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ABSTRACT

The development of numerical methods for solving scattering problems has been dependent
advancement in computer technology. Unlike analytical methods, numerical approaches, relying on
matrix inversion, are often perceived as less intricate, although their effectiveness is limited by
computer capacity. Both analytical and numerical methods come with drawbacks and constraints.
Notably, when dealing with high-frequency sources or large electromagnetic structures, extensive
discretization is necessary, posing challenges in achieving desired accuracy. Analytical methods,
meanwhile, are typically applicable to a finite range of geometries. Hence, hybrid methods that
amalgamate the strengths of both analytical and numerical approaches have emerged to tackle these
issues.

In our thesis, we utilize a hybrid method inspired by Veliev's prior research to explore an
efficient alternative for solving a specific class of integral equations. This novel approach is
anticipated to streamline calculations, expedite processing, and extend applicability across various
materials, surpassing the capabilities of existing methods in the field. Our research focuses on
resolving the two-dimensional thin strip diffraction problem using this innovative approach, which
combines analytical and numerical techniques. Furthermore, we delve into a detailed examination of
the current distribution on the two-dimensional thin strip under 0 and 1 fractional order limits,
leveraging simulations to derive insights. The resultant near-field and far-field distributions hold
promise for application in antenna design or devices aimed at directing electromagnetic waves.

Keywords: Fractional boundary condition, electromagnetic diffraction, fractional strip, integral
equation, fractional calculus



CUKUROVA UNIVERSITESI
FEN BIiLIMLERI ENSTIiTUSU

DOKTORA TEZi

Seritten Sacilma Probleminin Co6ziimiine Yeni Bir

Yaklasim

Zeynep BAZ

Danisman: Prof. Dr. Turgut IKIZ

Elektrik Elektronik Miihendisligi Anabilim Dali

0z

Sacilma problemlerinin ¢ozliimi icin sayisal tekniklerin gelisimi her zaman bilgisayar
teknolojisindeki ilerlemeye paralel olmustur. Analiz i¢in matris ters ¢evirme prosediirii nedeniyle
sayisal yontemler, bilgisayar kapasitesi ¢oziilebilecek problemin boyutunu smirladigindan analitik
yontemlere gore daha az karmasik kabul edilebilir. Analitik ve sayisal yontemlerin ¢éziimlerinin
yapilmasinda bazi sinirlamalar ve dezavantajlarivardir. Frekans kaynaklar1 ve elektriksel olarak
biiyiik nesneler, istenilen dogrulugun saglanmasi agisindan 6zellikle sagicinin elektriksel boyutu goz
oniinde bulundurularak genis 6l¢iide ayriklagtirma gerektirir.Bu durum sayisal olarak problemin
¢cOziimiiniin uygulanabilirligini smirlamaktadir. Analitik metotlar genellikle belirli bir sayida
geometri i¢in uygulanir. Bu yilizden, problemlerin ¢6ziimiinde analitik ve sayisal yaklagimlarin
avantajlarim bir araya getiren hibrit yontemler gelistirilmistir.

Tezde Veliev'in daha 6nceki ¢aligmalarinda da sunuldugu gibi hibrit yontem kullanilmigtir.
Bir integral denklem smifin1 ¢ozmek igin etkili ve alternatif yeni bir yontem aragtirilmaktadir. Yeni
yontemin, mevcut yontemlere kiyasla daha basit hesaplamalar, daha hizli islem ve cesitli
malzemelere daha genis bir uygulanabilirlik saglamasi beklenmektedir. Tez ¢aligmasi, analitik ve
sayisal yontemler bir araya getirerek, iki boyutlu ince serit kirinim problemine yeni bir yaklagimla
odaklanmay1 amaglamaktadir. Ayrica ¢alismamda iki boyutlu ince bir serit izerindeki akim dagilimi
0 ve 1 kesirli derece limitleri durumunda detayl olarak incelenmistir. Sonuglar simiilasyon yoluyla
elde edildi. Yakin alan ve uzak alan dagilimlarinda serit iizerindeki dagilimlarin, elektromanyetik
dalgalar1 yonlendirmek i¢in kullanilan anten veya cihazlarin tasariminda kullanima uygun
olabilecegi diisiiniilmektedir.

Anahtar Kelimeler: Kesirli Sinir Kosulu, Elektromanyetik Kirinim, Kesirli Serit, Integral Denklem,
Kesirli Hesap
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GENISLETILMIS OZET

Sacilma problemlerinin ¢dzliimii i¢in sayisal tekniklerdeki gelisme her zaman bilgisayar
teknolojisindeki gelismelere paralel olmustur. Sayisal yontemler analitik yontemlere gére daha az
karmagik kabul edilse de, analiz i¢in kullanilan matris ters ¢evirme prosediirii nedeniyle bilgisayar
kapasitesi, ele almabilecek problemin boyutunu kisitlamaktadir. Genel olarak maksimum boyutu
birka¢ dalga boyuna sahip olan engeller icin sayisal yontemler dogru ¢oziimler saglayabilir. Integral
denklemler genellikle sayisal yontemlerle ¢oziilse de, bazi analitik yontemler kullanilarak bir takim
cebirsel denklemlere de doniistiiriilebilir. Elde edilen matris denklemi daha sonra standart matris ters
cevirme algoritmalari ile ¢oziilebilir. Bu matris denkleminin ¢6ziimii i¢in gereken siire, elde edilen
matrisin boyutuyla orantilidir. Bu nedenle 6zellikle biiyiik cisimler i¢in Radar Kesiti (RCS) tahmini
icin gereken siire ¢ok biiyiik olabilir, bu nedenle matris boyutunun miimkiin oldugu kadar kiigiik
tutulmasi gerekir. Oldukca fazla sayida giiclii analitik teknik olmasina ragmen, sayisal tekniklerin
temel avantaji, bunlarin istege bagl sekildeki bir dagiticiya uygulanabilmesi ve genellikle yalnizca
dagiticinin boyutuyla siirli olmasidir. Ancak bu sinirlama pratik bir sorundur. Teorik olarak sagilma
problemini tanimlayan bir dizi dogrusal denklem olusturulabilir ancak elde edilen kiime
¢oziilemeyecek kadar biliyilik olabilir. Bilgisayar teknolojisindeki gelismeler sayesinde bir¢ok
elektromanyetik problemin istenilen dogrulukta ¢éziimii miimkiin olmaktadir. Karmasik sekilli
cisimler s6z konusu oldugunda problemin zorlugu artar.

Analitik ve sayisal yontemlerin avantaj ve dezavanytajlar1 vardir. Bunlar1 6zetlemek gerekir

1s€;

e Analitik yontemlerde; avantaj olarak, matematiksel ifadeler araciligiyla sonuglar {ireten bu
yontemler dogru ve hizlidir, problemdeki fiziksel mekanizmanin daha derin bir sekilde
anlasilmasina olanak tanir. Genellikle genis bir parametre yelpazesi iizerinde genel ¢oziimler
sunarlar. Dezavantaj olarak, karmasik geometriler ve sinir kosullar1 igin ¢éziimler elde etmek
zor olabilir ve bunlar dogrusal olmayan problemlere uygulanamazlar.

e Sayisal yontemlerde, avantaj olarak, karmasik geometriler ve sinir kosullariyla basa ¢ikmak
i¢in kullanilirlar. Geligsmis bilgisayar yazilimlar1 ve algoritmalar sayesinde dogrusal olmayan
ve karmasik problemleri ¢6zmede etkilidirler. Dezavantajlari ise, hesaplamak ¢ok zaman
almaktadir ve maliyeti yiiksektir ayrica sayisal hatalar1 olduk¢a fazda olmasindan dolay

Ozellestirme gereksinimlerne ihtiya¢ duyulmaktadir.
Tez calismamda Ozette de belirtildigi gibi hibrit yontemler kullanilarak analitik ve sayisal

yontemlerin avantajlan birlestirilerek analitik ve sayisal yontemlerin bir arada kullanilmasiyla bu

zorluklar agilabilir.
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Hibrit yontemler, esneklik, daha hizli ¢6ziimler, hassasiyet ve kararlilik gibi 6zellikler
sunmaktadir. Ozellikle de karmasik geometri ve smir kosullari iceren problemler igin, serit
problemleri gibi karmasik miihendislik problemlerini ¢ozmede Onemli avantajlar saglarlar. Tez
calismasinda, daha dnce Veliev tarafindan yapilan ¢aligmalarda hibrit (melez) yontem kullanilmigtir
ve ¢Ozlimiin dnceden belirlenmis herhangi bir dogrulugu icerdigi alternatif bir yontem gelistirilmistir
(Veliev et.al., 2011). Elde edilmek istenen sonuca en yakin ve kesin bir dogrulukta hesaplamanin
yapilmast gerekir. Elektriksel boyut, belirli bir problem icin sayisal ¢oziimiin uygulanabilirligini
sinirlar ¢iinkii yiiksek frekanshi kaynaklar ve biiyiik elektriksel nesneler, daha fazla ayriklagtirmay1
gerektirir. Bu da hesaplama giicii ihtiyacim1 artirir. Analitik yontemlerin karmasik olmayan ancak
belirli geometrileriler i¢cin uygulanabilirligi vardir. Bu sebeplerden dolayi1 ise sayisal ve analitik
yontemlerin avantajlarinin birlikte ele alinarak bahsedilen zorluklar1 asmak amaciyla hibrit
yontemler gelistirilmigtir. Analitik yontemler genellikle yiiksek frekans rejiminde kapali form
cOziimler saglayabilirken, melez yontemler daha genis frekans araliklarinda alan ifadelerini
hesaplayabilirler. Bir integral denklem sinifin1 ¢6zmek icin etkili ve alternatif yeni bir yontem
arastirilmistir. Sagilan alan, problemin ¢oziimiinii olusturmak icin bir dizi avantaj sunan karsilik
gelen yiizey akim yogunlugunun Fourier doniistimii kullanilarak temsil edilmistir. Elektromanyetik
dalgalarin geometrik ve fiziksel siireksizliklerden sagilmasi, elektromanyetik dalga teorisinin en
onemli alanlarindan biridir. Basit geometrisi nedeniyle serit konusu bir¢ok bilim insani tarafindan
calismalarda aragtirilmigtir. Yaklasimlarimda serit halinde birgok teknik 6nerilmis ve ciddi ¢oziime
kavusturulmustur (Butler, 1985). Sagilma problemlerinin ¢éziimii i¢in sayisal tekniklerin gelismesi
ve ayni zamanda bilgisayar teknolojisinin gelismesiyle birlikte bu gelismeler birgok elektromanyetik
problemin gerekli dogruluk derecesinde ¢oziilmesini miimkiin kilmigtir (Uchida et.al., 1989).
Aragtirmanin amaci Ozette de belirtildigi gibi soruna alternatif ve yeni bir yaklasim gelistirmek ve
genellestirmektir. Onerilen yontemin, literatiirde sunulmus olan diger yontemlere gore oldukca basit
hesaplamalar, ¢ok hizli isleme ve c¢esitli malzemelere daha genis uygulanabilirlik sunmasi
beklenmistir. Bu caligmada ele alinan problemlerden biri, Sekil 3.2'de gosterildigi gibi, iki boyutlu
bir serit (strip) iizerinde diizlemsel H-polarize dalganin kirmimidir. Cesitli geometrilerdeki
yiizeylerin sagilma 6zelliklerini belirlemek i¢in, Neumann ve Dirichlet sinir kosullarina karsilik
gelen integral sinir kosullar kullanilmaktadir. Bu integral sinir kosullari, Dirichlet ve Neumann sinir
kosullarimin bir tiir genellestirmesidir. Yani, belirli bir geometriye sahip bir yiizeydeki sagilma
problemlerini ¢ézmek i¢in bu tiir sinir kosullar1 yaygin olarak kullanilir ve hem Dirichlet hem de
Neumann simur kosullarinin 6zelliklerini kapsarlar. Bazi ortiiniik ifadeler yalnizca yiiksek frekansh
durumlar i¢in elde edilebilirlerken, hibrit yontemlerin kullanmilmasiyla oldukca genis frekans
araliklarinda alan ifadelerini (elektrik alanin veya manyetik alanin) hesaplayabilir ve ayrica ince serit
problemlerinde rezonanslari arastirmak i¢in kullanilabilirler. Tez calismasinda ele alinan problemi

¢6zmek icin, kirnim problemlerini ¢6zmek amaciyla ortogonal polinomlar yontemi kullanilmaistir.
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Oncelikle Sekil 3.2' de gosterilen sagilma alani, bir integral formiiliiyle tanimlanmistir ve bu
formiilii elde etmek i¢in Green ve Fourier analizleri kullanilmistir. Daha sonra problem analitik bir
yaklagim kullanilarak ¢6ziilmiistiir. Genel ¢6ziim i¢in integral denklemi, geometri, seritlerdeki akim
yogunlugu ve diger kosullara gore belirlenererek, secilen 6zel ortogonal fonksiyonlar setiyle ifade
edilerek ve bu fonksiyonlarin katsayilari belirlenerek bulunmustur. Burada diger kosullar olarak:

v' Problemin ¢oziimii i¢in gerekli olan kosullar (sinir kosullari, baslangi¢ kosullar1 vb.)
belirlenir.

v Problemin dogasina ve kosullarina uygun olan 6zel ortogonal fonksiyonlar segilir.

v Segilen 6zel ortogonal fonksiyonlar, bir genisletilmis fonksiyon seti olusturur. Bu fonksiyon
seti, genel ¢oziimii ifade etmek i¢in kullanilir.

v" Problemin verilen kosullari altinda, segilen 6zel ortogonal fonksiyonlarin lineer bir
kombinasyonu olarak genel ¢o6ziim ifade edilir. Bu genel ¢o6ziim, problemdeki tiim
degiskenleri ve kosullari icerecek sekilde belirlenir.

Tezde ayrica, Sekil 3.3' de gosterildigi gibi, iki boyutlu dogrusal ince bir serit {izerinde
silindirik bir dalga kaynagi kullanilarak serit izerindeki yakin alan dagilimi i¢in akim yogunluklari,
uzak alan deseninde (radyasyon deseni, Radiation pattern (RP)) kesirli derecenin limit sinirlari olan
0 ve 1 olmast durumu detayli olarak incelenmistir. Literatiirdeki onceki ¢alismalarda, 0 ile 1
arasindaki smir kosullart i¢in miikemmel elektriksel iletken (Perfect Electric Conduction (PEC))
veya miikkemmel manyetik iletken (Perfect Magnetic Conduction (PMC)) seritlerden veya empedans
seritlerinden sagilma problemleri {izerine odaklanilmigtir (Veliev et.al., 2018a; Veliyev et.al.,
2018b). Kesirli tiirev yontemi, siir kosullarini genisleterek ve kesirli tiirev yaklagimiyla mevcut
problemleri en genel sekilde ¢6zmeyi miimkiin kilar. Kesirli hesaplamalar, elektromanyetik teoride
yaklasik 30 yildir aktif bir sekilde kullanilmaktadir ve genellikle metamalzemeler ve hafizali
malzemeler i¢in uygulanir. Elektromanyetik alaninda, bu yontem birgok arastirmaci tarafindan tercih
edilmektedir. Elektromanyetik teoriye kesirli yaklagimin uygulanmasina dair ilk c¢alismalar
19901arda Nader Engheta tarafindan gergeklestirilmistir. N. Engheta, elektromanyetik alanin stirekli
ara agsamalar1 oldugunu ve bu kavrami 90'lh yillarda "elektromanyetikte fraksiyonellesme" olarak
tanmitmistir (Engheta, 1996; Engheta, 1997; Engheta, 2000). Sagilma problemleri iizerine yapilan
cesitli arastirmalarda, tek serit sagilma durumunda, yaklasikliklarla analitik ifadeler elde edilmis ve
bu ifadeler daha 6nce yapilmis ¢aligmalarla karsilagtirnlmistir. Ayrica, bu ¢alismada, miikemmel
elektriksel iletken bir serit i¢in ¢izgisel kaynaktan sagilan alanin yiizey akimlari, Fiziksel Optik ve
Momentler Yontemi ile modellenmis ve bu tezde Onerilen yeni yontemle karsilastirilmistir. Elde
edilen sonuglar, Momentler Yontemi ve Onerilen yeni yontemin, Fiziksel Optik yontemine kiyasla
daha iyi sonuglar verdigini gostermektedir. Ayrica, literatiirde onerilen yontemle heniiz ¢alisiimamis
bircok farkli geometrinin bulundugu belirtilmistir. Kesirli (integral) sinir kosulu, Dirichlet ve
Neumann smir kosullari arasinda bir ara sinir kosuluna karsilik gelmistir ki, farkli geometrik

Ozelliklere sahip olan yiizeyler iizerindeki sagilma Ozelliklerini tanimlamada kullanilmistir. Tez
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calismasinda, Onerilen yeni yaklasimla sinir kosullari ile sagilma 6zellikleri incelenmis ve yeni bir
malzeme 6zelligi (PMC, PEC veya bunlarin aras1 6zellikler) tanimlanmistir. Yukarida da belirtildigi
gibi, kesirli sinir kosulu soyle 6zetlenebilir:

Bir yiizey lizerinde,toplam elektrik alanin yiizey normali yoniindeki tegetsel bileseninin
kesirli tiirevi sifirdir. Kesirli mertebe 0 oldugunda, bu kosul Dirichlet Sinir Kosuluna denk gelirken,
kesirli mertebe 1 oldugunda, Neumann Sinir Kosuluna esit olur. Bu sinir kosulu, sirasiyla miikemmel
elektrik iletken ve milkemmel manyetik iletken gibi farkli malzemelerin yiizeylerine karsilik gelir.
Bu ¢alismada, kesirli derecenin 0 ve 1 oldugu limit degerleri i¢in serit iizerindeki alan dagilimlari,
antenlerin ve elektromanyetik dalgalarin yonlendirilmesinde kullanilan cihazlarin tasariminda
potansiyel olarak yararli olacaktir. Bu tiir yapilar, anten sentezi, dalga kilavuzlar1 ve rezonator
problemleri gibi uygulamalarda kullanilabilir. Calismanin 6nemli bir bulgusu ise, kesirli derecenin 0
oldugu durumlarda (0=0), ylizeyin mitkemmel elektrik iletken 6zelliklerine yakin oldugu, kesirli
derecenin 1 oldugu durumlarda ise (0=1) miikemmel manyetik iletken Ozelliklere daha yakin

oldugudur.
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FO : Fractional Order

GRIN : Graded-index

IE : Integral Equation

MAS : Method of Auxiliary Sources
MLFMA : Multi-Level Fast Multipole Algorithm
MoM : Method of Moments

PC : Polygonal Cylinder

PEC : Perfect Electric Conductor
PMC : Perfect Magnetic Conductor
PO : Physical Optics

PWTD : Plane Wave Time-Domain
RCS : Radar Cross Section

RP : Radiation Pattern

SCS : Scattered Cross Section

ISLAE  : Inhomogeneous System of Linear Algebraic Equations
SLAE : System of Linear Algebraic Equations
TRCS : Total Radar Cross Section



1. INTRODUCTION

The advancement of numerical techniques for solving scattering problems has consistently
progressed alongside developments in computer technology. Even though numerical techniques are
regarded as simpler compared to analytical methods, the computational capabilities of computers
limits the extend of the problem that can be tackled due to the matrix inversion procedure used for
analysis. Typically, numerical techniques offer precise solutions for obstacles with dimensions that
are a few wavelengths at most. While integral equations are commonly resolved using numerical
methods, they can also be transformed into algebraic equations and tackled using specific analytical
techniques.The resulting matrix equation is solved with standard matrix inversion algorithms.The
time needed to solve the matrix equation increases in proportion to the size of the resulting matrix.

That’s why, particularly for sizable objects, the time required for Radar Cross Section (RCS)
estimation can be very large, so the matrix size needs to be kept as small as possible. Although there
are quite a number of the primary benefit of numerical techniques is their ability to be employed with
distributors of any shape, unlike powerful analytical techniques, which typically have limitations
based on distributor size.Nevertheless, this constraint poses a practical challenge. In theory, it's
possible to formulate a set of linear equations representing the scattering issue, yet the resultant set
might be excessively large for not solve.Thanks to advancements in the realm of computer
technology, it is possible to solve many electromagnetic problems with the desired accuracy. When
intricate shapes are involved, the complexity of the problem escalates. However, these challenges
can be surmounted by employing a blend of analytical and numerical approaches. With the proposed
alternative method, it was ensured that the solution reached a predefined level of accuracy (Veliev et
al.,2011).

Representing the scattered field through the Fourier transform of the related surface current
density provides several advantages in resolving the problem. The scattering of electromagnetic
waves from geometric and physical inconsistencies have been standed as one of the pivotal domains
in electromagnetic wave theory.Because of its straightforward geometry, the subject of ribbon has
been researched by many scientists. Many techniques have been proposed and seriously solved in
my approaches (Butler, 1985). These developments, together with the advancements of numerical
techniques for tackling scattering quandaries have been evolved in tandem with advancements in
computer technology (Uchida et al.,1989), these advancements make it feasible to tackle numerous
electromagnetic problems with the necessary degree of precision.The aim of this thesis is to tackle
the two-dimensional thin strip diffraction problem utilizing a novel method. The goal of the
investigative, as mentioned in the overview. The objective is to devise and generalize a fresh
approach to the problem, offering simpler calculations, quicker processing, and wider applicability

across various materials compared to existing methods in literature. As shown Figure 3.2 and Figure



3.3. our work, has been focused on the diffraction of plane waves and cylindrical waves. The integral
boundary condition corresponding to the Dirichlet boundary condition is employed to characterize
the scattering characteristics of surfaces with diverse geometries.In this study, the integral boundary
condition, which is a combined form of Dirichlet and Neumann boundary conditions, was used. This
limiting system has been used, referred to as the hybrid method. The hybrid method provides the
advantages of analytical and numerical methods. by combining. This approach offers a more flexible
and effective way to solve complex problems. Meantime certain implicit expressions are only
attainable for the high-frequency range, hybrid methods can compute field expressions across
broader frequency ranges, enabling the exploration of resonances in thin strip problems. In
addressing the problem outlined in this study, the method of orthogonal polynomials was employed
for solving diffraction problems.In solving the problem, the scattered field is initially defined as an
integral, obtained using Green's and Fourier analyses. Subsequently, an analytical approach is
employed to solve the problem. For the general solution, the integral equation is expressed as a sum
of special orthogonal functions, taking into account the current density on the strips, geometry, and
all other relevant conditions.

In the thesis work, a thorough analysis of the current distribution on the two-dimensional
thin strip is conducted in the scenario of fractional order limits of 0 and 1. Solutions to these problems
for perfect conductors and magnetic conductors are available in the literature. In previous studies in
the literature, there are studies on scattering problems from strips that exhibit perfect electrical or
magnetic conductivity, or impedance stripsunder specified conditions. As implied by its name, the
fractional derivative method enables the generalization of boundary conditions and offers a
comprehensive solution to the current problem through the fractional derivative approach. This
fractional approximation has been employed in electromagnetics for three decades and is commonly
utilized by numerous scientists in the field, particularly for metamaterials and memory materials.

In the 1990’s, Nader Engheta pioneered the application of fractional techniques in
electromagnetic theory, introducing the concept of "fractionalization in electromagnetics" to
elucidate the continual intermediate states between canonical electromagnetic field states.
Subsequent to Engheta's work, numerous studies have investigated scattering problems, particularly
in single-lane scenarios. Analytical expressions were derived, with certain approximations, for
single-lane scattering, and comparisons were drawn with prior research. Limit values were obtained
analytically by approximating the linear source's placement in the far field and examining the
scattered field accordingly. Additionally, surface currents induced by the scattered field from the
linear source on a perfectly electrically conductive single strip were modeled using the Physical
Optics and Moment Method, with comparisons made against the method proposed in this thesis.
Results indicated that both the Moment Method and the thesis method outperformed Physical Optics.

The thesis further elucidates intermediate boundary conditions between canonical cases using the



fractional derivative approach, detailing field distribution, radiation patternand current distribution.
However, numerous geometries in the literature remain unexplored with the proposed method.

The fractional boundary condition, also referred to as the integral boundary condition, serves
as an intermediary description between Dirichlet and Neumann boundary conditions. It provides a
framework for characterizing the scattering behavior of surfaces with diverse geometries. By
investigating scattering properties using newly proposed boundary conditions, a novel material
property is delineated, distinguishing between perfect electrical conductor (PEC), perfect magnetic
conductor (PMC), or states in between. Essentially, the fractional boundary condition extends beyond
the specifics of Dirichlet and Neumann boundary conditions. It stipulates that the fractional
derivative of the tangential component of the total electric field in the surface normal direction must
be zero at the scatterer's surface. When the fractional order is zero, this aligns with the Dirichlet
Boundary Condition, whereas a fractional order of one corresponds to the Neumann Boundary
Condition.

The intermediate boundary condition responsed to materials that case between perfectly
electrically conducting (PEC) and perfectly magnetically conducting (PMC) surfaces. In our
research, we will utilize the hybrid method as outlined in Veliev's previous work. There are several
rationales for employing the hybrid method. Both analytical and numerical methods come with
drawbacks and limitations. The desired level of accuracy and the size of the scatterer in electrical
terms impose limitations on the suitability of numerical solutions for a given problem. Higher
frequency sources and larger electrical objects require finer discretization, leading to increased
computational demands. Conversely, analytical methods are typically confined to a finite set of
geometries. Therefore, hybrid methods have been developed to combine the beneficial aspects of
both analytical and numerical approaches. While analytical methods may only provide closed-form
expressions for the high-frequency regime, hybrid methods can expand field expression calculations
to a wider range of frequencies. This capability enables the exploration of resonances in double-strip
problems using hybrid methods. In this thesis, the orthogonal polynomials method was utilized for
addressing diffraction problems.

We can outline the primary approach to solving the diffraction problem as follows: Initially,
the scattered field is formulated as an integral, utilizingto derive this integral expression. The total
area is then adjusted to satisfy the fractional boundary condition, leading to the formulation of the
integral equation. For fractional orders of 0 and 1, analytical solutions are obtained through specific
methodologies. In the general solution, the current density on the strips is represented as a
combination of special orthogonal functions, taking into account the geometry and boundary
conditions. In these scenarios, the current distribution is expanded as a series of Gegenbauer
polynomials with unknown constant coefficients associated with the geometry. This manipulation

enables the transformation of the integral equation into a system of linear algebraic equations with



unknown coefficients, which is achieved using orthogonality relations. The determination of these
coefficients is accomplished by solving the resulting system of linear equations through inversion.
In thesis study, suggests that varying the fractional order between O and 1 can lead to
distributions on the strip suitable for application in designing antennas or devices for directing
electromagnetic waves, particularly in antenna synthesis, waveguides, and resonator problems.
Another significant finding of the study is that when the fractional degree is zero (a = 0), the surface
exhibits characteristics akin to a perfectly electrically conductive surface, whereas when the

fractional degree is one (o = 1), it resembles a perfectly magnetic conductive surface.



2. PRELIMINARY WORK

There is a lot of interest in the modern literature in the application of fractional operators to
obtain new solutions with new properties of the problems under consideration. Over the last decade,
have been characterized by the development of new approaches (methods) and mathematical models
for describing physical phenomena in electrodynamics. For electromagnetic diffraction by some
canonical methods in the 1950’s objects such as half planes, wedges, strips and cylinders were
intensively studied and analytical solutions were developed. All studies on electromagnetic
diffraction in the first half of the last century consist of excellently conductive structures such as half
planes, wedges and cylinders (Vinod, 1946; Senior, 1952; Senior T., 1979).

On the other hand, the first study for diffraction. It was made by Senior in 1952 for the
diffraction of a flat wave E-polarized by a metallic semi-plane with finite conductance.
Notwithstanding significant attention focused on diffraction with superb conductive structures, not
many notable achievements have been made when finite conductivity has been introduced. At the
present time studies have shown that assuming appropriate boundary conditions, the diffraction
problem in a metal sheet has definitely same solution. A set of Wiener-Hopf integral equations
corresponding to each of the two essential polarizations are derived to determine the electric and
‘magnetic' currents existing in the plate. One of these equations is solved precisely, and the solutions
of the other three are derived accordingly, taking symmetry into account. Using the generalized
steepest descent method then helps identify diffracted areas. A comparison was made between
theoretical and experimental forms of the scattered field by briefly refining the circularly polarized
incident wave case (Senior, 1952; Senior T., 1979).

Through the last fifteen years N. Engheta for solve a large class of problems in the field of
fractional operators developed the method of fractional operatorsFractional operators in
electromagnetics have been studied by many researchers. Following that, the fractional area wave
propagation in different electromagnetic scenarios such as chiral media waveguides, reflection, and
scattering problems was examined. New fractional boundary conditions (FBC) on plane boundaries
were introduced. FBC are considered as an intermediate case between perfect electric conductor and
perfect magnetic conductor. Fractional binary solutions obtained with the fractional curl operator and
the sources that depends on them are discussed (Engheta, 1996; Engheta ,1997; Engheta, 2000).

Electromagnetic theory is based on mathematical modeling, as in the basic science of physics
and in all branches of sciences such as engineering. If we explain the interest in electromagnetic
scattering; under predefined conditions, the problem itself is modeled using mathematics and tools.
The solution part needs to be done so that its solution has been studied by many research for many
years with partial differential equations and integral equations and modeled using these equations.
The solution can be obtained by analytical, numerical-analytical, and numerical methods. In the

analytical methods, the exact solution of the problem can be obtained whereas the number of the



problem which can be solved by analytical methods is very limited since the analytical approach can
be applied for only canonical geometries (Hasanov, 2004; Hasanov and Polat, 2000).

Computing for electrically large objects is stil challenging today. In such cases approximate
analytical techniques are used for specific problems to overcome difficulties. In this study, a
technique is proposed. The first differential or integral equation is decomposed numerically, then the
equation is tried to be solved for the given conditions to find the field distribution over the required
region in the time domain or frequency domain. Known techniques and methods could be listed as
follows: Method of Moments (MoM), Finite Element Method (FEM), Finite Difference Time
Domain Method (FDTD), and Method of Auxiliary Sources (MAS) (Sadiku, 2018; Gibson, 2014;
Anastassiu, 2003).

These techniques require enormous computational power. Researchers are developing new
approaches for reducing computational costs. These are fast multipole method (FMM) (frequency
domain), the multi-level fast multipole algorithm (MLFMA) (frequency domain), the plane wave
time-domain (PWTD) method (time-domain) (Sadiku, 2018; Gibson, 2014; Anastassiu, 2003).

Due to developments in microwave communication systems and circuits, high frquency
electromagnetic waves have become an area of interest for scientists since the 20" century.
Electrically small obstacles, edges and discontinuties can’t be ignored. Therefore, a general strategy
to address these issues involves breaking down the problem into fundamental components and
addressing them separately. Subsequently, the main problem can be viewed as a composite of
canonical problems. This approach enables the problem to be formulated by asymptotically solving
the diffracted waves in the high-frequency regime without sacrificing the physical characteristics of
the obstacle and space. In essence, the problem boils down to this: the amalgamation of canonical
problems typically constitutes a boundary value problem for the Helmholtz equation with mixed
boundary conditions. This problem has been handled by using different techniques such as Wiener
Hopf, Orthogonal Polynomials in the field distribution having the boundary, edge and radiation
condition, the geometric theory of the diffraction, the physical theory of the diffraction, Maliuzhinets
etc. (Copson, 1946; Senior, 1952; Senior, 1979; Miles, 1949; Maliuzhinets, 1958).

In this research, the solution of the plane wave diffraction problem with two axisymmetric
strips have been examined in different dimensions. Fractional boundary conditions are required for
each strip on the surface. Various scenario regarding the size, configurations and fractional grades of
the strip have been considered andnumerical results were obtained. Near electric field distribution,
Total Radar Section Frequency properties and Poynting vector distribution around these strips were
calculated. The solution for fractional order 0.5 was found analytically (Tabatadze et al., 2019).

After obtaining the solution of half-plane, wedge and cylinder structures with different
polarization and finite conductivity, many researchers have carried out studies on more complex
structures such as apertures, slits or gratings. To solve these complex geometries, some

approximations and modifications to the solution of the half plane are used. The edge-to-edge



interaction in diffraction has been ignored by the researchers in the solutions. Later, many geometries
such as strip, slot, half plane, wedge, truncated waveguide, stepped strips with different boundary
situations such as Dirichlet, Neumann and Mixed Boundary Conditions have been obtained by
different types of modified Wiener-Hopf techniques (Lawrie and Abrahams, 2007; Idemen, 2000;
Kobayashi, 1993).

Discretization is main key in numerical calculations. The process of solving valid differential
or integral equations by applying the necessary conditions have followed after the discretization
process. The solution has made using a system of linear algebraic equations, which generally requires
computational power to solve the equations. In the Method of Moments, the surface currents induced
on the object are expanded as the sum of the basis function obtained by applying the boundary
condition and the corresponding integral equation. The integral equation includes unknown
coefficients for current densities. To solve the integral equation, transformed in a system of linear
algebraic equations. After inversion, parameters corresponding to the current density at the surface
are obtained. Post-processing for field distributions and other physical properties have been then
performed on the solution (Gibson, 2014).

Both analytical and numerical methods have some disadvantages and limitations. In
particular, the desired accuracy and electrical size of the scatterer have placed limits on the
application of the numerical solution to a given problem, as higher frequency sources and electrically
large objects require a greater number of discretizations. The existence of limits necessitated the need
for computing power. On the other hand, analytical methods can generally be applied to some finite
number of geometries. Therefore, hybrid methods have been developed to combine the advantageous
aspects of both analytical and numerical approaches. While some closed expressions can only be
obtained for the high frequency regime in analytical methods, Hybrid methods can calculate field
expressions for wider frequency regimes. Hybrid methods, in some cases, have expressed electrically
small, resonant and electrically large regions by utilizing the tools of analytical and numerical
methods (Avsar and Ikiz, 2016; Avsar, 2016; Ikiz and Avsar, 2017; Ikiz et al., 2001).

The basic approach to the solution of wave scattering by perfectly conducting polygonal
cylinders (PC) is formulated in terms of integral equations of the first kind, the problems of which
are satisfied by the unknown functions associated with the current induced on the cylinder surface.In
general, integral equations are obtained by applying potential theory with Dirichlet or Neumann
boundary conditions on the scatterer surface. Numerical techniques, such as the Galerkin moment
method, can often be used to reduce these integral equations to a system of linear algebraic equations
(SLAE) (Mei and Bladel, 1963; Abdelmessih and Sinclar, 1967; Shafai, 1971).

For example, results based on the method of moments for diffraction with PC structures have
presented (Aidala and Bolle, 1968).

To improve the accuracy of the solution to a certain degree, some approaches have been

proposed that explicitly take into account the Meixner edge state, where the current distribution and



far-field behavior on PC surfaces are investigated (Abdelmessih and Sinclar, 1967; Shafai, 1971;
Hunter, 1972; Hunter, 1973).

PC has been considered as a combination of basic elements such as flat strips. Then the
original scattering problem involving the computer is equivalent to scattering by N key elements.
Secondly, the field from each direction of the cylinder is represented using the Fourier transform of
the corresponding surface current density, which offers a number of advantages for establishing the
solution of the problem. Application of the boundary conditions to the employed model then leads
to a coupled system of dual integral equations (DIE) with the kernel in trigonometric functions, has
satisfied by the unknown Fourier transform. To obtain the desired solution, unlike other methods that
rely on the semi-inversion procedure for equation operators and the method of moments, a hybrid
technique has been used for special cases and for exact solutions (Mittra et al., 1979; Sologub 1976;
Fihmanas and Fridberg, 1978).

In this study, the hybrid method was used as presented in Veliev's previous studies. In the
analyses, the current distribution is expanded as the sum of Gegenbauer polynomials whose constant
coefficients related to the geometry are unknown. The boundary condition considered in the
approaches used in his study is different from the known boundary conditions. Here the boundary
condition is called fractional boundary condition. The fractional boundary condition is a
generalization of the Dirichlet and Neumann boundary conditions. In this case, the fractional
derivative of the tangential component of the total electric field in the direction of the surface normal
is zero at the surface of the scatterer. When the fractional degree was zero, this corresponded to the
Dirichlet Boundary Condition, while when the fractional degree was one, it meanted that the
boundary condition was equaled to the Neumann Boundary Condition. In the middle, where there is
a boundary condition, it has corresponded to different materials between perfect electrical
conductivity and perfect magnetic conductivity surfaces (Veliev, et al., 2008; Veliev, et al., 2011;
Veliev and Engheta, 2003; Veliyev et al., 2018; Veliyev et al., 2020; Tabatadze et al., 2020; Karaguha
et al., 2019; Tarasov, V. E. 2019).

Signal processing, modeling and control are one of the areas that are subject to intensive
studies in the world. As pioneering studies examining the application of fractional derivatives in
recent decades (Oustaloup, 1991); covering a wide range of topics from a frequency response
perspective the application of fractional calculus in automatic control is also mentioned in the book
(Podlubny, 1999) and studies have shown that it is also important in this field. We can also see that
another book introduces fractional derivatives related to electromagnetic theory in 1920 and then
another book we can see applications of fractional derivatives in elasticity problems (Gemant, 1936).

Nowadays it is accepted and proven that there are many advantages of using Fractional
Calculus (FC). Increasing number of articles and special issues in journals.In recent years, the field
of fractional calculus has shown evidence of attracting a lot of attention from researchers in various

fields such as mathematics, physics, chemistry, engineering and even finance and social sciences.



Why fractional calculus is important is a matter of research. Until recently, fractional calculus was
considered a mathematical theory whose application was rather esoteric. However, the last (few)
decades have attracted a lot of attention due to a significant explosion in research activities on the
application of fractional calculus to a wide variety of fields.Fractional calculus was used in various
scientific fields, from the physics of diffusion and advection phenomena to control systems, finance,

economics and technology. In fact, applications related to fractional calculus today (Machado, 2011);

1) partial control of engineering systems,

2) development of Variation Calculation and Optimal Control to fractional dynamic systems,

3) analytical and numerical tools and techniques,

4) fundamental research of mechanical, electrical and thermal structural relationships and
other properties of various materials, engineering materials such as viscoelastic polymers,
foams, gels and animal tissues and their engineering and scientific applications,

5) fundamental understanding of wave and diffusion phenomena, including applications in
plasma physics (such as diffusion in Tokamak),

6) bioengineering and biomedical applications,

7) thermal modeling of engineering systems such as brakes and machine tools,

8) image and signal processing has emerged in the fields of their measurements and

verifications

In this study, inspired by the concept of fraction and using it solutions have been developed
for the non-homogeneous Helmholtz equation. Dirac delta function sourceswith he presented an
efficient intermediate solution between scalar Green functions of integer-dimensional Helmholtz
operators.These solutions, which we refer to as “fractional” solutions, are due to the source
distributions enunciable as fractional integrals of integer-dimensional Dirac delta functions. These
solutions (according to variables) along a particular direction in the remote region scalar Green's
function with k* and lower bound zero the lower integer dimension was written as fractional
integration.This is also for remote area at points on a certain direction, the magnitude of these
functionsGreen's decline as a function of distance with a rate that is also an "intermediate" rate
between two corresponding decline rates. They have also represented as functions of neighboring
integer-dimensional states. For source allocation intermediate between one dimensional and two
dimensional Dirac delta functionsin remote area. It has been shown that it consists of cylindrical and
plane wave parts (Engheta, 1996).

This special article has reviewed some of the roles and applications of fractional calculus in
electromagnetics, which have recently been introduced and have been very intensively researched.
Although these cases are limited and inherently interesting properties of fractional derivatives and

integrals and their possible utility in electromagnetic theory have been achieved in studies. Since



fractional derivatives/integrals are effectively an intermediate case between traditional integer order
differentiation integration, it is thought that the use of these fractional operators in electromagnetics
may provide interesting, new, "intermediate” cases in electromagnetics. The study applied the
concept of fractional derivatives/integrals to a variety of special electromagnetic problems and
obtained promising results and ideas that show that these mathematical operators can be interesting
and useful tools in electromagnetic theory. Cases such as fractional multipolarity, fractional solutions
of Helmholtz equations, and fractional image methods are examined here. Additionally, some other
cases such as the breakdown of the curl operator and its electromagnetic applications will also be
examined by the researcher later (Engheta, 1997).

In this study, two approaches to the definition of fractional derivatives are explained. The
accuracy of the analysis method for solving the fractional degree problem was investigated. Some
improvements have also been made to prove the existence and uniqueness of the solution in fractional
differential equations. The improvement of the fractional derivative operator has been made by
associating it with two or three variable extended Appell hypergeometric functions and three variable
Lauricella hypergeometric functions (Samko et al., 1993).

The concept of ordinary fractional order Fourier transforms has been investigated. Fourier
transform is a 1*' order transformation. Integral representation of thistransform was used to create a
table of fractional order Fourier transforms. generalized operational analysis, ordinary transformation
was developed in parallel with the known calculation. Emerging in quantum mechanics a practical
technique is provided for solving certain classes of ordinary and partial differential equations from
classical quadratic Hamiltonians.The solution method is first of all it is demonstrated by applying
free and forced quantum mechanical harmonic oscillators. The corresponding Green's functions were
obtained in closed form.The new technique was later extended to three-dimensional
problemsquantum mechanical motion of electrons in a constant magnetic field wereapplied to the
expression (Namias, 1980).

In this study, the ordinary Fourier transform was determined as p = 1 degree. For example,
when the fractional Fourier transform of order p = 1/2 is applied twice in succession, an ordinary
Fourier transform is performed. They converted the fractional Fourier transform into optics based on
the fact that a Fourier transform was performed on a segment of graded index (GRIN) fiber of
appropriate length. Cutting this part of the GRIN fiber into shorter pieces have corresponded to
dividing the ordinary Fourier transform into fractional transforms (Ozaktas and Mendlovic, 1993).

The issue of fractional Fourier transforms has been approached in two different ways. Firstly,
image rotation has drew attention to the algorithmic isomorphism between rotation and fractional
Fourier transform of the Wigner distribution function. Secondly, two optical devices capable of
performing fractional Fourier transform have been proposed (Lohmann, 1993).

Differential forms of various degrees are intertwined with multiple integrals. It has become

clear that these create a situation that challenges the laws of physics. However, some of its structures
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(external algebra, external differential operators, and others) are not widely known or used. In this
study, we have been focused on the relevance of "external calculation" to electromagnetics. It has
been shown that it is quite natural to relate differential forms to electromagnetic quantities. The basic
relationships between quantities shown in flow diagrams have been used a single "d" operator
(external differential) instead of the familiar curl, grad and div operators of vector calculus.Their
covariance properties (their behavior under variation of abilities) are discussed. These formulas in
space-time have a conspicuously compendious and graceful expression. Furthermore, they do not
change under any change in coordinates covering both space and time. The physical dimensions of
electromagnetic forms are such that only two units (coulomb and weber, or e and g) are needed. A
few examples of non-mathematical applications have been made, mostly to familiarize researchers
with the aspect of equations written this way that are discussed.The transition from differential to
integral formulas has been carried out neatly via Stokes' theorem (briefly expressed in forms). When
it was come to integrations over moving fields, the concepts of flow and Lie derivative come into
play. The relationship between the topology of a region and the existence of valid potentials in that
region; the magnetic field due to a constant electric current and the vector potential of the B-field
due to the Dirac magnetic monopole has been illustrated with two examples (Deschamps,1981).

In this study the fractional curl operator and its potential applications in electromagnetic
problems are discussed. As distinguishing features have been considered radiation from sheet and
line current distributions. Applying fractionalized curl operator have been obtained new "fractional"
fields and corresponding "fractional” currents, and have been analyzed their physical meanings. In
this study "Fractional” field has been considered as "intermediate" one between the original and dual
fields. It has been treated as an extension of conventional duality principle. Expressions for the
"fractional" fields and relation between "fractional" currents and the original currents have been
presented (Ivakhnychenko and Veliev, 2004).

In this study, has been devoted to the description of new boundaries using the fractional field,
which has been constructedby applying the fractional curl operator. Fractional field has been
permitted to describe the solution of problem of reflection fromspecific boundaries of “impedance
type”, which generalize canonical boundaries (perfect electric conductor (PEC),perfect magnetic
conductor (PMC), isotropic impedance boundary). Fractional field approach has been obtained
boundaries with new features. The fractional curl operator has been allowed to obtain intermediate
solutions in electromagnetic problems.In reflection problems for boundaries of the impedance type,
the fractional solution is a useful tool for defining solutions of anisotropic and bi-anisotropic
boundaries of special kids. New frontiers generalizing both PEC and PMC also isotropic impedance
limits, it has been used as a tool in boundaries versus fractional area. Fractional operators have been
used to obtain electromagnetic intermediate states (Ahmedov et al., 2006).

During the recent years, we have been focused too much interested in exploring the roles and

potential applications of fractional calculus in electromagnetic theory, and in finding physical
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implications and possible utilities of these operators in certain electromagnetic problems. Fractional
calculus has been an area of mathematics that addresses generalization of the mathematical
operations of differentiation and integration to arbitrary, general, non-integer orders that can be
fractional or even complex One of the definitions of fractional integrals is the one known as the
Riemann-Liouville integral. It is written as the idea of non-integer-order differentiation and
integration in mathematics, which dates back to as early as the late part of the seventeenth century,
has been a subject of interest for many mathematicians in pure and applied mathematics over the
years (Engetha, 1996a; Engetha, 1996b, Engetha, 1995;Engetha, 1994).

In this study, fractional derivatives and fractional integrals have interesting mathematical
properties that may be utilized in treating certain mathematical problems. Researchers in studies the
concept of fractional deriva- tiveshntegrals in several specific electromagnetic problems, and have
obtained promising results and ideas that demonstrate that these mathematical operators can be
interesting and useful tools in electromagnetic theory. In this study, firstly has been reviewed of the
general principles, definitions, and several features of fractional derivative integrals, and then has
been reviewed some of ideas and findings in exploring potential applications of fractional calculus
in some electromagnetic problems (McBride and Roach, 1985; Kiryakova, 1994; Davis, 1936; Love,
1971; Erdtlyi and Sneddon, 1962; Kalisch, 1967; Osler, 1970; Shilov, 1964; Duran and Kalla, 1992;
Rubin, 1994; Abel, 1881;Lutzen, 1984).

In this study, have been investigated several substantial questions arising in the diffraction
by circular surfaces with the fractional boundary condition, which is the generalization of Dirichlet
and Neumann boundary conditions. In the study, analysis was made on electromagnetic E-polarized
plane wave diffraction by a slotted circular cylinder with fractional boundary condition.For the first
time, the fractional boundary condition regarding circular geometries have been employed in the
literature.In this study, the solution of the electromagnetic diffraction problem for a circular
arcfractional boundary condition between 0 and 1 different electromagnetic has been demonstrated
different behaviors for the arc. Additively, the resonance peaks have been higher for certain values.

It has also been noticed that there is a transition between field modes. PEC and PMC fields
have been validated when changing the fractional order from O to 1.The resonance characteristics for
different boundary conditions, angle of incidence, and aperture sizes have been analyzed. .

The study has been explored the solution to the comparison between perfect electric
conductor (PEC) and perfect magnetic conductor (PMC) cases, focusing on a specific fractional order
and impedance. It observes new resonances when the surface deviates from perfect electric or
magnetic conducting surfaces. In other words, for fractional orders between O and 1, resonant
phenomena are observed and analyzed. Additionally, the findings are compared with analytical
results derived from zeros of the Bessel function and its derivative for PEC and PMC cases,
respectively. This study marks the first investigation into circular geometries with fractional

boundary conditions. As such, it has introduced a novel approach to expressing Green’s function and
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computing the fractional derivative of Bessel and Hankel functions. It is propose a concise

formulation for the fractional derivative of the Hankel function (Karaguha et al., 2023).
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3. MATERIAL AND METHOD

All the characteristics of the material used, the place where the sample was taken, the way it
was taken, the changes it underwent, and its status from the beginning to the end of the research
should be explained. As a method, the methods applied during the research should be reported, and
any changes made in the method should be explained. However, if a special and new method is used,
it should be written in detail.

This study aims to address the two-dimensional thin strip diffraction problem with a new
method. The research objective is to develop and generalize an alternative and new approach to the
problem, as stated in the summary. The proposed method is expected to offer simpler calculations,
faster processing, and wider applicability to various materials when compared to the existing
methods in the literature. The problem considered in this study is the diffraction of a plane H-
polarized wave, as shown in Figure 3.2. To describe the scattering properties of surfaces in various
geometries, we utilize the integral boundary condition, which corresponds to a boundary condition
between the Dirichlet and Neumann boundary conditions. The integral boundary condition is a
generalization of the Dirichlet and Neumann boundary conditions. In our study, we employ the
hybrid method as presented in previous works. The hybrid method combines the advantages of both
analytical and numerical approaches to develop methods. While some implicit expressions can only
be obtained for the high-frequency regime, hybrid methods can calculate field expressions in wider
frequency regimes, allowing the investigation of resonances for thin strip problems with hybrid
methods. To solve the problem presented in this study, we use the method of orthogonal polynomials
to tackle the diffraction problems. Firstly, in Figure 3.2, we define the scattered area as an integral
and employ Green and Fourier analysis to obtain this integral. The problem is then solved using an
analytical approach. For the general solution, the integral equation is expressed as the sum of the
special orthogonal functions, taking into account the current density on the strips, geometry, and
other relevant conditions.

The fractional derivative method, as its name suggests, allows us to generalize the boundary
conditions and solve the current problem in the most general way using the fractional derivative
approach. The fractional boundary condition can be briefly summarized as follows: the fractional
derivative of the tangential component of the total electric field in the surface normal direction is
zero at the surface of the scatterer. When the fractional order is zero, this corresponds to the Dirichlet
Boundary Condition, while when the fractional order is equal to one, it means the boundary condition
is equal to the Neumann Boundary Condition. In our study, the hybrid method will be used as
presented in Veliev's previous works. There are many reasons for using the hybrid method. Both
analytical and numerical methods have some disadvantages and some limitations. The desired
accuracy and the electrical size of the scatterer impose a limit on the applicability of the numerical

solution for a given problem, since higher frequency source and electrically large objects require a
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greater number of discretizations. Analytical methods can generally be applied to some finite number
of geometries. Therefore, hybrid methods have been developed to combine the advantageous aspects
of both analytical and numerical approaches.

In this thesis, the orthogonal polynomials method was used to solve two-dimensional thin
strip diffraction problems. The main approach to solving the diffraction problem is; First, the
scattered field is defined as an integral. Green's Theorem and Fourier analysis are used to obtain this
integral. The total area is then forced to satisfy the fractional boundary condition. Then the integral
equation is obtained. In the case of fractional order O and 1, the problem is solved analytically with
some approaches, in Figure 3.3. For the general solution, to solve the integral equation, the current
density on the strips is expressed as the sum of special orthogonal functions, taking into account the
geometry and edge condition. In the problems here, the current distribution is expanded as a sum of
Gegenbauer polynomials with unknown constant coefficients related to the geometry. This approach
allows transforming the integral equation into a system of linear algebraic equations with unknown
constant coefficients using orthogonality relations. Finding the coefficients is done by inverting the

resulting system of linear equations.

3.1. Formulation of The Problems
3.1.1. Fractional Calculus

Before starting the problem definition in the thesis, it is necessary to define the fractional
derivative and fractional derivative of the exponential function. Why do we need fractional
derivatives and non-integer order integrals? It is necessary to ask this question. Fractional calculus,
the theory of fractional order integrals and derivatives, describes a wide variety of different types of
operators of non-integer degree (Rothwell, 2018; Engheta, 1996; Engheta, 1998; Engheta, 1999;
Tabatadze et al., 2016; Veliev et al., 2018; Ivakhnychenko and Veliev, 2004). Fractional calculus
stems from the inquiry of whether the concept of derivative, which pertains to integer orders, can be
extended in a manner that remains valid when the order is not an integer. This question was first by
L'Hopital on September 30, 1695. On this date, L'Hopitalcorresponded with Leibniz incuring about

D™x/Dx™ , his notation of the n!” derivative of a linear function f(x) = x. L'Hopital asked with
great curiosity what the result would be if n = pe Leibniz remarked that this would constitute "an

apparent paradox from which useful conclusions will one day be drawn" (Tabatadze, 2019).
Following this distinctive and unparalleled discourse, the field of fractional analysis garnered
the interest of other esteemed mathematicians, with many of them making direct or indirect
contributions to its advancement. By the end of the 19" century, a theory of fractional calculus in a
more comprehensive form began to emerge, largely attributable to Liouville (Liouville, 1832;

Liouville, 1834; Liouville, 1835;Liouville, 1937), Riemann (Riemann, 1876), Griinwald (Geiinwald,
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1867), Letnikov (Letnikov, 1868a; Letnikov, 1868b; Letnikov, 1872; Letnikov, 1874) and Marchaud
(Ferrari, 2018; Rogosin, 2018).

In 1819, Lacroix became the first mathematician to publish an article on the subject on the
topic fractional derivatives (Lacroix, 1819). The equation starts like this:

If y = x™ is where m is a positive integer,

aty __m_  m-n
Ton = (m_n)!x ,m=n 3.1

dy _ r(m+1) m-n

dxm (m-n+1) (32)
If wherem =1 andn = % as formule obtained,
I
daz 2
== T; (3.3)

Nevertheless, the initial application of fractional operations was not attributed to Lacroix but
to Abel in 1823. Abel utilized fractional calculus to address an integral equation stemming from the
problem of the tautochrone shape, where the objective was to find a curve such that the time taken
for an object to descend along it under uniform gravity is invariant regardless of the object's initial
position (Lacroix, 1819; Abel, 1823).

Over the years, numerous mathematicians, employing their distinct notations and
methodologies, have devised diverse definitions that align with the concept of non-integer order
integrals or derivatives. It's quite noteworthy and intriguing that when a fractional derivative is
examined according to the Riemann-Liouville definition, it yields the same outcome as the equation
(3.3) previously derived by Lacroix. Given that most other formulations of fractional calculus are
largely variations of the Riemann-Liouville approach, this version will predominantly be referenced
in addressing the problems outlined in the thesis (Lacroix, 1819).

At present, the most commonly used fractional integrals and derivatives in applications are
the left- and right-sided Riemann—Liouville integrals (Podlubny, 1999). (Fractional integrals are as
described in equations (3.6) and (3.7)).

_ 1 d x f(t)
Dasf(x) = @i Goyre >0 (3.4)

Dyf(x) =—2 " O 450 (3.5)

T() dx 7% (t-x)1-@
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The Riemann—Liouville derivatives on the left and right sides,

L A% x SO o <g<mezt (3.6)

r(m-a)dxm-“a (x—t)ati-m’

Dg,xf(x) =

DS, f) =S b SOy <g<mezt 3.7)

F(m-a) dxm’x (t—x)at1i-m’

The left fractional derivative over the closed interval [ x] and similarly the right fractional
derivative over the closed interval [x, b] are expressed. The left Riemann-Liouville fractional
derivative is considered as expected, and it also exists for 0 <a < 1.

Thus, for a— —oo, f(x) as the approaches to zero in Equation (3.6):

1dx _f®
(1-a) dx’—o (x—t)*

DEf(x) dt (3.8)

Here, I'(1 — ) represents the Gamma function, and D is the fractional derivative operator
indicating differentiation with respect to x of order a, ranges from (0, 1) inclusive of the edges.
To solve the diffraction problem, the boundary value problem needs to be solved where the
boundary condition is the fraction boundary condition (Ivakhnvchenko and Veliev, 2004;
Ivakhnvchenko et al.,2008). The fractional boundary condition, which corresponding the fractional
derivative of the total tangential field component with respect to the direction of the surface normal,

is the generalization of the Dirichlet and Neumann boundary conditions. In that case, it is crucial to

derive the fractional derivative of the exponential function, e~** where "i" is equal to v—1
(imaginary unit) and k is a real number. Then the expression is found when f(x) = e~ ¥,
First, it is required to apply the change of variable as x — t = s. Note that, in the integrand

of (3.8), t is a dummy variable.

a _ 4% _ 1 d o f(x=s)
DEfCx) = dx®* ~ T(1-a)dx J‘0 5@ ds (3.9)

In equation (3.9), e~*** is written instead of f(x);

dae—ikx 1 d < e—ik(x—s) 1 d " < eiks
= _— d = — e X —d
dx® r'li-oa dxf s@ s 'l-oa) dxe f s@ S
0
_ 1 i —ikx w&
= e Cike™ [y e ds (3.10)

17



oo etks
If fo esa ds expression is replaced by T for short in the equation. After defining T, the

change of variable(s = %) is required to make a resemblance between function T and Gamma

function. Equation then, 7;

—atl i
T=(=) [ ey edy (.11)

If the definition of the Gamma Function (I') is expressed,
I'(x) = fooo y*leVdy =T(1—a) = fooo e Yy~%dy. (3.12)

As we know from Complex Integral, by choosing a closed loop and if there is no singularity
in it, the closed loop integral will be zero in the complex plane according to the Cauchy Principle
(Brown and Churchill, 2009; Harrington, 1993). We can see the integral path in Figure 3.1.

Under the condition that 0 < a< 1, there is a singularity at zero. Here path 2 represents the
path of the Gamma function by definition with the argument (1-a). It should be noted that according

to our approach in the equations (integral T) the reverse direction of path 1 is required.

Im(z)

2 I(l-a)

l-:{e(z)

t

integral T

-joo

Figure 3.1. Integration Path

From Cauchy’s Principle (Brown and Churchill, 2009; Harrington, 1993),
e Pz %z = [ e?z %z + [,e 7z %z + [,e™*z"%dz + [e 27 %dz=0  (3.13)
From Jordan Theorems (Brown and Churchill, 2009; Harrington, 1993):
g@})zf(z) =0, thenff(z)dz =0
€
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le_>rrol0 zf(z) =0, then [, f(z)dz=0 (3.14)

By Jordan Theorems,

—Z,—0 —Z,—x
J.e77z™%dzand [, e™7z~%dz go to zero.

Then,

JieT?z7 %z =~ [,e7"z7%dz (3.15)

Note that,
J,e7z7%dz =T(1 - a) and [ e™?z"%dz = -T
This yields that,

dae—ikx

1 1 —a+1 ¥
— —ik —ikx( ) f ~yy~ad
e - e (T ¢y
0

o) (—ik)*e ™ T (1 — a)

= (—ik)*e~k* (3.16)

As seen in equation (3.16), the fractional derivative of the exponential function is obtained.
By using this property, the fractional derivative of an exponential function can be easily obtained

without going through the formal definition given in equation (3.8).

3.2. Two-Dimensional Thin Strip Diffraction Problem Solution and Boundary Conditions
This study aims to handled the two-dimensional thin strip diffraction problem using a novel
method. The research objective, as stated in the summary, is to develop and generalize an alternative
and innovative approach to the problem. The proposed method is expected to provide simpler
calculations, faster processing, and broader applicability to various materials compared to the
existing methods in the literature. The problem considered in this thesis is the diffraction of a plane
H-polarized wave, as illustrated in Figure 3.2. To depict the scattering characteristics of surfaces in
diverse geometries, we employ the integral boundary condition, which represents a boundary
condition intermediate between the Dirichlet and Neumann boundary conditions. The integral
boundary condition is defined as a generalized form both the Dirichlet and Neumann boundary
conditions. In our investigation, we utilize the hybrid method, as outlined in prior research. This

approach different methods the benefits of both analytical and numerical techniques, while some
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implicit expressions can only be obtained for the high-frequency regime, hybrid methods can
calculate field expressions in wider frequency regimes, allowing the investigation of resonances for
thin strip problems with hybrid methods. To solve the problem presented in this study, we use the
method of orthogonal polynomials to tackle the diffraction problems.

Firstly, in Figure 3.2, we define the scattered area as an integral and employ Green and
Fourier analysis to obtain this integral. The problem is then solved using an analytical approach. For
the general solution, the integral equation is expressed as the sum of the special orthogonal functions,
taking into account the current density on the strips, geometry, and other relevant conditions (Baz et
al., 2024)

The diffraction problem of the Plane H-polarized wave shown in in Figure 3.2, will be

discussed and analytical and numerical solutions will be made.

Figure 3.2. Geometry of the planar H-polarized diffraction problem (Baz et al., 2024)
ik| agx+ 1—a2y>
HO = e e (3.17)

On a flat strip (see Figure3.2). Here, ay = cosf, and 6 is the angle of incidence. Total

magnetic field can be expressed as
H,=H? + HS (3.18)

Where in equation 3.18 the function H* is represented as a scattered wave, (Honl et al., 1987,

Ivakhnychenko et al., 2008; Prudnikov et al.,2002; Otsuki, 1976),

H ('€ = 5 17, mn) 55 g (e,-J (' =%+ 5'2) dn° (3.19)
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In equation (3.19), n = 2’ &= % are entered as dimensionless coordinates, then the Hankel

function of the first kind is entered into the definition of Hél) and it is a zero-order
function.H,function in the total magnetic field equation describes the surface current density function

that complies with the condition at (-1,1) integral boundaries.

(})(n) ~(1— 772)2 n - +1 (3.20)

For the H, scattered field in the equations, we can write the corresponding expression in the

Fourier domain of the current density function as stated in equation 3.21 given below,
- &'l oo . ' — .
Hi(n',¢) = —%%f_wh(a)e“[“" Wil qq (3.21)

uln;) = %ffooo h(a)e*da (3.22)

After performing the Fourier transformation, we define the serial expansion of the current
density function using Gegenbauer orthogonal polynomials, as seen in equation (3.23) {C}}neo

(Honl et al., 1987).
2\v oo v+% 1
um) = (A=) o XnCy *(), ;S v <1 (3.23)

1
+_
where, x,, is unknown coefficient. When v = %, C;: () = U,(n) Note that U, (n) is
1

2
Chebyshev polynomials, a polynomial of the second kind, are defined.
The current density function shown in equation (3.23) is obtained again after Fourier

transformation is performed.
W@ =52 [ naneerd
2

)]n+v+ 1(ea) Jn+1(€Q)

W) = Z( Db e

= 27‘[2( D', (n+1)—————

;.n

(2 ea)v+

N
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(V+%) _ I(n+2v+1)

B T I(n+1) 1,1
2

=n+1 (3.24)

After Fourier and Gegenbauer polynomials are defined, Neumann boundary conditions are

defined on the straight strip.
2 (Ho+HP)| = 3.25
[aﬁ(HZ"'HZ)]L_O (3.25)

To determine the unknown x,,coefficients, a system of infinite algebraic equations is

obtained and defined in equation (3.26).,

2

J1-ad
(=1 xp = Tno(—=1)"(2n + Dxppdopon = —2i e J2rk+1(€1a0)

(3.26)

b 1-a?
(=D "%k 41 — Zn=o(—D"(2n + 2)x3n11dok 412041 = 2 o J2ke+2(€100)
indicates the d, matrix elements specified in equation (3.26) and,
1) d
d) =2 [ Y (@ksr (€ sr () = (3.27)

Where y(a) =1+ ﬁ«h —aZ

After all definitions and transformations are made, the values of the unknowns given in
Equation (3.26) are placed the equation after being defined in the Fourier function. the integral

equations given in Equation (3.28) are obtained (Prudnikov et al., 2002).

1
ha (@) = 5 (b (@) by (@)

(SEN24
B (@) =21 ) (-1 @2n + Dy 1610
n=0 € a
hl_ (a) = —2mi 2?10:0(—1)71(211 + Z)xgl)+1 Jon+2(€1a) (328)

€,a

After the Fourier transformation is performed, the integral equations given in equation (3.29)

are obtained.
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41 r
W (@) = =i [1- 3K (e o) + 2 f BY(BYK* (a, )Rt (B)dp
0

hi (@) = =71 - afk™ (@ a0) +2 i By (BYK™(a. B)hi (B)dp (3.29)

The kernels of the equations hf (@) and hi (a) have the form of a bilinear expansion through

the Bessel functions J,,(x) (Baz et al., 2024).

1 o0
K* (@)= o5 > (2K + Dlageas (@) are ()
K=0

(3.30)

1 0
K (a,p)= @ z (2K + 2)]x42(€a) ]2k 42 (€B)
K=0

These bilinear expansions of Bessel functions in the form of infinite series can be examined
in detail in the reference we have mentioned (Otsuki, 1976). In the last case, expressions that are

simple enough for the kernels have been now obtained.

K*(a,B) = 2(0(2;—[?2) [a)s (ea)]o(eB) — BJo(ca))s ()]
(3.31)
62
K*(2,@) = - [J3(ea) + 3 (€]
K=(aB) = wz;_ﬁz) [B]1(ea)]o(eB) — afo(ead)s ()]
(3.32)

K~(a,a) = =5 Jo(ea)Js (ea) + K*(a, @)

The equations given in Equation (3.28) are the new integral equations with simple kernels
that we mentioned in the last case. After obtaining this equation, the following equations are obtained
respectively for the radiation pattern (RP) and cross section of the total scattering (TCS) expressed

with unknown coefficients.

1 sin(y)

e ostay Znzo (=D (1 + 123 1 (€ cos() (3.33)

PW) = —
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ol __ T sinfy

Ei-o(n + e (e cos f)Re { (=)} (3.34)

4a €2 cosf,

3.3. Two Dimensional Strip Diffraction with Fractional Boundary Conditions

The final investigation in the thesis is to analyzed the current distribution for a single strip
with cylindrical wave excitation, specifically for the cases where the fractional order (FO) values are
a=0 and a=1. Previously, diffraction by a strip with fractional boundary condition in the range [0,1]
have been studied (Veliev et al., 2018a; Veliyev et al., 2018b; Veliyev et al., 2020; Karaguha et
al.,2019). The solution approach is the same. Therefore, a brief explanation is given in this section.
Heres, near electric field distribution, far field pattern are investigated. The problem is two-
dimensional. The strip with 2a and is located on the plane y = 0. The strip has an infinite extension
along the z-axis and infinitesimal height along the y-axis.

When the cylindrical source on the thin strip surface is used to solve the problem, the current
distribution, near electric field and far field electric field are investigated. In the problem, It has a
geometry given in Figure Figure 3.3., at the point (x,,y,) using a cylindrical wave source with a

width of 2a in the y = 0 plane on an infinite two-dimensional plane strip along the z axis.

y
o @(xo,y,,)
B |
|
I
i
|
!
8, : %
e

-a a

Figure 3.3. The geometry of the problem

The time dependency e ~*“¢ and through the problem, it will be ignored. Unlike the problems
previously examined on this subject, the incident wave in this problem is a cylindrical
wave.Therefore, also the incidence wave should be expressed in terms of the exponential function to
take the fractional derivative more easily for the further procedure (Veliev et al., 2018a; Veliyev et

al., 2018b; Veliyev et al., 2020; Karaguha et al.,2019).

The incidence electric field E L mathematically can be represented as equation (3.35) under
the condition of e 't time dependency (Veliev et al., 2018a; Veliyev et al., 2018b; Veliyev et al.,
2020; Karaguha et al., 2019; Balanis, 2016).
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Ei(r,y) = —Je B HP (kG = x0)2 + 7 = %0)?) (335)

Where, Hél) is the Hankel function of the first kind and zero-order, 7, is the impedance of
free space, and k is the wavenumber. The total electric field is defined as a superposition of the

incidence and the scattered electric fields as given in equation (3.36).
E, = EL +E} (3.36)

After obtaining the total electric field equation, there are two main steps to be achieved. The
first is to express the scattered field mathematically and then, to apply the fractional boundary
condition to obtain an equation to solve with mathematical techniques. As demonstrated earlier, the
scattered electric field can be represented as the convolution of the Green’s function with the induced
current density on the strip in equation (3.37) (Veliev et al., 2018a; Veliyev et al., 2018b; Veliyev et
al., 2020; Karacuha et al.,2019; Karaguha et al., 2020).

ES(x,y) = ffooo I (x")G*(x — x', y)dx' (3.37)

Where, f17%(x") is entitled the fractional current density which exists only on the strip and
G *(x) is the fractional Green’s function which has the following form (Veliev et al., 2018a; Veliyev
et al., 2018b; Veliyev et al., 2020; Karaguha et al.,2019). In solving problems, the main motivation
is to express everything in terms of the exponential functions. Therefore, the spectral representation
of the Hankel function will be utilized to facilitate the application of the fractional boundary

condition.
G*(x—x",y) = —ibﬁyHél)(k (x—x")?+ yz) (3.38)

where,

r 1 po0 ! N d
H((,l)(k (x—x")2+ }’2) = ;f_ooe‘k((x x)atlyN1 "‘2)—*1_6{“2 (3.39)

Note that, Im{\/l —a?> 0} is assumed. Im is the imaginary operator which gives the
imaginary part of the function of a function. By usingequation (3.38) in equation (3.39) and taking

into account the Fourier transform, the scattered field is obtained as follows.
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Za o , a-1
E5(x,y) = —iS— [ Fi=o(@etl™ 1)1 — 2) 2 dr (3.40)

where,
F1=0(t) = [1 f1=%(©e % de, f1-4(8) = af"%(ad)

e=ka, §=2, fUE) = [ F(n)eldr (3.41)

Here, F1=%(t) is the Fourier transform of f1~%(&) which is the normalized current density
between x € [—1,1] on the strip. As mentioned above, the second step is to apply the fractional
boundary condition after having the mathematical expression for each component of the total electric
fields. In equation (3.42), the fractional boundary condition is given (Veliev et al., 2018; Veliyev et
al., 2018; Veliyev et al., 2020; Karaguha et al., 2019).

DJE,(x,y) =0, y —> 10 (3.42)

We will use the D3 symbol in the analytical solution of the problem under consideration.

What we actually mean here is the fractional derivative on the semi-axis. D = —o0 DF
The incident field E polarized plane electromagnetic wave. The infinite thin strip of width

2a is located in the y = 0 plane and at infinity along the z axis. The incidence field E! = ZEL(x,y) is
defined with following the expression,

EZi(x, y) — e—ik(xcost9+ysin9) (3.43)

. o 2 . L _i
where, 6 is the incidence angle, k = 7” and k wave number. The time dependency is given as e ~'©t

and through the problem, it will be ignored. The scattered field, E= ZE,(x,y) is the sum of the

incident and scattered fields;

EZ(xly)=EZl(ny)+Eg(ny) (344)
The problem solution, the function E, (x, y), must must provide the following conditions:

Condition I: The Helmholtz equation in whole space, noninclusive the strip surface;
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Condition 2: The Somerfield radiation condition in the infinity for the scattered field

(Colton,1987; Veliev and Shestopalov, 1988);

T—>00

0E;
limW(arZ —iE;>:0 . r=4x2+y2
Condition 3: The Meixner condition in the ends of the strip;

y=0, x—+a (Honl, 1987)

Condition 4: The FBC on the surface of the strip:

:DgyEz(x' y)ly—>i0 3 Dgy[Ezi(xv y) + E; (x, Y)]ly—do =0, (ra<x<a)

For convenience the derivative is taken with due to the dimensionless value ky. According
the results of the first chapter, let’s represent the function E;(x,y)with the fractional Green’s

function,
ESGoy) = [ f(x)6%(x — x', y)dx' (3.45)

Where, f17%(x)represents the unknown function, referred to as the fractional potential
density.
In the two-dimensional scenario, the fractional Green’s function G% in the equation for

E;(x,y) is represented by the fractional derivative of the classical Green’s function.
G x—x"y) = —ii)ﬁyHél) (k (x—x")%+ yz) (3.46)

Where, Hankel’s function of the first kind H, él), and the function f17%(x) , which expresses
the potential density in the integral equation (3.45), is associated with the discontinuity of the
fractional derivative of the function E,(x, y)when it crosses the boundary at y=0.

Hél) function of the first kind is a mathematical function that arises in the context of
solving certain differential equations, particularly those with circular symmetry. It's often used in

problems involving wave propagation or scattering, especially in cylindrical coordinates.
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170 = Dy E (6, Mly=+0 — E; (6, ) ly=—0 » —a<x<a (3.47)

f17%(x)can be expressed through integration and plays a role in determining the behavior of
the electrical and magnetic currents on the surface.
If the equation is written in new form for scattered field E; (x, y), on the surface we examine,

(y=0,—a<x<a);

a
1
E,(x,y) = yp f Diy G(x —x',y)V D, E,(x',y) dx’
—-a

- ﬁf_aa DiyE,(x",y) V Djy G(x — x',y) dx’ (3.48)

The right side of the second integral of the equation (3.48) isequal to zero, where the function
f1=%(x)is determined by the discontinuity of the fractional derivative of the fractional boundary
condition E,.

The equation given in equation (3.45), gives the known representations of the potentials from
the first and second layers, which used in solving the diffraction problem it gives the known
representations of potentials with Dirichlet and Neumann BC respectively (Ivakhnychenko and

Veliev, 2004; Veliev et al., 2011):
Uey) = =3 [ F e HP (G =27 +32),  a=0 (3.49)

The potential density function has physical meaning in the equation; defines the density of electric

currents on the surface.

0E,(x,y)

1-a _ 0E,(x,y)
F1(0) = L

oy

ly=+0 — ly=—0, a=0 (3.50)

If we represent the E,(x,y)function in equation (3.45) as fractional boundary conditions FBC in

equation (3.42), if the equation is rewritten;

;i_r)% ity J_ o oG (x — x', y)dx' = —;}i_r)r(l) Dy EL(x,y) (3.51)
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On the left side of the equation, f1~%(x), represents the unknown function, while the knowns are on
the right side of the equation. It is assumed that the function f is zero outside the interval [-a,a]

.According to this situation Fourier transform,

_ ka | .
Fre© =50 [ Pre@ettap

Fr@) = aft"*(af) (3.52)

1

e = [ Froe@entestas

-1

In equation (3.52), dimensionless variable & = ge [—1,1].

When the expression of the Fractional Green function is used to define the Fourier transform F1=%(3)

for the scattered field;

etima/2

[° Fl-a()eikIBr+yi-F%) (1 _ g2ya-1/24g (3.53)

s .
E(x,y) = —i i e
According to the equation (3.51),unknown functions F1~%() reduce to the following

equations;

f_"ooo Fl—a(B)eikaEB(l _ BZ)a—l/ZdB = —47e2G-d)|sin elae—ikaicos 6’ te[—1,1]
(3.54)
J2, P (e «dp = 0,15 > 1

In equation (3.54), a=0, gives the coupled integral equations (CIE) for The diffraction
problem involving an E-polarized plane wave on the perfect electric conductor surface (PEC)
infinitely thin strip, and for a=1, the surface integral equation (SIE) describes the diffraction problem
by the perfect magnetic conductor surface (PMC) strip. The SIE equation (3.54) is more general and
includes SIE, which is explained as a special case.

The examination in this thesis concentrates on two specific cases: when the fractional order
is 0 and when it is 1.When o=0 and a=1 are written one by one in the fractional part of equation,

(3.59).
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ES(x,y) = (3.55)
C = @) PHINIF g geyivzgg =1

Now, in solving the problem, on the strip of dimension 2a in the y= 0 plane given in Figure 3.3. The

problem of diffraction of the H-polarized electromagnetic wave by the strip with FBC in the incident
field plane in the geometry of the problem TI)i(O, 0, H}) has been examined. The wave falls from

the side y>0 and takes the following form;
HiZ (x' j/') — e—ik(xc056+ysin6) (3.56)

o 2 .
where, 0 represents the angle of incidence, k = 7” denotes the wave number. The time dependency

is expressed as e "'t | The scattered field, HS = ZHS(x,y), when the total field H = ZH,(x,y) is

the sum of scattered and incident waves and is denoted by,
H,(x,y) = Hy(x,y) + Hi (x,y) (3.57)
The components of the electric field E (Ex, Ey, O)is defined form the Maxwell’s equation
E=- ’L—" vVH (3.58)
Where, 14 is the wave resistance of the free space.

_ _ModH, — Mo 0Hy
Ee=—T07% B =1 (3.59)

The solution to the problem we will construct with the next conditions:

Condition 1: H,(x, y)satisfies the Helmholtz equation everywhere outside the strip

Condition 2: H3 (x, y)satisfies the Somerfield’s radiation condition in the infinity

Condition 3: finiteness of energy in any finite volume of space to the situation called
Meixner's edge conditing (y=0, x—= a) (Honl, 1987);

Condition 4: H,(x, y) satisfies the FBC on the strip surface which have the next form

H, (6, W) ly=+0 = [Hi(%,¥) + Hi (X, M]ly=10 = 0, xe (-a,a) (3.60)
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Analogically to the E polarization case, let’s represent the unknown function H; (x, y) based

on the fractional Green’s function as the surface integral,
Hi(x,y) = f_aaf“(x’)Gl‘“(x —x',y)dx' (3.61)

The function f*(x) represents the fractional potential density, which is characterized by the

discontinuity of the fractional derivative of the function H,(x, y) at the boundary y=0;
f%(x) = H,(x, Y)|y=+0 — H,(x, }’)|y=—0 , Xe (—a,a) (3.62)

Requiring from f%(x) the FBC in equation (3.60), we will get the equation;

. 0D
lim —
y—0 0y

[5,F9G) 55 HE (e — 2, y)dx' = —limH2(x,y) , a= 0 (3.63)
y—)

The main difference between fractional integro-differantial equation (FIDE) (3.63) and

equation (3.51) is that the order of the fractional derivative a changes with the 1 — a and the right

part of the equation changes. The FIDE is reduced to the system of the coupled integral equation

(CIE) with respect to the Fourier transform;
Fe@) = [1, Fe(®e*Pag,  (F9&) = af%ad)) as (3.64)

o0 ; lma .
f_m Fa(B)elkaEB(l _ BZ)l/Z—och — —41Ti°‘|sin el > e—lkaE cos 9’ Ee [_1’ 1]
(3.65)
S Fe(B)e™*Pdp =0, gl > 1

The problem of diffraction of the H-polarized wave by the infinitely thin planar PE (Perfect
Electric) strip at a= 0 is reduced to the CIE equation (3.65).
For the scenario where the fractional order value a=0, the solution to the diffraction problem

can be obtained analytically,

f’O(f) — _4ne—ika§cose sin1/2 0 eisEcos 0+itt/2 (3.66)
0 _ . 1/2 in/2 sinka(f—cos6y)

F°(B) = —4sin*/“0e —Bcosty) (3.67)

TRGENCER DRIV (3.68)
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Where f,¥ is the unknown coefficients. In case of a= 0 Gegenbauer polynomials, that is
CY (&), inthe equation, it behaves like a Chebishev polynomials. For the Fourier transform F%(f3)can

be obtained the next representation

2 0 . —aJn —a(k )
Fa(B) = s S o(—D)" fitqy e Szl (3.69)
Where, g1 % = L+20-D) ond In+1-a(kap) stands for the Bessel functions. Analogically

r'(n+1)
to the E-polarization, for f,* unknown coefficients determination we can get the integral linear

algebraic equations (ISLAE) in the next form,
PO ) Lefs Ly A S k=012.. (3.70)

Where matrix elements solution of the equations in case of a= 0 given equations,

Gl = J%2, Jnes (kaB)Jear (kaB)(1 — B2 22 (3.71)

And

sin 0 Jg4+4 (kacosB)

Vi = —2T(2ka) (3.72)

cos6

This is the SLAE problem, with the help of which, based on the reduction o method, the
coefficients £, can be found with any predetermined accuracy. According to the coefficients f,
found, the potential density function and the Fourier transform F*(f) are determined by formulas
equations (3.68) and (3.69), respectively. We present expressions for determining the electrodynamic
characteristics of a scattered field. To determine the RP we write down the value of the field Hj (x,y)
in the far zone kr —»o0 . For a scattered field HS (x,y) on the basis of the integral representation for

the Green function, we can obtain the expression,
Hi(r,p) = ﬁ (D)7 [T F(cosp)eikreos@tBsinl-apdp (3.73)

The far-field expression of the scattered field can be derived by considering kr— co. In this
case, the steepest descent method is employed to obtain the expression for the far-field Hj(r, ¢)as

outlined equations below (Veliev et al., 2018a; Veliyev et al., 2018b; Veliyev et al., 2020; Karaguha
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et al.,2019; Balanis, 2016). (This method can be viewed in the Appendix B). In here, r = \/x? + y2

and ¢ is the angle between the €, unit vector along in r and €,.

Hz (r, @) = A(kr)@“ (o), kr — oo (3.74)
where,

A(kr) = %eikr—in/tt

d0>p) = — iFO(coscp)sincp (3.75)

In this context, A(kr)and &% (¢@)represent the radial and angular components of the scattered
electric field in the far zone, respectively. The primary focus of the scattered field is the angular
variation of the field. Therefore, ®*(¢) is called the scattered radiation pattern. For H; (7, ¢), the
sign (+) corresponds to the angle values ¢ € [0,x], and the sign (-) to the values ¢ € [n,2n] (Karaguha
et al.,2019; Balanis, 2016).

In equation @%*(¢), the RP is determined through the Fourier image. The function can be
defined uncomplicatedly in the physical optics approximation.

The coupled integral equation (CIE) it has an apparent solution. The physical optics (PO) approach
is a technique used to address problems involving the scattering or reflection of electromagnetic
waves. This method is applicable when the dimensions of the wave are much larger in scale.
Specifically, it is applied when the wave is at a considerable distance relative to its wavelength (ka >

1) and the function @%(¢),

. sinka(t—pf) _ _
kginoo —p nd(t — B) (3.76)

sin'=%@  sinka(B—-cos6)

F(B) = —4i® 2 (cost) ka>1, (3.77)
a — o sin @\ sin ka(cosp—cos@)
P%*(p) = sind (sine) (cosp—cosd) ka > 1, (3.78)

For the particular values of the parameter o RP @%(¢), rewrite as follows

(pa((p) ~ (sin 9) sin ka(cosrp—cose)} a=0 (3.79)

(cosp—cos0)
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sinka(cosp—cos0)

D% () = (sin @) , a=1 (3.80)

(cosp—cosB)
Surface currents are defined by scattering cross section (SCS), UZTD and back scattering cross

section (BSCS), o7°™°.(Equations in these surface currents can be viewed in the Appendix A). The
scattering widths can be found through the RP @%(¢)from the corresponding definitions for
scattering cross section (SCS) and back scattering cross section (BSCS). Surface currents are defined
not as a jump in field components as they pass along the edge of a band, but as currents flowing
along the surface of a conductor due to changes in the surrounding environment or discontinuities in

the conductor itself.
“m) — E (x,+0) — E,(x, —0), (3.81)
@ — H_(x,+0) — H,(x, —0), (3.82)

For the H — polarization the electric current has only x component, | ale) = x],(f (e), when the

magnetic current has only z component J*(™) = z]y (M) The physical currents can be expressed

with the density f*(§) as the integrals,
JE€ () =-2icos(5) 1= S50, FE(B)e™ e (1 — B2)~%/2dp (3.83)
]g(m)(x) =_2sin (2_“)#1‘_0000 Fa(ﬁ)eikax(l _ [32)_“/2+1/2d[3 (3.84)

At the fractional order values for &= 0, there only electric current is left | @(€) = ( and for

a= 1, there only magnetic current is left J*™ = 0.

O = LB dp a=0 (385

JEM () =-2sin (g) ﬁ J2 Fi(B)ekaxdp,  a=1 (3.86)
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4. RESULTS AND DISCUSSIONS

4.1. Results of Numerical Simulation

After analytical solutions are made for the problems discussed in this section, numerical
results are presented. Here, the near-field distribution, the far-field radiation pattern and the current
distribution, at the given parameters. First, an efficient and new method for solving a class of integral
equations have been studied, secondly, line source diffraction by single strip for the fractional-order
0 and 1 cases are given. For calculations, the MatLab simulation tool is employed whereas, for the
illustrations, both LAE Service and MatLab Simulation Tools are utilized.

Expressing the current density on the obstacles using the Gegenbauer polynomials with the

1
weighting factor (1 — £2)72 leads to having fastly converging series to the actual values of the

current density found by analytical or numerical methods for the same problem because the edge
condition is satisfied with that factor by default ( Rotwell, 2018; Tabatadze et al., 2019; Meixner,
1972; Herman and Volakis, 1987). In this study, the summations are calculated up to €+5 values.
For higher accuracy demand, this value can be increased. For more than 95% accuracy, the
predefined value € + 5 is enough. Note that € is equal to ka which inherently, gives the information
about the relative dimension of the scattered with respect to the wavelength of the incidence wave
(i.e. electrical length) (Ivakhnvchenko et al., 2004).

In the thesis, the hybrid method is employed for the diffraction problem. This method is
called also, the numerical-analytical method which stems from the combination of the analytical and
numerical methods. The first steps of the method start with analytical manipulations. The field
components are expressed as analytical forms as summations or integrals regarding the geometry.
Then, by the boundary conditions, the problem is reduced to a boundary value problem. After that,
the initial operator equation is converted to an infinite system of a linear algebraic equation which is
truncated for the numerical calculation as expected by introducing the orthogonal polynomials
concerning the geometry. Here, the important point is that obtained SLAE utilizing analytical
manipulations is much better than full numerical approaches for computing due to the requirement
of less size of the inverted matrix and highly converting trends in the summations or integrals

standing for the field components (Ivakhnvchenko et al., 2004; Avsar, 2016; Veliyev et al., 2020).

4.2. Two Dimensional Thin Strip Diffraction Problem Solution and Boundary Conditions

In Figure 4.1, the issue of diffraction of a H- polarized plane wave is addressed.The method
we propose, unlike the classical method, have used a new integral equation solution to calculate the
near-field distribution, far-field radiation pattern and current density, of the H-polarized wave sent
planarly on a strip at different frequencies and where the angle of incidence of the plane wave varies,

depending on the scattered field. According to the scattered field, how the current density of the plane
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wave changes at different frequency values depending on the angle of incidence, and what behavior
and propagation it shows in the near and far fields has been examined. Also, current distribution were
obtained by calculating the radiation pattern (RP) and cross section of the total scattering (TCS)
expressed with unknown coefficients.

The integral calculation of the flux density at each point very close to the strip, that is,

according to its coordinates, was calculated one by one withMatLab Simulation Tool.

Figure 4.1. The geometry of the problem

The near-field distribution refers to the spatial distribution of electromagnetic fields in close
proximity to scattering object. Unlike the far-field distribution, which describes the radiation pattern
at distances much larger than the dimension of the object, the near-field distribution characterizes
the electromagnetic fields in close proximity to the object. In this region, which typically extends up
to a few wavelengths away from the object, the electromagnetic fields exhibit complex behavior with
significant variations in amplitude, phase, and polarization. The near-field distribution is influenced
by the geometry, material properties, and excitation of the object, as well as any surrounding

structures or boundaries.
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Figure 4.2.Near field distribution € = ka = 5,0, = —g
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In Figure 4.2., In the near field region, when,e = ka = 5,0, = — gat the given wavelength from the

strip. The propagation and distribution of the electromagnetic wave in a wide radiation pattern in
thenear field has been increasingly changed. In strip, Neumann and Dirichlet Boundary conditions

are provided for the PMC (Tabatadze, 2019).
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Figure 4.3. a)Far Field Patterne = ka = 5,6, = —% ,b) Current density € = ka = 5,0, = —%
(Baz et al., 2024)

In Figure 4.3.a and Figure 4.3.b, these parameters define the dimensional and geometric
properties of the scattering phenomenon.The radiation model (RP) is called the far field model,this
pattern illustrates how electromagnetic energy propagates to distant locations and how it concentrates
in certain directions. It clearly defines the distribution and characteristic features of the
electromagnetic field as we move away from the radiating or scattering object. As observed in the
far-field pattern, the predominant portion of the scattered field is emitted in an upward direction,
accompanied by a minor back lobe. The comment on Figure 4.3.a may be; the radiation pattern is the
far-field pattern that corresponds to the scattered field. The scattered field is directed through
symmetrical direction mainly with small back lobes (Tabatadze et al., 2020). In Figure 4.3.b, in the

electromagnetic field, the current density has been distributed symmetrically.
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Figure 4.4 Near field distributione = ka = 10,6, = —%

In Figure 4.4., In the near field region, in a plane wave frequency and angle of incidence of
the plane wave respectively,e = ka = 10,6, = — g at the given wavelength from the strip. Having

€ = ka = 10 means a larger one, unlike the scenario in Figure 4.2., it indicates that the value of &
and therefore the wavelength is larger than the characteristic length scale. This indicates that the
characteristic dimensions of the scattering event are larger and therefore the high wavenumber
approximation may be more accurate. Neumann and Dirichlet Boundary conditions are satisfied for

the PMC case on the strip (Tabatadze, 2019).
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Figure 4.5.a) Far field pattern € = ka = 10,6, = —g, b) Current density € = ka = 10,6, = —g

In Figure 4.5.a, it is seen from the radiation pattern, the majority of scattered field is radiated
upward with a small back lobe. As the, & value increases, the radiation pattern becomes narrower.

The scattered field is directed through symmetrical direction mainly with small back lobes
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(Tabatadze et al., 2020). In Figure 4.3.b, in the electromagnetic field, the current density has been

distributed symmetrically.
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Figure 4.6.Near field distributione = ka = 20,0, = —%

In Figure 4.6., having € = ka = 20, unlike € =5 and ¢ =10in all other scenarios, it indicates

that the value of € and therefore the wavelength is the biggest than the characteristic length scale.

This indicates that the characteristic dimensions the high wavenumber approximation may be more

accurate. Neumann and Dirichlet Boundary conditions are provided for the PMC case on the strip

(Tabatadze, 2019).

T
0oy 2000001

3%

C300ev00T - - { 00004000

a)
Figure 4.7. a) Far field pattern € = ka = 20,6, =

(Baz et al.,
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As seen from the far-field pattern in Figure 4.7.a, most of the scattered field spreads upward
with a small posterior lobe. As the value of ¢ increases, the radiation pattern becomes very narrow
and the radiation is very strong in this region. The scattered field is mainly directed in a symmetrical
direction by small posterior lobes (Tabatadze et al., 2020). In Figure 4.7.b, the current density in the
electromagnetic field showed a symmetrical and strong distribution.

From Figure 4.8 to Figure 4.13, the near field and far field distribution and current density
aree =ka=5and 6y, = — ?%T, respectively. For this situation, the scattering properties of the surface

and the radiation characteristics depending on the angle were analyzed. In this analysis, the source
for the incoming wave is positioned at a certain angle and the scattered field changes with this given
angle are found. Neumann and Dirichlet boundary conditions are provided for the Perfect Magnetic

Conductor (PMC) scenario on the strip (Tabatadze, 2019).

2.72e+000

2.04e+000

-1.36e+000

6.80e-001

0.00e+000

3w

Figure 4.8. a) Near field distribution € = ka = 5,0y = — ”

In Figure 4.8., when e=ka=5, 0= -31/4 in the near-field distribution, it is seen that the
radiation scattered by the electromagnetic wave at the edge of the strip in the near-field distribution

is towards the lateral directions, and it has been obtained that this scattering changes in a small range.
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Figure 4.9. a)Far field pattern ¢ = ka = 5,6, = —%n, b) Current density € = ka = 5,6, = -

When the far field pattern and the distribution of current density in the scattering field in
Figures 4.9.a and 4.9.b are examined, most of the scattered field is spread angularly with a small
back lobe, creating a wide radiation pattern laterally. The scattered field is mainly distributed in a
symmetrical direction by the small back lobes (Tabatadze et al., 2020). In Figure 4.9.b, the current

density in the electromagnetic field showed a non-symmetrical distribution.
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Figure 4.10. a) Near field distribution € = ka = 10,0, = — "

In Figure 4.10., In the near field distribution, when the frequency and angle of incidence of
the plane wave are respectively,e = ka = 10, 6, = — %n at the given wavelength from the strip. It

shows that the radiation scattered by the electromagnetic wave in the near field in the region at the
edge of the strip spreads and changes towards a wide range in the lateral directions compared to the

distribution in Figure 4.8.

41



T fd pamera

om0 2004001 1.00+000
4 o

7 80001

L

e Mot { 000es000  5.00e-001

/N |
2 50s-001
00004000 | D0es000 5000001 0.0004000 5000001 1.00e+000

a) b)

3w

Figure 4.11. a)Far field pattern ¢ = ka = 10,0, = — %n,b)Current density € = ka = 10,0, = ~-

When the far field pattern and current density distribution in the scattering area in Figures
4.11.a and 4.11.b are examined, a large part of the scattered area spreads angularly with a small back
lobe, creating a rather narrow radiation pattern laterally. The scattered field is distributed in a
symmetrical direction mainly by the small posterior lobes (Tabatadze et al., 2020). In Figure 4.11.b,

the current density in the electromagnetic field shows a strong non-symmetrical distribution.
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Figure 4.12. a) Near field distribution &€ = ka = 20,0, = -

In Figure 4.12., In the near field distribution, where angle of incidence of the plane wave and
the frequency,e = ka = 20, 8, = —%ﬂ at the given wavelength from the strip. Compared to the

frequency change in Figure 4.8 and Figure 4.10, the radiation scattered by the electromagnetic wave
in the near field in the region at the edge of the strip has changed by spreading strongly over a wide

range in lateral directions from the strip.
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Figure 4.13. a)Far field pattern ¢ = ka = 20,0, = —%ﬂ,b)Current density € = ka = 20,0, = —%ﬂ

In Figure 4.13.a, when the € value reaches the largest value, the radiation pattern becomes
much narrower and the radiation becomes very strong in this region. The scattered field is mainly
directed in a symmetrical direction by the small posterior lobes (Tabatadze et al., 2020). In Figure
4.9.b, the current density in the electromagnetic field shows the non-symmetrical and strongest

distribution.

4.3. Two Dimensional Strip Diffraction with Fractional Boundary Conditions

In this section, the research will examine the numerical and detailed analyzes of the two
dimensional strip diffraction problem for the only fractional order O and 1 case. Previously, fractional
derivatives were utilized for addressing the dilemma involving two-dimensional diffraction of a
plane wave. Research has been carried out using the diffraction approach based on plane and
cylindrical waves on a strip (Veliev et al., 2018; Veliyev et al., 2018; Karaguha et al., 2019). In these
previous studies, only numerical and detailed analyzes were studied for fractional order 0.5 cases
and between values of the interval [0,1], the general solution was investigated numerically. (Veliev
et al., 2018a; Veliyev et al.,2018b; Karacuha et al., 2019). However, no study or analysis has been

done for the fractional degree case, 0 and 1.
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Figure 4.14. The geometry of the problem

The significance of the scenarios where the fractional order equals 0 and 1 lies in the ability
to derive analytical expressions for both the plane wave case and the cylindrical wave as an incident
wave. This includes obtaining closed-form expressions for the induced current and its Fourier
transform. In the analytical expression to be obtained for the Fourier transform, the amount of current
can be found with some approaches (Veliyev et al., 2018; Tabatadze et al., 2020; Karaguha et

al.,2019).Here, current densities, near and far field distributions, and radiation model are examined.
. ) k. . . .
For numerical analysis, B = —J, % given in equation (3.35) was used. This term was assumed to

be 1 in our solutions as a result of our numerical analysis. In Figures 4.15 and 4.16, the near-field
distributions of current densities was obtained for on a metal strip when the fractional derivative are
Oand 1.

While one type of current density was expressed the problem, other methods require two
different current densities to solve the same problem (Ivakhnychenko et al.,2008).In Figures 4.17and
4.18, the far-field distributions of current densities, when the flux density is viewed from the edge
points of the strip, our approach to solving this physical problem has been controlled with current
densities, thanks to the hybrid method we have used. In the hybrid method we have used, it is
sufficient to obtain quite accurate results by using the terms a half-width of the strip and k wave
number to obtain a reliable and accurate approximation in the total expression of the fractional
current density.

Scattering distributions were examined for cases where v =0, 13, = (0,1), k=3,a=1
andv =1, 1y, = (0,1), k = 3,a = lin the near field distribution and far field distribution.

Where, v is the fractional order, 7, indicates the observation point of the scattering event.
This expression describes the position in a two-dimensional plane. The coordinates on the x and y
axis are respectively 0 and 1, i.e., it shows that it corresponds to (0,1) coordinates. These coordinates

do not specify whether the observation point is above or below the object, but simply describe its
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location in a two-dimensional plane.kis the wavevector represents the spatial frequency of the wave,

acan represent the length, width, or characteristic size of the scattering strip.

position in y axis

5y | 0 ..

position in X axis

Figure 4.15.Near field distributionforv = 0, 13, = (0,1), k =3,a =1

In Figure 4.15., current densities for the fractional order v = 0 the value of the near field

distribution flux density the wave number is taken as 3, the length of the strip being constant (The

mn_rr

value of "a’’ is fixed), and for E-polarized case was obtained.

I
-2
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=

I-J
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Figure 4.16. Near field distributionforv = 1, 1, = (0,1), k=3,a=1

In Figure 4.16., current densities for the fractional order v = 1 the value of the near field
distribution flux density the wave number is taken as 3, the length of the strip being constant (The

mn_1r:

value of "a’’ is fixed), and for H-polarized case was obtained.
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Antenna patterns (azimuth and elevation plane patterns) are often represented using plots in
polar coordinates. This enables viewers to readily visualize the radiation characteristics of the
antenna in all directions, simulating the antenna's orientation or mounting position (Kraus and
Marhefka, 2002).

The Far Field pattern, it is also called the radiation pattern. In this region, various antenna
parameters are taken into account, including antenna directivity and radiation pattern, among others
(Balanis, 1997). In Figure 4.17 and Figure 4.18, a radiation pattern (RP) view is obtained for the E-

polarized and H-polarized cases, respectively, with lobes labeled in each drawing type.
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Figure 4.17 Far Field pattern forv = 0, 1;,. = (0,1), k =3,a=1

An antenna radiation pattern is obtained in Figure 4.17, where the main lobe points at 180
and the side lobes have smaller gains. The axis of the main lobe is defined as the viewing angle of
the antenna and extends through the peak gain, which is the maximum gain in all directions.
Beamwidth refers to the angle in the directions on either side of the viewing angle. Ideally, directional
antennas are assumed to have a constant value of gain in the main lobe and zero outside the main

lobe.
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Figure 4.18. Far Field pattern forv = 1, 1y, = (0,1), k =3,a=1

As it can be seen from Figure 4.18, the boundary conditions for the magnetic field (H-
polarized) are satisfied. On strip, the Neumann boundary condition and Dirichlet boundary condition
is satisfied and the field’s derivative becomes zero. The reason why field distribution is symmetrical
is due to having one strips with fraction orders. For the fractional order v=1, a strip with perfect

magneticconductivity (PMC) is obtained (Engheta, 1998). In the antenna radiation model given in

the figure, it is seen that the main lobe points to 120° and the side lobes have smaller gain values.
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5. CONCLUSIONS

In this section, information, values and their interpretation indicating the extent to which the
goals stated in the introduction of the thesis have been achieved are regularly given. Using the hybrid
method, which is a new approach method, two different electromagnetic scattering problems were
solved analytically and examined by numerical analysis. In this thesis, the original theoretical
background for the solution of the diffraction problem with strips is given. The electromagnetic
scattering problem on a planethin strip was analyzed using the hybrid method to compare the Method
of Moments (MoM) and other methodsFinite Element Method (FEM), Finite Difference Time
Domain (FDTD), Boundary Element Method (BEM), Spherical Harmonics etc.

The newly proposed boundary conditions characterize a new material property (Perfect
Electric Conductor (PEC) and Perfect Magnetic Conductor (PMC)). Furthermore, Dirichlet and
Neumann boundary conditions have been employed to describe the scattering in the integral
boundary condition solution. The problems we deal with in the thesis are two-dimensional and are
expressed in terms of the integral of the scattered wavelength, starting from the solution of the total
magnetic field. The integral used in our solution here was obtained by Fourier transforming the
current density on the strip. To obtain the fractional integral equation, the Fourier transform of the
Hankel function is performed and boundary conditions are used. After transforming into this form,
the Fourier transform of the current density on the strip must be determined. For this, the integral
equation must be solved., the current density is explained as a sum of orthogonal polynomials. In our
work, these polynomials are selected to be Gegenbauer polynomials because the problems solved in
the thesis involve strip geometries that are finite in the xy-plane, making Gegenbauer polynomials
defined in a finite region. To address the boundary condition of the current density and guarantee the
swift convergence of the polynomials to the true value of the current density on the strip, weighting
is incorporated into the expression of the Gegenbauer polynomials. Subsequently, orthogonality
(inner product) is applied to uniquely identify the unknown coefficients in the expression of the
current density. After solving the system of linear algebraic equations, the coefficients are
determined. Finally, the Fourier transform of the current density is derived. This allows for the
determination of the electric field distribution with any desired accuracy. The advantages of the
fractional derivative approach lie in its consistency in the numerical part after the theoretical part for
any fractional order. In this approach, the numerical part remains the same regardless of the specific
fractional order, with only the order itself being variable. Therefore, it allows for solving integral
equations or combined integral equation sets for any fractional order. In essence, the fractional
derivative approach generalizes boundary conditions and simplifies the computational burden.
Unlike other methods, where obtaining two different current densities is typically required to solve

a similar problem, in this new method, expressing the current density is sufficient. Various scenarios,
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such as different operating frequencies, strip lengths, fractional orders, will be examined both
theoretically and numerically. Subsequently, solutions obtained with the hybrid method presented in
this thesis has been compared with other methods (e.g., Moments Method and Physical Optics). In
this hybrid method, the expression Y.N_q x,,C,, 1 represents, unknown coefficients x,, that determine
the elements of the matrix Cy, ,,.

In solving the problem, N— oo (taken to approach infinity). N = [ka = €] + 5 (half-width
of the strip is a and k is frequency). It is reliable and accurate for 0 < ka < 15.The inclusion of the
(ka +5), terms in the total expression of the fractional current density yields sufficiently accurate
results. For larger kavalues (where ka > 15), increasing the terms in the total expression of the
fractional current density is necessary to obtain highly accurate results.For larger (ka)values, the
method provides approximate results. In numerical analysis, the choice of N is crucial to achieve a
solution with minimal error and to solve the problem easily. In the first part of the thesis, a plane
wave H-polarized was onto a two dimensional strip, and an integral calculation was performed using
a new approach.A new integral equation has been proposed, and in solving the problem, the series
expressions have been transformed into Bessel functions through Fourier transformation. In other
words, the analytical solution has been converted into an integral solution to find the current
densities. The near-field distribution of an H-polarized plane wave on a two dimensional strip has
been investigated, and it has been shown that as the frequency values increase with respect to the
angle (at different frequency values at a fixed angle), the characteristic sizes suggest that a high wave
number approximation may be more accurate. An infinite analytical solution is obtained for the far-
field distribution (Radiation Field (RP)) of an plane H-polarized wave incidence on a two
dimensional strip. As the value of € increases, the radiation pattern narrows, and radiation in this
region becomes stronger. Such variations play a crucial role in antenna applications; for instance,
they can significantly impact the gain of the antenna (which increases with ¢€). Additionally, the
electromagnetic field's current density exhibits a strong distribution. For the PMC (perfect magnetic
conductor) condition on the strip, both Neumann and Dirichlet boundary conditions are satisfied
(Tabatadze, 2019). This ensures complete reflection suppression on the strip surface, providing the
desired performance in various applications.In the final part of the thesis, a wave is sent from a
cylindrical source onto a two-dimensional strip, and only the fractional order O and 1 cases are
examined. The significance of the fractional order being equal to O and 1 lies in obtaining an
analytical expression for the plane wave case and also in obtaining the incident wave, the closed form
of the induced current, and the Fourier transform. Some approaches can determine the amount of
current in the analytical expression to be obtained for the Fourier transform. Near-field distribution,
far-field distribution, and current densities have been analyzed for the fractional orders a=0 and o=1
at the observation point with coordinates (0,1) on a two-dimensional plane.In the near field

distribution, an interesting solution has been achieved in the case of a. = 1, unlike the fractional order
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a =0, as they physically affect each other. The results indicate that the direction of radiation modeling
is highly correlated with the choice of fractional order. Such a structure can be utilized in antenna
synthesis, waveguides, and resonator problems. In the radiation field distribution, for the fractional
order v=0, a strip with perfect electrical conductivity (PEC) is obtained. For the fractional order v=1,
a strip with perfect magnetic conductivity (PMC) is obtained. In the problems we have addressed
within the scope of our thesis study, near field distribution, far field radiation model and current
distribution parameters have been obtained numerically in the examination of electromagnetic
scattering by using different sources.Numerical calculations were made based on theory and the
results are presented. Additionally, unknown expressions were obtained from the coefficients of the
radiation model and the cross-sectional area of the total scattering, and the analytical numerical
results of the problem were analyzed according to the given algorithm. With this new hybrid
approach, results have been obtained in a shorter time and with greater accuracy. In future studies,
research can be done on surfaces with different lengths and different geometry, diffraction of multiple

randomly positioned strips with different boundary conditions and widths.
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APPENDIX A: The Properties of Surface Scattering

To compare the numerical characteristics of the scattered field in diffraction problem
solutions, have been examined the properties of scattering such as SCS (Scattered Cross Section) and
BSCS (Backscattering Cross Section).

Whenkr —o0, E;(x,y) is expressed differently using the stationary phase method.

E; (r, @) = A(kr)®%(¢) (A.1)
Akr) = |2tk (A.2)
% () = —i(ii)“Fl_“(cos 0)sin@ (A.3)

The function @(a,¢) determines the FFP (Far-Field Pattern) of the scattered field and is expressed
using the coefficients f,¥, which are found from the solution of the ISLAE (Inhomogeneous System

of Linear Algebraic Equations).

mi(+i)%

> ] F( +2 )]n a(k )
2r(a+1) (tan)*@ Yp—o(=D™ £ n+2a) Jn+q(kacos ¢ "

r(n+1) (2ka)®

P () = —
Scattering cross section (SCS) J/Zl—D can be expressed with the FFP (Far-Field Pattern) (¢),

Z2 () = Z|&(¢)I? (A5)

Back scattering cross section (BSCS), denoted as o73°"°, it signifies the value of the scattering cross

section (given by equation A.5) when the observation angle(¢) is equal to the incident angle (6)

(Potapov,2008).
oI = 22 (9) = 2 |0 (0)|2 (A.6)

Within the Physical Optics (PO) approximation, we have the following expression ka >> 1:

; 2a (o 2
O2p _ 2 _: 2 (sm 9) {sm ka(cos ¢p+cos 6)}
P nSln ¢ sin g cos @+cos 8 (A7)
2 . sin ka(2 cos 6)}2
mono _ < 2
o05p —sin 0 { > cos o (A.8)

Surface currents represent the discontinuity of the field component as it passes through the strip

boundary and are denoted by J%© and ]g(m) .

z
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APPENDIX B: The Steepest Descent Method

This appendix describes the steepest descent method. Equations and formulas are taken from
the reference book (Balanis, 2016). The steepest descent method is an iterative optimization
algorithm used to minimize or maximize a function. It is particularly useful for finding the local
minimum or maximum of a function. The basic idea behind the steepest descent method is to
iteratively move in the direction of the negative gradient of the function at each iteration. This means
that at each step, the algorithm takes a small step in the direction that will decrease the value of the
function the most. The steepest descent method may converge slowly, especially if the function has
narrow valleys or plateaus. However, it is simple to implement and can be effective for many
optimization problems. Various modifications, such as the use of line search techniques or
preconditioning, can be applied to improve its convergence rate and efficiency.

For large values of 3, the value of the following integral can be found approximately.
1(B) = [.F(2)eP@dz (B.1)

where f(z) is an analytical function and the path of integration C is on the complex plane (Balanis,

2016). I(B) can be found as follows if there exists one saddle point.

2
1) = |5 F(z)ePT) (B2)

=f'(z=2z)=0.

. d
where zg = x5 + iy and d—jzr
Z=
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