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ABSTRACT

ON SOME NON-NOETHERIAN DOMAINS
Buyruk, Dilek
Master, Department of Mathematics
Supervisor: Associate Prof. Dilek Pusat Yilmaz
JULY 2005, 84 pages

Let R be a commutative ring and M be an R-module. We say that M satisfies
the radical formula (s.t.r.f.) if for every submodule N of M, radical of N in M is
equal to the envelope of N in M. Since the Noetherian rings which s.t.r.f. are well-
known, see [9],[13],[17],[19],[20], we are interested in non-Noetherian rings which
s.t.r.f. For this reason we studied characteristics and structure of a valuation ring
to understand the structure of a Priifer domain. In chapter I, basic definitions and
fundamental facts related to the concept of valuation rings and Priifer domains
are presented.

In Chapter II, we solved some selected exercises in [7] about valuation rings
and Priifer domains.

In Chapter III, we gave necessary definitions and characterizations of prime
submodules.

Finally, the definitions and fundamental results about radical formula are
given in chapter IV. In 4.2, which is our original work, we proved that if R is a
Priifer domain, then the R module R & R s.t.r.f.

Keywords: Priifer domain, valuation ring, radical formula.
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0Y//
BAZI NOETHER OLMAYAN BOLGELER
Buyruk,Dilek
Master Tezi, Matematik Boltimii
Tez Yoneticisi: Dog. Dr. Dilek Pusat Yilmaz
TEMMUZ 2005, 84 sayfa

R birimli, degismeli bir halka ve M bir R-modiil olsun. M’nin her N alt
modiilii i¢in, N’'nin M’deki radikali, zarfinin tizettigi alt modiile esit ise M
radikal formiiliinii saglar denir. Radikal Formiiliinii saglayan Noether halkalar iyi
bilindigi i¢in, hangi durumlarda Noether olmayan halkalarin radikal formiiliinii
sagladigi arastirildi. Bu nedenle Priifer bolgelerinin yapisinin anlagilabilmesi icin
oncelikle valuation halkalarimin yapisi ve ozellikleri incelendi. Birinci boliimde,
Priifer bolgeleri ve valuation halkalarla ilgili temel tanim ve kavramlar anlatildi.

Ikinci boliimde, Priifer bolgeleri ve valuation halkalarla ilgili [7)’den secilmis
problemler ¢ozildii.

Uciincii boliimde, asal alt modiiliin tanimi ve yapisi anlatildi.

Son boliimde ise radikal formiiliiyle ilgili tamimlar ve bazi1 sonuglar verildi.
Orjinal ¢aligmamiz olan Boliim 4.2 de, R Priifer bolgesi olmak tizere, R- modiil
olan R & R ’'nin radikal formiili sagladig1 gosterildi.

Anahtar Kelimeler: Priifer bolgeleri, valuation halkalar, radikal formiilii.
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CHAPTER 1
PRELIMINARIES

1.1 Introduction

In this thesis, all rings are commutative. Throughout this chapter, all rings

contain more than one element but need not contain 1.

Definition 1.1 Let R be a ring and x € R. If x is not a zero divisor, then x is

called a regqular element of R.
Example: If1 € R, then R contains a regular element.

Definition 1.2 Let A be an ideal of a ring R. A is said to be a reqular ideal if

A contains a reqular element of R.
Remark 1.3 < x > s a regular ideal if and only if x is a reqular element of R.

Proof. Suppose x is not a regular element that is there exists a nonzero y € R
such that ry = 0. Take a €< = >, then o« = rx for some r € R and since R is
commutative, yo = y(rx) = r(yz) = 0. Hence, < x > has no regular elements,
so < x > is not a regular ideal.

Conversely, let z be regular, then z €< x > implies < x > is regular. [

Definition 1.4 Let R be a ring with identity. R is said to be quasi-local if R has

a unique maximal ideal; R is called semi-quasi-local if R has only finitely many

maximal ideals.

A local ring is a quasi-local Noetherian ring; a semi-local ring is a Noetherian

semi-quasi-local ring.



Definition 1.5 A ring S containing R as a subring is said to be a wunitary

ring extension of R, if the identity element of R is also the identity element of

S.

Definition 1.6 Let [ be an ideal of a ring R. Then the ideal

VI = {r € R:r" €I for some positive integer n} is called the radical of I.

Definition 1.7 Let () be a ideal of a ring R. Q) is said to be primary whenever
Q # R and ab € Q for some a,b € R impliesa € Q orb € /Q. Also, if VQ =P

for some prime ideal P of R, then Q) is called P-primary.

Definition 1.8 Let A be an ideal of a ring R such that A can be expressed as a
finite intersection of primary ideals, A = (\._, Qi , then this representation of A

is said to be a shortest representation of A if it is irredundant and if the ideals

Q; belong to distinct prime ideals.

Definition 1.9 Let R and S be rings and f : R — S be a ring homomorphism.
(1) Whenever J is an ideal of S, then f~1(J) := {r € R|f(r) € J} is an ideal

of R, called the contraction of J to R and denoted by J°.

(ii) For each ideal I of R, the ideal f(I)S of S generated by f(I) is called the

extension of I to S and denoted by I°.

Remark 1.10 [7, Theorem 4.10] Let A be an ideal of a ring R with identity, let
{ M }ren be the set of mazimal ideals of R, and for each X € A, let Ay = A,
where ey and ¢y denote extension and contraction with respect to the ring R, .

Let 3 be the set of elements o of A such that A C M,.
(i) A= ) Ax.

A€A

(ii) A= ] A,.

oeY
And if R is also an integral domain,

(iii) A= () ARy, = () A%,
AEA AEA



Proof.
(i) Clearly, A C A, for all A € A. Then A C () A, is clear. Other side of
AeA

the inclusion follows from part (ii) i.e if part (ii) holds, then [ Ay C () A, = A.
AEA oex

(ii) One side of the inclusion is clear. To show that (| A, C A, take an
oeX

element © € [ A,. Since z € A,, there exists y, € R\ M, such that xy, € A
forallaeE.UErl%hen<yg>+A§(A:<:c>) for all o € 3, so (A :< x >) is not
contained in any maximal ideal of R. Hence (A :< x >) is not a proper ideal of
R. And since R contains identity, (A : <z >) = R. Thenz € Aand () A, C A.

oeY

(iii) Again we have to show (| ARy, C A. Take x € (| ARur,. Consider
AEA AEA
the ideal I = (A:<ax >) of R, I £ M, forall A€ A. Then ] = R and z € A as

we wished to show. [

Remark 1.11 An ideal Q of a ring R is P-primary if and only if QRg is
PRg-primary in Rg where S is a multiplicatively closed subset of R and QNS = ().

Moreover, let Q@ be a primary ideal of a ring R , then Q = QRs N R when
QNS =40.

Proof. Let @ be P-primary with @ NS = (). Take (a/r)(b/s) € QRs where
a,b € R and r,s € S. Then k(ab) € @ for some k € S. Since k" ¢ @ for
all n € Z*, that is ab € Q. Since ) is P-primary, a € P or b € (). Thus
a/r € PRg or b/s € QRg. Conversely, let QRg be PRg-primary, take ab € @
where a,b € R, clearly, (a/1)(b/1) € QR, and a/1 € PR, or b/1 € QRg, then
there exist kq, ko € S such that ak; € P or bky € ). Since k' ¢ @ for all n € ZT,
k; ¢ P fori=1,2 thatis,a € P or b € Q.

Also, we have Q@ C QRs N R. Take x/1 € QRs N R, then there exists s € S,

such that sx € Q. Since S is multiplicatively closed, s" ¢ @ for all n € Z™.

3



Hence x € @), as required. [J

1.2 Fractional Ideals

Definition 1.12 Let R be a ring containing a regular element and let T' be the

total quotient ring of R. A subset S of T is said to be a fractional ideal of R if

(1) S is an R-module and
(i1) rS C R for some reqular element r € R.
FEach ideal of R is a fractional ideal of R. The ordinary ideals of R will be

referred to integral ideals.

If {s1,...,8,} is a finite subset of T', then the R-submodule of T" generated by
{s1,...,sn} is a fractional ideal of R. But if S is an arbitrary subset of 7', then
< § >, the R-submodule of T" generated by S, need not be a fractional ideal of
R, that is T' is a fractional ideal of R only if T'= R.

In fact, < S > is a fractional ideal of R if and only if S is contained in a
fractional ideal of R. S is called a generating set. A fractional ideal F' is finitely
generated if ' admits a finite set of generators. F' is principal if F' =< z > for
some x € T'. We say that F'is regular if F' contains a regular element of 7.

< x > is a regular fractional ideal if and only if = is regular in 7'

Notations:

F(R) : The set of nonzero fractional ideals of R.

F*(R) : The subset of F(R), consisting of finitely generated fractional ideals
in F(R).

Definition 1.13 If Fy, Fy € F(R), then addition and multiplication of Fy and
Fy are defined as follows:

F1—|—F2:{x+y|$€F1,y€F2}

4



BF, = {Z ziyi|v € Fi,y; € Fyl.

i=1
Also we define,
[Fl . FQ]T = {.ZC S T’l’FQ - Fl}

If Fy, Fy are integral ideals, then (Fy : Fy) is defined as {x € R|zFy C Fi}.

Hence (Fy : Fy) may be a proper subset of [Fy : Fylr. In fact,
(Fl : FQ) = [Fl : FQ]T N R.

Theorem 1.14 [7, Theorem 3.1] Let R be a ring containing a reqular element
and let T be the total quotient ring of R.

(1) F(R) is closed under addition, intersection and multiplication.
If [y, Fy € F(R) and if Fy is regular, then [Fy : Fy]r € F(R).

(i) If Fy, Fy € F(R) and if S; is a set of generators for F; (i = 1,2), then
S1 U Sy is a set of generators for Fy + Fy and {st|s € Si,t € Sa} is a set of
generators for F1F.

Consequently, F*(R) is closed under addition and multiplication.

(i) F(R) is an abelian semigroup wunder multiplication with identity
R* = {r +nelr € R,n € Z}, the subring of T generated by R and e, the identity
of T.

(i) If A is an ideal of R and if v is a regular element of R, then
A/r = {a/rla € A} is a fractional ideal of R. We have AJr = A < r=! >
and A =<r > [A/r]. Hence A/r € F*(R) if and only if A € F*(R).

(v) If F € F(R), there is an integral ideal A of R and a regular element r of
R such that F = A/r.



The above theorem implies that

F(R) = F*(R) if and only if R is Noetherian.

1.3 Invertible Ideals

If R is a ring containing a regular element and if 7" is the total quotient ring of
R, the set F(R) of fractional ideals of R is a multiplicative abelian semigroup
with identity R* = {r + nelr € R,n € Z} where e is the identity of 7. An
element which is a unit of the semigroup F'(R) is said to be invertible. Hence

the fractional ideal F' is an invertible ideal if there is an element F} of F(R) such

that F'IFy = R*. Since F(R) = F(R*), F is invertible as a fractional ideal of R if

and only if F' is invertible as a fractional ideal of R*.

Theorem 1.15 [7, Theorem 7.1] Let R be a ring containing a reqular element,
let T' be the total quotient ring of R, let R* = {r + ne|r € R,n € Z}.

(i) If F is an invertible fractional ideal of R, then [R* : Fl|r is the unique
mverse of F'. Moreover, F is finitely generated and F' contains a reqular element
of T.

(i) If p € T, < p > is invertible if and only if p is reqular in T.

(111) If A is an integral ideal of R and if r is a reqular element of R, then A/r

is invertible if and only if A is invertible.

Proof.
(7) Let Fy be an inverse of F', say F'F} = R*. Then clearly F; C [R*: Flr so
that R* = FF} C F[R* : F]r C R*. Hence F'F} = F[R* : F|r, and since F is an

invertible ideal, F} = [R* : F|p and [R* : F|r is the unique inverse of F. There



is a finite subset {z;}, of F' and a subset {y;}!, of [R* : F|r such that

n
i=1

Therefore, if z € F, thenz =Y | z;(y;x) €< x4, ..., x, >, since y;x € R*, where
1 = 1,...,n. It follows that FF C< x1,...,z, >, and the reverse containment is
obvious. Hence {z;}!, is a finite basis for F. Finally, since each y; € T, there
exists a regular element r € R such that ry; € R, where ¢ = 1,...,n. Therefore,
r= > x(yr) €< xy,...,x, >= F, and F contains a regular element of R

which is also regular in 7'.

(4i) If p is regular in T, p is a unit of T'. Furthermore,
<p><pt>=<e>= R,

and p is invertible. Since invertible ideals contain regular elements, < p > is not
invertible if u is a zero divisor of T
(i17) Since A/r = A < r~! > and since < r~! > is invertible, it follows that

A/r and A are simultaneously invertible. [

If F is an invertible fractional ideal of the ring R, the above theorem shows

that the inverse of F' is unique, denoted by F~1. We have,
F'=[R:Flpand (F ) '=F

Theorem 1.16 [7, Theorem 7.2] Let R be a ring containing a reqular element
and let Fy, Fy be fractional ideals of R such that Fy is invertible and such that

Fy C RFE, then there is an integral ideal A of R such that Fy = AF5. A fractional



wdeal F' s invertible if and only if there is an integral ideal B such that BF is

principal and 1s generated by a reqular element.

Proof. We have I} = F1F2_1F2. Further, if A = F1F2_1, A is an integral ideal of
R, since Iy C RF5.

If BF =< r > for some integral ideal B and some regular element » € R, then
BF is invertible, therefore F' is also invertible, which implies F'G = R* for some
fractional ideal G' of R. We can write G in the form B/u for some integral ideal B
of R and some regular element v € R. Then FB/u = R* and F'B = uR* =< u >.

O

Notation: Let S be a ring with identity and let A be an ideal of S,
{M, |\ € A} denotes the set of maximal ideals of S, and for each A, ey, cy
denote, respectively, extension and contraction of ideals with respect to the ring

of quotients Sy, .

Theorem 1.17 [7, Theorem 7.3/ If A is invertible in S and if N is a
multiplicative system in S, then A¢, the extension of A to the ring of quotients
Sn, 15 also invertible. Conversely, if B is a finitely generated regular ideal of S

such that B is invertible for each A € A, then B is invertible in S.

Proof. We can use Theorem 1.16 to prove the first statement. Since A is
invertible, AC' =< d > for some ideal C' of S and some regular element
d € S. Hence A°C¢ =< d >°¢. If ¢ denotes the canonical embedding of S in Sy,
< d >° is principal and generated by ¥(d).

To prove B is invertible, choose a regular element b of B. Then < b >C B
and < b >%C B® for any A € A. But B® is invertible, then there

exists an ideal A of Sy, such that AB» =< b > and A =< b > (B»)~L



That is A = [< b >%: B Since B is finitely generated,

[< b >%: B®]r = [< b>: B]7. By Remark 1.10,

<b>=(]<b>>*=()[<b> BJ2.B* =[<b>: BJy.B
A€EA AA

By Theorem 1.16, B is invertible. [

Proposition 1.18 [7, Proposition 7.4] Let A be an invertible ideal of the
semi-quasi-local ring R. Then

(i) A is principal

(i1) If R is quasi-local and if B is a basis for A, then A =< b > for some

beB.

Proof.
(1) Let {M;}I_, be the set of maximal ideals of R. For each integer s such

that 1 <s<r, My P [V M;. Since A is invertible in R, AM, ? Al Mi]. We
choose a, € A[Q M;] \Zf‘ls./\/ls, for all s between 1 and r. Define a = azfj— S a
It is clear that a € A\ AM; for all s. Hence a € A\ (0 AM;). Since A is
invertible, there is an ideal J of R such that < a >= AJ. :llso J & Mj for all s,
since a € J. Then J =R and A =< a >.

(17) If R is quasi-local, A =< B >=< a >, so there are subsets {a;}!", of
B, and {e;}; and {x;}, of R such that a; = e;a for each i and a = Zn:lxiai.

It follows that a = a(}] x;e;). Since < a > is invertible, a is regular in R by
i=1

Theorem 1.16 so that 1 = > x;e;. Therefore > x;e; is a unit in the quasi-local
i=1 i=1

ring R. Hence e, is a unit and A =< a >=< e,;lak >=< qa; > for some k

n

between 1 and n. O



Lemma 1.19 [7, Corollary 6.2] Let A and B be ideals of a ring with identity
such that AB = A and A is finitely generated. Then there exists an element
b € B such that a = ab for all a € A.

Proof. Let A =< aq,...,a, > where a; € A for all i = 1,...,n and n is minimal.
Since AB = A, a; = Y a;jb;; for some b;; € B. Then we have a homogeneous

7=1
system of equations linear in aq, ..., a,, such that

ay 1—b11 bln

M, sn : = 0 where M, y,, =

Qp, bnl 1_bnn

Let d be the determinant of M,,,, then da; = 0,7 =1,...,n. So da = 0 for all
a € A. Clearly, d=1—1b for some b € B and da = (1 —b)a=0foralla e A. O

Theorem 1.20 [7, Theorem 7.6] Let P be an invertible proper prime ideal of the
ring S with identity.

(a) P has the property that if x+ € P* — P*1 and if y € P! — P!
where P° = S, then xy € Pr+t — prti+l

Consequently, Py = ﬁ P* is prime.

(b) {P*|k € N} is tl“fe:i’et of P-primary ideals.

(c) If Q is a primary ideal of S such that /Q C P, then Q is contained in
Po. If Q is finitely generated, Q) is the intersection of the set of all primary ideals
contained in P.

In particular, if < 0 > is primary in S, then < 0 > is the only finitely
generated primary ideal of R with radical properly contained in P.

(d) If A is an invertible ideal of S properly containing P, then A =S.

10



Proof. (a) Since P is invertible, P™ is invertible for any nonnegative integer
m. So there are ideals A and B of S where A € P and B ¢ P such that
<z >= AP* and < y >= BP". It follows < zy >= ABP'** where AB ¢ P.

Hence zy ¢ PUHe+L,

(b) Let k be a positive integer and let zy € P* where z € S\ P and y € S.
Then y € P* by part (a). Thus, P* is P-primary. Assume @ is a P-primary ideal
of S. Since Py C @ and there exists a positive integer m such that Q@ € P™, we
can choose a positive integer &, such that @ C P* and @ ¢ P**'. Then Q = AP*
for some ideal A of S such that A € P. Since @ is P-primary, P* C Q. Hence,

the equality holds.

(c)We assume that /Q = M C P. Since P is invertible, Q = AP for some
ideal A of S. Since @ is primary and P ¢ M, A C @ so that Q = QP. Therefore,
Q = QP = QP* and Q C P* for all positive integer k. It follows that Q C P,.

If @ is finitely generated, the equation () = QP implies the existence of an
element p of P such that g = ¢gp for each ¢ € ), by Lemma 1.19. Moreover, if Q)
is a primary ideal contained in P, then q(1—p) = 0 € Qp, with 1 —p & P D /Qo,
so that g € )y for each ¢ € ). Hence @ is the intersection of the set of primary

ideals contained in P.

(d) We have P = AB for some ideal B of S. Since P is prime and A ¢ P,
B C P so that B="P. Hence P = SP = AP, and since P is a cancelation ideal,
S=A. 0

Remark 1.21 /24, §/, Remark 1] In a domain R, every nonzero principal ideal

18 invertible.

11



Proof. Let Ra be a nonzero ideal of R that is a is a nonzero element of R and
a~! is in the quotient field Q of R, hence Ra~' € F(R) and (Ra)(Ra™') = R that

is Ra is invertible. [

Theorem 1.22 [2/, Theorem 4.16] If R is a domain, then a nonzero ideal I is

projective if and only if it is invertible.

Proof. If I is projective, there are elements {ax|k € K} in I and maps

o - I — R. Ifb e I, b+# 0 and @ is the field of quotients of R, then

define g € Q by qr, = ¢x(b)/b.
Note that ¢, does not depend on the choice of b: if b/ € I,/ # 0, then

b'é1(b) = dr(b'b) = ¢p(bb') = b (V') and so ¢x(b) /b = ¢p(b')/b.
It follows that g, C R for all k, for bg,, = ¢x(b) implies bg, = 0 for almost all

k, so that if b # 0, almost all ¢, = 0. Finally, if b € I,

b= (se®ar =Y (axb)ar = b(Y_ awar),

so that if b # 0, we may cancel and get 1 = > grax. Thus, I is invertible.
Suppose [ is invertible, so there are elements ay, ¢ satisfying the definition.

Define ¢ : I — R by ¢r(a) = qra. If a € I, then

Z(gzﬁk(a))ak = quak = ankak =aq.

Hence [ is projective. [J

12



CHAPTER 2
SOLUTIONS TO SELECTED EXERCISES IN [7]

2.1 Valuation Rings

Let K be a field and let D be a subring of K with identity. Let K* = K \ {0} be
the multiplicative group of nonzero elements of K. The group U, units of D, is
a subgroup of K*. We write the group operation on the factor group G = K*/U
as addition: zU 4 yU = xyU. For any zU,yU € G, we define zU < yU if and

only if y/z € D.

Remark 2.1 zU < yU if and only if Dx, the D-submodule of K generated by

x, contains Dy, the D-submodule of K generated by y.

Proof. 2xU < yU < y/x € D < y/x = d for some d € D < y = zd for some

deD s yeDr < DyC Dz, U
Moreover “ < 7 is a partial order on G such that
(i) Dx C Dz for all x € K.
(i) Dz € Dy and Dy C Dx implies that Dz = Dy for all z,y € K.
(iii) Dx € Dy and Dy C Dz implies that Dx C Dz for all z,y, z € K.

Definition 2.2 The partially ordered group G is called the group of

divisibility of K with respect to D.

13



The set of positive elements of G is
G, ={2U2U > U} = {zU|z € D},

the set of cosets of U that are contained, as sets, in D.

The proof of the following theorem was left as an exercise in [7].

Theorem 2.3 [7, Theorem 16.3/Let D be an integral domain with identity with
quotient field K, and let G be the group of divisibility of D. Then the following
are equivalent:

(i) G is totally ordered.

(i1) The set of principal fractional ideals of D is linearly ordered by inclusion.

(11i) The set of fractional ideals of D is linearly ordered by inclusion.

(iv) The set of principal integral ideals of D is linearly ordered by inclusion.

(v) The set of integral ideals of D is linearly ordered by inclusion.

(vi) If z € K \ {0}, then x or z™! is in D.

Proof.
(1) = (ii) Let Dz, Dy be two principal fractional ideals of D where x,y € K*.
Then zU,yU € G = K*/U. Since K is totally ordered, zU < yU or yU < zU.

Hence Dy C Dz or Dx C Dy.

(17) = (di1) Let A, B be two fractional ideals of D. Let = be any element in
A. Suppose B ¢ A. Hence there exists y € B\ A, so Dy € A. Thus Dy ¢ Dz
and since principal fractional ideals are linearly ordered, we have Dx C Dy C B.

Since it is true for any x € A, we have A C B.
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(17i) = (iv) Let Da, Db be two principal integral ideals of D where a,b € D.
Then D(a/1) and D(b/1) are two fractional ideals of D. In this case either
Da = D(a/1) € D(b/1) = Db or Db = D(b/1) C D(a/1) = Da.

(iv) = (v) Let M, N be two integral ideals of D and suppose N ¢ M. Then
there exists s € N\ M. In this case Ds € M, so Ds ¢ Dm for all m € M.
Since principal integral ideals are totally ordered. Dm C Ds C N for all m € M.
Hence, M C N.

(v) = (vi) Let x = a/b € K* where a,0 # b € D. Then Da and Db are
integral ideals of D. Since they are linearly ordered, Da C Db or Db C Da.
Then by Remark 2.1, aU < bU or bU < aU. Hence, either 27! = b/a € D or

r=a/be D.

(vi) = (i) Let zU, yU be two elements in G = K*/U. Then
m = z/y = xy~' € K* which implies m € D or m~* € D by condition (vi).

Hence G is totally ordered. [J

Definition 2.4 We call a domain satisfying the conditions of Theorem 2.3 a

valuation ring on K.

Lemma 2.5 A valuation ring is quasi-local.

Proof. Let V be a valuation ring and M be the set of nonunits of V. So z € M
if and only if z =0 or x7' ¢ V. If a € V and x € M, we have ax € M, for
otherwise (ax)™! € V and therefore 27! = (ax)~'a € V which contradicts that x

is a nonunit element.
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Next let z,y be nonzero elements of M which means z=! and y~! ¢ V.
Since zy~! = z/y € K*, xy~! or z7 'y is contained in V. If zy~! € V, then
r+y=(ry ' +1)y € VM C M, similarly, z~'y € V implies x +y € M. Hence

M is an ideal. Therefore, V is a quasi-local ring. [J

Remark 2.6 Let R be a commutative ring, then Y a,z"™ € R[[z]] is invertible if
and only if the constant coefficient ag is invertible in R. If R is a local ring, then

sois R[[z]]. If R is a field, then R[[z]] is a valuation ring.

Remark 2.7 If F is a field, we can consider the quotient field of the integral

domain F[[z]]; it is denoted by F'((x)). Its elements are called formal Laurent series

which can be written uniquely in the form

[e.9]

f= Z anx"

n=—M
where M s an integer which depends on the Laurent series f.

Proof. We will prove that every nonzero element of F[[z]] has an inverse in
F((z)). Let f = > a;x" be a nonzero element of F[[z]] such that a; € F for all
i=0
1€ N.
If ag # 0, then define g = > bra* such that
k=0
bo = 1/ay € Flal),by = —a1/a} € Fl[el], by = a3/} — az/ad € Flla]),
by = —a}/ay + 2a1az/a3 — az/a? € F|[z]], and so on.

Then fg=1and g= f~' € F|[[z]] C F((z)). Hence every element of F[[x]] with
a nonzero constant term is unit in F[[z]].

Since f € F|[[z]] is nonzero, there exists a positive integer k, where k is the

smallest index satisfying aj, # 0. Then we write f as

f = a*g, where g € F[[z]] with a nonzero constant term.
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Since g is a unit of F[[z]], there exist h € F[[z]] satisfying gh = 1. So x7*h,
the inverse of f is in F'((z)).
Hence, the quotient field of F[[z]] is F((x)). O

Example 2.8 D = Z.o- + 2Q|[z]] is a valuation ring with the mazimal ideal

M = 2Z o> + zQ[[7]].

Proof. Clearly, the quotient field of Z[[z]] and Q[[z]] is Q((x)). Since
Z[[z]] € D C Q[[z]], then the quotient field K of D is Q((x)).
Now we will prove that D is a valuation ring. Let f = Y a2' € Q((z))

where —m is the smallest index for a_,, # 0. We will prove that f € D or

f~1 € D. We have three cases:

o If —m >0, then f € D.

o If —m =0, then f = a;z’. In this case if 0 # ag € Z.o~, then f € D. If
i=0

ao ¢ Z<o~, then by the above arguments ay' € Z.o~. Hence
' =ay" + (ay/ad)x + (a?/a} — ay/ad)x® +--- € D.

o If —m < 0, then f = 27™g where g = Y. a;z"™™. Since the constant

i=—m

term a_,, # 0, g is a unit in Q[[z]] that is ¢7' € Q[[z]]. So we have,
ft=amg™t € 2Q|[z]] C D.

Hence, D is a valuation ring.

Moreover, we will prove that M = 27 o~ +2Q][[z]] is the unique maximal ideal

o0

of D, that is D\ M is precisely the set of units of D. Take o = >_ a;2" € D\ M,
i=0
then ag = a/b € Z.o> \ 2Z o~ for some a,b € Z, b # 0 such that (a,b) = 1. Then

both of a and b are odd. Hence a™! = ag' + (ay/ad)z + -+ € D. Hence a is a
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unit. Now let 8 = > b;z’ be a unit in D that is 37! € D and 337! = 1. Then
i=0
by' € Zg~. So by & 279~ which implies 3 € D\ M. O

Example 2.9 Let D be as in Fxample 2.8. We will determine the ideals of D.
Since D is a valuation ring, there are two cases.

Case 1: Assume xQ[[x]] & I. If f € I\xQ[[z]], then f has the following form.:

2k:
f=ay+ax+--- where 0 # ag = %,a,ﬁ odd integers and k € N.

Take f € I\ zQl[x]] with minimal k such that

; 2ka+ N
=" faxr+---.
54

Then h = 2f — 2(ayz +---) =28 € I. S0 2D C I and 2"°'D ¢ I since k is

«
minimal. Hence

2"DC1S2"'D.

Suppose there exists g € I\ 2¥D. Then g = co + c1x + -+ and ¢y & 2Zco-..
Then colicos ¢ 27 cos. Since Zeos is a discrete valuation ring with maximal
wdeal 27, o~ , every ideal of Zi-o~ is of the form 2"Z o~ for some r € N. That
means

k -
2crs G Colcrs = 2 Lcrs G 2 o,

which is a contradiction, since r € N. Therefore, I = 2¥D. Hence, the ideals of

D containing xQ[[z]] are of the form 28D for some k € N that is
. CcaQ[z)]c---c2®Dc---c22Dc 2D cC D.

Case 2: Now take an ideal I of D such that I C xQl[z]]. Then every f € I
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has the following form:

f=a"ay + apprx + ---) = 2% such that ap # 0,k € Z%,i > k,a; € Q,

so g € Q[[z]].
If there exists f € I such that ay € Q \ Z.o~, then let k be minimal with

respect to this property, then ar = a/b, (a,b) = 1,b is even, so a is odd. Then
1/g€D:>f/g:xk€I=>:EkD;I, since f € I\ z*D.

Hence 2D G I C 2*Q[[z]]. Here I = z*(A + 2Q|[z]]) where Zep» & A C Q.
Clearly, A is a Z.o~-module. Take «/3 € A. If there exists a marimal s € Z*
such that 2°|3, then A =< 1/2° >, otherwise A = Q.

o If A =<1/2° >, then I = 2*(< 1/2° > +2Q[[z]]). In particular, A is a
fractional ideal of Zo-.

o If A=Q, then I = 2*Q|[x]]. So

- CaD Cca(<1/2>42Q[[z]]) C - Ca(< 1/2° > +2Q[[z]]) C --- C 2Q[[z]] C - --.

Now if for all f € I, aj, € Zo~, then ap = 2'c/d for some odd integers c,d.

Choose f € I with minimal t, then
f=2"c/d+ bz + ) = 2'2Fg, where g is a unit in D.

Hence

g lf=2""el=22"DC1S 27" D.
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Let o € I\ 2'2"D, then ¢ = 2*(dy + djy12 + - +) and dy ¢ 2'Z_5~. So we have
2> C dilicos G 2 s,
which is a contradiction. Hence I = 2ta*D.
.c2eDc---Cc2zDC---CaDC---CaxQz]] C---.

Definition 2.10 Let R be a ring with identity. R is called a chained ring if the

set of ideals of R is linearly ordered by inclusion.

Remark 2.11 Fvery valuation ring is a chained ring. Converse does not hold.
Let D be as in Example 2.8. Then D/8D is a chained ring but not a valuation

Ting.

Exercise 2.12 [7, §16, Exercise 8/ Prove that the following conditions,
(1)-(3) are equivalent for a ring R. Condition (1) implies condition (4), but not
conversely.

(1) The set of fractional ideals of R is linearly ordered by inclusion.

(2) R is a chained ring.

(8) The set of principal integral ideals of R is linearly ordered by inclusion.

(4) R contains each zero divisor of S, the total quotient ring of R. Moreover,
1

if x is a unit of S, then x or x™" is in R.

Solution. Both (1) = (2) and (2) = (3) are clear.

(3) = (1) First, we will prove that the principal fractional ideals of R are
linearly ordered. Let F} = R(a/s;) and F» = R(b/s2) be two principal fractional

ideals of R where a,b,s1,s2 € R and sy, sy are regular elements. Then Rassy
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and Rbs; are principal integral ideals of R. Since they are linearly ordered,
Rasy C Rbsy or Rbs; C Rass. Assume Rasy; C Rbs; which means bs;|ass such
that kbs; = asy for some k € R. Then k(b/s2) = a/s; for some k € R which
implies a/s; € R(b/sy) = Fy. So, Fy C F; and principal fractional ideals of R are
linearly ordered.

Now, assume F, [ are arbitrary fractional ideals of R such that F' ¢ F”, then
there exists © € F\ F'. For any y € F', Rt ¢ Ry. Since principal fractional

ideals are linearly ordered, Ry C Rx for all y € F’. Hence F' C Rx C F.

(1) = (4) Let © = x1/s; be a zero divisor of S, where 0 # x1,51 € R,
sy is regular, then there exists a nonzero y = y;/ss € S where 0 # y;,s9 € R,
o is regular such that xy = (x1/s1)(y1/52) = (z191)/(s182) = 0. This implies
r1y1 = 0, so xy is a zero divisor of R. Suppose = ¢ R. Since fractional ideals
of R are linearly ordered, we have R C Rx. So 1 = rz for some r € R and
r7! = s /r; € R C S. That is z; is a regular element of R. So x is not a zero
divisor of .S, which is a contradiction.

Let x be regular element of R, since fractional ideals of R are linearly ordered,
we have R C Rx or Rx C R. Hence 1 = ryx or x = ry for some 71,75 € R. Then
rl=r € Rorx =1y € R. Let R = Z¢. Clearly the quotient ring S is R itself

and R satisfies condition (4). < 2 > and < 3 > are fractional ideals of R, but

they are not linearly ordered. [

Exercise 2.13 [7, §17, Exercise 7] Let A be an ideal of the chained ring V.

Prove that V//A is a chained ring.

Solution. We will prove the set of integral ideals are linearly ordered. Let

I/A, J/A be arbitrary integral ideals of V/A, then I, J are integral ideals of V,
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containing A. Assume I ¢ J. Since the ideals of V' are linearly ordered, J C I.
Hence J/AC I/A. O

Exercise 2.14 [7, §16, FEzercise 9] Let R be a ring with identity with total
quotient ring S. Of the following conditions, prove that (2) and (3) are equivalent
and (1) implies (2). Moreover if each regular ideal of R is generated by its set of
regular elements, then (2) implies (1).

(1) The set of reqular ideals of R is linearly ordered by inclusion.

(2) The set of reqular principal ideals of R is linearly ordered.

(3) If x is a unit of S, then either x or x~' is in R.

Solution. (2) = (3) Let z = x1/s; be a unit of S where z1,s; € R and z, s

'= s/zy ¢ S, contradicting that z is a unit of

are regular in R, otherwise z~
S. Since the set of regular principal ideals of R is linearly ordered, Rx; C Rs;
or Rs; € Rxy. Hence z; = rs; or s; = r’x; for some r,7’ € R. Therefore

r=mx/sy=r€Rorz ' =s/r,=1r"€R.

(3) = (2) Let Ra, Rb be arbitrary regular principal ideals of R that is a, b are
arbitrary regular elements of R. Define z = a/b. Clearly x is a unit of S. Then
by (3),z=a/b€ Rorz~! =b/a € R. Hence zb = a or z7'a = b. Thus Ra C Rb
or Rb C Ra.

(1) = (2) is clear.

Assume that each regular ideal of R is generated by its set of regular elements.
(2) = (1) Let I, J be arbitrary regular ideals of R such that I ¢ J . Assume
I =< {ay}ren > and J =< {b,},er > where ay, b, are regular elements for all

A€ Aand v € T. Then there exists ay, € I\ J that is Ray, € Rb, for all
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v € I'. Since the set of regular principal ideals of R are linearly ordered, then

Rb, C Ray, for all v € I'. Hence J C Ray, C 1. U

Exercise 2.15 [7, §16, Ezxercise 20] Determine the group of divisibility of Z[2i].

Solution. We will first find the units of Z[2:] Let a 4 b2i € Z[2i] be a unit, then
norm of this element over Z should be +1, and the solutions of a? + b%4 = +1 are

a = =+1 and b= 0. So the set of units U of Z[2i] is {£1}.

Secondly, we will prove that the quotient field of Z[2i] is K = Q[i]. Take
z/y € K where x = a+b2i and y = c+d2i for a, b, ¢,d € Z such that c+d(2i) # 0.

Then
x  a+b2i ac+4bd  2(bc—ad) .

Y ctrdzi E4ar | Arad

€ Qli]

On the other hand, since Q C K and 2i € K, ¢ € K. Hence Q[i] C K, and

the equality follows.

Finally, we can define the group of divisibility G of Z[2i] as follows,

G =Q[i|"/U = {(z + yi)Ulz,y € Q,x +yi # 0}

where

G=A{z+yilz,y € Qx> 0o0r x=0and y > 0}.
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2.2 Structure of Valuation Rings

Theorem 2.16 [7, Theorem 17.1] Let V' be a valuation ring which is not a field,
and let A be a proper ideal of V.

(i) If A is finitely generated, then A is principal.

(ii) /A is a prime ideal of V.

(117) ﬁ A" = Py is a prime ideal of V. If for some positive integer k,
AF = Akiil then A is an idempotent prime ideal.

(iv) Each prime ideal properly contained in A is contained in Py

(v) If B is an ideal of V such that A C /B, then B contains a power of A.

Proof.
(i) Let A =< ay,...,a, >. The set {< a; > |i = 1,...,r} of principal ideals is
linearly ordered under inclusion, and hence there exists k, 1 < k£ < r such that

< a; > is contained in < a; > so that A is principal.

(ii) Let S be the set of all minimal prime ideals of A. Since the set of prime

ideals of V' is linearly ordered under inclusion, S contains a single element which
is P. Therefore v/A is a prime ideal of V, since VA = PﬂSP =P.
€

(iii) We prove that Py is a prime ideal by showing that V'\ Py is a multiplicative
system. Hence if z,y € V' \ Py, then there are positive integers m,n such that
x ¢ A" and y ¢ A™. Therefore A" C< x > and A™ C< y >. Multiplying the
first containment by the invertible ideal < y >, we obtain A" < y >C< xy >, and
since A™ C<y >, A" C A" <y >. Hence A" C< xy > and xy € V' \ P,.

If for some k € Z*+, A¥ = A*1 then Py = A*. Therefore since P, is prime,

A C Py = A* sothat A = A¥ = A**! Thus A2 = A¥*! = A and A is prime.
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(iv) If P is a prime ideal of V and if P C A, then P contains no power of A.
Therefore P C A* for all k € ZT, consequently, P C (| A* = P.
k=1
(v) We will prove that for all positive integer k, A* ¢ B implies that A is not
contained in v/ B properly. Let A* ¢ B for all k € Z*. Then B C AF for all
k € Z*, which implies B C Py. So VB C Py C A which means that A is not

contained in /B properly. O

Exercise 2.17 [7, §17, Exercise 1] More generally, parts (i),(ii),(iv),(v) of
Theorem 2.16 are also wvalid for a chained ring V', but the assertions of part
(11i) does not hold for V; take V =7/ <8 >, A=< 4>/ <8 >. If, however, A

properly contains a prime ideal of V', then part (iii) of Theorem 2.16 is valid for
V and A.

Solution. It can be easily seen that (i),(ii),(v) of Theorem 2.16 are also valid for
a chained ring V.

To prove (iv), we show that VAR = /A for all k € ZT, where A is an ideal
of a chained ring V. V Ak C /A is obvious. Take x € \/Z, then z® € A for
some s € Z*, so x°* € A* which implies = € VAF. Hence VA* = VA. Let
At C P for some t € Z*, where P G A is a proper prime ideal of V. Then
A C VA= VAt C /P = P, which contradicts that P is proper in A. Hence
A% ¢ P for all k € ZT. Since ideals of V are linearly ordered, P C A* for all
k € Z". Then P is contained in P.

We have V =7/ < 8 > is a chained ring. To prove (iii) of Theorem 2.7 does
not hold for V, let A =<4 >/ <8 >. Then A? =< Oy >= A3 = A' = ...

Hence (] A" =< 0y > which is not a prime ideal of V' that is
1

n—

(24 <8>)(4+ <8 >) =<8 >€< 0y >, but 2+ <8>),(4+ <8>) ¢< 0y >.
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Also A% = A3, but A #< 0y >= A% Thus A is not idempotent.

Let P be a prime ideal properly contained in A. Assume there exist
s € Z* such that A% C P. Then A C VA = VA% C P which contradicts
P is proper in A. Thus P & A for all positive integer k and P C ﬁ A" = Py.
To prove V' \ Py is a multiplicative system, take z,y € V' \ Py th;t: 1is. r ¢ AF
and y ¢ A™ for some positive integer k,m € Z*. Since V is a chained ring,
V/P is also a chained ring by Exercise 2.13 and < 0 >G A*/P C<z+P >
and < 0 >G A™/P G< y+ P > in V/P. Since P is prime, V/P is a domain
and y + P is a regular element in V/P. That implies < y + P > is an invertible
ideal. Thus (A*/P) <y+P >S<ay+P >. Since A™/P C< y+ P >, we have
Akt P C(AF/P) <y+P >S<ay+P > that is zy ¢ A*™ and zy € V' \ Py.

Assume A¥ = A**1 for some positive integer k, then Py = A* and
A* D Py = /Py = VA =VAD AD A for any positive integer s.

Hence A is an idempotent ideal. [

Remark 2.18 A wvaluation ring is a Bezout domain.

Exercise 2.19 [7, §22, Ezercise 12] If R is a Bezout ring, then R/I is a Bezout
ring for each ideal I of R.

Solution. If I = R, the result is clear. Let N/I =< a;+1I,...,a, + 1 > be a
finitely generated ideal of R/I where I is a proper ideal of the Bezout ring R and
ai,...,a, € R. Then J =< ay,...,a, > is a finitely generated ideal of R which is
contained in N. Hence J =< s > for some s € J. We claim that N/I = (J+1)/I.
Since J, I C N, clearly (I +.J)/J C N/I. To show the other side of the inclusion,
take x + I € N/I then, clearly, x + I = Zn:(am +1) = (Zn: ar)+1e(J+1)/1

i=1 =1
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where r; € R for ¢ = 1, ...,n. Hence,
N/ IT=(J+1D)/I=<s+1>,

that is N/I is principal and R/I is a Bezout ring. [

Definition 2.20 A prime ideal P of a ring R is called branched if there exists a
P-primary ideal distinct from P; if P is the only P-primary ideal of R, then P

1s said to be unbranched.

The following theorem deals with the set of primary ideals of a valuation ring.

Theorem 2.21 [7, Theorem 17.3] Let V' be a valuation ring which is not a field,
and let O # P be a prime ideal of V.

(i) If Q is P-primary and if x € V \ P, then Q = Q < x >. If Q is finitely

generated, then P is a mazximal ideal of V.

(i) If S = {Qx\|\ € A} is the set of P-primary ideals, then S is closed under

multiplication. In particular, {P*}22, C S. If P # P?, then S = {P*}2 .

(iii) If P is branched and Q) is P-primary, Q # P, then ﬁ Q"= ) Qx.
n=1

AEA

(iv) Po = () Qx is a prime ideal of V, and there are no prime ideals of V
AEA

properly between Py and P.

(v) The following are equivalent:

(a) P is branched.
(b) There is an ideal A # P such that P = v/A.

(¢) P is the radical of a principal ideal.
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(d) P is not the union of the set of prime ideals of V' properly contained
in P.
(e) There is a prime ideal M properly contained in P such that there are

no primes of V' properly between M and P.

Proof.

(i) Since x ¢ P, Q C< x >, and since < x > is invertible, there exists an
ideal A of V such that Q@ = A < x >C A. Moreover, () is P-primary and x ¢ P,
sothat A C Q) C A. Hence Q = Q < x >.

If @ is finitely generated, () is a nonzero principal ideal and hence an
invertible ideal. Thus if x is any element of V' \ P, < x >= V| z is a unit

of V, and consequently, P is a maximal ideal of V.

(ii) If @Q1,Q2 € S, we show that Q1Q € S. We have

V@i~ Vv - .

If x,y € V with zy € Q1Q2 and = ¢ P, then by (i)

Q=01 <x>, <z><y>=<ay >C Q10 =<1z > Q1Qs.

Therefore, y € Q1Q2 and @Q1Q2 is P-primary.

If P # P2 we show that each P-primary ideal @) is a power of P. By
Theorem 2.16 (v), Q contains a power of P2, and hence a power of P. We choose
k minimal such that P* C Q. There exists y € P*"1\ Q. Hence Q C< y > and
Q) = A <y > for some ideal A of V. Since @) is P-primary and y ¢ @, it follows

that A CP. Hence Q = A<y >C P <y >C P* and Q is a power of P.
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(iii) Since {Q"}r2, € S = {Q.}, clearly ) Qx C ﬁ Q™ By Theorem 2.16
AEA

n=1

(v), each @, contains a power of @), hence the reverse containment also holds.

Hence () Q) = ﬁ Q.
AEA n=1

(iv) If P is unbranched, it is obvious.

If P is branched, by (iii) Py = ﬁ Q" for each P-primary ideal Q # P.
Therefore Py is prime and each primenijileal properly contained in P is contained
in Py by Theorem 2.16(iii). Consequently, there are no prime ideal of V' properly
between Py and P.

(v) (a) = (b) clear.

(b) = (c) Suppose there exists A # P such that P = /A. If 2 € P\ A, then
AC<z>CP,sothat V<2 >CP=VAC<z>350P =<z >

(¢) = (d) Suppose P = y/< x >, then z is not in any prime ideal of V' properly
contained in P. Therefore, P # |J Qa.

Qx<dpV
QG P
(d) = (e) Suppose P # |J Q. Here Q, ’s are linearly ordered since V
Qx<p V
QG P
is a valuation ring. So  |J @, is an ideal. Furthermore it is prime.

Qx<pV
AxG P

(e) = (a) This is a consequence of the following lemma. [

Lemma 2.22 [7, Lemma 17.4] Let P and M be proper prime ideals of the ring
R such that P C M and such that there are no prime ideals of R properly between

P and M. Then P is the intersection of the set of M-primary ideals containing
P.

Proof. By passage to R/P, without loss of generality we may assume that R is

a domain, M is minimal in R, and P =< 0 >. And by further passage to R,
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it is sufficient to prove the lemma for the case where M is the maximal ideal of
the one-dimensional quasi-local domain R, and P =< 0 >. In this case, we only
need to show that if d is a nonzero element of M, then there is an M-primary
ideal not containing d. But d ¢< d? >, and < d*> > is M-primary since M, the

radical of < d? >, is maximal in R. O

Exercise 2.23 [7, §17, Ezercise 4] Let D = Z.o~ + zQ[[z]]. D is a valuation
ring. (See Example 2.8)

(1) Prove that the second statement in (i) of Theorem 2.21 fails in a chained
ring by taking Q to be the zero ideal of D/x*Ql[x]].

(2) Prove that (ii) of Theorem 2.21 fails in a chained ring by taking
P = zQ[[z]]/xD.

(3) Prove that (i11) of Theorem 2.21 fails for P = xQl[x]]/2*D and
Q = 2*Q|[z]]/23D in the chained ring D/x*D; the same example shows that
(iv) of Theorem 2.21 fails for a chained ring.

(4) Give examples to show that the implications (a) = (e) and (b) = (a) in

part (v) of Theorem 2.21 need not hold in a chained ring.

Solution.

(1) If V' is a chained ring, then V/A is a chained ring for any ideal A of V' by
Exercise 2.13. Since any valuation ring is a chained ring, D and D/z*Q|[z]] are
chained rings.

Fact 1: P = 2Q][z]] is a prime ideal of D.

Let f.g € zQ[[z]], where f = i a;rt g = i biz' € D. Then aghy = 0.
However Z o~ is a domain. So ag = ZO:(())r bo =0 th:tois f € zQ[[z]] or g € zQ[[x]].

Fact 2: I = z*Q[[z]] is P-primary ideal of D.

Take f = iaixi,g = iaixi € D with f* ¢ I for all k € Z* such that

i=0 i=0
f.g € 2*Q[[z]]. Clearly, ag # 0, apby = 0 and agh; + a;by = 0. So by = b; = 0 that
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is g € I. Also we have to show that /T = P. Let P’ be a prime ideal containing
I. Take f € P, then f2 € I C P. So P C P'. Thus VI = P. Hence I is a
P-primary ideal of D.

Fact 3: @ is a P-primary (prime) ideal if and only if Q/I is a P/I primary
(prime) ideal of R/I for all I C Q.

(a+ I)b+1) € Q/I if and only if ab € @ and @ is P-primary that is
ab € @ implies a € Q or " € @ for some n € Z* if and only if a + 1 € Q/I
or (b+ )" € Q/I when (a+ I)(b+ 1) € Q/I. Also /Q = P if and only if
VQ/IT=P/I

As a result of these three, we have J = zQ|[z]]/z*Q[[z]] is a prime ideal
of D/xz*Q[[x]] and < Op/u2qey > is a J-primary ideal of D/z*Q[[z]]. Clearly
< Op/a2q(z)) > is finitely generated.

We know that M = 2Z o~ + 2Q[[z]] is the unique maximal ideal of D. Then
P S M which implies P/I & M/I that is P/I is not maximal.

(2) We have 2?Q[[z]] C D. If f = i a;z' € r*Q|[x]], then ay = a; = 0. Thus
f = z(0 + agx + --+) € xD,z:sOince 0 + ax + --- € D. Hence
P? =< Opyep >. So P # P?. We will prove that P? =< Op,,p > is not a
primary ideal of D/xD. Take m = 2/1 4+ xD,n = (1/2)x +xD € D/xD. Then
mn = xD € P?. Clearly neither m* nor n is in P? for all k € Z*. Thus P? is

not in the set of primary ideals of D/xD.

(3) In part (1), Fact 2, we proved that z?Q|[[z]] is zQ][[z]]-primary ideal of
D. And by Fact 3 in part (1), Q is P-primary ideal of D/z3D and Q # P.

Then P is branched. Clearly, Q* =< 0p/,2p >, since 2*Q[[z]] C z*D. Hence,

Qn =< OD/xD >.
=1

n
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Let S be the set of P-primary ideals of D/x3D. We claim that P? is the
smallest P-primary ideal of D/x3D. First, let’s prove that P3 is P-primary
ideal of D/z3D. Clearly, VP3 = P. Take m = ag + a1@ + asa® + azz® + 23D,
n = by + bz + box? + byx® + 23D € D/x3D such that mn € P3. Assume
m ¢ P, then ag # 0, and by = b = by = 0. Son € P? and P € S. To show
P? is the smallest P-primary ideal, take 0 # I/2°D € S. Let I/2°D & P°.
Assume I/2*D #< Opjesp >, then 2°D G I G 2°Q[[z]]. By Example 2.9, I
is of the form z?(< 1/2° > +2Ql[z]]) for some s € Z*. Assume s = 1, then
(4+23D)((1/4)23 + 2®D) € I/2*D, but (4 + 23D)", ((1/4)2® + 23D) ¢ 1 /23D,
for all n € Z*. Hence I/2*D is not primary. Let I/2*D =< 0p/,sp >. Take
m =2+2*D,n = (1/2)z*+2°D € D/2*D such that mn €< 0p/,3p >. However,

neither m*

nor n is in < Op/esp > for all k € Z*, that is, < 0p/,sp > is not
primary. Then I/23D is not properly contained in P3. Since ideals of a chained
ring are linearly ordered, we have P3 C I/x3D. Thus P? is the smallest element

of S. Hence [\ Q= P? and
Q€S

N ex#[) e

QreS
(4) Since zQ[[z]] is a prime ideal of D and z?D C zQ|[z]], by Fact 3 we can
say that P = zQ|[z]] /22D is a prime ideal of D/z%D. Similarly, by Fact 3, P? is
P-primary ideal of D/x*D. We also have P # P?, so P is branched. Moreover,

< Op/y2p > is not a prime ideal of D/2?D that is
((1/2)z*+2°D)(2+2°D) €< Opj,2p > where ((1/2)2*+2°D), (242°D) ¢< Op/s2p > .

Let NG P be a prime ideal. Then N #< Opj,2p > and N' = S/z*D for

some prime ideal S of D with < 0p ># 2°D G S G zQ[[]]. But since D is a
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valuation ring, by parts (iii) and (iv) of Theorem 2.21, < 0p >= ﬁ r?Q[[x]] is
a prime ideal of D and there is no prime ideal between < 0p > am(f{€ ?Q [z]. Hence
there is no prime ideal N properly contained in P.

Let P = zQ|[z]]/xD which is a prime ideal of D/xD by Fact 3. We claim
that < Ops,p > is not a primary ideal and \/W = P. We have
(2 + zD)((1/2)x + D) €< Oppp > where (2 + zD)* and
((1/2)x+xD) € D/xD\ < 0p,,p > for all k € Z. So, clearly, < Op/,p > is not a
primary ideal. Assume there exists a nonzero primary ideal @ of D/xD which is
properly contained in P. Then, by fact 3, Q = I /xD for some primary ideal I of
D such that D G I G 2Q[[z]]. Then by Example 2.9, I = z(< 1/2° > +2Q[[z]])
for some s € Z*. Since 2((1/25")z) € I where 2%, ((1/2°)z) € D\ I for
all k € Z7*, any ideal of this form is not primary. So there is not a pri-

mary ideal properly contained in P that also means there is not a prime ideal

properly contained in P. Hence /< Op,,p > = P, but P is not branched. [J]

Exercise 2.24 [7, §17, Exercise 30] Let V' be a valuation ring with mazimal ideal
M and value group, the group of divisibility of the valuation ring V, G = K*/U
where K is the quotient field of V' and U 1s the set of units of V. Prove that M

is principal if and only if G contains a smallest strictly positive element.

Solution. Let M = xV for some x € V, clearly, x is not a unit in V' that is
M =2V G V implies 2U > U in G by Remark 2.1. Take y € V such that
yU > U that is yV ; Vand 1/y ¢ V. Hence y € M and y = kx for some k € V,
then y/z =r € V that is yV C a2V and yU > zU in G. Thus G has a smallest
strictly positive element.

Conversely, assume alU € G such that for all zU > U in G, zU > aU, then
clearly aV' & V and @ € M. Take any y € M. Since y is nonunit in V' and

yU > U, by assumption, we have yU > aU. Hence yV C aV and M =aV. O
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Exercise 2.25 [7, §17, Exercise 13] Let V' be a nontrivial valuation ring on the
field L and assume that V = K + M, where K is a subfield of L and M is the
maximal ideal of V. Let D be a proper subring of K, and let Dy = D+ M. Then
prove:

(1) If N is a multiplicative system in D, then (D1)y = Dy + M. IfP is a
prime ideal in Dy and if P C M, then (D1)p = Vp so that (D1)p is a valuation
Ting.

(2) Dy is a valuation ring if and only if D is a valuation ring on K.

Solution. Clearly, K N M = {0}. Then D N M = {0} and any element d € D,
can uniquely be represented as d = r + m where r € D and m € M.

(1) Let (r+m)/s € (Dy1)y where r € D, m € M and 0 # s € N C D,
then (r +m)/s = r/s+m/s € Dy + M since 0 # s € D C K, 1/s € K,
m/s € M =VM=KM for any m € M that is (D;)y C Dy + M

On the other hand, take a/s+m € Dy+ M wherea € D, s € N and m € M,
then a/s +m = (a +ms)/s € (D;)y since M is an ideal of V and s € D C V.
Thus equality holds.

Let P be a prime ideal of D; properly contained in M, clearly (D;)p C Vp.
To show the equality, take a € Vp. Since P C M, there exists n € M — P. So
for any v € V, ovn € M. Then a = v/s = vn/sn € M(D;1)p C (D;)p, where

v eV and s € D; —P. Hence (D;)p is a valuation ring.

(2) Assume D; is a valuation ring on L. Take a nonzero element k of K.
Then k or k™' € D,. If k € Di, k = d+ m for some d € D and m € M.
This implies that k —d = m € KN M = {0}, hence k € D. If k! € Dy,
then k! € D in a similar way, that is, D is a valuation ring on K. Let D be

a valuation ring on K and let 0 # [ € L. Since V is a valuation ring, we have
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leVorlteV. Thenl=k+mor It =k+m where k € K and m € M.
Moreover, since D is a valuation ring, k¥ or k~! € D. Assume k € D, then
clearly, [ or ™' € D;. Assume k! € D that is k # 0. Then for the first case
7' =1/(k+m) =1/k —m/(k +m) € Dy, since (k+m) ¢ M implies it is a
unit in V' then m/(k +m) € M =V M. Similarly, "' € V and k= € D implies

l=1/(k+m) € D;. Thus D, is a valuation ring. [J

Exercise 2.26 [7, §20, Ezxercise 11] If p(x) = ax + b is a polynomial in K[z] of
degree 1 where K is a field, prove that the valuation ring V = K[t]<p@)> is the
sum of K and the mazimal ideal of V.. The valuation ring K[[z]] is of the same

form.

Solution. First, we will show that p(z)V is the maximal ideal of V', that is,
V —p(x)V is the set of units of V. Since p(z) is irreducible in Kz] and K|[z] is a
unique factorization domain, p(z) is a prime element in K[x] and any o € V' has
a unique formal representation such that a = f(x)/g(x) where f(x), g(z) € K|[z],
p(z) 1 g(x) and (f(z),g(z)) = 1. Now, assume § € V is a unit with the formal
representation f(z)/g(x), then o' = g(x)/f(z) € V and p(x) 1 f(x), therefore
a €V —p(x)V. To show the equality, take v € V' — p(z)V where v = h(z)/g(z)
formally represented, that is, p(z) 1 h(z) and v~' € V. Hence p(x)V is the
unique maximal ideal of V' and V is a valuation ring with the quotient field
F = {f(2)/9@)|0 # (), (z) € K[a]}.

Secondly, we prove that V' = K +p(z)V. It is easy to see that K +p(z)V C V.
To prove the converse, take a formally represented element oo = f(z)/g(z) of V.
Then by division algorithm, f(z) = p(x)fi(z) + r and g(z) = p(x)gi(z) + s,
where fi(z),g1(x),r,s € K[z], 0 < deg(r(z)),deg(s(x)) < deg(p(z)) = 1, so
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r,0 # s € K. Therefore

f@) _p)fla) | v
o)~ ) @)

Exercise 2.27 [7, §19, Exercise 3] Prove that {Z.,-|p is prime } is the set of

nontrivial valuation rings on Q.

Solution. Clearly, Z.,~ = {a =a/b € Q|a,b € Z,p 1 b} is a valuation ring on Q

with unique maximal ideal pZ,-.

Let (V, M) be a nontrivial valuation ring on Q. By definition, V is an integral
domain with identity and V N Z is a nonzero subring of Z containing identity.
That is V NZ = nZ where n € Z and 1 € nZ. Then n = £1, Z C V. Moreover,
M NZis a prime ideal of Z. If M NZ =< 0 >, then V = Q which contradicts
that V is nontrivial. So M N Z = pZ for some prime integer p. This implies
pZ C M, where M is the set of nonunits of V.

Claim: M = pZ, where pZ, = {a = a/b € Qla,b € Z,pla,p { b}.

Take 0 # o = a/b € M where a,b € Z and (a,b) = 1. Since a = b.(a/b) €
MNZ = pZ and (a,b) = 1, pla and p t b. Thus M C S. On the other hand,
take 3 = x/y € S. By definition, p|z and pty in Z and = = y.(z/y) € pZ C M.
Since M is prime and y ¢ M NZ = pZ, x/y € M. Hence M = pZ,.

Take @ = a/b € Q where a,b € Z and (a,b) = 1. a ¢ V if and only if

a™!' =b/a € M, since V is a valuation ring on Q and M is the set of nonunits
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of V. Thus, we have

Q\V ={a=a/beQla,be Z,plb,pta}

which is equivalent to

V={a=a/beQla,beZ,ptb}="7Zp>.

Exercise 2.28 [7, §19, Exercise 5] Let V' be a valuation ring on a field K and
let L be an extension of K. Prove that there is a valuation ring W on L such

that WNK =V.

Solution. Let V' be a valuation ring on K with unique maximal ideal M and
let F ={S|V C S C L,S is asubring of L, MS # S} where MS is an ideal of
S generated by M in S.

Clearly, F # 0 such that V € F, since V is a subring of K and L is an
extension of K, V is a subring of L and MV = M # V. F is partially ordered

with respect to inclusion. Let H be a nonempty totally ordered subset of F.

Claim 1: T'= [J S is an upper bound for H.
SEM

Clearly, T is a ring and V C T C L. Assume MT = T, then 1 = i a;t;
where a; € M and t; € T. Since H is totally ordered, there exists Sy € 7;:1such
that t; € Sp for i = 1,...,n. So MSy = Sy which contradicts that Sy € F. Thus,
MT #T and T € F. By construction, T is an upper bound for ‘H in F.

By Zorn’s Lemma, F has a maximal element W, such that RC W C L, W

is a subring of L, MW # W and W is maximal with respect to these properties.
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Claim 2: W is a valuation ring on L.

W is a proper subring of L, since MW # W. Assume there exist 0 # = € L
such that z ¢ W and 27! ¢ W, then W[z| and W[z~!] are subrings of L. Since
W is maximal with respect to the given properties, then MW{z| = W|z] and
MW x™1 = Wz™1]. That is

l=ay+--+a2" (1) and 1 =by+ -+ + bz~ ™ (2),

where n, m are minimal. So ag # 1,a,, # 0, by # 1 and b, # 0. Assume n > m.

Multiply (1) by (1 — bg) and (2) by a,z™, we have

(1=by) = ap(1=bg)+- - -+a,(1=bo)z" (3) and 0 = a,(bo—1)x"+ - 4, bypx" ™™ (4)

Summation of (3) and (4) gives 1 = (a,b1+an—1(1—bg))x™ 1+ -+ (ag—agbo+bo)
where not all the coefficient of z¢ are zero and this contradicts the minimality of

n. Thus, x or x71 € W and W is a valuation ring on L.

Claim 3: WNK =V.

Clearly, V.C W N K. Assume W N K ¢ V such that there exist a € W N K
and a ¢ V. Then 1/a € V is nonunit. That is 1/a € M, 1 = (1/a)a € MW and
MW =W, which contradicts W € F. Thus, W N K C V and equality holds. [

Exercise 2.29 [7, §19, Exercise 15] If R is a subring of the ring S, we say that
R has property (C') with respect to S if each ideal of R is the contraction of an
ideal of S.

1. The following are equivalent:
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(a) R has property (C) with respect to S.

(b) For each ideal A of R, A = A®‘; here e and c respective denotes the

extension and contraction of ideals.

(c) For every finitely generated ideal A of R, A = A®°.

2. Assume that S is a subring of the ring T. If R has property (C') with respect
to T, then R has property (C') with respect to S. If R has property (C') with
respect to S and S has property (C) with respect to T, then R has property

(C) with respect to T .

3. R has property (C) with respect to S if and only if R has property (C') with
respect to S; for each intermediate ring S; which is a finitely generated ring

extension of R.

Solution.
(1) (a) = (b) Let R has property (C) with respect to S, then there exist an
ideal I of J for any ideal A of R such that A = I¢ that is A° = [°°. Using an

elementary proof, it can be shown that 7°“ = I¢. Hence
A=1°=]°“=([99"= A* for any ideal A of R.

(b) = (c) is clear.
(¢) = (a) Let A = A® for any finitely generated ideal A of R. Let I be an
ideal of R, then clearly, I C IS N R. Take m € IS N R such that m = > s;z;

=1

where s; € S and z; € I for all i. Then I; = ) Rux; is a finitely generated ideal of
i=1
R which is contained in I and by assumption, I; = ;S N R. Since m € [[SN R,

m € I; C I and hence I = ISN R.
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(2) Assume R has property (C) with respect to T, that is I = IT N R
for any ideal I of R by part (1). Then IT NS is an ideal of S and
I =ITNR=ITN(SNR) = ({ITNS)NR for all ideal I of R. To prove
the second statement, assume I = ISN R and J = JT NS for any ideal I of R
and J of S. Since IS is an ideal of S for any ideal I of R, IS = IT' NS and
I=(ITNS)NR=ITN(SNR)=ITNR.

(3) The necessity follows from part (2). Let [ = I.5; N R for any ideal I of R
where S; is an intermediate ring such that S; = R[my1, ..., m,,] where n; € Z*.
It is easily seen that I C I.SN R for any ideal I of R. Take o € IS N R such that
o= Xn: s;x; where s; € S and z; € [ for all 2. Then [1.5] = Zn: Six; is an ideal of
the iZn:tlermediate ring S; = R|sy, ..., S,| containing o where Zzl =< X1, ..., Ty > 18

an ideal of R contained in I. Hence, by assumption, o € [1SiNR = I; C [.Thus,

I = 1SN R and by part (1), R has property C' with respect to S. [J

Exercise 2.30 [7, §19, Exercise 16] Assume that J is an integral domain with
wdentity and that D is a subring of J with identity.

(1) If D has property (C') with respect to J and if N is a multiplicative system
in D, then Dy has property (C) with respect to Jy.

(2) If {M)}ren is the family of mazimal ideals of D and if for each A € A,
D, has property (C) with respect to Jp\a, , then D has property (C') with respect
to J.

(8) Each principal ideal of D is the contraction of an ideal of J if and only if
JN K =D where K is the quotient ring of D.

(4) If D is a Bezout domain, then D has property (C) with respect to J if and

only if JNK =D.
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Solution. (1) Let M be an ideal of Dy, then M is of the form Dy where
I = M¢is anideal of D and I = IJN D, by assumption. So we should prove that
(IJND)Dy = IJy N Dy. Clearly, (IJ N D)Dy C IJy N Dy. Take
a =afs € IJyN Dy where s € N and a € IJ. Since o € Dy, there exists
n € N such that an € D that is an € DNIJ and a = an/sn € (DNI1J)Dy and

the equality follows.

(2) Let I be an ideal of D, then by Remark 1.10, I = () IDy, and
A€A

ID g, = IJp\pm, N Dy, for all A € A by assumption. Thus

I = m IDpm, = m(IJD\MA mDM}\) = (ﬂ ‘[‘]D\M/\) n ﬂ D,
AEA AEA AEA AEA

= () IJoww) "D = ([ IJpym,) NI N D,
AEA AEA

where () IJp\m,) N J is an ideal of J. Thus D has property (C) with respect
AeA

to J.

(3) Let Dx = JxND for all x € D and let a/b € JNK such that a,0 # b € D,
then a € Db = JbN D that is a = db for some d € D and a/b = db/b=d € D.
Thus J N K C D and the other inclusion is clear and equality holds.

Conversely, let J N K = D. Take m € Jx N D for some nonzero x € D that
is m = ax for some a € J. Then « = m/x € JNK = D and m € Dz. Thus
clearly Dx = Jx N D for any nonzero x € D. If z = 0, the result is clear. So we

are done.

(4) Let the Bezout domain D have property (C), then Dz = Jx N D for all

x € D and the result follows from part (3).
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Conversely assume D = J N K and [ is a finitely generated ideal of D that is
I = Dz for some z € D. Then I = Jx N D by part (3) and D has property (C)

by part (1) of Exercise 2.29. [

2.3 Structure of Prufer Domains

Theorem 2.31 [7, Theorem 22.1] Let D be an integral domain with identity.
Then the following are equivalent:

(i) Dp is a valuation ring for each proper prime ideal P of D.

(ii) Dpq is a valuation ring for each mazximal ideal M of D.

(i1i) Each nonzero finitely generated ideal of D is invertible.

(iv) Each nonzero ideal of D with a basis of two elements is invertible.

Proof. (i) = (ii) and (éi7) = (iv) are clear.

(17) = (iii) Let {My|\ € A} be the set of maximal ideals of D. If A is a
nonzero finitely generated ideal of D, then AD 4, is a finitely generated ideal of
the valuation ring D4, . Therefore AD, is principal for each A € A. Then A is

invertible by Theorem 1.17 and Proposition 1.18.

(iv) = (i) We will show that Dp is a valuation ring by showing that each
pair of principal ideals of Dp compares under inclusion. If x,y are two nonzero
elements of Dp such that © = x1/s1, y = y1/s2 where x1,y; € D, s1,80 € D\ P.
Then 2Dp = x1Dp, yDp = y; Dp. Since (iv) holds, < zy,y; > is invertible in D.
By Theorem 1.17, < x1,y; > Dp is invertible and Proposition 1.18 shows that
< x1,y1 > Dp is either x1Dp or y;Dp. Let’s say < xq1,y1 > Dp = x1Dp, then

yDp C xDp so that (i) holds. O
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Definition 2.32 A domain satisfying the equivalent conditions of Theorem 2.31

is called a Priifer domain.

Remark 2.33 [7, Proposition 5.8] Let N be a multiplicative system in the ring
R and let A be an ideal of R disjoint from N. Then Ry/A® = (R/A)(Nnta)/a

where A¢ denotes the extension of A with respect to Ry.

Proof. By definition, (R/A)(n4ay/4 is the quotient ring of (R/A)/(C/A) with
respect to the multiplicative system N; = {(n + A) + (C/A)|n € N} where C
is an ideal of R consisting of all elements = such that zn € A for some n € N.

Hence C' = A°“, extension and contraction being with respect to Ry. Further,

N is regular in (R/A)/(C/A). Define

¢: (R/A)/(C/A) — R/C
r+ A+ (C/A) — z+C

Clearly, ¢ is an isomorphism and ¢(N;) = {n + C|n € N} = (N + C)/C.
Therefore, (R/A)(nta)ya = (R/C)(n+oyyc ={(r+C)/(n+C)|r € R,n € N}.

If we define B such that B = {z € R|0 € zN}, then by definition,
Ry ={(r+ B)/(n+ B)|r € R,n € N}. Define

: Ry —  (R/C)v+oyc
(r+B)/(n+B) — (r+C)/(n+0O)

Since B C C, 0 is well defined, and clearly, 6 is a homomorphism and

kerf = {(c+ B)/(n+ B)|c € C} = C° = A** = A°,

Therefore Ry/A® = (R/C)(nyoyc = (R/A) (N ay/a. O
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Proposition 2.34 [7, Proposition 22.5] Let D be a Prifer Domain, let S be a
multiplicative system in D, and let P be a proper prime ideal of D. Then Dg and
D/P are Priifer domains.

Proof. If Q is a prime ideal of Dg, then Q = MDg for some prime ideal M
of D with M NS = (). Therefore (Ds)g = (Ds)mps = Dpq is a valuation ring,
since D is a Prifer domain. Hence Dy is a Priifer domain.

Similarly each proper prime ideal of D /P is of the form M /P for some proper
prime M of D containing 7P. Further Proposition 2.33 shows that
(D/P)pyp = Dm/Pe. Since D is Priifer, Dy is a valuation ring. It follows
that D/P is Priifer. O

Lemma 2.35 [7, Lemma 23.1] Let R be a ring with identity, let { M} ea be the
set of mazimal ideals of R, and for all A\ € A, let ey and cy, respectively denote
extension and contraction of ideals of R to Ry, . If A is an ideal of R with prime

radical P, and if A is P*-primary for all A € A, then A is P-primary.

Proof. We let that ) be the isolated P-primary component of A; @ is the
unique minimal P-primary ideal of R containing A. But by hypothesis, A®
is P-primary for each A such that P C M,, and if A € M,, then A>> = R.
Therefore, @ C [ A = A by Remark 1.10, so that A = @) and A is P-primary.

AEA
U

Lemma 2.36 [7, Lemma 23.2] Let A =< ay,...,a, > be an invertible ideal of
the commutative ring R with identity. If P is a minimal prime ideal of A, then

P is a minimal prime of one of the principal ideals < ay >, ..., < a, >.

Proof. Clearly VARp = PRp. Since ARp is invertible, it is principal and equal
to < (a;/1) > for some i, by Proposition 1.18. Then PRp is a minimal prime of

< (a;/1) >, and it follows that P is a minimal prime of < a; >. O
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Theorem 2.37 [7, Theorem 23.3] Let P be a nonzero proper prime ideal of the
Priifer Domain D.

(1) If Q is P-primary and if v € D\P, then Q = Q[Q+ < x >]. If Q is finitely

generated, P is a mazimal ideal in D.

(i) If S = {Qx\|\ € A} is the set of P-primary ideals, then S is closed under
multiplication. In particular, {P*}22, C S. If P # P?, then S = {P*}2,.

(111) If P is branched and if Q is P-primary, Q # P, then (ﬁ Q"= ) Qx.

=1 AEA

(iv) Po = [\ Qx is a prime ideal of D, and there are no prime ideals of V
AEA

properly between Py and P.

(v) The following conditions are equivalent:

(a) P is branched.

(b) There is an ideal A # P such that P = v/A.

(c) P is a minimal prime of a principal ideal.

(d) P is a minimal prime of a finitely generated ideal.

(e) P is not the union of the set of primes of D properly contained in P.

(f) There is a prime ideal M properly contained in P such that there are

no primes of D properly between M and P.

Proof.

(i) To show that @ = Q(Q+ < x >), it is sufficient to show that
QDpm = (Q* + Q < x >)Dy for each maximal ideal M of D. If Q € M,
then QDy = Q?Dyy = Dy If Q € M, then QD is PDpy-primary, where

Dy is a valuation ring and where z ¢ PD,,. By part (i) of Theorem 2.21,
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QDy=Q < x> Dy And since Q* C Q, QD = [Q* + Q < x >|D . Hence,
Q=QIQ+ <z >].

If @ is finitely generated, @) is a cancelation ideal, then Q = Q[Q+ < x >]
implies D = Q+ < x > for all x € D\ P. Therefore, P+ < z >= D for all

z € D\ P, and P is maximal.

(i) If @1,Q2 € S and if M is a maximal ideal of D and
VO1Q: = VVQivVQ: = VP2 = P, then (QDu)(Q2Dp) = QiQ2Dy is
P D p-primary, by Theorem 2.21. Since Q1@ has radical P, Q1()2 is P-primary
by Lemma 2.35, that is, S is closed under multiplication. If P # P2, then
PDp # P2Dp, since P? is P-primary and P? = P2Dp N D. Hence {P*Dp}°,
is the set of P Dp-primary ideals of Dp implies {P¥Dp N D}, = {P*}2° | is the

set of P-primary ideals of D.

(iii) Since @y = QxDp N D for all A € A, this part follows from (iii) of

Theorem 2.21.

(iv) Similarly, this part follows from (iv) of Theorem 2.21.

(v) We note that P is branched if and only if PDp is branched, that P is
the union of set of primes if and only if this property holds for PDp and that
there is a prime ideal M C P such that there no primes between M and P if and
only if the same holds for PDp. Hence condition (a),(e) and (f) are equivalent
by Theorem 2.21.

Clearly, (a) implies (b) and (c) implies (d). By Lemma 2.36 (d) implies (c).
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(¢) < (e) This equivalence holds in any ring. One side of this implication is
clear. To prove the other side, let (c) holds, where P is a minimal prime of the
principal ideal < & >. Then there are no primes between P and < x > so that
any prime ideal contained in P does not contain x. Hence P is not the union of
the set of primes which it contains properly.

(b) = (a) Since A C P, there is a maximal ideal M of D containing P such
that ADy, C PD . Further, PDy, = v/AD . Theorem 2.21 shows that P D,

is branched, and consequently, P is branched. [

Exercise 2.38 [7, §23, Ezercise 8/Assume that Raq is a chained ring for each
mazimal ideal M of R. Consider the analogs of parts (i) and (v) of Theorem
2.37 for the ring R. Prove

(') If Q is a P-primary ideal of R and if x € R\ P, then Q = Q[Q+ < x >].
If Q s regular and finitely generated, then P is maximal in R

(v") For a nonzero proper prime ideal P of R, prove that the following implica-

tions hold among the siz conditions of part (v) of Theorem 2.37:
(f) = (a) = (b) = (c) & (d) < (e).

Solution.

(7') We will prove that QRy = Q[Q+ < x >|Rpq for each maximal ideal M
of R. f Q € M, QRym = Q*Rpm = Ry C (Q* 4+ Q < 2 >)Rp C Ry implies
QRym = (Q*+Q < o >)Ry. If Q C M, then QR is PRy-primary ideal of

the chained ring R .

QRpm C PRy C< x>, since x ¢ PRy

Then for all « € QRpr, a = rx, for some r € Ryy. Let I = {r € Ry|re € QR }-

Clearly, I is an ideal of Ry and [ < x >= QRnq. Since QR is PR -primary,
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kx € QRyp and x ¢ PRy for all k € [ implies k € QRp. Hence
I CQRy =1 < x>C I implies Q < x> Ry = QR Since Q*Ry C QR
QRy = QQ+ < x >|Rp. Thus Q = Q[Q+ < = >].

Moreover if () is finitely generated and regular, then we will show that
QRm+ < @ >= Ry for each maximal ideal M of R. If Q@ € M, result is
clear. Let ) C M. then QR4 is finitely generated, regular and proper ideal of
Rpq. Since Ry, is a chained ring, () Ra, is principal by Exercise 2.17. Thus by
Remark 1.3,

QRyr =< a > for regular a € Ry

Then QRym = Q[Q+ < x >|Rp implies < o >=< a > [< a > + < z >] that
is a(1 — ) = 0 for some § € (< a > 4+ < x >). Since « is regular, that means

# = 1. Hence

QR+ <zr>=<a>+<z>Ryand R=Q+ <x>C P+ <x>CR.

That implies P+ < o >= R for all z € R\ P. Hence P is maximal.

(") (f) = (a) follows from Lemma 2.22 and (a) = (b) and (¢) = (d) are
clear.

(b) = (c) Since A # P and there exist a maximal ideal M of R
containing P, ARy # PRy and ARy = PRy Take z/s € PRy \ AR
where z € R and s € R\ M. Then ARy C 2Ry = (x/s)Rpm € PRy Thus

VxRaym = /< x >Ry = PRy Hence, by Remark 1.11,

V<z>=+vV<z>RyNR=PRyNR=P
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(d) = (e) Let P be the minimal prime of < ay, ..., a,, >, then PR is minimal
prime for AR, which is principal when A C M for some maximal ideal M of
R that is P C M for some maximal ideal M of R. Since ARy =< x > and
V< x> = PRy for some x € Ry, then z is not in a prime ideal of Ry, properly
contained in PRy and sz € P for some s € R\ M.

Let union of prime ideals of R, properly contained in P is P. Then sx € P;
for some prime ideal P; properly contained in P and x € P; Ry where P; R is
a prime ideal properly contained in PR which is a contradiction. Hence P is
not union of primes which are properly contained in P.

(e) = (¢) Assume P is not union of primes which are properly contained in

P. Then there exist x € P which is not in the union, that is, V< x > =P.

Exercise 2.39 [7, §20, Exercise 8] Let V' be a nontrivial valuation ring on the
field L and assume that V = K + M, where K is a subfield of L and M is the
maximal ideal of V. Let D* be a proper subring of K, and let D1 = D* + M.

(1) Prove that the set of finitely generated ideals of Dy properly containing M
is the set of ideals of the form A, + M, where A, is a nonzero finitely generated
ideal of D*.

(2) The finitely generated ideals A of Dy contained in M can be obtained as
follows: Let W be a mnonzero finitely generated D*-submodule of K, let
m € M\ {0} and let A=Wm+ Mm

(8) Prove that Dy is Noetherian if and only if V is Noetherian, D* is a field,
and [K : D*] < 0.

(4) If P* is a proper prime ideal of D*, prove that (D1)p+4rm) = Dpe + M.

(5) Prove that Dy is a Prifer domain if and only if D* is a Prifer domain

with quotient field K.
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Solution. (1) Let I =< by,...,b, > be a nonzero finitely generated ideal of
D; containing M. Since V is a valuation ring with maximal ideal M, we have
KN M = {0} that is D* N M = {0}. Then D; = D* & M and any d € D; can

uniquely be represented as d = r + m where r € D* and m € M. Define

(1S 1 — D*

r+m — r

Clearly # is a well-defined homomorphism, Kery) = M and Imy) =< ¥ (by), ..., ¥(b,) >

is a finitely generated ideal of D*. Set A, = I'm, then the short exact sequence
0O—M-—IT—A,—0

splits since A, is projective. Thus [ =2 A, & M and A, & M C I implies that
I=A,+ M.

(2) Let A be a nonzero finitely generated ideal of Dy contained in M, then
A =< my,...,m, > where 0 # m; € M for all 7. Since V is a valuation ring,
m;V are linearly ordered. Without loss of generality, assume m;V contains m;V
for all . Thus, m; = (s; + n;)m; where s; € K and n; € M for all i > 2. Set
W =<1,s9,...,8, > as a D*-submodule of K, then any a € A, a = i(n +1;)m;
where r; € D* and [; € M implies -

a = Z ;81 + Z(Tznz + lz(sz + nz))ml € m1W + ml./\/l
=1 =1

and A Q m1W + ml./\/l.
On the other hand, mys; = m; — n;m; € A and miM C miD; C A implies

miW +mM C A.
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ThUS, A= m1W + ml./\/l.

(3) Let Dy be Noetherian, then M is finitely generated, since M is an ideal
of Dy. Let {m;}, be the generating set of M in D;. Moreover since V is a
valuation ring, Vm,; are linearly ordered, that is, M = Vm, for some 7. Since
any proper ideal I of V' is contained in M, [ is an ideal of Dy, hence it is finitely
generated in Dy, so principal in V and V' is Noetherian. Moreover for any k € K,

km; € M implies km; = d;ym; for ¢ = 1,...,n where d;; € D; = D* + M.
=1

j
Equivalently,

my
(kI — M) : =0
My
where M is an n X n matrix over Dy and I denotes the n X n identity matrix.
Since m; are not all zero, kI — M has determinant 0. Hence we can produce a

monic polynomial f(z) € D;[z| of degree n such that f(k) = 0. Let
f(z) = 2"+ (rp_14sp_1)x" 4 - -+(sg+ng) where r; € D*,5, € M,0 < i <n—1.

Then k™ + 7, k" '+ -+ 19 = —s5, (k"' — - — s € KNM = {0}. Thus
there exist a monic irreducible polynomial g(z) = 2" +7r, 12" ' +---+ry € Dlx]
such that g(k) = 0 which implies that k is algebraic over D*. Now take a nonzero
element a of D, then a=* € K. We proved that there exist a monic polynomial
f(x) = a"+ b, 12" 1+ -+ by of degree n over D*[z] such that f(a™') = 0, then
at=—b,_1a—---—bya™ ! € D*. Thus, D* is a field.

Let [K : D*] = oo, then there exists a basis § of K over D* containing
infinitely many elements, say 3 = {a;}52,. Define I; =< aymy, ...,a;m; >. Since

a;m; € M C Dy, I; are ideals of D; for all positive integer ¢. Then we have an
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ascending chain of ideals such that

LCLC - CLC

Since D; is Noetherian, I = I, for some positive integer k. That is

Q1M = rioqmy + -+ - + ryagmg where r; € Dy and 1 < j < k.

Thus we have (g1 —rioq — -+ —rgag)my = 0 and my # 0in Dy so in V. Since
V is an integral domain, that implies a1 —rioq —- - - —rpay, = 0. 7; can uniquely
be represented such that r; = s; + n; where s; € D*, n; € M and 1 < j < k.

Thus

Ayl — S0 — =+ — Sp = nyag + -+ - + npax € M N K = {0}.

So agy1 — S1aq — - - - — Sy = 0 which contradicts that (3 is a basis of K over D*.
Hence [K : D*] < co.

Conversely, let I be a proper ideal of Dy, since D* is a field, I C M. If I = M,
M = Vm for some m € M since V is a Noetherian valuation ring. Moreover,
since [K : D*] = n < oo, there exists a basis {7;}!", in K such that any ¢t € K,
t = i d;y; where d; € D*, that is, [ = M =< yym, ..., y,m > is finitely generated
in DTl Let I =< {a;}ien > be an ideal of D; properly contained in M where each
a; € M. Since V is a Noetherian valuation ring, IV =< aq,...,ag,... >V = a,V
for some ag in the generating set. Assume I'V = a;V, then a, = (t; + n;)a; where
t; € K and n; € M for all kK > 2. So I =< 1,t9,...,t,... > a1 + Ma; where
M =< ym,...,7mym >. Let S be a linearly independent subset of {t;}$, where

t, = 1. However, [K : D*] = n < oo implies that S has at most n elements.
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n
We may assume that S = {t1,...,t,}. Then r;t; = > ryt; where j > n+ 1 and
k=1

n

ri € D*. Since D* is a field, t; = > (rx/r1)ty, €< S >, that is,
k=1

I =<1ty,....t, > a; + May, =< ay,tsaq, ..., tpar, y1may, ..., Yyymay, >

and [ is finitely generated. Thus D; is Noetherian.

(4) Take a = (a/s) +m € D5. + M where a € D*, s € D* —P* and m € M.
Clearly a = (a +ms)/s € (D1)p++m)-

On the other hand, let § = (a 4+ m)/(s +n) € (D1)p++m), where a € D,
m,n € M and s € D* — P* that is, s # 0 and

B =a/(s+n)+m/(s+n) = a/s+(ms—an)/s(s+n) € Dp.+M,since s(s+n) ¢ M,
that is, s(s +n) is a unit in V and (ms —an)/s(s +n) € MV = M. Hence
(Dl)(P*—l-M) = D;;* + M

(5) Let D; be a Priifer domain and let P* be a proper prime ideal of D*,
then P* + M is a prime ideal of D;, that is, for a,b € D* and m,n € M
with (a + m)(b+ n) € P* 4+ M implies that, (ab) + (an + bm + mn) € P*M,
by unique representation, ab € P* and since P* is a prime ideal, we have a or
b € P*. Thus, (a+m) or (b+n) € P*+ M. Then by assumption and part
(4), (D1)pssm = Dp. + M is a valuation ring. Exercise 2.25 implies Dj. is a
valuation ring with quotient field K for all prime ideal P* of D*. Thus, D* is a

Priifer domain with quotient field K.
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Conversely, let D* be a Priifer domain. Take a prime ideal N of D;. By
Exercise 2.25, if NV C D*, then (Dy)y = Dj + M is a valuation ring and
if N C M, then (D;)y = Vjy is a valuation ring. So we will prove that if
N & D* and N ¢ M then N' = P* + M for some prime ideal P* of D*. Take
a € N\ M, then a is a unit in V and for all m € M m/a € M which implies
m = a(m/a) € N for all m € M. So M C N. In this case, we claim that
N N D* is a prime ideal of D* and N' = (N N D*) + M. Let ab € N N D*
where a,b € D* then ab € N and hence a or b € N and result follows. Clearly,
(NN D*)+ M C N. To show the other side, take a = a +m € N where a € D*
and m € M C N. Hence,a=a—meNND*anda=a+me (NND*)+ M

and we have the equality. In part (4), we proved that

(D1)n = (D1)wrp)+m = Dinnp+) + M

and by Exercise 2.25, DE‘ Nnp+) 1S 2 valuation ring with quotient field K implies

that (Dj)ur is a valuation ring. Thus D; is a Priifer domain. [J

Exercise 2.40 [7, §22, Exercise 1] If D is a Prifer domain and if A and B are

ideals of D such that A¥ = B* for some positive integer k, then A = B.

Solution. Since D is a Priifer domain, Dy, is a valuation ring for all maximal

ideal M of D. If A*Dyy = B*Dy = Dy, clearly, ADy = BDpg = Dt

Assume A*D,, # Dy Then /ADy( = VA*D = /B*Dy = /BD,, is a
proper prime ideal of Dj;. Hence ADy, and BD 4 are proper ideals of Dy,. Since
D 4 is a valuation ring either AD ,, is contained in BD s or BD A4 is contained in
AD p;. We may assume that AD ; BD 4. Then there exists « € BDy\ AD .

Hence ADy G< a > Since < o > is invertible, (1/a)ADyg G D implies that
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(1/a)fA*Dag G Doy, that is, A¥Dy G< o >C B¥Dy which is a contradiction.
So ADxy = BD . Hence ADyy = BDy, for all maximal ideal M of D.
Thus, by Remark 1.10 (iii),

A=()ARm, = ()| BRm, =B
AEA A€EA

Exercise 2.41 [7, §22, Exercise 2] If D is a Priifer domain, and if Q1,Q2 are
primary ideals of D, then either ()1 and Qo are relatively prime or one of Q1 or

Q2 is contained in the other.

Solution. Suppose @)1 and (), are not relatively prime. Then there exist a
maximal ideal M of D such that @ + Q2 € M. Hence Q1Dx and Q2D are
proper ideals of the valuation ring Dys. Thus one of them is contained in the

other. Assume Q1 Dy C Q2D pq. Then, by Remark 1.10,

Q1 =Q1DpND C QDN D = Qo.

Exercise 2.42 [7, §22, Exercise 3] If D is a Priifer domain and if A is an ideal
of D such that A¥ = A* for some positive integer k, then A is idempotent and

semiprime.

Solution. If A = D, clearly A is idempotent and semiprime.
Assume A is a proper ideal of D, then there exist a maximal ideal M of

D containing A. So A*D, is a proper ideal of the valuation ring Dys. Then,
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by Theorem 2.16(iii), ADy; = A%D,, is a prime ideal. Hence by Remark 1.11,
A=ADyND = A%2D, N D = A? is also prime, so semiprime.

Therefore A is idempotent and semiprime in any case. [

Exercise 2.43 [7, §22, Exercise 5] Suppose that A is a finitely generated proper

ideal of the Prifer domain J, that {Px}xea is the set of minimal prime ideals of

A, and that N(Py) is the intersection of the set of Px-primary ideals of J.
Prove that ﬁ A" = (| N(Py)

n=1 AeA

Solution. Let {Qxy},er, be the Py-primary ideals of J. First we will prove that
there exists k, € Z* such that Ak C Q »y for all v € I'y. Let M be a maximal
ideal of J. If A ¢ M, then A*Jy = PaJp = /Qry It = Qg I for all k € Z7,
v €Ty and A € A. Suppose A C M and Qy, € M, then the result is same. Let
A C M and @y, € M, then AJy ; Padm = \/Q_,WJM. By Theorem 2.16(v),
there exist k, € ZT such that A Jy C Qy,Jaq for all v € Ty.

Hence, A" = N A" Jy C N QxyJm = Qxy for all v € Ty and A € A. Thus
M M

NAC N A5 C (] Qn = N(Py) forall A€ A, that is () AT C ] N(Py).
i=1 ~€T's ~veTy i=1 AEA

On the other hand,N(P,) = Py, is a prime ideal of J and there are no prime
ideals of J between Py and Py, by Theorem 2.37(iv). Since P, are minimal
primes of A, we have Py, ; A for all A € A. Moreover, Pyy ;Cé A for all k € ZT.
Otherwise A5 C P,y for some s € Z*1 implies that A C VA C /A5 C Py, which

contradicts that Py, is properly contained in A. Hence Pyy C () A°. Thus
i=1

[ N(P) = ﬁ AL

AEA
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Definition 2.44 If V and W are valuation rings on a field K, we say that V

and W are independent if < 0 > is the only common prime ideal of V and W.

Exercise 2.45 [7, §22, Ezercise 9] Let {vy,...,v,} be a finite set of valuations

on the field L; V; is the valuation ring of v; and G; is the value group of v; where

vi: L — G;=L*/U;

r — xU

where U; is the set of units of V;, 1 = 1, ...,n. Assume that the following condition
(*) holds:

(%) If a; € G; such that a; > 0 for all i, then there is an element x € L such
that v;(z) = oy, i =1,...,n.

Prove that the valuation rings V; are pairwise independent.

Solution. Let us take two distinct nonzero valuation rings V; and V; and any
nonzero prime ideal P; of V;, then there exists a nonzero x € P; such that
zU; > U;. Clearly, 2U; € G;. Set o; = zU; and «o; = Uj, by (x) there exists
y € L such that yU; = 2U; and yU; = U;. Then y is nonzero and y/x,z/y € V;
and y,1/y € V; that is y = (y/z)z € P; and y ¢ P; for any nonzero prime ideal
P; of V;. Thus there is no nonzero common prime ideal P; of V; and Vj, that is,

< 0 > is the only common prime ideal of V; and V;.

Exercise 2.46 [7, §23, Exercise 6] Prove that each ideal of the ring T has
prime radical if and only if the set of prime ideals of T is linearly ordered under

mclusion.

Solution. Let S be the set of prime ideals of T'. If S is linearly ordered, clearly

any ideal of T has prime radical.
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Conversely, assume /[ is prime for any ideal I of T'. Let P;, P; € S such that
P; € P;, that is, there exists a € P; \ P;. Then /P; N'P; = P; N P; is prime by
assumption. For all b € P;, ab € P, NP; and a ¢ P; implies b € P; N P;, that is,

b€ P; for all b € P;. Thus P; € P; and S is linearly ordered under inclusion. [

Exercise 2.47 [7, §23, Exercise 11] For a Prifer domain J, prove that the
following conditions are equivalent:
(1) Primary ideals of J are prime powers.

(2) Jm is a discrete valuation ring for each mazximal ideal M of J.

Solution.

(2) = (1) Let A be a nonzero P-primary ideal of J. Then there exist a
maximal ideal M of J containing P. Hence, by Remark 1.11, AJ,, is a
PJy-primary ideal of Juy. By assumption, AJy, = MFJy for some k € Z*.
Again by Remark 1.11, A = M* and M = P. For A =< 0; > the result is clear.
Thus (2) implies (1).

We claim that (1) does not implies (2). Let J = Z.y- + 2Q|[x]]. By Example
2.8, J is a valuation ring so it is a Priifer domain. By Example 2.9 and Exercise
2.23, 2J, xQ|[z]] are nonzero prime ideals of J and there is no prime between
< 0; > and zQ[[z]]. Moreover any ideal I properly containing zQ|[z]] is of the
form 2°J for some positive integer s by Example 2.9. So v/I = 2.J. That means
there is no prime between zQ|[z]] and 2J. So the prime ideals of J are precisely
< 0y >, P = zQ[[z]] and M = 2J. Clearly, the only < 0; >-primary ideal
is < 0; >. Since P? # P, S, the set of P-primary ideals of J, is {P’ 72, and
M? £ M, T, the set of M-primary ideals of J, is {M?}22, by part (ii) of Theorem
2.21. Thus any primary ideal of J is prime power. However, Jy, = J and J is

not Noetherian so it is not a discrete valuation ring. [
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Exercise 2.48 [7, §23, Exercise 13] Assume that D is a Prifer domain and that
Q,Q1, Q2 are P-primary ideals of D. Prove:

(a) If Q1 G P, then Q contains a power of Q.

(b) IfQ G P, then Q* S QP.

(c) If Q1 G Qa, then (Q1 : Q2) = Q1 implies that Qy =P = P?.

Solution. Since Q1, @9, Q are P-primary, /Q1 = /Q2 = /Q = P.
(a)Let M be a maximal ideal of D containing P. Then Q1 D, Q2D g, QD pg

are PDp-primary ideals of the valuation ring Du; by Remark 1.11 and
QD & PD . Moreover, Qi Dy are P D y-primary ideals of Dy for all k € ZF
by Theorem 2.21 (ii). Since Q1 Dy & PDay = V@D, then QD contains a
power of Q1D that is Q{Dpy C QD for some s € ZT by Theorem 2.16 (v).
Thus Q7 = QDN D CQDyND = by Remark 1.11.

(b) Clearly, Q> C PQ. Assume Q> = PQ. If P is idempotent, then
@ = QQ* = Q(QP) = Q*P = QP? = QP. By induction on n, Q" = QP
where 1 # n € Z*. Since P is branched, by Theorem 2.37 (iii) and (iv) there
is a prime ideal Py # P such that there is no prime between Py and P where
Po = ﬁ Q'. Hence we have Py = QP and Q C P, such that any ¢ € Q and
peP 1\27130 qp € Py and this implies ¢ € Py which contradicts ) is P-primary. So
Po=P=PQ CQ CP. Thus P = ) which is a contradiction.

If P is not idempotent, by Theorem 2.37 (ii) Q@ = P* for some s € Z' and
since Q # P, s # 1, Q* = QP implies that P?* = P**!, that is, P*TF = Ps*! for
all k € ZT. By Theorem 2.37 (ii) and (iv), Py = P**! = P and P is idempotent

which contradicts our assumption. Hence Q? ;Cé QP.
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(c) Suppose P # P?, then Q; = P* and Q, = P! where s > t and s,t € Z*
by Theorem 2.37(ii). Then (Q; : Q2) = (P° : P*) 2 P! 2 P° = ;. Hence
P—p2

Let Q2 & P. Then by Theorem 2.37 (iii),

Q=P S Q
=1

Also, since Q1 & @, there exists n € Z* such that Q5 C Q1 & Q5. However,
we have Q1 = (Q1 : Q). Then Q; DO Q4 ', which contradicts that Q; is properly
contained in Q4. Hence

P =P2=Q,
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CHAPTER 3

PRIME SUBMODULES

3.1 Basic Definitions

Definition 3.1 Let R be a ring and M be an R-module, a proper submodule N
of M s called prime if whenever rm € N, for somer € R, m € M, then m € N

orrM C N.

Definition 3.2 For any submodule N of M, (N : M) denotes the set of elements
r € R such that rM C N. This is usually called residual by N . Note that
(N : M) is the annihilator of the module M/N and (N : M) is an ideal of R.
For any ideal J of R (N :p J) denotes the set of elements m € M such that
Jm C N.

If N is a prime submodule of M with P = (N : M), then N is called P-prime

submodule.

Example 3.3 (1) Every direct summand of a torsion-free module is prime.
(2) The zero submodule is the only prime submodule of the Z-module Q of

rational numbers.

Lemma 3.4 [[9], Lemma 1] Let R be a ring and M be an R-module. Then a
submodule N of M is prime if and only if P = (N : M) is a prime ideal of R
and the R/P-module M/N is torsion-free.

Proof. Let N be a prime submodule of M and let ab € P = (N : M) where
a,b € R. Then (ab)M C N so a(bM) C N implies that aM C N or bM C N

since N is prime. Hence P = (N : M) is a prime ideal of R.
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Since PM C N, M/N is an R/P-module. Let 0 # r +P € R/P and
m+ N € M/N such that (r + P)(m + N) = 0. Then rm + N = 0 implies that
rm € N. Hence either m € N or rM C N. Since r ¢ P, we have m € N. Hence
M/N is a torsion-free R/P-module.

Conversely, suppose P = (N : M) is a prime ideal and M /N is a torsion free
R/P-module. Let r € R, m ¢ N and rm € N; then (r +P)(m + N) = 0. Since
m ¢ N, we have r € P. Hence rM C N. Therefore N is a prime submodule of

M. [

Example 3.5 [t is not difficult at all to give examples of modules which have
no prime submodules: As a Z-module, the Prifer group Z(p>) has no prime

submodules.

Lemma 3.6 [[20], Result 1.1] Let M, M’ be R-modules with ¢ : M — M’ an
R-module epimorphism and N be a submodule of M such that N O K = Keryp.
Then there exists a one-to-one order preserving correspondence between the proper
submodules of M containing N and the proper submodules of M’ containing p(N).

Furthermore, for any submodule N' of M’, there exists a submodule L of M such

that L O K and ¢(L) = N'.
Lemma 3.7 [[20], Result 1.2] Assume the hypothesis given in Lemma 3.6. Then

(i) If P is a prime submodule of M containing N, then @(P) is a prime

submodule of M’ containing ¢(N).

(ii) If P is a prime submodule of M' containing o(N), then o= *(P') is a prime

submodule of M containing N .

Proof. (i) Since P is a prime submodule of M containing N, by Lemma

3.6 (V) C @(P) and since P # M, o(P) # (M) = M'. Let r € R,
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m’ € M’ and rm’ € @(P). There exists m € M such that p(m) = m/. So
re(m) = @(rm) € ¢(P). Then rm € P and since P is a prime submodule,
m € PorrM C P. If m € P, then o(m) = m’ € p(P). If rM C P, then

rM’ C o(P). Therefore p(P) is a prime submodule of M’

(ii) Since P’ is a prime submodule of M’ by Lemma 3.6 there exists a
submodule L of M such that L O K and ¢(L) = P'. Let n € N. Then
o(n) € o(N) C (L) , so ¢(n) = () for some | € L. Then (n —1) € K C L
and hence n € L = ¢ *(P'). Let r € R, m € M and rm € ¢ '(P’'). Then
e(rm) = rp(m) € P'. Since P’ is a prime submodule of M’ we have p(m) € P’ or
rM' C P'. If p(m) € P’ = p(L), then there exists x € L such that ¢(m) = p(z).
Then ¢(m — x) = 0pp so that m —x € K C L and m = = + y for some y € L.
Hencem € L = ¢ '(P'). If rM' C P’, then rm’ € P’ for all m’ € M'. Then there
exists m € M such that ¢(m) = m’ for all m' € M'. It gives that p(rm) € ¢(L)
and rm € L. Hence rM C L = ¢ Y(P'). O

Theorem 3.8 [[14], Theorem 1] Let N be a proper submodule of an R-module
M with (N : M) =P. Then the following statements are equivalent.

(i) N is a prime submodule of M ;

(i1) M/N s torsion-free R/P-module;

(i1i) (N :pr (r)) = N for everyr € R —P;

(iv) (N :p J) = N for every ideal J € P;

(v) (N : (e)) =P for everye € M — N;

(vi) (N : L) =P for every submodule L of M properly containing N ;

(vii) Ass(M/N) = {P};

(viit) P = Zr(M/N) where Zr(M/N) is the set of all zero divisors of M/N.
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Proof. (i) = (i7) By Lemma 3.4.

(11) = (i4i) Clearly N C (N :js (r)). Now suppose M/N is a torsion free
R/P-module. Then for any r € R and for allm € M — N, (r+P)(m+ N) =0
implies that r € P. Now let m € (N :p (r)) for some r € R — P. Then rm € N
and (r + P)(m + N) =0 gives m € N since r ¢ P. Hence (N :j; (r)) C N.

(17i) = (iv) Clearly N C (N :p J). Suppose (N :p (r)) = N for every
r € R—P. Let J be an ideal of R such that J ¢ P. Then there exists x € J —P
such that (N :p (x)) = N. Now let m € (N :p; J). Then Jm C N. In particular
xm € N. Hence m € N since (N :p (x)) = N. Thus (N :p J) € N. Therefore
(N iy J) = N.

(iv) = (v) Suppose (N :p J) = N for every ideal J € P. Let e € M — N.
Clearly P C (N : (e)). Now let » € (N : (e)). Then re € N. If r ¢ P,
then e € (N :p (r)) = N, which is a contradiction. Hence r € P, that is,
(N :{e)) CP.

(v) = (vi) Suppose (N : (e)) = P for every e € M — N. Clearly P C (N : L)
for all submodules L of M such that NG L. Let r € (N : L). Then
(N:L)=(N": (%RZ)) = ZDL(N tRl)=P.

(vi) = (vii) Suppose (N : L) = P for all submodule L of M such that N & L.
Let @Q € Ass(M/N). Then @ = Anng(x + N) for some z € M — N. Note that
N & (z) + N and (z) + N is a submodule of M. Since (N : ({(z) + N)) = P,
P((xz) + N) € N and Pz C N. Hence P C Anng(z + N) = Q. Conversely let
r€ Q= Anng(z+ N). Then rx € N for some x € M — N. Sor({z) + N)C N
and 7 € (N : ({(z) + N)) =P. Hence Q C P.

(vii) = (viii) Suppose Ass(M/N) = P, that is, P = Anng(m + N) for all
m € M — N. Clearly P C Zr(M/N). Now let x € Zgr(M/N). Then zm € N for

some m € M — N. Hence xz € Anng(m + N) for some m € M — N. Sox € P
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and hence Zr(M/N) C P.
(viii) = (i) Suppose P = Zr(M/N). Let r € R, m € M — N such that
rm € N. Then r € Zr(M/N) =P = (N : M). Thus rM C N. Therefore N is a

prime submodule of M. []

3.2 The Behavior of Prime Submodules Under

Localization

In this section M will denote an R-module and S will denote a multiplicatively
closed subset of R which contains 1 but not 0. Let Mg be the localization of M

at S and f: M — Mg be a natural map.

Proposition 3.9 (i) For any prime R-submodule P of M with Mg # Ps,
(Ps)c = P.
(ii) For any Rg-submodule Q of Mg, (Q%)s = Q.

Proof. (i) Let x € P. Then f(x) € Ps and hence x € (Pg)¢. Thus P C (Pgs)°.
Now let y € (Ps)¢. Then f(y) € Ps, that is, sy/s € Ps. There exist p € P and
t € S such that sy/s = p/t. Then usty = usp € P for some u € S. Hence y € P
or (ust)M C P. If y € P, then it is clear. If (ust)M C P, then for all m € M we
have (ust)m € P. Then we can write for any z € M, x = 2.1/1 = ustx/ust € Ps.
Thus Mg = Ps. This contradicts our assumption. Therefore (Ps)¢ C P.

(ii) Let a/s € (Q°)s. Then there exist b € Q° and s* € S such that a/s = b/s’.
Then us'a = usb € Q° for some u € S. Since us'a € Q°, f(us'a) = us'at/t € Q
for some ¢t € S. Hence a/s = us'ta/sus't € Q. Conversely let x € Q. Then
r =a/s € Q where a € Q° and s € S. So f(a) = s = as/s € (Q°)s and
r=(1/s)(as/s) € (Q%)s. O

65



Proposition 3.10 [[17], Proposition 2.1] (i) If P is a prime submodule of M
with Mg # Ps, then Ps is a prime Rg-submodule of Mg.

(i1) If Q is a prime Rg-submodule of Mg, then Q° is a prime R-submodule of
M.

Proof.(i) Let r € Rg, m € Mg and rm € Ps such that r = z/s, m = y/s for
somez € R,y € M and s,s € S. Then rm = xy/ss, € Pg. There exist z € P,
t € S such that xy/ss' = 2/t and u € S with (ut)zy = (uss' )z € P. Then y € P
or (utxr)M C P since P is a prime submodule. If y € P, then m = y/s € Ps.
If (utx)M C P, then (utx)m; € P for all m; € M. Hence (utx)my/s € Ps and
(:L’/s)(uts/ml/s/) € Pg for all m; € M. Thus rMg C Pg. Therefore Pg is a prime
submodule of Msg.

(ii) Suppose Q¢ = M. Then for all m € M, f(m) € Q. Since @ = Q% by
Proposition 3.9, Q = Mg. Therefore Q¢ # M. Let r € R, m € M and rm € Q°.
Then

f(rm) = s(rm)/s = (rs/s)(sm/s) € Q.

Thus (rs/s)Mg C Q or sm/s € Q. If (rs/s)Mg C @, then (rs/s)(tmy/t) € Q for
all my € M. Then (rst/st)my = st(rmy)/st = f(rmy) € Q and rm; € Q° for all
my € M. Hence rM C Q°. If (rs/s)Mg € Q, then sm/s € Q. Hence f(m) € Q,

that is, m € Q°. Therefore Q¢ is a prime submodule of M. [J

Corollary 3.11 [[17], Corollary 2.2] Let A= {P : P is a prime R-submodule of
M with Mg # Ps} and B = {Q : Q is a prime Rg-submodule of Ms}. Then ¢
which is defined by p(P) = Ps is a bijective order preserving map from A to B.

Its inverse map is given by ¢ 1(Q) = Q°.
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CHAPTER 4
RADICAL FORMULA

4.1 Definitions and Fundamental Results

Let M be an R-module, I be an ideal of R and N be a submodule of M. As
it is well-known, the radical of I defined as the intersection of all prime ideals
containing I, has the characterization /I = {r € R : r™ € I, for some n € Z*}.
A natural question arises as to whether there is a similar characterization for the
prime radical of a submodule, in particular, a characterization in which knowledge
of prime submodules (indeed even prime ideals) is not necessary. We will show
that under certain conditions such a characterization is provided by the concept

of the envelope of a submodule.

Definition 4.1 Let M be a module over a ring R and N be a submodule of
M with N # M. The prime radical of N in M, rady/(N), is defined to be the

intersection of all prime submodules of M containing N. If there is no prime

submodule containing N, then rady (N) = M. In particular rady (M) = M. We

also define the radical RadM of a module M as the intersection of all mazimal

proper submodules.

Definition 4.2 Let M be an R-module and N a submodule of M. The envelope

of N in M which is denoted by Epy(N) is defined to be the set

{rm:r € R,m € M such that r™m € N for somen € Z"}.
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Lemma 4.3 [[20], Lemma 1.4] Assume the hypothesis given in Lemma 3.6. Then
(i) p(Em(N)) = Exr(0(N));
(i) (¢~ (Enr(N))) = (Em(o™ (N'))).

Proof.(i) Let = € o(Ey(N)). Then x = (y) for some y € Ep(N). Soy =rm
such that » € R, m € M and r™m € N for some positive integer n. Then
r = p(rm) = re(m). Since r™m € N we have p(r"m) = r"p(m) € @(N)
and rp(m) € Eyi(@(N)). Hence x = rp(m) € Ep(p(N)). Now assume that
z € Epp(p(N)). Then z = sm’ such that s € R, m’ € M’ and s'm’ € ¢(N)
for some positive integer t. Since ¢ is onto, there exists m &€ M such that
e(m) = m/. Then z = sp(m) = p(sm) and s'o(m) = p(s'm) € ¢(N). This

implies that s'm € N, that is, sm € Ey(N). Hence z € p(Ey(N)).

(i) Assume that z € Ep(p~'(N’)). Then there exist r € R, m € M such
that * = rm and r"m € ¢ '(N’). This gives that p(r"m) = r"¢(m) € N’
and so rp(m) = ¢(rm) € Epy(N'). Hence z = rm € ¢ '(Ey/(N’)) and thus
(Exi(@7 ' (N)) C (o Y (Epr(N))). Now assume z' € ¢ '(Ep(N’)). Then
o(2') € Ep(N'), so there exist s € R, m' € M' and k € Z* such that
o(z') = sm’ and s*m’ € N’ and also ¢(y) = m/ for some y € M. We get
sko(y) = o(s*y) € N'. Then sky € ¢ }(N') and sy € Ep(¢ '(N')). Since
p(a) = sp(y), o' — sy € kerp C o~ (N') C En(p™ ' (N')) € (Eu(p~'(N'))) and
¥ € (Bar(p™ (V)). Hence (9~ (Ean(N')) € (En(o(V))). T

Corollary 4.4 Assume the hypothesis given in Lemma 3.6. Let S be any subset
of M" containing 0. Then ¢~ *((S)) = (¢~ 1(S)).

Proof. Let z € ¢ }((S)). Then ¢(x) € (S) and thus o(zx) € N for all

submodules N of M’ containing S and x € ¢! (N). Hence z € (p~1(S)). Now let
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y € (¢ 1(S)). Then y = rymy + - -+ + r,m, for some r; € R and m; € o~ (9)
(1 <i < n). Hence p(y) = p(rimy + -+ + rpomy) = rip(my) + -+ - + rpe(my,)
such that o(m;) € S. Then ¢(y) € (S) and y € o~ 1((S)). O

Lemma 4.5 [[20/, Corollary 1.3] Let M and M' be R-modules with
o : M — M an R-module epimorphism and N be a submodule of M such that
N D K = Kery. Then

(i) @(radu(N)) = rady (9(N)).

(11) If N' is a submodule of M', then o~ (radyy(N')) = rady (@~ H(N')).

Proof. (i) Let z € p(rady(N)). Then = ¢(y) for some y € rady(N). So
that y € P; where P; is a prime submodule of M containing N for all 7. Then
©(y) € ¢(P;). By Lemma 3.7, ¢(P;) is a prime submodule of M’ containing ¢ (V).
Hence ¢(y) € ﬂ ©(P;) = radyr (p(N)). Hence z € radyy (¢(N)).

Let m' € ;ZIdM/(ga(N)). Then m' € @), for all prime submodules @; of M’
containing ¢(N). There exists m € M such that ¢(m) = m’ € @;. Then
m € ¢ 1(Q;) such that ¢™1(Q;) is a prime submodule of M containing N by
Lemma 3.7. Hence m € rady(N). So that m’ = ¢(m) € (rady(N)).

(ii) Let n' € o~ (rady(N")). Then p(n') € radyy(N'), that is, p(n’) € P for
all prime submodule of M’ containing N’. Hence n’ € ¢ }(P) and
n' € rady(p ' (N')). Let n € rady(¢*(N')). Then n € P’ for all prime
submodules P’ of M containing ¢~ (N') and ¢(71) € @(P’). Since p(P’) is a prime
submodule of M’ containing N', ¢(i) € rady(N'). Then i1 € ¢~ (rady, (N')).
Hence rady (¢~ (N")) = o~ (rady,(N)). OO

Definition 4.6 A module M satisfies the radical formula (M s.t.r.f.), if for every

submodule N of M, the prime radical of N is the submodule generated by its
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envelope, that is, rady (N) = (Eay(N)). A ring R s.t.r.f. provided that for every

R-module M, M s.t.r.f.

Theorem 4.7 [[20], Theorem 1] Let R be a ring. Then R s.t.r.f. provided that
any one of the following is satisfied.

(i) For every free R-module F', F' s.t.r.f.,

(i1) For every faithful R-module M, M s.t.r.f.,

(111) For every R-module M, rady(0) = (Ep(0)),

(iv) R is a ring homomorphic image of S, where S s.t.r.f.

Proof. Let (i) or (i7) be satisfied. Since every module M is a homomorphic image
of both a free R-module and a faithful R-module, then R s.t.r.f. by Theorem 4.8.

(iii) Let N be a submodule of M and apply Theorem 4.8, letting M’ = M /N,
N’ = N and ¢ = 7 where 7 : M — M/N is the canonical epimorphism.

(iv) Let ¢ : S — R be an epimorphism. Suppose S s.t.r.f.. An R-module
M is realized as an S-module by the standard pullback along ¢. Since ¢ is an
epimorphism, every S-submodule of M is also an R-submodule, and
vice-versa. Indeed, in this case, a submodule of M is prime as an S-submodule if
and only if it is prime as an R-submodule. Furthermore, it is easily shown that
for any submodule N of M, Ey(sN) = Ey(gIN). Since S-linear combinations

coincide with R-linear combinations, we have

T(ldM(RN) = TCLdM(SN) = <EM(SN)> = <EM(RN)>

Therefore R s.t.r.f. O

Theorem 4.8 [[20], Lemma 1.5] Assume the hypothesis given in Lemma 3.6.

(i) If rady(N) = (En(N)), then radar (o(N)) = (Ear(@(N))),
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(i) If N is a submodule of M' and rady(N') = (Ex(N')), then

rady (¢~ (N')) = (Ex (e~ H(N))).

Proof. (i) Suppose that rady(N) = (Enu(N)). We know that
rady (p(N)) = @(rady (N)). So we must show that o((Ea(NV))) = (Eawr(p(N))).
Let © € o((Ey(N))). Then there exist y € (Ey(N)), 1 € R (1 <i < n) and
x; € Epy(N) such that x = p(y) and y = a1+ - - +r,z,. Also we have z; = a;b;
such that a; € R, b; € M and af"bi € N for some positive integer ¢; and for all
i. Then z = ¢(y) = @(riz1 + - + rpx,) == ra1p(by) + -+ - + ra,0(by) and
z € (Eyr(o(N))), since each a;0(b;) € Epp(p(N)). Now let 2 € (Epy(p(N))).
Then 2’ = symy + - -+ + spmy, for some s; € R and m; € Eyr(o(N)) (1 <i < k).
Then m; = d;y; such that d; € R, y; € M’ and d;"'y; € p(N) for some m; € Z™.

Since y; € M, there exist y; € M such that y; = ¢(y,) for all i. Hence we get

v’ = sidiyi+- -+ spdryr = s1d1p(y)) +- -+ srdee(yy) = @(s1diyy + -+ skdryy,)-

Since d"'y; € p(N), d]"y; € N, 2’ € p((Em(N))).

(ii) Suppose that rady(N') = (Ew(N)). By Lemma 4.5,
rady (@ Y (N")) = o~ Yradyy(N")) = ¢ 1 ((Eypr(N'))). It is enough to show that
(B (V) = (Bu(e (V). Let 1 € ¢ '((Ea(N). Then
o(x) € (Eyr(N")), so p(x) = rzy + -+ + rpx, for some r; € R, z; € Epp(N')
(1 < ¢ < mn). Since x; € Ep(N'), there exist a; € R and b; € M’ such that
x; = azb; and alib; € N' for some positive integer ¢;. Then x; = a;0(c;) for some
ci € M and a’p(c;) € N'. Hence alic; € ¢ '(N') and so a;c; € Ep(0 H(N')).

Then ¢(x) = 1121 + -+ + 1@, = (10161 + -+ + Tp0,C,). Hence

r — (ria1cy + - + rpancy) € kerp C <EM<90_1<N,))>'
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Thus z € (Ey (e ' (N))). Nowlet y € (Ep(¢ *(N'))). Theny = s1y1+- - -+siyx
for some s; € R, y; € Ey( ' (N)) (1 <4 < k). Then y; = usm; for some u; € R,
m; € M such that u“m; € p~'(N’) for some positive integer I;. This gives that

uip(m;) € Epp(N') for all 4. Then

y = squrmy + - - + spupmy, and o(y) = sjurp(my) + - - + spupp(my).

Since ¢(y) € (Exr(N')), y € ¢~ ((Ean(N))). O

Lemma 4.9 Let M be an R-module and S be a multiplicatively closed subset of
R. Then (Ep(N))s = (Eng(Ng)) for every R-submodule N of M.

Proof. Let © € Ej (Ng). Then z = rm for some r € Rg, m € Mg and
r"m € Ng for some n € Z*. Then x = (r1/s1)(m1/s2) and (rf'my/s?ss) € Ng
for some r1 € R, m; € M and s1,89 € S. There exist v € N, s3 € S such
that (rfm;/s}ss) = v/s3 and u € S such that (usisq)v = (us3)rjm; € N.

This implies that (ussri)™m; € N and hence uszrim; € Ep(N). Thus

(ussrimy /usss182) = (rimy/si1se) = x € (Epy(N))s.

Therefore (Ey (Ng)) C (Ey(N))s. Now let y € (Epy(N))s. Then y = a/s for

some a € (Ey(N)) and s € S. There exist r, € R, m, € M such that

@ = i e with () € N1 <0 <k

Then (r})"m}/s" = (r}/s)"m; € Ng for all i. Hence (r}/s)m; € Ep(Ng) and

1

y=ua/s € (Epy(Ng)). Therefore (Ep(N))s = (Eng(Ng)). O
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Lemma 4.10 /25, Proposition 1.6/ Let M be an R-module and S be a
multiplicatively closed subset of R. Then (rady(N))s C radyg(Ng) for every
R-submodule N of M.

Proof. Let m = a/s € (rady(N))s for some a € rady(N), s € S. So « is
contained in any prime R-submodule of M containing N. Let Q be a prime
submodule of Mg containing Ng. Let P = {x € A|z/1 € Q}. Clearly, P is an R
submodule of M containing N.

We claim that P is prime, let ra € P where r € R and a ¢ P. Then
(r/1)(a/1) = (ra)/1 € Q. Since Q is prime and (a/1) ¢ Q. Then (r/1)Mgs C Q.
Take y € M, then (ry)/1 = (r/1)(y/1) € (r/1)Mg C Q. So ry € P which implies
rM € P and P is prime.

Therefore « € P and m = a/s = (1/s)(a/1) € Q and m € rady,(Ns).

Hence, (rady(N))s C rady,(Ng) for every R-submodule N of M [

4.2 Modules over Priifer Domains which Satisfy the

Radical Formula

The question of what kind of rings and modules s.t.r.f. has drawn the
attention of many authors, for example [9], [13], [17], [19], [20]. In [9],
Jenkins and Smith proved that Dedekind domains s.t.r.f. In [13], Leung and Man
proved that the only Noetherian rings which s.t.r.f. are of at most
dimension one. He gave a complete characterization of Noetherian rings which
s.t.r.f. Hence Noetherian rings which s.t.r.f. are well-known. Now we are looking
for non-Noetherian rings which s.t.r.f. For that reason we investigated whether
modules over Priifer domains s.t.r.f. We proved that if R is a Prifer domain,

then the R-module R & R s.t.r.f. by Theorem 4.15.
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Throughout R ® R will be denoted by R2.

Theorem 4.11 [25, Proposition 1.8(i)] Let R be a ring. If the Ra-module
Ry @& Raqg satisfies the radical formula for any mazimal ideal M of R, then

the R-module R? satisfies the radical formula.
Proof. By Lemma 4.9 and Lemma 4.10, we have

radg:(N) (radp(N))p - radpe(Nao) _ By, Nad))

B ™ = En M < B, (5a) (B (Vo)

I

for every R-submodule N of R?. Thus radg:(N) = (Eg:(N)) for all R-submodule

N of R® and the R-module R? satisfies the radical formula. [J

Lemma 4.12 Let R be a commutative ring, and N be a submodule of R*. If

N =1 J for some ideals I,J of R, then N s.t.r.f. in R?.

Proof. Clearly, for any prime ideal P of R containing I, P®R is a prime submod-
ule of R? containing N.  Thus, radg(N) C I @& R.  Similarly,
radp:(N) € R®VJ. Hence radp:(N) € VI®+/J. Now take (z,y) € VI®VJ.
That is 2% € I and y* € J for some k,t € Z* and z*(1,0),4(0,1) € N. Then
(x,y) = x(1,0) + y(0,1) € (Erz(N)). Since we always have the other inclusion,
radg(N) = VI ®VJ = (Eg2(N)) and N s.trf. in R% O

Lemma 4.13 Let D be a valuation ring and let N be a D-submodule of D?.
If (m,n) is an element of N such that (m* 0) € N or (0,n¥) € N for some

k,k' € Z*, then vVDm & v Dn C (Ep2(N)).

Proof. For any x € v Dm there exists d € D, € Z* such that 2! = dm. Hence

2¥(1,0) = d*m*(1,0) € N implies that v Dm(1,0) C (Epz(N)).
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If Dm C Dn, then m/n € D. Take a nonzero s € v Dn that is s = rn
for some nonzero r € D and t € Z*. Since s'((m/n),1) = (rm,rn) € N, and

(s(m/n))*(1,0) = r*(m/n)*=*(m* 0) € N we have

(0,s") = (rm,rn) — (rm,0) and (0, s) = s((m/n),1) — s(m/n)(1,0) € (Ep2(N)).

Therefore v/Dn(0,1) C (Ep2(N)).

If Dn C Dm, then n/m € D and (0,n*) = n*~Y(m,n)—(n/m)*1(m*,0) € N.
Thus v/Dn(0,1) € (Ep2(N)).

In any case, vV Dm @ v/Dn C (Ep:(N)).

If (0,n*) € N, then the proof can be done in a similar way. [

Theorem 4.14 Let D be a valuation ring with unique mazimal ideal M. Then

D? s.tr.f

Proof. Let N be a nonzero submodule of D? where N is generated by
S = {(a,b;)ics}. Consider the canonical projections my : D* — D given by
ma(dy,ds) = dy where dy,dy € D, A = 1,2. We have m(N) =< {a;}ie; > and
o (N) =< {bi}ier >.

Case 1: If N = m(N) @ m(N), then N satisfies the radical formula in D?
by Lemma 4.12.

Case 2: If m(N) + m(N) is a finitely generated ideal of D, then
m(N) + m(N) = Z Da; + Z Db;. Since D is a valuation ring and the
ideals of D are total]i;w(t)erdered. ggitewe may assume 71 (N ) + mo(N) = Db;. Then
Day C Dby, hence a1 /by € D. Note that {(a;/b,1),(1,0)} forms a basis for D?.
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Define
o: DD — D& D

(a1/b1,1) —  (0,1)
(1,0) —  (1,0)
Clearly ¢ is an isomorphism and ¢(/N) = B @ Db; where B is an ideal of D and
B2 NN(D®0). By case 1, ¢(N) s.t.r.f. in D% Then by Theorem 4.8, N s.t.r.f.
in D?.

Case 3: Suppose 71 (V) + m(N) is not a finitely generated ideal, but m(N)
or m(N) is finitely generated. We may assume that (V) is finitely generated.
Clearly 7 (N) is nonzero. (If it is zero then N satisfies Case 1 and result is
clear.) Then 7 (N) = Da; for some i € I. Let i = 1. Since m(N) + ma(N)

is not finitely generated there are infinitely many principal ideals generated by

elements of m3(N) containing Da;. To prove /71 (N) @ /m2(N) C (Ep2(N)),

take (a1, b1) € \/m(N) @ y/m2(N). Then there exists an element (a,,bs) € S
such that Da; + Dby G Dby, s € I. Hence Dasby C Dayby & Dayb,, that is

ashy /a1bs € M and 1 — azby/arbs is a unit in D. Then

bs(al,bl) — bl(as,bs) = (1 — asbl/albs)(albs,O) S N, SO (albs,O) € N.

Note that a?(1,0) € D(a1bs,0) € N, and hence (a?,0) € N for any i € I. By
Lemma 4.13, v/Da; ® v/Db; C (Ep2(N)) for all i € I.

Hence,

rad(N) € \/m(N) & /m(N) = Jv/Da; @ | v/ Db € (Ep2(N)).

el el

Case 4: Let N be a submodule of D & D where 71 (N) and mo(N) are not

finitely generated. Recall that S = {(a;, b;);er} is the set of generators of N. We
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may order the principal ideals generated by the first components of S as follows:
- CDay C Dag € Day C---C Da; C---

We do not know how Db;’s are ordered. Define P; = /Da,; and Q,= /Db, then
Vi (N) =UP; and \/m3(N) = U Q..

Subcase 1: For any ¢ € [, if one of the following is satisfied, then
P; ® Q;C< Ep2(N) > and N s.t.r.f. in D2

(a) There exists j > i such that Db; S Db.

(b) There exists k < 4 such that Db; & Dby.

(c) There exists jo > @ such that Da;b;, # Dajb; while Db; C Db, for all
J>1,

(d) There exists j; > @ such that Da;b;, C D(uj, — 1) while for all indices
J >1, Db; € Db;, and a;b; = uja;b; for some unit u; .

Proof of Subcase 1: It is enough to prove for any i, P; & Q;C (Ep2(N)).

Assume both a; and b; are nonzero, otherwise the result is clear.

Let condition (a) be satisfied. Then by assumption we have (a;,b;) € S such

that

Daibj ; Dazbz Q Dajbi and al-bj/ajbl- € M

o if Daj Q Dbz, then bj(az-,bi) - bi(aj,bj) = ajbi(aibj/ajbi - 1)(1,0) € N.
Since a;b;/a;b; — 1 is a unit, (a;b;,0) € N and s (a?,0) € Da;b;(1,0) C N.
Hence by Lemma 4.13, P; & Q; C (Ep2(N)).

o If Dbz - DCLj, then aj(ai, bz) — CLZ'(CL]‘, bj) = ajbz-(l — a,»bj/ajbi)((), ].) € N and
1—a;b;/a;b; is a unit implies a;b;(0,1) € N that is (0,0?) € Da;b;(0,1) C N

and Q;(0,1) C (Ep2(N)). By Lemma 4.13, P; & Q; C (Ep2(N)). Hence,

Pi@QigP]‘@Qi e< ED2(N)>.
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Let condition (b) be satisfied. That is there is a k& < i such that Db, 2 Db.

Assume ay, # 0 (otherwise result is clear), then

Dapb; G Dapby C Dagby, and agb;/a;b, € M.

e if Da; C Dby, then bg(a;,b;) — bi(ak, by) = abe(l — arb;/a;b;)(1,0) € N.
Since 1 — agb;/a;by is a unit, (a;bg,0) € N. Then (a?,0) € Da;by(1,0) C N
and P;(1,0) € (Ep2(N)). By Lemma 4.13, P, & Q) C (Ep2(N)) and hence
Pi® Qi CPi® Qi C (Ep2(N)).

o If Dby C Day, then ag(a;, b;) — a;(ag, br) = a;b(arb;/a;by —1)(0,1) € N and
1 — agb;/a;by, is a unit implies a;0(0,1) € N and (0,b?) € Da;bi(0,1) C N.
Hence we have P; & Q; C (Ep2(N)) by Lemma 4.13.

Let (c) be satisfied. That is there exists jo € [ such that j, > ¢ and

Da;b;, # Daj,b;. Then one of these ideals of D is contained in the other. Let

Da;b;

o & Daj,b; that is a;bj,/a;b; € M and (ay,b;,0) € N again we have two

cases,such that Daj, C Db; or Db; C Day,.
Daj, C Db; implies (a?,0) € Da;,b;i(1,0) € N and Db; C Day, implies
(0,b?) € N. For two of them, using Lemma 4.13, we have P; & Q; € (Epz(N)).

Let (d) be satisfied. That is, a;/a; = u;(b;/b;) for some unit u; for all j > 1.

By the above argument, a;b;(1 —u;)(1,0) and a;b;(1 —u;)(0,1) € N for all j > i.
By assumption, there is j; € I with j; > ¢ such that Da;b;, C D(1—uj;,) for some
j1 > 4. Then (af},0) or (0,b}) € N. By Lemma 4.13, we have P;® Q; C (Epz(N))

Since this equality holds for all ¢ € I, we have

rad(N \/7r1 @\/’7’[‘2( UP EBUQ,_ (Ep2(N)).

Subcase 2: Suppose the possibilities in subcase 1 does not occur for some 7 € I,
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then there exists j > ¢ such that Db; & S Dby, a;ib; = uja;b; for some unit u; and
D(1 — u;) C Da;b;. In this case N s.t.r.f. in D%

Proof of Subcase 2: Similar to the proof of subcase 1, we have a;b;(1—wu;)(1,0)

and a;b;(1 — u;)(0,1) € N that is ((1 — u;)?,0) € N for all j > i. Now we may

assume that Da; C Db; then define

¢:DoD — D@D
(3,1) — (0,1)
(Lo)  —(1,0)

Then ¢(N) = (B @ Db;)+ < (ar(l —ug),br)32; 1 > by case 2 where B is an ideal
of D such that B = (D @ 0)N < (as,bs)i_; >. Since ((1 — u;)*0) € N then
(a;j(1—u;)?,0) = ¢(a;(1 —u;)%0) € (N). By Lemma 4.13,

/Day(1—uy) & /D, € (Ep (8(N)),

for all 7 > ¢. Combining this result by Lemma 4.12, we have

rad(¢ \/7T1 ) D \/7T2 ) € (Ep2(a(N))).

Thus (¢(N)) s.t.r.f. in D? and by Theorem 4.8, N s.t.r.f. in D?. [
Theorem 4.15 Let R be a Priifer domain, then the R-module R? satisfies the
radical formula.

Proof. For any maximal ideal M of R, R, is a valuation ring. Then by Theorem
4.14, the Ry-module Ry @ Raq satisfies the radical formula. By Theorem 4.11,

R? satisfies the radical formula. [
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