). Define a
family
H = {h, : MY — A},

such that for any object ¢ in Z and for any morphism f: A — B in M we have

B hivn(B)
hn [ =Im ) ]Bmf

where n is the object in Z obtained by n-fold sum of the object 1. The inverse

action of 3 on 1 give us another family of natural isomorphisms
{Un . hn - hn+1 o Z*}neZ‘

Our claim is that the family H satisfies the Axiom 7.2.1. Since h is a homol-
ogy theory Axiom 7.2.1 part 1 is satisfied automatically, since h; preserves weak
equivalences for every object 7 in Z. Suppose that € be a morphism in MU given

by a commutative diagram
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in M. Then for any object 7 in I, in the following commutative diagram

hi(B) hi(D)
Tim(ﬁz(g))
~ coim(h;(e)) im(hi(e)) ~
Im(hi(f)) ——— Im(e) ——— Im(hi(g))

the compositions
coim(hi(€)) o coim(h;(f)) and im(hi(g)) o im(hs(e))

are epimorphisms and monomorpshism respectively. Thus, by the uniqueness of
epi-mono factorization up to isomorphism in an abelian category, we have that

the image of the morphism

hi(e) : Im(hi(f)) — Tm(hi(g))
in A is equal to image of the composition h;(A) — h;(D) which implies Axiom
7.2.1 part 2 holds for the family 4. Now assume that the above commutative

diagram ¢ fits into the diagram

. X
A B = D
A = C Ly
X i
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such that each square is a homotopy pushout. From the diagram we obtain the

following diagram where the rows are exact sequences:

C2 z(B) C3
() —— Ru(Z) 3 hupy 2 R
T T
hi(X) —— Ry(A) hi(Z) — hi(2X)
W) h

where cg, c1, ¢ and c3 are corresponding induced morphisms.

Lemma 7.3.1. [27] Given a diagram in an abelian category A

B -2 D

A— C

€2

1. if the diagram is a pullback and ey is an epimorphism then ey is an epimor-

phism

2. if the diagram is a pushout and my is an monomorphism then msy is an

monomorphism

We need the following technical lemma:

Lemma 7.3.2. Given a diagram in an abelian category A

M NY Z
%

X

such that the row s exact, then

ker(Im(czoci) — Im(czocaocey)) = Im(ca 0 0cp).
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Proof. From this diagram one can obtain the following diagram

0
SN
Im(cacicp) Im(cscacy)

62,1,0/ m2,1,0\‘ 63,2,1/ m3,2,1\‘

Im(cico) Im(cacq) Im(csco)

el/ ml\ 62/ mQ\ 63/ mg\

Im(co) Im(cy) Im(cs) Im(cs)

/m\/m\/?\/ .

obtained by the canonical epi-mono factorizations of each map (see [27]), that
all maps labeled as e_ are epimorphisms and that all maps labeled as m_ are

monomorphisms. Since the sequence

X c1co y c3c2 7

is exact, then we have Im(cicy) = Ker(csca), so that in the following portion of

the above diagram

Im(cico) —— Im(cacicp) —— 0

J J |

Im(c;) ——— Im(cac) —— Im(ezcacy)

the outer square is a pullback diagram. We want to show the right hand side

square is also a pullback so that Im(cacicg) is the kernel of the map
Im(cocy) — Im(cscacy)

in the above diagram. Assume that the following diagram

K 0

J J

Im(cac;) —— Im(cszeacy)
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is a pullback diagram. Then there is a unique map
K Im(cacicg) > K

so that the following diagram is commutative:

Im(cicg) —— Im(cacicp) " LK 0
| | |
Im(cy) Im(cacr) —— Im(ezcacr)

where both squares (that contain K as a vertex) are pullbacks. Since the maps
Mmoo Im(cacicy) — Im(cacy) and K — Im(cacy)
in the diagram are monomorphisms, so does k. We also have
eaq1: Im(cy) — Im(cacy)
is epimorphism. Since A is an abelian category, then the map
Im(cico) = K

in the diagram above is an epimorphism (see [27]); as both maps fits into a

pullback square as above. Since
62’170 . [m(clco) — Im(0261C0)

also an epimorphism, then we have  is an epimorphism, which implies it is an

isomorphism. O

Hence we have
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again obtained from the diagram so that the sequence
hi(A) 2 hi(Zg) 2 Bi(SX)

is exact, we obtain

hi(2X)
Coker(hi(c)) = Im ]
hi(C)
From part 2 of Axiom 7.2.1 we have
hi(D)
Im(hi(e)) = Im ]
hi(A)

Hence we have shown that Axiom 7.2.1, Part 3 also holds for the family H. Hence

if we are given a sequence of morphisms

. > X_Q X_1 X(] Xl X2

in M, we can construct an associated spectral sequence for the homology theory
h. In the case when X, = = for n < 0, then the spectral sequence converges.

More precisely, we have the following theorem:

Theorem 7.3.3. Let Z, M and A as above. For any homology theory h in
HMLz(M, A) and for every object i € L; there is a spectral sequence with

E;,q(i) = hitp+q(Xpp-1)
which converges to iLHerq(hocolz'man)
This theorem is an straightforward consequence of the definition of h,,’s as the

image of the homologies. There is also a cohomology version as well. This time

for any object ¢ in Z and for any morphism f: A — B in M we just define

B Bi+n(B)
h, X =Im ~ l}}”nf
A h”n(A)
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where h is a cohomology theory COHMLz(M, A). Reversing all arrows in the
above construction will give us the cohomology spectral sequence. This cohomol-

ogy spectral sequence will converge to
hitPH (hocolim, X,,),

as it is equal to the image of the identity map on h**?*4(hocolim,X,). In other

words we have the following theorem:

Theorem 7.3.4. For any cohomology theory COHMLz(M, A) and for every

object 1 € L; there is a spectral sequence with
E?q(i) = thJrq(Xp,p*l)

which converges to hit?*(hocolim, X,,)

7.4 Homotopy spectral sequences

The homotopy theories defined in Section 6.2 with objects in a category with the
inverse of a loop space action. For the spectral sequences for these homotopy the-
ories we will associate a loop space object in a category with a weak equivalences

and point. The definition of a loop space object is as follows:

Definition 7.4.1. For an object X in M we define the loop space object QX
from the the homotopy pullback square

QX —— =«
|
x — X

Then one can also define objects X;_;; in M as follows analogues to above
construction of the spectral sequences by using homotopy pullbacks. For each
integers 4, 7, define X, ; = * and X;_;; by the homotopy pullback diagrams

Xj-1 — X

| l

Xjri — Xji
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So that we obtain the following diagram

L T X,Q —_— X,l XO Xl —_— > ...
— X1 — X1 Xoa *
— X9 —— Xq9 —— =
— X 9 — *

If 7 < j < k then the morphism from QX to X, ; in the homotopy pullback

diagram
QXJ,k I XZJ I *

| J |

* - Zyk - ijk

will be denoted by §(i, j, k). Homotopy version of lemma 7.2.1 is as follows:

Lemma 7.4.1. Ifi < j <k < then §(i, j, k) o Q(j, k,1) factors through =.

Proof. As in the proof of 7.2.1 in the homotopy category the composition
d(k, j,1) o Q(l, k,j) is equivalent to the composition e o f o g o h in the below
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diagram where all rectangles are homotopy pullbacks.
QO X kil — *
h

QXi,k - QXz',l -  *

o — X —— X —— Xy

Let A be a category with a kernel-image-cokernel factorization I'. Let
H = {h, : M - A},
be a family of functors with a family of natural isomorphisms
{on : hy — hpy1 © Xy tnez.

Suppose that we are given a a morphism ¢ in MU as

B —— D

[

A—— C
Axiom 7.4.1. The following conditions holds for the family H

1. h, preserves weak equivalences for all n

2. For every morphism ¢ in M[! given by the commutative diagram in M as

above, we have



3. If the morphism ¢ fits in a diagram

QX Z7 Zs *
A Zs C Zs
Zs B Zy D
* 7 Zy X

where each square is a homotopy pullback square, then the kernel-image-

cokernel decomposition of h,(e) is naturally isomorphic to the following

sequence:
Ox A A C C
B J — hy, l — hy, l b, J  h, l
B B D D X

for all n.

Theorem 7.4.2. There is a ((co)homotopy) spectral sequence with
X

p=7p
Eypq = hpq J
Xp—1,ptr—1
and the differential d, : By, — E} . .. is the map induced by the morphism in
MU given by

é(p,p—r,p—2r)
Qprnp ’ Xpﬂwﬂ“

l |

S(p—r+1,p—1p—r—1)
Qprl,errfl prrfl,pfl

The proof is analogues to the proof of Theorem 7.2.2.

One can obtain dual spectral sequences for homotopy and cohomotopy theories
graded over symmetric monoidal categories, by using similar arguments that are
used in Section 7.3. These spectral sequences will compute homotopy and coho-

motopy groups graded over symmetric monoidal categories of homotopy limits of

cofiltered objects.
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