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ABSTRACT

SCATTERING FROM IMPEDANCE OBJECTS AT THE
EDGE OF A PERFECTLY CONDUCTING WEDGE

Behnam Ghassemiparvin
M.S. in Electrical and Electronics Engineering
Supervisor: Prof. Dr. Ayhan Altintas
September, 2012

In this study, scattering from impedance bodies positioned at the edge of a per-
fectly conducting (PEC) wedge is investigated. In the treatment of the problem,
eigenfunction expansion in terms of spherical vector wave functions is employed.
A complete dyadic Green’s function for the spherical impedance boss at the edge
is developed and through decomposing the dyadic Green’s function, it can be
observed that the contribution of the scatterer is separated from the wedge. It
is shown that the scattering is highly enhanced by the edge guided waves. For
the general case of irregularly shaped scatterer the solution is extended using
T-matrix method. The method is implemented by replacing free space Green’s
function with the dyadic Green’s function of the PEC wedge. The solution is
verified by applying it to the case of spherical scatterer and results are compared
with the dyadic Green’s function solution. The T-matrix solution is generalized
for the multiple scatterer case. Numerical results are obtained for two impedance
scatterers at the edge and compared with the PEC case.

Keywords: Electromagnetic scattering, eigenfunction expansion, spherical vector

wave functions, dyadic Green’s function, T-matrix.
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OZET

MUKEMMEL ILETKEN BIR KAMA UZERINDEKI
EMPEDANS CISIMLERDEN SACILMA

Behnam Ghassemiparvin
Elektrik ve Elektronik Miihendisligi, Yiiksek Lisans
Tez Yoneticisi: Prof. Dr. Ayhan Altintas
Eylil, 2012

Bu calismada miikemmel iletken bir kama iizerindeki empedans cisimlerden
sacilma problemi arastirilmigtir.  Bu problemin c¢oziimiinde kiiresel vektor
dalga fonksiyonu kullanilarak ozfonksiyon acilimi yapilmistir. Kama iizerindeki
kiiresel empedans cisim icin tam bir diyadik Green fonksiyonu geligtirilmis ve
bu Green fonksiyonu bilegenlerine ayrilarak, sagicinin katkisinin kamaninkinden
ayrilabildigi gozlemlenmistir. Sa¢ilmanin kenar kilavuzlu dalgalarla biiyiik ol¢tide
gliclendigi gosterilmistir. Coziim, diizensiz gekle sahip olan bir sacici igin,
T-matris yontemi kullanilarak genellestirilmigtir. T-matris yontemini uygula-
mak igin, serbest uzay Green fonksiyonunun yerine, miitkemmel iletken kamanin
diyadik Green fonksiyonu kullanilmigtir. T-matris yontemi, kiiresel sagici prob-
lemine uygulanmig ve sonuclar diyadik Green fonksiyonu ile karsilastirilarak
dogrulanmigtir. T-matris ¢oztimii ¢oklu sacici problemi i¢in genellenmigtir. Ke-
nar iizerindeki iki empedans cisim i¢in sayisal sonuclar elde edilmig ve miikemmel

iletken cisimler i¢in olan sonuclarla kargilagtirilmigtir.

Anahtar sézciikler: Elektromanyetik sacilma, 6zfonksiyon acilimi, kiiresel vektor

dalga fonksiyonu, diyadik Green fonksiyonu, T-matris.
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Chapter 1

Introduction

In this study, we investigate the scattering from impedance objects at the edge
of a perfectly conducting (PEC) wedge and effects of the scatterers and their
interaction with the wedge is analyzed. Both the wedge geometry and scatterers
on the edge are encountered in a variety of engineering problems. Specially in
wireless communications, developing accurate propagation models plays a key
role in network planning. Furthermore, wedge-like structures and objects on edge
are highly involved in modeling of radar targets. Analytical treatment of such
canonical structures provide accurate and fast simulations and also give physical

insight of the problem.

In the literature, the problem of cylinder-tipped half plane is first consid-
ered by Keller which Geometrical Theory of Diffraction (GTD) solution is pre-
sented [1]. Shortcomings of the Keller’s theory in the shadow regions were over-
come by incorporating the higher order terms in the solution, hence, continuous
fields at the boundaries are obtained [2]. For the general case of cylinder-tipped
wedge, using GTD approach, an asymptotic expression of Green’s function is
obtained in [3]. Also in [4], Green’s function of a cylinder-tipped wedge with
a sectoral groove is determined using cylindrical vector wave functions. For the
cases of grooved wedge [5] and the wedge truncated close to the edge [6], based
on application of equivalence principle, the problem is divided into distinct exte-

rior and interior problems. Exterior problem is concerned with wedge scattering
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which is formulated using UTD or Green’s function expansion. Interior problem
of cavity is treated by employing finite element method. Nevertheless, published
works mostly refer to configurations which conform to cylindrical coordinates and
do not consider the scattering from structures at the edge. However, scattering
from perfectly conducting objects near the edge is considered in [7] where spher-
ical vector wave functions are employed in order to achieve accurate results near

the edge.

In this work, we will develop a general solution for the scattering from spherical
and irregularly-shaped impedance objects at the edge. An important aspect of
the problem is the effect of edge guided waves on the scattered field from the
objects and their interactions with each other. In order to accurately analyze
the region near the edge and also three dimensional geometry of the problem,
eigenfunction expansion technique in terms of spherical vector wave functions is

employed.

Initially, a dyadic Green’s function for a spherical impedance boss will be
developed which is the exact solution and will be used to compare with the
numerical results. Effects of the boss and its mutual interaction with the wedge

will be isolated by decomposing the Green’s function.

T-matrix method will be used for the case of irregularly shaped scatterers. To
facilitate the implementation of the T-matrix, conventional formulation will be
modified by replacing the free space Green’s function with the Green’s function
of the wedge. T-matrix solution will be verified by comparing the results of the
dyadic Green’s function for the spherical boss. T-matrix method is then used to
treat the problem of multiple scatterers at the edge where mutual effect of the

scatterers is considered.

In Chapter 2, we present complete dyadic Green’s function for a spherical
impedance boss at the edge . General case of an irregularly-shaped scatterer at
the edge is considered in Chapter 3 and the numerical solution using T-matrix
method is provided. In Chapter 4, T-matrix solution is first extended for two
scatterers then it is generalized for multiple objects. Numerical results for each

case is presented and compared with the case of perfectly conducting objects
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presented in [7]. Concluding remarks and future works are discussed in Chapter 5.

Through out this thesis e/ time convention is assumed and suppressed. Nor-
mal vectors are assumed to be directing inside the volume. Electric and magnetic

field intensities are denoted as E and H, respectively.



Chapter 2

SPHERICAL IMPEDANCE
BOSS AT THE EDGE

This chapter is mainly focused on the development of a complete dyadic Green’s
function of a spherical impedance scatterer at the edge of a perfectly conducting
wedge. Full wave analysis of the problem based on the eigenfunction expansion
is carried out. Since scattering from objects at the edge is of interest, a three-
dimensional Green’s function is formulated in terms of spherical vector wave
functions. Initially, the relation between dyadic Green’s function and electric
field intensity will be established. Then an incomplete dyadic Green’s function is
introduced which is valid in the source free region. Finally, in order to obtain a
valid solution in the source region, general source correction term introduced by
Pahthak [8] is added. It is observed that total field can be represented by the sum
of two terms: total field in the presence of the wedge with scatterer removed and

the scattered field from the impedance boss and its interaction with the wedge.



2.1 Relationship Between Electric Field and
Dyadic Green’s Function

First step in the treatment of the problem is to define electric field intensity in
terms of the dyadic Green’s function. In this process, differential equations and
boundary conditions that should be satisfied by the electric field and the dyadic
Green’s function are determined. Then, by employing Green’s second identity
desired relationship between electric field and dyadic Green’s function will be

obtained.

Geometry of the problem is shown in Fig. 2.1. A perfect electrically conducting
(PEC) wedge with exterior angle 7 is considered which extends infinitely in the z
direction. One side of the wedge lies on the xz plane. A spherical impedance boss
with radius a is centered at the edge of the PEC wedge. Position vectors, R = r
and R’ = r'#', denote the observation and the source locations, respectively. Sy
and Sp denotes the surface of the wedge and the boss, respectively, and ¥ is an
imaginary spherical surface which extends to infinity. These surfaces enclose the

volume V and 7 is the unit normal vector directed into the volume.
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Figure 2.1: Geometry of the spherical boss placed at the edge of a wedge



The electric field intensity, F(R), due to the volume current density,.J,(R),

which is confined to volume V;, must satisfy the vector differential equation in V.

where kg and Zj are the wave number and characteristic impedance of free space,
respectively. In addition to Eq. (2.1), electric field should also satisfy the following

boundary condition on the faces of the wedge, Sy,

i x BE(R) =0 (2.2)

and also satisfies the standard impedance boundary condition [9] at surface of
the boss, Spg,

A x f x B(R) = —nn x H(R) (2.3)
where 7 is the surface impedance of the boss. Using the Maxwell’s equation for

source free region Eq. (2.3) can be written as

i xfhx E(R)=rhxV x E(R) (2.4)
where
n
K= — . 2.5
JkoZo ( )

Dyadic Green’s function of the wedge and the spherical impedance boss, Ty B,

satisfies the following differential equation
V x V x Tywg(R,R) — kTwps(R,R) = —I6(R— R') (2.6)

where I is the unit dyad and §(R— R’) is the Dirac delta function. Boundary con-
ditions satisfied by the electric field are imposed on the dyadic Green’s function.

Boundary condition at Sy is

n X fWB(R, R/) = 0. (27)
and the impedance boundary condition at Sp can be written in terms of dyadic

Green'’s function as follows

we(R,R) = kit x V x Tywg(R, R). (2.8)

=

n X n X

6



Both electric field and the dyadic Green’s function must satisfy the radiation
condition on ¥ and also the Meixner’s edge condition [10] at the edge of the

wedge.

In order to derive the relationship between E(R) and Ly (R, R'), Green’s

second identity for dyad and vector is applied as follows

/ B(R).[V x V x Twn(R, B)] — [V x V x B(R)]- Dy s(R, B) dv
14
_ / ([ x V x B(R)] - Twa(R, &) + [ x B(R)].[V x Twa(R, &)} ds.

Sw+Sp+2
(2.9)

Using Egs. (2.1) and (2.6) left hand side of the Eq. (2.9) can be simplified as

/{jkozojv(é) Tws(R,R) — E(R)§(R— R)}dv
J

= / {[A x V x E(R)] .Twp(R,R)+[A x E(R)] .|V x Twz(R, R} ds
w+SB+ (2'10>

If we consider the right hand side of the Eq. (2.9), integration on ¥ will vanish
because E(R) and Ty 5(R, R') satisfy the radiation condition. Considering the
boundary condition given in Egs. (2.2) and (2.7) and using the vector identity,

[ x V x E(R)].Twp(R,R) = —[V x E(R)].[axTwg(R,R)]  (2.11)

integration on Sy, will also vanish. In order to derive the integration on Sp,
boundary conditions given in Eqs. (2.4) and (2.8) are applied. Using the vector
identity,

[ x E(R)].[V xTwg(R,R)] = —[i x VxTwg(R,R)].E(R), (2.12)
expression in Eq. (2.10) is simplified as

/ {[A x V x E(R)] .Twp(R,R) — [ x V x Cwp(R,R)]. E(R)}ds

Sp
_ /%{m x it x B(R)|«Tws(R, R') — [ x #u x Tws(R, R)] . B(R)}ds.
Sp

(2.13)



Using the vector identity;,

[ x 7 x E(R)].Twp(R,R) = —[a x E(R)].[A x Twg(R, R)] (2.14)

[ X 7 X f‘WB(R,Z_%’)] .E(R) = —[n x E(R)] .« [ x f‘WB(R,Z_%/)] (2.15)
integration on Sp results in zero. Thus, the Eq. (2.9) reduces to

/ E(R)§(R — R')dv = jkoZy / Jo(R) .Twg(R,R)dv (2.16)

which using the symmetry property of the dyadic Green’s function,

Twi(R, R) = Twp(R, R) (2.17)

and interchanging the primed and unprimed coordinates, Eq. (2.16) can be writ-

ten in the form of

E(R) = Jk?OZo/fWB(R, R').J,(R')dv. (2.18)
Vi
Eq. (2.18) shows the desired relationship between the electric field intensity and

the dyadic Green’s function.

2.2 Construction of the Dyadic Green’s Func-

tion

To simplify the derivation of the dyadic Green’s function, vector Green’s function
is defined as follows,

G(R,R) =Twg(R,R) .0 (2.19)
where 4 is a unit vector in an arbitrary direction. If we take the dot product of

the Eqs. (2.6), (2.7) and (2.8) with 4, it is easily seen that vector Green’s function

satisfies the following equations

V XV x G(R,R) — K2Gwis(R, ) = —id(R — R). (2.20)

x G(R,R) =0, (2.21)

R on Sw

>



A xnxGR,R) =k x V x G(R,R) (2.22)

Ron Sp Ron Sp
and also the edge condition and the radiation condition on ¥. G(R, R') may be
considered as the field due to a vector point source 46(R— R') located at R'. After
determining G(R, R'), dyadic Green’s function can be found by using Eq. (2.19).

The solution of the inhomogeneous differential equation in Eq. (2.20) is ob-

tained by superimposing the corresponding homogeneous differential equation,
VxVxF—kF=0. (2.23)

Singularity introduced by the impulse function serves to divide the Volume V'
into two source free regions of I and I1. Volume V is divided by the spherical
surface Sp at r = 7/ which contains the source point. At the dividing surface the
Green’s function is continuous but its derivatives are discontinuous in order to

satisfy the singularity introduced by the impulse function.

It has been pointed out in [11] and [12] that the spherical vector wave functions
which are defined in Appendix A, are set of orthogonal vector wave functions that
are complete with respect to the class of functions which are solution of the vector
wave equation given in Eq. (2.23). Consequently, G(R, R') can be expanded in

terms of these solenoidal vector wave functions as

G'=> ag(R)M! (koR) + by(R)NZ (ko R) (2.24)
G = "¢ (R)M LalkoR) + dy(R)NE [ (koR) (2.25)

where G and G'! are the valid Green’s functions in the region I and region 11,
respectively. ¢ is the compact summation index. ]\713 , and Ng , are solenoidal

vector wave functions which are defined in Eqs. (A.13) and (A.14).

Imposing the boundary condition at Sy, Eq. (2.21), results in the following

expressions

; Mi’”k}?‘ —0 2.26
bx MR (226)

& x NET (ko R) ‘ ~0 (2.27)

¢=0,vy

9



Using the explicit expression for vector wave functions given in Eqgs. (A.18)—(A.23)

expressions reduce to

. (16)T, L (cosh)
sin 6 ‘ =0,y =0 (2.28)
C. (M¢) [Tufn(cos 6)] ’ =0 (2.29)
¢=0,7

where T, tn(cosf) is the Ferrer’s type associated Legendre function. It can be
seen that in order to satisfy the boundary condition at ¢ = 0, sin(u¢) functions
should be chosen. As a result, M and N functions are chosen as even and odd,
respectively. To satisfy the boundary condition at ¢ = ~, eigenvalues for u is
defined as

,u:T m=0,1,2,... (2.30)

G' should satisfy the impedance boundary condition (Eq. (2.22)) on Sp
PP X Z ag(R') ML (koR) + by(R')N. (ko R)]

= ki X V X Z[ap(R/)M (koR) + by(R)NL (ko R)] (2.31)
p
where ¢ is compact summation index for p,n and p is the compact summation

index representing ', n’. Using the symmetry relation of the vector wave func-
tions given in Eqs. (A.16) and (A.17), right hand side of the Eq. (2.31) can be

simplified, resulting as

PX P X Z ag(R) M/, (koR) + by(R')N., (ko R)]
= kko X Z a,(R)NL (koR) + b,(R') M2, (ko R)] (2.32)

Expressing the relations in terms of auxiliary vector wave functions using the

Egs. (A.18)—(A.23), and taking the cross products, expression reduces to

= 3 (R ko0 (o) eun (6,0) + By(R) - I3 (k) n (6, 6))

_ d
= kok Z{—apm')%%[mg{ﬂ/(/@m]mw,n, (6, 0) + bp(R Vo3, (k) gy (0, 6) }
(2.33)

10



which should be evaluated at the surface of the spherical scatterer, »r = a. In
Eq. (2.33), me,, and ne n are the auxiliary vector wave functions defined in
Egs. (A.20) and (A.22). z u+n (kr) and z#+n (kr) are the combination of spherical
Bessel and Hankel functions. Applying the orthogonality of the auxiliary vec-
tor wave function over the spherical surface given in Eq. (A.28), expression in

Eq. (2.33) can be written as

S )| 22 2 1rf 120 0] = bt ) | 6.0

_[1d _
—b,(R) [;%[mﬁn (kr)] + /{OHZ#_HZ (kor)} Toun (0, @) } = 0 (2.34)
Consequently, following equations should be satisfied
kok d
=l (k)] — kg (kor) | =0 (2.35)
1d (IN)
;%[rzwn (kr)] + konzwn (kor) = 0 (2.36)
Solving Egs. (2.35) and (2.36), radial functions are found as,
A (kor) = Guin (ko) + (Ko@) 2L, (kor) (2.37)
2N (Kor) = Gurn(kor) + Bun(koa)h), (kor) (2.38)
where Ko (o) + (5 = Do (hoa)
Ot;m(koa) Oﬁju+n od Z jlz—;n od (2.39)
koﬁhu-‘rn(ko ) (_ - )hu-i-n(k()a)
k k n(k
ﬂ;m(koa) Oju-f—n( Oa’) ( )jl/H‘ ( Oa‘) (240)

kOhiJ)r/n(kOa) (_ + koﬁ)hu+n(k0a)

In Egs. (2.39) and (2.40), j,4n(kor) and h?)

sn(Kor) Tepresent the spherical Bessel

function and the spherical Hankel function of the second kind, respectively.

Primes denote the derivatives of the functions with respect to their argument.

Since GY(R, R') must satisfy the radiation condition on X, the appropriate
radial function in this region is Hankel function of second kind which is denoted

by superscript (4).

As discussed in Appendix A, edge condition is satisfied by choosing the or-
der and index of the Ferrer type Legendre functions such that their sum is an

integer [12].

11



Finally, vector Green’s function in source free regions are

G = Z aq(R’)Me(éM)(kOR) + bq(R’)NééN)(kOR) Rinregion I (2.41)

q

G =" cy(RYMP (koR) + dy(R)NSP (koR) R inregion I1.  (2.42)

q

To solve for the unknown coefficients ag, by, ¢, and d,, Green’s second identity

is applied over the regions [ and I1.

In order to calculate ¢, consider Green’s second identity,

/(B.VxVxA—A.VxVxB)dV
:/[(ﬁxA).(VxB)—(ﬁxB).(VxA)]ds (2.43)

and substitute
A=G(R,R) (2.44)

B =M (kR) (2.45)

Volume V] represents the region I shown in Fig. 2.1 and S’ consists of surfaces Sy,
Sp and Sp. Using Egs. (2.20) and (2.23), left hand side of Eq. (2.43) becomes,

~a. MM (koR) = [ {[x GR,R)] [V x MUM (ko R)]

— [ x MUM(koR)] . [V x G(R,R)|}ds  (2.46)

Both M e(;,M) and G, satisfy the boundary condition on the surface of the wedge,

consequently, integration on Sy, vanishes. In addition, they also satisfy the
impedance boundary condition on Sp, therefore, using the similar procedure to
Eq. (2.15), integration on Sp also vanishes. Hence, limits of the integration re-

/

duces to Sp. As discussed earlier, Green’s function is continuous at r = 7/,

therefore we can write
A x G(R,R) =+#x G"(R,R) (2.47)

V xG(R,R)=V xG"(R,R) (2.48)



Substituting these equations in Eq. (2.46) and using the pair relations given in
Egs. (A.16) and (A.17), integration on Sp reduces to

—. MU (koR) = koch (RC, + dy (R D, (2.49)
C, = / [ x TID (koR) N (ko R) — 7 x MU (ko R) . N (ko R)Jds  (2.50)
and

D, /rxN (koR) « N (koR) — 7 x MUM (koR) o M (koR)]ds.  (2.51)

If we express the integration in terms of the auxiliary vector wave functions, D,

becomes

A4 o) [ (Kor
(72 (K )]dr[ u+“ (k )]}+k u+n'(k07“) (k'Or)}

7"2 r=r!

/07 meoq(9,¢) Neg (0, ¢) d0de (2.52)

According to the orthogonality of the auxiliary vector wave functions we conclude
that,
D,=0. (2.53)

Expressing C, in terms of auxiliary functions, Eq. (2.50) becomes

!

d d
Cy, = ko- {zw(kor) p [rz/g{fg/(kor)]—%[rz (ko= (o)} |

' / / Tieg(0, 0) « T (6, ¢) dBd (2.54)

Using the Wronskian relation of the spherical Bessel and Hankel function [13],

Wjn(2), i ()] = a2 (2.55)

and the orthogonality relations, C, is found as,

_ o emynl(ptn)(p+n+1)

_ 2.56
= u+ 2+ D2u+n+ 1) (2.56)

13



Finally using Eqs. (2.49), (2.54) and (2.53), we have

7Tj ]_ —r(IM =} A~
R)=_= MM (kR . 2.57
Cq( ) 2]{30 Q'un(/l/ + n)(ﬂ + n + 1) eq ( 0 ) (% ( )
where |
EmTYN!
n= . 2.58
ez 22u+2n+ DI'2u+n+1) (2.58)
Following the same procedure but this time substituting
_ N, =
B=NIV(kR), (2.59)
d, can be found as
_ ] 1 _ _
d,(R) = MV (kR . (2.60)

T 2k Quulp+n)(un+1)

To solve for a, and b,, the same procedure is repeated but this time integrating

over region I/. To obtain a,, choose
A=G(R,R) (2.61)
B =M% (koR) (2.62)
and after applying the Green’s second, Eq. (2.43) reduces to,
~. M) (koR) = ! {[An x GR,R)] . [V x M) (ko R)]
— [ x MU (kR)].[V x G(R,R)}ds  (2.63)

where surface S consists of Sy, Sp and . Because of the boundary condition
on surface of the wedge, integration on Sy, vanishes. Furthermore, G(R, R') and
Me(;l,) satisfy the radiation condition on 3. Hence, integration on this surface
also vanishes. Across the Dividing surface Sp, Green’s function can be assumed
continuous so that,

i G(RR) = —i x G(R, R) (2.64)

V x G(R,R) =V x GI(R, ) (2.65)
Eq. (2.63) can be further simplified as

—a. M) (koR) = ko »_ ag(R)A, +b,(R) B, (2.66)

q

14



where
A, = / [~ x M (koR) o N2 (koR) + 7 x M) (koR) « NI (ko R)|ds (2.67)
Sp
and
B, = / [~ x NI (koR) o N2 (ko R) + 7 x M) (koR) « MM (ko R)]ds. (2.68)
Sp

Expressing the equations in terms of the auxiliary vector wave functions,

1 d d
Ay = ko {=g i (ko) -l (hor)] + [ o) 2 (Ror)} |
¥ ™
oo / / Teq(0, @) o g (0, ¢) dOd (2.69)
0 0
120 (o) & (1280, (Kor)]
B, = {T e S Sy K (o) 2l (o)} |
Y s
: / / Mog(0, @) « Tieg (0, ¢) dOd (2.70)
0 0

Due to the orthogonality of the auxiliary vector wave functions (see Appendix A),
B, =0 (2.71)

and
_ . eanl(pt+n)(ptn+1)

= 2.72
? j(2,u+2n+1)f‘(2,u+n+1) (2.72)
using Egs. (2.72), (2.71) and (2.66), a, is found to be
. 1 ) )
R) = MO (ko R) « . 2.73
aq( ) 2kOQ,un<,u+n)(M+n+1) eq ( 0 ) U ( )
Following the same steps but this time with
B =M} (kR), (2.74)
one could obtain
. 1 ) )
by(R) = — ND (kR it (2.75)

N Q_k:OQW(u—l—n)(u%—n%— 1)

15



Substituting the unknown coefficients defined in Egs. (2.57), (2.60) (2.73)
and (2.75) in Egs. (2.41)and (2.42), resulting Green’s function is

G ) — 273 [Mer D GoRIME (o) & Nog ™y RN (ko )

2k Qun(pt +n) (1 +n+1) I (276)

MED (ko R) MM (ko R + N (ko RYNS™ (ko R')
Qun(p+n)(n+n+1)

GU(R Ry =T 2.77
(1) =5 2 J @)

Now, by comparing Eqs. (2.76) and (2.77) with Eq. (2.19) and adding the
source correction term [8], complete dyadic Green’s function for the impedance

boss and the wedge is

= 7T

fWB(R, R) = _25(R_R/)

ko

( i Z M(4> (koR) Méﬁﬁ?)(koR/) N(S;.Ln(k:OR) oﬁg)(k R) R

m=0n= Qun(p+n)(p+n+1) >

s
LS
2k

S 3 Mo RN (o) Noji (ko B)Neyn(ho ) .

( m=0n=0 Qun (ptn)(ptn+1) <.

(2.78)

To isolate the effects of the impedance scatterer and its interaction with the
wedge, dyadic Green’s function can be decomposed as

Twe(R,R)=Tp(R,R)+Tw(R,R) (2.79)

Considering Egs. (2.37) and (2.38), Me(ﬁnM) and N,E,{? can be written as

MUM (ko R) = M) (ko R) + o (koa) M (ko R) (2.80)
NI (koR) = N, (koR) + Bun(koa) NS, (ko R) (2.81)

Substituting these equations in Eq. (2.78), components of the dyadic Green’s

function are defined as follows,
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Tw(RR) = 56(R-R)
0
4 _
W8, (ko R) ML, (ko R+ NSD, (ko RYNSL, (ko RY)
| mzonZ ] QunlpTm i) rzr
L JIT
2ho M8, (ko R)MED, (ko R+ N1 (ko RYNSD, (ko RY) /
eun eun oun
ZO > Qun Gt )Gkt 1) ST
\m n=
(2.82)
= aun(koa —r (4 = —r(4 =
Fo(R )= (el Ml (ko R) Mih (ko R)
m=0 n=0
n(koa (4 = (4 =
gl NG (ko R) NG (koR)}  (2.83)

where L'y is the dyadic Green’s function of the wedge with scatterer removed
which is defined in [12]. Tp is defined as the dyadic Green’s function of the
impedance boss. It includes the terms added due to the presence of the spherical
scatterer which represents the scattering from the sphere and its interaction with
the wedge. It should be noted that ' lacks the source correction term because

it is accounted for fW.

For the limiting case of a PEC scatterer, n = 0,

ju+n(k0a)

m (koa) = 2 o 2.84)
s D, () (
j n(k?oa) + k()(lj/ n(k‘ga)
Bun(koa) | = hf;) as (2.85)

M+n<k0a) + koahqun(kUa)

and T reduces to the dyadic Green’s function of PEC boss derived in [12].

17



2.3 Comments on the Dyadic Green’s function

In order to calculate the electric field, Eq. (2.78) is substituted into Eq. (2.18)

which is as follows,

B(R) = jkoZo / PR B)  Jo(R) dv.

Vi

however, order of summation and integration should be changed and summation

operations should be preceded by term by term integration to find the electric
field [12].

Dyadic Green’s function given in Eq. (2.78) is discontinuous at R = R’ due to
the delta function. Besides, remaining series also diverges at r = r/. It is pointed
out in [14] that eigenfunction expansion of the Green’s function has discontinuous
behavior over the spherical surface which contains the point source and these
singularities can be modeled by a surface current at » = r’. Hence, vicinity of
the source region should be avoided where the series does not converge. However,
for physical current distributions, the series converges to a continuous function

everywhere in space.

Op=80°, a=MA/4|6,=80°, WA=0°| WA=0° a=\/4
WA # of terms | a/\  # of terms | 6 # of terms
0° 91 0.05 28 1° 36

30° 84 0.1 45 10° 50

60° 7 0.25 91 20° 63

90° 70 0.5 171 40° 7
120° 63 1 392 60° 72
150° 56 1.5 666 80° 91
180° 43

210° 35

240° 28

270° 21

300° 15

330° 8

Table 2.1: Number of terms retained in the eigenfunction solution for 6 digit
accuracy
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Convergence of the series is tested based on numerical results. For the far-
field calculation of the scattered field, truncations size depends on the radius of
the boss, wedge angle and also the position of the source. In Table 2.1, number
of terms retained in the series given in Eqs. (2.90) and (2.91) for calculating
the backscattered field is tabulated. As the size of the boss and the exterior
wedge angle increase, the number of terms retained in the series also increases.
In addition, for elevation angles close to zero (the paraxial region) convergence is

faster.

2.4 Numerical Results

To observe the effects of the spherical scatterer and its interaction with the wedge,

scattered field is defined according to the T as,

E*(R) = jkoZy / Ts(R,R).J,(R)dv'. (2.86)

Vj

and a point source is assumed at Ry = rofg
Jo(R') = 6(R' — Ro)pe (2.87)

where p. is an electric dipole moment which is determined by the angular unit
vectors 6 and gg Choosing a point source has a computational advantage so that
electrical field due to this source leads to the very summation in Eq. (2.78). Since
point source is chosen, as stated earlier, in order to obtain convergent results,
vicinity of r = rg should be avoided. Away from this region, valid results are

achieved.

Mono-static scattering pattern of the spherical boss is obtained by placing
the source and observation point at the far-field of the scatterer and asymp-
totic expression for the radial dependence of the vector wave functions are used.
Asymptotic approximation for spherical Hankel functions are given in [13] using

the proper identities we have

1 .« .
im h;(LQ-i)-n<k0T) = k_ e]i(#-i—n—i—l) e~ Jkor (288)

r—00 OT
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1d 1 |
lim —d—[rhﬁmor)] = = el 7 lwtn) gikor, (2.89)
r

Scattered field is calculated with elevation angle fixed at a value 0y, and ¢ is varied
from 0 to v. Ej, is defined as the scattered electric field in 0 direction when the
incident field is in 6 direction (p. = ) and E;, is defined as the scattered electric
field in ¢ direction when incident field is in ¢ direction(p, = QZS)

_ 275 (p+n)
Ejy(R) =
{_aun<k0a>[meun<007 (b) . ] + ﬁ,un(k()a) [ﬁOMH(QOJ ¢) . é]Z}
e—Jkor’ o—jkor
2.
— (2.90)
_ 275 (p+n)
Ej,(R) =
ol F1) QkOZZQWu—l—n Y +n+1)

{—un (Ko@) [T (B, 8) « 37 + Byun (Ko@) [Froyin (00, 0) « 9]}

e—ikor’ o—ikor

2.91
r! T ( )

In Figs. 2.2 — 2.8, mono-static scattering patterns are plotted for a spherical
boss of radius a = 0.25) at the edge of a half-plane (y = 27) where the elevation
angle is varied as 6y = 1°,5°, 10°,20°,40°, 60°, and 80°. Backscattered field is
plotted for three different normalized surface impedance values, n, = n/Zy =

0,1.5 and 2, where 1, = 0 represents the PEC case.

It is observed that scattered field intensity is highly influenced by the incident
and scattered field angles. For elevation angles close to zero, the paraxial region,
scattered field is enhanced due to the powerful edge guided waves. As we move
away from this region, edge effect diminishes and amplitude of the scattered field

decreases.

Impedance of the boss also affects the scattering pattern. For low elevation
angles, as the impedance of the scatterer increases, field intensity increases. How-
ever, for 6y = 60°, 80° shown in Figs. 2.7 and 2.8, impedance value does not affect

the maximum field intensity significantly.
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In the paraxial region, field pattern varies as cosz(g) and sin2(§) for £, and

6> respectively which indicates that n = 0,m = 1 mode is dominant. As

elevation angle 6y increases higher order modes are excited.

BO 0 o= 1
1200¢ 1200¢
...... rIS =0
—n,= 1.5
1000} 1000}
..... r]S =2
800f 800
E E
=3 2 I
= 600y =, 600
n D n S
w w
400} ;7 400}
200} 200}

Figure 2.2: Monostatic scattered field pattern for a = 0.25\, v = 27 and 6y = 1°.
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Figure 2.3: Monostatic scattered field pattern for a = 0.25), v = 27 and 6y = 5°.
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Figure 2.4: Monostatic scattered field pattern for a = 0.25\, v = 27 and 6y = 10°.
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Figure 2.5: Monostatic scattered field pattern for a = 0.25\, v = 27 and 6y = 20°.
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Figure 2.6: Monostatic scattered field pattern for a = 0.25\, v = 27 and 6y = 40°.
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Figure 2.7: Monostatic scattered field pattern for a = 0.25\, v = 27 and 6y = 60°.
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Figure 2.8: Monostatic scattered field pattern for a = 0.25\, v = 27 and 6y = 80°.
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Chapter 3

T-Matrix Solution for
Irregularly-Shaped impedance
Scatterers at the Edge

In Chapter 2, the solution for a spherical impedance scatterer at the edge is pre-
sented. Here, general case of an irregularly shaped impedance scatterer is con-
sidered. T-matrix is a well suited numerical method to calculate the scattered
field from non-spherical and non-circular objects which is introduced in [15, 16].
This method is primarily formulated based on the Huygen’s principle in conjunc-
tion with extended boundary condition which states that induced currents on the

obstacle cancel the incident field through out the interior volume of the scatterer.

Starting point for T-matrix method is applying the Green’s second identity
alongside with the appropriate Green’s function over a portion of space and as-
sume a null field inside of the volume. In the classical formulation, incident field
is expanded using free-space Green’s function but for our problem dyadic Green’s
function of the wedge will be used. Therefore incident field is defined as the
field in the presence of the wedge with scatterer removed. Scattered field and

the incident field will be expanded in terms of proper vector wave functions then

25



their coefficients will be related through using T-matrix. The analysis is an ex-
tension of the procedure outlined in [7] in which scattering from PEC objects are

considered.

3.1 T-Matrix Formulation for Impedance Scat-

terer at the Edge

The Geometry of the problem is shown in Fig. 3.1. An infinitely long wedge is
considered along the z-axis and scatterer is located at the edge. Center of the
coordinates is defined inside the scatterer and R and R’ points the observation

and source locations. Incident field is defined as follows,

E'(R) :jkozo/fW(R, R . J,(R)dv. (3.1)

where Ly is the dyadic Green’s function of the wedge given in Eq. (2.82) and
Jy(R') is the volumetric current distribution confined to V;. The total field can
be represented as

E=FE+FE° (3.2)
where E* is the scattered field due to presence of the impedance scatterer which
is same as the definition given in Chapter 2. Cross section of the geometry on
the x-y plane is given in Fig. 3.1 where the origin is defined inside the scatterer.
Surface of the scatterer is denoted as S and two imaginary surfaces of inscribing
and circumscribing segment spheres are depicted which are denoted as .S; and S,

respectively.

Applying the Green’s second identity for Ty and E (R), one could obtain,

_ BB+ / [0 x D (R, ). [V x B(R)]
S
~ [ x E(R)].[V' x Tw(R, R’)]} ds'  (3.3)

R outside S, E(R)
R inside S, 0

where S consists of Sg, Sy, and X. It can be seen that, in the exterior region,

Eq. (3.3) gives the scattered field in terms of the surface fields and in the interior

26



Figure 3.1: Geometry of an irregularly shaped object placed at the edge of a
wedge

region fields expressed by the surface integrals are canceled out by the incident
field. Due to the boundary condition on the surface of the wedge, integration on
Sw will vanish. Integration on X will also result in zero because of the plane wave
behavior of the fields in the far-field. Hence the integration will be evaluated just

on the surface of the scatterer.

Spherical vector wave functions are complete set of functions which can be
used to expand the electric field inside and outside of the scatterer. For the field

points inside the inscribed sphere S;, incident field can be written as

E'(R) =Y RylagM{) (koR) + b,N{ (ko R)] (34)

where
R, = I
T 2ko(p+n)(pt 0+ 1)Qun
and ¢ is the compact index representing pn. Since the field should be regu-

(3.5)

lar at the origin spherical Bessel functions denoted by superscript (1) are used.

Scattered field outside the circumscribing sphere, S, is defined as
E*(R) = Ryle,MS) (koR) + f,N)] (3.6)
p
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Hankel functions, denoted by superscript (4), are chosen to satisfy the radiation

condition.

Now, consider that R is on S; which is a segment sphere centered at the origin
totally inside the scatterer, and R’ on S;. In this case, considering that r < 7/

dyadic Green’s function of the wedge can be written as

Tw(R,R) = Z Rq[Méql)(kOR)Méﬁ)(kOR’) + Ngé)(koR)N(gé)(koR/)] (3.7)
q

Using the vector identity given in Eq. (2.11), and considering that R is inside Sg,
Eq. (3.3) can be written as

_E(R) = / (~Tw (R, R). i/ x V' x B(R)] — [ x B(R)].[V' % Dy (R, R)]}ds’

Ss
(3.8)
Electric field must satisfy the impedance boundary condition on Sy,
L. =in no. .
nxnxER)=- nxVxFER 3.9
(F) = 0 (R) (39)

where 7 is the surface impedance of the scatterer. Applying the boundary condi-
tion, Eq. (3.8) reduces to,

o o ko _ -

—EY(R) = / 7 x B(R)] .« [2222%) x Ty (R, R) — V' x Ty (R, R)]ds’ (3.10)
n

Substituting Eqs. (3.7) and (3.4) into Eq. (3.10) and using the pair relations and

orthogonality of the vector wave functions over the segment spherical surface of

S;, we obtain

0 — - / W x B(R)] . AD(R)ds’ (3.11)
Ss
b, =— [ [ x E(R)].BYW(R)ds' 3.12
q q
Ss
where .
Aﬁmv—i%ﬁﬁxMﬁmﬁm—mMﬂ%H> (3.13)
B(4) R, o jkOZO ~/ AT (4) k D/ k r(4) k >
W(R) = T[n x Ny, (ko R')] — koM, (ko RR'). (3.14)
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We can expand E(R’') in terms of spherical vector wave functions as,

E(R) =Y [e, M) (koR) + d,N) (ko R)] (3.15)

v

substituting Eq. (3.15) in Egs. (3.11) and (3.12), a, and b, are found as,

/{cy W x MO (koR)] e AD(R) + d [ x N (koR)] « A (R }ds'

(3.16)
-y / (el x MO (kR o BOR) + dy[if x N (koR)] « BO(R)}ds’

(3.17)

Egs. (3.16) and (3.17) can be written in matrix form as follows

1 e e

where

T = [ I (0) x AP (). s (3.19)
Ss

= [IRQ0R) x AP0 s (3:20)
Ss

L= [ U 00R) x BEOoR) 3:21)
Ss

Kqu - /[Néi)(koR/> B (koRl)] ﬁ’ds'. (3'22)
Ss

Next consider that R is on S, which is a segment sphere centered at the origin
totally outside of the scatterer, and R’ on Sg. Since R is positioned outside of

the scatterer, Eq. (3.3) becomes

E*(R) = / 7/ x E(R)]. [jkf;ZO "5 Tw(R,R) — V' x Tyw(R, R]ds' (3.23)

Ss
where impedance boundary condition is also applied. Considering that r > 7’/

dyadic Green’s function of the wedge can be written as

w(R,R) = ZR oR)YMP (koR') + NP (ko R)ND (kR (3.24)
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Substituting Eqgs. (3.24) and (3.6) in Eq. (3.23) and using the orthogonality of

the vector wave functions over the spherical surface of S., we have

¢, — - / 7 x B(R)] . AD(R)ds' (3.25)
Ss
f=— / [ x E(R')]. BV (R)ds' (3.26)
Ss
where 07
AD(R) ‘%w x MW (ko R')] — ko N (ko ) (3.27)
R D _ JkoZo N A7 (1) D/ (1) D/
BI(R) = T[n x NO (ko R')] — ko MY (ko R'). (3.28)

Using the expansion given in Eq. (3.15) for E(R'), coefficients can be found as

14

_— / (e % D (o R)) + du [ x N (koR)] o AD (R}’ (3.29)
Ss

fr==2 / {eo[i x MY (koR)] + d [ x ND(koR')] . BIV(R')}}ds' (3.30)
Ss

14

Egs. (3.29) and (3.30) are expressed in matrix form as follows,

o) [E E] e

where

J, = / (M) (koR') x AV (koR')] « i ds’ (3.32)
Ss

I, = / [N (koR') x AV (koR')] o #/ds’ (3.33)
Ss

1, = / D (koR) x BY (ko R)] . #'ds’ (3.34)
Ss

K, = / [N (koR') x BV (ko R #/ds'. (3.35)
Ss
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Using Eqgs. (3.18) and (3.31), we can relate the scattered field coeflicients to the

incident field coeflicients in matrix form as

;
Jv

where the T-matrix is defined as

= 1] (3.36)

b

q

r]-fo] el oan

Eq. (3.36) shows the relation between the scattered field coefficients and the
incident field coefficients which can be calculated using Eqs. (3.1) and (3.4) as

_jkozo/ V(koR') « J,(R)dv' (3.38)

b, = jkoZo / N (koR') « J,(R)do' (3.39)

3.2 Comments on the T-matrix

T-matrix elements only depend on the size, shape and composition of the scatterer
and also the wedge angle which identifies the eigenvalues. T-matrix is indepen-
dent of the scattered and incident fields direction and polarization, however, it is

unique for all incident field frequencies.

It is efficient to calculate the whole @)-matrix and @).-matrix for a given in-
cident wave frequency simultaneously, in this manner, redundant calculation of
the Bessel, Hankel and Legendre functions for each point on the scatterer, can be

avoided for each matrix element.

Theoretically, the size of the T-matrix is infinite but for numerical evaluation,
it should be truncated into a finite size. Proper truncation is influenced by
the size of the scatterer and the choice of the origin of coordinates. For better
convergence, size of the object should be kept small and the origin should be

at the center of the symmetry. For large and elongated objects where the ratio
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of the radii of circumscribing sphere to inscribing sphere is large, higher order
terms are needed in the T-matrix. This resulting matrix is ill-conditioned which
is impractical to invert numerically. Computation of the T-matrix is discussed in
detail in [17].

3.3 Verification of the T-Matrix

We analytically verify T-matrix method by employing it for a spherical impedance
boss centered at the edge. Then, results are compared with the one obtained from
dyadic Green’s function solution. To this aim, a spherical scatterer centered at the
origin with radius a is considered. Since the surface is spherical, orthogonality
relations of auxiliary vector wave functions (see Appendix A) can be utilized.

Q-matrix elements is calculated as

1 ko d
Jow = kozt" (kor) {Ekohﬁn(kor) - 7()%[ It (kor)]} .
2Q un 1
Qun (1 + n;(u SLOF I (3.40)
I = 0 (3.41)
Ly = 0 (3.42)
1d. . 114d
Ky = L gplruen(bor)] {2 irhicin (hor)] + K3t (kor)
2Q 1
Qpun (1 + n7)T(u +n+1) 5o (3.43)
and for [Q.] is found to be
, . 1. . ko d . .
Jo = koJurn(kor) {EkO];H-n(kOT) - %%[ern(kﬂr)]} .
2 1
Q,un(,u -+ n) (:u +n 4+ )5%“/6””/ (344)
e
I, =0 (3.45)
I, = 0 (3.46)
, 1d, 11d. .
qu = ;%[T]u-kn(kbr)] {E;%[r]u—&-n(kﬂr)] + kg]u-f'"(kor)}
2Qun 1
Qun(p +n)(p+n+ )5uu’5nn’ (3.47)

7
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It is seen that both [@] and [@.] are diagonal matrices, consequently, according
to Eq. (3.37), T-matrix is diagonal too. Substituting these elements in Eq. (3.36)

and performing the matrix operations we obtain,

0 - _ ( )],u-i-n(kOQ) ko.]p—i-n(kOG’)
! (L = D, (koa) — kgh{, (koa)
kok koa £ n(koa
— 0 jM+n( 0 ) (Z )j/z;’ ( 0 )aq (348)
koﬁhu—&-n( Ua) (E - )h,u—i-n(koa)
. _];Hrn(koa + n T kGG (koa)
q - /

)
’j;)hu+n(k0a) + =+ k?hw(koa)
kK k + k26) (K
B ojwn( o) + (14 KR Foo) b (3.49)
;H—n(koa) ( + k:gli)h,u-i-n(koa)

Coeflicients relating e, to a, in Eq. (3.48) are identical to o, (koa) which is given

in Eq. (2.39). Similarly, coefficients in Eq. (3.49) are same as (3, (koa) defined in
Eq. (2.40). Scattered field coefficients can be found by substituting Eqs. (3.38)
and (3.39) in Egs. (3.48) and (3.49). The resulting expression will be

= jkoZotun (ko) / M (ko) « J,(R)do' (3.50)
v;
fa = 7k0Z0B,m(koa) /N<4 (koR') « Jo(R)do' (3.51)

Scattered field is calculated using Eq. (3.6) as follows

_ ) jﬂ'
E? = jkoZ
R S P e

[atyn (koa) M, eq )(koR) /Meq (koR') « J,(R)dv'

+ Bun(koa) NS (ko R) / J(koR') « Jo(R)dv'] (3.52)
which is identical to the result given in (2.86) i.e.
B (R) = jkoZo / (R, R) - Jy(R)dv! (3.53)

Vi
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where Tz(R, R') is the dyadic Green’s function of the boss given in Eq. (2.83).
This result indicates that the T-matrix method and dyadic Green’s function so-

lution are in perfect agreement for a spherical scatterer.

To verify the T-matrix for an irregularly shaped object, once more the spher-
ical scatterer can be used but this time its center is placed off the origin. Since
the wedge is extended to infinity, scattered field should be equal to the field cal-
culated using the dyadic Green’s function where the center is assumed at origin.
In this case there is no spherical symmetry with respect to the origin, as a result,

off-diagonal components of the [@] and [Q.] are non zero.

Geometry of the problem is depicted in Fig. 3.2 where the spherical boss of
radius a = 0.25\ is placed at z = 0.1\ and impedance of the boss is assumed as

n = 1.5Z,. The mono-static scattered field is plotted in Figs. 3.3 — 3.8 and the

Figure 3.2: Geometry of the shifted spherical scatterer at the edge

results are compared with the one obtained from dyadic Green’s function (DGF)

solution. Excellent agreement is achieved between two methods.
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Figure 3.3: Comparison of T-matrix and DGF methods for the monostatic scat-
tered field pattern for a = 0.25\, v = 27, 6y = 1° and n = 1.5Z,. T-matrix
solution is obtained for a sphere shifted by d = 0.1\.
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Figure 3.4: Comparison of T-matrix and DGF methods for the monostatic scat-
tered field pattern for a = 0.25\, v = 27 , 6y = 10° and n = 1.5Z;. T-matrix
solution is obtained for a sphere shifted by d = 0.1\.
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Figure 3.5: Comparison of T-matrix and DGF methods for the monostatic scat-
tered field pattern for a = 0.25\, v = 27 , 6y = 20° and n = 1.5Z;. T-matrix
solution is obtained for a sphere shifted by d = 0.1\.
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Figure 3.6: Comparison of T-matrix and DGF methods for the monostatic scat-
tered field pattern for a = 0.25\, v = 27, 6y = 40° and n = 1.5Z,. T-matrix
solution is obtained for a sphere shifted by d = 0.1\.
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Figure 3.7: Comparison of T-matrix and DGF methods for the monostatic scat-
tered field pattern for a = 0.25\, v = 27, 6y = 60° and n = 1.5Z,. T-matrix
solution is obtained for a sphere shifted by d = 0.1\.
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Figure 3.8: Comparison of T-matrix and DGF methods for the monostatic scat-
tered field pattern for a = 0.25\, v = 27 , 6y = 80° and n = 1.5Z;. T-matrix
solution is obtained for a sphere shifted by d = 0.1\.
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Chapter 4

Multiple Scatterers at the Edge

This chapter is concerned with the scattering form multiple objects at the edge.
Unlike the previous chapter where only the effect of the wedge on the scatterer
is considered, here mutual interaction of the scatterers is also included. There-
fore, incident field on each scatterer consists of two parts: First, the field in the
presence of the wedge (as defined in Chapter 3). Second, the scattered field from
other objects. Mutual interaction between scatterers are taken into account by
introducing two Q-matirces. The procedure followed here is an extension of the

one outlined in [7].

In the following subsections, first, basic case of two scatterers at the edge is
considered and T-matrix formulation is developed. Then, the solution is gener-

alized for multiple scatterers.

4.1 T-matrix Formulation for Two Scatterers

Consider the Geometry of Fig. 4.1 which two impedance scatterers are situated
at the edge of a PEC wedge which extends to infinity along z-axis. Two spherical
coordinates are defined where their origins O; and O, are positioned along the

z-axis with a separation distance of d. O; and O, are situated inside the scatterer
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1 and the scatterer 2, respectively. A position in the first coordinates is denoted
by R; which represents ri, 6; and ¢. The same position is defined in second
coordinates by Ry (72,02, ¢). In order to apply the T-matrix, the smallest sphere
which circumscribe each scatterer should not overlap. In addition, sources should

be outside the scatterers and be farther from each scatterer by at least d.

Figure 4.1: Two scatterers at the edge of a wedge

The field in presence of the wedge is denoted as E° which is incident on
scatterers 1 and 2. E° can be expanded in terms of spherical vector wave functions

in both coordinates as follows
E°(Ry) =Y Ryag M) (koRy) + byNL) (koRy)] (4.1)

q
E°(Ry) = Ry[aZML) (koRy) + U2NL) (koRy)] (4.2)

q

where a, a2, by and b are coefficients which are assumed to be known. R, as
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defined as in Eq. (3.5) is

R, = Jm
T ko (p A n)(p+n+ DQun’

(4.3)

Incident field on the scatterers is the sum of E° and the field scattered by the

other scatterer. Thus we can write,

Z R a + gq Mé;)(ko—ffl) + (b; + h;Q)N(S;)(koptl)] (4'4)

Ei(Ry) = ZR (a2 + g2 YMP (koRo) + (b2 + h2HYND (ko Ry)] (4.5)

where g12 and h12 are coefficients of the field scattered from object 2 incident on
object 1. Similarly, g2' and h' are the coefficients of the field scattered from
object 1 incident on object 2. These coefficients include the effect of the all

multiple scattering from scatterers 1 and 2.

The next step is to apply the Green’s second identity on the inscribing spheres
of two scatterers which is similar to the procedure followed in Chapter 3. Ap-
plying Green’s identity (see Eq. (3.3)) and considering R; on inscribing sphere of

scatterer 1 and R} on the scatterer 1 we have,

—Ej(Ry) = /{—fw(Rl,R’l)-[ﬁi><V’1XE(RS)]—[ﬁ’lXE(RQ)]-[V’lew(Rl,R’l)]}dS’

Ssq

(4.6)
where n} and V) x is the unit normal vector and curl operation in the first
coordinates, respectively. Note that according to the boundary conditions, surface

integration is only limited to the surface of the scatterer 1, Sg, (see Chapter 3).

Imposing the impedance boundary condition on the surface of the scatterer
1, Eq. (4.6) becomes

i (T N (DI ko Z A/ / o T D Dl /
—E"(Rl):/[nle(Rl)] []f’ 07, x Tw (R, R,) =V x Ty (Ry, R})|ds" (4.7)
1

where 7 is the surface impedance of the scatterer 1. Using Eq. (4.4) and explicit

expression for fW(Eq. (2.82)) considering r < r" and applying the orthogonality
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of the vector wave functions over the segment inscribing sphere of scatterer 1, we

obtain,
o +g2 = [ 1 x B(R,). A0y (1)
Ss1
et = [l B B (19
Ss1
where & 7
AW 7;’1 O [ x MO (koR,)) — koN® (ko R)) (4.10)
and & 7
Bl o1 X N (o)) = KoL (ko) (4.11)

Total electric field intensity on the surface of the scatterer 1 can be expanded in

terms of spherical vector wave functions as

E(R,) = Z MDD (koRy) + dENW (ko Ry) (4.12)

v

Substituting Eq. (4.12) in Eqs. (4.8) and (4.9) we relate the unknown coefficients

of ¢} and d! to the incident field coefficients. This relation can be written in

- [a]

matrix form as
1

C”] (4.13)

1 12
aq + gq

bl + b2 d!

v

The [Q'] matrix is partitioned as

QL] = [Jql” Iql“] (114)

L, K.
where

Ja, = / [ME) (koRy) x AYY] . afds (4.15)
Ss,

I = / VD (ko) x ALY] i ds’ (4.16)
Ss,

L, = / D (ko Ry) x BAD] . s (4.17)
Ss

1
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Ko / (N (kR x BIO].L it ds’ (4.18)

qv

Ss;

If we apply the Green’s second identity assuming that R; is on scatterer 2,

scattered field form scatterer 1 can be written as

_ o ka7 - -
E3(Ry) = /[ﬁ’le(R’l)].[] 0204 x Ty (Ry, RY) — V' X Ty (Ry, RY)]ds” (4.19)

Ss1

Note that dyadic Green’s function of the wedge is expressed in the second coor-

dinates for further simplification of the expressions.
As mentioned earlier incident field on the scatterer 2 can be written as,
E5(Ry) = E°(Ry) + E5(Ry) (4.20)
Substituting Eqs. (4.2) and (4.5) in Eq. (4.20) we obtain,
E{(R;) = Ey(Rp)— E°(R»)

= Y R[g2' M) (koRy) + h2' NS (koRy)] (4.21)
q

If we place Eq. (4.19) in Eq. (4.21) and use the orthogonality of the vector wave

functions, we obtain,

i = [l x () GRS (122

Ss1
= [l x B(Ry) . B2 (129

Ss1

where "

G = ;7)1 01 x MO (ko Ry)) — V' x MY (koRY) (4.24)
a2 = 20 RO (R = V) x N (ko R, 4.25
q_T[nlx oq(o 2)]_ 1 X oq(o 2)' ( )

By substituting Eq. (4.12) is Eqgs. (4.22) and (4.23), following matrix equation

g] - @z [:;] (4.26)
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where

21 21
] = [J‘;Z [] (427
qu va

with

JH = / [ME) (koRy) x G2+ s’ (4.28)
Ss,

. / VO (ko) x G2 ds’ (4.29)
Ss,

LY = / (M) (koRy) x HZ'] .« Rjds’ (4.30)
Ss,

K2 = / N (ko) x H2'] i ds’ (4.31)
Ss,

The steps followed through Eq. (4.6) to (4.31) are repeated again but this
time for the scatterer 2. Using Eqs. (3.3) and (4.5) and considering the following

expansion for the total field on the surface of scatterer 2,
E(Ry) =Y ML) (koRy) + d2NL) (ko Ry) (4.32)

one could obtain the following matrix relation between coefficients of £} and 2,

2
d: as
2

_ _[ 3y] [;’;] (4.33)

Q-matrix for scatterer 2, [Q?], is partitioned as,

@)= [J‘?” I‘?”] (434)

2 21
aq + gq

2 | p21
b, + h;,

Loy Ko
where
2= / D (ko Ry) x A20) , s (4.35)
Ss,
I, = / (NG (ko Ry) x A2 . pbds’ (4.36)
Ss,
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2 = / D (ko) x B2V . ityds’ (4.37)

qu
Ss,
K2, = / [N (koY) x B2W] . fifds’ (4.38)
Ss,
and 7
20 = J_; Uity x MO (ko RY)| — koNED (koRY) (4.39)
B2 — JkoZo ., ND (ko R — koMW (ko R 4.40
q = " [nQX Oq(o 2)] 0 oq(0 2) ( )

14 is the unit vector normal to the surface of scatterer 2 and 7, is the surface

impedance of the scatterer 2.

Scattered field from scatterer 2 incident on scatterer 1 is written as

o _ - ikoZ, _ _
E3(R)) = /[ﬁ’sz(R;)].[]; 07, x Ty (Ry, RY) — Vi x T (Ry, RY)]ds’ (4.41)
2

where V), denotes the curl operation in the second coordinates. Again, using
Green’s second identity (Eq.(3.3)) and Eq. (4.5), similar to Eq. (4.26) one could

obtain
12 2
9q :[ 12} v (4.42)
héQ qv d2

[Q1?] is defined as follows

Q) = [Jqlg 133] (4.43)

qu qu
where

Jiz = / (1) (ko RY) x G12] . s’ (4.44)
Ss,

12— / VD (ko) x G2 ityds’ (4.45)
Ss,

Ly = / [ME) (koRY) x H?] .« ihds’ (4.46)
Ss,

K2 = / N (koR) x B2 . s’ (4.47)
Ss



with

~ 1koZy . . _ _

G2 = ;2 iy x MP (koRy)] — Vi x MP(R)) (4.48)

rrl2 jkOZO N \7(4) >/ / /

Hq = n—[nQ X Noq (kORl)] V X N (R ) (449)
2

In order to find the the electric field on the surface of the scatterer 1, Eq. (4.42)
is substituted in Eq. (4.13) which yields,

Rl

1
CLq

bl

q

+[r72]

d;] (4.50)

14

where
)--[e] [} wn

Similarly for the coefficients of the total field on scatterer 2 we have,
2

2

FERGE

-1
| =2 e (4.53)
Using Egs. (4.50) and (4.52) field on the surface of the scatterers is found as

2 1

dq] (4.52)

14

+ 7]

b2

q

where

==t (e ) ] [ ) [ s
[:J,ZJ =—{l] - [ [T”]}l { [Qﬂl Zg + 7] [Ql]l [‘b‘i” (4.55)

where [I] is the identity matrix.
Scattered field from each object can be expanded as

E3(Ry) = ZR V(koRy) + fAND (koRy)] (4.56)

E3(Ry) = ZR D (koR) + f2N) (koRs)] (4.57)
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where Ef and Ej are the scattered field form object 1 and object 2, respec-
tively. Unknown coefficients can be determined based on ¢, and d, by applying
the Green’s second identity over the circumscribing spheres. Resulting matrix

relations are

el [ Jvoov 1 cl
p| _ [Ipv  fpv v
f; = L});j K;; dll, (4.58)
[/ p ] L 4 Y]
Q1]
'62' 'J2' 12 1 '02'
p|l _ [“pv fpv v
12 2 K2 |2 (4.59)
[/ p ] L~p pv] ["v]
Q2]

Elements of the [Q*] matrix is defined as

Jh, = / [ME) (koRy,) x AV, fyds’ (4.60)
Ssy,

¥ = / [N (ko Ry) x AW dgds’ (4.61)
Ss,,

Lk, = / [ME) (koRy,) x BEV] . Ads’ (4.62)
Ssy,

Kk = / [N (koRy) x BEV] L s’ (4.63)
Ss

k

where k represents the scatterer 1 or scatterer 2 and

_ ikoZo. ., - . S .
A0 = gk 2 x MG (koBy)] — ko NS (ko By (4.64)
_ k0 Z0.., . v e
BEO = J_T(;k iy x N (ko Ry)) — koMY (koRy) (4.65)

Upon substitution of Eqgs. (4.54) and (4.55) in Egs. (4.58) and (4.59), respec-
tively, coefficients of the scattered field by each object can be calculated. Total
field is the sum of theses two fields,

E*(R) = Bi(Ry) + B3(Ry). (4.66)
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4.2 Numerical Results

In this section we use the T-matrix formulation for the two identical spherical
scatterers at the edge of a half-plane. Geometry of the problem is illustrated in
Fig. 4.2. The radius of scatterers are assumed as A/4 and their surface impedance

is assigned as 1,2 = 1.5Z,. Spheres are separated by a distance of 3\,

Figure 4.2: Two spherical scatterers at the edge of a half-plane

In Figs. 4.3 — 4.9, far zone mono-static scattering patterns are plotted for 6y =
1°,10°,20°,40°,60° and 80°. In the far-field calculations, unit vectors of the two
coordinates in the @ direction are assumed to be parallel. For the amplitude, radial
distance is approximated as | R;| = |Ry| = R and for the phase, —kod cos(f) phase

difference is assumed.

It is observed that in the paraxial region, due to the edge excited waves the

scattering field intensity is higher. In addition, field intensity varies as sin2(§)

20



and 0082@) for 60 and ¢¢ polarizations, respectively, which indicates that the
m = 0,n = 1 mode is dominant. Away from paraxial region, effect of edge guided

waves decreases therefore mutual interference between object becomes significant.
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Figure 4.3: Monostatic scattered field pattern for a = b = 0.25\, 91 = 12 = 1.5,
v =2m,d=3Xand 0y = 1°.
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Figure 4.4: Monostatic scattered field pattern for a = b = 0.25\, 91 = 12 = 1.5%,
v =27, d=3\and 6, = 5°.
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Figure 4.5: Monostatic scattered field pattern for a = b = 0.25\, 9, = 12 = 1.5,
v = 2w, d=3X and 0y = 10°.
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Figure 4.6: Monostatic scattered field pattern for a = b = 0.25\, 91 = 12 = 1.5%,
v = 2w, d=3X and 0y = 20°.
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Figure 4.9: Monostatic scattered field pattern for a = b = 0.25\, v = 2w, d = 3\
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limiting case of PEC scatterers (i.e. n — 0), is investigated by assigning n =
107*2 and the results are compared with the one obtained from the formulation
given in [7]. Figs. 4.10 — 4.15 show the monostatic scattered field for two PEC

scatterer of radius \/4 separated by a distance of 3A. Results obtained from two
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formulations are in perfect agreement.
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Figure 4.10: Monostatic scattered field pattern for PEC case, a = b = 0.25),
v =2m,d=3Xand 0y = 1°.
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Figure 4.11: Monostatic scattered field pattern for PEC case, a = b = 0.25),
v = 2w, d =3\ and 0y = 10°.
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Figure 4.12: Monostatic scattered field pattern for PEC case, a = b = 0.25),
v = 2w, d=3X and 0y = 20°.
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Figure 4.13: Monostatic scattered field pattern for PEC case, a = b = 0.25),
v = 2w, d=3X and 0y = 40°.
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Figure 4.14: Monostatic scattered field pattern for PEC case, a = b = 0.25),
v = 2w, d=3X and 0y = 60°.
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Figure 4.15: Monostatic scattered field pattern for PEC case, a = b = 0.25),
v = 2w, d=3X and 0y = 80°.
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4.3 Multiple Scatterers

For more than two scatterers at the edge, described T-matrix formulation can be
generalized by taking the similar steps. For N scatterers, N coordinates systems
are defined that their origins are denoted as Oy, 05, Os,...Oy. Position vector
in kth coordinates is denoted as Rj. Incident field, the field in the presence of

the wedge, in kth coordinates is defined as,

= Ry [af M) (koRy) + N (koRy)], k=1,2,....N (4.67)

where a’; and b’; are known. Total incident field on kth scatterer is the sum of E°

and the scattered field from other objects.

Ei(Ry) = ZR a—i—ng] D(koRy) + bk+Zh’”N(1kRk),

J#k J#k
k=1,2,...,N4.68)

where ¢¥ and h* are the coefficients of the scattered field form jth object incident
on kth scatterer. These coefficients are yet to be determined. Electric field on

the surface of each scatterer can be expanded as

Zc V(koRy) + d"NW (ko Ry,) (4.69)

each set of unknowns for each scatterer can be found similarly to Eq. (4.50) as
ck -1 al

k kj

[dk] o [Q } + Zl [T ]]
J:

ik
where [Q*] is the Q-matrix for kth scatterer and [T*/] represents the incident field

“I', k=1,2,...N (4.70)
dJ

v

on kth body due to the scattering from jth body.
—1
] =[] @] (471

Q™ is partitioned as follows

ka Ik:j
kil — qv qv
[Q J] _ [L’;Z Kg] (4.72)
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where

T = / (D (ko R)) x Y]+ yd (4.73)
S;
1M = / [NO (koR)) x GE] L iiyds’ (4.74)
S;
Lk = / (M) (ko)) x HF] wivyds’ (4.75)
S
K= [ IR0 ] s (470
Sj
with &7
. i R — — v B
617 = TR0 i MY k) = 9 % VLD ko) (4.77)
gk — JkoZo [ﬁ/ % N(4)(k’ R )] -V, x N(‘U(k R’) (4.78)
Ty Y og \"0k J og \"0THk '

S; and n; denote surface of the jth scatterer and its unit vector, respectively.

V;x represents the curl operation in the kth coordinates.

Scattered field from each scatterer can be found once the unknown coefficients

c¥ and d* are calculated. Scattered field coefficients of the kth scatterer is defined

-1

where [Q*] is defined in Eqgs. (4.60) to (4.63). Scattered field from each scatterer
is given by

as,

E(Ry) = [es MY (koRy) + fENS) (koRy)), k=1,2,...N (4.80)

p

Total field is the sum of the scattered field from each scatterer

B (R) =Y Ei(Ry) (4.81)



Chapter 5

Conclusion

In this thesis, scattering from impedance bodies positioned at the edge of a PEC
wedge is studied. The problem is treated by employing the eigenfunction expan-

sion technique.

For the simple case of a spherical boss at the edge, complete dyadic Green’s
function has been obtained which is valid everywhere in space and it includes the
singular term which is valid in the source region. We showed that the Green’s
function can be decomposed into two parts. Omne part is the dyadic Green’s
function of the wedge with scatterer removed and the other part includes the
contribution of the boss and the mutual interaction of the scatterer and the
wedge. Analytically it was shown that in the limiting case of PEC scatterer,
the expressions reduces to the solution given in [7]. Numerical examples are
presented and we observed that the scattering is enhanced in the paraxial region
due to the edge excited waves. We found that first term in the eigenfunction
expansion is dominant in the paraxial region. As we move away from the edge
higher order modes are excited. An investigation of convergence of the series was
also presented in Chapter 2 showing that truncation size increases as the boss

radius and the exterior wedge angle increase.

In Chapter 3, T-matrix formulation was introduced which extends the Green’s

function solution for irregularly shaped impedance scatterer. The solution has
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verified analytically by applying for spherical scatterer at the origin. In order
to simulate an irregularly shaped object, a sphere positioned off the origin is
considered and scattered field is calculated and compared with the exact solution.
Excellent agreement is achieved between two solutions. Accuracy and convergence
of the T-matrix solution depends on the geometry of the scatterer. For large
scatterers and cases for which center of symmetry is considered away from the
origin, higher order terms are needed and resulting T-matrix is ill-conditioned.

Therefore, accurate results cannot be achieved.

In Chapter 4, a complete modal solution using T-matrix method is developed
for multiple scatterers at the edge which includes mutual influence of the scat-
terers. First, formulation is developed for two impedance bodies and numerical
results are provided. It is observed that, near grazing incidence, scattering due
to the edge excited wave is dominant. However, as we move away from the edge,
mutual interference between scatterers becomes dominant. Finally, the solution

is generalized for the case of more than two scatterers.

Future work may include asymptotic solution of the proposed eigenfunction
expansion in order to extend the current high-frequency approaches for scattering
from objects at the edge. In this manner, simple expressions should be obtained
for the scattered field from impedance bodies at the edge. Since contribution
of scatterer and the wedge is separated, these expression can be integrated into

current high-frequency solutions for the wedge.
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Appendix A

Spherical Vector Wave Functions

In this Appendix, spherical vector wave function will be introduced and orthog-
onality relations are presented. First scalar wave functions are defined, then the
vector wave functions are introduced according to the scalar functions. Finally,
the orthogonality relationship of these functions are given. Detailed study of
vector wave functions are given in [11], [18] and [12], here the summary of these

works are presented.

A.1 Spherical Scalar Wave Functions

Scalar wave functions are the solution of the scalar wave equation given as
(V2 + EHy(R) = 0. (A1)

Solution of Eq. (A.1) in the spherical coordinates can be found using separation

of variables techniques as

Y(R) = R(r)0(0)2(¢) (A.2)
where
_ ) aulkr) (A3)
K (kr)



P #(cos0)

0(0) = (AA)
Qs (cost)
a(s) = { U (A5)
sin(ug)

where p and v are the separation variables which will be defined based on the

boundary conditions.

In Eq. (A.3), j,(kr) is the spherical Bessel function which is regular at the
origin and h,(,Q)(k:r) is the spherical Hankel function which satisfies the radiation
condition as r — oo for the ¢/** time dependence. In the development of the
dyadic Green’s function combination of these two functions are used and is rep-
resented as

R(r) = 29 (kr) = Aj,(kr) + BhP (kr) (A.6)

where A and B are constants to be defined by the boundary conditions and
superscript (¢) identifies the type of the combination used. For the cases where

one of the constants is zero

2D (kr) = g (kr) (A7)
2D (kr) = B (kr). (A.8)

In Eq. (A.4), P, #(cos#) and @), *(cos #) are the associated Legendre functions
of the first and second kind, respectively. It will be seen that Dyadic Green’s
function should satisfy the edge condition hence it should be bounded at § = 0, 7,
consequently, associated Legendre functions of the second kind should be excluded
from the solution because it is not bounded at these points. Also, associated
Legendre function of the first kind is slightly modified and Ferrer’s type Legendre
functions are used for convenience [12]. This function is related to the associated

Legendre of first kind by a complex constant and it is denoted by T'.
O(0) =T, "(cosh) (A.9)

It is shown in [12] that in order to avoid the singularities within the interval of

[0, 7], sum of the degree, v, and order, —u should be an integer. It is critical
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because the scalar functions must satisfy the edge condition. To satisfy this

condition, let
v=n+p (A.10)

where n is an integer. Completeness and orthogonality of Ferrer’s type Legendre
functions and also useful information for calculating these functions are presented

in [12].

The scalar wave functions can now be introduced using Egs. (A.2) and (A.6)
- (A.10) as

W0 (kR) = 21, (kr) Tt (cos 6) (o) (A.11)

ptn
oHm sin

where e and o represents even and odd functions respectively.

A.2 Spherical Vector Wave Functions

In this section vector wave functions will be constructed based on the scalar wave
functions. Solenoidal vector wave functions satisfies the homogeneous vector wave
equation,

VxVxF—-EF=0. (A.12)

It is shown in [11] and [18] that two sets of solutions based on the spherical scalar

wave functions can be obtained. They are

MO (kR) =V x kRO (kR) (A.13)
and
NO (kR) =V x V x [Rv (kR)] (A.14)
This vector wave functions are solenoidal so they satisfy
MY (kR)
,‘(’t‘;" _ [ =0 (A.15)
Ne’ (kR)
oHn
and they have the following symmetry relations
_ 1 _
Mq = EV X Nq (A16)

67



o1
N, = 2V x M, (A.17)

where ¢ represents the collection § un.

Performing the differential operations in Eqs. (A.13) and (A.14), vector wave

functions can be explicitly shown as

M02n<kR> = k2L (kr)ime ., (6, ), (A.18)
N (kR) = (kr)le (6, 0) + 1i[m(“ (kr)]ne (0, 9) (A.19)
oHn ’l“ ,qun ) rdr pntn ohn A\

where me (0, 0), e (0, @) and lg (0, @) are the auxiliary vector wave function.

They are simply defined by factoring out the radial dependence.

sin

Fu (u)T, L (cosb)

B cos . COS d ~
me (0, ¢) = g 0 — Sin(ucb) 75 Luin(cosO)] o (A.20)
e (0,9) = 7 xme,,(0,) (A.21)

o (1) T, {(cos 0)
co cos .

= (M¢) 7 [Tufn(COS 0)]0 g ¢ (A.22)
le (0, 6) = (+n)(n+n+ 1) ()Tl (cos 0) 7 (A.23)

S

7, é,g?) represents the unit vectors in the spherical coordinates.

Here, the irrotational vector wave function is not presented since they will not

be used in the solution of the problem addressed in this study.

In [12], orthogonality and completeness of the auxiliary vector wave func-
tions over a spherical surface exterior to wedge are examined. In the following

orthogonality relations surface integration is defined as

/ )dQ = // )sin 6 d6 d¢ (A.24)

=060=0
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Orthogonality relations are as follows

epynl(p+ 1)+ 0+ 1)
u+2n+DI'2u+n+1)

/ 10,(6, 6) « 1y (6, 6) A = Suwbow (A.25)
Qo

emynl(p+n)(p+n+1)

/nq(e, @)y (6,)d2 = (2p+2n+ DT (2u+n+1) O Or (4.26)
Qo
7 - emyn!(p +n)?(p+n+1)°
M ! Q = / ’ A2
/lq(9,¢) ly(0,9)d (2u+2n+ DI(2u +n + 1)5““ Onn (A.27)
Qo

/ﬁq(e, }) 1y (0,0)dQ2 =0 (A.28)

Qo

where ¢ and ¢’ are the compact indices representing ¢ un and § u'n’, respectively.
04,4 15 the Kronecker delta defined as

1 ifg=¢,
Og.q' = . , (A.29)
0 ifqg#4q,
and
2 ifm=0
6 — = (A.30)
1 ifm#0,

Using the orthogonality of the auxiliary functions, Orthogonality of the vector

wave functions with superscript (1) over volume V' bounded byS’ are derived.

/ MO (kR) « M (K R)dv = Qpualpu+ n)(pu + n+ 1)8(k — k)8gyr, (A1)
y

/ Nq(l)(k:R) . Nq(,l)(k’R)dv =Qup+n)(p+n+1)5k— k;’)éqq/ (A.32)
1%
and

y By N (1 By —
/V M (kR) . Ny’ (K R)dv =0 (A.33)

EmTYN!

@pn = 202p+2n+ DI(2u+n+ 1)

(A.34)
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