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ABSTRACT

ON SOME NON-NOETHERIAN DOMAINS

Buyruk, Dilek

Master, Department of Mathematics

Supervisor: Associate Prof. Dilek Pusat Yılmaz

JULY 2005, 84 pages

Let R be a commutative ring and M be an R-module. We say that M satisfies

the radical formula (s.t.r.f.) if for every submodule N of M , radical of N in M is

equal to the envelope ofN inM . Since the Noetherian rings which s.t.r.f. are well-

known, see [9],[13],[17],[19],[20], we are interested in non-Noetherian rings which

s.t.r.f. For this reason we studied characteristics and structure of a valuation ring

to understand the structure of a Prüfer domain. In chapter I, basic definitions and

fundamental facts related to the concept of valuation rings and Prüfer domains

are presented.

In Chapter II, we solved some selected exercises in [7] about valuation rings

and Prüfer domains.

In Chapter III, we gave necessary definitions and characterizations of prime

submodules.

Finally, the definitions and fundamental results about radical formula are

given in chapter IV. In 4.2, which is our original work, we proved that if R is a

Prüfer domain, then the R module R⊕R s.t.r.f.

Keywords: Prüfer domain, valuation ring, radical formula.
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ÖZ

BAZI NOETHER OLMAYAN BÖLGELER

Buyruk,Dilek

Master Tezi, Matematik Bölümü

Tez Yöneticisi: Doç. Dr. Dilek Pusat Yılmaz

TEMMUZ 2005, 84 sayfa

R birimli, değişmeli bir halka ve M bir R-modül olsun. M ’nin her N alt

modülü için, N ’nin M ’deki radikali, zarfının üzettiği alt modüle eşit ise M

radikal formülünü sağlar denir. Radikal Formülünü sağlayan Noether halkalar iyi

bilindiği için, hangi durumlarda Noether olmayan halkaların radikal formülünü

sağladığı araştırıldı. Bu nedenle Prüfer bölgelerinin yapısının anlaşılabilmesi için

öncelikle valuation halkalarının yapısı ve özellikleri incelendi. Birinci bölümde,

Prüfer bölgeleri ve valuation halkalarla ilgili temel tanım ve kavramlar anlatıldı.

İkinci bölümde, Prüfer bölgeleri ve valuation halkalarla ilgili [7]’den seçilmiş

problemler çözüldü.

Üçüncü bölümde, asal alt modülün tanımı ve yapısı anlatıldı.

Son bölümde ise radikal formülüyle ilgili tanımlar ve bazı sonuçlar verildi.

Orjinal çalışmamız olan Bölüm 4.2 de, R Prüfer bölgesi olmak üzere, R- modül

olan R⊕R ’nin radikal formülü sağladığı gösterildi.

Anahtar Kelimeler: Prüfer bölgeleri, valuation halkalar, radikal formülü.
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CHAPTER 1

PRELIMINARIES

1.1 Introduction

In this thesis, all rings are commutative. Throughout this chapter, all rings

contain more than one element but need not contain 1.

Definition 1.1 Let R be a ring and x ∈ R. If x is not a zero divisor, then x is

called a regular element of R.

Example: If 1 ∈ R, then R contains a regular element.

Definition 1.2 Let A be an ideal of a ring R. A is said to be a regular ideal if

A contains a regular element of R.

Remark 1.3 < x > is a regular ideal if and only if x is a regular element of R.

Proof. Suppose x is not a regular element that is there exists a nonzero y ∈ R

such that xy = 0. Take α ∈< x >, then α = rx for some r ∈ R and since R is

commutative, yα = y(rx) = r(yx) = 0. Hence, < x > has no regular elements,

so < x > is not a regular ideal.

Conversely, let x be regular, then x ∈< x > implies < x > is regular. �

Definition 1.4 Let R be a ring with identity. R is said to be quasi-local if R has

a unique maximal ideal; R is called semi-quasi-local if R has only finitely many

maximal ideals.

A local ring is a quasi-local Noetherian ring; a semi-local ring is a Noetherian

semi-quasi-local ring.
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Definition 1.5 A ring S containing R as a subring is said to be a unitary

ring extension of R, if the identity element of R is also the identity element of

S.

Definition 1.6 Let I be an ideal of a ring R. Then the ideal
√
I = {r ∈ R : rn ∈ I for some positive integer n} is called the radical of I.

Definition 1.7 Let Q be a ideal of a ring R. Q is said to be primary whenever

Q 6= R and ab ∈ Q for some a, b ∈ R implies a ∈ Q or b ∈
√
Q. Also, if

√
Q = P

for some prime ideal P of R, then Q is called P-primary.

Definition 1.8 Let A be an ideal of a ring R such that A can be expressed as a

finite intersection of primary ideals, A =
⋂n

i=1Qi , then this representation of A

is said to be a shortest representation of A if it is irredundant and if the ideals

Qi belong to distinct prime ideals.

Definition 1.9 Let R and S be rings and f : R→ S be a ring homomorphism.

(i) Whenever J is an ideal of S, then f−1(J) := {r ∈ R|f(r) ∈ J} is an ideal

of R, called the contraction of J to R and denoted by J c.

(ii) For each ideal I of R, the ideal f(I)S of S generated by f(I) is called the

extension of I to S and denoted by Ie.

Remark 1.10 [7, Theorem 4.10] Let A be an ideal of a ring R with identity, let

{Mλ}λ∈Λ be the set of maximal ideals of R, and for each λ ∈ Λ, let Aλ = Aeλcλ,

where eλ and cλ denote extension and contraction with respect to the ring RMλ
.

Let Σ be the set of elements σ of Λ such that A ⊆Mσ.

(i) A =
⋂

λ∈Λ

Aλ.

(ii) A =
⋂

σ∈Σ

Aσ.

And if R is also an integral domain,

(iii) A =
⋂

λ∈Λ

ARMλ
=

⋂
λ∈Λ

Aeλ.
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Proof.

(i) Clearly, A ⊆ Aλ for all λ ∈ Λ. Then A ⊆
⋂

λ∈Λ

Aλ is clear. Other side of

the inclusion follows from part (ii) i.e if part (ii) holds, then
⋂

λ∈Λ

Aλ ⊆
⋂

σ∈Σ

Aσ = A.

(ii) One side of the inclusion is clear. To show that
⋂

σ∈Σ

Aσ ⊆ A, take an

element x ∈
⋂

σ∈Σ

Aσ. Since x ∈ Aσ, there exists yσ ∈ R \Mσ such that xyσ ∈ A

for all σ ∈ Σ. Then < yσ > +A ⊆ (A :< x >) for all σ ∈ Σ, so (A :< x >) is not

contained in any maximal ideal of R. Hence (A :< x >) is not a proper ideal of

R. And since R contains identity, (A :< x >) = R. Then x ∈ A and
⋂

σ∈Σ

Aσ ⊆ A.

(iii) Again we have to show
⋂

λ∈Λ

ARMλ
⊆ A. Take x ∈

⋂
λ∈Λ

ARMλ
. Consider

the ideal I = (A :< x >) of R, I * Mλ for all λ ∈ Λ. Then I = R and x ∈ A as

we wished to show. �

Remark 1.11 An ideal Q of a ring R is P-primary if and only if QRS is

PRS-primary in RS where S is a multiplicatively closed subset of R and Q∩S = ∅.

Moreover, let Q be a primary ideal of a ring R , then Q = QRS ∩ R when

Q ∩ S = ∅.

Proof. Let Q be P-primary with Q ∩ S = ∅. Take (a/r)(b/s) ∈ QRs where

a, b ∈ R and r, s ∈ S. Then k(ab) ∈ Q for some k ∈ S. Since kn /∈ Q for

all n ∈ Z+, that is ab ∈ Q. Since Q is P-primary, a ∈ P or b ∈ Q. Thus

a/r ∈ PRS or b/s ∈ QRS. Conversely, let QRS be PRS-primary, take ab ∈ Q

where a, b ∈ R, clearly, (a/1)(b/1) ∈ QRs and a/1 ∈ PRs or b/1 ∈ QRS, then

there exist k1, k2 ∈ S such that ak1 ∈ P or bk2 ∈ Q. Since kn
i /∈ Q for all n ∈ Z+,

ki /∈ P for i = 1, 2, that is, a ∈ P or b ∈ Q.

Also, we have Q ⊆ QRS ∩ R. Take x/1 ∈ QRS ∩ R, then there exists s ∈ S,

such that sx ∈ Q. Since S is multiplicatively closed, sn /∈ Q for all n ∈ Z+.
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Hence x ∈ Q, as required. �

1.2 Fractional Ideals

Definition 1.12 Let R be a ring containing a regular element and let T be the

total quotient ring of R. A subset S of T is said to be a fractional ideal of R if

(i) S is an R-module and

(ii) rS ⊆ R for some regular element r ∈ R.

Each ideal of R is a fractional ideal of R. The ordinary ideals of R will be

referred to integral ideals.

If {s1, ..., sn} is a finite subset of T , then the R-submodule of T generated by

{s1, ..., sn} is a fractional ideal of R. But if S is an arbitrary subset of T , then

< S >, the R-submodule of T generated by S, need not be a fractional ideal of

R, that is T is a fractional ideal of R only if T = R.

In fact, < S > is a fractional ideal of R if and only if S is contained in a

fractional ideal of R. S is called a generating set. A fractional ideal F is finitely

generated if F admits a finite set of generators. F is principal if F =< x > for

some x ∈ T . We say that F is regular if F contains a regular element of T .

< x > is a regular fractional ideal if and only if x is regular in T .

Notations:

F (R) : The set of nonzero fractional ideals of R.

F ∗(R) : The subset of F (R), consisting of finitely generated fractional ideals

in F (R).

Definition 1.13 If F1, F2 ∈ F (R), then addition and multiplication of F1 and

F2 are defined as follows:

F1 + F2 = {x+ y|x ∈ F1, y ∈ F2}
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F1F2 = {
n∑

i=1

xiyi|xi ∈ F1, yi ∈ F2}.

Also we define,

[F1 : F2]T = {x ∈ T |xF2 ⊆ F1}.

If F1, F2 are integral ideals, then (F1 : F2) is defined as {x ∈ R|xF2 ⊆ F1}.

Hence (F1 : F2) may be a proper subset of [F1 : F2]T . In fact,

(F1 : F2) = [F1 : F2]T ∩R.

Theorem 1.14 [7, Theorem 3.1] Let R be a ring containing a regular element

and let T be the total quotient ring of R.

(i) F (R) is closed under addition, intersection and multiplication.

If F1, F2 ∈ F (R) and if F2 is regular, then [F1 : F2]T ∈ F (R).

(ii) If F1, F2 ∈ F (R) and if Si is a set of generators for Fi (i = 1, 2), then

S1 ∪ S2 is a set of generators for F1 + F2 and {st|s ∈ S1, t ∈ S2} is a set of

generators for F1F2.

Consequently, F ∗(R) is closed under addition and multiplication.

(iii) F (R) is an abelian semigroup under multiplication with identity

R∗ = {r + ne|r ∈ R, n ∈ Z}, the subring of T generated by R and e, the identity

of T .

(iv) If A is an ideal of R and if r is a regular element of R, then

A/r = {a/r|a ∈ A} is a fractional ideal of R. We have A/r = A < r−1 >

and A =< r > [A/r]. Hence A/r ∈ F ∗(R) if and only if A ∈ F ∗(R).

(v) If F ∈ F (R), there is an integral ideal A of R and a regular element r of

R such that F = A/r.

5



The above theorem implies that

F (R) = F ∗(R) if and only if R is Noetherian.

1.3 Invertible Ideals

If R is a ring containing a regular element and if T is the total quotient ring of

R, the set F (R) of fractional ideals of R is a multiplicative abelian semigroup

with identity R∗ = {r + ne|r ∈ R, n ∈ Z} where e is the identity of T . An

element which is a unit of the semigroup F (R) is said to be invertible. Hence

the fractional ideal F is an invertible ideal if there is an element F1 of F (R) such

that FF1 = R∗. Since F (R) = F (R∗), F is invertible as a fractional ideal of R if

and only if F is invertible as a fractional ideal of R∗.

Theorem 1.15 [7, Theorem 7.1] Let R be a ring containing a regular element,

let T be the total quotient ring of R, let R∗ = {r + ne|r ∈ R, n ∈ Z}.

(i) If F is an invertible fractional ideal of R, then [R∗ : F ]T is the unique

inverse of F . Moreover, F is finitely generated and F contains a regular element

of T .

(ii) If µ ∈ T , < µ > is invertible if and only if µ is regular in T .

(iii) If A is an integral ideal of R and if r is a regular element of R, then A/r

is invertible if and only if A is invertible.

Proof.

(i) Let F1 be an inverse of F , say FF1 = R∗. Then clearly F1 ⊆ [R∗ : F ]T so

that R∗ = FF1 ⊆ F [R∗ : F ]T ⊆ R∗. Hence FF1 = F [R∗ : F ]T , and since F is an

invertible ideal, F1 = [R∗ : F ]T and [R∗ : F ]T is the unique inverse of F . There

6



is a finite subset {xi}n
i=1 of F and a subset {yi}n

i=1 of [R∗ : F ]T such that

e =
n∑

i=1

xiyi.

Therefore, if x ∈ F , then x =
∑n

i=1 xi(yix) ∈< x1, ..., xn >, since yix ∈ R∗, where

i = 1, ..., n. It follows that F ⊆< x1, ..., xn >, and the reverse containment is

obvious. Hence {xi}n
i=1 is a finite basis for F . Finally, since each yi ∈ T , there

exists a regular element r ∈ R such that ryi ∈ R, where i = 1, ..., n. Therefore,

r =
∑n

i=1 xi(yir) ∈< x1, ..., xn >= F , and F contains a regular element of R

which is also regular in T .

(ii) If µ is regular in T , µ is a unit of T . Furthermore,

< µ >< µ−1 >=< e >= R∗,

and µ is invertible. Since invertible ideals contain regular elements, < µ > is not

invertible if µ is a zero divisor of T .

(iii) Since A/r = A < r−1 > and since < r−1 > is invertible, it follows that

A/r and A are simultaneously invertible. �

If F is an invertible fractional ideal of the ring R, the above theorem shows

that the inverse of F is unique, denoted by F−1. We have,

F−1 = [R∗ : F ]T and (F−1)−1 = F.

Theorem 1.16 [7, Theorem 7.2] Let R be a ring containing a regular element

and let F1, F2 be fractional ideals of R such that F2 is invertible and such that

F1 ⊆ RF2, then there is an integral ideal A of R such that F1 = AF2. A fractional
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ideal F is invertible if and only if there is an integral ideal B such that BF is

principal and is generated by a regular element.

Proof. We have F1 = F1F
−1
2 F2. Further, if A = F1F

−1
2 , A is an integral ideal of

R, since F1 ⊆ RF2.

If BF =< r > for some integral ideal B and some regular element r ∈ R, then

BF is invertible, therefore F is also invertible, which implies FG = R∗ for some

fractional ideal G of R. We can write G in the form B/u for some integral ideal B

of R and some regular element u ∈ R. Then FB/u = R∗ and FB = uR∗ =< u >.

�

Notation: Let S be a ring with identity and let A be an ideal of S,

{Mλ|λ ∈ Λ} denotes the set of maximal ideals of S, and for each λ, eλ, cλ

denote, respectively, extension and contraction of ideals with respect to the ring

of quotients SMλ
.

Theorem 1.17 [7, Theorem 7.3] If A is invertible in S and if N is a

multiplicative system in S, then Ae, the extension of A to the ring of quotients

SN , is also invertible. Conversely, if B is a finitely generated regular ideal of S

such that Beλ is invertible for each λ ∈ Λ, then B is invertible in S.

Proof. We can use Theorem 1.16 to prove the first statement. Since A is

invertible, AC =< d > for some ideal C of S and some regular element

d ∈ S. Hence AeCe =< d >e. If ψ denotes the canonical embedding of S in SN ,

< d >e is principal and generated by ψ(d).

To prove B is invertible, choose a regular element b of B. Then < b >⊆ B

and < b >eλ⊆ Beλ for any λ ∈ Λ. But Beλ is invertible, then there

exists an ideal A of SMλ
such that ABeλ =< b >eλ and A =< b >eλ (Beλ)−1.

8



That is A = [< b >eλ : Beλ ]T . Since B is finitely generated,

[< b >eλ : Beλ ]T = [< b >: B]eλ
T . By Remark 1.10,

< b >=
⋂
λ∈Λ

< b >eλ=
⋂
λΛ

[< b >: B]eλ
T .B

eλ = [< b >: B]T .B

By Theorem 1.16, B is invertible. �

Proposition 1.18 [7, Proposition 7.4] Let A be an invertible ideal of the

semi-quasi-local ring R. Then

(i) A is principal

(ii) If R is quasi-local and if B is a basis for A, then A =< b > for some

b ∈ B.

Proof.

(i) Let {Mi}r
i=1 be the set of maximal ideals of R. For each integer s such

that 1 ≤ s ≤ r, Ms +
⋂
i6=s

Mi. Since A is invertible in R, AMs + A[
⋂
i6=s

Mi]. We

choose as ∈ A[
⋂
i6=s

Mi] \AMs, for all s between 1 and r. Define a = a1 + · · ·+ ar.

It is clear that a ∈ A \ AMs for all s. Hence a ∈ A \ (
r⋃

i=1

AMi). Since A is

invertible, there is an ideal J of R such that < a >= AJ . Also J * Ms for all s,

since a ∈ J . Then J = R and A =< a >.

(ii) If R is quasi-local, A =< B >=< a >, so there are subsets {ai}n
i=1 of

B, and {ei}n
i=1 and {xi}n

i=1 of R such that ai = eia for each i and a =
n∑

i=1

xiai.

It follows that a = a(
n∑

i=1

xiei). Since < a > is invertible, a is regular in R by

Theorem 1.16 so that 1 =
n∑

i=1

xiei. Therefore
n∑

i=1

xiei is a unit in the quasi-local

ring R. Hence ek is a unit and A =< a >=< e−1
k ak >=< ak > for some k

between 1 and n. �

9



Lemma 1.19 [7, Corollary 6.2] Let A and B be ideals of a ring with identity

such that AB = A and A is finitely generated. Then there exists an element

b ∈ B such that a = ab for all a ∈ A.

Proof. Let A =< a1, ..., an > where ai ∈ A for all i = 1, ..., n and n is minimal.

Since AB = A, ai =
n∑

j=1

ajbij for some bij ∈ B. Then we have a homogeneous

system of equations linear in a1, ..., an such that

Mn×n


a1

...

an

 = 0 where Mn×n =


1− b11 . . . b1n

...
. . .

...

bn1 . . . 1− bnn

 .

Let d be the determinant of Mn×n, then dai = 0, i = 1, ..., n. So da = 0 for all

a ∈ A. Clearly, d = 1− b for some b ∈ B and da = (1− b)a = 0 for all a ∈ A. �

Theorem 1.20 [7, Theorem 7.6] Let P be an invertible proper prime ideal of the

ring S with identity.

(a) P has the property that if x ∈ Pk − Pk+1, and if y ∈ P t − P t+1

where P0 = S, then xy ∈ Pk+t − Pk+t+1.

Consequently, P0 =
n⋂

k=1

Pk is prime.

(b) {Pk|k ∈ N} is the set of P-primary ideals.

(c) If Q is a primary ideal of S such that
√
Q ⊂ P, then Q is contained in

P0. If Q is finitely generated, Q is the intersection of the set of all primary ideals

contained in P.

In particular, if < 0 > is primary in S, then < 0 > is the only finitely

generated primary ideal of R with radical properly contained in P.

(d) If A is an invertible ideal of S properly containing P, then A = S.

10



Proof. (a) Since P is invertible, Pm is invertible for any nonnegative integer

m. So there are ideals A and B of S where A * P and B * P such that

< x >= APk and < y >= BP t. It follows < xy >= ABP t+k, where AB * P .

Hence xy /∈ P t+k+1.

(b) Let k be a positive integer and let xy ∈ Pk where x ∈ S \ P and y ∈ S.

Then y ∈ Pk by part (a). Thus, Pk is P-primary. Assume Q is a P-primary ideal

of S. Since P0 ⊂ Q and there exists a positive integer m such that Q * Pm, we

can choose a positive integer k, such that Q ⊆ Pk and Q * Pk+1. Then Q = APk

for some ideal A of S such that A * P . Since Q is P-primary, Pk ⊆ Q. Hence,

the equality holds.

(c)We assume that
√
Q = M ⊂ P . Since P is invertible, Q = AP for some

ideal A of S. Since Q is primary and P * M , A ⊆ Q so that Q = QP . Therefore,

Q = QP = QPk and Q ⊆ Pk for all positive integer k. It follows that Q ⊆ P0.

If Q is finitely generated, the equation Q = QP implies the existence of an

element p of P such that q = qp for each q ∈ Q, by Lemma 1.19. Moreover, if Q0

is a primary ideal contained in P , then q(1−p) = 0 ∈ Q0, with 1−p /∈ P ⊇
√
Q0,

so that q ∈ Q0 for each q ∈ Q. Hence Q is the intersection of the set of primary

ideals contained in P .

(d) We have P = AB for some ideal B of S. Since P is prime and A * P ,

B ⊆ P so that B = P . Hence P = SP = AP , and since P is a cancelation ideal,

S = A. �

Remark 1.21 [24, §4, Remark 1] In a domain R, every nonzero principal ideal

is invertible.
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Proof. Let Ra be a nonzero ideal of R that is a is a nonzero element of R and

a−1 is in the quotient field Q of R, hence Ra−1 ∈ F (R) and (Ra)(Ra−1) = R that

is Ra is invertible. �

Theorem 1.22 [24, Theorem 4.16] If R is a domain, then a nonzero ideal I is

projective if and only if it is invertible.

Proof. If I is projective, there are elements {ak|k ∈ K} in I and maps

φk : I → R. If b ∈ I, b 6= 0 and Q is the field of quotients of R, then

define qk ∈ Q by qk = φk(b)/b.

Note that qk does not depend on the choice of b: if b′ ∈ I, b′ 6= 0, then

b′φk(b) = φk(b
′b) = φk(bb

′) = bφk(b
′) and so φk(b)/b = φk(b

′)/b′.

It follows that qkI ⊂ R for all k, for bqk = φk(b) implies bqk = 0 for almost all

k, so that if b 6= 0, almost all qk = 0. Finally, if b ∈ I,

b =
∑

(φk(b))ak =
∑

(qkb)ak = b(
∑

qkak),

so that if b 6= 0, we may cancel and get 1 =
∑
qkak. Thus, I is invertible.

Suppose I is invertible, so there are elements ak, qk satisfying the definition.

Define φk : I → R by φk(a) = qka. If a ∈ I, then

∑
(φk(a))ak =

∑
qkaak = a

∑
qkak = a.

Hence I is projective. �
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CHAPTER 2

SOLUTIONS TO SELECTED EXERCISES IN [7]

2.1 Valuation Rings

Let K be a field and let D be a subring of K with identity. Let K∗ = K \ {0} be

the multiplicative group of nonzero elements of K. The group U , units of D, is

a subgroup of K∗. We write the group operation on the factor group G = K∗/U

as addition: xU + yU = xyU . For any xU, yU ∈ G, we define xU ≤ yU if and

only if y/x ∈ D.

Remark 2.1 xU ≤ yU if and only if Dx, the D-submodule of K generated by

x, contains Dy, the D-submodule of K generated by y.

Proof. xU ≤ yU ⇔ y/x ∈ D ⇔ y/x = d for some d ∈ D ⇔ y = xd for some

d ∈ D ⇔ y ∈ Dx ⇔ Dy ⊆ Dx. �

Moreover “ ≤ ” is a partial order on G such that

(i) Dx ⊆ Dx for all x ∈ K.

(ii) Dx ⊆ Dy and Dy ⊆ Dx implies that Dx = Dy for all x, y ∈ K.

(iii) Dx ⊆ Dy and Dy ⊆ Dz implies that Dx ⊆ Dz for all x, y, z ∈ K.

Definition 2.2 The partially ordered group G is called the group of

divisibility of K with respect to D.
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The set of positive elements of G is

G+ = {xU |xU ≥ U} = {xU |x ∈ D},

the set of cosets of U that are contained, as sets, in D.

The proof of the following theorem was left as an exercise in [7].

Theorem 2.3 [7, Theorem 16.3]Let D be an integral domain with identity with

quotient field K, and let G be the group of divisibility of D. Then the following

are equivalent:

(i) G is totally ordered.

(ii) The set of principal fractional ideals of D is linearly ordered by inclusion.

(iii) The set of fractional ideals of D is linearly ordered by inclusion.

(iv) The set of principal integral ideals of D is linearly ordered by inclusion.

(v) The set of integral ideals of D is linearly ordered by inclusion.

(vi) If x ∈ K \ {0}, then x or x−1 is in D.

Proof.

(i) ⇒ (ii) Let Dx,Dy be two principal fractional ideals of D where x, y ∈ K∗.

Then xU, yU ∈ G = K∗/U . Since K is totally ordered, xU ≤ yU or yU ≤ xU .

Hence Dy ⊆ Dx or Dx ⊆ Dy.

(ii) ⇒ (iii) Let A,B be two fractional ideals of D. Let x be any element in

A. Suppose B * A. Hence there exists y ∈ B \ A, so Dy * A. Thus Dy * Dx

and since principal fractional ideals are linearly ordered, we have Dx ⊆ Dy ⊆ B.

Since it is true for any x ∈ A, we have A ⊆ B.
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(iii) ⇒ (iv) Let Da,Db be two principal integral ideals of D where a, b ∈ D.

Then D(a/1) and D(b/1) are two fractional ideals of D. In this case either

Da = D(a/1) ⊆ D(b/1) = Db or Db = D(b/1) ⊆ D(a/1) = Da.

(iv) ⇒ (v) Let M,N be two integral ideals of D and suppose N * M . Then

there exists s ∈ N \M . In this case Ds * M , so Ds * Dm for all m ∈ M .

Since principal integral ideals are totally ordered. Dm ⊆ Ds ⊆ N for all m ∈M .

Hence, M ⊆ N .

(v) ⇒ (vi) Let x = a/b ∈ K∗ where a, 0 6= b ∈ D. Then Da and Db are

integral ideals of D. Since they are linearly ordered, Da ⊆ Db or Db ⊆ Da.

Then by Remark 2.1, aU ≤ bU or bU ≤ aU . Hence, either x−1 = b/a ∈ D or

x = a/b ∈ D.

(vi) ⇒ (i) Let xU , yU be two elements in G = K∗/U . Then

m = x/y = xy−1 ∈ K∗ which implies m ∈ D or m−1 ∈ D by condition (vi).

Hence G is totally ordered. �

Definition 2.4 We call a domain satisfying the conditions of Theorem 2.3 a

valuation ring on K.

Lemma 2.5 A valuation ring is quasi-local.

Proof. Let V be a valuation ring and M be the set of nonunits of V . So x ∈M

if and only if x = 0 or x−1 /∈ V . If a ∈ V and x ∈ M, we have ax ∈ M, for

otherwise (ax)−1 ∈ V and therefore x−1 = (ax)−1a ∈ V which contradicts that x

is a nonunit element.
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Next let x, y be nonzero elements of M which means x−1 and y−1 /∈ V .

Since xy−1 = x/y ∈ K∗, xy−1 or x−1y is contained in V . If xy−1 ∈ V , then

x+ y = (xy−1 + 1)y ∈ VM⊆M, similarly, x−1y ∈ V implies x+ y ∈M. Hence

M is an ideal. Therefore, V is a quasi-local ring. �

Remark 2.6 Let R be a commutative ring, then
∑
anx

n ∈ R[[x]] is invertible if

and only if the constant coefficient a0 is invertible in R. If R is a local ring, then

so is R[[x]]. If R is a field, then R[[x]] is a valuation ring.

Remark 2.7 If F is a field, we can consider the quotient field of the integral

domain F [[x]]; it is denoted by F ((x)). Its elements are called formal Laurent series

which can be written uniquely in the form

f =
∞∑

n=−M

anx
n

where M is an integer which depends on the Laurent series f .

Proof. We will prove that every nonzero element of F [[x]] has an inverse in

F ((x)). Let f =
∞∑
i=0

aix
i be a nonzero element of F [[x]] such that ai ∈ F for all

i ∈ N.

If a0 6= 0, then define g =
∞∑

k=0

bkx
k such that

b0 = 1/a0 ∈ F [[x]], b1 = −a1/a
2
0 ∈ F [[x]], b2 = a2

1/a
3
0 − a2/a

2
0 ∈ F [[x]],

b3 = −a3
1/a

4
0 + 2a1a2/a

3
0 − a3/a

2
0 ∈ F [[x]], and so on.

Then fg = 1 and g = f−1 ∈ F [[x]] ⊆ F ((x)). Hence every element of F [[x]] with

a nonzero constant term is unit in F [[x]].

Since f ∈ F [[x]] is nonzero, there exists a positive integer k, where k is the

smallest index satisfying ak 6= 0. Then we write f as

f = xkg, where g ∈ F [[x]] with a nonzero constant term.
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Since g is a unit of F [[x]], there exist h ∈ F [[x]] satisfying gh = 1. So x−kh,

the inverse of f is in F ((x)).

Hence, the quotient field of F [[x]] is F ((x)). �

Example 2.8 D = Z<2> + xQ[[x]] is a valuation ring with the maximal ideal

M = 2Z<2> + xQ[[x]].

Proof. Clearly, the quotient field of Z[[x]] and Q[[x]] is Q((x)). Since

Z[[x]] ⊆ D ⊆ Q[[x]], then the quotient field K of D is Q((x)).

Now we will prove that D is a valuation ring. Let f =
∞∑

i=−m

aix
i ∈ Q((x))

where −m is the smallest index for a−m 6= 0. We will prove that f ∈ D or

f−1 ∈ D. We have three cases:

• If −m > 0, then f ∈ D.

• If −m = 0, then f =
∞∑
i=0

aix
i. In this case if 0 6= a0 ∈ Z<2>, then f ∈ D. If

a0 /∈ Z<2>, then by the above arguments a−1
0 ∈ Z<2>. Hence

f−1 = a−1
0 + (a1/a

2
0)x+ (a2

1/a
3
0 − a2/a

2
0)x

2 + · · · ∈ D.

• If −m < 0, then f = x−mg where g =
∞∑

i=−m

aix
i+m. Since the constant

term a−m 6= 0, g is a unit in Q[[x]] that is g−1 ∈ Q[[x]]. So we have,

f−1 = xmg−1 ∈ xQ[[x]] ⊆ D.

Hence, D is a valuation ring.

Moreover, we will prove thatM = 2Z<2>+xQ[[x]] is the unique maximal ideal

of D, that is D \M is precisely the set of units of D. Take α =
∞∑
i=0

aix
i ∈ D \M,

then a0 = a/b ∈ Z<2> \ 2Z<2> for some a, b ∈ Z, b 6= 0 such that (a, b) = 1. Then

both of a and b are odd. Hence α−1 = a−1
0 + (a1/a

2
0)x + · · · ∈ D. Hence α is a
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unit. Now let β =
∞∑
i=0

bix
i be a unit in D that is β−1 ∈ D and ββ−1 = 1. Then

b−1
0 ∈ Z<2>. So b0 /∈ 2Z<2> which implies β ∈ D \M. �

Example 2.9 Let D be as in Example 2.8. We will determine the ideals of D.

Since D is a valuation ring, there are two cases.

Case 1: Assume xQ[[x]] & I. If f ∈ I \xQ[[x]], then f has the following form:

f = a0 + a1x+ · · · where 0 6= a0 =
2kα

β
, α, β odd integers and k ∈ N.

Take f ∈ I \ xQ[[x]] with minimal k such that

f =
2kα

β
+ a1x+ · · · .

Then h = β
α
f − β

α
(a1x + · · ·) = 2k ∈ I. So 2kD ⊆ I and 2k−1D * I since k is

minimal. Hence

2kD ⊆ I $ 2k−1D.

Suppose there exists g ∈ I \ 2kD. Then g = c0 + c1x + · · · and c0 /∈ 2kZ<2>.

Then c0Z<2> * 2kZ<2>. Since Z<2> is a discrete valuation ring with maximal

ideal 2Z<2>, every ideal of Z<2> is of the form 2rZ<2> for some r ∈ N. That

means

2kZ<2> $ c0Z<2> = 2rZ<2> $ 2k−1Z<2>,

which is a contradiction, since r ∈ N. Therefore, I = 2kD. Hence, the ideals of

D containing xQ[[x]] are of the form 2kD for some k ∈ N that is

· · · ⊂ xQ[[x]] ⊂ · · · ⊂ 2nD ⊂ · · · ⊂ 22D ⊂ 2D ⊂ D.

Case 2: Now take an ideal I of D such that I ⊆ xQ[[x]]. Then every f ∈ I
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has the following form:

f = xk(ak + ak+1x+ · · ·) = xkg such that ak 6= 0, k ∈ Z+, i ≥ k, ai ∈ Q,

so g ∈ Q[[x]].

If there exists f ∈ I such that ak ∈ Q \ Z<2>, then let k be minimal with

respect to this property, then ak = a/b, (a, b) = 1, b is even, so a is odd. Then

1/g ∈ D ⇒ f/g = xk ∈ I ⇒ xkD $ I, since f ∈ I \ xkD.

Hence xkD $ I ⊆ xkQ[[x]]. Here I = xk(A + xQ[[x]]) where Z<2> $ A ⊆ Q.

Clearly, A is a Z<2>-module. Take α/β ∈ A. If there exists a maximal s ∈ Z+

such that 2s|β, then A =< 1/2s >, otherwise A = Q.

• If A =< 1/2s >, then I = xk(< 1/2s > +xQ[[x]]). In particular, A is a

fractional ideal of Z<2>.

• If A = Q, then I = xkQ[[x]]. So

· · · ⊂ xD ⊂ x(< 1/2 > +xQ[[x]]) ⊂ · · · ⊂ x(< 1/2s > +xQ[[x]]) ⊂ · · · ⊂ xQ[[x]] ⊂ · · · .

Now if for all f ∈ I, ak ∈ Z<2>, then ak = 2tc/d for some odd integers c, d.

Choose f ∈ I with minimal t, then

f = 2txk(c/d+ bk+1x+ · · ·) = 2txkg, where g is a unit in D.

Hence

g−1f = 2txk ∈ I ⇒ 2txkD ⊆ I $ 2t−1xkD.
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Let ϕ ∈ I \ 2txkD, then ϕ = xk(dk + dk+1x+ · · ·) and dk /∈ 2tZ<2>. So we have

2tZ<2> ⊆ dkZ<2> $ 2t−1Z<2>,

which is a contradiction. Hence I = 2txkD.

· · · ⊂ 2txD ⊂ · · · ⊂ 2xD ⊂ · · · ⊂ xD ⊂ · · · ⊂ xQ[[x]] ⊂ · · · .

Definition 2.10 Let R be a ring with identity. R is called a chained ring if the

set of ideals of R is linearly ordered by inclusion.

Remark 2.11 Every valuation ring is a chained ring. Converse does not hold.

Let D be as in Example 2.8. Then D/8D is a chained ring but not a valuation

ring.

Exercise 2.12 [7, §16, Exercise 8] Prove that the following conditions,

(1)-(3) are equivalent for a ring R. Condition (1) implies condition (4), but not

conversely.

(1) The set of fractional ideals of R is linearly ordered by inclusion.

(2) R is a chained ring.

(3) The set of principal integral ideals of R is linearly ordered by inclusion.

(4) R contains each zero divisor of S, the total quotient ring of R. Moreover,

if x is a unit of S, then x or x−1 is in R.

Solution. Both (1) ⇒ (2) and (2) ⇒ (3) are clear.

(3) ⇒ (1) First, we will prove that the principal fractional ideals of R are

linearly ordered. Let F1 = R(a/s1) and F2 = R(b/s2) be two principal fractional

ideals of R where a, b, s1, s2 ∈ R and s1, s2 are regular elements. Then Ras2
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and Rbs1 are principal integral ideals of R. Since they are linearly ordered,

Ras2 ⊆ Rbs1 or Rbs1 ⊆ Ras2. Assume Ras2 ⊆ Rbs1 which means bs1|as2 such

that kbs1 = as2 for some k ∈ R. Then k(b/s2) = a/s1 for some k ∈ R which

implies a/s1 ∈ R(b/s2) = F2. So, F1 ⊆ F2 and principal fractional ideals of R are

linearly ordered.

Now, assume F, F ′ are arbitrary fractional ideals of R such that F * F ′, then

there exists x ∈ F \ F ′. For any y ∈ F ′, Rx * Ry. Since principal fractional

ideals are linearly ordered, Ry ⊆ Rx for all y ∈ F ′. Hence F ′ ⊆ Rx ⊆ F .

(1) ⇒ (4) Let x = x1/s1 be a zero divisor of S, where 0 6= x1, s1 ∈ R,

s1 is regular, then there exists a nonzero y = y1/s2 ∈ S where 0 6= y1, s2 ∈ R,

s2 is regular such that xy = (x1/s1)(y1/s2) = (x1y1)/(s1s2) = 0. This implies

x1y1 = 0, so x1 is a zero divisor of R. Suppose x /∈ R. Since fractional ideals

of R are linearly ordered, we have R ⊆ Rx. So 1 = rx for some r ∈ R and

x−1 = s1/x1 ∈ R ⊆ S. That is x1 is a regular element of R. So x is not a zero

divisor of S, which is a contradiction.

Let x be regular element of R, since fractional ideals of R are linearly ordered,

we have R ⊆ Rx or Rx ⊆ R. Hence 1 = r1x or x = r2 for some r1, r2 ∈ R. Then

x−1 = r1 ∈ R or x = r2 ∈ R. Let R = Z6. Clearly the quotient ring S is R itself

and R satisfies condition (4). < 2 > and < 3 > are fractional ideals of R, but

they are not linearly ordered. �

Exercise 2.13 [7, §17, Exercise 7] Let A be an ideal of the chained ring V .

Prove that V/A is a chained ring.

Solution. We will prove the set of integral ideals are linearly ordered. Let

I/A, J/A be arbitrary integral ideals of V/A, then I, J are integral ideals of V ,
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containing A. Assume I * J . Since the ideals of V are linearly ordered, J ⊆ I.

Hence J/A ⊆ I/A. �

Exercise 2.14 [7, §16, Exercise 9] Let R be a ring with identity with total

quotient ring S. Of the following conditions, prove that (2) and (3) are equivalent

and (1) implies (2). Moreover if each regular ideal of R is generated by its set of

regular elements, then (2) implies (1).

(1) The set of regular ideals of R is linearly ordered by inclusion.

(2) The set of regular principal ideals of R is linearly ordered.

(3) If x is a unit of S, then either x or x−1 is in R.

Solution. (2) ⇒ (3) Let x = x1/s1 be a unit of S where x1, s1 ∈ R and x1, s1

are regular in R, otherwise x−1 = s1/x1 /∈ S, contradicting that x is a unit of

S. Since the set of regular principal ideals of R is linearly ordered, Rx1 ⊆ Rs1

or Rs1 ⊆ Rx1. Hence x1 = rs1 or s1 = r′x1 for some r, r′ ∈ R. Therefore

x = x1/s1 = r ∈ R or x−1 = s1/x1 = r′ ∈ R.

(3) ⇒ (2) Let Ra,Rb be arbitrary regular principal ideals of R that is a, b are

arbitrary regular elements of R. Define x = a/b. Clearly x is a unit of S. Then

by (3), x = a/b ∈ R or x−1 = b/a ∈ R. Hence xb = a or x−1a = b. Thus Ra ⊆ Rb

or Rb ⊆ Ra.

(1) ⇒ (2) is clear.

Assume that each regular ideal of R is generated by its set of regular elements.

(2) ⇒ (1) Let I, J be arbitrary regular ideals of R such that I * J . Assume

I =< {aλ}λ∈Λ > and J =< {bγ}γ∈Γ > where aλ, bγ are regular elements for all

λ ∈ Λ and γ ∈ Γ. Then there exists aλ0 ∈ I \ J that is Raλ0 * Rbγ for all
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γ ∈ Γ. Since the set of regular principal ideals of R are linearly ordered, then

Rbγ ⊆ Raλ0 for all γ ∈ Γ. Hence J ⊆ Raλ0 ⊆ I. �

Exercise 2.15 [7, §16, Exercise 20] Determine the group of divisibility of Z[2i].

Solution. We will first find the units of Z[2i] Let a+ b2i ∈ Z[2i] be a unit, then

norm of this element over Z should be ±1, and the solutions of a2 + b24 = ±1 are

a = ±1 and b = 0. So the set of units U of Z[2i] is {±1}.

Secondly, we will prove that the quotient field of Z[2i] is K = Q[i]. Take

x/y ∈ K where x = a+b2i and y = c+d2i for a, b, c, d ∈ Z such that c+d(2i) 6= 0.

Then

x

y
=
a+ b2i

c+ d2i
=
ac+ 4bd

c2 + 4b2
+

2(bc− ad)

c2 + 4d2
i ∈ Q[i]

So, K ⊆ Q[i].

On the other hand, since Q ⊆ K and 2i ∈ K, i ∈ K. Hence Q[i] ⊆ K, and

the equality follows.

Finally, we can define the group of divisibility G of Z[2i] as follows,

G = Q[i]∗/U = {(x+ yi)U |x, y ∈ Q, x+ yi 6= 0}

where

G ∼= {x+ yi|x, y ∈ Q, x > 0 or x = 0 and y > 0}.

�
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2.2 Structure of Valuation Rings

Theorem 2.16 [7, Theorem 17.1] Let V be a valuation ring which is not a field,

and let A be a proper ideal of V .

(i) If A is finitely generated, then A is principal.

(ii)
√
A is a prime ideal of V .

(iii)
∞⋂

n=1

An = P0 is a prime ideal of V . If for some positive integer k,

Ak = Ak+1, then A is an idempotent prime ideal.

(iv) Each prime ideal properly contained in A is contained in P0

(v) If B is an ideal of V such that A ⊂
√
B, then B contains a power of A.

Proof.

(i) Let A =< a1, ..., an >. The set {< ai > |i = 1, ..., r} of principal ideals is

linearly ordered under inclusion, and hence there exists k, 1 ≤ k ≤ r such that

< ai > is contained in < ak > so that A is principal.

(ii) Let S be the set of all minimal prime ideals of A. Since the set of prime

ideals of V is linearly ordered under inclusion, S contains a single element which

is P . Therefore
√
A is a prime ideal of V , since

√
A =

⋂
P∈S

P = P .

(iii) We prove that P0 is a prime ideal by showing that V \P0 is a multiplicative

system. Hence if x, y ∈ V \ P0, then there are positive integers m,n such that

x /∈ An and y /∈ Am. Therefore An ⊂< x > and Am ⊂< y >. Multiplying the

first containment by the invertible ideal < y >, we obtain An < y >⊂< xy >, and

since Am ⊂< y >, Am+n ⊂ An < y >. Hence Am+n ⊂< xy > and xy ∈ V \ P0.

If for some k ∈ Z+, Ak = Ak+1, then P0 = Ak. Therefore since P0 is prime,

A ⊆ P0 = Ak, so that A = Ak = Ak+1. Thus A2 = Ak+1 = A and A is prime.
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(iv) If P is a prime ideal of V and if P ⊂ A, then P contains no power of A.

Therefore P ⊂ Ak for all k ∈ Z+, consequently, P ⊆
∞⋂

k=1

Ak = P0.

(v) We will prove that for all positive integer k, Ak * B implies that A is not

contained in
√
B properly. Let Ak * B for all k ∈ Z+. Then B ⊂ Ak for all

k ∈ Z+, which implies B ⊂ P0. So
√
B ⊆ P0 ⊆ A which means that A is not

contained in
√
B properly. �

Exercise 2.17 [7, §17, Exercise 1] More generally, parts (i),(ii),(iv),(v) of

Theorem 2.16 are also valid for a chained ring V , but the assertions of part

(iii) does not hold for V ; take V = Z/ < 8 >,A =< 4 > / < 8 >. If, however, A

properly contains a prime ideal of V , then part (iii) of Theorem 2.16 is valid for

V and A.

Solution. It can be easily seen that (i),(ii),(v) of Theorem 2.16 are also valid for

a chained ring V .

To prove (iv), we show that
√
Ak =

√
A for all k ∈ Z+, where A is an ideal

of a chained ring V .
√
Ak ⊆

√
A is obvious. Take x ∈

√
A, then xs ∈ A for

some s ∈ Z+, so xsk ∈ Ak which implies x ∈
√
Ak. Hence

√
Ak =

√
A. Let

At ⊆ P for some t ∈ Z+, where P $ A is a proper prime ideal of V . Then

A ⊆
√
A =

√
At ⊆

√
P = P , which contradicts that P is proper in A. Hence

Ak * P for all k ∈ Z+. Since ideals of V are linearly ordered, P ⊂ Ak for all

k ∈ Z+. Then P is contained in P0.

We have V = Z/ < 8 > is a chained ring. To prove (iii) of Theorem 2.7 does

not hold for V , let A =< 4 > / < 8 >. Then A2 =< 0V >= A3 = A4 = · · ·.

Hence
∞⋂

n=1

An =< 0V > which is not a prime ideal of V that is

(2+ < 8 >)(4+ < 8 >) =< 8 >∈< 0V >, but (2+ < 8 >), (4+ < 8 >) /∈< 0V > .
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Also A2 = A3, but A 6=< 0V >= A2. Thus A is not idempotent.

Let P be a prime ideal properly contained in A. Assume there exist

s0 ∈ Z+ such that As0 ⊆ P . Then A ⊆
√
A =

√
As0 ⊆ P which contradicts

P is proper in A. Thus P $ Ak for all positive integer k and P ⊆
∞⋂

n=1

An = P0.

To prove V \ P0 is a multiplicative system, take x, y ∈ V \ P0 that is x /∈ Ak

and y /∈ Am for some positive integer k,m ∈ Z+. Since V is a chained ring,

V/P is also a chained ring by Exercise 2.13 and < 0 >$ Ak/P $< x + P >

and < 0 >$ Am/P $< y + P > in V/P . Since P is prime, V/P is a domain

and y + P is a regular element in V/P . That implies < y + P > is an invertible

ideal. Thus (Ak/P) < y+P >$< xy+P >. Since Am/P ⊆< y+P >, we have

Ak+m/P ⊆ (Ak/P) < y +P >$< xy +P > that is xy /∈ Ak+m and xy ∈ V \ P0.

Assume Ak = Ak+1 for some positive integer k, then P0 = Ak and

As ⊇ P0 =
√
P0 =

√
Ak =

√
A ⊇ A ⊇ As for any positive integer s.

Hence A is an idempotent ideal. �

Remark 2.18 A valuation ring is a Bezout domain.

Exercise 2.19 [7, §22, Exercise 12] If R is a Bezout ring, then R/I is a Bezout

ring for each ideal I of R.

Solution. If I = R, the result is clear. Let N/I =< a1 + I, ..., an + I > be a

finitely generated ideal of R/I where I is a proper ideal of the Bezout ring R and

a1, ..., an ∈ R. Then J =< a1, ..., an > is a finitely generated ideal of R which is

contained in N . Hence J =< s > for some s ∈ J . We claim that N/I = (J+I)/I.

Since J, I ⊆ N , clearly (I+J)/J ⊆ N/I. To show the other side of the inclusion,

take x+ I ∈ N/I then, clearly, x+ I =
n∑

i=1

(airi + I) = (
n∑

i=1

airi) + I ∈ (J + I)/I
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where ri ∈ R for i = 1, ..., n. Hence,

N/I = (J + I)/I =< s+ I >,

that is N/I is principal and R/I is a Bezout ring. �

Definition 2.20 A prime ideal P of a ring R is called branched if there exists a

P-primary ideal distinct from P; if P is the only P-primary ideal of R, then P

is said to be unbranched.

The following theorem deals with the set of primary ideals of a valuation ring.

Theorem 2.21 [7, Theorem 17.3] Let V be a valuation ring which is not a field,

and let 0 6= P be a prime ideal of V .

(i) If Q is P-primary and if x ∈ V \ P, then Q = Q < x >. If Q is finitely

generated, then P is a maximal ideal of V .

(ii) If S = {Qλ|λ ∈ Λ} is the set of P-primary ideals, then S is closed under

multiplication. In particular, {P k}∞k=1 ⊆ S. If P 6= P2, then S = {Pk}∞k=1.

(iii) If P is branched and Q is P-primary, Q 6= P, then
∞⋂

n=1

Qn =
⋂

λ∈Λ

Qλ.

(iv) P0 =
⋂

λ∈Λ

Qλ is a prime ideal of V , and there are no prime ideals of V

properly between P0 and P.

(v) The following are equivalent:

(a) P is branched.

(b) There is an ideal A 6= P such that P =
√
A.

(c) P is the radical of a principal ideal.
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(d) P is not the union of the set of prime ideals of V properly contained

in P.

(e) There is a prime ideal M properly contained in P such that there are

no primes of V properly between M and P.

Proof.

(i) Since x /∈ P , Q ⊂< x >, and since < x > is invertible, there exists an

ideal A of V such that Q = A < x >⊆ A. Moreover, Q is P-primary and x /∈ P ,

so that A ⊆ Q ⊆ A. Hence Q = Q < x >.

If Q is finitely generated, Q is a nonzero principal ideal and hence an

invertible ideal. Thus if x is any element of V \ P, < x >= V , x is a unit

of V , and consequently, P is a maximal ideal of V .

(ii) If Q1, Q2 ∈ S, we show that Q1Q2 ∈ S. We have

√
Q1Q2 =

√√
Q1

√
Q2 = P .

If x, y ∈ V with xy ∈ Q1Q2 and x /∈ P , then by (i)

Q1 = Q1 < x > , < x >< y >=< xy >⊆ Q1Q2 =< x > Q1Q2.

Therefore, y ∈ Q1Q2 and Q1Q2 is P-primary.

If P 6= P2, we show that each P-primary ideal Q is a power of P . By

Theorem 2.16 (v), Q contains a power of P2, and hence a power of P . We choose

k minimal such that Pk ⊆ Q. There exists y ∈ Pk−1 \Q. Hence Q ⊂< y > and

Q = A < y > for some ideal A of V . Since Q is P-primary and y /∈ Q, it follows

that A ⊆ P. Hence Q = A < y >⊆ P < y >⊆ Pk, and Q is a power of P .
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(iii) Since {Qn}∞n=1 ⊆ S = {Qλ}, clearly
⋂

λ∈Λ

Qλ ⊆
∞⋂

n=1

Qn By Theorem 2.16

(v), each Qλ contains a power of Q, hence the reverse containment also holds.

Hence
⋂

λ∈Λ

Qλ =
∞⋂

n=1

Qn.

(iv) If P is unbranched, it is obvious.

If P is branched, by (iii) P0 =
∞⋂

n=1

Qn for each P-primary ideal Q 6= P .

Therefore P0 is prime and each prime ideal properly contained in P is contained

in P0 by Theorem 2.16(iii). Consequently, there are no prime ideal of V properly

between P0 and P .

(v) (a) ⇒ (b) clear.

(b) ⇒ (c) Suppose there exists A 6= P such that P =
√
A. If x ∈ P \ A, then

A ⊆< x >⊆ P, so that
√
< x > ⊆ P =

√
A ⊆

√
< x >, so P =

√
< x >.

(c) ⇒ (d) Suppose P =
√
< x >, then x is not in any prime ideal of V properly

contained in P . Therefore, P 6=
⋃

Qλ Cp V

Qλ $ P

Qλ.

(d) ⇒ (e) Suppose P 6=
⋃

Qλ Cp V

Qλ $ P

Qλ. Here Qλ ’s are linearly ordered since V

is a valuation ring. So
⋃

Qλ Cp V

Qλ $ P

Qλ is an ideal. Furthermore it is prime.

(e) ⇒ (a) This is a consequence of the following lemma. �

Lemma 2.22 [7, Lemma 17.4] Let P and M be proper prime ideals of the ring

R such that P ⊂M and such that there are no prime ideals of R properly between

P and M. Then P is the intersection of the set of M-primary ideals containing

P.

Proof. By passage to R/P , without loss of generality we may assume that R is

a domain, M is minimal in R, and P =< 0 >. And by further passage to RM,
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it is sufficient to prove the lemma for the case where M is the maximal ideal of

the one-dimensional quasi-local domain R, and P =< 0 >. In this case, we only

need to show that if d is a nonzero element of M, then there is an M-primary

ideal not containing d. But d /∈< d2 >, and < d2 > is M-primary since M, the

radical of < d2 >, is maximal in R. �

Exercise 2.23 [7, §17, Exercise 4] Let D = Z<2> + xQ[[x]]. D is a valuation

ring. (See Example 2.8)

(1) Prove that the second statement in (i) of Theorem 2.21 fails in a chained

ring by taking Q to be the zero ideal of D/x2Q[[x]].

(2) Prove that (ii) of Theorem 2.21 fails in a chained ring by taking

P = xQ[[x]]/xD.

(3) Prove that (iii) of Theorem 2.21 fails for P = xQ[[x]]/x3D and

Q = x2Q[[x]]/x3D in the chained ring D/x3D; the same example shows that

(iv) of Theorem 2.21 fails for a chained ring.

(4) Give examples to show that the implications (a) ⇒ (e) and (b) ⇒ (a) in

part (v) of Theorem 2.21 need not hold in a chained ring.

Solution.

(1) If V is a chained ring, then V/A is a chained ring for any ideal A of V by

Exercise 2.13. Since any valuation ring is a chained ring, D and D/x2Q[[x]] are

chained rings.

Fact 1: P = xQ[[x]] is a prime ideal of D.

Let f.g ∈ xQ[[x]], where f =
∞∑
i=0

aix
i, g =

∞∑
i=0

bix
i ∈ D. Then a0b0 = 0.

However Z<2> is a domain. So a0 = 0 or b0 = 0 that is f ∈ xQ[[x]] or g ∈ xQ[[x]].

Fact 2: I = x2Q[[x]] is P-primary ideal of D.

Take f =
∞∑
i=0

aix
i, g =

∞∑
i=0

aix
i ∈ D with fk /∈ I for all k ∈ Z+ such that

f.g ∈ x2Q[[x]]. Clearly, a0 6= 0, a0b0 = 0 and a0b1 + a1b0 = 0. So b0 = b1 = 0 that
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is g ∈ I. Also we have to show that
√
I = P . Let P ′ be a prime ideal containing

I. Take f ∈ P , then f 2 ∈ I ⊂ P ′. So P ⊆ P ′. Thus
√
I = P . Hence I is a

P-primary ideal of D.

Fact 3: Q is a P-primary (prime) ideal if and only if Q/I is a P/I primary

(prime) ideal of R/I for all I ⊆ Q.

(a + I)(b + I) ∈ Q/I if and only if ab ∈ Q and Q is P-primary that is

ab ∈ Q implies a ∈ Q or bn ∈ Q for some n ∈ Z+ if and only if a + I ∈ Q/I

or (b + I)n ∈ Q/I when (a + I)(b + I) ∈ Q/I. Also
√
Q = P if and only if√

Q/I = P/I.

As a result of these three, we have J = xQ[[x]]/x2Q[[x]] is a prime ideal

of D/x2Q[[x]] and < 0D/x2Q[[x]] > is a J-primary ideal of D/x2Q[[x]]. Clearly

< 0D/x2Q[[x]] > is finitely generated.

We know that M = 2Z<2> + xQ[[x]] is the unique maximal ideal of D. Then

P $ M which implies P/I $ M/I that is P/I is not maximal.

(2) We have x2Q[[x]] ⊂ D. If f =
∞∑
i=0

aix
i ∈ x2Q[[x]], then a0 = a1 = 0. Thus

f = x(0 + a2x + · · ·) ∈ xD, since 0 + a2x + · · · ∈ D. Hence

P2 =< 0D/xD >. So P 6= P2. We will prove that P2 =< 0D/xD > is not a

primary ideal of D/xD. Take m = 2/1 + xD, n = (1/2)x + xD ∈ D/xD. Then

mn = xD ∈ P2. Clearly neither mk nor n is in P2 for all k ∈ Z+. Thus P2 is

not in the set of primary ideals of D/xD.

(3) In part (1), Fact 2, we proved that x2Q[[x]] is xQ[[x]]-primary ideal of

D. And by Fact 3 in part (1), Q is P-primary ideal of D/x3D and Q 6= P .

Then P is branched. Clearly, Q2 =< 0D/x2D >, since x4Q[[x]] ⊆ x3D. Hence,
∞⋂

n=1

Qn =< 0D/xD >.
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Let S be the set of P-primary ideals of D/x3D. We claim that P3 is the

smallest P-primary ideal of D/x3D. First, let’s prove that P3 is P-primary

ideal of D/x3D. Clearly,
√
P3 = P . Take m = a0 + a1x + a2x

2 + a3x
3 + x3D,

n = b0 + b1x + b2x
2 + b3x

3 + x3D ∈ D/x3D such that mn ∈ P3. Assume

m /∈ P , then a0 6= 0, and b0 = b1 = b2 = 0. So n ∈ P3 and P3 ∈ S. To show

P3 is the smallest P-primary ideal, take 0 6= I/x3D ∈ S. Let I/x3D $ P3.

Assume I/x3D 6=< 0D/x3D >, then x3D $ I $ x3Q[[x]]. By Example 2.9, I

is of the form x3(< 1/2s > +xQ[[x]]) for some s ∈ Z+. Assume s = 1, then

(4 + x3D)((1/4)x3 + x3D) ∈ I/x3D, but (4 + x3D)n, ((1/4)x3 + x3D) /∈ I/x3D,

for all n ∈ Z+. Hence I/x3D is not primary. Let I/x3D =< 0D/x3D >. Take

m = 2+x3D,n = (1/2)x3+x3D ∈ D/x3D such that mn ∈< 0D/x3D >. However,

neither mk nor n is in < 0D/x3D > for all k ∈ Z+, that is, < 0D/x3D > is not

primary. Then I/x3D is not properly contained in P3. Since ideals of a chained

ring are linearly ordered, we have P3 ⊆ I/x3D. Thus P3 is the smallest element

of S. Hence
⋂

Qλ∈S

Qλ = P3 and

⋂
Qλ∈S

Qλ 6=
∞⋂

n=1

Qn.

(4) Since xQ[[x]] is a prime ideal of D and x2D ⊆ xQ[[x]], by Fact 3 we can

say that P = xQ[[x]]/x2D is a prime ideal of D/x2D. Similarly, by Fact 3, P2 is

P-primary ideal of D/x2D. We also have P 6= P2, so P is branched. Moreover,

< 0D/x2D > is not a prime ideal of D/x2D that is

((1/2)x2+x2D)(2+x2D) ∈< 0D/x2D > where ((1/2)x2+x2D), (2+x2D) /∈< 0D/x2D > .

Let N $ P be a prime ideal. Then N 6=< 0D/x2D > and N = S/x2D for

some prime ideal S of D with < 0D >6= x2D $ S $ xQ[[x]]. But since D is a
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valuation ring, by parts (iii) and (iv) of Theorem 2.21, < 0D >=
∞⋂

k=1

x2kQ[[x]] is

a prime ideal of D and there is no prime ideal between < 0D > and xQ[x]. Hence

there is no prime ideal N properly contained in P .

Let P = xQ[[x]]/xD which is a prime ideal of D/xD by Fact 3. We claim

that < 0D/xD > is not a primary ideal and
√
< 0D/xD > = P . We have

(2 + xD)((1/2)x + xD) ∈< 0D/xD > where (2 + xD)k and

((1/2)x+xD) ∈ D/xD\ < 0D/xD > for all k ∈ Z. So, clearly, < 0D/xD > is not a

primary ideal. Assume there exists a nonzero primary ideal Q of D/xD which is

properly contained in P . Then, by fact 3, Q = I/xD for some primary ideal I of

D such that xD $ I $ xQ[[x]]. Then by Example 2.9, I = x(< 1/2s > +xQ[[x]])

for some s ∈ Z+. Since 2((1/2s+1)x) ∈ I where 2k, ((1/2s+1)x) ∈ D \ I for

all k ∈ Z+, any ideal of this form is not primary. So there is not a pri-

mary ideal properly contained in P that also means there is not a prime ideal

properly contained in P . Hence
√
< 0D/xD > = P , but P is not branched. �

Exercise 2.24 [7, §17, Exercise 30] Let V be a valuation ring with maximal ideal

M and value group, the group of divisibility of the valuation ring V , G = K∗/U

where K is the quotient field of V and U is the set of units of V . Prove that M

is principal if and only if G contains a smallest strictly positive element.

Solution. Let M = xV for some x ∈ V , clearly, x is not a unit in V that is

M = xV $ V implies xU > U in G by Remark 2.1. Take y ∈ V such that

yU > U that is yV $ V and 1/y /∈ V . Hence y ∈M and y = kx for some k ∈ V ,

then y/x = r ∈ V that is yV ⊆ xV and yU ≥ xU in G. Thus G has a smallest

strictly positive element.

Conversely, assume aU ∈ G such that for all xU > U in G, xU ≥ aU , then

clearly aV $ V and a ∈ M. Take any y ∈ M. Since y is nonunit in V and

yU > U , by assumption, we have yU ≥ aU . Hence yV ⊆ aV and M = aV . �
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Exercise 2.25 [7, §17, Exercise 13] Let V be a nontrivial valuation ring on the

field L and assume that V = K +M, where K is a subfield of L and M is the

maximal ideal of V . Let D be a proper subring of K, and let D1 = D+M. Then

prove:

(1) If N is a multiplicative system in D, then (D1)N = DN +M. If P is a

prime ideal in D1 and if P ⊂ M, then (D1)P = VP so that (D1)P is a valuation

ring.

(2) D1 is a valuation ring if and only if D is a valuation ring on K.

Solution. Clearly, K ∩M = {0}. Then D ∩M = {0} and any element d ∈ D1

can uniquely be represented as d = r +m where r ∈ D and m ∈M.

(1) Let (r + m)/s ∈ (D1)N where r ∈ D, m ∈ M and 0 6= s ∈ N ⊆ D,

then (r + m)/s = r/s + m/s ∈ DN + M since 0 6= s ∈ D ⊂ K, 1/s ∈ K,

m/s ∈M = VM = KM for any m ∈M that is (D1)N ⊆ DN +M

On the other hand, take a/s+m ∈ DN +M where a ∈ D, s ∈ N and m ∈M ,

then a/s +m = (a +ms)/s ∈ (D1)N since M is an ideal of V and s ∈ D ⊂ V .

Thus equality holds.

Let P be a prime ideal of D1 properly contained in M, clearly (D1)P ⊆ VP .

To show the equality, take α ∈ VP . Since P ⊂ M, there exists n ∈ M− P. So

for any v ∈ V , vn ∈ M. Then α = v/s = vn/sn ∈ M(D1)P ⊆ (D1)P , where

v ∈ V and s ∈ D1 − P . Hence (D1)P is a valuation ring.

(2) Assume D1 is a valuation ring on L. Take a nonzero element k of K.

Then k or k−1 ∈ D1. If k ∈ D1, k = d + m for some d ∈ D and m ∈ M.

This implies that k − d = m ∈ K ∩ M = {0}, hence k ∈ D. If k−1 ∈ D1,

then k−1 ∈ D in a similar way, that is, D is a valuation ring on K. Let D be

a valuation ring on K and let 0 6= l ∈ L. Since V is a valuation ring, we have
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l ∈ V or l−1 ∈ V . Then l = k + m or l−1 = k + m where k ∈ K and m ∈ M.

Moreover, since D is a valuation ring, k or k−1 ∈ D. Assume k ∈ D, then

clearly, l or l−1 ∈ D1. Assume k−1 ∈ D that is k 6= 0. Then for the first case

l−1 = 1/(k + m) = 1/k − m/(k + m) ∈ D1, since (k + m) /∈ M implies it is a

unit in V then m/(k +m) ∈M = VM. Similarly, l−1 ∈ V and k−1 ∈ D implies

l = 1/(k +m) ∈ D1. Thus D1 is a valuation ring. �

Exercise 2.26 [7, §20, Exercise 11] If p(x) = ax+ b is a polynomial in K[x] of

degree 1 where K is a field, prove that the valuation ring V = K[x]<p(x)> is the

sum of K and the maximal ideal of V . The valuation ring K[[x]] is of the same

form.

Solution. First, we will show that p(x)V is the maximal ideal of V , that is,

V − p(x)V is the set of units of V. Since p(x) is irreducible in K[x] and K[x] is a

unique factorization domain, p(x) is a prime element in K[x] and any α ∈ V has

a unique formal representation such that α = f(x)/g(x) where f(x), g(x) ∈ K[x],

p(x) - g(x) and (f(x), g(x)) = 1. Now, assume β ∈ V is a unit with the formal

representation f(x)/g(x), then α−1 = g(x)/f(x) ∈ V and p(x) - f(x), therefore

α ∈ V − p(x)V . To show the equality, take γ ∈ V − p(x)V where γ = h(x)/g(x)

formally represented, that is, p(x) - h(x) and γ−1 ∈ V . Hence p(x)V is the

unique maximal ideal of V and V is a valuation ring with the quotient field

F = {f(x)/g(x)|0 6= g(x), f(x) ∈ K[x]}.

Secondly, we prove that V = K+p(x)V . It is easy to see that K+p(x)V ⊆ V .

To prove the converse, take a formally represented element α = f(x)/g(x) of V .

Then by division algorithm, f(x) = p(x)f1(x) + r and g(x) = p(x)g1(x) + s,

where f1(x), g1(x), r, s ∈ K[x], 0 ≤ deg(r(x)), deg(s(x)) < deg(p(x)) = 1, so
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r, 0 6= s ∈ K. Therefore

f(x)

g(x)
=
p(x)f1(x)

g(x)
+

r

g(x)
= (rs−1) +

(f1(x)− rs−1g1(x))p(x)

g(x)
∈ K + p(x)V.

�

Exercise 2.27 [7, §19, Exercise 3] Prove that {Z<p>|p is prime } is the set of

nontrivial valuation rings on Q.

Solution. Clearly, Z<p> = {α = a/b ∈ Q|a, b ∈ Z, p - b} is a valuation ring on Q

with unique maximal ideal pZ<p>.

Let (V,M) be a nontrivial valuation ring on Q. By definition, V is an integral

domain with identity and V ∩ Z is a nonzero subring of Z containing identity.

That is V ∩ Z = nZ where n ∈ Z and 1 ∈ nZ. Then n = ±1, Z ⊆ V . Moreover,

M∩ Z is a prime ideal of Z. If M∩ Z =< 0 >, then V = Q which contradicts

that V is nontrivial. So M ∩ Z = pZ for some prime integer p. This implies

pZ ⊆M, where M is the set of nonunits of V .

Claim: M = pZp where pZp := {α = a/b ∈ Q|a, b ∈ Z, p|a, p - b}.

Take 0 6= α = a/b ∈ M where a, b ∈ Z and (a, b) = 1. Since a = b.(a/b) ∈

M ∩ Z = pZ and (a, b) = 1, p|a and p - b. Thus M ⊆ S. On the other hand,

take β = x/y ∈ S. By definition, p|x and p - y in Z and x = y.(x/y) ∈ pZ ⊆M.

Since M is prime and y /∈M∩ Z = pZ, x/y ∈M. Hence M = pZp.

Take α = a/b ∈ Q where a, b ∈ Z and (a, b) = 1. α /∈ V if and only if

α−1 = b/a ∈ M, since V is a valuation ring on Q and M is the set of nonunits
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of V . Thus, we have

Q \ V = {α = a/b ∈ Q|a, b ∈ Z, p|b, p - a}

which is equivalent to

V = {α = a/b ∈ Q|a, b ∈ Z, p - b} = Z<p>.

�

Exercise 2.28 [7, §19, Exercise 5] Let V be a valuation ring on a field K and

let L be an extension of K. Prove that there is a valuation ring W on L such

that W ∩K = V .

Solution. Let V be a valuation ring on K with unique maximal ideal M and

let F = {S|V ⊆ S ⊆ L, S is a subring of L,MS 6= S} where MS is an ideal of

S generated by M in S.

Clearly, F 6= ∅ such that V ∈ F , since V is a subring of K and L is an

extension of K, V is a subring of L and MV = M 6= V . F is partially ordered

with respect to inclusion. Let H be a nonempty totally ordered subset of F .

Claim 1: T =
⋃

S∈H
S is an upper bound for H.

Clearly, T is a ring and V ⊆ T ⊆ L. Assume MT = T , then 1 =
n∑

i=1

aiti

where ai ∈ M and ti ∈ T . Since H is totally ordered, there exists S0 ∈ H such

that ti ∈ S0 for i = 1, ..., n. So MS0 = S0 which contradicts that S0 ∈ F . Thus,

MT 6= T and T ∈ F . By construction, T is an upper bound for H in F .

By Zorn’s Lemma, F has a maximal element W , such that R ⊆ W ⊆ L, W

is a subring of L, MW 6= W and W is maximal with respect to these properties.
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Claim 2: W is a valuation ring on L.

W is a proper subring of L, since MW 6= W . Assume there exist 0 6= x ∈ L

such that x /∈ W and x−1 /∈ W , then W [x] and W [x−1] are subrings of L. Since

W is maximal with respect to the given properties, then MW [x] = W [x] and

MW [x−1] = W [x−1]. That is

1 = a0 + · · ·+ anx
n (1) and 1 = b0 + · · ·+ bmx

−m (2),

where n,m are minimal. So a0 6= 1,an 6= 0, b0 6= 1 and bm 6= 0. Assume n ≥ m.

Multiply (1) by (1− b0) and (2) by anx
n, we have

(1−b0) = a0(1−b0)+· · ·+an(1−b0)xn (3) and 0 = an(b0−1)xn+· · ·+anbmx
n−m (4)

Summation of (3) and (4) gives 1 = (anb1+an−1(1−b0))xn−1+· · ·+(a0−a0b0+b0)

where not all the coefficient of xi are zero and this contradicts the minimality of

n. Thus, x or x−1 ∈ W and W is a valuation ring on L.

Claim 3: W ∩K = V .

Clearly, V ⊆ W ∩K. Assume W ∩K * V such that there exist a ∈ W ∩K

and a /∈ V . Then 1/a ∈ V is nonunit. That is 1/a ∈M, 1 = (1/a)a ∈MW and

MW = W , which contradicts W ∈ F . Thus, W ∩K ⊆ V and equality holds. �

Exercise 2.29 [7, §19, Exercise 15] If R is a subring of the ring S, we say that

R has property (C) with respect to S if each ideal of R is the contraction of an

ideal of S.

1. The following are equivalent:
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(a) R has property (C) with respect to S.

(b) For each ideal A of R, A = Aec; here e and c respective denotes the

extension and contraction of ideals.

(c) For every finitely generated ideal A of R, A = Aec.

2. Assume that S is a subring of the ring T . If R has property (C) with respect

to T , then R has property (C) with respect to S. If R has property (C) with

respect to S and S has property (C) with respect to T , then R has property

(C) with respect to T .

3. R has property (C) with respect to S if and only if R has property (C) with

respect to Si for each intermediate ring Si which is a finitely generated ring

extension of R.

Solution.

(1) (a) ⇒ (b) Let R has property (C) with respect to S, then there exist an

ideal I of J for any ideal A of R such that A = Ic that is Ae = Ice. Using an

elementary proof, it can be shown that Icec = Ic. Hence

A = Ic = Icec = (Ic)ec = Aec for any ideal A of R.

(b) ⇒ (c) is clear.

(c) ⇒ (a) Let A = Aec for any finitely generated ideal A of R. Let I be an

ideal of R, then clearly, I ⊆ IS ∩ R. Take m ∈ IS ∩ R such that m =
n∑

i=1

sixi

where si ∈ S and xi ∈ I for all i. Then I1 =
n∑

i=1

Rxi is a finitely generated ideal of

R which is contained in I and by assumption, I1 = I1S ∩R. Since m ∈ I1S ∩R,

m ∈ I1 ⊆ I and hence I = IS ∩R.
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(2) Assume R has property (C) with respect to T , that is I = IT ∩ R

for any ideal I of R by part (1). Then IT ∩ S is an ideal of S and

I = IT ∩ R = IT ∩ (S ∩ R) = (IT ∩ S) ∩ R for all ideal I of R. To prove

the second statement, assume I = IS ∩ R and J = JT ∩ S for any ideal I of R

and J of S. Since IS is an ideal of S for any ideal I of R, IS = IT ∩ S and

I = (IT ∩ S) ∩R = IT ∩ (S ∩R) = IT ∩R.

(3) The necessity follows from part (2). Let I = ISi ∩ R for any ideal I of R

where Si is an intermediate ring such that Si = R[mi1, ...,mini
] where ni ∈ Z+.

It is easily seen that I ⊆ IS ∩R for any ideal I of R. Take α ∈ IS ∩R such that

α =
n∑

i=1

sixi where si ∈ S and xi ∈ I for all i. Then I1S1 =
n∑

i=1

S1xi is an ideal of

the intermediate ring S1 = R[s1, ..., sn] containing α where I1 =< x1, ..., xn > is

an ideal of R contained in I. Hence, by assumption, α ∈ I1S1∩R = I1 ⊆ I.Thus,

I = IS ∩R and by part (1), R has property C with respect to S. �

Exercise 2.30 [7, §19, Exercise 16] Assume that J is an integral domain with

identity and that D is a subring of J with identity.

(1) If D has property (C) with respect to J and if N is a multiplicative system

in D, then DN has property (C) with respect to JN .

(2) If {Mλ}λ∈Λ is the family of maximal ideals of D and if for each λ ∈ Λ,

DMλ
has property (C) with respect to JD\Mλ

, then D has property (C) with respect

to J .

(3) Each principal ideal of D is the contraction of an ideal of J if and only if

J ∩K = D where K is the quotient ring of D.

(4) If D is a Bezout domain, then D has property (C) with respect to J if and

only if J ∩K = D.
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Solution. (1) Let M be an ideal of DN , then M is of the form IDN where

I = M c is an ideal of D and I = IJ ∩D, by assumption. So we should prove that

(IJ ∩ D)DN = IJN ∩ DN . Clearly, (IJ ∩ D)DN ⊆ IJN ∩ DN . Take

α = a/s ∈ IJN ∩ DN where s ∈ N and a ∈ IJ . Since α ∈ DN , there exists

n ∈ N such that an ∈ D that is an ∈ D ∩ IJ and α = an/sn ∈ (D ∩ IJ)DN and

the equality follows.

(2) Let I be an ideal of D, then by Remark 1.10, I =
⋂

λ∈Λ

IDMλ
and

IDMλ
= IJD\Mλ

∩DMλ
for all λ ∈ Λ by assumption. Thus

I =
⋂
λ∈Λ

IDMλ
=

⋂
λ∈Λ

(IJD\Mλ
∩DMλ

) = (
⋂
λ∈Λ

IJD\Mλ
) ∩

⋂
λ∈Λ

DMλ

= (
⋂
λ∈Λ

IJD\Mλ
) ∩D = (

⋂
λ∈Λ

IJD\Mλ
) ∩ J ∩D,

where (
⋂

λ∈Λ

IJD\Mλ
) ∩ J is an ideal of J . Thus D has property (C) with respect

to J .

(3) Let Dx = Jx∩D for all x ∈ D and let a/b ∈ J∩K such that a, 0 6= b ∈ D,

then a ∈ Db = Jb ∩D that is a = db for some d ∈ D and a/b = db/b = d ∈ D.

Thus J ∩K ⊆ D and the other inclusion is clear and equality holds.

Conversely, let J ∩K = D. Take m ∈ Jx ∩D for some nonzero x ∈ D that

is m = αx for some α ∈ J . Then α = m/x ∈ J ∩ K = D and m ∈ Dx. Thus

clearly Dx = Jx ∩D for any nonzero x ∈ D. If x = 0, the result is clear. So we

are done.

(4) Let the Bezout domain D have property (C), then Dx = Jx ∩ D for all

x ∈ D and the result follows from part (3).

41



Conversely assume D = J ∩K and I is a finitely generated ideal of D that is

I = Dx for some x ∈ D. Then I = Jx ∩D by part (3) and D has property (C)

by part (1) of Exercise 2.29. �

2.3 Structure of Prüfer Domains

Theorem 2.31 [7, Theorem 22.1] Let D be an integral domain with identity.

Then the following are equivalent:

(i) DP is a valuation ring for each proper prime ideal P of D.

(ii) DM is a valuation ring for each maximal ideal M of D.

(iii) Each nonzero finitely generated ideal of D is invertible.

(iv) Each nonzero ideal of D with a basis of two elements is invertible.

Proof. (i) ⇒ (ii) and (iii) ⇒ (iv) are clear.

(ii) ⇒ (iii) Let {Mλ|λ ∈ Λ} be the set of maximal ideals of D. If A is a

nonzero finitely generated ideal of D, then ADM
λ

is a finitely generated ideal of

the valuation ring DM
λ
. Therefore ADM

λ
is principal for each λ ∈ Λ. Then A is

invertible by Theorem 1.17 and Proposition 1.18.

(iv) ⇒ (i) We will show that DP is a valuation ring by showing that each

pair of principal ideals of DP compares under inclusion. If x, y are two nonzero

elements of DP such that x = x1/s1, y = y1/s2 where x1, y1 ∈ D, s1, s2 ∈ D \ P.

Then xDP = x1DP , yDP = y1DP . Since (iv) holds, < x1, y1 > is invertible in D.

By Theorem 1.17, < x1, y1 > DP is invertible and Proposition 1.18 shows that

< x1, y1 > DP is either x1DP or y1DP . Let’s say < x1, y1 > DP = x1DP , then

yDP ⊆ xDP so that (i) holds. �
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Definition 2.32 A domain satisfying the equivalent conditions of Theorem 2.31

is called a Prüfer domain.

Remark 2.33 [7, Proposition 5.8] Let N be a multiplicative system in the ring

R and let A be an ideal of R disjoint from N . Then RN/A
e ∼= (R/A)(N+A)/A

where Ae denotes the extension of A with respect to RN .

Proof. By definition, (R/A)(N+A)/A is the quotient ring of (R/A)/(C/A) with

respect to the multiplicative system N1 = {(n + A) + (C/A)|n ∈ N} where C

is an ideal of R consisting of all elements x such that xn ∈ A for some n ∈ N .

Hence C = Aec, extension and contraction being with respect to RN . Further,

N1 is regular in (R/A)/(C/A). Define

φ : (R/A)/(C/A) → R/C

x+ A+ (C/A) → x+ C

Clearly, φ is an isomorphism and φ(N1) = {n + C|n ∈ N} = (N + C)/C.

Therefore, (R/A)(N+A)/A
∼= (R/C)(N+C)/C = {(r + C)/(n+ C)|r ∈ R, n ∈ N}.

If we define B such that B = {x ∈ R|0 ∈ xN}, then by definition,

RN = {(r +B)/(n+B)|r ∈ R, n ∈ N}. Define

θ : RN −→ (R/C)(N+C)/C

(r +B)/(n+B) → (r + C)/(n+ C)

Since B ⊆ C, θ is well defined, and clearly, θ is a homomorphism and

kerθ = {(c+B)/(n+B)|c ∈ C} = Ce = Aece = Ae.

Therefore RN/A
e ∼= (R/C)(N+C)/C

∼= (R/A)(N+A)/A. �
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Proposition 2.34 [7, Proposition 22.5] Let D be a Prüfer Domain, let S be a

multiplicative system in D, and let P be a proper prime ideal of D. Then DS and

D/P are Prüfer domains.

Proof. If Q is a prime ideal of DS, then Q = MDS for some prime ideal M

of D with M∩ S = ∅. Therefore (DS)Q = (DS)MDS
= DM is a valuation ring,

since D is a Prüfer domain. Hence DS is a Prüfer domain.

Similarly each proper prime ideal of D/P is of the form M/P for some proper

prime M of D containing P . Further Proposition 2.33 shows that

(D/P)M/P = DM/Pe. Since D is Prüfer, DM is a valuation ring. It follows

that D/P is Prüfer. �

Lemma 2.35 [7, Lemma 23.1] Let R be a ring with identity, let {Mλ}λ∈Λ be the

set of maximal ideals of R, and for all λ ∈ Λ, let eλ and cλ, respectively denote

extension and contraction of ideals of R to RMλ
. If A is an ideal of R with prime

radical P , and if Aeλ is Peλ-primary for all λ ∈ Λ, then A is P-primary.

Proof. We let that Q be the isolated P-primary component of A; Q is the

unique minimal P-primary ideal of R containing A. But by hypothesis, Aeλcλ

is P-primary for each λ such that P ⊆ Mλ, and if A * Mλ, then Aeλcλ = R.

Therefore, Q ⊆
⋂

λ∈Λ

Aeλcλ = A by Remark 1.10, so that A = Q and A is P-primary.

�

Lemma 2.36 [7, Lemma 23.2] Let A =< a1, ..., an > be an invertible ideal of

the commutative ring R with identity. If P is a minimal prime ideal of A, then

P is a minimal prime of one of the principal ideals < a1 >, ..., < an >.

Proof. Clearly
√
ARP = PRP . Since ARP is invertible, it is principal and equal

to < (ai/1) > for some i, by Proposition 1.18. Then PRP is a minimal prime of

< (ai/1) >, and it follows that P is a minimal prime of < ai >. �
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Theorem 2.37 [7, Theorem 23.3] Let P be a nonzero proper prime ideal of the

Prüfer Domain D.

(i) If Q is P-primary and if x ∈ D\P, then Q = Q[Q+ < x >]. If Q is finitely

generated, P is a maximal ideal in D.

(ii) If S = {Qλ|λ ∈ Λ} is the set of P-primary ideals, then S is closed under

multiplication. In particular, {P k}∞k=1 ⊆ S. If P 6= P2, then S = {Pk}∞k=1.

(iii) If P is branched and if Q is P-primary, Q 6= P, then
∞⋂

n=1

Qn =
⋂

λ∈Λ

Qλ.

(iv) P0 =
⋂

λ∈Λ

Qλ is a prime ideal of D, and there are no prime ideals of V

properly between P0 and P.

(v) The following conditions are equivalent:

(a) P is branched.

(b) There is an ideal A 6= P such that P =
√
A.

(c) P is a minimal prime of a principal ideal.

(d) P is a minimal prime of a finitely generated ideal.

(e) P is not the union of the set of primes of D properly contained in P.

(f) There is a prime ideal M properly contained in P such that there are

no primes of D properly between M and P.

Proof.

(i) To show that Q = Q(Q+ < x >), it is sufficient to show that

QDM = (Q2 + Q < x >)DM for each maximal ideal M of D. If Q * M,

then QDM = Q2DM = DM. If Q ⊆ M, then QDM is PDM-primary, where

DM is a valuation ring and where x /∈ PDM. By part (i) of Theorem 2.21,
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QDM = Q < x > DM. And since Q2 ⊆ Q, QDM = [Q2 +Q < x >]DM. Hence,

Q = Q[Q+ < x >].

If Q is finitely generated, Q is a cancelation ideal, then Q = Q[Q+ < x >]

implies D = Q+ < x > for all x ∈ D \ P . Therefore, P+ < x >= D for all

x ∈ D \ P , and P is maximal.

(ii) If Q1, Q2 ∈ S and if M is a maximal ideal of D and
√
Q1Q2 =

√√
Q1

√
Q2 =

√
P2 = P , then (Q1DM)(Q2DM) = Q1Q2DM is

PDM-primary, by Theorem 2.21. Since Q1Q2 has radical P , Q1Q2 is P-primary

by Lemma 2.35, that is, S is closed under multiplication. If P 6= P2, then

PDP 6= P2DP , since P2 is P-primary and P2 = P2DP ∩D. Hence {PkDP}∞k=1

is the set of PDP-primary ideals of DP implies {PkDP ∩D}∞k=1 = {Pk}∞k=1 is the

set of P-primary ideals of D.

(iii) Since Qλ = QλDP ∩ D for all λ ∈ Λ, this part follows from (iii) of

Theorem 2.21.

(iv) Similarly, this part follows from (iv) of Theorem 2.21.

(v) We note that P is branched if and only if PDP is branched, that P is

the union of set of primes if and only if this property holds for PDP and that

there is a prime ideal M ⊂ P such that there no primes between M and P if and

only if the same holds for PDP . Hence condition (a),(e) and (f) are equivalent

by Theorem 2.21.

Clearly, (a) implies (b) and (c) implies (d). By Lemma 2.36 (d) implies (c).
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(c) ⇔ (e) This equivalence holds in any ring. One side of this implication is

clear. To prove the other side, let (c) holds, where P is a minimal prime of the

principal ideal < x >. Then there are no primes between P and < x > so that

any prime ideal contained in P does not contain x. Hence P is not the union of

the set of primes which it contains properly.

(b) ⇒ (a) Since A ⊂ P , there is a maximal ideal M of D containing P such

that ADM ⊂ PDM. Further, PDM =
√
ADM. Theorem 2.21 shows that PDM

is branched, and consequently, P is branched. �

Exercise 2.38 [7, §23, Exercise 8]Assume that RM is a chained ring for each

maximal ideal M of R. Consider the analogs of parts (i) and (v) of Theorem

2.37 for the ring R. Prove

(i′) If Q is a P-primary ideal of R and if x ∈ R \P, then Q = Q[Q+ < x >].

If Q is regular and finitely generated, then P is maximal in R

(v′) For a nonzero proper prime ideal P of R, prove that the following implica-

tions hold among the six conditions of part (v) of Theorem 2.37:

(f) ⇒ (a) ⇒ (b) ⇒ (c) ⇔ (d) ⇔ (e).

Solution.

(i′) We will prove that QRM = Q[Q+ < x >]RM for each maximal ideal M

of R. If Q * M, QRM = Q2RM = RM ⊆ (Q2 + Q < x >)RM ⊆ RM implies

QRM = (Q2 + Q < x >)RM. If Q ⊆ M, then QRM is PRM-primary ideal of

the chained ring RM.

QRM ⊆ PRM ⊆< x >, since x /∈ PRM.

Then for all α ∈ QRM, α = rx, for some r ∈ RM. Let I = {r ∈ RM|rx ∈ QRM}.

Clearly, I is an ideal of RM and I < x >= QRM. Since QRM is PRM-primary,
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kx ∈ QRM and x /∈ PRM for all k ∈ I implies k ∈ QRM. Hence

I ⊆ QRM = I < x >⊆ I implies Q < x > RM = QRM. Since Q2RM ⊆ QRM,

QRM = Q[Q+ < x >]RM. Thus Q = Q[Q+ < x >].

Moreover if Q is finitely generated and regular, then we will show that

QRM+ < x >= RM for each maximal ideal M of R. If Q * M, result is

clear. Let Q ⊆ M. then QRM is finitely generated, regular and proper ideal of

RM. Since RM is a chained ring, QRM is principal by Exercise 2.17. Thus by

Remark 1.3,

QRM =< α > for regular α ∈ RM.

Then QRM = Q[Q+ < x >]RM implies < α >=< α > [< α > + < x >] that

is α(1 − β) = 0 for some β ∈ (< α > + < x >). Since α is regular, that means

β = 1. Hence

QRM+ < x >=< α > + < x >= RM and R = Q+ < x >⊆ P+ < x >⊆ R.

That implies P+ < x >= R for all x ∈ R \ P . Hence P is maximal.

(v′) (f) ⇒ (a) follows from Lemma 2.22 and (a) ⇒ (b) and (c) ⇒ (d) are

clear.

(b) ⇒ (c) Since A 6= P and there exist a maximal ideal M of R

containing P , ARM 6= PRM and
√
ARM = PRM. Take x/s ∈ PRM \ ARM

where x ∈ R and s ∈ R \M. Then ARM ⊆ xRM = (x/s)RM ⊆ PRM. Thus
√
xRM =

√
< x >RM = PRM. Hence, by Remark 1.11,

√
< x > =

√
< x >RM ∩R = PRM ∩R = P.
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(d) ⇒ (e) Let P be the minimal prime of < a1, ..., an >, then PRM is minimal

prime for ARM which is principal when A ⊆ M for some maximal ideal M of

R that is P ⊆ M for some maximal ideal M of R. Since ARM =< x > and
√
< x > = PRM for some x ∈ RM, then x is not in a prime ideal of RM properly

contained in PRM and sx ∈ P for some s ∈ R \M.

Let union of prime ideals of R, properly contained in P is P . Then sx ∈ Pi

for some prime ideal Pi properly contained in P and x ∈ PiRM where PiRM is

a prime ideal properly contained in PRM which is a contradiction. Hence P is

not union of primes which are properly contained in P .

(e) ⇒ (c) Assume P is not union of primes which are properly contained in

P . Then there exist x ∈ P which is not in the union, that is,
√
< x > = P . �

Exercise 2.39 [7, §20, Exercise 8] Let V be a nontrivial valuation ring on the

field L and assume that V = K +M, where K is a subfield of L and M is the

maximal ideal of V . Let D∗ be a proper subring of K, and let D1 = D∗ +M.

(1) Prove that the set of finitely generated ideals of D1 properly containing M

is the set of ideals of the form Aα +M, where Aα is a nonzero finitely generated

ideal of D∗.

(2) The finitely generated ideals A of D1 contained in M can be obtained as

follows: Let W be a nonzero finitely generated D∗-submodule of K, let

m ∈M \ {0} and let A = Wm+Mm

(3) Prove that D1 is Noetherian if and only if V is Noetherian, D∗ is a field,

and [K : D∗] <∞.

(4) If P∗ is a proper prime ideal of D∗, prove that (D1)(P∗+M) = D∗
P∗ +M.

(5) Prove that D1 is a Prüfer domain if and only if D∗ is a Prüfer domain

with quotient field K.
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Solution. (1) Let I =< b1, ..., bn > be a nonzero finitely generated ideal of

D1 containing M. Since V is a valuation ring with maximal ideal M, we have

K ∩M = {0} that is D∗ ∩M = {0}. Then D1 = D∗ ⊕M and any d ∈ D1 can

uniquely be represented as d = r +m where r ∈ D∗ and m ∈M. Define

ψ : I → D∗

r +m → r

Clearly ψ is a well-defined homomorphism, Kerψ = M and Imψ =< ψ(b1), ..., ψ(bn) >

is a finitely generated ideal of D∗. Set Aα = Imψ, then the short exact sequence

0 −→M −→ I −→ Aα −→ 0

splits since Aα is projective. Thus I ∼= Aα ⊕M and Aα ⊕M ⊆ I implies that

I = Aα +M.

(2) Let A be a nonzero finitely generated ideal of D1 contained in M, then

A =< m1, ...,mn > where 0 6= mi ∈ M for all i. Since V is a valuation ring,

miV are linearly ordered. Without loss of generality, assume m1V contains miV

for all i. Thus, mi = (si + ni)m1 where si ∈ K and ni ∈ M for all i ≥ 2. Set

W =< 1, s2, ..., sn > as a D∗-submodule of K, then any a ∈ A, a =
n∑

i=1

(ri + li)mi

where ri ∈ D∗ and li ∈M implies

a =
n∑

i=1

risim1 +
n∑

i=1

(rini + li(si + ni))m1 ∈ m1W +m1M

and A ⊆ m1W +m1M.

On the other hand, m1si = mi − nim1 ∈ A and m1M ⊂ m1D1 ⊂ A implies

m1W +m1M⊆ A.
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Thus, A = m1W +m1M.

(3) Let D1 be Noetherian, then M is finitely generated, since M is an ideal

of D1. Let {mi}n
i=1 be the generating set of M in D1. Moreover since V is a

valuation ring, V mi are linearly ordered, that is, M = V mi for some i. Since

any proper ideal I of V is contained in M, I is an ideal of D1, hence it is finitely

generated in D1, so principal in V and V is Noetherian. Moreover for any k ∈ K,

kmi ∈ M implies kmi =
n∑

j=1

dijmj for i = 1, ..., n where dij ∈ D1 = D∗ + M.

Equivalently,

(kI −M)


m1

...

mn

 = 0

where M is an n × n matrix over D1 and I denotes the n × n identity matrix.

Since mi are not all zero, kI −M has determinant 0. Hence we can produce a

monic polynomial f(x) ∈ D1[x] of degree n such that f(k) = 0. Let

f(x) = xn+(rn−1+sn−1)x
n−1+· · ·+(s0+n0) where ri ∈ D∗, si ∈M, 0 ≤ i ≤ n−1.

Then kn + rn−1k
n−1 + · · · + r0 = −sn−1k

n−1 − · · · − s0 ∈ K ∩M = {0}. Thus

there exist a monic irreducible polynomial g(x) = xn + rn−1x
n−1 + · · ·+ r0 ∈ D[x]

such that g(k) = 0 which implies that k is algebraic over D∗. Now take a nonzero

element a of D, then a−1 ∈ K. We proved that there exist a monic polynomial

f(x) = xn + bn−1x
n−1 + · · ·+ b0 of degree n over D∗[x] such that f(a−1) = 0, then

a−1 = −bn−1a− · · · − b0a
n−1 ∈ D∗. Thus, D∗ is a field.

Let [K : D∗] = ∞, then there exists a basis β of K over D∗ containing

infinitely many elements, say β = {αj}∞j=1. Define Ij =< α1m1, ..., αjm1 >. Since

αjm1 ∈ M ⊂ D1, Ij are ideals of D1 for all positive integer i. Then we have an
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ascending chain of ideals such that

I1 ⊆ I2 ⊆ · · · ⊆ Ij ⊆ · · ·

Since D1 is Noetherian, Ik = Ik+1 for some positive integer k. That is

αk+1m1 = r1α1m1 + · · ·+ rkαkm1 where rj ∈ D1 and 1 ≤ j ≤ k.

Thus we have (αk+1− r1α1− · · · − rkαk)m1 = 0 and m1 6= 0 in D1 so in V . Since

V is an integral domain, that implies αk+1−r1α1−· · ·−rkαk = 0. rj can uniquely

be represented such that rj = sj + nj where sj ∈ D∗, nj ∈ M and 1 ≤ j ≤ k.

Thus

αk+1 − s1α1 − · · · − skαk = n1α1 + · · ·+ nkαk ∈M∩K = {0}.

So αk+1− s1α1−· · ·− skαk = 0 which contradicts that β is a basis of K over D∗.

Hence [K : D∗] <∞.

Conversely, let I be a proper ideal of D1, since D∗ is a field, I ⊆M. If I = M ,

M = V m for some m ∈ M since V is a Noetherian valuation ring. Moreover,

since [K : D∗] = n < ∞, there exists a basis {γi}n
i=1 in K such that any t ∈ K,

t =
n∑

i=1

diγi where di ∈ D∗, that is, I = M =< γ1m, ..., γnm > is finitely generated

in D1. Let I =< {ai}i∈N > be an ideal of D1 properly contained in M where each

ai ∈ M. Since V is a Noetherian valuation ring, IV =< a1, ..., ak, ... > V = asV

for some as in the generating set. Assume IV = a1V , then ak = (ti +ni)a1 where

ti ∈ K and ni ∈ M for all k ≥ 2. So I =< 1, t2, ..., tk, ... > a1 + Ma1 where

M =< γ1m, ..., γnm >. Let S be a linearly independent subset of {ti}∞i=1 where

t1 = 1. However, [K : D∗] = n < ∞ implies that S has at most n elements.
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We may assume that S = {t1, ..., tn}. Then rjtj =
n∑

k=1

rktk where j ≥ n + 1 and

rk ∈ D∗. Since D∗ is a field, tj =
n∑

k=1

(rk/r1)tk ∈< S >, that is,

I =< 1, t2, ..., tn > a1 +Ma1 =< a1, t2a1, ..., tna1, γ1ma1, ..., γnma1 >

and I is finitely generated. Thus D1 is Noetherian.

(4) Take α = (a/s) +m ∈ D∗
P∗ +M where a ∈ D∗, s ∈ D∗−P∗ and m ∈M.

Clearly α = (a+ms)/s ∈ (D1)(P∗+M).

On the other hand, let β = (a + m)/(s + n) ∈ (D1)(P∗+M), where a ∈ D∗,

m,n ∈M and s ∈ D∗ − P∗, that is, s 6= 0 and

β = a/(s+n)+m/(s+n) = a/s+(ms−an)/s(s+n) ∈ D∗
P∗+M, since s(s+n) /∈M,

that is, s(s+ n) is a unit in V and (ms− an)/s(s+ n) ∈MV = M. Hence

(D1)(P∗+M) = D∗
P∗ +M.

(5) Let D1 be a Prüfer domain and let P∗ be a proper prime ideal of D∗,

then P∗ + M is a prime ideal of D1, that is, for a, b ∈ D∗ and m,n ∈ M

with (a + m)(b + n) ∈ P∗ + M implies that, (ab) + (an + bm + mn) ∈ P ∗M,

by unique representation, ab ∈ P∗ and since P∗ is a prime ideal, we have a or

b ∈ P∗. Thus, (a + m) or (b + n) ∈ P∗ + M. Then by assumption and part

(4), (D1)P∗+M = D∗
P∗ + M is a valuation ring. Exercise 2.25 implies D∗

P∗ is a

valuation ring with quotient field K for all prime ideal P∗ of D∗. Thus, D∗ is a

Prüfer domain with quotient field K.
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Conversely, let D∗ be a Prüfer domain. Take a prime ideal N of D1. By

Exercise 2.25, if N ⊆ D∗, then (D1)N = D∗
N + M is a valuation ring and

if N ⊆ M, then (D1)N = VN is a valuation ring. So we will prove that if

N * D∗ and N * M then N = P∗ +M for some prime ideal P∗ of D∗. Take

α ∈ N \M, then α is a unit in V and for all m ∈ M m/α ∈ M which implies

m = α(m/α) ∈ N for all m ∈ M. So M ⊆ N . In this case, we claim that

N ∩ D∗ is a prime ideal of D∗ and N = (N ∩ D∗) + M. Let ab ∈ N ∩ D∗

where a, b ∈ D∗ then ab ∈ N and hence a or b ∈ N and result follows. Clearly,

(N ∩D∗) +M⊆ N . To show the other side, take α = a+m ∈ N where a ∈ D∗

and m ∈M ⊂ N . Hence, a = α−m ∈ N ∩D∗ and α = a+m ∈ (N ∩D∗) +M

and we have the equality. In part (4), we proved that

(D1)N = (D1)(N∩D∗)+M = D∗
(N∩D∗) +M

and by Exercise 2.25, D∗
(N∩D∗) is a valuation ring with quotient field K implies

that (D1)N is a valuation ring. Thus D1 is a Prüfer domain. �

Exercise 2.40 [7, §22, Exercise 1] If D is a Prüfer domain and if A and B are

ideals of D such that Ak = Bk for some positive integer k, then A = B.

Solution. Since D is a Prüfer domain, DM is a valuation ring for all maximal

ideal M of D. If AkDM = BkDM = DM, clearly, ADM = BDM = DM.

Assume AkDM 6= DM. Then
√
ADM =

√
AkDM =

√
BkDM =

√
BDM is a

proper prime ideal of DM . Hence ADM and BDM are proper ideals of DM. Since

DM is a valuation ring either ADM is contained in BDM or BDM is contained in

ADM. We may assume that ADM $ BDM. Then there exists α ∈ BDM\ADM.

Hence ADM $< α > Since < α > is invertible, (1/α)ADM $ DM implies that
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(1/α)kAkDM $ DM, that is, AkDM $< αk >⊆ BkDM which is a contradiction.

So ADM = BDM. Hence ADM = BDM for all maximal ideal M of D.

Thus, by Remark 1.10 (iii),

A =
⋂
λ∈Λ

ARMλ
=

⋂
λ∈Λ

BRMλ
= B

�

Exercise 2.41 [7, §22, Exercise 2] If D is a Prüfer domain, and if Q1, Q2 are

primary ideals of D, then either Q1 and Q2 are relatively prime or one of Q1 or

Q2 is contained in the other.

Solution. Suppose Q1 and Q2 are not relatively prime. Then there exist a

maximal ideal M of D such that Q1 + Q2 ⊆ M. Hence Q1DM and Q2DM are

proper ideals of the valuation ring DM. Thus one of them is contained in the

other. Assume Q1DM ⊆ Q2DM. Then, by Remark 1.10,

Q1 = Q1DM ∩D ⊆ Q2DM ∩D = Q2.

�

Exercise 2.42 [7, §22, Exercise 3] If D is a Prüfer domain and if A is an ideal

of D such that Ak = Ak+1 for some positive integer k, then A is idempotent and

semiprime.

Solution. If A = D, clearly A is idempotent and semiprime.

Assume A is a proper ideal of D, then there exist a maximal ideal M of

D containing A. So AkDM is a proper ideal of the valuation ring DM. Then,
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by Theorem 2.16(iii), ADM = A2DM is a prime ideal. Hence by Remark 1.11,

A = ADM ∩D = A2DM ∩D = A2 is also prime, so semiprime.

Therefore A is idempotent and semiprime in any case. �

Exercise 2.43 [7, §22, Exercise 5] Suppose that A is a finitely generated proper

ideal of the Prüfer domain J , that {Pλ}λ∈Λ is the set of minimal prime ideals of

A, and that N(Pλ) is the intersection of the set of Pλ-primary ideals of J .

Prove that
∞⋂

n=1

An =
⋂

λ∈Λ

N(Pλ)

Solution. Let {Qλγ}γ∈Γλ
be the Pλ-primary ideals of J . First we will prove that

there exists kγ ∈ Z+ such that Akγ ⊆ Qλγ for all γ ∈ Γλ. Let M be a maximal

ideal of J . If A * M, then AkJM = PλJM =
√
QλγJM = QλγJM for all k ∈ Z+,

γ ∈ Γλ and λ ∈ Λ. Suppose A ⊆M and Qλγ * M, then the result is same. Let

A ⊆ M and Qλγ ⊆ M, then AJM $ PλJM =
√
QλγJM. By Theorem 2.16(v),

there exist kγ ∈ Z+ such that AkγJM ⊆ QλγJM for all γ ∈ Γλ.

Hence, Akγ =
⋂
M
AkγJM ⊆

⋂
M
QλγJM = Qλγ for all γ ∈ Γλ and λ ∈ Λ. Thus

∞⋂
i=1

Ai ⊆
⋂

γ∈Γλ

Akγ ⊆
⋂

γ∈Γλ

Qλγ = N(Pλ) for all λ ∈ Λ, that is
∞⋂
i=1

Ai ⊆
⋂

λ∈Λ

N(Pλ).

On the other hand,N(Pλ) = P0λ is a prime ideal of J and there are no prime

ideals of J between Pλ and P0λ, by Theorem 2.37(iv). Since Pλ are minimal

primes of A, we have P0λ $ A for all λ ∈ Λ. Moreover, P0λ $ Ak for all k ∈ Z+.

Otherwise As ⊆ P0λ for some s ∈ Z+ implies that A ⊆
√
A ⊆

√
As ⊆ P0λ which

contradicts that P0λ is properly contained in A. Hence P0λ ⊆
∞⋂
i=1

Ai. Thus

⋂
λ∈Λ

N(Pλ) =
∞⋂
i=1

Ai.

�
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Definition 2.44 If V and W are valuation rings on a field K, we say that V

and W are independent if < 0 > is the only common prime ideal of V and W .

Exercise 2.45 [7, §22, Exercise 9] Let {v1, ..., vn} be a finite set of valuations

on the field L; Vi is the valuation ring of vi and Gi is the value group of vi where

vi : L → Gi = L∗/Ui

x → xU

where Ui is the set of units of Vi, i = 1, ..., n. Assume that the following condition

(∗) holds:

(∗) If αi ∈ Gi such that αi ≥ 0 for all i, then there is an element x ∈ L such

that vi(x) = αi, i = 1, ..., n.

Prove that the valuation rings Vi are pairwise independent.

Solution. Let us take two distinct nonzero valuation rings Vi and Vj and any

nonzero prime ideal Pi of Vi, then there exists a nonzero x ∈ Pi such that

xUi > Ui. Clearly, xUi ∈ Gi. Set αi = xUi and αj = Uj, by (∗) there exists

y ∈ L such that yUi = xUi and yUj = Uj. Then y is nonzero and y/x, x/y ∈ Vi

and y, 1/y ∈ Vj that is y = (y/x)x ∈ Pi and y /∈ Pj for any nonzero prime ideal

Pj of Vj. Thus there is no nonzero common prime ideal Pi of Vi and Vj, that is,

< 0 > is the only common prime ideal of Vi and Vj. �

Exercise 2.46 [7, §23, Exercise 6] Prove that each ideal of the ring T has

prime radical if and only if the set of prime ideals of T is linearly ordered under

inclusion.

Solution. Let S be the set of prime ideals of T . If S is linearly ordered, clearly

any ideal of T has prime radical.
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Conversely, assume
√
I is prime for any ideal I of T . Let Pi,Pj ∈ S such that

Pi * Pj, that is, there exists a ∈ Pi \ Pj. Then
√
Pi ∩ Pj = Pi ∩ Pj is prime by

assumption. For all b ∈ Pj, ab ∈ Pi ∩ Pj and a /∈ Pj implies b ∈ Pi ∩ Pj, that is,

b ∈ Pi for all b ∈ Pj. Thus Pj ⊆ Pi and S is linearly ordered under inclusion. �

Exercise 2.47 [7, §23, Exercise 11] For a Prüfer domain J , prove that the

following conditions are equivalent:

(1) Primary ideals of J are prime powers.

(2) JM is a discrete valuation ring for each maximal ideal M of J .

Solution.

(2) ⇒ (1) Let A be a nonzero P-primary ideal of J . Then there exist a

maximal ideal M of J containing P . Hence, by Remark 1.11, AJM is a

PJM-primary ideal of JM. By assumption, AJM = MkJM for some k ∈ Z+.

Again by Remark 1.11, A = Mk and M = P . For A =< 0J > the result is clear.

Thus (2) implies (1).

We claim that (1) does not implies (2). Let J = Z<2> + xQ[[x]]. By Example

2.8, J is a valuation ring so it is a Prüfer domain. By Example 2.9 and Exercise

2.23, 2J , xQ[[x]] are nonzero prime ideals of J and there is no prime between

< 0J > and xQ[[x]]. Moreover any ideal I properly containing xQ[[x]] is of the

form 2sJ for some positive integer s by Example 2.9. So
√
I = 2J . That means

there is no prime between xQ[[x]] and 2J . So the prime ideals of J are precisely

< 0J >, P = xQ[[x]] and M = 2J . Clearly, the only < 0J >-primary ideal

is < 0J >. Since P2 6= P , S, the set of P-primary ideals of J , is {Pj}∞j=1 and

M2 6= M, T , the set ofM-primary ideals of J , is {Mi}∞i=1 by part (ii) of Theorem

2.21. Thus any primary ideal of J is prime power. However, JM = J and J is

not Noetherian so it is not a discrete valuation ring. �
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Exercise 2.48 [7, §23, Exercise 13] Assume that D is a Prüfer domain and that

Q,Q1, Q2 are P-primary ideals of D. Prove:

(a) If Q1 $ P, then Q contains a power of Q1.

(b) If Q $ P, then Q2 $ QP.

(c) If Q1 $ Q2, then (Q1 : Q2) = Q1 implies that Q2 = P = P2.

Solution. Since Q1, Q2, Q are P-primary,
√
Q1 =

√
Q2 =

√
Q = P .

(a)Let M be a maximal ideal of D containing P . Then Q1DM, Q2DM, QDM

are PDM-primary ideals of the valuation ring DM by Remark 1.11 and

QDM $ PDM. Moreover, Qk
1DM are PDM-primary ideals of DM for all k ∈ Z+

by Theorem 2.21 (ii). Since Q1DM $ PDM =
√
QDM, then QDM contains a

power of Q1DM that is Qs
1DM ⊆ QDM for some s ∈ Z+ by Theorem 2.16 (v).

Thus Qs
1 = Qs

1DM ∩D ⊆ QDM ∩D = Q by Remark 1.11.

(b) Clearly, Q2 ⊆ PQ. Assume Q2 = PQ. If P is idempotent, then

Q3 = QQ2 = Q(QP) = Q2P = QP2 = QP . By induction on n, Qn = QP

where 1 6= n ∈ Z+. Since P is branched, by Theorem 2.37 (iii) and (iv) there

is a prime ideal P0 6= P such that there is no prime between P0 and P where

P0 =
∞⋂
i=1

Qi. Hence we have P0 = QP and Q ⊆ P0 such that any q ∈ Q and

p ∈ P \P0 qp ∈ P0 and this implies q ∈ P0 which contradicts Q is P-primary. So

P0 = P = PQ ⊆ Q ⊆ P. Thus P = Q which is a contradiction.

If P is not idempotent, by Theorem 2.37 (ii) Q = Ps for some s ∈ Z+ and

since Q 6= P , s 6= 1, Q2 = QP implies that P2s = Ps+1, that is, Ps+k = Ps+1 for

all k ∈ Z+. By Theorem 2.37 (ii) and (iv), P0 = Ps+1 = P and P is idempotent

which contradicts our assumption. Hence Q2 $ QP .
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(c) Suppose P 6= P2, then Q1 = Ps and Q2 = P t where s > t and s, t ∈ Z+

by Theorem 2.37(ii). Then (Q1 : Q2) = (Ps : P t) ⊇ Ps−t % Ps = Q1. Hence

P = P2.

Let Q2 $ P . Then by Theorem 2.37 (iii),

∞⋂
i=1

Qi
2 = P0 $ Q1

Also, since Q1 $ Q2, there exists n ∈ Z+ such that Qn
2 ⊆ Q1 $ Qn−1

2 . However,

we have Q1 = (Q1 : Q2). Then Q1 ⊇ Qn−1
2 , which contradicts that Q1 is properly

contained in Qn−1
2 . Hence

P = P2 = Q2.

�
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CHAPTER 3

PRIME SUBMODULES

3.1 Basic Definitions

Definition 3.1 Let R be a ring and M be an R-module, a proper submodule N

of M is called prime if whenever rm ∈ N , for some r ∈ R, m ∈M , then m ∈ N

or rM ⊆ N .

Definition 3.2 For any submodule N of M , (N : M) denotes the set of elements

r ∈ R such that rM ⊆ N . This is usually called residual by N . Note that

(N : M) is the annihilator of the module M/N and (N : M) is an ideal of R.

For any ideal J of R (N :M J) denotes the set of elements m ∈ M such that

Jm ⊆ N .

If N is a prime submodule of M with P = (N : M), then N is called P-prime

submodule.

Example 3.3 (1) Every direct summand of a torsion-free module is prime.

(2) The zero submodule is the only prime submodule of the Z-module Q of

rational numbers.

Lemma 3.4 [[9], Lemma 1] Let R be a ring and M be an R-module. Then a

submodule N of M is prime if and only if P = (N : M) is a prime ideal of R

and the R/P-module M/N is torsion-free.

Proof. Let N be a prime submodule of M and let ab ∈ P = (N : M) where

a, b ∈ R. Then (ab)M ⊆ N so a(bM) ⊆ N implies that aM ⊆ N or bM ⊆ N

since N is prime. Hence P = (N : M) is a prime ideal of R.
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Since PM ⊆ N , M/N is an R/P-module. Let 0 6= r + P ∈ R/P and

m + N ∈ M/N such that (r + P)(m + N) = 0. Then rm + N = 0 implies that

rm ∈ N . Hence either m ∈ N or rM ⊆ N . Since r /∈ P , we have m ∈ N . Hence

M/N is a torsion-free R/P-module.

Conversely, suppose P = (N : M) is a prime ideal and M/N is a torsion free

R/P-module. Let r ∈ R, m /∈ N and rm ∈ N ; then (r + P)(m +N) = 0. Since

m /∈ N , we have r ∈ P. Hence rM ⊆ N . Therefore N is a prime submodule of

M . �

Example 3.5 It is not difficult at all to give examples of modules which have

no prime submodules: As a Z-module, the Prüfer group Z(p∞) has no prime

submodules.

Lemma 3.6 [[20], Result 1.1] Let M , M ′ be R-modules with ϕ : M → M ′ an

R-module epimorphism and N be a submodule of M such that N ⊇ K = Kerϕ.

Then there exists a one-to-one order preserving correspondence between the proper

submodules of M containing N and the proper submodules of M ′ containing ϕ(N).

Furthermore, for any submodule N ′ of M ′, there exists a submodule L of M such

that L ⊇ K and ϕ(L) = N ′.

Lemma 3.7 [[20], Result 1.2] Assume the hypothesis given in Lemma 3.6. Then

(i) If P is a prime submodule of M containing N , then ϕ(P ) is a prime

submodule of M ′ containing ϕ(N).

(ii) If P ′ is a prime submodule of M ′ containing ϕ(N), then ϕ−1(P ′) is a prime

submodule of M containing N .

Proof. (i) Since P is a prime submodule of M containing N , by Lemma

3.6 ϕ(N) ⊆ ϕ(P ) and since P 6= M , ϕ(P ) 6= ϕ(M) = M ′. Let r ∈ R,
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m′ ∈ M ′ and rm′ ∈ ϕ(P ). There exists m ∈ M such that ϕ(m) = m′. So

rϕ(m) = ϕ(rm) ∈ ϕ(P ). Then rm ∈ P and since P is a prime submodule,

m ∈ P or rM ⊆ P . If m ∈ P , then ϕ(m) = m′ ∈ ϕ(P ). If rM ⊆ P , then

rM ′ ⊆ ϕ(P ). Therefore ϕ(P ) is a prime submodule of M ′.

(ii) Since P ′ is a prime submodule of M ′, by Lemma 3.6 there exists a

submodule L of M such that L ⊇ K and ϕ(L) = P ′. Let n ∈ N . Then

ϕ(n) ∈ ϕ(N) ⊆ ϕ(L) , so ϕ(n) = ϕ(l) for some l ∈ L. Then (n − l) ∈ K ⊆ L

and hence n ∈ L = ϕ−1(P ′). Let r ∈ R, m ∈ M and rm ∈ ϕ−1(P ′). Then

ϕ(rm) = rϕ(m) ∈ P ′. Since P ′ is a prime submodule of M ′ we have ϕ(m) ∈ P ′ or

rM ′ ⊆ P ′. If ϕ(m) ∈ P ′ = ϕ(L), then there exists x ∈ L such that ϕ(m) = ϕ(x).

Then ϕ(m − x) = 0M ′ so that m − x ∈ K ⊆ L and m = x + y for some y ∈ L.

Hence m ∈ L = ϕ−1(P ′). If rM ′ ⊆ P ′, then rm′ ∈ P ′ for all m′ ∈M ′. Then there

exists m̄ ∈ M such that ϕ(m̄) = m′ for all m′ ∈ M ′. It gives that ϕ(rm̄) ∈ ϕ(L)

and rm̄ ∈ L. Hence rM ⊆ L = ϕ−1(P ′). �

Theorem 3.8 [[14], Theorem 1] Let N be a proper submodule of an R-module

M with (N : M) = P. Then the following statements are equivalent.

(i) N is a prime submodule of M ;

(ii) M/N is torsion-free R/P-module;

(iii) (N :M 〈r〉) = N for every r ∈ R− P;

(iv) (N :M J) = N for every ideal J * P;

(v) (N : 〈e〉) = P for every e ∈M −N ;

(vi) (N : L) = P for every submodule L of M properly containing N ;

(vii) Ass(M/N) = {P};

(viii) P = ZR(M/N) where ZR(M/N) is the set of all zero divisors of M/N .
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Proof. (i) ⇒ (ii) By Lemma 3.4.

(ii) ⇒ (iii) Clearly N ⊆ (N :M 〈r〉). Now suppose M/N is a torsion free

R/P-module. Then for any r ∈ R and for all m ∈ M −N , (r + P)(m+N) = 0

implies that r ∈ P. Now let m ∈ (N :M 〈r〉) for some r ∈ R− P . Then rm ∈ N

and (r + P)(m+N) = 0 gives m ∈ N since r /∈ P . Hence (N :M 〈r〉) ⊆ N .

(iii) ⇒ (iv) Clearly N ⊆ (N :M J). Suppose (N :M 〈r〉) = N for every

r ∈ R−P . Let J be an ideal of R such that J * P . Then there exists x ∈ J −P

such that (N :M 〈x〉) = N . Now let m ∈ (N :M J). Then Jm ⊆ N . In particular

xm ∈ N . Hence m ∈ N since (N :M 〈x〉) = N . Thus (N :M J) ⊆ N . Therefore

(N :M J) = N .

(iv) ⇒ (v) Suppose (N :M J) = N for every ideal J * P . Let e ∈ M − N .

Clearly P ⊆ (N : 〈e〉). Now let r ∈ (N : 〈e〉). Then re ∈ N . If r /∈ P ,

then e ∈ (N :M 〈r〉) = N , which is a contradiction. Hence r ∈ P , that is,

(N : 〈e〉) ⊆ P.

(v) ⇒ (vi) Suppose (N : 〈e〉) = P for every e ∈M −N . Clearly P ⊆ (N : L)

for all submodules L of M such that N $ L. Let r ∈ (N : L). Then

(N : L) = (N : (
∑
l∈L

Rl)) =
⋂
l∈L

(N : Rl) = P .

(vi) ⇒ (vii) Suppose (N : L) = P for all submodule L of M such that N $ L.

Let Q ∈ Ass(M/N). Then Q = AnnR(x + N) for some x ∈ M − N . Note that

N & 〈x〉 + N and 〈x〉 + N is a submodule of M . Since (N : (〈x〉 + N)) = P ,

P(〈x〉 + N) ⊆ N and Px ⊆ N . Hence P ⊆ AnnR(x + N) = Q. Conversely let

r ∈ Q = AnnR(x+N). Then rx ∈ N for some x ∈ M −N . So r(〈x〉+N) ⊆ N

and r ∈ (N : (〈x〉+N)) = P . Hence Q ⊆ P.

(vii) ⇒ (viii) Suppose Ass(M/N) = P , that is, P = AnnR(m + N) for all

m ∈M −N . Clearly P ⊆ ZR(M/N). Now let x ∈ ZR(M/N). Then xm ∈ N for

some m ∈ M − N . Hence x ∈ AnnR(m + N) for some m ∈ M − N . So x ∈ P
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and hence ZR(M/N) ⊆ P.

(viii) ⇒ (i) Suppose P = ZR(M/N). Let r ∈ R, m ∈ M − N such that

rm ∈ N . Then r ∈ ZR(M/N) = P = (N : M). Thus rM ⊆ N . Therefore N is a

prime submodule of M . �

3.2 The Behavior of Prime Submodules Under

Localization

In this section M will denote an R-module and S will denote a multiplicatively

closed subset of R which contains 1 but not 0. Let MS be the localization of M

at S and f : M →MS be a natural map.

Proposition 3.9 (i) For any prime R-submodule P of M with MS 6= PS,

(PS)c = P .

(ii) For any RS-submodule Q of MS, (Qc)S = Q.

Proof. (i) Let x ∈ P . Then f(x) ∈ PS and hence x ∈ (PS)c. Thus P ⊆ (PS)c.

Now let y ∈ (PS)c. Then f(y) ∈ PS, that is, sy/s ∈ PS. There exist p ∈ P and

t ∈ S such that sy/s = p/t. Then usty = usp ∈ P for some u ∈ S. Hence y ∈ P

or (ust)M ⊆ P . If y ∈ P , then it is clear. If (ust)M ⊆ P , then for all m ∈M we

have (ust)m ∈ P . Then we can write for any x ∈M , x = x.1/1 = ustx/ust ∈ PS.

Thus MS = PS. This contradicts our assumption. Therefore (PS)c ⊆ P .

(ii) Let a/s ∈ (Qc)S. Then there exist b ∈ Qc and s
′ ∈ S such that a/s = b/s

′
.

Then us
′
a = usb ∈ Qc for some u ∈ S. Since us

′
a ∈ Qc, f(us

′
a) = us

′
at/t ∈ Q

for some t ∈ S. Hence a/s = us
′
ta/sus

′
t ∈ Q. Conversely let x ∈ Q. Then

x = a/s ∈ Q where a ∈ Qc and s ∈ S. So f(a) = xs = as/s ∈ (Qc)S and

x = (1/s)(as/s) ∈ (Qc)S. �
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Proposition 3.10 [[17], Proposition 2.1] (i) If P is a prime submodule of M

with MS 6= PS, then PS is a prime RS-submodule of MS.

(ii) If Q is a prime RS-submodule of MS, then Qc is a prime R-submodule of

M .

Proof.(i) Let r ∈ RS, m ∈ MS and rm ∈ PS such that r = x/s, m = y/s
′
for

some x ∈ R, y ∈ M and s, s
′ ∈ S. Then rm = xy/ss

′ ∈ PS. There exist z ∈ P ,

t ∈ S such that xy/ss
′
= z/t and u ∈ S with (ut)xy = (uss

′
)z ∈ P . Then y ∈ P

or (utx)M ⊆ P since P is a prime submodule. If y ∈ P , then m = y/s
′ ∈ PS.

If (utx)M ⊆ P , then (utx)m1 ∈ P for all m1 ∈ M . Hence (utx)m1/s ∈ PS and

(x/s)(uts
′
m1/s

′
) ∈ PS for all m1 ∈M . Thus rMS ⊆ PS. Therefore PS is a prime

submodule of MS.

(ii) Suppose Qc = M . Then for all m ∈ M , f(m) ∈ Q. Since Q = Qc
S by

Proposition 3.9, Q = MS. Therefore Qc 6= M . Let r ∈ R, m ∈ M and rm ∈ Qc.

Then

f(rm) = s(rm)/s = (rs/s)(sm/s) ∈ Q.

Thus (rs/s)MS ⊆ Q or sm/s ∈ Q. If (rs/s)MS ⊆ Q, then (rs/s)(tm1/t) ∈ Q for

all m1 ∈ M . Then (rst/st)m1 = st(rm1)/st = f(rm1) ∈ Q and rm1 ∈ Qc for all

m1 ∈ M . Hence rM ⊆ Qc. If (rs/s)MS * Q, then sm/s ∈ Q. Hence f(m) ∈ Q,

that is, m ∈ Qc. Therefore Qc is a prime submodule of M . �

Corollary 3.11 [[17], Corollary 2.2] Let A = {P : P is a prime R-submodule of

M with MS 6= PS} and B = {Q : Q is a prime RS-submodule of MS}. Then ϕ

which is defined by ϕ(P ) = PS is a bijective order preserving map from A to B.

Its inverse map is given by ϕ−1(Q) = Qc.
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CHAPTER 4

RADICAL FORMULA

4.1 Definitions and Fundamental Results

Let M be an R-module, I be an ideal of R and N be a submodule of M . As

it is well-known, the radical of I defined as the intersection of all prime ideals

containing I, has the characterization
√
I = {r ∈ R : rn ∈ I, for some n ∈ Z+}.

A natural question arises as to whether there is a similar characterization for the

prime radical of a submodule, in particular, a characterization in which knowledge

of prime submodules (indeed even prime ideals) is not necessary. We will show

that under certain conditions such a characterization is provided by the concept

of the envelope of a submodule.

Definition 4.1 Let M be a module over a ring R and N be a submodule of

M with N 6= M . The prime radical of N in M , radM(N), is defined to be the

intersection of all prime submodules of M containing N . If there is no prime

submodule containing N , then radM(N) = M . In particular radM(M) = M . We

also define the radical RadM of a module M as the intersection of all maximal

proper submodules.

Definition 4.2 Let M be an R-module and N a submodule of M . The envelope

of N in M which is denoted by EM(N) is defined to be the set

{rm : r ∈ R,m ∈M such that rnm ∈ N for some n ∈ Z+}.
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Lemma 4.3 [[20], Lemma 1.4] Assume the hypothesis given in Lemma 3.6. Then

(i) ϕ(EM(N)) = EM ′(ϕ(N));

(ii) 〈ϕ−1(EM ′(N ′))〉 = 〈EM(ϕ−1(N ′))〉.

Proof.(i) Let x ∈ ϕ(EM(N)). Then x = ϕ(y) for some y ∈ EM(N). So y = rm

such that r ∈ R, m ∈ M and rnm ∈ N for some positive integer n. Then

x = ϕ(rm) = rϕ(m). Since rnm ∈ N we have ϕ(rnm) = rnϕ(m) ∈ ϕ(N)

and rϕ(m) ∈ EM ′(ϕ(N)). Hence x = rϕ(m) ∈ EM ′(ϕ(N)). Now assume that

z ∈ EM ′(ϕ(N)). Then z = sm′ such that s ∈ R, m′ ∈ M ′ and stm′ ∈ ϕ(N)

for some positive integer t. Since ϕ is onto, there exists m̄ ∈ M such that

ϕ(m̄) = m′. Then z = sϕ(m̄) = ϕ(sm̄) and stϕ(m̄) = ϕ(stm̄) ∈ ϕ(N). This

implies that stm̄ ∈ N , that is, sm̄ ∈ EM(N). Hence z ∈ ϕ(EM(N)).

(ii) Assume that x ∈ EM(ϕ−1(N ′)). Then there exist r ∈ R, m ∈ M such

that x = rm and rnm ∈ ϕ−1(N ′). This gives that ϕ(rnm) = rnϕ(m) ∈ N ′

and so rϕ(m) = ϕ(rm) ∈ EM ′(N ′). Hence x = rm ∈ ϕ−1(EM ′(N ′)) and thus

〈EM(ϕ−1(N ′))〉 ⊆ 〈ϕ−1(EM ′(N ′))〉. Now assume x′ ∈ ϕ−1(EM ′(N ′)). Then

ϕ(x′) ∈ EM ′(N ′), so there exist s ∈ R, m′ ∈ M ′ and k ∈ Z+ such that

ϕ(x′) = sm′ and skm′ ∈ N ′ and also ϕ(y) = m′ for some y ∈ M . We get

skϕ(y) = ϕ(sky) ∈ N ′. Then sky ∈ ϕ−1(N ′) and sy ∈ EM(ϕ−1(N ′)). Since

ϕ(x′) = sϕ(y), x′ − sy ∈ kerϕ ⊆ ϕ−1(N ′) ⊆ EM(ϕ−1(N ′)) ⊆ 〈EM(ϕ−1(N ′))〉 and

x′ ∈ 〈EM(ϕ−1(N ′))〉. Hence 〈ϕ−1(EM ′(N ′))〉 ⊆ 〈EM(ϕ−1(N ′))〉. �

Corollary 4.4 Assume the hypothesis given in Lemma 3.6. Let S be any subset

of M ′ containing 0. Then ϕ−1(〈S〉) = 〈ϕ−1(S)〉.

Proof. Let x ∈ ϕ−1(〈S〉). Then ϕ(x) ∈ 〈S〉 and thus ϕ(x) ∈ N for all

submodules N of M ′ containing S and x ∈ ϕ−1(N). Hence x ∈ 〈ϕ−1(S)〉. Now let

68



y ∈ 〈ϕ−1(S)〉. Then y = r1m1 + · · · + rnmn for some ri ∈ R and mi ∈ ϕ−1(S)

(1 ≤ i ≤ n). Hence ϕ(y) = ϕ(r1m1 + · · · + rnmn) = r1ϕ(m1) + · · · + rnϕ(mn)

such that ϕ(mi) ∈ S. Then ϕ(y) ∈ 〈S〉 and y ∈ ϕ−1(〈S〉). �

Lemma 4.5 [[20], Corollary 1.3] Let M and M ′ be R-modules with

ϕ : M → M ′ an R-module epimorphism and N be a submodule of M such that

N ⊇ K = Kerϕ. Then

(i) ϕ(radM(N)) = radM ′(ϕ(N)).

(ii) If N ′ is a submodule of M ′, then ϕ−1(radM ′(N ′)) = radM(ϕ−1(N ′)).

Proof. (i) Let x ∈ ϕ(radM(N)). Then x = ϕ(y) for some y ∈ radM(N). So

that y ∈ Pi where Pi is a prime submodule of M containing N for all i. Then

ϕ(y) ∈ ϕ(Pi). By Lemma 3.7, ϕ(Pi) is a prime submodule of M ′ containing ϕ(N).

Hence ϕ(y) ∈
⋂
i∈I

ϕ(Pi) = radM ′(ϕ(N)). Hence x ∈ radM ′(ϕ(N)).

Let m′ ∈ radM ′(ϕ(N)). Then m′ ∈ Qj for all prime submodules Qj of M ′

containing ϕ(N). There exists m ∈ M such that ϕ(m) = m′ ∈ Qj. Then

m ∈ ϕ−1(Qj) such that ϕ−1(Qj) is a prime submodule of M containing N by

Lemma 3.7. Hence m ∈ radM(N). So that m′ = ϕ(m) ∈ ϕ(radM(N)).

(ii) Let n′ ∈ ϕ−1(radM ′(N ′)). Then ϕ(n′) ∈ radM ′(N ′), that is, ϕ(n′) ∈ P for

all prime submodule of M ′ containing N ′. Hence n′ ∈ ϕ−1(P ) and

n′ ∈ radM(ϕ−1(N ′)). Let n̄ ∈ radM(ϕ−1(N ′)). Then n̄ ∈ P ′ for all prime

submodules P ′ ofM containing ϕ−1(N ′) and ϕ(n̄) ∈ ϕ(P ′). Since ϕ(P ′) is a prime

submodule of M ′ containing N ′, ϕ(n̄) ∈ radM ′(N ′). Then n̄ ∈ ϕ−1(radM ′(N ′)).

Hence radM(ϕ−1(N ′)) = ϕ−1(radM ′(N ′)). � �

Definition 4.6 A module M satisfies the radical formula (M s.t.r.f.), if for every

submodule N of M , the prime radical of N is the submodule generated by its
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envelope, that is, radM(N) = 〈EM(N)〉. A ring R s.t.r.f. provided that for every

R-module M , M s.t.r.f.

Theorem 4.7 [[20], Theorem 1] Let R be a ring. Then R s.t.r.f. provided that

any one of the following is satisfied.

(i) For every free R-module F , F s.t.r.f.,

(ii) For every faithful R-module M , M s.t.r.f.,

(iii) For every R-module M , radM(0) = 〈EM(0)〉,

(iv) R is a ring homomorphic image of S, where S s.t.r.f.

Proof. Let (i) or (ii) be satisfied. Since every moduleM is a homomorphic image

of both a free R-module and a faithful R-module, then R s.t.r.f. by Theorem 4.8.

(iii) Let N be a submodule of M and apply Theorem 4.8, letting M ′ = M/N ,

N ′ = N and ϕ = π where π : M →M/N is the canonical epimorphism.

(iv) Let ϕ : S → R be an epimorphism. Suppose S s.t.r.f.. An R-module

M is realized as an S-module by the standard pullback along ϕ. Since ϕ is an

epimorphism, every S-submodule of M is also an R-submodule, and

vice-versa. Indeed, in this case, a submodule of M is prime as an S-submodule if

and only if it is prime as an R-submodule. Furthermore, it is easily shown that

for any submodule N of M , EM(SN) = EM(RN). Since S-linear combinations

coincide with R-linear combinations, we have

radM(RN) = radM(SN) = 〈EM(SN)〉 = 〈EM(RN)〉.

Therefore R s.t.r.f. �

Theorem 4.8 [[20], Lemma 1.5] Assume the hypothesis given in Lemma 3.6.

(i) If radM(N) = 〈EM(N)〉, then radM ′(ϕ(N)) = 〈EM ′(ϕ(N))〉,
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(ii) If N ′ is a submodule of M ′ and radM ′(N ′) = 〈EM ′(N ′)〉, then

radM(ϕ−1(N ′)) = 〈EM(ϕ−1(N ′))〉.

Proof. (i) Suppose that radM(N) = 〈EM(N)〉. We know that

radM ′(ϕ(N)) = ϕ(radM(N)). So we must show that ϕ(〈EM(N)〉) = 〈EM ′(ϕ(N))〉.

Let x ∈ ϕ(〈EM(N)〉). Then there exist y ∈ 〈EM(N)〉, ri ∈ R (1 ≤ i ≤ n) and

xi ∈ EM(N) such that x = ϕ(y) and y = r1x1 + · · ·+rnxn. Also we have xi = aibi

such that ai ∈ R, bi ∈ M and ati
i bi ∈ N for some positive integer ti and for all

i. Then x = ϕ(y) = ϕ(r1x1 + · · · + rnxn) == r1a1ϕ(b1) + · · · + rnanϕ(bn) and

x ∈ 〈EM ′(ϕ(N))〉, since each aiϕ(bi) ∈ EM ′(ϕ(N)). Now let x′ ∈ 〈EM ′(ϕ(N))〉.

Then x′ = s1m1 + · · ·+ skmk for some si ∈ R and mi ∈ EM ′(ϕ(N)) (1 ≤ i ≤ k).

Then mi = diyi such that di ∈ R, yi ∈ M ′ and dmi
i yi ∈ ϕ(N) for some mi ∈ Z+.

Since yi ∈M ′, there exist y′i ∈M such that yi = ϕ(y′i) for all i. Hence we get

x′ = s1d1y1+· · ·+skdkyk = s1d1ϕ(y′1)+· · ·+skdkϕ(y′k) = ϕ(s1d1y
′
1+· · ·+skdky

′
k).

Since dmi
i yi ∈ ϕ(N), dmi

i y′i ∈ N , x′ ∈ ϕ(〈EM(N)〉).

(ii) Suppose that radM ′(N ′) = 〈EM ′(N ′)〉. By Lemma 4.5,

radM(ϕ−1(N ′)) = ϕ−1(radM ′(N ′)) = ϕ−1(〈EM ′(N ′)〉). It is enough to show that

ϕ−1(〈EM ′(N ′)〉) = 〈EM(ϕ−1(N ′))〉. Let x ∈ ϕ−1(〈EM ′(N ′)〉). Then

ϕ(x) ∈ 〈EM ′(N ′)〉, so ϕ(x) = r1x1 + · · · + rnxn for some ri ∈ R, xi ∈ EM ′(N ′)

(1 ≤ i ≤ n). Since xi ∈ EM ′(N ′), there exist ai ∈ R and bi ∈ M ′ such that

xi = aibi and ati
i bi ∈ N ′ for some positive integer ti. Then xi = aiϕ(ci) for some

ci ∈ M and ati
i ϕ(ci) ∈ N ′. Hence ati

i ci ∈ ϕ−1(N ′) and so aici ∈ EM(ϕ−1(N ′)).

Then ϕ(x) = r1x1 + · · ·+ rnxn = ϕ(r1a1c1 + · · ·+ rnancn). Hence

x− (r1a1c1 + · · ·+ rnancn) ∈ kerϕ ⊆ 〈EM(ϕ−1(N ′))〉.
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Thus x ∈ 〈EM(ϕ−1(N ′))〉. Now let y ∈ 〈EM(ϕ−1(N ′))〉. Then y = s1y1+· · ·+skyk

for some si ∈ R, yi ∈ EM(ϕ−1(N ′)) (1 ≤ i ≤ k). Then yi = uimi for some ui ∈ R,

mi ∈ M such that uli
i mi ∈ ϕ−1(N ′) for some positive integer li. This gives that

uiϕ(mi) ∈ EM ′(N ′) for all i. Then

y = s1u1m1 + · · ·+ skukmk and ϕ(y) = s1u1ϕ(m1) + · · ·+ skukϕ(mk).

Since ϕ(y) ∈ 〈EM ′(N ′)〉, y ∈ ϕ−1(〈EM ′(N ′)〉). �

Lemma 4.9 Let M be an R-module and S be a multiplicatively closed subset of

R. Then 〈EM(N)〉S = 〈EMS
(NS)〉 for every R-submodule N of M .

Proof. Let x ∈ EMS
(NS). Then x = rm for some r ∈ RS, m ∈ MS and

rnm ∈ NS for some n ∈ Z+. Then x = (r1/s1)(m1/s2) and (rn
1m1/s

n
1s2) ∈ NS

for some r1 ∈ R, m1 ∈ M and s1, s2 ∈ S. There exist v ∈ N , s3 ∈ S such

that (rn
1m1/s

n
1s2) = v/s3 and u ∈ S such that (usn

1s2)v = (us3)r
n
1m1 ∈ N .

This implies that (us3r1)
nm1 ∈ N and hence us3r1m1 ∈ EM(N). Thus

(us3r1m1/us3s1s2) = (r1m1/s1s2) = x ∈ 〈EM(N)〉S.

Therefore 〈EMS
(NS)〉 ⊆ 〈EM(N)〉S. Now let y ∈ 〈EM(N)〉S. Then y = a/s for

some a ∈ 〈EM(N)〉 and s ∈ S. There exist r′i ∈ R, m′
i ∈M such that

a = r′1m
′
1 + · · ·+ r′km

′
k with (r′i)

nim′
i ∈ N, 1 ≤ i ≤ k

Then (r′i)
nim′

i/s
ni = (r′i/s)

nimi ∈ NS for all i. Hence (r′i/s)mi ∈ EMS
(NS) and

y = a/s ∈ 〈EMS
(NS)〉. Therefore 〈EM(N)〉S = 〈EMS

(NS)〉. �
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Lemma 4.10 [25, Proposition 1.6] Let M be an R-module and S be a

multiplicatively closed subset of R. Then (radM(N))S ⊆ radMS
(NS) for every

R-submodule N of M .

Proof. Let m = α/s ∈ (radM(N))S for some α ∈ radM(N), s ∈ S. So α is

contained in any prime R-submodule of M containing N . Let Q be a prime

submodule of MS containing NS. Let P = {x ∈ A|x/1 ∈ Q}. Clearly, P is an R

submodule of M containing N .

We claim that P is prime, let ra ∈ P where r ∈ R and a /∈ P. Then

(r/1)(a/1) = (ra)/1 ∈ Q. Since Q is prime and (a/1) /∈ Q. Then (r/1)MS ⊆ Q.

Take y ∈M , then (ry)/1 = (r/1)(y/1) ∈ (r/1)MS ⊆ Q. So ry ∈ P which implies

rM ∈ P and P is prime.

Therefore α ∈ P and m = α/s = (1/s)(α/1) ∈ Q and m ∈ radMS
(NS).

Hence, (radM(N))S ⊆ radMS
(NS) for every R-submodule N of M �

4.2 Modules over Prüfer Domains which Satisfy the

Radical Formula

The question of what kind of rings and modules s.t.r.f. has drawn the

attention of many authors, for example [9], [13], [17], [19], [20]. In [9],

Jenkins and Smith proved that Dedekind domains s.t.r.f. In [13], Leung and Man

proved that the only Noetherian rings which s.t.r.f. are of at most

dimension one. He gave a complete characterization of Noetherian rings which

s.t.r.f. Hence Noetherian rings which s.t.r.f. are well-known. Now we are looking

for non-Noetherian rings which s.t.r.f. For that reason we investigated whether

modules over Prüfer domains s.t.r.f. We proved that if R is a Prüfer domain,

then the R-module R⊕R s.t.r.f. by Theorem 4.15.

73



Throughout R⊕R will be denoted by R2.

Theorem 4.11 [25, Proposition 1.8(i)] Let R be a ring. If the RM-module

RM ⊕ RM satisfies the radical formula for any maximal ideal M of R, then

the R-module R2 satisfies the radical formula.

Proof. By Lemma 4.9 and Lemma 4.10, we have

(
radR2(N)

〈ER2(N)〉
)M ∼=

(radR2(N))M
〈ER2(N)〉M

⊆ radR2(NM)

〈ER2
M

(NM)〉
=
〈ER2

M
(NM)〉

〈ER2
M

(NM)〉
= 0

for every R-submodule N of R2. Thus radR2(N) = 〈ER2(N)〉 for all R-submodule

N of R
2

and the R-module R2 satisfies the radical formula. �

Lemma 4.12 Let R be a commutative ring, and N be a submodule of R2. If

N = I ⊕ J for some ideals I, J of R, then N s.t.r.f. in R2.

Proof. Clearly, for any prime ideal P of R containing I, P⊕R is a prime submod-

ule of R2 containing N . Thus, radR2(N) ⊆
√
I ⊕ R. Similarly,

radR2(N) ⊆ R⊕
√
J . Hence radR2(N) ⊆

√
I ⊕

√
J . Now take (x, y) ∈

√
I ⊕

√
J .

That is xk ∈ I and yt ∈ J for some k, t ∈ Z+ and xk(1, 0), yt(0, 1) ∈ N . Then

(x, y) = x(1, 0) + y(0, 1) ∈ 〈ER2(N)〉. Since we always have the other inclusion,

radR2(N) =
√
I ⊕

√
J = 〈ER2(N)〉 and N s.t.r.f. in R2. �

Lemma 4.13 Let D be a valuation ring and let N be a D-submodule of D2.

If (m,n) is an element of N such that (mk, 0) ∈ N or (0, nk′) ∈ N for some

k, k′ ∈ Z+, then
√
Dm⊕

√
Dn ⊆ 〈ED2(N)〉.

Proof. For any x ∈
√
Dm there exists d ∈ D, l ∈ Z+ such that xl = dm. Hence

xkl(1, 0) = dkmk(1, 0) ∈ N implies that
√
Dm(1, 0) ⊆ 〈ED2(N)〉.
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If Dm ⊆ Dn, then m/n ∈ D. Take a nonzero s ∈
√
Dn that is st = rn

for some nonzero r ∈ D and t ∈ Z+. Since st((m/n), 1) = (rm, rn) ∈ N , and

(s(m/n))tk(1, 0) = rk(m/n)tk−k(mk, 0) ∈ N we have

(0, st) = (rm, rn)− (rm, 0) and (0, s) = s((m/n), 1)− s(m/n)(1, 0) ∈ 〈ED2(N)〉.

Therefore
√
Dn(0, 1) ⊂ 〈ED2(N)〉.

If Dn ⊆ Dm, then n/m ∈ D and (0, nk) = nk−1(m,n)−(n/m)k−1(mk, 0) ∈ N .

Thus
√
Dn(0, 1) ∈ 〈ED2(N)〉.

In any case,
√
Dm⊕

√
Dn ⊆ 〈ED2(N)〉.

If (0, nk′) ∈ N , then the proof can be done in a similar way. �

Theorem 4.14 Let D be a valuation ring with unique maximal ideal M. Then

D2 s.t.r.f.

Proof. Let N be a nonzero submodule of D2 where N is generated by

S = {(ai, bi)i∈I}. Consider the canonical projections πλ : D2 → D given by

πλ(d1, d2) = dλ where d1, d2 ∈ D, λ = 1, 2. We have π1(N) =< {ai}i∈I > and

π2(N) =< {bi}i∈I >.

Case 1: If N = π1(N) ⊕ π2(N), then N satisfies the radical formula in D2

by Lemma 4.12.

Case 2: If π1(N) + π2(N) is a finitely generated ideal of D, then

π1(N) + π2(N) =
∑

finite

Dai +
∑

finite

Dbi. Since D is a valuation ring and the

ideals of D are totally ordered. So, we may assume π1(N) + π2(N) = Db1. Then

Da1 ⊆ Db1, hence a1/b1 ∈ D. Note that {(a1/b1, 1), (1, 0)} forms a basis for D2.
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Define

φ : D ⊕D → D ⊕D

(a1/b1, 1) → (0, 1)

(1, 0) → (1, 0)

Clearly φ is an isomorphism and φ(N) = B ⊕Db1 where B is an ideal of D and

B ∼= N ∩ (D⊕0). By case 1, φ(N) s.t.r.f. in D2. Then by Theorem 4.8, N s.t.r.f.

in D2.

Case 3: Suppose π1(N) + π2(N) is not a finitely generated ideal, but π1(N)

or π2(N) is finitely generated. We may assume that π1(N) is finitely generated.

Clearly π1(N) is nonzero. (If it is zero then N satisfies Case 1 and result is

clear.) Then π1(N) = Dai for some i ∈ I. Let i = 1. Since π1(N) + π2(N)

is not finitely generated there are infinitely many principal ideals generated by

elements of π2(N) containing Da1. To prove
√
π1(N) ⊕

√
π2(N) ⊆ 〈ED2(N)〉,

take (a1, b1) ∈
√
π1(N) ⊕

√
π2(N). Then there exists an element (as, bs) ∈ S

such that Da1 + Db1 $ Dbs, s ∈ I. Hence Dasb1 ⊆ Da1b1 $ Da1bs, that is

asb1/a1bs ∈M and 1− asb1/a1bs is a unit in D. Then

bs(a1, b1)− b1(as, bs) = (1− asb1/a1bs)(a1bs, 0) ∈ N, so (a1bs, 0) ∈ N.

Note that a2
1(1, 0) ∈ D(a1bs, 0) ⊆ N , and hence (a2

i , 0) ∈ N for any i ∈ I. By

Lemma 4.13,
√
Dai ⊕

√
Dbi ⊆ 〈ED2(N)〉 for all i ∈ I.

Hence,

rad(N) ⊆
√
π1(N)⊕

√
π2(N) =

⋃
i∈I

√
Dai ⊕

⋃
i∈I

√
Dbi ⊆ 〈ED2(N)〉.

Case 4: Let N be a submodule of D ⊕ D where π1(N) and π2(N) are not

finitely generated. Recall that S = {(ai, bi)i∈I} is the set of generators of N . We
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may order the principal ideals generated by the first components of S as follows:

· · · ⊆ Da−1 ⊆ Da0 ⊆ Da1 ⊆ · · · ⊆ Dai ⊆ · · · .

We do not know how Dbi’s are ordered. Define P i =
√
Dai and Qi=

√
Dbi then√

π1(N) =
⋃
P i and

√
π2(N) =

⋃
Qi.

Subcase 1: For any i ∈ I, if one of the following is satisfied, then

P i ⊕Qi⊆< ED2(N) > and N s.t.r.f. in D2.

(a) There exists j > i such that Dbj $ Dbi.

(b) There exists k < i such that Dbi $ Dbk.

(c) There exists j0 > i such that Daibj0 6= Daj0bi while Dbi ⊆ Dbj for all

j > i,

(d) There exists j1 > i such that Daibj1 ⊆ D(uj1 − 1) while for all indices

j > i, Dbi ⊆ Dbj, and aibj = ujajbi for some unit uj .

Proof of Subcase 1: It is enough to prove for any i, P i ⊕ Qi⊆ 〈ED2(N)〉.

Assume both ai and bi are nonzero, otherwise the result is clear.

Let condition (a) be satisfied. Then by assumption we have (aj, bj) ∈ S such

that

Daibj $ Daibi ⊆ Dajbi and aibj/ajbi ∈M.

• if Daj ⊆ Dbi, then bj(ai, bi) − bi(aj, bj) = ajbi(aibj/ajbi − 1)(1, 0) ∈ N .

Since aibj/ajbi − 1 is a unit, (ajbi, 0) ∈ N and s (a2
i , 0) ∈ Dajbi(1, 0) ⊆ N .

Hence by Lemma 4.13, P i ⊕Qi ⊆ 〈ED2(N)〉.

• If Dbi ⊆ Daj, then aj(ai, bi)− ai(aj, bj) = ajbi(1− aibj/ajbi)(0, 1) ∈ N and

1−aibj/ajbi is a unit implies ajbi(0, 1) ∈ N that is (0, b2i ) ∈ Dajbi(0, 1) ⊆ N

and Qi(0, 1) ⊆ 〈ED2(N)〉. By Lemma 4.13, Pj ⊕Qj ⊆ 〈ED2(N)〉. Hence,

P i ⊕Qi ⊆ Pj ⊕Qi ∈< ED2(N) > .
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Let condition (b) be satisfied. That is there is a k < i such that Dbk ' Dbi.

Assume ak 6= 0 (otherwise result is clear), then

Dakbi $ Dakbk ⊆ Daibk and akbi/aibk ∈M.

• if Dai ⊆ Dbk, then bk(ai, bi) − bi(ak, bk) = aibk(1 − akbi/aibk)(1, 0) ∈ N .

Since 1− akbi/aibk is a unit, (aibk, 0) ∈ N . Then (a2
i , 0) ∈ Daibk(1, 0) ⊆ N

and P i(1, 0) ∈ 〈ED2(N)〉. By Lemma 4.13, Pk⊕Qk ⊆ 〈ED2(N)〉 and hence

P i ⊕Qi ⊆ P i ⊕Qk ⊆ 〈ED2(N)〉.

• If Dbk ⊆ Dai, then ak(ai, bi)−ai(ak, bk) = aibk(akbi/aibk−1)(0, 1) ∈ N and

1− akbi/aibk is a unit implies aibk(0, 1) ∈ N and (0, b2i ) ∈ Daibk(0, 1) ⊆ N .

Hence we have P i ⊕Qi ⊆ 〈ED2(N)〉 by Lemma 4.13.

Let (c) be satisfied. That is there exists j0 ∈ I such that j0 > i and

Daibj0 6= Daj0bi. Then one of these ideals of D is contained in the other. Let

Daibj0 $ Daj0bi that is aibj0/aj0bi ∈ M and (aj0bi, 0) ∈ N again we have two

cases,such that Daj0 ⊆ Dbi or Dbi ⊆ Daj0 .

Daj0 ⊆ Dbi implies (a2
i , 0) ∈ Daj0bi(1, 0) ⊆ N and Dbi ⊆ Daj0 implies

(0, b2i ) ∈ N . For two of them, using Lemma 4.13, we have P i ⊕Qi ∈ 〈ED2(N)〉.

Let (d) be satisfied. That is, ai/aj = uj(bi/bj) for some unit uj for all j > i.

By the above argument, aibj(1−uj)(1, 0) and aibj(1−uj)(0, 1) ∈ N for all j > i.

By assumption, there is j1 ∈ I with j1 > i such that Daibj1 ⊆ D(1−uj1) for some

j1 > i. Then (a4
i , 0) or (0, b4i ) ∈ N . By Lemma 4.13, we have P i⊕Qi ⊆ 〈ED2(N)〉

Since this equality holds for all i ∈ I, we have

rad(N) =
√
π1(N)⊕

√
π2(N) =

⋃
Pi ⊕

⋃
Qi ⊆ 〈ED2(N)〉.

Subcase 2: Suppose the possibilities in subcase 1 does not occur for some i ∈ I,
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then there exists j > i such that Dbi $ Dbj, aibj = ujajbi for some unit uj and

D(1− uj) ⊆ Daibj. In this case N s.t.r.f. in D2.

Proof of Subcase 2: Similar to the proof of subcase 1, we have aibj(1−uj)(1, 0)

and aibj(1 − uj)(0, 1) ∈ N that is ((1 − uj)
2, 0) ∈ N for all j > i. Now we may

assume that Dai ⊆ Dbi then define

φ : D ⊕D → D ⊕D

(ai

bi
, 1) → (0, 1)

(1, 0) → (1, 0)

Then φ(N) = (B⊕Dbi)+ < (ak(1−uk), bk)
∞
k=i+1 > by case 2 where B is an ideal

of D such that B ∼= (D ⊕ 0)∩ < (as, bs)
i
s=1 >. Since ((1 − uj)

2, 0) ∈ N then

(aj(1− uj)
2, 0) = φ(aj(1− uj)

2, 0) ∈ φ(N). By Lemma 4.13,

√
Daj(1− uj)⊕

√
Dbj ⊆ 〈ED2(φ(N))〉,

for all j > i. Combining this result by Lemma 4.12, we have

rad(φ(N)) =
√
π1(φ(N))⊕

√
π2(φ(N)) ⊆ 〈ED2(φ(N))〉.

Thus (φ(N)) s.t.r.f. in D2 and by Theorem 4.8, N s.t.r.f. in D2. �

Theorem 4.15 Let R be a Prüfer domain, then the R-module R2 satisfies the

radical formula.

Proof. For any maximal idealM of R, RM is a valuation ring. Then by Theorem

4.14, the RM-module RM ⊕RM satisfies the radical formula. By Theorem 4.11,

R2 satisfies the radical formula. �
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