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ABSTRACT

NIJENHUIS TENSOR OF ALMOST COMPLEX STRUCTURE

Ahmed Thamer ABD ALI
Master of Science in Mathematics
Advisor: Assoc.Prof. Dr. Ufuk OZTURK
Co-Advisor: Asst. Prof. Dr. Ali Abdulmajeed SHIHAB
August 2022

In the work complex structures are considered, we construct two bases: RA-basis and
A-basis. We also define an almost complex structure and its associated G-structure. We
define locally the Nijenhuis tensor of an almost complex structure, prove that this tensor

is defined globally, and obtain an explicit expression for this tensor.

2022, 46 pages
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Nijenhuis Tensor.



OZET

NEREDEYSE KARMASIK YAPILI NIJENHUIS TENSORU

Ahmed Thamer ABD ALI
Matematik, Yuksek Lisans
Tez Damismani: Dog. Dr. Ufuk OZTURK
Es Damigman: Dr. Ogr. Uyesi Ali Abdulmajeed SHIHAB
Agustos 2022

Calismada karmasik yapilar goz o6niinde bulundurulur, iki temel olustururuz: RA-temeli
ve A-temeli. Ayrica, neredeyse karmasik bir yapt ve onunla iligkili G-yapisini
tanimliyoruz. Neredeyse karmasik bir yapinin Nijenhuis tensoriinii yerel olarak
tanimliyoruz, bu tensorlin global olarak tanimlandigini kanithyoruz ve bu tensor igin

acik bir ifade elde ediyoruz.
2022, 46 sayfa

Anahtar Kelimeler: Iliskili G Yapisi, Karmasik Yapi, Neredeyse Karmasik Yapu,

Nijenhuis Tensord.
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1. INTRODUCTION

Complex manifolds are one of the most remarkable mathematical objects studied
intensively both in differential geometry and in algebraic geometry, the theory of Lie
groups and homogeneous spaces, topology, the theory of differential operators, and
mathematical physics. The almost complex structure was first considered by Ehresmann
and Hopf in 1940. Complex and almost complex manifolds are introductory to
Kahlerian manifolds. Kahler manifolds were first defined in 1933 (Kéhler 1933). Their
significance for algebraic geometry became clear after the publication of Hodge's work,
the results of which were subsequently combined in the book (Al-Dulaimi et al. 2022).
These works basically determined the direction of research on Kahlerian manifolds for
many years. The flow of research into the geometry and topology of Kahlerian

manifolds continues unabated even in our time.

Our work is devoted to the study of the Nijenhuis tensor of almost complex manifolds
and is structured as follows. In Section 2, we consider complex structures, the
complexification of a linear space, and introduce the concept of linearity extension. We
give the definition of a complex structure, build two bases: RA-basis and A-basis. In
Section 3 we define an almost complex structure and its adjoint G-structure. In Section
4, we define the Nijenhuis tensor of an almost complex structure, prove that this tensor
is defined globally, and obtain an explicit expression for this tensor.



2. COMPLEX STRUCTURES
2.1 Tensor Products of Modules

Let A and B be modules over a commutative associative ring K with identity. Consider
a free Abelian group A o B whose set of generators is the set of all symbols of the form
aob;a € A b € B. Its elements are all formal (finite) sums of such symbols, i.e. entries
of the form a; o by + -+ + ay o by; N € N. Consider its subgroup S c A o B generated
by elements of the form (a'+a'’)eb—a'ocb—a" ob,ac(b’'+b")—acbh'—ao
b",(aa) ob —ac (ab); a € K. Consider an Abelian group AQ B =A°B/S. Its
elements are finite formal sums of symbols of the form a @ b= (aeb) +S. It
naturally introduces the structure of a K-module with the outer composition operation
aTh,a; Q@ b) =Y (aa) ® bi(= XL b; ® (aa;)). This K-module is called the
tensor product of K-models A and B (Kobayashi and Nomizu 1969).

Remark 2.1 If A and B have a module structure over some ring K,, then A Q B
obviously also has a natural K,-module structure. In particular, if A is an algebra, then

A &® B has the natural A-module structure.
2.2 Complexification of Linear Space

Let, in particular, A = C be the field of complex numbers and B =V be an R-linear
space. Then the C-linear space (C-module) € ® V is denoted by V¢ and is called the
complexification of the linear space V. Its elements are entries of the form

YN 1z ®Xy; z, € C, X, €V, N is an arbitrary natural number. The sum of two such
elements ZZ;I 7, ®X; and Zgil Zp ®Xyis zﬁilzkaoxk + Zgilzp®xp, and the product

of the element Z',Z;l 7, ®X,, by the complex number z € C is written as Z’,f;l(zzk)®Xk.

In a C-linear space V¢, a mapping 7: V¢ — V¢ is canonically defined, acting by the

formula T(Z’,gil zk®Xk) = ZZ;15®X,€, where z — Z is the usual complex conjugation



in the field of complex numbers. It is directly verified that t is an involutive anti-

automorphism of a C-linear space V¢, i.e., bijection with the properties
Dt?2=id; 2)T1(X+Y) =1X) + t(Y); 3) t(zX) = zt(X);z€ C,X,Y € V. (2.1)
It is called the complex conjugation operator.

Note that V naturally admits an embedding of j in V¢ by means of the identification
X=jX)=1@X; X € V. At the same time, 7(X) = 1(1®X) = 1®X = X. Moreover,
T(legil Zk®Xk) = Z;Z;lzk®xk (=4 Zy = Z(k = 1, ,N) (= Zy = Xk S R, and henCe

Zgilzk®Xk = 1]3;1 xk(1®Xk) = lellil kak € V ThIS prOVGS

Proposition 2.1 LetY = Z’,Z;lzk®xk € V€. Then, taking into account the accepted

identification, Y e V & t(Y) =Y.

Note that if V is an n-dimensional R-linear space, then V¢ is an n-dimensional C-linear
space. Moreover, if b = {ey, ..., e, } is a basis of the R-linear space V, then under the
above canonical identification of the elements e, € V with the elements 1 ® e, € V¢,
the set b is also a basis of the C-linear space V¢. This easily follows from a more

general fact of independent interest (Efimov and Rozendorn 1975):

Proposition 2.2 Let {e,, ..., e, } be a basis of a real linear space V, {¢,, ..., &,} be a basis
of an R-linear space W. Then {e; ® ¢,1i = 1,...,n;a =1,...,m} is a basis of the R-

linear space VQW.

Indeed, this Proposition implies that the elements {1 ® e, V-1 ® exlk = 1,...,n}
form a basis of the R-linear space V¢, whence it easily follows that the first n elements

of this basis form a basis for V¢ as a C-linear space.



Any operator f:V — V canonically defines a C-linear mapping f¢ = id ® f:V¢ - V¢
by the formula f¢(Zi=1 2 ® X)) = Zk=1 21 ® £ (Xi).

Obviously, in view of the indicated identification, fC|N = f, which is why the mapping

£ is called the linear extension of the operator f.

Proposition 2.3 A C-linear operator F: V¢ — V¢ is a linear extension of some R-linear

operator f:V = Vifandonlyifto F =F o1,

Proof. Indeed, if F=f¢, then 1o FCN.12, @ X)) =2XN_1Z, @ f(X,) =F o
t(X¥_1 z, ® X,), which implies that T o F = F o 7. Conversely, if this relation holds,
thento F(1®X)=Fo1(1Q®X) =F(1 ® X),X €V, and, by virtue of Proposition
2.1, the restriction f = F|, of the operator F on V by the formula 1 ® f(X) =
F(1® X) . Obviously, in this case F(QXN_1zx @ X,) =30 1F(z, ® Xp) =

h=12kFA @ X)) = i ze(1 @ fF (X)) = Zhea 2k @ fF(Xi) = fE(Ekar 2 ® Xi),

and hence F = f¢.

The following assertion is proved in exactly the same way:

Proposition 2.4 An r-aryC-linear mapping T: V¢ x ... x V¢ - V¢ is a linear extension
of an r-aryR-linear mapping T:V X ..xXV -V if and only if toT(Xy,..,X,) =

T(tXq, .., 7X,); X1, ..., X, € VE.

One can give another definition of complexification that is equivalent to the one given.

Let V be an R-linear space. Let us introduce the following operations in the set V x V:

1) Addition. If X; = (4,,B,),X, = (4,,B,) are elements from V x V, then the pair
(A, + A,, By + B,) is called their sum and denoted by X; + X,.



2) Multiplication by a complex number. If X = (4,B) eV XV, z=a+V-1B €C,
then we set zX = (aa — Bb, ab + Ba). We call an element zX the product of a complex

number z and an element X.

It is directly verified that this introduces in the set V x V the structure of a C-linear
space V¢, which is naturally isomorphic to the C-linear space V¢. The natural
isomorphism @: V¢ - V¢ assigns to the element Y3_; () + V—15;)X, € V¢ the pair
(A,B) e V¢, where A=YN_,a,X,,B =YN_, BxX,. Under this isomorphism, the
above-described embedding j: V < V¢ corresponds to the embedding j: V < V¢ defined
by the formula j(X) = (X,0);X €V , the operator t of complex conjugation
corresponds to the operator #:V¢— V¢ defined by the formula #(X,Y) =
(X,=Y);X,Y €V, and the C-linear operator f¢ = id ® f is C-linear operator j¢: V¢ c
V¢ defined by FE(X,Y) = (fX, fY);X,Y € V.

2.3 Complex Structures

Let V be a complex linear space. It can, in particular, be considered as a real linear
space VR (Called the reification of the space V) in which an R-linear endomorphism
Jo:VE > VR is given, defined by the formula J,(X) =+v—-1X;X € VR . This
endomorphism allows us to completely restore the structure of a complex linear space to
V. Namely, if z=a ++vV-1B € C,X €V, then zX = aX + BJ,(X). Moreover, it is

obvious that the endomorphism J, is anti-involutive, i.e., J = —id.

Let V be a real linear space.

Definition 2.1 A complex structure in V is an endomorphism J:V — V such that J2 =
—id. In other words, a complex structure is an anti-involutive automorphism of a real

linear space.



The fixation of a complex structure in V canonically determines in V the structure of a

complex linear space (i.e. a C-module). Indeed, if X € V,z = a + V-1 € C, then we

set
zX = aX + B(X). (2.2)

It is directly verified that in this case all 8 axioms of a C-linear space are satisfied,
which we will denote by the same symbol V. Obviously, V as an R-linear space is its

reification VR,

Let the dimension dim¢V of a linear space V as a complex space be equal to n, and let
{e4, ..., e, } be the basis of this space. Let X € V. Then X = z*e,, where z* = a* +
V=1B%€ C;k =1,...,n. Taking into account (1.2), X = a*e, + f¥(Je,), i.e. any
vector X € VR is represented as a linear combination of vectors ey, ..., e,,Jey, ..., Je.
On the other hand, let A%e, + p*je, = 0,24%, u¥ € R. Then, due to (1.2), (2* +
J—_luk)ek =0, and due to C-linear independence of the vectors ey, ...,e,, A% +
V—=1p¥ = 0, which means that A* = y* = 0;k = 1,...,n. Therefore, the vectors
{es,...,en Jeq, ..., ] e, } form a basis of the space V as an R-linear space (that is, a basis

of the space VR). Such a basis is called a real-adapted complex structure, in short, an
RA-basis.

Remark 2.2 Obviously, any complex structure is defined in the RA-basis by a matrix of

the form

; 0 -I

1) = ). 2.3
=0, ) 23)
As a simple but important corollary, we get the following

Proposition 2.5 A finite-dimensional real linear space admits a complex structure if and

only if it is even-dimensional.



Proof. Since the RA-basis contains an even number of vectors, the space that admits a
complex structure is necessarily even-dimensional. Conversely, let V be a 2n-
dimensional real linear space. We fix an arbitrary basis {e4, ..., e,,} in it. Then the
endomorphism J of the space V, defined in this basis by the matrix (2.3), is obviously a

complex structure.

Let / be a complex structure in an R-linear space V. Consider the endomorphism

o: V¢ - V¢ defined by the formula o = %(id —V/=1J¢). Obviously, 62 = 0,i.e.c isa

projector. The projector & complementary to it is defined by the formula & =

%(id+\/—1jc). In what follows, with a liberty of speech, we will denote the
endomorphism J¢ simply by /. Note that J o o = %(] ++/-1id) = ?(id —V-1j) =

v—1a, and hence Imo c D]‘/‘_l. (Here and in what follows, we denote by D# the proper

subspace of the endomorphism F corresponding to the eigenvalue A).

Conversely, if X € D)™, then X = %(X —V=1JX) = %(ZX) = X, in particular, X €
Imo. Thus ImImo = D]‘/‘_l. Similarly, Im Imé& = D]‘*/‘_l. Since X¢(M) = D}/‘_l D

D,‘m, we get:

Theorem 2.1 The linear space V¢ decomposes into a direct sum of eigenspaces of the

endomorphism J corresponding to the eigenvalues vV—1and —/—1, i.e. V¢ = D]‘/‘_1 @
D]“/‘_l, and the endomorphisms ¢ and & are projections onto the subspaces D}/‘_l and

D ]‘m, respectively.
Moreover, it is true

Theorem 2.2 The specification of a complex structure on an R-linear space V is
equivalent to splitting V¢ into a direct sum of two complex conjugate subspaces serving

as proper subspaces of this complex structure.



Proof. Necessity follows from Theorem 2.1. Let now V¢ =D @ tD. Then VX €
Ve = X=X, +X,; X, €D, X, € tD. We construct an endomorphism J: V¢ — V¢
by setting J(X) =+v—1(X; —X,) . Obviously, 7(X) = t(X;) + t(X,) , moreover,
7(X,) € TD,t(X,) € D. Therefore (J o 7)(X) = V—1(z(X;) —t(X;)). On the other
hand, due to the antilinearity of the operator t, (z o J)(X) = —V—-1(t(X) — 1(X3)) =
V—=1(tX, — tX;). Thus, J ot = 70 J. By Proposition 2.3 J = J¢ for some R-linear
endomorphism J:V — V. Obviously, J? = —id, in particular, J> = —id, i.e. J is a
complex structure on V. If X € D, then X = X;, and hence J(X) = V—1X, = V—1X.
Therefore, D c D]‘/‘_1 . Conversely, if X € D]‘/‘_1 , then V=1(X; - X,) =JX) =
V—1X = V=1(X; + X,), whence X, = 0, and hence X € D. Therefore, D]‘/‘_1 cD,ie.

D/~ = D. Similarly, D;¥=* = 7D.
Lemma 2.1 In the introduced notation, 1) ted =G o1, 2)ToGd =0 o T.

Proof. Taking into account the antilinearity of the mapping t and using Proposition 2.3,
we have: 7o 0(X) = 7(X = V=1JX) = > (X + V=Tt o JX) == (X +V=1] o X) =

go1(X); X eVC.
These condrelation is proved similarly.
V-1 1

Theorem 2.3 The maps ol,:V - Dy™" and al,:V - D]‘*/‘_ are, respectively, an

isomorphism and an anti-isomorphism of C-linear spaces.

Proof. The additivity of the mappings o|, and &|, is obvious. Let now z = a +
V=1B €C,X€V. As already seen, goJ =Jog =+—10,50] =]Jod = —/—10.
Therefore o(zX) = o(aX + BJX) = acX + fV—10X = z(cX) . Similarly, 5(zX) =
z(6X), and thus the mappings o|, and &|, are, respectively, a homomorphism and an

antihomomaorphism of C-linear spaces.



Let 3 X € Vand 6X = 0. Applying the operator t to both parts of this identity, taking
into account Lemma 2.1 and Proposition 2.1, we obtain that X = 0, and hence X =
oX + X = 0. Therefore, kera|, = {0}. Similarly, kera|, = {0}, i.e. o and G are

monomorphism and antimonomorphism, respectively.

Let, finally, X € D]‘/‘_l. Consider the vector Y = X + tX. By Proposition 2.1, Y € V. On
the other hand, since X € Imo = ker g, in view of Lemma 2.1 we have Y = oX +
(t00)X = X + (t0 &)X = X. Similarly, if X € D;V=1, then &Y = X, and thus |, and

a|y are an epimorphism and an anti-epimorphism, respectively.

Let, in particular, V be a real R-linear space, dimV = 2n, and let b = {ey, ..., e,,,} be its
basis as a C-module. Consider a system of vectors b, = {¢4, ..., &y, €7, ..., €4}, Where

e, =0(ey), e =3a(ey);a=1,..,n. By virtue of Theorem 2.3, the vectors {¢,, ..., &, }
form the basis of the C-linear space DF, and the vectors {e3, ..., €5} form the basis of

the C-linear space D]“/‘_1 and, by virtue of Lemma 2.1 and Proposition 2.1, te, =

(too)e, =(GoT)e, = Te, = €.

Moreover, by virtue of Theorem 2.1, the system of vectors b, forms a basis of the space

V¢, characterized by the fact that the endomorphism matrix J in this basis has the form

i _ (V-1I, 0
(]]) - ( 0 _\/_—1171)’ (24)

Such a basis is called an adapted complex structure, in short, an A-basis.

Conclusion. Fixing the complex structure J in the 2n-dimensional real linear space V¥
induces the assignment of the structure of the n-dimensional complex linear space Vin

VR, Each basis b = {e, ..., 5, } Of the space V canonically induces two bases:



1) RA-basis bg, = {ey, ..., e,,Je1, ..., Je,} Of the space VR. Of course, taking into
account the canonical identification X = 1 @ X, this basis can also be considered as a

basis of the C-linear space (V®)¢.

2) A-basis by = {&, ..., €, €7, ..., €5} Of the C-linear space (VR)¢.

Let now b = {ey, ...,e,} and b = {&,, ..., é,} be two bases of the space V, C = C,; =
(cp) be the transition matrix from the basis b to basis b,C =A++—1B, where A =
(ap) and B = (By) are the real and imaginary parts of the matrix C, respectively. Since,
taking into account (2.1), &, = cte, = ale, + B2 (Je,) , we have: Jé, = alje, +

BlJ2e, = —fle, + alje,, which means

A -B
Corabra = (B A ) (2.5)
Further, &, =0(é,) =o(cle,) =clo(e,) =cle,; &, =0a(6,) =a(cle,) =
c2a(e,) = cle;, and hence
c 0
Coia = (g ¢) (2.6)

Obviously, both matrices Cy, 5., and Cp_j, can be treated as matrices of the same

endomorphism of the linear space (VR®)¢, namely, the endomorphism f¢, where f is the
endomorphism space VR, considered as an endomorphism of the space V, taking the

basis b to the basis b. In particular,

olet(‘];1 _AB)zdet(g 2_)=|det6|2. 2.7

An important consequence of this relation is

10



Proposition 2.6 The fixation of a complex structure in an R-linear space V& canonically
determines the orientation of this space. It consists of bases oriented in the same way as

any RA-basis.

11



3. ALMOST COMPLEX STRUCTURES AND THE ASSOCIATED G-
STRUCTURE

Definition 3.1 An almost complex structure on a manifold M is an anti-involutive
endomorphism of a module X (M), i.e., C*(M)-linear map J: X (M) — X (M) such that
J? = —id. The endomorphism J is also called a structural endomorphism. A manifold
on which an almost complex structure is fixed is called an almost complex manifold. A
diffeomorphism f: M; — M, of an almost complex manifold (M;,/;) onto an almost

complex manifold (M, J,) is called a holomorphic diffeomorphism if f, o J; =], o f..

It is obvious that an almost complex structure can be considered as a complex structure
of the module X' (M) considered as an R-linear space. As we have seen, the structure of
a C-linear space is naturally induced on this linear space, and hence the structure of a
C @ C”(M)-module, i.e., module over the ring of smooth complex-valued functions on
the manifold M. The smoothness of such a function is understood as the smoothness of
its real and imaginary parts. For a better understanding of this structure, it is convenient
to use the alternative definition of € @ C*(M) as a complexification of the R-linear
space C® (M), according to € ® C®(M) = C®(M) x C*(M). If (f,g) = f +V—-1g €
C ® C*(M),X € X (M), then by definition (f +vV—19)X = fX + g(UX).

Let J be an almost complex structure on a manifold M. It induces complex structures
Jm: T (M) - T,,(M) at every point m € M. In view of Proposition 2.5, the space
T,,(M), and hence the manifold M itself, are even-dimensional. Let dim M = 2n. The

number n is called the complex dimension of the manifold M.

Theorem 3.1 Defining an almost complex structure on a smooth manifold M2" is
equivalent to defining a G-structure on this manifold with the structure group G =
GLR(n,C).

Proof. Let J be an almost complex structure on a manifold M. Then, at each point m €

M, a family R,,, of frames of the space T, (M), considered as an n-dimensional C-linear

12



space, is defined. It follows from the definition of the frame that the group GL(n, C) acts

freely and transitively in each such family.

Lemma 3.1 In some neighborhood U of an arbitrary point m € M, one can construct a
family of vector fields {e?, ..., e2} on U that form a basis of the module X'(U) asa C ®
C*(U)-module.

Proof. We fix some RA-frame p = {&,, ..., &0 Jmé1s - r Jmén} at the point m. As we
know, the system of vectors &, can be extended to the system of vector fields el (k =
1,...,m) on M. In this case, the system of vectors J,,,¢, can be extended to the system of
vector fields Je?. Since the linear independence of the vectors of the frame p is
equivalent to the inequality zero of the determinant of the transition matrix from the
natural basis at the point m to the basic part of the frame p, this property is preserved in
some neighborhood U of the point m and for some vector fields {e?, ..., e2,Je?, ..., Jed}.
But then, obviously, the system {e?, ..., e2} of vector fields on U will be € ® C*(U)-
linearly independent, and hence forms a basis of the € @ C* (U)-module X (U).

We continue the proof of the theorem. Denote R = U,,en Rin, @nd introduce the natural
projection m: R — M that maps the frame p € R to its vertex. Now we can construct the
mapping F,:w~1(U) - GL(n, C) by setting F;(p) = g, where g is the transition matrix
from the frame (m, e?|,,, ..., e2|,,) to the frame p. It is easy to see that the quadruple
B;(M) = (R,M,n,G = GL(n, C)) forms a principal bundle. This principal bundle can
be regarded as a G-structure with respect to the monomorphism(£, 5) of the principal
bundle B;(M) into the principal bundle B(M), where f:R — BM is the mapping that
associates the frame (m, e, ..., e,,;) of the space T,,,(M) as a C-module corresponding to
the RA-frame, and 5:GL(n,C) —» GL(2n, R) is the canonical monomorphism of Lie

groups corresponding to the matrix C = A+ +V—1B € GL(n,C) the matrix p(C) =

(A —-B

B A ) whose image is the Lie group GLR(n, C).
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Conversely, let (R, M,m, GLR(n, C)) be a G-structure of this type on M. Let J, be the
standard complex structure in the space R?™ given by a matrix of the form (2.3). Let
m € M be an arbitrary point. In the space T,,,(M), we define an endomorphism J,,, by
the formula J,, = p o J, e p~%; p € m~1(m). Obviously, j2 = —id, i.e. J,,, is a complex
structure on T,,(M). Let us show that it is well defined in the sense of being
independent of the choice of the element p € m~1(m). Indeed, if € =~ (m) is another
such element, then 3h € GLR(n,C)and p = ph. Therefore, poJyop~t = (ph)oJ, o
(ph) t=po(hoJyoh™opt=poJyopt=],, since the group GLE(n,C) is
obviously the invariance group of the endomorphism J,, i.e., hj, = Joh; h € GLR(n, ©),

which is verified directly.

We show that it is defined correctly in the sense of independence from the choice of the
element p € m~1(m). In fact, if p € w~1(m) is another such element, then 3h €
GLR(n,€) and p=ph . Therefore, Pooep t=(@h)eJyo(ph) t=po
(hoJooh™Vopt=poJyep =], as the group GLE(n,C) is clearly the
invariance group of the endomorphism J,, T.e. hJ, = Joh; h € GLR(n,C), what is

checked directly.

Let us show that the family of tensors J = {J,,|m € M} defines a tensor field on the

manifold M. To do this, it suffices to prove that for any admissible chart (U, ¢) on M,
the functions m —>]}(m) = dx! <]m (% ))m € M, are smooth on U. Let us fix a
m

local section s: U — R of the space of the G-structure. Then, by construction, in the RA-

frame o(m) (and the dual coreframe) we have: (ei (]m(ej))> = (10 _01") = (U0)}).

The smoothness of the section is expressed in the fact that the components of the matrix
C of the transition from the natural basis of the module X (U) to the RA-basis o(U) of
this module, and hence the components of the inverse matrix €, are smooth functions.

Therefore
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m - Ji(m) = dx* <]m (% m)> = Cp(m)e* (IM(C}r(m)er)) -

Ce(m)C] (m)e* (J,n(er)) = CL(m)C] (m)(Jo)¥ are smooth functions on U. Thus, J is
an almost complex structure. Obviously, the family of RA-frames generated by it

coincides with the space of the G-structure.
Theorem 3.2 Every almost complex manifold is even-dimensional and orientable.

Proof. The even-dimensionality of an almost complex manifold (M?2™,]) follows from
Proposition 2.5 applied to any linear space of the form T,,,(M); m € M. By definition,
the orientability of this manifold means the existence of a differential 2n-form t that
nowhere vanishes on it. But its existence is obvious for any neighborhood of local
triviality of the bundle B;(M). Indeed, if U is such a neighborhood, s:U — R is a
section of this bundle over it, given by vector fields {ey, ..., e, Jeq, ...,J€x}, then, by
Proposition 2.6, it suffices to put 7y, =e; A...Ae,AJ'e; A...AJ"e, , Where
J X)) =u(X); X e X(U),u e X*(U). Now let {1p,},ca be a partition of unity
subject to the covering U = {U,},e4 Of the manifold M by local triviality domains of
the bundle B;(M). Due to the paracompactness of the manifold, this covering can be
considered locally finite without loss of generality. Let t, be the 2n-form constructed
for the domain U,; a € A. Then 7 = Y c4¥,T, IS @ Well-defined 2n-form on M.
Indeed, due to the local finiteness of U in some neighborhood U of each point m € M,
the form t|; is the sum of at most a finite number of smooth forms (z,)|,, which

means that t is a nowhere vanishing 2n-form on M.

Remark 3.1 The even-dimensionality and orientability of a manifold are thus necessary
conditions for the existence of an almost complex structure on this manifold. However,
these conditions are not sufficient. For example, a well-known deep result of a
topological nature is the assertion that a 2n-dimensional sphere S2™ admits an almost
complex structure if and only if either n = 1 or n = 3 (Samelson, 1940). Therefore, for
example, a 4-dimensional sphere, being, as is well known, an even-dimensional

orientable manifold, does not admit an almost complex structure. The question of
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finding necessary and sufficient conditions for the existence of an almost complex

structure on a smooth manifold is still open.

Remark 3.2 Along with the principal bundle of BM frames over a smooth manifold

M™, we can consider a more extensive principal bundle of complex frames over M,

which we denote by B¢(M) = (BCM, M,m,GL(n, C)), where B¢M is the union of all

frames of the spaces (Tm(M))C; m € M. The corresponding justifications do not differ
in any way from the corresponding justifications for the main bundle of the BM. This
principal bundle plays a particularly important role for almost complex manifolds
(M*™,]), since it allows us, along with the G-structure B;(M) constructed above, to
consider one more defining G-structure defined by the monomorphism (f, p) of the
principal bundle B;(M) into the principal bundle B¢M, where f: R — B¢Mis a mapping
that associates the frame (m, ey, ..., e,) of the space T,,(M) as a C-module with the

corresponding A-frame, and p:GL(n,C) —» GL(2n,C) is the canonical Lie group

monomorphism that assigns to the matrix C € GL(n, C) the matrix p(C) = (g g-) €
GL(2n,C). As above, it is proved that specifying such a G-structure is equivalent to
specifying the original almost complex structure. This G-structure will be especially
important for our subsequent considerations; we call it a G-structure attached to an

almost complex structure.
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4. NIJENHUIS TENSOR
4.1 Local Definition

Let (M,]) be an almost complex manifold, dimM = 2n. Let us agree that in what
follows, unless otherwise stated, the indices i,j, k, ... range from 1 to 2n, the indices
a,b,c.d,...range from 1 to n. and denote @ = a + n. Let (U, ¢) be a local map on a
manifold M. According to the Main Theorem of tensor analysis, specifying an almost
complex structure / on a manifold M induces specifying on the total space BM a bundle

of frames over M of a system of functions {]]‘} satisfying in the coordinate

neighborhood W = n~1(U) < BM to a system of differential equations of the form
AJE=d] - JLof + f ol = i ok (4.1)
We differentiate these relations externally:

(AT + ol —]erik) Aw* =0.

According to Cartan's lemma,

AT + i = Jf o = Jjirw” (4.2)
For suitable functions ]J‘fkr. Since, by virtue of the Corollary to the Generalized Cartan

Lemma, w}k = w;;jmod (wl, ..., w™), then alternating both parts of (4.2) by indices j

and k, we get:

A (i = Jkj) = —Jkwy; + Jrwy; + A"
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For suitable functions A]"-kr. Multiply both sides of this ratio by ]sj and sum over j from 1

to 2n:
o Uk =Jiy) = T kwk; + TR ok + J A"
Or, taking into account (4.1),
AUl = i)} =~k = k@ + Blerco”

For suitable functions B.,,. Alternating with respect to the indices s and k, we finally

obtain:
AL = TE) = TLU% = L)) = Clp”

For suitable %, functions. By virtue of the Main Theorem of Tensor Analysis, the set

of functions
e =ULUk —JE;) = LUk — I} (4.3)

Defines in some neighborhood U of an arbitrary point of the manifold M a tensor of
type (2,1), called the Nijenhuis tensor of the almost complex structure J. Our immediate
task is to prove that this tensor is in fact defined globally on M and to find an explicit
expression for it. To achieve this, we first of all note that, taking into account (1.4),

relations (4.1) on the space of the associated G-structure can be written in the form

A~ 1 A~ 1 A~
D of = — 1" 2) 0f =80 3) I8 =0; 4)JE =0, (4.9)

Indeed, putting i = a,j = b in (4.1), we obtain, taking into account (1.4):
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dJg - Jlw§ + JEwld = JE ¥,

Whence, taking into account (1.4), we obtain that 2v—1wf = J& w*, which means that

ol =— ?]{}kw". The rest of the relations are proved similarly.

Taking into account (3.41-2), we obtain that the first group of structural equations of an
almost complex manifold on the space of the associated G-structure can be written in

the form

1) dow® = —w? A w® +?]§Ca)5 A w€ +g]ﬁ;é]w5 A€

2) dw® = —wl A b - gj,f‘éwb A w€ — gj[‘;‘,c]wb A w€. (4.5)

Further, taking into account (3.3), (1.4) and (3.4:3-4), we calculate the components of

the Nijenhuis tensor in the A-frame (i.e., on the space of the associated G-structure):
Nie = V=1 Noe = —V=1f- (4.6)
The other components of this tensor are zero.

Taking into account (4.6), structural equations (4.5) can be written in the form

1 5 . VoI ;
1D do® = -0l Aw? + ENgéwb AwC + \/T_chwb A wC;
2) dw? = —wl A wb — g]g‘éwb A wé — %Nﬁcwb A wC. 4.7

From these relations follows the following important
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Theorem 4.1 The eigendistributions of an almost complex structure J on a smooth

manifold M?" are involutive if and only if its Nijenhuis tensor vanishes identically.

Proof. This immediately follows from the fact that the eigendistributionsD]‘/‘_1 and
D]“/‘_1 are given, respectively, by the Pfaffian systems s*(w®) =0and s*(w%) =
0 (a=1,...,n), (Where s is the local section of the associatedG-structure) due to the

definition of the A-frame and also relations (4.7).
4.2 Almost Complex Connections

Definition 4.1 An almost complex connection on an almost complex manifold (M, ]) is

a connection in the principal bundle B;(M).

By virtue of the existence of a canonical monomorphism

(f,p): B;,(M) - B(M)

An almost complex connection induces a path connection on M, and by virtue of the

existence of a canonical monomorphism
(f,p): By(M) —» B“(M),

Which is an isomorphism onto the image, the associated G-structure, the almost
complex connection induces connections in these principal bundles. All these four
connections can be identified. In particular, a connection in the principal bundle B¢ (M)
as an almost complex connection is characterized by the fact that its connection form 6
takes values in the Lie algebra of the structure group of the associated G-structure, and

hence its components satisfy the relations

1) 67 =62 2)6% =0; 3)6¢ =0. (4.8)
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Theorem 4.2 A linear connection V on an almost complex manifold (M, ]) is an almost

complex connection if and only if V] = 0.

Proof. Let V be an arbitrary connection on M and 8 its form on B¢(M). Then, as above,

the identities
VJj = dJj = Jibf +Jf 0k = Jjx0".

As above, it is shown that on the space of the associated G-structure these identities take

the form:

A~ 1 A~ ~
1) 0f = —2J8w’; 2) 0 =2J5 0% 3) i =0; 4)J5, = 0. (4.9)

Relations (4.6) for the nonzero components of the Nijenhuis tensor then take the form:
Nie = V=1 Noe = V=1 (4.10)

Let now V be an almost complex connection. Then, due to (4.8), (4.9:1-2) and due to the

linear independence of the basic forms, we have: VJi, = 0,VJ2, = 0. In view of (3.9:3-

4),V]}, =0,ie. V] =0.

Conversely, let V/ = 0. Then, taking into account (3.9:1-2), we obtain that 67 =

0,62 = 0. On the other hand, since the connection V is real, it follows that 8% = 6.
Consequently, 8 is a connection form with values in the Lie algebra of the structure
group of the associated G-structure, and due to the isomorphism (f, p) of principal

bundles, it can be identified with an almost complex connection.
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Theorem 4.3 Every torsion-free linear connection on an almost complex manifold
induces an almost complex connection whose torsion tensor coincides with the

Nijenhuis tensor.

Proof. Let V be an arbitrary torsion-free path connection on an almost complex
manifold (M, ), and let 6 be the form of this connection. By virtue of relations (4.9)
and (4.10), its first group of structural equations on the space of the associated G-

structure takes the form:
1) dw® = (—0{," AwP + g]g"bwé) AwP + %Ngéwﬁ A W
2) do® = — (0f + —2)%0°) AwP +INEw? A" (4.11)

Let us introduce the 1-form ¢ with values in the complex complete matrix Lie algebra of

order 2n and its components
1) {8 =05 — = J&0% 2) 3 =0, 3) (f = 0f + )50 ) {f =0, (412)

Obviously, this form takes values in the Lie algebra of the structure group of the
associated G-structure. In addition, externally differentiating (4.12:1) on the space of the

associated G-structure, taking into account (4.9), we obtain:

Vv—1 . Vv—1 .
d(g =d9§-Td]gb/\wc—T]gbdwc =

. 1 . .
=—-02N05 -6 N0 +§Rgijw‘/\w1

,/_1 —~ ~ N
{2, 0 + 126k +J26] ~ 107 + JE50*) A of

—J&, (65 A" + 65 A wﬁ)} =
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_ e & e N\ NI(a af :
= (Cél - T]%,cwh) A (Cﬁ - T]é,bwg) += (]f'f,b%l + J¢,6F —]gfbe,‘:) A wé —

J&,05 A wh = =08 A TS =~ Ak (modwt A w).
Here the symbol " =" is understood as an equality up to terms of the form fw! A

w’; f € C*(BEM). Thus, dif = —{¢ A ¢k (modw' Aw’) . Similarly, d{f = ¢ A

{¥ (modw® A 7). Finally, taking into account (4.12),

dgy = 0—CENGE = CENGE = ~CE N
Similarly, dZ¢ = 0 = =& A F, and thus
d¢t = =} A Tf (modw' A w?).

By the Cartan-Laptev theorem, { is a connection form. What already. It was noted that
this form takes values in the Lie algebra of the structure group of the associated G-
structure, and hence is an almost complex connection. It follows from (4.11) and (4.12)

that the torsion tensor S of this connection coincides with the Nijenhuis tensor.

Definition 4.2 An almost complex connection whose torsion tensor coincides with the

Nijenhuis tensor is said to be semi-canonical.
4.3  Global Definition

We are now ready to prove that the Nijenhuis tensor of an almost complex manifold is
defined globally and obtain an explicit formula for calculating it. First of all, we recall

that on the space of the associated G-structure

1) Ng = 0; 2) N§, = 0; 3) Ny = 0; (4.13)
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And complex conjugate formulas (in short, f.c.s.).

Proposition 4.1 Relations (4.13) are equivalent to the following identities:
1) oN(oX,0Y) =0; 2)oN(6X,0Y)=0 3)oN(cX,aY)=0;

And f.c.s., respectively.

Proof. Note that for p = (m, &y, ...,&3) € BfM, N5, (p) = 0 & N(gg, €)%, =0 &
o (N(a(ea),a(eb))) = 0, and since the vectors {e,, ..., e, } form the basis of the space

T,,(M) as a C-module, then & (N(o(ea),a(eb))) =0 & oN(cX,0Y) =0.

The rest of the assertions are proved similarly.

Proposition 4.2 Let V be an almost complex connection on an almost complex manifold
(M,]). Then

1)VXOO-=O-°VX; Z)VX°5=5°VX,XEX(M)
Proof. By condition V] = 0. That's why

2Vy (oY) = Vy¥ — V=1V, (JY) = Vy¥Y —V=T1{Vx ()Y + JVx ¥} = (id —
V=1))VyY = 20(VyY).

The second relation is proved similarly.

In view of these assertions, if S is the torsion tensor of the semi-canonical connection V,
then
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NX,Y) = (0 +3)N((o + 6)X, (0 +3)Y) = oN(6X,5Y) + GN(0X,0Y) =
0S(GX,5Y) + GS(0X,0Y) = 0{Vzx(GY) — Vzy(GX) — [6X,5Y]} + 6{V,x(aY) —
Vor(oX) — [0X,0Y]} = —0[5X,6Y] - 50X, 0¥] = — = (id — V=1]) ([X -

V=X, Y =V=1J¥]) == (id + V=1))([X = V=T/X,Y —V=1)¥]) = -{-[X, Y] +
Ux,JjY]1=JjUux, Y1 -JIX,JY1}.

This proves

Theorem 4.4 The Nijenhuis tensor of an almost complex structure J is calculated by the

formula

N(X,Y) = (=X, Y]+ [X,JY] = JUX, Y] - JIX,]Y]}.
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5. INTEGRABILITY OF ALMOST COMPLEX STRUCTURES
5.1 Complex Manifolds

In this section, we will give an example of the use of the Neuenhuis tensor in the

geometry of almost complex structures.

Let €™ and C™ be complex arithmetic space sof dimensions m and n,
respectively,and let U € C™ and V < C™be open subsets, or feilds, in them. A map
f:V — Vis called holomorphic if the functions oi=wi’ = w'(z%%,...,zm“=%),2/ =
x) +V/=1y),wt —1yjwi=ui+-1u' +vV/-1v",i=1,...,n,j =1,...,n , those
defining the map f are holomorphic, i.e. they decompose into a convergent power series

in the vicinity of each point of their domains of definition, or, equivalently, their real

i
and imaginary parts are smooth functions, and the Cauchy-Riemann conditions % =

oot o _ oot
ayl’ oyl —  axi

A holomorphic map f is called a biholomorphismof U on V if f is bijective and f~1 is

holomorphic. If such a map exists, the domains U and V are called biholomorphic.

Let M be a Hausdorff topological space with a countable base (i.e. Satisfying its second
countability axiom). (An open) complex map (In short, a c-map) of dimension n in M is
a pair (U,¢@), where U c Mis an open subset, called the map area, and ¢ is its
homeomorphism to an open subset in €™, called the mapping map. Two maps (U, ¢)
and (V, ) are called holomorphically connected if Y o ¢~ : (UNV) — Y(UNV) isa

biholomorphism of fields of complex Euclidean spaces.

The map (U, ) is also called the local coordinate system on M, and the set of

numbers (z%,...,z") = @(p) is called the local coordinates of the point p € U. A
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family {(U,, ©4)}aeca Of n-dimensional complex maps on M is called a (complex) atlas
if:

1. All maps of the family are pairwise holomorphic connected,
2.UaeA Ua = M.

Definition 5.1 An atlas on M is called maximal if every map on M that is
holomorphically connected to any map of the atlas belongs to this atlas. A maximal
atlas on M is called a complex analytic structure on M. The space M on which the
complex-analytic structure is fixed is called a complex manifold. The number n is called

the complex dimension of the manifold (or structure), and is denoted by dim¢M..

Thus, a complex analytic structure on a-manifold M is a family € = {(U,, ©4)}4ea Of

open maps of a given dimension on M, such that
1.(CM1) M = Ugea Uyg;

2. (CM2) Va,B €A = @gopr*:9,(UynUg) — @p(Uy nUg) — holomorphic

mapping regions of Euclidean spaces;
3. (CM3) Cis the maximum family for which (CMI) and (CM2) hold.

As in the real case, it is quite obvious that any complex atlas of hand M can be extended
to a complex-analytical structure, and in the only way, by adding to it all the maps
holomorphically related to any hag of this atlas. Two complex-analytic structures on M

are called equivalentif any pair of their maps is holomorphically connected.

Examples of complex manifolds are the n-dimensional complex linear space V and any
of its domains, as well as the complex projective space CP(V). In the first of these

examples, a complex atlas is defined by a single map defined by specifying an arbitrary
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basis and mapping to each vector X € V a set of n complex numbers that are the
coordinates of this B vector in this basis, and the maps given by different bases are
obviously biholomorphic related by the relations w' = Cjizf, where C is the matrix of

the transition from the second basis to the first. In the second example, the complex

structure is defined by the complex maps constructed in this example.

Note that every n-dimensional c-map can be considered as a 2n-dimensional map of a
smooth structure called the reification of a given c-map, and according to the definition,
a holomorphic connection of two c-maps implies a smooth connection of their
reifications. Hence, every n-dimensional complex manifold can be considered as a 2n-

dimensional real manifold, called the reification of this complex manifold.

5.2 Canonical Almost Complex Structure and Integrability

Let M be a 2n-dimensional smooth manifold, m € M is an arbitrary point, (U, ¢) is a c-
map on M with coordinates {z%=x®++v—1x%a=1,...,n} . We define an
endomorphism I,,, of the space T,,,(M) by the formula

Iy =1, ely o1y, (5.1)

Where 7;,: T, (M) — R?" is a reference map , I, is a standard complex structure on the

reification R?™ of the space €™, corresponding to multiplication in €™ by v—1 and

given by a matrix of the form (Ji) = (IO 1{”).
n

Obviously, 12, = —id, i.e. I, is the —complex structure. It is also obvious that the

family

I = {I,,,|m € U} of endomorphisms defines a smooth tensor field of type (1,1) on U,

since the matrix of its components is in the natural basis
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(1) = axt (1(:3)) = ax' (v < o o7, (5)) = € (1o(&)) = (Uo}) =

(1 ") (5.2)

It consists of constants and, therefore, smooth functions. Here {e,,e; = I,(¢,)}— real-
adapted complex structure ofthel, basis of the space R?*", corresponding to the
standard basis {¢,} space €™, {'} is the dual cobasis. Let us call the constructed almost
complex structure | on the domain U the canonical almost complex structure of this c-

map.

Note 5.1 Obviously, the relations (5.2) are equivalent to the relations

ad d d d
1(—)=—A 1(—A)=——- =1,..,n.
oxa oxa’" \9xa oxa’ a L

Case 5.1 Canonical almost complex structures of two c-maps coincide at the
intersection of the domains of these maps if and only if these c-maps are

holomorphically connected.
Proof. Let (U,¢), and (V,y)be two c-charts on M with coordinates {za =x*+

V=1x%a=1,...,n} and {w® =u® +V—1u?|la = 1,...,n}, respectively, and | and

Jare their coordinates. Canonical almost, complex structures. By virtue of (5.1),

Hyav =Juar © @ telpep =y lolpop & (Yoo ™ely=1Ipo@poep™™).
(5.3)

Given that the endomorphisms I,10 and ¢ = @®~1 in the natural real-adapted basis are

given, respectively, by the matrices
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out ou?
. 0 -I - oul xb b
() =(, ") D=5 =(oe )

axb  gxb

Conditions (5.3) can be rewritten in the form

out auA_ oud _ ou?
axb — axb’

xb T gxb’

Q

That is, in the form of classical Cauchy-Riemann equations expressing the holomorphic
conditions of the functions w® = wé(z3,...,z"); a = 1,...,n, definingtheir map ¢ o
¢~1. Due to the equality of charts, the inverse chart is also holomorphic, which means

that the charts are holomorphic, and the converse is also true.
A proven statement immediately follows:

Theorem 5.1 An almost complex structure is defined internally on the reification of

every complex manifold.

Proof. We fix on it a c-chart (U, ¢) with coordinates {z® = x% + V—1x%|a = 1,...,n}.

a .
oxa’

Then the vector fields { a%/ all,..., n} form the basis of the module X (U®) of the

reification of the manifold U (the natural basis of this module). We define an
endomorphism | of this module by requiring that in the natural basis it is given by the

matrix

: 0 —I
(1) = (In 0n>'
In other words, let
) ) ) )
I((’jx_a):ﬁ'l(ax_a):_ﬁ; a=1,...,n. (54)
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Obviously, 12 = —id, i.e. lis an almost complex structure on the UR manifold. Let's

show that it does not depend on the map selection. Let (V, ) be another c- chart on M
with coordinates {w?® = u® + v—1u%|a = 1,...,n}. According to the definition of a

complex-analytic structure, the chart

Yoo lipUNV) = ypUNV)

Is a holomorphic map of regions of space C™, and according to the equations Cauchy-

Riemann,
ou? oud oaul ou?
95~ oxB o = 9 (5.5)

The new map corresponds to the endomorphism I, which operates according to the

formulas

f(mi—a)zﬁ,f(a%)z—a%; a=1,..,n. (5.6)

Considering the narrowing of these endomorphisms to the domain U n V, taking into

account (5.6), we obtain:

~

oub a3 aub a _aubi( f) )_I_@i(i)_aub a  oub 2
dxaoub = 9x2gub) ~ axa” \oub axa \gub/) ~ axagub = 9x®oub’

~ 0 _
I(522) =
And, taking into account (5.4) and (5.6),

a

~( )_auEa oub @ a_I(a)
axa) — ax@gub  oax@oub ~ ax@ !

oxa

That is,
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"(5e) =1 G

Similarly, we prove that:

"Ge) =1 ()

Thus, the values of both endomorphisms coincide on the basis vectors, and therefore,
Lyav = Luav.- Thus, it is built on fields . A c- chart is an almost complex structure on a
manifold MR defined. It is global and does not depend on the chart selection, i.e. it is

defined internally.

Definition 5.2 An almost complex structure | that is internally attached to the reification
of a complex manifold is called the canonical almost complex structure of this

manifold.

Definition 5.3 An almost complex structure J on a smooth manifoldis called integrableif
it is a canonical almost complex structure of some complex-analytic structure of this

manifold.

Note that according to (5.2), natural bases of reification of c- charts of a manifold M are

real-adapted bases. The corresponding A-bases {¢,, €5} are formed by vector fields

Their dual bases are formed by 1-forms

dz% = dx® + V—1dx% dz?% = dz% = dx®* —/—1dx?.
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In fact,

dz% (55) = 5 (dx® +V=1dx%) (5255 — V=155) = 3 (8§ — 0+ 0 + 5§) = 6 ,
dz® (i)=-(dx +\/_dx)(az—b+\/—_1$)=5(63+0+0—6{,‘)=0.

similarly, itis verified that dzaz® (-;) 00zb = 0,dzad? (— =) = 68, ie.

dz (o) = 6.

Since the vector fields {¢,} and {;} form a local basis of their own distributions D,‘/‘_1

and D,“/T of endomorphism I, respectively, the systems of 1-forms {dza} and {dz%}
form Pfaff systems of these distributions, respectively. Obviously, these Pfaff systems,
and hence their corresponding distributions, are completely integrable, by virtue of

Theorem 4.1, the Neuenhuis tensor N; identically equal to Pool.

Conversely, let (M,]) be a 2n -dimensional almost complex manifold, and the

Neuenhuis tensor N; is identically equal to the pool. By Theorem 4.1, this is equivalent

to the complete integrability of the eigendistributions D‘/_ and D, —V-1 endomorphism

J . Let {a) }and {w?}- be the Pfaff systems of these distributions, respectively, a =
1,...,n. Note that these Pfaff systems are complex conjugate. Consider the first of these
systems. Due to its complete integrability, its forms locally satisfy the structural

equations
do® = wf A wP. (5.7)

Let (U, @) be a local chart of the manifold with coordinates {x?,..., x2"}, in the
domain of which these equations are defined. Then the map ¢ is a diffeomorphism of
the domain U to the domain V = ¢(U) < R?", and hence defines the map ¢,: T(U) —

T (V). Applying this map to a contractionm of the forms w® on U, we obtain a system
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of forms {64} on V satisfying, by virtue of (5.7), the equations d6% = 82 A 8, where
0; = @, (wg). If the manifold M is real-analytic, it follows from the classical Frobenius
theorem (extended to complex forms) that there exists a system z% = z%(x1,..., x?")of

real-analytic complex-valued functions on Vsuch that
0% = A%dzb;a =1, ..,n, (5.8)

Where {A%} is a matrix of complex-valued real-analytic functions that is non degenerate
at each point of the domain of definition. Next, let z% = u® + v—1u?. Since the forms
{dz%} are complexly linearly independent, the forms {du?, du?}, and their real and
imaginary parts will be linearly independent in the real sense, hence det (ZTu;) # 0 at

each point of the domain of definition, which means that the system of functions
{ut =u' o @p(p)/ p € M} defines valid maps on a manifold M, and the system of
complex-valued functions {z% = z% o p(p)|p € M} defines c-charts of this manifold.

Let Ibe a canonical almost complex structure corresponding to such a c-chart. As we
have seen, the forms {d(z® o ¢)} form the Pfaff system ofthedistributionD; -1 0on

the other hand, the forms w?® form the Pfaff system D]‘m. By virtue of (5.8),
w® = @*(6%) = ¢ (A})p*(dz") = ¢*(A5)de* (z") = (A3 ° p)d(z" © @)

This means that these Pfaff systems are equivalent, which means thatD,‘*/T = D]‘ﬁ. But

the distribution D,“/I is locally spanned by vector fields {%}, which means

that](%) = V1< ie

9za’
) 71 ()~

axa = 9xa’

From where, subject to Remark 5.1,
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() == 1 ()1 () =~ =1 ).

Hence, the endomorphisms I and J coincide on the map region. In particular, the
canonical almost complex structures generated by the constructed c-charts coincide at
the intersection of map domains and, according to Proposition 5.1, these c-charts are
holomorphically connected. Since their domains cover M, they form an atlas, which
means that they define a complex-analytic structure on a manifold Mwhose canonical

almost complex structure coincides with J.Thus proved

Theorem 5.2 The Neuenhuis tensor of an integrable almost complex structure on a
smooth manifold is zero. If the manifold is real-analytic, then the integrability of an
almost complex structure on it is equivalent to the equality of its Neuenhuis tensor to

Zero.

Note 5.2 Newlander and Nirenberg [6] proved that the assumptionue of real analyticity
of a manifold is insignificant and, thus, an almost complex structure on a smooth

manifold is integrable if and only if its Neuenhuis tensor is zero.
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6. TYPE CONSTANCY OF ALMOST HERMITIAN MANIFOLDS

In this section, we give another example of the use of the Neuenhuis tensor in the

geometry of almost Hermitian manifolds.

Let M?™ be a smooth manifold, X (M) be a module of smooth vector fields on M, V be a
Riemannian connection on M, and d be an external differentiation operator. All

manifolds, tensor fields, etc. are assumed to be smooth objects of class C*.

Definition 6.1 An almost Hermitian structure on a manifold M?" is a pair (J, g), where
J is an almost complex structure on M, and g = (-,) is a Riemannian metric on M.At

the same time

JX,JY) = (X,Y); VX,Y € X (M).

An endomorphism J is called a structural endomorphism. A manifold on which an

almost Hermitian structure is fixed is called an almost Hermitian manifold.

It is well known that specifying an almost Hermitian structure on M is equivalent to
specifying a G-structure on M with the structure group U(n), whose space elements are
benchmarks consisting of pairwise conjugate eigenvectors of the structural
endomorphism J and unitary in the natural Hermitian metric of complexification of the
corresponding tangent space (Such benchmarks are called A-benchmarks) [6]. This G-
structure is called an attached structure. We assume that the indices i, j, k, . ..run through
the values from 1 to 2n, and the indices a, b, ¢, d, f, g, h run through the values from 1
ton. Let @ = a+n. As usual, the indices enclosed in square (respectively round)
brackets imply alternation (respectively symmetrization).It is easy to verify that on the
space of the adjoint G-structure, the components of tensors g and J are given by

matrices
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0 I ; V=11 0

(9:) = (1 8) Up) = ( " ) (6.1)
n 0 —/=1I,

Where [, is a unit matrix of order n.

Let (M,],g) be an almost Hermitian manifold. Letdenote the form of Riemannian
connectivity V on M. Taking into account relations (4.9), on the space of the attached G-

structure

D05 =I5 + 5 50 2 65 = = Jhew’ = 5w 3) ik =

0; 4)J5, =0. (6.2)

In addition, by virtue of the relation Vg = 0, dg;; — g;6{ — 916/ = 0. On the space

of the attached G-structure, these relations, by virtue of (6.1:1), will take the form:
1) 62+ 62 =0; 2)6¢+62 =0; 3)6%+62 =0. (6.3)

Taking these relations into account, the first group of structural equations of

Riemannian connectivity on the space of the attached G-structure is written in the form:

1) dw® = =02 A w? + B* .0 A wy, + B®Cw, A w,; (6.4)
2)dw, = 95’ A wy + Babcwc Aow? + Babcwb A wE. '
Where
. Ne=t V=t VT g
o = 0% BYc==""J5 B = i g Ban® = I Bave =
N — S—
__][%,c]; Babc = Babc; Babe = Bape- (65)

2
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Equations (6.4) are called the first group of structural equations of almost Hermitian

structure.

According to Theorem 4.4, the Neuenhuis tensor of a structural endomorphism J has the
form Nx,Y(X,Y) = i{—[X, Y1+ [JX,JY] - [JJX,Y] —[Jx,JY]}. It is easy to see that
this tensor has the properties:

N(X,Y) = —=N(Y,X); NUX,Y) = N(X,JY) = —JN(X,Y); VX,Y € X(M). (6.6)

A direct calculation with the identity [X,Y] = V4Y — V, X shows that

N Y) = {Vix(DY =]V (DY = Yy (DX + ]V, (DX}, (6.7)

Taking into account (6.5), we obtain from this that on the space of the adjoint G-

structure, the components of the tensor N are determined by the equalities
Npz = B®, Nji. = By (6.8)
The remaining components of the tensor N are zero.

Definition 6.2 An almost Hermitian variety (M, ], g) is called a variety of constant type

cif

VX,Y € X(M): ({X,Y)) =0 = [INX,V)II* = clIX|I*]IY]]?, (6.9)
Where
(X, 7)) = (X, V) +V=1(X,JY); X,Y € X(M). (6.10)
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Let us analyze definition 6.1. Taking into account (6.1: 1), we have (X,Y) = g;;X'Y/ =
Gas XOYP + gap XOYP = X9V, + X,Y* . According to (6.1) we have (X,JY)=

Gy XLV = gapXYRYE + gapXYLYe = —=1XY, + V—1X, Y

Hence, ((X,Y)) = (X,Y) +vV—1(X,JY) = 0 is equivalent to performing equalities on
the space of the attached G-structure:

XY, + X, Y* = 0; X%V, — X,Y* =0,
Which are executed if and only if X¢Y, = 0.

Consider the equality |[N(X,Y)||? = c||Nx, Y2 =||?||Y]|? on the spaceof the attached G-
structure. On the one hand, by calculation (6.8) |IN(X,V)|?=
(N(X,Y),N(X,Y))Nx,Y2 = NX,Y,Nx,Y = 2NX,YANX,YA =

2(NX ) (NX,Y)) =2 BYEX,Y, - Bogn XYM,

On the other hand, c||X||2||Y]|?CX2Y2 = ¢ X 2X%X, X 2Y?Y, = 4(X°X,)(Y?Y,), so
B¢X, Y. X Bgn XY™ = 2c(X*X,)(Y?4Y,). Consider a second-order Kronecker delta
S = 5288 —828¢ ,  then  S2AXPYeX X, = (626% — SF6E)XPY X Xy =
XPYeX, X, — XPY°eX, X, = (XX, )(Y4Y,) — (X?X,)(Y%Y,) . Therefore, condition

(6.9) on the space of an attached G-structure can be written as:
VX,Y € X(M): X*Y, =0 = B"4B,, X, Y, XPY¢ = 2c¢682X,Y,XPY°.

We introduce the tensor B(X,Y,Z,W) = (B"94By,. —
2¢88M)XPYCZ Wy; VX, Y, Z,W € X (M.).

Theorem 6.1 The tensor B(X,Y,Z, W) = (B"*By,. — 2cSE3)XPYZ, W, has the

properties:

39



1) BJX,Y,Z,W) = B(X,JY,Z,W) =V—-1B(X,Y,Z,W);

2)B(X,Y,JZ,W) = B(X,Y,Z,JW) = ——1B(X,Y,Z,W);

3)B(X,Y,Z,W) =B(Z,W,X,Y);

4)B(X,Y,Z,W) = -B(Y,X,Z,W);

5)BX,Y,Z,W) = -BX,Y,W,Z);

6) B(X,Y,X,Y) = 0, if X°Y, = 0.

Proof. Let's prove the property

1 BUX,Y,Z,W) = (B"By,, — 2¢584)(JX)PYZ Wy = (B"By,. —

2c868)JbX9Y°Z, Wy = V-1(B" By — 2c68)XPYZ Wy = V-1B(X,Y,Z,W).

Similarly, we prove complex linearity by the second argument.

Let 's prove the property

2): B(X,Y,]Z,W) = (BB — 2¢65¢ )XPY(JZ) Wy = (B"**Bppc —
2c68) X Y ]I Z,Wy = ——1(B"¥ By, — 2¢653)XPYZ, W, = V-1B(X,Y,Z,W).

Similarly, the proof of complex antilinearity is performed with respect to the fourth

argument.

Let 's prove the property
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3): B(X,Y,Z,W) = (B"adB,, . — 2c524) XY Z W, = (Bpaqa B —
2¢859) X, Y, ZW® = (B"*B,,,, — 2¢885)ZW X, Y, = B(Z, W, X,Y).

For the property

4) We have: B(X,Y,Z,W) = (B"By,. — 2c684)XPYZ W, = —(B" B, —
2¢83XPYCZ Wy = - (B"9By, — 2c884)YPXZ W, = —B(Y, X, Z,W).

bec
Similarly, we prove property 5).
Property 6) follows directly from condition (6.9).

Theorem 6.2 An almost Hermitian manifold is a manifold of constant type c if and only

if on the space of the adjoint G-structure
Bhadp,, = 2c634, (6.11)
Where 624 = §26¢ — 588 is the second-order Kronecker delta.

Proof. Let an almost Hermitian manifold (M,], g) be a manifold of constant type

C.Then the equality holds
B(X,Y,X,Y) =0, if X*Y, = 0. (6.12)

Let us perform an involutional polarization of identity (6.12) with respect to X[10].
First, we replace Xua withX + Zand , get Bx B(,Y,X,Y) + B(+Bz2),Y,(X,Y +
Bx,Y,Z,Y) + Bz(,Y,Z,Y) = 0, from which, taking into account (6.12), we get

B(Z,Y,X,Y) + B(X,Y,Z,Y) = 0. (6.13)
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In (4.13), we replace X — JX, then, taking into account Theorem 6.1, we get

—1B(Z,Y,X,Y) +V—-1B(X,Y,Z,Y) = 0. Add to the obtained equality the identity
(6.13) multiplied by v—1, and we get

B(X,Y,Z,Y) = 0. (6.14)

By performing an involutional polarization of identity (6.14) with respect to Y, we

obtain
B(X,Y,Z,W) = 0; VX,Y,Z,W € X(M).
It follows that the tensor B = 0, i.e. BB, . = 2c522.

Theorem 6.3 An almost Hermitian manifold of constant type zero coincides with the

class of Hermitian manifolds.

Proof. Let an almost Hermitian manifold (M, J, g) be a manifold of constant type zero.
Then the identity (6.11) takes the form B"#4B,, . = 0. We collapse the last equality first
by indices a and b, then by indices ¢ and d, then we get 0 = BB, =
YabelBapel? & Bape = 0. Taking into account the obtained equality, the system (6.4)

will take the form:

a_ _pa b Bab A .
{1) dw 0y N w® + W N\ wp; (6.15)

2) dwg = 0L A wy, + By w, A wP.
The resulting system of equations tells us that the manifold is Hermitian.

We obtain a number of corollaries from Theorem 6.3.
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Corollary 6.1 A quasi-Koehler manifold of type zero (i.e., the nearly Koehler and

almost Koehler manifold) is a Koehler manifold.

Corollary 6.2 G;,-and G;,-manifolds of constant type zero are Hermitian manifolds.
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7. CONCLUSIONS AND RECOMMENDATION

In this thises, we give a definition of a complex structure on a linear space and prove
that a finite-dimensional real space admits a complex structure if and only if it is even-
dimensional. It is shown that the fixation of the complex structure J in the 2n-
dimensional real linear space V® induces the specification of the structure of the n-
dimensional complex linear space V in VX. Each basis b = {e, ..., ,,} of the space V

canonically induces two bases:

1) RA-basis bg, = {ey, ..., e,,]€1, ..., Je,,} Of the space VX,

2) A-basis by = {g4, ..., &,, €3, ..., €4} Of the C-linear space (VF)¢,

A G-structure attached to an almost complex structure is constructed.

We have given a local definition of the Nijenhuis tensor of an almost complex structure
J. We have proved that this tensor is in fact defined globally on the manifold M, and we

have found an explicit expression for it.

We give two examples of the use of the Neuenhuis tensor in the geometry of almost

complex and almost Hermitian manifolds
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