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ABSTRACT
DIFFUSION BRIDGES FOR MRI RECONSTRUCTION

Muhammad Usama Mirza
M.S. in Electrical and Electronics Engineering
Advisor: Tolga Cukur
August 2024

Magnetic Resonance Imaging (MRI) reconstruction typically involves a dealias-
ing process to transform undersampled data into fully-sampled data. However,
conventional diffusion priors perform a denoising transformation, starting from a
state of Gaussian noise and ending with fully-sampled data. Since the aliasing
artifacts associated with many k-space sampling patterns have spatial structures
that differ significantly from white Gaussian noise, this denoising process can
lead to reconstruction errors due to suboptimal suppression of artifacts. To over-
come this limitation, we introduce the first Fourier-constrained diffusion bridge
(FDB) for MRI reconstruction. Unlike task-agnostic diffusion priors, the FDB is
specifically designed to perform a dealiasing transformation, starting with under-
sampled data and ending with fully-sampled data. The starting point is created
using a novel stochastic degradation operator that removes a randomly selected,
progressively increasing set of spatial frequencies. Unlike diffusion priors that
start from a heavily degraded state, the FDB uses a moderately undersampled
starting point to enhance the reverse diffusion sampling process. Furthermore,
unlike existing diffusion bridges that degrade data based on a weighted average
of the start and end points, the FDB uses a binary removal of k-space points,
aligning more closely with the nature of accelerated MRI acquisitions. To further
enhance image quality, the FDB employs a novel sampling algorithm based on
a learned correction term, enabling soft dealiasing by continuously refining esti-
mates of the recovered k-space data during reverse diffusion steps. Tests on brain
MRI show that the FDB outperforms competing non-diffusion priors by 4.8 dB
PSNR and 11.8% SSIM, and diffusion priors by 4.7 dB PSNR and 6.6% SSIM.

Keywords: diffusion, bridge, generative, deep learning, MRI, reconstruction.
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OZET

MRG REKONSTRUKSIYONU ICIN DIFUZYON
KOPRULERI

Muhammad Usama Mirza
Elektrik ve Elektronik Miihendisligi, Yiksek Lisans
Tez Danmigmani: Tolga Cukur
Agustos 2024

Manyetik Rezonans Goriintiilleme (MRG) yeniden yapilandirmasi tipik olarak, az
orneklenmis verileri tam orneklenmis verilere dontigtiirmek icin bir ¢oziimleme
siirecini icerir. Bununla birlikte, geleneksel yayilma oncelikleri, Gauss giiriiltiisi
durumundan baglayip tam oOrneklenmisg verilerle biten, giirtiltii giderici bir
doniigim gerceklestirir. Birgcok k-uzay ornekleme deseniyle iligkili ortiigme ya-
pay yapilari, beyaz Gauss giirtiltiisiinden onemli o6lgiide farkli olan uzamsal
yapilara sahip oldugundan, bu girilti giderme islemi, yapay yapilarin opti-
mum diizeyde bastirilmasi nedeniyle yeniden yapilandirma hatalarina yol agabilir.
Bu smirlamanin iistesinden gelmek icin, MRG yeniden yapilandirmasi igin
ilk Fourier kisith diflizyon kopriisiinii (FDB) sunuyoruz. Goérevden bagimsiz
yayillma onceliklerinden farkl olarak FDB, az orneklenmig verilerle baslayip tam
orneklenmis verilerle biten bir ¢oziimleme doniigiimii gerceklestirmek igin 6zel
olarak tasarlanmigtir. Baslangic noktasi, rastgele secilmis, giderek artan uza-
ysal frekanslar kiimesini ortadan kaldiran yeni bir stokastik bozunma operatorii
kullanilarak yaratilir. Agir derecede bozulmus bir durumdan baslayan difiizyon
onceliklerinin aksine, FDB, ters difiizyon o6rnekleme siirecini geligtirmek icin
orta derecede yetersiz orneklenmis bir baslangic noktasi kullamir. Ayrica, ver-
ileri baglangi¢ ve bitis noktalarimin agirlikli ortalamasina dayali olarak bozan
mevcut difiizyon kopriilerinden farkli olarak FDB, hizlandirilmis MRG edinim-
lerinin dogasina daha yakin bir sekilde uyum saglayarak k-uzay: noktalariin ikili
olarak kaldirilmasimi kullanir. Goriintii kalitesini daha da artirmak i¢in FDB,
ogrenilmis bir diizeltme terimini temel alan yeni bir ornekleme algoritmasi kul-
lanir ve ters diflizyon adimlari sirasinda geri kazanilan k-uzay1 verilerinin tahmin-
lerini siirekli olarak iyilestirerek yumusak diizeltmeyi miimkiin kilar. Beyin MRG
testleri, FDB’nin rakip difizyon olmayan ¢ncelikleri 4,8 dB PSNR ve 11,8% SSIM
ile difiizyon onceliklerini ise 4,7 dB PSNR ve 6,6% SSIM ile geride biraktigimni
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gostermektedir.

Anahtar sézcikler: difiizyon, koprii, tretken, derin 6grenme, MRG, yeniden

yapilanma.



Acknowledgement

I would like to express my sincere gratitude to my advisor, Professor Tolga Cukur,
for his invaluable guidance, support, and mentorship throughout this research.
His expertise and insights have been instrumental in shaping this work. I am
deeply grateful for his patience, encouragement, and unwavering belief in my

abilities.

I would also like to thank the members of my thesis jury for their insightful
comments, constructive feedback, and valuable suggestions. Their expertise and

perspectives have significantly improved the quality of this research.

[ am indebted to my lab mates for their friendship, collaboration, and support.
Their contributions to the research process have been invaluable. I am particu-
larly grateful for their willingness to share their knowledge and expertise, and for

their constant encouragement and motivation.

Finally, I would like to thank my friends and family for their unwavering sup-
port and encouragement throughout my academic journey. Their love, belief, and
patience have been instrumental in helping me overcome challenges and achieve
my goals. I am especially grateful for their understanding and support during

the demanding times of this research.

vi



Contents

1 Introduction

2 Magnetic Resonance Imaging
2.1 Fundamentals of MRI. . . . . . . ... ... ... .. ... ...,
2.2 Prolonged Scan Times . . . . . . . .. ... ... ...
2.3 Techniques for Accelerating MRI Acquisition . . . . . ... .. ..
2.3.1 Parallel Imaging . . . . .. ... ... ... ... ...
2.3.2 Compressed Sensing . . . . . . .. ...

2.3.3 Deep Learning-Based Reconstruction . . . . . .. ... ..

3 Deep Learning Methods for MRI Reconstruction
3.1 Task-Specific Priors . . . . . . . .. .. ... L
3.2 Task-Agnostic Diffusion Priors . . . . . . . . ... ... ... ...
3.3 Cold/Soft Diffusion Priors . . . . . ... ... ... ... .....

3.4 Diffusion Bridges . . . . . . .. ...

vil

10

10

10

11

12



CONTENTS

4 Fourier-Constrained Diffusion Bridges
4.1 Diffusion Process . . . . . . ... oo
4.2 Sampling Algorithm . . . . .. ... ..o

4.3 MRI reconstruction with FDB . . . . . . . . .. .. .. ... ...

5 Methods
5.1 Datasets . . . . . . .o
5.2 Competing Methods . . . . . . . .. ... ... ...

5.3 Analyses . . . . . ..

6 Results
6.1 Comparison Studies . . . . . . . .. ... L
6.1.1 Within-Domain Experiments . . . . . . . . ... ... ...
6.1.2 Cross-Domain Experiments . . . ... ... ... .....
6.2 Ablation Studies . . . . .. ...
6.2.1 Effectof R\ . . . . . ...
6.2.2 Effect of Method Components . . . . . ... ... .....

6.2.3 Effect of Scheduling Components . . . . . ... ... ...

7 Discussion

8 Conclusion

viil

19

21

24

28

30

30

31

32

34

34

35

37

43

43

44

45

47

51



List of Figures

3.1
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sion priors use a forward degradation operator that adds random
noise onto a clean image (), reaching an asymptotic start-point
of isotropic Gaussian noise (x7). A recovery operator then per-
forms denoising transformations to map zr back onto zy. b) Soft
diffusion priors use a degradation operator that simultaneously
adds random noise and applies task-related degradations (i.e., un-
dersampling in the case of MRI reconstruction). As aggressive
noise scheduling is used towards 7', an asymptotic start-point of
Gaussian noise is reached similar to the case of task-agnostic diffu-
sion priors. The recovery operator has to learn a joint denoising-
dealiasing transformation. ¢) Conventional diffusion bridges use
a degradation operator that adds random noise onto a weighted
linear average of start- and end-points (i.e., as a weighted average
of fully-sampled and undersampled data in the case of MRI recon-
struction). While the start-point is undersampled data, intermedi-
ate image samples near the mid-point of the diffusion process are
corrupted by high levels of noise. The recover operators has to
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sampling is initiated with the least-squares solution x;, = AHy,
where A" denotes the Hermitian adjoint of the imaging operator
(R—1)R’

A, and T, = LTfmJ. Reverse steps with FDB for frequency

imputations are interleaved with data-consistency projections.

The weighting parameter w; for the correction term in Eq. 4.16
was learned as described in Eq. 4.27. Results shown for R'=2
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are included to highlight differences among methods, and the red
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Chapter 1

Introduction

MRI is a diagnostic powerhouse with exceptional soft-tissue contrast that suffers
from long scan times. Acceleration via undersampled acquisitions helps lower
operational costs and susceptibility to patient motion, albeit an ill-posed inverse
problem must be solved to reconstruct images with the aid of image priors that
improve problem conditioning [1]. Given their high sensitivity, image priors based
on deep learning have become pervasive in MRI reconstruction over the years
2,3,4,5,6,7,8,9, 10, 11, 12, 13, 14, 15]. A prevalent framework in this domain
employs task-specific priors that are directly trained to perform reconstruction,
i.e., the priors capture a dealiasing transformation that maps undersampled to
fully-sampled data [16, 17, 18, 19, 20, 21]. The dealiasing transformation is typi-
cally mediated by a conditional model that receives a least-squares reconstruction
of undersampled data as input, and that aims to output an image that would be
consistent with fully-sampled data [22, 23, 24, 25, 26]. While task-specific priors
have been pervasive in the MRI reconstruction literature, they typically yield low

representational diversity that compromises image fidelity [27, 28, 29].

An alternative framework that promises improved image fidelity trains task-
agnostic priors to perform non-reconstruction tasks such as image generation [30].
These priors employ generative models to learn the distribution of fully-sampled

data divorced from the imaging operator, (i.e., decoupled from the influence of coil



sensitivities and sampling patterns) [31, 32, 33]. Of particular promise, common
diffusion priors capture a denoising transformation that maps Gaussian noise as
the asymptotic start-point to fully-sampled data as the end-point on the diffusion
process [34, 35]. This denoising transformation is mediated via a network-based
recovery operator that receives a noisy image sample at a given time step to
output a less noisy image sample. To reconstruct an image using a trained prior,
sampling is initiated on a random noise image, and denoising projections via the
recovery operator of the diffusion prior and data-consistency projections via the
imaging operator of accelerated MRI scans are executed iteratively [36, 37, 38, 39,
40, 41]. Note that, depending on the undersampling pattern, aliasing artifacts can
carry spatial structure that diverge significantly from spatially-incoherent noise
[1]. This can render denoising projections task-irrelevant and hence ineffective in

suppressing aliasing artifacts, compromising image quality [42, 43, 44].

To improve performance in inverse problems by increasing task relevance,
several recent computer vision studies have considered cold/soft diffusion pri-
ors [45, 46] and diffusion bridges [47, 48, 49, 50]. Commonly, these methods train
a prior to progressively map images degraded due to a known imaging operator
(e.g., a large blur kernel) onto clean images reflecting ground truth. To derive
intermediate samples during forward diffusion, cold diffusion priors granularize
degradations from the imaging operator into multiple steps (e.g., a set of compact
blur kernels), whereas soft diffusion priors incorporate additional degradations
from Gaussian noise [51]. Yet, cold/soft diffusion priors characteristically employ
an asymptotic start-point of severely degraded images similar to task-agnostic
diffusion priors. This can introduce suboptimality in learning of the recovery
operator due to large variability in the distribution of image samples across the
diffusion process [52]. Furthermore, cold/soft diffusion priors can perform subop-
timally when prompted to recover images from moderately degraded acquisitions
due to mismatch between degradation levels in training versus testing [45, 46].
Indeed, a recent study on single-coil MRI reconstruction suggests that cold dif-
fusion priors may not offer benefits in image quality over task-agnostic diffusion

priors [53].



On the other hand, diffusion bridges can more effectively improve task rele-
vance by employing a finite start-point of moderately degraded images, delimiting
variability in the distribution of images samples across the diffusion process, and
potential differences between training and test sets [47]. Yet, existing diffusion
bridges perform forward diffusion via convex-constrained degradation operators,
which express intermediate image samples in the diffusion process as a weighted
linear average of degraded and clean images [49, 50, 54]. For MRI reconstruction
tasks, weighted averaging of undersampled and fully-sampled data would cause
all intermediate samples to have non-zero intensity across the entire k-space,
causing intermediate samples to diverge significantly from the distribution of un-
dersampled MRI acquisitions that exercise binary selection of k-space points [1].
Note that this would force the recovery operator to learn gradual amplification
of relatively high-frequency k-space points as opposed to dealiasing transforma-
tions, which can restrict the performance of conventional diffusion bridges in MRI

reconstruction.

Here, we introduce a novel Fourier-constrained diffusion bridge (FDB) [55] for
improved performance in MRI reconstruction (Fig. 4.1). To enhance task rele-
vance of the image prior, FDB learns a dealiasing transformation to map between
undersampled and fully-sampled data. Unlike task-agnostic or cold/soft diffusion
priors based on an asymptotic start-point of severely degraded images, FDB uses
a finite start-point based on a moderate level of degradation (i.e., undersampling).
For this purpose, FDB leverages a novel stochastic degradation operator to re-
move a random set of spatial frequencies per forward diffusion step, and schedules
the removal with a peripheral-to-central k-space order from the end- to the start-
point. Note that, unlike previous diffusion bridges based on convex-constrained
degradation operators, FDB employs a Fourier-constrained operator that respects
the binary k-space point selection in accelerated MRI acquisitions. To further im-
prove reconstruction performance during inference, we introduce a novel sampling
algorithm for FDB based on a learned correction term. Unlike conventional al-
gorithms for generalized diffusion processes, the proposed algorithm enables soft
dealiasing across reverse diffusion steps to continually update estimates of re-

covered k-space points. Comprehensive demonstrations on brain MRI datasets



indicate the superior performance of FDB against previous non-diffusion and dif-

fusion priors. Code for FDB is available at https://github.com/icon-1ab/FDB.

Contributions

FDB represents a pioneering diffusion bridge specifically designed for accelerated
MRI reconstruction. Unlike existing methods, FDB employs a novel stochas-
tic degradation operator that introduces random spatial-frequency removal, ef-
fectively bridging the gap between fully-sampled and moderately undersampled
data. To further enhance reconstruction quality, FDB incorporates a novel sam-
pling algorithm equipped with a learned correction term. This correction term is
strategically scheduled across reverse diffusion steps, optimizing the reconstruc-

tion process through analytical derivations.

Outline

The rest of this thesis is organized as follows. Chapter 2 provides relevant back-
ground on MRI Reconstruction techniques. Chapter 3 describes the use of deep
learning methods for MRI Reconstruction. Chapter 4 introduces the theory of
the Fourier Constrained Diffusion Bridge. Chapter 5 lists the datasets and the
competing methods used to test the proposed method, while chapter 6 depicts
the results of the experiments. Chapters 7 and 8 discuss and conclude the work

presented in this thesis.



Chapter 2

Magnetic Resonance Imaging

Magnetic Resonance Imaging (MRI) is a non-invasive imaging technique that
provides detailed visualizations of the body’s internal organs and tissues without
using ionizing radiation, making it a safer alternative to X-rays [56, 57, 58, 59,
60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70]. MRI is based on the principles of nuclear
magnetic resonance, specifically the interaction between strong magnetic fields,

radiofrequency (RF) pulses, and the hydrogen nuclei (protons) present in water
molecules within the body [71, 72, 73, 74].

2.1 Fundamentals of MRI

The process begins by placing the patient in a strong, uniform magnetic field
By, typically ranging from 1.5 to 7 Tesla [56, 75]. This magnetic field aligns the
magnetic moments of the hydrogen nuclei along the direction of By. The net

magnetization vector M can be described as:

M = Myz

where M, is the equilibrium magnetization and Z is the direction of the main

5



magnetic field [57].

An RF pulse is then applied at the Larmor frequency wg, which is specific to

the type of nucleus being imaged:

wo = 7By

Here, v is the gyromagnetic ratio for hydrogen [71]. This RF pulse tips the

magnetization vector M away from the Z-axis into the transverse plane.

Once the RF pulse is turned off, the magnetization vector begins to relax back
to its equilibrium state, emitting RF signals during the process. The transverse
component of the magnetization M (t) induces a time-varying voltage V' (t) in

the receiver coil:

ML)

V(t) i

This signal is known as the Free Induction Decay (FID) [72]. The measured
FID signals are not directly in image space but rather in a frequency domain
known as k-space, where each point k(¢) corresponds to a spatial frequency of

the object being imaged.

The relationship between the measured k-space data S(k) and the spatial

image I(r) is governed by the Fourier transform [76]:

I(r) = /k S(k)e™T dk

where k = (k;, ky, k) is the k-space vector, and r = (x,y, z) represents the

spatial coordinates in the image domain.

In practice, the MRI machine samples the k-space in a series of lines or spirals.

The sampled k-space data is then inverse Fourier transformed to reconstruct the

6



spatial image:

I(x,y) = F{S(ks, ky)}
where F~! denotes the inverse Fourier transform.

The quality of the reconstructed image I(z,y) depends on the density and
extent of the k-space sampling. Higher resolution and better signal-to-noise ratio
(SNR) are achieved by more extensive k-space coverage. MRI excels in visualizing
soft tissues, organs, and blood vessels with exceptional detail, making it an invalu-
able tool for diagnosing a broad spectrum of medical conditions, from neurological
disorders to musculoskeletal injuries [77, 78, 79, 80, 81, 82, 83, 84, 85, 86, 87].

2.2 Prolonged Scan Times

One of the primary limitations of MRI is its extended scan times, which can
vary significantly based on the body part being imaged and the desired spatial
resolution. The total scan time Tj.,, is influenced by several key factors, including
the repetition time Tk, the number of phase-encoding steps NV, the number of
signal averages N,yg, and the number of slices NV,. These parameters play crucial

roles in determining the length of an MRI scan [56]:

e Repetition Time (7%): This is the time between successive pulse se-
quences applied to the same slice. It determines how long the system
waits before re-exciting the same volume of tissue to acquire another signal.
Longer T values allow more complete relaxation of the protons, which can

improve image contrast but also increase scan time.

e Number of Phase-Encoding Steps (V,): Phase encoding is one of the
steps used to localize signals in the spatial domain. The number of phase-
encoding steps corresponds to the resolution of the image along the phase-

encoding direction (usually the vertical direction in the image). Higher

7



N,

Yy
phase-encoding step requires a separate excitation.

increases image resolution but also extends the scan time since each

e Number of Signal Averages (Nayvg): Also known as the number of
excitations (NEX), this refers to the number of times the same signal is
acquired and averaged. Averaging improves the signal-to-noise ratio (SNR)

but increases the scan time proportionally to the number of averages.

e Number of Slices (/V,): In three-dimensional MRI or when acquiring mul-
tiple slices in a two-dimensional scan, N, represents the number of slices
through the body part being imaged. Increasing the number of slices pro-
vides more comprehensive coverage but also increases the scan time since

each slice requires a separate acquisition.

The total scan time can be approximated by the formula:

Tscan = Thr X Ny X Nayg X N,

For example, in a typical brain MRI, Tz might be in the range of 500 millisec-
onds to several seconds, NN, could be several hundred steps for high-resolution
imaging, Ny, is often set to 1 or 2, and N, might range from 20 to 50 slices. This
results in a scan time of around 30 minutes. For larger areas like the entire spine,

where NV, is significantly higher, the scan time could extend to an hour or more.

These prolonged scan times introduce several challenges:

1. Patient Comfort and Stress: The extended duration can cause signifi-
cant discomfort, especially in patients who must remain still for the entire
scan. This can be particularly challenging for children or patients with
claustrophobia. Motion during the scan can lead to artifacts, necessitating

retakes and further increasing the total scan time.

2. Emergency Situations: In cases of acute medical conditions such as

stroke or trauma, rapid diagnosis is essential. The long scan times inherent

8



to MRI can delay critical treatment, as the time required to acquire high-
resolution images may be too long for urgent decision-making. For example,
in stroke management, where every minute counts, delays in obtaining MRI

results can adversely affect patient outcomes.

3. Reduced Patient Throughput: The length of MRI scans also limits the
number of patients that can be scanned in a given time period. This reduced
throughput can lead to longer wait times for MRI appointments, delaying
diagnosis and treatment. Additionally, increased scan times can contribute
to higher operational costs for healthcare providers, as fewer patients can

be accommodated within standard operating hours.

Efforts to reduce MRI scan times focus on optimizing imaging protocols and
developing advanced techniques such as parallel imaging, compressed sensing,
and machine learning-based reconstruction [88, 89, 90, 91, 92, 93, 94, 95]. These
methods aim to decrease the number of phase-encoding steps NN, the number of
slices V., or reduce the number of averages N, required, all while maintaining

image quality. By doing so, the total scan time Ti.,, can be minimized.

Reducing scan times poses significant challenges, as acquiring less data typi-
cally leads to a reduction in image quality. This is due to the fact that the detailed
information needed to construct a clear and accurate image is compromised when
fewer data points are collected. Mathematically, this trade-off can be expressed

by the following relationship:

N,
Tcan = T % <Ey) X Nayg X N,

Here, R is the acceleration factor introduced by advanced techniques like par-
allel imaging, which aims to reduce the effective number of phase-encoding steps
N,. The goal is to find an optimal balance that provides sufficient diagnostic

information while minimizing the scan duration [96, 97, 98].



2.3 Techniques for Accelerating MRI Acquisi-

tion

2.3.1 Parallel Imaging

Parallel imaging techniques, such as SENSE (Sensitivity Encoding) [99] and
GRAPPA (Generalized Auto-Calibrating Partially Parallel Acquisition) [100],
employ multiple receiver coils to gather data simultaneously. Fach coil has a
distinct sensitivity profile, allowing the MRI system to capture different parts
of the k-space in parallel. This reduces the number of phase-encoding steps N,
needed, thereby shortening the scan time. The image is then reconstructed by

combining the data from these coils:

S0 =3 Gyl 1(n)

where S(k) represents the k-space data, C;(r) is the sensitivity of the j-th
coil, and I;(r) is the image data acquired by that coil. Despite its effectiveness,
parallel imaging can suffer from artifacts if the coil sensitivities are not accurately

known or if the signal-to-noise ratio (SNR) is low.

2.3.2 Compressed Sensing

Compressed sensing leverages the inherent sparsity of MRI data in a specific
transform domain, such as the wavelet domain [101, 102, 103, 104, 105, 106].
This method assumes that the image can be represented with a limited number
of non-zero coefficients. By acquiring fewer data points than traditionally re-
quired, compressed sensing aims to reconstruct the full image using the sparse

representation:
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min |Z(r)]||; subject to ||S(k) — F(I(r))||? < e

where ||I(r)]|; is the ¢;-norm promoting sparsity, F is the Fourier transform
operator, and € is a small error tolerance. Although compressed sensing can sig-
nificantly reduce scan times, its success depends on the validity of the sparsity
assumption, which may not always hold for all types of images [1]. Additionally,
the computational demands of solving the optimization problem can be substan-
tial.

2.3.3 Deep Learning-Based Reconstruction

In recent years, deep learning has emerged as a powerful tool in the field of MRI
(107, 108, 40, 109, 110, 111, 112, 113, 114, 115, 116, 117, 118, 119, 120, 121,
122, 123, 124, 125, 126, 127, 128, 129, 130, 131, 132, 133, 134, 135, 136]. It is a
subset of machine learning that uses artificial neural networks with multiple lay-
ers to learn complex patterns from data. In the context of MRI reconstruction,
deep learning models are trained on large datasets of paired undersampled and
fully-sampled images. These models learn to identify and extract relevant fea-
tures from the undersampled data, allowing them to accurately reconstruct the
missing information. By leveraging the power of deep learning, these models can
overcome the limitations of traditional reconstruction techniques and produce sig-
nificantly improved results. By training deep neural networks on large datasets of
paired undersampled and fully-sampled images, these models can learn complex
relationships between the two, enabling them to reconstruct high-quality images

from undersampled data.
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Chapter 3

Deep Learning Methods for MRI

Reconstruction

Reconstruction aims to recover a high-quality MR image = of an anatomy given

undersampled k-space acquisition y:
Az +¢e =y, (3.1)

where A is the imaging operator, € is measurement noise. Arx=MF(Cz) com-
prises the effects of the sampling pattern M, Fourier encoding F, and coil sen-
sitivities C'. Reconstruction is an ill-posed inverse problem, so a regularization

term is typically employed to obtain a faithful solution z [1]:
# = min||Az — y||? + G(z,), (32)

where G(z,y) is the regularizer that incorporates prior information on the distri-

bution of MR images.

3.1 Task-Specific Priors

Deep learning frameworks have empowered leaps in image quality over traditional

methods for accelerated MRI reconstruction. A mainstream approach relies on
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conditional models that are trained to map undersampled acquisitions as input
onto fully-sampled acquisitions as output [137, 138, 139, 140]. The resultant task-
specific priors capture a dealiasing transformation particular to the prescribed
imaging operator [22, 141]. Task-specific priors are typically expressed as a con-

ditional regularizer G(z]y) that captures a dealiasing transformation:
# = min || Az — y||* + G(z[y), (33)

Image samples are generated using the recovery operator to predict x = Gy(y).

The training objective for task specific priors is then given as:

Lrsp = Eqy[[|Go(y) — ||, (3.4)

Despite their prominence, many task-specific priors produce a deterministic out-
put limiting their representational capacity [142, 143, 144], and they might be
rendered ineffective under domain shifts in imaging operators due to on-the-fly

changes during scan sessions to meet clinical demand [30, 145].

3.2 Task-Agnostic Diffusion Priors

To improve generalization, an alternative approach employs task-agnostic priors
based on generative models that transform random latent variables onto high-
quality MR images decoupled from the imaging operator [31, 146, 147]. Thus,
task-agnostic priors are instead expressed as a marginal regularizer G(z) inde-
pendent of the imaging operator to improve generalization:

& = min || Az — y|* + G(z), (3.5)

T

To reconstruct undersampled data, the image sets spanned by the prior and the
imaging operator can be consolidated via alternating projections [148, 149]. This
consolidation naturally rests on the representational capacity of the prior [40].
Diffusion priors have recently been adopted given their superior representation,
enabled via a stochastic process that gradually transforms between Gaussian noise
and fully-sampled data [150, 34, 35, 151].
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Common task-agnostic diffusion priors degrade a clean image xy over 1" steps
in the forward direction to obtain an isotropic noise sample z7. The sample x;
at step t € (0 T is [150]:

Ty = \/ 1-— 5151}_1 + \/EZ, (36)

where (3; is noise variance, z ~ N(0,1) follows a Gaussian distribution, I is an
identity matrix. In the reverse direction, image samples are generated via re-
peated denoising. One approach uses recovery operator to predict o = Gg(Zy, ),
and draw a denoised sample #;_; from the normal distribution q(x;_1 |z, Zg) [152].
Training objective for Gy operationalizing the task-agnostic diffusion prior is then

given as:

Lrapp = Et,z(()’t) [[|Go (e, t) — $0”2]7 (3.7)

where E is expectation, ¢t ~ U[1,T] follows a uniform distribution, zg,z; ~
q(zg, z;) are generated via the forward process. For MRI reconstruction, starting
with a random noise sample &7 ~ N(0,1), reverse diffusion steps [152] can be

interleaved with data-fidelity projections [38]:

1— 7 Nome I—7_

by = VL), B, 1, (3.8)
I =% L= L=

By = a1 + AT (y — Ad,_y), (3.9)

where v, = 1 — [, 34 = HT:[O,L..,t} v, and A" is the Hermitian adjoint of the

imaging operator A.

While promising results have been reported in MRI reconstruction [36, 37, 38],
task-agnostic diffusion priors sample the asymptotic start-point of the diffusion
process from a white Gaussian noise distribution, and perform progressive denois-
ing transformations to reconstruct images [150]. These task-irrelevant denoising
transformations can diverge significantly from the desired transformation in MRI
reconstruction from undersampled to fully-sampled data, occasionally compro-

mising efficiency and performance [43, 44].

To address this limitation, here we introduce the first diffusion bridge for MRI
reconstruction in the literature to our knowledge. The proposed FDB prior lever-

ages a stochastic degradation operator that randomly discards spatial-frequency
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components from fully-sampled data, starting in peripheral k-space and gradu-
ally progressing towards central k-space. Unlike task-agnostic diffusion priors that
take Gaussian noise as their asymptotic start-point and then perform denoising
transformations, FDB takes moderately undersampled data as its finite start-
point and then performs progressive dealiasing transformations. These unique
technical attributes enable FDB to capture task-relevant information in its diffu-

sion prior for performant MRI reconstruction.

3.3 Cold/Soft Diffusion Priors

Improvements to task-agnostic diffusion priors have recently been sought to in-
crease flexibility in generative modeling. Computer vision studies have proposed
cold diffusion priors built on deterministic degradation operators such as blur-
ring or downsampling in lieu of noise addition [45, 51], and soft diffusion priors
that use hybrid operators that combine known deterministic degradations with
Gaussian noise addition [46]. A recent study on single-coil MRI reconstruction

has adopted a cold diffusion prior based on k-space undersampling [53].

A degradation operator D is defined to obtain a noisy image from the clean
image:

D(xg,t) =z, (3.10)

A restoration operator is defined to reverse the degradation operator and recover

the clean image:
G(z4,t) = xg (3.11)
The learning objective for the restoration operator is then defined as:
Lep = Eq[|Go(D(x, 1), 1) — 2ol (3.12)

Despite benefits in flexibility and sampling speed, comparable image quality has
been generally reported against task-agnostic diffusion priors [45, 53]. Note that

the deterministic degradations in cold/soft diffusion priors are often assumed to
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Figure 3.1: Illustration of diffusion modeling frameworks in the context of build-
ing priors for MRI reconstruction. a) Task-agnostic diffusion priors use a forward
degradation operator that adds random noise onto a clean image (xg), reaching
an asymptotic start-point of isotropic Gaussian noise (z7). A recovery operator
then performs denoising transformations to map x7 back onto xy. b) Soft dif-
fusion priors use a degradation operator that simultaneously adds random noise
and applies task-related degradations (i.e., undersampling in the case of MRI
reconstruction). As aggressive noise scheduling is used towards 7', an asymp-
totic start-point of Gaussian noise is reached similar to the case of task-agnostic
diffusion priors. The recovery operator has to learn a joint denoising-dealiasing
transformation. c¢) Conventional diffusion bridges use a degradation operator
that adds random noise onto a weighted linear average of start- and end-points
(i.e., as a weighted average of fully-sampled and undersampled data in the case of
MRI reconstruction). While the start-point is undersampled data, intermediate
image samples near the mid-point of the diffusion process are corrupted by high
levels of noise. The recover operators has to learn a joint denoising-dealiasing
transformation.
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remain fixed between training-test sets, reducing the prior’s stochasticity and
limiting generalization [45]. They also employ asymptotic start-points at high
degradation levels (e.g., over 100-fold k-space undersampling) [53], which can
limit performance by elevating difficulty in reverse diffusion sampling [52]. Unlike
cold/soft diffusion priors, FDB employs a stochastic degradation operator based
on random frequency removal to enhance representational diversity, and a finite
start-point at a moderate degradation level to facilitate image recovery during
reverse diffusion sampling. In comparison to soft diffusion priors that still rely
on task-irrelevant Gaussian noise addition in their forward process, FDB solely
leverages task-relevant undersampling degradations for enhanced performance in

MRI reconstruction.

3.4 Diffusion Bridges

An emerging alternative in generative modeling is diffusion bridges that aim to
learn a transformation between two arbitrary distributions [47]. Several com-
puter vision studies have recently adopted diffusion bridges to solve inverse prob-
lems by mapping between degraded images due to the imaging operator taken as
start-point and clean images taken as end-point [48, 49]. Primarily devised for
deterministic degradations, existing diffusion bridges derive intermediate image
samples across the diffusion process as a weighted linear average of start- and end-
points (i.e., a convex combination of degraded and clean images) [49, 50, 153], and
add varying levels of Gaussian noise on the combination to introduce stochasticity
that is essential for diffusion modeling [47]. This forward-process design elicits
several limitations in common diffusion bridges. First, the use of Gaussian noise
in the diffusion process forces the bridge to learn an auxiliary denoising trans-
formation, which lowers the task relevance of the image prior. Second, linear
averaging of undersampled and fully-sampled data produces intermediate sam-
ples with non-zero signal intensity across k-space, which is discrepant with the
nature of accelerated MRI acquisitions that remove k-space points via binary
selection. To avoid use of denoising transformations, FDB induces stochasticity

in the forward diffusion process by removing a random set of frequencies across
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k-space, and this set is also randomly varied across the training set. Instead of
convex-constrained degradations in common diffusion bridges that result in linear
averaging, FDB leverages a Fourier-domain constraint by removing a monotoni-
cally growing set of frequencies across forward steps, and this constraint closely

matches the practical implementation of accelerated MRI acquisitions.
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Chapter 4

Fourier-Constrained Diffusion

Bridges

The proposed FDB prior constructs a novel diffusion process with moderately
undersampled data taken as its finite start-point, while fully-sampled data consti-
tute the end-point. In the forward direction, a stochastic degradation operator in
Fourier domain removes a random, non-overlapping set of frequency components
in each forward step (Fig. 4.1). In the reverse direction, a recovery operator
in image domain operationalized as a neural network imputes a distinct set of
frequency components in each reverse step. We derive the training objective of
this recovery operator based on the interpretation that FDB’s forward steps are
equivalent to a generalized diffusion process with linear degradations in image
domain [46]. For the first time in literature, we introduce a continually-corrected
sampling algorithm that incorporates a learned correction term to mediate soft
dealiasing of frequency components across reverse steps, and we present an an-
alytical derivation of the optimal scheduling for the weighting of this correction
term. Finally, we outline the inference procedures for MRI reconstruction on test

data.
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Fourier-Constrained Diffusion Bridge
a) Forward
X X X £/3

Figure 4.1: a) The proposed Fourier-constrained diffusion bridge (FDB) prior.
FDB leverages a stochastic degradation operator based on frequency removal.
This operator maps a clean image (zg = F'{X} where X, denotes the Fourier
transform of x() onto a finite start-point corresponding to a least-squares recon-
struction of R'-fold undersampled data (7, = F~'{Xr, } where X7, denotes the
Fourier transform of w7, ). Note that, unlike conventional diffusion bridges, FDB
does not rely on a weighted averaging of start- and end-points, and it does not
use noise addition in forward steps. The recovery operator of FDB performs
purely task-relevant dealiasing transformations. b) To reconstruct an R-fold un-
dersampled acquisition y, sampling is initiated with the least-squares solution
xy, = Ay, where A® denotes the Hermitian adjoint of the imaging operator A,

and T, = |1} Eg,__ll)ﬁéj. Reverse steps with FDB for frequency imputations are

interleaved with data-consistency projections.
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4.1 Diffusion Process

FDB introduces a novel diffusion process based on binary removal/recovery of
spatial-frequency components in MR images. Since the design of this process is
key to the performance improvements enabled by FDB, here we highlight the
motivations for adopting the unique design elements, preceding their detailed
description. Differing from Gaussian-noise-based processes in task-agnostic diffu-
sion priors previously considered for MRI reconstruction, FDB maps between a
start-point X, at time step T taken as coil-combined data degraded at level R,
and an end-point X, = F(STF " (ys.u)) taken as coil-combined Fourier-domain
data derived from fully-sampled acquisitions. This start-point selection enables
FDB to learn a task-relevant dealiasing transformation to improve reconstruction
performance, as opposed to the denoising transformations offered by task-agnostic

diffusion priors.

FDB shares a similar inspiration to recent cold/soft diffusion priors and diffu-
sion bridges proposed to increase the level of task-relevant information embodied
within the diffusion process. Yet, there are critical technical differences between
FDB and these methods. Unlike cold/soft diffusion priors that utilize a start-
point at very high degradation levels analogous to task-agnostic diffusion priors,
FDB utilizes a reserved R’ value corresponding to moderate k-space undersam-
pling. The moderate degradation level at the start-point serves to lower difficulty
in reverse diffusion mappings and thereby improve learning of the recovery oper-

ator.

Existing diffusion bridges commonly express intermediate image samples across
the diffusion process as a linear average of start- and end-points. When the start-
point is undersampled data, this would cause the intermediate samples to have
non-zero intensity for all frequency components in k-space. In turn, the recovery
operator would learn to gradually amplify missing high-frequency components,
which diverges from the dealiasing transformations necessary for MRI reconstruc-
tion. In contrast, FDB exercises binary removal of random spatial-frequency

components in the forward direction, such that a dealiasing transformation is
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learned at each reverse step. Note that this degradation operator closely mimics

the practical implementation of k-space undersampling in accelerated MRI.

In the remainder of this section, the mathmetical formulation of FDB’s degra-
dation and recovery operators are detailed. In the forward direction, the degrada-
tion operator is implemented in Fourier domain due to ease of frequency removal
via multiplication with binary matrices. Yet, in the reverse direction, the recov-
ery operator is implemented in image domain to avoid potential biases due to

divergent energy levels at low versus high frequency components in k-space [1].

Degradation operator. For a two-dimensional Cartesian k-space grid with
N? frequency components (where N is the number of grid points along each di-
mension), let k& € [1 N?] denote linear component index, r(k) € [0 7.y, and
¢(k) € [0 27) denote the k-space radius and angle of the kth component. In a
forward step, the degradation operator is cast as a diagonal frequency-removal
matrix A, € RV *N° At step t, Ay(k, k)|pes, = 0 for n components in the ran-
domly selected set S, and A, (k, k)\k¢ s, = 1. To improve the prior via monotoni-
cally increasing degradation across time [48], we observe that components selected
at t should not overlap with previously selected components at {t — 1,..,1}. To
respect the energy distribution of MRI data, we observe that the selection should
follow a peripheral-to-central k-space order as typical in accelerated MRI [1]. We
enforce these selection guidelines via a spatio-temporal point process over k-space
and t:

S, = {(k:l, o kn) K~ UL N fori=(1,..,n),
ke S rik) > 3 (4.1)

where U is uniform distribution, r,,,,; is the maximum k-space radius, and 7; is

a radius threshold scheduled as:
ot = Pmax — Fmax(1 — VR (t/T). (4.2)

Monotonically lowering 7, to promote peripheral-to-central ordering towards the
start-point, this scheduling ensures a degradation level of R’ at ¢t = T} assuming

that the number of components removed per step is n = | N2(R' — 1)/(R'T})].
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Once random removal masks are determined according to the point process in

Eq. 4.1, the relationship between X; and X in Fourier domain is given as:

t
X, = (H AT> Xy = A, Xo, (4.3)
T=1

e RN**N’ ig the cumulative frequency removal matrix at ¢ (i.e., the

where A;
product of removal matrices for {t,...,1}), and X;, X, € CV**1 are column-

vectorized forms of respective complex Fourier-domain data.

Recovery operator. To build the recovery operator, we express the relation-

ship in Eq. 4.3 in image domain as:

x, = F (A X)) = F ' (diag(As) ® Xo), (4.4)
= F ! (diag(Ay)) ® F(Xo), (4.5)
= /_it ® xg. (46)

In Eq. 4.4, z,=F '(X;) denotes the image sample at ¢, diag(:) extracts the
diagonal entries of A; as a column vector, and ® is the Kronecker product. In
Eq. 4.5, ® denotes circular convolution in image domain. In Eq. 4.6, 5, € CV #x1
is the image-domain kernel that captures the effects of frequency removal with A,
and zo=F (X)) denotes the image sample at 0. Based on linear systems theory,
we note that the convolution operation in Eq. 4.6 can also be implemented via a

matrix multiplication in image domain [154]:
Tt = Dtl'() (47)

where D, € CV**N* ig a doubly block circulant matrix (i.e., a special case of
Toeplitz matrices). To construct D; using the matrix form of y, i.e., K € CN*N
a set of circulant matrices by, ...,by € CV*¥ are created from individual rows of
K:

K@l Ki,N e K@Q
Ko Kiv ... Kis

b = , (4.8)
Kin Kin-1 ... K
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where ¢ € [1 N| denotes row index, and K; . is the ith row of K. The initial set

of matrices are then organized in block circulant form to obtain D;:

by by ... by
by b1 ... b3
by by—1 ... b1

Based on the equivalence between Eqgs. 4.6 and 4.9, we then observe that FDB

can be viewed as a generalized diffusion process with linear degradations [46]:
Ty = DtCEO + (¥ (410)

such that o; = 0 (i.e., no noise included). This interpretation enables us to

express the training objective of FDB’s recovery operator as follows:
Lypp = ]Et,xm’t) 1D:(Go (e, t) — 1130)H2]> (4.11)

where t ~ U(1,Ty). Since A; is diagonal with maximum eigenvalue 1, and F !,

JF are orthonormal transformations:
| De|| = |IF 7 AF| < | FHI[ANF] = 1. (4.12)

Further noting that || D;(Gg(:) — xo)|| < || Di||I[(Go(:) — x0)]||, FDB can be trained
via a simplified upper-bound loss [45]:

Levs—w = Eia, [ (Gols, 1) — z0)[|7). (4.13)

4.2 Sampling Algorithm

Based on the theory of diffusion modeling, the discrete forward process in Eq. 4.10
can be seen as the solution of a continuous-time stochastic differential equation
(SDE) [155]:

dz, = (D,a)dt (4.14)
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where a denotes a single image sampled from ¢(xy). During reverse sampling, this
SDE can be solved numerically via the Euler-Maruyama method where continuous

derivatives are approximated as finite differences [151]:
Ti—1 — T = (Dt,1 — Dt)Oé, (415)

where Dy = I. In general, a will be unknown during reverse sampling, albeit an
estimate of xy can be obtained via the recovery operator as a substitute: a =
{Zo(t):=Gg(z¢,t)} [46]. Note that adopting the standard sampling procedure in
Eq. 4.15 for FDB yields incremental imputation of missing frequency components
between consecutive time steps. Here, we observe that this imputation performs
hard dealiasing by only recovering n frequencies selected in the set S;, without
altering the value of previously recovered frequencies in the aggregated set S, =
UtTJ;ITfST. Assuming that a frequency component £ is imputed at step t, the
recovered value is based on an imperfect estimate Zo(t):=Gg(zy,, tx), S0 it carries
residual errors. Yet, based on Eq. 4.15, the value of k will not get updated at
any other time step during ¢ < ¢, or t > t;, so these residual errors cannot be
corrected. In turn, the updates computed based on Eq. 4.15 cannot leverage the
benefits of iterated Langevin sampling since they deviate from solving the true
SDE that would be obtained when o = xg.

Continually-corrected sampling. To address this fundamental limitation,
here we propose a novel continually-corrected sampling algorithm for FDB by
incorporating a correction term that enables soft dealiasing during reverse steps.
In particular, we continue to check for residual errors on the previously imputed

set of frequencies at each time step, and update their values to lower errors:
Ti—1 — Tt = (Dt—l — Dt)O{ + tht(O[ — I't), (416)

where w; € [0 1] is a weighting parameter, and the correction term effectively
examines the difference (Zo(t) — x;) to revise the values of frequency components
imputed in previous steps {17, ..,t}. In theory, assuming that Z,(¢) is a good
approximation to xg, the correction term does not change the continuous-time

SDE that is solved during reverse diffusion. This can be observed by setting
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Algorithm 1: MRI reconstruction with FDB
Input:

y: MRI acquisition with acceleration rate R
A: Imaging operator

Go(xt,t): Recovery operator

Ty: Number of diffusion steps

R’: Degradation level at start-point

wy: Correction weight at time step t
Output:

Zo: Reconstructed image

T, = Ty gg%ll)ﬁéj > number of reconstruction steps
i, = Afly > zero-filled reconstruction
Wy, 1) = resample(w{l,“’Tf},Tr/Tf)
fort=1T,,...,1do
Zo(t) = Go(Z4, t) > estimate ‘clean’ image
if t #1 then
| Sample D;_; by drawing S;_1, given D, and S
else
| D1 =1
@1 = ¢ + (Dp—1 — Di)To(t) + w0 De(To(t) — 24)
| B =@ + AT (y — Ady)
return 2

a = xg for the correction term in Eq. 4.16 and noting that z; = D;xy:

/LUtDt(Oé — xt) ~ ’LUtDt(.Z'D — .flft), (417)
= wt<thL'0 - Dtxt), (418)
== wt(xt - l’t) =0. (419)

In practice, the correction term can alter the original SDE to a degree depending
on both the accuracy of the approximation Zy(t) & xo, and the value of w;. To
understand the nature of alterations, we can reorganize the terms in Eq. 4.16,

again using x; = Dz, for simplification:
Ti—1 — T = (Dt,1 — Dt)Oé -+ ’U)tDtOé — thtxta (420)
Ti—1 — (1 — wt):L‘t = (Dt—l — Dt<1 — wt))Oé (421)
When w; — 0, Eq. 4.20 converges to iterated Langevin sampling based on the

original SDE formulation; and when w; — 1, it starts ignoring the image sample

at step t to give instantaneous updates based on a = Zo(t). As we show in the

26



next subsection, the optimal w; schedule for FDB is attained by prescribing low
wy near step t = Ty (i.e., start-point), and high w; near step ¢t = 0 (i.e., end-
point). With this scheduling, the proposed algorithm performs iterated Langevin
sampling near the start-point where Zo(t) is a poor estimate of xg, hence ignoring
the correction term. Contrarily, the algorithm transitions into performing instan-
taneous estimates solely based on #((t) near the end-point where it starts closely

approximating xg, hence emphasizing the correction term.

0 — R'=2
R'=4
5 -~ R=8
2
3-4
-6

0 250 500 750 1000 1250 1500 1750 2000
t

Figure 4.2: The weighting parameter w; for the correction term in Eq. 4.16
was learned as described in Eq. 4.27. Results shown for R'=2 (7y=1000), R'=4
(Ty=1500), and R'=8 (Ty=1750) on the IXI dataset.

Analytical derivation of the optimal w;. Compared to earlier iterations
(i.e., near Ty) where the set of recovered frequencies is compact, the proposed
correction becomes more critical in later iterations as the set grows in size and
the accuracy of Zo(t) increases. Thus, we adopted a learned schedule for w; to

enhance recovery. Observing that x; = D;x;, Eq. 4.16 can be rearranged:
Ti—1 — (Dt—l — Dt)Oé + Dt[wtoz + (1 — wt)xt]. (422)

The second term in Eq. 4.22 sets the values of previously recovered frequencies in

xi—1 to a weighted average of a = Zy(t) and z;. Assuming that Z((t) reasonably

27



approximates xp, w; can be learned via a regression problem in Fourier domain:

rrlluitn Eth(O,t—l,t) HXt*l — thO — (1 — wt)XtHQJ (423)

r

Since X! Xo = (A:X0)T(A:Xo) = || X¢||?, T is given as:

D =X * + wi | Xoll + (1 — we)* [ Xl |* — 2w X

— 21— w) X + 2wi(1 — w)) | X, (4.24)
—u? (1% ]1? = [1Xl) = 2ws (1 X2 = [ X4IP)
T (1l - 1) (4.25)

Note that the partial derivative of I" with respect to w; is:
0T /Owy = 2wy (|| Xol* — [1Xell*) — 2 (I1Xe-al* = [ Xe]1?) - (4.26)

Thus, the analytical solution to Eq. 4.23 can be expressed as:

o, — EtXe (Xl — [X)1%)
t — )
Et,X(o,t) (HX0”2 - HXtH2)

(4.27)

where the numerator and denominator reflect the expected energy differences
between X;_1, X; and Xy, X;, respectively, which can be estimated via a simple
Monte-Carlo simulation over the training set. Note that w; takes a maximum
value of 1 attained at ¢ = 1. Assuming that k-space energy distribution of MR
images abide by an approximate inverse-power law (i.e., o< 1/r"), w; should show
exponential behavior [156]. Indeed, we find that w; follows an exponential trend
rising from ¢t = Ty to t = 1 (Fig. 4.2).

4.3 MRI reconstruction with FDB

Reconstruction is achieved by interleaving reverse diffusion steps for FDB with
data-consistency projections (Alg. 1). The trained FDB prior maps R'-fold
undersampled data onto fully-sampled data in T} steps, by recovering n =~
N?(R'—1)/(R'Ty) frequency components in each step. Thus, to reconstruct an

R-fold undersampled acquisition with N?(R—1)/R missing components, diffusion
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sampling with the FDB prior must last for 7, = |1} %;j steps. As sinusoidal
time encoding is used in FDB, sampling can be extrapolated to a broader time
range (i.e., T, > T%) to account for cases where R > R’ [152]. Yet, w; is re-
sampled across time to w; to cover the designated range [w; wa] in 7, steps.
Sampling is initiated at 7). with the least-squares reconstruction of undersampled
data, 27, = Afy [42]. To maintain stochasticity, here we employ independent
random instances of D; during testing versus training. The mappings at time

step t can then be expressed as:

it—l = .ft + (Dt—l — Dt>i‘0(t> + U_JtDt(i'o(t) — It), (428)
By = a1 + A% (y — Ady_y). (4.29)

Finally, z is taken as the reconstructed image.
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Chapter 5

Methods

5.1 Datasets

Experiments were performed on brain MRI data from IXI' and fastMRI [157].
Subjects were split into non-overlapping training, validation, test sets. In IXI, a
subject-level split of (21,15,30) was used, and subjects were selected sequentially
from the dataset. Coil-combined magnitude images for Ty, Ty and PD contrasts
were analyzed as single-coil acquisitions. For each contrast in a given subject,
100 axial cross-sections that contained brain tissue were selected. In fastMRI, a
subject-level split of (240,60,120) was used. Subjects were selected sequentially
from the dataset, albeit only subjects who data contained volumes with more than
10 cross-sections and 5 coil elements and did not suffer from poor quality due to
excessive noise were selected. Multi-coil complex k-space data for Ty, Ty and
FLAIR contrasts were analyzed. Geometric coil compression was used to derive
5 virtual coils that preserved over 90% of the variance in the original data [158].
Retrospective undersampling was used based on a normal density across the two-
dimensional transverse plane at acceleration rates R = 4 — 8 [1]. To construct
the imaging operators for reconstruction, coil sensitivities were estimated using

ESPIRIT on a central calibration region [159]. Volumetric k-space data were

Thttps://brain-development.org/ixi-dataset/
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inverse Fourier transformed and split across the readout dimension, and each

cross-section was reconstructed individually.

5.2 Competing Methods

FDB was demonstrated against eight state-of-the-art methods from the literature.
Network models used two separate input and output channels to represent real
and imaginary components. For each method, key hyperparameters were selected
to maximize performance on the validation set. Modeling was performed via

PyTorch on an Nvidia RTX 3090. Models were trained using the Adam optimizer

FDB: FDB used the architecture in [150]. Hyperparameters were set as n =
10~* learning rate, Ty=1000, E=40 epochs for IXI, E=10 for fastMRI, and R'=2.

LORAKS: A low-rank reconstruction was considered [160]. The k-space
neighborhood radius and the rank of the system matrix were set as (2,6) for

IXI, and (2,30) for fastMRI.

D5C5: A task-specific unrolled prior was considered [17]. Hyperparameters
were 1 = 2 x 1074, E=100.

PGIUN: A task-specific unrolled prior was considered [161]. Hyperparameters
were n = 1074, £=100.

rGAN: A task-specific GAN prior was considered [143]. Hyperparameters
were set as 7 = 2 x 107%, E=100, adversarial and pixel-wise loss weights of
(1,100).

DDPM: A task-agnostic diffusion prior was implemented [150]. Hyperparam-
eters were set as n = 1074, T=1000, £=40.
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Score-MRI: A score-based diffusion prior was implemented [162]. Hyperpa-
rameters were set as = 1074, T=1000, £=40.

HFS-SDE: A score-based high frequency k-space diffusion prior was imple-
mented [39]. Hyperparameters were set as n = 1074, T=1000, £=40 for IXI,
E=10 for fastMRI.

CDiffMR: A cold diffusion prior was considered based on an asymptotic start-
point derived via k-space undersampling [53]. Reconstructions were initiated via
the zero-filled (ZF') reconstruction at the time step corresponding to R of the test
acquisition [53]. Hyperparameters were set as n = 104, T=1000, E=40.

Soft-Diffusion: A soft diffusion prior was considered based on an asymptotic
start-point derived via k-space undersampling [46]. Reconstructions were initi-
ated via the zero-filled (ZF) reconstruction at the time step corresponding to R of

the test acquisition [46]. Hyperparameters were set as n = 1074, T=1000, E=40.

I2SB: A conventional diffusion bridge with start- and end-point identical to
FDB was considered [47]. Reconstructions were initiated via the ZF reconstruc-

tion of the test acquisition. Hyperparameters were n = 107*, T=200, E=40.

5.3 Analyses

For each dataset, model training was performed on data aggregated across mul-
tiple contrasts (T, T, PD in IXI and Ty, Ty, FLAIR in fastMRI). No explicit
contrast information was provided during training, and data samples were ran-
domly drawn for the aggregated training set. Task-specific models were trained
for each R separately to maintain high performance. Meanwhile, task-agnostic
models were trained without knowledge of R. Models were trained and tested
on two-dimensional cross sections. Single-coil reconstructions were conducted
on IXI, and multi-coil reconstructions were conducted on fastMRI. Reconstruc-

tion performance was assessed by quantifying peak signal-to-noise ratio (PSNR)
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and structural similarity index (SSIM) between recovered and reference images.
Reference images were derived via Fourier reconstruction of fully-sampled acqui-
sitions. Significance of performance differences among competing methods were

assessed via non-parametric Wilcoxon signed-rank tests.
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Chapter 6

Results

6.1 Comparison Studies

To improve the task relevance of the diffusion prior it captures for MRI recon-
struction, FDB leverages several key elements including a diffusion bridge that
maps moderately undersampled to fully-sampled data, and stochastic degrada-
tion/recovery operators based on binary selection of k-space components. With
these unique elements, FDB can offer higher fidelity diffusion priors over al-
ternative methods that are less effective in attaining task relevance, including
task-agnostic diffusion priors, cold/soft diffusion priors and conventional diffu-
sion bridges. We reasoned that this benefit should be more prominent in within-
domain settings where models are trained and tested on the same dataset and
sampling density, as this scenario ensures that each trained model will retain
the highest degree of task relevance when evaluated. To assess this prediction,
we compared FDB against a traditional method (LORAKS), task-specific pri-
ors (D5C5, rGAN, PGIUN), task-agnostic diffusion priors (DDPM, Score-MRI),
cold/soft diffusion priors (CDiffMR, Soft-Diffusion), and a diffusion bridge (I*SB).
Note that all competing methods except LORAKS were trained, so their data-
driven priors naturally depend on the dataset used. Meanwhile, DDPM and

DBy do not use information regarding the imaging operator and thereby the
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sampling density during training. Yet, network inputs to D5C5, rGAN and
PGIUN depend on the undersampling patterns used in the training set, and
start-points of the diffusion process in CDiffMR, I2SB and FDB are obtained by

assuming a certain sampling density.

6.1.1 Within-Domain Experiments

Score-MRI  HFS-SDE Soft-Diffusion

Figure 6.1: Within-domain reconstructions of representative cross-sections from
a PD acquisition in IXI at ® = 4. Images from competing methods are dis-
played along with the reference image computed via Fourier reconstruction of
fully-sampled data. Zoom-in windows are included to highlight differences among
methods, and the red box on the reference image marks the zoomed region. In
this example FDB has PSNR 44.1dB and SSIM 99.6% while HFS-SDE, which is
the second best performing method has PSNR 43.6dB and SSIM 99.5%.

Performance metrics in within-domain settings are listed in Table 6.1 for IXI,
and in Table 6.2 for fastMRI. Overall, FDB is the top performer in all examined
tasks and datasets (p<0.05), except for HFS-SDE that yields similar SSIM at
R=4 on IXI. On average across tasks, FDB outperforms the traditional method
by 7.5dB PSNR, 24.4% SSIM, task-specific priors by 4.3dB PSNR and 12.0%
SSIM, task-agnostic diffusion priors by 4.8dB and 7.6% SSIM, and cold/soft dif-
fusion priors by 5.1dB PSNR and 8.4% SSIM, and the diffusion bridge by 6.5dB
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LORAKS D5C5 PGIUN DDPM CDiffMR

Score-MRI HFS-SDE Soft-Diffusion 1°SB FDB Reference

Figure 6.2: Within-domain reconstructions of representative cross-sections from
a FLAIR acquisition in fastMRI at R = 8. Images from competing methods are
displayed along with the reference image computed via Fourier reconstruction of
fully-sampled data. Zoom-in windows are included to highlight differences among
methods, and the red box on the reference image marks the zoomed region. In
this example FDB has PSNR 30.4dB and SSIM 96.3% while Soft-Diffusion, which
is the second best performing method has PSNR 24.9dB and SSIM 93.2%.
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Table 6.1: Within-domain performance on IXI at R = 4,6,8. Results averaged

across Ty, Ty, PD contrasts. PSNR (dB) and SSIM (%) listed as mean+std
across the test set. Boldface marks the top performing method.

R=4 R=6 R=8
PSNR SSIM PSNR SSIM PSNR SSIM
LORAKS 31.3£1.7 | 63.2£4.4 | 29.2+1.6 | 57.4+4.4 | 27.9+1.3 | 55.7£4.1
D5C5 33.8£0.6 | 78.3£1.6 | 31.4+£0.6 | 71.5£1.8 | 30.0+£0.6 | 66.7£1.9
PGIUN 38.5+2.4 | 96.9£0.6 | 36.4£24 | 97.0£0.8 | 34.4+2.4 | 96.7+0.9
rGAN 36.6£3.0 | 85.1£7.1 | 33.9£29 | 81.4£7.2 | 32.6+2.9 | 79.5+£7.3
DDPM 38.0£2.5 | 97.6£0.7 | 35.7£2.5 | 96.7£1.0 | 32.9+2.6 | 95.4+1.4
CDiffMR 32.4+£2.4 | 86.0£2.2 | 30.3£2.3 | 82.4+£2.6 | 29.3+2.4 | 80.7£2.6
Score-MRI 37.8+£2.5 | 97.6+£0.8 | 35.4+25 | 96.7+£1.1 | 32.6+£2.5 | 95.6+1.5
HFS-SDE 43.24£2.8 | 99.3+0.8 | 40.1£2.8 | 98.7+£0.9 | 36.3+£2.8 | 97.7£1.1
Soft-Diffusion | 38.5+£2.3 | 98.1£0.6 | 36.0+2.4 | 97.1£0.9 | 33.2+2.5 | 95.8£1.3
I’SB 30.3£2.6 | 83.0£2.8 | 28.8+2.6 | 80.6+3.0 | 28.24+2.6 | 79.9£3.1
FDB 43.7£2.9 | 99.3+£0.9 | 40.8+£2.8 | 98.8+0.9 | 36.9+2.6 | 97.8+1.0

PSNR and 9.8% SSIM. Representative reconstructions are depicted in Fig. 6.1 for
IXI, and Fig. 6.2 for fastMRI. Among competing methods, LORAKS, I?SB and
to a lesser degree CDiffMR and HFS-SDE can show noise amplification; D5C5,
DDPM and Score-MRI show a degree of blur due to oversmoothing; rGAN and
Soft-Diffusion show visible residual noise and loss of some structural details. In
contrast, FDB yields images with more accurate depiction of tissue structure
along with lower artifacts and noise than competing methods. Taken together,
these results suggest that the increased task-relevance of the diffusion prior cap-
tured by FDB elicits superior performance in MRI reconstruction against com-

peting non-diffusion and diffusion methods.

6.1.2 Cross-Domain Experiments

While an image prior with increased task relevance is expected to boost per-

formance in within-domain settings, there is risk that it limits generalization in
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Table 6.2: Within-domain performance on fastMRI at R = 4,6,8. Results aver-
aged across Ty, Ty, FLAIR contrasts.

R=14 R=6 R=28
PSNR SSIM PSNR SSIM PSNR SSIM
LORAKS 35.242.4 | 92.0£5.7 | 33.5£2.3 | 90.5+6.1 | 32.3+2.3 | 89.546.3
D5C5 35.3£1.5 | 90.5£2.3 | 33.4+£14 | 87.2+2.8 | 32.2+1.4 | 85.0£3.1
PGIUN 35.7£2.3 | 93.7+£4.5 | 34.3+£2.2 | 91.8+5.1 | 33.7+£2.2 | 90.9+5.5
rGAN 35.94£2.8 | 93.1£4.7 | 33.9£2.6 | 90.7£5.5 | 32.9+2.8 | 90.14£5.9
DDPM 36.1£2.3 | 93.7£4.6 | 34.8£2.3 | 92.2+5.2 | 34.0+2.3 | 91.1£5.6
CDiffMR 31.442.7 | 80.5£7.4 | 31.2+£24 | 79.1+£7.2 | 31.242.3 | 78.5£8.1
Score-MRI 35.6£2.2 | 93.4£4.0 | 34.3£2.2 | 91.8+4.7 | 33.5+2.2 | 90.545.0
HFS-SDE 36.3+2.1 | 92.9£4.1 | 33.9£1.8 | 89.0+4.7 | 32.24+1.7 | 85.14£5.2
Soft-Diffusion | 36.3£2.6 | 91.1£6.3 | 34.942.3 | 89.9£6.4 | 34.1+£2.1 | 89.246.4
1?SB 28.4£2.1 | 75.7£4.5 | 26.9£2.1 | 72.6+£4.8 | 26.2+2.1 | 70.9£5.0
FDB 37.4+2.5 | 94.3+4.5 | 35.9+2.4 | 92.7+5.2 | 35.0£2.4 | 91.5+5.6

Table 6.3: Cross-domain performance for models trained on 2D k-space sampling
patterns, tested on 1D patterns for IXI at R = 4,6, 8.

R=14 R=6 R=28
PSNR SSIM PSNR SSIM PSNR SSIM
LORAKS 24.3£0.9 | 42.0£2.6 | 22.5+0.7 | 37.0£2.5 | 21.3£0.7 | 34.2£2.7
D5C5 24.4£0.7 | 55.0£3.7 | 234+ 0.6 | 52.6+3.8 | 22.7£0.6 | 49.8+£4.0
PGIUN 32.0£2.6 | 95.9+£1.3 | 29.6+£2.5 | 91.6+£2.6 | 27.0+£24 | 89.1+£2.9
rGAN 29.3+2.4 | 49.1£6.1 | 27.2+£24 | 42.7£6.0 | 25.842.3 | 39.245.7
DDPM 30.1£2.8 | 94.3£1.9 | 26.7£2.7 | 89.6+£3.0 | 25.1+£2.5 | 85.5+3.6
CDiffMR 28.6+2.6 | 83.7£2.5 | 26.2+£1.7 | 783%2.5 | 24.842.5 | 74.24+3.6
Score-MRI 29.8£2.7 | 94.8+1.8 | 26.5+2.6 | 90.84£2.9 | 25.0£2.5 | 87.0£3.5
HFS-SDE 33.1£3.0 | 96.4£1.4 | 28.6+£3.0 | 91.8+£2.6 | 25.5+£2.9 | 85.7+£4.0
Soft-Diffusion | 30.5£2.6 | 94.5£2.0 | 27.842.6 | 89.1£2.7 | 25.2+2.6 | 85.64+4.0
I?SB 27.8£2.8 | 85.0+£3.2 | 26.1+£2.7 | 81.843.9 | 25.5£2.7 | 81.0£4.2
FDB 34.0+£2.9 | 96.7+1.2 | 30.4+2.8 | 93.5+2.0 | 28.1+2.7 | 89.8£2.7
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Figure 6.3: Cross-domain reconstructions of representative cross-sections. A Ty
acquisition in fastMRI at R = 8 is shown. Models trained on 2D k-space sampling
patterns were tested on 1D patterns under matched R. Images from competing
methods are displayed along with the reference image computed via Fourier re-
construction of fully-sampled data. Zoom-in windows are included to highlight
differences among methods, and the red box on the reference image marks the
zoomed region. In this example FDB has PSNR 28.2dB and SSIM 96.0% while
HFS-SDE, which is the second best performing method has PSNR 22.8dB and
SSIM 66.5%.
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cross-domain settings as a side effect, potentially yielding suboptimal performance
against baselines that have lower task relevance. To ensure that FDB does not
suffer from this limitation, we next compared FDB against competing methods
in cross-domain settings. Specifically, shifts in sampling density and dataset be-
tween training and test sets were considered. For sampling density, shifts from
2D to 1D variable-density sampling was considered under matching acceleration
rate R. Cross-domain performance metrics listed in Tables 6.3 and 6.4 indicate
that FDB is the top performer in all tasks (p<0.05). On average across tasks,
FDB outperforms the traditional method by 7.5dB PSNR, 24.4% SSIM, task-
specific priors by 4.3dB PSNR and 12.0% SSIM, task-agnostic diffusion priors
by 4.8dB and 7.6% SSIM, and cold/soft diffusion priors by 2.8dB PSNR and
11.2% SSIM, and the diffusion bridge by 6.5dB PSNR and 9.8% SSIM. For shifts
in dataset, generalization from the multi-coil fastMRI dataset to single-coil IXI
dataset was examined as listed in Table 6.5. Again, FDB achieves the highest
performance among competing methods (p<0.05). On average across tasks, FDB
outperforms the traditional method by 7.5dB PSNR, 24.4% SSIM, task-specific
priors by 4.3dB PSNR and 12.0% SSIM, task-agnostic diffusion priors by 4.8dB
and 7.6% SSIM, and cold/soft diffusion priors by 9.6dB PSNR and 27.5% SSIM,
and the diffusion bridge by 6.5dB PSNR and 9.8% SSIM. Taken together, these
results suggest that FDB captures a more reliable prior against domain shifts
in sampling density and data distribution than competing methods, including

diffusion priors.

Representative images from competing methods are depicted in Fig. 6.3 for
domain shifts in sampling density, and Fig. 6.4 for domain shifts in dataset. Un-
der shifts in sampling density, LORAKS, rGAN show residual aliasing artifacts;
DDPM, CDifftMR, Score-MRI, HFS-SDE and to a lesser degree Soft-Diffusion
show high-frequency ringing artifacts; D5C5, I?SB shows high noise amplifica-
tion. While competing methods are able to maintain relatively more reliable per-
formance under shifts in dataset, LORAKS, D5C5, rGAN, CDiffMR, I?SB suffer
from noise amplification as particularly visible in background regions near tissue
signals; DDPM, CDiffMR, HFS-SDE show a degree of blur that can lead to tissue

broadening or inaccuracies in tissue signals; Soft-Diffusion can suffer from loss of
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Figure 6.4: Cross-domain reconstructions of representative cross-sections. A Ty
acquisition in IXI at R = 8 is shown. Models trained on multi-coil fastMRI
data were tested on single-coil IXI data. Images from competing methods are
displayed along with the reference image computed via Fourier reconstruction of
fully-sampled data. Zoom-in windows are included to highlight differences among
methods, and the red box on the reference image marks the zoomed region. In
this example FDB has PSNR 33.5dB and SSIM 88.9% while DDPM, which is the
second best performing method has PSNR 32.2dB and SSIM 83.3%.
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Table 6.4: Cross-domain performance for models trained on 2D k-space sampling

patterns, tested on 1D patterns for fastMRI at R = 4,6, 8.

R=4 R=6 R=38
PSNR SSIM PSNR SSIM PSNR SSIM
LORAKS 28.1£2.3 | 85.3£5.6 | 25.9+2.3 | 80.54+6.2 | 24.5£2.2 | 76.9£6.5
D5C5 26.4+1.6 | 68.1+£5.6 | 25.1+£1.1 | 64.0+£8.0 | 24.7+£9.6 | 53.3+£4.0
PGIUN 30.1£2.0 | 89.4£5.5 | 27.9£1.7 | 82.3+£6.0 | 26.4+1.7 | 80.6+6.2
rGAN 29.1£2.9 | 86.1£5.3 | 27.0+2.7 | 83.5+6.3 | 25.4£2.6 | 77.3£6.8
DDPM 29.442.0 | 88.8£5.5 | 27.4+£1.5 | 84.1+5.6 | 25.7+£1.5 | 80.6%+6.5
CDifftMR 27.1£2.2 | 68.7£9.2 | 25.7+£2.0 | 63.0£8.5 | 25.1£2.1 | 63.7£9.7
Score-MRI 29.0£1.8 | 88.1£5.0 | 26.7£1.6 | 83.5+5.7 | 25.2+1.5 | 79.74+6.2
HFS-SDE 24.3£1.2 | 61.1£4.9 | 22.6£1.1 | 52.6+£4.9 | 21.6+1.1 | 47.94+4.9
Soft-Diffusion | 29.9£1.7 | 84.8+£5.3 | 28.24+1.5 | 79.8£54 | 26.9£1.5 | 75.945.6
1?SB 24.3£4.5 | 68.6£8.8 | 22.4+49 | 65.1£9.3 | 21.3+5.2 | 63.3£9.5
FDB 30.6+£2.2 | 89.5+6.0 | 29.0+2.0 | 85.9+6.9 | 27.8£2.0 | 82.7£7.3

Table 6.5: Cross-domain performance for models trained on multi-coil fastMRI
data, and tested on single-coil IXI data at R = 4,6, 8.

R=4 R=6 R=38
PSNR SSIM PSNR SSIM PSNR SSIM
LORAKS 31.3+£1.7 | 63.2+4.4 | 29.2£1.6 | 57.4+4.4 | 27.9+1.3 | 55.7+4.1
D5C5 34.4£0.7 | 80.3x£1.6 | 31.9£0.7 | 73.5 £ 1.8 | 30.3£0.6 | 68.1£2.0
PGIUN 34.2£2.7 | 92.9+1.6 | 32.8£2.7 | 92.2+1.6 | 31.94£2.8 | 92.1+£1.8
rGAN 19.943.5 | 25.1£7.7 | 194435 | 24.2£6.9 | 19.2+3.1 | 23.5+6.7
DDPM 34.8£2.7 | 93.6+£1.4 | 33.3£2.6 | 924+£1.6 | 32.242.6 | 92.0£1.8
CDiffMR 30.6£2.7 | 82.7+3.0 | 28.9£2.6 | 79.5+£3.3 | 28.24+2.6 | 78.2+3.3
Score-MRI 31.8+£2.7 | 86.0£2.6 | 30.2£2.7 | 83.4£29 | 29.4+28 | 82.3£3.1
HFS-SDE 34.8+£2.6 | 93.6+£1.4 | 33.3£2.6 | 924+£1.6 | 32.1£2.5 | 92.0+1.7
Soft-Diffusion | 23.7+£2.2 | 60.5£5.4 | 19.7£2.6 | 53.3£5.4 | 16.7£2.7 | 45.3+5.5
I?SB 31.2£2.5 | 84.6+2.5 | 29.7£2.5 | 82.5+£2.7 | 28.942.6 | 81.2+2.8
FDB 36.0+2.7 | 95.4+£1.0 | 34.1+2.6 | 93.8+1.2 | 32.7+2.7 | 93.0£1.3
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detailed features and inaccurate depiction of anatomy. In comparison, FDB pro-
duces more accurate depiction of tissue structure, and relatively low artifacts and
noise than baselines. Note that task-specific priors that experience a training-test
mismatch between the requirements of the reconstruction task due to change in
sampling density or data distribution yield notable residual artifacts and noise
amplification. Meanwhile, task-agnostic diffusion priors are relatively more re-
silient against shifts in dataset, they can suffer from suboptimal performance
under challenging reconstruction tasks due to 1D sampling density. On the other
hand, FDB maintains a favorable trade-off between task-relevance and general-
izability. Taken together, our results suggest that the increased task-relevance of
FDB enables significant increases in within-domain reconstruction performance,

without compromising its superiority against baselines in cross-domain settings.

6.2 Ablation Studies

6.2.1 Effect of R’

A group of ablation studies were conducted to assess the influence of major
method components and parameters to FDB’s reconstruction performance. Note
that FDB captures a delimited transformation between an end-point of fully-
sampled data and a start-point of moderately undersampled data, rendering the
degradation level R’ at the start-point critical. First, we examined the influence of
R’ on reconstruction performance. Table 6.6 lists performance for FDB variants
trained using R'=2-16, In general, employing lower R’ values yields consistently
higher performance across R prescribed for test acquisitions. This finding sug-
gests that it is not ideal to strictly match R’ and R, and thereby helps explain the
superior performance of FDB against diffusion priors with asymptotic start-points
based on severe degradation levels (e.g., DDPM and CDiffMR).
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Table 6.6: Performance of FDB priors on IXI. R = 2 —16 is the acceleration rate
equivalent to the degradation at the start-point of the diffusion process during
training, and R = 4,6, 8 is the acceleration rate during testing.

R=4 R=6 R=38
PSNR SSIM PSNR SSIM PSNR SSIM
R =2 | 43.7£2.9 | 99.3+0.9 | 40.84+2.8 | 98.8+0.9 | 36.9+£2.6 | 97.8+1.0
R =4 | 425429 | 99.1+0.7 | 38.6+£2.3 | 98.0£0.5 | 35.0+2.7 | 96.7+1.0
R =8 | 42.64+2.8 | 99.2+0.5 | 38.3£2.2 | 98.0£0.5 | 34.64+2.5 | 96.5+1.0
R =16 | 42.443.1 | 99.1£0.6 | 38.2+1.9 | 98.0+0.5 | 34.6+£2.6 | 96.6£1.0

6.2.2 Effect of Method Components

Next, we examined the importance of key method components related to the
degradation operator and sampling algorithm in FDB by forming several variants.
A ‘w/o Fourier constraint’ variant removed the Fourier constraint in the diffusion
bridge to instead express intermediate image samples as a weighted average of
start- and end-points (i.e., a weighted average of fully-sampled and undersampled
data) as in conventional diffusion bridges [49]. A ‘w/o radius threshold’ variant
removed the radius threshold in the stochastic degradation operator so as to
promote uniform selection of removed frequency components. A ‘w/o CCS’ vari-
ant ablated the corrected sampling algorithm to instead use iterated Langevin
sampling as in Eq. 4.15. Lastly, a ‘w/o data consistency’ variant was formed
by ablating data-consistency projections during inference. Table 6.7 lists per-
formance for variants. We find that FDB generally yields superior performance
against variants, except for ‘w/o radius threshold’ that yields on par or slightly
higher SSIM. These results indicate that key method components that distin-
guish FDB from conventional diffusion bridges contributed significantly to MRI

reconstructions.
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Table 6.7: Performance of FDB variants devised to assess the importance of
method components on IXI at R = 4,8. Variants replacing Fourier-constrained
degradations with weighted averaging (w/o Fourier const.), ablating the radial
threshold from the forward degradation operator for uniform selection across k-
space (w/o rad. thres.), ablating the continually corrected sampling algorithm
(w/o CCS), and ablating the data-consistency projections during inference (w/o
data cons.) were considered.

R=4 R=28
PSNR SSIM PSNR SSIM
FDB 43.7+2.9 | 99.3+£0.9 | 36.9+2.6 | 97.8£1.0
w/o Fourier const. | 17.0£2.8 | 50.9+£5.2 | 17.14£2.6 | 51.44+4.9
w/o rad. thres. 43.0+2.7 | 99.3+1.0 | 36.8+2.5 | 98.1+1.0
w/o CCS 39.0£2.6 | 96.5+0.8 | 34.2+£2.6 | 94.0£1.3
w/o data cons. 30.5£1.6 | 93.3+£1.7 | 28.0£1.5 | 89.6£2.6

6.2.3 Effect of Scheduling Components

We also examined the importance of key parameters in FDB related to the sched-
ules for the number of frequency components removed with the stochastic degra-
dation operator at each time step (n), and for the weight of the correction term in
the CCS algorithm (w;). For n, the linear schedule in FDB was compared against
logarithmic and cosine schedules across time steps. For wy, the learned schedule
in FDB was compared against linear and exponential schedules. Table 6.8 lists
performance for FDB variants. We find that FDB yields superior performance
against variants in all tasks. These findings indicate that the proposed parameter

schedules contribute significantly to FDB’s reconstruction performance.
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Table 6.8: Performance of FDB variants devised to assess the importance of pro-
posed schedules for the number of frequency components (n) and weighting of the
correction term (w;). For n, the proposed linear scheduling was compared against
logarithmic and cosine scheduling. For wy, the proposed learned scheduling was
compared against linear and exponential scheduling.

R=4 R=38

PSNR SSIM PSNR SSIM
Linear (FDB) | 43.7+2.9 | 99.3+0.9 | 36.9+2.6 | 97.8+1.0
S Log 40.7£3.0 | 98.7£2.9 | 35.5£2.8 | 97.3£0.9
Cosine 43.5£2.4 | 99.1+£0.2 | 36.5£2.2 | 97.2+0.6
Learned (FDB) | 43.7+2.9 | 99.34+0.9 | 36.94+2.6 | 97.84+1.0
=) Linear 24.4+2.4 | 85.1+£3.1 | 20.8£2.4 | 80.2£2.7
Exponential 254£1.1 | 88.5£2.0 | 24.1+£1.2 | 88.3£1.5
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Chapter 7

Discussion

FDB was demonstrated against several state-of-the-art deep-learning baselines in-
cluding task-specific non-diffusion priors, task-agnostic diffusion priors, cold/soft
diffusion priors and common diffusion bridges. In general, FDB offers enhanced
image quality against baselines consistently across the examined acceleration
rates, tissue contrasts, and datasets. In the context of diffusion-based methods,
improved performance over task-agnostic diffusion priors suggest that utilization
of task-relevant degradations based on undersampling serves a critical role in
obtaining high-fidelity image priors. Improved performance over cold/soft diffu-
sion priors suggests that employing a diffusion process with a start-point based
on moderate degradation levels is important in improving accuracy of reverse
diffusion sampling. Improved performance over common diffusion bridges sug-
gests that utilizing a degradation operator that respects the physics of k-space

undersampling yields an enhanced image prior for MRI.

Paralleling its performance in within-domain settings, here we find that FDB
remains the top-performer among competing methods even a fair level of do-
main shifts in k-space sampling density and dataset. Admittedly, the perfor-
mance benefits for FDB over diffusion baselines are relatively more modest under
cross-domain versus within-domain settings. This result suggests that the de-

sign elements in FDB that improve task relevance by injecting information about
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k-space undersampling can partly influence generalization. Contrarily, FDB’s
performance benefits over task-specific baselines are notably higher under cross-
domain versus within-domain settings. This finding indicates that FDB still
maintains the competitive generalization abilities commonly associated with dif-
fusion models. That said, it remains important future work to assess performance
under more drastic domain shifts (e.g., a change in anatomy between training-
test sets). Recent studies have proposed adaptation of image priors to individual
subjects to boost generalization to atypical anatomy [31, 147]. During inference,
adaptation methods optimize network parameters that form the prior so as to im-
prove subject-specific reconstruction performance. While promising results have
been reported for adapted priors, employing adaptation on diffusion priors with
thousands of sampling steps substantially elevates computational burden [40].
Although FDB improves efficiency by initiating sampling with a least-squares

reconstruction, prior adaptation can be still challenging.

Conventional inference in diffusion models employs Langevin sampling across
thousands of steps to generate images, resulting in characteristically slow infer-
ence. Unlike diffusion priors with asymptotic normality assumptions that initiate
sampling with a random noise image, FDB initiates sampling with the least-
squares reconstruction of undersampled acquisitions, recently shown to improve
efficiency [42]. Yet, FDB has longer inference times compared to other generative
models such as adversarial priors with one-step image sampling. Several accel-
eration strategies can improve efficiency in FDB. A training-phase approach is
to integrate adversarial learning to enable reverse diffusion over large step sizes
[40]. Alternatively, inference-phase approaches can be adopted to perform inter-
leaved sampling followed by a refinement procedure [38], or via distillation of the
trained priors [119]. Future studies are warranted to assess the influence of these

acceleration approaches on FDB’s performance.

Several technical limitations can be addressed to help enhance the performance
and utility of FDB. Here, we observed that the continually-corrected sampling
algorithm that alleviates residual errors in recovered k-space components signif-
icantly improves performance in reverse diffusion steps. This improvement sug-

gests that estimation accuracy for Zo(t) is relatively poor near the start-point of
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the diffusion process, which not only hampers accuracy of recovered k-space com-
ponents but can also lower computational efficiency. An alternative approach to
improve sampling fidelity could be to adopt recursive estimation of Z(t) at each
time step [153], which could shorten the number of steps required for approaching
convergence. To gradually impute missing k-space components, FDB employs an
image-domain recovery operator that first predicts the clean image at 0 given
the image sample at ¢, and then degrades it back at a lower level to obtain the
image sample at t — 1. This procedure can cause the values of acquired k-space
components to deviate away from their originally measured values in undersam-
pled data. For this reason, FDB used additional data-consistency projections
between consecutive reverse diffusion steps, which increase computational load.
Improved efficiency might be attained by adopting recent data-consistent sam-
pling algorithms that avoid the need for data-consistency projections altogether
[48]. Here we demonstrated that FDB’s diffusion process based on undersam-
pling degradations helps improve image quality in MRI reconstruction. Yet, this
task-specialization might hamper performance in non-reconstruction tasks such
as denoising or deblurring. If a single FDB model will be deployed for multiple
distinct tasks, a straightforward approach to mitigate performance losses could
be to use training sets with mixed samples derived from the different degradation
operators associated with each task. A task identifier could also be employed as
input to the model along with the time step to attain task-specific modulation of

feature maps across the recovery network [163].

Another key area for improvement is related to the learning strategies adopted
in FDB. Here, image priors were trained on MRI acquisitions pooled across mul-
tiple contrasts, but later used to reconstruct single-contrast data. Performance
might be improved by employing contrast-specific modulation of feature maps for
elevated specificity in the prior [163], by training separate contrast-specific priors
for reconstruction [22], or by performing joint reconstruction across multiple con-
trasts [164, 143]. Moreover, here image priors were trained on datasets with fully-
sampled acquisitions, which might limit utility in cases where acquisition of fully-

sampled data is challenging [165, 166]. The reliance of FDB on Nyquist-sampled
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acquisitions can be lowered by adopting self-supervised [167, 168, 169, 170], cycle-

consistent [171] or low-rank assisted learning [41].

Other areas for improvement include the network architecture and frequency
removal operator in FDB. Here, a UNet architecture common to diffusion mod-
eling studies was used [150]. Inverse problems in medical imaging have recently
been reported to benefit from utilization of transformer backbones to capture
long-range context [32, 144, 172]. Hybrid transformer-convolutional architectures
might be utilized in FDB to achieve a favorable trade-off between spatial preci-
sion and contextual sensitivity [173]. Here, FDB assumed degradations based
on spatial-frequency removal with peripheral-to-central ordering. This results in
a variable-density sampling pattern for remaining frequency components at the
start-point of the diffusion process, and FDB priors were later tested on variable-
density undersampled acquisitions. The diffusion process in FDB can be adopted
to implement other k-space sampling densities by modifying the scheduling of
the k-space radius threshold over time steps accordingly. While our results sug-
gest that FDB is reasonably reliable against domain shifts in sampling density,
performance improvements can be sought by ensuring a match between train-
ing and test sets. It remains future work to assess the ideal architecture and

frequency-removal scheduling for FDB-based MRI reconstruction.
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Chapter 8

Conclusion

In this study, we introduced a novel diffusion bridge, FDB, for accelerated MRI
reconstruction. FDB employs a stochastic degradation operator during forward
diffusion, which performs random spatial-frequency removal to directly map be-
tween fully-sampled and undersampled data. For image reconstruction, FDB
begins with the least-squares reconstruction of the undersampled acquisition and
utilizes a novel reverse diffusion algorithm to progressively impute missing fre-

quencies.

Demonstrations on brain MRI show that FDB consistently outperforms state-
of-the-art reconstruction methods based on non-diffusion and diffusion priors for
both within-domain and cross-domain cases. FDB’s ability to maintain high re-
construction quality across these varied conditions highlights its better immunity
to domain shifts and superior generalization, making it a more robust and reliable

solution for MRI reconstruction across diverse clinical scenarios.

Given its demonstrated effectiveness in MRI reconstruction, FDB’s principles
could be adapted to other imaging tasks that involve undersampled or degraded
data. For instance, in computed tomography (CT), FDB could be applied to
reconstruct images from limited projection data, potentially reducing radiation

exposure to patients. In positron emission tomography (PET), FDB might help
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improve image quality by mitigating the effects of noise and attenuation. Ad-
ditionally, FDB could be explored for applications in optical imaging, such as
super-resolution microscopy, where enhancing image resolution from limited data
is a critical challenge. By leveraging FDB’s ability to handle undersampled data
and its robustness to domain shifts, researchers can explore its potential to ad-

vance various imaging modalities and improve diagnostic capabilities.
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