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ABSTRACT

PATTERN-AVOIDING PERMUTATIONS: THE CASE
OF LENGTH THREE, FOUR, AND FIVE

Zilan Akbag
M.S. in Mathematics
Advisor: Gokhan Yildirim
June 2023

A shorter permutation of length k is said to appear as a pattern in a longer per-
mutation of length n if the longer permutation has a subsequence of length £k that
is order isomorphic to the shorter one. Otherwise, the longer permutation avoids
the shorter one as a pattern. We use S,,(7) to denote the set of permutations of
length n that avoid pattern 7. Pattern avoidance induces an equivalence relation
on the pattern set Si. For p, 7 € Sy, we define the equivalence relation as follows:
p ~w 7 if and only if |S,(p)| = |Sn(7)| for all n > 1. The equivalence classes of
this relation are called Wilf classes. The main questions are determining the Wilf
classes of S and enumerating each class. We first study the Wilf classification
and enumeration of each class for S5 and S;. We then present some new numeri-
cal results regarding the Wilf classification of pairs of patterns of length five. We
define a Wilf class as small if it contains only one pair and big if it contains more
than one pair. We show that there are at least 968 small Wilf classes and at most
13 big Wilf classes.

Keywords: pattern avoiding permutations, generating functions, Catalan num-
bers, Fibonacci numbers, Dyck paths, trees.
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OZET

MOTIF ICERMEYEN PERMUTASYONLAR:
UZUNLUGU U(, DORT VE BES OLAN DURUMLAR

Zilan Akbas
Matematik, Yiiksek Lisans
Tez Danigmani: Gokhan Yildirim
Haziran 2023

Uzunlugu n olan bir permiitasyon, kendisinden daha kisa k& uzunlugundaki bir
permiitasyonla ayni goreceli siralamaya sahip bir altdizi iceriyorsa, bu permiita-
syonu motif olarak igerir. Aksi takdirde, bu permiitasyon bu motifi icermez.
Uzunlugu n olan permiitasyonlar kiimesi .5, ile, uzunlugu n olan ve 7 motifini
icermeyen permiitasyonlar kiimesi S,(7) ile gosterilir. Motif igermeme, motif
kiimesi Sy tizerinde bir denklik bagintis1 tanimlar. p,7 € Sy iken her n > 1
icin |S,(p)| = |Sn(7)| dogruysa p ve 7 ayn1 Wilf smifindadir denir ve p ~y 7
ile gosterilir. Bu denklik siniflarina Wilf siniflar1 denir. Baglica sorular Sj;'nin
Wilf siiflarmi belirlemek ve her smiftaki eleman sayisini bulmaktir. Oncelikle
S3 ve Syin Wilf simiflarinin belirlenmesine ve Wilf siniflarinin sayimina yone-
lik galigmalar1 inceliyoruz. Daha sonra, uzunlugu beg olan ikili motiflerin Wilf
siniflandirmasina iligkin baz yeni sayisal sonuclar sunuyoruz. KEger bir Wilf
sinifinda birden fazla motif ikilisi varsa buna biiyiik Wilf siifi, sadece bir tane
motif ikilisi varsa kiigiik Wilf sinifi denir. Uzunlugu beg olan ikili motifler i¢in en
az 968 kiiciik Wilf sinifi ve en fazla 13 biiyiik Wilf sinifi oldugunu gosteriyoruz.

Anahtar sozcikler: motif icermeyen permiitasyonlar, tiretici fonksiyonlar, Kata-
lan sayilar1, Fibonacci sayilar1, Dyck yollar1, agaclar.

v



Acknowledgement

I would like to express my sincere gratitude to the following individuals and

institutions who have contributed to the completion of this thesis:

First and foremost, I am deeply grateful to my advisor, Gokhan Yildirim, for
his invaluable guidance, expertise, and continuous support throughout the entire

research process.

Secondly, I would like to thank my thesis committee members, Elif Tan and

Alexandre Goncharov, for their time and feedback.

I would like to extend my heartfelt thanks to my friends Zeynep Giiven and Kutlu

Tunalioglu for their unwavering support and help for my numerical works.

I would also like to express my appreciation to my friends Melis, Liitfiye, and

Pejman for their constant encouragement, motivation, and invaluable discussions.

Lastly, I would like to extend my deepest gratitude to my beloved family: my
mother, father, and siblings. Their unconditional love and support for me have

constantly inspired me throughout this journey.

I would like to acknowledge that this thesis has been funded by TUBITAK
(The Scientific and Technological Research Council of Turkey) through Grant
No: 120F352.



Contents

1

2

Introduction

1.1 Permutations and patterns . . . . . . . .. ... ... ... ...
1.2 Wilf equivalence on Sy, . . . . . . .o
1.3 The growth rate of |S,(7)| forany 7€ S, . . . . ... ... ...
1.4  Wilf equivalence on the subsetsof S, . . . . .. . ... ... ...

1.4.1  Some results on (P, ~yw) o oo

Patterns of Length Three

2.1 Preliminaries . . . . . . . ...

2.2 Enumeration of S,,(132) . . ... ... o L oL

2.3 Three bijections . . . . ... ..o
2.3.1 A bijection between S,,(132) and S,(123) . . . . . . . . ..
2.3.2 A bijection between S,,(132) and Dyck paths . . . . . . ..

2.3.3 A bijection between 5,,(321) and Dyck paths . . . . . . ..

vi

10

14



CONTENTS vii

2.3.4  Overview of the bijections . . . . . .. ... ... ... .. 42

2.4 Subsetsof S35 . . ... 43
241 Wilfclassesof Py ={T C S5 ||T|=2} .......... 43

242 Wilfclasses of P ={T C S5 | |T|=3}. ... ... .... 48

2.4.3 Wilfclasses of P2 ={T C S5 | |[T|=m>4} ... .... 53

3 Patterns of Length Four 59
3.1 Wilf classes of (Sy,~w) « o o o o oo 59
3.1.1 Shape-Wilf equivalence and its implications on (Sy, ~w) . 60

3.2 Enumeration of |S,(1342)] . . . . . .. ... L 65
3.2.1 Preliminaries . . . . . . ... ... Lo 66

3.2.2  Bijection between D,,(1342) and 3,(0,1)-trees . . . . . .. 72

4 Stanley-Wilf Conjecture 92
4.1 Preliminaries . . . . . . .. ..o 92
4.2  Firedi-Hajnal conjecture . . . . . . . . . . ... ... L. 94
4.3 Proof of Stanley-Wilf conjecture . . . . . . .. ... ... ... .. 97

A Combinatorics background 99
A.1 Generalized binomial theorem . . . . . . . ... ... ... .... 99

A.2 Catalan numbers . . . . . . .. 101



CONTENTS viii

A3 Dyckpaths . . ... .. . 104
A4 Functions and sets . . . . . . . . 110

A5 Notations . . . . . . . 111



Chapter 1

Introduction

1.1 Permutations and patterns

A permutation of length n is a one-to-one and onto function from the set [n| =
{1,2,3,...,n} to itself.

Let o : [n] — [n] be a permutation. We can represent permutations in two-line

0'1 0'2 ... O-'Z/ ... O'n

We usually omit the first row and denote the permutation as ¢ = 0109 ...0,. We

notation:

can see that o; is the image of ¢ under ¢ where 1 < i <n.

We denote the set of all length n permutations with S,,. For example, S; = {1},
Sy = {12,21}, S3 = {123,132,213,231, 312, 321}.

A pattern is simply a permutation in S,. Let 7 € S, and o € S,,. We say that

o contains 7 as a pattern if a subsequence o;,04, ...0;, of length k in o has the

k

same relative order as the pattern 7. That is,



o, <0, if and only if 7, < 7

forall 1 <a,b<k.

For example, let’s look at 0 = 1763452 € S;. We see that it contains the pattern
123 by the subsequence 134: 1763452 or the subsequence 345: 1763452.

If 0 does not contain 7, we say that o avoids the pattern 7. In the pre-
vious example, o avoids the pattern 213. We use S,(7) to denote the
set of all length n permutations that avoid 7. For example S54(132) =
{1234, 2134, 2314, 2341, 3124, 3241, 3214, 3412, 3421, 4123, 4231, 4213, 4312, 4321}.

We can use the plot of the permutations to visualize them, which helps us to
understand the structures of pattern-restricted permutations. We put a node
at every (i,0;) on the xy—plane to graphically represent a permutation o. We
have generated the following plots using the Markov Chain Monte Carlo method
developed by Liu and Madras [1].
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One of the fundamental research questions is to enumerate S, (7) for any given
pattern 7 € Si. In the following chapters, we will see that it is crucial to under-

stand the structures of permutations in S, (7) to enumerate them.

1.2 Wilf equivalence on 5},

Pattern avoidance induces an equivalence relation on Si. Let p,7 € S,

p ~w 7 if and only if |S,(p)| = |S.(7)| for all n > 1.

We say that p and 7 are in the same Wilf class if p ~y 7. There are two main

questions:

e How many Wilf classes does (S, ~y) have?

e For a pattern 7, how can we enumerate S, (7) for all n > 17

For (S2, ~w ), the answer is trivial because there is only one permutation of length
n that avoids 12, which is the permutation n(n—1) ---21. Therefore |S,(12)] =1
for all n > 1. Similarly, we have |S,(21)| = 1 for all n > 1. Therefore there is

only one Wilf class for this case.



For the case (S, ~w) with k& > 2, the answer is not as straightforward as in the
case of k = 2. We utilize trivial bijections as a helpful tool to determine the

number of Wilf classes in (Sk, ~w).

Trivial bijections can determine if certain patterns are in the same Wilf class, and

hence reduce the potential Wilf classes. Let 0 = 0105...0, € 5,,.

e The complement of o is 0¢ = 0§05 ... 0 where 0f =n+ 1 — o; for i € [n].
e The reverse of 0 is 0" = 0,,0,,—1 ... 0.

e The inverse of o is ¢’ = gicl ... 0! where of = [ if and only if o; = k.

Let 7 € Sk and 0 € §5,,. It follows from the bijections that

e o avoids 7 if and only if o avoids 7¢.
e o avoids 7 if and only if ¢ avoids 7".

e o avoids 7 if and only if o* avoids 7°.

These claims will be proven in the second chapter. Therefore, for all n > 1, we

have

[Sa(T)] = 1Su (%) = [Su(7")] = [Su(7")]

and

[Sn(T7) = 18a(7")] = 1Sn(m)| = |Su(7™)].

We can use these results to reduce the potential Wilf classes in (Sk, ~w ). How-
ever, the trivial bijections alone are insufficient to determine the exact number
of Wilf classes. Non-trivial bijections are necessary to show that two patterns
are in the same Wilf class. Nonetheless, establishing non-trivial bijections can be

highly challenging.

In the case of (S5, ~w), after applying trivial bijections, we observe that there
are potentially two Wilf classes because |5,(123)| = [5,(321)] and |5,(132)] =

4



|S,(213)] = 5,(312)| = |5,(231)| for all n > 1. In 1969, Knuth [2] demonstrated
that S,,(132) is enumerated by Catalan numbers. Rotem [3] showed that Catalan
numbers also enumerate S, (321). Hence there is only one Wilf class in

(S3, ~w). Simion and Schmidt [4] established a direct bijection between S,,(123)
and S,,(132). Further details and proof of these facts are presented in the second
chapter.

The case of (Sy, ~w) is more complex. When we apply trivial bijections, we are
left with seven potential Wilf classes: 1243, 1432, 1324, 2143, 2413, 1234, and
1342. Stankova [5] demonstrated that |S,,(1342)| = |S,,(2413)| for all n > 1.

Backelin, West, and Xin [6] presented non-trivial bijections implying that
|5, (1234)] = |S,(1243)] = |S,(2143)| = |S,(1432)| for all n > 1. Hence, the
number of potential Wilf classes reduces to three, represented by 1234, 1324, and

1342. West [7] provided numerical evidence for the following counts:

e |S,(1342)] is counted as 1, 2, 6, 23, 103, 512, 2740, 15485, ...
o |5,(1234)| is counted as 1, 2, 6, 23, 103, 513, 2761, 15767, . ..

o |5,(1324)| is counted as 1, 2, 6, 23, 103, 513, 2762, 15793, ...

Therefore there are exactly three Wilf classes in (Sg, ~w ). In 1990, Gessel [§]
proved that for all n > 1,

st S ()

k=0

In 1997, Bona [9] proved that for all n > 1,

n

L Tn? —3n—2 (20— n—it2
_ (_1\n1 _1)i—1loi+l
[Sn(1342)] = (=1) 5 +3;( N2 i!(i—2)!< 2 )

The enumeration of S, (1324) is still an important open problem in the field. In
2018, Conway et al. [10] found a recursive algorithm and calculated |S,,(1324)]

up to n = 50. The first twelve terms are as follows:

1,2,6,23,103,513,2.762, 15.793,94.776, 591.950, 3.824.112, 25.431.452, . . .

5



For (S5, ~w), there are 16 Wilf classes [11]. We also know the exact number of
elements in S,(7) up to n = 25 calculated by Clisby et al. [12]. For any 7 € Sj,
|Sy(7)| from n =1 ton =6is 1,2,6,24,119,694. The rest of the sequences are

as follows:

Representative pattern 7 | |S,(7)| from n =7 to n =13

25314 4578, 33184, 258757, 2136978, 18478134, 165857600, 1535336290
31524 4579, 33216, 259401, 2147525, 18632512, 167969934, 1563027614
35214 4579, 33218, 259483, 2149558, 18672277, 168648090, 1573625606
43251 4581, 33283, 260805, 2171393, 18994464, 173094540, 1632480259
34215 4581, 33285, 260886, 2173374, 19032746, 173741467, 1642533692
53124 4580, 33252, 260202, 2161837, 18858720, 171285237, 1609282391
32541 4581, 33284, 260847, 2172454, 19015582, 173461305, 1638327423
35124 4580, 33249, 260092, 2159381, 18815124, 170605392, 1599499163
31245 4581, 33286, 260927, 2174398, 19053058, 174094868, 1648198050
42351 4580, 33252, 260204, 2161930, 18861307, 171341565, 1610345257
42315 4581, 33287, 260967, 2175379, 19072271, 174426353, 1653484169
12345 4582, 33324, 261808, 2190688, 19318688, 178108704, 1705985883
35241 4580, 33254, 260285, 2163930, 18900534, 172016256, 1621031261
53241 4580, 33256, 260370, 2166120, 18945144, 172810050, 1633997788
53421 4582, 33325, 261853, 2191902, 19344408, 178582940, 1713999264
52341 4582, 33325, 261863, 2192390, 19358590, 178904675, 1720317763

We know the generating function only for |S,,(12345)| obtained by Bostan et al.
[13]. It is given by

1 2 10822
_7__717__
63 (1 —162)(1 + 2x)?

wn

F(z) =2(1 —162)75(1+22)75 - ,F

where o F(a, b, c, H) is the hypergeometric function.



1.3 The growth rate of |S,(7)| for any 7 € Sj

In 1980, Stanley and Wilf conjectured that for any pattern 7 € Sy, there exists a
constant ¢, such that
|Sp(7)| < 2 for all n > 1.

Arratia (1999) showed that this conjecture is equivalent to the existence of the
following limit [14],

gi(r) = lim 3/[5,(7)
This limit is called the growth rate or the Wilf constant of the pattern 7. Marcus
and Tardos [15] proved this conjecture in 2003. We will present their proof in the
fourth chapter.

We use the notation

a,, ~ by if and only if lim =2 —=1.
n— o0 bn

It follows from the singularity analysis of the generating functions that [16]

4n
Sp(132)| ~ —,
15(132) Vi
81v/3 - 9"
Sp(1234)| ~ ———,
[ ) 167n?
and
64 - 8™
|5, (1342)| ~ ——.
243\/mn?2

Therefore, gr(132) = 4, gr(1234) = 9, and gr(1342) = 8.

Even though an explicit formula for |S,,(1324)| is unknown, there are some results
on the growth rate of 1324. The best-known bounds are recently given by Bevan
et al. [17] as 10.271 < gr(1324) < 13.5.



1.4 Wilf equivalence on the subsets of S

For a set of patterns T', we set

Let P* = {T C Si | |T| = m}. For any Ty, T

relation

Ty ~w Ty if and only if |S,(71)] = |S,(Ts)| for all n > 1.

Su(T) = ) Su(7).

TeT

e Pk

m?

we define the equivalence

We know the number of Wilf classes of subsets of S; and their exact enumeration
due to Simion and Schmidt [4]. Let T € P3.

m | Number of subsets | Number of Wilf classes | Representative | |S,(7)]
1 6 1 132 Cn
123,132 on-1
2 15 3 123,321 0ifn>5
132,321 (5) +1
123,132,213 foin
3 20 3 123,132,231 n
123,132,321 | 0ifn>5
4 15 2 {123,321} c T | 0ifn >5
(123,321} ¢ T | 2if n > 2
5 6 2 Ss— {123} | 1ifn>3
Ss— {132} | 0ifn >4
6 1 1 Sn 0ifn>3

Note that ¢, is the n'" Catalan number and f, is the n'* Fibonacci number. All
of the work above will be discussed in the second chapter. There are extensive

results for the subsets of S;. We look at (P2, ~w).

8



For m = 2, we know the number of Wilf classes due to Kremer and Shiu (2003)
[18] and Le (2005) [19]. There are 38 Wilf classes, where every generating function

is known except one. See [20] for the complete list of generating functions.

For m = 3, there are 242 Wilf classes. A series of papers by Mansour, Callan, and
Shattuck (2017-2019) completed the enumeration of those Wilf classes [21, 22, 23].

Generating functions of 241 of them are known.

Mansour (2020) proved there are 1100 Wilf classes for m = 4 and 3441 Wilf

classes for m = 5. He found the generating function of all of them [24, 25].

For 5 < m < 24, we also know the exact number of Wilf classes in (P2 ~y)

thanks to Mansour and Schork (2016-2017) [26, 27, 28]. We list the number of

Wilf classes for any subset of Sj.

Number of potential
m (iﬁf) Wilf classes after triv- | Number of Wilf classes
ial bijections
1 24 7 3
2 276 56 38
3 2,024 317 242
4 10,626 1,524 1,100
5 42 504 5,733 3,441
6 134,596 17,728 8,438
7 346,104 44767 15,392
8 735,471 94,427 19,002
9 1,307,504 166,766 16,293
10 1,961,256 249,624 10,624
11 2,496,144 316,950 5,857
12 2,704,156 343,424 3,044
13 2,496,144 316,950 1,546
14 1,961,256 249,624 786
15 1,307,504 166,766 393
16 735,471 94,427 198




17 346,104 44,767 105
18 134,596 17,728 55
19 42,504 5,733 28
20 10,626 1,524 14
21 2,024 317 8
22 276 56 4
23 24 7 2
24 1 1

It is natural to ask whether the same counting sequence enumerates two pattern
classes with different lengths. Two patterns with distinct lengths are called unbal-
anced Wilf equivalent if the same counting sequence enumerates them. Burstein

and Pantone (2015) showed that [29]
15,,(1324, 3416725)| = | S,,(1234)| for all n > 1

and
|5,(2143, 3142, 246135)| = |5, (2413, 3142)] for all n > 1.

In 2022, Albert et al. [30] introduced a general approach to compute the enu-
merations of Wilf classes in (Sy, ~w) or (P*, ~w). The website PermPAL [31]

m

provides the proof trees and generating function systems to enumerate Wilf classes

of chosen Sy and P~ .

1.4.1 Some results on (P, ~yw)

In this section, we will summarize our new numerical results. Let T € P3. Since
|S5| = 120, there are (120) = 7140 subsets with two elements. Applying trivial
bijections to these 7140 pattern subsets resulted in 1012 potential Wilf classes.
For each 1012 pair of patterns of length five, we enumerate S, (7, p) where 7, p € S;

forn=1,2,...,9. We observe the following:

10



e There are 968 counting sequences corresponding to one pair.

e There are 13 counting sequences that correspond to more than one pair.

If a counting sequence corresponds to more than one pair, we classify it as a big
Wilf class. Otherwise, it is classified as a small Wilf class. Based on our numerical
works, there are at least 968 small Wilf classes. Additionally, there are at most

13 big Wilf classes. Let’s proceed by listing the potential big Wilf classes.

Representative sets | [S,(T)| up to n =9 or more

1 25143, 24153
15342, 15324
35241, 34251

23514, 23415 1,2, 6,24, 118, 672, 4.254, 29.116, 211.464, . ..
2 31524, 51324

25134, 23154 1,2, 6, 24, 118, 668, 4.156, 27.576, 191.510, . ..
3 43512, 34512

12345, 12354
45321, 35421
53412, 45312
21354, 12354

35412, 54312 This sequence was also calculated by Kitaev
45312, 45213 in 2020, see A224295 on OEIS [32].

32145, 32154 Kitaev and Gao conjectured [33] a formula for
12534, 12543 partially ordered patterns that have length 4
13245, 31245 or 5.

12354, 12435
21453, 21534
23145, 31245

24531, 15432 1,2, 6, 24, 118, 672, 4.256, 29.176, 212.586, ..
4 21453, 21345

12453, 12345 1,2, 6,24, 118, 671, 4.231, 28.771, 207.133, ..
5 24531, 14532

42135, 42153

11




35241, 35214
53214, 53241

1,2, 6, 24, 118, 672, 4.254, 29.116, 211.466, . . .

6 24135, 31524

54213, 35214 1,2, 6, 24, 118, 670, 4.201, 28.226, 199.260, . ..
7 32145, 21345

21354, 32154 1,2, 6,24, 118, 671, 4.233, 28.838, 208.484, ...
8 21543, 12345

43215, 23451

54321, 51234

45123, 15432 1,2, 6, 24, 118, 668, 4.124, 26.728, 177.736, ...
9 41352, 41325 1,2, 6, 24, 118, 672, 4.252, 29.056, 210.342,

35412, 35121 1.591.808, 12.475.444, ...
10 54231, 54123 1,2, 6,24, 118, 671, 4.231, 28.770, 207.094,

45231, 45123 1.558.207, 12.145.725, ...
11 54231, 54321

12354, 13254 1,2, 6, 24, 118, 672, 4.258, 29.241, 213.865, ..
12 12534, 23154

21354, 32145 1,2, 6, 24, 118, 669, 4.175, 27.821, 194.301.. ..
13 54123, 54321

45123, 45321

1,2, 6, 24, 118, 668, 4160, 27.680, 193.158, ..

Enumerating S, (7, p) for all the pairs listed above with n > 10 is computationally

demanding. Note that two distinct pair in the same potential big Wilf class may

have different counting sequences for larger n values. These numerical results

provide valuable insights into our future research on the Wilf classification of

pattern pairs of length five.

We also have the following observation.

Lemma 1.1. Let T' = {54321,51234} and I,(T) = {0 € S.(T) | 01 = n}, then

we have |[,(T)| = 0 for n > 11.

Proof. Let o € I,(T).

We see that ¢ = nogos...0,-10,. Let op =

12




0903 ...0,_10,. It implies that og € S,_1(1234,4321). We know that an in-
teger sequence with length k2 4+ 1 or larger has an increasing or a decreasing
subsequence with length k+ 1, by the Proposition 2.18. Therefore we see that for
k = 3, any or that has length ten or more will contain 1234 or 4321. Therefore
|I,(T)] = 0 for n > 11. O

For the rest of the thesis, we mainly use the following books of M. Bona: Combi-

natorics of Permutations [34] and Handbook of Enumerative Combinatorics [35].

13



Chapter 2

Patterns of Length Three

2.1 Preliminaries

The previous chapter delved into permutation, pattern avoidance, and Wilf class
definitions. In this chapter, we will explore examples of pattern avoidance. We
study the proofs that only one Wilf class is present in (Ss3, ~y ). To prepare for
this, we will first recall the definition of pattern avoidance for a more thorough

understanding.

Definition 2.1. Let 7 € S, and o € S,,. ¢ contains 7 as a pattern if a subse-

quence 0;,0;, . .. 05, of length k in o has the same relative order as the pattern 7.
That is,

o;, <oy, if and only if 7, < 7,
forall 1 <a,b<k.

Example 2.1. Let 0 = 15243 € S;. o contains the pattern 7 = 132 with
different subsequences: 15243, 15243, 15243. It also contains the pattern 123,
15243, 15243.

Definition 2.2. A permutation o avoids the pattern 7 if o does not contain 7.

14



Example 2.2. 0 = 3271654 € S; avoids 123. Therefore 3271654 € S;(123).

Lemma 2.1. Let p, 7 € S.

p ~w 7 if and only if |S,(p)| = |S,(7)| for all n > 1.

defines an equivalence relation.

This relation is called the Wilf equivalence relation. Two patterns in the same

equivalence class are called Wilf equivalent.

Proof. First we see that [S,(p)| = |Sn(p)| for all n, therefore ~y, is reflexive.
If |S,(p)| = |Sn(7)|, then |S,(7)| = |Sn(p)| for all n. Thus ~y is symmetric.
If |Su(p)| = |Su(7)| and |S,(7)] = |Sn(@)|, then [S,(p)| = [Sn(a)| for all n.

Therefore ~yy is transitive. O

Next, we will recall the definitions of trivial bijections.

Definition 2.3. Let 0 = 0109 ...0, € S,,.

e The complement of ¢ is 0¢ = 0§05 ... 0 where 0f =n+1—o; for i € [n].

e The reverse of 0 is 0" = 0,,0,,—1 ... 0.

e The inverse of o is o' = gigl ... 0! where o} = [ if and only if 0; = k.
Example 2.3. Let 0 = 4123. We have ¢ = 1432, 0" = 3214, and o' = 2341.

Proposition 2.1. Let 0 € 5,, and 7 € 5.

e o avoids 7 if and only if ¢¢ avoids 7¢.
e o avoids 7 if and only if ¢ avoids 7".

e 0 avoids 7 if and only if % avoids 7.

15



Proof. Suppose ¢ avoids 7, but ¢¢ contains 7¢. This implies that there exists a
subsequence in ¢¢ with the same relative order as 7¢. Taking the complement of
o€ gives us (0°)¢ = o, and the subsequence will have the same relative order as
(17¢)¢ = 7. This contradicts the assumption that o avoids 7. Similarly, if o avoids
7¢ but o contains 7, it means that ¢ has a subsequence with the same relative order
as 7. By taking the complement of o, the corresponding subsequence of o will
have the same relative order as 7¢. Therefore, ¢¢ contains 7¢, which contradicts
the initial assumption. The same argument can be applied to the remaining

statements in the proposition. O

Example 2.4. Let 0 = 34125 € S5(132). We see that o¢ = 32541 € S5(312),
0" = 52143 € S5(231), o' = 34125 € S5(132).

Therefore, we can conclude that
[Su(T)] = [8a ()] = [Su(77)] = |Sa(7)]
and

[Sn(T) = 1Su(7")] = 1Sn(m)| = |Su(7™)].

Next, we will see the application of these results on Ss.

Recall that S35 = {123, 132,231, 213,312,321} and |S3| = 6. We have the follow-

ing:

| 132 <% 231
123 %5 321 I / I
312 <% 213

Thus, we have |S,(123)] = |S,(321)| and |5,(132)] = |S,(231)] = |S,(312)] =
|S,,(213)] for all n > 1.

Therefore, there are at most two Wilf classes for (S3, ~y/). Simion and Schmidt
[4] introduced the first nontrivial bijection between S, (132) and S,,(123), thereby
concluding the Wilf classification of (S3, ~y ). The next section will discuss the

enumeration of 5,,(132).

16



2.2 Enumeration of S5,(132)

We want to determine the sequence |S,(132)] for all n > 1. We will use the
structure of such permutations and generating function method. For a brief
introduction to generating functions, see the Appendix. First, we will understand

the structure of permutations that avoid 132.

Example 2.5. Let 0 = 97681053412 € S10(132). We can see the plot of o as

follows:

Q
<

\

7

N W OO J 00 O O
3

\
12345678910 i

We see that o5 = 10 is the largest entry. Every entry on the left of 10 is larger
than every entry on the right of 10.

Let 0 = 0105...0, € S, and 0; = n. We define o}, as the permutation of length
1 — 1 with the same relative order as the string o105 ...0;_1. Similarly, we define
or as the permutation of length n — ¢ that has the same relative order with the

String 0;410442...0p.

Proposition 2.2. Let 0 € S,,. 0 € S,(132) if and only if it satisfies the following

conditions. Suppose that o; = n, then

1. op <ojforevery 1 <j<i<k<n.

2. o1, and og avoid the pattern 132.

17



Proof. Assume that o € 5,,(132). We will use contradiction, assuming that there
exist two entries 0; < o3 where 1 < j < ¢ < k < n. We look at the following

picture:

Y
r m

We can see that o;0;0;, forms a 132 pattern. Therefore the first condition must

be satisfied. Since o avoids 132, the second condition immediately follows. Con-

versely, assume that the two conditions are satisfied. We use contradiction again.

Suppose that o ¢ S,,(132). Let 00,0, be a 132 pattern in 0. gj0,0; can not be

entirely on the left of n. Similarly, it can not be entirely on the right of n by the

second condition. There are two possible cases. We look at the following picture:

Om

T T In this case, only oy is on the right of n. It contra-
N 3 dicts the first condition since there exists an entry
ZE:‘:’ oj such that o; < oy where 1 < j <7<l <n.
11—
) ——— . In the following case, only o; is on the left of n.
i Similarly, it contradicts the first condition since an
o :::i:f”, entry o; exists, such as 0; < 0; where 1 < j <1 <
T I<n.
s,
Therefore, if the conditions are satisfied then o € S,(132). ]

We will use the previous proposition to enumerate S, (132).

Theorem 2.1. [2| For all n > 1,

19, (132)] = —— (2")

n+1l\n
18



Proof. Let C,, = |5,(132)].

A

N f———————— — = = — 4

Suppose 0; = n for some 1 <4 < n. Recall that we must have o, < o; for any
Jj <t < k otherwise o;n0;, would form the pattern 132. By the previous
proposition, o must form 132—avoiding permutation. We have C;_; many of
them. Similarly, oz must form a 132—avoiding permutation. We have C,,_;
many permutations. We will have the sum for i = 1 up to @ = n, since g; =n

where i € [n]. Therefore, we get Cy =1 and

Cn = zn: Ci—lcn—i-

i=1
We know that this is the recurrence relation satisfied by the Catalan numbers.

Therefore, based on the calculations in Proposition A.2, we have,

19,,(132)] = — (2”)

n+1\n

2.3 Three bijections

First bijection is between 5,,(132) and S,(123). We use the left-to-right minima
of the permutations in S, (132) and S,(123). The second bijection is between
S, (132) and Dyck paths of length n. Here, we use the property in Proposition
2.2. There is another bijection between Dyck paths and S,,(321). We know that
the Catalan numbers enumerate Dyck paths. Therefore these bijections also show

that Catalan numbers enumerate S, (7) where 7 € Ss.
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2.3.1 A bijection between S,(132) and 5,,(123)

In 1985, Simion and Schmidt [4] introduced a direct bijection between S,,(132)
and 5,,(123). As previously demonstrated in Section 2.1, it was established that
there could be at most two Wilf classes in (S3, ~w ). These classes are represented
by the patterns 132 and 123. Hence, this bijection confirms the existence of only

one Wilf class in (S5, ~w ).

Definition 2.4. Let 0 = 0105 ...0, be a permutation. An entry o; is called a

left-to-right minimum of ¢ if o; < oy, for all k£ < 1.

A left-to-right minimum is an entry in the permutation that is smaller than all
the entries to their left. It is worth noting that the first entry of a permutation is
always a left-to-right minimum. Permutations that avoid pattern 132 exhibits a
distinct structure in their arrangement of non-left-to-right minima. To illustrate

this, let’s consider the following examples.

o;
8‘\‘7”‘ r””:i
Let o = 67341258 € Ss(132). Left-to- ol 1 }
right minima are oy = 6, 03 = 3 and i T i . 3
o5 = 1. We look at the plot of o: ; e i : i
1 A SRt
12345678 >Z
0i
i
Let § = 67834512 € Ss(132). Left-to- ; :
right minima are §; = 6, 6, = 3 and Z F if:’ii
07 = 1. We see the plot as follows: 3 L',,,J‘;,;:
1 o

\
12345678 i

Both permutations have the same set of left-to-right minima, but the position of
the left-to-right minimum differs. We see that non-left-to-right entries between
two left-to-right minima are always in increasing order. We will now examine

the structure of permutations that satisfy the conditions outlined in the following
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proposition.

Proposition 2.3. Let o € §,. Assume that i < k and o;, 0, are left-to-right
minima such that there is no left-to-right minimum between them.

o € S,(132) if and only if the following conditions are satisfied:

1. If there are more than one entry between o; and oy, they are in increasing

order.

2. Entries between o; and o} are the smallest entries that are larger than o,

which also does not occur before o;.

First, we will show that any o € S,,(132) satisfies the above conditions. We look
at the first condition. We will prove it by contradiction. Let o; and o}, be left-to-
right minima such that there is no left-to-right minimum between them. Assume
that there are two entries o; and o; such that ¢« < j <1 < k and 0; < ;. We see

the following picture:

Tj

On

oj and o; are not left-to-right minima. Therefore both are larger than o;. It
implies that o;0;0; forms a 132 pattern, which is a contradiction. Thus the first
condition must be satisfied. Next, we will discuss the second condition. Again,
we will prove it by contradiction. Let o; and o be left-to-right minima such
that there is no left-to-right minimum between them. Assume that the second
condition is not satisfied. It implies that the entries between o; and o}, are not the

smallest entries that did not occur before o;. We look at the following picture:
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It implies that there exist o; and o; such that o; < 0y < 0; where 1 < j <k <.
Both are always larger than o;. Therefore the pattern o;0;0; is the same as the
132 pattern, which is a contradiction. Therefore the second condition must be

satisfied.

Conversely, assume that the conditions are satisfied. We will use contradiction.
Assume that o ¢ 5,,(132). It means that there is a pattern o;0;0; where i < j <
and o; < 0; < 0j. We see that 0; and o; are not left-to-right minima since they
are larger than o;. They can not be between the same left-to-right minima since

it would contradict the first condition.

gj

Ok

O

ka

Let ok, and oy, be left-to-right minima such that k; < j < ky < [. We see that
o, < opand 07 < ;. It implies that the entries between oy, and oy, are not the
smallest entries that are also larger than oy, . It contradicts the second condition.

Therefore if the conditions are satisfied, o € 5,,(132).
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Next, we will show that if two permutations in S, (132) have the same entries as

their left-to-right minima in the same places, they are the same permutations.

Let o € S, we define E, = {0; | 0; is a left-to-right minimum} and

I, ={i| o0; is a left to right minimum}.

Proposition 2.4. If 0,0 € S,(132) where E, = Es and I, = I5, then o = 0.

Proof. Since E, = Es5 and I, = Is, the left-to-right minima of ¢ and ¢ are the
same and in the same places. We start from the first left-to-right minimum of
o. Until the next left-to-right minimum, entries also satisfy the conditions of
Proposition 2.3. ¢ also has the same number of elements between the next left-
to-right minimum, since I, = I5. Therefore between them, they have the same
entries by the Proposition 2.3. We repeat the same process until the last entry.
It implies that o = 9. n

There is a similar structure for the permutations that avoid 123. First, we will

look at the following examples.

o; N
ST v
Let 0 = 68371542 € Sg(123). Left-to- (73 T 3 N
right minima are oy = 6, 03 = 3 and Z \\\ f\\\\. . \ N
o5 = 1. We look at the plot of o: g . R
2345678 i
d;
Let 6 = 68735412 € S5(123). Left-to- Z
right minima are ¢; = 6, 64 = 3 and i N \\\\. :
07 = 1. We see the plot as follows: 3 e
? ‘\‘\

We consider two permutations that avoid 123. We can observe that while the

placement of entries may differ, the non-left-to-right minima are arranged in
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decreasing order.

Proposition 2.5. Let 0 € S,,. ¢ € S,(123) if and only if the non-left-to-right

minima entries are in decreasing order.

Proof. Assume that o € S5,,(123). We will use contradiction. Let o}, 0; be two
entries of o that are not left-to-right minima where 1 < j <! <nand o; < 0. 0}
is not a left-to-right minimum, therefore there is an entry o}, < o; such that £ < j.
o; and o; are larger than oj. Therefore there is a subsequence o}, < 0; < 0y, which

forms a 123 pattern. It is a contradiction.

Ok

[ O U I Y

>, ——e - e

Conversely, assume that non-left-to-right minima are in decreasing order. We will
use contradiction, suppose that o ¢ S,,(123). It means that there is a subsequence
in o, 0, < o0; <oy where k < j <l. We see that ¢, and o; can not be left-to-right
minima since they are larger than oy. It implies that two non-left-to-right minima

are in increasing order. It is a contradiction. Therefore o € S,,(123). ]

Similar to permutations in S, (132), if two permutations in S,,(123) have identical
entries as their left-to-right minima in the same positions, they are the same

permutation.

Proposition 2.6. Let 0,0 € S,,(123). If E, = Es and I, = Is, then 0 = 9.

Proof. 1t E, = Ej, then [n]/E, = [n]/Es. We showed that there is exactly one
possibility for the array of them by Proposition 2.5. We also know that I, = I,
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therefore [n]/I, = [n]/Is. Tt implies that the places where the remaining entries
will be the same. Therefore o = 4. O

The structure of permutations in S,(132) and S, (123) has been explained. We

will now employ this structure to establish the bijection between these sets.

Theorem 2.2. There exists a bijection between S,,(123) and S,,(132).

Let 0 = 0y03...0, € 5,(123). We will define
a: Sy (123) — S,(132)

as

1 Fix the left-to-right minima of ¢ in their places.

2 We scan left-to-right minima of o from left to right. After every left-to-
right minimum, put the smallest non-left-to-right minimum larger than the

current left-to-right minimum that has not been used.

Let’s consider the following example.

Example 2.6. 398276154 € Sy(123). Our left to right minima are 3,2, 1. We fix

them, and we have the following procedure.

e 3__2__1__Remaining entries = {9,8,7,6,5,4},

34 _2__1__ Remaining entries = {9,8,7,6,5},
e 3452 __1__ Remaining entries = {9,8,7,6}
e 34526 _1__ Remaining entries = {9,8,7}

345267189.

We get 345267189 € Sy(132).
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Let 6 = 6165 ...0, € S,(132). We will define
B S,(132) — S,(123)

as

1 Fix the left-to-right minima of # in their places.

2 Write all the non-left-to-right minimum entries of # in decreasing order for

the remaining places.

Example 2.7. 875649123 € Sy(132). We fix the left to right minima.

e 875 _4 _1__ Remaining entries = {9,6, 3,2}

87594 _1__ Remaining entries = {6, 3,2}

8759461 __ Remaining entries = {3,2}

875946132

and we have 875946132 € Sy(123).

We will use the following proposition to show that a and  do not create a new

left-to-right minimum.

Proposition 2.7. Let o € S,,. Assume that o; € E,, theni—1<n — o;.

Proof. We know that the number of entries that is larger than o; is (n — o).
We also know that there are i — 1 entries on the left of o;. Since o; is a left-to-
right minimum, it is smaller than every entry on its left. Therefore the number
of entries on the left of o;, should be smaller or equal to n — o;. Therefore

1—1<n-—o;. ]

Proposition 2.8. a and 8 do not create a new left-to-right minimum.
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Proof. Let 0 € S,(123). We will show that a(c) has the same left-to-right
minima as o. We will use contradiction. Assume that « created a new left-to-
right minimum in «(c). Let o; € Eq ) be the first left-to-right minimum such
that o, ¢ E,. Assume that o; € E, is the closest left-to-right minimum such
that ¢« < k. We look at the entries between o; and 0. Since o, < o;, all of the
n — o; entries larger than o; have been used. It implies that ¢ — 1 > n — ;. The
previous proposition shows that only ¢ — 1 = n — o0; is possible. It implies that
o =n— (i —1). In that case 0 = n(n — 1)(n — 2)...21. We see that every
entry is a left-to-right minimum. Therefore « fixes every entry in such a case.
We can say that E,) € E,. Note that every left-to-right minimum of o is still
a left-to-right minimum of «a(o) since we always put larger entries after every
left-to-right minimum. Therefore we can say that £, C E,). We can conclude

that E, = E,(,) and since we fix them in their places, I = I,(s).

We can use the same arguments for 5. Therefore 5 does not create a new left-
to-right minimum as well. We can say that for 6 € 5,,(123), we have Ey = Eg)
and Ig = ]5(9). ]

Proposition 2.9. For every o € S,(123), a(o) € S,(132). Similarly, for every
0 € S,(132), 5(6) € S, (123).

Proof. We have shown that E, = E,,) and I, = I4). o puts the smallest
possible entries in increasing order between two left-to-right minima. They are
also larger than the current left-to-right minimum. Therefore by Proposition 2.3,
a(o) € 5,(132).

Similarly, we know that Ey = Egp) and Iy = Igg). [ puts the non-left-to-
right minima in the remaining places decreasingly. Therefore by Proposition 2.5,
B(0) € S,(123). O

Lemma 2.2. « and 3 are inverses of each other.

Proof. Let o € S,(123). We know that E, = E,(,) by the Proposition 2.8. Again
by the same proposition, we have E; = Ey (o) = Ega(s)) and Iy = Iy o) = 13(a(s))-
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We have that a(o) € S,(132) and 5(a(o)) € S,(123) by Proposition 2.9. Finally,
by the Proposition 2.6, we have o = (a(0)).

Let 6 € S,,(132). We know that Ey = Eg) by the Proposition 2.8. Again by the
same proposition, we have Fy = FEgg) = Fqpe)) and Ig = Ige) = Iape). We
have that 5(0) € S,(123) and a(B(0)) € S,(132) by Proposition 2.9. Finally, by
the Proposition 2.4, we have 0 = a(5(0)). O

2.3.2 A bijection between S, (132) and Dyck paths

Knuth introduced this bijection [2] in 1969.

Recall that a Dyck path of length n is a sequence of steps (1,1) and (1,-1) that
starts from (0, 0) and ends at (2n, 0) where it never goes below z—axis. We denote
the step (1,1) by v and (1,-1) by d. Note that D,, denotes the set of Dyck paths
of length n.

Recall from Proposition A.2 that Dyck paths are enumerated with Catalan num-
bers. Similarly, 132-avoiding permutations are also enumerated with Catalan

numbers, as seen in Section 2.2. Therefore we know that
Dl = [5,(132)]

for all n > 1. It indicates that there is a bijection between these two sets. We

will use the structure of the elements in D,, and 5,,(132).

Let 0 € S,(132) and o, = n. Here, we slightly change the notation we defined
at the beginning of Section 2.2. We do it to understand the bijection better.
Recall that if o € S,,(132), then 0, < 0; for any 1 <[ < k < r < n. Therefore
the string og110%12...0, has the smallest n — k entries. We see that op =
Ok410ks2 - - On € Sp_r(132). We know that the string o, = o109 ...0x_1 does
not define a permutation. Let ¢} be the permutation obtained by subtracting
n — k from every entry of 0. o} € Si_1(132) and it has the same relative order

as oy,.
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We can see the plot of o as follows:

Si_1(132) k S x(132)

We can say that

o = ornog where o7 € Sy_1(132) and o € S,,_1(132).

Let D € D,, and (2k,0) be the coordinate where D touches the r—axis for the

first time.

We can write

D = uAdB where A € D;,_; and B € D,,_y.

We can see that Dyck paths and permutations that avoid 132-pattern have the
same structure. Therefore if we define a function where f(A) = o, and f(B) =

OR, it will be a bijection.

Theorem 2.3. There exists a bijection between 5,,(132) and D,,.

We will define
f:8,(132) — D,

recursively,
f(o) = uf(op)df (or).
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and let E be an empty string of entries, we define f(FE) = e where e is the empty

string of steps. We can see the above map as follows:

Example 2.8. Let 0 = 6547123 € S7(132).

We have o, = 654 and o = 123, the
length of op is 3. Thus o} = 321. We
o tht fl0) = wEDAO2). By B \__nm
definition, f(321) and f(123) both have

0 8 14

6 steps. Therefore f(o) touches x—axis

for the first time at the point (8, 0).

We want to find f(321). We see that f21)
/—/%
o, = E. Therefore f(c}) = e and /\ ”””” \ f(123)

f(321) = uf(o})df (o) = udf (21). 0 8 14
We want to find f(123). We see that (21) £(12)

or = E. Therefore f(or) = e, and /\ ”””” \/ ”””” \
7(123) = uf (0})df (o) = uf(12)d. ¢ :
We want to find f(21). We see that (1) (12)

o, = E. Therefore f(o}) = e and //\/\ ******** \
f(21) = uf(oh)df (o) = udf(1). 0 8 14
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We want to find f(12). We see that
or = E and f(or) = e. Therefore /\/\ \/ \\
f(12) = uf(op)df (or) = uf(1)d.

We want to find f(1). We see that o =
E and o, = E. Therefore f(ogr) =
Floy) = e and f(1) = uf(o})df (or) =
ud. 0 8 14

Lemma 2.3. For every o € S,,(132), f(0) € D,.

Proof. We will use induction on n. Let n =1, then ¢ = 1, we have

1(0) = £(1) = uf(0})df (o) = uf (E)df (E) = uede = ud.

Assume that if o € Si(132) where k£ < n, then f(0) € Dy. Let 0 = opnog €
Sn(132). We know that f(o) = uf(o})df(or). If o has length k, then o} has
the length n — k — 1. Therefore f(0}) € D,—1-k and f(or) € Dy. We have the

following picture:

We can see that f(o) is a Dyck path of length n. O

We want to show that f is surjective, therefore we will use the following process.
Let D € D,, and (2k, 0) be the coordinate where D touches the x axis for the first

time.

& ‘J..
0 2k

Dyck path with length n — k&
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We see that D = uAdB. There should be ¢! € S;_1(132) and o2 € S,_1(132)
such that f(o!') = A and f(0?) = B. It is a recursive process. Assume that such
permutations exist. Let o be the partial permutation where we add n — k to

every entry. Then,
f(o) = f(c¥'no?®) = uAdB = D.

Example 2.9. We will find the preimage of the following Dyck path D € D;.

We see that D = uAdB where
A = ududud and B = vuuddd

We see that
A= f(o}) =uEdA’ and
B = f(or) = uB'dE.

Note that f(1) = ud. We see that
qe A" = wuf(E)df(l) and B' =
0 2k =8 2n =14 uf(]')df<E)

We want to find preimages of A’
and B’. We can see that f(21) =

¢ = - B——  uf(E)df(1) = A" and f(12) =
uf(1)df (E) = B

A= f(o}) = uBdf(21) = f(321),
/ ) }8 — and B = f(or) = uf(12)dE =
| e £(123).

o

Since D = uAdB = uf(321)df(123), by the process again, we add |og| = [123| =
3 to 321, hence o, = 654. Thus preimage of D is o = 6547123.

Lemma 2.4. f is bijective.
Proof. First, we want to show that f is surjective. We will use induction on n.

Assume that for every A € Dy, there exist o € S;(132) such that f(o) = A where
k < n. Note that f(1) = ud. Let D € D,, we want to find ¢ € 5,(132) such
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that f(o) = D. Assume that D touches the z—axis for the first time at (2k,0).
We can write D = uAdB such that A € Dy_, and B € D,,_;. By our assump-
tion, there exist o' € S;_1(132) and o? € S,_x(132) such that f(o') = A and
f(0?) = B. Let ¢ be the permutation where we add n — k to every entry of o'.
We claim that o = ¢''no? where f(o) = D. By the Proposition 2.2, o € S,,(132).
We can also see that f(o) = D by the definition of f. Therefore f is surjective.

We will use induction on n to show that f is also injective. Assume that f
is injective for o € Sy (132) where k < n. We see that f(1) = ud. Let D € D,
and (2k,0) be the first coordinate where D touches the x—axis. D = uAdB where
A € Dy_1 and B € D,,_. Since we assume injection, we can say that f(py) = A
and f(pr) = B. We know that p; € Si_1(132) and pr € S,—x(132). We know
that f(p) = D where p = p;npg. Since both p;, and pr are unique, then p is also

unique. Therefore f is injective.

2.3.3 A bijection between S, (321) and Dyck paths

Rotem has proved the next bijection [3]. Rotem uses the property that any per-
mutation in S,(321) can be partitioned into two increasing subsequences. First,
we show the bijection between S,,(321) and ballot sequences. Second, we discuss
the bijection between ballot sequences and Dyck paths. We can see the structure
as follows:

S, (321) <— Ballot sequences <— Dyck paths

2.3.3.1 Bijection between 5,,(321) and ballot sequences of length n

There is also a certain structure for the permutations in S,,(321). It will allow us

to define the bijection between S,,(321) and ballot sequences of length n.

Definition 2.5. Let ¢ = 0109 ...0, be permutation. If o, < o; for every k < i,
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then o; is called left-to-right maximum. Note that the first entry is always a

left-to-right maximum.

It means that an entry is a left-to-right maximum if it is larger than every entry

on its left.

Example 2.10. Let 0 = 435621 € Sg. We see that the entries oy = 4, 03 = 5,

and o4 = 6 are left-to-right maxima.

Let 0 = 0103 .. .0, be permutation. We define M, = {0; | 0; is a left-to-right maximum}

and N, = {o; | 0; is not a left-to-right maximum}.

Proposition 2.10. Let 0 € S,,. 0 € 5,,(321) if and only if elements in N, appear

in increasing order in o.

Proof. Let 0 = 0109...0, € S,(321). We will show that entries in N, are in
increasing order. We will use contradiction. Assume that there are two entries in
N, in decreasing order. It means that there exist o;, 01, € N, and o, < 0; where
Jj < k. Since o, is not a left-to-right maximum, there is at least one entry o; such
that o; < 0; where ¢ < j. We have the subsequence 0,00}, forming a 321 pattern.
It is a contradiction. Therefore every entry in N, should be in increasing order.
Conversely, we will show that if N, is in increasing order, then o € 5,,(321). We
will prove the contrapositive argument. Let o = 0y03...0, € S,(321), then there
is a subsequence o, < 0; < 0; where 1 < j < k. We see that 0;,0, € IV, since
there is an entry on their left that is larger than both. Therefore there are two

elements in N, in decreasing order. Thus if every element in N, increasing order,
then o € S,(321). O

Next, we will define a ballot sequence.

Definition 2.6. Let b = bibsbs ... b, be a sequence of non-negative integers. b is

called a ballot sequence of length n if it satisfies the following conditions:

1oy <by<---< by,
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2.0<b; <i—1wheret=1,2,...,n.

We denote the set of all length n ballot sequences with B,,. We see that B; = {0},
B, ={00,01}, and Bs = {000,001, 002,011,012}.

Example 2.11. Note that 001224 is a ballot sequence, but 01132 is not a ballot

sequence since it does not satisfy the first condition.

Let 0 € S,(321). The idea is to fix the non-left-to-right maxima of ¢ in their
places. Non-left-to-right maxima form an increasing subsequence. It will allow

us to construct a bijection between 5,,(321) and B,,.

We define
B:S,(321) — B,
B(010'2 . .O'n) = blbg Cae bn
as
0 ifi=1,
b, = bi—1 if o; € Mg,
o; if o; € NO.

Example 2.12. Let 0 = 2513476 € S;(321). We want to find B(c). Note that
M, ={2,5,7}, then

o1 =2,bp =0,

09 = 5,by = 0 since 5 € M,,

03 =1,b3 =1since 1 € N,,

o4 = 3,by = 3 since 3 € N,

05 =4,bs = 4 since 4 € N,

0 = 7,bg = 4 since 7 € M,,

o7 = 6,b; = 6 since 6 € N,.

To understand the process better, we look at the following table. Non-left-to-right

maxima are written in bold.
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We have B(o) = 0013446 € Bs.

Lemma 2.5. For every o € S,(321), B(o) € B,.

Proof. Let o € S,(321). There are two conditions that B(o) should satisfy so
that B(o) € B,,.

First condition is to satisfy by < by < ... <b,. We will use induction on n. First,
we want to show that b; < by. For any B(c), we have by = 0. We see that if
0y € Ng, then by = 09 > 0. Otherwise, 0 € M, and by = 0. Thus b; < by is

proved. Next, we assume that b; < by < ... < b;_;. We will look at two cases.

e If 0, € M,, then we have b; = b;,_1. It satisfies the first condition.

e If 0; € N,, then b; = 0;. We know that the elements in N, are in increasing
order. Therefore by < b; for every o, € N, where k < i. Again, it satisfies

the first condition.

Second condition is to satisfy 0 < b; < i — 1 for every 1 < i < n. First we will
check the case when o; € N,. We will prove it by contradiction. Assume that

b; = o; > 1. Since 0; € N,, there exist an entry o such that o; < o} where k < 1.

4]
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i — 1 entries including oy,

The entry that is smaller than o;, that can not be on the left
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We know that there are at least ¢ — 1 entries that is smaller than o; by our
assumption. There are ¢ — 1 entries before ¢;, and one of the entries is oy.
Therefore there exists an entry o; < o; where ¢ < j since there are only ¢ — 2
entries on the left of o; that can be smaller than o;. We see that o; < 0, < oy,
where £ < ¢ < j. It is a contradiction since the 321 pattern is formed. Therefore

we can say that 0 < b; <7 — 1 when o; is not a left-to-right maximum.

Second case is when o; is a left to right maximum. By the definition of B,
b; = b,_1. It means that b; = b, such that o, € N, and k£ < i. We know that
0 <b, <k—1. It implies that 0 < b, = b; < k—1 <i— 1. Therefore the second

condition is also satisfied. O

We can see that the b; is determined by the entries in N,. Therefore the inverse

of B will use that property. We define
T: B, — S,(321)

T(blbg e bn) — 01092...0p

as

1. If a positive number occurs for the first time, fix it in its index.

2. Put the remaining entries in the remaining places in increasing order.

Example 2.13. Consider the ballot sequence b = 0013446. We want to find

T'(b). Fixing positive integers in their places when they first occur, we have

i 1 2 3 4 5 7
b; 0 0 1 4 6
First step 1 3 4 6

The remaining entries are 2,5, 7. If we place them according to T', we have

i 1 2 3 4 5 7
b; 0 0 1 3 4 4 6
First step 1 3 4 6
Second step 2 5 1 3 4 7 6
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T(b) = 2513476.

Proposition 2.11. For every b € B, T(b) € S,,(321).

Proof. We will use contradiction, suppose that b € B, and T'(b) ¢ S,(321).
Therefore there exists a subsequence o, < 0; < 0; where ¢ < j < k. Since b is
a ballot sequence, fixed entries in the first step are increasing. Thus at least two
entries of the subsequence should be inserted in the second step. However, the

second step also puts the entries increasingly, therefore it is a contradiction. [

We will use the following proposition to show that 7" and B are inverses of each

other.

Proposition 2.12. Let b € B,, and T'(b1by...b,) = 0103...0,. Assume that
1 <k <n, then b, = o}, if and only if o, € N,.

Proof. Assume that by = o, = j. Therefore by the definition of ballot sequence,
or = J = by < k—1 There are £k — 1 elements on the left of o,. Note that
7 —1 <k —2. We have equality j — 1 = k — 2 at the largest case. It implies at
least one entry on the left of o, larger than j = 0. Thus j = o, € N,. Conversely,
assume that o; € N,. We will use contradiction, suppose that o; # b;. It means
that o; is inserted in the second step of T. We know that o; € N,. Therefore
there exist an entry o; such that o; < 0; and j < 4. 0; is inserted in the first
step since both steps put entries in increasing order. Therefore o; € N,, by the
first part of the proof. We see that both o;,0; € N, are in increasing order. It
contradicts with 7'(b) € S,,(321) by the Proposition 2.10. Therefore if o}, € N,
then b, = oy. O

Theorem 2.4. There exists a bijection between S,,(321) and B,,.

Proof. We will show that B and T are inverses of each other. Assume that
o € S,(321). We have B(c) = biby...b,. For T(B(0)), by the definition of B,
b; # b,y for o; € N,. Also M, appears in increasing order, thus T'(B(0)) = o.
Conversely, let b be a ballot sequence and T'(b) = 0. Checking B(T'(b)), B fixes
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N,, and by the Proposition 2.12, elements of N, should be back in their places.
Thus B(T'(b)) = b. O

2.3.3.2 A bijection between B, and D,

There are two ways to define a Dyck path. The details of the definitions are
discussed in Appendix. We will use the other definition that we used for the
second bijection. Note that a lattice path with the steps (0,1), (1,0) where it
never goes above the x = y diagonal also defines a Dyck path. We denote the
step (1,0) with » and (0, 1) with w.

We denote the set of Dyck paths with length n as D,

We know that by the definition of ballot sequence, b; > 0 and 0 < b; < 7 — 1.
We can see 0 < b;_1 < 7 — 2. It is possible that b; = ¢ — 1 and b;,_; = 0, and
bi = b1 =1 — 2. It implies that 0 < b; — b;_1 <17 — 1. Note that by definition,
there can be at most i times u steps until the line = ¢ in a Dyck path. We will

use these properties to construct a bijection between B,, and D,,.

Theorem 2.5. There exists a bijection between B, and D,,.

We denote the k& many consecutive u steps with u®. Note that u(?) is an empty

string. Let b1by...b, € B,. Define
f:B, — D,

as for every b; where 1 < i < n — 1, we will have a ru+1=%)_ In the end, we

append ru("~?). That is
fbyby .. by) = rulb2=00pybs=b2) | gy Giva=bi) gy (n=bn)

Example 2.14. Let 0 = 2513476 € S7(321), we already showed that B(o) =
0013446 € By(321).
We have f(0013446) = 7u® Opq0=0pyG=Dpy(4=3) (4= py (6=4)q (7=6)  —

rruruururruuru.

39



AN z
7 Ky
.;I
7/
6 .
e
Ve
5 /’ [ ]
e
4 °
7/
e
3
7/
2 // [ ]
e
1 7/
7/
. >
1 2 3 4 5 6 7 'z

Lemma 2.6. For every b € B, f(b) € D,.

Proof. Let f(biby...b,) = ru®2=0)pyba=be)  pylbivi=bi)  pgy(n=bn)  We will
check the Dyck path’s number of u steps up to the line x = i. There must

be at least i + 1 times of u steps to pass the z = y line.

At most i times of u steps
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We will show that there are at most ¢ times of u steps up to x = ¢. We have
at most (by — by) + (bs — ba) + ...+ (b; — bi—1) + (biy1 — b;) = b1 — by times of
u steps by definition of f. We know that b; = 0 for any b € B,,. Therefore, at
most b;y1 times of u steps exist. By the definition of ballot sequence, we have
0 < b;y1 < i. Thus it never passes the x = y line for any 1 < ¢ < n. We
will have n times r steps since for every 1 < ¢ < n, we put one of . There are
(ba—b1)4(b3—ba)+. . .+ (bi—bi—1)+(biy1—b;)+. . .+ (bp—bp—1)+(n—b,) =n—by =n
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many u steps. Therefore the path will end at (n,n) where it never goes above
the z = y line. Thus f(o) € D,. O

If there is a b € B, for every A € D,, such that f(b) = A, then f is surjective.
Note that we can represent A = rurou®2) D e ) where r; denotes
the ith occurence of the step r. We can find b = byby...b, such that f(b) = A
by defining b, = n — k,, and b; = b; 11 — k;.

Example 2.15. Let A = rruruururruuru € D;.  We see that A =
ruOryuMrsu@r MO rgu@ru® . Therefore by = 7 —1 = 6, then by =
6-2=4 by =4-0=4 b =4-1=3by=3-2=1,by=1-1=0,
by =0—0=0. We have f(0013446) = A.

Lemma 2.7. f is a bijection.

Proof. We want to show that there exists b = b1by...b, € B, such that f(b) = A
for every A € D,,. Let A = ru®)rpu®) ) o uln) | First, we will show
that the definition satisfies 0 < b; < i — 1. We see that

b,=n—k,
bn—l = bn - kn—l

biv1 = biyo — ki1
bi = biy1 — ki

Therefore b; = n — (k; + kip1 + ... + k). We know that (k; + ki1 + ...+ ky) is
the number of u steps after the line x = 7. We know there are at most i times
of u steps before the x = ¢ line. Therefore (k; + ki1 + ...+ k,) < n —i. We
also know that k, is at least one since Dyck paths always end with the step w.
Therefore b; < n — (n —i+1). We can claim that 0 < b; < i — 1. Recall that
we defined b; = b;;1 — k;, thus it is clear that b, < by < ... < b,. Therefore
[ is surjective. Assume that b,0' € B, and f(b) = f(V') = A € D, where
A = riu™rgu®*2) D e ue) - By the definition of f, b, = bl =n—ky
and b; = b, = b;41 — k;. Therefore for every i € [n], b; = b,. Thus b =10 and f is
injective. [l
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2.3.4 Overview of the bijections

We can see the structure of the bijections as follows:

First bijection

5,(132)

Secondlbi jection

Dyck paths

— S,(123)

Reverse ofIthe permutations

— Sn(321)

Third bijection

Let f; denote the inverse of the second bijection and f; denote the function
f(B(0)) in the third bijection. We know that C35 = 5, and we can see the process

of the bijections.

D e Dy

fg(D) =0 c 53(132)

Blo) = p € 55(123)

o =0 € S5(321)

f3(0) = D' € Dy

El

/\/\ 213 213 312

VAVAVAN 321 321 123 |
/\/\ 312 312 213 A
/\ 123 132 231 1
/\/\ 231 231 132 .__IJ
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2.4 Subsets of S5

The proofs presented in this section are rooted in the research conducted by
Simion and Schmidt [4]. While the previous sections focused on permutations
that avoid a single pattern, our attention now turns to permutations that avoid
multiple patterns from the set S3. The proofs in this section revolve around the
positions of the element n in permutations that avoid the chosen set of patterns.

To enhance readability, we introduce the following notations.
Recall that for a set of patterns 7',

Su(T) = ﬂ Su(T),

TeT
Ph ={T C S | |T| =m},

and if 0 = 0109...0, € S, and o = n, then oy is the permutation of length
k — 1 with the same relative order as the string oy05...0,_1. Similarly, op is

the permutation of length n — k that has the same relative order with the string

Ok+10k+2 -..0p.

2.4.1 Wilf classes of Py = {T'C S5 | |T| =2}

We will look at the subsets with two elements in S3. We will list all (g) =15

subsets.

We have the following cases for T' € P3.

1. 15,(123,132)] = |5,(123,213)] = |5,,(231,321)| = |5,,(312, 321)]
2. 15,(132,213)| = |5,,(231, 312)]

3. 15,(132,231)| = |5,(213,312)] = |S,(132, 312)| = |5, (231,213)|
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4. 15,(132,321)| = |5,(231,123)| = |5,(312,123)| = |5,,(213, 321)]

5. 9,(123,321)]

By Proposition 2.1, we have the following equalities.

1. {123,132} = {321,231}
{321,231} = {123,213}
{123,213} = {321,312}

2. {132,213} = {231,312}

3. {132,231} = {312,213}
{312,213} = {231,213}
{231,213} = {132,312}

4. {132,321} = {231,123}
{132,321} = {312,123}
{231,123} = {213,321}

Therefore, we will check the 5 chosen sets to understand the Wilf classes of

(7)53 NW)'

Proposition 2.13. Let T} = {123,132}, then |S,(7})| = 2"~ for all n > 1.

Proof. Let o € S,,(T1). Assume that oy = n, then we have two cases.

1. k =n, then o, = (n — 1)(n — 2)...1, since o avoids 123. Therefore o is

determined.

2. k < n, then entries in o; are decreasing order, since o avoids 123. oy,
also have the £ — 1 largest entries, since o avoids 132. Therefore o is

determined. We also have o € S, _¢(T}).
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For k = n, we have one permutation. For every other k, we have or € S, _x(T}).
Therefore we have |S,,_,(71)| many permutations for every & < n. Thus

n—1

[Sa(T)] = 1+ ) |Su-i(T)].
k=1
We will use induction to prove our claim. Assume that |S,(T})| = 2871 is true

for all k < n. Note that |S,, _(7})| = 2"7*~1. Therefore

n—1
|S(Ty)| =14 2 Ft
k=1

We change the variables by n — k = t, we have the sum

n—1 n—2
1Su(T)]=1+) 27 =14> 2
t=1 t=0

We use the finite geometric series formula,

(-2

=1-1+2""
1-2 *

1S, (T1)] =1+

and
1S, (Ty)| = 2"

Proposition 2.14. Let Ty = {132,213}, then |S,(T3)| = 2" ! for all n > 1.
Proof. Let o € S,,(T3). Assume that oy = n, then we have two cases.

1. k =n, then o, = 12...(n — 1), since ¢ avoids 213. Therefore o is deter-

mined.

2. k < n, then the entries of o are in increasing order, since o avoids 213.
o also avoids 132, therefore o, has the largest £ — 1 entries. Thus oy, is

determined. We also have o € S,,_(T3).

It implies that
n—1
[Sa(T2)| = 1+ ) |Su-s(T2)].
k=1
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Therefore, we have the same result as the previous proof. It implies that

|Sn(T2)| = on—1

Proposition 2.15. Let T3 = {132,231}, then |S,(T3)| = 2" ! for all n > 1.

Proof. Let o € S,(T5). Assume that o, = n, then we have two cases.

1. 1 < k < n is not possible, since ¢ avoids 132 and 231.
2. k=1, then oy € Sn_l(Tg).

3. k=mn, then o € S, _1(T3).

Therefore
|Sn(T3)| = [Sn—1(T3)| + |Sn-1(T3)| = 2|Sn-1(T3)|.

By iteration, we have
|Su(T3)| = 2°|Sn—k(T3)].

It implies that |S,(73)] = 2" 1.

Proposition 2.16. Let T = {132,321}, then |S,(T4)| = (}) + 1 for all n > 1.

Proof. Let o € S,,(Ty). Assume that oy = n, then we have two cases.

1. k =n, then op € S,,_1(T}).

O

]

2. k < n, then o has the largest £ — 1 entries, to avoid 132. They are

in increasing order to avoid 321. Therefore o is determined. Similarly,

or has the remaining n — k entries in increasing order. Thus op is also

determined.

Thus in the case of & # n, there is one permutation for every k. Therefore

there are n — 1 permutations except for the case & = n. We have the sum
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|Sn(Ty)| = |Sn-1(Ty)| +n — 1. We will use induction, assume that for k£ < n,
1Sk(T4)| = (%) + 1 holds. Note that |S,_1(T4)| = (*;") + 1. We see that

15, (Ty)| = <n_1>+1—|—n—1: <n;1>+n=(n_1)(n_2)+n

2 2
n*—=3n+2n+2 n*-n n(n —1)
2 2 + 2 +
We have |S,(Ty)| = () + 1. O

The following propositions are used to enumerate permutations that avoid 123
and 321.

Proposition 2.17. Let there be n? + 1 balls and n boxes. If we distribute all of

the balls to the boxes, there is at least one box with n + 1 or more balls.

Proof. Assume that there is no box with n + 1 balls. It means that there are at
most n balls in a box. Therefore the total number of balls is less than or equal

to n?. This contradicts the fact that we have n? + 1 balls. O

Proposition 2.18. [36] Let ay, s, ..., a,24; be a sequence where o; € [n? + 1]
and if a; = «; then 7 = j. There exists a subsequence with length n + 1 which is

decreasing or increasing.

Proof. Assume that neither increasing or decreasing subsequence that has length
n + 1 exists. Define f : [n? + 1] — [n] where f(q;) is the length of longest
increasing subsequence that ends with «;. By the Proposition 2.17, there exist

k € [n] such that
f(ail) = f(ai2> = "'f(a’inﬂ) =k

Let 1 < 5 < n then Qi; > Q- Otherwise, there would be an increasing

subsequence that has length k& + 1 that ends with «;,,,. Hence
Qi > Qi > 200 > Qg
which is a decreasing subsequence that has length n+1. It is a contradiction. [
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Proposition 2.19. Let Ty = {123,321}, then

n ifn=12
1Su(T5)| = 44 ifn=3,4
0 ifn>5.

Proof. The cases are clear up to n = 3. For n = 4, only the following permuta-
tions avoid T5 : 2143, 3142, 2413, and 3412. A permutation of length 5 or more
has a decreasing or increasing subsequence of length 3. Therefore |S,(T5)] = 0

for every n > 5. [

Therefore we see that |S,(T1)| = [Sn(T2)| = |Sn(T3)| for all n > 1.

Representative | [S, (7
123,132 2n—1
132,321 (5) +1
123,321 0ifn>5

There are 3 Wilf classes in (P35, ~yy).

2.4.2 Wilf classes of P} = {T' C S5 | |T| =3}

We will look at the subsets with three elements in S3. We will list all (g) = 20

subsets.

We have the following cases for T’ € Ps.

1. 15,(123,132,213)] = |S,(231, 312, 321)]

2. 15,(123,132,231)| = |S,,(132,231,321)| =
15,,(213,312,321)| = |5,,(123, 213, 312)]
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3. 15,(213,231,312)| = |5,(132,231,312)| =
15,,(132,213,231)| = |S,(132,213, 312)]

4. 15,(123,132,312)] = |S,(132, 312, 321)| =
15,,(213, 231, 321)| = |5, (123,213, 231)]

5. 15,(123,231,312)| = |5,(132,213,321)|

6. |5,(123,321,213)| = |5,,(123,321,312)| =
15, (123,321, 231)| = |5,(123, 321, 132)]

By Proposition 2.1, we have the following equalities.

1. {123,132,213} = {231,312, 321}
2. {123,132,231}" = {132, 231,321}
{123,132, 231} = {213, 312, 321}
{132,231, 321} = {123,213, 312}
3. {213,231,312}° = {132, 213,231}
{132,213,231}" = {132,213, 312}
{132,213, 312}° = {132,231, 312}
4. {123,132,312}° = {132,312, 321}
{123,132, 312} = {213,231, 321}
{213,231, 321} = {123,213, 231}
5. {123,231,312}" = {132, 213,321}
6. {123,321,213}° = {123,321,231}
{123,132, 312} = {123,321, 312}
(123,321,231} = {123,321,132}

Therefore we only look at the six sets for the Wilf classes in (P35, ~y ).
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Definition 2.7. n'® Fibonacci number f, is defined as

fn = fn—l + fn—2

where fo =0, fi =1 and n > 2. We can see the sequence as

0, 1, 1, 2, 3, 5, 8 13, 21, 34, 55, ...

Proposition 2.20. Let T} = {123,132,213}, then |S,(T1)| = faos1 for n > 1

where f, is the Fibonacci sequence starting with fy =0, f; = 1.

Proof. Let 0 € S,,(T1). Assume that o, = n. We only have the cases k = 1 or
k = 2. Otherwise, we will have the pattern 213 or 123.

1. k=1, then og € S,,_1(T1).

2. k=2, then o, = 01 =n — 1, since o avoids 132. Thus oy € S,,_o(T1).

Therefore

|Sn(T1)| = [Sn—1(T1)| + [Sn—2(T1)|.

It is the recurrence relation satisfied by the Fibonacci sequence, thus |S,(T})|

fn+1'

]

Proposition 2.21. Let T, = {123,132,231}, then |5, (T32)| = n for every n > 1.

Proof. Let 0 € S,(T,) and o = n. It is either & = 1 or k = n. Otherwise,

pattern 132 or 231 is formed.

1. k = n, then o = (n — 1)(n — 2)...21, since o avoids 123. Thus o

determined.

2. k=1, then op € S,_1(T3).

Therefore we have |S,(Ty)| = 1 + [Sn-1(T2)]-

1+n—1=n.

20

By iteration, we have |S,(73)|
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Proposition 2.22. Let T3 = {213,231, 312}, then |S,,(73)| = n for every n > 1.

Proof. Let o € S,(T3). Assume that o; = n, then we have three cases.

1. k=1, then og = (n—1)(n—2)...21, since o avoids 312.
2. k=mn,theo, =12...(n —2)(n — 1), since o avoids 213.

3. 1 <k < n, the o, has smallest kK — 1 entries, since o avoids 231. They are
in increasing order since o avoids 213. It follows that oz has the remaining
entries. Entries of o are in decreasing order since o avoids 312. Therefore

o 1s determined.

We showed that for every k£ where 1 < k < n, there is only one possible permu-
tation that is in S, (75). Thus |S,(T3)| = n. O

Proposition 2.23. Let T, = {123,132,312}, then |5, (7})| = n for every n > 1.

Proof. Let o € S, (Ty). Assume that oy = n, then we have three cases.

1. k=1, then og = (n—1)(n —2)...21, since o avoids 312.
2. k=n, then o = (n —1)(n —2)...21, since o avoids 123.

3. 1 < k < n, then o has the largest £k — 1 entries, since o avoids 132. They
should be in decreasing order since ¢ avoids 123. Similarly, or has the
smallest n — k entries. They should be in decreasing order since o avoids

312. Therefore o is determined.

We showed that for every k where 1 < k < n, there is only one possible permu-
tation that is in S,,(7y). Thus |S,(Ty)| = n. O

Proposition 2.24. Let T; = {123,231, 312}, then |5, (T5)| = n for every n > 1.

Proof. Let o € S,(T5). Assume that o, = n, then we have three cases.
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1. k=1, then og = (n—1)(n —2)...21, since o avoids 312.
2. k=mn, then o = (n —1)(n —2)...21, since o avoids 123.

3. 1 < k < n, then o7, has the smallest k — 1 entries, since o avoids 231. They
are in decreasing order since o avoids 123. Similarly, o has the remaining
n — k entries. They are in decreasing order since o avoids 312. Therefore o

is determined.

We showed that for every o, = n where 1 < ¢ < n, there is only one possible

permutation that is in S, (75). Thus |S,(T5)| = n. O

Proposition 2.25. Let Ty = {123,321, 213} then

n ifn<3
1Sn(T6)| = ¢ 1 if n=4,
0 ifn>5.

Proof. For n < 3 our case is clear. For n = 4, only 3412 avoids the patterns
in Ty. For n > 5, we use Proposition 2.18. Any permutation that has a length
larger than 5, will have a subsequence of length three which is decreasing or

increasing. O

We see that |S,(T2)| = |Sn(T5)| = [Sn(Th)| = |Sn(T5)| for all n > 1.

Representative | |S,(T)|
123,132,213 | four
123, 132, 231 n
123,321,213 | 0ifn>5

There are 3 Wilf classes in (P2, ~yy).
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2.4.3 WiIlf classes of P2 = {T C S3 | |T| =m >4}

We will look at the subsets with four elements in S3. We will list all (Z) =15

subsets.

We have the following cases for T' € P;.

1. 15,(123,132,213,231)| = |5, (132,231, 312, 321)| = |5,,(231, 213,321, 312)| =
15,,(123, 132,213, 312)| = |5,,(213, 231, 312, 321)|

2. 15,(123,213,231,312)| = |5, (123,132,231, 312)| = |5,,(132, 213,231, 321)| =
15, (132,213, 312, 321)|

3. 15,(123,321,231,312)| = |S,(123, 321,132, 213)

4. |8,(123,321,132,312)| = |5, (123,321,132, 231)| = |5,,(123, 321, 213, 312)| =
15, (123,321,213, 231)|

By Proposition 2.1, we have the following equalities.

1. {123,132,213,231}" = {132, 231,312,321}
{123,132,213,231}° = {231,213, 321, 312}
{123,132,213, 231} = {123,132, 213, 312}
{123,132,213, 312}° = {213,231, 312, 321}

2. {132,213,231,321}" = {123,132, 231, 312}
{123,132,231, 312}° = {132,213, 312, 321}
{132,213,312,321}" = {123,213,231,312}

3. {123,321,231,312}" = {123,321, 132,213}

4. {123,321,132,312}" = {123,321,213,231}
{123,321,132,312}° = {123,321, 213, 312}
{123,321,132, 312} = {123,321, 132, 231}
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Therefore we only look at the four subsets for the Wilf classes in (P}, ~w).

Proposition 2.26. Let T} = {123,132,213,231}, then |S,(71)| = 2 for every
n > 2.

Proof. Let o € S,(T1). Assume that or = n, we have three cases.

1. 1 < k <n—1is not possible, since o avoids 231 and 132. k = n is also not

possible, since ¢ avoids 123 and 213.

2. k=1and 0,1 = 1. It implies g, = 2, since o avoids 213. We have
o=n(n—2)(n—1)...4312. Entries before 1 are in decreasing order since

o avoids 231. Therefore o is determined.

3. k =1 and o, = 1, the remaining entries are in decreasing order, since o
avoids 231. It implies that ¢ = n(n — 2)(n — 1)...4321. Therefore o is

determined.

Note that 1 can not be positioned in any other place since it would create the
pattern 132 or 123. Therefore there are only two permutations in S,,(7}) for every
n > 2. O

Proposition 2.27. Let T, = {123,213,231,312}, then |S,(7%)| = 2 for every
n > 2.

Proof. Let o € S,,(T3). Assume that o, = 1, then we have three cases.

1. 2 < k < n is not possible, since ¢ avoids 213 and 123.

2. k=2, then o, = 0y = 1, since o avoids 231. o = (n—1)(n—2)...2, since

o avoids 312. Therefore o is determined.

3. k=1, then o = (n — 1)(n — 2)...21, since o avoids 312. Therefore o is

determined.
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Therefore there are only two permutations in S,(T3) for every n > 2. [

Proposition 2.28. Let T3 = {123,321, 231, 312}, then

(

n ifn<2

2 ifn=3
1Sn(T3)| =

1 ifn=4

0 ifn>5

\

Proof. Let o € S,(T3). For n = 4, only 2143 avoids T3. For n > 5, by Proposition
2.18, there is not any permutation in S, (73). O

Proposition 2.29. Let T, = {123,321, 132,312}, then

n ifn <2,
1Sh(Th)| =<2 ifn= 3,
0 ifn>4

Proof. For n = 4, there is no permutation that avoids 7. We know that for
n > 5, again by Proposition 2.18 we do not have any permutations. Therefore

there is not any permutation in S, (7)) where n > 4. H

Therefore we see that |S,(11)| = |S.(T%)| and |S,.(T3)| = |S.(Ty)| for all n > 5.

Representative 1Sy (1)
123, 132, 213, 231 | 2 if n > 2
123, 321, 231, 312 | 0if n > 5

We can see it as two Wilf classes in (P§, ~w).

We will look at the subsets with five elements in S3. We will list all (g) =6

subsets.

We have the following cases for T' € P2.
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1. ]5,(132,231,213,312,321)| = |5,(123, 132,213,231, 312)]

2. 15,(123,231,213, 312, 321)| = |5,(123, 132,213, 312, 321)| =
15,,(123, 132, 231, 312, 321)|

3. 15,(123,132,213, 231, 321)]

By Proposition 2.1, we have the following equalities.

1. {132,231,213,312,321}" = {123,132,213,231, 312}

2. {123,231,213,312,321}" = {123,132, 213, 312,321}
{123,132, 213,312,321} = {123,132, 231,312, 321}

It is enough to look at three subsets for the Wilf classes in (P2, ~y).

Proposition 2.30. Let T, = {132,231, 213,312,321}, then

n ifn<2
’Sn(Tl)‘ =
1 ifn>3

Proof. Let o € S,,(T1). Assume that oy = n, then we have two cases.

1. 1 < k < n is not possible, since o avoids 132 and 231. k£ = 1 is also not

possible, since ¢ avoids 312 and 321.

2. k = n, then o = 12...(n — 2)(n — 1), since o avoids 213. Thus o is

determined.

Therefore there is only one permutation in S, (71) for every n > 3. O
Proposition 2.31. Let Ty = {123,213,231, 312,321}, then
n ifn<2
1Su(T2)[ =41 ifn=3
0 ifn>4
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Proof. For n = 4, there are no permutations that avoid 7T, in the previous cases
where T has four elements. We know that for n > 5, by Proposition 2.18, we do

not have any permutations in S, (75) where n > 5. O

Proposition 2.32. Let T3 = {123,132, 213,231, 321}, then

n ifn<2
1S,(T5) =<1 ifn=3
0 ifn>4

Proof. For n = 4, there are no permutations that avoid T3 in the previous cases
where T" has four elements. We know that for n > 5, by Proposition 2.18, we do

not have any permutations in S,,(73) where n > 5. O

Therefore we see that |S,(T3)| = |S,(T3)]| for all n > 5.

Representative | [S, (7|
Ss—123 | 1ifn>3
Sy — 132 0ifn >4

We can see it as two Wilf classes in (Pg, ~w).

Therefore, we have the following table:

m | Number of subsets | Wilf class number | Representative | |S, (7|
1 6 1 132 Cn
123,132 on-1
2 15 3 123,321 0ifn>5
132,321 (5) +1
123,132,213 frin
3 20 3 123,132,231 n
123,132,321 | 0ifn > 5
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15 123,321 C T | 0ifn>5
123,321 ¢ T | 2ifn > 2

6 Sy - 123 1ifn>3
Sy - 132 0ifn>4

1 S, 0ifn>3
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Chapter 3

Patterns of Length Four

3.1 Wilf classes of (Sy, ~y)

In this section, we will study the Wilf classes of (S4, ~y ). Let’s first consider

trivial bijections: the complement, inverse, and reverse.

i 1243 < 3421 i 1432 <5 2341
Pl - Ic / Ic P2 - Ic / Ic
4312 <75 2134 7 i 4123 <5 3214 7 i

Py= (7 1324 £5% 4231 s

Py= i 2143 &% 3412 . s

Py = 2413 "5 3142

Po= i 1234 £% 4321 s
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4213

A

[

1342 <3 14923
P? — r Ar Ic

~

2431 « 5 4132

AN
c IT
~

3124 +—— 2314 +—— 3241

We are left with seven potential Wilf classes. Next, we will discuss the non-trivial

bijections between the potential Wilf classes.

3.1.1 Shape-Wilf equivalence and its implications on

(S4, ~w)

This subsection is based mostly on the work of Babson and West [37]. Their
approach utilizes the concepts of shape-Wilf equivalence and the direct sum of
permutations to establish Wilf equivalence between specific patterns. To provide
a foundation for our discussion, we introduce the following definitions that outline

the concept of shape-Wilf equivalence.

Definition 3.1. A Ferrers board is a left justified array of cells in which the
number of cells in each row is at least the number of cells in the row above. We
say that a Ferrers board has the shape A = (A1, Ag, ..., A,) where ); is the number
of cells in the ™ row and A\; > Ay > --- > \,,. Note that we order the rows from

bottom to top, meaning that most bottom row is the first row.

Example 3.1. We look at the following examples:
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The first figure is a Ferrers board. It has the shape (4, 4, 3, 2). The second figure

is not a Ferrers board.

If a Ferrers board has a designated set of cells, called rooks, so each row and

column contains precisely one rook, then it is called a full rook placement.

If the underlying Ferrers of a full rook placement is a square, then it is called

square full rook placement.

Example 3.2. We look at the following examples.

We see that there can be different full rook placements for the same Ferrers board.

Remark. Let o € S,,. ¢ corresponds to a square full rook placement with n rows

and n columns with the rooks in the cells (o;,1) for every i.

Example 3.3. Let 0 = 432561 € S5. We see that the corresponding full rook

placement is as follows:

Definition 3.2. Let R and S be two full rook placements. We say that R is
contained in S if R can be obtained by deleting rows and columns in S.
A full rook placement contains the permutation o if it contains the square full

rook placement corresponding to o. Otherwise, it avoids o.
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Example 3.4. Let 4 = 21 € Sy and » = 12 € S,. First, we will find the
corresponding full rook placements of them.
For 71, we should put rooks on (2,1) and (1, 2).

For 75, we should put rooks on (1,1) and (2, 2).

Next, we look at the following full rook placement.

We see that this full rook placement contains 75, if we delete the fourth and third
row and the second and third column. It avoids 7; since it does not contain the

corresponding square full rook placement.

Definition 3.3. We say that the permutations ¢ and v are shape-Wilf equivalent
if any given shape A, the number of ¢ avoiding full rook placements of shape A is

equal to v avoiding full rook placements of shape .

Note that shape-Wilf equivalence implies Wilf equivalence by considering only

square shapes.
Theorem 3.1. The permutations 12 and 21 are shape-Wilf equivalent.

Theorem 3.2. The permutations 123 and 321 are shape-Wilf equivalent.
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The theorems mentioned, Theorem 3.1 and Theorem 3.2, were proven by Babson
and West in 2000 [37]. We will omit the details of the proofs. The key idea behind
Theorem 3.1 is to establish a direct bijection for each full rook placement. As for

Theorem 3.2, Babson and West used an induction on full rook placements.

Theorem 3.3. The permutations 12. .. (n—1)n and n(n—1)...21 are shape-Wilf

equivalent for every n > 4.

Backelin, West, and Xin [6] formulated a theorem that provides a generalization
of both Theorem 3.2 and Theorem 3.1. For brevity, we will omit the details of
the proof.

Moving forward, we will introduce the concept of the sum of permutations. It is

highly valuable in reducing the number of potential Wilf classes.

Definition 3.4. Let 0 = 0103...0, € S, and m = mymy... 71 € Sp. We define

the i*® entry of the direct sum of o and 7 by

o ifie{1,2,...,k},
(cdm); =
ik + k ifie{k+1,k+2,....k+/}

We can see how the structure of the direct sum of the permutations works by the

following plot:

(o ®7);

Theorem 3.4. Let ¢ and v be shape-Wilf equivalent patterns. For any permu-
tation 0, o @ 0 and v & J are also shape-Wilf equivalent.
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This theorem also has been proved by Babson and West [37]. We will omit the
proof. The idea in the proof is first to fix a o @ ¢ avoiding full rook placement
and its shape. First, find the copy of ¢ in the right corner of the placement if
it exists. We can cover the remaining placements, and they build a bijection to
v @ ¢ avoiding full rook placement with the same shape. It allows us to find
bijections between S, (7) and S, (p) where p, 7 € S;. We can see the bijections in

the following table:

Representative Written as the di- .
Chosen permuta- . Corresponding
of the symmetry | | rect sum of per- | Equivalence .
tion from the class ) permutation
class mutations
1234 1234 12@ 12 123@ 1 1234
1243 2134 2112 12@ 12 1234
2143 2143 21®21 12@21 1243
1432 3214 3211 123@ 1 1234

We see that [S,(1234)] = |5,(1243)| = |S,(2143)| = |S,(1432)] for any n > 1.
Thus we are left with 4 potential Wilf classes: 1234, 1342, 1324, and 2413.

Theorem 3.5. There exists a bijection between S,,(4132) and S,,(3142).

Stankova has proved this theorem [5]. She uses the generating tree method.
By applying the trivial bijections, we see that |S,(3142)] = |S5,(2413)| and
|S,,(4132)| = |S,,(1342)|. Therefore, based on Stankova’s proof, we can conclude
that |S,(3142)| = |5,(4132)] = [S,(2413)| = |S,(1342)]. As a result, we are
left with three potential Wilf classes: 1342, 1234, and 1324. Numerical evidence
computed by Julian West [7], shows that, starting by n = 1,

e |S,(1342)] is counted as 1, 2, 6, 23, 103, 512, 2740, 15485, ...
o |5,(1234)| is counted as 1, 2, 6, 23, 103, 513, 2761, 15767, . ..

o |5,(1324)| is counted as 1, 2, 6, 23, 103, 513, 2762, 15793, ...

Next, we will discuss the enumeration of |S,,(1342)].
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3.2 Enumeration of |5, (1342)]

A significant breakthrough after Gessel’s result [8] for |.S,,(1234)| was achieved by
Bona in 1997. He computed the generating function and the enumerating formula
corresponding to S, (1342) [9]. It is the second non-trivial enumeration result in
the field for a pattern of length more than three. The crucial idea behind the
proof depends on a bijection between a specific subset of S, (1342) and £(0,1)-
trees. We will give the formal definitions in the following pages. It is known that
the number of (0, 1)-trees with n vertices is given by [38]:

g.gn-1, 20!
nl(n + 2)!

The permutations in that specific subset of S,,(1342) considered in the proof are
called indecomposable and all other 1342-avoiding permutations can be obtained

by concatenations of such permutations. Let’s introduce their definition.

Definition 3.5. Let 0 = 0105 ...0, be a permutation. ¢ is called decomposable

if there exists k € [n — 1] such that for all ¢ < k < j, we have o; < 0;.

In other words, ¢ is decomposable if it can be cut into two parts so that every

entry before the cut is larger than every entry after the cut.

Example 3.5. Let 0 = 564123 € Ss. We see that it is decomposable since for
all + < 3 < k, we have o, < 0;.

Note that a permutation may have more than one decomposition. If we look
at the example above, we can see that 56|4123 and 564|123.

Let o be a permutation. If ¢ is not decomposable, it is called indecomposable.

Example 3.6. Let 0 = 156423 € Sg. We see that it is indecomposable since the

first entry is o7 = 1, and it can not be larger than any entry.

We use D, (7) to denote the set of all indecomposable permutations of length n

that avoid the pattern 7.
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The crucial bijection in Bona’s proof shows that |D,,(1342)] = |5,(0,1)| for all
n>1.

Tutte calculated the generating function corresponding to 3,(0,1) [39] and ob-
tained the number of f3,,(0, 1)-trees [38].

Let F(z) =" ,18.(0,1)|z". We know that

827+ 12z — 1+ (1 —8x)*?

F(z) 32x

Let H(z) =", [S,(1342)|z".

Since any o € S,(1342) is a concatenation of indecomposable 1342-avoiding per-

mutations, we get

H(z) =) Fi(x)= («

i>0

—822 420z 4 1) + (1 — 8z)2)32z
64x(z3 + 322 + 3x + 1)

Therefore

—82% + 20z + 1+ (1 — 8z)2
= 1342)|2™ =
H(x) nE:0|Sn( 342)|x 2 1)

This implies that

n

—(— o110’ —3n —2 _qyi-1 i1 (20 =4 n—i+2
i) = (o PE gy G ()

We will now provide the details of the above arguments. As preliminary tools,
in the following section, we discuss the relevant aspects of graph theory and
introduce ((0,1)-trees. The graph theoretic part draws upon the content of

Stanley’s book, “Enumerative Combinatorics” [40].

3.2.1 Preliminaries

Definition 3.6. A finite graph G is a triple G = (V, E, ¢) where V is a finite

set of vertices, E is a finite set of edges, ¢ is a function that assigns to each edge

66



e € F to a 2-element multi-set of vertices.

In this chapter, we will exclusively work with finite graphs. Thus, whenever we

refer to a “graph” it should be understood to mean a finite graph.

Definition 3.7. Let G = (V, E,¢) be a graph. Assume that ¢(e) = {vy, va},
then we can see e as a joining of the vertices v; and vy. If v1 = vy, then e is called

a loop.

Definition 3.8. A graph G = (V| E, ¢) is called simple if ¢ is injective and G

has no loops.

Example 3.7. These are some examples of a simple graph. Let G; = (Vi, £y, ¢1)

where ‘/l = {Ul,UQ,Ug,U4,U57'U6,’U7}, El = {61762763764765a66} and ¢(61) =
{vi,v7} for i =1,2,...,6. We can see G as follows:
U1

V2 U7 Vg

U3 V4 Us

Let Go = (Va, Ey, ¢2) where Vo = {v1,v9,v3, 04}, Eo = {e€1, €2, €3, €4, €5, 66} and

(

Uiy Vit1 if 1 = 1,273
V4, V2 ift1=4
dles) = .
Vg, U1 ifi=5
\Ug, (%1 ifi=6
We can see GG as follows:
01
U2 U3
V4
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Definition 3.9. Let G = (V, E,¢) be a graph. v € V and e € E are incident if

v € ¢(e). It means that e joins two vertices.

Definition 3.10. Let G = (V, E, ¢) be a finite graph and u,v € V. A walk from
v to u is a sequence vgeiv1€as . . . €,0, such that vg = v, v,, = u, each ¢; € ' and

v; € V', and any two consecutive terms are incident.

A walk is called a path if v;’s are distinct. Note that it also means that e;’s

are distinct.

A walk is called a cycle if it has distinct v;’s except vy = v,,.

Definition 3.11. A graph G is called connected if any two distinct vertices are

joined by a walk.

Definition 3.12. [41] Let G be a connected simple graph. G is called a tree if it

does not contain a cycle.

Example 3.8. We see that there are cycles in the following graph because some

of the edges have a path to themselves. Therefore it is not a tree.

U1 (%]
(%) Vg
U3 U7
V4 Vs

If we remove the edge between vy and vg, and the one between vg and vs, new

graph will be a tree.

U1 Vg
V2 Vg
U3 U7
Vg (Y%
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Definition 3.13. [42] Let G be a tree with the vertex g and w € V such that
w # g. Assume that vpejviey . .. epvper 1V, 1 18 a unique path where vy = g and
vrr1 = w. We call vg the parent of w and call w a child of vg. A vertex with no

children is a leaf. All other vertices are internal vertices of G.

Definition 3.14. A tree G is called a plane tree if there is one vertex called the

root and children of the root are ordered.

Example 3.9. Let GG be the following tree:

U1 Vg
V2 Vg
(%] U7
V4 (Y%

If we choose vg as the root, we have the following plane trees:

A

If we choose vg as the root, we have the following plane trees:

A

For the rest of this chapter, we will use the left to right order for the plane trees.

69



Definition 3.15. Let G be a plane tree. G with nonnegative labels ¢(v) on every
v € V is called a (0, 1)-tree if it satisfies the following conditions.

e If v is a leaf, then
l(v)=0

e If v is the root and vy, vs,... v, are its children, then

() = l(uy)

i=1
e If v is an internal vertex that has the children vy, vs, . .. vy, then the inequal-
ity
k
(o) <Y l(og) + 1
i=1

holds.

We denote the set of 5(0,1)-trees that has n vertices by 3,(0,1)

Example 3.10. Following plane tree is a §(0, 1)-tree.

We will list all the (0, 1)-trees that has 1, 2, 3 and 4 vertices. For n =1,

For n = 2,
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For n = 3,
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3.2.2 Bijection between D, (1342) and 5,(0, 1)-trees

Bona’s proof is based on a bijection between indecomposable permutations of
length n that avoid 1342 and the set of 3(0, 1)-trees with n vertices. Recall that
we denote the set of 5(0, 1)-trees that has n vertices with £,,(0,1).

Theorem 3.6. There exists a bijection F' : D,,(1342) — 3,(0,1).

First, we will discuss the structure of the proof.

D, (1342) 8,(0,1)
Normalization & / ' B2(0,1) //' Labelingg/\

S P,

Find the structure Change of assigned entries

Assign the entries to nodes

The diagram above illustrates the multiple steps used to define F' where for
o € D,(1342) F(o) € (£,(0,1). Observe that a (0, 1)-tree consists of two main
components: its shape as a tree and the labels of its vertices. Bona’s bijection F

tells us how to determine these components for a permutation in D,,(1342).

e First, we use the following steps to find the structure.

1. The proof uses a function called the normalization function, which
maps from D,,(1342) to D,(132).

2. It is known that there is a bijection between D,,(132) and plane trees.
The proof uses this to find the structure of F(c) € 3,(0,1).

e The second step is to find the labels of the vertices. This procedure is highly

technical, so we will illustrate it with examples.
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After defining the function F' from D, (1342) to (,(0,1), the proof verifies that
F=': 3,(0,1) = D,(1342) exists. Since we know the exact number of 3,(0,1)-

trees, we can conclude that

(2n)!

D, (1342)| =3.2" 1. 7~
[Dn{ ) nl(n +2)!

3.2.2.1 Normalization and the bijection g

The following part focuses on the shape of F(o) € 3,(0,1).

Let 0 € D,,(1342). We will exploit the same algorithm used in the definition of

« 1n Subsection 2.3.1.

Definition 3.16. Consider the function N : D, (1342) — D, (132) defined as
follows. Let o € D,,(1342), then

1. Fix the left-to-right minima of o,

2. After every left-to-right minimum of o, we put the smallest entry that is

also larger than the current left-to-right minimum.

N(o) is called the normalization of o. Note that N(o) € S,,(132) by the Propo-

sition 2.8.

Example 3.11. Let 0 = 658732194 € Dy(1342), then N(0) = 657832149 €
Dy(132).

Lemma 3.1. For every o € D, (1342), N(o) € D,,(132).

Proof. We know that N(o) and o € D,,(1342) have the same left-to-right min-
ima in the same places, by the Proposition 2.8. We will show that left-to-
right minima’s positions decide whether the permutation is decomposable. Let
o=0y...0, €S,. Wewill look into two cases, first assuming that a € [n] exists,

such that o,,_,.1 = a is a left-to-right minimum.
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1 2 n—a+1 n

o1 Oy a ! On

a — 1 entries after a

n — a entries that is larger than a

There are n — a entries before a, and a is smaller than all since it is a left-to-right
minimum. Therefore on the right of a, there are a — 1 entries. The number of
entries that is smaller than a is @ — 1. All of them should be on the right of a.
Otherwise, a can not be a left-to-right minimum. Therefore, we can cut before

On—asro. It implies that o is decomposable.

Second case is when there is no index n —a + 1 € [n] such that o, .41 = a
is a left-to-right minimum. Let 0, _,,.1 = k be a left-to-right minimum. We
know that there are n — m entries before k. We also know that, in general, there
are n — k entries that are larger than k. Since 0,,_,,11 = k is a left-to-right mini-
mum, we should have n — m < n — k. Note that we have the first case if £k = m.

It implies that £ < m.

1 2 ) n—m+1 n

g1 09 m k On
~

m — 1 entries after k

n —m + 1 entries that is larger than k

We know that there are k — 1 entries smaller than k. They should be on the right
of 0,_mi2 = k. There are m — 1 entries after k. We also know that m—1 > k—1
means that there is an entry after £ larger than k. Thus the permutation is not

decomposable. O

Next lemma is important to understand the bijection between D,,(132) and plane

trees.

Lemma 3.2. Let 0 = 0103 ...0, € D,(132), then o, = n.

Proof. Proof by contradiction. Assume that o € D, (132) and o,, # n. Suppose
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that o; = n where 1 < i < n. Since it avoids 132, every entry before n must be
greater than every entry on the right of it. Thus it is decomposable by cutting

after n. This is a contradiction. O]

Corollary 3.1. Let ¢ = o0y09...0, € D,(132). It implies that ¢/ =
0102 ...0p_1 € Sn,1(132)

Example 3.12. Let 0 = 34512678 € Dg(132) and § = 65734128 € Dg(132). We
can see that ¢/ = 3451267 € D(132) since it is indecomposable. §' = 6573412 €

S7(132) is decomposable since we can cut after 7.

We use 59(0,1) to denote the set of all 3,(0, 1)-trees with labels being 0. Note that
£2(0, 1) is the same set with the plane trees with n vertices. We see that N (o) €
D,,(132). The function g will determine the shape of the tree corresponding to
the given permutation in D,,(1342).

Proposition 3.1. There exists a bijection g between D,,(132) and 8°(0,1).

The bijection g : D, (132) — 8°(0,1) is defined recursively. Note that the image
of the permutation 1 is a single vertex. Let o € D,(132). We know that o,, = n,
we first put a single vertex that is associated with n. This vertex is the root of
our plane tree. We look at o’ € S,,_1(132). There are two cases, o’ decomposable
or indecomposable. The first case is when ¢’ is decomposable. Cut ¢’ into strings
o' = paype) - - - Py- Here, piy’s are partial permutations such that for any 7 < j,
every entry of pg is larger than every entry of p(;. There are h subtrees of the

root. Next, we will find the plane tree that corresponds to p.

Let e; be the largest entry in the string p;;y. Let p’@.) be the permutation where we
subtract e; 1 from every entry of p(; for every 1 <1 < h. Note that QD’<Z.> € Dy(132)
for some k£ < n. Therefore, we can recursively find the assigned entries and the

structure of b, = g(p’<i>). We can see the process in the following diagram.
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Subtract e;,4

b

Next, we want to find b;. The plane tree b; is the same as the b;. The only change
is with assigned entries of vertices. We add e;1; to every assigned entry of 0.
We repeat it for every b} for 1 <1 < h. Since py already defines a permutation,
we keep the assigned entries and the plane tree. Therefore we find the assigned

entries of every subtree.

We obtain g(o) by connecting all h plane trees to the common root where b; is
the ith subtree. We already assigned n to the common root. Thus g(o) is found,

we can see it as follows:

The second case when o’ € D,,_1(132). We say the root has only one subtree b,

where g(o’) = b;. We find b; recursively. We can see the g(o) as following:
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b1

Example 3.13. Let 0 = 67345128 € Dg(132). We see that ¢/ = 6734512 and
it is decomposable. We see that o' = 67|345/12. We follow the steps of the first

case, then

o= 67 345 12

| 7I > QI
12 123 12 6 4 1

Next, will define

g ' B20,1) — D,(132)
Let T be a (0, 1)-tree with all zero labels with root ¢. Assume that ¢ has k
subtrees. Let the subtrees be by, bs,...,b; and they have ny,no, ..., n; vertices
from left to right. We will define ¢! recursively. First note that single vertex

B(0, 1)-tree corresponds to the permutation 1.

1. Each b; corresponds to an indecomposable 132-avoiding permutation with

length n;.
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2. Add Zi:z 411y to all entries of the permutation p; associated with b;.

3. Concatenate all the permutations and add n to the end of ¢ that is associ-
ated with 7.

Example 3.14. Note that in the second step, we find the number of vertices in
the subtrees that are on the right of the chosen subtree. We add this number to
the corresponding permutation of the chosen subtree. It allows us to find a valid
permutation in D,,(132). Let T be the following tree. We see that by and bs are

the same trees.

3
— 213
2 1
2
I —> 12
1

By the definition, we do not add anything to the permutation that corresponds
to bs. We add Zi’:g n; = nz = 2 to the entries of the corresponding permutation
of by. We add Z?:z n; = ng +n3 = 2+ 2 = 4 to the entries of the corresponding

permutation of b;. Therefore we see that

7
./\4_, b, —— 657
6 15}

3
I<—> b2 <—>34
4

2
I b3 12
1

We concatenate all the permutations and add n = 8 to the end, we see that
o = 65734128 € Dg(132).
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Note that ¢! is the direct inverse of g, therefore g is a bijection.

3.2.2.2 Labeling and change of assigned entries

Next, we will label the vertices of the corresponding plane tree of o € D,,(1342).

Definition 3.17. The entry o; beats the entry o; if there exists an entry oy,

where h < i < j such that o,0,0; forms a 132 pattern.

Moreover o; reaches oy, if there is a subsequence o, 0;14,, Citays - - - Oita,, Ok Of
entries where 1 < 1 +a; < i+ as < --- < i+ a; < k so that each entry in the

subsequence beats the next one. When o; beats o; it also reaches o;.
Let v; be the vertex of 3(0,1)-tree T', that is associated with o;.

Label of v; is the number of descendants of v; (including itself) such that at
least there is one index ¢ for the descendant v; such that o; reaches o, where

k> 1.

It means that we are looking for the number of descendants of v; that reach

an entry that is after o;, which will be the label of v;.

Example 3.15. Let 0 = 5716243 € D;(1342). We see the subsequence 576,
therefore 7 beats 6. We also see the subsequence 162, therefore 6 beats 2. We

can say that 7 reaches 2.
Let o € D, (1342). The mapping

F : D, (1342) — $,(0,1)

is defined as follows:

e First, determine N(o) € D,,(132) using Definition 3.16.

e Second, obtain g(N (o)) € 3°(0, 1) using Proposition 3.1.
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e Third, update the assigned entries of vertices in g(N(c)) based on the
function ((o) o ((N(0))™1).

e Fourth, apply the labeling defined in Definition 3.17.

We will see the process with the next examples. Assigned entries are shown in
bold text.

Example 3.16. Let 0 = 2413 € D,(1342).
First step: N(o) = 2314.
Second step: We see that g(N (o)) = ¢g(2314) is

Third step: o(N(c))™! = [2413][3124] = 1243. It means that 3 goes to 4 in the

tree, 4 goes to 3.

Fourth step: For the labeling, we check the 132 patterns in o. There is only one
of them, which is 243. It means that 4 reaches 3. Thus ¢(4) = 1. By the root

conditions we have the following tree:
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Example 3.17. Let 0 = 2143 € D,(1342).
First step: We see that N(o) = 2134.
Second step: We want to find g(N(o)).

® 4 N(o) =213. It is indecomposable

4
I N(o)” =21. It is decomposable. We have the tree
3
4
3
2 1

Third step: o(N(0))™! = [2143][2134] = 1243. Thus we change the places of 3
and 4.

Fourth step: Only 132 pattern formed is 243 for thus 4 reaches 3. ¢(4) = 1.

0 0

Example 3.18. Let 0 = 58371624 € Dg(1342).

First step: Observe that N(o) = 56341278 and (N (o))~! = 56341278.

Second step: We want to find g(N(o)). N(o)" = 5634127 and it is indecom-
posable. e N(o) = 563412 and it is decomposable where pny = 56, piy =
34, py = 12. Meaning that we have three branches and every p; is indecompos-

able, thus every branch is a single path.
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Third step: Proceed to o(N(c))™t = [58371624][56341278] = 16375824. We

change the associated entries according to this bijection.

Fourth step:

Label of 8: 8 only has one descendant which is 5. 5 can not reach anywhere since
there is no entry on its left. There is the subsequence 586, meaning 8 reaches to
6. Thus ¢(8) = 1.

Label of 7: There is only one descendant which is 3. 3 does not reach anyhwere
since both 1 and 2 on its right. 132 formed with 374. Thus 7 reaches 4, ¢(7) = 1.

Label of 6: Similarly, by the subsequence 162 and since 1 can not reach anywhere,
0(6) = 1.

Label of 2: We see that 2 has 6 descendants, we already discussed that 5, 3, and
1 can not reach anywhere. We look at 8, 7, and 6. There is only one entry after
2, which is 4. 8 reaches 4 since 8 beats 6 by pattern 586, and 6 beats 4 by pattern
364. 7 beats 4 by the pattern 374. We also showed that 6 beats 4. 2 can not
reach 4. There are three descendants of 2 that reach 4. ¢(2) = 3.

Label of 4, 5, 3, 1: By the root condition, ¢(4) = 3. £(5) = ¢(3) = £(1) = 0 since
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they are leaves. We have F(58371624) as following:

3.2.2.3 Special case of F

There exists a special case for the function F' concerning a subset of D,,(1342).
Let us define I,,(1342) = {0 € D, (1342) | oy = 1}. F(o) for o € I,(1342)
has a characteristic. It follows from the fact that there is only one left-to-right
minimum in . Consequently, all permutations within this subset with the same

length share the same normalization.

Proposition 3.2. There exists a bijection between I,,(1342) and the set of
Bn(0, 1)-trees with one single path.

We will follow the steps of F'.

First step: We want to understand the normalization of o € I,,(1342). We see
that N(o) =12...(n — 1)n for every o € I,,(1342).

Second step: We find g(N(0)). We look at g(N(o)) = ¢g(12...(n — 1)n), and it
will be a single path plane tree with n vertices, by the definition of g. Note that

g also assigns i to ith vertex from the bottom.

Third step: We use ((0) o ((N(o))™!) and change the assigned entries. We see
that N (o) is the identity function, therefore ((¢) o ((N(c))™!) = 0. We assign o;

to ¢th vertex from the bottom.

Fourth step: We want find the labeling. By the third step, we know that every

descendant of o; is o, where k < 7. We also know that o7y = 1. Therefore if we
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look at the number of o that is larger than at least an entry on the right of o,

we find the number of descendants that reaches an entry after o;.

Therefore we can define
f: 1,(1342) — Single path 3,(0, 1)-trees

as follows:

1. Assign the entry o; to the ith vertex from the bottom.

2. Find the label of vertices as follows. Let v; be the ith vertex from the

bottom:
e | < n, then
l(v;) ={j <i|og; > o, for at least one s > i}|
e ; =n, then
l(v;)) =L(n —1).

Example 3.19. Let 0 = 1324 € [,(1342). It is indecomposable, it avoids 1342
and o7 = 1. Assigned entries are shown in bold text.

4 ¢ 0

o ¢ o (1) =0since 1issmaller than any entry. £(2) = 1since o3 = 3 > 2.
[(3) = 0 since nothing on the left of o3 = 2 including itself is not
3 ® 1 Jarger than 4. £(4) = 0 by definition.

1 e0

Next, we will examine the inverse of this particular case. Let’s define the mapping
f~! : Single path £3,,(0, 1)-trees — I,,(1342)
as follows:

1. The vertex assigned to n marks the beginning of a positive sequence, as it

is larger than any other entry.
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2. If there is no such vertex, the last vertex is assigned to n.

3. After locating n, decrease the labels of all subsequent vertices by 1.

4. Adjust the label of the last vertex to satisfy the root condition.

5. Repeat the process recursively.

Example 3.20. We look at the following tree.

0

0

0

There is no positive sequence thus o4 = 4. Deleting the last node,

we have the following new tree.

In order to satisfy the root condition, the root label is changed.
The new tree has 3 vertices, the second vertex starts a positive

sequence. Thus o9 =3

By definition, the following label is decremented by 1. The new
tree has 2 vertices. There is no positive sequence. It follows that

o3 =2 and o1 = 1.

Thus we have the permutation o = 1324 € 1,(1342).

3.2.2.4 Definition of F!

We want to show that

F~1:8,(0,1) — D, (1342)

exists. We will use induction, assume that every 7" € £, 1(0,1) has a unique
F~YT") € D,,_1(1342). Let T € $3,(0,1), v; be the leftmost leaf of T and x be the
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parent of v;. We show the uniqueness of F~1(T) € D,,(1342) for any T € 3,(0,1)

in four cases. We can see them as follows:

Children of z Label of z Labels of ancestors of x
Case 1 More than v; Positive or zero | Positive or zero
Case 2 Only vy Zero Positive or zero
Case 3 Only vy Positive One or more of them have zero
Case 4 Only vy Positive All of them have positive

Note that g~! takes v; to oy since N(o) does not change the first entry.

1. vy is not the only child of z.
e Delete vy, we still have a valid tree T” since ¢(v;) = 0.
e 7" is a valid tree with a unique preimage F'(¢o') =T1".

e Compare the entries of ¢/ with o1. Add 1 to every entry that is larger

than oy or equal 0.

e We put oy in the first entry; we have the preimage of T
2. vy is the only child of z and ¢(z) = 0.

e Delete vy, we still a valid tree T".

e Proceed as in the first case.
3. vy is the only child of z, {(z) # 0, and an ancestor of x has label 0.

e Let u be the closest ancestor with label 0.

u is not the root. Otherwise, it should have all children with the label
0.

Remove the subtree T, that has u as its root.

Let T" be T where T, is removed. It has a unique preimage by induc-

tion.

There is one possibility of a set of entries from o assigned to 7,. Let
A be the assigned entries of T;, by N(o) and B the assigned entries of
T, by o. If A # B, then there is a 132 pattern that starts in 7, and

ends outside of T),. It is a contradiction since ¢(u) = 0.
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e T, is a valid B(0,1)-tree if we change the label of u to sum of its

children. It has a unique preimage ¢" by induction.

e Thus, we showed that T has a unique preimage.

4. vy is the only child of z, ¢(x) # 0 and no ancestor of x has 0 label. If n is
not associated with the root vertex, then all of its ancestors and itself have
a positive label, and n is the leftmost entry with such a property. These

claims need proof. We will present them after we describe this case.
e 1 is associated with n. It means that n is the second entry of the
preimage o.

e We connect v; with the parent of z and decrease the label by 1 of

ancestors of z. It means that we delete x.
e The new tree 7" has a unique preimage ¢’ by the induction.

e Insert n to the second position of o’. We get the preimage of T'. It

does not create a 1342 pattern since there is only one entry before n,
and o’ € D, (1342).

We use the following lemmas for the fourth case.

Lemma 3.3. Let 0 € D,,(1342). Assume that o,, # n. It means that n is not
associated with the root. Let v,, be the vertex that is associated with n. Each

ancestor of v, has a positive label under F.

Proof. We want to show that n reaches an entry after any of the ancestors. Let
ay > ...> ap > Qpy1 > ... > ay, = 1 be the left-to-right minima of . Assume

that n is located between a, and a, 1.

ar n Gryq A, Y1 - Qri41 Y2

n beats everything between itself and a,,,. Here, a, plays the role of 1 since
the mentioned entries are larger than a,. We claim that n beats an entry after

a,+1. Assume that n does not beat an entry after a,.;. It means that every entry
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larger than a,,; is on the left of itself. It would imply that o is decomposable.
Therefore it is a contradiction. Let y; be in between the left-to-right minima a,,
and a,,+1. Similarly, y; beats an entry after a,, 1. Eventually, we bypass all the
left-to-right minima and get to the chosen ancestor’s right. n reaches an entry
on the right of chosen left-to-right minimum. Therefore every ancestor of n has

a positive label. O

Lemma 3.4. Let 0 € D,(1342) and o, # n. n is the leftmost entry of o, which

has the property that each of its ancestors, including itself, has a positive label.

Proof. Assume that o, and n have the mentioned property, and oy, is on the left of
n. If more entries have the same property, choose the rightmost one. If o, beats
an entry on the right of n, then we have the subsequence xo,ny, which forms a
1342 pattern. It is a contradiction. Therefore o5 does not beat such element y.
Since o has the property, it should reach an entry after n. Thus it should beat
an entry v between o5 and n. Let v beat the element w with the subsequence
tvw. We know that w is after n; therefore, tvnw forms a 1342 pattern. It is a

contradiction. Therefore n is the leftmost entry with such property. O]

Example 3.21. Let T be the following tree:

We see that vy is the only child of x, ¢(x) # 0, and all of the ancestors of x have
a positive label. It is the case 4, thus for F'(c) = T, 05 = 8 since T has 8 vertices.

We will follow it by deleting  and decreasing all of the ancestors’ labels by 1.
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T Case 1 of F~1
—_—

1 x//. 1

0 vy ® 0

We see that v} is not the only child of /. Tt is the case 1 of the F’~'. We look at

the unlabeled version of T".

Unlabeled T" =

We find the leftmost entry as follows:

b <

Thus for F(o') =T', 07 = 5. Since T” is also the case two, we delete the v]. We

have

® 2 1
2" 1
T — Case four of F~1
1 o e 0N 1
0 0
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Only child of x” is v{, hence by case 4, we should delete z”, decrease the label of

ancestors by 1. z” is associated by 6 by case 4, meaning for F'(¢”") =T", of = 6.

1 ¢ 1
" 1 1
T — Case one of F~1
v e 0 1 o1
0 e 0

"

. Thus by case 1, we should find the leftmost entry.

v{" is not the only child of

Unlabeled T"" =

We find the preimage as follows:

5
4
. 1
by < .0 3 2 —
} ba 3 2

Thus for F(o”) =T", o' = 3. Since T" has the case 1, we delete v{". We have
a single path (0, 1)—tree. We will proceed according to f, which is the special

case of F'. |
® 1 ® 1 ® 0 390
*1 Positi * 1 D by 1 *0 N iti ® 0
T — ositive sequence ecrease by o positive seq.
o1 491 4 q 4 ¢
e ( e 0 e ( ® (0
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® 0 o 200 2 ¢ 201
No positive seq. b
— —
4 4 ¢ 4 ¢ 4 0 1
® 0 e ( 100 100

Hence we conclude that F'(1423) = T™. Now we will proceed to 7. T" Cose
T" and of" = 3. Adding 1 to 3 and 4 in 1423, we have ¢ = 31524. We
observe that 7" <224 77 and o4 = 6, we have that 0" = 361524. We see that
77 2L 7 and find that o1 = 5. We add 1 to the appropriate entries of o,
then ¢’ = 5371624. Finally, T’ Case 4, T, meaning we plug 8 to the second entry,

therefore o = 58371624 € Ds(1342).
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Chapter 4

Stanley-Wilf Conjecture

Let 7 € Si. Stanley-Wilf’s conjecture claims that |S,(7)| has an exponential
upper bound. Klazar and Marcus [43] showed that the Fiiredi-Hajnal conjecture
implies the Stanley-Wilf conjecture. Fiiredi-Hajnal conjecture has been proved by
Marcus and Tardos [15]. First, we will introduce some definitions to understand
the Fiiredi-Hajnal conjecture. Second, we show that the Fiiredi-Hajnal conjecture

implies the Stanley-Wilf conjecture.

4.1 Preliminaries

Definition 4.1. Let A be a matrix. If A has only 0 and 1 as its entries, then it

is called a 0-1 matrix.

Definition 4.2. Let P be a k x k 0-1 matrix. If P has exactly one 1l-entry in

every row and column, then it is called a permutation matrix.

Example 4.1. Let

P = and P, =

o = O O
o O O
o O = O
= o O O
S = O =
o o O =
o O = O
_ o O O
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Note that P, is not a permutation matrix since the first row and column have

two 1l-entry.

Definition 4.3. Let A be a matrix. A submatrix of A is a matrix formed by

deleting some rows and columns of A.

Example 4.2. Let

1 011
0010
A=
1 111
0100
If we delete the first row and third column, we get the following submatrix:

000

1 11
010

Definition 4.4. Let A and P be 0-1 matrices with the size m x n and k x [,
respectively. A contains P if A has a k x [ submatrix D so that D;; = 1 whenever
P;; =1 for all ¢, 5. If A does not contain P, then A avoids P.

Note that only the positions of 1-entries are important. Let P be a k x k per-
mutation matrix. We denote the set of n x n 0-1 matrices that avoids P as
M, (P).

Example 4.3. Let

01
10

A:

=
o O O

1
0 and P =
0

If we delete the second row and the second column of A, then we arrive at the

iy

Since this submatrix has the 1-entry in the same positions with P, it implies that

following submatrix:

A contains P.

Definition 4.5. Let P be a k X k permutation matrix and A € M, (P). We

define num; (A) as the number of 1 entries in A and f(n, P) = B rjr\l/la}EP) num; (A).
My,
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4.2 Firedi-Hajnal conjecture

Fiiredi-Hajnal conjecture claims that there exists a constant cp that depends only

on k X k permutation matrix P such that

fn,P)<cp-nforaln>1

The proof uses induction. First, let P be a k x k permutation matrix and
A € M, (P). Assume that k? divides n.

We define S;; to be square submatrix of A consisting of the entries a;;; where
i"e[K*(i—1)+1,k*(i—1)+k* and j’ € [k*(j — 1)+ 1,k%(j — 1) + k?]. It means

dividing A into k? x k? blocks. We can see the matrix as follows:

r I I I 1 M l I I 7
| | | | | |
Sl,l }k2 I \Sl,k% b11 I I \bl,k%
| | | g | | |
L - — — — | | N L I SN | | L -
M | | | | |
| | | | | |
K21 | | | | |
| | | | | |
| | | | | |
| | | | | |
| | | | | | n
I I I n I I I k2
fffff - —
| | | | | |
S n b n
ao | aon |
L. ] ! Y N I ] Lo
| | | | | |
| | | | | |
Sau S b bt ts
L | | | | L | | | .
Matrix A and its blocks Matrix B

Let B = (b;;) be the 75 x 75 0-1 matrix. We define b;; = 0 if and only if all the

entries of S;; is 0. Otherwise we define b;; = 1.

Lemma 4.1. The matrix B avoids P.

Proof. Assume that B contains P. Consider the entries of B representing P. We
choose an arbitrary 1-entry from the corresponding block for every 1l-entry in P.

It would imply that A contains P, which is a contradiction. O

Definition 4.6. We say that a block of A (with the size k* x k?) is wide if it
contains l-entry in at least k different columns. Similarly, a block of A is tall if

it contains l-entry in at least k different rows.
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Lemma 4.2. Consider the set of column blocks of A, the set C; = {S;; : i =
1,2,...,7}. The number of blocks in C; that is wide is less than k(k:)

Proof. First, note that we fix the columns of the blocks we choose. We look at
the blocks that correspond to jth column of matrix B. We know that there are k?
columns. We choose k columns from k? columns, there are (’f) options. Assume
that there are k(k,: ) wide blocks in C;. By the pigeonhole principle, £ blocks in
C; have 1—entry in the same columns. Suppose we order the columns from left

to right as ¢y, ca, ..., cp. We will describe the matrix.

[
AR

o
)

a
e

Let Sg,;, ..., Sa4,; be those blocks where 1 < d; <dy < ... <dp < 5. As seen in
the picture, for every l-entry in P, we can choose the needed column accordingly.
It is possible since there are k possibilities for every position. Therefore we can

find a submatrix of A that corresponds to P. It is a contradiction. O

We can use the same argument for the row blocks. The number of tall blocks in
the set of row blocks R; = {S;; : j = 1,2,..., 5} is less than k(k,:)

Lemma 4.3. Let P be a k x k permutation matrix and assume that n is divisible
by k2. Then we have

f(n, P) < (k — 1)%(%, P) P (lj:)n
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Proof. Let T} be the set of wide blocks, T5 be the set of tall blocks, and T3 be
the set of nonempty blocks that are neither wide nor tall. Note that number of

sets of column or row blocks is k% Therefore

n
|Th| < @k<

k?2
)

n . (k*
T < =k
i < 5k ()
and

n
5| < £(55.P)

If a block in T3 is nonempty, it has at most (k — 1) entries in every row and
column. It implies it has at most (k — 1)? many 1—entry. Note that wide or tall

blocks have at most k* many 1—entry. Thus

f(n, P) < k4(2%k(l{:>> + (k= 17f (5. P)

K
f(n, P) < 2!{:3(12)714— (k — 1)7(%,13).

Theorem 4.1. Let P be a k X k£ permutation matrix. We have

f(n, P) < 2k* <Ii)n

for all n > 1.

Proof. We will use induction on n. Let n’ be the largest integer less than n

divisible by k2. By the previous lemma, we have

f(n,P) < f(n', P) +2k*n
/ 2
F(n, P) < (k — 1)7(%, P) P (i)n +2k%n
By induction,
2 2
F(n, P) < (k — 1)? [21# <’2 ) %] +ok® (";)n + 2k
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Since n’ < n,

f(n, P) < 2k? <k;:)n((k: — 1) +k—1)

1 (K
f(n, P) <2k <k)n

4.3 Proof of Stanley-Wilf conjecture

The Stanley-Wilf conjecture claims that for any 7 € Sy, there exists a constant

¢, that only depends on 7 such that
|Sn(7)] < 2 for all n > 1.
We will define the permutation matrix corresponding to o € S,,.

Definition 4.7. Let 0 = 0y03...0, € S,. We define the matrix B, = (b;;)1<i.j<n
as follows:

1 ifo, =34
by = ’
0 otherwise

We call B, corresponding matrix of . Note that B, is always a permutation
matrix since every element of [n] occur once.
Example 4.4. Let ! = 132 € S3 and 0% = 1342 € S;,. We can see that
1 00
Boo=10 0 1
010

and

o O O =
_ o O O
o O = O
o = O O
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Let B, be the corresponding matrix of 7. It is clear that
[Sn(T)] < |Mu(B)]

since not every 0-1 matrix does not correspond to a permutation that avoids B;.

We know from Fiiredi-Hajnal conjecture that

f(n, B;) < 2k* (]j:) n.

Let A € M,(B;). We will cut A into 2 x 2 blocks. We replace the block with

0 if all of its entries are 0. Otherwise, we place it with 1. We have a [§] x [§]

matrix. This new matrix also avoids B,. Therefore

([g)mr) <2 ()5

We know that all the 1-entries come from a nonzero block. There are 2* —1 = 15

many nonzero blocks since they have the size 2 x 2. Thus

Mo (B,)] < 15 G5 My (B

Therefore by iteration, we have,

1S,(1)] < IMa(B,)] < (152 (X)),
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Appendix A
Combinatorics background

We use (Z) to denote the number of k element subsets of an n element set. We

know that
n\ n!
k) (n—k)k!

Note that (g) =1.

A.1 Generalized binomial theorem

First, we show the binomial theorem, which is defined for positive integers. For
the generating function method, we need the definition for any real number. The
generalized binomial theorem is defined for any real number, therefore we use to

explain it in the next part.

Proposition A.1. (Pascal’s identity) Let n, k € Z*, then,
n+1\ n n n
k C\k—1 k

Proof. Assume that k <n.

(k:) * (Z) = 1)!(2!— KL (n —nl!c)!k!
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nlk nl(n—Fk+1)
k= Dln—k+ 1) Kn—k+1)n —h)
_(n—k+14+Ekn!  (n+1)n! n+1
(")

(n—k+ 1)kl (n+1—Fk)kl

Theorem A.1l. (Binomial theorem) Let n € Z* and x,y € R, then

(z+y)" = Zn: (Z) xR,

k=0

Proof. The proof is by induction on n. For the n = 1 case we have,

(+y) =) (,1) 'y

1
k=0
1 1
= (O)xlyo + (1>x0y1 =r+y
Assume that the theorem holds for n.

Note that

(z+y)" = (z+y) (z4y)" = (z+y) ( (g) 2"+ (?) Tl (Z) Ry

e o Qe [0

n n n—k+1, k n+1
ot (k—1)+(k) T vty

Summing up by the previous proposition,

n n n _(n+1
k k—1) k)
Therefore it implies that

n+1
n n+1 n+1—
<x+y) +1:Z( N )I +1 kyk

k=0
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Definition A.1. Let o € R and n € Z*. We define
(a> _ala=1)(a—=2)...(a—(n—-1))

n n!

Theorem A.2. (Generalized binomial theorem)

(1+2)" = i <(:L>x"

n=0

where « is any real number.
Proof. We will use the Maclaurin series, we know that

n

) (0)

| 8

flx)=)

n=0

3

Let f(z) = (1 + z)*, then
@) =ala—1)...(a—(n—-1)1+z)*™
and it implies that

fP0)=ala—1)...(a=(n-1)1)*"=ala—-1)...(a - (n—1)).

Therefore

A.2 Catalan numbers

Generating function method is usually used to find the enumeration of the set of

permutations that avoids a pattern. We will first see how it is used in general

cases. Later, we will show how to determine the generating function of Catalan

numbers.
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Definition A.2. The generating function G(z) of {a,},>0 is defined to be the

formal power series
o0
G(z) = E anx".
n=0

Example A.1. We want to use the generation function method to find the num-
ber of subsets with r element from a set with n elements. For any element, we
have (14 z) since the element is included or not included. Therefore by binomial

theorem,

G@)=(1+2)" = i (:)x

r=0

Definition A.3. The n* Catalan number is defined as

n
Cp = E Ci—1Cn—;
i=1

where ¢y = 1.

We will find the exact formula of Catalan numbers by the generating function
method.

Proposition A.2. The Catalan numbers are given by

1 (Qn)
Cp = .
n+1l\n

Proof. We want to compute

C(z) = i Cpx™.
n=0

From the previous recurrence for ¢,, we have

O(ZL’) =1+ Z Cnl’n =1+ (Z Ck_lcn_k> "
n=1 n=1

k=1

Clz)=1+ Z (chlcnk) "

n=1
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By the Cauchy product formula for the series,

C*(z) = Z (ch%—k> "

n=0 k=0
C(x) =1+ 2C?(z)
Clz) = 1++v1—4x
2x
Since lim,_,o C(x) = 1,
1—+v1—4
C(z) = o L

1 1 = /1
= —(1—-V1—-dz)=—|1- 2 ) (—4z)"
C@) = o ") %( > (2) i )
1 — (3 1 — (3 +192
=—[|1-=1-= 2 A\ | = — 2 1)ntlg2n.n
0 1
— 2 ) (_1)rtlg2n—1,n-1
> Tz
00 — — —2(n—1)+1
_y0EE) () pyrgeict o
n!
n=1
2 135...2(n—1)—1
_ Z 3.5...[2(n ) ](_1)n—1(_1)n+122n—1xn—1
— nl2mn
Changing variables, we get
i": L35 (2m=1) i _ i L 135..(2m-n2 .
— (m+1)! = (m+1) m!
i 1 1.35...(2m — 1)2™m!
= (m+1) mlm!
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1 135...2m—1)2"(123...m)

[
WE

. T
Im)
= (m+1) mim!
i 1 1.35...2m—1)(24.6...2m)
= . X
= (m+1) mlm!
B i 1 1.234...(2m —1)( i mt
B = (m+1) m!m! = (m+1) m'm'
Thus,

1 <2n)
Cry = .
n+1\n

A.3 Dyck paths

Definition A.4. A Dyck path is a lattice path from (0,0) to (n,n) with the steps
(1,0) and (0,1), which does not go above the diagonal line y = z.

Equivalently, a Dyck path of length n is a sequence of steps (1,1) and (1,-1) that

starts from (0,0) and ends at (2n,0) where it never goes below the z—axis.

We will mostly use the second definition.

Example A.2. Let n = 1, then it ends at (2,0). There is one Dyck path.

Let n = 2, then it ends at (4,0). There are two such Dyck paths.
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Let n = 3, then it ends at (6,0). There are 5 of them.

Let n =4, it ends at (8,0). There are 14 of such paths.
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1 2n o
.l (n) where ¢y = 1. There are many

distinct combinatorial objects enumerated by Catalan numbers. For an extensive

Recall that n'® Catalan number is equal to

list, see [44]. First, we will show that the Dyck paths are enumerated by Catalan
numbers. Let D,, denote the set of Dyck paths with 2n steps.

Proposition A.3. The number of elements in the set D, is equal to ¢,.

Proof. Let D € D,,. Assume that (2k,0) is the coordinate where D touches the

xr—axis for the first time.

o
[
ol

Dyck path with length n — &k

We see that D = uAdB, A € Dj_; and B € D,,_;,. We want to count the number
of Dyck paths. We see that D can touch the x—axis on 2i where i € [n]. Therefore
for any i, corresponding A € D; 1 and B € D,,_;. Therefore we conclude that

Dul =) |Diy|| Dy
=1

which is the same recursion satisfied by Catalan numbers. [

Next, we will show the following bijections:
Dyck paths <— Parentheses «— Plane trees

Note that Dyck paths have 2n steps, parentheses have n pairs, and plane trees

have n + 1 vertices. See the subsection 3.2.1 for the definition of a plane tree.

Definition A.5. n pairs of parentheses is an ordering of 2n parentheses. It
consists of n times opening parentheses, denoted as (, and n times closing paren-
theses, denoted as ). It always starts with ( and ends with ). We denote the set

of n pairs of parentheses as Py,
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Proposition A.4. A bijection exists between length n Dyck paths and n pairs

of parentheses.

Proof. Define
g : Dy — Py

as g(u) = (and g(d) =). g is well-defined since there are n down and n up steps,
and it always starts with the up step and ends with the down step. g is surjective
since for any P € Py, we can find a Dyck path in D, by mapping ( to u and
) to d. It is also injective since every Dyck path has a different ordering of the
steps u and d. Therefore the preimage of a pair of parentheses is unique. Thus g

is bijective. O

Proposition A.5. There exists a bijection between n pairs of parentheses and

plane trees with n + 1 vertices.

We denote the set of plane trees with n vertices as T,,. We will define
f . P|n| — Tn+1

in two cases. The first one is when P € P}, can be written as a joint of some
pairs of parentheses. The second case is when P can not be written in that form.

It is defined recursively.

e Note that f(()) = I

o Assume that P € P, and P = PP, ... Py where P; € P. f(P) is defined
as follows: If f(P;) = T;, then f(P) is the tree where we glue the T}’s on
their roots, from left to right. We denote T} except its root as 7. We see

the following picture:
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e Assume that P can not be written as a joint of some pairs of parentheses.
We delete the last and first parenthesis of P and denote it as P’. It will be
valid pair of parentheses since it can not be jointly written. Suppose that
f(P") =T, then we define f(P) as adding a new node above the current

root and drawing a new edge between them. It can be seen as the following:

T 1

We will show that f is well-defined. We denote the number of vertices in the tree
T as |T|. In the first case, Yr | |T/| = n + k. We delete the root of every tree,
we have n vertices. We glue them on a common root, we end up with a new tree
that has n + 1 vertices. In the second case of f, P’ has n — 1 pairs, meaning that
T’ has n vertices. Therefore the new tree has n + 1 vertices. Thus our claim is

true.

Example A.3. Let P = ((()))(00))()(), we see that P = Py PyP3sP, where
P =((0)),P2=(()() and P3 = Py = (). Note that P has 8 pairs and

f(Py) = f(Py) = f(Py) = f(P) = ]

Therefore

See that f(P) has 9 vertices.

Similarly, define
f i T — Py
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where I goes to (). Let T be a plane tree with n + 1 vertices with & subtrees
where k > 2. We look at the subtrees of T

Let T} be the plane tree such that we connect ith subtree of T to a new root. We
define f~! recursively. Assume that the number of vertices in 7 is n; + 1 and
f~HT;) = P; where P; € Py, We define f~1(T) = PiP,... Py It is well-defined
since S°F |, n; = n, then f~Y(T) € Ppn- If k=1, let T' be the subtree that we
get by deleting the root of T', then f~1(T) = ( f~1(T")).

Example A.4. We will find the corresponding parentheses for the following plane
tree 1"

Since the root has one branch, we will delete the root and look at their preimages.

We know that I goes to (). Now we look at /\ , its image under f! is
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()(). Therefore preimage of is (()()). Thus Py = (), P2 = (()()) and
P3 = (). By the definition of f~!, parentheses corresponding to T is (()(()())()).

Example A.5. Let n = 3. We have the following pairs of parentheses and their

matching plane trees.

((0)) I s (00— (\ 00)
000) «— /\ 000 = A\

Therefore we can conclude that

u 1 /2n
Dy| = [Pl = |Tn = Cn = 1—16n—i — .
Dl =Pl = el =0 = S einens = 5 ()

A.4 Functions and sets

We use bijections throughout the second and third sections. We review some

definitions and important results.

Definition A.6. A function f is injective if f(x1) = f(x9) implies that z; = x9
where 1,29 € X. A function f is surjective if for every y € Y there exists v € X
such that f(x) = y. A function f : X — Y is a bijection if f is injective and

surjective.

Definition A.7. Let f : X — Y be a function. If there exists a function
g:Y — X such that g(f(z)) =z for all z € X and f(g(y)) =y forally € Y,
then f is called invertible. The function g is called the inverse of f, and denoted

as f~L
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Proposition A.6. Let f: X — Y. f is a bijection if and only if f~! exists.

Next, we give an example of the bijective method, where we prove a well-known
fact.

Proposition A.7. There are 2" subsets of a set with n elements.

Proof. Let X = {x1,29,...,2,} be a set with n elements, S C X and B =
{b1ba...b, | b; € {0,1} for 1 <i < n}. Define

f:8S—B
as f(S) =byby...b, where
We see that |B| = 2". f is a bijection, note that it is surjective since we can

find a subset S whenever b € B. It is also injective since f~!(b) = S is unique.

Therefore our claim is implied. O

Definition A.8. Let a,b,c € R where ¢ ¢ Z=. The hypergeometric function is
defined for |H| < 1, by the formal power series

2F1(CL, b, C, H) = Z —(azn(bn) . E

—~ (O n!

where (q),, is defined by

1 ifn=0
g(g+1)...(¢g+n—-1) ifn>0.

A.5 Notations

e n|=1{1,2,3,...,n}

111



Z=1{.,-3-2-1,0123,.. .}
7t =1{1,2,3,...}
z="={n,n+1n+2,n+3,...}

z="={....n—3n—2n—1,n}
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