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ABSTRACT

MODELLING A JANUS PARTICLE ACTIVATED BY
AN OPTICAL POTENTIAL

Umar Rauf

M.S. in Mechanical Engineering

Advisor: Luca Biancofiore

September 2023

The flow around a Janus particle under an optical potential is investigated. The

thermal effects are majorly overlooked while studying the Janus particle although

fluid heating caused by optical potential might negligible but the fluid heating

caused due to Janus particle acting as a heating source is not negligible. The

stream function approach is used to model the behavior of an activated Janus

particle. The explicit finite difference method (FDM) is used to numerically ob-

tain the solution. BIL-FLOW, an in-house FDM code is developed and validated

for flow around a Janus particle under an optical potential. Additionally, The

BIL-OP, an in-house optical module based on geometric ray approximation is

developed and validated. BIL-OP utilizes linear algebra to calculate three di-

mensional (3D) optical force.

Keywords: Janus Particle, Computational Fluid Dynamics, Geometrical Optics.
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ÖZET

OPTIK POTENSIYEL TARAFINDAN
ETKINLEşTIRILEN JANUS PARÇACIğI

MODELLENMESI

Umar Rauf

Makine Mühendisliği, Yüksek Lisans

Tez Danışmanı: Luca Biancofiore

Eylül 2023

Janus parçacığı etrafındaki akış optik potansiyel altında araştırıldı. Janus

parçacığını incelerken termal etkiler büyük ölçüde göz ardı edilir. Optik potan-

siyelin neden olduğu sıvı ısınması ihmal edilebilir düzeyde olmayabilir ancak sıvı

ısınması Janus parçacığının bir ısıtma kaynağı olarak hareket etmesinden kay-

naklanan nedenler göz ardı edilemez. Akış fonksiyonu yaklaşımı, etkinleştirilmiş

bir Janus parçacığının davranışını modellemek için kullanılır. Çözümü sayısal

olarak elde etmek için açık sonlu farklar yöntemi (FDM) kullanılır. BIL-FLOW,

şirket içi bir FDM kodu, optik potansiyel altında Janus parçacığı etrafındaki akış

için geliştirildi ve doğrulandı. BIL-OP, geometrik ışın yaklaşımına dayanan şirket

içi bir optik modülü, geliştirildi ve doğrulandı. BIL-OP, üç boyutlu (3D) optik

kuvveti hesaplamak için doğrusal cebirden yararlanır.

Anahtar sözcükler : Janus Parçacığı, Hesaplamalı Akışkanlar Dinamiği, Ge-

ometrik Optik.
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Chapter 1

Introduction

The problem at hand ,flow past a activated Janus particle, is multidisciplinary

spanning the domains of fluid mechanics, physics, optics and particle dynamics.

This thesis majorly focuses and contributes to the field of fluid mechanics and

optics. Particularly. we focused on the thermal effect around a activated Janus

particle and utilized Boussinesq-approximation to investigate the effect of optical

potential on a janus particle.

External flow over bodies has been a fundamental problem of fluid mechanics

and an area of interest for physicists,mathematicians and engineers alike for a long

time. The Navier-Stokes equation are used to solve problems ranging from blood

flow through the arteries in heart to weather,rivers and space patterns. [1–3].The

flow around a sphere was first investigated by Stokes almost two centuries ago.

he calculated the solution in condition that the Reynolds number is very small

or flow in which the viscous force are highly dominating the inertial forces. [1].

Whitehead [4] solved the equation for case in which the Reynolds number is not

very small. He obtained an higher order expansion in terms of Reynolds numbers.

The procedure he developed was iterative which calculated the inertial terms in

equation of motion. The procedure involved expansion of the flow in power of

Reynolds number. He showed that the second expansion of velocity remains finite

at infinity and does not satisfy the boundary condition at infinity in other words,
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Higher approximation of velocity diverges at infinity [5]. The expansion of flow in

powers of Reynolds number breakdown’s and is widely known as the whitehead

Paradox. The Whitehead Paradox was later resolved by Oseen. He linearized the

inertial term far from the sphere. He showed that the approximation of velocity

and its derivatives is a linear problem and it can be solved analytically [6]. The

same problem was also investigated by Kaplun and Lagerstrom [7] who used

method of matched asymptotic expansions, which was later utilized by Proudman

and Pearson to obtain higher order approximate solution of flow past a sphere and

cylinder. They noted that it is possible to obtain finite number of terms which

provides solution of required accuracy but this does not apply to successive term

in higher order uniform approximation [5].

Many problems in fluid mechanics were solved by using the method of matched

asymptotic expansions.Van Dyke also utilized this method to obtain solution of

viscous flow at low Reynolds numbers [8]. He matched the expansion of Stokes’s

with Oseen’s to solve the Whitehead paradox. The same method was also uti-

lized by Kohr to solve in-compressible low Reynolds flow around a cylinder [9].

Umemura used this to solve flow past two cylinders under low Reynolds flow [10].

Datta and Singhal extended this by solving fluid flow past a sphere source at

it’s centre. He obtain the solution of the Navier-Stokes Equations with matched

asymptotic expansions method by applying the stream function formulation with

vorticity. He established the Stokes’s expansion as inner expansion and Oseen’s

expansion as outer expansion. He used inner and outer expansion to obtain the

undetermined coefficients in both expansions and was able to obtain higher order

expansions [11].

The finite difference method (FDM) is a numerical technique which is used

to obtain solutions of partial differential equations (PDEs) by approximating the

derivatives in PDEs. The method is easier to implement for simpler geometries

(sphere,cylinder etc) and domains (rectangular,cylindrical,spherical etc) but be-

comes complicated for complex geometries. A number of authors used FDM to

obtain solutions of in-compressible and compressible flow past a sphere and cylin-

der. [12] Chorin applied FDM to solve Navier-Stokes equations for incompressible

fluid. He realized the capability of the use of FDM for problems having two and
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three dimensional space. The numerical solution of the steady viscous flow past

a stationary deformable bubble was presented by Christov and Volkov [13]. They

applied a coordinate transformation such that the unknown region can be mapped

to a known region and infinity was approximated by a large value. Hence, the

boundary condition was satisfied. They used second-order finite difference ap-

proximation and their solutions were in good agreement with theoretical and

experimental results. Fornberg obtained the numerical solution of the steady in-

compressible flow past a sphere. The Steady-State (SS) Navier-Stokes equations

were used to describe the equations of motion. The SS Navier-Stokes equations

were rewritten in terms of Vorticity and stream function in cylindrical coordinate

system and solved using central second-order finite difference scheme [14]. The

wakes took the form of Hill’s spherical vortex. A similar work was carried out

by Zhang to solve driven cavity. He solved SS Navier-Stokes equations in primi-

tive variables using FDM, The non-linear terms were discretized by combination

of second-order forward and backward finite difference schemes while the linear

terms were discretized by the second-order central difference scheme. The systems

of equations obtained were then solved by the multi grid method. The results

were agreement with vorticity-stream function results [15]. Juncu also worked

on Steady viscous flow past a sphere. The unique aspect of his work was that

he used the non-dimensional vorticity-stream function formulation in spherical

coordinates and he studied Reynolds up-to 500. He utilized second-order central

finite difference scheme as it predicts the flow accurately and he observed that

the convergence decreased with decrease in Reynolds. The results obtained were

comparable to those present in literature [16]. Lai also used vorticity-stream func-

tion formulation and developed a fourth-order finite difference scheme to solve

incompressible Navier-Stokes equations in a disk, their results agreed with studies

carried out previously [17]. Li and Wang similarly applied vorticity-stream func-

tion formulation and used fast finite difference method to solve incompressible

Navier-Stokes equations in irregular domains on a Cartesian grid as aforemen-

tioned grid is suitable for solving complex geometries. The results showed that

the numerical solutions obtained were second-order accurate [18].

The aim of this thesis is to revisit the problem of flow past a sphere and derive
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the dimensionless Navier-Stokes equations using the vorticity-stream function

with a coordinate transformation and validate the model with existing litera-

ture [19]. The Boussinesq approximation (the density difference is ignored except

where they come in terms multiplied by gravity) named after Joseph Valentin

Boussinesq and used for buoyancy driven flows will then be similarly derived

in vorticity-stream function formulation. Additionally, the dimensionless energy

equation will be solved for the fluid and solid sphere separately, The major differ-

ence being that the energy equation in solid sphere will have the optical potential

acting as the source term, which for this work will be approximated as Gaussian

profile to replicate a Gaussian beam. The final step will be to treat the sphere as

a Janus particle and The source term will be acting only on one half of the sphere.

The non-dimensionalized equations will then be solved using central second-order

finite difference approximation and The optics module will also be developed and

validated with existing Literature which will calculate the force and torque on a

spherical Janus particle.

This thesis is organized as follows. Chapter 2 Computational Modelling of fluid

in presence of Janus Particle and analyses the effect of different parameters on

fluid behavior around Janus sphere. Chapter 3 Geometrical Ray Approximation

for optical tweezers under different optical potential explores the optical effect

upon the model. In Chapter 4, we present a novel memory architecture that can

make use of stored data about the transients of previously experienced anomalies

to aid in obtaining a resilient adaptive control system. Finally, a conclusion is

provided in Chapter 5. Throughout the thesis, for all the modules and numerical

simulations carried out the results are summarized and concluded.
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Chapter 2

Modelling Thermal Distribution

around an Activated Janus

Particle

2.1 Introduction

The Stokes flow, a key presumption for the behavior of the fluid regime, is a

fundamental framework used in this study. According to the Stokes flow regime,

inertial fluid forces are small in comparison to viscous forces. This presumption

is consistent with low Reynolds number conditions, such as those that frequently

occur in microfluidics or when working with extremely viscous fluids. The study

tries to simplify the governing equations and focus on the dominating viscous

forces at work by using the Stokes flow assumption.

By simultaneously solving momentum and energy equations for the particle

and the surrounding fluid, the current study addresses the complex interactions

between a solid object and a fluid medium. This strategy seeks to understand

the complex dynamics at the solid-fluid interface, encompassing the interactions

between forces and energy exchange events.
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The Boussinesq approximations have also been used to simplify the mathe-

matical study of thermal effects in the fluid medium. The ability to represent

density fluctuations as linear functions of temperature deviations is made possi-

ble by these approximations, which are useful in situations where temperature

differences in the fluid are modest compared to its average temperature. The

original momentum and energy equations can be simplified in this way, leading

to a more manageable mathematical framework that more accurately captures

the nature of physical reality.

The integration of the energy equation with the derivation founded on the

Stokes flow premise is an important extension of this conceptual framework. In

order to account for thermal impacts, the Stokes flow’s basic presumptions must

be expanded. The study aims to describe the complex interplay between the solid

and fluid entities while accounting for temperature fluctuations by integrating

the energy equation, which captures the transmission of thermal energy, with the

Stokes flow basis. This coupling broadens the analytical focus and offers a more

thorough insight of the behavior of the system.

2.1.1 Notations

We denote the (·) to represent the dot product and use (×) to denote the cross

product.
∑

represents the summation. The ’Re’ and ’Gr’ represents the Reynolds

and Grashoff numbers respectively. ∇, E and e2ZE2 represents the operators. The

bold characters represents the vector quantities. The subscript usually represents

the components of vectors.

2.2 Problem Statement

To model the behavior of an activated Janus sphere in two configurations while

applying the Boussinesq approximation. The continuity, momentum and energy

6



equations were solved for the fluid around a Janus sphere while the energy equa-

tion in the solid sphere with a Gaussian beam acting as a source term is coupled

with the fluid’s energy equation and this coupling broadens the stokes flow and

offer’s a more deep insight while considering the effect of Grashoff system.

2.3 Governing Equations

The governing equations for a stokes flow consists of the conservation of mass

∇ · u = 0, (2.1)

The momentum/Boussinesq equation (conservation of momentum) of motion

reads (Steady State, also using continuity),

(u.∇)u =
(−∇p)
ρ0

+ ν∇2u+
ρg

ρ0
, (2.2)

In this equation, density variations are assumed to have a fixed part and another

part that has a linear dependence on temperature given as ρ = ρ0− ρ0α(T −T0),

where α is the coefficient of thermal expansion. The Boussinesq approximation

states that the density variation is only important in the buoyancy term. The

final equation becomes

(∇.u)u = − 1

ρ0
∇(p− ρ0g · z) + ν∇2u− gα(T − T0), (2.3)

where u is the velocity field, g is the gravity,ρ is the density and ν is the kinematic

viscosity.

The temperature profile for the Janus particle is derived using the Fourier’s law

(Steady State) which is derived by Thomas Bickel [20], which is, Here we merely

quote the temperature profile in the liquid phase (r > a):

T (r, θ) = T0 +
∆T

π

+∞∑
n=0

tnPn(c)(
a

r
)n+1 (2.4)

with c = cos θ and Legendre polynomial Pn. The coefficients tn are given by

t2k = −t2k+1 =
(−1)k

2k + 1

7



where t0=1+π
2
,Identifying the power P absorbed by the metal cap with the total

outward heat flow, one readily establishes the relation with the excess tempera-

ture: P=(2π+4)ka∆T.

The energy equation solved by [20] is,

k∇2T = q(r) (2.5)

where q is the power absorbed by the metal cap side of the sphere, and k is the

thermal conductivity of the particle and surrounding (taken as same).The cap

conductivity kc is usually much higher than k; if their ratio is larger than the

ratio of particle radius and cap thickness, kc/k > a/d, the cap forms an isotherm.

The energy equation for the particle as well as the fluid will be solved sep-

arately,and the solid and fluid will communicate with each other through flux

boundary condition. The energy equation for both medium are explained below:

The energy equation for the particle is,

kp∇2Tp + q(r) = 0 (2.6)

The energy equation for the fluid is,

kf∇2Tf = (u.∇)Tf (2.7)

where kp and kf are the thermal conductivity of the particle and the surround-

ing fluid respectively. Now we use momentum equation to obtain the solution of

Boussinesq approximation (through Stream Function).

Referring to the spherical coordinates system (r,θ,ϕ) as in figure. 2.1. Let the

ambient velocity be upward and along the polar (z) axis: (u,v,w)=(0,0,W) while

the gravity g is directed downwards. Axial symmetry demands

∂

∂ϕ
= 0, and u = (ur(r, θ), uθ(r, θ), 0)

Continuity equation becomes,

1

r2
∂

∂r
(r2ur) +

1

r

∂

∂θ
(uθ sin θ) = 0 (2.8)

8



Figure 2.1: Spherical Coordinates.

As in the case of rectangular coordinates, we define the stream function ψ to

satisfy the continuity equation identically

ur =
1

r2 sin θ

∂ψ

∂θ
, uθ = − 1

r sin θ

∂ψ

∂r
(2.9)

At infinity, the uniform velocity W along z axis can be decomposed into radial

and polar components

ur = W cos θ =
1

r2 sin θ

∂ψ

∂θ
, uθ = −W sin θ = − 1

r sin θ

∂ψ

∂r
, r ∼ ∞ (2.10)

The corresponding stream function at infinity follows by integration

ψ =
W

2
r2 sin2 θ, r ∼ ∞ (2.11)

Using the vector identity,

∇× (∇× u) = ∇(∇ · u)−∇2u,

(u.∇)u = ∇(
1

2
u2)− u× (∇× u)

this becomes utilizing continuity

∇2u = −∇× (∇× u) = −∇× ζ

9



∇2u = −∇× ζ

Taking the curl of momentum equation (2.3) and using the identity derived, we

obtain

∇× (u.∇)u = ∇×− 1

ρ0
∇(p− ρ0g · z) +∇× ν∇2u−∇× gα(T − T0)

The equation simplifies to,

∇× (u.∇)u = ∇× ν∇2u−∇× gα(T − T0)

∇× (u.∇)u+∇× gα(T − T0) = ∇× ν∇2u

where α, ν are constants and ζ is vorticity, which is expressed as ζ=∇× u.

For now consider the right side of the equation only

∇2u = −∇× ζ

R.H.S : −ν∇×∇× ζ, (2.12)

−ν∇×∇×∇× u,

from straight forward algebra u can be obtained (basic Stokes-flow derivation)

u = ∇× (
ψeϕ

r sin θ
),

Substituting in equation 2.12 we obtain

−ν∇×∇×∇×∇× (
ψeϕ

r sin θ
) (2.13)

The left side of the equation is

L.H.S : ∇× (u.∇)u+ α∇× (T − T0)g, (2.14)

now using the identity

∇×ΨA = Ψ∇×A+ (∇Ψ)×A

Where A is vector and Ψ is a scalar, equation 2.14 can be simplified as

α[(T − T0)∇× g + (∇(T − T0)× g)]

10



where ∇× g =0 (curl of gradient is zero), also using the identity

(u.∇)u = ∇(
1

2
u2)− u× (∇× u)

as ζ=∇× u.

Hence the L.H.S simplifies to

−∇× (u× ζ) + α(∇(T − T0)× g (2.15)

expanding the cross product in spherical coordinates

(α)

r2 sin θ

∣∣∣∣∣∣∣∣
er reθ r sin θeϕ

∂T
∂r

∂T
∂θ

0

−g cos θ rg sin θ 0

∣∣∣∣∣∣∣∣
which can simplify to

(α)

r2 sin θ
[r sin θ(

∂T

∂r
rg sin θ +

∂T

∂θ
g cos θ)]eϕ

further simplification yields

−∇× (u× ζ) +
(α)

r
(
∂T

∂r
rg sin θ +

∂T

∂θ
g cos θ)eϕ (2.16)

Hence the whole equation becomes

−ν∇×∇×∇×∇× (
ψeϕ

r sin θ
) = −∇× (u× ζ)eϕ

+
(α)

r
(
∂T

∂r
rg sin θ +

∂T

∂θ
g cos θ)eϕ

(2.17)

after equating for eϕ it becomes a scalar equation for ψ, it is written as:

−∇×(u×ζ)+ (α)

r
(
∂T

∂r
rg sin θ+

∂T

∂θ
g cos θ) = −ν∇×∇×∇×∇×(

ψ

r sin θ
) (2.18)

After expanding the equation, the final equation is[
∂ψ

∂r
· ∂
∂θ

(
E2ψ

r2 sin2 θ

)
−∂ψ
∂θ

· ∂
∂r

(
E2ψ

r2 sin2 θ

)]
sin θ−

αg[
∂T

∂r
r sin θ +

∂T

∂θ
cos θ] sin θ = νE4ψ

(2.19)

where

E2 =
∂2

∂r2
+

sin θ

r2
∂

∂θ
(

1

sin θ

∂

∂θ
) (2.20)
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The final equation (2.19) may be split into two simultaneous second order equa-

tions by introducing vorticity ζ as

E2ψ = ζr sin θ (2.21)[
∂ψ

∂r
· ∂
∂θ

(
ζ

r sin θ

)
−∂ψ
∂θ

· ∂
∂r

(
ζ

r sin θ

)]
sin θ−

αg[
∂T

∂r
r sin θ +

∂T

∂θ
cos θ] sin θ = νE2(ζr sin θ)

(2.22)

2.3.1 Non-Dimensionalized Equations

The non-dimensional parameters are:

r∗ =
r

A

∇∗ = A∇

U∗ =
u

U

P ∗ =
PA

µU

T ∗ =
T − T0
∆T

Q =
qA2

k∆T

where Re: Reynolds number=2UA
ν

, Gr: Grashoff number=gα∆TA3

ν2
and Pr:

Prandtl number=Cpµ

k
, using the equations 2.3 and obtaining 2.19, and subsi-

tuting ζ to reach 2.21 2.22 we obtain the dimensionless equations for momentum

which is:

E2ψ = ζr sin θ

Re

2

[
∂ψ

∂r
· ∂
∂θ

(
ζ

r sin θ

)
−∂ψ
∂θ

· ∂
∂r

(
ζ

r sin θ

)]
sin θ−

2Gr[
∂T ∗

∂r
r sin θ +

∂T ∗

∂θ
cos θ] sin θ = E2(ζr sin θ)

(2.23)

We will also employ a substitution in eq. 2.23 which will be further elaborated in

the next section, we will be substituting the vorticity by modified vorticity F and

12



G, also, the ’r’ will be transformed as r=eZ where F= ζ
eZsinθ

and G= ζeZsinθ.

The dimensionless energy equations using 2.6,2.7 for particle and fluid are:

∇2T ∗
p +Q(r) = 0 (2.24)

∇2T ∗
f = 2RePr(u.∇)T ∗

f (2.25)

Special Case 2.1. Now we consider the case when the viscous force are domi-

nating the inertial forces (viscous forces > Inertial forces) and apply the condition

that Re→0 in the equations 2.23 2.24 and 2.25 as we are trying to be in line with

Stokes derivation. Hence the equations will be reduced to as

E2ψ = ζr sin θ (2.26)

−2Gr[
∂T ∗

∂r
r sin θ +

∂T ∗

∂θ
cos θ] sin θ = E2(ζr sin θ)

(2.27)

∇2T ∗
p +Q(r) = 0 (2.28)

∇2T ∗
f = 0 (2.29)

The Source term will be assumed to be Gaussian and will be of the form as:

Q = I0 exp(−
r2

2ω2
0

) (2.30)

where I0 is the beam intensity and ω0 is the waist of the beam applied.

2.4 Boundary Conditions

The boundary conditions are necessary to solve the eq. 2.23 2.24 2.25 2.26. The

boundary conditions should be appropriately defined to yield a reasonable and

accurate solution of the problem at hand.

The boundary conditions used in the simulations are as follows:

2.4.1. Sphere Surface

For the momentum equation, the sphere surface is treated with a no-slip condi-

tions which implies that the velocity is zero at the surface when r=A, where ”A”

13



is the radius of the sphere.

Vr = 0 and Vθ = 0 ; r = A , 0 ≤ θ ≤ π (2.31)

which can be also be interpreted in terms of stream function (ψ) and vorticity

(ζ) as:

ψ = C
′
and ζ =

E2ψ

sinθ
; r = A , 0 ≤ θ ≤ π (2.32)

where C
′
is a constant.

For the energy equation, as we are solving for fluid as well as solid, The will apply

the continuity condition for the fluid as well as the solid,The heat flux boundary

condition in case of a thin-cap approximation limit, the thermal conductivity of

the cap is not relevant, the condition are as follows:

Ts = Tf ; r = A , 0 ≤ θ ≤ π (2.33)

−∂rTf (A, θ) +−∂rTp(A, θ) = Q(θ) (2.34)

where Q(θ)=Q for the coated side and Q(θ)=0 for the un-coated side.

2.4.2. Axis of Symmetry

For the momentum equation, along the axis of symmetry, θ= 0/π, the no-cross

flow condition applies, which state that the velocity component in angular direc-

tion is zero. Hence, the axis of symmetry condition is as follows:

Vθ = 0 ; θ = 0, θ = π (2.35)

which can be also be interpreted in terms of stream function as:

∂ψ

∂θ
=
∂ψ

∂r
= 0 ; θ = 0, θ = π (2.36)

The stream function ψ at the surface and axis of symmetry coincides, so at these

point, it is

ψs = ψθ=0,π = C
′′

(2.37)

where C
′′
is a constant.

The vorticity ζ along the axis of symmetry is:

ζθ=0,π = 0 (2.38)
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For the energy equation, as the flow is symmetric along the axis and function is

a continuous function, Hence:

∂T

∂θ θ=0,π
= 0 (2.39)

2.4.3. Outer Boundary

Far from the sphere, there is undisturbed parallel flow, all the dependent variables

reaches an asymptote. The disturbance caused by the sphere is assumed to be

non-existent. This condition theoretically is satisfied as r→∞. Computationally,

it is not feasible in terms of computation time, storage as well as numerically. it

is not realistic to carry out computations on such a large domain, in other cases

it is not possible to carry out numerical integration on such large a scale. In

other words any boundary condition applied will be an approximation to mimic

the behavior to a certain extent. In light of these arguments, the outer boundary

condition will be applied at some finite boundary far from the sphere. for the

momentum equation.The outer boundary condition in terms of velocity reads:

V̄ = W (free stream velocity) as r → ∞ (2.40)

The outer boundary condition for Stream function reads

ψ =
W

2
r2 sin2 θ as r → ∞ (2.41)

The outer boundary condition for vorticity is:

ζ = 0 as r → ∞ (2.42)

For the energy equation, the Temperature reaches the ambient temperature but

the dimensionless temperature condition reads

Tf = 0 as r → ∞ (2.43)

2.5 Numerical Technique

The problem at hand can be mathematically modelled by a set of partial differ-

ential equations as described in section 2.3. The initial step in solving any the
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partial differential equation by finite difference method (FDM) is to reduce the

differential equations into discrete form and solve the descritized equations using

a digital computer. The details can be found in a standard book on numerical

analysis.

The most basic and standard method is to expand the terms in Taylor series

expansion. The series are then truncated to a reasonable accuracy and the finite

difference equations obtained by truncated series substitutions are then solved.

The finite difference schemes relates the value of any function at a mesh point

with values of function at its neighboring mesh points. The number of neighboring

points involved depends on the order of the original differential equation and order

of accuracy desired. The FDM scheme will involve more points if more accuracy

is desired.

The second-order central finite-difference scheme was utilized in the solving

the partial differential equations and obtaining the solution of the equations.

The Stream function ψ and vorticity ζ are known to change the most close to

the surface of sphere. Hence, the The transformation r=eZ was employed in

the equations described in section 2.3 to cater for this phenomenon with equal

intervals in Z,where F= ζ
eZsinθ

and G= ζeZsinθ..

The equations eq. 2.23 2.24 2.25 2.26 in transformed coordinated are:

e2ZE2ψ − ζe3Z sin θ = 0 (2.44)

Re

2

[
∂ψ

∂Z
· ∂F
∂θ

−∂ψ
∂θ

· ∂F
∂Z

]
eZ sin θ−

2Gr[
∂T ∗

∂Z
sin θ +

∂T ∗

∂θ
cos θ]e2Z sin θ − e2ZE2(G) = 0

(2.45)

∂2T ∗
p

∂2Z
+
∂T ∗

p

∂Z
+
∂2T ∗

p

∂2θ
+ cot θ

∂T ∗
p

∂θ
+ e2ZQ = 0 (2.46)

∂2T ∗
f

∂2Z
+
∂T ∗

f

∂Z
+
∂2T ∗

f

∂2θ
+ cot θ

∂T ∗
f

∂θ
− 2RePr

eZ sin θ
[
∂ψ

∂Z
·
∂T ∗

f

∂θ
− ∂ψ

∂θ
·
∂T ∗

f

∂ζ
] = 0 (2.47)

where,

e2ZE2 =
∂2

∂2Z
− ∂

∂Z
+ sin θ

∂

∂θ
(

1

sin θ

∂

∂θ
) (2.48)
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The second order central difference formulation was utilized to solve the eqs 2.44,

2.45, 2.46 and 2.47.

Figure 2.2: Circular Mesh System.

The circular-mesh system was used to solve the system, as shown in fig 2.2.

The lattice size ’A’ is in Z direction while the ’B’ was utilized in the θ direction.

The first argument ’I’ corresponds to the angle θ displacement while the second

argument ’J’ corresponds to displacement in ’Z’ direction. The second-order

central finite difference scheme for a a general variable ’ f’ is shown as:

f
′
(x) =

f(x+ h)− f(x− h)

2h
(2.49)

f
′′
(x) =

f(x+ h)− 2f(x) + f(x− h)

h2
(2.50)

The forward and backward finite difference scheme for a general variable ’f’ are

given as, which were used for end nodes:

f
′
(x) =

f(x+ h)− f(x)

h
(2.51)

f
′
(x) =

f(x)− f(x− h)

h
(2.52)
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The vorticity ζ condition for the sphere surface is a bit tricky and hence is elab-

orated for clarity, the boundary condition in finite difference form is:

ζ(I, 1) =
8ψ(I, 2)− ψ(I, 3)− 7ψ(I, 1)

2A2 sin θ(I)
(2.53)

The relaxation factor were utilized in the current iterative procedure to stabilize

as well as to accelerate the computations. They were used for stream function ψ,

Vorticity ζ, Modified Vorticity G, and Temperature (Tp and Tf ).The relaxation

equations are same for each dependent variable. They are introduced as:

ψn(I, J) = ψn−1(I, J) +W1 [ψ
∗
n(I, J)− ψn−1(I, J)] (2.54)

ζn(I, J) = ζn−1(I, J) +W2 [ζ
∗
n(I, J)− ζn−1(I, J)] (2.55)

Gn(I, J) = Gn−1(I, J) +W3 [G
∗
n(I, J)−Gn−1(I, J)] (2.56)

(T ∗
p )n(I, J) = (T ∗

p )n−1(I, J) +W4

[
(T ∗

p )
∗
n(I, J)− (T ∗

p )n−1(I, J)
]

(2.57)

(T ∗
f )n(I, J) = (T ∗

f )n−1(I, J) +W5

[
(T ∗

f )
∗
n(I, J)− (T ∗

f )n−1(I, J)
]

(2.58)

WhereW1−W5 represents the relaxation factors used for each dependent variable.

The ’n’ stands for the nth value calculated in the iterative procedure, while ∗
stands for the values of dependent variables calculated using the eqs 2.44, 2.45,

2.46 and 2.47.

The iterative procedure were carried out to achieve an accuracy of less than 1e−4.

2.6 Mesh Independence

The mesh independence was carried out for reference case similar to [21] at

Reynolds number of 5 and a domain size of R=6 or Z=1.8. The δr=’A’ (ra-

dial step size) and δθ=’B’ (angular step size) was checked for a range of 0.2-0.025

and 12-1 (deg) respectively. The simulations became independent at A=0.05 and

B=1o as shown in fig 2.3 and fig 2.4 respectively.
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Figure 2.3: Mesh Independence in ’A’.
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Figure 2.4: Mesh Independence in ’B’.
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2.7 Validation

The Validation was carried out with [21]. The Reynold number for the validation

case was 5 and he considered a domain size of Z=1.8 or R=6.

Table 2.1: Result Comparison.

Results Re Z Cdf Cdp Cdtotal

Jenson [21] 5 1.8 5.34 2.65 8.03
BIL-FLOW 5 1.8 5.26 3.95 9.22
Hamielec [19] 0.1 2.9497 - - 262

Experimental [19] 0.1 2.9497 - - 240
BIL-FLOW 0.1 2.9497 - - 208.06
Hamielec [19] 1.0 1.9459 - - 32.5

Experimental [19] 1.0 1.9459 - - 26.5
BIL-FLOW 1.0 1.9459 - - 28.87

The results are in good agreement with [21] [21] as shown in fig 2.5 and table

2.1. The error reason as [21], [19] used a larger step size as compared to present

results. The error can be contributed by the digital computers of his era as

the machines of that time might not being considering more decimal place as

compared to the computers of current era, when the step size as used by [21] was

utilized the results were in good agreement.

2.8 Simulations

The numerical simulations were carried out with variation of Grashoff number

(0.1-1.5) and varying the intensity (1-10) and waist (0.1-0.75) of the Gaussian

beam at Re →0. The Gaussian beam applied is acting only on one half of the

particle and it is switched off on other part of the particle.

The Gaussian profile is of the form as shown in fig. 2.7 for a Janus particle.

The Janus particle will be studied for two configuration, Janus sphere cap-up and

Janus sphere cap-down, along gravity and opposite to gravity respectively.

Drag Calculations:
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Figure 2.5: Validation Case with Step Size.
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Consider the non-dimensionalised form of the equation with condition Re→0

∇P ∗ = ∇2U∗ −GrT ∗ (2.59)

Now, consider the component of pressure in radial direction, we will have:

∂P ∗

∂r
= − 1

r2sinθ

∂

∂θ
(E2ψ) +GrT ∗ cos θ (2.60)

using 2.26 and after simplification:

∂P ∗

∂r
= −2

r

∂ζ

∂θ
+GrT ∗ cos θ (2.61)

After integrating we obtain pressure at front stagnation point as:

P ∗
0 = 2

∫ ∞

1

∂ζ

∂θ
dZ +Gr

∫ ∞

1

T ∗eZ cos θdZ (2.62)

Similarly for the θ component the pressure as a function of angle would come

out to be:

P ∗ = P ∗
0 +

∫ θ

0

(
∂ζ

∂Z
+ ζ)dθ −Gr

∫ θ

0

T ∗ sin θdθ (2.63)

CDP =
DP

πR2 × 1
2
ρ∞ν2∞
R2

(2.64)

where,

DP =

∫∫
S

P sin βdS

Hence,

cDP =

∫ π

0

PΘ sin 2θdθ (2.65)
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The viscous drag coefficient is:

CDF =
DF

πR2 × 1
2
ρ∞ν2∞
R2

(2.66)

where,

DF =

∫∫
S

τrΘ cos βdS

Hence,

CDF = 4

∫ π

0

ζ∗S sin
2Θdθ (2.67)

The cap-up and cap-down configuration is shown in fig.2.6 for clarity.

Figure 2.6: Cap-down and cap-up configuration for a Janus Sphere.

2.8.1. Janus Cap-down

The Janus Particle with cap down configuration was studied with the variation

in Grashoff number, Intensity and waist of the beam. The Janus with Cap-down

refers to the configuration in which the normal vector pointing at the coated side

is pointing parallel to the direction of gravity. The surface vorticity results are

shown in figure 2.8, 2.9 and 2.10. As per the vorticity results, the vorticity is not

effected much if the waist of the beam is very small but with the increase in waist,

when the Grashoff and intensity is increased. the surface vorticity is also shifted
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Figure 2.7: Gaussian Heating Potential for a Janus Sphere.
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towards the non-capped side of the sphere and this effect is more prominent at

higher Grashoff with bigger waist and larger intensity value.

Figure 2.8: Surface Vorticity at waist of 0.1[Cap Down].

Drag Coefficients

The Coefficient of drag are shown in figure 2.11 and 2.12. The Drag Coefficient

showed that with the increase in Grashoff, the frictional drag coefficient and

Pressure drag coefficient increase almost linearly. The increase is substantial at

higher intensity and waist but almost negligible at very low intensity and waist

of the applied beam. The frictional drag is effected more as compared to pressure

drag.

2.8.2. Janus Cap-up

The Janus Particle with cap down configuration was studied with the variation

in Grashoff number, Intensity and waist of the beam. The Janus with Cap-down

refers to the configuration in which the normal vector pointing at the coated side is

pointing in the direction opposite to the direction of gravity. The surface vorticity
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Figure 2.9: Surface Vorticity at waist of 0.5[Cap Down].
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Figure 2.10: Surface Vorticity at waist of 0.75[Cap Down].
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Figure 2.11: Coefficient of Drag (frictional) Vs Grashoff No[Cap Down].
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Figure 2.12: Coefficient of Drag (Pressure) Vs Grashoff No[Cap Down].
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results are shown in figure 2.13, 2.14 and 2.15. Similar to cap-up configuration.As

per the vorticity results, the vorticity is not effected much if the waist of the beam

is very small but with the increase in waist, when the Grashoff and intensity is

increased surface vorticity is increased. the surface vorticty is also shifted towards

the non-capped side of the sphere and this effect is more prominent at higher

Grashoff with bigger waist and larger intensity value.

Figure 2.13: Surface Vorticity at waist of 0.1[Cap Up].

Drag Coefficients

The Coefficient of drag are shown in figure 2.16 and 2.17. The Drag Coefficient

showed that with the increase in Grashoff, the frictional drag coefficient increase

linearly with Grashoff number and the increase is substantial at higher at higher

intensity and waist of the beam while Pressure drag coefficient decrease almost

linearly and the increase is substantial at higher intensity and waist but almost

negligible at very low intensity and waist of the applied beam. The frictional

drag is effected more as compared to pressure drag.
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Figure 2.14: Surface Vorticity at waist of 0.5[Cap Up].

32



Figure 2.15: Surface Vorticity at waist of 0.75[Cap Up].
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Figure 2.16: Coefficient of Drag (frictional) Vs Grashoff No [Cap Up].
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Figure 2.17: Coefficient of Drag (Pressure) Vs Grashoff No[Cap Up].
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2.8.3. Slip and Phoretic Velocity

The slip velocity and translational velocity can be calculated using the relation-

ship

vs = µ∇T||

u = − 1

|S|

∮
S
dSvs = − 1

4π

∫ 2π

0

dϕ

∫ π

0

dθ sin θvs

The results are given for minimum (Gr=0.1, I=1, Waist=0.1) and maximum

case (Gr=1.5, I=10, Waist=0.75) as in figure 2.18 and 2.19 respectively. The

slip and phoretic translational velocity is greatly increased though in cap up

configuration the slip and phoretic translational velocity is greater than slip and

phoretic translational velocity in cap down configuration.

Figure 2.18: Slip velocity Vs Theta Case Min.
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Figure 2.19: Slip velocity Vs Theta Case Max.
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2.9 Summary

In this chapter, we developed a BIL-Flow, an in-house code for fluid flow over a

Janus sphere using the stream function-vorticity approach, which can be used to

study the effect of Gaussian heating on a Janus particle and fluid around. The ef-

fect of Grashoff number, beam intensity and Beam waist was studied.Additionally,

self thermophoretic velocity as well as drag of Janus sphere was calculated. As

per the study. The vorticity is enhanced with increasing Grashoff number but the

intensity and waist act as a mediator which further increase the thermal effects.

To conclude, the thermal effect in case of Janus sphere (acting as a heat source)

in a fluid is non-negligible and essential.
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Chapter 3

Modelling Optical Tweezers in an

Optical Potential

3.1 Introduction

In Chapter 2, we developed a numerical mode which will help us to study and

understand flow behavior near an activated Janus particle as well as to calculate

drag and self-thermophoretic velocity around the Janus sphere. The effect on a

particle caused by the application of an optical potential needs to be studied.

The study of optical tweezers is of importance as they have wide spread uses

in fields from biology to physics [22–28]. The optical tweezers have been slowly

and steadily consolidating their importance in many fields.The optical tweezers

were invented in 1986 [29]. The optical tweezers is the term used for optical

manipulation of particle under the influence of a tightly focused laser beam.

The Geometric Ray Approximation of light is valid when the wavelength of

light is comparable or bigger then the size of the particle usually the particle

size is R≥1µm, if the particle size is smaller than the wavelength (λ) then the

Mie-Theory or Dipole approximation will have to be applied as Geometric Ray

Approximation becomes invalid [30].
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In this chapter, we will develop and validate BIL-OP ,an in-house code, which

will be used to calculate forces and torque on a micro-particle under an optical

potential utilizing the Geometric Ray Approximation.

This chapter is independent and self-contained and the reader will not have to

refer to Ch2 and Ch4 to understand Geometric Ray Approximation.Hence, the

reader can be at ease and avoid any confusion.

3.1.1 Notations

The notation P was used to denote the power of the beam with subscript i,r,t

denoting incidence, reflectance and transmittance. ri represents the incident ray,

rr represents the reflected ray and rt represents the refracted ray.S represents a

surface, Sn represents the normal of the surface under consideration ∥.∥ represents
the magnitude of the vector. The ’Pol’ represents the polarization of the beam.

θC and θB represent the critical and Brewster angle respectively.
∑

represents the

summation and |.| represents the absolute value.

3.2 Problem Statement

To model the effect of optical potential (Optical Beam i.e. Gaussian beam, LG

beam etc) on a dielectric particle. The modelling of beam would be carried out

by defining beams as rays as per the Geometric ray approximation. The beam

would be assumed to be passing through a iris and an objective lens which will

focus the beam. Considering the Snell’s law, The transmitted and refracted rays

will be calculated coupled with Fresnel’s equations to account for the effect of

polarization resulting in an optical package BIL-OP.
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Figure 3.1: Optical Package.

3.3 Modelling of Geometric Ray Approxima-

tion

Under the Geometric Ray Approximation, a beam of power (P ) of light is as-

sumed to be consisting of a number of individual rays, whose cumulative power is

equal to the power of the beam applied.for simplicity, consider only a single ray

(ri) travelling in a medium of refractive index (ni) with power (P i), it is striking

a surface S with an angle (θi), part of the ray power (Pr) will be reflected in the

direction (rr) and while the other part (Pt) will be transmitted in the direction

of (rt) into another medium with an refractive index (nm) with an angle of (θt).

The first step is to calculate the incident angle (with reference to surface normal

Sn ) θi with known refractive index of the incident medium ni, This was achieved

by defining the starting point (usually away from the beam) and the direction of

the beam (beam is applied in the Z direction). The next step is to calculate the

point of intersection of the incident ray ri and the surface S, this will help us to
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obtain θi. After calculating θi, next variable to be calculated is θr, rr and rt with

known nm. This is achieved by using Snell’s law. the author used the vectorial

form of Snell’s law to calculate the unknown variables as it can help in avoiding

the long and tedious transformations to use the planar form of Snell’s law. The

Snell’s law applied for the problem is:

ni(r̂i × Ŝn) = nm(r̂t × Ŝn), (3.1a)

θr = θt, (3.1b)

Ŝn × r̂i = ∥Ŝn∥∥r̂i∥ sin θiη̂ (3.1c)

−Ŝn · r̂t = ∥Ŝn∥∥r̂t∥ cos θt (3.1d)

The problem at hand has less variables and more equations. The row reduced

echelon form was used to find the equation with no dependence and the last row

(zeros) was substituted with condition 3.1d. This method was applied at each

intersection to find the direction and angle of rays. Now, power distribution at

each intersection should be calculated with the polarization. in the absence of

polarization in light. The amount of power distributed at each reflection and

refraction event is obtained through Fresnel Coefficients. By the conservation of

energy

Pi = Pr + Pt (3.2)

For S-polarized light (light electric field vector is perpendicular to incident plane).

The reflection and transmission coefficients are:

Rs =

∣∣∣∣ni cos θi − nt cos θt
ni cos θi + nt cos θt

∣∣∣∣2 (3.3a)

Ts =
4nint cos θi cos θt

|ni cos θi + nt cos θt|2
(3.3b)

For P-polarized light (light electric field vector is parallel to incident plane). The

reflection and transmission coefficients are:

Rp =

∣∣∣∣ni cos θt − nt cos θi
ni cos θt + nt cos θi

∣∣∣∣2 (3.4a)

Tp =
4nint cos θi cos θt

|ni cos θt + nt cos θi|2
(3.4b)
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Also, by conservation of energy:

Rs + Ts = 1 (3.5a)

Rp + Tp = 1 (3.5b)

for the circularly or unpolarized light, The average of3.3 3.4 can be used as:

R =
Rs +Rp

2
(3.6a)

T =
Ts + Tp

2
(3.6b)

They are calculated and shown in fig 3.2 and 3.3:

The coefficient calculation are planar. The polarisation ray tracing matrix

was employed to cater for the effect of polarization which involves transformation

between the global coordinates in which the ’Pol’ is defined and local coordinates

at each interface. we employed separate change of basis vector before and after
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Figure 3.2: Fresnel Coeffecients R for different values of θ
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Figure 3.3: Fresnel Coeffecients T for different values of θ
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the interface as the rays change direction [31]. The equations are:

ŝq =
k̂q−1 × η̂q∣∣∣k̂q−1 × η̂q

∣∣∣ , p̂q = k̂q−1 × ŝq, ŝ
′
q = ŝq, p̂

′
q = k̂q × ŝq, (3.7a)

ŝq = ŝ′q = ŝ′q−1, p̂q = k̂q−1 × ŝq, p̂
′
q = k̂q × ŝq (3.7b)

O−1
in,q =


ŝx,q ŝy,q ŝz,q

p̂x,q p̂y,q p̂z,q

k̂x,q−1 k̂y,q−1 k̂z,q−1

 ,Oout ,q =


ŝx,q p̂′x,q k̂x,q

ŝy,q p̂′y,q k̂y,q

ŝz,q p̂′z,q k̂z,q

 (3.7c)

Esp,q−1 =


Es,q−1

Ep,q−1

0

 = O−1
in,q


Ex,q−1

Ey,q−1

Ez,q−1

 (3.7d)

Eq = Oout ,q ·


Es,q

Ep′,q

0

 =


ŝx,qp̂

′
x,qk̂x,q

ŝy,qp̂
′
y,qk̂y,q

ŝz,qp̂
′
z,qk̂z,q

 ·


Es,q

Ep′,q

0

 (3.7e)

Eq = Es,q


ŝx,q

ŝy,q

ŝz,q

+ Ep′,q


p̂′x,q

p̂′y,q

p̂′z,q

 (3.7f)

Eq = Es,qŝq + Ep′,qp̂
′
q (3.7g)

Pq = Oout ,qJt,qO
−1
in,q and Pq = Oout ,qJr,qO

−1
in,q. (3.7h)

This will provide us with polarization ray tracing matrix for reflection and re-

fraction.

After calculating the power and polarization of the ray. The next step is the

calculation of Force and Torque acting on the surface. which can be calculated

through the relation

FBeam =
∑
m

F(m)
ray =

∑
m

[
niP

(m)
i

c
r̂
(m)
i − niP

(m)
r

c
r̂
(m)
r,0 −

+∞∑
n=1

niP
(m)
t,n

c
r̂
(m)
t,n

]
(3.8)

T(m)
ray = (P0 −C)×niP

(m)
i

c
r̂
(m)
i − (P0 −C)× niP

(m)
r

c
r̂
(m)
r,0

−
+∞∑
n=1

(Pn −C)×
niP

(m)
t,n

c
r̂
(m)
t,n ,

(3.9)
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where

TBeam =
∑
m

T(m)
ray

The ’m’ is for the number of rays and ’n’ is the number of scattering events. In

general, the power of the beam retained after 10 scattering events is minimal.

For the case of a beam, ray’s passes through a lens of numerical aperture, which

focuses the beam to an object at study and the scattering events take place. The

scattering event is shown in figure 3.4 for understanding.

Figure 3.4: Scattering Events for a Sphere.
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3.4 Code Validation

The validation of the BIL-OP was carried out with the data provided by Agnese

Callegari group [28]. The results were in good agreement and are shown in fig

(3.5) for circularly polarized light and in fig(3.6) for linearly polarized light.

The particle will be trapped as per the results in this section, which is also the

case as seen through the experiments carried out in literature [32]. whenever a

particle moves away from the centre of the beam (imagine beam applied at origin),

a trapping force will act on the particle which will push the particle towards the

centre of the beam, the force exerted by beam is small in pico-newtons (pN) but

it has the potential to manipulate and trap particle in micro scale as can be seen

in fig. 3.5 and 3.6. This idea validates the trapping potential of the beam. Due

to this property of optical tweezers, they can be used for biology for manipulating

the colloidal particle and tissue without damaging them.

3.5 Summary

An optical force and torque calculator is developed and validated for an opti-

cal potential utilizing the geometric ray approximation. The BIL-OP (in-house

code) has the capability to effectively calculate the force and torque on an spher-

ical particle. The results predict the behavior of trapping of dielectric particles

which paves way for self-assembly, which has open studies for scientists to tackle

challenges of great technological and economic impact such as the design and

fabrication of biomimetic materials, bioremediation, and chemical sensing. The

understanding of this behavior is critical in dealing with the challenges.
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Figure 3.5: Forces and Torque (Fx Fz and Ty) comparison with Circularly po-
larized light.
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Figure 3.6: Force and Torque (Fz and Ty) comparison with linearly polarized
light.
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Chapter 4

Modelling Laser-Induced Heating

in Optical Traps

4.1 Introduction

An effort was made to simulate the optical potential inside the system using the

geometric ray approximation in the context of optical and fluid dynamic sim-

ulations. This paradigm calculated the thermal impacts on the fluid medium

without taking into account the existence of individual particles. Instead, atten-

tion was focused on the fluid heating phenomena, and the complex interplay of

energy transfer pathways was described using the governing energy equation.

The deliberate use of a mesh concentration method, in which the discretized

representation of the computational domain was purposefully densified around

crucial centers of interest, was a distinguishing aspect of this simulation. Using

a 3-dimensional cylindrical coordinate system as the background for this tactical

mesh refinement was a wise decision that complements the cylindrical symmetry

frequently found in issues of this kind. By properly fitting the intricate geom-

etry of the system, the adoption of this coordinate system aptly permitted the

incorporation of spatial features.
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The simulation’s ability to determine the relative relevance of various forces

operating within the system is one of its most noteworthy features. In particular,

the contributions of the thermal force—which results from temperature differ-

ences and heat exchange processes—and the optical force—which results from

the interaction between light and matter—were assessed. Careful examination

revealed that the optical force far outweighed the effects of the heat force. In

order to treat the thermal force as zero (negligible) within the parameters of the

model, a re-confirmation using the geometric approximation was introduced.

In Section 4.2, The problem at hand was elaborated. In Section 4.3, The

optical potential like Gaussian Beam, Hermite-Gaussian (HG)Beam and Cylin-

drical Vector Beam (CVB) are numerically obtained, In Section 4.4 the governing

equations and numerical technique is briefly discussed . At last, the results are

obtained through numerical simulations in Section 4.5, while a summary is pro-

vided in Section 4.6

4.1.1 Notations

The notation HG denotes the Hermite Gaussian Beam and CVB denotes the

cylindrical Vector Beam, TheE denotes the electric field. The symbol ’Q’ denotes

the source term in the energy equation. α denotes absorption coefficient and ’k’

denotes the thermal conductivity of the fluid. ’I’ is the intensity of the beam. ω

is the beam waist.

4.2 Problem Statement

To model different optical potential (Optical Beam i.e. Gaussian beam, HG beam

, CVB beams) and couple it with energy equation, it will act as the source. Similar

to 3.3 the modelling of beam would be carried out by defining beams as rays as

per the Geometric ray approximation. The beam would be assumed to be passing

through a iris and an objective lens which will focus the beam. The electric field

52



will be utilized to calculate the intensity and the Intensity will be related with

heating and coupled with the fluid’s energy equation to see the thermal effects in

absence of particle.

4.3 Optical Potential

The Beams are defined by their electric field distribution (E). we will use the

geomtric ray approximation to model the optical potentials.

Gaussian Beam 4.3.1.

The Gaussian Beam is defined as:

EG(ρ, z) = E0
w0

w(z)
e
− ρ2

u(z)2 e+ikmz−iζ(z)+ikm
ρ2

2R(z) , (4.1)

where;

w(z) = w0

√
1 +

z2

z20
, ≈ ω(z) = ω0

√
1 +

(
zλ0

πnmω2
0

)2

, (4.2)

R(z) = z

(
1 +

z20
z2

)
(4.3)

ζ(z) = atan

(
z

z0

)
(4.4)

km = |km| =
nmω

c
=

2π

λm
(4.5)

I =
1

2

c

nm

εm|E|2. (4.6)

we applied the paraxial approximation at each slice in Z and obtained the electric

field. The Gaussian beam obtained numerically is:

Hermite-Gaussian Beam 4.3.2.

The Hermite-Gaussian Beam is defined as:

EHG
mxmy

(x, y, z) = EG(x, y, z)Hmx

(√
2

x

w(z)

)
Hmy

(√
2

y

w(z)

)
e−i(mx+my)ζ(z)

(4.7)
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Figure 4.1: Intensity Distribution of Gaussian Beam at different Z locations.
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where variables are same as eq. 4.2 4.3,4.4,4.5 and 4.6.

we applied the paraxial approximation at each slice in Z and obtained the

electric field. The Hermite-Gaussian beam obtained numerically is shown in fig.

4.2:

Cylindrical Vector Beam 4.3.3.

The Cylindrical Vector Beam is defined as:

ECVB
r (x, y, z) = EHG

10 (x, y, z)x̂+ EHG
01 (x, y, z)ŷ (4.8)

where variables are same as eq. 4.2 4.3,4.4,4.5 and 4.6 and ’0’ and ’1’ defines the

modes of the Hermite-Gaussian Beam.

we applied the paraxial approximation at each slice in Z and obtained the

electric field. The CVB beam obtained numerically (electric field and Intensities)

is shown in fig. 4.3 and 4.4:

4.4 Modelling Fluid-Optics Coupling

The modelling of fluid heated due to the optical potential applied is carried out,

the flow is assumed to be stationary and in steady state. as per the assumption

the energy equation is:

∇ · (k∇T ) +Q = 0 (4.9)

The ’Q’ is the source term in the energy equation. The source term will be the

variable which will couple the energy equation and optical potential. The Electric

field calculated will result in calculation of intensity distribution (’I’) of the beam.

The source term and intensity relationship is as follows:

Q = 2αI (4.10)

The problem at hand will be solved by employing the Cylindrical co-ordinates

system (ρ,θ,z). The non-uniform mesh was employed as close to the centre (focus
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Figure 4.2: Intensity Distribution of Hermite-Gaussian Beam at different Z loca-
tions.

56



Figure 4.3: Electric Field Distribution of CVBr at different Z locations.
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Figure 4.4: Intensity Distribution of CVBr at different Z locations.
58



Figure 4.5: Mesh points in 1D.

point) more point descritization was required to achieve better results. The mesh

is as show in fig 4.5:

The numerical technique used to solve the problem is shown in eq. 4.11 and

4.12.

f ′
i =

fi+1 −
(

hi

hi−1

)2

fi−1 −
[
1−

(
hi

hi−1

)2
]
fi

hi

(
1 + hi

hi−1

) (4.11)

f ′′
i =

2
[
fi+1 +

hi

hi−1
fi−1 −

(
1 + hi

hi−1

)
fi

]
hihi−1

(
1 + hi

hi−1

) (4.12)

The Velocities will be calculated through the relation

V̄ = −Dt∇T (4.13)

where Dt is the diffusion Constant. and the force will be calculated through the

relation, which is derived from the stokes drag force.

F = 6πηrV (4.14)
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4.5 Numerical Simulations

The numerical simulation were carried out until the difference between the con-

secutive iterations were ≤1e−3. The parameters are shown in Table 4.1.

Table 4.1: Numerical Values.

P 7mW
k 0.599
w0 0.4µm
f 100µm

NA 1.3
Depth 180µm
λ 976 nm
α 50

The Temperature Profile are shown in fig: 4.6.as we can see the temperature

raised by beam of fluid (which is water in our case) is quite small even if the

beam is highly focused.

The temperature profile is used to calculate the forces utilizing the equation 4.14.

The force distribution for each of the beam is depicted in fig 4.7 4.8 and 4.9. The

Force comparison reveals that the forces exerted by the beam heating the fluid is

almost 1000 time less than the forces exerted by the light beam on the particle

(optical force).

4.6 Summary

This chapter provides the force estimation by calculating the temperature dis-

tribution in the fluid in absence of the particle. The force caused by heating of

the fluid is in femto-newtons. The heat equation was numerically solved with

with the beam coupled through the source term. The results dictates that it is

reasonable to ignore the force caused by fluid which is heated with a laser beam

of low power (in mW’s). Hence, The effect of fluid being heated can be ignored

and utilization of this approximation is reasonable.
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Figure 4.6: Temperature Distribution of different beams.
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Figure 4.7: Force Distribution of Gaussian beam.
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Figure 4.8: Force Distribution of Hermite Gaussian beam.
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Figure 4.9: Force Distribution of Cylindrical Vector beam.
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Chapter 5

Conclusion

In this thesis, A multidisciplinary problem was solved while focusing on the three

major aspects 1) Thermal Distribution 2) Optical effects and 3) Laser-induced

heating. The three aspects of the problems were individually considered. The

aim of the optical part was to develop an optical package which can effectively

calculate the forces and torques acting on a particle. The results indicated the

ability of the optical traps to trap and manipulative the particles towards the

centre of the beam. in respect of the thermal effects, we considered the thermal

effects in two ways, in one case we only considered the effect of the optical po-

tential induced fluid heating in the absence of the particle at study and other in

which the absorbing part of the Janus particle act as a source term and effect

the fluid behavior around it. For the fluid heating, the results provides strong

ground for the argument that the laser-induced affects due optical potential are

negligible and can be ignored as the force caused by the temperature gradient is

10−3 times less than optical force. The other important aspect from this study

was understanding and numerical implementation of different optical beams (HG,

CVB) which can be used with the optical package to study their behavior. For the

case of Janus sphere acting as a source term. The results provide strong grounds

for the argument that the thermal forces are not negligible and are important.

The vorticity and drag force as indicated by results have a linear relationship

with Grashoff number, Beam Intensity and Beam waist. The vorticity and drag
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force increase almost linearly with Grashoff number, Beam intensity and waist

in cap-up and cap-down configuration only exception is the pressure drag whose

behavior becomes opposite and decreases linearly in cap-up configuration.
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