BULENT ECEVIT UNIVERSITY
GRADUATE SCHOOL OF NATURAL AND APPLIED SCIENCES

OPIAL TYPE INTEGRAL INEQUALITIES

DEPARTMENT OF MATHEMATICS
MASTER OF SCIENCE THESIS

ELIiF ARSLAN

JANUARY 2018



BULENT ECEVIT UNIVERSITY
GRADUATE SCHOOL OF NATURAL AND APPLIED SCIENCES

OPIAL TYPE INTEGRAL INEQUALITIES

DEPARTMENT OF MATHEMATICS
MASTER OF SCIENCE THESIS

Elif ARSLAN

ADVISOR: Assoc. Prof. Yiiksel SOYKAN

ZONGULDAK
January 2018



APPROVAL OF THE THESIS:
The thesis entitled “Opial Type Integral Inequalities” and submitted by Elif ARSLAN has

been examined and accepted by the jury as a Master of Science thesis in Department of
Mathematics, Graduate School of Natural and Applied Sciences, Biilent Ecevit University.
19/01/2018

Advisor: Assoc. Prof. Yiiksel SOYKAN ;
Biilent Ecevit University, Faculty of Arts and Science, Departnient of Mathematics

Member: Assist. Prof. Melih GOCEN
Biilent Ecevit University, Faculty of Arts and Science, Department of Mathematics

Member: Assist. Prof. Nejla OZMEN S AT W W7\ WS
Diizce University, Faculty of Arts and Science, Department of Mathematics

Approved by the Graduate School of Natural and Applied Sciences. w2018

Lo

Assoc. Prof. Ahmet OZARSLAN
Director

ii



“With this thesis it is declared that all the information in this thesis is obtained and
presented according to academic rules and ethical principles. Also as required by

the academic rules and ethical principles all works that are not result of this study

are cited properly.”




ABSTRACT

Master of Science Thesis

OPIAL TYPE INTEGRAL INEQUALITIES

Elif ARSLAN

Biilent Ecevit University
Graduate School of Natural and Applied Sciences

Department of Mathematics

Thesis Advisor: Assoc. Prof. Yiiksel SOYKAN
January 2018, 81 pages

Integral inequalities have been frequently employed in the theory of functional analysis,
differential equations and applied sciences such as probability and statistics. There are a lot of
types of inequalities such as Hermite-Hadamard type inequalities, Lyapunov type inequalities,
Wirtinger type inequalities and Qi type inequalities. They have been the center of attention in

many papers. Especially, Opial inequalities have been studied by many authors.

In this thesis, we are concerned with Opial type integral inequalities. We present some theorems
on generalizations of Opial inequality and Opial type inequalities on time scale. We survey the

literature on those type inequalities.
The organization of this thesis is as follows:

In Chapter 1, we give a brief overview of what this thesis is about and also introduce the

necessary inequalities and some definition.



ABSTRACT (continued)

In Chapter 2, we investigate results on generalizations of Opial inequality.

In Chapter 3, we consider discrete Opial inequalities.

In Chapter 4, we present Opial dynamic inequalities on time scales.

In Chapter 5, we give some general weighted Opial type inequalities on time scales.

In Chapter 6, we establish some Opial type inequalities on time scales via the notion of the

diamond-alpha derivative.

In Chapter 7, we consider dynamic Opial type diamond-alpha inequalities in time scales.

Keywords: Opial type inequalities, inequalities, time scales.

Science Code: 403.03.01



OZET

Yiiksek Lisans Tezi

OPIAL TiPi INTEGRAL ESITSIiZLIKLERI

Elif ARSLAN

Biilent Ecevit Universitesi
Fen Bilimleri Enstitiisii

Matematik Anabilim Dah

Tez Damismani: Dog. Dr. Yiiksel SOYKAN
Ocak 2018, 81 sayfa

Integral esitsizlikleri fonksiyonel analiz teorisinde, diferansiyel denklemlerde ve olasilik
istatistik gibi uygulamali bilimlerde sik¢a kullanilir. Hermite-Hadamard tipi esitsizlikler,
Lyapunov tipi esitsizlikler, Wirtinger tipi esitsizlikler ve Qi tipi esitsizlikler gibi bir ¢ok
esitsizlik tipleri vardir. Esitsizlikler bir ¢ok makalenin merkezinde yer almaktadir. Ozellikle

Opial esitsizlikleri birgok yazar tarafindan ¢aligilmistir.

Bu tezde, Opial tipi integral esitsizlikleri ile ilgileniyoruz. Zaman skalasinda Opial tipi
esitsizlikler ve Opial esitsizliginin genellemeleri iizerine bazi teoremler sunuyoruz. Bu tip
esitsizliklerle ilgili literatiirii inceliyoruz.

Bu tezin organizasyonu asagidaki gibidir:

Birinci boliimde, tezin ne ile alakali oldugu Ozet olarak verilmistir ve ayrica gerekli

esitsizlikler ve bazi tanimlar sunulmustur.



OZET (devam ediyor)

Ikinci boliimde, Opial esitsizliginin genellemeleri {izerine sonuglar1 inceliyoruz.

Ugiincii béliimde, ayrik Opial esitsizliklerini ele aliyoruz.

Dordiincii boliimde, zaman skalasinda Opial dinamik esitsizlikleri sunuyoruz.

Besinci boliimde, zaman skalasinda bazi genel agirlikli Opial tipi esitsizlikler veriyoruz.

Altinc1 boliimde, elmas-alfa tiirevi kavrami araciligiyla zaman skalasinda bazi Opial tipi

esitsizlikleri gbzden gegiriyoruz.

Yedinci boliimde, zaman skalasinda dinamik Opial tipi elmas-alfa esitsizliklerini ele aliyoruz.

Anahtar Kelimeler: Opial tipi esitsizlikler, esitsizlikler, zaman skalas.

Bilim Kodu: 403.03.01
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CHAPTER 1

PRELIMINARIES AND INTRODUCTION

1.1 THE TIME SCALES CALCULUS

The theory of time scales was first introduced by S. Hilger [1] in 1988 in order to unify
continuous and discrete analysis and to extend those theories to cases “in between”.

Here in this section, we recall some basic concepts from the theory of time scales.

Definition 1.1 A time scale is any nonempty closed subset of the reals, R, and we usually

denote it by the symbol T.

The two most popular examples are T =R and T = Z.

We define the forward and backward jump operators o,p: T — T by

o(t) =inf{s € T| s > t} and p(t) = sup{s € T| s < t}

respectively, each of which is being supplemented by

inf) =supT and sup® = inf T.

A point t € T is called right-scattered, right-dense, left-scattered, left-dense, if
a(t) >to(t)=tp(t) <t plt)=t

is valid, respectively. In other words, If o(t) > ¢, then we say that t is right-scattered
(otherwise, except when t = supT : right-dense), while if p(t) < ¢, then ¢ is called
left-scattered (otherwise, except when t = inf T : left-dense).

The set T* is defined to be T if T does not have a left-scattered maximum; otherwise it

is T without this left-scattered maximum. In other words:

Definition 1.2 Suppose that the time scale T have a right-scattered minimum m. Then

we define the set T by

T T™\{m} |, m exists
. T , m does not exist.



On the other hand, if the time scale T have a left-scattered maksimum M then we define
the set T" by

T\{M} , M exists
T ., M does not exist.

TF :=

Moreover, the (forward) graininess p: T — [0, 00) is defined by

and the backward graininess v : T — [0, 00) is defined by

v(t) ==t —p(t).

Example 1.1 If T=R or T = Z then

0, T=R
p(t) =

1, T=2Z
and

0, T=R
v(t) =

1, T=%Z

From above example we see that the (forward) graininess function is constant 0 if T = R
while it is constant 1 for T = Z. But, a time scale T could have nonconstant forward

graininess.
Definition 1.3 A mapping f : T — R is said to be regressive if
1+u@)f(t)#0 (teT).

Furthermore if f : T — R is a function, then we define the functions f© = foo: T — R

and fP = fop:T — R by

and

respectively.

With this terminology, the delta (A) and nabla (V) derivatives are defined as follows.



Definition 1.4 Let f : T — R be a function. Then f is called A-differentiable at a point
t € T% if there exists a number a such that for every € > 0, there exists a neighborhood U

of t such that
178 = () —alo(t) — )| < e loft) — 5| for all s € U
and then we write f2(t) = a.

In this case we say that f2(t) is the delta derivative of f(t) at the point ¢ € T*. If f is
delta differentiable for every ¢ € T*, then f is said to be delta differentiable on T and f2
is a new function defined on T*.

If f is delta differentiable at ¢t € T", then it is easy to see that

lim, .y ger L9260 if p(t) =0

t—s

[e®)~f) it p(t) > 0.

w(t)

A =
Similarly we can define V-differentiability.

Definition 1.5 Let f : T — R be a function. Then f is called V-differentiable at a point
t € T% if there exists a number b such that for every € > 0, there exists a neighborhood V/
of t such that

[f7(t) = f(s) = b(p(t) = s)| <elp(t) = s| forallseV,
and then we write f¥(t) = b.

We refer the reader to [2] for a comprehensive development of the calculus of the A-
derivative and to [3] for an account of the calculus corresponding to the V-derivative.

Other useful delta derivative formulas are given as follows:

Lemma 1.1 Delta derivatives satisfy the following properties:

flo@®) = f(t)+ut)f2(1) (1.1)
(fo)2(t) = f2(g(t) + fo(t)g™(t) (1.2)
t)y—f

(1.3)

A function is called rd-continuous if it is continuous at right-dense points and has finite

left-sided limits at left-dense points. In other words:



Definition 1.6 A mapping f : T — R is said to be rd-continuous if it satisfies each of

the following conditions:

(1) f is continuous at every right-dense point or maximal point of T;
(ii) The left-sided limit:

lim f(7) = f(t-)

T—t—

exists at every left-dense point of T.

The space of all rd-continuous functions T — R is denoted as follows:
Crg(T,R) :={f| f: T — R and f(¢) is an rd-continuous function}.

A function is called ld-continuous if it is continuous at left-dense points and has finite

right-sided limits at right-dense points.

Lemma 1.2 If f : T — R s rd-continuous att € T and t is right scattered then

Ay fo®) = f{t)
f (t) - O’(t) —t .

We now recall the concepts of delta and nabla integrations. The significance of rd-

continuous functions is revealed by the following existence result by Hilger [1]: Every
rd-continuous function possesses an antiderivative. Here, F' is called an antiderivative of

a function f defined on T if F'2 = f holds on T*. In fact,
Definition 1.7 A function F': T — R is said to be A-antiderivative of f : T — R if
FA1) = f(), teT,
i.e., FA = f.
In this case we define the A-integral of f by
t
/ J(D)AT = F(t) - F(s), (s,t€T)

and we say f is integrable on T.



Lemma 1.3 The following integral formulas holds true:

(/ ir ) — (1) (1.4
/ (s = SO0~ [ Pl b7 (15)

for any constant a € T.

Definition 1.8 A function G : T — R is called a V-antiderivative of f : T — R if
= f. In this case, we define V-integral of f by

t
/ F(1)Vr = G(t) = G(s), (s,t € T)
and we say f is integrable on T.

It is known that rd-continuous functions have A-antiderivatives and 1d-continuous func-
tions have V-antiderivatives.

Combining the above derivatives and integrations, Sheng et al. [4] (see, also, [5- 7]) have
introduced the concept of the diamond-alpha (,) derivative on time scales. Suppose
a € [0,1] and f : T — R be a function. Then the {,-differentiation (diamond-alpha
differentiation) of f at a point ¢ € T is defined by

for(t) = af2(t) + (1 - a)fY(t).

It is obvious that f« exists for a € (0, 1) if and only if f* and fV exist. Observe also
fO1r = f2 and f% = fV if these derivatives exist. Moreover, for the other values of «,
one has other dynamic derivatives (e.g., a centralized derivative with a = 1/2). The

Qo-integral of f is defined by

/atf(S)Oas = a/atf(s)As—l— (1—a) /atf(S)Vs

Note that the cases of @« = 1 and o = 0 reduce to the A-integral and V-integral of the
function f, respectively.

We say that a function f : [0, h] — R is in the class C}_ if f is Q,-differentiable such that
af? is rd-continuous, (1 — a)fV is ld-continuous, and a(1 — ) f« is continuous. This

guarantees the existence of all occurring integrals. We note that C’éa is, for a € (0, 1),



equal to the class of functions that are A-differentiable and V-differentiable such that f2
is rd-continuous, fV is ld-continuous, and f¢« is continuous. Furthermore, C<1>0 is equal
to the class of functions that are V-differentiable such that fV is ld-continuous, and C’<1>1
is equal to the class of functions that are A-differentiable such that f* is rd-continuous.
Results about ,-derivatives and {,-integrals may be found in the papers [4, 6, 7].

For further basic results about the time scales calculus we refer the reader to [1, 8- 10].

1.2 OPIAL INEQUALITIES

In the year 1960, the Polish mathematician Zdzidlaw Opial [11] published the following
fascinating integral inequality which is an inequality involving integrals of a function and

its derivative:

Theorem 1.4 [12, Theorem 1.1.1.](Opial Inequality) Suppose f(t) € CMV[0,h] is such
that f(0) = f(h) =0, and f(t) > 0 in (0,h). Therefore, the following inequality is valid

h
/ If@)fF () dt < — / (f'())%dt. (1.6)
0
Moreover, in (1.6), the constant h/4 is the best possible.
A weaker form of (1.6) can be obtained rather easily by combining the Cauchy-Schwarz

inequality and Wirtinger’s inequality which says that: for f(t) € C(W[0,h] such that
f(0) = f(h) =0,

/f2 dt<— h(f’(t))%it. (1.7)

Actually, we get

/ sl < ( /Ohf%)dt)é( /Oh<f'<t>>2chf)é

h
< 2 [ wpa

Inequalities which involve integrals of functions and their derivatives are of great impor-
tance in mathematics with applications in the theory of differential equations, approx-
imations and probability. It has been shown that inequalities of the form (1.6) can be
deduced from those of Wirtinger and Hardy type, but the importance of Opial’s result is
in the establishment of the best possible constant. The monograph [12] is the first book
dedicated to the theory of Opial type inequalities.



A function f : [a,b] — R is said to be absolutely continuous on [a, b] if, given ¢ > 0, there

exists some ¢ > 0 such that

Zlfyz fz)] <e,

whenever {[z;,y;] :i=1,...,n} is a finite collection of mutually disjoint subintervals of
la,b] with " | |y; — 2;] < 6. Obviously, an absolutely continuous function on [a,b] is
uniformly continuous. Moreover, a Lipschitz continuous function on [a, b] is absolutely
continuous. Suppose [ and g are two absolutely continuous functions on [a, b]. Therefore
f+g, f—g, and fg are absolutely continuous on [a,b]. If, moreover, there exists a
constant C' > 0 such that |g(x)| > C for all x € [a,b], then f/g is absolutely continuous
on [a,b]. If f is integrable on [a, b], therefore the function F' defined by

:/ ft)dt, a < x <b,

is absolutely continuous on [a, b].

The assumption in Theorem 1.4 can be weakened. The positivity requirement of f(t)
in the original proof of Opial was shown to be unnecessary later by Olech [13] where he
proved that the inequality (1.6) holds even for functions f(¢) which are only absolutely
continuous in [0, h]. In other words, C. Olech [13] showed that (1.6) is valid for any func-
tion f(¢) which is absolutely continuous on [0, k|, and satisfies the boundary conditions

f(0) = f(h) = 0. Moreover, Olech’s proof of (1.6) was much simpler than that of Opial.

Theorem 1.5 [13] Suppose that f(t) is absolutely continuous in [0, h] and f(0) = f(h) =
0. Then the following inequality is valid

h
/|f ()| dt < = /U(f’(t))2dt. (1.8)

In his paper, P. R. Beesack [14] give an even simpler proof of (1.6), and then show how

this method of proof can be made to yield more general inequalities of the same type.

Theorem 1.6 [13], [12, Theorem 1.8.1.] Suppose that f(t) is absolutely continuous in
0, h], and f(0) = f(h) = 0. Then, the inequality (1.6) is valid. Furthermore, equality is
valid if and only if f(t) = fo(t), where fo(t) is defined in

ct,

|/\
e

fo(t) = (1.9)

>

0<
c(h —1), %§t§

and c is an arbitrary constant.



In 1960, Olech [13] extended (1.6) and present the following result. The inequality in the

following theorem is also known in the literature as Opial’s inequality.

Theorem 1.7 [1}], [15, Theorem 1.1.](Opial Inequality) If f € C([0, h],R) with h > 0
fulfills f(0) =0, then

/\f (t)dt < 2 Aﬁf@fﬁ.

The above inequality has generated a lot of research, both in the continuous and the
discrete cases (see the monograph [12] and the references therein).

Many authors applied this above inequality to many branches of mathematics such as
differential and difference equations [2, 16-22], fractional calculus [23- 27], multivariate

analysis [28], semigroups [29, 30], and dynamic equations on time scales [2, 31- 35].

Remark 1.1 Note that the expression of Theorem 1.7 can be written as follows: Suppose
h > 0. For any differentiable function f : [0,h] — R such that f’ is continuous and
f(0) =0, we get

[woronash [Fwora

In 1962, Beesack [14] refined Theorem 1.7 as follows (see also [36, Theorem 3]).

Theorem 1.8 [15, Theorem 1.2.](Beesack Inequality) If f € CY([0,h],R) with h > 0
fulfills f(0) =0, then

/ If()f ()| dt + = /Ohﬂdt<ﬁ/oh(f’(t))2dt, (1.10)

12 - 2
where

—Q/Wf () dr — (f(t)? > 0.

Note that Theorem 1.8 includes Theorem 1.7. The next one is Olech’s result under weaker

conditions and gives an estimate with a bound which is less sharp.

Theorem 1.9 [12, Theorem 1.4.1.](Continuous Opial inequality) Suppose f(t) is ab-

solutely continuous in [0,al], and f(0) = 0. Then, the following inequality is valid

/ IfO)F ()] dt <~ /Oa(f’(t))2dt. (1.11)

Furthermore, in (1.11), equality is valid if and only if f(t) =



1.3 OPIAL’S INEQUALITY ON TIME SCALES

Opial inequalities and many of their generalizations have various applications in the
theories of differential and difference equations. This is very nicely illustrated in the
book [12] “Opial Inequalities with Applications in Differential and Difference Equations”
by Agarwal and Pang, which is the only book devoted solely to continuous and discrete
versions of Opial inequalities. In this section, following [37], we give present several Opial
inequalities that are valid on time scales. Throughout we suppose 0 € T and let h € T
with h > 0.

We will need two simple consequences of the product rule: First,

(f)2 = (FN2=FAf+ 712 = (F+ £ %, (1.12)

and in general, one can use mathematical induction to prove the formula

(r+He {ka fo)- }fA, l€N. (1.13)

Theorem 1.10 [33/, [38, Theorem 6.1.](Delta Dynamic Opial Inequality) For a delta
differentiable f : [0,h] N'T — R with f(0) =0 we get

h
JACRZRIEK At<h/ I

0

with equality when f(t) = ct, provided all A-anti derivatives exist.

We refer to [33] for the proof of Theorem 1.10.

We next state a generalization of Theorem 1.10 where f(0) need not be equal to 0.

Theorem 1.11 /38, Theorem 6.2.] Suppose f :[0,h]|NT — R is delta differentiable and

rd-continuous function. Then

/0 I(F + )75 (DAt < o / A A+ 28 / F2(0)] At

where
a € T with dist(h/2,a) = dist(h/2,T) (1.14)

and 3 = max{|f(0)[,|f(h)]}



A consequence of Theorem 1.11 is the following result.

Theorem 1.12 /38, Theorem 6.3.] Assume f : [0,h] N T — R is differentiable and rd-
continuous with f(0) = f(h) = 0. Then

/ (F + 17072 (At < a/o A0 A,

where « is given in (1.14).

The following are two time scales versions of Theorem 1.7. We suppose that 0 is contained

in the time scale in these two theorems.

Theorem 1.13 (/2, 33]) Assume that h € T with h > 0. For any A-differentiable
function f :[0,h] — R such that f* is rd-continuous and f(0) = 0, we get

/0 |<f+f")fA|(t>At3h/O (f2)? (t)At.

Theorem 1.14 (/3, 32]) Suppose h € T with h > 0. For any V-differentiable function
f:[0,h] = R such that f¥ is ld-continuous and f(0) = 0, we get

/0 [(f+ 1) Y )Vt < h/o (fY)* (t)vt.

Now we offer some of the possible generalizations of the inequalities presented above. The
continuous or/and discrete versions of these results may be found in [12]. We have not
included all of such results, but most of them may be proved by using similar techniques

as the ones presented in this section.

Theorem 1.15 [12, Theorem 2.5.1.] Suppose p, q are positive and continuous on [0, h],
foh Atp(t) < oo, and q non-increasing. For a differentiable f : [0, h)NT — R with f(0) =0

we get
h h A .
o o\ £A A = A 2A }
0/ 07 |(F + £7)7%]] (DAt < O/p“) L[ stoao 120 o
Theorem 1.16 [12, Chapter 3] Assume l,n € N. For a n-times differentiable f : [0, h] N
T — R with f(0) = f2(0) = ... = f2"7(0) = 0 we get
h

/ {if’“ (f“)l"“}f“

0

h
(At < h!" / 12" )| At
0

10



Theorem 1.17 [12, Theorem 3.2.1.] Assume that n € N. For a n-times differentiable
f:0,A]NT — R with f(0) = f2(0) = ... = fA"7(0) = 0 we get

; h
/}(f+f”)f“\ (t)At < h”/o 12" )| A,

Theorem 1.18 [12, Theorem 2.3.1.] Assume | € N. For a differentiable f : [0,h] N
T — R with f(0) =0 we obtain

{}jﬂ%fy*}fﬁ

We conclude this section with a Wirtinger type inequality from [39].

h

/

0

(t)At < h’/ 20" A

Theorem 1.19 /38, Theorem 6.8.](Wirtinger’s Inequality) Suppose M is positive and

strictly monotone such that M* exists and is rd-continuous. Therefore we get

TP . > P M(t)M (1)
/a |M (t)|(y (t)) At < WU W

for any y with y(a) = y(b) = 0 and such that y> exists and is rd-continuous, where

o N [ sl (L ue))
V= <t€[a,bl])ﬁT Me (t)> " <t€[a,bl])ﬁ11’ Me (t) ) " (te[a,bﬁ])mr Me (t) )]

Example 1.2 /38, Example 6.1.] Suppose a > 0 and

U= sup ﬂ + sup M + sup ﬂ
te(a,b)NT 13 tela,b)NT 13 te(a,b)NT 13
Therefore
/b( A1) At > l/bwm (1.15)
W =V ), Tte@t) T '

To establish this we remark that M(t) = L satisfies the assumptions of Theorem 1.19,

t

(y2(1)" At

a

and

M(o(t) = M(s) _ o(t)=1/s _(s—o(t)/(so(t) 1
o(t)—s o(t)—s o(t)—s so(t)

implies

MA(t) = —ﬁ.

Hence

M) o(t) p)|M2()]  w®) g MOM(E)

Me(t)y t ' Me(t) ot MA@

and (1.15) follows from Theorem 1.19.

11



As an application of Theorem 1.19 and Example 1.2 we now state a sufficient criterion

for nonoscillation of a certain second order dynamic equation, see [39, Theorem 3].

Theorem 1.20 /38, Theorem 6.9.] Suppose N € T and define

1 1y 2
t)\?2 t t 2
Uy = ( sup M) + {( sup &) —i—( sup i)ﬂ .
t>NteT t t>NeT t t>NiteT t
If
0 <limsup¥y =T < o0,

N—oo

so the equation

1
AA+ yU:()

YT Wt

18 monoscillatory.

1.4 SOME SPECIAL INEQUALITIES ON TIME SCALES: A SURVEY

1.4.1 Holder’s Inequality

The following version of Holder’s inequality on time scales appears in [40, Lemma 2.2
(iv)], and it’s proof is similar to that of the classical inequality as given e.g. in [41,

Theorem 188].

Theorem 1.21 /38, Theorem 3.1.](Hélder’s Inequality) Suppose a,b € T. For rd-continuous
f.g:]a,b] — R we get

" :
[isworaes { [ora ] [awrsed”

where p > 1 and ¢ =p/(p — 1).

The special case p = ¢ = 2 reduces to the Cauchy-Schwarz inequality.

Theorem 1.22 /38, Theorem 3.2.](Cauchy-Schwarz Inequality) Assume a,b € T. For

rd-continuous f, g : [a,b] — R we get

[ 1w |At<\/{/ e st o sl

12




Next, we can use Holder’s inequality to deduce Minkowski’s inequality.

Theorem 1.23 /38, Theorem 3.3.](Minkowski’s Inequality) Assume a,b € T and p > 1.

For rd-continuous f, g : [a,b] — R we get

(Lo +g)(t”w}; <{ [r At}; o{ [ or At};.

Proof. We apply Holder’s inequality, Theorem 1.21, with ¢ = p/(p — 1) to obtain
b b
[G+aerae = [1G+or I+ g0l at

b b
< / FONS + 9O At + / 9] If + g (DAt

{/ablf(t)lpAt}’l’ {/abl(f+g)(t)|<f’—1>qm};
+{/ab|g(t)lpAt}‘l’ {/abl(f+g)(t)|<p1>qm};
{/ablf(t)lpm}‘l’+{/ab|g(t)|pm}é] UabeJrg)(t)'pAtr.

1

We divide both sides of the obtained inequality by [ fab I(f+9)@) At] " to arrive at

IN

Minkowski’s inequality. m

1.4.2 Jensen’s Inequality

The proof of Jensen’s inequality on time scales follows closely to the proof of the classical
Jensen’s inequality (see for example [42, Problem 3.42]). If T = R, then our version is the
same as the classical Jensen inequality. But, if T = Z, then it reduces to the well-known

arithmetic-mean geometric-mean inequality.

Theorem 1.24 [38, Theorem 4.1.](Jensen’s Inequality) Assume a,b € T and c,d € R.

Assume g : [a,b] — (¢, d) is rd-continuous and F' : (¢,d) — R is convez. Therefore

- (ffbg@m) e Flo®)a

Proof. Let zy € (¢, d). Therefore (e.g., by [42, p. 109]) there exists 5 € R such that
F(x) — F(xo) > [(x — x0) for all x € (¢, d). (1.16)

13



Note that,

fabg(T)AT
Tg = T
b—a

is well-defined because ¢ is rd-continuous. F' o g is also rd-continuous, and thus we may

apply (1.16) with x = g(¢) and integrate from a to b to get
b b g(r)AT b
[ Flatat-o-ar (ff%) = [ Flnat- b F)

- / F(g(t)) — F(zo)
> 5 { lgt) — wo) At

a

= ﬁulbg(t)ﬁt—xo(b—@)
=B

This directly gives Jensen’s inequality. m

Example 1.3 /38, Example 4.1.] Let T =R. Clearly, F = —log is convex and continu-
ous on (0,00), thus we may apply Theorem 1.24 with a =0 and b =1 to get

1 1
log/ g(t)dt > / log g(t)dt
0 0
and then
1 1

/ g(t)dt > exp [/ log g(t)dt}

0 0
whenever g : [0,1] — (0,00) is continuous.

Example 1.4 [38, Example 4.2] Suppose T =7 and N € N. Again we apply Jensen’s
inequality, Theorem 1.24, witha =1, b= N+1, F =log, and g : {1,2,...., N + 1} —
(0,00) to find

log{%ig(t)} = log{%/lN“g(t)At}

v

14



and then

() > { i g<t>} .

t=1

This is the well-known arithmetic-mean geometric-mean inequality.

Example 1.5 [38, Example 4.3.] Assume that T = 2% and N € N. We apply Theorem
1.2f witha=1,b=2" F =log, and g : {2¥|0 <k < N} — (0,00) to find

N
N B 9 Te. 0 R B N Oy
©8 N _ 1 I BT
ffN log g(t)At
- 2N 1
ff:_ol 2% log g(2%)
oN 1
_ 2k
fc\fzo1 log (9(2k>)
2N 1
N—1 1
log { IT (929) }
k=0
2N 1

N_1 . 1/(2N-1)
= log{H (9(2/“))2 }

k=0

and thus
N—1 ok (ok N-1 1/(2N-1)
o 2°9(2%) 2"
k=0~ 727 C > 2" :

1.4.3 Gronwall’s Inequality

Definition 1.9 /38, Definition 5.1] An rd-continuous function f is called regressive pro-
vided

L+ p(t)f(t) #0 forallt € T.

The set of all rd-continuous functions f that satisfy 1+ pu(t)f(t) > 0 for allt € T will be
denoted by R™.

The following existence theorem has been proved by Hilger, see [1].

15



Theorem 1.25 [38, Theorem 5.1.] Suppose ty € T. If p is rd-continuous and regressive,
then

y® = p(t)y, y(to) =1
has a unique solution.

We call the unique solution from Theorem 1.25 the exponential function and denote it
by e,(-,to). In fact, there is an explicit formula for e,(t, s), using the so-called cylinder

transformation

Log(1+hz) Zf h # O
n(z) = : ,
z if h=0.

The formula, see [43], reads

ert.s) = exp{ [ 0 () 80}

We now proceed to give some fundamental properties of the exponenetial function. To

do so it is necessary to introduce the following notation: For regressive p,q: T — R we

define

p®qg=p+q+upg, Sp:=— pOq:=p®(Sp)

P
L+ pup’
We note that the set of all regressive and rd-continuous functions together with the

addition @ is an Abelian group.

Theorem 1.26 /38, Theorem 5.2.] Supposep,q: T — R are regressive and rd-continuous,

then the followings are valid:
(1) eo(t,s) =1 and ey(t,t) =1;
(ii) ep(o(t),s) = (14 pu(t)p(t)) ep(t, s);

(i) g = een(t,s);

(iv) ey(t,s) = ep(ls,t) = egp(s,1);

(V) et s)ep(s,m) = ep(t,7);

16



(Vi) ep(t, s)eq(t, s) = epay(t, 5);

(vii) Zg:g = €poq(t; ).
Next we note the following result from [44].

Theorem 1.27 [38, Theorem 5.8.] If p and f are rd-continuous and p is regressive,

hence the unique solution of the initial value problem
= =p(t)y + f(t), y(to) = yo
s given by
y(t) = yoe,(t, to) + /tt ep(t,o(r))f(T)AT.
0

A comparison theorem follows.

Theorem 1.28 [38, Theorem 5.4.] Suppose y and [ are rd-continuous and p € R*.
Then

yA(t) < p(t)y(t) + f(t) for allt € T

implies

y(t) < yla)ey(t,a) + /t e,(t,o(7)) f(T)AT for all t € T.

The above comparison Theorem 1.28 gives the following interesting results.

Theorem 1.29 /38, Theorem 5.5.](Bernoulli’s Inequality) Suppose o € R with o € RY.
Then

eal(t,s) > 1+ at —s) forallt,s € T.

Theorem 1.30 /38, Theorem 5.6.](Gronwall’s Inequality) Supposey and f are rd-continuous
andp € R*, p>0. Then

y(t) < f(¢) +/ y(7T)p(T)AT for allt € T
mplies

y(t) < f(t) +/ ep(t,o(T))f(T)p(T)AT for allt € T.

17



Example 1.6 [38, Example 5.1.] If T = hZ and y is a nonnegative function on [0, c0)

and b > 0 is a constant such that

y(t) <c(t)+b)» y(kh)
k=0

fort € ]0,00), hence

y(t) < e(t) + bhi:c(kh)(l +bh) =

k=0

If we let h = 1 in the above example we have the following.

Example 1.7 [38, Ezample 5.2.] Suppose {y,}5°, is a sequence of nonnegative real

numbers and b > 0 is a constant such that
n—1

Yo < o+ 0 y(k)
k=0

for n € Ny, so it follows that

n—1

Yn < Cp + chk(l + byt
k=0

Corollary 1.1 /38, Corollary 5.1.] Assume y is rd-continuous and p € R* with p > 0.
Therefore

t
y(t) < / y(7)p(T)AT for allt € T
implies
y(t) <0 forallt € T.

Corollary 1.2 [38, Corollary 5.2.] Suppose y is rd-continuous and o, 5,7 € R with
~v > 0. Therefore

y(t) < a(t —a) +B+7/ty(T)AT forallt €T
implies
v < (248) e -2

We conclude this section with a Bihari type inequality from [45]. To prove this inequality,

we need the following comparison result, whose proof can be found in [45, Theorem 3.1].
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Theorem 1.31 /38, Theorem 5.7.] Suppose h : T x R — R is continuous and nonde-

creasing in the second variable. Suppose v and w satisfy the dynamic inequalities
v® < h(t,v) and w™ > h(t,w).

Therefore v(ty) < w(ty) for some ty € T implies v(t) < w(t) for allt € T.

Then Bihari type inequality, see [45, Theorem 4.2], now reads as follows.

Theorem 1.32 [38, Theorem 5.8.](Bihari’s Inequality) Assume that g is continuous and
nondecreasing, p 18 rd-continuous and nonnegative, and y is rd-continuous. Suppose w is

the solution of

and suppose there is a bijective function G with (G ow)® = p. Therefore

y(t) < p +/ p(7)g (y(7)) AT for allt € T
implies

y(t) < G [G(ﬁ) + /atp(T)AT} forallt €T.
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CHAPTER 2
GENERALIZATIONS OF OPIAL’S INEQUALITY

Over the past decades, generalizations of Opial’s inequality in various directions have
been given, and Opial type inequalities have become a subject in its own right. The

purpose of this chapter is to systematically review these results.
2.1 OPIAL INEQUALITIES

2.1.1 Beesack’s Generalization

Opial’s inequality (1.6) can be generalized by using a different measure on the right side
as follows: Assume that —co < a < f < oo, and p(t), r(t) are functions which are

positive and continuous on (o, 3). Further, let (p(t)r(t))" be continuous on («, 3).

Theorem 2.1 [1/] Assume that p(t) is positive and continuous on the interval —oo <

Tdt

a<t< T <oo with f < 00. Moreover, let f(t) be absolutely continuous on [, T]

with f(t) f f'(s)ds, t € [a 7|, and the conditions

[ oo <o -0 [ 25 wimal (21)

are valid. Then, f(t) satisfies the inequality

/ FOF )] dt < 2 /% /Tp(t)(f’(t)fdt- (2.2)

In addition, in (2.2), equality holds only if f(t) = ¢ [ -4

a p(s)°

Theorem 2.2 [1/] Assume that p(t) is positive and continuous on the interval T < t <

[3 < oo with f’gpd(—i < 00. In addition, let f(t) be absolutely continuous on [T, ] with

ft f'(t)dt, t € [, 5], and the conditions

/T Bp<t> < oo, =0 ([ 45wt (2.3
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is valid. Then, f(t) satisfies the inequality

8 , 1 /% dar [P o
[ saroia <y [ a0 (2.4

Furthermore, in (2.4), equality holds only if f(t) =d f g ds

On combining Theorems 2.1 and 2.2, we obtain the following theorem.

Theorem 2.3 [14] Assume that p(t) is positive and continuous on («, 3) with ’8 ‘?t) <

co. Furthermore, suppose f(t) is absolutely continuous on each of the subintervals |c, 7],

[T, 8] with

/f Yds, t € |a, 7], /f Yds, t € [T, 5],

and such that the conditions (2.1) and (2.3) are satisfied.
Then, f(t) satisfies the inequality

B

/ £OF @< 50 [ o) (70 . (25)
where k and T are such that

T dt /5 dt

_ — — k. 2.6
L=/ (26)
Further, in (2.5), equality is valid only if
tods

t)=c| —,t€c|a,T 2.7

) =c [ St (2.7

and

B S
f(t) =d / ]% te(r.h). 2.8)

2.1.2 Hua’s Generalization

Another non-trivial generalization of Theorem 1.9 is given as follows:

Theorem 2.4 [46] Suppose that f(t) is absolutely continuous on [0,a], and f(0) =

Moreover, suppose that £ is a positive integer. Then, the following inequality is valid

| Istwrwlis S

Further, in (2.9), equality holds if and only if f(t) =

()| dt. (2.9)
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2.1.3 He and Wang’s Generalization

As an application of Hua’s inequality (2.9), we present the following interesting theorem.

Theorem 2.5 [47] Suppose that f(t) is absolutely continuous on [0,a], and f(0) = 0.
Moreover, let £ > 0, 0 < a < [ < a be arbitrary numbers. Therefore, the following

inequality is valid

B U B l ol
[ irorwla< 2 [irorta- S o, (2.10)

Furthermore, in (2.10), equality holds if and only if f(t) = ct.

2.1.4 Yang’s Generalization

Theorem 2.6 [48] Suppose that p(t) is positive and continuous on o, 7| with [ 1% <
0o, and let q(t) be positive, bounded and non-increasing on [«, T]. Furthermore, let f(t)
be absolutely continuous on [, 7], and f(a) = 0. Then, the inequality

r , 1 [m ot [T .
[ awserold < [ 2 [ oo o) 2.11)

holds. Moreover, equality is valid in (2.11) if and only if q(t) =constant, f(t) =c ;%.

Theorem 2.7 [48] Suppose p(t) is positive and continuous on [1, ] with ff % < 00,
and let q(t) be positive, bounded and non-decreasing on |1, [3]. Furthermore, let f(t) be
absolutely continuous on [, 3], and f(3) = 0. Therefore, the following inequality is valid
’ / 1 o dt o / 2
¢ [FO)fF @) dt < 5 o0 p(t)q(t) (f'(t))" dt. (2.12)

B ds

Moreover, equality is valid in (2.12) if and only if q(t) = constant, f(t) = c [, Ok

Corollary 2.1 Suppose that q(t) is positive, bounded and monotonic on [, 5]. Moreover,
let f(t) be absolutely continuous on [, ], and f(a) = f(5) = 0. Then, the following

inequality is valid

g B—a g 2
[ airwrola <5 [ (o) (213)

A generalization of Hua’s inequality (2.9) is given in the following theorem.
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Theorem 2.8 [48] Suppose that f(t) is absolutely continuous on [0,al, and f(0) =

Then, for £, m > 1, the following inequality is valid

/0 FOI1 ) d / P, (2.14)

Theorem 2.9 [/9] Suppose that q(t) and f(t) are as in Theorem 2.6. Then, for £ > 0,

m > 1, the following inequality is valid

[ o isorirora s S —of [aolor .15

Theorem 2.10 [49] Suppose that q(t) and f(t) are as in Theorem 2.7. Then, for £ > 0,

m > 1, the following inequality is valid

’ Lrrd < — [ ") d 2.16
[ oo irara s e [ gl (2.16)

Theorem 2.11 [}9] Suppose that q(t) and f(t) are as in Corollary 2.1. Then, for ¢ >0,
m > 1, the following inequality is valid

m
{4+m

5 8
/ a(t) @) 1f/ (@)™ dt < (B—Oé)e/ a(t) |f'(8)"" dt. (2.17)

2.1.5 Maroni’s Generalization
Another extension of Theorem 2.1 is given as follows:

Theorem 2.12 [50] Suppose p(t) is positive and continuous on [a, 7] with [ p'~#( t)dt <
0o, where u > 1. Furthermore, let f(t) be absolutely continuous on [a, 7], and f(a) =

Then, the following inequality is valid

[iswrana < (/QTpl“<t>dt>m(Lh(fﬂf’(tﬂ”dt)wu, (218)

where * + < = 1. Moreover, equality holds in (2.18) if and only if f(t) = cft T=m(

Next, we present two results which generalize Theorems 2.2 and 2.3, respectively.

Theorem 2.13 [50] Suppose p(t) is positive and continuous on [r, 3] with f’B T=n( )dt <
oo, where p > 1. In addition, let f(t) be absolutely continuous on [1, ], and f(B) =
Then, the following inequality is valid

2/v

[ wosoas] (/fpl“<t>dt>2m(/fp<t>|f’<t>\”dt) | (219)

where + +— = 1. Furthermore, equality holds in (2.19) if and only if f(t) = cfﬂ 1=1(s)ds.
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Theorem 2.14 [50] Suppose p(t) is positive and continuous on |« 5] with ff pIH(t)dt <
00, where i > 2. Furthermore, let f(t) be absolutely continuous on [, 5], and f(a) =

f(B) =0. Then, the following inequality is valid

/ FOF )< ) ( /jpuﬂf'(t)\”dt)w, (2.20)

where /% + % =1, and k and T are such that

(/C: pl_“(t)dt) o = (/Tﬁpl_“(t)dt) " = K. (2.21)

Furthermore, equality holds in (2.20) if and only if

f(t) = c/ p'H(s)ds, t € [, T] (2.22)
and

g
f(t) = d/t pH(s)ds, t € [r, ). (2.23)

2.1.6 Calvert’s Generalization

Using the method of Mallows’ proof of (1.11), in the year 1967, Calvert [51] obtained
three interesting generalizations of Opial’s inequality. We present these generalizations

here.

Theorem 2.15 [51] Suppose that
(1) f(t) is absolutely continuous in [, 7], and f(a) =

(ii) g(t) is continuous, complez-valued, defined in the range of f(t) and for all real t of
the form t(s) = [ |f'(u)| du; |g(t)| < g (|t]) for allt and that g(t) is real for t >0

and is non-decreasing there,
iii) p(t) is positive, continuous and [T p*~*(t)dt < oo, where + +1 =1, yu > 1.
(0% 123 14 'LL
Therefore, the following inequality is valid

[ oo o< |( /;pwwdt)l/” (/ Tp(t)!f’(t)|”dt>l/1; (224)

where F(t fo s)ds, t > 0. Further, in (2.24), equality holds only if f(t) = cf pl~
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Theorem 2.16 [12, Theorem 2.7.2.] Suppose that
(1) f(t) is absolutely continuous on [r, 3], and f(B) =

(ii) g(t) is continuous, complez-valued, defined on the range of f(t) and for all real t of
the form t(s fﬂ |f ()] du; |g(t)] < g (|t]) for allt and that g(t) is real fort > 0

and 1s non—decreasmg there,
(iii) p(t) is positive, continuous and ff p T (t)dt < oo, where i +1i=1pu>1
Then, the following inequality is valid

/ (@) F0lde < F | /fpl-“(t)dt)w (/ 6p(t)|f’(t)|”dt)1/1, (2.25)

where F(t fo s)ds, t > 0. Furthermore, in (2.25), equality is valid only if f(t) =
cft’gpk“ s)ds.

Theorem 2.17 [51] Suppose that f(t), g(t) and p(t) are as in Theorem 2.15, but v < 1,

i + % = 1. Then, the following inequality is valid

S 'dt G ( /a Tpl‘“(t)dty/“ ( /a Tp@)lf’(t)l”dt)l/yi, (2.26)

g(f()

where G(t) = g%, t > 0. Furthermore, in (2.26), equality holds only if f(t) =

c f; pH(s)ds

Theorem 2.18 [12, Theorem 2.7.4.] Suppose that f(t), g(t) and p(t) are as in Theorem
2.16, but v < 1, /% + % = 1. Therefore, the following inequality holds

B fl(t) ’ ( 8 . )1/H< Jé; / , )1/1/
/T Ti0) dt > G /T PR (t)dt /T p(t) |f ()| dt , (2.27)
where G(t) = [y 45, ¢ > 0. Furthermore, in (2.27), equality is valid only if f(t) =
c ﬁpl “(s)ds.

Theorem 2.19 [51] Suppose that fori = 1,2
(1) functions f;(t) are absolutely continuous on [, 7|, and f;(a)) =0,

(ii) functions p;(t) are positive, continuous and |’ (pi(t)) 2 dt < .
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Then, the following inequality is valid

T T

(p1(t)) > dt / (p2(t)) 2 dt (2.28)

[0}

<[ ooy iroPa

2.1.7 Redheffer’s Generalization

[ Unosol+ Ifo L) < { /

T

(palt)? 112(0) 2t

The following theorem replaces the product ff” in Opial’s inequality (1.11) by a weighted

sum of the factors.

Theorem 2.20 [52] On («, 3), let f, v, w and y be absolutely continuous, with
—y*+=(y)’ <0, w'>0, v #0, v>0.
Hence, the following inequality is valid
’ 2,2, Looavi oy
S|+ W) )| dt 2 B -4, (2.29)
where

A =lim i1+1f Py2we!, B = limsup f2y?wo .
t—a t—B~

When w # 0, equality is valid in (2.29) if and only if fy = cv.

2.1.8 Beesack and Das’ Generalization

Theorem 2.21 [53] Assume that {, m are real numbers such that {m > 0 and either
C+m >1, or{+m < 0. Furthermore, suppose p(t), q(t) are non-negative, measurable

functions on («, T) such that

/ ' (p(t)) V™ 4t < oo (2.30)
and
NG
K7, 0,m) = <£+—m) (2.31)
g ( rme1 /€M)
x [ / (a(t) ™" (p(t)) " ( / (p(s))" /€D ds) dt]
< Q.
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If f(t) is absolutely continuous on [, 7], f(a) = 0 and f'(t) does not change sign in

(cr, ), then the following inequality is valid

/ g(t) [FOI1F/(0)™ dt < F(7, ¢, m)/ p(t) |/ () dt. (2.32)
In addition, in (2.32), equality is valid if and only if either m > 0 and f(t) = 0; or

¢ £(1—m)/m
a(t) = )™ ([ (s ) (> 0) (2.33)
and
ft)y=d / t (p(s)) Y™V ds (d real). (2.34)

2.2 OPIAL INEQUALITIES INVOLVING HIGHER ORDER DERIVATIVES

2.2.1 Willett’s Extension

Theorem 2.22 [5/] Suppose that f(t) € C™|0,a] is such that fP(0)=0,0<i<n-—1
(n > 1). Then, the following inequality is valid

/0 1 0F )] de < %a" /0 i@ e, (2.35)

2.2.2 Das’ Extension

Theorem 2.23 [19] Suppose that f(t) € C™~Y(0, a] is such that f7(0) =0,0<i <n—
1 (n > 1). Furthermore, let f™"=Y(t) be absolutely continuous, and [;'|f™ (t)}th < 0.

So, the following inequality is valid

/0 PO L) dt < cqa” / )| d, (2.36)
where
e = % (271”_ 1) C (2.37)

The following Theorem is a generalization of Theorem 2.23.

Theorem 2.24 [19] Assume ¢ and m are positive numbers satisfying £ +m > 1. Fur-
thermore, let f(t) € C"=V[0,a] be such that fD(0)=0,0<i<n—1(n>1), fo V()

)}Z—i-m

absolutely continuous, and foa ‘ F(t dt < oco. Hence, the following inequality is valid

/ FOF O] dt < cpan / ] ar, (2.38)
0 0
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where

a1 — £)760-9
I e (239)

Theorem 2.25 [19] Assume ¢ and m are positive numbers satisfying £ +m = 1. Fur-

thermore, let f(t) € C"=V[0,a] be such that fP(0)=0,0<i<n—1(n>1), f* V()

= |

absolutely continuous, and foa ‘ fm (t)| dt < oo. Therefore, the following inequality is valid

/anf(t)\f|f<n>( " dt< nf/ | £ ()| dt. (2.40)

In (2.40), integrals are interpreted as lim_q+ [

2.2.3 Yang’s Extension

The inequality

/a\f<k><t>mf<n>( ™ dt < f_yal / £ ()™ e (2.41)
0

has been obatined in [55]. A result which generalizes the inequality (2.41) the following:

Theorem 2.26 [56] Let £ > 1, m > 0, 1, > 0,0 < k < n—1, with Y j_or = 1.
Furthermore, let f(t) be as in Theorem 2.24. Therefore, the following inequality is valid

n—1 ¢ n—1
/ (H} fac)(t)rk) | f(n>(t)\mdtgzc;;7k (n—k)e / | £ ”m (2.42)
0 k=0

k=0
where ¢, is given defined in (2.39).
2.2.4 Cheung’s Extension

Lemma 2.27 [12, Lemma 3.5.1.] Assume £, m and f(t) are as in Theorem 2.24. In
addition, suppose q(t) is positive, bounded and non-increasing on [0,a]. Therefore, the

following inequality is valid

Aqwuwﬁwmwﬁﬁsdw{Aqwumwﬁmﬁ, (2.43)
where ¢, is given defined in (2.39).

Corollary 2.2 Assume that ¢, m and f(t) are as in Theorem 2.24. Furthermore, let

0 < {; <qt) < ¢y be continuous on [0,a]. Then, the following inequality is valid
¢ ¢ G o/ e [ Lm
[Lawisorismoras (2) 7 ae [Caolo " a (2.44)
0 1 0
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Theorem 2.28 [57] Assume that ¢ > 1, m >0, r, > 0,0 < k < n—1 with ZZ;& rp = 1.
Furthermore, suppose f(t) and q(t) are as in Theorem 2.24 and Lemma 2.27, respectively.
Then, the following inequality is valid

/0 Cal) <ﬁ|f<k><t>\”) £ dt < 3 rpa® / St |00 dr. (2.45)

Theorem 2.29 [57] Assume that ¢ > 1, m >0, r, > 0,0 < k <n—1 with ZZ;& re = 1.
Furthermore, suppose f(t) and q(t) are as in Theorem 2.24 and Corollary 2.2, respectively.
Then, the inequality (2.45) with the right hand side multiplied by ((y/¢,)Y ™) s valid.

2.2.5 Li’s Extension

An extension of Theorem 2.21 is the following:

Theorem 2.30 [58] Suppose that

(i) 7, 0 < k < n are non-negative numbers and satisfy r =Y ;_ori > 1y, >0, r > 1,

(ii) p(t) and q(t) are positive functions on [0,a] such that
¢

Pult) = [t =90 () D s <
0

and

(r—rn)/r

K(p, C]) _ [/sz (qr(t)pfrn@))l/(?’—rn) 1:[ (Pk<t))rk(r—1)/(T—rn) dt] < o0,

(iii) f(t) is as in Theorem 2.22.

In addition, the following inequality is valid

[ ao T o a < ()" 58D P irora, i)

r
n—1

where ) = H [(n—k—1)I"*.

k=0
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2.2.6 Fink’s Extension

Theorem 2.31 [59] Suppose 0 < k < r < n (n > 2), but fizred, and let f(t) €
C=110,a], fD(0) =0,0 < i < n—1, f"I(t) absolutely continuous, and [;' | f™ ()" dt <
oo, where p > 1 and % + % = 1. Thus, the following inequality is valid

a a 2/p
/ ‘f(k) ()" ()| dt < C (n, k,r, ) g k—r1=2/u {/ ‘f(”) (t)|u dt} , (2.47)
0 0
where
1
C(n,k, k = A4
LA 2((n—k—1)[(n—k—1)v+1]" 248)
and
C(nk,r ) < 2 (2.49)

m—k—=Dn—mN[(n—rw+1"[@n—k—r—1)v+2""
2.2.7 Pachpatte’s Extension

A theorem involving two functions and their higher order derivatives is given as embodied

in the following theorem:

Theorem 2.32 [22] For j = 1,2 suppose f;(t) € C"Y|0,a] is such that f;i)(O) =0,

0<i<n-—1(n>1). Furthermore, suppose f;nfl)(t) is absolutely continuous, and
2

Oa fj(”) (t)’ dt < oco. Therefore, the following inequality is valid

| ([nos70] + 120 >Ddts(:na/<\f<”> )|+ [ {) (2:50)

where ¢, is defined in (2.37). Furthermore, in (2.50), equality holds if and only if n = 1
and f" (1) = ;" (1) = c.
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CHAPTER 3
DISCRETE OPIAL INEQUALITIES

1955 paper of Fan, Taussky and Todd [60] has brought about a lively interest in discrete
inequalities. Further, the prominence discrete analysis has gained over the past decades
makes the study of discrete inequalities even more important. Many discrete inequalities
involving functions and their sums and diferences have been obtained. Although some
results in the discrete case are similar to those already known in the continuous case, the
adaptation from continuous to discrete is not always direct, but often requires special
devices.

Discrete analogues of Opial type inequalities commenced in 1967-69 with the papers of
Lasota [61], Wong [62], Lee [63] and Beesack [64], which provided discrete versions of
Opial’s original inequality, and the generalizations due to Hua and Yang, respectively.
The large volume of works on the subject (see for example [65]) demonstrates the vitality
of the subject.

In this chapter, we use extensively [12].

3.1 LASOTA’S INEQUALITY

A discrete analogue of Theorem 1.6 is given as follows :

Theorem 3.1 [61] Suppose {f,}f\io is a sequence of numbers, and fo = fny = 0. Then,

the following inequality is valid

N-1 LT 17 Y
Z |iAfi] < 5 [T+] Z AfI, (3.1)
i=1 =0

where A is the forward difference operator, i.e., Af; = fix1 — fi, and [.] is the greatest

integer function.

If N is even, then the inequality (3.1) is sharp.
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Theorem 3.2

(i) /12, Theorem 5.2.2.](Discrete Opial inequality) Suppose {f;}._, is a sequence of num-
bers, and fo = 0. Then, the following inequality is valid

Z |fildfi] < z

(3.2)

(ii) /12, Theorem 5.2.3.] Suppose that {fl} is a sequence of numbers, and fy = 0.

=T

Then, the following inequality is valid

Z faf < ST LSS agp. (33

=T

(iii) /12, Theorem 5.2.4.] Suppose that {f;}._, is a sequence of numbers, and fo = 0.

Then, the following inequality is valid

SIAVA < TSIV, (3.4)
=1 =1

where V is the backward difference operator, i.e., Vfi = fi — fi_1
3.2 WONG’S INEQUALITY

The following theorem is the discrete analogue of the inequality (2.9).

Theorem 3.3 [62] Assume {f;}._, is a non-decreasing sequence of non-negative num-
bers, and fo = 0. Then, for { > 1, the following inequality is valid
L (T+ 1) < 41

Vi < \ 3.5
2 INVES S 29 (3:5)

=1

where V is the backward difference operator, that is V f; = fi — fi_1.

Remark 3.1 In terms of the forward difference operator, Af;, above Wong’s inequality
(8.5) can be restated as follows;
{fi}_y is a non-decreasing sequence of non-negative numbers with fo =0, for ¢ > 1, the
mequality
T—1 ¢ 71
S stanf < TS agy

i+12Ji = i

— (+1 ‘

Il
o

1s valid where A is the forward difference operator.
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3.3 LEE’S INEQUALITY

A discrete analogue of the inequality (2.14) which in particular reduces to (3.5) is the

following:

Theorem 3.4 [63] Suppose {f;}._, is a non-decreasing sequence of non-negative num-

bers, and fo = 0. Then,
(1) if >0, m>0,l+m>1o0rl <0, m<0,
SV < K S (VA (36)
i—1 i=1
where Ko = ma, o= ((+m)~", and forn =1, 2, ...
K, = max {Kn,l + Lant, ma (n + 1)6} ;
(i) >0, m<0,l+m<1,l+m#0o0rl<0,m>0,{+m>1,
S VA S OO (VA (37)
=1 i=1
where Cy = ma, and forn =1, 2, ...
C,, = min {C’n_l + Lan®!, ma (n + 1)6} )
Furthermore, in particular,
(iii) if ¢ > 1, m > 1, then (3.6) is valid with K, replaced by K., where K, = ma (1 +1);

iv) if £ <0, m <0, then (3.6) is valid with K, replaced by K., where K, = ma and
(iv) if y K 0
form=1,2, ., K =1+la) ., =y

(v) if ¢ >1,04+m <0, then (3.7) is valid with C; replaced by K.

Theorem 3.5 [12, Theorem 5.4.2.] Suppose {f;}._, is a sequence of numbers, and fo =
0. Then,
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G ift>0,m>0,l+m>1,

SIACIVA™ <KD IVEAITT, (3.8)
=1 =1

(ii) if £ > 1, m > 1, (3.8) is valid with K, replaced by K.

Theorem 3.6 [12, Theorem 5.4.3.] Suppose {fi}f\;ﬂ is a sequence of numbers, and
fn =0. Then,

G ift>0,m>0,l+m>1,

N-1 N-1
Z A V™ < Kyorea Z VIS (3.9)
1=7+1 i=7+1

(i) £>1, m>1, (39) is valid with Kn_,_1 replaced by Ky . 1.
N-1 N-1
Z IV AT < Ky Z V£,
i=1 i=1

Theorem 3.7 [12, Theorem 5.4.4.] Assume {fi}fio is a sequence of numbers, and fo =
fn =0. Then,

G ift>0,m>0,l+m>1,

N-1 N-1
DA VAT < Ky YO IVATT (3.10)
1=1 =1

(i) £ >1, m>1, (3.10) is valid with K[ﬂ] replaced by f{[ﬁ]
2 2
3.4 PACHPATTE’S INEQUALITY

An inequality involving two sequences is embodied in the following;:

Theorem 3.8 [66] Assume {f;}._, and {g;}._, are non-decreasing sequences of non-

negative numbers, and fo = go = 0. Then, the following inequality is valid

=

T—1

FiBg + gin Af] < 5 D7 [(AF)? + (Ag)?] (3.11)

1=0

T—

(2

Il
=)
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Corollary 3.1 [12, Corollary 5.5.2.] Assume {f;}._, is a non-decreasing sequence of

non-negative numbers, and fo = 0. Then, the following inequality is valid

Z fiatfi< T S Ah (3.12)

1=0

Theorem 3.9 [12, Theorem 5.5.3.] Assume {f;}._, and {g;},_, are sequences of num-
bers, and fo = go = 0. Then, the following inequality is valid

T—1

Z |fiAg + ginAfi] < g Z [(Afi)* + (Ag)?] - (3.13)
i=0

=0

,_.

Theorem 3.10 [67] Assume {f;}._, and {g;}._, are sequences of numbers, and fo =
go = 0. Then, the following inequality is valid

S 1AV 0V < LS (VAR + (V). (3.14)

i=1 i=1
Theorem 3.11 [67] Assume that {f;}._, be a sequence of numbers, and fo = 0. Fur-
thermore, let x(t) be defined for all t = f;; and for all t of the form t(j) = f;:l \V fxl;
z(t) < x(|t|) for all t and that x(t) is non-decreasing for t > 0. Then, the following

() (o)

inequality 1s valid

D le(f)VEI < F (Z V£l )

=1

IVfil, (3.15)

where F(t fo s)ds, t > 0.

Theorem 3.12 [67] Assume {f;}._, and f(t) are as in Theorem 3.11. Then, the follow-

ing inequality is valid

e (f}vm) (3.10

i=1

_g (m (Zw>)—<x (ZW)) VAl

where Gt f b ds

0 z(s)’

Vi
1 z(fi)

3.5 G. MILOVANOVIC I. MILOVANOVIC’S INEQUALITY

The main theorem of this section which has been ascribed to Opial type inequalities is

given as follows:
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Theorem 3.13 [68] Suppose that {r;}1} and {p:}["} are sequences of positive numbers,
and suppose {Q;(t)}_, is polynomials defined by

_ Tt Y , T ‘ o
5 @E:f%@%—(%A chqa) ayﬁiEQ%ﬂw,y_szwT (3.17)

Qo(t) = Qo #0, Q4(t) = 0.

In addition, suppose {fi}_, is a sequence of numbers with fo = 0. Then, the following

inequalities is valid
A1 Zpiff < Zﬁfivfi < )\szifi27 (3.18)
i=1 i=1 i=1

where Ay and X\, are the minimal and mazimal zeros of the polynomial Q. (t). Further-

more, in the left (right) of (3.18), equality is valid if and only if fi = (c/\/Di) Qi—1(N),

i=1,...,7 where A = \i(\;) and c is an arbitrary constant.
3.6 BEESACK’S INEQUALITY

Theorem 3.14 The following inequalities are true:

- i B - a+p
Zg? (Zgj) < A (a, B) (Zgz) , (3.19)

or

a+

T g B T
Zg? (Z gj> > a,(a, B) <Z gz) , (3.20)

for all values of the parameters o, 5 and all g; > 0.
3.7 AGARWAL AND PANG’S INEQUALITY

In this section for the convenience we shall use the following notation: For a < b, a,
b € N, [a,b] represents the discrete interval [a, a + 1, ---,b], and for ¢ € R, (c)l' is the
usual factorial notation, i.e., (c)") = ¢(c — 1)---(¢c — r 4+ 1). For the discrete function f(3),
i € [a,b] the first order forward difference operator A is defined as Af(i) = f(i+1)— f(i),
i € [a, b— 1], whereas the n-th order difference operator A" is recursively defined as

A" = A"Y(A), 0 > 1.
Theorem 3.15 [69] Suppose that
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(i) f(i),i€[0, 7+n—1], is such that A7 f(0) =0,0<j<n-—1,
(i) p(i) > 0 and q(i) > 0 are defined on [0, T — 1],
(iii) r>1,r,>0,0<j<n-—1,r>r, >0 are given numbers.

Then we have the following:

T—1 n T—1 (o+rn)/r
S a [T Iak o)™ < K [Zp(z‘) rA"f(z'M’"] :

=0 k=0

where

rn/T
Tn
Ky = Ky (p, g {rj},rn,7) = (a+r > o
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CHAPTER 4
OPIAL DYNAMIC INEQUALITIES ON TIME SCALES

In this chapter, we use extensively [70].
In 1960 Opial proved that if f is absolutely continuous on [a,b] with f(a) = f(b) = 0,
then

[ wonrola< S50 [rofa. (4.1)

We also note if f is absolutely continuous on (0,b) with f(0) = 0, then

/|f O 1F/(1)] dt < /|f ()| dt. (4.2)

The discrete version of (4.1) was presented by Lasota [61] and is given by

— 1[h+1] « 9

Af < = [ —— Af; 4.
;m m_Q[J;\ il (43)
where {fi},<;<) i a sequence of real numbers with fy = f, = 0 and [f] is the greatest

integer function. For a real sequence { f;},.;-, with fo = 0, we obtain

h—1 h—1 h—1
Z|szfz| < TZMMZ (4.4)
=1 =0

The chapter is organized as follows. In Section 4.1 we establish some first order Opial type
inequalities and in Section 4.2 we establish some generalizations. Section 4.3 discusses
inequalities with two different weight functions and in Section 4.4 we present some Opial
type inequalities involving higher order derivatives.

Throughout this chapter (usually without mentioning) the integrals in the statements of

the theorems are supposed to exist.
4.1 OPIAL TYPE INEQUALITIES I

In this section, we will present some inequalities of Opial’s type on time scales with first
order derivatives. The results in this section are taken from [70] which were adapted from

33, 71- 75].
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Theorem 4.1 Suppose T is a time scale with 0, h € T. For a delta differentiable f :
[0, hlr— R with f(0) =0, therefore

h

/ £+ 701 [F20)| At < b / AP A (4.5)

0

with equality when f(t) = ct.
The following theorem gives the nabla Opial inequality on time scales.

Theorem 4.2 Suppose T is a time scale with 0, h € T. For a nabla differentiable f :
[0, h]lp— R with fYV(t) ld-continuous and f(0) = 0, therefore

h

[+ rolrovesn [P, (46)

0

with equality when f(t) = ct.
We next give a generalization of Theorem 4.1 when f(0) need not be equal to 0.

Theorem 4.3 Suppose T is a time scale with 0, h € T. For a delta differentiable f :
0, h]r— R, therefore

/h|f(t)+f"(t)| [fA)] At < a/Oh}fA(t)}QAtJr?ﬁ/oh\fA(t)Mt, (4.7)
where
a € T with dist (g, a> = dist (g,T) , (4.8)

and f =max {f(0), f(h)}.
The proof of the following theorem follows from the proof of Theorem 4.3 when 3 = 0.

Theorem 4.4 Suppose T is a time scale with 0, h € T. For a delta differentiable f :
0, h]r— R, with f(0) = f(h) =0, therefore

h

Jiro+ranrols<a [ (49)

0

where a is given as in (4.8).
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In the following, we present some generalizations of the above inequalities which lead to

Opial type inequalities with weight functions.

Theorem 4.5 Suppose T is a time scale with 0, h € T and w(t) be a positive and
h

rd-continuous function on [0, hlr such that /wlq(t)At < 00, q > 1. For a delta differ-

0
entiable f : [0, hlr— R with f(0) = 0, therefore

/h 10+ rollrPolacs (| hwl—%t)m)g (/ () \fA(tﬂpAt)i , (4.10)

t
where p > 1 and 1/p+1/q = 1 and with equality when f(t) = c/wl_q(s)As.

0

Theorem 4.6 Suppose T is a time scale with 0, h € T and w(t) be a positive and
h

rd-continuous function on [0, hlr such that /wl_q(t)At < 00, q > 1. For a delta differ-

0
entiable f : [0, hlr— R, therefore

h h 2/p h
J110+ o wllA ) a < o ( / wlfA(t)lpAt) 128 / F2 ()] A,

where p > 1 and 1/p+1/q =1, f = max{f(0), f(h)}, and

v = max {/Oa w'(t)At, /ah wl_q(t)At} ,

and

a € T with dist (g,a> = dist (g,T) .

Corollary 4.1 Assume T is a time scale with 0, h € T and w(t) be a positive and
h

rd-continuous function on [0, hly such that /wlq(t)At < 00, ¢ > 1. For a delta differ-

0
entiable f : [0, hlr— R with f(0) = f(h) =0, thus

h h 2/p
[ 176+ 0112 0] a0 < 2 ( [ !fA(t)!pAt> , (4.11)

wherep > 1 and 1/p+1/q=1 and

v = max {/Oa w'™(t)At, /ah wl_q(t)At} ,

43



and
o (P (D
a € T with dist 3= dist E’T . (4.12)

Theorem 4.7 Assume that a,b € T and q, f € C},([a,b]r,R) with f(a) = 0. Therefore

b b
/ A () + 17 )] F2 ()| An < Ky(b,a) / (F2(n)* A, (4.13)
where
b 1/2
K,(b,a) == <2/ ¢(t) [o(t) — a] At) , fort € [a,bly. (4.14)

The following theorem is complementary to Theorem 4.7.

Theorem 4.8 Suppose that a,b € T and q, f € C([a,b]r, R) with f(b) = 0. Therefore

[ a7+ 1) £2 )] A < Ly0.) [ (120" A, (4.15
where

b 1/2
L,(b,a) = (2/ Ft)[b—1 At) , fort € la,bly. (4.16)

The following result combines Theorem 4.7 and Theorem 4.8 on the segments [a, ¢|7 and

¢, b]T, respectively.

Theorem 4.9 Suppose that a,b € T and q, f € CY([a,b]r,R) with f(a) = f(b) = 0.
Therefore

b
/q(n)\[f(an”( ()] An < max {K,(b, ), ca}/ )? A,

is valid for any c € [a,b|y, where K,, L, are as defined in (4.14) and (4.16), respectively.

Corollary 4.2 Suppose that a,b € T and q, f € CY,([a,b]r,R) with f(a) = f(b) = 0.

Therefore we obtain

/ () |[f () + £ ()] f2 ()] An
< CéI[lalil]T {max {K,(b, c), L,(c,a }} fA An,

where K, L, are as defined in (4.14) and (4.16), respectively.
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In the following, we give some Opial dynamic inequalities with two different weight func-

tions.

Theorem 4.10 Ifr and q are positive rd-continuous functions on [0, h]r, foh (At/r(t)) <

00, q nonincreasing and f : [0, h]r — R is delta differentiable with f(0) = 0, therefore

"AL
r(t)

Theorem 4.11 Suppose T is a time scale with a, T € T. Suppose that s € C.q4([a, 7|1, R)

h h 9
/0 0|0+ 17(0) A0 At < / / r(B)a(t) | A0 AL, (4.17)

and 1 are a positive rd-continuous function on (a,7)r such that [T rt(t)At < oo. If
y : [a, 7]t — R is delta differentiable with y(a) = 0 (and y* does not change sign in
(a,T)r) then we get

| 5@ vte) + v @ s> @)] 82 < Kifa.) [ (@) [y A, (4.15)

a

where

) = va ([ TE (A0 s (M) (419

Theorem 4.12 Assume T is a time scale with 7,b € T. Let s € Cpq([7,b]1,R) and r be

a positive rd-continuous function on (7,b)r such that fTb r Y t)At < oo. Ify: [r,blr — R

is delta differentiable with y(b) = 0 (and y* does not change sign in (7,b)r), then we get

[ 5@ ly@) + v @ [p>@)] Ar < Ka(r) [ 1) |y )] Ao, (4.20)

where

e (20 2) o) uot2).

In the following, we assume that there exists 7 € (a,b) which is the unique solution of

the equation
K(a,b) = Ky(a,7) = K3(7,b) < c0. (4.22)

where Kj(a,7) and Ky(7,b) are defined as in Theorem 4.11 and Theorem 4.12 and we
establish an inequality when y(a) = 0 = y(b).

Theorem 4.13 Suppose that T is a time scale with a,b € T. Assume that s € Cy4([a, b]r, R)

and r be a positive rd-continuous function on [a,bly such that fab r i t)At < oco. If
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y : [a,blr — R is delta differentiable with y(a) = 0 = y(b) (and y* does not change sign

in (a,b)r), then we obtain

/ 5(2) ly(x) + 7 (@)] [y (@)| Ax < K(a,b) / r(@) [y (@) A, (4.23)

where K (a,b) is given as in 4.22.
4.2 OPIAL TYPE INEQUALITIES II

In this section we give some other Opial type inequalities on time scales. The results in

this section are taken from [70] which were adapted from [73, 74, 76, 77].

Theorem 4.14 Assume that a, 7 € T and r € Cyy([a,7|r,R") be such that r(t) is
nonincreasing on [a, Ty and p > 0 and ¢ > 1. Assume that f : [a,T]r — R is delta

differentiable with f(a) = 0. Therefore

/Tr(t) FOF A0 At < M/Tr(t) \fﬁ(t)\”” At. (4.24)

P+q a

Theorem 4.15 Assume that a, b € T andr € C,q([7,b]r,RT) be such that r(t) is nonin-
creasing on [1,blr andp > 0 and ¢ > 1. Assume that f : [1,blr — R is delta differentiable
with f(b) = 0. Therefore

’ D rA q q b A pt+q
/T rO1FOF[P20] st < b= 7) / r(0) | £ ()7 At (4.25)

The combination of Theorems 4.14 and 4.15 by choosing 7 = (a+b)/2 gives the following

theorem.

Theorem 4.16 Assume that a, b € T and r € Cyq([a,b]r,R") be such that r(t) is non-
increasing on [a,blr and nonincreasing on [a,blyr and p > 0 and ¢ > 1. Assume that

f :la,blr — R is delta differentiable with f(a) = f(b) = 0. Therefore

b _a\? [ g
/ar(t)|f(t)|p}fA(t)}th§]%q(b2 ) /GT(thA(t)} At. (4.26)

Theorem 4.17 Suppose T is a time scale with a,7 € T and p € Cry([a, 7], R) with
faT (p(t))l_a At < 00, a > 1. Suppose the function q(t) is positive, bounded, and nonin-
creasing on |a,T|r. If f : [a,7]N'T — R is delta differentiable with f(a) = 0, thus for
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v >0,

[aviseripolse < ([ Aea) wam
g (/;WMH”@ \f%)\”N)

where i + % =1.
A slight modification of the argument above gives the following result.

Theorem 4.18 Suppose that T is a time scale with a,7 € T and p € Cyy([7,b),R)
with fTb (p(t)' " At < 0o, a > 1. Suppose the function q(t) is positive, bounded, and
nondecreasing on [1,bly. If f : [7,0] N T — R is delta differentiable with f(b) = 0, thus
for v >0,

/TbQ(t)|f(t)|7{fA(t){At < vil (/pra—ll(t)At) 4 (4.28)

<(/ e (0 [P0 o)

wh,ereé—l—%: 1.

Theorem 4.19 Assume T is a time scale with a,b € T and 7 € [a,bly. Let p €
Cra(la,7),R) with [} (p())"™* At < oo, and fTb (p(t))' " At < 00, @ > 14 . Assume
the function q(t) is positive, bounded, and nonincreasing on |a, 7], and nondecreasing in

[7,b]T. Assume that

1+ 1ty
_</ ! At)av—</b L At) ’ (4.29)
ARV - () | |
If f : [a,b]r — R is delta differentiable with f(a) = f(b) = 0, thus for v >0,

14y

[aonsariolacs 2 ([omrsolrora) (1:30)

Ty+1

whereé—i—%: 1.

In the following, we establish an inequality of Opial type which depends on the smallest
eigenvalue of a boundary value problems on time scales. We will assume that the boundary

value problem

(r(t) (ud(£))")" = Bs™ () (1),

(4.31)
u(0) = 0, r(b) (uA(1))" = Bs(B)ur(b),
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has a solution u(t) such that u®(¢) > 0 on the interval [a, b];, where 7, s are nonnegative

rd-continuous functions on (0,b)r. Let

o= ()

Theorem 4.20 Suppose T is a time scale with 0,b € T and suppose r, s are non-negative

rd-continuous functions on (0,b)y such that 4.31 has a solution for some B > 0. If

f:00,6]NT — R is delta differentiable with f(0) = 0, thus for p > 0,

b b . p
/0 SOIFOP RO < g / ) [PAOPT o+ L (4.32)

1
(p+1) (p+1)8
b

x / [t () = 1 (O (s ()] 77 () A

0

4.3 OPIAL TYPE INEQUALITIES III

The results in this section are taken from [70] which were adapted from [78].

Theorem 4.21 Suppose T is a time scale with a, 7 € T and p, q is positive real numbers
such that p > 1, and let r, s be nonnegative rd-continuous functions on (a, )t such that
faTTPJ:ql*l (t)At < 0. Ify:[a, 7] N'T — R* is delta differentiable with y(a) =0, (and y*

does not change sign in (a, )t ), therefore we get

/ Cs(@) (@) + P @ [ @)]" Az < K (a,7,p,0) / (@) [y @) A, (4.33)
where

 62p—1 q v
Ki(a,7,p,q) = 2% (ZTQ (4.34)

With [a, 7], replaced by [7,b]; and |y(z)| = fxb ‘yA(t)‘ At in Theorem 4.21, we have the

following result.

Theorem 4.22 Assume T is a time scale with 7, b € T and p, q are positive real numbers

such that p > 1, and let v, s be nonnegative rd-continuous functions on (7,b)r such that
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fTbrpgql*l (t)At < oo. Ify: [1,b]N'T — R* is delta differentiable with y(b) =0, (and y*

does not change sign in (1,b)r), therefore we get

/ $(2) ly(@) + o (@) |42 (@)]" Az < Ko(r,b.p.q) / r() [y ()] A, (4.35)

where

Ky(r,bp,q) = 221 (ﬁ)” (4.36)
( pt+q

In the following, we suppose that
K(pa Q) = Kl(a'7 T,D, Q) - K2(7—7 bapu q) < 0,

where Ki(a,7,p,q) and Ks(7,b,p,q) are defined as in Theorems 4.21 and 4.22 and 7 is
the unique solution of the equation K (a,7,p,q) = Ky(7,b,p,q). Note that,

[ @@+ @F [y @)l A

= [ @)+ @P @[ A+ [ s+ @ |t 0] A,

so combining Theorems 4.21 and 4.22 gives us the following theorem.

Theorem 4.23 Assume that T is a time scale with a, b € T and p, q are positive real
numbers such that p > 1, and let r, s be nonnegative rd-continuous functions on (a,b)r
such that ffrp+_ql—1(t)At <oo. Ify:a, b)) NT — R is delta differentiable with y(a) =

0 =1y(b), (and y* does not change sign in (a,b)r), therefore we obtain
b b
[ s@ @)+ @ [ @) Ax < Kipq) [ @) @) A, (4.37)

Theorem 4.24 Suppose T is a time scale with a, T € T and p, q are positive real numbers
such that p < 1, p+q > 1 and let r, s be nonnegative rd-continuous functions on (a,7)t
such that [T Pt ()At < oo. Ify:[a,7]NT — R* is delta differentiable with y(a) =0,

(and y® does not change sign in (a,T)t), therefore we obtain
/ s(@) [y(x) +y7 (@)" [y (@)|" Az < Ki(a, 7, p, Q)/ r(@) [y (@) A, (4.38)
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where

»

Ki(a,7,p,q) = sup (/ﬁ(x)@)mp <L)+ (4.39)

a<a<r r(z) P+aq

</ S“q’éf:;) (/ P (t)At) o Ax) & .

4.4 HIGHER ORDER OPIAL TYPE INEQUALITIES

In this section, we state some Opial type inequalities involving higher order derivatives.
The results in this section are taken from [70] which were adapted from [33, 35, 74, 78-81].

We note that the definition of the generalized Taylor Monomials which is given as follows:

1 . k=0,

hi(t,s) ==
t:9) [fhe1(6,8)AE , k€N,

for all s, t € T. For simplicity, for y>" we mean the (nth) delta derivative of y which is

A
equivalent to (yAn_1> for n € N.

Theorem 4.25 Suppose T is a time scale with a, b € T and y € sz)([a,b] NnT). If
Y2 (a) =0, fori=0,1,....,n — 1, therefore

[wonolae < |2 ([ ([ hosttotonras) At)é (4.40)
x/ab\yﬁ"(t)fm.

Theorem 4.26 Assume T is a time scale with a, b € T, p and q are real numbers such

that 1/p+1/qg=1 andy € C’ﬁg)([a,b] NT). Ify (a) =0, fori =0,1,....n— 1, therefore

oot s Q) ([ ([ntaors))

b
x/ [y (t)|" At.

Theorem 4.27 Assume T is a time scale with a, b € T and l, m are positive real numbers

such that l+m > 1, andy € C’fg)([a, b|NT). ]ny(a) =0, fori=0,1,...,n—1, therefore

b B m\ b T
/|y(t)|’|yA " At < (l—i——m> (/ H<l+m1)(t,s)At) (4.41)

b
<[l
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where

t
H(t,s) = / (hns(t,0(s))) FT As.
Note that Theorem 4.27 cannot be applied when [+ m = 1. In the following theorem we

present an inequality which can be applied in this case.

Theorem 4.28 Assume T is a time scale with a, b € T and l, m are positive real numbers

such that l+m =1 and y € C’(n)([a, bNT). If y»'(a) =0, fori=0,1,...,n—1, therefore

/|y LA (6™ At < mm (/abhnl(t,a)At>l/ab\yA”(t)|At. (4.42)

Theorem 4.29 Assume T is a time scale with a, b € T and p, q are positive real numbers
such that p > 0 and q > 1. Suppose that h is a positive rd-continuous function and is
nonincreasing on [a, 7|t and y € Cﬁg)([a, b|NT). Ify2(a) =0, fori =0,1,...,n—1,
therefore

[ or | o) e < 20 [ 5 @ a, (1.43)

Theorem 4.30 Assume T is a time scale with a, b € T and p, q are positive real numbers
such that p > 0 and g > 1. Assume that h is a positive rd-continuous function and
is nonincreasing on [a,T|r and x,y € Cﬁz)([a,b] NT). If 22 (a) = y'(a) = 0, for
1=20,1,...,n — 1, therefore

b
/h(t) [z(@®)P [y2" O] + [y@®)F |22 (#)]] At (4.44)
2q(b —a)™ / e o2 O+ [y 0] At

P+q

Theorem 4.31 Assume T is a time scale with a, b € T and p, q are positive real numbers
such that p > 0 and ¢ > 1. Assume that h be a positive rd-continuous function and
is monincreasing on [a,T|r and x,y € C’ﬁg)([a,b] NT). If 22 (a) = y*'(a) = 0 and
22 (b) = y2'(b) = 0, fori=0,1,...,n — 1, therefore

/ h(t) [l [y ()] + @) |27 (1)|"] At (4.45)

z%]q (b;a>m /abh@) =2 O+ [y~ 0] At

In the following, we present some inequalities with two different weight functions.
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Theorem 4.32 Suppose T is a time scale with a,7 € T, let p € Crq([a, 7|1, R) with

/T (p(t)' ™ At < 00, (a>1).

Assume q is a positive bounded rd-continuous function and is nonincreasing on [a,T|t.

Let y € C’ﬁg)([a,T]T). ]ny(a) =0, fori=0,1,...,n — 1, thus for r > 0, we obtain
147

[ alr > 0] 8¢ < Autra) ( [ st b o) At) " (4.46)

where
1+r

A(ra) = 77O </a7p1a(t)At) R (4.47)

r+1 a v
Theorem 4.33 Assume T is a time scale with a, b € T and l,m,r are positive real
numbers such that [+m > 1 and r > 1. In addition, let p and q be positive rd-continuous
function defined on [a,b]NT and y € C’ﬁg)([a, bNT). If y» (a) =0, fori=0,1,...,n—1,

therefore

I+m

T

[ a0 utol 1 @ 2 < Mattm i) ( e |y“<s>|“As) , (4.48)

T—m

Arllm,pog.r) = (—)m/ (/ o O (1) (P ) ar) (1.49)

Theorem 4.34 Assume T is a time scale with a, b € T and [, m are positive real numbers
such that l+m > 1 and r > 1. In addition, let p and q be positive rd-continuous functions

defined on [a,b) T and y € C([a,b] N'T). If y>'(a) =0, k <i < n — 1, therefore

[Caw ] @] 1> @l s < dattomra) ([ o) > 6] 55) o

a
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Theorem 4.35 Assume T is a time scale with a, b € T and o, 5 are positive real numbers
such that o+ B > 1, and let p, q be nonnegative rd-continuous functions on (a,b)r and

y € Cﬁg)([a,b] NT). [fyAi(a) =0, fori=0,1,...,n — 1, therefore

b b
/ A&) [y [y ()] At < As(a,b,0, 5) / plt) |y (0" A, (4.50)
where
5 3 (oo (e, L)
As(a.b, o, B) = . q- no1 (5O A At
st <O‘+5> / pa(t) / paFsi(s) ’
(4.51)
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CHAPTER 5
SOME WEIGHTED OPIAL TYPE INEQUALITIES ON TIME SCALES

In this chapter we use [73]. We establish some generalized weighted Opial type inequalities

on time scales.

Theorem 5.1 Suppose that the function f(t) given by
fila,b)nT—-R (b>a=0)

be delta differentiable on [a,b] N'T. Also let
p=0andq21,

and suppose that h(t) is a right-continuous, positive and non-increasing function on [a, T]N

T. Then the Opial type inequality

’ b
[ rorsariporacs (4 ) o-ar [ sorar

P+q

1s valid true.

Proof. Assume that the function g(f) is given by

o0 = [ BN P Ss (e farnD),

so that

a) = 0 and g>(1) = [h(0)) 7% [ 740" 5.1

When ¢ > 1, by using Holder’s inequality with indices

7

d
qand =7,
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we obtain

)] < /LﬁwﬂAs

17AN 1A
| B ——
/: Q\
31 ~
= e
— >
| —~
B V2
+‘,_. ~—
= |
SN— s
_Q +‘>—A
| ‘Q Q
= N———
7 N\ T
— o
= w
x |
B> o
» m‘l
N— =
—
Q Q\H_
S ?
—
= W
Q= ~—r
S
3
[~}
~
>
—
»
~
N————
VA
1

= (a7 (- a)T [g(t)]s,

which readily gives

RO [FOP < (t-a)" T [g(t)]7 . (5.2)
When ¢ = 1, we find that

()]

A
SR
= =
>

which shows that the inequality (5.2) is valid true also when ¢ = 1. Therefore, by means
of (5.1) and (5.2), we have that

/UMMﬂmH#uWAt
- /Tumﬁwﬂmwmm#m%@wAt
/T@—@W“w@ﬁf@At

(
(T—apq / Z
a
p(q p(g—1) q
(1 —a)
P+q

since (by definition) g(a) = 0 as given by (5.1).

A

A

A

On the other hand, from Holder’s inequality with indices

p+q pP+q
— and —,
D q

o6



we obtain
o) = [ o 2o

(/aTIT'At)piq {/aT <[h(t)]ﬁ }fA(t)}quq At}piq

< (1 —a)r (/;h(t) A At) "

A

Hence, we finally find

/aTh(t) FOP | A0 At < (L) (7 —a)” / w720 [P A,

Ptq

which evidently completes the proof of Theorem 5.1. m

Theorem 5.2 Assume that the function f : [a,b] N'T — R is delta differentiable with
f(b) =0. Also let

p20andq=1,

and assume that h(t) is a right-continuous, positive and non-increasing function on [T, b]N

T. Then

b
[ nwlsor o
b
< (L) (b—71) / Bty | £2 ()] At (5.3)

pPt+q
Proof. We consider a function ¢(t) given by
b q
o) = [N [P As e frin)
so that
g(8) = 0 and g*(t) = — [b(B)] 7 [ 7(0)|" (54)

When ¢ > 1, by using Holder’s inequality with indices

7

d
qand =,

o7



we obtain

()] < / 1£5(s)] As

A A
| — | | — |
_ @N
> >
-~ ~
S— Ly
- >
‘ —~
S| V)
I =
2
~ -
I o
= N——
/\ ‘
N -
o
- B
>
®
~__
| I
_Q
)
—~
~
~—
Q=

= [a@)] 7 (- [g(t)]7

which implies the following inequality:

p(g—1) P
q

@)]7 [fOF S (bt 7 [g(t)]7. (5.5)

When ¢ = 1, we obtain
b
JRECES
b 1 1
= [ ) B )] A

t

A

()]

= BOIF [ )| s
() g0,

which shows that the inequality (5.5) is valid true also when ¢ = 1. Thus, by (5.4) and
(5.5), we obtain that

b b
/ B 1FOF |F2 0] A = / @) | F @O (B(0)]77 | 50| At
< [ -0 g0l [0t )] A

p(g—1)

< 0-0" [ (~lt) a0

p(g—1)

< (-1 <
S e LA

Ptq

g
=+ =
Q
N————
|
=)
~~
~
Pt
"73
_
=]
N—

since (by definition) ¢g(b) = 0 as given by (5.4).

On the other hand, in view of Holder’s inequality with indices

p+q pP+q
— and —,
D q

o8



we obtain

or) = [ I o) s

(/Tbl’T’.At)"L {/T" ([h(t)]”%q |fA(t)|q>TAtriq
e </b mo) Ao At> :

Hence, we finally find

17

A

b
[ nolsr | o) a
g q ’ Ay |PHa
< [ —— b—Tp/htft At,
< (L)oo [hole)
which is precisely the inequality (5.3) asserted by Theorem 5.2. m

Theorem 5.3 Let the function f : [a,b] N T — R be delta differentiable with

p=20, ¢g=21 and 7€]la,bNT.

Moreover, suppose that the function h(t) is positive and non-increasing on [a, 7] N'T and

non-increasing on [1,b) N'T. Then
b
JRCICRISUIRN
< (L) (r—a)’ / ROITROIES

P+q

n (L) (b— 1) /Tb h(t) | F2 )7 At (5.6)

Ptq

Proof. By Theorem 5.1 and 5.2, we obtain
b T
/ W FOF |F2 0] A = / W) AP | £2 )] At

b
+ / W) LFOP | £2 )] At

< <]%q) (r —a)" / n(e) | fA 0 A
() o= [ no e

29



which obviously completes the proof of Theorem 5.3. m

By setting
a+b
T =
2

in Theorem 5.3, we arrive at an interesting special case as given below.

Corollary 5.1 The following weighted Opial type inequality is valid true on time scales:

/ B 1FOP |£2 )] At

<piq) (b;“)p/abh<t) |27 At. (5.7)

A
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CHAPTER 6

OPIAL TYPE INEQUALITIES FOR DIAMOND-ALPHA DERIVATIVES
AND INTEGRALS ON TIME SCALES

In this chapter we use [82]. We establish some Opial type inequalities on time scales via
the notion of the diamond-alpha derivative which is a general concept covering both delta
and nabla derivatives on time scales.

The main goal of the present chapter is to construct some Opial type inequalities via
the concepts of {,-differentiability and {,-integrability. Therefore, we not only unify
the continuous and discrete versions of the well-known Opial type inequalities but also
combine and extend Theorem 1.13 and Theorem 1.14.

We suppose throughout this chapter that 0 is contained in the time scale.
6.1 FIRST-ORDER OPIAL INEQUALITIES

In this section, we introduce a sequence of Opial type inequalities for first-order diamond

alpha derivatives on time scales.

Theorem 6.1 Suppose that o € [0,1] and h € T with h > 0. For any f € C}_ with
f(0) =0 and a(l — a)fAfY >0, we get

h h h )
@3/ ((F + 1) 2] (t)At+(1—Oé)3/ ((f + 1) Y| )Vt < h/ (f9°)" (#)0at. (6.1)
0 0 0
Proof. By Theorem 1.13, we may write that
3 " A A 3 " Y A
7 <
o [+ war<atn [ () (.
and Theorem 1.14 gives
3 " 3 " 2
=o' [+ T 0ve<a-afn [ (7 0
0 0
Also, since
(fo)" = (%) +2a(1—a) fAf¥ + (1 =)’ (f7)
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and

Ay =0,

we obtain

0? (f2)* < ()7 and (1—a)* (£%)? < (£%). (6.2)
Combining the above inequalities, we have

@ [+ 520800 [+ 57 v
<h (a3 /Oh (f2)* (At + (1 —a)?’/oh (fv)Q(t)Vt)
o () (04 (- a) / (o) vt)

:h/o (£°2)? (£)Oat.

This completes the proof. m
Note that if we take a = 1 or a = 0, then Theorem 6.1 reduces to Theorem 1.13 and

Theorem 1.14, respectively.

Theorem 6.2 Assume that o € [0,1] and h € T with h > 0. For any f € C§_ with
af®>0and (1—a)fY >0, we get

o8 / (F+ 17) 12 (DAL + (1 - ) / (F + 1) £7| () vt
< 3 / (£9°)2 ()0t + 27 (1 — 30+ 302) (f(h) — £(0)).
where

f:= min max{u,h —u} and v :=max{|f(0)|,|f(h)|}.

u€[0,h]NT

Proof. Since af® > 0, it follows from [2, Theorem 6.27] that
h h h

a3/ ((f+ ) 2] ()AL < Ba?’/ (F2)* (1) At + 27043/ fA)AL
0 0 0

h 2
= 8o [ (14 (At + 2008 (1) = 0)).
Similarly, using the fact (1 — a) f¥ > 0, one can obtain
h h )
(1-a) /O |((f+ )Y (OVE< B (L= a) /0 (f7)" (OVE+2y (1= a)* (f(h) = £(0)).

62



Now combining these inequalities and also using (6.2), we get that

h h
aS/O (F 4 17) £ ()AL + (1 a>3/0 1+ 17) 17| ()t

<ofe [ (Y At (1) [ oy vt
+27 [@® + (1= )] (f(R) = £(0))

(6<_2) 3 {a/oh (f)* ()AL + (1 — ) /Oh (f)? (t)Vt}
+2v [0+ (1 — )] (f(h) — £(0))

_ ﬁ/oh (£22)? (£)0at + 27 (1 = 3a + 3a2) (f(h) — £(0)),

which completes the proof. m

Corollary 6.1 Assume a € [0,1] and h € T with h > 0. For any f € C}_ with af® >0,
(1 a)f7 >0, and f(0) = f(h) =0, we gel

o8 / (4 17) £ (DAL + (1 — ) / I+ 77) 17| ()t < 8 / (£9)? (£)0ut,

where 3 1s as in Theorem 6.2.
Proof. Since f(h) — f(0) = 0, the proof follows immediately from Theorem 6.1. m

Theorem 6.3 Suppose o € [0,1] and h € T with h > 0. Suppose that g : [0, h] — RT is

a nonincreasing continuous function. For any f € C’éa with a(1 — ) fAfY >0, we get

o? / (07 |(F + 1) £5[] ()AL + (1 — a)? / 07| (f + ) £7|] (vt
< h / g(t) () (1)0at.

Proof. By [2, Theorem 6.29], we have

h h 9
o [ G+ A Oac< et [ () oA

Similarly, we can obtain that
h

h
(1 - a) / 07|+ 17) 17]] ()¢ < (1— o) h / o(t) (F%)? ().

0
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Combining these inequalities and using (6.2), we obtain at
h h
o [ G+ Oac o= [l + 7] wve
<ifat [Ca0 () e+ a- ot [ a0 () vt

0
(6.2)

< h{o‘/o g(t) (f<>a)2(t>At+<1—oa>/0 g(t) (fOQ)Z(t)Vt}
_ / o(t) (£°)? (£)0ut,

which concludes the proof. m
6.2 HIGHER-ORDER OPIAL INEQUALITIES

In this section, we get a sequence of Opial type inequalities for first-order diamond alpha
derivatives on time scales. Throughout this section, we say that a function f : [0,h] — R
is in the class Cf if f is n times OQ,-differentiable such that o fA" is rd-continuous,
(1—a)fV" is Id-continuous, and a(1—«)f% is continuous. This guarantees the existence

of all occurring integrals.

Lemma 6.4 Assume i € N and j € Ng. Suppose f is (i + j) times Q,-differentiable. If

(1— oé)f%—lvw > 0, then
FORNT > o pOETIATHE
and if af% AV >0, then

F > (1= a)

Proof. We get

For = (1) =R e (- )T

so that

JORA = R (1= a) fORTVAY > g oA

and

FOV = af AT 4 (1= a) O 2 (L)
where we get used the above assumptions. m
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Lemma 6.5 Suppose that n € N. Assume that [ is n times Q-differentiable. If (1 —
oz)fogfjflVN >0 for all j € {0,...,n — 1}, then

for = an A

and if afogfjflAvj >0 forall j €{0,...,n — 1}, then

O = (1= a) s

Proof. We use Lemma 6.4 for i = n — j, where j € {0, ...,n — 1}, to obtain
FOR = fORAY > qfORTIAT > > qnel pORATTE 5 gn pORAT — g pAT

and similarly
fOR= Y > (1= ) fOY > (1= a) Y = (1= a) Y
where we get used the above assumptions. m

Theorem 6.6 Suppose thatm,n € N, a € [0,1], and h € T with h > 0. For any [ € C}_
with af~(0) = (1 —a)f¥’(0) = 0, afos VA > 0 and (1— a)fog_j_lAVj > 0 for all
j€{0,...,n—1} and af>" >0 and (1 —a)fV" >0, we get

<Z fk fa m > A"
(Z FEeem ) Al
h
< hnm/ (fQZ)m+1 (t)oat
0

o (m+1)+1

(t)At

_|_(1 o a)n (m+1)+1

(H)Vt

Proof. It follows from [2, Theorem 6.30] that

(Z FEee)m ) £

Similarly, we obtain

n(m+1)+

h
(AL < an(m+1)+1hnm/ (fA")m‘f‘l (H)AL.
0

(l_anerl

(Vi

[

k=0

h
< (1= )"t e (VY (vt
0
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Using the assumptions and raising the inequalities from Lemma 6.5 to the (m + 1)st

power, we get
an(m+1) (fAn)m-‘rl S (fog)erl and (1 . a)n(m+1) (fvn)m+1 S (fog)m+1 .
So, combining everything, we get
h m
an(erl)Jrl/ <Z fk(fﬁ)ﬂlk) fAn
0 k=0
h m
+(1— a)"(m+1)+1/ (Z fk(fp)m—k> fV"
0 k=0
h h
0 0
h
< 0 [ )0t
0

which completes the proof. m

(H)At

(H)Vt

We note that if m = n = 1, then the conclusion of Theorem 6.6 reduces to the conclusion

of Theorem 6.1.

Corollary 6.2 Assumen € N, a € [0,1], and h € T with h > 0. For any f € C}_
with af2(0) = (1 —a)f¥’ (0) = 0, afos VA > 0 and (1— a)foz_j_lAvj > 0 for all
j€{0,...,n—1} and af>" >0 and (1 —a)fV" >0, we get
h h
2t [T+ ) 2 0t + (=P 74 )17 09
0 0
h
< h”/ (£O) (£) Ot
0

Proof. Take m =1 in Theorem 6.6. m

Corollary 6.3 Assume that m € N, a € [0,1], and h € T with h > 0. For any f € C}_
with f(0) =0 fV >0, and f > 0, we get

e | h (i f’“(f")"“’“) I
e [ (S

k=0
h
0

< [ ()™ 00t

(H)At

(Vi

Proof. Take n =1 in Theorem 6.6. m
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CHAPTER 7
GENERALIZED DIAMOND-ALPHA DYNAMIC OPIAL INEQUALITIES

In this chapter we use [83]. We establish some dynamic Opial type diamond-alpha in-
equalities in time scales.

In this chapter, the above given Theorem 6.1 is improved in the sense of removing the
restriction given by the condition a(1 — a)f2fY > 0 as well as the left hand side of
inequality (6.1) refined to a compact form, being composed of a single diamond-alpha
integral. In this sense, the next theorem, Theorem 7.1, and its consequences extend
and unify the previously obtained delta and nabla Opial dynamic inequalities in a more

accurate way than that given by Theorem 6.1.

7.1 IMPROVED DIAMOND-ALPHA OPIAL INEQUALITIES

Theorem 7.1 Assume T is a time scale. For {-differentiable f : [p(0),0(h)lr — R
with f € C1 and f(0) =0 we get

r

with equality when f(t) = ct.

(f2)<>a

(t)0ut < h /0 ' |70 (£)Oat, (7.1)

Proof. Starting with the left side of (7.1) and using the fact that

ffoo=aff*+ 1 -a)ffy

we obtain,

/Oh‘(fg)oa

h
(t)0at = /O |FFO +af 2+ (L= ) f £V | (£)Oat
h
— o / F10 + afmfA 4 (1= a)fof¥| ()AL
h
+(1 —a)/o [0 +aff2+ 1 —a)ffY] (1) Vi
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IN

h h
a/ ‘ffOQ‘(t)At+a2/ |7 F2] (A
0 0

h h
+a(1—a)/0 |fpfv|(t)At+(1—a)/0 {ff0a|(t)w
—i—al—04/h|f"fA )Vt + 1—042/h|f'”fV

- /\affA o) F £ (¢ At+a/ £ £5 (¢
+a(1—a/ |f”fv|
1—a/ af f2 4+ (1— a)f 17| () Ve
+a1—a/o |f”fA | (6)VE + ( 1—a)2/0 Y] (1) Vit
_— / (71 + 177D | £2] (At
° h
ta(l - a) / (71 + 172 |£7| (t) At
ta(l - a) / (U] + 1£°) (1)
(1 a) / (U714 177D |77 () At
h
S ARATEIEIONY
° h
(1 ap / 1+ 172D | 77]] (6)ve
to(l - a) / 71+ 17D | £2] (vt
ta(l - a) / (171 + 172D |£7]] (At

Letting v(t) = fot | £ (s)| Oas, we then have y* = |f2], y¥ = | fV| and since

1529/ 0as| = 110 = F O = 500

(t) = / 1£92(5)] Oas >

giving | f| < y as long as {,-anti derivative of f exists. So

< a? / (7 +47) 7] (DAL + (1 — )? / (7 +9)77] () V¢
° h ° h
ta(l - a) / (7 +17)7%] ()VE + a1 — o) / (7 +7%)77] (DA
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- / (1%)°" ()0t

= 7(h) =)

- [/Oh|f0a<s>»<>as]2
< h/oh\f0a<s>|2<>as

where we get used Holder’s inequality for A(z) =1 and p=2. m

We illustrate the result obtained in Theorem 7.1 with an example.

Example 7.1 Suppose T = [—1,4] NZ is the time scale and f : T — R with o = 2,

V)

~1 , if t=4+1
f&)=< 0 , if t=0
5, if t>2.

Then,

h

% ()0at =

0

+ / ()20 + (V0] V(0)

[\

_|_
(]
S
=~
_l’_
=
_l’_
—
—
—
—
~
_l’_
—
~—

— /()
() + f(t=1)) (f(t) = f(t = 1))]]

3

(
[Z (P +1) = =)+ [(AE+1) = 2t = 1))

t=0 t=1

and similarly,

[l




(P20 + (7)) A+ / (£ + (17(0))° W}

| — |
MO\
)

(FE+1) = (fE =1+ D (FE+1) = (f(t~ 1)))2]

t=1

1
~

Il

=]

S 0|~ ook
~| &

63 _ 189
and so we get 3.5 = ==.

Hence the inequality in Theorem 7.1 is valid.

The next two theorems are extensions of Theorem 7.1.

Theorem 7.2 Assume [ : [p(0),0(h)]r — R is O-differentiable. Then

[er

where

<>at<v/ £ Oa+26/ 79[ Ot

B =max{[f(O)[,[f(R)[}, v = min max{u,h—u}.

u€[0,h]NT

Proof. We consider ~(t fo | fO(s)| Oas and z( ft | f92(s)| Ous. Then we get,

_|f<>a . 200 __|f<>a|’y — |fA"y — ‘fA|,y = |fv‘,y = ‘fv| yielding
f@F < 1f(E) = FO)]+f(0)]

= | [ 76100 + 15100

< [ 1£99)] 0us +1£0)

0
= (@) +[£(0)]

and similarly, | f(¢)| < z(t) + |f(R)].
Assume that u € [p(0),0(h)];. Then

[l 00w < [ l6+ 17007 +a 67 + 102
H1—a) (7 1 [F(O)) 1] Out
= )~ 4%(0) + 217(0)|7(u)
< (155 0ut +2000) [ 1720 0ut

where we have used Holder’s inequality for h(z) = 1 and p = 2. Therefore we have

/ ()0 (1)0at < 22(u) — 22(h) + 2| £ ()] =(u)
< <h—u>/ }foa\zoat+2|f(h)|/ £ 0.
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By putting v = ueI[{Jlth]lﬁT max {u,h —u}, 5 =max{|f(0)], |f(h)|} and adding the above

two inequalities, we obtain

h h h
2<>a Oa2 2 <>a )
/Oi(ﬂ \(t)oatév/o £ Oa + 6/0 £ Oat. m

Theorem 7.3 Suppose that f : [p(0),0(h)]r — R is On-differentiable with f(0) = f(h) =
0. Then

/Oh‘(fz)oa

where v is given in Theorem 7.2.

h
(t)Oat§7/0 ‘foa|2<>on

Proof. We consider 7(t) = f(f | fO(s)] Oas and z(t) = fth | fo(s)| Oas. Then,

o = 0], 20 = =]y = |12, v = |7

/ on(s)

< / 1£99(5)| Oas + | £(0)] = 7(t) + |£(0)

and

F@1 < 1f#) = FO]+[£0)] = Qas +1£(0)]

and similarly

O] < =)+ 1]
Assume that u € [p(0), o(h)]r, then
[l @0 < [(1a+ 10D +at 150
H1-a) (0 O] 0
() = 0) 21O
< u (1P o+ 2150 [ 15 0] ot

where we have used Holder’s inequality for h(z) = 1 and p = 2. Therefore we have

h
/ (20 (00at < 22(u) — 22(h) + 21 £(R)] 2(u)

h h
< (h=w) [ [ out205®)] [ 157 Ot

By putting v = uer[glihr]lmr max {u, h — u} and adding the above two inequalities, we obtain

[l @0at <3 [ 1o 0o m
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