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❆❜str❛❝t

N-soliton solutions, M-lump waves and physical phenomena between

N-soliton solutions and M-lump waves for some types of partial

differential equations

Hajar Farhan Ismael

Ph.D. Thesis

FIRAT UNIVERSITY
Graduate School of Natural and Applied Sciences

Department of Mathematics
June 2022, Page: vii-98

This research looks at the exact solutions to various nonlinear models in many nonlinear

science disciplines. The simplified Hirota’s method and long wave method are used to explore

N-soliton solutions, complex multi-soliton waves, M-lump waves and interaction phenomena of

N-soliton with M-lump waves. The nonlinear models that studied in this thesis are as follows: the

(2+1)-dimensional Bogoyavlenskii–Schieff equation, the extended (2+1)-dimensional shallow water

wave model, the (2+1)-dimensional Bogoyavlenskii’s generalized breaking soliton equation, the

(2+1)-dimensional Date-Jimbo-Kashiwara-Miwa equation, the (2+1)-dimensional

Bogoyavlensky-Konopelchenko equation, the (2+1)-dimensional Korteweg-De Vries equation with

the extension of time-dependent coefficients, and the (3+1)-dimensional generalized

Kadomtsev-Petviashvili equation. The velocity of one-M-lump solution is stated. Straight lines of

motion that M-lump waves travel among them are also addressed.

Besides, we newly extend the modified expansion function method to construct new wave

solutions of partial differential equations. By using this newly modified method we can obtain

novel and more analytic solutions comparing to modified expansion function method. Also,

comparison between new and obtained solutions are presented successfully.

Keywords: N-soliton solutions; M-lump waves; Interaction phenomena; Hirota’s method; Newly

modified method
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Ö❩❊❚

Kısmi diferansiyel denklemlerin bazı türleri için N-soliton çözümleri,

M-yığın dalgaları ve N-soliton çözümleri ile M-yığın dalgası

arasındaki fiziksel olaylar

Hajar Farhan Ismael

Doktora Tezi

FIRAT ÜNİVERSİTESİ
Fen Bilimleri Enstitüsü

Matematik Anabı̇lı̇m Dalı
Haziran 2022, Sayfa: vii-98

Bu araştırma, birçok doğrusal olmayan bilim disiplinindeki çeşitli doğrusal olmayan

modellerin kesin çözümlerini incelemektedir. Basitleştirilmiş Hirota ve bir uzun dalga yöntemi,

N-soliton çözümlerini, karmaşık multi-soliton dalgalarını, M-lump dalgalarını ve N-soliton’un

M-lump dalgaları ile etkileşim fenomenini keşfetmek için kullanılır. Bu tezde ele alınan doğrusal

olmayan modeller şunlardır: (2+1)-boyutlu Bogoyavlenskii–Schieff denklemi, genişletilmiş

(2+1)-boyutlu sığ su dalgası modeli, (2+1)-boyutlu Bogoyavlenskii’nin genelleştirilmiş kırılma

solitonu denklemi, (2+1) boyutlu Date-Jimbo-Kashiwara-Miwa denklemi, (2+1) boyutlu

Bogoyavlensky-Konopelchenko denklemi, (2+1) boyutlu Korteweg-De Vries denklemi ile zamanın

uzaması -bağımlı katsayılar, (3+1) boyutlu genelleştirilmiş Kadomtsev-Petviashvili denklemi.

Verilen bulgular daha önce yayınlanmış sonuçlarla karşılaştırılır. Bir-M-topak çözümünün hızı

belirtilmiştir. M-yumru dalgalarının aralarında hareket ettiği düz hareket çizgileri de ele alınır.

Ayrıca, kısmi diferansiyel denklemlerin yeni dalga çözümlerini oluşturmak için değiştirilmiş

genişleme fonksiyonu yöntemini yeni genişlettik. Bu yeni değiştirilmiş yöntemi kullanarak,

değiştirilmiş genişleme fonksiyonu yöntemine kıyasla yeni ve daha analitik çözümler elde edebiliriz.

Ayrıca yeni ve elde edilen çözümlerin karşılaştırılması da başarılı bir şekilde sunulmaktadır.

Anahtar Kelimeler: N-soliton çözümleri; M-yumru dalgaları; Etkileşim olayları; Hirota’nın

yöntemi; Yeni değiştirilmiş yöntem
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One of the fundamental problems in the theory of differential equations is the

Cauchy problem. The problem requires finding a solution to a differential equation that

satisfies what is known as the initial values. Only the simplest differential equations,

usually constant-coefficient and linear can be explicitly resolved. As classified, Laplace’s

method is used to solve linear ordinary differential equations and the Fourier transform

method to find the solution of linear partial differential equations, and in the modern

soliton theory, the isomonodromic transform method and the inverse scattering transform

method are systematical methods that have been developed to find solutions of nonlinear

ordinary and partial differential equations, respectively.

Nonlinear partial differential equations are frequently used to characterize a variety

of complex nonlinear phenomena that happen in nonlinear sciences such as plasma physics,

optical fibers, chemical processes, biological sciences, mathematical physics, and so on.

Nonlinear partial differential equations have a wide variety of roles in applied mathematics,

making it critical to obtain exact solutions for various types of equations. The general form

of NPDE is as follows:

Partial differential equation as one of the important fields of mathematics describe

various phenomena in physics and engineering for example the Bogoyavlenskii–Schieff

equation in (2+1)-dimensions arise in plasma physics [1]. The shallow-water wave model

is a set of hyperbolic partial differential equations that describe the flow below a pressure

surface in a fluid [2]. The (2+1)-dimensional Bogoyavlenskii’s breaking soliton equation

and the (2+1)-dimensional Bogoyavlensky-Konopelchenko equation characterize the

(2+1)-dimensional interaction between a long wave about the x axis interacting with a

Riemann wave on the y axis [3, 4]. The (2+1)-dimensional Date–Jimbo–Kashiwara–Miwa

equation can be utilized in applied mathematics to model water waves with low surface

tension and long wavelengths [5]. The Korteweg–de Vries equation is a mathematical

model of waves on shallow water surfaces [6]. A generalized Kadomtsev-Petviashvili

equation in (3+1)-dimensions arises in fluid mechanics and plasma physics [7]. Therefore,

finding exact solutions to nonlinear evolution equations has piqued the scientific

community’s attention since they describe the evolution of complicated nonlinear

processes in physics and engineering.

According to various applications of PDEs in different areas of sciences, various

techniques have been presented and developed to explore dynamical behaviors of PDEs

that occur in our globe such as the first integral method [8, 9], the Backland

transformation [10, 11], a double Laplace transformation [12], the scattering method [13],

a long-wave method [14], the ansatz method [15], the Darboux transformation [16], the

Lie group method [17], the simplified Hirota method [18, 19, 20], the symbolic

computations method [21, 22, 23], the generalized exponential rational function [24, 25],



a Taylor series expansion approach [26], the Riemann-Hilbert method [27, 28], a

generalized (G′/G)-expansion method [29], the (1/G′)-expansion method [30, 31, 32], the

(G′/G, 1/G′)-expansion method [33], the (m + G′/G)-expansion method [34, 35, 36], the

(m + 1/G′)-expansion method [37], the (G′/G2)-expansion method [38], a generalized

Kudryashov method [39], the modified extended direct algebraic method [40], the

improved mapping approach [41], the Pfaffian method [42, 43], the inverse spectral

transform method [44], the Jacobi elliptic function method [45, 46], and so on.

1.1. Aim of the Thesis

The aim of thesis is to construct the exact solutions to several nonlinear partial

differential equations. The simplified Hirota’s method and long-wave method will be used

to find multiple soliton waves, Complex multiple soliton solutions, M-lump waves, fusion

solutions, and interaction physical phenomena solutions. Also, we will newly extend

modified expansion function method to construct new and more analytical solution of

PDEs.

1.2. Outline of Thesis

The following is an outline of the thesis’s structure: Part one includes an overview of

nonlinear partial differential equations and their applications. Part 2 of this thesis defines

various key concepts, including classical differential equations and solitary wave solutions.

Part 3 describes the simplified Hirota’s method, a long-wave method, and newly extend

modified expansion function method employed in this thesis. Part 4 discusses the

applications of the approaches described in Part 3 to certain nonlinear physical models.

Part 5 contains the results as well as a discussion of the stated results from Part 4. In

section 6, we present the study’s result.

2



✷✳ ❋❯◆❉❆▼❊◆❚❆▲ ❉❊❋■◆■❚■❖◆❙

Definition 2.1. Partial differential equation is a differential equation that has more than

one independent variable with one or more dependent variables [47].

Definition 2.2. The largest derivative that appears in the equation is called the order of

the differential equation [47].

Definition 2.3. A partial differential equation is considered to be linear [47] if and only if

the following conditions are met:

• The dependent variable’s exponent and each partial derivative included in the

equation are both one.

• There are no cross–terms that is, terms such as uu′ or u′u′′ in which the function or

its derivatives occur more than once.

Otherwise, differential equation is said to be nonlinear differential equation.

Definition 2.4. Non-homogeneous partial differential equations are those in which all of

the terms of a PDE contain the dependant variable or its partial derivatives [47].

Definition 2.5. A solitary wave is a self-reinforcing wave packet that keeps its form while

moving at a regular speed. Soliton solutions are constructed by using the following formula:

f = fN =
∑

µ=0,1

exp





N
∑

i=1

µiψi +

(N)
∑

1≤i<j≤N
µiµnAij



, (2.1)

The notation
∑

µ=0,1
is a summation that takes over all possible combinations µi = 0, 1 for

i = 1, 2, ..., N [48].

Definition 2.6. Lump waves are rational function solutions and localized in all directions

in the space [49].

Definition 2.7. Rogue waves are a kind of rational function solution, which have amplitude

more than twice the background waves and appear from nowhere and disappear without a

trace [49].

Definition 2.8. Breathers are solutions that are periodic in time or space and localized in

one certain direction [49].

Definition 2.9. The Hirota bilinear operator, and defined by Hirota direct method [48] as

Di
xD

j
yD

k
t a.b = (∂x − ∂x′)i

(

∂y − ∂y′

)j
(∂t − ∂t′)

ka (x, y, t) × b
(

x′, y′, t′
)

∣

∣

∣

x=x′,y=y′,t=t′
.

(2.2)



For instance

Dx(a.b) = axb− abx = −Dx(b.a),

DxDt(a.b) = axtb− axbt − atbx + abxt = DxDt(b.a),

D2
x (a.b) = axxb− 2axbx + abxx = D2

x (b.a) ,

DxDt (a.a) = 2 (aaxt − axat) ,

where D is a binary operator and is called the Hirota derivative.
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In this chapter, we use the simplified Hirota’s method and long wave method

on some nonlinear partial differential equations to construct N-soliton solutions and

M-lump waves, respectively. Also, to find physical interaction phenomena between

multi-soliton solution and M-lump wave, we use both methods together.

3.1. The (2 + 1)-Dimensional Bogoyavlenskii-Schieff equation

In present work, we investigate the exact solutions of the BS equation that describes

a nonlinear phenomenon in plasma physics by the Hirota bilinear form. The BS equation

has an essential role in clarifying the (2 + 1)-dimensional interaction of the Riemann wave

propagating through the y-axis with a long wave propagating through the x-axis. Deem

integrable BS equation of higher-order in (2 + 1)-dimension as follows

4uxt + 4uxuxy + 2uxxuy + uxxxy + ∂−1
x uyyy + 4αuxy = 0, (3.1)

where u = u(x, y, t) and α is real. This equation was derived by uniting the dual spatial

generalizations of the KdV equation, integrating the closed ring with both the KP equation

and the Bogoyavlenskii equation. Song-Ju et al. [50] studied N-soliton solutions to the BS

equation via reporting its Lax pair when α = 0. Wazwaz [51] derived two extensions of the

BS equation and demonstrated that the extension terms do not ruin the integration of the

standard Bogoyavlenskii–Schieff equation. Yong et al. [52] constructed novel solutions of

the BS equation via utilizing the Riccati equation expansion method. Ray and Vinita [53]

used the Lie group method to study a similarity reduction of Eq. (3.1).

Applying the logarithmic transform

u (x, y, t) = 2
∂

∂x
(log (f (x, y, t))) , (3.2)

on Eq. (3.1), the reader can obtain

fy
(

2fxx
2 − 4fx (2afx + fxxx)



+ 2fy
3

− 2f (fxx (2ft − fxxy) + 2fx (2fxt + 2afxy + fxxxy))

+ 4fx (−fxyfxx + fx (2ft + fxxy))

− f2 (fyyy + 4fxxt + 4afxxy + fxxxxy)

+ fyf (3fyy + 4afxx + fxxxx) = 0.

(3.3)

Now, to retrieve the multi-soliton solutions to the Eq. (3.1), we use the function f =

f(x, y, t) as stated in Eq. (2.1) and related necessary constants and functions are introduced



as the following form

Aij =
(ki − kj + li − lj) (ki − kj − li + lj)

(ki + kj + li − lj) (ki + kj − li + lj)
, (3.4)

ψi = eki(x+liy+wit)+αi , (3.5)

wi =
1

4

(

−4αli − ki
2li − li

3


. (3.6)

Here ki, li, wi are real scalars.

3.1.1. Multi-soliton and Fusional solutions

In this portion, we explore the features of the BS equation of higher order, such as

one-, two-, and three-soliton solutions and a general form of fusional solutions. First, we

try to find multi soliton solutions to the Eq. (3.1). When N = 1, we get

f = 1 + ek1(x+l1y+w1t)+α1 , (3.7)

where w1 is defined in Eq. (7). Plugging Eq. (8) into Eq. (2), the result is

u = k1 − k1 tanh



1

8
k1

((

4αl1 + k1
2l1 + l1

3


t− 4x− 4l1y




. (3.8)

This equation is a kink soliton solution.

When N = 2, we get

f = 1 + eψ1 + eψ2 +A12eψ1+ψ2 , (3.9)

here w1, w2 are defined in Eq. (3.6) and A12 is defined in Eq. (3.4). Inserting Eq. (3.9)

into Eq. (3.2), we gain the two-soliton solution of Eq. (3.1) as follows

u =
2
(

k1eψ1 + k2eψ2 +A12 (k1 + k2) eψ1+ψ2



1 + eψ1 + eψ2 +A12eψ1+ψ2
. (3.10)

When N = 3, we have

f = 1 + eψ1 + eψ2 + eψ3 +A12eψ1+ψ2 +A13eψ1+ψ3 +A23eψ2+ψ3 +A123eψ1+ψ2+ψ3 , (3.11)

where A123 = A12A13A23. Here ψi (i = 1, 2, 3) are defined in Eq. (3.5) and

Aij (1 ≤ i < j ≤ 3) are defined in Eq. (3.4). Putting Eq. (3.11) into Eq. (3.2), we obtain a

3-soliton solution of the BS equation of higher order. The 1-soliton, 2-solitom, and

3-soliton solutions of BS equation of higher order are plotted graphically (see Figure 3.1,

Figure 3.2 and Figure 3.3).
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(a) One-soliton solution (b) Contour plot of one-soliton solution

Figure 3.1. One-soliton solution and its corresponding contour plot drawn when t = 2, k1 = 1
2
, l1 = 3

2
, α = −2.

(a) Two-soliton solution (b) Contour plot of two-soliton solution

Figure 3.2. Two-soliton solution and its corresponding contour plot drawn when t = 2, k1 = 2, k2 = 5, l1 = 1, l2 =

1, α1 = 0, α2 = 1, α = −2.
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(a) Three-soliton solution (b) Contour plot of three-soliton solution

Figure 3.3. Three-soliton solution and its corresponding contour plot drawn when t = 4, k1 = 2, k2 = 3, k3 =

4, l1 = 1, l2 = 1, l3 = 1, α1 = 1, α2 = 2, α3 = 3, α = −2.

Taking α = 0, one can get the N-soliton solutions which was reported by Song-Ju et al. [50].

To guarantee the existence of N-soliton solution to the differential equation, we suggest

readers to study Ref. [54]. Now to explore the features of fusional solutions we choose

suitable values for the constants Aij = 0 (1 ≤ i < j ≤ N). When N = 2, N = 3 and N = 4,

we have

f2 = 1 + ek1(x+l1y+w1t)+α1 + ek2(x+l2y+w2t)+α2 , (3.12)

k1 = −1, k2 = 2, l1 = −1, l2 = 2.

f3 = 1 + eψ1 + eψ2 + eψ3 , (3.13)

k1 = 1
2 , k2 = 1, k3 = 3

2 , l1 = 1
2 , l2 = 1, l3 = 3

2 .

f4 = 1 + eψ1 + eψ2 + eψ3 + eψ4 , (3.14)

ki = li (i = 1, 2, 3, 4).

fN = 1 +
N
∑

i=1

eψi , (ki = li) , (3.15)

where ψi (i = 1, 2, 3, ...N) is defined in Eq. (3.5), and Eq. (3.15) is a general form of fusional

solutions. The features of Eqs. (3.13-3.15) are plotted as shown in Figure 3.4.
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(a) 1-fusional solution (b) Contour plot of 1-fusional solution

(c) 2-fusional solution (d) Contour plot of 2-fusional solution

Figure 3.4. 3D figure plotted when t = 2, α1 = −1, α2 = −1, a = −1, α3 = −10, α = −1.

3.1.2. Quadratic solutions

In this section, we analyze the real and complex lump solutions of Eq. (3.1). First,

we define the quadratic form

f = (a1x+ a2y + a3t+ a4)2 + (b1x+ b2y + b3t+ b4)2 + c, (3.16)
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and replace it in Eq. (3.2), one could get an algebraic system. Solving the obtained solutions,

the following case is deduced

a2 = 2i
√
αa1, a3 = 0, b2 = −2

(

a1
2 − i

√
αb1



, b3 = −4αa1
2. (3.17)

Inserting Eq. (3.17) into Eq. (3.2), we have

u =
2 (b1 + 2a1 (a4 + a1x+ 2i

√
αa1y))

b4 + c− 4αa1
2t+ b1x− 2 (a1

2 − i
√
αb1) y + (a4 + a1x+ 2i

√
αa1y)

2 . (3.18)

This equation represents a complex soliton solution of the BS equation of higher-order (see

Figure 3.5).

(a) Real part of Eq. (3.18) (b) Contour plot of real part

(c) Imaginary part of Eq. (3.18) (d) Contour plot of imaginary part

Figure 3.5. 3D figure plotted when t = 2, a1 = 2, a4 = 2, b1 = 2, b4 = 0.2, c = 1, α = 1.
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3.1.3. M-Lump solutions

To study M-lump waves, we will apply long-wave method on Eq. (3.1). Manakov and

Zakharov [55] were the first to introduce the lump wave. After that, Satsuma and Ablowitz

[56] used long wave limit method for constructing multi-lump waves. In this section, the

long-wave method is used to construct M-lumps solutions from 2N-soliton solutions. To

analyze a 1-lump solution from Eq. (3.9), we let k1
k2

= O (1), ki → 0, eαi = −1 (i = 1, 2),

then we have

f2 = ϕ1ϕ2 +B12. (3.19)

Here

ϕi = x+ liy + ρit,

ρi = −1

4

(

4αli + li
3


,

Bij =
4

(li − lj)
2 i < j.

(3.20)

Now plugging Eq. (3.20) along with l1 = a1 + b1i, l2 = a1 − b1i = l∗1 into Eq.(3.2), one can

get

u = 2
∂

∂x



(x′ + a1y
′)

2
+ b1

2y′2 − 1

b1
2



=
4 (x′ + a1y

′)

(x′ + a1y′)2 + b1
2y′2 − 1

b1
2

,
(3.21)

where

x′ = x+
1

2
a1

3t+
1

2
ta1b1

2,

y′ = y − a1t− 3

4
a1

2t+
1

4
b1

2t.
(3.22)

The above equation is a M-lump solution of the suggested equation as shown in Figure 3.6,

which decays as O
(

1
x2 ,

1
y2



for ♣x♣ , ♣y♣ → ∞ and move with the velocity

vx = −1

2
a1

3 − 1

2
a1b1

2,

and

vy = a1 +
3

4
a1

2 − 1

4
b1

2.
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(a) One-M-lump wave (b) Contour plot of one-M-lump wave

Figure 3.6. 1-M-Lump solution plotted when t = 2, a1 = 1/4, b1 = 1, α = 3.

For study a 2-lump solution from Eq. (2.1), we choose N = 4, ki → 0, and

eαi = −1 (i = 1, 2, 3, 4), then f4 takes the following form

f4 = ϕ1ϕ2ϕ3ϕ4 +B12ϕ3ϕ4 +B13ϕ2ϕ4 +B14ϕ2ϕ3 +B23ϕ1ϕ4

+B24ϕ1ϕ3 +B34ϕ1ϕ2 +B12B34 +B13B24 +B14B23,
(3.23)

where ϕi, ρi, Bij for i, j = 1, 2, 3, 4 is defined in Eq. (3.20). After putting Eq. (3.23) into

Eq. (3.2), the results give us the two-M-lump solution as seen in Figure 3.7.

(a) 2-M-lump wave (b) Contour plot of 2-M-lump wave

Figure 3.7. 2-M-Lump solution plotted when t = 2, a1 = 1/2, b1 = 4/3, a2 = 1/3, b2 = 3/2, α = 3.
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3.1.4. Interaction solutions between M-lump and solitary waves

In this section, we will scrutinize interaction between M-lump and solitary waves.

First, we find the interaction between M-lump and soliton solution. Let, we have N = 3 in

Eq. (2.1), and choosing k1
k2

= O (1), ki → 0, eαi = −1 (i = 1, 2), then f3 become

f3 = ϕ1ϕ2 +B12 + (ϕ1ϕ2 +B12 + C23ϕ1 + C13ϕ2 + C13C23)eψ3 . (3.24)

The constants Cm3 (m = 1, 2) are defined as

Cm3 = − 4k3

k3
2 − lm

2 + 2lml3 − l3
2 , m = 1, 2. (3.25)

Putting Eq. (3.24) into Eq. (3.2), the result is an interaction phenomena that appear

between M-lump solution and a 1-soliton solution (see Figure 3.8).

(a) Mixed one-M-lump-one-soliton wave (b) Contour plot of mixed one-M-lump-one-soliton wave

Figure 3.8. 3D figure plotted when a = 1/2, b = 7/2, k3 = 1/2, l3 = 1, α = 3, t = 10.

Let, we have N = 4 in Eq. (2.1), and letting k1
k2

= O (1), ki → 0, and

eαi = −1 (i = 1, 2, 3, 4), then f4 become

f4 = f3 + Ψ2e
ψ4 +A34e

ψ3+ψ4 (Ψ1 + Ψ2 − ϕ1ϕ2 −B12 + C13C24 + C14C23) , (3.26)

where

Ψ1 = ϕ1ϕ2 +B12 + C23ϕ1 + C13ϕ2 + C13C23,
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Ψ2 = ϕ1ϕ2 +B12 + C24ϕ1 + C14ϕ2 + C14C24.

The constants Cm4 (m = 1, 2, 3) are defined as follows

Cm4 = − 4k4

k4
2 − lm

2 + 2lml4 − l4
2 . (3.27)

Substituting Eq. (3.26) into Eq. (3.2) a result gives us a solution that describes physical

interaction solution between M-lump and 2-soliton solution as presented graphically in

Figure 3.9.

(a) Mixed one-M-lump-two-soliton wave (b) Contour plot of mixed one-M-lump-two-soliton wave

Figure 3.9. 3D figure plotted when a1 = −1/2, b1 = 5/2, l3 = 1/4, k3 = 1, l4 = 3/4, k4 = 3/2, α = 1, t = 2.

Finally, we analyze the interaction solution between M-lump wave and fusion solution. By

taking the constant A34, which is defined in Eq. (3.4) to be zero in Eq. (3.26), then f4

becomes equivalent to

f4 = ϕ1ϕ2 +B12 + Ψ1e
ψ3 + Ψ2e

ψ4 . (3.28)

Putting the above equation into Eq. (3.2) a result represents the interaction between M-

lump and fusion solutions (see Figure 3.10).
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(a) Mixed one-M-lump-one-fusion wave (b) Contour plot of mixed one-M-lump-one-fusion wave

Figure 3.10. 3D figure plotted when a1 = −1/2, b1 = 1, l3 = 1, k3 = 1, l4 = 3/2, k4 = 3/2, α = −1, t = 10.

3.2. The extended shallow water wave model

Consider the extended shallow water wave model in (2 +1)-dimensions as follows

uyt + 3uxxxy − 3uxxuy − 3uxuxy + αuxy = 0, (3.29)

where α is constant and u = u(x, y, t). The dynamics of shallow water waves can be shown

in multiple locations, such as river islands, lakes, and streams. Harun-Or-Roshid & Ma [57],

studied the dynamics shallow water model in (2 +1)-dimension by using u = −2(log (f))x,

as a variable transformation, and obtained Hirota bilinear form as

(

DyDt +D3
xDy + αDxDy



f.f = 0.

In this thesis via the logarithmic variable transformation that depends on the Hirota bilinear

method, we focus to investigate and construct multi-soliton, complex multi-soliton, fusion,

breather, one-lump, the interaction between kink soliton and one-lump, and periodic lump

solutions to the model. Consider the following variable transformation [2]

u = −6(log (f))x, (3.30)

and apply it on Eq. (3.29), whenever f = f(x, y, t) is defined in Eq. (2.1), we can rewrite
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Eq. (3.29) as

6fytfx
f2

− 12ftfyfx
f3

− 12αfyfx
2

f3
+

6fyfxt
f2

+
6ftfxy
f2

+
12αfxfxy

f2
− 6fxyt

f
+

6αfyfxx
f2

+
108fxfxyfxx

f3
− 6αfxxy

f
− 108fx

2fxxy
f3

− 36fyfxfxxx
f3

−

36fxyfxxx
f2

+
72fxfxxxy

f2
+

18fyfxxxx
f2

− 18fxxxxy
f

= 0,

(3.31)

here f = f(x, y, t). Simplifying Eq. (3.31) to its bilinear form, we get

(

(

3DyDt + 9D3
xDy + 3αDxDy

)

f.f

f2

)

x

= 0. (3.32)

By integrate Eq. (3.32) with respect to x, simplify the result and letting the constant of

integration to be zero, we get

(

DyDt + 3D3
xDy + αDxDy



f.f = 0, (3.33)

where D is the Hirota bilinear operator defined in Eq. (2.2).

3.2.1. N-soliton Solutions

To obtain the 1-soliton solution of the studied model, we assume

f = 1 + ek1x+l1y−w1t+α1 , (3.34)

where

wi = αki + 3ki
3, i = 1, 2, ..., N. (3.35)

Here, ki, li and wi are arbitrarily selected constants. Plugging Eq.(3.35) and Eq. (3.34) into

Eq. (3.30), we acquire

u = − 6k1ek1x+l1y−(k1α+3k1
3)t+α1

1 + ek1x+l1y−(k1α+3k1
3)t+α1

. (3.36)

This is a single-soliton solution to the model as shown in Figure 3.11 in three-dimensions.

To investigate the double-soliton solution of Eq. (3.29), we assume f as follows

f =1 + ek1x+l1y−w1t+α1 + ek2x+l2y−w2t+α2+

A12ek1x+l1y−w1t+k2x+l2y−w2t+α2+α1 ,
(3.37)

where

Aij =
(ki − kj) (li − lj)

(ki + kj) (li + lj)
, (1 ≤ i < j ≤ N) . (3.38)
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(a) One-soliton wave (b) Contour plot of one-soliton wave

Figure 3.11. One-soliton solution plotted when t = 2, k1 = 1, l1 = 2, α1 = 0, α = 2.

Putting Eq. (3.37) with Eq. (3.38) into Eq. (3.30), we gain

u = −
6
(

k1eγ1 + k2eγ2 + (k1−k2)(l1−l2)
l1+l2

eγ3



1 + eγ1 + eγ2 + (k1−k2)(l1−l2)
(k1+k2)(l1+l2)eγ3

, (3.39)

where

γ1 = k1x+ l1y −
(

αk1 + 3k1
3


t+ α1, (3.40)

γ2 = k2x+ l2y −
(

αk2 + 3k2
3


t+ α2, (3.41)

and

γ3 = (k1 + k2)x+ (l1 + l2) y −
((

k1α+ 3k1
3


+
(

k2α+ 3k2
3


t+ α1 + α2. (3.42)

This is the two-soliton solution to the studied model as shown in Figure 3.12 in three-

dimension.
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(a) Two-soliton wave (b) Contour plot of two-soliton wave

Figure 3.12. Double-soliton solution plotted when t = 2, k1 = 1, k2 = 2, l1 = 1, l2 = 2, α1 = 0, α2 = 0, α = 2.

To investigate the 3-soliton solution of Eq. (3.29), we assume f as follows

f =1 + eψ1 + eψ2 + eψ3 +A12eψ1+ψ2 +A13eψ1+ψ3 +A23eψ2+ψ3 +A123eψ1+ψ2+ψ3 ,

(3.43)

where

ψi = kix+ liy − wit+ αi, (i = 1, 2, 3) (3.44)

and

A123 = A12A13A23. (3.45)

The values of A12, A13, A23 are defined in Eq. (3.38). Putting Eq. (3.43) with Eqs. (3.44)

and (3.45) into Eq. (3.30). As a result, we obtain the three-soliton solution to the model

(see Figure 3.13).
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(a) Three-soliton wave (b) Contour plot of three-soliton wave

Figure 3.13. Triple-soliton solution plotted when t = 2, k1 = 1, k2 = 2, k3 = 3, l1 = 1, l2 = 2, l3 = 3, α1 = 0, α2 =

0, α3 = 0, α = −2.

3.2.2. Complex N-soliton solutions

To study the complex one-, two-, and three-soliton solutions to the model under

consideration, we assume

f = i + ek1x+l1y−w1t+α1 , i =
√

−1, (3.46)

where w1 is defined in Eq. (3.44). Inserting Eq. (3.46) into Eq. (3.30), we get

u = −6k1ek1x+l1y−(αk1+3k1
3)t+α1

i + ek1x+l1y−(αk1+3k1
3)t+α1

. (3.47)

This is the complex 1-soliton solution as presented in Figure 3.14.
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(a) Real wave solution of Eq. (3.47) (b) Imaginary wave solution of Eq. (3.47)

Figure 3.14. 3D surfaces drawn by setting t = 2, k1 = 1, l1 = 2, α1 = 0, α = 2.

To reveal a complex 2-soliton solution, the function f is given by

f =i + ek1x+l1y−w1t+α1 + ek2x+l2y−w1t+α2 +A12ek1x+l1y−w1t+k2x+l2y−w1t+α2+α1 ,

(3.48)

where

A12 = − i (k1 − k2) (l1 − l2)

(k1 + k2) (l1 + l2)
.

The constants w1, w2 are defined in Eq. (3.44). Substituting Eq. (3.48) into Eq. (3.30), we

get

u = −
6
(

k1eγ1 + k2eγ2 − i(k1−k2)(l1−l2)
l1+l2

eγ3



i + eγ1 + eγ2 − i(k1−k2)(l1−l2)
(k1+k2)(l1+l2) eγ3

. (3.49)

The functions γ1, γ2, and γ3 are given in Eqs. (3.40), (3.41) and (3.42), respectively. Eq.

(3.49) is the complex two-soliton solution to the studied model as shown in Figure 3.15.
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(a) Real wave solution of Eq. (3.49) (b) Imaginary wave solution of Eq. (3.49)

Figure 3.15. 3D surfaces drawn by setting t = 2, k1 = 1, k2 = 2, l1 = 1, l2 = 2, α1 = 0, α2 = 4, α = 2.

To construct the complex 3-soliton solution, we assume that the function f is equal to

f =i + eψ1 + eψ2 + eψ3 +A12eψ1+ψ2 +A13eψ1+ψ3 +A23eψ2+ψ3 +Beψ1+ψ2+ψ3 ,

(3.50)

where

Aij = − i (ki − kj) (li − lj)

(ki + kj) (li + lj)
, i < j, (3.51)

and

B = − i
(k1 − k2) (k1 − k3) (k2 − k3)

(k1 + k2) (k1 + k3) (k2 + k3)
× (l1 − l2) (l1 − l3) (l2 − l3)

(l1 + l2) (l1 + l3) (l2 + l3)
. (3.52)

By putting Eq.(3.50) with Eqs. (3.51) and (3.52) into Eq. (3.50) as a result, we derive the

complex three-soliton solution (see Figure 3.16).
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(a) Real wave solution of complex 3-soliton solution (b) Imaginary wave solution of complex 3-soliton solution

Figure 3.16. 3D surfaces of a complex three-soliton solution drawn by setting t = 2, k1 = 0.5, k2 = −0.3, k3 =

1, l1 = 0.2, l2 = 0.1, l3 = −1, α1 = 4, α2 = −1, α3 = 2, α = −2.

3.2.3. The fusion soliton solutions

In this portion, we analyze the fusion solutions to the Eq. (3.29). In order to find the

1-fusion solution, we introduce the 2-soliton solution by setting the value of A12 = 0 in Eq.

(3.38). For this purpose, we choose k1 = −1, k2 = 2, l1 = 1, and l2 = 1, we gain

u (x, y, t) =
6e(3+α)t−x+y+α1 − 12e2x+y−(24+2α)t+α2

1 + e(3α)t−x+y+α1 + e2x+y−(24+2α)t+α2
. (3.53)

This is a 1-fusion soliton solution as shown in Figure 3.17.
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(a) Real wave solution of complex 3-soliton solution (b) Imaginary wave solution of complex 3-soliton solution

Figure 3.17. 3D plot of Eq. (3.53) plotted when t = 2, α1 = −1, α2 = −1, α = 2.

When we set k1 = −1, k2 = 2, k3 = 3, l1 = 1, l2 = 1, l3 = 1 and plugging them into Eq.

(3.43), we have

f =1 + e(3+α)t−x+y+α1 + e2x+y−2(12+α)t+α2 + e3x+y−3(27+α)t+α3 . (3.54)

Putting Eq. (3.54) into Eq. (3.30), the outcome is

u (x, t) =
6eΩ1 − 12eΩ2 − 18eΩ3

1 + eΩ1 + eΩ2 + eΩ3
, (3.55)

where

Ω1 = (3 + k) t− x+ y + α1,

Ω2 = 2x+ y − (24 + 2k) t+ α2,

Ω3 = 3x+ y − (81 + 3k) t+ α3.

(3.56)

This is 2-fusion solution of Eq. (3.29) as seen in Figure 3.18.
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(a) Real wave solution of complex 3-soliton solution (b) Imaginary wave solution of complex 3-soliton solution

Figure 3.18. 3D plot of Eq. (3.55) plotted when t = 2, α1 = 1, α2 = −1, α3 = −1, α = 1.

3.2.4. The breather solutions

In order to analyze and present the breather solution to the studied model, we define

the following parameters:

k1 = 1 − i, k2 = 1 + i, l1 = 1 + i, l2 = 1 − i, α1 = 0, α2 = 0. (3.57)

Plugging Eq. (3.57) into Eq. (3.48) and putting the outcome result into Eq. (3.30), we get

u (x, y) =
(6 + 6i) ex+y

(

(1 − i) e(1+i)(x+y) + ie(1+i)(6i+α)t-e(1−i)(α−6i)t+2i(x+y)


e2(α−6)t+i(x+y) + e(1+i)(6i+α)t+x+y + e(1−i)(α−6i)t+(1+2i)(x+y) − e(2+i)(x+y)
.

(3.58)

This equation present the breather solution to the studied model as shown in Figure 3.19.
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(a) Breather wave solution (b) Contour plot of breather wave solution

Figure 3.19. 3D plot of Eq. (3.58) drawn by setting t = 2, α = 2.

When N = 3 as shown in Eq. (3.50), and set the values of parameters as follows

k1 = 1 + i, k2 = 1
2 , k3 = 1 − i, l1 = 1 + 2i, l2 = 1, l3 = 1 − 2i, α1 = α2 = α3 = 0,

(3.59)

and plugging them into Eq. (3.30), the result yields

f =1 + e
x
2

+y−( 3
8

+ α
2 )t + e(1−i)x+(1−2i)y+((6+6i)−(1−i)α)t + e(1+i)x+(1+2i)y+(−1−i)(6i+α)t

− 2e2(x+y−(−6+α)t) +



3

26
− 11

26
i


e( 3
2

−i)x+(2−2i)y+(( 45
8

+6i)−( 3
2

−i)α)t+


3

26
+

11

26
i


e( 3
2

+i)x+(2+2i)y+(( 45
8

−6i)−( 3
2

+i)α)t − 5

13
e

5x
2

+3y+( 93
8

− 5
2
α)t.

(3.60)

Plugging Eq. (3.60) into Eq. (3.30), one may get

u =
6
(

1
2eθ1 + (1 − i) eθ2 + (1 + i) eθ3 − 4eθ4 −

(

1
4 + 3

4 i


eθ5 −
(

1
4 − 3

4 i


eθ6 − 25
26eθ7



1 + eθ1 + eθ2 + eθ3 − 2eθ4 +
(

3
26 − 11

26 i


eθ5 +
(

3
26 + 11i

26



eθ6 − 5
13eθ7

,

(3.61)
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where

θ1 =
x

2
+ y −



3

8
+
α

2



t,

θ2 = (1 − i)x+ (1 − 2i) y + ((6 + 6i) − (1 − i)α) t,

θ3 = (1 + i)x+ (1 + 2i) y − (1 + i) (6i + α) t,

θ4 = 2 (x+ y − (−6 + k) t) ,

θ5 =



3

2
− i


x+ (2 − 2i) y +



45

8
+ 6i



−


3

2
− i


α



t,

θ6 =



3

2
+ i


x+ (2 + 2i) y +



45

8
− 6i



−


3

2
+ i


α



t,

θ7 =
5x

2
+ 3y +



93

8
− 5α

2



t.

Eq. (3.61) is an interaction wave solution between breather and one-soliton solutions as

presented in Figure 3.20.

(a) Mixed one-breather-soliton (b) Contour plot of mixed one-breather-soliton

Figure 3.20. 3D plot of Eq. (3.61) shows an interaction solution between a breather solution and a single-soliton

solution drawn by taking t = 2, α = 2.

3.2.5. Quadratic function solutions

The rogue wave begins to appear in several natural phenomena and science topics, for

example, optical fiber [58], the financial market [59], internal ocean waves [60], and Bose-

Einstein condensates [61]. In many literature lump solutions of partial differential equations

have been addressed, such as lump solutions of partial differential equations have been

addressed, such as Ma and Shou [62] studied a class of lump solutions of KP equation. Lump
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wave, mixed lump-stripe, hybrid and rogue wave-stripe solutions of nonlinear wave equation

in a generalized (3 + 1)-dimensional in liquid with gas bubbles investigated by Wang et al.

[63, 64]. Zhao and He [65] constructed multiple lump solutions of the potential Yu-Toda-

Sasa-Fukuyama equation. Fokas et al. [66] via the inverse spectral problem presented the

exact solutions of the Davey-Stewartson II equation that depict the interaction of N-lumps

with a line soliton. In this section of paper, we study the lump, mixed kink-lump, and

periodic lump solutions to the (2 +1)-dimensional shallow water model.

3.2.6. Real and complex single-lump solutions

To find the single-lump solution, we define the solution of Eq. (3.29) as follows

f = (a1x+ a2y + a3t+ a4)2 + (b1x+ b2y + b3t+ b4)2 + b5, (3.62)

where a1, a2, a3, a4, b1, b2, b3, b4 and b5 all are constants to be determined later. Substituting

Eq. (3.62) into Eq. (3.30) as a result, we get a polynomial. Setting the coefficients of

polynomial that have the same powers of the independent variables to zero, we gain the

system of equations. Solving the obtained system, we can get the following results: Case

1. When

a2 = −


b1b2

a1



, a3 = −a1α, b3 = −b1α,

and inserting these values of constants into Eq. (3.62), then putting the outcome result into

Eq. (3.30), we get

u = −
6
(

2b1 (b4 − b1αt+ b1x+ b2y) + 2a1

(

a4 − a1αt+ a1x− b1b2
a1
y




b5 + (b4 − b1αt+ b1x+ b2y)2 +
(

a4 − a1αt+ a1x− b1b2
a1
y
2
 . (3.63)

Eq. (3.63) is the lump wave solution (see Figure 3.21) that reaches the peaks at the points













−

(

(

a1
2 + b1

2


(a1a4 + b1b4) ±
√

(

a1
2 + b1

2
3
b5

)

(

a1
2 + b1

2
2 + αt,

a1 (a4b1 − a1b4)
(

a1
2 + b1

2


b2













in the (x, y) plane. The amplitude of the lump wave solutions is ± 6(a1
2+b1

2)
2

√

(a1
2+b1

2)
3
b5

.
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(a) Real solution of Eq. (45) (b) Imaginary solution of Eq. (45)

Figure 3.21. Lump solution drawn by taking b1 = 0.5, b4 = 2, α = 1, b2 = 2, a1 = 2, a4 = 2, b5 = 1, t = 2.

Case 2. When

a1 = ib1, b3 = ia3 − 2b1α, b5 = 0,

and putting these values of constants into Eq. (3.62), then substituting the outcome result

into Eq. (3.30), we get

u (x, y, t) = −
6





2ib1 (a4 + a3t+ ib1x+ a2y) +

2b1 (b4 + (ia3 − 2b1α) t+ b1x+ b2y)









(a4 + a3t+ ib1x+ a2y)2+

(b4 + (ia3 − 2b1α) t+ b1x+ b2y)2





. (3.64)

The above equation is the complex 1-lump wave solution as shown in Figure 3.22.
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(a) Real solution of Eq. (45) (b) Imaginary solution of Eq. (45)

Figure 3.22. One-lump solution drawn under Eq. (3.64) by taking t = 2, a1 = 1, a3 = 3, a4 = 5, b1 = 1, b2 =

2, b4 = 2, α = 0.3.

Case 3. When

b5 =
9
(

a1
3a3 + a1a3b1

2 + a1
4α+ a1

2b1
2α+ ia1

2b1
√
β+ib1

3√
β


β
, a2 = − ib2

√
β

a3 + a1α
,

b3 = −b1α− i
√

β,

and using these values of constants into Eq. (3.62), then putting the outcome result into

Eq. (3.30), we get

u = −
6



2b1
(

b4 −
(

b1α+ i
√
β
)

t+ b1x+ b2y
)

+ 2a1



a4 + a3t+ a1x− ib2

√
βy

a3+a1α



(

b4 +
(

−b1α− i
√
β
)

t+ b1x+ b2y
)2

+



a4 + a3t+ a1x+
ib2

√
βy

−a3−a1α

2

+ b5

,

(3.65)

providing that β = a3
2 + 2a1a3α + a1

2α2 > 0. Eq. (3.65) describes the complex 1-lump

wave solution as presented in Figure 3.23.
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(a) Real solution of Eq. (47) (b) Imaginary solution of Eq. (47)

Figure 3.23. One-lump solution drawn by setting t = 2, a1 = 1, a3 = 3, a4 = 4, b1 = 1, b2 = 2, b4 = 4, b5 = 5, α =

0.3.

3.2.7. Interaction between one-lump wave and solitary wave

In this subsection, we derive the collision between the 1-lump wave and kink soliton

solution. We assume that the solution of Eq. (3.29) according to Eq. (3.30) has the form

f =(a1x+ a2y + a3t+ a4)2 + b5 + (b1x+ b2y + b3t+ b4)2 + hec1x+c2y+c3t, (3.66)

where ai, bi, ci are constants. Inserting Eq. (3.66) into Eq. (3.31), then putting the result

into Eq. (3.30), we obtain a polynomial. Taking coefficient of the polynomial, which have

the same power of the independent variable to zero, we get the system of equations. Solving

the gained system, we have

a4 = b4 = b5 = c2 = 0, a1 = − b1b2
a2
, a3 = b1b2α

a2
, b3 = −b1α, c3 = −3c1

3 − c1α. (3.67)

Putting Eq. (3.67) into Eq. (3.66), then substituting the outcome result into Eq. (3.30),

we acquire

u =
6
(

2b1b2
a2

(

b1b2
a2

(αt− x) + a2y


− hc1ec1x−(3c1
3+c1α)t − 2b1 (b1 (x− αt) + b2y)



hec1x−(3c1
3+c1k)t + (b1 (x− α) t+ b2y)2 +

(

b1b2
a2

(αt− x) + a2y
2 .

(3.68)

Eq. (3.68) represents the mixed lump-kink solution of the giving model as shown in Figure

3.24.
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(a) Mixed 1-M-lump-soliton solution (b) Contour plot of mixed 1-M-lump-soliton solution

Figure 3.24. Interaction solution between 1-lump wave and kink solution drawn when b1 = 0.5, α = 1, b2 =

2, a1 = 2, a2 = 1, c1 = 2, h = 0.2, t = 2

3.2.8. Periodic lump wave solution

In this subsection, we try to explore the periodic lump solution to the suggested

model. For that purpose, we assume

f =(a1x+ a2y + a3t+ a4)2 + (b1x+ b2y + b3t+ b4)2+

ε1 sin (c1x+ c2y + c3t+ c4) + ε2.
(3.69)

Plugging the trial assumption value of f into Eq. (3.31) and then into Eq. (3.30), we can

evaluate the unknown values of parameters ai, bi, ci, εj ; (i = 1, 2, 3, 4; j = 1, 2) as follows

a1 = − b1b2
a2
, a3 = b1b2α

a2
, b3 = −b1α, c2 = 0, c3 = 3c1

3 − c1α, c4 = 0. (3.70)

Now, substituting Eq. (3.70) into Eq. (3.69), and putting the outcome result into Eq.

(3.30), we get

u =
6
(

2b1a4
a2

b2 − 2b1
2b2

2

a2
2 (x− αt) − 2b1 (b4 + b1 (x− αt)) − c1h cos (θ1)



(b4 + b1 (x− αt) + b2y)2 + h sin (θ) +
(

a4 + b1b2(αt−x)+a2
2y

a2

2
+ ε2

, (3.71)

where θ = c1
(

x+
(

3c1
2 − α

)

t
)

. This equation describes the periodic lump solution to the

suggested model as shown in Figure 3.25.
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(a) Periodic wave solution (b) Contour plot for periodic wave solution

Figure 3.25. Periodic wave solution plotted with using b1 = 1/10, b4 = 1/3, α = 2, b2 = 1/5, a2 = 2, a4 = 1/4, t =

2, c1 = 2, ε1 = 4, ε2 = 5.

3.3. The Bogoyavlenskii’s generalized breaking soliton equation

Consider the Bogoyavlenskii–Schieff equation [67]

uxt + uxuxy +
1

2
uxxuy +

1

4
uxxxy = 0,

and the Bogoyavlenskii’s generalized breaking soliton equation [68] as follows

uxt + uxuxy +
1

2
uxxuy +

1

4
uxxxy = −α2∂−1

x uyyy.

The extension of the Bogoyavlenskii’s generalized breaking soliton equation introduced by

Wazwaz [69] by adding β2uxxx reads

uxt + uxuxy +
1

2
uxxuy +

1

4
uxxxy = −∂−1

x

(

α2uyyy + β2uxxx


. (3.72)

Several studies have been reported to investigate the Bogoyavlenskii-Schieff equation (BSE).

Song-Ju et al. [50] explored N-soliton solutions to the BSE equation by disclosing its Lax

pair. Wazwaz [51] introduced two extensions of the suggested equation and proved that the

extension terms do not kill the integration of the standard Bogoyavlenskii–Schieff equation.

The Riccati equation expansion method has been used to construct some new solutions to

the BSE [52]. Ray and Vinita [53] have been implemented the Lie group method on BSE

to analyze a similarity reduction of the suggested equation. Our purpose for this section of
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chapter is to explore or study the N-soliton, fusion, rational, and breather solutions for the

extension of the Bogoyavlenskii’s generalized breaking soliton equation.

3.3.1. N-soliton solutions

In this subsection, we study the N-soliton and fusion solutions to the extension of (2+1)-

dimensional Bogoyavlenskii’s generalized breaking soliton equation. To start this study, we

define a variable transformation for equation that reads

u = 2(log (f (x, y, t)))x. (3.73)

Using Eq. (3.73) and substituting it into Eq. (3.72) gives

8α2fy
3 + 4fx

(

−fxyfxx + fx
(

2ft + 2β2fx + fxxy


−

2f
(

fxx (2ft − fxxy) + 2fx
(

2fxt + 3β2fxx + fxxxy


−

fy
(

2
(

fxx
2 − 2fxfxxx



+ f
(

12α2fyy + fxxxx


+

f2
(

4
(

α2fyyy + fxxt + β2fxxx


+ fxxxxy


= 0,

(3.74)

where f = f (x, y, t). To study the one-soliton solution, we assume that

f = 1 + ek1(x+l1y+w1t), (3.75)

and w1 = −
(

1
4k1

2l1 + l1
3α2 + β2



. Inserting Eq. (3.75) into Eq. (3.73), we get a kink-

soliton solution as presented in Figure 3.26 and reads as follows

u =
2k1ek1(x+l1y)

ek1(x+l1y) + e
1
4
k1

3l1t+k1(l13α2+β2)t
. (3.76)

When N = 2, 3, a function f have the following forms, respectively.

f = 1 + eψ1 + eψ2 +A12e
ψ1+ψ2 , (3.77)

f = 1+eψ1 +eψ2 +eψ3 +A12e
ψ1+ψ2 +A13e

ψ1+ψ3 +A23e
ψ2+ψ3 +A123e

ψ1+ψ2+ψ3 , (3.78)

where

ψi = ki (x+ liy + wit) + αi, i = 1, 2, ..., N, (3.79)

Aij =
ki

2 − 2kikj + kj
2 − 4(li − lj)

2α2

ki
2 + 2kikj + kj

2 − 4(li − lj)
2α2

, 1 ≤ i < j ≤ N, (3.80)

and

A123 = A12A13A23. (3.81)
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Plugging Eq. (3.77) and (3.78) into Eq. (3.73), we gain the double-soliton and triple-soliton

solutions as shown in Fig (3.26 (b,c)), respectively.

(a) 1-soliton solution (b) 2-soliton solution

(c) 3-soliton solution

Figure 3.26. 3D figure plotted when (a) t = 2, k1 = 1, l1 = 2, α1 = 0, α = −1, β = 1 (b) t = 3, k1 = 1, k2 = 4, l1 =

1, l2 = 1, α = 1, β = 1, α1 = 0, α2 = 0 (c) t = 3, k1 = 1, k2 = 6, k3 = 8, l1 = 1, l2 = 1, l3 = 1, α1 =
0, α2 = 0, α3 = 0, α = 0.1, β = 0.1.

3.3.2. Fusion Solutions

To study the fusion solution of Eq. (3.72), we let

α =
1

2
, k1 = −1, k2 = 2, l1 = 1, l2 = 4. (3.82)

34



By using these values in Eq. (3.77) and then into Eq. (3.73), we have

u =
4e2(x+4y−(20+β2)t)+α2 − 2e−(x+y− 1

4 (2+4β2)t)+α1

1 +



e
−(x+y−

1
4 (2+4β2)t)+α1

+ e2(x+4y−(20+β2)t)+α2

 . (3.83)

When we choose k1 = −1, k2 = 2, k3 = 3, α = 1
2 , l1 = 1, l2 = 4, l3 = 5 and plugging them

into Eq. (3.78) then into Eq. (3.73), we can obtain

u =
2
(

3e3(x+5y− 1
4 (170+4β2)t)+α3 + 2e2(x+4y− 1

4 (80+4β2)t)+α2 − e−(x+y)+ 1
4 (2+4β2)t+α1



1 +
(

e−(x+y)+ 1
4

(2+4β2)t+α1 + e2(x+4y− 1
4

(80+4β2)t)+α2 + e3(x+5y− 1
4

(170+4β2)t)+α3



.

(3.84)

Eqs. (3.83) and (3.84) describe the one-fusion and two-fusion solutions of the studied

equation as plotted in Figure 3.27.

(a) 1-fusion solution (b) 2-fusion solution

Figure 3.27. 3D figure plotted when (a) t = 3, β = 1, α1 = 0, α2 = 0 (b) t = 3, α1 = α2 = α3 = 0, β = 0.1.

3.3.3. M-Lump solutions

For investigating 1-M-Lump solution of the Bogoyavlenskii’s generalized breaking soliton

equation, we let N = 2 in Eq. (2.1) and apply a long-wave method by taking ki → 0, αi =

−1 (i = 1, 2) with k1
k2

= O (1), then

f2 = ϕ1ϕ2 +B12, (3.85)
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where B12 = 1
α2(l1−l2)2 . Substituting Eq. (3.85) into Eq. (3.73), a 1- M-lump solution (see

Figure 3.28) is derived as

u = 2
∂

∂x
log



(

x′ + a1y
′)2 + b1

2y′2 − 1

4b1
2α2



=
4 (x′ + a1y

′)

b1
2y′2 + (x′ + ay′)2 − 1

4b1
2α2

,
(3.86)

where

y′ = y + α2
(

b1
2 − 3a1

2


t,

x′ = x−
(

β2 − a1α
2
(

2b1
2 + 2a1

2


t.

The rational solution (3.86) is a permanent lump solution that decays as O
(

1
x2 ,

1
y2



for

♣x♣ , ♣y♣ → ∞ and move with the speed

vx =
(

β2 − a1α
2
(

2b1
2 + 2a1

2


, vy = α2
(

3a1
2 − b1

2


. (3.87)

When N = 4 in Eq. (2.1) and taking ki → 0, αi = −1 (i = 1, 2, 3, 4) , then f4 takes the

form below

f4 = ϕ1ϕ2ϕ3ϕ4 + b12ϕ3ϕ4 + b13ϕ2ϕ4 +B14ϕ2ϕ3 + b23ϕ1ϕ4

+B24ϕ1ϕ3 +B34ϕ1ϕ2 +B12ϕ34 +B13B24 +B14B23,
(3.88)

where

ϕi = x+ liy + ρit,

ρi = −
(

li
3α2 + β2



,

Bij =
1

α2(li − ln)2 , (i < j) ,

lN
2

+i = l∗i ,



i = 1, 2, ..,
N

2



.

After inserting Eq. (3.88) into Eq. (3.73) the findings provide us a two-M-lump solution as

shown in Figure 3.29.
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(a) t=10 (b) 1-M-lump in different period of time

Figure 3.28. 3D figure plotted when k1 = 1, k2 = 2, a1 = 1/2, b1 = 1, α = 1, β = 2 over different periods of time.

(a) t=100 (b) 2-M-lump in different period of time

Figure 3.29. 3D figure plotted when a1 = 1/2, b1 = 3/2, a2 = 1/3, b2 = 4/3, α = 1/5, β = 1/20 over different

periods of time.
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3.3.4. Interaction between M-Lump and multiple soliton

In this subsection, we try to find the interaction of M-lump solution with soliton solutions

of the suggested equation. Assume that N = 3 in Eq. (2.1), and using ki → 0, αi =

−1 (i = 1, 2) with k1
k2

= O (1), then f3 can be rewritten as

f3 = ϕ1ϕ2 +B12 + (ϕ1ϕ2 +B12 + C23ϕ1 + C13ϕ2 + C13C23)eψ3 , (3.89)

where the constants Cm3 (m = 1, 2) are defined as

Cm3 = − 4k3

k3
2 − 4lm

2α2 + 8lml3α2 − 4l3
2α2

, m = 1, 2. (3.90)

Plugging Eq. (3.89) together with Eq. (3.90) into Eq. (3.73), as a result, we obtain an

interaction between M-lump solution with a 1-soliton solution as shown in Figure 3.30. Let,

N = 4 in Eq. (2.1), and taking ki → 0, αi = −1 (i = 1, 2), k1
k2

= O (1) then

f4 =ϕ1ϕ2 +B12 + Ψ1e
φ3 + Ψ2e

φ4+

A34e
φ3+φ4 (Ψ1 + Ψ2 − ϕ1ϕ2 −B12 + c13C24 + C14C23) ,

(3.91)

where

Ψ1 = ϕ1ϕ2 +B12 + C23ϕ1 + C13ϕ2 + C13C23.

and

Ψ2 = ϕ1ϕ2 +B12 + C24ϕ1 + C14ϕ2 + C14C24.

The constants Cm4 (m = 1, 2) are defined as

Cm4 = − 4k4

k4
2 − 4lm

2α2 + 8lml4α2 − 4l4
2α2

, m = 1, 2, 3. (3.92)

Inserting Eq. (3.91) together with using Eq. (3.92) into Eq. (3.73), the outcomes solution

is an interaction between M-lump and 2-soliton solution as seen in Figure 3.31. Moreover,

we can investigate the interaction between M-lump solution with fusion solution by making

the term A34 in Eq. (3.91) to be zero, then f4 will rewrite as

f4 = ϕ1ϕ2 +B12 + Ψ1e
ψ3 + Ψ2e

ψ4 . (3.93)
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(a) Mixed one-soliton-M-lump wave (b) Contour plot of mixed one-soliton-M-lump wave

Figure 3.30. 3D figure plotted when k3 = 5, a1 = 1, b1 = 1, l3 = 0.2, α = 1, β = 0.1, α1 = 0, α2 = 0 and t = 5.

(a) Mixed two-soliton-one-M-lump wave (b) Contour plot of mixed two-soliton-one-M-lump wave

Figure 3.31. 3D figure plotted when a1 = 1, b1 = 1, l3 = 1/2, k3 = 1, l4 = 1, k4 = 3, α = 1, β = 1 and t = 5.

3.4. The (2+1)-dimensional Date-Jimbo-Kashiwara-Miwa equation

The KP equation was first introduced by Kadomtsev and Petviashvili [70] and read
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as

∂

∂x
(ut + uux + uxxx) + 3uyy = 0. (3.94)

Basic soliton equations, for example, the Kadomtsev-Petviashvili (KP) equation and its

Bäcklund transformation formula may well be considered as “atoms” for the construction

of different types of soliton equations. Both the unknown equations KP and modified KP

hierarchy are fundamental significance not just in the theory of integrable systems, but

also play a key role in mathematical physics, too. To investigate that all the KP hierarchy

equations are integrable, Dorizzi et al. [71] have shown that the higher equations in the

KP hierarch, i.e. (3 + 1)-dimensional Jimbo-Miwa equation, can not be integrated without

conditional sense. The Date–Jimbo–Kashiwara–Miwa (DJKM) equation is one of the KP

hierarch equations that pass integrability. The (2 + 1) dimensional Date-Jimbo-Kashiwara-

Miwa (DJKM) equation [72] has been written as an integral extension of the KP hierarchy

and read

uxxxxy + 4uxxyux + 2uxxxuy + 6uxyuxx − αuyyy − 2βuxxt = 0. (3.95)

A lot of studies have been presented to seek the solutions of Eq. (2). Wang and Hu [73]

derived the Grammian solutions of the Eq. (2). Guo and Lin [74] studied interaction

solutions between lump and stripe soliton solutions via a quadratic function. Adem et al.

[75] used the extended transformed rational function that depends on the Hirota bilinear

form to constructed Complexiton solutions of the DJKM equation. Yuan et al.[76] studied

Wronskian and Grammian solutions to the DJKM equation. Singh and Gupta [77]

investigated the Painlevé property of the suggested equations and their exact solutions

were revealed by Pickering’s algorithm. Akram [78] was utilized exp (−Φ (ξ))-expansion

method to seek some exact solutions. From the relationship of dispersion to the

nonlinearity of the DJKM equation, a logarithmic variable transformation can be written

as

u = 2
∂

∂x
(f (x, y, t)) . (3.96)

Plugging Eq. (3.96) to Eq. (3.95) a result is

2αfy
3 + 4fx (βftfx + fxyfxx − fxfxxy) − 2f (fxx (βft + fxxy) + 2fx (βfxt − fxxxy)) +

fy
(

2
(

fxx
2 − 2fxfxxx



+ f (−3αfyy + fxxxx)


+ f2 (αfyyy + 2βfxxt − fxxxxy) = 0,

(3.97)

and can be rewritten as a Hirota bilinear form

Dx

((

D3
xDy − 3βDxDt



f.f


.f2 +
1

2
Dy

((

D4
x − 3αD2

y



f.f


.f2 = 0. (3.98)
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Where Dx, Dy, Dt are the Hirota’s bilinear operators and defined in Eq. 2.2. When f is

going to solve Eq. (3.98) or (3.97), then u = u(x, y, t) in Eq. (3.96) describe the solution

of Eq. (3.95). In this section of work, we study DJKM equation to reveal their N-soliton

waves, fusion solutions, M-lump solutions, and the interactions phenomena that appear

between M-lump and N-soliton solutions as well as with fusion solution.

3.4.1. N-soliton solutions

In this section, to ascertain the N-soliton solutions to the DJKM equation in (2+1)-

dimensions, we use the logarithmic function defined in Eq. (3.96). First, we use a function

f = f (x, y, t) that stated in Eq. (2.1), where

ψi = ki (x+ liy + αi + wit) + αi, (3.99)

Aij =
(ki − kj)

2 + (li − lj)
2α

(ki + kj)
2 + (li − lj)

2α
, (3.100)

and the dispersion relation is given by

w1 =
k1

2l1 − l1
3α

2β
. (3.101)

Let N = 1 in Eq. (2.1) and substituting a result with Eqs. (3.99-3.101) into Eq. (3.96), a

1-soliton wave solution can be derived as below

u =
2k1e

k1



x+l1y+
(k1

2l1−l1
3α)

2β
t



1 + e
k1

(

x+l1y+
(k1

2l1−l1
3α)

2β
t

 . (3.102)

When N = 2, 3 in the same way, we can construct 2- and 3-soliton solutions of (2+1)-

dimensional DJKM equation as follows

u =

2







2
∑

i=1

kie

ki

(

x+liy+αi+
li(ki

2
−li

2α)
2β

t



+ (k1 + k2) A12e

2
∑

i=1

ki

(

x+liy+αi+
li(ki

2
−li

2α)
2β

t









1 +
2
∑

i=1

kie

ki

(

x+liy+αi+
li(ki

2
−li

2α)
2β

t



+ (k1 + k2) A12e

2
∑

i=1

ki

(

x+liy+αi+
li(ki

2
−li

2α)
2β

t


, (3.103)

and

u =

2







3
∑

i=1
kieΨi +

(3)
∑

i<j
(ki + kj)MijeΨi+Ψj +Mijke

3
∑

i=1

Ψi 3
∑

i=1
ki







1 +
3
∑

i=1
kieΨi +

(3)
∑

i<j
(ki + kj)MijeΨi+Ψj +Mijke

3
∑

i=1

Ψi 3
∑

i=1
ki

. (3.104)
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Here we note that Aijk = AijAikAjk ( 1 ≤ i < j < k ≤ N) . Eqs. (3.103) and (3.104) are

plotted to better understand their physical phenomena (see Figure 3.32). To study and

finding the fusion solutions, we have to choose Aij = 0 in Eq. (3.103) and Eq.(3.104). To

construct 1-fusion solution, we choose k1 = −3, k2 = −2, l1 = 1, l2 = 2, α = −1 and for

2-fusion solution, we let k1 = −3, k2 = −2, k3 = −2, l1 = 1, l2 = 2, l3 = 2, α = −1.

(a) Single-Soliton wave. (b) Double-Soliton wave.

(c) Triple-Soliton wave.

Figure 3.32. 3D sufrace solutions plotted when (a) t = 4, k1 = 2, l1 = 2, α1 = 0, α = −1, β = 1, (b) t = 4, k1 =

0.5, k2 = 1, l1 = 2, l2 = 4, α1 = 1, α2 = 1, α = −1, β = 1, (c) t = 4, k1 = −0.4, k2 = −0.2, k3 = 0.1, l1 =
−1, l2 = −0.3, l3 = −3, α1 = 1, α2 = 1, α3 = 1, α = −1, β = 1.
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3.4.2. Rational solutions

Lump solutions are a specific type of rational function solutions, observed in all aspects

of natural processes, contrary to soliton solutions. In this section of work, we seek M-lump

solutions by using long-wave method. When and taking the limit ki → 0, k1
k2

= O (1) and

αi = −1 (i = 1, 2) in Eq. (3.99), we have

f2 = ϕ1ϕ2 +B12, (3.105)

where

ϕi = x+ liy + ρit, (3.106)

ρi = − α

2β
li

3, (3.107)

and

Bij = − 4

(li − lj)
2α
. (3.108)

Putting Eq. (13) into Eq. (3) and using l1 = a1 + b1i, l2 = l1
∗, we obtain a 1-M-lump

solution as shown in Figure 3.33 and read as follows

u = 2
∂

∂x
log



(

x′ + a1y
′)2 + b1

2y′2 +
1

b1
2α



=
4 (x′ + a1y

′)

(x′ + a1y′)2 + b1
2y′2 + 1

b1
2α

,
(3.109)

where

x′ = x+
αa1

β

(

a1
2

2
+ b1

2

)

t,

y′ = y +
α

2β

(

b1
2 − 3a1

2


t.

The rational solution (3.109) is a permanent lump solution that decays as O
(

1
x2 ,

1
y2



for

♣x♣ , ♣y♣ → ∞ and to move with the velocity

vx = −αa1

β

(

a1
2

2
+ b1

2

)

,

vy =
α

2β

(

3a1
2 − b1

2


.
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From 4-soliton solutions, we can derive a 2-M-lump solution by taking a limit ki → 0 and

αi = −1 (i = 1, 2, 3, 4), then f4 is equivalent to

f4 = ϕ1ϕ2ϕ3ϕ4 +B12ϕ3ϕ4 +B13ϕ2ϕ4 +B14ϕ2ϕ3 +B23ϕ1ϕ4

+B24ϕ1ϕ3 +B34ϕ1ϕ2 +B12B34 +B13B24 +B14B23,
(3.110)

where ϕi(i = 1, 2, 3, 4), ρi(i = 1, 2, 3, 4) and Bij , i < j are defined in Eqs. (3.106), (3.107)

and (3.108), respectively. Eq. (3.110) gives us a singular solution at some position, to

find a non-singular 2-M-lump solution we choose lN
2

+i = l∗i ,
(

i = 1, 2, .., N2



. Substituting

Eq. (3.110) with related equations leads a two-M-lump solution to the studied equation as

shown in Figure 3.34.

(a) Single-M-lump wave (b) Contour plot for single-M-lump wave in different period
of time

Figure 3.33. 3D surface solution plotted when t = 4, a = 1/2, b = 2, α = −1, β = 1.
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(a) Double-M-lump solution (b) Contour plot for double-M-lump solution in different
period of time

Figure 3.34. 3D surface solution plotted when t = 4, a = 2, b = 1, d = 1, c = 1/4, α = −1, β = 1.

3.4.3. Interactions phenomena between 1-M-lump and soliton solutions

The interaction physical phenomena between M-lump wave and 1-, 2-soliton solutions

as well as with fusion solution will construct in this section of the work. To study the

interaction between M-lump and 1-soliton solution, we let N = 3 in Eq. (2.1), taking the

limit ki → 0, (i = 1, 2) and k1
k2

= O (1) , then f3 can set up as

f3 = ϕ1ϕ2 +B12 + (ϕ1ϕ2 +B12 + C23ϕ1 + C13ϕ2 + C13C23)eψ3 , (3.111)

where ψ3 is stated in Eq. (3.99), ϕi (i = 1, 2) are stated in Eq. (3.106), B12 is given in Eq.

(3.108). The constants Cm3 (m = 1, 2) are defined as below

Cm3 = − 4k3

k3
2 + lm

2α− 2lml3α+ l3
2α
, m = 1, 2. (3.112)

As a result of substituting Eq. (3.111) together with its related equations into Eq. (3.96),

we obtain an equation that presents a collision between a 1-M-lump solution and a 1-soliton

solution (see Figure 3.35).
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(a) Mixed single-M-lump-soliton solution (b) Corresponding contour plot to mixed single-M-lump-
soliton solution

Figure 3.35. 3D surface solution plotted when a = 1, b = 1, k3 = 2, l3 = 1, α = −1, β = 1, t = 4.

The collision physical phenomena between single-M-lump and 2-soliton solution can be

derived by choosing N = 4 in Eq. (2.1), and taking the limit ki → 0, αi = −1 (i = 1, 2) and

letting k1
k2

= O (1) , f4 will be equivalent to

f4 =ϕ1ϕ2 +B12 + Ψ1e
ψ3 + Ψ2e

ψ4+

A34e
ψ3+ψ4 (Ψ1 + Ψ2 − ϕ1ϕ2 −B12 + C13C24 + C14C23) ,

(3.113)

Ψ1 = ϕ1ϕ2 +B12 + C23ϕ1 + C13ϕ2 + C13C23.

Ψ2 = ϕ1ϕ2 +B12 + C24ϕ1 + C14ϕ2 + C14C24.

Here ψ3, ψ4 are stated in Eq. (3.99), ϕ1, ϕ2 are stated in Eq. (3.106), B12 is given from Eq.

(3.108) and A34 is defined in Eq. (3.100). The Cm4 (m = 1, 2) are constants and defined as

Cm4 = − 4k4

k4
2 + lm

2α− 2lml4α+ l4
2α
. (3.114)

As a result of replacing Eq. (3.113) with their related equations into Eq. (3.96), an equation

that describes a collision phenomenon between single-M-lump and a two-soliton solution is

revealed (see Figure 3.36).
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(a) Mixed 1-M-lump-2-soliton solution (b) Corresponding contour plot to mixed 1-M-lump-2-
soliton solution

Figure 3.36. 3D surface solution plotted when a = −1/2, b = 2, k3 = 1, k4 = 2, l3 = 1, l4 = 2, α = −1, β = 1, t = 4.

In the case, a value of A34 = 0 in Eq. (3.113), f4 will be rewritten as

f4 = ϕ1ϕ2 +B12 + Ψ1e
ψ3 + Ψ2e

ψ4 . (3.115)

This equation describes interaction phenomena that appear between 1-M-lump solution and

1-fusion solution as shown in Figure 3.37.
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(a) Mixed 1-M-lump-fusion solution (b) Corresponding contour plot to mixed 1-M-lump-
fusion solution

Figure 3.37. 3D surface solution plotted when a1 = 1, b1 = 3, k3 = −1, k4 = 1, l3 = 1, l4 = 3, α = −1, β = 1.

3.5. The (2+1)-dimensional Bogoyavlensky-Konopelchenko equation

Let us consider the (2+1)-dimensional Bogoyavlensky-Konopelchenko (BK) equation

utx + α (6uxuxx + uxxxx) + β (uxxxy + 3uxuxy + 3uxxuy) = 0 (3.116)

that was introduced as a special case of a (2+1)-dimensional version of the KdV equation

in [79] and described as the interaction of a long wave propagating along the x-axis and

a Riemann wave propagating along the y-axis [44]. In this paper, we study the (2+1)-

dimensional generalized Bogoyavlensky-Konopelchenko (gBK) equation

utx +α (6uxuxx + uxxxx) + β (uxxxy + 3uxuxy + 3uxxuy) + γ1uxx + γ2uxy + γ3uyy = 0,

(3.117)

which is a generalization of Eq. (3.116). Chen and Ma [80] have studied lower-order lump

to the suggested equation. In Ref. [81] a few classes of exact and explicit solutions have

been reported from different ansatze on solution forms, for example, traveling wave, 2-wave

solutions, and polynomial solutions. To investigate Eq. (3.117), we use the link between u

and f :

u = 2(ln f (x, y, t))x. (3.118)
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Insert Eq. (3.118) into Eq. (3.117), we get

2f (γ3fyy + fxt + γ2fxy + γ1fxx + βfxxxy + αfxxxx) − 2γ3fy
2 − 2fy (γ2fx + βfxxx) −

2
(

ftfx + γ1fx
2 − 3fxx (βfxy + αfxx) + fx (3βfxxy + 4αfxxx)



= 0.

(3.119)

The logarithmic variable transformation (3.118) is also a characteristic one in establishing

Bell polynomial theories of soliton equations [37]. Eq. (3.119) can be rewritten as a Hirota

bilinear form as follows

(

DxDt + αDx
4 + βDx

3Dy + γ1Dx
2 + γ2DxDy + γ3Dy

2


f.f = 0. (3.120)

It’s obvious that when f = f(x, y, t) in Eqs. (3.120) is a solution of Eq. (3.118), then

u = 2(ln f (x, y, t))x will solve Eq. (3.117).

3.5.1. Complex one-, two, and three-soliton solutions

In this section, we try to construct special complex one-, two-, and three-soliton

solutions to the introduced equation. The N-soliton wave solutions to the gBK equation

has been reported in Ref. [81]. To find complex soliton solutions, we require

wi = −
(

αki
2 + βki

2li + γ1 + liγ2 + li
2γ3



, i = 1, 2, 3. (3.121)

To determine special complex one-, two-, three-soliton solutions, we take

f=i+eψ, (3.122)

f = i + eψ1 + eψ2 + ξ12e
ψ1+ψ2 , (3.123)

f = i + eψ1 + eψ2 + eψ3 + ξ12e
ψ1+ψ2 + ξ13e

ψ1+ψ3 + ξ23e
ψ2+ψ3 + ξ123e

ψ1+ψ2+ψ3 , (3.124)

where

ψi = ki (x+ liy + wit) + αi, (i = 1, 2, ..., N) (3.125)

ξij =
i(li − lj)

2γ3 − i (ki − kj) (3 (ki − kj)α+ ki (2li + lj)β − k2 (li + 2lj)β)

(ki + kj) (3 (ki + kj)α+ ki (2li + lj)β + kj (li + 2lj)β) − (li − lj)
2γ3

, (3.126)

and

ξ123 = ξ12ξ13ξ23. (3.127)
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Plugging Eq. (3.122) into Eq. (3.118), we get

u =
2k1ek1(x+l1y−(k1

2α+k1
2l1β+γ1+l1γ2+l1

2γ3)t+α0)

i + ek1(x+l1y−(k1
2α+k1

2l1β+γ1+l1γ2+l1
2γ3)t+α0)

. (3.128)

This is a complex 1-soliton solution as shown in Figure 3.38.

(a) Real solution (b) Imaginary solution

Figure 3.38. 3D surface of 1-soliton solution plotted when t = 2, l1 = 1, k1 = 1, α1 = 0, α = 1, β = 1, γ1 = 1, γ2 =

1, γ3 = 1.

By inserting Eq. (3.123) into Eq. (3.118), we have a complex two-soliton wave solution to

the considered equation (see Figure 3.39)

u =
2
(

k1eψ1 + k2eψ2 + ξ12 (k1 + k2) eψ1+ψ2



i + eψ1 + eψ2 + ξ12eψ1+ψ2
. (3.129)
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(a) Real solution (b) Imaginary solution

Figure 3.39. 3D surface of 2-soliton solution plotted when t = 2, l1 = −0.1, l2 = 1, k1 = 0.5, k2 = 1, α1 = 0, α2 =

0, α = 2, β = 1, γ1 = 1, γ2 = 1, γ3 = 1.

Substituting Eq. (3.124) into Eq. (3.118), we get

u =

2





eψ1k1 + eψ2k2 + ξ12 (k1 + k2) eψ1+ψ2 + eψ3k3 + ξ13 (k1 + k3) eψ1+ψ2+

ξ23 (k2 + k3) eψ2+ψ3 + ξ123 (k1 + k2 + k3) eψ1+ψ2+ψ3





i + eψ1 + eψ2 + ξ12eψ1+ψ2 + eψ3 + ξ13eψ1+ψ3 + ξ23eψ2+ψ3 + ξ123eψ1+ψ2+ψ3
.

(3.130)

This is a complex 3-soliton solution as seen in Figure 3.40.
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(a) Real solution (b) Imaginary solution

Figure 3.40. 3D surface of 3-soliton solution plotted when t = 2, l1 = 1, l2 = −1, l3 = 4, k1 = −1, k2 = 1, k3 =

0.3, α1 = 0, α2 = −2, α3 = 5, α = −1, β = −1, γ1 = 1, γ2 = 1, γ3 = 1.

3.5.2. M-lump solutions

Lump solutions are analytical rational function solutions located in all directions in

space. In this portion of the paper, we use a long-wave limit method to construct a rational

solution to a gBK equation. Consider Eq. (2.1) and using the long-wave limit method by

taking the limit ki → 0, k1
k2

= O (1), and eαi = −1 (i = 1, 2), we get

f2 = ϕ1ϕ2 +B12, (3.131)

where

ϕi = x+ liy + ρit, (3.132)

ρi = −
(

γ1 + liγ2 + li
2γ3



, (3.133)

Bij =
6 (2α+ (li + lj)β)

(li − lj)
2γ3

, (i < j) (3.134)

and

lN
2

+i = l∗i ,



i = 1, 2, ..,
N

2



. (3.135)

Plugging Eq. (3.132-3.135) into Eq. (3.131) then into Eq. (3.118), we can construct a

one-M-lump solution (see Figure 3.41) Here, l1 = a1 + ib1, l2 = a2 + ib2, l3 = a1 + ib1 and

l4 = a2 − ib2.
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(a) One-M-lump solution (b) Corresponding contour plot of one-M-lump solution

Figure 3.41. 3D surface and contour plot plotted when t = 2, a1 = 1, b1 = 1, l1 = 1, l2 = 3, α = 1, β = 1, γ1 =

1, γ2 = 1, γ3 = −1.

u = 2
∂

∂x
log



(

x′ + ay′)2 + b2y′2 − 3 (α+ aβ)

b2γ3



=
4 (x′ + ay′)

(x′ + ay′)2 + b2y′2 − 3(α+aβ)
b2γ3

,

=
4
(

x− tγ1 + a (y − tγ2) − a2tγ3 + b2tγ3
)







(x− γ1t− (a− ib) ((γ2 + aγ3 − ibγ3) t− y))

(x− γ1t− (a+ ib) ((γ2 + aγ3 + ibγ3) t− y)) − 3 (α+ aβ)

b2γ3







,

(3.136)

where

y′ = y-2aγ3t - γ2t ,

x′ = x+ b2γ3t− γ1t.
(3.137)

The rational solution (3.137) is a permanent lump solution that decays as O
(

1
x2 ,

1
y2



for

♣x♣ → ∞, ♣y♣ → ∞ and moves with the velocity

vx = 2aγ3 − γ2,

vy = γ1 − b2γ3.
(3.138)

To study and reveal a 2-M-lump solution to a gBK equation, consider Eq. (2.1) and taking
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eαi = −1 (i = 1, 2, 3, 4) and taking a limit ki → 0, we get

f4 = ϕ1ϕ2ϕ3ϕ4 +B12ϕ3ϕ4 +B13ϕ2ϕ4 +B14ϕ2ϕ3 +B23ϕ1ϕ4

+B24ϕ1ϕ3 +B34ϕ1ϕ2 +B12B34 +B13B24 +B14B23.
(3.139)

Here ϕ1, ϕ2, ϕ3, ϕ4, ρi, Bij (i < j) , and lN
2

+i are given by Eqs. (3.132-3.135), respectively.

Plugging Eq. (3.139) into Eq. (3.118), as a result, we can obtain a double-M-lump solution

to the suggested equation as shown in Figure 3.42.

(a) Two-M-lump solution (b) Corresponding contour plot of two-M-lump solution

Figure 3.42. 3D surface and contour plot are drawn when t = 10, a = 1/2, b = 1, c = −1/2, d = 1, l1 = 0.1, l2 =

1, l3 = 2, α = 1, β = 1, γ1 = 1, γ2 = 1, γ3 = 1.

3.5.3. Physical interactions between M-lump solution and soliton wave

In this section, we study the interaction physical phenomena between the 1-M-lump

solution and the one-soliton solution. For this purpose, we consider Eq. (1.6), and take the

limit ki → 0, (i = 1, 2) and k1
k2

= O (1). As a result, f3 could be rewritten as follows

f3 = ϕ1ϕ2 +B12 + (ϕ1ϕ2 +B12 + C23ϕ1 + C13ϕ2 + C13C23)eψ3 , (3.140)

Here ψ3 is defined in Eq. (3.125), ϕi (i = 1, 2) are defined in Eq. (3.132), B12 is given in Eq.

(3.134) and α = (l1−l3)(l3−l2)γ3

k3
2 − β

2 (l1 + l2). The constants C13, C23 are stated as follows

C13 =
12 (l3 − l2)

k3 (l1 + 3l2 − 4l3)
, C23 =

12 (l3 − l1)

k3 (3l1 + l2 − 4l3)
, (3.141)
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or

α =
(l1 − l3) (l3 − l2) γ3

k3
2 − l3β,C13 = −

6
(

k3
2β + 2 (l3 − l2) γ3



k3
3β − k3 (l1 + 3l2 − 4l3) γ3

,

C23 = −
6
(

k3
2β + 2 (l3 − l1) γ3



k3
3β − k3 (3l1 + l2 − 4l3) γ3

.

(3.142)

Substituting Eqs. (3.140) and (3.141) into Eq. (3.118), we get an equation that presents a

collision between the 1-M-lump solution and the 1-soliton solution as seen in Figure 3.43.

(a) Mixed 1-M-lump-soliton solution (b) Corresponding contour plot of mixed 1-M-lump-
soliton solution

Figure 3.43. 3D surface of interaction between a one-M-lump solution and soliton wave solution drawn when

t = 5, a = 1/2, b = 1, l3 = 1, k3 = 2, α1 = 0, α2 = 1, β = 1, γ1 = 1, γ2 = 1, γ3 = 1.

We can also choose

β =
(l1 − l3) (l3 − l2) γ3 − k3

2α

k3
2l3

, C13 = −
6
(

k3
2α+ (l2 − l3) (l1 + l3) γ3



k3

(

k3
2α+ l1l2γ3 + (2l2 − 3l3) l3γ3

 ,

C23 = −
6
(

k3
2α+ (l1 − l3) (l2 + l3) γ3



k3

(

k3
2α− 3l3

2γ3 + l1 (l2 + 2l3) γ3

 ,

(3.143)
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or

β = −
2
(

k3
2α+ (l1 − l3) (l2 − l3) γ3



k3
2 (l1 + l2)

, C13 = − 12 (l2 − l3)

k3 (l1 + 3l2 − 4l3)
,

C23 = − 12 (l1 − l3)

k3 (3l1 + l2 − 4l3)
.

(3.144)

Putting Eqs. (3.143), (3.140) into Eq. (3.118), we can construct another solution that

describe the interaction between 1-M-lump solution and 1-soliton wave solution as shown

in Figure 3.44.

(a) Mixed 1-M-lump-soliton solution (b) Corresponding contour plot of mixed 1-M-lump-
soliton

Figure 3.44. 3D surface of interaction between a one-lump solution and soliton wave solution drawn when t =

5, a = 1/2, b = 1, l3 = 1, k3 = 1, α1 = 0, α2 = 1, α = 1, γ1 = 1, γ2 = 1, γ3 = 1.

3.5.4. Quadratic Solutions

In this portion of the paper, we investigate single-lump solution via a quadratic

function. The quadratic function solutions and symbolic computation method can be use

to construct different kinds of exact solutions to many classes of PDEs. Now, we define

the solution of Eq. (3.118) as follows

f (x, y, t) = (a1x+ a2y + a3t+ a4)2 + (b1x+ b2y + b3t+ b4)2 + c1, (3.145)

where ai, bi and c1 are constants to be determined later. Plugging Eq. (3.145) into Eq.

(3.118), as a result, we gain a polynomial. Setting the coefficients of the polynomial with

the same powers of the independent variables to zero, one can obtain the following cases of
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solutions: Case 1: When we have

a1 = b1, a3 =

(

b2
2 − a2

2 − 2a2b2



γ3

2b1
− b1γ1 − a2γ2,

b3 =

(

a2
2 − 2a2b2 − b2

2


γ3

2b1
− b1γ1 − b2γ2, c1 = −12b1

3 (2b1α+ (a2 + b2)β)

(a2 − b2)2γ3

,

(3.146)

and plugging them into Eq. (3.145), then into Eq. (3.118), one can obtain

u =
4b1 (2b1x+ (a2 + b2) y + (a3 + b3) t+ a4 + b4)

(a4 + a3t+ b1x+ a2y)2 + (b4 + b3t+ b1x+ b2y)2 − 12b1
3(2b1α+(a2+b2)β)

(a2−b2)2γ3

. (3.147)

Eq. (3.147) is a lump solution as shown in Figure 3.45.

(a) Lump solution (b) Corresponding contour plot of lump solution

Figure 3.45. 3D surface and contour plot plotted when t = 2, a1 = 0.01, a2 = 1, a3 = 0.1, a4 = 0.5, b1 = 0.5, b2 =

0.2, b4 = 0.2, c1 = 1, γ1 = 1, γ2 = 1, γ3 = −1, α = 0.5, β = 1.

Case 2: In case

a2 = −a1γ2 + i
√

a1 (4a3γ3 + 4a1γ1γ3 − a1γ2
2)

2γ3
, b1 = ia1, b3 = ia3,

b2 =

√

a1 (4a3γ3 + 4a1γ1γ3 − a1γ2
2) − ia1γ2

2γ3
,

(3.148)

and using them into Eq. (3.145), then into Eq. (3.118), a result yields

u =
4a1 (a4 + ib4) γ3

(

a4
2 + b4

2 + c1 + (2a3a4 + 2ia3b4) t
)

γ3 − a1 (a4 + ib4) (γ2y − 2γ3x) + (b4 − ia4)
√

Φy
, (3.149)
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where Φ = a1
(

4a3γ3 + 4a1γ1γ3 − a1γ2
2
)

> 0. The above equation is a complex single-

soliton solution to a gBK equation as seen in Figure 3.46.

(a) Real solution of lump wave (b) Corresponding contour plot of real lump solution

(c) Imaginary solution of lump wave (d) Corresponding contour plot of imaginary lump
solution

Figure 3.46. 3D surface and contour plot of Eq. (3.149) plotted when t = 2, a1 = −0.3, a2 = 1, a3 = 0.1, a4 =

0.5, b1 = 0.5, b2 = 0.2, b4 = 0.2, c1 = 1, γ1 = 2, γ2 = 1, γ3 = 1, α = 1, β = 1.

3.6. The (2+1)-dimensional KdV equation including time-variable

coefficients

Different types of KdV equations have been studied, for example, the simplified
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Hirota’s method has been used to investigate three extended higher-order KdV-type

equations [82]. A variety of techniques have been applied on a new integrable nonlocal

modified KdV equation to construct various solutions with distinct physical structures

[83, 84]. The geophysical KdV equation has been studied via the homotopy perturbation

method [85]. In Ref. [86], multiple soliton solutions have been offered for modified

Korteweg–de-Vries equations. The family of the KdV type equation has been investigated

in Ref. [87]. A third-order KdV equation has been numerically investigated in Ref. [88].

Consider the (2+1)-dimensional KdV equation below

vt + vxxx + 3
(

v∂−1
y vx



x
= 0. (3.150)

Boiti et al. [89] was first introduced this equation by apply the conception of the weak

Lax pair. This equation is also known as the Boiti-Leon-Manna-Pempinelli equation and

showed that it possesses Lax pair test. Also, conservation laws, integrability characteristics,

and multi-soliton solutions were offered. Moreover, in the case of y = x, Eq. (3.150) will

change to the standard KdV equation in (1+1)-dimensions.

Wazwaz [90] introduced a new extension of the (2+1)-dimensional KdV equation with

constant coefficients, as below

uty + uxxxy + α(uyux)x + βuxx + γuyy = 0, (3.151)

that gained upon utilizing the potential

v (x, y, t) = uy (x, y, t) .

Also, derived KdV equation including time-variable coefficients

uty + h (t)uxxxy + h (t) (uyux)x + h (t)uxx + k (t)uyy = 0. (3.152)

It is well-known that in some real-world problems nonlinear evolution equations with

variable coefficients provide more realistic aspects in the inhomogeneities of media and

non-uniformities of boundaries in comparison to their constant coefficients and has several

applications in various area such as optical fibers, propagation of wave, rogue waves, and a

variety of other physical systems.

In this section of chapter, we study the KdV equation with time-variable coefficients.

Firstly, we first aim to use a symbolic computational method to seek lump and periodic

wave solutions to Eq. (3.152). The second aim is to obtain M-lump waves, a collision of

M-lump wave with soliton solutions, as well as complex multi-soliton solutions via using the

simplified Hirota method and a long-wave method.
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3.6.1. Lump wave Solutions

In this portion, we consider the KdV equation with time-variable coefficients and

defining its logarithmic variable transform as below

u (x, y, t) =
6f (x, y, t)x
f (x, y, t)

. (3.153)

Motivated by early research [91], lump solution to the suggested equation including variable-

coefficients can be derived from the below assumption

f (x, y, t) =



a1x+ a2y +

∫

a3 (t) dt+ a4

2

+



b1x+ b2y +

∫

b3 (t) dt+ b4

2

+ c1.

(3.154)

Here, both functions a3 (t), b3 (t) are differentiable, and ai, bi(i = 1, 2, 3, 4) defines as real

constants. Putting Eq. (3.154) into (3.153), then into (3.152), and make the coefficients of

x2, y2, xy, xy, ... equal to zero, we obtain

a3 (t) =

(

a2b1
2 − 2a1b1b2 − a1

2a2



h (t)

a2
2 + b2

2 − a2k (t) ,

b3 (t) =

(

a1
2b2 − b1

2b2 − 2a1a2b1



h (t)

a2
2 + b2

2 − b2k (t) ,

c1 = −
3
(

a1
2 + b1

2


(a1a2 + b1b2)
(

a2
2 + b2

2


(a2b1 − a1b2)2 .

(3.155)

Substitutting Eq. (3.155) into Eq. (3.153), we get

u =
6 (2a1 (a4 + a1x+ a2y + η1) + 2b1 (b4 + b1x+ b2y + η2))

(a4 + a1x+ a2y + η1)2 + (b4 + b1x+ b2y + η2)2 − 3(a1
2+b1

2)(a1a2+b1b2)(a2
2+b2

2)
(a2b1−a1b2)2

,

(3.156)

where

η1 =

∫





(

a2b1
2 − 2a1b1b2 − a1

2a2



h (t)

a2
2 + b2

2 − a2k (t)



dt, (3.157)

and

η2 =

∫





(

a1
2b2 − b1

2b2 − 2a1a2b1



h (t)

a2
2 + b2

2 − b2k (t)



dt. (3.158)

providing that a1a2 + b1b2 < 0. This solution resembles a lump wave solution as seen in

Figure 3.47.
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(a) t = 2 (b) y = 2

(c) t = π/4 (d) y = 2

Figure 3.47. 3-D surfaces of Eq. 3.156 are plotted in case a1 = −3, a2 = 1
2
, a3 = 1, a4 = 2, b1 = 1, b2 = 1, b4 =

1/2, c1 = 1. In a, b, c, h(t) = k(t) = t, and in d, e, f, h(t) = cos(t), k(t) = sin(t).

When we have

a1 = ib1, a2 = ib2, a3 (t) = −
i
(

b1
2h (t) + b2

2k (t)


b2
, b3 (t) = −b1

2h (t)

b2
− b2k (t) ,

(3.159)
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and applying this case of solution on Eq. (3.153), we get

u =
12b1 (b2 (ia4 + b4 −

∫

η3dt) + b2
∫

η3dt)

b2

(

c1 + (b1x+ b2y −
∫

η3dt+ b4)2 + (i (b1x+ b2y) − i
∫

η3dt)2 + a4
 , (3.160)

η3 =
b1

2h (t)

b2
+ b2k (t) .

This solution resembles a complex lump wave of the KdV equation.

3.6.2. M-lump waves

This section of research focuses on constructing rational solutions that can be

addressed by using a long-wave method. The multi-soliton solutions of the KdV equation

including time-dependent variables have been reported in Ref. [90]. Usually, the soliton

solutions of differential equations can be derived by employing Hirota’s method on Eq.

(2.1) , where

Aij =
li

2
(

3ki
2lj − 3kikjlj − 1



+ lilj
(

2 − 3kikjlj + 3kj
2lj


− lj
2

li
2
(

3ki
2lj + 3kikjlj − 1



+ lilj
(

2 + 3kikjlj + 3kj
2lj


− lj
2
, i < j (3.161)

ψi = ki (x+ liy + wi (t)) + αi, (3.162)

wi (t) = − 1

li

∫

(

h (t) + ki
2lih (t) + li

2k (t)


dt. (3.163)

Here wi (t) are differentiable functions and ki, li are real scalars. By using a long-wave

method, using N = 2 in Eq. (2.1), taking ki → 0, eαi = −1 (i = 1, 2) and k1
k2

= O (1), we

have

f = ϕ1ϕ2 +B12, (3.164)

where

ϕi = x+ liy + ρit, ρi (t) = − 1

l1

∫

(

h (t) + l1
2k (t)



dt, (3.165)

and

Bij =
6lilj (li + lj)

(li − lj)
2 , lN

2
+i = l∗i ,



i = 1, 2, ..,
N

2



and i < j. (3.166)

Here l1 = a1 + ib1 and l2 = a1 − ib1. By plugging Eq. (3.164) into logarithmic variable

transform, we obtain

u =
6
(

2x + (l1 + l2) y −
1
l1

∫ (

h (t) + l1
2k (t)

)

dt −
1
l2

∫ (

h (t) + l2
2k (t)

)

dt
)

6l1l2(l1+l2)

(l1−l2)2 +
(

x + l1y −
1
l1

∫ (

h (t) + l1
2k (t)

)

dt
) (

x + l2y −
1
l2

∫ (

h (t) + l2
2k (t)

)

dt
) . (3.167)

Eq. (3.167) is a one-M-lump solution to Eq. (3.152), and it is shown in Figure 3.48.
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(a) t = 2 (b) y = 2 (c) x = 2

(d) t = π/2 (e) y = 2 (f) x = 2

Figure 3.48. 3-D surfaces of Eq. 3.167 are plotted in case a = −1/10, b = 1/2. In a, b, c, h(t) = k(t) = t, and in

d, e, f, h(t) = sin(t) while k(t) = cos(t)

To derive 2-M-lump solution to the extended KdV equation, we choose N = 4 in Eq. (2.1),

eαi = −1 (i = 1, 2, 3, 4) and taking ki → 0. Thus we find

f = ϕ1ϕ2ϕ3ϕ4 +B12ϕ3ϕ4 +B13ϕ2ϕ4 +B14ϕ2ϕ3 +B23ϕ1ϕ4

+B24ϕ1ϕ3 +B34ϕ1ϕ2 +B12ϕ34 +B13B24 +B14B23.
(3.168)

Where ϕ1, ϕ2, ϕ3, ϕ4, ρi, Bij (i < j), and lN
2

+i, (i = 1, 2, .., N) are determined in Eqs.

(3.165) and (3.166), respectively. We use l1 = a1 + ib1, l2 = a3 + ib3, l3 = l∗1 and l4 = l∗2,

where ∗ is a notation for the complex conjugate. Substitutting Eq. (3.168) into Eq. (3.153),

a result gives double-M-lump solution to the KdV equation as reported in Figure 3.49.
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(a) t = 2 (b) y = 2 (c) x = 2

(d) t = π/4 (e) y = 2 (f) x = 2

Figure 3.49. 3-D surfaces of two-M-lump wave are plotted in case a1 = − 1
10
, b1 = 1

2
, a2 = −1/4, b2 = 1

3
. In

(a,b,c), h(t) = k(t) = t, and in (d,e,f), h(t) = sin(t) while k(t) = cos(t)

To construct 3-M-lump solution to the extended KdV equation, we choose N = 6 in Eq.

(2.1), eαi = −1 (i = 1, 2, 3, 4, 5, 6) and taking ki → 0. A result gives f6 that have 306

terms. Putting f6 into Eq. (3.153) and letting l2 = l∗4 = a1 + ib1, l3 = l∗1 = a2 + ib2 and

l6 = l∗5 = a3 + ib3, we get a three-M-lump wave solution and its features are presented in

Figure 3.50.
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(a) t = 2 (b) y = 2 (c) x = 2

(d) t = π/4 (e) y = 2 (f) x = 2

Figure 3.50. 3-D surfaces of three-M-lump wave are plotted in case a1 = − 1
2
, b1 = 3

2
, a2 = − 1

3
, b2 = 1, a3 =

− 1
9
, b3 = 1

2
. In (a,b,c), h(t) = k(t) = t, and in (d,e,f), h(t) = sin(t) while k(t) = cos(t)

3.6.3. Physical Interaction Phenomena

This section of research focuses on constructing the physical interaction wave solutions

to the KdV equation. We begin by constructing a solution that appears of collision of 1-

M-lump with 1-soliton solutions. In order to achieve this, let N = 3 in Eq. (2.1), taking

ki → 0, (i = 1, 2) and k1
k2

= O (1), as a result, Eq. (19) can be formulated as follows

f = ϕ1ϕ2 +B12 + (ϕ1ϕ2 +B12 + C23ϕ1 + C13ϕ2 + C13C23)eψ3 . (3.169)

Where ψ3 is defined in Eq. (3.162), ϕi (i = 1, 2) are determined in Eq. (3.165) and B12 is

specified in Eq. (3.166). The constants C13, C23 are stated as below

Cmn = −
6knln

(

lm
2 + lmln



2lmln − ln
2 + 3kn

2lmln
2 − lm

2 , m < n. (3.170)

Substituting Eqs. (3.170) and (3.169) into Eq. (3.153), the result yields a solution that

represents a collision of 1-M-lump with 1-soliton wave solutions, as presented in Figure

3.51.
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(a) t = 2 (b) y = 2 (c) x = 2

(d) t = π/4 (e) y = 2 (f) x = 2

Figure 3.51. 3-D surfaces of collision between M-lump and one-soliton waves are plotted in case a = −1/10, b =

1/2, l3 = 1, k3 = 1. In (a,b,c), h(t) = k(t) = t, and in (d,e,f), h(t) = sin(t) while k(t) = cos(t)

To construct interaction between two-soliton and one-M-lump wave, we have

f =ϕ1ϕ2 +B12 + Ψ1eϕ3 + Ψ2eψ4−
A34eψ3+ψ4 (ϕ1ϕ2 +B12 − C14C23 − C13C24 − Ψ1 − Ψ2) ,

(3.171)

where

Ψ1 = ϕ1ϕ2 +B12 + C23ϕ1 + C13ϕ2 + C13C23,

Ψ2 = ϕ1ϕ2 +B12 + C24ϕ1 + C14ϕ2 + C14C24.

The constants Bij and Cmn are defined in Eq. (3.166) and Eq. (3.170). The functions

ψi and ϕi are defined in Eq. (3.162) and Eq. (3.165). Substituting Eq. (3.171) into Eq.

(3.153), gives a solution that represents interaction phenomena of a one-M-lump with a

two-soliton wave solutions as seen in Figure 3.52.
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(a) t = 2 (b) y = 2 (c) x = 2

(d) t = π/4 (e) y = 2 (f) x = 2

Figure 3.52. 3-D surfaces are plotted for a collision of a M-lump wave with a two-soliton wave in case a =

−1/20, b = 1/2, l3 = 1, k3 = 1, l4 = 1, k4 = 2. In a, b, c, h(t) = k(t) = t, and in d, e, f, h(t) = sin(t)
while k(t) = cos(t)

Motivated by Ref. [63] and taking N = 5 in Eq (2.1), an assumption that use to derive a

collision of two-M-lump wave with one-soliton solution can be formulated as follows

f = ϕ1ϕ2ϕ3ϕ4 +B34ϕ1ϕ2 +B24ϕ1ϕ3 +B23ϕ1ϕ4 +B14ϕ2ϕ3 +B13ϕ2ϕ4

+B12ϕ3ϕ4 +Q1ek5(x+l5y+w5+α5(t)) +B14B23 +B13B24 +B12B34,
(3.172)

where

Q1 = ϕ1ϕ2ϕ3ϕ4 + C45ϕ1ϕ2ϕ3 + C15ϕ2ϕ3ϕ4 + C25ϕ1ϕ3ϕ4 + C35ϕ1ϕ2ϕ4+

(B34 + C35C45)ϕ1ϕ2 + (B24 + C25C45)ϕ1ϕ3 + (B14 + C15C45)ϕ2ϕ3+

(B23 + C25C35)ϕ1ϕ4 + (B13 + C15C35)ϕ2ϕ4 + (B12 + C15C25)ϕ3ϕ4+

(B34C25 +B24C35 +B23C45 + C25C35C45)ϕ1 + (B34C15 +B14C35)ϕ2+

(B13C45 + C15C35C45)ϕ2 + (B24C15 +B14C25 +B12C45 + C15C25C45)ϕ3

+ (B23C15 +B13C25 +B12C35 + C15C25C35)ϕ4 +B14B23 +B13B24+

B12B34 + B34C15C25 +B24C15C35 +B14C25C35 +B23C15C45 +B13C25C45

+B12C35C45 + C15C25C35C45
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All necessary constants and functions are defined in this paper. Now, to construct a collision

of two-M-lump wave with one-soliton wave, we put Eq. (3.172) into Eq. (3.153), a result

gives an interaction physical phenomenon as presented in Figure 3.53.

(a) t = 2 (b) y = 2 (c) x = 2

(d) t = π/4 (e) y = 2 (f) x = 2

Figure 3.53. 3-D surfaces are plotted for a collision of a two-M-lump wave with a one-soliton wave in case a =

−1/10, b = −1/2, c = −1/4, d = 1/3, l5 = 1, k5 = 2. In (a,b,c), h(t) = k(t) = t, and in (d,e,f),
h(t) = sin(t) while k(t) = cos(t).

3.6.4. Complex soliton waves

In this section, we aim to obtain complex multi-soliton solutions to a KdV equation

by using Mathematica symbolic computations. Let,

f=i+eψ1 , (3.173)

f = i + eψ1 + eψ2 + ξ12e
ψ1+ψ2 , (3.174)

f = i + eψ1 + eψ2 + eψ3 + ξ12e
ψ1+ψ2 + ξ13e

ψ1+ψ3 + ξ23e
ψ2+ψ3 + iξ123e

ψ1+ψ2+ψ3 , (3.175)
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where ψi(i = 1, 2, ..., N) are defined in Eq. (3.162) and

ξij =
i
(

li
2
(

1 − 3ki
2lj + 3kikjlj



+ lilj
(

−2 + 3kikjlj − 3kj
2lj


+ lj
2


li
2
(

3ki
2lj + 3kikjlj − 1



+ lilj
(

2 + 3kikjlj + 3kj
2lj


− lj
2

, i < j.

(3.176)

Plugging (3.173) into (3.153), a result is

u (x, y, t) = 6k1 +
6k1

ie
k1



x+l1y−

∫

((1+k1
2l1)h(t)+l1

2k(t))dt

l1



+α1

− 1

. (3.177)

This equation represents a complex one-soliton wave and its features are showed in Figure

3.54.

(a) Real part of solution when t = 2 (b) Imaginary part of solution when
y = 2

(c) Real part of solution when x = 2

(d) Imaginary part of solution when
t = π/4

(e) Real part of solution when y = 2 (f) Imaginary part of solution when
x = 2

Figure 3.54. 3-D surfaces of a complex single-soliton wave solution plotted in case k1 = 1, l1 = 2, α1 = 0. In

(a,b,c), h(t) = k(t) = t and in (d,e,f), h(t) = sin(t) while k(t) = cos(t).

By substituting Eq. (3.174) into a variable transform equation, we obtain a complex double-

soliton wave (see Figure 3.55). Moreover, by inserting Eq. (3.175) into Eq. (3.153), a
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complex triple-soliton solution is constructed and a result is presented graphically as seen

in Figure 3.56.

(a) Real part of solution when t = 2 (b) Imaginary part of solution when
y = 2

(c) Real part of solution when x = 2

(d) Imaginary part of solution when
t = π/4

(e) Real part of solution when y = 2 (f) Imaginary part of solution when
x = 2

Figure 3.55. 3-D surfaces of a complex double-soliton wave solution plotted in case k1 = 1, l1 = 1, k2 = 1
2
, l2 =

2, α1 = 0, α2 = 2. In (a,b,c), h(t) = k(t) = t, and in (d,e,f), h(t) = sin(t) while k(t) = cos(t).
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(a) Real part of solution when t = 2 (b) Imaginary part of solution when
y = 2

(c) Real part of solution when x = 2

(d) Imaginary part of solution when
t = π/4

(e) Real part of solution when y = 2 (f) Imaginary part of solution when
x = 2

Figure 3.56. 3-D surfaces of a complex triple-soliton wave solution plotted in case k1 = 1, l1 = 1, k2 = 1
2
, l2 =

2, k3 = 1
3
, l3 = 3, α1 = 0, α2 = 2, α3 = 0. In (a,b,c), h(t) = k(t) = t, and in (d,e,f), h(t) = sin(t) while

k(t) = cos(t).

3.7. The (3+1)-dimensional generalized Kadomtsev-Petviashvili equation

The goal of this study is to investigate rational solutions and their interaction with

soliton solution to the new (3+1)-dimensional generalized Kadomtsev-Petviashvili (gKP)

equation

utx + uty + utz − uzz + 3(uxuy)x + uxxxy = 0. (3.178)

Authors in Ref. [92] reported some new exact periodic solitary-wave solutions. Liu et al.

[93] offered interaction solutions of the rational function include trigonometric, exponential,

and hyperbolic functions. To our knowledge, no literature addressed M-lump wave and their

interaction with one-, and two-soliton solutions.

This section of thesis is organized as follows: In subsection one, single-M-lump, double-

M-lump and triple-M-lump wave solutions for a gKP equation are revealed. The interaction

solutions of single-M-lump waves with one, and two-soliton solutions, also an interaction
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between double-M-lump wave and single-soliton solutions are presented in subsection 2.

3.7.1. M-lump wave solutions

Consider the variable transform

u (x, y, z, t) = 2(log f (x, y, z, t))x, (3.179)

and using it on Eq. (3.179), we have

(

DtDx +DtDy +DtDz +Dx
3Dy −Dz

2


f.f = 0.

Usually, soliton solutions are constructed by using Eq. (2.1). Here, we let the dispersion

variable ψi is defined as

ψi = ki (x+ liy + (li − 1)z + wit) + αi, (3.180)

where the dispersion relation is

wi =
1

2



1

li
+ li − ki

2 − 2



, (3.181)

and the phase shift Aij is

Aij =
lj

2 + li
2 (1 + 3ki (ki − kj) lj) + lilj (3kj (kj − ki) lj − 2)

ln
2 + li

2 (1 + 3ki (ki + kj) lj) + lilj (3kj (ki + kj) lj − 2)
. (3.182)

In Ref. [94], Wazwaz examined the multi-soliton solutions of Eq. (3.178).

Now, we use the long-wave method on Eq. (2.1) by taking N = 2, ki → 0, eαi =

−1 (i = 1, 2) and k1
k2

= O (1), then Eq. (2.1) and Eqs. (3.180-3.182), respectively becomes

f = ϕ1ϕ2 +B12. (3.183)

Here

ϕi = x+ liy + (li − 1)z + ρit, ρi =
(−1 + li)

2

2li
, (3.184)

and

Bij = −6lilj (li + lj)

(li − lj)
2 , lN

2
+i = l∗i ,



i = 1, 2, ...,
N

2



and i < j. (3.185)
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By plugging Eqs. (3.184-3.186) into Eq. (3.183), then into Eq. (3.179), we get

u = 2 log





(

x′ + a1y
′ + (a1 − 1) z′)2 + b1

2(y′ + z′)2 +
3a1

(

a1
2 + b1

2


b1
2





x

=
4 (x′ + a1y

′ + (a1 − 1) z′)

(x′ + a1y′ + (a1 − 1) z′)2 + b1
2(y′ + z′)2 +

3a1(a1
2+b1

2)
b1

2

,

(3.186)

where

x′ = x+





a1
(

a1
2 + b1

2
 − 1

2



 t,

y′ = y − 1

2
(

b1
2 + a1

2
 t,

and

z′ = z +
1

2
t.

This is a one-M-lump wave for a gKP equation as stated in Figure 3.57. This rational

solution is a permanent wave solution decaying as O
(

1
x2 ,

1
y2 ,

1
z2



for ♣x♣ , ♣y♣ , ♣z♣ → ∞ and

moving with the velocity

vx =
1

2
− a1
(

a1
2 + b1

2
 , vy =

1

2
(

b1
2 + a1

2
 , vz = −1

2
.

It is interesting to know that this wave is travel along the following straight line

y =

(

a1
2 + b1

2 − 1


(√

3



a1b1
2
(

a1
2 + b1

2
5


+ b1
2
(

a1
2 + b1

2
2

(z − x)

)

2b1
2
(

(a1 − 1) a1 + b1
2
 (

a1
2 + b1

2
2 − z.
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(a) z = 1, t = 5 (b) 1-M-lump solution at different period of
time

Figure 3.57. M-lump wave of Eq. (3.187) when a1 = 1
3
, b1 = 2.

To offer a 2-M-lump solution to a g KP equation, we let N = 4 in Eq. (2.1), taking

eαi = −1 (i = 1, 2, 3, 4), and ki → 0, we get

f = ϕ1ϕ2ϕ3ϕ4 +B12ϕ3ϕ4 +B13ϕ2ϕ4 +B14ϕ2ϕ3 +B23ϕ1ϕ4

+B24ϕ1ϕ3 +B34ϕ1ϕ2 +B12ϕ34 +B13ϕ24 +B14B23.
(3.187)

Where ϕ1, ϕ2, ϕ3, ϕ4, ρi, Bij (i < j) and lN
2

+m are defined in Eqs. (3.184) and (3.185),

respectively. By putting Eq. (3.187) into Eq. (3.179), an outcome is a double-M-lump

solution to the studied equation as shown in Figure 3.58. The two-M-lump wave travels

along two different lines

y1 =

(

a1
2 + b1

2 − 1


(√

3



a1b1
2
(

a1
2 + b1

2
5


+ b1
2
(

a1
2 + b1

2
2

(z − x)

)

2b1
2
(

(a1 − 1) a1 + b1
2
 (

a1
2 + b1

2
2 − z,

and

y2 =

(

a2
2 + b2

2 − 1


(√

3



a2b2
2
(

a2
2 + b2

2
5


+ b2
2
(

a2
2 + b2

2
2

(z − x)

)

2b2
2
(

(a2 − 1) a2 + b2
2
 (

a2
2 + b2

2
2 − z.
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(a) z = 1, t = 5 (b) 2-M-lump solution at different period of
time

Figure 3.58. Two-M-lump wave when a1 = 1
4
, b1 = 1

2
, a2 = 1

5
, b1 = 2

3
.

To construct a 3-M-lump solution of Eq. (3.179), we use

ki → 0, eαi = −1, (i = 1, 2, 3, 4, 5, 6) and taking N = 6 in Eq. (2.1), we have

f6 = ϕ1ϕ2ϕ3ϕ4ϕ5ϕ6 +B12B34B56 +B12B35B46 +B12B45B36 +B13B24B56+

B13B25B46 +B13B45B26 +B23B14B56 +B14B25B36 +B14B35B26 +B24B15B36+

B34B15B26 +B23B15B46 +B23B45B16 +B24B35B16 +B34B25B16 + ϕ2ϕ3ϕ4ϕ5B16+

ϕ2ϕ3ϕ5ϕ6B14 + ϕ2ϕ3ϕ4ϕ6B15 + ϕ3ϕ4ϕ5ϕ6B12 + ϕ2ϕ4ϕ5ϕ6B13 + ϕ1ϕ2ϕ4ϕ6B35+

ϕ1ϕ2ϕ4ϕ5B36 + ϕ1ϕ4ϕ5ϕ6B23 + ϕ1ϕ3ϕ5ϕ6B24 + ϕ1ϕ3ϕ4ϕ6B25 + ϕ1ϕ3ϕ4ϕ5B26+

ϕ1ϕ2ϕ3ϕ4B56 + ϕ1ϕ2ϕ3ϕ6B45 + ϕ1ϕ2ϕ3ϕ5B46 + ϕ1ϕ2ϕ5ϕ6B34 + ϕ1ϕ2B34B56+

ϕ1ϕ2B35B46 + ϕ1ϕ2B45B36 + ϕ1B23ϕ4B56 + ϕ1B23B45ϕ6 + ϕ1B23ϕ5B46+

ϕ1ϕ3B24B56 + ϕ1ϕ6B24B35 + ϕ1ϕ5B24B36 + ϕ1ϕ3B25B46 + ϕ1ϕ6B34B25+

ϕ1ϕ4B25B36 + ϕ1ϕ3B45B26 + ϕ1ϕ5B34B26 + ϕ1ϕ4B35B26 + ϕ4ϕ5B12B36+

ϕ3ϕ4B12B56 + ϕ3ϕ6B12B45 + ϕ3ϕ5B12B46 + ϕ5ϕ6B12B34 + ϕ4ϕ6B12B35+

ϕ5ϕ6B13B24 + ϕ4ϕ6B13B25 + ϕ4ϕ5B13B26 + ϕ2ϕ4B13B56 + ϕ2ϕ6B13B45+

ϕ2ϕ5B13B46 + ϕ2ϕ3B14B56 + ϕ2ϕ6B14B35 + ϕ2ϕ5B14B36 + ϕ5ϕ6B23B14+

ϕ3ϕ6B14B25 + ϕ3ϕ5B14B26 + ϕ4ϕ6B23B15 + ϕ3ϕ6B24B15 + ϕ3ϕ4B15B26+

ϕ2ϕ3B15B46 + ϕ2ϕ6B34B15 + ϕ2ϕ4B15B36 + ϕ2ϕ4B35B16 + ϕ4ϕ5B23B16+

ϕ3ϕ5B24B16 + ϕ3ϕ4B25B16 + ϕ2ϕ3B45B16 + ϕ2ϕ5B34B16.

(3.188)
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We note that ϕ1, ϕ2, ϕ3, ϕ4, ϕ5, ϕ6, Bij and lN
2

+i are defined in Eq. (3.184) and Eq. (3.185),

respectively. As a result of substituting Eq. (3.188) with its related equations into Eq.

(3.179), a triple-M-lump solution is obtained as seen in Figure 3.59. We note that l1 =

a1 + ib1, l2 = a2 + ib2, l3 = a3 + ib3, l4 = l1
∗, l5 = l2

∗ and l6 = l3
∗. It is interesting to know

that a three-M-lump wave travels along the following straight lines

y1 =

(

a1
2 + b1

2 − 1


(√

3



a1b1
2
(

a1
2 + b1

2
5


+ b1
2
(

a1
2 + b1

2
2

(z − x)

)

2b1
2
(

(a1 − 1) a1 + b1
2
 (

a1
2 + b1

2
2 − z,

y2 =

(

a2
2 + b2

2 − 1


(√

3



a2b2
2
(

a2
2 + b2

2
5


+ b2
2
(

a2
2 + b2

2
2

(z − x)

)

2b2
2
(

(a2 − 1) a2 + b2
2
 (

a2
2 + b2

2
2 − z,

and

y3 =

(

a3
2 + b3

2 − 1


(√

3



a3b3
2
(

a3
2 + b3

2
5


+ b3
2
(

a3
2 + b3

2
2

(z − x)

)

2b3
2
(

(a3 − 1) a3 + b3
2
 (

a3
2 + b3

2
2 − z.

(a) z = 1, t = 5 (b) 1-M-lump solution at different period of
time

Figure 3.59. Three-M-lump wave when a1 = 1
5
, b1 = 1

2
, a2 = 1

6
, b2 = 1

3
, a3 = 1

7
, b2 = 1

4
.
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3.7.2. Physical Interaction Phenomena

The goal of this section is to construct the collision between a 1-M-lump solution

with one-soliton and two-soliton solutions, as well as between a 2-M-lump wave and one-

soliton solution. Firstly, we let N = 3 in Eq. (2.1), taking the limit ki → 0, (i = 1, 2) and
k1
k2

= O (1) , an outcome is

f = ϕ1ϕ2 +B12 + (ϕ1ϕ2 +B12 + C23ϕ1 + C13ϕ2 + C13C23)eψ3 . (3.189)

Where ψ3 is defined in Eq. (3.180), ϕi (i = 1, 2) are defined in Eq. (3.184), B12 is given in

Eq. (3.185). The constants C13, C23 are derived as follows

Cmn = − 6lmlnkn (lm + ln)

lm
2 + ln

2 + lmln
(

3kn
2ln − 2

 , m < n. (3.190)

By substituting Eq. (3.190) into Eq. (3.189), and then into Eq. (3.179) a gained result is

a solution that characterize a collision between 1-M-lump solution and 1-soliton solution as

seen in Figure 3.60.

(a) z = 1, t = 2 (b) Contour plot for mixed 1-M-lump-soliton solution

Figure 3.60. One-M-lump-soliton solution when a1 = 1
5
, b1 = 1, k3 = 1, l3 = 1, α3 = 1.

To find an interaction of two-soliton with M-lump wave, we assume that

f =B12 + Ψ1eφ3 + Ψ2eφ4 + ϕ1ϕ2−
A34eφ3+φ4 (ϕ1ϕ2 +B12 − C14C23 − C13C24 − Ψ1 − Ψ2) ,

(3.191)
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where

Ψ1 = ϕ1ϕ2 +B12 + C23ϕ1 + C13ϕ2 + C13C23,

and

Ψ2 = ϕ1ϕ2 +B12 + C24ϕ1 + C14ϕ2 + C14C24.

The constants Bij and Cmn are defined in Eq. (3.185) and Eq. (3.190). The functions ψi
and ϕi are defined in Eq. (3.180) and Eq. (3.184). By substituting Eq. (3.191) into Eq.

(3.179), an outcome is a solution that represents an interaction between a one-M-lump wave

and a two-soliton solution as seen in Figure 3.61.

(a) z = 1, t = 2 (b) Contour plot for mixed 1-M-lump-2-soliton solution

Figure 3.61. 1-M-lump-two-soliton solution when a = 1
7
, b = 1

2
, l3 = 1, k3 = 1, l4 = 3, k4 = 6

5
, α3 = 1, α4 = 2.

Motivated by Ref. [63], when N = 5 in Eq. (2.1), the interaction between two-M-lump

wave and one-soliton solution can be formulated as follows

f = ϕ1ϕ2ϕ3ϕ4 +B34ϕ1ϕ2 +B24ϕ1ϕ3 +B23ϕ1ϕ4 +B14ϕ2ϕ3 +B13ϕ2ϕ4

+B12ϕ3ϕ4 +Qek5(x+l5y+(l5−1)z+w5t)+α5 +B14B23 +B13B24 +B12B34,
(3.192)
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where

Q = ϕ1ϕ2ϕ3ϕ4 + C45ϕ1ϕ2ϕ3 + C15ϕ2ϕ3ϕ4 + C25ϕ1ϕ3ϕ4 + C35ϕ1ϕ2ϕ4

+ (B34 + C35C45)ϕ1ϕ2 + (B24 + C25C45)ϕ1ϕ3 + (B14 + C15C45)ϕ2ϕ3

+ (B23 + C25C35)ϕ1ϕ4 + (B13 + C15C35)ϕ2ϕ4 + (B12 + C15C25)ϕ3ϕ4

+ (B34C25 +B24C35 +B23C45 + C25C35C45)ϕ1 +B14B23 +B13B24

+ (B34C15 +B14C35 +B13C45 + C15C35C45)ϕ2 +B12B34 +B34C15C25

+ (B24C15 +B14C25 +B12C45 + C15C25C45)ϕ3 +B24C15C35 +B14C25C35

+ (B23C15 +B13C25 +B12C35 + C15C25C35)ϕ4 +B23C15C45 +B13C25C45

+B12C35C45 + C15C25C35C45.

(3.193)

All used constants and functions are stated in this paper. Now to offer an interaction

between a two-M-lump and a one-soliton solutions, we plug Eq. (3.193) into Eq. (3.179), as

a result, we get a phenomenon that happens between two-M-lump and one-soliton solution

as presented in Figure 3.62.

(a) z = t = 5 (b) Contour plot for mixed 2-M-lump-1-soliton solution

Figure 3.62. 2-M-lump-1-soliton when a1 = 1
7
, b1 = 1

2
, a2 = 1

20
, b2 = 1

3
, l5 = 1

2
, k5 = 2, α5 = 1.
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Peregrin [95] first reported the Boussinesq equations for variable water depth, which are

efficient for shallow water, as well as linked to it as a normal Boussinesq equation.

Boussinesq equations are the most common nonlinear partial differential equations

developed to describe water dynamics with both a low amplitude as well as a long wave.

Such equations are one of the most important equations for forecasting wave changes in

coastal regions, as well as commonly used in coastal and ocean engineering. In this

research, we use the newly MEFM to find new solutions for the Boussinesq-type equations

and the Adomian decomposition method to studies numerical solutions to the suggested

equations. Moreover, the instability modulation of models is also presented.

The Boussinesq equations in (1+1)-dimensions [96] are read

vt + wx + vvx = 0,

wt + (wv)x + vxxx = 0.
(4.1)

This paired Boussinesq equation also appears in shallow water waves for two layers of fluid

flow. This scenario occurs at a time when accidental oil spills from a vessel, resulting in a

layer of oil floating above the water surface.

4.1. General structures of the method

Suppose there is a nonlinear partial differential equation

P (φ,φx, φφx, φt, φtt, . . .) = 0. (4.2)

To reveal the exact solutions of equation (4.2), the below transformation may be use

φ (x, t) = ϕ (ξ) , ξ = x− v t, (4.3)

where ν is an arbitrary scalar and ξ describe the wave variable. Plugging Eq. (4.3) to the

Eq. (4.2), the result could be written as follows

N
(

ϕ, ϕ2, ϕϕ′, ϕ′′, . . .


= 0. (4.4)



Now, let a new trial solution to the Eq. (4.4) be as follows

ϕ (ξ) =

n
∑

i=0
ai
(

a−i ϕ(ξ)
i

m
∑

j=0
bj
(

a−j ϕ(ξ)
)j

+

n
∑

i=0
ci
(

ai ϕ(ξ)
i

m
∑

j=0
dj
(

ajϕ(ξ)
)j

=
a0 + a1a

−ϕ(ξ) + a2a
−2ϕ(ξ) + ...+ ana

−nϕ(ξ)

b0 + b1a−ϕ(ξ) + b2a−2ϕ(ξ) + ...+ bna−mϕ(ξ)
+

c0 + c1a
ϕ(ξ) + c2a

2ϕ(ξ) + ...+ cna
nϕ(ξ)

d0 + d1aϕ(ξ) + d2a2ϕ(ξ) + ...+ dnamϕ(ξ)
,

(4.5)

where ai, bj , ci and dj , (0 ≤ i ≤ n, 0 ≤ j ≤ m) are constants and ϕ (ξ) is the auxiliary ODE

defined by

ϕ′ (ξ) =
a−ϕ(ξ) + µaϕ(ξ) + λ

ln (a)
, (4.6)

where µ, λ are scalars, and a > 0, a ̸= 1 . The general solution of the auxiliary ODE is as

follows:

I. When λ2 − 4µ > 0, then ϕ (ξ) = loga

(

−λ−
√

λ2 − 4µ tanh
(

1
2

√

λ2 − 4µ (ξ + ϵ)


.

II. When λ2 −4µ < 0, then ϕ (ξ) = loga

(

−λ+
√

−λ2 + 4µ tan
(

1
2

√

−λ2 + 4µ (ξ + ϵ)


.

III. When λ2 − 4µ > 0 and µ = 0, thenϕ (ξ) = loga

(

λ
−1+cosh(λ(ξ+ϵ))+sinh(λ(ξ+ϵ))



.

IV. When λ2 − 4µ = 0, λ ̸= 0 and µ ̸= 0, thenϕ (ξ) = loga

(

−2−λ(ξ+ϵ)
2µ(ξ+ϵ)



.

V. When λ2 − 4µ = 0, λ = 0 and µ = 0, then ϕ (ξ) = loga (ξ + ϵ).

4.2. Implement on the coupled BE via newly MEFM

Consider Eq. (4.1) that describe the Boussinesq equations in (1+1)-dimension. By

plugging the wave transform

v (x, t) = V (ξ) , w (x, t) = W (ξ) , ξ = x− kt, (4.7)

to the Eq. (4.1), we have

V V ′ − kV ′ +W ′ = 0, (4.8)

WV ′ − kW ′ + VW ′ + V ′′′ = 0. (4.9)

Once integrating Eq. (4.8) with respect to ξ and setting the integration constant to zero,

we get

W =
2kV − V 2

2
. (4.10)

Replacing Eq. (4.10) into Eq. (4.9), we get

2V ′′ − V 3 + 3kV 2 − 2k2V = 0, (4.11)
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according to the balanced relationship between V ′′ and V 3, we get n = m + 1, choosing

m = 1 gives n = 2. Substituting the value of n and m into Eq. (4.5) yields

V (ξ) =
a0 + a1a

−ϕ(ξ) + a2a
−2ϕ(ξ)

b0 + b1a−ϕ(ξ)
+
c0 + c1a

ϕ(ξ) + c2a
2ϕ(ξ)

d0 + d1aϕ(ξ)
. (4.12)

Using Eq. (4.12) and its second derivative with Eq. (4.11), we gain the polynomial equation

of aϕ(ξ). After that, we obtain a set of algebraic equations from this polynomial by matching

the sum of the aϕ(ξ) coefficients with the same power to zero. By solving the system of

equations, we can obtain and study the following solutions.

Case 1. When a0 = b0

(

−λ+
√

∆


, a1 = − b0c0
d1

+ b1

(

−λ+
√

∆


, a2 = − b1c0
d1
, c2 =

−2d1µ, k =
√

∆, d0 = 0, c1 = 0, we get the following solutions:

v (x, t) =
√

∆



1 + tanh



1

2

(

x+ ϵ− t
√

∆
√

∆



, (4.13)

w (x, t) =
∆

1 + cosh
((

x+ ϵ− t
√

∆
√

∆
 , (4.14)

providing that ∆ = λ2 − 4µ > 0, λ ̸= 0, µ ̸= 0. Eqs. (4.13) and (4.14) are the kink type and

soliton surfaces as seen in Figure 4.1.

(a) The kink-type wave (b) The soliton surface

Figure 4.1. 3D and 2D graph of Eqs. (4.13) and (4.14) drawn when λ = 3, µ = 2, ϵ = 0.1.

Case 2. When a0 = b0

(

λ+ 2
√

∆


, a1 = b0



−2 − c0
d1

+
λ(λ+

√
∆)

µ



, a2 = − b0c0λ
2d1µ

, c2 = 2d1µ,

b1 = b0λ
2µ , k = 2

√
∆, d0 = 0, c1 = 0, we get the following singular solutions (see Figure 4.2):

v (x, t) = −
√

∆



coth
1

2

(

x− 2t
√

∆ + ϵ
√

∆ − 1

2

tanh



1

2

(

x− 2t
√

∆ + ϵ
√

∆



,

(4.15)
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w (x, t) = −2∆csch2


1

2

(

x− 2t
√

∆ + ϵ
√

∆



, (4.16)

providing that ∆ = λ2 − 4µ > 0, λ ̸= 0, µ ̸= 0.

(a) Singular solution to equation (??) (b) Singular solution to equation (??)

Figure 4.2. 3D and 2D graph of Eqs. (4.15) and (4.16) drawn when λ = 3, µ = 2, ϵ = 1.

Case 3. When a0 = b0k +

√
−b0

2(k2−8µ)√
2

, a1 = 1
4



b0

(

8 − 4c0
d1



+
√

2k
√

−b0
2(k2−8µ)
µ



, a2 =

− c0

√
−b0

2(k2−8µ)

2
√

2d1µ
, c2 = 2d1µ, d0 = 0, c1 = 0, b1 =

√
−b0

2(k2−8µ)

2
√

2µ
, λ =

√
−b0

2(k2−8µ)√
2b0

, we have

the following periodic singular solutions (see Figure 4.3):

v (x, t) = k +
√

2k csc



k (−kt+ x+ ϵ)√
2



, (4.17)

w (x, t) = −1

4
k2


1 + cot4


k (−kt+ x+ ϵ)

2
√

2



tan2


k (−kt+ x+ ϵ)

2
√

2



. (4.18)
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(a) Periodic singular solution to equation (4.17) (b) Periodic singular solution to equation (4.18)

Figure 4.3. 3D and 2D graph of Eqs. (4.17) and (4.18) drawn when ϵ = 0.1, k = 1.

Case 4. When a1 = b1k +
√

b1
2 (k2 + 4µ), a2 = 2b1, c1 = −a0d0

b1
, c2 = −a0d1

b1
, λ =√

b1
2(k2+4µ)
b1 , c0 = 0, b0 = 0, we can construct and study the following solutions:

Solution 1. In case λ2 − 4µ > 0, µ ̸= 0, λ ̸= 0, we get

v (x, t) =
e

1
2
k(−kt+x+ϵ)k



b1k +
√

b1
2 (k2 + 4µ)



√

b1
2 (k2 + 4µ) cosh

(

1
2k (−kt+ x+ ϵ)



+ b1k sinh
(

1
2k (−kt+ x+ ϵ)


,

(4.19)

w (x, t) =
2b1

2k2µ


√

b1
2 (k2 + 4µ) cosh

(

1
2k (−kt+ x+ ϵ)



+ b1k sinh
(

1
2k (−kt+ x+ ϵ)



2 .

(4.20)

Eqs. (4.19) and (4.20) are the kink type and soliton surfaces solutions of Eq. (4.1) as seen

in Figure 4.4.
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(a) The kink-type wave (b) The soliton surface

Figure 4.4. 3D and 2D graph of Eqs. (4.19) and (4.20) drawn when µ = 2, ϵ = 0.1, k = 1, b1 = 0.1.

Solution 2. In case λ2 − 4µ > 0, µ = 0, λ ̸= 0, we gain

v (x, t) = k



1 + coth



1

2
k (−kt+ x+ ϵ)



, (4.21)

w (x, t) = − 2k2e

√
b1

2k2(kt+x+ϵ)

b1



e
k
√

b1
2k2t

b1 − e

√
b1

2k2(x+ϵ)

b1





2 . (4.22)

Eqs. (4.21) and (4.22) are the singular solutions of Eq. (4.1) and represented graphically

as shown in Figure 4.5.

(a) Singular solution to Eq. (4.21) (b) Singular solution to Eq. (4.22)

Figure 4.5. 3D and 2D graph of Eqs. (4.21) and (4.22) drawn when µ = 0, ϵ = 0.1, k = 1, b1 = 0.1.

Case 5. When c0 = −a2d1
b1
, c1 = −d1(a1+(1−i

√
2)b1λ)

b1
, c2 = −a0d1

b1
− 3d1λ2

2 , k = i
√

2λ, µ =
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3λ2

4 , d0 = 0, b0 = 0 and λ2 − 4µ < 0, we can construct the below solutions

v (x, t) =
√

2λ



i − tan



(x+ ϵ)λ√
2

+ itλ2


, (4.23)

w (x, t) = −λ2sec2


(x+ ϵ)λ√
2

− itλ2


. (4.24)

These are complex solutions to the studied equations as shown in Figure 4.6 and Figure 4.7.

(a) Real wave solution (b) Imaginary wave solution

Figure 4.6. 3D and 2D graph of Eq. (4.23) drawn when λ = 1, ϵ = 0.1, k = 1.

(a) Real wave solution (b) Imaginary wave solution

Figure 4.7. 3D and 2D graph of Eq. (4.24) drawn when λ = 1, ϵ = 0.1, k = 1.

4.3. Numerical Solutions

In this portion of work, we study the numerical solutions of Eq. (4.1) by using the

Adomian decomposition scheme. Consider the (1+1)- dimensional Boussinesq equations in

86



Eq. (4.1), and rewrite it as below

Lv = −wx − v vx (4.25)

Lw = − (wvx + wxv + vxxx) , (4.26)

where L = ∂
∂t . Now from Eqs. (4.13) and (4.14), one can find initial conditions that cover

the Egs. (4.25) and (4.26) as shown below

v (x, 0) =
√

∆



1 + tanh



1

2
(x+ ϵ)

√
∆



, (4.27)

w (x, 0) =
λ2 − 4µ

1 + cosh
(

(x+ ϵ)
√

∆
 . (4.28)

Defining the inverse operator L−1 (∗) =
t
∫

0
(∗) dt and applying it on Eqs. (4.25) and (4.26),

we have

v = −
t
∫

0

(wx + v vx)dt, (4.29)

w = −
t
∫

0

(wvx + wxv + vxxx) dt. (4.30)

Using Eqs. (4.27) and (4.28), and applying on Eqs. (4.29) and (4.30), we have

v =
√

∆



1 + tanh



1

2
(x+ ϵ)

√
∆



− L−1 (wx) − L−1 (v vx) , (4.31)

w =
∆

1 + cosh
(

(x+ ϵ)
√

∆
 −

(

L−1wvx + L−1wxv + L−1vxxx


. (4.32)

The solution of Eqs. (4.31) and (4.32) is defined as an infinite series, and the nonlinear

terms are defined as below

Ai =
i
∑

k=0

vkvi−k, Bi =
i
∑

k=0

wkv
′
i−k, Ci =

i
∑

k=0

w′
kvi−k, ∀i = 0, 1, 2, ..., n (4.33)

where Ai, Bi, Ci are the Adomian polynomial of vk, wk. Plugging Eq. (4.33) into Eqs. (4.31)

and (4.32), the first-two terms of solutions can be written as follows

v0 =
√

∆



1 + tanh



1

2
(x+ ϵ)

√
∆



, (4.34)

w0 =
λ2 − 4µ

1 + cosh
(

(x+ ϵ)
√

∆
 , (4.35)
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Table 4.1. Analytical and numerical solutions of v(x, t) for the Eq. (4.1) and its absolute errors when λ = 3, µ =
2, ϵ = 0, and t = 0.1 under Eq. (4.13)

xi Exact Solution Numerical solution Absolute Error
0.01 0.9550303504 0.954955901 7.44484 × 10−5

0.02 0.9600213196 0.959960033 6.12866 × 10−5

0.03 0.9650142846 0.964966309 4.79749 × 10−5

0.04 0.9700089967 0.969974480 3.45162 × 10−5

0.05 0.9750052070 0.974984293 2.09135 × 10−5

0.06 0.9800026662 0.979995496 7.1697 × 10−6

0.07 0.9850011248 0.985007836 6.7119 × 10−6

0.08 0.9900003333 0.990021061 2.07283 × 10−5

0.09 0.9950000416 0.995034917 3.48762 × 10−5

v1 = −1

2
t∆3/2sech2



1

2

√
∆ (x+ ϵ)



, (4.36)

w0 = 4t∆2csch3
(√

∆ (x+ ϵ)


sinh4


1

2

√
∆ (x+ ϵ)



, (4.37)

and in general forms, we have

vk+1 = −
(

L−1 (w′
k

)

+ L−1 (v v′
k

)



, ∀k = 1, 2, 3, ... (4.38)

wk+1 = −
(

L−1wv′
k + L−1w′

kv + L−1v′′′
k



. ∀k = 1, 2, 3, .. (4.39)

The findings are presented and discussed graphically and numerically as shown in Figure

4.8 and tables (4.1) and (4.2).
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(a) Exact and numerical solution of v(x, t)
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(b) Exact and numerical solution of w(x, t)

Figure 4.8. 2D graph of exact solutions under Eqs. (4.13), (4.14) and corresponding numerical solutions of Eq.
(4.1) plotted when λ = 3, µ = 2, ϵ = 0.
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Table 4.2. Analytical and numerical solutions of w(x, t) for the Eq. (4.1) and its absolute errors when λ = 3, µ =
2, ϵ = 0, and t = 0.1 under Eq. (4.14)

xi Exact Solution Numerical solution Absolut Error
0.01 0.4989888653 0.5002974576 1.3085923 × 10−3

0.02 0.4992008525 0.5005245744 1.3237219 × 10−3

0.03 0.4993879998 0.5007265680 1.3385682 × 10−3

0.04 0.4995502698 0.5009033929 1.3531231 × 10−3

0.05 0.4996876301 0.5010550088 1.3673786 × 10−3

0.06 0.4998000533 0.5011813804 1.3813270 × 10−3

0.07 0.4998875168 0.5012824775 1.3949606 × 10−3

0.08 0.4999500033 0.5013582752 1.4082719 × 10−3

0.09 0.4999875002 0.5014087537 1.4212535 × 10−3

4.4. Linear Stability Analysis to the coupled Boussinesq equation

In this section, the notion of linear stability analysis will be used to explore and study the

stability analysis of the coupled Boussinesq equation. Assume that the perturbed solutions

have the forms [97]:

v (x, t) = a1 + a2 V (x, t) , (4.40)

w (x, t) = b1 + b2W (x, t) , (4.41)

where a1, b1 describe the steady-state solutions for Eq. (4.1) and a2, b2 are constants.

Putting Eqs. (4.40) and (4.41) into Eq. (4.1) and making the linearization, the results

yield:

a2Vt + a1a2Vx + b2Wx = 0, (4.42)

b2Wt + a2b1Vx + a1b2Wx + a2Vxxx = 0. (4.43)

Now, let the solutions of Eqs. (4.42) and (4.43) have the following functions:

V (x, t) = ϵ1ei(kx+Ωt), (4.44)

W (x, t) = ϵ2ei(kx+Ωt), (4.45)

here k symbolizes the normalized wave number. Inserting the above equations into Eqs.

(4.42) and (4.43), we obtain

a1a2kϵ1 + b2kϵ2 + a2ϵ1Ω = 0, (4.46)

a2k
(

k2 − b1



ϵ1 − b2ϵ2 (a1k + Ω) = 0. (4.47)
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Collecting the terms of Eqs. (4.46) and (4.47) according to ϵ1, ϵ2, we set up





a1a2k + a2Ω b2k

a2k
(

k2 − b1



− b2 (a1k + Ω)









ϵ1

ϵ2



 =





0

0



 . (4.48)

Evaluating the determinant of Eq. (4.48), the result gives

−a2b2

(

a1
2k2 − b1k

2 + k4 + 2a1kΩ + Ω2


= 0. (4.49)

Finding the solution of Eq. (4.49) for Ω, the outcome yields:

Ω (k) = −a1k ∓
√

b1k2 − k4 = −a1k ∓ i
√

k4 − b1k2, (4.50)

due to this result, we investigate the linear stability of coupled Boussinesq equations that

is dependent on the values of steady-state parameters a1, b1. From equation (4.50), we

observe that the real part will be negative in condition k > 0, therefore the dispersion is

unstable while the situation will become stable when k < 0 as well as it occurs if a1 < 0.

In the case, a1 = 0 the dispersion is called marginally stable, which is occur when the real

part is equal to zero. In Figure 4.9, the effect of parameters a1 and b1 that describes the

steady-state solutions is presented.
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Figure 4.9. Frequency of the perturbation vs wave number.

4.5. Results and discussion

In this work, we are newly extended the MEFM to analyze and study some new solutions

for partial differential equations. Applying this newly modified method on the studied

equations leads to the new solutions, as well as gives us a more exact solutions, too. We

have successfully applied this newly modified method to couple Boussinesq equation, and

the results lead to new the solutions. The MEFM has been successfully implemented to the
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couple Boussinesq equation in Ref. [48], and two cases of the solutions are revealed. In this

paper, the solutions observed in Eqs. (4.13), (4.14), (4.15), (4.16), and Eqs. (4.21), (4.22)

are the same, but the solutions constructed in Eqs. (4.17), (4.18), and complex solutions

(4.23), (4.24) are novel and successfully constructed via this method. This approach is

straightforward, reliable, and easy-to-use as a mathematical tool that can be applied to

other nonlinear models or nonlinear partial differential equations to study and depict real

and complex solutions.
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❈♦♥❝❧✉s✐♦♥

In this thesis, we have focused on the study several types of partial differential

equations like the (2+1)-dimensional Bogoyavlenskii–Schieff equation, the extended

(2+1)-dimensional shallow water wave model, the (2+1)-dimensional Bogoyavlenskii’s

generalized breaking soliton equation, the (2+1)-dimensional Date-Jimbo-Kashiwara-Miwa

equation, the (2+1)-dimensional Bogoyavlensky-Konopelchenko equation, the

(2+1)-dimensional Korteweg-De Vries equation with the extension of time-dependent

coefficients, the (3+1)-dimensional generalized Kadomtsev-Petviashvili equation, and the

(1+1)-dimensional Boussinesq equations. In this study, the simplified Hirota’s method, a

long wave method, computational method, newly modified expansion function method,

and the Adomian decomposition technique are utilized.

Several partial differential equations including those with constant coefficients have

been studied, for example, multiple soliton waves, lump waves, M-lump waves, and several

interesting physical interactions for Bogoyavlenskii–Schieff equation have been

constructed. For the extended shallow water wave model N-soliton waves, complex

N-soliton waves, fusion soliton solutions, lump waves, interaction waves between one-lump

and solitary waves, and periodic lump solutions have been revealed. To study

Bogoyavlenskii’s generalized breaking soliton equation, we focus on Hirota’s and a long

wave method to obtain multi-soliton waves, fusion solutions, M-lump waves, and several

interesting physical collision solutions. The simplified Hirota’s and a long wave method

are applied on Bogoyavlenskii’s generalized breaking soliton equation to report N-soliton

waves, fusion waves, M-lump waves, and physical interactions phenomena. To investigate

the Date-Jimbo-Kashiwara-Miwa equation, we have used two suggested methods to derive

N-soliton waves, rational solutions, and interaction phenomena between one-M-lump wave

and solitary waves. Complex multi-soliton waves, rational solutions, lump waves, and

several interactions solutions such as mixed one-soliton-M-lump, mixed

two-soliton-M-lump wave, and one-soliton-two-M-lump wave have been constructed for the

Bogoyavlensky-Konopelchenko equation. Also, the (2+1)-dimensional KdV equation with

time-variable and (3+1)-dimensional generalized KP equation are investigated. For the

KdV equation, a class of lump waves, interaction physical phenomena solutions, and

complex N-soliton solutions are explored. Dynamical features such as M-lump waves and

mixed solutions through M-lump waves and N-soliton waves are revealed for the

generalized KP equation.

Besides this, we newly extend the modified expansion function method in order to

explore novel wave solutions for partial differential equations. This newly modified

method provides us with novel and more exact solutions compared to the modified

expansion function method. For this purpose, a newly modified method is applied to

Boussinesq equations. Numerical solutions are presented successfully via tables and

figures. Moreover, stability analysis of Boussinesq equations is also studied.
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