NORM MINIMIZATION-BASED CONVEX
VECTOR OPTIMIZATION ALGORITHMS

A DISSERTATION SUBMITTED TO
THE GRADUATE SCHOOL OF ENGINEERING AND SCIENCE
OF BILKENT UNIVERSITY
IN PARTIAL FULFILLMENT OF THE REQUIREMENTS FOR
THE DEGREE OF
DOCTOR OF PHILOSOPHY
IN

INDUSTRIAL ENGINEERING

By
Muhammad Umer

August 2022



Norm minimization-based convex vector optimization algorithms
By Muhammad Umer
August 2022

We certify that we have read this dissertation and that in our opinion it is fully
adequate, in scope and in quality, as a dissertation for the degree of Doctor of

Philosophy.

Firdevs Ulus(Advisor)

Cagmn Ararat(Co-Advisor)

Oya Ekin Karagan

Ozlem Karsu

Refail Kasimbeyli

Mehmet Riigtii Taner

Approved for the Graduate School of Engineering and Science:

Orhan Arikan
Director of the Graduate School

i



ABSTRACT

NORM MINIMIZATION-BASED CONVEX VECTOR
OPTIMIZATION ALGORITHMS

Muhammad Umer
Ph.D. in Industrial Engineering
Advisor: Firdevs Ulus
Co-Advisor: Cagin Ararat
August 2022

This thesis is concerned with convex vector optimization problems (CVOP).
We propose an outer approximation algorithm (Algorithm 1) for solving CVOPs.
In each iteration, the algorithm solves a norm-minimizing scalarization for a refer-
ence point in the objective space. The idea is inspired by some Benson-type algo-
rithms in the literature that are based on Pascoletti-Serafini scalarization. Since
this scalarization needs a direction parameter, the efficiency of these algorithms
depend on the selection of the direction parameter. In contrast, our algorithm is
free of direction biasedness since it solves a scalarization that is based on min-
imizing a norm. However, the structure of such algorithms, including ours, has
some built-in limitation which makes it difficult to perform convergence analysis.
To overcome this, we modify the algorithm by introducing a suitable compact
subset of the upper image. After the modification, we have Algorithm 2 in which
norm-minimizing scalarizations are solved for points in the compact set. To the
best of our knowledge, Algorithm 2 is the first algorithm for CVOPs, which is
proven to be finite. Finally, we propose a third algorithm for the purposes of con-
vergence analysis (Algorithm 3), where a modified norm-minimizing scalarization
is solved in each iteration. This scalarization includes an additional constraint
which ensures that the algorithm deals with only a compact subset of the upper
image from the beginning. Besides having the finiteness result, Algorithm 3 is the
first CVOP algorithm with an estimate of a convergence rate. The experimental
results, obtained using some benchmark test problems, show comparable perfor-
mance of our algorithms with respect to an existing CVOP algorithm based on

Pascoletti-Serafini scalarization.

Keywords: convex vector optimization, multiobjective optimization, approxima-

tion algorithm, scalarization, norm minimization.
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OZET

NORM ENKUQUKLEMEYE DAYALI DISBUKEY
VEKTOR ENIYILEME ALGORITMALARI

Muhammad Umer
Endiistri Miithendisligi, Doktora
Tez Danigmani: Firdevs Ulus
Ikinci Tez Damsman: Cagin Ararat
Agustos 2022

Bu tezde digbiikey vektor eniyileme problemleri (DVEP) c¢ahigilmigtir. Ik
olarak DVEP’leri ¢6zmek igin bir dig yaklagiklama algoritmas1 (Algoritma 1)
onerilmistir. Algoritmanin her yinelemesinde, amag uzayindaki bir referans nok-
tasi i¢in normu enkiigiikleyen bir skalerizasyon problemi ¢oziilmektedir. Algorit-
manin temel yapisi, bilimsel yazinda Pascoletti-Serafini skalerizasyonuna dayanan
bazi Benson tipi algoritmalara dayanmaktadir. Pascoletti-Serafini skalerizasy-
onu bir yon parametresine ihtiya¢ duydugundan, bu algoritmalarin verimliligi
yon parametresinin secimine baghdir. Buna karsihik, bizim oOnerdigimiz Algo-
ritma 1, bir normu enkii¢iiklemeye dayali bir skalerizasyon problemi ¢ozdiigii i¢in
yon yanliligindan arindirilmigtir. Bununla birlikte, bizimki de dahil olmak tizere
bu tiir algoritmalar, yapilarindan dolayi, yakinsama analizi yapmay1 zorlagtiran
baz1 kisitlamalara sahiptir. Bunun tstesinden gelmek icin, tist gortintiiniin uy-
gun bir tikiz altkiimesi olusturularak Algoritma 1 degistirilmistir. Degisiklikten
sonra, tikiz kiimedeki noktalar igin norm enkiiciikleyen skalerizasyon problem-
lerinin ¢ozildigi Algoritma 2 elde edilmistir.  Bildigimiz kadariyla, Algo-
ritma 2, DVEP’ler i¢in sonlu oldugu kanitlanmig ilk algoritmadir. Son olarak
yakinsama analizi yapmanim miimkiin oldugu {iglincii bir algoritma (Algoritma
3) gelistirilmigtir. Bu algoritmada da norm enkii¢iikleyen bir skalerizasyon prob-
lemi ¢oziilmektedir; ancak problem, onceki algoritmalardaki skalerizasyon prob-
lemleriyle ayni degildir, onlardan farkli olarak algoritmanin bagtan itibaren iist
goruntiniin yalnizca tikiz bir altkiimesiyle ilgilenmesini saglayan ek bir kisit
igerir. Algoritma 3, sonluluk sonucuna sahip olmanin yani sira, yakinsama orani
tahmini olan ilk DVEP algoritmasidir. Baz test problemleri kullanilarak elde
edilen deneysel sonuclar, Pascoletti-Serafini skalerizasyonuna dayali mevcut bir
DVEP algoritmasina gore algoritmalarimizin kargilagtirilabilir performansa sahip
oldugunu gostermektedir.
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Chapter 1

Introduction

In this chapter, we discuss the literature review regarding multiobjective op-
timization problems (MOP), vector optimization problems (VOP), algorithms
available for such problems and the scalarization methods employed by the avail-
able algorithms. Then, we discuss the contributions of this thesis compared to

the existing literature.

1.1 Motivation

In multiobjective optimization, the decision-maker is supposed to consider mul-
tiple objective functions simultaneously. In general, these functions conflict in
the sense that improving one objective leads to deteriorating some of the others.
Consequently, there does not exist a feasible solution which can generate optimal
values of all the objectives. Rather, there exists a subset of feasible solutions,
called efficient solutions, which map to the so called nondominated points in the
objective space. The image of a feasible solution is said to be nondominated
if none of the objective functions can be improved in value without degrading
some of the other objective values. The concept of efficient solutions is first in-

troduced by Koopmans [2], although the idea can be found in the earlier works



by Edgeworth in [3] and Pareto in [4], see [5, Section 2.7] and [6, Section 2.4].

In vector optimization, the objective function takes values again in a vector
space, namely, the objective space. However, rather than comparing the objective
function values componentwise as in the multiobjective case, a more general order
relation, which is induced by an ordering cone, is used for this purpose. Clearly,
multiobjective optimization can be seen as a special case where the ordering cone
is the positive orthant. Assuming that the VOP is a minimization problem with
respect to an ordering cone C, the concept of nondominated point for a MOP is

generalized to minimal point with respect to C' in the vector optimization case.

A special class of vector optimization problems is the linear VOPs, where the
objective function is linear and the feasible region is a polyhedron. There is rich
literature available discussing various methods and algorithms for solving linear
VOPs. They deal with the problem by generating either the efficient solutions
in the decision space [7, 8] or the nondominated points in the objective space
9, 5, 10]. The reader is referred to the books by Ehrgott [11] and by Jahn [12]
for the details of these approaches.

In 1998, Benson proposed an outer approximation algorithm for linear MOPs
which generates the set of all nondominated points in the objective space rather
than the set of all efficient points in the decision space [9]. The idea of this
approach can be seen as similar to a method for polyhedral approximation of
convex sets, proposed by Kamenev, [13], in 1992. Later, the algorithm in [9] is
extended to solve linear VOPs, see [5]. The main principle of the algorithm is that
if one adds the ordering cone to the image of the feasible set, then the resulting set,
called the upper image, contains all nondominated points in its boundary. The
algorithm starts with a set containing the upper image and iterates by updating

the outer approximating set until it is equal to the upper image.

For nonlinear MOPs/VOPs, there is a further subdivision, namely the con-
vex and nonconvex problems. Note that the methods described for linear

MOPs/VOPs may not be directly applicable to these classes as, in general, it



is not possible to generate the set of all nondominated /minimal points in the ob-
jective space. Therefore, approximation algorithms, which approximate the set
of all minimal points in the objective space, are widely explored in the literature,
refer for example to the survey paper by Ruzika and Wiecek [14] for the multi-
objective case. Nonconvex VOPs are out of the scope of this study, therefore we
will not go into it further. However, the details of such methods dealing with
nonconvex VOPs can be found in [15, 16, 17, 18, 19].

For bounded convex vector optimization problems (CVOPs), see Section 2.2
for precise definitions, there are several outer approximation algorithms in the
literature that work on the objective space. In [20], the algorithm in [9] is ex-
tended for the case of convex MOPs. Another extension of Benson’s algorithm
for the vector optimization case is proposed in [1], which is a simplification and
generalization of the algorithm in [20]. This algorithm has already been used
for solving mixed-integer convex multiobjective optimization problems [21], as
well as problems in stochastic optimization [22] and finance [23, 24]. Recently,
in [25], a modification of the algorithm in [1] is proposed. The main idea of
these algorithms is to generate a sequence of better approximating polyhedral
supersets of the upper image until the approximation is sufficiently fine. This
is done by sequentially solving some scalarization models in which the original
CVOP is converted into an optimization problem with a single objective. There
are many scalarization methods available in the literature for MOPs/VOPs, for
instance, e-constraint, weighted Chebyshev and Benson scalarizations for LVOPs
and weighted sum, Pascoletti-Serafini and conic scalarizations for general VOPs.
The reader is referred to the book by Eichfelder [26] as well as the recent papers
27, 28, 29] for further details of scalarization methods.

In each iteration of the CVOP algorithms proposed in [25, 20, 1], a Pascoletti-
Serafini scalarization [30], which requires a reference point v and a direction
vector d in the objective space as its parameters, is solved. For the algorithms
in [20] and [1], the reference point v is selected to be an arbitrary vertex of the
current outer approximation of the upper image. Moreover, in [20], the direction
parameter d is computed depending on the reference point v together with a

fixed point in the objective space, whereas it is fixed throughout the algorithm
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proposed in [1]. In [25], a procedure to select a vertex v as well as a direction

parameter d, which depends on v and the current approximation, is proposed.

1.2 Norm-Minimizing Scalarization based CVOP
Algorithm

In this study, we propose an outer approximation algorithm (Algorithm 1) for
CVOPs, which solves a norm-minimizing scalarization in each iteration. Different
from Pascoletti-Serafini scalarization, it does not require a direction parameter;
hence, one does not need to fix a direction parameter as in [1], or a point in the
objective space in order to compute the direction parameter as in [20]. More-
over, when terminates, the algorithm provides the Hausdorft distance between

the upper image and its outer approximation, directly.

The scalarization methods based on a norm have been frequently used in the
context of MOPs, see for instance [26]. These methods generally depend on the
itdeal point at which all objectives of the MOP attain its optimal value, simulta-
neously. Since the ideal point is not feasible in general, the idea is to find the
minimum distance from the ideal point to the image of the feasible region. One
of the well-known methods is the weighted compromise programming problem,
which utilizes the ¢, norm with p > 1, see for instance [31, 32]. The most com-
monly used special case is also known as the weighted Chebyshev scalarization,
where the underlying norm is taken as the ¢, norm, see for instance [33, 34, 14].
The weight vector in these scalarization problems is taken such that each com-
ponent is positive. If the weight vector is taken as the vector of ones, then they
are simply called compromise programming (p > 1) and Chebyshev scalarization

(p = +00), respectively.

Another approximation method for MOPs based on norm was introduced by
Schandl et al. in [35]. This method uses the oblique norms, introduced in [36],

which is based on polyhedral gauge function. Note that, unlike other norm based



scalarization methods, it does not use directly the norm in the scalarization model.
Rather, using the properties of oblique norms a linear objective function is ob-
tained [35]. Therefore, it reduces to a classical scalarization method. Klamroth
and Tind argue that this is the generalization of weighted sum scalarization and

augmented weighted Chebyshev scalarization [17].

The scalarization method that is proposed in this thesis works with any norm
defined on the objective space. It simply computes the distance, with respect to a
fixed norm, from a given reference point in the objective space to the upper image.
This is similar to compromise programming, however it has further advantages

compared to it:

The reference point used in the norm-minimizing scalarization is not neces-
sarily the ideal point, which is not well-defined for a VOP. Indeed, within the
proposed algorithm, we solve it for the vertices of the outer approximation of
the upper image. In weighted compromise programming, finding various non-
dominated points is done by varying the (nonnegative) weight parameters. It is
not straightforward to generalize weighted compromise programming for a vec-
tor optimization setting, whereas this can be done directly with the proposed

norm-minimizing scalarization.

We discuss some properties of the proposed scalarization under mild assump-
tions. In particular, we prove that if the feasible region of the VOP is solid and
compact, then there exist an optimal solution to it as well as an optimal solution
to its Lagrange dual. Moreover, strong duality holds. We further prove that using
a dual optimal solution, one can generate a supporting halfspace to the upper
image. Note that for these results, the ordering cone is assumed to be a closed
convex cone that is solid, pointed and nontrivial. However, different from the
similar results regarding Pascoletti-Serafini scalarization, see for instance [1], the

ordering cone is not necessarily polyhedral.

The main idea of Algorithm 1 is similar to the Benson-type outer approxi-

mation algorithms; iteratively, it finds better outer approximations to the upper



image and stops when the approximation is sufficiently fine. As already men-
tioned, it solves the proposed norm-minimizing scalarization model instead of
Pascoletti-Serafini scalarization. Hence, it is free of direction-biasedness. Using
the properties of the norm-minimizing scalarization, we prove that the algorithm
works correctly, that is, given an approximation error ¢ > 0, when terminates,
the algorithm returns an outer approximation to the upper image such that the

Hausdorff distance between the two is less than e.

Note that, owing to some limitation due to the structure of CVOP algorithms
available in the literature, including Algorithm 1, it becomes difficult to perform
convergence analysis. To overcome this, we come up with two different variants

of the algorithm by introducing a suitable compact subset of the upper image.

1.3 An Algorithm With Finiteness Result

We propose a modification of Algorithm 1, namely, Algorithm 2. In addition to
its correctness, we prove that if the feasible region is compact, then for a given
approximation error € > 0, Algorithm 2 stops after finitely many iterations. Note
that the finiteness of outer approximation algorithms for linear VOPs are known,
see for instance [5]. Also, under compact feasible region assumption, the finiteness
of an outer approximation for nonlinear (even for nonconvex) MOPs, proposed
in [19], is known. However, to the best of our knowledge, Algorithm 2 is the first

CVOP algorithm with a guarantee for finiteness.

Compared to the cases of linear VOPs and nonconvex MOPs, proving the
finiteness of Algorithm 2 has the following new challenges which we address by

our technical analysis:

1. Since the upper image is polyhedral for a linear VOP, the algorithms find
exact solutions, and finiteness follows by the polyhedrality of the upper
image. On the other hand, for a CVOP, we look for approximate solutions

of a convex and generally nonpolyhedral upper image. Hence, the proof of
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finiteness requires completely different arguments.

. The algorithm for nonconvex MOPs in [19] constructs an outer approxima-
tion for the upper image by discarding sets of the form {v} —int R%, where
v is a point on the upper image (see Section 2.1 for precise definitions). In
this case, the proof of finiteness relies on a hypervolume argument for cer-
tain small hypercubes generated by the outer approximation. In the current
work, we deal with CVOPs with general ordering cones and our algorithms
construct an outer approximation by intersecting certain supporting half-
spaces of the upper image (instead of discarding “point minus cone” type
sets). To prove the finiteness of Algorithm 2, we propose a novel hypervol-
ume argument which exploits the relationship between these halfspaces and
certain subsets of small norm balls (see Lemma 5.1.1). Another important
challenge in using supporting halfspaces is to guarantee that the vertices
of the outer approximations, which are the reference points for the scalar-
ization models, as well as the minimal points of the upper image found by
solving these scalarizations throughout the algorithm are within a compact
set. Note that this is naturally the case in [19] by the structure of their
outer approximations. For our proposed algorithm, we construct sufficiently
large compact sets S and S; such that the vertices and the corresponding
minimal points of the upper image are within S and Ss, respectively (see
Lemmas 4.2.3, 5.1.2 and Remark 4.2.4).

1.4 An Algorithm With Convergence Rate

Analysis

We propose a variant of Algorithm 2, namely Algorithm 3, which is based on a

modified norm-minimizing scalarization. In particular, the proposed scalarazition

is modified using an additional constraint representing a halfspace. The constraint

ensures that the algorithm deals with only a compact subset of the upper image

throughout the iterations. Subsequently, this helps not only to prove the finiteness

of Algorithm 3, but also to estimate the convergence rate of the algorithm. In
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particular, by the modification of the scalarization, we attain certain conditions
(see Section 5.3) which are required in order to refer to the convergence analysis
result available in the literature ([13], [37, Chapter 8]). The result originally
holds for polyhedral approximations of convex compact bodies, which remain an
interesting problem in the literature. For a detailed review on this topic, the
reader is referred to, for instance, the reviews by Gruber [38] and by Lotov et al.
[37], which mainly discuss the results of [13, 39, 40, 41, 42, 43, 44].

Note that the convergence rate for some MOP algorithms (including nonlinear
and nonconvex MOPs) has been determined in the literature, see for instance
[17, 45, 46]. To the best of our knowledge, among CVOP algorithms, Algorithm 3

is the first one with an estimate of convergence rate.

Next, in order to find even a better estimate, we analyze the results of Kamenev
in [43] in case of our algorithm under the assumption of Euclidean norm. The
results in [43] originally hold for a specific class of algorithms (see [37, Chapter §]
for details). Although Algorithm 3 does not belong to that class, we determine
a better estimate of convergence rate by proving similar results to [43], for our

algorithm.

1.5 Thesis Outline

The rest of the thesis is organized as follows. In Section 2.1, we introduce the
notations used in the thesis and recall some well-known concepts and results in
convex analysis. In Section 2.2, we present the setting for CVOP, discuss an
approximate solution concept from the literature. This is followed by a detailed
treatment of norm-minimizing scalarizations in Section 3.1, including some dual-
ity results as well as geometric properties of optimal solutions. Similar treatment
of modified norm-minimizing scalarizations and its dual is shown in Section 3.2.
Sections 4.1, 4.2 and 4.3 are devoted to Algorithms 1, 2 and 3, respectively. We
also prove that they works correctly. The analysis of Algorithm 2 and 3 continues

in Chapter 5. This includes finiteness result of Algorithm 2 and 3 in Section 5.1



and 5.2, respectively, and an estimate of convergence rate of Algorithm 3 in Sec-
tion 5.3. In Section 5.4, we provide an improved estimate of the convergence rate
of Algorithm 3 using Euclidean norm in its scalrization. We conclude the thesis by
providing several examples and discussing the computational performance of the

proposed algorithms in Chapter 6 and a future research direction in Chapter 7.



Chapter 2

Problem Definition and

Formulation

In this chapter, after introducing some notations and definitions, we describe the
convex vector optimization problem (CVOP) and provide solution concepts for
it. Then, few assumptions and propositions are given, which are necessary in

order to prove the main results of this thesis.

2.1 Preliminaries

In this section, we describe the notations and definitions which will be used
throughout the thesis. Let ¢ € N := {1,2,...}. We denote by R? the ¢-
dimensional Euclidean space. When ¢ = 1, we have the real line R := R!, and the
extended real line R := RU{+oco}U{—00}. On RY, we fix an arbitrary norm |||,
and we denote its dual norm by ||-||.. We will sometimes assume that ||| = ||-]|,
is the (P-norm on RY, where p € [1,+0o0]. For y € R?, the fP-norm of y is defined
by Ilyll, == (X0, v:l?)7 when p € [1,+00), and by ||y, := maxieqr,..q)]y:| when
p = 400. In this case, the dual norm is ||-||. = |||/, where p’ € [1,400] is the

conjugate exponent of p via the relation }—17 + z% = 1. For ¢ > 0, we define the
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closed ball B, := {z € R? | ||z]| < €} centered at the origin.

Let f: R?” — R be a convex function and y, € R? with f(y) € R. The
set Of(yo) == {z € R? | Vy € RY: f(y) > f(yo) + 2" (y — o)} is called the
subdifferential of f at yq.

For a set A C R?, we denote by int A, cl A, bd A, conv A, cone A, the interior,
closure, boundary, convex hull, conic hull of A, respectively. A recession direction
of Ais a vector k € R7\ {0} satisfying A+ {\k € RZ| A > 0} C A. The set of all
recession directions of A, recc A = {k € R? |Va € A,VA >0: a+ \k € A}, is the
recession cone of A. If A, B C RY are nonempty sets and A € R, then we define the
Minkowski operations A+ B :={y; +y2 | y1 € A,y2 € B}, NA = {\y |y € A},
A—B:=A+(-1)B.

Let C' C R? be a convex cone. The set CT :={z € R |Vy € C : 2Ty > 0}
is a closed convex cone, and it is called the dual cone of C'. The cone C' is said
to be solid if int C' # (), pointed if it does not contain any lines, and nontrivial
if {0} € C C RY. If C is a solid pointed nontrivial cone, then the relation <c
on R? defined by y1 <¢ y2 <= y2 —y1 € C for every y1,y2 € R? is a partial
order. Let X C R" be a convex set, where n € N. A function I': X — R? is
said to be C-conver if I'(Axy + (1 — N)za) <¢ AX['(z1) + (1 — AM)I'(x9) for every
71,29 € X, X € [0,1]. In this case, the function x — w'TI'(z) on X is convex for
every w € CT. Let X C X. Then, the set I'(X) := {I'(z) | x € X'} is the image
of X under I'. The function Iy : R? — [0, +o0] defined by Iy(z) = 0 whenever
x € X and by Iy(z) = +00 whenever x € R?\ X is called the indicator function
of X.

Let A C RY be a nonempty set. A point y € A is called a C-minimal element
of Aif ({y} — C\{0})NA=0. If the cone C is solid, then y is called a weakly
C-minimal element of A if ({y} —int C)N A = (). We denote by Ming(A) the set
of all C-minimal elements of A, and by wMing(A) the set of all weakly C-minimal

elements of A whenever C is solid.

For each z € RY, we define d(z,A) := inf,callz — y||. Let B C R? be a

11



nonempty set. We denote by §7(A, B) the Hausdorff distance between A, B. Tt
is well-known that [47, Proposition 3.2]

5WABqux%uM@iﬁmmﬂ4A%

yeA z€EB

—inf{e>0|ACB+B, BCA+B.}. (2.1.1)

Suppose that A is a convex set and let y € A, w € R?\ {0}. If w'y =
inf,c4 w'z, then the set {z € R? | w'z = wy} is called a supporting hyperplane
of A at y and the set {z € RY | w2z > w'y} D A is called a supporting halfspace
of A at y.

Suppose that A is a polyhedral closed convex set. The representation of A
as the intersection of finitely many halfspaces, that is, as A = (_,{y € R? |
(w)Ty > a'} for some r € N, w' € R?\ {0} and ' € R, i € {1,...,7}, is called
an H-representation of A. Alternatively, A is uniquely determined by a finite set
{y',...,y°} C RY of vertices and a finite set {d',... ,d'} C R? of directions via
A = conv{y',...,y°} + convcone{d!, ... d'}, which is called a V-representation
of A. A point v € A is an extreme point of A if there does not exist a;,a, € A
and 0 < A < 1 such that a; # as and v = Aaj + (1 — A)ay. We denote the set of
all extreme points of A by V4. If A is polyhedral, then V4 coincides with the set
of vertices of A. The following lemma is a simple observation that will be useful

throughout.

Lemma 2.1.1. If A C RY is a convex compact set and C C R? is a convex cone,
then Varc C Va.

Proof. The inclusion is trivial if Va,c = (). Otherwise, let v € Va, ¢ \ Va for a

contradiction. Since v € A+ C, v = a + ¢ for some a € A and ¢ € C. Note

that if ¢ = 0, then v = a ¢ V4 implies that v can be written as a non-trivial

convex combination of points from A C A+ C. As this contradicts v € V¢, we

conclude that ¢ # 0. Next, as A is compact, we have recc(A + C') = C. Hence,

for every A > 0, a4+ Ac € A+ C. For A > 1, we can write v as a strict convex
(A1)

combination of a,a+Ac € A+ Casv=a+c="~a+3(a+ Ac). Thisis a

12



contradiction to v € Vg, ¢. O

2.2 Convex Vector Optimization

We consider a convex vector optimization problem (CVOP) of the form
minimize ['(z) with respect to <¢ subject to x € X, (P)

where C' C RYis the ordering cone of the problem, I': X — R?is the vector-valued
objective function defined on a convex set X C R”, and X C X is the feasible

region. The conditions we impose on C, ', X are stated in the next assumption.

Assumption 2.2.1. The following statements hold.

(a) C is a closed convex cone that is also solid, pointed, and nontrivial.
(b) T is a C-convex and continuous function.

(¢c) X is a compact convex set with int X # ().

The set
P =cl(I'(X)+C) (2.2.1)

is called the upper image of (P). Clearly, P is a closed convex set with P = P+C.

Remark 2.2.2. Note that, under Assumption 2.2.1, T'(X) is a compact set as the
image of a compact set under a continuous function. Then, I'(X)+ C' is a closed
set as the algebraic sum of a compact set and a closed set [48, Lemma 5.2]. Hence,
we may drop the closure in (2.2.1), that is, we have P = I'(X) + C. Figure 2.1

shows an example of upper image, for some T'(X) C R? and an ordering cone C.

We recall the notion of boundedness for CVOP next.

Definition 2.2.3. [1, Definition 3.1] (P) is said to be bounded if P C {y} + C
for some y € RY.

13



S

Figure 2.1: Upper image P = I'(X) + C, for some I'(X) C R? and an ordering
cone C.

In view of Remark 2.2.2, it follows that (P) is bounded under Assumption 2.2.1.

The next definition recalls the relevant solution concepts for CVOP.

Definition 2.2.4. [/9, Definition 7.1] A point T € X is said to be a (weak)
minimizer for (P) if ['(z) is a (weakly) C-minimal element of I'(X'). A nonempty
set X C X is called an infimizer of (P) if clconv(I'(X)+C) = P. An infimizer X

of (P) is called a (weak) solution of (P) if it consists of only (weak) minimizers.

In CVOP, it may be difficult or impossible to compute a solution in the sense
of Definition 2.2.4, in general. Hence, we consider the following notion of approx-

imate solution.

Definition 2.2.5. [25, Definition 3.3] Suppose that (P) is bounded and let € > 0.
Let X C X be a nonempty finite set and define P := conv'(X) + C. The set X
is called a finite e-infimizer of (P) if P. = P+ B(0,¢) 2 P. The set X is called a
finite (weak) e-solution of (P) if it is an e-infimizer that consists of only (weak)

MINIMALZETS.

For a finite (weak) e-solution X', it is immediate from Definition 2.2.5 that

P.O2PDP. (2:2.2)

Hence, X provides an inner and an outer approximation for the upper image P.

Figure 2.2 gives an intuition of finite (weak) e-solution of (P) using P C R%. Let X

14



consists of five (weak) minimizers, that is, X = {z!,...,2°}, a corresponding set

of (weakly) C-minimal elements be I'(X) = {['(z!),...,'(z%)} and € > 0. Then,

the inclusion required to satisfy Definition 2.2.5, convI'(X) + C' 4+ B(0,¢) O P,

is shown in Figure 2.2b.

(a) Upper image P along with a set of (b) convI'(X) + C + B(0,¢) 2 P.

(weakly) C-minimal elements ['(X) =

{D(zY),...,T(z%)}.

Figure 2.2: Intuition of finite (weak) e-solution, X = {x!,... 2%}, of (P) given
by Definition 2.2.5.

Remark 2.2.6. In [25, Definition 3.3] the statement of the definition is slightly
different. Instead of P + B, D P, the requirement is given as 6% (P,P) < e.
However, both yield equivalent definitions. Indeed, by (2.2.2) we have P C P+B,
as well as P C P C P+B,. Then, §7(P,P) < ¢ follows by (2.1.1). The converse
holds similarly by (2.1.1).

Given w € C*\ {0}, the following convex program is the well-known weighted

sum scalarization of (P):

minimize w'T'(x) subject to z € X. (WS(w))

The following proposition is a standard result in vector optimization, it formu-

lates the connection between weighted sum scalarizations and weak minimizers.
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Proposition 2.2.7. [50, Corollary 2.3] Let w € Ct \ {0}. Then, every optimal

solution of (WS(w)) is a weak minimizer of (P).

For the new notion of approximate solution in Definition 2.2.5, we prove an

existence result next.

Proposition 2.2.8. Suppose that Assumption 2.2.1 holds. Then, there exists a

solution of (P). Moreover, for every e > 0, there exists a finite e-solution of (P).

Proof. The existence of a solution X of (P) follows by [1, Proposition 4.2]. To
prove the second statement, we fix € > 0. For each z € X, note that the set
{I'(z)} + int C + B(0,¢) is open as the algebraic sum of an open set and an
arbitrary set [48, Lemma 5.2]. Then,

{{T'(z)} + int C + B(0,¢) |z € X}

is an open cover of ['(X). By Remark 2.2.2, the set I'(X") is compact. Therefore,
there exists a finite sub-cover of I(X), that is, there exists a finite set X C X
such that

T(X)+intC + B(0,6) = | J ({T(x)} +int C + B(0,e)) 2T(X).  (2.2.3)

zeX

Adding the cone C' to both sides of (2.2.3) gives
['(X) +int C + B(0,¢) = ['(X) + int C + B(0,¢) + C D T(X) + C
since int C' + C' = int C. Since convI'(X) D I'(X) and C D int C, it follows that
convI'(X) + C + B(0,¢) DI(X) + C =P,

where the last equality follows from Remark 2.2.2. Finally, since X is a solution
of (P), we have X C X C Ming(I'(X)). Hence, by Definition 2.2.5, X is a finite
e-solution of (P). O
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Chapter 3

Norm-Minimizing Scalarizations

In this chapter, we introduce norm-minimizing scalarization and provide its de-
tailed analysis based on the results obtained in Chapter 2. This is followed by the
modified scalarization along with the similar results. The scalarizations would be

used in the proposed algorithms in Chapter 4.

3.1 Norm-Minimizing Scalarization

In the algorithm that will be described in the next chapter, we employ a norm-
minimizing scalarization to be solved in each iteration. In this section, we describe
the scalarization model and provide some results to be used in the design of the

algorithm.

Let us fix an arbitrary norm |[|-]| on R? and a point v € R?. We consider the

norm-minimizing scalarization of (P) given by
minimize ||z|| subject to I'(z) —2 —v <¢ 0, z € X, z € R% (P(v))

Note that this is a convex program as both the objective function and the feasible

region are convex.
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Remark 3.1.1. The optimal value of (P(v)) is equal to d(v,P), the distance of
v to the upper image P. Indeed, by Remark 2.2.2, we have
d(v,P) = infllv -yl = mt{|jz[| [ v+ 2 € P, 2 € R}
y

=inf{|z|| |v+ze{l(x)}+C, z€ X, z€ R}
=inf{||z| | T(z) —v—2<c0, x € X, z € RI}.

In order to derive the Lagrangian dual of (P(v)), we first pass to an equivalent
formulation of (P(v)). To that end, let us define a scalar function f: X x R? — R
and a set-valued function G : X x R? = R? by

flz,2) = ||z]| + Ix(x), G(z,2):={[(r)—2z—v}, ze€X,zeR. (3.1.1)

Clearly, in our case of vector optimization problem, G(z, z) is a singleton. Let’s
write the constraint of (P(v)), z+v —I'(z) € C, which is equivalent to G(z, z) N

—C' # () since G(z, z) is a singleton. Now, (P(v)) can be rewritten as

(z%?)fesf(x,z), where S := {(z,2) € (X,R%) | G(z,2)N—-C #0}. (P'(v))

To use the results from [5, Section 3.3.1] and [51, Section 8.3.2] for convex pro-
gramming with set-valued constraints, we define the Lagrangian L: X xRYxR? —
R for (P'(v)) by

L(z,z,w) = f(z,2)+ inf w'u, (2,z,w)€ X xR xR (3.1.2)
ueG(z,z)+C

Then, the dual objective function ¢ : R? — R is
o(w):= inf L(z,z,w), weRL

reX,zeR4

and the dual problem of (P’(v)) is formulated as

sup () = sup{ i L.foz0) . (D(v))

weRY weRa (£€X,z€RY
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Note that

inf  wlu= inf wlu
ueG(z,z)+C uwe{l(z)—z—v}+C

e T L
_;g(fjw (IMz) —z—v+c)

=wl(I(z) — 2z —v) + infw’c

ceC
where
. T O lf w e O+7
infw'c=
4 —o0o otherwise.
Hence,
inf r,2) +wl(T(x) — 2z —v)} ifweCT,
inf Lv(l",z,w) = :L‘EX,ze]Rq{f( ) ( ( ) )}
reX,zeRY

—00 otherwise.
Also, note that for w € C*

inf  L,(z,z,w)= inf {f(z,2)+w"([(z)—2z—v)}

rzeX,zeR4 zeX,zeR4
_ : T Y
= it {J] + Iele) () - 2 - )
_ : T e
_xezlcl,lzfeRq{HZH +w' (['(z) — 2z U)}

Now, from (D(v)), we get

sup ¢(w) = sup { inf  {||z|| + w"(D(z) — 2 — v)}}

weC+ weC+ LTEX,zERY
= sup 3 infw'T(z) + inf {|z|| — w2} —w’ }
z€R4

weC+ (TEX

= sup {infwTF(x) —sup{w’z — ||z||} — wTU},
weC+ (T€X z€RY

where second term, on right hand side, is the conjugate of a norm. From [52,

Example 3.26], we have

T if lwll. <1,
sup{w” z — [|z]|} =
Z€R9 +o0o otherwise,
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which shows that the conjugate function of ||-|| is the indicator function of the
unit ball of the dual norm ||-||.. Therefore, the optimal value of (D(v)) is given
by

sup {ininI‘(x) —wh | |lw|, <1, we C+}. (3.1.3)
Te

The next proposition shows the strong duality between (P(v)) and (D(v)).

Proposition 3.1.2. Suppose that Assumption 2.2.1 holds. For every v € RY,
there exist optimal solutions (z°, z') and w® to problems (P(v)) and (D(v)),

respectively, and the optimal values coincide.

Proof. Let us fix some & € X and define Z := I'(Z) — v. Clearly, (Z, 2) is feasible

for (P(v)). We consider the following problem with compact feasible region in

]RnJrQ:
minimize ||z|| subject to I'(z) — 2z —v < 0, ||z]| < ||Z]|, z € X, z € RY. (3.1.4)

An optimal solution (z*, z*) for the problem in (3.1.4) exists by Weierstrass The-
orem and (z*, z*) is also optimal for (P(v)). To show the existence of an optimal
solution of (D(v)), we show that the following constraint qualification in [51, 5]
holds for (P(v)):

G(dom f) N —int C' # 0, (3.1.5)

where dom f := {(z,2) € X xR?| f(z,z) < +oo}. Since int X # () and int C' # ()
by Assumption 2.2.1, we may fix 2° € int X, y° € T'(2°) + int C and define
2% := ¢ —v. We have v + 2° — T'(2%) € int C, equivalently, G(z2°,2°) C —int C.
As (2°,2°) € dom f = X x RY, it follows that (3.1.5) holds. Moreover, the
set-valued map G : X x R? = R? is C-convex [51, Section 8.3.2], that is,

AG(2) 2) + (1 = N)G(2?,2) C G2, 2) + (1 = N) (2%, 2)) + C (3.1.6)

for every x', 2% € X, 2 € R9, X\ € [0,1]. Indeed, by the C-convexity of ': X — R,
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we have
AT —z—0) + (1 =N(T(2*) —z—v) e {TAz' + (1 = N)a2?) —z—v}+C

for every ', 2? € X, z € R4, and X € [0, 1], from which (3.1.6) follows. Finally,
since f: X x R? — R is also convex, by [5, Theorem 3.19], we have strong duality

and dual attainment. O

Notation 3.1.3. From now on, we fiz an arbitrary optimal solution (xV,z") of
(P(v)) and an arbitrary optimal solution w® of (D(v)). Their existence is quar-

anteed by Proposition 3.1.2.

Remark 3.1.4. Note that (¥, 2", w") is a saddle point of the Lagrangian for
(P(v)) given by (3.1.2); see [52, Section 5.4.2]. Hence, we have

sg}qu(x”, 2% w) < L(z?, 2% w’) < me/“'1(1}2feRqL(x, z, w’).

From strong duality, we have

Sgﬂqu(x”, ¥, w) = L(z%, 2", w’) = xe)i(ngRqL(x, z,w"),

where second equality gives

(w)'T(2%) = inf (w*) T(z).

zeX

Hence, z¥ is an optimal solution of (WS(w)) for w = w".

In the next lemma, we characterize the cases where z¥ = 0.

Lemma 3.1.5. Suppose that Assumption 2.2.1 holds. The following statements
hold.

(a) If v ¢ P, then z¥ # 0 and w” # 0.
(b) If v € bdP, then 2" = 0.

(c) If v eintP, then z¥ =0 and w’ = 0.
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In particular, v € P if and only if 2° = 0.

Proof. To prove (a), suppose that v ¢ P. To get a contradiction, we assume that
2V = 0. Since (x", ") is feasible for (P(v)), we have v = v+2¥ € {T'(z")}+C C P,
contradicting the supposition. Hence, z¥ # 0. Moreover, if we had w” = 0, then
the optimal value of (D(v)) would be zero and strong duality would imply that

|2¥]] = 0, that is, z¥ = 0. Therefore, we must have w" # 0.

To prove (b) and (c), suppose that v € P. By Remark 2.2.2, there exists z € X
such that I'(z) <¢ v. Then, (z,0) is feasible for (P(v)). Hence, the optimal value
of (P(v)) is zero so that ||z|| = 0, that is, 2V = 0. Suppose that we further have
v € int P. Let 0 € int C' be such that v — § € P. By Remark 2.2.2, there exists
2° € X such that I'(z°) <c v — d, which implies (w?) T'(2%) < (w¥)Tv — (w®)T4.
Moreover, by strong duality, inf,cx(w”)T(I'(z) — v) = 0 holds. Combining these
gives

0 = inf (w*)"(T'(z) —v) < (W) (T(2°) —v) < (W) <0

rzeX

so that (w?)Td = 0. As § € int C' and w¥ € CT, we must have w® = 0. O

The next proposition shows that solving (P(v)) when v ¢ int P yields a weak

minimizer for problem (P).

Proposition 3.1.6. Suppose that Assumption 2.2.1 holds. If v ¢ int P, then x"

is a weak minimizer of (P), and y* :=v + z¥ € wMing(P).

Proof. As X is nonempty and compact, we have P # () and P # R?. By 5,
Definition 1.45 and Corollary 1.48 (iv)], we have wMing(P) = bdP. First,
suppose that v € bdP. Then, z¥ = 0 by Lemma 3.1.5. Together with primal
feasibility, this implies I'(z") <¢ v. Asv € wMing(P), by the definition of weakly
C-minimal element, we have I'(2") € wMing(P). Hence, 2V is a weak minimizer
of (P) in this case. Next, suppose that v ¢ P. Then, w¥ # 0 by Lemma 3.1.5.
By Remark 3.1.4, 2V is an optimal solution of (WS(w)) for w = w” € C* \ {0}.

Hence, by Proposition 2.2.7, 2V is a weak minimizer of (P).
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Since (zV,2") is feasible for (P(v)), y* € P holds. To get a contradiction,
assume that y¥ ¢ wMing(P); hence, y* = v + z¥ € int P. Then, there exists
€ > 0 such that v + 2V — eﬁ € P, which implies the existence of T € X with

v+ 2¥ — eﬁ € {I'(z)} + C. Let z := (||2°|| — €)%y Then, (Z,2) is feasible for

[

(P(v)). This is a contradiction as ||Z]| < ||2"|. O

The following result shows that a supporting hyperplane of P at y* = v + 2"

can be found by using a dual optimal solution w".

Proposition 3.1.7. Suppose that Assumption 2.2.1 holds and w® # 0. Then,
the halfspace
H={yeR|(w)y > (w")'T(z")}

contains the upper image P. Moreover, bdH is a supporting hyperplane of P
both at T'(x%) and y° = v + 2°. In particular, (w’)"T(z?) = (w?)Ty".

Proof. We clearly have I'(z¥) € bdPNH and y* € PNH. Let y € P be
arbitrary and € X be such that I'(zZ) <¢ y. Consider the problems (P(y)) and
(D(y)). Clearly, (z,0) is feasible for (P(y)). Moreover, the optimal solution w"
of (D(v)) is feasible for (D(y)). Using weak duality for (P(y)) and (D(y)), we
obtain 0 > inf,ex(w?) I'(z) — (w?)Ty. Moreover, from strong duality for (P(v))

and (D(v)), we have ||2¥| = infex(w?)T'(z) — (w¥)Tv. Hence,

reX

(w)Ty > inf (") T(2) = [12*]] + (") o.

Note that [|2°|| > (w¥)T2" holds as ||w"||, < 1 by dual feasibility. Then, we obtain
(w¥)Ty > (w®)Ty?. In particular, we have (w’)'T'(z¥) > (w¥)Ty" as I'(z¥) € P.
On the other hand, since I'(z¥) <¢ y¥ and w¥ € C*, we also have (w?)TI'(z?) <
(w¥)Ty?. The equality (w?)Ty" = (w?)TT'(z¥) completes the proof as it implies
y € H (hence P C H) as well as y” € bd H. O

Proposition 3.1.7 provides a method to generate a supporting halfspace of P
at I'(z¥) in which one uses an arbitrary dual optimal solution w”. The next result

shows that if the norm in (P(v)) is taken as the ¢,-norm for some p € [1,400),
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for instance, the Euclidean norm, then it is possible to generate a supporting

halfspace to P at I'(z") using 2" instead of w".

Corollary 3.1.8. Suppose that Assumption 2.2.1 holds and ||-|| = ||-||, for some
p € [1,400). Assume that v ¢ P. Then, the halfspace

H = {yeRqugn |z|p1y>2sgn )P () b

contains the upper image P, where sgn is the usual sign function. Moreover, bd H

is a supporting hyperplane of P both at T'(z") and y* = v + z°.

Proof. Consider (P(v)) and its Lagrange dual (D(v)). Let us define g(z) :=
|z|l, — (w®)Tz, 2 € R%. The arbitrarily fixed dual optimal solution w® satisfies

the first order condition with respect to z, that is,
0 € dg(z").

By the chain rule for subdifferentials, this is equivalent to

—p

w’ € (Z|z \P) (127180 x - x 22P18,), (3.1.7)

where, for each ¢ € {1,...,¢q}, S; denotes the subdifferential of the absolute
value function at zf. Let ¢ € {1,...,q}. Note that if 2z} # 0, then we have
S; = {sgn(zY)}. On the other hand, if z! = 0, then for each s; € S;, we have
|22[P~1s; = 0. Hence, by (3.1.7),

- (Zrz P) 7 et sen ),

The assertion follows from Proposition 3.1.7. m
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3.2 A modified norm-minimizing scalarization

In this section, we propose a modification to the norm-minimizing scalarization
model, which is introduced in Section 3.1, and we provide some analytical results

for the modified scalarization.

Let w € int C* and & € R be fixed. The construction of @ and & will be
discussed, in detail, in section 4.2. For a fix arbitrary norm ||-|| on R, we consider

the modified norm-minimizing scalarization of (P) given by

minimize ||z]| subject to ['(z) —z—v <c 0, W' (v+2)—a <g, 0, z € X, z € RY,

(P (v))
Note that this is a convex program as both the objective function and the feasible

region are convex.

Remark 3.2.1. The optimal value of (P,,(v)) is equal to d(v, PNS), the distance
of v to the set P NS which is defined by the intersection of upper image P with
the halfspace S.

Now, to attain the Lagrangian dual of (P,,(v)) we write an equivalent for-
mulation of it. First, note that the two constraints I'(x) <c v + z and

—a& <g, —w' (v + 2) can be combined as,

W' (v+ 2) — a.

[F(x)—z—v]<0XR 0

Then, (P,,(v)) can be expressed as
minimize ||z|| subject to (I'(z) — 2z — v, @' (v + 2) — &) <cxr, 0, * € X, 2 € R%

Now, define a scalar function f: X x R — R and a set-valued function G :
X x R? = R9*! as follows

fz,2) = ||z|| + Ix(z), G(x,2) :={(T(2) —2z—v,0" (v+2)—a)}, (3.2.1)
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for x € X,z € R9. Then, (P,,(v)) can be equivalently written as the following:

minimize f(z,z) subject to G(z,2)N—(C xRy) #0, (z,2) € X xR (P!, (v))

To use the results from [5, Section 3.3.1] and [51, Section 8.3.2] for convex
programming with set-valued constraints, we define the Lagrangian L: X x R? x
R+t — R for (P/,(v)) by

L(x,z,w,\) :== f(x,2) + inf [w' Nu, (z,z,w,)\) € X x R? x R,
wEG(z,z)+(CxRy)
(3.2.2)

Then, the dual objective function ¢: R¥*' — R is defined by

p(w,\) ;== inf Lz, z,w, ), (w,\)ecRI

reX,zeR4
Note that
inf [w" Nu = inf [wT Nu
ueG(z,z)+(CxR4) ue{(l(z)—z—v,@0" (v+2)—&) }+(CxRy)
= inf  [w' N ((T(z)—z—v,0" (v+2)— &)+ (¢,r
Lt T () (0 2) = @)+ (c.7)
f —z— e —aQ
(crel(anﬂh {w"™ (T z—v+co)+ Mo (v+z)—a+r)}
—w' (T(z)—z—v)+ Ao (v+2)—a)+ inf (w'et+ M)
(e,r)e(CxRy)
—w (T(z) =z —v)+ M@ (v+2) — @) + mfw c+ inf Ar,
reRy
where

o 0 ifweCt,
inf w' ec=
ceC —oo  otherwise
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and

0 if A € Ry,
inf \r =
reRy —oo  otherwise.
Now, we have inf.cc w'e = —Io+ (w) and inf,er, Ar = —Ig, (\) for every (w, \) €

R*L, Then, using the definitions of f and G, we obtain

o(w,\) = inf {||z|| + wT(F(x) —z—v)+ A(wT(v +z) — 07)}

reX,zeRY

if (w,\) € CT xR, and ¢(w, \) = —oo otherwise. Finally, the dual problem of

(P! (v)) is formulated as
maximize ¢(w, \) subject to(w, \) € R7™, (D (v))

Then, the optimal value of (D,,(v)) is given by

sup  d(w, )

(w,\)eReH1

= sup {inf w'T(z) — sup {(w— Aw)"z — ||2]|} — (w — )T — )\&}
(wNeCH xR, (T€X z€RY

TeEX

= sup { inf w'T(z) — (w—M0)"w — A | |lw— A o|l, <1, (w,\) € CT x R+} :

(3.2.3)

Here, we use that the conjugate function of ||-|| is the indicator function of the

unit ball of the dual norm ||-||.; see, for instance, [52, Example 3.26].

The problem may become infeasible for very small value of &. In Section 4.2,
we specify the value of @ which ensures the generation of all non-dominated
solution using the scalarization model. It can be shown easily that there exists &

such that one can generate any non-dominated solution using the model. Define
S@)={yeR?|w'y<a wecintC", acR}. (3.2.4)
The next proposition shows the strong duality between (P,,(v)) and (D,,(v)).
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Proposition 3.2.2. Suppose that Assumption 2.2.1 holds. In the definition of
S, given by (3.2.4), let & be large enough such that T'(X) C intS. For every
v € RY, there exist optimal solutions (xV,z") and (w”,\?) of problems (P,,(v))

and (D, (v)), respectively, and the optimal values coincide.

Proof. First, we show that there exists some feasible solution (Z, Z) of (P,,(v)),
that is, feasible set of (P,,(v)) is nonempty. Fix & € X, which exists since
X has non-empty interior by our assumption. Define Z := I'(Z) — v. Then,
v+ 2Z=I(2) €int S C 5. We know that, v+ 2 =1'(z) € I'(Z) + C, since 0 € C
as its a cone. Then, by definition of a partial order <¢, we get ['(Z) <¢c v + 2
and hence (Z, 2) is feasible. Next, note that the feasible set of (P,,(v)) is

{(z,2) eR™ | zeX, ([(z)—2—v)<c0, W (v+2)—a<g, 0}
CX X (PnS—{v}).

Using [53, Lemma 6.3], it is easy to see that P N S is compact. By Assump-
tion 2.2.1, X is compact, it implies that the product X x (P NS — {v}) is also
compact. Then, it is enough to show that the feasible set is closed. Consider a
sequence of feasible points (x,, 2, )n>0 such that lim, (2., z,) = (z,2). Then,
we have z € X as it is compact and z € S — v as it is a closed halfspace. We

have, v + z, — I'(x,) € C for any n > 0. Since I' : X — R? is continuous and

hmn—)oo(xna zn) = ([lﬁ', Z)?

lim (v + 2z, — ['(z,)) = v+ 2z —T'(2),

n—oo

which is in C as it is closed. Hence, an optimal solution (z*, z*) of (P,,(v)) exists

by Weierstrass, as the feasible set is compact and ||| is continuous.

Next, for the existence of an optimal solution of (D,,(v)), we show that the
constraint qualification in [51, 5] holds for (P,,(v)). From Assumption 2.2.1, X
has a non-empty interior, there exists z° € int X. Then, as ['(X) C int S, there
exists € > 0 such that B(T'(2°),¢) C int S. Let us pick y° from I'(2°) + int C, for
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instance, we can take

where ¢ € int C. Then, y° € B(T'(z°),¢) N (['(2°) + int C') and I'(z") <¢ ¢°. By
defining 2% := y° — v, we get T'(z°) <¢ v + 2°, that is, v + 20 — T'(2°) € int C.
Since, 4° € B(I'(z°),¢) C int S, we have w'y? = @' (v + 2°) < &. This gives,
—w"(v+ 2% + & € int R,. By considering G : X x R? = R?"! as in (3.2.1), we
get,

G(2°,2°) = {(T(2") = 2° —v,@" (v + 2°) — &)} € —(int C x int R,)
= —int(C' x Ry). (3.2.5)

From (3.2.1), we have f : (X,R?) — R with the domain
dom f={(z,2) € X xR? | f(x,z) < +oo}.
By the definition of f(x, z), we know that

|z|| ifrxeX
flz,2) =

+00 otherwise.
Hence, dom f = X x RY. Since 2 € X, G(2°,2°) C G(dom f). Then, from
(3.2.5) we have
G(dom f) N —int(C' x Ry) # 0, (3.2.6)

Hence, (2°, 2°) satisfies constraint qualification. Next, we show that our set valued

map G : (X,R?) = R is C-convex. We have I' : X — R? a C-convex function,
that is, for x', 22 € X and X € [0, 1], T(A\z' + (1= N)2?) <¢ AT(z!)+ (1—\)T(2?).
By partial ordering <,

AD(2') + (1= NT(2?) € T(Az' + (1 — \)z?) + C.
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Introducing 2z + v above,
AT —z—0) + (1= N)(T(z*) —z—v) eT(A\' + (1= N2?) —z—v+C.

Since, 0 e R, @' (v+2) —a € W' (v+ 2) — &+ R,. Then, we have

)\[F(:cl)—z—v] Ty [F(SL‘2)—Z—U

S
W' (v+2) — @ W' (v+2) — @

[F()\:cl +(1=N2?)—z—w (O xR

W' (v+2)— @

From the definition of G(x, z), it implies
)\G(.’El’ Z) + (1 - )\)G(I‘Q, Z) c G(A(']’J? Z) + (1 . >\)(;U2, Z)) + (C X R+)
Hence, G : X x R? = R9*! is C' x R -convex by definition [51, Subsection 8.3.2].

Since, f : (X,R?) — R is convex, G : X x R? = R is (C' x R, )-convex
and (3.2.6) holds, it implies strong duality and dual attainment, see [51, The-
orem 8.3.10] and [5, Theorem 3.19]. Therefore, an optimal solution (w”, \”) of
(D, (v)) exists. O

Similar to Lemma 3.1.5, we characterize, through the following lemma, the

cases where z¥ = 0 in the modified scalarization.

Lemma 3.2.3. Suppose that Assumption 2.2.1 holds. Let T'(X) C int S and let
v € R? such that v € S. The following statements hold.

(a) If v ¢ P, then z¥ # 0, w’ # 0 and w = w* — \’w # 0.
(b) If v € bd P, then 2z = 0.

(c) If v e intP, then 2z =0 and w’ = 0.

In particular, v € P if and only if z° = 0.
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Proof. Clearly, 2 # 0 and w” # 0 in (a), see the proof of Lemma 3.1.5 for details.
For the other claim of (a), assume to the contrary that w* — AYw = 0. From the

optimal value of (D,,(v)) and strong duality, we get
v . -T o~ — v
3 (ing o) - ) =17

where \? > 0 and @w'I'(x) —a < 0 for any x € X, as ['(X) C S. Hence, ||2°]] < 0.

This implies, ||2¥|| = 0, a contradiction.

To prove (b) and (c), note that, we have @w"v < &. Then the assertion follows

using the similar arguments as in the proof of Lemma 3.1.5. O

The following two propositions interpret the primal (z?, z”) and the dual opti-
mal solutions (w’, A"), that is, primal solution yields a weak minimizer for prob-

lem (P) and dual solution provides a supporting hyperplane of PNS at y¥ = v+2".

Proposition 3.2.4. Suppose that Assumption 2.2.1 holds. If v ¢ intP and

v €S, then xv is a weak minimizer of (P), and y’ := v + 2" € wMing(P).

Proof. By using similar arguments as in the proof of Proposition 3.1.6, " is a

weak minimizer of (P).

For the second statement, first note that y” € P since (aV,z") is feasible
for (P(v)). To get a contradiction, assume that y* ¢ wMing(P); hence, y¥ =
v+ 2¥ € int P with [|2¥|| # 0, as v ¢ intP from our assumption. Then, there
exists 0 < € < [|2"|| such that

vtz —e—— EP,
[l
which implies the existence of z € X with
v Zv =
v+ (]|2°]] —€) el(z)+C.

12|
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Let z := (||2°|| — €)%7. We show that, w" (v + 2) < &. Assume otherwise,

[ES

w'(v+z)=w' <v—|—z”—e||z H> > a. (3.2.7)
Z’U

Since, w' (v + 2¥) < @& by the feasibility of (P,,(v)),

-T v
—eﬁ>d—wT(u+z”)zd—d:0.
z

This implies, w'z" < 0. We also know that, w'v < &, as v € S. Then from
(3.2.7), we get,

sz“<1— H€“||> >a—wv>da—a=0
z

This implies, 1 — =57 < 0, that is, [|2Y|| < e. This contradicts with the upper

BN

bound of e.

Now, (z,Zz) is feasible for (P,,(v)). But this gives [|z]| < |[z"]|, which is a
contradiction to the optimality of ||27||. O

Proposition 3.2.5. Suppose that Assumption 2.2.1 holds and w¥ = w’ — \"w #
0. Let, ve S and I'(X) Cint S. Then, the halfspace

H={yeR| @)y > @) y"}

contains PNS. Moreover, bd H is a supporting hyperplane of PNS at y® = v+2".

Proof. Let y € PN S be arbitrary and € X be such that I'(z) <¢ y. Consider
the problems (P,,(y)) and (Dy(y)). Let (z, z) be feasible for (P,,(y)). Then,
(z,0) is feasible, as y + 2 =y € P=T(X)+C and w' (y+ z) = 0"y < &. Then,
for (P,,(y)), we have ||z]| = 0. Moreover, the optimal solution (A, w") of (D,,(v))
is also feasible for (D,,(y)), since they have the same feasible region. Using weak
duality for (P,,(y)) and (D,,(y)) we obtain

0= |12 > inf ()T (T(z) = y) + X'(a"y - &)
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(w®) Ty — ATy > inf (w?) T(z) — \’a (3.2.8)

TEX

Using strong duality for (P,,(v)) and (D,,(v)), we have
12°]] = inf (w”)"T(2) — (W = Mw)Tv — A’ (3.2.9)

TeEX

From (3.2.8) and (3.2.9) we obtain

(w)Ty — X@ Ty > [|2°] + (w® — Ad) o
(@) Ty > [|2°]] + (@") v (3.2.10)

Using the definition of dual norm and the dual constraint, ||@|, < 1, we obtain
(@) 2" < 2" || < [12"]]-
Then from (3.2.10) we get
(@) Ty = 2"l + (@") v = (@) 2" + (@") v = (@) Ty".
This implies y € H and hence PN S C H.

Next, from Proposition 3.2.4, we have y* € P, in particular y* € PN .S
from the feasibility of (P,,(v)). We have y* € bdH by definition of . Hence,
y¥ € PN.SNbdH which completes the proof. m

Corollary 3.2.6. Suppose that Assumption 2.2.1 holds and ||-|| = |||, for some
p € [1,+00). Assume that v ¢ P. Then, the halfspace

H= {yERﬂngn )22 [Pty >ngn N }

contains the upper image P, where sgn is the usual sign function. Moreover, bd H

1s a supporting hyperplane of P at y* = v + 2".

Proof. Consider (P,,(v)) and its Lagrange dual (D,,(v)). Let us define g(z) :=

|z|l, — (w — Aw)Tz = ||z, — @"%, 2 € R% Then, the assertion follows using the
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similar arguments as in the proof of Corollary 3.1.8 [

3.3 Linearization of objective function of (P (v))

for /; and /., norms

In this section, we linearize the objective function of the modified scalarization,
in case of /1 and /., norms. The aim is to input the linearized version to a solver
which might make it easier for the solver to handle the scalarization using ¢; and
l+, norms. For simplification, we re-define the constraint (regarding the feasiblity
of P) of scalarization model in terms of generating vectors of the dual of ordering

cone C'T, instead of using a set function as in previous section.

Let C' be polyhedral and Z is the matrix whose columns are the generating
vectors of C. For a fixed arbitrary norm ||-|| on R? and a point v € RY, the

modified norm-minimizing scalarization of (P) can be written as

minimize ||z|| subject to ZT(T'(z) —z—v) <0, W' (v+2)—a <0, v € X, z € RY,
(Pz(v))
where w € int C™ and & € R are as in Section 3.2. Before discussing the special

cases of /1 and /., norms, we first find the dual problem of the above formulation.
Define the Lagrangian L: X x R? x R? x R — R as follows,

Lz, z, \u) == ||z|| + \(ZT(D(2) — 2z —v)) +u(@" (v + 2) — &)
=zl + (ZN)T(T(z) — 2z —v) +u(w v+ @'z — &). (3.3.1)

Now, the dual objective function ¢: R? x R — R is defined by
O\ u) = ze)lfr,lzfeRq L(z,z, \, u).

Note that, Z\ € Ct, as it is a conic combination of the generating vectors of C*.
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Define, w := Z\. After this change of variables we get,

e T - T R
qb(w,u)—;giw I‘(x)%—zleanq(HzH (w—ww)'z) — (w—uw) v — ud

= inf w'T(z) — sup ((w —uw) "z — ||z]|) — (w — ww) v — ua,
TEX z€RY

for w € C*,u € R,. Note that, we have

o(w,u) = Hel;( w'T(z) — (w — uw) v — ua

if [Jw —ww| <1 and ¢(w,u) = —oo otherwise. The dual problem of (Pz(v)) is

formulated as
maximize ¢(w,u) subject to (w,u) € CT x R,. (Dz(v))
Finally, the optimal value of (Dz(v)) is as follows,

d(w,u) =
sup { ig/’fvaF(x) — (w—uw)"v —ua | |w—uw|, <1, (w,u) € CT x R+} :

(3.3.2)

3.3.1 Linearization of objective function of (P;(v)) using

/1 norm

Consider #; norm for the scalarization. Then, the objective function can be

linearized as

q

minimize Z(tz + ;) (Pe, (v)

i=1

subject to Z'(I'(x) — z —v) <0,
W' (v+z) —a <0,
z=1—s,

reX, zeRY t,seRY,
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where Z is the matrix whose columns are the generating vectors of C*. We define
the Lagrangian L: X x R? x R? x R? x R? x R x R? — R as follows,

Lz, z,t,s, \,u,\) = e (t+5) + A (ZT(T(z) — 2z —v)) +u(@" (v + 2) — &)
+AT(z =t + )
=e'(t+s)+(ZN"(T(x) —z—v)+u(@w v+ 2z — &)
+AT(z —t+3s), (3.3.3)

where ¢ = (1,...,1)T € RY. Similar to Section 3.3, w := ZX € C*, and ¢: R? x
R x R? — R is defined by

oA, u, A) = inf L(z, 2,t,8,\ u, \).

mEX,zERq,t,SERi
We get

d(w,u, \) = ;g)f( w'T(z) + Zig]gq(—w +uw+ )Tz + tig%%(e —N)Tt+ sie%%(e +A)'s

T

— (w —uw) v — ua,

for w € C*, v € Ry and X € RY. Above equation gives, —e < A < e. This implies

|A\]lso < 1. From second term above, we get w — uw = A. This implies
lw — ublloo = A < 1.
The dual problem of (P, (v)) is formulated as,
maximize ¢(w,u) subject to (w,u) € CT x R, (D, (v))
Finally, the optimal value of (D, (v)) is as follows,

¢(w,u) =
sup { ininF(x) — (w—uw) v —ud | |Jw —ud] <1, (w,u) € CT x R+}
Te

(3.3.4)
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3.3.2 Linearization of objective function of (Pz(v)) using

/-, norm

Consider /,, norm for the scalarization. Then, the objective function can be
linearized by considering a scalar variable ¢ such that ||z]|,, < t. This means

that max;e(1,. q|%| < t, which implies |z| < ¢, for all ¢ € {1,...,¢q}. Hence,

.....

—te < z < te, where e = (1,...,1)T € R%. Then, we have

minimize ¢ (Py (v))
subject to ZT(I'(z) — z —v) <0,

W' (v+z) —a <0,

—te < z < te,

reX, zeRY teR,,

We define the Lagrangian L: X x R? x R x R? x R x R? x R? — R as follows,

Lz, z, t, N u, NN =t + AT (ZT(D(2) — 2 —v)) +u(w" (v + 2) — &)
+\)T(z —te) + (V)T (=2 — te)
—t4+w (['(z) —z—2) +u@ v+ a2 — Q)
+ (N =Nz —eT(N + Nt (3.3.5)
Now, the dual objective function ¢: R? x R x R? x R? — R is defined by
AR/ N . AN
o(w,u, N, \") = xeX,zgllg‘;,tellh_ L(z, z,t, A, u, X' A").

We get

o(w,u, N, \") = inf w'T'(z)+ in]g (—wHuw+N =N 2+ inf (1—e" N —e™\")Tt
zeRY

reX tER+

— (w — ww) v — ud

From above equation, e\ 4+ e"\” < 1. Note that A, \” > 0 as a constraint of

the dual problem. The second term above gives, w — uw = X — \’. Then, we
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have, ||lw — uwlj; = [N — N[} < 1.
The dual problem of (P,_(v)) is formulated as,
maximize ¢(w,u) subject to (w,u) € C* x R,. (Dy(v))
Finally, the optimal value of (D,_(v)) is as follows,

P(w, u) =
sup { inf(wTF(af) — (w—uw)"v —ud | [|w—uw|; <1, (w,u) € CT x R+} :
TE

(3.3.6)
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Chapter 4

Approximation Algorithms for
Solving CVOP

In this chapter, we propose an algorithm which finds an outer approximation
of the upper image in order to solve CVOPs. Moreover, we also introduce two
variants of the algorithm. All three algorithms are based on norm-minimizng
scalarizations introduced in Chapter 2. Here, we provide certain propositions
that lead to prove that the algorithms work correctly provided they terminate
after some iterations. The finiteness results in case of later two algorithms are

given in Chapter 5.

4.1 The Main Algorithm: Algorithm 1

We propose an outer approximation algorithm for finding a finite weak e-solution
to CVOP as in Definition 2.2.5. The algorithm is based on solving norm mini-
mization scalarizations iteratively. The design of the algorithm is similar to the
“Benson-type algorithms” in the literature; see, for instance, [9, 20, 1]. It starts
by finding a polyhedral outer approximation P§" of P and iterates in order to

form a sequence P§™ 2 Py D ... D P of finer approximating sets.
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Before providing the details regarding the algorithm, we impose a further as-

sumption on C.

Assumption 4.1.1. The ordering cone C' is polyhedral.

Assumption 4.1.1 implies that the dual cone C'* is also polyhedral. We denote
the set of generating vectors of C* by {w!,...,w’}, where J € N. Hence,
CT = convcone{w!, ..., w’}. Moreover, under Assumption 2.2.1, C* is solid

since C' is pointed [54, Propostion 2.4.3]. Hence, we have J > q.

The algorithm starts by solving the weighted sum scalarizations correspond-
ing to each generating vector of C*t (WS(w')), ..., (WS(w”/)). For each
j € {1,...,J}, the existence of an optimal solution 2/ € X of (WS(w?)) is
guaranteed by Assumption 2.2.1 (b, ¢). The initial set of weak minimizers is
set as Xy := {x',...,27}, see Proposition 2.2.7.! The set V**"* which keeps
the set of all points v € R? for which (P(v)) and (D(v)) are solved throughout
the algorithm, is initialized as the empty set. Moreover, similar to the primal

algorithm in [1], the initial outer approximation is set as

J
P =y e RY| (w)Ty > (w?)'T(a’)} (4.1.1)
j=1
(see lines 1-3 of Algorithm 1). It is not difficult to see that Pg™ O P. In-
deed, for each y € P, there exists z € X such that I'(z) <¢ y. Then, for
each j € {1,...,J}, we have (w/)"I'(z) < (w’)"y which implies (w?)Ty >
inf,cx (W) T(z) = (W) T (2?) so that § € P"*. Moreover, as C is pointed
and (P) is bounded, P§"* has at least one vertex, see [55, Corollary 18.5.3] (as
well as [1, Section 4.1]).

At an arbitrary iteration k& > 0 of the algorithm, the set Vi of vertices of

the current outer approximation P¢" is computed first (line 6).> Then, for each

! Alternatively, one may start with Xy = () in line 2 of Algorithm 1. This would decrease |X|
by J, the number of generating vectors C.

2This is done by solving a vertex enumeration problem for Pgut, that is, from the H-
representation of PU, its V-representation is computed. For the computational tests of Sec-

tion 6.1, we use bensolve tools for this purpose [10].
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v € Vy, if not done before, the norm-minimizing scalarization (P(v)) and its dual
(D(v)) are solved in order to find optimal solutions (z¥,2") and w", respectively
(see Proposition 3.1.2).3 Moreover, v is added to V"0 (lines 7-10). If the
distance from v to P, namely [[2"]|, is less than or equal to the predetermined
approximation error € > 0, then 2" is added to the set of weak minimizers (see
Proposition 3.1.6)* and the algorithm continues by considering the remaining

vertices of Py (line 18). Otherwise, the supporting halfspace
Hy = {y € R | (w) Ty > (w”)T'(z")} (4.1.2)

of P at I'(x") is found (see Proposition 3.1.7); and the current approximation
is updated as Pp1 = P N My (lines 12). The algorithm terminates if all the

vertices in V are within e distance to the upper image (lines 5, 15, 16, 22).

By the design of the algorithm, for each iteration & > 0, the set P D
P is an outer approximation of the upper image; similarly, we define an inner

approximation of P by

P = conv'(X,) +C C P. (4.1.3)

In order to visualize an iteration of the algorithm, consider P € R? with an
initial outer approximation P§"™ and Vy = {v}, see Figure 4.1. The scalarization
is solved against the vertex v and optimal solutions (2", z¥) and w" are obtained.

out

Subsequently, the current outer approximation is updated to PP = P N H,

with a set of vertices V; = {v!, v?}.

Now, we present two lemmas regarding these inner and outer approximations.
The first one shows that, for each k& > 0, the sets P¢" and P have the same

recession cone, which is the ordering cone C'. With the second lemma, we see

3Note that many solvers yield both primal and dual optimal solutions when called only for
one of the problems.

4Note that the solution z¥ found in line 9 of Algorithm 1 is a weak minimizer, it is also
possible to update the set of weak minimizers right after line 9 (without checking the value of
[[z¥]]) and subsequently ignore lines 13 and 18. This would yield a finite weak e-solution with
an increased cardinality.
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Algorithm 1 Outer Approximation Algorithm for (P)

1. Compute an optimal solution 27 of (WS(w?’)) for each j € {1,...,J};
2. Set k=0, = {z,...,27}, Vinown — g

3. Store an H-representation of P§"* according to (4.1.1);

4. repeat

5. Stop < true;

6. Compute the set Vj of vertices of Pg" from its H-representation;
7. forwv eV, do
8. if v ¢ Vo' then
9. Solve (P(v)) and (D(v)) to compute (zV, 2¥) and w’;
10. anown — anown U {U},
11. if ||2"|| > € then
12. Pt =P N Hy;
13. X1 = Xy
14. k<+ k+1;
15. Stop < false;
16. break;
17. else
18. X — A, U {IU};
19. end if
20. end if
21.  end for

22. until Stop
X, : A finite weak e-solution to (P);

23. return : :
Pt . An outer approximation of P.

out

that, in order to compute the Hausdorff distance between P and P (or Pi»), it

is sufficient to consider the set Vj, of vertices of Pp™.

Lemma 4.1.2. Suppose that Assumptions 2.2.1 and 4.1.1 hold. Letk > 0. Then,

recc PP = recc Py = recc P = C.

Proof. As convI'(X},) is a compact set, we have recc Pi* = C directly from (4.1.3).
Similarly, since I'(X’) is compact by Assumption 2.2.1 and P = I'(X) + C by
Remark 2.2.2; we have recc P = C'. Since P O P, we have recc P D recc P =
C; see [56, Proposition 2.5]. In order to conclude that recc Pe™ = C, it is enough
to show that recc P{"™ C C. Indeed, we have Pg" C Pg", which implies that

recc PP C recc PJ". To prove recc P§™ C C, let § € reccPg™. Then, for
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Figure 4.1: An iteration of Algorithm 1.

each y € P¢™, we have y + ¢y € P§"™. By the definition of P§" in (4.1.1),
we have (w)"(y +9) > (w?)"T'(29) for each j € {1,...,J}. In particular, as
[(z7) € P C P, we have (w?)T(T'(2?) + §) > (w?)TT(27), hence (w?)Ty > 0 for
each j € {1,...,J}. By the definition of dual cone and using (C*)" = C, we
have § € C. The assertion holds as § € recc PJ™ is arbitrary. O

It is well known that for a convex set P C RY, the distance function d(-, P)
is convex [57, Proposition 1.77]. Here, we give the result for completeness. Let
' 2? € R%. As d(2',P) = in}f3||xi — p|| and P is convex, for any € > 0, there

pe

exists p’ € P such that

l2" = p'll < d(a’, P) +e,
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for : = 1,2. Then, for A € [0, 1] we have

dAx' + (1 = N)2?, P) < d(Ax' + (1 — N)2?, \p' + (1 — \)p?)
= [[Az! + (1= N)a? = Ap' — (1= \)p?|
= [[A(z" =p") + (1 = N)(=® = p?)|
<Azt =pH + (1= N)[2* = P
< A(d(z',P)+€) + (1 = N)(d(2* P) +e)
= M\d(z!, P) + (1 — N)d(z?, P) + ¢

As € > 0 is arbitrary, we have
ddz' + (1 = N)2?, P) < Md(z', P) + (1 — \)d(2?, P).
Lemma 4.1.3. Suppose that Assumptions 2.2.1 and 4.1.1 hold. Letk > 0. Then,

7 (Pt Py = max d(v, P;") and 6" (P™,P) = max d(v,P),

veEV veEVE

where Vi is the set of vertices of PZ™.

Proof. To see the first equality, note that

5H(P,2“t,73,i€n):max{ sup d(y,P,iC“), sup d(y,P,fj‘”)} = sup d(y,P}c“)

yeP yeP yepgut

as P C P, Moreover, since reccPi® = recc P by Lemma 4.1.2,
ST (Pt Pin) < 0o holds correct; see [54, Lemma 6.3.15]. Since P¢" is a poly-
hedron with at least one vertex, d(-, Pi") is a convex function (see, for instance,
[57, Proposition 1.77]) and 67 (P, Pir) < +o0, we have

sup d(y, Py") = max d(v,Py")
yefpgut vEV)

from [58, Propositions 7-8]. The second equality can be shown similarly by noting
that 6% (Pgut, P) < 68 (Pput, Pin) < oo thanks to Pir C P C Pout. O
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Theorem 4.1.4. Under Assumptions 2.2.1 and 4.1.1, Algorithm 1 works cor-

rectly: if the algorithm terminates, then it returns a finite weak e-solution to (P).

Proof. For all j € {1,...,J}, an optimal solution z7 of (WS(w’)) exists since X
is compact and z — (w’/)TI'(x) is continuous by the continuity of I': X — R?
provided by Assumption 2.2.1. Moreover, 27 is a weak minimizer of (P) by

Proposition 2.2.7. Thus, Xy consists of weak minimizers.

Since (P) is a bounded problem and C'is a pointed cone, the set Pg" contains
no lines. Hence, P§"* has at least one vertex [55, Corollary 18.5.3], that is, V, # 0.
Moreover, as detailed after (4.1.1), Pg" D P, hence we have v ¢ int P for any
v € Vo. As it will be discussed below, for & > 1, P is constructed by intersecting
Pt with supporting halfspaces of P. This implies Vi, # () and V, C R\ int P
hold for any k£ > 0.

By Proposition 3.1.2, optimal solutions (z",z") and w" to (P(v)) and (D(v)),
respectively, exist. Moreover, by Proposition 3.1.6, 2V is a weak minimizer of (P).
If ||z*]| > 0, then v ¢ P, hence w” # 0 by Lemma 3.1.5. By Proposition 3.1.7, H,,
given by (4.1.2) is a supporting halfspace of P at I'(z”). Then, since P§"* 2O P
and PRt = P N My, we have PP™ 2 P for all k > 0.

Assume that the algorithm stops after k iterations. Since X, is finite and
consists of weak minimizers, to prove &} is a finite weak e-solution of (P) as
in Definition 2.2.5, it is sufficient to show that 73}6“ + B, O P, where 77};‘ =
convI'(X;) + C.

Note that by the stopping condition, we have ||2”|| <€, hence z¥ € &, for all
v € V;. Moreover, since (zv,2") is feasible for (P(v)), v+ 2¥ € {I'(z¥)} + C C
conv I'(X;) + C' = 73}{“. Then, by Lemma 4.1.3,

H t piny _ iny _ i
(P PY) = max d(v,PY) = max inf Ju —v]] < me]| < e

Consequently, Pi" 4+ B, O P follows since P + B, 2 P O P. O
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4.2 A Modified Algorithm: Algorithm 2

In this section, we propose a modification of Algorithm 1, namely Algorithm 2,
and prove that the algorithm works correctly. Later, we will also provide the

finiteness result of the algorithm separately in Section 5.1.

The main feature of Algorithm 2 is that, in each iteration, it intersects the
current outer approximation of P with a fixed halspace S and considers only the
vertices of the intersection. As we describe next, the halfspace S is formed in
such a way that P NS is compact and ['(X) C PN S.

Algorithm 2 Modified Outer Approximation Algorithm for (P)

1. Compute an optimal solution 27 of (WS(w?)) for each j € {1,...,J};
2. Set k =0,X, = {z!,..., 27}, Vknown = ).
3. Store an H-representation of PJ"* according to (4.1.1);
4. Compute the set V, of vertices of P" from its H-representation;
5. _(t))ut — (c))ut;
6. for v € V, do
7. Solve (P(v)) and (D(v)) to compute (z*, 2"), w’, and d(v, P);
. Ykuown o pkmown | fo,1
9. if ||2¥|| > € then
0. PPt e PP {y e RY | (w)Ty > () T}
11.  else
12. Xy + XU {z};
13.  end if
14. end for
15. Compute S by Remark 4.2.1 and « by (4.2.3);
16. Store an H-representation of S according to (4.2.4);
17. repeat
18.  Stop « true;
19.  Compute the set V;, of vertices of Py NS from its H-representation;
20. for v eV, do
21. Follow lines 8-20 of Algorithm 1 using P™, Pt Xy, Xiy1”;
22.  end for
23. until Stop
24.

{)Ek : A finite weak e-solution to (P);
return

Pt An outer approximation of P.

5IE/Iore precisely, in Algorithm 1, we apply ﬁgfl = ﬁg“t N Hy in line 12, Xy = A in line
13, X + X U {z"} in line 18.
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For the construction of S, let us define

J .
Zj:l w’

———— cintC7, (4.2.1)
HZ]’:I wi ||

w =
and fix 8 € R such that
B> supw ['(x). (4.2.2)

zeX
The existence of such § is guaranteed by Assumption 2.2.1 since X C R” is a
compact set and x +— @ T'(x) is a continuous function on X under this assump-
tion. Note that g is an upper bound on the optimal value of an optimization
problem that may fail to be convex, in general. We address some possible ways

of computing f# in Remark 4.2.1 below.

Remark 4.2.1. Note that, w'T'(x) is conver as T : X — R? is C-conver and
w € intC". Hence, sup,cy @' L'(z) is a concave minimization problem over a
compact convexr set X. Concave minimization is a well-known problem type in
optimization for which numerous algorithms available in the literature to find a
global optimal solution, see for instance [59, 60]. In our case, it is enough to run

a single iteration of one such algorithm to find an upper bound [3.

In addition to w and S, we fix a € R such that

a > max(w'v — B)T + 67 (P, P), (4.2.3)

vEVD

out

where P§" is the initial outer approximation used in Algorithm 1, V is the set

of vertices of Pg™, and a® := max{a,0} for « € R. By Lemma 4.1.3, we have

ST (PG, P) = max,ey, d(v,P). Moreover, for each v € Vy, we have d(v,P) =
|2¥]], where (2", z") is an optimal solution to (P(v)). Hence, o can be computed

once (P(v)) is solved for each v € V. Finally, using w, «, 3, we define
S:={yeR?|w'y<B+a}. (4.2.4)
Figure 4.2 helps to understand the construction of such S by considering P C R2.

Algorithm 2 starts with an initialization phase followed by a main loop that
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~ B S

Figure 4.2: A visualization of Halfspace S, in case of P C R2.

is similar to Algorithm 1. The initialization phase starts by constructing Pg"

according to (4.1.1) (lines 1-4 of Algorithm 2) and computing the set V, of its
vertices. For each v € V), the problems (P(v)) and (D(v)) are solved (line 7). The
common optimal value ||2°|| = d(v,P) is used in the calculation of 67 (Pgut, P)
as described above. Moreover, these problems yield a supporting halfspace of
P which is used to refine the outer approximation (line 10) if ||z”|| exceeds the
predetermined error € > 0. Otherwise, the solution of (P(v)) is added to the set
of weak minimizers (line 12). We denote by Pg" the refined outer approximation

that is obtained at the end of the initialization phase.

The main loop of Algorithm 2 (lines 17-23) follows the same structure as Algo-
rithm 1 except that it computes the set V;, of all vertices of 75,‘3‘“J NS (as opposed
to that of P") at each iteration k > 0 (line 19). The algorithm terminates if all

the vertices in V;, are within e distance to P.

As opposed to Algorithm 1, in Algorithm 2, the norm-minimizing scalarization
(P(v)) is not solved for a vertex v of P2t if it is not in S. In Theorem 4.2.6, we will
prove that Algorithm 2 works correctly even if it ignores such vertices. The next
proposition, even though it is not directly used in the proof of Theorem 4.2.6,
provides a geometric motivation for this result. In particular, it shows that if
(P(v)) is solved for some v ¢ intS, then the supporting halfspace obtained as
in Proposition 3.1.7 supports the upper image at a weakly C-minimal but not

(C-minimal element of the upper image.
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Proposition 4.2.2. Let v be a vertex of P{™ for some k > 1. If v ¢ int S, then
Yy’ =v+ 2¥ € wMing(P) \ Ming(P).

Proof. Suppose that v ¢ int S. As v is a vertex of P" we have v ¢ int P. By
Proposition 3.1.6, y¥ € wMing(P); in particular, y* € P. Using Remark 2.2.2,
there exist ¥ € X', ¢ € C such that y” = I'(Z) + ¢é. Next, we show that ¢ # 0,
which implies y¥ ¢ Ming(P). From Hélder’s inequality and (4.2.1), we have
T out

W' (v—y°) < |ly* —v||||@]« = |y* —v|| = ||2°]]. Moreover, using P C P, we

obtain

|12°| = d(v,P) < sup d(v',P) < sup d(v',P)= 5H(77,738m) < a,
U/e'ﬁlc;ut vle'pgut
where the last inequality follows from (4.2.3). Together, these imply w'y® >
w'v — . Using (4.2.4), (42.2) and v ¢ intS, we also have w'v — a >

sup,cy W' I'(z). Now, since w'y" > sup,cyw'['(z), it must be true that
y* ¢ ['(X), which implies ¢ # 0. O

It may happen that a vertex of P2, k > 1, falls outside S. We will illustrate
this case in Remark 6.2.1 of Section 6.1.

With the following lemma and remark, we show that S satisfies the required
properties mentioned at the beginning of this section. Note that Lemma 4.2.3

implies the compactness of P N S since P C P

Lemma 4.2.3. Suppose that Assumptions 2.2.1 and 4.1.1 hold. Let P§** and S
be as in (4.1.1) and (4.2.4), respectively. Then, P{** NS is a compact set.

Proof. Since Pg™ and S are closed sets, P§** N S is closed. Let r € recc(Pg™N.S)
and a € P§" N S be arbitrary. For every A > 0, we have a + A\r € P§"* N S. By
the definition of P§™, this implies

(W) (a+ M) > () T(27) = inf (w))"T(2), (4.2.5)

TEX
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for each j € {1,...,J}. On the other hand, by the definition of S in (4.2.4), we

have
W' (a+Ar) < B+ a. (4.2.6)

Since (4.2.5) and (4.2.6) hold for every A > 0, we have (w’)Tr > 0 for each
je{l,...,J}and w'r = Z}]:l(wj)Tr/HZj:l w?||. < 0, respectively. Together,
these imply that

(w)Tr =0 (4.2.7)

for each j € {1,...,J}. Recall that J > ¢ is implied by Assumptions 2.2.1
and 4.1.1. Consider the ¢ x J matrix, say W, whose columns are the generating
vectors of C'*. Since C' is solid, which follows from C being pointed, rank W = ¢,
see for instance [61, Theorem 3.1]. Consider a ¢ x ¢ invertible submatrix W of W.
From (4.2.7), we have WTr = 0 € RY, which implies r = 0. As r € recc(P" N S)

is chosen arbitrarily, P§"* N S is bounded, hence compact. O

Remark 4.2.4. [t is clear by the definition of S that T'(X) C S. Letk > 0. Since
P C P, we also have T'(X) C PPN S. Then, using Remark 2.2.2, we obtain
P=T(X)+C C (PrnS)+ C. Also note that, if the algorithm terminates,

then all the vertices in Vi, are within € distance to P.

Remark 4.2.5. In line 19 of Algorithm 2, if we compute Vi, N S instead of Vy,
that is, if we just ignore the vertices of 75,?” which are outside S, then we cannot
guarantee returning a finite weak e-solution. This is because there may exist some
vertices of PP that are out of S with distance to the upper image being larger
than €. Moreover, conv(Vy, N .S) + C' may not contain P. This will be illustrated
in Remark 6.2.1 of Section 6.1.

Theorem 4.2.6. Under Assumptions 2.2.1 and 4.1.1, Algorithm 2 works cor-

rectly: if the algorithm terminates, then it returns a finite weak e-solution to (P).

Proof. Similar to the proof of Theorem 4.1.4, the set A} is initialized by weak
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minimizers of (P), and Vy is nonempty. Moreover, for each v € Vy, optimal solu-
tions (z¥, z) and w" exist (Proposition 3.1.2); ¥ is a weak minimizer (Proposi-
tion 3.1.6) and {y € RY | (w®)Ty > (w®)"T(z?)} is a supporting halfspace of P
at I'(z?) (Proposition 3.1.7). Hence, P§"* O P is an outer approximation and X
consists of weak minimizers. By the definition of S, we have V; C S. Hence, the

set V, is nonempty.

Considering the main loop of the algorithm, we know by Proposition 3.1.2
that optimal solutions (z",z¥) and w” to (P(v)) and (D(v)), respectively, exist.
Moreover, if ||2”]| > €, then w” # 0 by Lemma 3.1.5. Hence, by Proposition 3.1.7,
Hy given by (4.1.2) is a supporting halfspace of P. This implies P D P for all
k > 0. Since P D P D I'(X) and S D I'(X), see Remark 4.2.4, the set PN S
is nonempty. Moreover, as P C P it is true that P2 NS is compact by
Lemma 4.2.3. Then, V;, is nonempty for all k& > 0. Note that every vertex v € V,
satisfies v ¢ int P. Indeed, since v is a vertex of PP NS, it must be true that
v € bdHj, for some k < k. The assertion follows since bd H; is a supporting

hyperplane of P. Then, by Proposition 3.1.6, z¥ is a weak minimizer of (P).

Assume that the algorithm stops after k iterations. Clearly, /'P,% is finite and
consists of weak minimizers. By Definition 2.2.5, it remains to show that 75}; +
B. O P holds, where 75};1 := conv ['(X;) +C. By the stopping condition, for every
v € V;, we have ||2Y]| < ¢, hence 2 € X;. Moreover, since (27, 2") is feasible for

(P(v)),
v+ 2" € {l(z")} +C Cconv (X)) + C = PP (4.2.8)

By Remark 4.2.4, it is true that 75}3“ C P C (ﬁg“t N .S) + C. Moreover, as
conv I'(X;) and 75};“ NS are compact sets, recc 75};1 = 1“ecc((75’§‘lt ns)+C)=_C.
By repeating the arguments in the proof of Lemma 4.1.3, it is easy to check that

5H(75}€n, (75]5;Ut NS) + C) = max d(v,ﬁ}f),

C
vEV};

where Vlg denotes the set of all vertices of (75};‘“ NS)+C. By Lemma 2.1.1, every
vertex v of (75]3‘lt NS) + C is also a vertex of ﬁgut NS, that is, Vlg C V. Then,
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we obtain

H /pin (pou Din : v
(PR, (PN S) 4+ C) < max d(v,P;") = max inf [lu—v| < mzp;”z | <e,

veV;, vEV, ueP® veV;

where the penultimate inequality follows by (4.2.8). Since
Din pout
Pr+B. 2 (P NS)+C2OP, (4.2.9)

75}; + B, D P follows. O

4.3 An Algorithm based on modified scalariza-
tion: Algorithm 3

In this section, we propose an algorithm (Algorithm 3) whose finiteness and

convergence rate will be considered in Section 5.2 and in Section 5.3, respectively.

The Algorithm 3 has a similar design as of Algorithm 2, except that it computes
the outer approximation of P NS, instead of P. Moreover, Algorithm 3 is based
on solving modified norm-minimizing scalarizations (P,,(v)) and its dual (D,,(v))
iteratively. It has two phases. The first phase is same as the initialization phase
(line 1-16) of Algorithm 2, which uses the norm-minimizing scalarizations (P(v))
and its dual (D(v)) to find S. Here, we extend the phase with an additional step

of finding P§" := P§™ N S, where S is given by (4.2.4).

In the second phase of the algorithm, the set V, of all vertices of PgUt is com-
puted, k > 0. Then, for all v € Vj, optimal solutions (2%,2") and (w", \?) are
obtained by solving the modified norm-minimizing scalarization (P,,(v)) and its
dual (D,,(v)), respectively. If, for v € V, ||2°|| < ¢, where € is a predetermined
approximation error, the set X}, of weak minimizers is updated with z", see Propo-
sition 3.2.4. In order to find the farthest vertex to the upper image in Vj, we
compute

v € argmax{||2”|| | v € Vi }. (4.3.1)
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If ||z”k > €, the corresponding supporting halfspace of P at y“k*,

Hy = {y e R | (@) Ty > (@) Ty}, (4.3.2)

is determined, see Proposition 3.2.5, and the current outer approximation is up-

dated as Pt = P N Hy,. Otherwise, the algorithm terminates.

Algorithm 3 Outer Approximation Algorithm based on Modified Scalarization

1. Compute an optimal solution 27 of (WS(w’)) for each j € {1,...,J};
2. Set k= 0, X = {z!,...,a7}, Vknown — g Ykiown2 _ .
3. Follow lines 3-16 of Algorithm 2;
4. Pt =Pt N S;
5. repeat
6. Stop < true;
7. Compute the set V, of vertices of P from its H-representation;
8. for v eV \ V" do
9. if v ¢ Vo2 then
10. Solve (P(v)) and (D(v)) to compute (zV, 2¥) and (w”, AY);
11. end if
12. if ||2¥|| < € then
13. .)Ek — /?k U {l‘v};
14. anown — anown U {U},
15. else
16. anown2 Y anown2 U {’U},
17. end if
18. end for
19.  Compute v** € argmax{||2°|| | v € Vi}
20. if ||z*""|| > ¢ then
21. PRt = Pt 0 My
22. Xpy1 = Xi;
23. k+ k+1;
24. Stop <« false;
25. end if

26. until Stop

X, A finite weak e-solution to (P);
27. return _

out: An outer approximation of P N S.

Remark 4.3.1. By definition of S, T(X) C S. Since P§" 2 PN S and PY, =
PLUNHy, we have PPt D PNS D T(X) for allk > 0. Then, using Remark 2.2.2,
we obtain P = T'(X)+C C P2u+C. Hence, PY“+C gives an outer approzimation
of P.
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Remark 4.3.2. We have, P = (PNS)+C. Indeed, P =T'(X)+C C (PNS)+C,
as T'(X) C S. For the other inclusion, (PNS)+C CP+C ="P.

Lemma 4.3.3. Let k > 1. For any vertezr v € Vi, v ¢ int P.

Proof. Clearly, Vo C R?\ int P, as PJ" D P. Then, for any v € Vy, we have
v ¢ int P, where V), is the set of vertices of P" =P NS D PNS.

Assume contrary for a contradiction. Let k be first iteration number in which
there exists v € V}, such that v € int P. Note that, V; C S by the construction
of the algorithm (as Pg"* = Pg™ NS and Pt = Pe™ N Hy, k > 0). Since
v is a vertex of P it must be true that v € bdHj for some k < k. We
know that bd Hj is a supporting hyperplane of P N S which is closed. Hence,
v & int(PNS) = intPNintS. Then, v is on the boundary of S, as V;, C S.
On the other hand, since v € int P, there exists 6 > 0 such that B(v, ) C int P.
Clearly, B(v,0) Nbd S # (). Fix v" € bd S, where v # v. Define,

v
T o=vl”
Then, v + s is an affine combination of v and v’, where v and v’ both are in bd S.

Since bd S is an affine set, we get v + s € bd .S. This implies,
visEintPﬂdeQPﬂSQﬁg“t.

On the other hand, clearly v can be written as a convex combination of v + s C
Pt that is, v = (v +s) + (v — s). This is a contradiction, as v is a vertex of
Pout. Hence, v ¢ int P. O

Now, similar to Theorem 4.2.6, we show that Algorithm 3 returns a finite weak

e-solution to (P) if it terminates.

Theorem 4.3.4. Under Assumptions 2.2.1 and 4.1.1, Algorithm 8 works cor-

rectly: if the algorithm terminates, then it returns a finite weak e-solution to (P).
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Proof. Similar to the proof of Theorem 4.2.6, the set X, in line 11 consists of

weak minimizers and the set V, is nonempty.

Considering the main loop of the algorithm, we know by Proposition 3.2.2
that optimal solutions (z¥,2") and (w’, AV) to (P,,(v)) and (D,,(v)), respectively,
exist. By Proposition 3.2.4, 2V is a weak minimizer of (P). Moreover, if ||2"|| > ¢,
then @ # 0 by Lemma 3.2.3. Hence, by Proposition 3.2.5, H, given by (4.3.2)
is a supporting halfspace of P N S. Then, since P O P N .S and P™ (k > 1)

pout

is constructed by intersecting PJ"* with supporting halfspaces Hy of PN S, we
have Pt O PN S for all k> 0. Also note that, 75,Sit1 = P NHy, implies Vy, # ()
hold for any k£ > 0.

By Lemma 4.3.3, v ¢ int P. Hence, by Proposition 3.2.4, z is a weak mini-

mizer of (P).

If v € bdP, there may exist optimal solution of (D,,(v)) such that @ =
0. However, in this case we have ||z’| = 0 from Lemma 3.2.3. Then, line 32
ensures that the corresponding halfspace will not be used to update an outer

approximation.

Assume that the algorithm stops after k iterations. Clearly, /‘Efg is finite and

consists of weak minimizers. By Definition 2.2.5, it remains to show that
P+ B(0,e) 2P (4.3.3)
holds, where P := conv ['(X;) + C.

By the stopping condition, for every v € V;, we have ||2°|| < ¢, hence z¥ € X;.
Note that for every vertex v of 75]5;“, y' =v+ 2" € {I'(z")} + C, since (z*,2") is
feasible for (P,,(v)). Hence,

y’ € {l'(2")} + C C conv(T'(Xy)) + C = 75}:. (4.3.4)

By Remark 4.3.1, it is true that 7511%11 CPC 75]5;‘“ + C. Moreover, as conv I'(X;)

and 75]5;“‘3 are compact sets, recc 75}: = recc(ﬁlgut + C) = C. By using the similar
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arguments as in the proof of Lemma 4.1.3, we obtain

H (pin pou pin
) (PI% 77)]; t + C) = max d(U,P]; ),

C
’UEV};

where 17]5 denotes the set of all vertices of 7515:“ + C. By Lemma 2.1.1, T/if C f/,;,

that is, every vertex v of 7515“ + (' is also a vertex of 75’5;‘“. Then, we obtain

s (PR, P + C) < max d(v, P]") = max inf [ju— v < m@%<||z”|| <,

veV; vEV, ueP® veV;

where the penultimate inequality follows by Equation (4.3.4). Consequently,
(4.3.3) follows since P 4 B(0,¢) 2 P + C 2 P. O
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Chapter 5

Convergence Analysis

In this chapter, we examine the Algorithms 2 and 3 further. We show that for
any norm used in the scalarizations the algorithms are finite. Then, the rate of
convergence is determined for Algorithm 3 using some results from the literature
[13, 37, 43].

Let us first explain the limitation of Algorithm 1 which makes the convergence
analysis difficult. An intuition is given, using Figure 5.1, by conidering P C R?
and an outer approximation Pp"t) for some k > 0, for illustration purposes.
Note that, such scenario may not be encountered in two dimensional objective
space, but cannot be ruled out in three or higher dimensional. Consider solving
the scalarization for a point v € R? (Figure 5.1a). The resulting supporting
halfspace may generate a vertex too far away from I'(X) (Figure 5.1b). This
shows that the region, containing the vertices obtained throughout the iterations
of the algorithm, is not compact which contributes to problems in proving the
finiteness. The reader is referred to the finiteness result of Algorithm 2 (proof
of Theorem 5.1.3) for further insight. Note that, the same limitation and its

repercussion hold for the similar CVOP algorithms available in the literature, for

instance the Primal algorithm in [1].

o7



(a) Picked a point v at some iteration of (b) Supporting halfspace, corresponding
Algorithm 1. to point v, may generate a vertex too far
away from I'(X).

Figure 5.1: Ilustration of the problem, while proving the finiteness of Algo-
rithm 1, that the region which may contain the vertices, obtained throughout the
iterations of the algorithm, is not compact.

5.1 Finiteness of Algorithm 2

In this section, we show that Algorithm 2 terminates after finitely many iterations.
The idea is to use compactness of a set. In particular, we show that through the
iterations of the algorithm, a sequence of non-overlapping subsets of fixed volume,
contained in a compact set, can be constructed. We provide two technical results

before proceeding to the main theorem.

Lemma 5.1.1. Suppose that Assumptions 2.2.1 and 4.1.1 hold. Let v ¢ P and
H be the halfspace defined by Proposition 3.1.7. If ||2¥|| > €, then BNH = 0,

where
€
= — < —;.
Bi={yef}+C|ly—vl <3}

Proof. Consider (P(v)) and its Lagrange dual (D(v)). The arbitrarily fixed dual
optimal solution w" satisfies the first order condition with respect to z, which can
be expressed as w’ € J]|z"||. Note that the subdifferential of ||| at z* has the

variational characterization

012"l = {w € RY | sup{(w)) ™" | luf]l. < 1} =w"=", [lw]l. <1},
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which follows by applying [55, Theorem 23.5]. Since the dual norm of ||| is |||,
w’ € 9)|2°] = {w e RY | ||2Y]| = w'2", ||Jwl|. <1} (5.1.1)

Let § € H be arbitrary. From the definition of H and (5.1.1), we have (w®)"y >
(w¥)T(v+ 2¥) = (w®)Tv + ||2¢||. Equivalently, (w*)T (3 —v) > ||z°]|. On the other
hand, from Hélder’s inequality and (5.1.1), we have |(w”)" (7 — v)| < ||w®||+]|7 —
vl < ||g—wvl. If ||z*]| > €, then from the last two inequalities, we obtain ||g—v|| >
|(w®)" (7 — v)| > ||2°|| > €. Therefore, j ¢ B, which implies B NH = (). O

We know that the set of vertices Vy of 75,2‘lt NS, k > 0, is contained in the
compact set Py N .S. In the following lemma, we enlarge the compact set such
that it would also contain every C-minimal element y* of P corresponding to a

vertex v € Vy,, k > 0. This will help to prove the finiteness of the algorithm.

Lemma 5.1.2. Suppose that Assumptions 2.2.1 and /.1.1 hold. Let k > 0, v be
a vertex of PP, S be as in (4.2.4); and define

Sy ={y eR'|w'y <+ 2a},

where w, B and a are defined by (4.2.1), (4.2.2) and (4.2.3), respectively. Ifv € S,
then v + z¥ € int Ss.

Proof. Let V, denote the set of all vertices of P2™. It is given that v € V.
Using Remark 3.1.1 and the arguments in the proof of Lemma 4.1.3, we obtain

67 (P, PPt = maxgp, d(0,P) > d(v,P) = ||z*]|. From (4.2.3) and the inclusion

v
Pt D P, we have

SH(P, Py < $7(P,PY™) < a,
which implies ||2”|| < «. Then, using Holder’s inequality together with ||w]|. = 1,

we obtain w'z% < ||2°||[]@]|« = ||z°|| < @. On the other hand, v € S implies that

w'v < B+ a. Then, v+ 2¥ € int S, follows since w' (v + 2°) < 8 + 2a. O
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Theorem 5.1.3. Suppose that Assumptions 2.2.1 and j.1.1 hold. Algorithm 2

terminates after a finite number of iterations.

Proof. By the construction of the algorithm, the number of vertices of P is
finite for every k > 0. It is sufficient to prove that there exists K > 0 such that
for every vertex v € Vi of P& NS, we have ||z°|| < e. To get a contradiction,
assume that for every k > 0, there exists a vertex v* € V, such that ||z*"]| > .
For convenience, an optimal solution (z*", 2*") of (P(v*)) is denoted by (z*, z%)
throughout the rest of the proof. Let Sy be as in Lemma 5.1.2. Then, following
similar arguments as presented in the proof of Lemma 4.2.3, one can show that

P N Sy is compact.

Let k > 0 be arbitrary. We define B* := {y € {o*} + C | ||y — o*|| < £}.
Note that B* is a compact set in R? and, as C' is solid by Assumption 2.2.1,
B* has nonzero volume, which is free of the choice of k. Next, we show that
BF C PN S,. Repeating the arguments in the proof of Lemma 4.1.2, it can be

shown that recc P = C. Then, since v* € P, it holds
{v*} + C C Pt C P (5.1.2)

Hence, B* C Pg". To see B*¥ C Sy, let y € B*. From Hélder’s inequality and
(4.2.1),

@' (y — o) <y = oM flloll. = Jly - 0" < (5.1.3)

€
5
As there exists v° € Vy with [|2°]] > ¢, it holds true that 6% (P, P") > e. From
(4.2.3), it follows that a > e. Then, from (5.1.3), we obtain @' (y —v*) < § < a.
Since v¥ € S, this implies Wy < w'v* + a < B+ 2, hence y € .

Next, we prove that B N BY = () for every i,7 > 0 with i # j. Assume
without loss of generality that ¢ < j. Thus, 75]‘?ut C 75{11} From Lemma 5.1.1, we
have B' N H; = (), where H; is the supporting halfspace at I'(z") as obtained in
Proposition 3.1.7. This implies B’ NP = () as P™ C P = PP NH; C M.

On the other hand, we have B/ C P¢" from (5.1.2). Thus, B'N B7 = (). These
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imply that there is an infinite number of non-overlapping sets, having strictly

positive fixed volume, contained in a compact set P§™ N Sy, a contradiction. [

We conclude this section with a convergence result regarding the Hausdorff

distance between the upper image and its polyhedral approximations.

Corollary 5.1.4. Suppose that Assumptions 2.2.1 and 4.1.1 hold. Let e = 0
and Algorithm 2 be modified by introducing a cutting order based on selecting a
farthest away vertex (instead of an arbitrary vertex) in line 20. Then,

lim 0"7(Py, P) = lim 6" (PN S)+ C,P) =0,

k—o0 k—o0

where P{* := conv (X)) + C, the sets Xy, P are as described in Algorithm 2,
and S is given by (4.2.4).

Proof. Note that Algorithm 2 is finite by Theorem 5.1.3 for an arbitrary vertex
selection rule, hence, also when a farthest away vertex is selected in line 20.
Therefore, given £ > 0, there exists K (¢) € N such that the set X (. is a finite
weak e-solution as in Definition 2.2.5 and 6" (P ), P) < & by Remark 2.2.6. Let
us consider the modified algorithm (with e = 0). If 67(P» P) = 0 for some
k € N, then it is clear that limy ., 67 (P", P) = 0. Suppose that §7(Pi*, P) > 0
for every k € N. With the farthest away vertex selection rule, when we run the
algorithm with e = 0 and € = ¢ > 0, the two work in the same way until the one
with € = ¢ stops. Hence, they find the same inner approximation 75}?(5) at step
K(g). Let ko := K(e). By an induction argument, for every n € N, the inequality
6H (P2 P) < £ will be satisfied by the algorithm with e = 0 for some k;, > k1.
Hence, lim,,_, 5H(75}§;, P) = 0, which implies that lim_,., 67 (Pi*, P) = 0 by the
monotonicity of (67 (P, P))ren.

Moreover, similar to the discussion in the proof of Theorem 4.2.6, see (4.2.9),
it can be shown that §7 (Pt N S) + C,P) < §(Pi», P) holds for each k € N.
Hence, limy,_,o, 67 (PPN S) + C,P) = 0. O

Remark 5.1.5. In Corollary 5.1.4, choosing the farthest away vertex in each

iteration 1s critical. Indeed, without this rule, the algorithm run with € = 0 and
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€ = ¢ > 0 may not work in the same way due to line 11 in Algorithm 2. In such
a case, we may not use Theorem 5.1.3 to argue that the algorithm with € = 0
satisfies 62 (P, P) < e for some k € N. Indeed, it might happen in case of
non-polyhedral P that the algorithm keeps updating the outer approximation by
focusing only on one part of P. Thus, the Hausdorff distance at the limit may

not be zero.

5.2 Finiteness of Algorithm 3

In this section, we show the finiteness of Algorithm 3. The idea is similar to
Section 5.1 where we have constructed a sequence of non-overlapping subsets of
fixed volume inside a compact set. The finiteness result is based on the following

two lemmas.

Lemma 5.2.1. Suppose that Assumptions 2.2.1 holds. Let v ¢ P and H' be the
corresponding halfspace to v defined by

MW= {y e RY| (@°)Ty > (@°) Ty’ — g} . (5.2.1)

If ||12°]] > €, then B(v,$)NH = 0.

Proof. Consider (P,,(v)) and its Lagrange dual (D,,(v)). Then, by using the

similar arguments as in the proof of Lemma 5.1.1, we get

D =w’ — \'w € 0]]2°]| = {w € R | ||2Y]| = w" 2", ||wl|. <1}, (5.2.2)
Let i € H' be arbitrary. From the definition of H' and (5.2.2), we have (10*)Ty >
(W) T (v+2") — 5§ = (@")Tv + [|z*|| — 5. Equivalently,

€

(@) (5 —v) 2 12"l = 5

(5.2.3)
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On the other hand, from Holder’s inequality and (5.1.1), we have
(@) (5 — o)l < @) )g ol < 17— vl (5.2.4)

Then using (5.2.3) and (5.2.4), we obtain

_ eoNT /- € € €
5= ol 2 (@) (=) = "] - S 2 e— £ =<

[\]

Therefore, § ¢ B(v, £), which implies B(v, §) "H' = 0. O

Lemma 5.2.2. Suppose that Assumptions 2.2.1 holds. Let v ¢ P and H and
H' be the corresponding halfspaces to v defined by Proposition 3.2.5 and (5.2.1),
respectively. Then, H + B(0,5) € H'.

Proof. Let y +3y € H + B(0, §). Assume to the contrary that y + 3" ¢ H', then
(@) (y +y) < (0°)Ty? — 5. Since, y € H,

~U v U ~U ~U v €
(@")Ty" + (@) "y < (@) (y+y) < @)y - 3.
This gives, (w*)Ty’ < —§. Then, [(w")"y/| > §. Now, by using Holder’s inequal-
ity, we get,
€ ~U ~U U €
5 <1@) Y < @yl < (10”5
2 2
This implies, ||@"]|« > 1, which is a contradiction to (5.2.2). O

Theorem 5.2.3. Suppose that Assumptions 2.2.1 and j.1.1 hold. Algorithm 3

terminates after a finite number of iterations.

Proof. We use the similar arguments as in the proof of Theorem 5.1.3 in order to
get a contradiction. Assume that for every k > 0, there exists a vertex v* € V),
such that ||z*"|| > e. From Lemma 4.2.3, P¢" is compact. Consider, a ball B(0, 5)
which is also compact. Hence, Pg™ + B(0, %) is compact by [48, Lemma 5.3].

Define, for k > 0, B* := B(v*, ). We show that B¥ C Pg"* + B(0,%). Since

74

63



v* € PPt it holds true that

TP 4+ B0, 5) C

BY C {v*} + B(0, 5

o'+ B(0, =). (5.2.5)
Hence, B¥ C Pg™ + B(0, %).

Now to prove B* N B = () for every i,5 > 0 with ¢ # j, without loss of
generality assume that ¢ < j. Thus, 75]‘-"lt C P, From Lemma 5.2.1, we have
B'NH; =0, where H, := {y e R? | (0")Ty > (@")"y’ — £ }. Moreover, we have

€
7_)7

Py + B(0,5) © Py + B(0,5) = (P NM,) + B(0,5) € Hi+ B(0,5

where H; is the supporting halfspace at 3/* as obtained in Proposition 3.2.5. Using

Lemma 5.2.2 with above inclusion, we get,

P+ B(0, 2)C?LL + B(0,5) CH.

"2

This implies B* N (P¢™ + B(0, 5)) = 0. On the other hand, B/ C P§** + B(0, §)
from (5.2.5). Thus, BN B’ = (). These imply that there is an infinite number of
non-overlapping sets, having strictly positive and fixed volume, contained in the

compact set P§"* 4+ B(0, §), which is a contradiction. O

Corollary 5.2.4. Suppose that Assumptions 2.2.1 and 4.1.1 hold. It holds true
that

lim 6% (P{", P) = lim 67 (P + C,P) =0,

k—o0 k—o0

where Pi"* = conv I'(A,) +C' and the sets Xy, PP are as described in Algorithm 3.

Proof. Algorithm 3 is finite by Theorem 5.2.3. Hence, given ¢ > 0, there exists
K(e) € N (the iteration number for which the algorithm stops) such that, for
each k > K (¢), the set A} is a finite weak e-solution as in Definition 2.2.5. Then,
for each k > K(¢), we have §7(P» P) < € by Remark 2.2.6. Hence, by the
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definition of limit,

lim 6% (P*, P) =0,

k—o0
thanks to the vertex selection rule of choosing the farthest away vertex in each
iteration, see Remark 5.1.5. The second statement follows similar to the corre-

sponding result in Corollary 5.1.4. O]

5.3 Convergence Rate of Algorithm 3

In order to study the convergence rate of Algorithm 3, we aim to use the results
of Kamenev [13] and Lotov et al. [37, Chapter 8], which originally hold for
convex compact bodies. In the following, we recall a definition from [37, Chapter
8]. Note that, the notations used in the original definition are replaced with
the ones in this thesis to remain consistent. In order to use the convergence
result, [37, Theorem 8.6], our algorithm has to satisfy the type of sequence of
outer approximating polytopes in Definition 5.3.1 provided below. Throughout

the section, we assume, without loss of generality, that 0 € int(P N S).

For the theoretical analysis in this section, we ignore the stopping criteria
and assume that the algorithm runs indefinitely while updating the current outer
approximation in each iteration. This can be done by ignoring the lines 32 and
36 of Algorithm 3.

Definition 5.3.1. [37, Definition 8.3/ A sequence of outer approximating poly-
topes {Ag}tr—12.. generated for a convex compact set A, such that Ay 2 A; D
As D --- D A, by a cutting method, that is, Ax.1 = Ay N Hy where Hy is a half-
space, is called an H (v, A)-sequence of cutting if there exists a constant v > 0
such that for any k& > 0 it holds that

5H(Ak7 Ak+1) > PyaH(Alﬁ A)
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The next lemma is a simple observation that will be used in Theorem 5.3.3

regarding H-sequence of cutting.

Lemma 5.3.2. Suppose that Assumptions 2.2.1 holds. Let v ¢ P, H be the
corresponding halfspace to v defined by Proposition 3.2.5 and B(v,||2"]]) =
{y | lly —v| < [lz°}. Then int B(v,||z°|)) NH = 0.

Proof. First note that int B(v, ||2"||) is well defined, as v ¢ P implies ||2"] > 0
by Lemma 3.2.3. Using the similar arguments as in the proof of Lemma 5.2.1,

the assertion of the lemma follows. ]

Note that, in each iteration of the algorithm, we choose the farthest vertex v**
to the upper image of the current outer approximation and generate a halfspace
Hy, given by (4.3.2), to update the current outer approximation. The distance

from v** to H, is equal to the distance between v** and P N S, that is,
d(v™, Hy) = d(v*™, PN S).

This can be seen in the following theorem where we show that the choice of the
farthest vertex v** ensures that the Hausdorff distance between any two consec-

utive outer approximations, 75/,‘;ut and 75,‘3f1, is equal to the Hausdorff distance

between the former outer approximation P and P N S.

Theorem 5.3.3. For the sequence of outer approximating polytopes {ﬁgut}kzo,

we have

oM (P, PR) = " (PP, PN S). (5.3.1)
Proof. By definition Pt C Pp**. By Lemma 4.1.3, we get,

S (PR, PR =ma><{ sup d(y, Ppt), sup d(y,P;?“t)} = sup d(y, Pp1y),

yeﬁg“t yeﬁgfl VEV,

where Vj is the set of vertices of 75,‘3‘“. First, consider the case that V, C P.

Since PUt is a polytope, by convexity of P, Pgut C P. Then, from Pt C Pgut =
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PN S C S, we get Peit C PN S. The other inclusion is trivial by construction.
This means that Pt = P N S. Then, P = Pt and 67 (Pgut, Pevt) = 0.

Hence, the equality is trivial.

Now, assume that there exists some v* € P¢" such that v* ¢ P. Assume
without loss of generality that v* is a farthest away vertex from P N S. Define,
B¢ = int B(v*,||2*||). Then, B2 N H; = 0 from Lemma 5.3.2. Hence, v* ¢
Pt N Hy = Pgut. This implies, 87 (P, PRuy) > ||2%|| > 0, where |[2*]| > 0
as v¥ ¢ P, see Lemma 3.2.3. By Lemma 4.1.3, 67 (P, P N S) is attained at a

vertex of Pp"". Hence,

5H(_,§’ut,73ﬂ5) :max{ sup d(y,PNS), sup d(y,ﬁg“t)}

yeput yePNS

= sup d(y,PNS)

yepgut

= max d(v,PNS)

vEV)

= max ||2”|
vEV)

Uk*

= [lz

 is one of the farthest away vertices, see (4.3.1). Note that, P is

where v
updated using H; corresponding to v**. Let 3§ € H; be arbitrary. From the
definition of Hy, given by 4.3.2, and (5.2.2), we have (@¥")Ty > (@0*")T (v** +

ka*) = (@vk*)Tvk* + ||Z”k |. Equivalently,
(@7 (G — o) > [ (5.3.2)
On the other hand, from Holder’s inequality and (5.2.2), we have

~ ki — * ~ pk* — * — *
(@) (g — ™) < (@) llg = o™ < llg — ™. (5.3.3)

Then using (5.3.2) and (5.3.3), we obtain ||7—v**|| > [(@"")T (5 —v*)| > |||
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We get,

kx
v
|z

SH(P™, PNS) = |

IN
<

: o kx
min ||y — ™|

< min [y — o™l

yEﬁEUtﬁfHk
— (™, PP N Hy)

< max d(v, Py"™ N Hy,)
VEV)

= max d(v, Pgt)
VEV)

= 3 (P, PR,

The last equality is coming from the fact that §7(Pgut, Pt ) is attained at a

out

vertex of Pp"', see Lemma 4.1.3. Hence, §7 (Pgut, Peut) > 67 (Ppt, PN S). Next,
since P D Peit O PN S, we have 67 (Pput, Pput) < 6% (P, P N S). Hence,
the equality follows. m

From now on, we use the following notations to represent the sets for simplicity
A:=(PnNS), A =P, k> 0. (5.3.4)

Corollary 5.3.4. The sequence of outer approzimating polytopes {Agtr>o is an
H(v, A)-sequence of cutting with v = 1, that is,

0 (A, Apsr) = 65 (A, A).

Proof. From the definition of A and Ay and Theorem 5.3.3, we have
3 (Ap, Agr) = 31 (P PRY) = 67(PRM, P 0 S) = 67 (Ay, A).

Clearly, A and Ay, satisfy the required conditions for the sets in Definition 5.3.1,
since 0 € int A C int A, by our assumption, A C Ay is compact by Lemma 4.2.3
and A is a polytope. Hence, the above equality implies that the sequence of

outer approximating polytopes { A }r>o is an H(1, A)-sequence of cutting. [
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By the following theorem, which holds true for any H-sequence, given by

Definition 5.3.1, we have an important convergent argument for { Ay }x>o.

Theorem 5.3.5. [37, Theorem 8.5] Let {Ax}r>0 be an H-sequence for a convex
compact set A. It holds true that

lim 67 (A, A) = 0.

k—o0

Now, before using the convergence rate result, Theorem 5.3.8, we show that
the Hausdorff distance between an outer approximation P¢u + C, k > 0, and the
upper image is bounded above by the Hausdorff distance between the compact
versions of the sets defined by (5.3.4).

Lemma 5.3.6. We have,

57 (Pp" 4 C, P) < 6" (A, A).

Proof. By Lemma 4.1.3, 6" (A, A) is attained at a vertex of Aj. Hence,

ST (A, A) = max{ sup d(y,.A),sup d(y,Ak)} = sup d(y,A) = max d(v, A),

yEAy yeA yEAg vevi

where V! is the set of vertices of Aj. Let VS be the set of vertices of A + C.
By Lemma 2.1.1, we have V& C Vi*. We get,

6 (Ap, A) = max d(v,.A)
vGVf

> max d(v, A+ C)

vGVf

> max d(v, A+ C)

vGVE
= 0"(A,+C, A+ C)
=P +C,(PNS)+0O).
From Remark 4.3.2, P = (PNS)+ C. Hence, 6% (Ax, A) > 64 (Pt +C,P). O

Remark 5.3.7. By Corollary 5.5.4, { Ak }r>o0 is an H (7, A)-sequence of polytopes
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with v = 1. Then, Theorem 5.3.5 and Lemma 5.3.6 together deduce the following
result which s already shown by Corollary 5.2.4,

lim 67 (P 4 C,P) < lim 67 (A, A) = 0.

k—o00 k—o00

In the following, we state the results from [37] concerning the convergence rate

of H-sequences. The proofs can be found in [13].

Theorem 5.3.8. [37, Theorem 8.6] Let {Ay}r—12
cutting for a convex compact set A. Then for any e, 0 < € < 1, there exists N
such that for k > N it holds that

be an H(~y, A)-sequence of

geee

0% (A, A) < (1 + €Ak,

where A(7) depends on the topological properties of A and can be found in [13],

q a(A)]+Tt
(q_l)ﬂq—l ¥4

Ay) = w(A),

w(A) = % is the asphericity of A which is the minimum ratio of the concentric
balls circumscribed and inscribed around A, R(A) is the radius of the smallest
ball circumscribed around A, r(A) is the radius of the largest ball inscribed in A,

41 18 the volume of unit ball in RI™ and o(A) is the surface area of A.

Theorem 5.3.9. The approximation error obtained through the iterations of Al-
gorithm 3 decreases by the order of O(k'/179).

Proof. By Corollary 5.3.4, the sequence of outer approximating polytopes
{Ak}r>o0 is an H(7, A)-sequence of cutting. Then, by Lemma 5.3.6 and The-

orem 5.3.8, we get
(P + O, P) < 67 (Ax, A) < (const) k171,

Hence the result follows. O]
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5.4 Improved Estimate of the Convergence

Rate of Algorithm 3 with Euclidean Norm

In this section, we find an improved estimate of convergence rate of Algorithm 3,
when ¢, norm is used in the scalarizations. We first state the theorem which is
similar to the one in the literature [37, 43], except that instead of the type of
sequences of outer approximating polytopes in the literature, see [37, Definition
8.4 and Theorem 8.14], it is stated for Algorithm 3. Similar to Section 5.3, for
the purpose of analysis, we assume that 0 € int(P N S).

Theorem 5.4.1. Let ||-|| be ||-|l2. Let {P"}r=0.1
sets of P NS computed by Algorithm 3. Then for any e, 0 < € < 1, there exists
N such that for k > N it holds that

be the outer approximating

geoe

SH(P™ PN S) < (1+ AP NSk,

where k indicates number of iteration or number of halfspaces of P,

2

A(PNS) =16R(PNS) (ﬂ) o

Tg—1
R(P N S) is a radius of the smallest ball circumscribed around P NS, m, =
w(B(0,1)) is the volume of unit ball, p is the volume measure and B(0,1) € R4

15 the unit ball centered in the origin.

Before presenting a proof of Theorem 5.4.1, we state the following few lemmas

along with their proofs wherever necessary.

Lemma 5.4.2. [37, Lemma 8.15] Let y',y*> € R? and n > 0. Then for any
u,v € ST where uv > 0,y* € L(u,y') and y* € L(v,y?), where L(w,y) is a

halfspace at y with unit normal direction w, we have

I

d(y', bd L(v,y?)) < 1(y* — nu) 77(y2 — )

Lemma 5.4.3. Let ||| be ||-||2. Let 0 € int(PNS), a pointv ¢ PNS, y =
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v+2z € bd(PNS), where ||z]| = d(v,PNS), andn > 0. Denote by H(w,y,PNS)
a supporting halfspace of P NS at y with unit normal direction w and P NS C
H(w,y,PNS). For a unit vector w' andy’ € bdP NS, let H'(w',y',PNS) be
such that v € H'(w',y',PNS). Then, it holds that

Iy =) = (4 = )| = min {nv/2, \/nh = wo(P N S)h}

= f((;?g)) is an asphericity of PNS, R(PNS) is

the radius of the smallest ball circumscribed around P NS and centered at origin,

where h = w 'y —w'v, we(PNS)

r(PNS) is the radius of the largest ball inscribed in PN S and centered at origin.

Proof. If wTw' <0,
1y —nw) = (' —nu")|IP = [(y — ') + n(w —w)|?
=1ty = ")I* + 0| (w — w)||* + 2n(y — /)" (v’ — w)

=y = y)IP +n?ll (@' = w)|” + 20w (v = y) + 2n(w') (y — y).
We know that w'(y — ) > 0 and (w')T(y —9') > 0. Hence,

Ity = ) + 7| (w" = w)[* + 20w (v —y) + 2n(w') (y — ) = 7°|(w' — w)|?
= n?[|w'||* + P lw]® — 2n*w W’

= n?[|w'|* + 0P |Jwl]® + 20*|w T

> ||| + 0P| |w|?

=n?(1+1).

We get, [|(y — nw) — (y —nw')|| > nv/2.
Let wTw’ > 0. We have
y € Hw,y, PNS)=H(w,y),

where H(w,y) is a halfspace at y with unit normal direction w and P NS C

H(w,y). From Lemma 5.2.1, It can be seen that, v ¢ P implies v ¢ H(w,y).
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Hence,
y € Hw,y,PNS)=H(w,y) C H(w,v).
From our assumption, we have
ve Hw,y,PNS)=HW,y).
Then, from Lemma 5.4.2, we get

(v — nw) — (v —nu')|?

Ui

> d(y',bd H(w,v)).

Note that, distance between a point and a hyperplane is the length of the or-
thogonal projection of the vector (between the point and an element from the
hyperplane) on a normal vector to the hyperplane, [62]. This is determined as
follows. We know that, v € bd H(w,v) and w/||w|| is the unit normal vector to
bd H(w,v). In order to find the distance between 3’ and bd H(w, v), consider the
vector iy —v. Then, the length of the orthogonal projection is obtained by taking
the norm of the projection of ¢y — v onto w/||w||, that is, the norm of their inner

product. Hence,

(v = nw) — (" — )|

Ui

> d(y',bd H(w,v))

(@) — v
[[wl]
—w'y —wy+wy—wo

>w'y —w'v = h.
Secondly, we have,

(v = nw) = (y = nw)|| = d(v,y) = |||
<w'(y—v)
<wo(PNSw'(y —v)
= wo(P N S)h.
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First inequality above is coming from the definition of H (supporting halfspace

with the normal direction w”) and (5.2.2). Finally, by using triangle inequality,

[(v = nw) — (v —nu')|| < [[(v —nw) — (y — )|l + [[(y — nw) — (v —nw’)|l,

we get,

Ity = nw) = (' = nu")l| = |(v = nw) = (" = nu') || = [ (v —nw) = (y — )|
> \/nh — we(P N S)h.

Consider {75{;“};{:0,1,_“ which is the sequence of cutting obtained by Algo-
rithm 3 and 7 > 0. Define the sequence {Z}r—o 1. as follows:

goee

(i) Zo = {T(z') —nuw',... ., T(x?) —nw’,j — nw}, where J is the total number
of generating vectors of the dual of the ordering cone C, w is as defined
in (4.2.1) and let § be such that § > sup{w'I'(z) | * € X} which exists
since the supremum is finite as it is attained due to the fact that X C
R" is a compact set and z +— w'['(z) is a continuous function on X by

Assumption 2.2.1.

(ii) For y* = v* + 2% € bd(P N S) and w*, the unit normal direction of the
supporting halfspace H, at y*, obtained at (k-+1)" iteration of Algorithm 3,

1 = {y* —nqu*} U Z,, (5.4.1)
Remark 5.4.4. We have, Z;, C bd(P NS —nB(0,1)). Indeed, for any k < k,

where Hy, is the supporting halfspace of PN S at y’~C with unit normal direction
wk. Define shifted halfspace, H={y e R?| why > (w’;”)Ty]; —n}. Then, from
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Lemma 5.2.2, Hp +nB(0,1) C H. It gives,

=M, +nB(0,1)
CH;.
Clearly, y’~€ — nw’; € PNS —nB(0,1). Also, note that, y]; — 17w"~c € bd Hz, since
() T(y" = o) = (@h)Ty* = n(wh) Tk = @ Ty =yl = @) Ty" .
Hence, the result follows.

Lemma 5.4.5. Let ||-|| be ||-||2. Consider P NS be non-polyhedral set. Then,
cardZ, = J + 1 + k, where Zy is given by (5.4.1), J is the total number of

generating vectors of the dual of the ordering cone C and k > 0.

Proof. Assume to the contrary that card Zy,1 # J + 1+ (k + 1). Then, by
definition of Zj,1, see (5.4.1), we get card Zy11 < J + 1+ (k+ 1). Assume,
without loss of generality, that the strict inequality is observed, for the first time,
at (k + 1) iteration. Then, for y* and some y’;, k < k, both on bdP N S, it
holds that

a = yF —nut = y* — nu*.

We have following two cases.

1. Let, y* # y’;. Consider, H;, be the supporting halfspace of PN .S at y* with

. Fix a point, say b, on bd H, to define a vector

unit normal direction w
a — b. Then, the distance from a to the hyperplane bd H; is the norm of

the orthogonal projection of @ — b on w* [62], that is,

|(w*)"(a — b)|

A H) = "
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In particular, since y* is on bd H;, and w* is the unit vector,
d(a, Hy) = [(w")T(a = )] = [(@") T (y* = nu* = y")| =l (w*)Tw®| = gllw®|5 = 9.
Note that, the distance is attained at ¥, since

d(a,y*) = la =" = lly* — nuw* —y*| = nllw*|| = n.

Now, for any y in Hy,, y # v*, d(a,y) > d(a,y*). We have, y’; e PNS C Hy
and y* # y*. Then,

n=d(a,y") > d(a,y*) = n,

a contradiction. Hence, as long as the boundry points, y*, k > 0, are

different in each iteration, it will generate a unique element of Z,.
2. Let y* = y*. Then, w* # wF implies that y* — nw* # y* — nwk, a contra-

diction.

From the two cases above, we conclude that

y* — nut = y’~§ — nw’z” == Yk = y]; and  wh = wh.

Then, the corresponding halfspaces H; and Hj, at y* and y”~€ with unit normal
directions w* and w’;, respectively, at two different iterations, are equal, that is,

Hy = H;. Since, k < k, we get
pout __ pout N H — 750ut a H~ — 750ut
k+1 k k k k k

In case of nonpolyhedral set, we have 6% (P, P) > 0, for any k. Then, from

H-seq, we get
(PR, PE) = 87 (PR, PR) = 6 (PR P) > 0,
a contradiction. Hence, card Z, = J + 1 + k. O
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Before proceeding further, we recall the following definition, which is critical

in proving the convergence rate of the algorithm in Theorem 5.4.1.

Definition 5.4.6. [37, Chapter 8] A set Z is called the base of an e-packing if
d(x,y) > 2¢, for any x,y € Z.

The following lemma is originally proved for an H;-sequence of outer approx-
imating polytopes, see [37, Definition 8.4 and Lemma 8.19]. Here, we show that
the lemma still holds for the sequence of outer approximating polytopes generated

by Algorithm 3 which, in general, may not be an H;-sequence.

Lemma 5.4.7. Let ||-|| be |||l2. Let {Pg"}1—o.1... be the sequence of sets computed
by Algorithm 3, {Zy}k—oa1...
Then for any €, 0 < € < 1, there exists N such that for k > N the set Zy is the

base of an € (¢)-packing, where

be the sequence as introduced by (5.4.1) and n > 0.

en (e) = %min {77\/5, 2en, (1 — 6)\/775H(75,§Et1,77 N S)} (5.4.2)
and ey = min{d(z,y) | z,y € Zy,x # y} /2.

Proof. Let us fix N to be determined later. Clearly, Z; is the base of an ¢-

packing, where

¢x = min{d(x,y) |,y € Zy,x # y} /2.

Then, for k = N, d(x,y) > 2en > 2eN(e€), for any z,y € Zy. Hence, the assertion

is trivial.

Assume that Z;_; is the base of an €, (¢)-packing, where kK —1 > N. By the

induction hypothesis,

d(z,y) > 2l (6) VY a,y€ Zp1.
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Moreover, since §7 (P, P N .S) > ¢4 (P, PN S), from (5.4.2) we have
er-1(€) = €' (e).
Then, Z,_; is the base of an € (¢)-packing.

Let bF1 = yF=1 — k=1 = k=1 4 21 — pw*~1. We know that, Z, =
{b*=1} U Z;_1. To show that Z; is the base of an €} (¢)-packing, it is enough
to show that,

d(b*10) > 2N (e)  VbeE Zp.

Let b =y — nuw'. We know that v*~1 ¢ PN S and v*~! € H'(v',y/,PNS). Also,
y € bd H'(w',y,PNS)N(PNS) by definition. Then, by Lemma 5.4.3, we have

65 =Bl = 0 = ) = & = )] = min V2, VT — (P O S
where hF~1 = (w*=1)TyF=1 — (w*=1)To*~1. Note that,

(wk—l)Tyk—l — (wk_l)TUk_l + (wk—l)Tzk—l
— (wkfl)Tkal 4 ||Zlc71H

= (" )T+ §7(PR, P NS,

where second equality is coming from (5.2.2) and third equality is a consequence

of choosing farthest away vertex in each iteration. Hence,
SH(Pt PN S) =hkt

We choose N so that

ne

5H pHout < 5H pout <
( k—laPﬂS)— ( N 7Pﬂ5)—wg(73m8)7
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where kK —1 > N.

VIR —wy(P O S = /s (P, P 11S) — wo(P 1 S)6™ (PR, P 1 5)

H (D 7762 H /pout
> 7](5 peut PN S) — = ) PNS

= /8 (PR, P 01S) — ey /ndt (PR, P 1 S)

= (1 - e)y/nd (PR, P 11 ).

Hence, we get,

010 = I b 2 min { oV, (1= (PP S) |

> min {77\/5, 2en, (1 —€) \/775H(75,§Et1, PN S)}
= 2¢h (e).
0

Lemma 5.4.8. [37, Lemma 8.20] Let A be a convexr compact set. Then any
base of an e-packing on bd A, 0 < e < R(A), contains no more than Ni(e, R(A))

elements, where

Now, using the above Lemmas, we are ready to prove Theorem 5.4.1.

Proof of Theorem 5.4.1. If P NS is a polytope, then there exists K’ € N
such that, for every k > K’, 62 (P, PNS) = 0 and the assertion of the theorem
holds trivially. For the rest of the proof, we assume that NS is a non-polyhedral

set.

For this part of the proof, let us fix ¢ € (0,1) and > 0 arbitrarily. Let
{Zi}kez, be the sequence as introduced by (5.4.1). By Lemma 5.4.7, there exists
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N’ € N such that, for every k > N, the set Z, is the base of an ¢}’ (¢)-packing,

where

/ 2 1
ei,’v (EI) = min{%,ew,ﬁc}, ENT = émln{d('xvy) ’ T,y € ZN/,ZE 7é y}a

(1= ) /nd" (P, P 1 8)

T = 5

Moreover, by Corollary 5.3.4, {P¢"} ez, is an H(1,P N S)-sequence. Hence, by
Theorem 5.3.5, there exists N > N’ such that

1—¢

N (1 2
SH(PM PN S) < % (EN’(G )) (5.4.3)

provided that X, (¢') > 0. However, if €¥,(¢) = 0, then (5.4.2) implies that
SH(PEE ;PN S) = 0 since ey > 0 and 1 > 0 so that the above inequality still
holds. Hence, we get

(1 =€)\ /ndE (P, PNS) /
TN = \/ 5 i S 6%/(6/) S mln 77\2/576]\[/ .

Then, for every k > N” we have 1, < 7y~; hence

/ 2
er (€') = min {—n;/_,EN/,Tk} = Tk;

in particular, Zj is the base of a 74-packing. Similar to (5.4.3), using Theo-

rem 5.3.5, we may find Kr € N such that, for every £k > Kg,

4(R(PNS+nB(0,1)))?
(1—¢)?n ’

(P, PNS) <
which is equivalent to
< R(PNS+nB(0,1)).

By Remark 5.4.4, Z,, C bd(PNS+nB(0,1)). Then, from Lemma 5.4.8, for every
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k > max{N", Kgr}, we get
card Zy, < Ny(7, R(P NS +nB(0,1))),
where

Ni(m, R(PN S +nB(0,1))) = Ny(7, R(P N S) +n)

g—1
2) =
_ 47 1+(R(’POS)+U) '
Tg—1 Tk
Since P NS is a non-polyhedral set by assumption, from Lemma 5.4.5, for every

k € Z,, we have
cardZ, =J+1+k
Hence, for every k > max{N", Kr}
k < card Z, < Ni(1, R(P N S) + 1),

which implies that

a7, AR(PNS)+7) =S
k 1
= { " (1 —¢&)néH (P, PNS) 7

or equivalently,

2

1 2
] ™ s ! (R(PNS) + 1)

(1 —€)20% (PR, PN S) U

Tg—1

Note that, letting n = 1 would provide an upper bound, but in order to find a
tighter bound, we minimize the right hand side over 5 [43]. Define,

(R(PNS)+n)?*  R(PnNS)
" o

f(n) = +2R(PNS)+mn,
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which is convex over n € R ;. Then, from first order condition, we get

f'(n) =0
R*(PNS
_% +1=0,
that is, the minimum over 7 attains at n = R(PN.S). Continuing with this choice

of  (and the corresponding Kr), we get

qmy = 16R(PNS)
ka1 1 — .
[ ] ST APy PN )

Tg—1
or equivalently,

16R(PNS)

(- (eg) ™ -]

(5H( _]SEt:l?P N S) S

(5.4.4)

for every k > max{N", Kr}.

In the next part of the proof, we relate the right hand side of (5.4.4) to the
assertion of the theorem. Let ¢ € (0,1). We would like to choose ¢ € (0,1) in
such a way that, for all sufficiently large k, it holds

2

< (1+€)16R(PNS) ( 1q )q_l : (5.4.5)

kﬂ'q,1

16R(PNS)
e ()

Note that this inequality is equivalent to

g(k) < (1+e)(1—¢€) -1, (5.4.6)

where
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Here, we have (1+¢€)(1—€¢)?—1>0if and only if € <1 — ﬁ Let us choose

1 1
=1l - —— ). 5.4.7
‘ 2( 1+e> ( )

Then, (5.4.6) becomes

g(k) < 1 1=

(I+VI+e? 6—|—2\/14+6—2‘ (5.4.8)

Note that ¢ is a decreasing function on N with limg_,,, g(k) = 0. Hence, there
exists N € N such that (5.4.8) holds for every &k > N'; then, (5.4.5) holds for
such k as well with the choice of ¢ in (5.4.7).

Finally, for given e € (0, 1), we combine (5.4.4) and (5.4.5) with ¢ as in (5.4.7).

Hence, for every k > max{N", K, N}, we obtain

2

SH(PM PNS) < (1+€e)16R(PNS) (ﬂ) " ,

k’ﬂ'q,l

as desired. O]

By Theorem 5.4.1, we prove that the approximation error obtained through the
iterations of Algorithm 3 when the Euclidean norm is used in the scalarization,
decreases by the order of O(k?/1~9).
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Chapter 6

Experimental Results

In this chapter, we examine few numerical examples to evaluate the performance
of Algorithms 1 and 2 in comparison with the primal algorithm in [1]. We also
compare Algorithms 1, 2 and 3 after some modifications in the first two with
respect to Algorithm 3 in order to have a fair comparison. The algorithms are
implemented using MATLAB R2018a along with CVX, a package to solve convex
programs [63, 64], and bensolve tools [10] to solve the scalarization and vertex
enumeration problems in each iteration, respectively. The tests are performed
using a 3.6 GHz Intel Core i7 computer with a 64 GB RAM.

6.1 Test Problems and Computational Results

We consider three examples: Example 6.1.1 is a standard illustrative example
with a linear objective function, see for instance [20, 1], in which both the fea-
sible region and its image are the Euclidean unit ball centered at the vector
e=(1,...,1)T € R?% In Example 6.1.2, the objective functions are nonlinear
while the constraints are linear (see [20, Example 5.8], [65]); in Example 6.1.3,
nonlinear terms appear both in the objective function and in the constraints (see
20, Example 5.10], [65]).
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Example 6.1.1. We consider the following problem for q € {2,3,4}, where the

ordering cone is C' = RY :

minimize I'(x) =x with respect to <¢

subject to ||z —ells <1, z € R% (6.1.1)

Example 6.1.2. Let a' = (1,1)7,a®> = (2,3)7,a® = (4,2)7. Consider the follow-
ing problem:
*12)"

minimize T(z) = (|z — a3, ||z — a®||3, ||z — a with respect to <gs

subject to a1+ 215 <10, 0< 21 <10, 0 <2y <4, z € R% (6.1.2)

Example 6.1.3. Let b = (0,10,120),b2 = (80, —448,80), 5 = (—448,80,80)
and b, b%, b3 € R*. Consider

minimize T'(z) = (||z||3 + b'x, ||z||? + b2z, ||2||2 + b32)T  with respect to <m

subject to ||x||3 <100, 0 <ax; <10 fori € {1,...,n}, x € R"™. (6.1.3)

(a) Let n =3 and b = b', b2 = b2, b3 = bP.

(b) Let n =9 and b* = (b',b,b), b2 = (b2, 6%, b%), b = (b3, 03, b3).

We solve these examples with Algorithms 1, 2 and the one from the literature
[1], where the norm in (P(v)) is taken as the ¢, norm for p € {1,2,00}. An outer
approximation of the upper image for each example is shown in Figure 6.1. For
the Algorithm from the literature [1], the fixed direction vector for the scalar-
ization model is taken as @ € RY, again for p € {1,2,00}. This way, it is
guaranteed that when the Algorithm returns a finite weak e-solution in the sense
of [1, Definition 3.3], this solution is also a finite weak e-solution in the sense of
Definition 2.2.5 for the corresponding norm-ball, see [25, Remark 3.4]. We solve
Examples 6.1.2 and 6.1.3 for the approximation errors as chosen by Ehrgott et

al. in [20] for the same examples.

The computational results are presented in Tables 6.1-6.7, which show the
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approximation error (€), the algorithm (Alg), the cardinality of finite weak e-
solution (|X]), the number of optimization problems (Opt), and the number of
vertex enumeration problems (En) solved through the algorithm, along with the
respective times taken to solve these problems (Topt, Ten), as well as the total

runtime of the algorithm (T), where Topt, T and T are in seconds.

(a) Example 6.1.1 with e = 0.01 (b) Example 6.1.2 with e = 0.05

1500
" 1000
500

~——" 0
2000 500

(c¢) Example 6.1.3 with e =5

Figure 6.1: Outer approximations obtained from Algorithm 1 using ¢ norm

Note that we could not run the algorithms in a few settings. We cannot solve
Example 6.1.1, ¢ = 4 for ¢ = 0.1 by Algorithms 1 and 2 when p = 2, and by
Algorithms 2 and 3 when p = co. Similarly, we cannot solve Example 6.1.2 by
Algorithm 3 for any p € {1,2,00}. Moreover, we cannot solve this example by
Algorithm 1 when p = oo for both € values and when p = 1 for e = 0.01. Since it
is not possible to provide a comparison, we do not report the results for p = oo in
Table 6.2. Finally, Example 6.1.3 cannot be solved by Algorithms 1 and 2 when
p = 1. Hence, Table 6.3 does not show the results for p = 1 for any setting. The
main reason that the algorithms cannot solve these instances is the limitations of

bensolve tools in vertex enumeration.
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6.2 Comparison of Algorithms 1 and 2 with the

primal algorithm in [1]

Table 6.1: Computational results for Example 6.1.1

q=3 q=4
p | Alg € \.)E' | Opt To En Ten T € |/"? | Opt Tope En Te T
1 33 52 1329 20 031 1363 30 41 1166 12 022 1L.95
]2 42 59 1559 17 026 15.99 57 69 1927 11 028 19.71
lit! 56 89 17.32 34 1.02 1856 33 44 971 12 020 997
29 45 1049 17 023  10.79 20 34 870 6 007 880
5 | 2 44 61 1424 17 024 1468 94 99 2598 5 007 26.20
it (995 30 50 976 19 027 1010 |99 31 42 918 12 019 943
1 21 34 815 14 016 835 8 9 231 2 002 238
| 2 37 51 1239 13 015 1261 11 15 423 1 002 439
lit 21 34 676 14 015  6.96 8 9 205 2 002 209
1 175 262 69.13 88 20.17 92.99 143 177 5294 34 267 5625
Ll o2 161 235 6255 73 10.56  75.28 932 273 7837 38 5.05 84.42
lit 9256 397 76.54 142 11329 212.22 412 510 11149 91 4825 165.40

1 128 106 4651 69 841  56.52 -

5 | 2 145 209 4942 64 656 57.29 g
it | 991 [ 139 213 4149 75 1039 5388 | 01208 265 5793 46 5.08 63.67
1 93 145 3534 53 344 3047 68 82 2259 12 022 2287

| 2 107 154 37.20 47 243  40.15 :

lit 87 137 2672 51 3.03  30.36 -

Table 6.2: Computational results for Example 6.1.2

e |p|Alg |X] Opt T En Ten T
1 188 310 107.26 87 19.30 130.34
Ll o 157 233 7979 70 988  91.94
0.05 1 145 225 7022 76 1146  84.07
21 2 141 206 6172 64 718 7047
1 -
L1 2 772 1187 401.00 340 3197.85 4276.37
0.01 T 869 1421 420.01 311 2302.12 317141
21 2 655 957 285.04 279 1529.54 2162.02

In line with the theory, Tables 6.1-6.3 illustrate that Opt, En as well as T
increase when a smaller approximation error is used, irrespective of the algorithm

considered.

According to Table 6.1, for p = 1 in terms of all performance measures,
Algorithms 1 and 2 perform better than the referenced algorithm, except for
g = 4,¢ = 0.5 for which Algorithm 1 and the referenced algorithm have similar

Primal Algorithm, [1].
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Table 6.3: Computational results for Example 6.1.3

n=3 n=9

e | p |Alg| |X] Opt Topt En Ten T |X|  Opt Topt En Ten T

1 502 943 28543 132 100.12  401.95 | 1561 2754 1159.60 225 753.05  2046.88
2 2 958 3924 1194.30 137 122.28 1339.09 | 1770 4213 1819.70 218 733.58  2682.37
lit | 305 965 259.85 164 211.23 50243 | 2718 4520 1772.08 259 1324.24  3295.96
10 1 197 592 179.71 106  41.61 227.61 | 1231 2106 901.81 152  150.43 1076.14
inf| 2 199 1206 390.99 100 36.67  432.99 | 3638 9222 404545 166 219.60  4301.63
lit | 180 586 157.46 101  33.60 196.24 | 2628 5057 1994.39 164  202.33  2231.07
1 | 1178 3127 932.65 245 1059.10 2175.25| 4461 7968 3371.91 390 8008.67 12795.23
2 2 | 1207 5557 1702.79 259 1488.53 3441.28 | 7052 15662 6546.29 409 9908.03 18268.17
lit | 579 3932 1049.79 309 3046.66 4529.37 | 7046 11149 4307.21 476 16898.76 23603.25
5 1 412 1740 526.33 185 325.59  907.19 | 3153 4538 1889.06 294 2164.45 4390.16
inf| 2 | 465 2655 837.24 188 374.95 1268.01 | 3570 8155 3482.44 305 2589.99  6470.71
lit | 342 1412 380.10 185 352.70 787.48 | 3146 4712 184591 300 2455.39  4663.98

performances. For p € {2, 00}, Algorithm 1 and the referenced algorithm perform
similar to each other and better than Algorithm 2 in terms of Opt, T,y and T.
When we compare Algorithms 1 and 2, we observe that Algorithm 2 solves a
larger number of optimization problems (Opt) compared to Algorithm 1 in all
settings except p = 1, = 0.01. The reason may be that the former algorithm
deals with a higher number of vertices, coming from the intersection of P with
bd S, k£ > 0 (line 19 of Algorithm 2).

Table 6.2 indicates that, in solving Example 6.1.2, Algorithm 2 performs better
than Algorithm 1 with respect to all indicators.

Finally, for Example 6.1.3 when we compare the performances under n = 3
with p = 2, Algorithm 1 works better compared to the others in terms of Opt, En
and T. Under n = 3 with p = oo, the same holds for the referenced algorithm, see
Table 6.3. However, under n = 9, Algorithm 1 performs better than the others

in all instances.

When we compare the results for Example 6.1.3(a) and (b), we observe that
even with the same precision level €, the number of minimizers is at least twice
as and generally much higher than the number of minimizers in Example 8.3(a),
which also affects the total times. The reason may be that due to the increase in
the dimension of the feasible region and the structure of the objective functions,
the range of the objective function changes and the difficulty of the problem

increases in Example 8.3(b).
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6.2.1 Example 6.1.1 with varying ordering cones

We consider Example 6.1.1 for ¢ € {2,3} with different ordering cones than the
positive orthant, see Table 6.4 and Figure 6.2. These cones are given below in

terms of their generating vectors:

Cy = conv cone{(1,2),(2,1)"},

2,-1)",(=1,2)"},

4,2,2)7,(2,4,2)7,(4,0,2)7,(1,0,2)7,(0,1,2)7,(0,4,2)"},
1,-1,3)",(2,2,-1)7,(1,0,0)7, (0, -1,2)7, (-1,0,2)",

0,1,0)"}.

Cy = conv cone{

Cy = conv cone{

(
(
C3 = conv cone{(
(=
(

Note that we have C; C R%2 C Cy = Cf and C3*> C R3 C Cy = Cf. We solve
these examples with Algorithms 1, 2 and from [1], where the norm in (P(v)) is
the 5 norm. As before, due to the limitations of bensolve tools, Table 6.4 does
not show the result for Algorithm 2 when the ordering cone is C3 and € = 0.01.
According to Table 6.4, for C and C5, Algorithms 1 and 2 are comparable in
terms of T. For C5 with ¢ = 0.05, Algorithm 2 gives smaller T. However, for
Cy, Algorithm 1 has better runtime. Keeping everything constant (p, ¢, € and
Algorithm), |X| decreases for larger ordering cones, which agrees with [26, Lemma
1.6].

From the results of the test problems above, we deduce a comparable perfor-
mance of our proposed algorithms with respect to the primal algorithm in [1]. The
performance of Algorithm 1 further improves with the increase in the dimension

of the objective space.

We conclude this section by a remark that illustrates the necessity of inter-

secting Pe" with S in Algorithm 2.

Remark 6.2.1. As noted before in Section 4.2, it is possible that some vertices of
Pput falls outside S. Consider Example 6.1.1 with ¢ = 3. Note that T'(X) is the

unit ball centered at e € R, and Py is the positive orthant. In the initialization

2The same cone is used as a dual cone in [66, Example 9].
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Figure 6.2: Outer approximations obtained from Algorithm 1 using ¢ norm for
Example 6.1.1 with ¢ = 3 under different cones

Table 6.4: Computational results for Example 6.1.1 with different ordering cones
and p = 2

q=2 q=3
Alg € C | |X Opt Tept En Te T € C | |X] Opt Top En Te T
1 19 34 695 16 0.12 7.12 62 89 2054 28 079 2150
2 Cilor 36 751 15 011 7.69 Cs| 57 77 1827 18 035 18.82
1 0.005 6 9 187 4 002 191005 22 29 657 8 008 668
2 Gl g 11 230 3 002 236 Cil 98 34 790 4 004 801
1 37 69 1439 32 045 14.96 229 346 80.66 117 62.00 154.04
2 Cil 36 67 1400 31 044 14.69 Cs .
1] 0.001 10 17 344 8 005 352001 71 107 2499 37 145 26.78
2 Cal 12 19 404 7 004 413 Cil 90 123 2894 31 1.05 3031

phase of Algorithm 2, we obtain S = {y € R3 | w'y < 3.56}, where w = \/Lge.
For illustrative purposes, consider the supporting halfspace H = {y € R | wTy >
0.68} of the upper image, where the mormal direction is w = (1,1,0.1)7. This
would support the upper image at the C-minimal point (0.2947,0.2947,0.9295)T.
Note that bd H intersects with Py to give three vertices: v' = (0.68,0,0)7, v? =
(0,0.68,0)T, v = (0,0,6.8)T. Clearly, v*,v? € S andv® ¢ S. Moreover, as stated
in Remark 4.2.5 the approzimation generated by v',v?, namely, conv({v', v?}) +

Ri does not contain the upper image; see Figure 6.35.

We practically encounter vertices which fall outside S, for instance, while run-
ning Algorithm 1 for Example 6.1.1 with ¢ = 3, p =2 and € = 0.01. Figure 6.4
shows the outer approximation, after iteration k = 37, with one of the vertices
outside PN S.
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Figure 6.3: Projections of I'(X) (dark blue), conv({v',v*})+R3 (light blue) from
Remark 6.2.1 on the y3 = 0 plane

12

10

4 Y1

Figure 6.4: Outer approzimation P, k = 37 (vertices and representative points
on unbounded edges indicated by black markers) for Example 6.1.1 obtained using
Algorithm 1 (for p =2 and ¢ = 0.01) has one vertex outside S (blue).
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6.3 Comparison of Algorithms 1, 2 and 3

In this section, we compare the three algorithms proposed in Chapter 4. Recall
that in Algorithm 1 and 2, we choose arbitrary vertex in each iteration in con-
trast to choosing farthest away vertex in Algorithm 3. In order to have a fair
comparison, we modify Algorithm 1 and 2 by implementing the vertex selection
rule as we have in Algorithm 3. The following Tables 6.5-6.7 show the results
corresponding to Examples 6.1.1, 6.1.2 and 6.1.3(a), respectively. Note that, in
contrast to Algorithm 1, Algorithms 2 and 3 both generate additional vertices
due to the intersection of bd .S with the current outer approximation. So, they
are expected to solve more optimization problems than Algorithm 1. Next, it is
also observed that Algorithm 3 solves even a larger number of optimization prob-
lems compared to Algorithm 2. This may be due to the fact that Algorithm 2 is
approximating P, whereas Algorithm 3 provides an outer approximation of PNS.
Clearly, the distance of a vertex of the current approximation, from the set being

approximated, is greater in case of Algorithm 3, that is,
d(v,P) <d(v,PNS).

Hence, Algorithm 3 has to solve larger number of problems to achieve the same

approximation error e.

Table 6.5: Computational results for Example 6.1.1

€ p | Alg | |X] Opt T En T, T

1 |33 69 2393 20 041 40.70

Ll 2 145 85 2801 19 039 45.80

3 |60 113 4157 28 095 73.38

1 130 60 1893 17 085 3597

o | 2 |44 93 2764 16 029 46.91

0.05 3 | 70 122 3757 25 0.71 60.61
1 |30 48 1522 14 019 2327

Wl 2 139 65 1545 13 019 25.98

3 |51 8 2086 22 049 3597
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Table 6.6: Computational results Example 6.1.2

€

p

Alg

|

Opt

Topt

En

Ten

T

0.05

184
228
664

022
660
1189

153.13
285.58
527.13

86
85
122

27.37
23.05
96.77

238.61
447.48
871.16

W N WD =

227
207
657

061
475
1213

165.35
139.24
277.44

79
78
105

18.72
20.09
59.51

244.03
196.91
424.63

Table 6.7: Computational results Example 6.1.3

e | p|Alg||X] Opt Top En Te T
1 | 80 397 20343 28 085 281.56
Ll 2 1117 597 300.88 27 0.92 434.84
3 _
1 [ 71 228 %633 19 033 125.10
o | 2 [107 385 18841 18 041 272.42
100 3 | 180 705 356.73 31 1.76 529.34
1 [ 24 93 3535 13 017 4467
wfl 2 | 27 136 73.01 12 022 109.39
3 | 54 281 160.71 20 048 223.03
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Chapter 7

Conclusion

In this dissertation, we have proposed an algorithm (Algorithm 1) for CVOPs
which is based on a norm-minimizing scalarization. It is different from the sim-
ilar class of algorithms available in the literature in the sense that it does not
need a direction parameter as an input. We have also proposed a modifica-
tion of the algorithm (Algorithm 2) and proved, for the first time, its finiteness
under the assumption of compact feasible region. Moreover, we have proposed
another algorithm (Algorithm 3) based on a modified norm-minimizing scalar-
ization. The modification is done by introducing an additional constraint in the

norm-minimizing scalarization.

Algorithm 3 provides an H-sequence of outer approximating polytopes to a
certain compact set in the image space, which contains the Pareto frontier of the
corresponding CVOP. Thus, using a result from the literature, we estimate the
convergence rate of Algorithm 3. To the best of our knowledge this is the first
CVOP algorithm with a convergence rate guarantee in the literature. We further
analyze the algorithm, using the Euclidean norm in the modified scalarization,

and found even a better estimate of the convergence rate under this assumption.

As a future research direction, the result of the improved estimate of conver-

gence rate of Algorithm 3 may be generalized for an arbitrary norm used in the
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scalarization. Note that, Algorithm 3 can also be used for a polyhedral outer
approximation of convex compact bodies. Using benchmark test problems, the
computational performance of the new algorithms is found to be comparable
to a CVOP algorithm in the recent literature which uses the Pascoletti-Serafini

scalarization.
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