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ABSTRACT

This thesis relies on various fractional differential equations. Based on the classical
fixed point theorem summarized by what known as the Banach contraction mapping
theorem, nonlinear alternative of Leray-Schauder type and Krasnoselskii’s fixed point
theorem, a three different nonlinear fractional differential equations are considered.

In chapter four we study the existence and uniqueness for the solution of the nonlinear
sequential fractional differential equation involving Caputo fractional derivative and
associated with nonlocal integral boundary conditions. In chapter five with a little
modifications on the same problem mentioned in the previous chapter lead us to define
a new function space with different norm, the boundary condition for this problem can
be considered as a generalization of the boundary conditions associated with the
problem in chapter four. For these two chapters we illustrate our results by examples

given at the end of each one.

Whereas, in chapter six which can be considered as two parts, we investigate the
existence and uniqueness for the solution of the nonlinear fractional differential
equations involving Hadamard and Caputo-Hadamard fractional derivative associated
with three points integral boundary conditions, for the applicability of our results we

give some examples at the end of this chapter as well.

Keywords: fractional differential equation, sequential, Caputo, Hadamard, nonlocal

integral boundary conditions
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0z

Bu tez, cesitli kesirli diferansiyel denklemlere dayanmaktadir. Banach sabit nokta
teoremi, Leray-Schuader sabitnokta teoreminin dogrusal olmayan alternatifi ve
Krasnoselskii sabit nokta teoremleri kullanilarak, {i¢ farkli dogrusal olmayan kesirli

diferansiyel denklemler dikkate alinmistir.

Dérdiincii boliimde, dogrusal olmayan sirali kesirli diferansiyel denklemin ¢éziimii
icin Caputo kesirli tlirevi iceren ve yerel olmayan integral sinir kosullariyla iligkili
varlig1 ve tekligi inceleyecegiz. Besinci boliimde ise, dnceki bdliimde bahsedilen
problem iizerinde yapilan bazi degisiklikler, farklt norma sahip yeni bir fonksiyon
uzayl tanimlamamiza yol agmis, ve bu bolimdeki problemle iligkili sinir kosullari
dordiincii boliimde verilen probleme ait sinir kosullarinin genellesmesi olarak
diistiniilmiistiir. Bu iki boliimde elde edilen sonuclar her boliimiin sonunda verilen

orneklerle desteklenmistir.

Ayrica, iki kisma ayrilan altinct boliimde, Hadamard ve Caputo-Hadamard kesirli
tiirevlerini igeren ve li¢ nokta integral sinir kosullar1 verilen dogrusal olmayan kesirli
diferansiyel denklemlerin ¢éziimiiniin varligi ve tekligi arastirilmistir. Bu boliimiin

sonunda elde edilen sonuglarin uygulamasi olarak da bazi 6rnekler verilmistir.

Anahtar kelimeler: kesirli diferansiyel denklemler, Sirali-Caputo- Hadamard kesirli

tiirevleri, yerel olmayan integral sinir kosullari
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Chapter 1

INTRODUCTION

The calculus of integrals and derivatives of any arbitrary real or complex order known
as what called fractional calculus, this subject has gained more importance for the
duration of the past three decades because of its widely used applications in science
fields, such as physics, biology, control theory,... etc. The idea of fractional calculus
is generally restricted from a question raised up in 1695 by L'Hopital to Wilhelm

Leibniz who proposed the nth derivative notation

d"y
dx"’

n=0,12,...,

L'Hopital asked what ifn=1/2?.[1]. “Fractional derivatives were consequently

mentioned in some framework, by Euler (1730), Lagrange(1772), Laplace(1812),
Lacroix(1819), Fourier(1822), Liouville(1832), Riemann(1847), Greer(1859),
Holmgren (1865), Griinwald (1867), Letnikov (1868), Sonin (1869), Laurent(1884),

Nekrassov (1888), Krug(1890), and Weyl(1917)”.

The topic of this thesis deals with the integration /“ and differentiation D“ of random
order DE’s. In some fractional integro-DE’s a functions of more than one variable is
concerned. In this work we focus on functions with one real variable. With the aim of
make the thesis suitable for the readers we start the discussion from general properties

and statements of fractional calculus and pass from general cases to special ones. In



addition, some areas of current applications of fractional calculus involving the
theories of FDE’s are Probability and Statistics, Control Theory of Dynamical

Systems, Optics and Signal Processing, Chemical Physics, and so on.

Recently in the theory of FDE’s many new results have been obtained. The main
purpose of this thesis is to study the existence and uniqueness for the solutions of the
nonlinear FDE’s with BC’s. The theory of FDE’s involving different kinds of BC’s has
been a field of interest in pure and applied mathematics sciences. In addition to the
classical two-point BC’s, great attention is paid to non-local multipoint and integral
BC’s. In this work we focus our study on boundary conditions for ordinary FDE's. This
thesis contains a total of seven chapters. Chapter 2 (Preliminaries and Definitions)
offers some basic properties and definitions from Mathematical Analysis such as
special functions, functional spaces, several fractional operators. These concepts are
introduced to prepare the reader for the understanding of the applications which are

established in the later chapters done in this work.

Chapter 3 (FDE’s Involving (Caputo/Hadamard) FD’s) provides the recent researches

about the nonlinear FDE and nonlinear SFDE’s involving several fractional operators

such as such as , 1 0, ul " and fractional Derivatives such as AL DY, CD(') - DY and

cn DY . With several types of BC’s.

Chapter 4 (On SFDE’s with nonlocal integral BC’s) motivated by recent researches
done on the SFDE’s. This chapter provides a new type of SFDE’s with nonlocal
integral BC’s, where Nonlocal conditions are used to describe certain features of

physical, chemical or other processes occurring in the internal positions of the given



region, while integral BC’s provide a plausible and practical approach to modeling the
problems of blood flow. For more details, check, [1], [2]. The recent research on FDE’s
can be found in [3]-[17]. SFDE’s have also taken a notable attention, forillustration see
[5]-[10]. In this chapter based on the classical FPT, the existence and uniqueness for
the SFDE’s given there has been discussed, provided with some examples that
illustrate the obtained results. To the best of our awareness, studying of SFDE’s with

nonlocal integral BC’s has yet to be initiated.

Chapter 5 (Nonlinear SFDE’s Involving Caputo fractional derivative with Nonlocal
BC’s) motivated by current researches done by authors who develop the theory of
FDE’s and its applications by generalizing the familiar fractional operators such as RL
and Caputo fractional operators. For more specification, reader can refer to [1], [2],

and [18] and references mentioned therein.

FDE’s with different types of BC’s has been more attractive for the researchers
because of their applications in applied sciences, specially what known nonlocal
multipoint and integral BC’s, for more illustration, generally, the nonlocal multipoint
conditions describe certain structures of physical or other processes happening in the
interior locations of the given region. While integral BC’s help to forming the
problems of blood flow. For more clarification, reader can refer to [1], [2]. For recent
work done on FDE’s we suggest the reader to check the articles [19]-[37] and the
references cited therein. SFDE’s also received extensive attention, see [4]-[10]. In this
chapter we study the classical FPT for the SFDE’s with nonlocal BC’s. And we finalize
the chapter with examples that illustrate the obtained results. To the best of our
awareness, studying the SFDE’s with four-point nonlocal integral BC’s has yet to be

initiated.



Chapter 6 (Nonlinear FDE’s Involving HDS*) and ., Dc(l) with 3-Point Integral BC’s)

provides a study for FDE’s which involve both of HDLE;) and ., D[E) with 3-Point

Integral BC’s, the existence and uniqueness for solutions of both BVP’s has been
investigated, for the applicability of our results some examples are introduced at the
end of the chapter. To the best of our knowledge, the study of FDE’s with 3-point
Integral BC’s has yet to be initiated. It is notable that fractional operators are more
proper in describing some phenomena in applied sciences and engineering, for instance
R. Almeida et al [58] investigate how the best value of the order of fractional derivative
can be found to minimize the error in some statistical models, they found out that for
some statistical models fractional derivative gives minimum error than using the
ordinal derivatives. Finally the conclusion and future work will be discussed in chapter

seven.

Also in the last decades the researchers put more efforts in studying FDE’s involving
RL and Capoto fractional derivative more than FDE’s that contain Hadamard’s
fractional derivative. More details are given in [45-50], moreover FDE’s involving
Hadamard’s fractional derivative has less attention than the one contains either R-L
fractional derivative or Capoto fractional derivative. The recent work done on FDE’s

can be found in [38-44, 51-58].



Chapter 2

PRELIMINARIES AND DEFINITIONS

In this chapter we mention the most important mathematical tools including
definitions, properties, propositions, lemmas and theorems related to the most familiar
()

fractional integrals such as ,, [ () 1Y), and the fractional Derivatives such as wD’s

¥
a >H at?

D", ,DYand ., D!

at

2.1 Special Functions

Definition 2.1.1. F(U) = J.e_’t”_ldt, Yo >0, is called a Gamma Function.
0

Definition 2.1.2.

, | ) )
7 (v,v)= jx”*'e*xdx,ls called the Incomplete Gamma function.
0

vF(v)

Property 2.1.3.

(i) I(1)=1.

(ii) F(U+1)=UF(U),U>O. If r e N then F(u+1)=u!

1
Definition 2.1.4. B(y, Z) = IUH (1 — U)Z_l dv,Vy,z >0, is called a Beta Function.
0



Definition 2.1.5.

K

B (y.2)= Iuy’l (1-0)" dv,0 <k <1, is called Incomplete Betta Function.
0

Property 2.1.6. Vy,z >0,

(i) B(y.2)=B(2.)
) r(»)r()
(i) B2 =iy

2.2 Function Spaces

Given the Banach space C [a,b] of all continuous functions from[a,b] — R with

,Vte[a,b].

the norm |g| = sup ‘g (1)
a<t<h

Vo >0,assume g, (1)=(r —a)” g (1), define the space C,[a,b] which is the

space that contains g such that g, € C [a,b], where g is any continuous function.

space C, [a,b]endowed with the norm ||g|| = sup (1—a)" |g (t)| is a Banach space
te[a,b]

as well.

Define I! ([a,b] , R) the space of measurable functions, which is also a Banach space,

b
with the norm ||g||L, = Hg (t)dt, g: [a,b] — R is Lebesgue integrable function.

Definition 2.2.1. Consider the Interval / c R. A function g:J — R is absolutely

continuous on Jif Ve>0, 36 (e) >0 such that for all finite set of pairwise disjoint
subintervals (u,,v,) < J satisfying Z(vk —u, ) <0 then Z‘g (v, ) - g (u, )‘ <e.

The collection of all absolutely continuous functions on J is denoted by AC (J ) .



Remark 2.2.2. If J = [a,b] , then the following are equivalent

(i) gE AC[a,b].

(ii) ¢ has a derivative g’ almost everywhere, the derivative is Lebesegue integrable and
g (Z‘)— g (a) = Ig'(t)dt,Vr e[a,b]

(iii) If there exist a Lebesegue integrable function /2 on [a,b] such that

T

g(r)—g(a)zjh(t)dt,Vr e[a,b].

a

Properties 2.2.3.

(i)If b ,h, € AC[a,b] then b+ hy,hh, € AC[a,b].
(ii)If b € AC[a,b], hy # 0 then %e ACla.b].

(iii)If h, 1s Lipschitz continuous function then /4, is absolutely continuous.

Definition 2.2.4.

Given the function g: J/ — R then g € AC” (J),U=1,2,... ifg(”_l) € AC(J)

Particularly, AC' (J)= AC(J).

Definition 2.2.5. Let(S ,d ) be a metric space. G: S — S 1is said to be Lipschitzian
if there is /, >0 with d (G(s1 ).G(s, ))szGd (5,.5,). V5,5, €55, #5,.

According to the above definition, if G is Lipschitzian then it is continuous, when

when [, <1 then is said to be contraction mapping.

Theorem 2.2.6. (Banach’s Contraction mapping principle).



Let (S ,d ) be a complete metric space, if G: S — § is a contraction mapping then
(i)G has a unique fixed point s € S, that is G(s) = 5.
(i) Vs, €S, we have limG" (s, ) = s, with

n—o0

n

d(G" (so),s) < " lGl d(sO,G” (o ))

G

Theorem 2.2.7. Given a complete metric space (S ,d ), G:S — S satisfying
d (G(s1 ),G(s2 )) < a)(d (sl .8, )),Vsl .5, €8, here w:[0,00] —[0,20] is any monotonic

increasing function with

lim " (1) =0, for a fixed £>0, the G has a unique fixed point with imG" (s,)=s,Vs € S.

n—>0 X—>0

Theorem 2.2.8. (Nonlinear alternative of Leray-Schauder type)

Given the open subset V of a Banach space S,0eV , andlet G:V — S

be a contraction such that G(\_/) is bounded, then either

(1)G has a fixed point in V. or
(ii)3u €(0,1) and v € 8V such that v = G (v) holds.

Theorem 2.2.9. (Arzela-Ascoli Theorem)

GcC (S , R) is compact iff it is closed, bounded and equicontinuous.

Theorem 2.2.10. (Krasnoselskii’s Theorem)

Given the Banach space (E ,

), closed convex B — E, A is open, where A C B,

and p € A,assume that G : A — B can be written as G = G +G,,

In addition G(Z) is bounded set in B satisfying



(i)G1 :A—>Bis compact
(ii)G2 ‘A Bisa contraction, 3w a continuous nondecreasing function
@:[0,00] > [0,00] with @(a,)> a,,a, >0,such that

‘Gz (a,)-G,(a, )‘ < o(|a, —a,|).for any a,.a, € A

then either

(1)3a, € A such that G (a, ) =daj,

or

(ii) JdaedA and A € (0,1) with a = lG(a)+(1—/1)p.

2.3 RL-Fractional Integrals and RL-Fractional Derivatives.

Definition2.3.1. Let g :[a,b] > R, then

(RLIjg)(r) : The left sided RL-Fractional integral = %{9)-{(7 —s)"" g(s)ds, a<z,Re(6)>0,

(RLI}f,g)(r) : The right sided RL-Fractional integral = —— ((s—7)"" g(s)ds,z <b,Re(8)>0.

1
r(o)

N —

Remark 2.3.2. If 8 =n,n € N, then RL-fractional integrals are equivalent to the well-

known n-th integrals of the form

T8 Sn-1

(RLI:+g)(T)=!£... I g(sn)dsn...ds] :iﬂg(s)ds.

(RLI;'g)(z'):j

L ey
l—.@
oQ
—~~
%)
3
=)
3
=
I
N C—
3\ ~
|
|
|
[E—
= 3
oQ
—_~
=]
~—
&

whereas, the RL-fractional derivatives are defined by :

(RLDZg)(T):(%j’“E%g(s)ds,n:[Re(H)]+l,9eC,(Re(H)ZO),

(uD'2)() :(i]" j& ¢(s)ds.n=[Re(8)]+1.0 < C.(Re(8) 20).

F(n—@)



where [] is the greatest integer function.

when 8 =n,ne NU {O} then by definition one can easly show the following results
()(wD78)(7)=(Dy 2 )(r) =2 (7)-
(ii)(RLDflg)(z-) =g" (7).

(iii)( RLD:,g)(T) =(-1)" g™ (7),neN.

Now, we consider some special case

Casel. 0< Re(@) <1,

0 d T(T_S)nigil
(RLD‘ﬁg)(T):Ea F(n—@) g(s)ds

0 d b(S_T)n_H_l
(RLDbg)(T)__ET F(n—@) g(s)ds

o-1 0)(x—a)"""
(w1 e o)=L et
o-1 0)(x—a) "
(w5 0= )0 == — Retar20
and

10



0-1 0)(b—x)"""
N e U
-1 r)i(b—x ot
(127 (=0 ) =T el 20

Remark 2.3.4. 1t is remarkable from the above properties that for a Particular case

when# =1 and Re(q)>0,

(RLDZ+1)(’C):

(w0r1)(x)=")

thatis ,, D’c#0, VceR..

also, for j=1,2,...,n= [Re(q)] +1, then

(w2 (=a)) ()= 2 (b1 ) () =0,

Properties 2.3.5. If Re(q) >0and n= [Re(q)]+1

n

(i) The equality(RL D5+g)(f) =0, is valid iff g(7) =D ¢, (7 —a)q_l,

I=1

(ii)(«. D g)(r) = 0iff g(z Zd b-7)"

where, ¢,,d, e R, [=1,2,...,n

Lemma 2.3.6.1f Re(q) >0 and Re(r)>0, then the following

wlf (wl]:8)()=(all"8)(%):

wl! (el 8)(x)=(u 2" g)(x).

hold at almost every point in[a,b] ,Vgel, [a,b], When g+r>1.

11



It is convenient to mention here that the above lemma holds true in case when
Hadamard fractional integrals are also applied. Next, some properties for Caputo

fractional derivatives will be discussed.

2.4. Caputo Fractional Derivative

It is turn out that ,, DY has a weak points in some real models, indeed, a new definition

of fractional derivatives has to be introduced. The Caputo fractional derivative of order
@ proposed by an Italian mathematician is an alternative fractional derivative to the

RL- fractional derivative which given by

n—-1<f@<nelN,

t(o-u)™ 0 (u)
(CDZg)(u): ;[ F(n—é’) du
g (u) ,0eN,

Caputo 1967, it is important to note that the Caputo derivative is more restrictive than
the RL-fractional derivative as it requires the nth derivative of the function g . Which

leads to assume that it is exist whenever the CD(‘) is used, and fortunately in the most

applications the used functions have the nth derivative.

Consider the set of functions g(t) , continuous and integrable in any finite interval

(0, y),y € R. For the CD(') it is required that the nth derivative of the function must

integrable, Next in this study all functions are already assumed to satisfy this condition.
()

The following results are some main properties of the .D

(i) D’g ()= 1"“D"g (7)., where D" is the standard differentiation operator D" = y

12




(ii)lim DY g (z) = 8" (7).

lim D g (7)= gt (7)- g (0).

(iii) . DY (ag (7)+ Bh(z))=a D’ g(r)+ B D’h(7).a. R,

(iv) 22D ()= D28 (7) % D DY & (7)

() 2 (s (M) =31 o s(6)i ) S s n(e) 0):

=0

(Vi) CD;ib =0, b is a constant.

re+1) ,

) D (1= ) 77
(VII)C T F( + q)

0, n—-l<g<n, 6<n—-1, 0 eN.

, n—1<g<n, >n-1, R,

2.5. Hadamard and Caputo-Hadamard Fractional Operators

This section deals with some properties of Hadamard and Caputo-Hadamard
fractional operators. One of the most difference between these operators and the others

is the kernel than contains a logarithmic function.

Definition 2.5.1. Given the continuous function g, the fractional integral of order &

proposed by Hadamard is

12 (7) = ﬁ:‘:(ln%jw g(rr) dr. q>0,

provided that the integral exist.

Definition 2.5.2. For a continuous function g :[a,oo) — R, the Hadamard fractional

derivative of order & >0 is defined as

13



,Dig(7)= (r %T jr;)(ln %)n_q_l @dn

2 T(n—q

ge(n-1n), n=[q]+1, 5:T(dij’[q] is the integer part of g € R
T

Definition 2.5.3. Forg :[a, oo)—)R, where gis at least a differentiable function

n—times , the Caputo Hadamard fractional derivative (“D?) of order ¢ is

D (1)= r(nl_q) :[[ln f jn—q—' 580),

A

Lemma 2.5.4. Let
ueCy ([a,T ],]R),where C; [a,T]z{u:[a,T]—)R:é("_l)u eC[a,T]}

then

Definition 2.5.5. [59], The Caputo fractional derivative is said to be of nr sequential

order if the relation

(D" Ju(t)= D (D" ult)

holds true forn =2,3,...

14



Chapter 3

FDE’s INVOLVING (CAPUTO/HADAMARD)

FRACTIONAL DERIVATIVE

In this chapter we mention the recent research about the FDE’s that include either
Caputo or Hadamard fractional derivatives. We focus on the research that include a
sequential type of FDE’s because recently the researchers give more efforts to
investigate this type of FDE’s and the existence for solution for this types of FDE’s

have been studied.

For instance, in [60], the authors investigate a 3-point SFDE:

{ Dy(D+k) ( ) (r r(r)) I<y<2,p<r<o0, 3.0)

(p)=r(n)=r(c)=0 ,—0< P<N< O <w,
where p,o,n,k € R,k > 0. For the SFDE (1) a new existence and uniqueness results

are obtained on arbitrary interval [ yo2 0'] ,p,0€R.

In [61], the authors discussed the nonlinear sequential Caputo fractional Integro-DE’s

with nonlocal multi-point BC’s. Of the form:
D (D+k)y(£)=h(t,y(1), D'y (), I”y(t)) 2<a<3,0<p,g<1,0<:<Lk>0,

¥(0)=0.  ¥(0)=0. Yey(&)= j $)ds.5210<n <& <<, <1.
i=1

(3.2)

where 1:[0,1]xR* >R ,u,c, eR,i=12,....r

15



For SFDE (3.2) the existence uniqueness results were obtained.

Arfal et al. [62], introduced the human immunodeficiency virus (HIV) model in
fractional order scene, accordingly, motivated by this model, Jigiang et al. [63]

considered the system of FDE’s

D (D+2)p(7)=f(z.p(7).q(7)) ,.0< <1,
cDﬁ*I(D+#)CI(T)=g(t,p(r),q(r)),0<r<l, (3.3)
p(0)=p'(0)=0,  p(1)=&4(s)

q(0)=4'(0)=0,  q(1)=&p($),

where A, u are parameters, 1 <a, f<2, 0<5,{<1,£,6€R, given the continuity of the
functions f, g: [O, 1] xRxR — R. Leray-Schauder’s alternative has been applied to

investigate the existence for the solutions of the above system. Where the uniqueness

was obtained via Banach’s contraction principle.

In [64], the existence for solutions of IVP () of SFDE has been studied Based on some

fundamental theorems of FPT, where the SFDE there in is given by:

(ch +491CD"’1 +92CDq’2)q(T)= g(r,u(r)),qe(2,3),0£aSTST,

(3.4)
q('") (a) =c,, m=0,1,2.

where 6,,0, are parameters, g : [a,T]xR —>R.
In [65], the following SFDE with nonlocal RL fractional BC’s

(D +keD*")q(z)=g(r.q(0) @ €(2,3].0<r <1,k >0,

, c . (3.5)
9(0)=4'(0)=0.  q(s)=—7~[(n-2)""q(x)ix.p>0.
r(p)s

where 0<7n<¢ <1, for the SFDE (3.5) based on classical FPT the existence

uniqueness results were obtained.
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In [66], A new set of BC’s were introduced for the following SFDE, based on some
fundamental theorems of FPT, existence and uniqueness property for the following

SFDE has been investigated.

DT (D+E)u(r)=f(r.u(r)) ,2<a<3,0<7<T,k >0,
cu(0)+> au(n)+du(T) =&,
i=1
m (3.6)
czu'(O)Jeriu'(ﬂi)+d2u'(T): £,
i=1

c3u"(0) + iciu"(ni ) + d3u"(T) =&,
i=1

where 0<n. <T, ¢,,c,,c;,d,,d,.,d;,&,,¢&,,6,€R,i=12,....m

In [67], the existence and uniqueness for solutions of SFDE with nonlocal BC’s
involving lower-order fractional derivatives. The SFDE is given as follows:
(CD“ +kCD‘H)u('r) =f (T,M(Z')) 2<a<3,0<7<T,k>0,au (77)+b1u (T) =c,
a, ‘D*"u(n)+b, ‘D 'u(T)=c,,
a, ‘D u(n)+b, ‘D u(T)=c;,
(3.7)

where a,,b,,c,eR, =123, 0<n<T.

For the SFDE (3.7) the uniqueness results were obtained based on theorem (2.2.8),
while, the existence for the solutions obtained by the theorems (2.2.10) and (2.2.12),

and what so called LeraySchauder degree theory.

Next, some recent work about Hadamard type FDE’s will be mentioned and as
introduced before, the most difference between Caputo and Hadamrd fractional
derivatives is that in the later one the kernel function in Hadamard is a logarithmic

function with arbitrary exponent.
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n [68], a new set of BC’s were introduced. The authors applied theorems (2.2.8),
(2.2.10) and (2.2.12), and what so called LeraySchauder degree theory on The FDE
which given as:

HD”x(r):g(Txr T)) Te[le ,pE 12]

HDry(T)=h(f,x r T)),T 12]
x(l):(), x(e) Ar4y (51),u>05e(1 e)
y(l)z , y(e) Hyu ( 2) ,u>0,5ze(1,e)

(3.8)

Ph. Thiramanus, S. K. Ntouyasand J. Tariboon [69] studied the Hadamard type of

FDE. Given as the following:

HD”x(r)+q(z‘)g(x(r)):0, re(l,oo), pe(1,2]
m 3.9
x(l)zO, HDp_lx(oo):ZQ.HIﬂ"x(n)

where 8, 20, i=12,...,m

The existence of nonnegative multiple solutions for this type of FDE’s on an
unbounded domain were investigated. Examples are also presented to illustrate the

obtained results.

In [70] based on the classical FPT, the following FDE was investigated
HD”r(r):g(T,r(T)), I<r<e, pe(l,Z]

r(l)z(), 29 1% r an( Iﬂ‘ Hlﬂkr(fk)).

(3.10)

where 8,1, eR,i=12,....,m, k=1,2,,...,n. Also

< gy <<, & <& <<, g [le]xR>R.
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In chapter 6, motivated by the mentioned researches about the Hadamard fractional
operators which mentioned above and the references therein, and based on the classical
FPT. A new nonlinear FDE with 3-point integral BC’s were investigated. Two

examples are introduced to make our results more obvious.
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Chapter 4

NONLINEAR SFDE’s WITH NONLOCAL BC’s

In this chapter we investigate the nonlinear SFDE subject to a new set of non- separated

non- local integral BC’s given as
D' (D+A)u(t)=f(tu®), pe(L,2], t€[0,T],

¢
au ( +bu =d, u “4.1)

0

a, D" 'u(n)+b, D" 'u(T)=d, |u(s)ds,

where,ne(O,T), 0<&E<E<T, >0, a,,a,,b,b,,d,d, eR.

Applying the classical FPT on the above FDE. Results are illustrated by examples.

The following notations has been used for the rest of this chapter:

0, =ae " +be " —%(l—e%f), 6,=a,+b—d¢,

T
p s -p  _Js _
0, =a, —s) "e™ds +b, —s) "eds +d2Ie “dt,

||

S

N—"

O C— 3
—_
S

N

S

N—"

O ey
—~~
~N

0,, =d, (T_é’)’ A=6,0,-6,0,, A0,

0. — 6 =t 0. —0 =t
(Dl(l‘)= 21 Azze ’ z(t): 1 Alze

0 (rs)=

o) "2 . 0 x)h(x)dx = [ -a(t-s) 17 (s )ds .
F(p 1)I s) r ‘([Ql(t x) (x) J.e RL (s)ds

0
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It is obvious that

_ 9 _6 —AT
‘ﬂl(l)‘<max[|021 022| 2 e ‘]IQ,

Al [
|<9 -6, | 6, _lee_ﬂ‘ )
‘/uz (t)‘ <max( 11|A| =, |A| =,

and

1
I'(2-p)

7 s
L J.(77 — s)l_p J.ef’l(“x)RLI”flh(x)dxds =
0

O e I3

(n—5)" [ O (s x) h(x)dxds

(=)

TLU —s - le s, x)ds}h(x)dx TQZ(n,x)h(x)dx.

Lemma 4.1. Consider we C ([O,T] ,R) ,then the solution of the following SFDE

given by

D" (D+A)u(t)=w(r), pe(,2], 0<r<T,

au(n)+bu(T)=d, jiu(s)ds, (4.2)

@y D" ()+ by D" (T) = d Ju(s)ds

g
is equivalent to
(1) = JO (1.5 w(s)ds
|
()]0, 5 (5) s+ ()0, (5w}l
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Proof: consider

D (D+A)u(t) = w(r)

apply 17 to both sides of (4.4)

17 D7 (D 2)u(1) = 1w 1)
(D+A)u(t)+dy = 1" w(1).
D(e*u(r))e™ +dy =5 1"'w(1),
D(e#u(t))+de® =" o1 w(1)

integrate both sides of (4.5)

t

eu(r)- (u (0)+ d0)+ dye’ =" 1" w(s)ds,

22
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u(s)=ce™ +c,+ J‘e%(H)RLI“’IW(r)dT

0

then

< ¢
dlju(s)ds d, cl “ds+a’co'|.ds+d‘[[j A 1y ()dr}ds

0 0

:"’17(’1(1 )+dc0§+dj[j W) 17w ()dZ'JdS.

and
T

d, |u( e’ —e )+d2CO(T &)+ IUe A Ty (r )dr]ds.
¢ ¢\ 0

by the first boundary condition given by

au (77) +bu (T)

n T
=ace" +ac,+aq, Ie Hor ”)I”_lw(s)ds +bce ™ +bc, +h, J.e%(Tf‘Y)I”_lw(s)ds
0 0

4
:dlj[c +CO+I =)ty (s)dstr
0

0
_a’lcl ,;“3: Y A(r-s pl
_7(1 +ch§+dl£.£e 17 w(s)dsdr,

(alel” +he " —%(1 —e )jc1 +(a,+b,—d&)c,
n

cr T
= dIJ‘J.e—l(r—s)IP*I ( )de}" alj An- A)Ip 1 ( ds _bIJ'e—/l(T—s)Ipqw(s)ds.
00 0

0

The second boundary condition

~

a, «D""u(n)+b, D""u(T)=d, |u(s)ds,

[N

implies that
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Aa, f =P Ab, T I-p s t Y
d. T — ds+d d d, (T -
a2 ) et o

n K
=4, 1 I(U—S)l_p(&lp_lw(s)—ij.e“‘Yr)RLI”_lw(r)drjds
0

T
+b, ! j(T—s)lp(RLl”lh(s)—lje_i(s_’)RLl”lw(r)erds
0

e i T
0,,c,+6,,c,= dl“.Ql (r.s)w(s )dsdr—alJ‘Q1 (7,5 )w(s )ds—bJQ1 (T,s )w(s)ds,

n
0,,c, +0,,c, = azjw )ds +b J-w )ds —iaZJQZ 1. )w(s )ds
0
T

= 2b,[ 0, (T, 5 ) w(s)ds —d ”Q1 (t,5 )w(s )dsat.

0

A simultaneous solution for the above equations for co, c; leads to

0 n 9 b T 9
Cy = 152}[ ds+ ”AZ»([W 11“2 J‘ans ( )ds
T
9 bziJ'Qz Qlld J‘J‘Ql t S )dsdt
0
_Oud 17 0,b "
2L IIIQ, dsdr+ O IIQ1 77 s ( )ds+ 2l 1IQ, (T,s)w(s)ds.
A oo Ay
_ 0, T O, |
22 1 !!Ql dsdr_ 0y 1IQ1 n, s ( )dS—%;[QI(T,s)w(s)ds
T
,2a IW Iw(s)ds HIZZ .[QZ ( )ds
0 0

0,7b, 0.4, (|
+T-([Q2 (T’S)W(s)dHT”Ql (t,s)w(s)dsdt.

)

substituting co, ¢1 in (4.6) we obtain
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= j-Ql (t,s )w(s )ds

cr n
szd‘ e Q dsdr Oty e 0, (n,s )w(s )ds
1 A
0 0
n T
o,(T ds—%e”j (s)ds —%e’“fw(s)ds

0 0

J
0
022b1 *lt T
0

0.2a, _, 0,Ab,
+ 12A zeile(n’ ( )ds _,_TZelJ-QZ(T,s)W(S)dS

9 d Tt
+Le%’”Q1 (t,s )w(s )dsdt
A 0

Combining similar terms and by the help of notations the desired formula will be

obtained.
By direct computation the converse of our lemma holds true.

Lemma 4.2. The following inequalities

t t

le (l‘, T)pl (T)dx—le (t,f)pz (Z')dr

0 0

7!

lF(p)

<

(= +1)lp =P,

b

t t

IQz (t.7)p, (T)df__[Qz (t.7) p,(7)dr

0 0

< (- +1)lp = o]

hold true on [0,7]. p,. p, € C([0.T]).

Proof. Indeed,
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< ]Ql (t,z')‘pl (r)—p2 (T)‘dl'

0

.[Ql (t’r)pl(T)dT—IQl(t,T)pQ(r)dr
<[o,(n7)dz]p, - i,
hS F( 1_1) }[[}[e—l(l—’) (r—z-)l’_2 erdT”pl _p2||C

E [[e ) (r=2)"" drdr|p, - p,].
00

I'(p-1)
t[FI —At
< - )| p, -
*2(r-DT(p )( e 4Dl
T it
< - |p, - )
<ir(p)( € + )”pl p2||c

and

- e J T ()=

SNy e (e N R (SO A P
SRy L R
. ! J(e )7 e fe v, )

0 0

(t=2) " e dep = o],

l
t(—e +1) i

(t=2) " 2" dep = o],

-G _1)F(2_p)r(l_p)3(p,2—p )P - P

26



t(-e +1) r(p)r(2-p)

S Ore-pra-p) r) nek

= %(—e’” +1)||p1 —p2||c.

Given a continuous function f :[0,7] — R, the Banach space Q=C ([O,T],R)

endowed with ||u|| - =supu (t)‘ ,then the operator F : Q2 — Q can be defined as:

0<t<T

+ay (1))0, (n,r)f(z',u(r))dr+blyl(t)IQl (T,r)f(r,u(z‘))dr

—dlyl(t)j.le(l’,T)f( ( drdr 2;12 ].le drdt
e, (I)J:Qz(ﬂ ) £ (eae(2))dr — Ay (1 )OQ (7.0) f (r.u(c))dr
+a, i, (t)]jf(r,u(z‘))dr+b2,u2 (I)If(r,u(z'))dr.

For computational convenience, let

!

R = ﬂl“(p)

( —/IT ) |a1|¢1

( —e M +1)

( )

-1 p 1

|b|¢‘ (p)( —e T4 ) | |¢1.f ( )<—eh+1)dr

p-1

Lot
+|a,| 4,
¢

T (7) (—e_ﬂ’ +1)dt +Ala, |4, %(—e%" + 1)

T, _
+l|b2|¢zz(—e 1) +|ay| g + |y | AT,

7!

R =R-
ir(p)

(—e_” +1).
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Theorem 4.3.Assume the continuity of f : [O,T] xR — R,and assume
(E,)3L, >0 such that | £ (t.u,)— f (t.u,)| S L, |u, —u,| .Vt €[0.T],Vu,,u, € R. with

RL ;< 1, then there exist a unique solution of the SFDE (4. 1).

Proof: Define

B ={ueQ,||u||C Sr},with r>1ML where M = sup ‘f(t 0)‘

0<t<T

First we show that 7B, — B, for this

VueB, Vie[0,T]

(o) o101 (v () (o) (.5) 1 (v (1))
+b],ul(t)_T([Q1(T,z') £ (z.u())dr —dy i!g, ))dzdr
dyi, (1) EIQI ))drd = Aaym, (1 )zQz(n,r)f(f,u(f))df
b, t)(TJ:QZ o)) de a1 )If(f,u(r))dr+b2,u2(I)If(r,u(r))dr.

But generally|f (£u(2))| <|f (t.u(2)) - £ (£,0) +| £ (+.0)|
Implies

[Fu(t) <Ly ul + sup |1 (.0)

SLfrJer.

This inequality leads to
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(o)) < (1—e*“)

Zr(p)

s 1= ) QO el s (1=e Jarl

)
(p)

f<->,u<->uc+|a1||¢1|%(1—e”)\\f(-),u(-)uc

] [0l Q) L= .,

# 2ol = (1= )7 () O+l 7 ().,
g7 £ () u (),

SRx(Lfr+Mf)£r

Implying, Fu € B,,Vu € B, thatis 7B, C B,.

Next, F is a contractionhas to be shown, for this let u,,u, € Q

‘fu, (1)~ Fu, (2 )‘ <

Os<ltl<pr_:[Q] (t,r )‘f(z',u1 (T))—f(z',u2 (T))‘dl'

)_IQI(’7’7)‘f(7’”1(7))_f(7’”2 (T))‘df

Hlalsep

+|by| sup 4 (1

0<t<T

:']:Ql (T T)‘f(f,ul(f))—f(f,uz (r))‘dr

e
+|d1|05<uP #1 IIQI r,T ‘f T, ”1 ) f(r,uz(z'))‘drdr
<t<T 00

|l sup (1)

+A|a,| sup 1, (t)

0<t<T
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+Alb,| sup s, (1) ‘:[QZ (T,T)‘f(r,u1 (T))—f(r,u2 (r))‘dr

0<t<T

+|a,| sup 4, (t)jﬁf(r,ul (r))—f(z',u2 (r))‘ dr

0<t<T 0

T

+|b2| sup 14, (t)ﬂf(r, u, (r))—f(r,u2 (r))‘ dr.

0<t<T 0
Assumption (E1), implies

”‘7:”1 _-7:”2” <L, ””1 _”2” x
C C

77! T 7717—1 iy v i
(ll“(p)(l—e )+|al|¢l/,u_,—(p)(1—€ )+|b1|¢1—(1—e )

ir(p)
r rr —Ar o —t
+|d1|¢‘£,1r(p)(1_e )dr+|d2|¢2.£ﬂi(p)(1—e )i

] T
+A[b,|(1-¢ M)”T@+/1|b2|(1—e ”) fz +|a2|¢277+|b2|¢2Tj,

< LR 1, <oy~ .

End up with this, we conclude that F is a contraction, and based on theorem (2.2.7)

the uniqueness property for the solution of the SFDE (4.1) holds true on [0,T].

Theorm 4.4. Given the continuous function f,
and assume(Ez) dwe C([O,T],R*)and a non decreasing
function y : R" — R" such that ‘f (t,u)‘ < a)(t);((|u

),V(t,u)e[O,T]xR
(E;) 3 W >0 such that

w

—>1
2(W)le|. R

Then there exist at least one solution of the SFDE (4.1).

Proof. Stepl show that, for this,
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Consider the bounded set B, = {u eQ,[uf. < r}in Q Then by(E,)

! n

‘(]—"u)(t )‘ = IQl (t,T)f(l',u(r))dz'+al,u1 (t )-"Ql (n,r)f(z-,u(z-))dr

0 0
T e

+b1y1(t)'[Ql(T,r)f( ( ))dr dl,ul {[;[Ql rr f(r u( ))drdr

n

j([Ql (t,r)f(r,u(r))drdt—/lazyz (t)J‘Q2 (n,r)f(r,u(f))df

0

n

QZ(T z‘)(z‘ u( ))dr+a2,u2 If T, u dz'+192,u2 ].f

0

Take sup, then

0<t<T

<l|lw r)x t —e ") +|a " —e M
<lol 2| - L 1)

p 1

T e T —Ar ¢ ~t
el )( )+ |d||¢1|f/u_( )1 e )dr+|d2||¢2|£}fr—(m(1_e i

+/1|‘12||¢2| (1 efiq)+’1|b||¢2| (1 67”) |“2||¢2|’7+|b2||¢2|T}

Implies,

|7l <]l 2(r)R

Step (2) show that F is equicontiuous

to do we let ¢,,¢, € [O,T] with ¢, <t,, then Vu € B, we have

‘(fu

! Q1 t r Q1 t r))f( (r))dr
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+|a1H/"1 (tl)_ﬂ1 (tz)‘;'j‘g(U’T)f(r’”(f))df‘
o )= ) [0,(7.0) ()
+|le,Ul (1,)— (2, )‘ij;‘Ql(r,r)f(z‘,u(r))dr‘dr

el (1) - uz(tz)@ 0,(t,2) £ (v.u()) de]

Cl— sy O~

+l|“2”/uz (tl)_:u2 (tz )‘ ‘Qz (U’T)f (T,M(T))d‘l"

Al (1)~ 110 () ()
a1y (1) - 2 (tz)\z\f(f,u(r))df\

byl (1)~ 101 )‘z‘f(r,u(r))dr‘

—0, ast, >1,,

Since the above inequality is independent of u, based on theorem (2.2.9)

We conclude thatis completely continuous.

Finally, by showing thatuwhich is the solution for the equation u = 5Fu, & €[0,1]is
bounded we complete all conditions of theorem (2.2.10), to do so, and for  €[0,T],
suppose that is u a solution, then

(0) =[5 () () <5 ol 2(r)) R <l 1 (Jul, ) .

implies

Ju

e (el ) &~
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But by (E,) 3W >0 such that W # u],
let Z :{u eQ:”u”C <W}. It is clear that F : Z —Q

is continuous and completely continuous, by the defined Z,fu € 6Z such that

u=0Fu,0< 0 <1, therefore, based on theorem (2.2.10), we deduce that F has

u € Z which solves the SFDE.

Theorem 4.5.Given the continuous function f that is satisfying the condition

(E,)and ‘f(t,u)‘ < y(t),V(t,u)€[0,T]xR, where, y € C([O,T],R*)with()sgg‘y(t)‘ = ||y||c

Moreover, suppose LR" < 1,then the problem (4. 1) has at least one solution.

Proof.

Construct B, = {u IS Q,||u||c < r} be a close set, with r > R|| y|| ¢ define two operators F, F,

on B, as

t

(}"lu)(t ) = .[Ql (t,r )f(f,u(r ))dr,

0

n

(}_214)(1‘):: a (I)IQl (U,T)f(T,M(T ))dr

0

C—y

+b (t) o (T,r)f(r,u(r ))dr

0, (r,z‘)f(z' ,u(r ))drdr

K"
=
—~
~
~

0, (t.7) f(z.u(z))drdt

QU
S
F
—~

~
~

N — N Oy @
<[ Ot Oy

— Aa,u, (1) 0, (n,r)f(r,u(r ))dr

(=)
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~

—Ab, 11, (1) 0, (T,z')f(r,u(r ))dr+a2,u2 (t)];.f(r,u(r ))dr

(=1

T
+b, 1, (I)Jf(f,u(r ))dr.
0
Vv,ueB,, then”]—"]u +.7-"2v||c < R||y||c <r. Thus Fu+FyveB..

By condition (E1 ) and R,
then one can easy show that ||.7-"2u —.7-"2v||c < LfR* ||u —v||C < ||u —v||c
Implying that F, is a contraction.

Moreover, the continuity of 7 holds because of continuity of f

and

, hence A is uniformly bounded.

For showing the compactness of F. Fixing sup‘f (t,u)‘ =f, ‘v’(t,u) € [O,T]xBr
and for

1,1, €[0,T].1, <t,, then

H}"lu (t1 ) - Fu (t2 )H <

f,LI

1
0

The RHS of the above inequality approaches 0, as t, —¢,. It is notable that also the
same side is independent of u that is 7, is relatively compact, theorem (2.2.9) implying
that 7 is compact.Hence, the existence property for the solution of the SFDE (4. 1) holds
by theorem (2.2.10).
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Examples.

Given the following SFDE

(CD3/2+2CD1/2)M(I)= \/ 21 (t81zg(t)+et COSIJ ,0<t<4,
" +49

20 (1) +3u(4) =~ u(s)ds.

cD"u(1)+5.D"u(4)= SJ.:u(s)ds.

4.7)

here

1 tsinu(t)
f(l‘,u(t))zm( SH:‘;( )+e COSt],

T=41=2p :%,al =2,a,=1,b,=3,b,=5,d, =-1,d, =5,
n=,£=2,{=3.
0, =ae " +be " —ﬂ(l—e”w); 0.761,
A
6,=a,+b—-d&=06,

A
F(Z—p)

n T T
0, =a, I(n - s)l_p e ds+b, 4 I(T - s)l_p e ds + dzj.e_/“dt =248,
0 0 ¢

r(2-p)

0, :92(T_§)=5»
A=06,0,—-06,0, =-145.

with

A A
Then
- 16, —0,| [0 —6re™| o [248-5 248-5et)
‘ a4 145 7 145 ) 7
5 — max| 190 16, — 66| . [076-6 076-6¢*) o
’ NN 145 ° 145 ) T
Implying
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R<2.083

To apply Theorem (4.3) we need to show that conditions

t sinr, —sin z
‘f(t’rl)‘f(t’rz)‘:./tz+49 e 2|
1

a7

and

L,R< - (2.083)<0.043<1.

Therefore, according to theorem (4.3) the uniqueness for the solution of the SFDE

(4.7) holds true.
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Chapter 5

NONLINEAR SFDE’s INVOLVING CAPUTO

FRACTIONAL DERIVATIVE WITH NONLOCAL BC’s

This chapter, based on the FPT develops the existence theory for SFDE’s involving
D", where r e(l, 2] with nonlocal integral BC’s. Examples are introduced for the

purpose of illustration the applications of our results.

In this chapter the uniqueness and existence for the solutions of the following SFDE

associated with a new set of nonlocal integral BC’s has been investigated.

(CDr+2CDH)y(t):g(t,y(t), CDHy(t)) , re(l,Z] , 0<t <T,

a,y (1) +by(T)=c [ y(s)ds+d,, (5.1)
0

T
a2CDHy(,u)+b2CDr_ly(T):c2.[y(s)ds+d2,

where, 0< u<T, a,b,c,d eR,i=12, 0<r<o<T.

Notations:
) TH (1_67”)
= + s = +—
Q Q1 Q2 Q1 Q] /IF(}")
L R e N N ] d
qu qu q v qv qu g qu
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w0 (Z)(2) nioe( 22 (22 8,
v v qu qguv ¢
Us(t)=[b16]_[b1$+ﬁJe/u’ 776(t)=&—[a2pJeb’

v v 4 v \qu

(1) =22 (bz_/’], n()=e” (“z_ﬂpj_%’ n(£)= ¢ [%]_M’

v qu

where
q= (ale_ﬂ" +he ™ —¢, (l—e_/h )), p=(a,+b —c7),

u T
o= (% (e’“’ - ’H /’Laz I TeMds+ 25, I(T - s)l_r e’“dsj ,
0 0

v=0c,(T- a))—%

with

e M) (s— m)r_zds, .[Gl (r,m)w(m)dm = Ie_ﬁ(l_s)mlr_lh(s)ds
0

0

Q
—~
-~
3
~
I
—
—~~
b
—
N
o C—

t s)— m s)dm
1 T 1-r X —A(s—m) Ir—l dmds = 1 i 1-r SG dmd
F(Z—r)-([('u_s) !;e rdw(m)dm S_F(Z—r)!).('u_s) _([ 1(s,m)w(m) s

—x

1 % 1-r i
= F(Z-r);[(x(‘u_s) G, (s,m)dst(m)dm =J(:G2 (zt,m)w(m)dm

Lemma 5.1. Ywe C([0.T],R).The solution of SFDE .
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@ (5.2)

is

s (f)].Gl (T,m) W(m)dm +1; (t)]iw(m)dm +17, (I)J-w(m)dm + (5.3)

Proof. From the previous chapter the solution of SFDE (CD’ +A.D"! ) y(1)=w(r)

is
y(t) =Me " +M, +je%(’7s)RLI’_1w(s)ds ) (5.4)
0

To find M, and M, Indeed

—AM,
F(2—r)

r(21_ r)j;(t_s)l—r(RLIr—lw(s)_ﬂJ'e/I(Sm)RLIr—lw(m)dmjds

CDrfly(t):

r—s) " e M ds +
[(t-5)
0

0

First BC of (5.2) implies
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M, (ale_l” +he ™ —¢ (1—6‘“))+M1 (a,+b—c7)=d, +C1J‘J‘ (=) prty m)dmds

U
—aljefﬂ”(”f'y)lr_l (s)ds— bI Iy (s)ds .
0

(5.5)
and the second BC of (5.2), implies
M C—z(e_m B /1a2 T e Mds + A, ].(T s) e Mds
"\ 4 0 F(2—r)0
+Mc, (T - ) (5.6)
A simultaneous solution of (5 5) and (5.6), leads to
d P, dpa d} (CI,OO' 01]
M 2 + G, (s,m)w(m)dmds
’ (qv gv q) \dv ¢ “ Jeim)
_ alpa q
o
- lpo- b ].G w(m)dm+ QP ].JS.G (s,m)w(m)dmds
0 1 qU o 0 1 ’
2 ( 3
— w(m)dm+ G, (u,m)w(m)dm
qngu 2216, uan) (o
b\t AL
_| 22 jj‘w(m)de{ 2 JJGZ(T,m)w(m)dm.
qu )% qu )% 5.7
TS H
M, :(—EJJIGI(S m)vv(m)afmds+(£]J.G1 (,u m)w(m)dm
qu 00 qu 0
b T d d T s
(q_jj;[G (T m)h(m)dm—f—q‘—j—(%j;[-([Gl(s m)w(m) dmds +=2 [w(m)dm
T T
_at G, (,u m)w(m)dm+b—2jw(m)clm—ﬂj.G2 (T m)w(m)dm
0 vy vy
(5.8)

Substituting (5.7) and (5.8) in equation (5.4) implying
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qu q

222222 Jompoman

ns(1)

+ &_(%je—hﬁw(m)dm{%_(bz_f’je—hﬁw(m)dm

R qv qu
6(t) (1)
alp) w ald |t bip)\ . bA |
=2 - 221G, (u, d 27 -2Z211|G, (T, dm.
+_( qv ]e v :|.([ 2(,u m)w(m) m+|:( qv je v :|_([ 2( m)w(m) m
(1) (1)

By direct computation the converse of the lemma holds true.
5.1 Existence and Uniqueness For the Solution of SFDE

Next, based on FPT we investigate the uniqueness and existence for the solution of

SFDE (5.1), to do so we introduce the function space given as the following

¥ =(CF1 [0.7]. u||r_1), and the continuous f:[0,7 | >R, it is clear that ¥is a

Banach space with the norm ||y||r_1 = sup ‘y(t )‘ +sup ‘CDHy(l ) , an operator
0<t<T 0<t<T
F:¥Y —> VY associated with the problem can be defined as
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=

(t) + j-G] (t,m) g (m, y(m), CDHy (m))dm

0

—
<
~—
—_~
~
~—

G, (s,m)g(m, y(m), D" y( ))dmds

+
=
)
—~

-~
~—

© R

(1)

G, (s, m) g (m, y(m), CDHy (m))dmds

+
=

et N O
S

Q

+1,(1) |G, (s.m) g (m. y(m), D"y (m))dm

—N o

+15(1) |G, (T’m)g(m’y(m),CDHy(m))dm

+1, (1) | & (m, y(m), CDr—ly(m))dm

+777( ) g(m’y(m)’cDr_ly(m))dm

N O N O O

+1,(1) G (41.m) g (3 (), Dy (o)) i

+
S
=
=
= =

G, (T m) g (m, y(m), CD’_ly(m))dm.

One can easily show

(D ) ()= (D, )(1)+ [ £ (my (m). D"y (m)) i

0

—}uj.G2 t,m g(m,y(m),CD”ly(m))dm

( D" 772) G (s (m), CDHy(m))dmds

o'—.

D773

I
':[.([Gl (m), CDHy(m))dmds

u

+(CD i 774)(t) G, (,u,m)g(m,y(m), CDHy(m))dm

= e I =)

(D5 )(1)

G, (T,m) g (m, y(m), CDHy(m))dm
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S
I
=
[=))

)(2)
)(1)
)(1)

(D' )(1)

+<C g(m,y(m),CD"ly(m))dm

>
|
3

+(c ' g(m,y(m),cD"ly(m))dm

S
oo\“L
Q

+(C ' 2(/“’"1)8(”1,)’("’!),CD'_ly(m))dm

N Ot Oot—N Ot

Ko}

: (T, m) g (m, y (m) , CD’_ly (m))dm

o

(5.10)
We set the following notations for computational convenience

-1 1

0= [ﬂ]l:"(_;) (l_eflT)_i_ ”772”‘1.%(”)(1—e“ )ds +||773||1 ﬂls_‘zr)

(1 —e™ )ds

r—1 r—1
H A T _ AT
—Au —AT
pul—e " +1 T|—e" +1
Y SR L SR WM )}

-1 T r-1

0, = (T(l+(1—e”))+HCD”772H.([ ;t;(r) (1-e*)ds+|.D"n,[ e (1-¢7)ds

r— " A T -
R L P )

l—e™ T(1=e*
kool o )

0,=0,+0, —T((l—e-ﬂ)(;(i) +1J+1J.

Before introducing our main existence and uniqueness results for the SFDE (5.1) we suppose

that the following assumptions holds true.
(Al)g:[0,T]xRxR — R is jointly continuous

A2) 3L >0 such that
(A2) 3L,

‘g(t,y,})—g(t,z,z)‘SLg (|y—z|+‘§—£‘),‘v’te[O,T],y,Z&,ZER
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(A3)3 a function y € C([0,7],R") such that
g (t.3.2)| <7(t). V(t.y.2) €[0.T]xRxR.
(A4)3heC([0,T],R") and a nondecreasing function 7 :R* — R’
(AS)such that |g (¢, y.2)| <h(t) x(|y]+|2]). ¥ (t.7.2) €[0.T]xRxR

there exist a constant W >0 such that

W

>1.
(W) @

”771

The uniqueness result will be introduced by next theorem.

Theorem 5.2. Assume both (A1), (A2) satisty. If L, O < 1, then there exist a unique solution

for the SFDE (5.1) on [0,T].

Proof. Consider F defined by (5.9) and construct a ball

N
”mH—+gQ where N, = sup ‘g(t,0,0)‘.

B = {y eC_, [O,T] : ||y||r_1 < a} with, a > 1-L0 ot

First we show that 7B, — B, for any y € B, ,then

(0=l e n). .2 () m
Al i (oo, o
i om0 s
116 s . ). 7 oo+

b 1 (e ) s )
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ey ).y (n
bl ) 3 )
i e ). .0
A6 (.} (.5} 27 o)

but
‘g(r ,y(t )’CDr_ly(t ))‘ <La+N,.
then

|75l < lomf+(Lea+ N,)

[;( j(1=e)s IIUZIIIM() (1= )ds +s]

- _“)ds

|

+||774|| ﬂ?(r)(l 71}) ”775” ( )(1_6“)

,u(l—e”l") T(l—e’”)
A A

el + T oz |+ | +m|

Il o (5.11)
and
HCDH}_)’H = H(cDHﬂl )H+(Lga+Ng)
Lo T
X(T(l-i_(l_e/IT))_'_HCDrlnzu.([%(r)(l_eM)ds"'HcDrl% (1—€7M)ds

g
2 AT (r)
. r—1 . N 7! .
el irg (e ) D™ nl s (-e7)

1 T(1—e*
oo tnfoerpotnfe] | A o g )

<D |+(L,a+N,)0,.
(5.12)

Combining (5.11) and (5.12) we get
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|71, <l +(La+ N, )@ +2) =|n,, +(La+N,)0<a.
Which implies that 7B, — B, .

Next, JF is a contraction has to be shown, for this. Vy,z e ¥
t
‘(}"y I t m Hg m, y ) Drfly(m))—g(m,z(m), CDHz(m))‘dm
0
e (t.m)[& (m. ¥ (m), D"y (m)) =g (m.z(m), .D"'z(m))|dmds
00

+||773||]-DG1 (t,m)‘ ‘g (m, y(m), CD’_ly(m)) —g (m, z(m), D"z (m))‘ dmds

+||’74||I G, (e.m)| (m.y (m), D"y (m)) - g (m,z(m), D"z (m))|dim
+||775||_1“G1 (T,m)”g (m, y(m), cDH)’(m))— 8 (m, z(m), CDHz(m))‘dm
+||’76||I‘g (m.y(m), cD"'y(m)) =g (m,z(m), .02 (m))| dm

T
+lm[ [
0

(m, y(m), CDHy(m))— g (m,z(m), CDHz(m))‘ dm

+llﬂsllI G, (2. [ (. (m). D'y (m)) = g (m.2(m), D"z (m))|

+”779”.1.‘G2 (Tm)”g (m, y(m), CDH)’(’"))— 8 (m, Z(m), CDr_'z(m))‘dm

(5.13)
SLng ”y - Z”r—l :
In a like manner
| Fy— D7 F| <L 0|y, ,- (5.14)

From (5.13) and (5.14) it follows that

|7y~

< - .
r—1 8 r—1
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From the above inequality, the contraction property for F has been satisfied. Implying the

uniqueness for the solution of SFDE (5.1) on[O,T] which guaranteed by theorem (2.2.7).

Theorem5.3. Let (A1), (A2) and (A3) satisty. If L . O, <1, then at least there exist one solution

of SFDE (5.1) on[0,T].

Proof. Consider the ball B, = {y eV¥: | y

Sa} with||77] ] +||7||QS a and. We define

r—l1 r—

two operators F, and F, onB, as

t

(7)) =[G\ (t.m) g (m, y(m), D"y (m))dm,

0

(Fa) (1) =, (1) +m (1)

G, (s, m) g (m, y(m) Dy (m))dmds

O Ly
R

()]G 5m) (). 75 ) s
1[G (s . (). 27 () b
)G (rm) ey ). D ()
o1, 0) o). .05 )

+1, (t) g (m, y(m) CDr—]y(m))dm

e L e |

Q

+11,(1) |G (4,m) g (. (m), < D™y (m) ) dm

(1)

+
S

ct—~ o

G, (T, m) g (m, y (m) , CD"_ly (m))dm

Fory,ze B, itis clearthat||.7:ly+]-"zz

. <|m 1 +0|y|<a thus Fy+ FzeB,.

r—

By using the condition(A2 ) , then one can also easily show that

|7y —Fz

r—1 < LgQ3 ”y_Z“H’
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which implies that 7, is a contraction.

Moreover, F, is continuous because of continuity of f . And

t

‘(}"ly)(t)‘ < _fG1 (fm)‘g(my(m) CDHy(m))‘dm

T _
S”]/” ,ﬂ“(r) (1—e iT).

(5.15)

Note that

'[Ug (m, y(m), CDHy(m))‘ dm+/1_(i;G2 (t,m)‘g (m, y(m), cDHy(m))‘dm

r—1

T
<IAT+ (-,

(5.16)

From (5.15) and (5.16) we obtain

[, < ||7||T(1+(1—e‘”>(%(;+%n'

For showing the compactness of F, . Fixing
sup|g(1,v.2)| =g, V(1. v, z) [0, T]x B, xB,

Fort,,t, € [O,T], then
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1By (t,)-Fy(t) <

g, UGI (tz,m)—G1 (tl,m)dmﬁt..z‘G1 (tz,m)de —>0,ast, >,
0

i (5.17)
‘CDr71£Y(t2)_ CDH}T)’(Q )‘ <
8a [jdm + ﬂ,j‘G2 (t,,m)-G, (tz,m)dm—/’tJ%G2 (tz,m)de —0,as 1, > 1,
! ‘ ! (5.18)

(5.17) and (5.18) implies

|7y(n)-Fy(@)|,, =0 ast, -1

The independency of the term HJ’:] y (t2 ) -Fy (t] )HH ofu leads to deduce that F, is relatively

compact, based on theorem (2.2.9) we conclude that F; is compact on B,. Hence, the existence

property for the solution of the SFDE holds by theorem (2.2.10).

Theorem5.4. Suppose that (A1), (A4) and (AS5) satisfy. Then there exist a solution for the

SFDE (5.1) on [0,T].

Proof. Step 1, F maps bounded sets into bounded sets of W has to be shown.

Consider B, = {y eV: ||y||r_1 < a} be a bounded set in ¥ . Then by(A4) we have
(F) @) <[+ [|G, (r.m)|| g (m, y (m), D'y (m))] dim
0
+||nz||II‘G1 (s,m)Hg (m, y(m), CD’_'y(m))‘ dmds +
00

T s
||773||_[HG1 (S,m)Hg (m, y(m), CDHy(m))‘ dmds

w0

6 G ). 7 (o
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An 16 (e ) 0 ()
). )
e (). "o
a6 (). D o)

+||779||I\Gz (7. g (. y(m). <Dy ()

<+ i cm ) 21,

+||772||J HG s,m) (m) x(|y],- )ddeIImIII HG (s.m){1(m) z (1, , ) dmels

+||’74||T\G1 (m)[h(m) 2|y, ) dm +||’75||T\GI (T, m) h(m) z (¥, ) dm
+||776||fh 2(Iy),, ) dm+m| Jh z(I,, )dm
] ! G, (s m)| B (m) 2 (|31, )+ | ! G, (T,m) () x (|, ) dm

Taking sup , implies that
0<t<T

sup|Fy (1)<l | [z (a) ©

(5.19)
In a like manner

sup| ‘D" Fy(1)| <[ *Dn [+ [ (a) &

0<t<T (520)

Combining (5.19) and (5.20) we get

13, <l +1l 2 (a) @
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Step (2) show that J is equicontiuous, to do we let f,,7, € [O,T]with t, <t,.then YueB,

we have

(F9) (1) =(F)(1)] <

n)-n (1)

|y (1) =1 (8)| |Gy (Tom) () (], ) dm — 0. as 1, > 1,

0

(5.21)

In a similar manner

‘CDHf_y(%)_ Dy, )‘ —0 as t, —>t,. (5.22)

Since the above inequalities (5.21) and (5.22) are independent of y € B, theorem (2.2.9) leads

to deduce that F is completely continuous.
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At last, by showing that any solution y for the equation y =6Fy, 0<J <1 is bounded,

we complete all conditions of theorem (2.2.8), to do so, and fort € [O ,T], suppose that y is

a solution, then

(@) <[l + Al 2 (a) Q-
implies

7] <1
i telx(a) @

”771

But by (AS) E|W>OsuchthatW¢||y|| ,let Z :{yE‘P:”y” <W}

The operator has the property that it is completely continuous by the defined Z,

there isnoy € 0Z such thaty =6Fy for somed € (O,l). Therefore, theorem (2.2.8)

guarantees the existence property for the solution y € Z of F , which solve the SFDE (5.1).

Examples. Given the following SFDE

(CD3/2+CD1/2)y(t)=K£ y(t) +tan"1(CDl/zy(t))+\/Sin5tJ,OStS?),

5+ y(t)
¥(0)+y(3)= . y(s)s.

Dy (0)+ D"y (3)= [ y(s)ds+1.

(5.23)

here

g(t,y(t),ch/zy(t ))zK{ y(t) +tan1(ch/2y(t))+\/E] ,

5+y(t)
A=La =a,=b=b,=c, =c, =1,
u=0,7r=1L,0w=2T=3,d,=0,d,=1,
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k- —"j( j 036,
qu v
e R
qu quv g
e e
qu qv q
R e e
1 L
| = &—(@—”Je‘” =023,
v gv
Inl-| 422 )42 -0
qu v
Inl-| 222 -2 036
qu v

Clearly g is continuous and V7 € [0, 3], vy, z, ;,g e R we have

1t 4

s ML S

)

F2)=f(enz) < k|2

with Q, <11.25,0, <21.72,0, <18.17

Choosing K <

, then theorem (5.2) holds true.
1 + 2
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To explain Theorem (5.4), consider

32
g(£:y(1), «DVy(t)) = " In(1+2sin” y(r)) +1CDy(t)+\/1+;2,

+.D7y()

g(r,y,z)=1%"" In(1+2sin’ y)+1|i|+«/l+t2,t e[0,3],Vy,zeR,

+|d]

g is continuous and

|8 (1. y.2)| <?In3+1+1+1> = h(t).with|h| =9(In3)+1++/10, h(t) e C,,[0.3].

This implies that g is bounded. All conditions of theorem (5.4) satisfied which implying the

existence property for the solution of the SFDE on [0, 3].

For example which shows that Theorem (5.3) works, we let the function

g(r.y(1). D"y(t )):L[ILI))+tan_l(ch/2y(t))+m],

+y (t
g 1is continuous and Lipschitzian.

Since

‘g(t,y,z)‘ SL(1+%+\/sin31j=: y(t)SL(er%j,

We conclude that g is bounded, one can easily compute Q; <11.25, choose arbitrary L,

which satisfy the inequality LQ; <1, , then there exist a solution for the SFDE on [0, 3] .
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Chapter 6

NONLINEAR FDE INVOLVING ,, D" AND ,, D"

WITH 3- POINT INTEGRAL BC’s

In this chapter, based on FPT, the existence and uniqueness for the solution of nonlinear

(Hadamard (H) / Caputo-Hadamard (CH)) FDE’s of order r e(l, 2] with 3-point integral

BC’s are obtained.
Consider the following FDE’ associated with 3-point integral BC’s

(a) Nonlinear Hadamard FDE:
aD'C(1)=f(6.{(0)) 1<r<2,0<a<r<T,

£(@)=0, ¢(1,)=0[¢(s)ds, a<u<T, O
a (6.1)

and
(b) Nonlinear Caputo-Hadamard FDE:

CHD’u(t):h(t,u(t)) , re(1,2] , 0<a<t<T,

)
SJu(s)ds, ,ue(a,TO), JeR.
¢ (6.2)

<
—_
Q
~
I
=
<
—~
>3
~
I

where 6,9 are given constants.

Lemma 6.1.Let w e C([a,To],R) and ¢ € C; ([a,%],R). The Hadamard FDE given by

"D¢(t)=0(t).re(l.2], O0<a<i<T,

£(@)=0, x(1)=0[£(s)ds, we(aT), OcR
“ (6.3)
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has the solution given as follows

aa a

F(r)([ln 7(,;0]1 —eﬁlnzjr-l dsj

Proof. Applying ,, 1" to both sides of (6.3)

) (] o ) 0]

g (HDré’)(t) )

Based on & (a) =0, it is trivial to deduce that c, =0,

then

(6.5)

and

C(Y;)) = Hjé’(s)ds, implies

a

a a

T r—1 “ u s r—1
HI’w(YB)+cl(ln—°j =0J-H1’w(s)ds+6?cl.|.(ln—} ds

that is

¢ |:[ln %}1 —QT(In 2)1 ds:l = HI plo(s)ds— , I'o(T,)

a
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then

](GI Lo (s)ds— Hl’w(To)J

(6.6)

Substitute (6.6) in (6.5) and expand the Hadamard fractional integrals, then equation(6.4) is

obtained. By direct computation the converse of lemma (6.1) can be easily obtained.

Lemma 6.2. let we C([a,]})],R) and u € C; ([a,TO],]R).The linear Caputo- Hadamard

F.D.E given by
e Du(t)=w(t),1<r<2, 0<a<r<T,

u(a)= , SI ds a<u<T,, %R
(6.7)

has a solution represented by the following integral equation

o=illn]
(m; [gﬂ( ] W) s - T(m?jr—lwgs)dsj (6.8)

a

F(r)(ln?—&(u(lng—ljvtan

Proof. Because of similarity to the one done in lemma 6.1, we delete the proof

ds

6.1 Existence and Uniqueness For the Problem

Next, based on FPT we investigate the uniqueness and existence for the solution of FDE (6.1

), to do so we introduce the function space given as the following

Assume ¥ = C([a,TO] ,R) , f [O,TO] — IR, be a continuous function, it is clear that ¥ is

Banach space, we define the norm endowed with this space as ||§ || = sup

a<t<T

é’(t)‘, and define
the operator G, :'¥ —> ¥,

57



a<t<T,

Since,
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Hjij‘(ln ijr_l l dmds —Tf (ln EJH 1 dsJ
s m m S S

Theorem 6.3. Consider the continuous function f :[a,%]xR — R which satisfy the
following condition (E] )EILf > O such that
‘f(t,é’)—f(t,f)‘ <L, |§’—§|, and LfQ< 1, Vte [a,TO], V¢, & e R Then there exist

a unique solution of the FDE (6.1) on [a, To] .

Proof. Consider the set B, = {é’ € l//,||§|| < 8} with € 21 ]MLQQ where M = sup ‘f(t,O)‘

- ' a<t<T,
First we show that G, B, — B, for this

V¢ eB, Viela,T,]

ds

ButV{ e B, ,Vte [0,72)] we have

|f @& (1) <Ly [¢]+ sup

0<I<T,

SLfg+M.

£ (2.0)|
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Using this inequality, implies

|G| <(Lye+M)x

J (m;jr_ dmds - in(mj }
(mTOj —Qj(lnj ds

V_ #31
1 .l | ¢ Hd asgi%(lnj Ue”;[m
s ant] e

IS}

S(Lf5+M)Q£g

Which implies that G, ¢ € B,,V{ € B, that isG, B, < B, , next we show the contraction
property of G,,. V({, eV

HGHg_GH‘fH <

offfnr)

<L ¢ -¢le<L,Qls -4,

m

End up with this, we conclude that G,, is a contraction, which implies the uniqueness for the

solution of the FDE (6.1) on [a, 71)] .

Theorem 6.4. Given the continuous function f :[a,R]XR—HR which satisfying the
condition (E1 ) , and

‘f(t,g’)‘ <y(1).v(1.¢) €la, T, | xR, where,y e C([a,TO] )wzth sup ‘7/ ‘—”7/”

ast<Ty
Assume that also Lfgk <1, then there is at least one solution for FDE (6.1) on [a,ﬂ)].

Proof.
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Consider the close set S, = {é’ € LI’,”é’” < /1} , with A 2> Q”]/” .Define G, and G, on S,

(Gl )(1)= F(lr) f[lnfj /(s S{ () .
o [ 5] 50

r( r)((ln 76;0)1 - eI (m Zjl ds]

For §,& €S, then ||GHIC+GH2§|| < Q”}/” <Athus G, ¢ +G,,E €8,

By condition (El) and Q" ,then one can easily show that:

[Gizé = Gad| < L, Q7| =< <[ <]
Which implies that G,,, is a contraction.

Moreover, G, is continuous because of continuity of f .

||GH1§|| < ||7|| S<U<I; {ﬁ(ln ;—J } < %Lln %) , hence G, is uniformly bounded.

Now it will be shown that the operator G, is compact. Fixing sup ‘ f (t, ¢ )‘ = f, and
(t,é‘)e[a,ﬂ)]xSl

fort,,t, G[aa%]’(tl <t2)’

then

G (1)~ G (1) < %[H((ln%jl —(m %jr_l]ds +T§(ln %)1 ds] 50
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The RHS of the above inequality approaches 0, asf, — ,, And the same side of the same
inequality is independent of ¢ implies that G,,, is relatively compact, based on theorem

(2.2.9) we deduce that G, is compact on S, Hence, the existence property for the solution of

the SFDE holds by theorem (2.2.10).

Theorem 6.5. Given the continuous function f : [a,ﬂ)]x R — R . Also assume that
(E,) Iwe C([a,TO],R+ )and a non decreasing function y :R* > R"

Such that ‘f(t,é’)‘ < W(f)‘//(||§

),‘v’(t,g")e[O,To]x]R

(E3) 3 M >0 such that >1 , then there exist a solution for FDE (6.1) on

[wlw () @
[a,To] .
Proof. Stepl we show that G, : ¥ —> ¥

Let S, ={ e,

4 || < K'} be a bounded set in'¥ . Then by (E,)

] [|9|T J (w2 wmietyamas -] w<s>w<||¢||>ds}

r—1 u r—1
(m TOJ - 9](111 SJ ds
a o a

r(r)

Take sup ,

a<t<T,

Implies that
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<[wly (x)

r-1
t Hs
m’| |lo
1[ t] p(J (' 1l
In—

sup j—

F(I’)aStsTuaS N

Implies,
|Guél<[wlw (<) @

Now, show that G, :'¥ — ¥ is equicontinuous, to do we let?,,f, € [a,TO], (tl < tz) and

=~

[l ey e
e st
(o) (et i) 2o
ofur]

Ast, = t,. Since the above inequality is independent of § € S, based on theorem (2.2.10)

we conclude that G, is completely continuous.

Finally, by showing that X which is the solution for the equation § =0G,¢{, 0<J6<1, is
bounded we complete all conditions of theorem (2.2.9), to do so, for ¢ € [0, 1, ] , then
(1) =l6(Gu) (D) <5 (lly (x) Q) <[wlw (x) @

Implies

1<

——<1,
[l (x) @
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Butby (E;)IM >0

~(cew:lcl<m)

In addition of continuity of G, :Q > Witis also completely continuous, by the defined €2,
there is no ¢ € 0Q such that{ = 6F¢  for some o € (0,1). Therefore, based on theorem

(2.2.8), we deduce that G,, F has a fixed point § € Qwhich is a solution of the SFDE.

Example. Consider the non linear Hadamard FDE
2 D¢ ()= F(1,$@)), 1<t <e,

c(1)=0, (e 3[4 )ds, u=2, 6=3.
(6.9)

For the applicability of the results obtained by theorem (6.3), consider

Int’ ‘é’ ‘ ;
(1+4) (j()]+1)

f(t»é/(f)) E[l,e]

Int’ <]

¢ (1+4) (|¢]+1)

The function f (t, ¢ ) =

,is continuous on [1, e]

And we can show that it is Lipschitzian with

2
b T125¢ ‘f(t’g)_f(t’g)‘ (125 j|§ d

u r—1 2 1/2 2 2
and j[lnij ds=_[(ln%} ds=[(Ins)"” ds<(in2)"” [ds =In2
a 1 1

a 1

One can easily compute

o< (v N
AN F(r+l)(ln§’j —eg(mjlj ds
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+ =1.75

i r@j F(Zj‘l—S\/ﬁ‘

Implies that Q <1/ L,

All assumptions of theorem (6.3) holds true, implies the uniqueness of solution of FDE (6.9).

e’ tan™ (g’(t ))

To illustrate theorem (6.5) consider f (7, (¢)) = , telle
)=
e’ tan’l(g“) ) )
ft,{)=—F====, iscontinuous on|l,e|,
( ) aNt? +143 [ ]
eft
and |f (1,4 )| ——==w(t) with |w|= and (<) =1,
()= = w(0) with =3 —and v (<]

with|w]y (x),Q = 0.017086506

By taking M > 0.017086506 all the assumptions of theorem (6.5) hold, implies the existence

of solution for the FDE (6.9).

6.2 Main Results for FDE

Based on the classical FPT we investigate the problem of existence for the solution of the FDE
(6.2). Not to repeat ourselves we omit the proofs of the obtained existence results, since they

are similar to those done in the previous section.

Consider the operator G, : ¥ — ¥, which given as follows
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r(r)

(Gont)(1) = j(lné]”h(s,u(s))ﬁ+ s (lna)

Ty

[9“@-}1 mu ))%"ds—j(l %Jr_]h(s,u(s))%}

a

For computational convenience, we let

: supj

( a<I<T0

r-1 sup ni

; sy
(1 J d r(r)(lnﬁ’j—&[,u(lng—l}raj
[|9| | j (m—j dmds—]f%(ln%jr_l ds}

Theorm 6.7. Consider the continuous function /: [a,% ] xR — Rand assume
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(El)EILh >0 such that‘h(t,ul)—h(t,uz)‘ <L, |u1 —u2|, a<t<T,,Vu,u, eR.if

D <1/ L, then there exist a unique solution for the FDE (6.2) on [a, 1, ]

Theorm 6.8. Consider the function /: [a,%]XR — R which is continuous and satisfying

the condition(E, )and suppose that ‘h(t,u)‘SO'(Z),V(t,u)e[ajo]wahere

o= C([a,%],]l@)with sup

0<t <T,

U(Z)‘ =| o], moreover, it is assumed that L, < % then

3 a solution for FDE (6.2) on [a,TO].

Theorem 6.9. Consider the continuous function % : [a, T] xR — R . Assume that
(E,)3re C([a,T], R* )and a non decreasing functionv : R" — R"

Such that ‘h(t,u)‘ < 7(Z)U(||u||), ‘v’(t,u) E[O,T(')] xR

(ES) 3J a constatnt W >0 such that > 1, where

|7lo(W) D

Then the FDE (6.2) has a solution on [a, To]

Example. we can take the same examples given in example (6.6), indeed

(0 ol

a

CaEEe

~10.39849624,

<1 [mﬁj';
F(r+1) a

D" ~9.648496241

L (r+1)
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Chapter 7

CONCLUSION AND FUTURE WORK

This thesis relies on various fractional differential equations. Based on the classical
fixed point theorem summarized by what known as the Banach contraction mapping
theorem, nonlinear alternative of Leray-Schuader type and Krasnoselskii’s fixed point

theorem, a three different nonlinear fractional differential equations were considered.

In chapter four we study the existence and uniqueness for the solution of the nonlinear
sequential fractional differential equation involving Caputo fractional derivative and
associated with nonlocal integral boundary conditions. In chapter five with a little
modifications on the same problem mentioned in the previous chapter lead us to define
a new function space with different norm, the boundary condition for this problem can
be considered as a generalization of the boundary conditions associated with the
problem in chapter four, for these two chapters we illustrate our results by examples

given at the end of each one.

Whereas, in chapter six which can be considered as two parts, we investigated the
existence and uniqueness for the solution of the nonlinear fractional differential
equations involving Hadamard and Caputo-Hadamard fractional derivative associated
with three points integral boundary conditions, for the applicability of our results we

give some examples at the end of this chapter as well.
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Future work concerns deeper analysis of particular fractional differential equations
involving Hadamard fractional operators. Since the main subject of this thesis the
SFDE, in the near future I would study the SFDE’s involving Hadamard fractional
derivative with nonlocal integral boundary conditions. Precisely, I would like to

investigate the existence and uniqueness of the following SFDE
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