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ABSTRACT

SPARSITY CONSTRAINED MINIMAX
OPTIMIZATION WITH APPLICATIONS TO GAME
THEORY AND MACHINE LEARNING

Bora Cetin
M.S. in Industrial Engineering
Advisor: Mustafa Celebi Pinar
July 2025

(Classical game-theoretic methods often yield dense strategies for a player, which
might not be practical in real-world implementations. This thesis studies incorpo-
rating the sparsity constraint to the minimax optimization problem to compute
sparse strategies in bimatrix games. The theory and algorithms also apply to
the equivalent problem of computing sparse classifiers in the margin maximizing
boosting problem.

Optimality conditions in the sparse optimization literature are extended to
nonsmooth functions. A new optimality condition for neighborhood search that
covers the existing conditions is proposed. Practical greedy algorithms are devel-

oped to find candidate points satisfying optimality conditions.

Based on the properties of the Minimax function, connections between the
cardinality-constrained problem and the cardinality-regularized problem are es-
tablished. A new concave penalty for cardinality-regularized optimization prob-
lems over the unit simplex is proposed, which offers an alternative to the sparsity-
promoting penalties in the literature. The resulting problem is solved efficiently

using a faster version of the Difference of Convex (DC) algorithm.

The proposed algorithms are tested empirically on random game matrices and
real data for binary classification. The performance is compared to well-known
regularization techniques and the MILP formulation of the problem.

Keywords: Minimax, Sparsity, Regularization, DCA.
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OZET

OYUN TEORISI VE MAKINE OGRENIMI
UYGULAMALARIYLA SEYREKLIK KISITLI
MINIMUM-MAKSIMUM OPTIMIZASYON

Bora Cetin
Endiistri Miithendisligi, Yiiksek Lisans
Tez Danmigmani: Mustafa Celebi Pinar
Temmuz 2025

Klasik oyun teorisi yontemleri bir oyuncu icin cogunlukla yogun stratejiler
iiretmektedir; ancak bu durum, gercek diinya uygulamalarinda pratik olmaya-
bilir. Bu tez, iki oyunculu oyunlarda seyrek stratejileri hesaplamak i¢cin minimum-
maksimum eniyileme problemine seyreklik kisitin1 dahil etmeyi incelemektedir.
Teori ve algoritmalar, bu probleme egdeger olan sinir1 maksimize eden artirma

probleminde seyrek simiflandiricilarin hesaplanmasinda da uygulanabilmektedir.

Oncelikle, seyrek optimizasyon literatiiriindeki en iyilik kogullar tiirevi ol-
mayan fonksiyonlar i¢in genigletildi. Ayrica, halihazirda bulunan bu kosullari
kapsayan ve komsgu aramasi yapmay1 saglayan yeni bir kosul gelistirildi. Bu
kosullar1 saglayan en iyilige aday noktalar1 bulma amaciyla pratik aggozli al-

goritmalar geligtirildi.

Minimum-maksimum fonksiyonunun o6zellikleri kullanilarak, seyreklik kisith
problem ve seyreklik diizenleyicili problemin baglantilar1 olusturuldu.  Lit-
eratiirdeki seyreklik artiric1 cezalara bir alternatif olarak, birim simpleks tizerinde
seyreklik-diizenleyicili eniyileme problemleri i¢in yeni bir i¢biikey ceza oOnerildi.
Elde edilen problem Digbiikey Farki (DC) Algoritmasi’nin hizlandirilmig bir ver-

siyonu ile c¢oziilebilmektedir.

Onerilen algoritmalar oyun teorisi icin rastgele olusturulmus matrisler ve ik-
ili simflandirma igin gercek veriler tizerinde deneysel olarak test edildi. Al-
goritmalarin performansi, iyi bilinen diizenleme teknikleri ve problemin MILP

formiilasyonuyla karsilagtirildi.

Anahtar sézcikler: Minimum-maksimum, Seyreklik, Diizenleme, DCA.
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Chapter 1

Introduction

This thesis aims to find solutions to the Minimax optimization problem under
cardinality (sparsity) and the unit simplex constraints. In general, a Minimax
problem is an optimization problem of the form

i 1.1
ryneljr}r}{lea}f(x,y), (1.1)

where X and ) are any form of finite dimensional spaces and f(x,y) : X xY — R
is the bilinear utility function as in [1]. Minimax problem finds applications in
various areas including Game Theory, Graph Theory and Computational Opti-

mization [2].

A well-known family of examples from the Game Theory are the Zero-Sum
games. Solving (1.1) allows computing the saddle point of a zero sum game with
f(x,y) = xTAy, Y = A", X = A™, where A € R™*" is the payoff matrix
associated with the zero-sum game and A* denotes the & € N dimensional unit
simplex defined as

AF ={z cRF | 1"™x =1,x = 0}. (1.2)

Minimax problems have been extensively studied since the famous Minimax The-
orem of von Neumann [3], which states that for a zero sum game the following
equality holds

min max x' Ay = max min x"Ay.
YEA™ xEA™ XEA™ yeAn
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In this context, given a game matrix A € R™*" the column player finds optimum
strategies by solving the optimization problem
minimize maxalx
(1.3)
subject to x € A"
where a; € R” corresponds to rows of matrix A. Solving (1.3) is computationally
easy, as it is a convex optimization problem. However, strategies obtained by
(1.3) might be dense, i.e., it might contain a large number of nonzero variables,
especially for large n. Dense solutions are efficient in theory. On the other hand,
they might be practically infeasible and very hard to implement, and are usually
criticized under the Bounded Rationality phenomenon in Economics. [4] Under
this criticism, sub-optimal but simple solutions might be desirable in practical

applications. [5].

An intuitive way of handling simplicity in strategies is to introduce cardinality

constraints of the form
Il < k. (1.4)

where x € R" is any decision variable, £ € N is a cardinality limit to the zero

pseudo-norm, defined as
Il 1= D L0y (3)- (15)
i=1

Incorporating this constraint provides a strict limit on the nonzero elements of a
variable. Any vector x € R"™ satisfying (1.4) is called a k-sparse vector. Through-

out this thesis, the terms "sparsity” and ”cardinality” are used interchangeably.

This thesis aims to analyze the optimization problem (1.3) under the cardi-
nality constraints (1.4) by constructing optimality and stationarity conditions,
developing theoretically supported heuristic algorithms, and establishing connec-
tions between similar problems in the literature. The problem of this thesis
is called Cardinality Constrained Minimaz Optimization Problem (CCMOP). A

summary of proposed methods can be found in Figure 1.

The stationarity and necessary optimality conditions are constructed based on

the existing work on the simpler versions of cardinality-constrained optimization

2



Chapter 3
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Figure 1.1: Layout of the Methods

problems. The initial attempts to solve the CCMOP-like problems include greedy
algorithms to find points satisfying the necessary optimality conditions. As an
alternative to the constrained problem, the Cardinality Regularized Optimization
Problems (CROP) class is introduced and solved by developing a novel continuous
penalty function for Difference of Convex (DC) programming. As a special case
of CROP, one can formulate the Cardinality Reqularized Minimax Optimization
Problem (CRMOP).

For practical reasons, the DC algorithm is modified for the matrix games, and
it has been shown that it has a column that promotes/demotes interpretation
in Minimax optimization. Using theoretical results, the DCA is simplified sig-
nificantly. The performance of the Greedy-like Algorithm and the Modified DC

Algorithm are tested versus the Mixed-integer approaches in the literature.



1.1 Problem Definition and Properties

Let A € R™*" be the game matrix of a two player game, and a; € R" denote
its rows. Moreover, the decision variable x € R™ denotes the strategies of the

column player in this game. The CCMOP can be formulated as follows.

minimize maxalx
subject to x € A" (P)
Il < &.

The unit simplex A™ and the zero norm ||x||, are as in (1.2) and (1.4), respectively,
and k € N is the cardinality limit. Note that this problem is meaningful as long

as k < n, otherwise P reduces to (1.3) and can be solved efficiently.

Problem P falls into the category of cardinality (sparsity) constrained opti-

mization problems. As it was shown in Chapter 2, P has several distinctive prop-
T

erties: Firstly, the objective function maxa; x is convex but non-smooth, yet by
convexity its directional derivatives exist. Secondly, the domain is non-convex

due to (1.4), which poses extra challenges in optimization.

Vast majority of the problems involving constraint (1.4), are NP-Hard in gen-
eral and hence cannot be solved efficiently, unless P=NP [6]. Indeed, an attempt
of finding k-sparse strategies in P can be done by setting n — k elements of x to
zero. Each of those subproblems are similar to (1.3) in nature and can be solved
efficiently. However, there are C'(n, k) many such problems, and thus, finding the

exact solution is still significantly expensive.

1.2 Applications in Binary Classification

Although the main motivation of this thesis is from the perspective of computing
sparse strategies in Game Theory, the problem P finds an application in boosting
sparse classifiers in binary classification. In Machine Learning, sparsity has been

studied under sparse regression and sparse support vector machines (SVM) [7].

4



Boosting algorithms are machine learning methods that first appeared in 1990’s
[8]. The task is to train a classifier H : X — {—1,1} which is good enough to
predict a binary outcome from any point in X. In this setting, d € N many
data points are collected in the data set D. Each data point is classified under
n-many classifiers, h; : X — {—1,1} from the set of weak classifiers, denoted

by H. For each data point z;, the correct label is denoted by y; € {—1,1} for

i € {1,...,m} to train and test this data. The aim in boosting is to combine
each h;,i € {1,...,n}, with a nonnegative weight to obtain a composite classifier
h, defined as

h = i Ozih,-,
i=1

where 1T = 1 and a >~ 0. For any z € X one can then assign binary predictions
according to the procedure
1 if sgn(h(x)) >0
M (h(x)
—1 ifsgn(h(z)) <O0.
The interest is in solutions with the margin-maximizing property, meaning that
one seeks a € A such that
o € arg max min aiyihi(x;).
This interpretation combined with (1.4) forms the Margin Maximizing Sparse
Composite Classifier Problem (MMSCCP), formulated as
maximize min Y o;y;h;(x;)
€D j=1
subject to a € A"
lal, < k.

(1.6)

Note that when the objective coefficients are replaced with
Zij = —Yyih; (i),

for every i € D and j € {1,...,n}, the problem becomes identical to P. The
matrix Z will be called the error matriz of a given problem parameters with
(x,y,h). Henceforth, solving P is equivalent to solving the MMSCCP. This in-

terpretation is quite useful in real world applications, as binary classification

5



is a well-studied topic, and experimental data can be found available online in
many open source platforms. The applications of binary classification vary from
healthcare, image retrieval and object detection [9]. In conclusion, the theory and
algorithms developed in the subsequent chapters are amenable to the boosting
context. Therefore, the methodology is applied to examples from both Game

Theory and Binary Classification.



Chapter 2

Literature Review

Despite the fact that P is a simple formulation, it lacks most of the common
assumptions in the literature, such as differentiability and hence Lipschitz con-
tinuity of its gradient. Therefore, if possible, most literature involves finding
approximate solutions to P-like problems with a theoretical guarantee. Another
common approach in the literature is studying the regularized problem and its
approximations. A comprehensive survey of similar problems is provided in [10].
However, most of the examples discussed in this survey are from signal process-
ing, and such examples benefit from differentiable objective functions. This thesis
does not focus on the cardinality minimization problem but only the regularized

problem and the constrained problem P.

In the spirit of [10], the literature survey classifies common approaches in two
main sections: Ones dealing with the cardinality-constrained problem directly
and ones approximating the cardinality-constrained problems with a regularizer

(penalty) in the objective.

Throughout this chapter, problems of the form

minimize  f(x)
subject to x € X (CCOP)
Ixllg < &



are called cardinality constrained optimization problems (CCOP), whereas prob-

lems of the form

minimize X) + p|Ix
subject to x € X

denote the family of Cardinality Regularized Optimization Problems (CROP).

The literature survey covers various solution attempts to problems involving dif-

ferent selections of the objective f(x) and the feasible set X. In both problems,

the unconstrained problem refers to choosing X = R".

2.1 Solving the Cardinality Constrained Prob-

lem

Solving cardinality-constrained problems is broadly approached in two ways:
Firstly, by developing exact methods, mainly through Mixed Integer Linear Pro-
grams, to find globally optimal solutions, and secondly, by developing heuristic al-
gorithms and constructing optimality conditions to obtain approximate solutions.
This section reviews both approaches for various CCOP and CROP problems in

the literature.

2.1.1 Exact Methods via Integer Programming

All CCOPs can be formulated as a mixed-integer program (MIP). A serious ad-
vantage to the exact methods through MIP formulation is that it provably yields
the optimum k-sparse solution upon termination. Moreover, using the epigraph
formulation of the max function, P can be reformulated as a mixed integer linear

program (MILP). Therefore, a natural first attempt to solve P is to formulate it



as the following MILP.

minimize ¢
subject to x € A
alx<t Vie{l,...,m}
Xli X (Painp)
Yy <k
i=1
y € B
teR

This is commonly known as the big-M formulation (See a similar reformulation in
[11], Chapter 2), which uses auxiliary variables y € B” to indicate if an element
i € {1,2,...,n} is strictly positive or not. In this case of the big-M formula-
tion, one can choose the variable lower and upper bounds as 0 and 1 due to
the simplex constraint, respectively. This reformulation is quite similar to the
Vertex P-Center Problem as in [12], except the fact that the number of centers
is fixed and predetermined. When the number of centers P (which corresponds
to k in P) varies, the problem is a variant of Pyurp and is NP-complete (see
IND51] in [13], List of NP-Complete Problems). An alternative to this formu-
lation is the complementarity type constraints discussed in [14]. In Chapter 6,
the big-M formulation is the primary benchmark of algorithms developed in this
thesis, mostly because of the fact that the bounds of variable x are predetermined
due to the unit simplex, and its relaxation is a linear program, unlike nonlinear

complementarity-type constraints.

Solving CCOP via the MILP formulation, through state-of-the-art solvers,
might be a reliable way of attempting to solve P. On the other hand, the for-
mulations are known to give poor optimality gaps and particularly loose lower
bounds. [10] The experiments in Chapter 6 shows that for large instances the
optimality gap is very large even after running the solver for hours. Thus, a
viable strategy might be to identify stationary points of this problem and try to

construct polynomial time algorithms to find those stationary points.



2.1.2 The Study of Stationary Conditions and Algorithms

The systematic study of CCOP traces back to [15] with a branch and bound
algorithm modified for a cardinality-constrained quadratic optimization (CCQO)
problem. By modifying the branching scheme, algorithms, and results for CCQO
were later developed in [16]. These examples are explicitly tailored for CCQO.
The general study of CCOP with smooth objectives first appears in [17]. In
this work, the authors define three different optimality conditions: Basic Feasi-
bility, L—Stationarity, and Coordinatewise Optimality, which was later extended
to the constrained case under several symmetric sets in [18]. The authors pro-
pose greedy-type algorithms to find points satisfying these conditions, although
no performance comparison with state-of-the-art methods was provided. Other
papers studying optimality and stationarity conditions with a smooth objective
function are [19], [20], [21] and [22]. Tailored algorithms for sparse optimization
with unit simplex were also developed in [23] and [24]. However, these techniques
also require f to be differentiable in CCOP. To the best of the author’s knowl-
edge, there is no current work on the stationary points of nonsmooth problems
like P.

2.2 Solving the Cardinality Regularized Prob-

lem

Due to computational challenges, problems of the CROP type are usually an-
alyzed instead of the original CCOPs. Omne can expect that the CCOP and
CROP should be related theoretically. The theoretical relation between CCOP
and CROP was established in [25], [26] and [27], specifically for the minimiza-
tion problem with f(x) = ||Ax — b||> and X = R™. In [25] and [26], the author
connects CCOP and CROP through the local optima of the CROP and sub-
problems of CCOP, which corresponds to the Basic Feasibility notion defined in
[18]. Although the proofs in those papers are problem-specific, the theoretical

results are expected to hold for any convex function. The family of CROPs is

10



discontinuous and nonconvex by nature. It is important to note that minimiza-
tion involving zero norm terms is known to be an NP-hard task [28]. Therefore,
solving CROP’s globally is also computationally expensive. Most applications
replace the discontinuity of the zero norm with a continuous penalty function to

address the discontinuity of the zero norm.

2.2.1 Continuous Approximations to CROPs

Most of the approximations in the literature are of the form

minimize  f(x) + Bg(x)

(2.1)
subject to x € X

where g : R" — R is a continuous (and often concave) function that promotes
sparsity in a similar fashion to ||x||,, in particular, when g(-) is concave, it has been
shown that solving 2.1 is also mostly NP-Hard [29]. Common surrogates used for
sparse regularization are Li-norm (LASSO) [30], Capped L4 (as in [31]), Minmax
Concave Penalty (MCP)[32], Concave L,-norm with p € (0,1) [33], SCAD [34],
and more recently CELO [35] and Piecewise Quadratic [36]. A comparative study
of some of the above penalties for the Ly — Ly case can be found in [37]. Most of
the formulations involving such penalties are non-convex, with the exception of
the Ly penalty, which makes it quite amenable in most large-scale applications.
Hence, one possible approach to solve P is to use the L, regularization. However,

the simplex constraint implies that for every x € A, it holds that
1'x,x > 0 = ||x||, =1

Therefore, L, regularization is not effective in promoting sparsity in P. To the
best of current knowledge, there are only two papers on penalty functions designed
to promote sparsity over the unit simplex. These are [38], which proposes T
and [39], which proposes —||x||3, coinciding with the penalty proposed in [36]
over the unit simplex. In fact, most of the penalties discussed above fail in
promoting sparsity in the unit simplex, as recovering the desired sparsity level k

is often impossible, or requires tuning penalty parameter 3 carefully. A review of

11



the performance and accuracy of the aforementioned surrogates, as well as other
common issues, is provided in Chapter 5. This thesis aims to fill this gap in the
literature by introducing a novel penalty tailored to optimization over the unit

simplex.

Even with a continuous replacement of the zero norm, the resulting problem is
most of the time nonconvex. This makes obtaining or verifying a global optimum
very difficult. As a result, algorithms were developed to solve the problem for a

promising local minimum.

2.2.2 Common Solution Methods

The solution methods were extensively developed for the CROP with f(x) =
| Ax — b||> and X = R™. Some well-studied methods for this case are the IHT and
its variants [40], Matching Pursuit [41], and Proximal Methods [42]. For a large
family of CROP approximations with convex objectives and concave penalties,
the Difference of Convex Algorithm (DCA) has also found some applications
[43]. This algorithm is also known as the Convex-Concave Procedure [44]. A
study of DC-type algorithms has been evaluated in [43] for most of the well-
known penalty functions. As a recent DCA application example, in [45], the
authors propose a DCA-based algorithm to solve a relaxation of the group sparsity
regularized problem for general objective functions. The authors do not assume
differentiability or convexity of f. However, the relaxation of the group sparsity
regularized problem boils down to the L; regularization when the group sparsity
term is discarded (Ay = 0).

Using DCA is advantageous, because the objective function f of CROP is con-
vex, meaning that the subproblems of the DCA are convex problems. Considering
the regularized version of P, the subproblems are linear programs, making them
even easier to compute. Therefore, this thesis focuses on solving the regularized

problem via the DC algorithm.

12



2.3 Approaches in Game Theory and Machine

Learning

The efforts to solve P for sparse solutions are motivated based on two applications:
Finding sparse solutions for two-player games and constructing sparse composite

classifiers in the boosting problem.

2.3.1 Sparse Strategies in Two-Player Games

Finding sparse strategies in games has attracted interest and can be traced back
to finding approzrimate sparse strategies in games. As an interesting result in this
context, [46] presents an approximation lemma by showing that for any strategy,
there is an e-approximating strategy with a bounded number of strictly positive
elements. Similar work on the existence of e-approximate simple strategies is
further developed in [5] and [4]. Finding exact k-sparse solutions is not well-
studied, until recently in [47], the authors propose a MILP approach to solve
for k-sparse commitments in two-player games and develop fast and relatively

accurate algorithms.

This thesis uses a different approach than [47], and instead of formulating
integer programs, the focus is solely on the structural properties of the Minimax
function. On the other hand, the aim is to form a bridge between various results
from other sparse optimization contexts, such as compressed sensing, as well as

feature selection in machine learning, to compute sparse strategies.

2.3.2 Sparse Classifiers in Boosting

Boosting in machine learning is a method of combining weak classifiers to obtain
strong classifiers [48]. The idea in boosting is that a combination of classifiers can

yield better classifiers than individual classifiers. One of the most famous boosting
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algorithms is arguably AdaBoost by [8], and a recent outlook of AdaBoost can be
found in [49]. The generalization performance of AdaBoost is mostly attributed to
minimum margin maximization [50], although it is not guaranteed that AdaBoost
finds a margin maximizing solution [51]. In [52], the authors develop LPBoost
algorithm to solve the margin maximization problem via linear programming.
Similar to the case with two-player games, the composite classifiers generated by
LPBoost most of the time require selecting a large number of classifiers. Sparsity
is not only useful for simplicity but also a good way to identify which £ classifiers
are the most important to maximize the minimum margin. Thus, it is beneficial
to consider the sparse LPBoost problem by adding constraint 1.4 to the original
formulation of [52]. Note that solving this problem is equivalent to solving P, as

per the construction in Section 1.2.

In machine learning literature, sparsity promotion is handled primarily by
adding penalties or modifying the original algorithms. [53] develops a variant of
AdaBoost by modifying the exponential loss minimization problem with an L,
penalty. In [54], the authors propose an Ly based variant of boosting to promote
sparsity, called SparseLyBoost. Furthermore, early stopping [55] in boosting is
also a technique to avoid overfitting and promote sparsity. Selecting a k—subset of
classifiers in sparse optimization is closely related to feature selection in machine
learning. To promote feature selection, gradient-based methods were proposed
([56],[57]) in addition to well-known regularization methods such as LASSO [30].
For binary classification, [7] proposes an outer approximation algorithm to solve

the sparse classification problem exactly.

Exact methods via approximations are out of the scope of this thesis. On the
other hand, the numerical experiments in Boosting are rooted in machine learning

applications.
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Chapter 3

Development of The Optimality

Conditions

Optimality conditions in optimization are ways of proving, disproving or checking
optimality of a feasible solution. Necessary optimality conditions are conditions
that must be satisfied by every global optimum point. On the other hand, suffi-
cient optimality conditions directly imply global optimality. As an example, the
optimality condition for unconstrained optimization of a differentiable function

f is that every local optimum point z* satisfies [58]
Vf(x*)=0.

Most optimality conditions are easy to verify for optimization of well-behaved
functions (e.g., continuous, convex) over well-behaved domains such as convex
sets. Nonetheless, optimization of such problems is desired in applications. P,
on the other hand, is a nonsmooth optimization problem over a nonconvex set.

Solving P, therefore, requires problem-specific classification of its feasible points.

This chapter develops three main optimality conditions for problem P. The
notions of Basic Feasibility and Coordinatewise optimality can be seen as exten-
sions of [18], whereas Neighbor Basic Feasibility is a new condition developed by

combining those extended conditions.
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3.1 Notation and Preliminaries

Let k£ < n be a natural number denoting the sparsity limit of x. Moreover, the

index set is defined as
I:={1,2,3,...,n},

consisting of indices for variable x. Moreover set
M :={1,2,3,...,m}.
For any point x € (] its support is denoted by
Li(z):={iel]|x >0},
and similarly it is possible to define the elements with zero value as
Iy(z) :={iel]|z, =0}

Throughout this chapter, assume that any subset S of I is ordered with the
partial order <. For any subset S C I, let x° € R!Sl denote the restriction of
vector x € R™ to support S. That is,

S _

where S; denotes the ith element of set S. Moreover, for any function f of n

variables, its restriction to S C I is defined as as follows
fAx) = f(x),x; =0,Vie I\ S.

Let C' C R™. The restriction of set C' to indices S' is given by
C%={xecC|x;=0,iel\S}

When S = (), the set is simply denoted by C™. Moreover, if the dimensions of a
set’s elements are obvious from the context, the dimension is not specified and
the set is simply written as C'. As an example, most of the equations in this work
use A, which stands for the n-dimensional unit simplex for the case of P. For

simplicity, denote the k-sparse solutions of a set C' as follows.

Cr:={xeC||x|, <k}
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For problem P, we denote its optimum value by P*. Most of the algorithms in
this chapter require computing the sparsity-relaxed version of P. The relaxed

problem is defined as follows.

minimize maxa’x

Pre
subject to x € A (Pra)
The notion of Basic Feasibility defined in the next section is introduced for the
general problem with
minimize X
subject to x € C},
where f is a convex and a continuous function on C' and C'is a compact and convex
subset of R™. Throughout this thesis, the classical definitions of subgradients and
subdfifferentials are used.
Definition 1 (Subgradient and Subdifferentials [59]). Let f : R — R U {400}

be a proper convex function. The subdifferential of f at a point x € dom(f) is

of(x) ={g e R"| f(y) > f(x) + (9,y — x) Yy € R"}. (3.2)

Any vector vector g € Of (x) is called a subgradient of f at x.

Unless it is specified otherwise, all open balls B(x,r) are Le-norm balls centered

at point x with radius r.

3.2 Basic Feasibility

Even though the domain of P is nonconvex, it possesses some useful properties.
For example, consider the three-dimensional 2-Sparse unit simplex A3 C R3
which is visualized in Figure 3.1. One can observe that the sparse simplex can
be represented as a union of convex subsets of A. In the above example, one can
represent the sparse unit simplex by the union
A ={r e R’ |2y + a3 =1,25 = 0,11, 73 > 0}
U{z € R® | 2o+ a5 =1,2, = 0,29, 23 > 0}

U{IEERS|$1+I2:17$3:O,ZL‘1,ZE2 ZO}
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Each of these union terms are lower dimensional unit-simplexes, and optimization

over these subsets would be convex optimization problems.

X3

X1

Figure 3.1: The 2-Sparse Probability Simplex on R?

By the nature of P and the unit simplex, an immediate observation follows.

Theorem 3.1. Minimizing problem P is equivalent to solving problem

min  P(S),

SCI,|S|=k

where the subproblems P(S) are defined as

minimize f(x)
subject to x € A (P(9))
2i=0, Yiel\S.
and P*(S) is the optimum value of a subproblem. That is,
P*= min P*S),
SCI,|S|=k

holds.

Proof. Let x* be the optimum solution to P. Then,
fxT) < f(x),
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holds for every x € Ay. In particular, for every set S C I with |S| = k, we have

that S C Ag. Hence f(x*) < f(x) holds for every x € S and every S C I with
— k. This gi Y =P*< min P*S).

|S| = k. This gives f(x*) =P* < Sgrlr}lgrll:kp (S)

Conversely, assume that S* € argmin P(S), where P(S) is defined as
SCI,|S|=k

above and let x* € argminP. Assume to the contrary that P* = f(x*) <
Sgr[r’l‘ig‘l:k P*(S). Since x is the optimum solution to P, we must have |[;(x)| < k.
If |I;(x)| = k, then by its definition we obtain f(x*) = P*([;1(x)) < Sgr[r,llig‘l:k,
which is a contradiction since [;(x) C [ and |[1(x)| < k. If [[;(x)] < k, then
consider any set with I1(x) C T C [ and |T| = k. Since 0* € argminP, it
follows that ¢* € argminP(7T"). The same argument follows as in the equality

case. Hence it must hold that P* = f(x*) > scrln|isr\l—k P*(S). Hence the equality

P*= min P*(9),
SCI,|S|=k

holds. O

This reformulation implies that each subproblem solution for every k-sized
subset of I is a candidate solution for optimality. Therefore, a natural condition

for optimality follows from the subproblem characterization.

Definition 2. Let x € C, and its support I1(x), |I(x)] < k. x is said to be
Basic Feasible (BF) if it holds that

x € argmin P(S5).

for every set S C I such that |S| =k and I,(x) C S.

In this definition, if |I;(x)| = k, then the condition simplifies to
x € argmin P([(x)).

Checking the BF condition is an easy task for points with full support, as it
only requires solving a convex subproblem. Checking the Basic Feasibility of

a point with incomplete support might be more difficult if |I;(x)| is very small

19



compared to k, as this would require solving ( Il’zx))—many convex problems. Some
well-known results about convex optimization are required to solve convex sub-

problems of the form S.

Fact 1 (Existence). A continuous function f : C — R on a compact set C

attains its minimum.

Fact 2 (Necessity). Consider minimizing a nonsmooth convexr function f over

C. Since f is convex, any local optimum is a global minimizer.

Fact 3 (Sufficiency [60]). Consider minimizing a real valued convex but nons-
mooth function f over C'. x € C' s a global optimum point of f if and only if
there ezists a g € 0f(x) such that

g (y —x) >0

for everyy € C.

Together with Fact 2, these facts establish the necessary and sufficient condi-
tions for optimality in the subproblem. The subproblem characterization gives a
convenient way to define the BF condition, as one only needs to find a subgradient
satisfying the sufficiency condition. Even though computing the subgradient is
also an issue on its own, for the minimax case, subgradients are easy to identify.

This fact is further exploited in the numerical experiments of Section 6.2.

Lemma 3.1. Let x € C. x is Basic Feasible (BF) if and only if either

e It holds that |I,(x)| = k and there exists a subgradient g € 0f1 ) (x) such
that
gy —x"%) >0

for every y € C11).
e [t holds that |I,(x)| < k and there exists a subgradient g € 0f°(x) such that
gy =x%) >0
for every y € C® and for every set S C I such that |S| =k and I (x) C S.
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Proof. Applying Facts 2 and 3 gives the desired result. [

It might not be practical to utilize the above conditions without exploiting the
structure of f and C'. The necessity and sufficiency are simplified significantly for
special cases of C' and f. To find optimality conditions specific to P, consider the
special case where C' is chosen to be the n-dimensional unit simplex. The condi-
tions for smooth optimization are given in [18], and the nonsmooth result should

follow from there. However, the proof is included in this section for completeness.

Theorem 3.2 (Basic Feasible Characterization). x € A is a BF point with full
support if and only if there exists a subgradient g € Jf(x) and a 1 € R such that

=u x>0
Gi
>p x=0.

gi=p if x>0,
gz p if x=0.

The incomplete support case follows similarly.

Proof. ( = ) Suppose = € A satisfies the conditions in Lemma 3.1, with the
corresponding subgradient g. There are two cases. If there are two indices i, j

with x; > 0 and x; > 0, we can write that for a small d, the point
X' = (X0,X1,...X +0,...,X; —0,...,2,)

is trivially in the unit simplex. Therefore we can write the stationarity condition

as
gr(x" —x) >0,
this gives
(ng — 59] Z 0,
we get
9i Z gj



changing § to —¢ yields the other side. Hence

9i = 9j,

provided that both x; > 0 and x; > 0. Now it suffices to show that this holds

when x; > 0 for some 7 and x; = 0 for j # ¢. For any such j now we can only

write
X" = (X0, X1,...X —0,...,X; +0,...,X,),
and this gives
9j = 9i-

Hence the subgradient elements corresponding to the support are all equal, while

the others are greater than or equal to this number.

( <) Suppose now the claim holds. We can write

XO—X Zg JIO—[E
:Zgz .730 Zglxz

hence the condition in Lemma 3.1 is established. O]

For the Minimax case there is a simpler characterization of subgradients.

Lemma 3.2 (max-Type Subgradients [59]). Let f : C'— R be a pointwise maz-
imum of convex functions fi, fa, ..., fn.
flo) = max  fi(z),
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for every x € C. Then its subdifferential at x € C' is given by

0f(x) = Co (V@) | file) = f(2)}).

where Co(A) denotes the conver hull of a set A.

Therefore, given a point x € A one needs to solve the following linear sys-
tem of equations with variables A, u to check this optimality condition for the

subproblems of P

ZAZ-:1

1€D(x)

)\i Z 07
where D(x) is defined as follows:

D(x) := argmax a, x.
icl

BF points provide a sense of “local” optimality condition. Indeed, the interior
of each feasible support is empty on R", yet one can still talk about local opti-
mality in the relative interior of each support. This notion is not well defined for
points with incomplete support, but those can still be viewed as BF points of a

problem with a stricter cardinality constraint.

Although useful, BF points are generally not globally optimal, and optimality
is guaranteed only if one can extract the original optimum support and solve its
corresponding subproblem. In fact, some BF points might be very bad candidates
for the global optimum if they have incorrect support, especially in ill-posed ex-
amples. While convex subproblems can be solved efficiently, finding the correct
support is generally computationally expensive. For problems having closed-form
subproblem solutions, one can, in fact, find a better strategy to detect the opti-

mum support. In problems without this property, such as P, it is cumbersome to
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compute the optimum support as one generally does not know the subproblem
solutions in advance. To overcome this difficulty, searching for nearby supports
instead of trying to detect the optimum support is a prominent attempt. Im-
proving BF points with nearby supports is treated under the ”Coordinatewise

Optimum” points section.

3.3 Coordinatewise Optimality

For any point x € Ay, by definition, at most k elements are allowed to be strictly
positive. A convenient way of defining necessary optimality is that, one can
compare X with vectors obtained by swapping its coordinates. The notion of
comparison with coordinate swaps is provided as an extension of the definition
of CW Optimality in [18].

Definition 3 (s-Neighbor). Given a point x € Cy, with support I,(x) =k, y € C
18 said to be an s-Neighbor of X if there exists a permutation matriz P that differs

from the identity matriz in at most s rows such that

y = Px.

As an example, choose n =4,k = 3 and x = (0.5,0.3,0.2,0) € Aj. The point
x' = (0,0.3,0.2,0.5) is a 2-neighbor of x, because there exists

_ o O O

0
0
1
0

o O O =

0
1
0
0
which differs from the identity matrix I in 2 rows and gives

Px =x

A point that is better than all of its neighbors is said to be a CW point. The

accuracy of this neighbor relationship is controlled through the permutations.
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Definition 4 (s-CW Point). Given a point x € Ay with support I(x) = k, we
say that x is an s-CW point if

x € argmin{ f(y) | y € C,y is an s-Neighbor of x}.

The most natural special case of this definition is the 2-CW optimum points,
which coincides with the Full-CW definition of [18]. For simplicity, 2-CW opti-
mum points are called CW-points. Indeed, 2-CW points should be the computa-
tionally cheapest to check.

Starting from a Basic Feasible point, CW-optimality concept provides a way
to search through neighboring supports. An algorithm to find CW points is
not provided in this chapter, but one can search for CW points in a greedy-type
technique. This qualification comes with an immediate drawback: Even if x € A,
is a point that is both BF and CW, the Basic Feasible points of a neighboring
support might still be better than x. This is still possible, as x can be BF and
it only needs to be better than its swapped versions to be considered as a CW
point. Unsurprisingly, combining BF and CW results and comparing x with the
Basic Feasible points of neighboring supports directly yields a better optimality

condition.

3.4 Neighbor Basic Feasibility

(2-)Coordinatewise Optimality can be a weak condition for nonsmooth problems.
In this section, a stronger condition called Neighbor Basic Feasibility (NBF) is
developed. Due to its construction, NBF is not significantly more expensive
compared to finding CW points. Instead of searching over the permutations of

vector x, the idea is to simply focus on finding neighboring supports better than
[1 (X)

Definition 5 (Support Neighbor). For any point x € C with |I,(x)| = k , a
subset S C I is a support neighbor of I1(x) if Ji € I1(x),j € Iy(x) such that

S = (L) \ {i}) U {j}-
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The set of all possible support neighbors of x is denoted by Z,.

Definition 6. A Basic Feasible point x with full support is called a Neighbor
Basic Feasible Point (NBF) if

F(x) < min P*(S).

T SeZx

A BF point with incomplete support is declared to be NBF.

This is a stronger condition compared to the BF condition, and this condition
is expected to be much more reliable than the BF and CW condition. Indeed,
the following theorem shows that the set of NBF points is a subset of CW and
BF points.

Theorem 3.3. Let NBFp, BFp and CWp denote the set of NBF points, BF
points and CW points of problem P, respectively. Then it holds that

NBFp C BFp NCWp

Proof. Let x be an NBF point to P. Then by definition it is a BF point. One
only needs to show that x is a CW point. For any S in the set Z,, we know that

f(x) <P*(S)

by the definition of NBF points. Let P be any 2-permutation matrix as in the
definition of CW points and let
y = Px.

Note that the support of y is determined by the permutation matrix P with at
most two different rows from the identity matrix, and y is a 2-neighbor of x. So
it follows that I1(y) € Zx. Hence

fx) <P (L(y)),

and since y is a feasible point to the subproblem P(I;(y)), we obtain

f(x) <P (L(y)) < fy)-

Moreover, any 2-Neighbor of x is of this form and can be constructed with some

permutation matrix P. Hence x is a CW point. m
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Obivously, optimum solutions to P are NBF points. The conditions developed

in this section, including the NBF, are computationally easy to check.

In summary, optimality conditions developed in this chapter form the backbone
of the cardinality constrained minimax optimization problem P. Even though
none of these conditions provide a sufficient condition of optimality, they impose
a sense of ”local” optimality in an ill-posed domain. Consequently, algorithms

and methods of subsequent chapters aim to find points satisfying these conditions.

3.5 Algorithms to Find Candidate Solutions

In this section, algorithms to find points satisfying BF, CW and NBF optimality
conditions are presented. Basic Feasibility is the simplest form of the optimal-
ity conditions and can be solved through a convex (linear in this case) program.
Given a feasible solution x, an algorithm to find BF points is presented in Algo-
rithm 1.

Algorithm 1 FindBF
1: Start with some x € Ay, and compute [;(x).
2: Solve the convex program P(/;(x)), obtain its minimizer xXjp.
3: Return xgp

A useful strategy to approach P would be to find BF and CW points iteratively.
To find BF-CW points, Algorithm 2 is presented. In this algorithm, FindCW (x)
denotes a greedy CW finder algorithm. FindCW(x) can be a simple algorithm
that checks 2-Neighbors of any feasible point arbitrarily and iteratively moves to
better feasible solutions. Moreover, problem specific applications might be useful
as one can improve FindCW(x) by choosing neighbors in a more efficient and

reliable way. This algorithm is left as a design choice to the experimenter.

Unfortunately the accuracy of points determined by Algorithm 2 is not satisfac-

tory even for relatively well-posed examples like P. Due to Theorem 3.3, NBF
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Algorithm 2 Greedy BF-CW Search

1: Start with some x € C such that [;(x) < k.
2: Set BF =False and C'W =False
3: while BF,CW = False,False do

4.

10:
11:
12:
13:
14:
15:

Call FindBF(x), an arbitrary subproblem solver.
if x € FindBF(x) then

Set BF = True
else

x <— FindBF(x)
end if

Call FindCW(x), an arbitrary CW-finder.
if x € FindCW(x) then

Set CW = True
else

x — FindCW(x)
end if

16: end while

point condition could be a better qualification technique. Starting from an initial

BF point, Algorithm 3 searches for an NBF point in the neighboring supports in

a greedy fashion.

Algorithm 3 NBF Point Search

1: Start with some BF point x with |[;(x)| = s, Optimum = False.

2: while Optimum = False do

3:

10:
11:

Find the BF point on face I (x): j,x and its objective value z
fh(x)(l‘h(x))-
Compute Z, through enumeration
Check if there is an improving support Zy.
if there is no improving S then
Optimum = True.
return [,(x), 7, (x), 2
else
Set I1(x) < S.
end if

12: end while
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Algorithm 3 relies heavily on the selection of the initial support. When the
initial point is chosen arbitrarily, the initial support could be distant from the
optimum support, which results in either converging to a weak NBF point or
converging very slowly. To overcome this, hard-thresholding the relaxation opti-
mum solution is proposed in Algorithm 4, although no guarantee of performance

is provided.

Algorithm 4 Initializer Selection
1: Solve Prel and obtain xg;.

2: Choose the indices of the largest s elements of 2}, by enumeration and form
S.
3: Solve P*(S) = x

4: return x

Algorithms 2 and 3 are based on greedy-type approaches. These algorithms
require searching through neighbors of a point or a support. When the algorithms
are limited to the simplest case of 2—Neighbors, one only needs to check the
BF condition for around C(n,2) times, which is computationally tractable. On
the other hand, when n is very large (e.g., in the order of 10°), the algorithms
become significantly slower as the solution times of convex programs increase.
The performances of Algorithm 2 and 3 are evaluated in Chapter 6 for various n,

m and k values, and compared to the MILP upper bounds of the formulation in

PmiLp.

Computing the optimum support in these algorithms is most of the time not
possible. Based on the common techniques used in the literature, finding better
supports to P can be attempted through regularization. The idea behind this
formulation is that it puts a penalty to less sparse solutions, and searching for
the correct support over a convex set might be more desirable algorithmically. In

Chapter 4, the regularized problem and its relationship with P is analyzed.
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Chapter 4

Finding Solutions Through

Regularization

This chapter analyzes the sparsity regularized problem Preg and show corre-
spondences between the basic feasible solutions of P and the local minima of
Preg- For any penalty parameter 8 > 0, the Cardinality Regularized Minimax
Optimization Problem (CRMOP) is defined as follows.

minimize max alx + B,

. (PReg(/g))
subject to x € A.
An equivalent formulation to this problem is
minimize r%z}}(a,}x—l—éA(x) + BlI1x/los (Pr(B))
where d¢(x) is the indicator function on set C' C R™,
0 xeC
doX) = (4.1)

+oo x€eR"\C.

Since the domain C'is a convex set, the function f(x)+dc(x) is convex. However,
both problems are nonconvex and discontinuous due to the cardinality constraint.
Throughout this chapter, the following notation for the is used for the functions
T
f(a) = maxa; x,
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o T
falz) = E%%}cai X + 0a(X),

. _ T
F(z; f) = maxa; x + B[ x|o,
Fa(w; B) = maxa;x + Bx[lg + da(x),

where the indicator function is as in (4.1). A simple observation shows that
problem Preg () indeed has solutions. To see this, the following well-known fact

is inherited.

Fact 4. [61] A lower semicontinuous function f(x) over a compact set C' attains

its minimum. That is, there exists a feasible solution x such that

f(x) = min f(y)

yeC

Since A is compact, the lower semicontinuity of F' establishes the existence of

a global optimum.

Lemma 4.1. For any xo € A, there exists a radius ry, such that every x €
Bi(X0,7x,) has the property

1xllo = lIxoll;

where By(z,r) is the Ly ball around point x with radius r > 0.

min Xo,
i€I1(x0)

Proof. Choose ry, = and let x € B(Xg,7x,). Then, it holds that

n
Z\xi—x0i| <r = |x;—%o,| <71, Vi
i=1

Then, this implies

XOi_TSXi§T+XOi — Xi>O,Vi€Il(XQ)

Hence I1(xq) C [;(x) and the result follows. O

The result in Lemma 4.1 is quite similar to the result in [25], although the
statement and the proof itself is slightly different in this version. Together with

Lemma 4.1, now it is possible to show that F' is lower semicontinuous.
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Lemma 4.2. The function F(-;5) : A — R for any fixed B is lower semi-

continuous.

Proof. We need to show that

liminf F'(x; 8) > F(z0; 5)

T—T0

for every zo € A. The statement is equivalent to showing

su inf F(x; 8) > F(xo: B).
5>Igr€B(m0,§)mA\{mO} ( ﬂ) - ( 0 6)
It can be shown that the infimum with respect to ¢ is a decreasing function.

Moreover, one finds the supremum by decreasing the value of §. Hence we have

sup inf F(x;8) = sup inf F(x;
6>0 v€B(z0,6)NA\{z0} ( ) §>0,6<rx, L€B(70,6)NA\{z0} ( )
= sup inf maxa; z + Bz,

6>0,0<rx, €B(20,0)NA\{zo} 1€M

Since § < 7r.) > su inf maxalz + Bz
( - XO)_6>0,5£rx0fEEB(Ioﬁ)ﬂA\{l‘O} g e ol

= fBllzoll, + liminf f(z; B)
T—T0

= Bllzolly + f(xo; 8) = F(x0, )

Hence the lower semi-continuity follows. O

Theorem 4.1. The minimizer of F(x; ) over A exists.

Proof. By Lemma 4.2, F(z; /) is lower semi-continuous on the probability sim-
plex. Moreover, A is a compact set and thus, the minimizer of F' over the simplex
exists by Fact 4. O

Despite the fact that the global minimum exists, it is not possible to find
the exact optimum solution in practice most of the time. Therefore, the aim of
this chapter is to characterize the local optimum points of Preg(/5). The task of
identifying the local minima requires various results and definitions, which will

be provided in the next section.
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4.1 Useful Definitions, Results and Theorems

The structural results related to the unit simplex and the minimax function are
inherited to characterize the local minimums of Preg(/5). At any feasible point
x € A, the directional derivatives, and hence the local characteristics, are closely
related to the maximizer indices of f. This concept needs to be formally defined
before examining the local properties of directional derivatives. This is handled

by defining the concepts of degree and activity.

Definition 7. (Degree) For any point x € R,,, we define its degree set by

D(x)={icM|a'x= f(x)}.

One can immediately observe that for any x € R”, the degree set is nonempty.

Definition 8. (Activity) For any subset of indices S C M, we define its activity
by
A(S)={xeR"|ie D(x),Vi € S}.

Furthermore, if S is a single index, we shortly write A(i) instead of A({i}).

The concepts of Activity and Degree are closely related through the construc-
tion of A(-). These concepts are useful in the proofs, particularly in switching
between feasible points and the subsets of the index set. The following lemma

further strengthens this relationship.

Lemma 4.3. For any S C M, x € A(S) if and only if S C D(x).

Proof. Let x € A(S) for some S. For any k € S, we have that k € D(x) by the
definition of A(-). Conversely suppose that S C D(x). Then i € D(x) for every
i€ S, sox e A(S). O

Corollary 4.1. If D(x) is a singleton, then x is in the range of only one

nonempty subset of M.
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Proof. Since D(x) is a singleton, x € A(S) and S must be either empty or equal
to D(x) by Lemma 4.3. By the definition of activity, if S is empty we have
A() = and x ¢ A(S). Hence S = D(x) and hence x is in the range of only one

element. O]

Lemma 4.4. The activity sets are closed and convex sets.

Proof. If A(S) =0 for S C M, the proof is trivial. Suppose A(S) # 0.

(Convexity) Let z,y € A(S), A € (0,1). From 4.1, we have that S C D(x) and
S C D(y). Consider the point Az + (1 — A\)y and let k € S. By convexity of f(-),

) r < ¥ — T
max a; A+ (1—Ny) < /\Iiréa]g(alqu (1—=2X) maxajy.

Applying the definition of degree gives
FAz + (1= A)y) = maxaj Az + (1= A)y)
1€

Amaxalz + (1 — X)) maxaly
ieM ieM

= Xajx+ (1 = Najy
=al A+ (1—-N)y).

We trivially have that

fOz+(1=Ny) >al (Az+(1-=N)y),
so it follows that

fOz+ (1 =Ny)=a, Az +(1—-N)y).

Hence k € D(Axz + (1 — N)y) and S C D(Az + (1 — N)y) is established. Again by
4.1, Az + (1 = M)y € A(S). Therefore A(S) is convex.

(Closedness) Let {x,}nen be a sequence in A(S) for some S converging to
x € R™. We have that S C D(z,), and we want to show that S C D(z).

Let k € S. This means that k € D(x,) for each n € N. We get
apT, = maxa, .
ieM
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By continuity of max function and the linear function, we get that

T T — 13 T T _
akw —maxa,r = lim (akwn — maxa, :L‘n) =0.
eM n—o00 eM

Hence

which gives k € D(z). So S C D(z) and x € A(S), which establishes closedness
of A(9).

The definitions of activity and degree allow one to investigate the local prop-
erties of f(x) around any feasible point x € A. In particular, there is a positive
distance between x and the activity set of an index that is not contained in the
degree of x. Hence, dealing with local minima becomes significantly easier than

considering the complete index set [ around x.
Lemma 4.5. Let xq € R". Then we have that
d(x0, A(z)) = 0,
for every i € D(x¢). Moreover,
d(x0, A(j)) > 0,

for every 5 € I\ D(xq), where d(x, A) is the distance function between point x
and set A, defined as
d(x, A) := inf d(x,y)

yEA

and d(x,y) is any metric on the metric space.

Proof. Since x¢ € A(i) for every i € D(xp), the first statement follows from the
definition of the distance. Since A(j) are closed sets by Remark 4.4, j ¢ D(xo),
xo ¢ A(j), and the set {xq} is compact, it follows by Exercise 27.2 in [62] that

d(xo, A(j)) > 0
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Using the above lemma, it is now possible to restrict attention to the degree

set of a point while searching for local minima.

Theorem 4.2. Let xqg € R™. Then there exists r > 0 such that for every x €
B(xq, 1), we have D(x) C D(xg).

Proof. 1f D(x¢) = I, there is nothing to prove as any radius r works. By Lemma
4.5, we know that the distance d(xg, A(j)) is strictly positive for any j ¢ D(x).

Hence we can choose

r = min{d(xo, A(j)) | j & D(Xo)}-

Since D(xq) # I, the set of distances is nonempty. Moreover, there can only be
a finite number of positive distances. So, this minimum is well-defined. Note
that for any = € B(xq,7), we have that j ¢ D(z) if j ¢ D(x¢). Taking the

contrapositive of this statement yields the desired result. O

The radius r is called the support preserving radius of xq, denoted as r(xg).
A useful corollary immediately follows, showing that we can always find a radius
with the same support at differentiable points. This also implies that there is a

ball around any differentiable point that contains differentiable points.

Corollary 4.2. Assume D(xq) = {i} for some i € M. Then there exists r > 0
such that for every x € B(Xo,1), we have that D(x) = {i}.

It is now possible to establish the local optimality conditions of Preg(f).

4.2 Basic Feasibility Characterization of the Lo-
cal Optima

Define the following two sets to use in the rest of this section.

S:={xeR" |17z =0},
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Kw)={zeR"|z;=0,Vi eI\ w},

where w C .

Even though the function f(x) = max alx is not differentiable, its directional
1€
derivatives exist by convexity.
Lemma 4.6. Consider the point xo. For any direction d € B(0,7(x0)), we have
that

'(x0;d) = max ald.
1 (x0; d) i€eD(xq)

Proof. For any d with d € B(0,r(xp)), we know that D(xo+ d) C D(xg). There-
fore, there exists at least one index j € I such that j € D(xo+d) and j € D(xo).
Since A(j) is convex, for any € € (0, 1), it holds that

(1 —e)xo + €(xo + d) = x¢ + ed € A(j).

Hence j € D(x¢ + €d).

T T
max a, (Xg + €d) — max a, Xg T AT
ieM it ) iear 0 aj(xo +ed) — ajxo —Jld

= =ald.

€ €

This gives
max a] (Xo + €d) — max alx
f'(x0;d) = lim *X M — ald.
e\ € J
Now it is left to show that

J € argmaxa,d.
iED(Xo)
Suppose to the contrary that there is some k € D(xg) and k # j with
ajd < agd.
Since k € D(x¢) and j € D(Xo), it holds that
apXo = a;Xo,

inserting the strict inequality gives

a}(x0 +d) < al(xo + ),
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which is a contradiction to the fact that j € D(xo + d). So we get

'(x;d) = ald = d.
F(x0;d) = a;d = max a;

Now consider the parametric optimization problem defined as:
h(r) = minimize maxalx
ieM
subject to 1Tx = 0,
[l <,
x € R".

Properties of this parametric optimization problem is crucial to show local opti-
mality. For simplicity, define a minimizer of h(r) as
* : T
dy € argmin max a; X
subject to 17x =0,
Il <
x € R™.

Obviously, this problem always has a solution as one can choose the feasible vector
0eR™

Remark 1. For any r > 0, h(r) < 0.

Proof. Notice that 0 is a feasible solution to h(r) for any r > 0. Therefore the

remark follows. O

Remark 2. The function h(r) is linear, that is, it holds that
AR(r) = h(Ar)

for any A > 0 and
A = d,.
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Proof. We have

Ah(r) = minimize Amaxalx
ieM

subject to 17x = 0,

[l <7,
x € R™
Make a change of variables Ax = u to get
Ah(r) = minimize maxalu
ieM
F 1Tu
subject to  =* =0,
[[ull, < Ar,
u e R”,
which gives
Ah(r) = minimize maxalu
ieM
subject to 1Tu =0,
[ull, < Ar,
u € R”,
which is equal to h(Ar). The second equality also follows similarly. O

The following observation completes the construction by defining a radius em-
bedding the local optimality. For any direction d € §, moving in the direction d
preserves the existing support for sufficiently small d. In particular, if one chooses
d such that ||d]|_ < k€?117i”r.17n}|xk], no element of x + d can be zero or negative.
Therefore, one only has to worry about increasing support for local optimality.

For any x € R", define the following quantity as the radius.

/8‘
L . 2
Px = min 1‘Er1171“1.1’n}|xk|,r(x), h ) Jd(x, Ay) 7 (4.2)

d*

r(x)

provided that h(r(x)) < 0 and d(x,4,) > 0. If one of them is equal to zero,
one can immediately assign 400 to the corresponding minimization argument to

define py.

To prove local optimality, firstly, the attention is restricted to direction vectors

from subspace S, as they enforce x +d ¢ A.
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Lemma 4.7. Let x € R™. For any vector d € B(0, px) NS¢, it holds that

FA(x+d; 8) > Fa(x; 5).

Proof. If x € A, then for any d € B(0, px) NS¢ we get
IMx+d)=1"x+17d # 1.

This implies x + d ¢ A,, which makes f(x + d) = 400 and inequality becomes

trivial.

If x ¢ A, then for any d € B(0, px) NS¢ we have x+d ¢ A,, and the inequality
is valid. O

Given two vectors x and d, the following inequality holds by the separation
property of max function.
max al(x+d) < max alx + max ald. (4.3)
To see that this is true, for any finite index set I and z;,y; € R for each ¢ € I,
one has that

T; +y; < maxx; + maxy;,
T i

holds for any i, and taking the maximum of the left hand-side over i gives the
desired result. The other side of the inequality is not true in general. In fact,
by choosing d accordingly, one can make the difference between the two sides
substantial. On the other hand, it is possible to show that the equality holds
locally if x and d are chosen appropriately. The following lemma establishes this

local separation property and is crucial in proving local optimality.

Lemma 4.8. Let x € R™. For any vector d € B(0, px), we have that

max a; (x +d) = max a]d + max a]x
1€D(x) 1€D(x) 1€D(x)

Proof. By (4.3), the equivalence of separated terms holds. That is,

max a] (X +d) < max a]x + max a/d.
1€D(x) 1€D(x) i€D(x)
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Since px < 7(x), we know that D(x + d) C D(x) holds by 4.2. Moreover,

maxa, (x + d) = max a(x + d).
€M i€D(x)

Then, by the directional derivative inequality we get
max a] (x +d) = maxa] (x +d) > maxa]x + max a]d = max a/x + max a]d.
€D (x) ieM ieM i€D(x) 1€D(x) i€D(x)

This establishes that

max a, (X +d) = max a]x + max ad.

1€D(x) 1€D(x) 1€D(x)
[
Now define the operator
1 ifz>0
¢(x) ==
0 otherwise
Lemma 4.9. Let x € R"\ {0}. For any vector d € B(0, px), we have that
> dlaitd) = Z o(@) Z o(d
iel il (x i€lo(x
Proof. See the proof of Lemma 2.1 in [25]. O

Lemma 4.10. Let x € R™\ {0}. For any vector d € B(0, px) N K°(11(x)), we
have that

Fa(x+d; 8) = falx +d) + Bllx +dlly = fa(x) + Blx[ly = Fa(x; 5).

Proof. By Lemma 4.7 we may assume that d € S. If x ¢ A,, px < d(x,A,)
forces x +d ¢ A, hence +00 > 400 and the inequality is trivial. So, we may

also assume x € A, and x +d € A,,. By 4.8, we have

T(x+d dl|, = T Td d
max a] (x +d) + fx +dl, Jnax a;x + max a, + Blx +df,
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by the previous lemma from [25] (and assuming that we change supports),

I(x+d)+0 d dlo = ! Td+0 d
magxa; (< +d) +0s, (o + d) +Blx + dfly = max arx + max a;d + 0, (x) + Sllx + df,

-~

fa(x+d)

:fA(X)+5||X||o+ig]lja(§)asz+5 > o).

iEI()(X)

Now, since d € K°(I1(x)), there is at least one index such that i € [y(x) but
x; > 0. Moreover since d € B(0, px), we have 4.9 and

> old) =1

i€lp (X)

therefore we get

max o] (x +d) + 0a, (X + d)j+ﬂl|x +dlly = max afx + max ald +da, (x) + fllx + df,

-~

fa(x+d)
= Fa(x) + Blixllg + max afd+ 5 3 o(d)
iefo(x)
> fa(x) + BlIx[ly + max ajd +
1€D(x)
> 1 Td
> fa(x) + Blx, + sepin, o max a,d +

B||d;

r(x)

2 +ﬁ

A (r(x))|

> fa(x) + Bllx[lo + 7

holds provided that |h(r(x))| < 0. Now by homogeneity

8z, 5
oot | = mee

)

h

s
Gwll,) = T h(r(x)) = .
@ll2) = G
Hence we get
fax+d) + Bllx+dlly = fa(x) + Blxllo-
For the case with h(r(x)) = 0, it is guaranteed that
max ajd+ 3 >0,
1€D(x)
for any d within given radius. So the result immediately follows. O

42



Using the above lemmas, the local optimality characterization is proven in

cases.

Theorem 4.3 (Local Optimality). Let x € A. For any vector d € B(0, p), x is
a local optimum if and only if it is a solution to P(I1(x)), which is equivalent to

the Basic Feasibility condition.

Proof. Assume that x is a BF point. We have shown that for any x € A:

e Lemma 4.7: For any vector d € B(0, p) NS¢, it holds that

flx+d)+Bllz+d|, > f(z) + Bz,

e Lemma 4.10: For any vector d € B(0, p) N K°(I;(x)) NS, we have that

flx+d)+Bllz+d|, > f(z) + Bz,

So it suffices to show that we have the same statement hold for any d € B(0, p) N

.....

|z + d”o = ||$||07

Hence it follows that
]1(X + d) = Il<X>.

In this case, if x+d ¢ A, then the inequality is trivial since +00 > 0. If x+d € A,

then one has
fle+d) = f(z),

by the basic feasibility of x. Therefore, we must have
f@+d) + Blle+dlly = f(x) + Bz,

for every x € B(0, px).

Conversely, assume that x is a local minimum of Fa(x; /) around the ball

B(0, px). Assume to the contrary that x is not a BF point and the optimum
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—x
. Note that

solution of subproblem P(I;(x)) is point y. Then, choose d,, = Y
n

we must have
Li(x) = L(y)

and hence

L(x)=hL(y)2 L (X+ Y- X) .

n

One can choose n large so that d, € B(0, px). Since y is the BF point and
fly) < f(),
by convexity of A, x + ¥=* € A, and moreover by convexity of f,
y —X
1w <7 (x4 1) < 1o,

which gives

Fa (x+y X) < Fa(x),

which is a contradiction to the local optimality of x. Hence x must be a BF

n

point. O

By Theorem 4.3, it is now possible to see the parallels between P and Preg
clearly. Every BF point of P corresponds to a local optimum of Preg. Hence, one
can solve the regularized problem for a good local optimum point to obtain a BF
point of better quality. The advantage of Preg is that it has a convex domain,
meaning that it is possible to use well-studied methods such as DC' programming,

as well as methods utilizing projections to the convex domain.

While this problem has advantages both in theory and practice, the use of the
regularized problem comes with a significant drawback, as its objective function is
now discontinuous and non-convex. In 5, we introduce a novel surrogate to handle
discontinuity of ||x||,, and we propose a DC-based algorithm to find supports to

P.
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Chapter 5

Finding Local Optima of the
Regularized Problem

The connection between the regularized problem and the constrained problem is
established in Chapter 4. Extracting the optimum solution of P from Preg(/5)
requires two important steps: One first needs to determine the correct parameter
B, and solve Preg(/3) efficiently. In practice, correct S values can be found by
trial and error, provided a fast algorithm exists to solve the regularized problem.
Unfortunately, no methods have been developed to solve Preg(3)-like problems
exactly, and most of the methods in the literature rely on concave approximations
of the cardinality penalty. In other words, instead of solving Preg(/3) directly, a
practical approach is to solve an approximation of it, such as the problem
minimize max alx + Bg(x)

(Py(5))

subject to x € A,

where g(x) : A" — R is a concave and differentiable (usually, g € C?) penalty over
the unit simplex. It is natural to assume that function ¢ satisfies some properties,
such as concavity and ¢g(0) = 0, and it promotes sparsity when solved. Concavity
is mostly desired to replicate the function ||x||,, although choosing g as a concave

function results in a nonconvex program.
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5.1 Difference of Convex Approach

Solving the approximation P,(f) is, in general, significantly easier than Preg(/3)
because the former is continuous and, most importantly, differentiable, whereas
the latter is discontinuous. Among the methods that solve problems similar
to Py(B), perhaps one of the simplest approaches is the Difference of Convex
Algorithm (DCA). For any problem of the form

min f(x) — h(x), (5.1)

xeC
where f,h : C' — R convex and differentiable functions on convex set C'. The
DCA in this thesis is used as per the definition in [63]. At each iteration k, the
DCA solves the convex problem

X1 € argmin f(x) — [A(xy) + VA(xp)(x — x3)], (5.2)

xeC

until convergence, typically ||xx11 — Xx|| < & for some threshold ¢ > 0. DCA
is straightforward to implement and is specifically designed for problems of the
form 5.1. Problem P, (f) naturally has this property and is amenable to DCA,
as # > 0 and the penalty is usually concave; hence, —g is convex. The complete

algorithm is given in Algorithm 5 for the case P,(3).

Algorithm 5 Iterative Difference of Convex Algorithm
1: Initialize xy € A, 5 € R, and tolerance ¢

2: while ||x;41 — xi|| > ¢ do

3:  Solve the following problem:
Xp41 € argminmaxa;x + fg(xi) + BVg(xi) " (x = xx)

4: end while
5: Output: xiyq

In Sparse Optimization, the issue with Algorithm 5 is that it might not yield
a desired sparsity level if the penalty [ is not chosen appropriately. On the other

hand, the algorithm solves minimax optimization problems at each iteration.
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Hence, it is not very expensive time-wise. To recover k-sparse solutions, a useful
strategy would be to increase [ if the solution is dense and to decrease [ if
the solution of the DC algorithm is very sparse. In our experiments, a fixed
sparsity level k might not be achieved exactly, no matter how carefully the penalty
parameter (3 is chosen. To overcome this issue, Algorithm 6 is proposed instead,
guaranteeing a k-sparse support. Even though this algorithm always outputs full
support, one still requires function g to be sparsity-promoting. Thus, the success

of Algorithm 6 relies heavily on selecting a correct concave regularizer function

g.

Algorithm 6 k-Sparse Difference of Convex Algorithm
1: Initialize xg € A, 5 € R, sparsity level k£ < n, and tolerance ¢

2: while ||x;11 — x;|| > ¢ and ||x;]|o > k do

3:  Solve the following problem:
X4 € arg Héiil maxa,; x + Bg(x;) + BVg(x) " (x — x;)

4: end while

5: Let x; and xj,; be the outputs of this loop.

6: Obtain S C I be the indices of the k largest entries of x;. Solve P(S) and

obtain x%.

7. if k> |[1(x;41)| then

8:  Obtain T C [ with the following procedure: Find k — |[1(x;41)|-many
largest elements of x; that are not in [;(x). Let I’ be this set. Then set
T :=I,(x)UI'. Solve P(T) and obtain x3.

9: else

10:  Set f(xh) = +o0

11: end if

12: Output x € argmin{ f(x%), f(x})}

In practice, finding a more accurate § is still an important task, and the
parameter values closer to the ones that induce exact k sparsity most of the time

yield better results than others. An interesting observation for this special case
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is that at any iteration [, one can rearrange the terms in the inner optimization

problem as follows
xi41 € argminmax(a; + Vg (x))) 'x + Bg(x1) — BVg(x1) ' x.

Since the x; terms are constant, the optimization at each iteration reduces to an
altered version of the original Minimax problem. Based on the gradient infor-
mation of the penalty g at any point x, the game matrix A columns are altered
altogether. For instance, if at one index j € {1,2,...,n} the partial derivative of
g at that index is large, then the column is penalized in the next iteration. On
the other hand, if the partial derivative of ¢ in the direction of j is small, then the
variable of index j is prioritized. Based on this observation, the Concave Power
Function Penalty (CPFP) is proposed.

5.2 Concave Power Function Penalty and Its

Properties

The Concave Power Function Penalty (CPFP) is defined as follows:
gxi0,y) =Y _gi(x) =Y af(l— ), (5.3)
i=1 i=1

for some « € (0,1) and ~y € (0, 1).

Lemma 5.1. The CPFP is concave.

Proof. For a fixed 4, the second derivative of each term in the summation is
a:v?’l(l — ;)7 —yx (1l — xi)"”l,
and the second derivatives are

ala—1)xF (1 — %) = 20y x0T —x) "+ y(y — D)x¥(1 —x;)7 2

Since o,y > 0 and 1 — a,1 — v < 0, all terms are negative, hence by the second

order characterization of concavity (conveity) [64], each term in CPFP is concave.
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Since CPFP is a sum of concave functions, it is a concave function over the unit

simplex [64]. O

The partial derivatives of g(x;«,~) are of the form

dg(x)

= ax‘]?‘_l(l —x;5)" —x7(1 - X))t (5.4)

This expression is well defined only if x; € (0,1). For completeness, one can
assign a very large number and a very small number to the partial derivative at 0
and 1, respectively. One can see that the penalty (5.3) promotes sparsity at each
iteration of Algorithm 6 because it penalizes the values that are close to zero by
increasing its column value at game matrix A significantly, at the same time, it
promotes values that are closer to 1, by decreasing their column value in game

matrix A. Figure 5.1 illustrates the partial derivatives.

4 4 —gi(x) = 2°5(1 — 2)°°
gi(z)
2 f
e | — T

01 02 03 04 05 06 07-08 09

—4 t

Figure 5.1: Plot of g;(x) = 2%5(1 — )% and its derivative g/(z).

Note that the penalty 8 € R,, effectively determines how sharp the
penalties/rewards are assigned at each iteration. In particular, a small 5 value
would correspond to a more dense solution in Algorithm 5 because the function is
rather flat for most values of x;. Moreover, increasing 3 should make the solution
more sparse, as the penalty/reward is increased even for values of x far away from
the boundaries of A. (See Figure 5.2)

49



407 —B=05

- /8 —
b=

20 |
— B=

¥‘ . . -
01 02 03 04
_20 1
_40 1

Figure 5.2: Plot of fgi(z) for different values of 5,0 = v = 0.5.

Based on the column-altering interpretation of the DCA, penalty function 5.3
satisfies all required properties. At the same time, this penalty promotes elements

that have a value greater than 0.5 even more, resulting in sparser solutions.

5.3 Parameter Selection

Function parameters in (5.3) can be changed based on the dynamics of the game
matrix A. For example, it is natural to expect that when n and k£ become very
large, the elements of the feasible solutions could become very small. In this case,
this might affect the way Algorithm 6 terminates shortly after several iterations

due to the zeros being demoted and positive values being promoted.

If the algorithm terminates with the condition x|/, < k, one might consider
decreasing 3 values to achieve a better solution and increase [ otherwise. A

procedure to determine better 3 values is given in Algorithm 7.
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Algorithm 7 g Determination Procedure
1: Initialize B, = 0, Bpnee = M for some large M, sparsity level k < n,

tolerance 7 € N and iteration limit N € N
2: while |||x||, — k| >7and [ < N do
3:  Solve Algorithm 6 with 8, = MQM and obtain best solution x* and
<l
if ||x*||, < k then
Set Braz < Bi
else if ||x*||, > k then
Set Binin < Bi
else
Break
10:  end if
11:  Set [+ 1+ 1.
12: end while
13: Output 5

Selecting values for a and 7 determines the maximum point of the function

(5.3). The simplest case is, perhaps, choosing o« = v = 0.5.

Lemma 5.2. The mazimizer of penalty in (5.3) with « = v = 0.5 is the point

11 1
=== ] 9.5
= (o) (5.5)

Proof. For any point with x; = 1, the objective value is trivially 0. On the other
hand, by Theorem 3.2, optimization over the unit simplex requires all positive
values to have the same gradient value. Obviously, point (5.5) satisfies this con-

*

dition. Hence it is a local optimum and by concavity of g, x* is the maximizer

over the unit simplex. O

Changing the maximum point of (5.3) can be useful if there is some prior
knowledge of the optimum solution is present; this way, the parameters could be

adjusted so that the algorithm terminates in a shorter amount of time. In the
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extreme cases, when v — 0, CPFP gives

2”: xy, (5.6)
i=1

and the penalty becomes very similar to the well known L, norm penalty with
p € (0,1). Besides, if o,y — 1, 5.3 gives

n

Saiat ==Yt~ 1 |l 51)
=1 =1

i=1
which is analogous to the negative Ly norm, provided that x € A. Therefore, this
family of functions carries the properties of sparsity-promoting penalties common

in the literature.

To assess the sensitivity of the parameters in the DCA, experiments were run
with m = n = 100, 150, 200, 1000 and m = 150, = 200 with 8 = 10,1, 1, 10, 10,
respectively, and sparsity values & = 30. The values for § and k are chosen
arbitrarily; for the experiments with m = n = 100,150,200 and m = 150,n =
200, 12 equally separated values from the interval (0, 1) were selected for o and ,
hence in total 144 values were compared for each experiment. For m = n = 1000,
13 values from the same interval were chosen, a total of 169 values for o,y pairs.
The case with n = m = 1000, k£ = 30, 8 = 10 can be found in Figures 5.3
and 5.4. The rest of the experiments for other m,n values can be found in
Appendix A. Table 5.1 shows the best parameter selections for the DCA in terms
of the objective values among all experiments. As an example, for the instance
with a 1000 x 1000 matrix, the best parameters were seen to be approximately
(a,y) = (0.64,0.36).

The analysis shows that choosing a@ &~ 0.6 or @ &~ 0.7 most often gives the
best results. On the other hand, the solutions can be improved via altering v in
some examples. This essentially means that by altering ~, one can obtain better
solutions than the regular L, norm with p € (0,1). Furthermore, most of the

time, solutions are better than the negative L, norm penalty.

For any selection of a, pairs, the structure of (5.3) makes partial derivatives

at 0 very large. From a practical standpoint, this observation is useful because

52



20

18

16

14

Figure 5.3: Analysis of CPFP « and v Parameters, 1000 x 1000 Sample

once a variable is set to 0 in an iteration, it is penalized severely and should not
be selected in the following iteration. This way, the support at each iteration
should decrease, and it is possible to extract the same results by solving smaller
subproblems. As a result, the DCA approach in Algorithm 6 can be modified for

faster convergence.

5.4 Modified DC Approach with CPFP

When applying Algorithm 6, consider switching Vg with G. This function essen-
tially mimics the original penalty 5.3, but is only different in the extreme values.

This way, the gradient is computable for values at 0 and 1.

(x)

. ag X . —-n
— mkm aj + r(rzlzg: a;i + 0%, |xj:10*" it z; <10
(x- — : dg(x) : n
Gi(x;0,7) := +maxag; — min a;; + g—xj|wj:1_10_n ifz; >1-10
29(x) z; € (107, 1—107").
J
(5.8)
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Figure 5.4: Surface Contours: CPFP « and « Parameters, 1000 x 1000 Sample

This guarantees the algorithm to terminate at any solution involving any corner
entry. Replacing the partial derivatives with (5.8) comes with several other ben-
efits. In fact, one can simplify Algorithm 6 significantly using the properties of

G. This simplification is a special result of the original problem P.

Lemma 5.3. Let A be the game matriz of P and x* be the optimum solution of

this problem. For a column j € {1,...,n}, if there exists a t # j such that

min a;; > max G, 5.9
ieM 7T wenm (5.9)

then x;f =0.

Proof. Assume that 5.9 holds and j, ¢ are the columns with this property. Assume

that x; = ¢ for some € > 0, and f(x*) is the optimum solution. We have that

f(x") = ajje + apx; + Z @ik X
k#j,t
holds for every ¢ € D(x) by the definition of degree set. Notice that due to the
property in 5.9, we must have
Qij > Qit,
for every i € M. So we get that

* *
a;;e + aux; > aq(x; +¢),
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m n Best a | Best v
1000 | 1000 | 0.63636 | 0.36364
0.63636 | 0.00001
0.63636 | 0.09092
0.63636 | 0.18182
100 | 100 | 0.63636 | 0.27273
0.63636 | 0.36364
0.63636 | 0.45455
150 | 200 | 0.72727 | 0.90908
0.63636 | 0.00001
0.63636 | 0.09092
0.63636 | 0.18182
0.63636 | 0.27273
0.63636 | 0.36364
150 | 150 | 0.63636 | 0.45455
0.63636 | 0.54545
0.63636 | 0.63636
0.63636 | 0.72727
0.63636 | 0.81818
0.63636 | 0.90908
0.63636 | 0.99999
200 | 200 | 0.72727 | 0.36364

Table 5.1: Best («, ) Pairs in Experiments

for every ¢« € M and t. Therefore, switching ¢ from column j to ¢ reduces the
inner product for every row ¢ € M, including but not up to the rows in D(x).
Therefore, the new vector has an optimum solution less than f(x*), which is a

contradiction to the optimality of x*. So xj = 0 must hold. n

Theorem 5.1. Let [ be any iteration of the 6 and xé- 15 the last solution obtained
at l. Moreover, assume that the gradient is replaced with G, where G denote
the vector of partial derivatives defined as 5.8. If :cé < 107", then it holds that
s +1 _ .

_ : ol _
. =0. In particular, if x; = 0, then x;" =

Proof. Tt suffices to show that the new matrix at iteration [ + 1 satisfies the
property in 5.9. Let Xé- < 107™. An important observation here is that, there
must be an index £ such that x; > 107". To see this, assume to the contrary and

one can see that it is not possible to satisfy the unit simplex constraint. Choose
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k as the column in 5.9. Then for any + € M, we have the new column

dg(x) ‘
8XJ l’jilof"”

@;; — MiN ag; + max a; +
k (4,k)

now for any row r € M, the new matrix element at column k is

dg(x)

Ox}, |X’€:XZ ’

Qrg +

Since the partial derivative function is decreasing and x; > 107", we have that

dg(x) dg(x)

an ‘xj:IO*" 8Xk |Xk:XZ7

and it should hold that
— mkin ag; + r(l}é}g( Qip 2> Qg — Qij,

because max a;, > a, for any (r, k) and mkin ap; < a;; for any @ € M. Therefore

(i,k)

we obtain
: 9(x) dg(x)
ajj — mkm ag; + I(rll%( A5 + axj ‘xj:lo_n > Ay, + 0x1 }x;c=x7;’
for any 7,7 € M. So we obtain
dg(x) dg(x)

}> r?g]x{a’"k +

min{a;; — min a;; + maxa;; +
iel k (i, k)

an ‘Xk:xl: }

8XJ }x]‘=10_"
So we can apply 5.3, meaning that the optimum solution to the convex subprob-

lem at iteration ! + 1 must have xé.“ =0. O]

5.1 particularly holds for any vector values that are zero. This essentially
means that in 6, once a variable is set to zero, then it should remain zero until
the very end of the algorithm. This is very important as this means that the

supports actually become smaller over time.

Corollary 5.1. Let x! denote the solution at the lth iteration of 6, for any ! € N.

Then the set of supports is a monotone sequence. That is, we have that
LD DL D...DL()D ... (5.10)

In particular, the sequence of cardinalities is a non increasing sequence. Meaning
that
g = Il = -1l = -
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Proof. The corollary follows from Theorem 5.1, as for any j, xi =0 = x/*' =

0 O

Using 5.1, it is possible to modify 6 to terminate significantly faster. Since the
supports are monotone, one can reduce the size of the convex problem at each

iteration. The modified version is presented in 8.

Algorithm 8 Modified Iterative DCA (MIDCA) with G

1: Initialize x, € A, 5 € R, sparsity level £ < n, and tolerance T
2: while ||x*! — x!|| > T and ||x![|p > k do
3:  Solve the following subproblem:

X € arg min | max afl(xl)Txh(xl)+5g(xh(xl))—l—ﬂg(xlll(xl))T(xh(xl)—xlll(xl))
xeAl1(x")

4:  Construct x'*! from x, by placing its elements in the correct support.

5: end while

6: Let x; and xj,; be the outputs of this loop.

7. Obtain S C I be the indices of the k largest entries of x;. Solve P(.S) and

obtain x%.

8: if k> |[;(x;41)| then

9:  Obtain 7" C [ with the following procedure: Find k — |I1(x;41)|-many
largest elements of x; that are not in [;(x). Let I’ be this set. Then set
T :=I,(x)UI'. Solve P(T) and obtain x%

10: else

11 Set f(x}) =400

12: end if

13: Output x € argmin{ f(x%), f(x})}

Since it solves subproblems rather than large-sized problems, Algorithm 8 is
faster than Algorithm 6, yielding the same solutions when terminated. Even
though both these algorithms still rely on the S penalty coefficient value, it is
possible to find a suitable § after conducting a few trial steps with Algorithm 7.
In the Numerical Experiments Chapter, the algorithms are tested using examples

from game theory in addition to the real-world examples for binary classification.
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Chapter 6

Numerical Experiments

In this chapter, various numerical experiments are conducted to test algorithms
developed throughout this thesis. The first set of experiments compares the
newly proposed CPFP to well-studied penalties in the literature. Parameters of
CPFP are chosen to be («, ) pairs of (0.8,0.4), (0.6,0.3) and (0.5,0.5). Choosing
(a,y) = (0.6,0.3) or (0.8,0.4) is based on the observations in Section 5.3. The
selection («,y) = (0.5,0.5) is arbitrary, and it is to see the performance of CPFP
in different parameter values. Parameter values for other penalties are chosen

arbitrarily.

Two main algorithms are proposed to solve P: Algorithm 3 and Algorithm 8.
For large-sized examples, recovering the correct support and, hence, the original
optimum solution to P is impossible with known optimization solvers. Therefore,
the main benchmark throughout this chapter is the upper bounds of the MILP
formulation Pyp. For large (m,n) values, Pyprp mostly fails to prove opti-
mality but yields promising upper bounds. As an example, consider a randomly
generated game matrix A sized m = 2000 and n = 1000. In Figure 6.1, it can
be seen that the solver fails to reduce the optimality gap below 98% even after
working for 6 hours. In this example, the final upper bound is 2.0097, and the
final lower bound is 0.0386.
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Figure 6.1: Upper and Lower Bounds of P, A € R2000x1000

The methodology of numerical experiments is straightforward. To test both
algorithms, each is run until termination, and Pyrp is run for the same time. An
observation from the numerical experiments is that Pypp most of the time yields
a better solution in the given time frame when initialized with the procedure in
Algorithm 4. This is probably due to the fact that the initial solutions found
by the solver are generally loose. This can also be verified from the example in
Figure 6.1. The final results are compared using various parameters and data for

each problem.

First, the results are given for a predetermined number of general game matri-
ces A, as well as for different values of matrix sizes m,n and sparsity level k. In
Algorithm 3 and Pyprp, both problems are initialized with the procedure given

in 4 based on the observations.

Lastly, MMSCCP defined in Section 1.2 is tested with Algorithm 8, together
with the parameter selection procedure in Algorithm 7. Due to its nature, well-
known open-source datasets for binary classification can be used for MMSCCP.
It is important to highlight that this problem requires many one-level decision
stumps to make the classification. Therefore, simple decision stumps are created

for every dataset based on the available predictors. The first set of experiments
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aims not to classify data correctly but to test the speed and accuracy of Algo-
rithm 8. This chapter concludes with computing margin maximizing solutions

for several datasets, trained with the 80% of the data and tested with the rest.

The experiments in this chapter are run with the processor Intel®Core™ i5-
8265U CPU @ 1.60GHz and 8GB of RAM.

6.1 Review of the Existing Concave Surrogates

In this section, the performance of the following concave surrogates is assessed
under Algorithm 8: Minimax concave penalty (MCP), Concave L,-norm with
p € (0,1), —Ls regularization, SCAD and Capped L; norm. Penalties that are
not concave, such as inverse maximum by [38] are not evaluated. Note that the
Piecewise Quadratic penalty by [36] is equivalent to the Negative Ly penalty over

the simplex. Hence, it is not explicitly tested.

The MCP is defined as follows.

Ox; — 55, 0<z; <0
MCPy, (2;) = " (6.1)

762, x; > 0.
For MCP, test parameters # and y are chosen as 0.05, 0.1, 0.3 and 2, 3, respectively.
~ selection is mostly based on the tests in the original paper [32]. Parameter @ is
chosen arbitrarily in (0.1). However, one should choose v and 6 so that v < 1,
because the MCP is then equivalent to

- x; ~ a} 113
Oz, — - = 00— )Y - = 0— -2, 6.2

making it analogous to the — L, penalty over the unit simplex.

Capped L penalty is defined as follows:
CappedLl (z;) = min{x;, 7}. (6.3)
It should be noted that there are other versions of this penalty, such as
min{fz;, 7}. (6.4)
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This version changes the slope of the function when z; < 7. Indeed, when one
computes the derivatives for the DCA, Capped L; penalizes the columns with

small (< 7), thus promoting sparsity.

L, and —L, penalties are similar in behavior to CPFP. Those are defined as

ez =3 a2, 65)
i=1
where p € (0,1) and
—llells = = > 2t (6.6)
i=1

Parameter selection for L, penalty is straightforward, the interval (0, 1) is divided

equally and the experiments are conducted for p = 0.2,0.4, 0.6, 0.8.

Lastly, the SCAD is defined as in [34], and the parameter « is chosen to be

3.7 according to the experiments therein.

SCADy(z;) = % 0 < x; < ab (6.7)
(a+1)6? x; > ab,

2 Y

The parameter 6 determines the slope of this penalty near zero. On the other
hand, it determines the threshold values to switch between functions. The values
for 6 are chosen to be 0.05,0.1, 0.3 arbitrarily.

For any parameter, the gradient is computed regularly. Moreover, if the func-
tion is nonsmooth at several points, the gradient is assigned to be any element
from the subgradients. Note that all of the functions above are concave over A.
Hence, their multiplicative inverses are subdifferentiable, and it is always possible

to generate a subgradient.

The experiments are run for 39 different (m,n, k) triplets. A summary of the
results can be found in Table 6.1, and all detailed experiment results can be seen
in Appendix B. It can be observed that CPFP and L, norm penalties yielded

the best results in every experiment conducted. For this selection of parameters,
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MCP, SCAD, and Capped L; penalties usually yield the poorest result. On the
other hand, it can be seen that under correct 7 selections, CPFP can outperform
L, norm when a = p. CPFP seems to be a promising penalty, considering the
fact that it can be seen as a generalization of L, penalties. In most samples,
CPFP values are very close to the results in L, cases. Therefore, choosing the
incorrect v parameter is not harshly penalized in general. The experiments in

the following sections are based on the performances of CPFP parameters.

6.2 Finding Sparse Strategies for Two-player

Games

For game theory experiments, 5 random matrices for 12 different sizes for NBF
and 20 random game matrices for each of 40 different sizes and sparsity values;
hence, a total of 800 random matrices are created for MIDCA. Every random
matrix A generated has entries between a; = —100 and a,, = 100, and the
bounds are chosen arbitrarily. For each problem, parameters (m,n, k) represent

the number of rows, columns (features) and the sparsity level, respectively.

6.2.1 Performance of NBFS

The NBF Search algorithm, as in Algorithm 3, is the first approach to solving
P. This greedy-type algorithm requires selecting two indices to swap supports.
In this version of the algorithm, swapped indices are chosen arbitrarily. This
selection can be based on the gradient information at each iteration for differen-
tiable functions. For example, one can choose the leaving index by choosing the
index with the largest gradient value among [;(x) and the entering index with
the smallest gradient values among the indices of Iy(x). Although this procedure
does not guarantee finding the optimum solution, it provides a sensible way of
choosing indices rather than random guessing. Obviously, the gradient selection

procedure does not apply to nonsmooth optimization problems. To come up
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(m,n,k) Best Penalties

(60,100,20) (0.8,0.4), (0.6,0.3),Loe, Los
(60,170,34) (0.8,0.4), Losg, MCP(0.05,2) , MCP(0.1,2) , MCP(0.3,3)
(60,240,48) All penalties yield the same result in this example
(160,100,20) (0.6,0.3), Los
(160,170,34) (0.6,0.3), Los
(160,240,48) Los
(260,100,20) Los
(260,170,34) Los
(260,240,48) (0.8,0.4)
(360,100,20) (0.6,0.3), Los
(360,170,34) (0.6,0.3)
(360,240,48) (0.8,0.4)
(460,100,20) Lo4
(460,170,34) (0.6,0.3)
(460,240,48) (0.6,0.3)
(600,100,14) (0.6,0.3)
(600,300,42) Lose
(600,500,71) Los
(600,700,100) (0.8,0.4)
(600,900,128) (0.8,0.4)
(600,1100,157) Los
(700,100,14) Lo
(700,300,42) Lose
(700,500,71) (0.8,0.4), Los
(700,700,100) Los
(700,900,128) (0.8,0.4)
(700,1100,157) Los
(800,100,14) Lo
(800,300,42) (0.6,0.3), Los
(800,500,71) (0.6,0.3)
(800,700,100) Los
(800,900,128) (0.8,0.4)
(800,1100,157) (0.8,0.4)
(900,100,14) Loa
(900,300,42) (0.6,0.3)
(900,500,71) Los
(900,700,100) Los
(900,900,128) (0.8,0.4)
(900,1100,157) Los

Table 6.1: Best Penalties for Each Experiment
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with a similar heuristic way of choosing leaving and entering variables, one can
compute

d € argmin max aly.
lyll<t #€D()

Then at each iteration one can choose

Tenter € arg mind;,
i€lp (X)

and

Tleave € arg maxd,.
el (X)

The vector d replicates the original gradient, which finds the minimizer vector
among the directional derivatives as in Lemma 4.6. The ties in the gradient
selection procedure can be broken arbitrarily. NBFS can be costly for large-scale
instances, requiring checking k(n—k) neighbors at each iteration to prove the NBF
condition. Algorithm 3 can be modified to terminate after reaching an iteration
limit L. This way, it terminates in a sub-NBF point but in a significantly shorter

amount of time. In the NBF experiments, L = 1000 was chosen.

The results of NBFS experiments can be found in Table 6.2. For each row,
the average time represents the average runtime of 5 samples, and the average
relative improvement is the performance of NBF compared to the MILP upper
bounds, on average. The last column indicates the percentage of samples that
yield better NBF solutions than MILP.

Even though there are exceptions, one can see that the NBF Algorithm per-
forms comparable to the MILP Upper bounds on the instances with a large num-
ber of features. As an example, in the instance with (800,520, 112), the NBFS
performed better in a majority of the samples, and on average improves 3%. The
number of instances where the NBFS was better in solutions have an increasing
trend as m,n increase. So one could expect NBF to perform slightly better in
larger samples, although in these instances the results were comparable. On the
other hand, solving the MILP is a better option for relatively smaller values of

m,n.
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m | n | k |#|Avg. Time | Avg. Impr % | Better %

600 | 120 | 26 | 5 86.08 -4.294 20
600 | 220 | 47 | 5 237.25 -1.886 40
600 | 320 | 69 | 5 228.46 0.14 60
600 | 420 | 91 | 5 285.83 -5.135 0

600 | 520 | 112 | 5 248.38 -1.217 40
800 | 120 | 26 | 5 232.68 0.767 60
800 | 220 | 47 | 5 324.07 -1.409 20
800 | 320 | 69 | 5 352.07 -0.881 40
800 | 420 | 91 | 5 359.06 -1.761 40
800 | 520 | 112 | 5 442.50 0.396 60
1000 | 120 | 26 | 5 284.52 -1.186 20
1000 | 220 | 47 | 5 321.38 -4.672 20

Table 6.2: NBFS vs MILP for different Game Matrices

6.2.2 Performance of MIDCA

The same experiments are run with the MIDCA (Algorithm 8) using the same
methodology as the NBFS example. We choose = 10 for the MIDCA algorithm,
and one can improve our solutions by choosing a more suitable 5 experimentally.
As shown in Table 6.3 and Appendix C.1, the MIDCA achieves better feasible
solutions in a significantly shorter time than NBFS and MILP solutions. MIDCA
performs better than the MILP solution, even under a relatively small number
of features, and achieves an average improvement rate of about 15% on average.
In fact, one can run the MIDCA and NBFS algorithms consecutively to seek an
even better solution. However, we have observed experimentally that most of the
outputs in MIDCA are also NBF points.

Solving relatively small problems (typically n < 70) with Pys;p and examples
with a larger amount of features with the MIDCA seems to be the best options for
solving P. Even though the neighborhood search algorithm scales well compared
to the MILP, we suggest using MIDCA in most of the cases, and then using NBFS

to search for better neighboring solutions.
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m | n | k |# | Avg. Time (s) | Avg. Impr.% | Better %

260 | 112 | 24 | 20 3.66 14.76 100
460 | 132 | 28 | 20 8.66 14.673 100
360 | 132 | 28 | 20 5.78 14.48 100
460 | 112 | 24 | 20 8.90 13.989 100
260 | 132 | 28 | 20 10.54 13.753 100
060 | 112 | 24 | 20 11.26 13.691 100
360 | 112 | 24 | 20 6.60 13.033 100
660 | 132 | 28 | 20 15.59 12.471 100
660 | 112 | 24 | 20 15.03 11.728 100
260 | 92 |19 20 4.44 11.2 90
360 | 92 119 | 20 6.21 10.456 100
460 | 92 | 19 | 20 8.13 7.486 85
660 | 92 | 19| 20 13.85 6.756 95
160 | 72 | 15| 20 2.00 4.833 60
260 | 92 |19 |20 10.95 4.783 75
260 | 72 | 1520 4.12 3.536 60
660 | 72 | 15 | 20 12.08 2.549 65
360 | 72 11520 5.78 0.211 50
460 | 72 | 15| 20 7.45 -0.481 45
560 | 72 | 15 | 20 9.32 -1.739 30
160 | 52 | 11 | 20 1.70 -3.125 35
660 | 52 | 11 | 20 9.15 -4.327 25
360 | 52 | 11 |20 4.75 -4.354 30
460 | 52 | 11 | 20 6.24 -4.574 20
260 | 52 | 11|20 3.60 -5.144 40
260 | 52 | 11 |20 8.76 -7.795 10
260 | 12 | 2 |20 0.93 -8.114 0
660 | 12 | 2 | 20 1.15 -8.394 0
360 | 12 | 2 |20 0.60 -9.371 0
460 | 12 | 2 | 20 0.77 -10.611 0
260 | 12 | 2 | 20 0.39 -14.58 0
260 | 32 | 6 |20 4.82 -14.821 10
160 | 12 | 2 |20 0.25 -15.303 0
660 | 32 | 6 | 20 5.79 -16.623 0
260 | 32 | 6 |20 1.80 -16.789 5
460 | 32 | 6 | 20 3.72 -17.116 d
360 | 32 | 6 |20 2.93 -18.186 0
160 | 32 | 6 | 20 0.95 -24.852 0
60 | 12 | 2 | 20 0.10 -30.432 0

Table 6.3: MIDCA vs MILP for different Game Matrices (5
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6.3 Margin Maximizing Solutions for Sparse

Composite Classifiers via MIDCA

Recall that the MMSCCP is formulated as follows:
maximize min Y o;y;h;(x;)
subject to a € A" (6.8)
lally < .

as per the construction in Section 1.2, set
zij = —yih; (i),
and the resulting problem is
minimize max ) «;z;
€D ]GN
subject to a € A" (6.9)
lerllg < K,

which is identical to P. In this case, a critical difference is that the error matrix
values are in {—1, 1}. Since it was observed that MIDCA as in Algorithm 8 is in
general superior to NBFS in almost all examples, the experiments in this section

use MIDCA with CPFP.

A binary {—1, 1} error matrix Z is required for the boosting problem. Datasets
available online mostly do not have binary predictors but rather continuous and
categorical variables for prediction. In the context of boosting, classifiers are re-
quired instead of the original variable values. Therefore, the first step is to create
binary classifiers h; given a dataset. One could consider a plethora of meth-
ods to convert the data into a classification matrix. In this set of experiments,
the aim is to compute classifiers with large margins in a short amount of time
rather than the classification performance. Therefore, the thresholding technique
is used to construct the ”correct” and ”incorrect” labels. For every predictor,
the methodology is to simply separate data points through the median and label
with {—1,1}.
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A downside of thresholding is that it does not capture extreme values of a
predictor, as these are treated equally depending on the value compared to the
median. As an example, consider the Colon Cancer dataset by [65]. This ex-
periment aims to predict colon cancer in patients by looking at gene intensity
values. Separating intensity values through the median could yield poorly per-
forming classifiers in practice because a gene of a patient being extremely intense
compared to other specimens could be a reason to trigger cancer. To create ac-
curate boosting classifiers, one can create better classifiers/decision stumps with

any method of choice, and creating the classifiers is out of the scope of this thesis.

Experiments with MIDCA and CPFP are conducted in a similar fashion to the
previous chapters. The results can be seen in Table 6.4. In this table, DC and
MILP columns shows the minimum margins generated by each method, respec-
tively. Note that this problem is a maximization problem and one seeks larger
minimum margins. The Time column represents the runtime it takes for MIDCA
with [ search to terminate, and the last column shows the § value upon termi-
nation. The experiments use a = 0.5,y = 0.5 as CPFP parameters. Note that in
the Scene dataset, the target class was ”Urban”, and in the others the target of

classification is evident from the sources.

Dataset ‘ m ‘ n ‘ k ‘ DC ‘ PrmiLp ‘ Time ‘ Io]

Bioresp. [66] 3751 | 1776 | 40 1 1 258.28 | 0.0000
InternetAds [67] | 3279 | 1558 | 40 1 1 194.967 | 0.0000
Madelon [68] 2600 | 500 | 40 | -0.26266 | -0.2661 | 194.44 | 0.3125
Scene [69] 2407 | 299 | 40 | -0.35865 | -0.35809 | 55.55 | 0.1563
OVA Colon [65] | 1545 | 10935 | 40 | -0.13177 | -0.16045 | 846.48 | 0.1563
Random 1000 | 1000 | 40 |-0.17064 | -0.2134 | 143.18 | 0.1563
Kidney [65] 546 | 10935 | 40 | 0.29372 | 0.29034 | 232.50 | 0.0391
Prostate [70] 102 | 12533 | 40 | 0.35473 | 0.35489 | 47.15 | 0.0195

Table 6.4: Comparing MIDCA with CPFP in Open Source Datasets

It can be seen that the results are similar to Section 6.2, and the MIDCA

with CPFP outperforms MILP upper bounds in most of the examples.

The

performance of MIDCA is more evident when both the data size m and the

number of available decision stumps n is large.
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Since the emphasis was to find the sparse margin maximizing classifiers, so
far no optimization have been done for the purposes of error minimization. The
minimax formulation provides robustness and might improve generalization per-
formance of the model. However, small error rates might not be expected di-
rectly. Also, the generalization performance should depend on the way the deci-
sion stumps are created. As a result, no experiments on training and testing data
for classification was run directly, and it was left open for future work combining

sparse error minimization and margin maximization.
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Chapter 7

Conclusion

This thesis extended and developed three optimality conditions and proposed
two main algorithms to solve the CCMOP. The motivation for solving CCMOP
comes from the applications in computing sparse strategies in bimatrix games and
finding sparse margin maximizing composite classifiers in the boosting problem.
The problem is unique in that it has a nonsmooth objective over the sparse
unit simplex. Studying nonsmooth problems theoretically is harder in practice
because convergence results mostly fail due to the lack of gradient. Moreover,
the special structure of the unit simplex allows one to consider penalties with

different geometric properties.

7.1 Optimality Conditions and Algorithms

Optimality conditions to P are firstly expressed as an extension of the BF and
CW conditions in the literature for smooth optimization problems. In the spirit
of the previous work, Basic Feasible points represent the optimum solutions of
each k-subset of the variables and are the most natural conditions for optimality.

This condition is reduced to a subgradient condition for the minimax function
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over the unit simplex, and it can be checked by solving a linear system of equa-
tions. Coordinatewise (CW) optimality is inherited from the literature to search
for better local solutions. Due to the nonsmooth nature, CW points can be poor
in performance. The Neighbor Basic Feasibility condition is developed as an ex-
tension of both BF and CW points. Starting from an initial feasible point, the
NBF Search algorithm is proposed to find candidate NBF points to the original
optimum solution. The thesis assesses the performance of greedy algorithms to
find points that satisfy the developed optimal conditions. The NBF Algorithm
performs poorly in small game matrices but improves significantly for large sam-
ples, outperforming the Mixed-Integer formulation upper bounds in several cases.
Indeed, NBFS can perform significantly better if a more efficient method of index

selection is developed.

7.2 CPFP and DCA Approach

Since the study of optimality conditions is limited, the connections between the
CCMOP and CRMOP were established through the local behavior of the minimax
function. In particular, it was shown that the CRMOP local optimum points
coincide with the BF points of the CCMOP. Therefore, solving for CRMOP
local optimum points is equivalent to solving for CCMOP. A drawback of this
reformulation is that the CRMOP is a discontinuous problem. A novel surrogate
penalty, CPFP, is developed to overcome this irregularity and promote sparsity
over unit simplex. CPFP is applicable to all optimization problems over the unit
simplex, although its performance should be verified for the general case. Analysis
of penalty parameters shows that for most instances, o € [0.6,0.8] performs
the best, where the v parameter can be adjusted for better solution quality. A
Difference of Convex approach is utilized in solving P with CPFP. It was shown
that DCA, in this case, has a special interpretation of altering the columns of the
game matrix. For MIDCA, the algorithm was tested with random game matrices
and real binary classification data. MIDCA performs much better in numerical
experiments than MILP formulation, even in relatively small samples, n > 90 in

particular. A search procedure is designed for cases where the § parameter is
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unknown from the context.

7.3 Future Directions and Extensions

The main goal of this thesis was to develop techniques to find qualified feasible
solutions to P. On the other hand, it was observed that the MILP formulation
fails to generate tight lower bounds when solved with state-of-the-art solvers. The
study of lower bounds to P was not attempted but could be interesting in future
work. Optimality conditions in Chapter 3 can be extended significantly. The
problem P is not approached from the perspective of variational analysis, and
the study of optimality conditions is limited to the BF, CW, and NBF conditions.
Although the special properties of the minimax function were used in the proofs,
the connections between P and Preg should be similar in any convex and contin-
uous function. Lastly, the sparse boosting approach is only developed for binary
classification. The results should extend to the n-ary case, and could be extended

to a mixed setting including error minimization and margin maximization.

In summary, this thesis lays a foundation for further study of sparsity con-
strained nonsmooth optimization problems on constrained domains. Future re-
search can build on the theoretical properties, penalty development, and algo-

rithms presented here.
Data Availability.

The data used in this thesis are publicly available from the references indicated

for each data set.
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Appendix A

Results of Parameter Analysis

Figure A.1: Analysis of CPFP « and ~ Parameters, 100 x 100 Sample
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Figure A.2: Analysis of CPFP « and v Parameters, 150 x 150 Sample
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Appendix B

Penalty Comparison
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(m,n,k) | (0.8,0.4) | (0.6,0.3) | (0.5,0.5)
(60,100,20) -1.368 -1.368 -0.807
(60,170,34) ~6.141 ~6.049 76.049
(60,240,483) ~8.916 ~8.916 ~8.916
(160,100,20) | 10.557 8.425 8.524
(160,170,34) 1.685 1.22 2.145
(160,240,48) | -1.329 0.737 | -0.642
(260,100,20) 12.96 13.902 | 12.317
(260,170,34) 5.605 5.576 5.67
(260,240,48) 1.66 2.342 2.642
(360,100,20) | 17.733 | 14.616 | 15.445
(360,170,34) 8.721 7.372 7.708
(360,240,48) | 4.475 4.608 1921
(460,100,20) | 20.721 | 18.015 | 17.447
(460,170,34) 9.895 9.577 9.684
(460,240,48) 6.701 6.075 6.691
(600,100,14) 29.22 24320 | 26.875
(600,300,42) 8.944 8.024 8.576
(600,500,71) 3.38 3.742 1.298

(600,700,100) | 1.279 1.932 2.08
(600,900,128) | 0.383 0.925 0.938
(600,1100,157) | -0.329 0.151 0.255
(700,100,14) | 29.456 | 30.185 | 26.105
(700,300,42) 9.911 8.6 9.512
(700,500,71) | 4.434 1.667 5.401
(700,700,100) | 2.036 2.448 2.822
(700,900,128) | 1.064 1.701 1.725
(700,1100,157) | -0.147 0.619 0.661
(800,100,14) | 33.765 33.37 30.907
(800,300,42) | 10.561 9.19 9.661
(800,500,71) 5.912 5.509 6.266
(300,700,100) | 2.631 3725 1,098
(300,900,128) | 1.247 2.004 2.306
(800,1100,157) |  0.442 1.017 1.018
(900,100,14) | 32.619 | 32.132 | 28.538
(000,300,42) | 12.486 | 10.117 | 10.491
(900,500,71) 6.365 6.465 7.049
(900,700,100) 2.8 3.437 1271
(900,900,128) 1.93 2.487 3.335
(900,1100,157) | 1.024 1.725 1.942

Table B.1: Results for Different o,y Values
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(m,n k) Lo Lo Los Los —Ly
(60,100,20) -0.684 | -0.807 | -1.368 | -1.368 | -0.807
(60,170,34) -6.049 | -6.049 | -6.049 | -6.141 | -6.112
(60,240,48) -8.916 | -8.916 | -8.916 | -8.916 | -8.916
(160,100,20) 9.92 9.691 | 8.425 | 10.074 | 9.661
(160,170,34) 2.933 | 2.071 1.22 2.118 | 3.059
(160,240,48) | -0.642 | -0.642 | -0.801 | -1.407 | -0.642
(260,100,20) | 13.673 | 12.285 | 11.907 | 13.821 | 14.969
(260,170,34) 7.921 | 6.057 | 5.467 | 5.648 | 8.239
(260,240,48) 2.731 | 2.731 | 2.342 | 1.917 | 2.562
(360,100,20) | 15.854 | 15.274 | 14.616 | 19.332 | 18.994
(360,170,34) 9.009 | 8.266 | 7.488 | 8.591 | 9.851
(360,240,48) 5.388 | 4.965 4.74 4.751 | 5.858
(460,100,20) | 16.894 | 16.189 | 17.031 | 20.721 | 21.179
(460,170,34) | 11.852 | 10.736 | 9.774 | 10.73 | 12.583
(460,240,48) 7.447 6.87 6.198 | 6.696 | 7.699
(600,100,14) | 25.269 | 24.851 | 26.552 | 29.22 | 32.615
(600,300,42) | 10.223 | 9.112 | 7.972 | 9.057 | 11.299
(600,500,71) 4.821 | 4.793 | 3.742 | 3.354 | 4.977

(600,700,100) | 2.328 | 2.328 | 1.932 | 1.284 | 2.246
(600,900,128) | 0.938 | 0.938 | 0.901 | 0.422 | 1.036
(600,1100,157) | 0.255 | 0.255 | 0.175 | -0.356 | 0.099
(700,100,14) | 24.173 | 25.715 | 29.652 | 29.456 | 30.489
(700,300,42) | 11.058 | 9.965 | 8.467 | 10.352 | 11.589
(700,500,71) 6.398 | 6.233 | 4.667 | 4.434 | 6.547
(700,700,100) | 3.222 | 3.204 | 2.448 | 2.019 3.07
(700,900,128) | 1.725 | 1.725 | 1.701 | 1.089 | 1.657
(700,1100,157) | 0.661 | 0.661 | 0.619 | -0.155 | 0.568
(800,100,14) | 28.371 | 29.638 | 28.675 | 35.987 | 34.413
(800,300,42) | 11.584 | 10.659 | 9.19 10.38 | 12.053
(800,500,71) 7.256 | 7.172 | 5.513 | 5.882 | 7.182
(800,700,100) | 4.203 | 4.203 | 3.725 | 2.619 | 4.096
(800,900,128) | 2.306 | 2.306 | 2.004 | 1.288 | 2.126
(800,1100,157) | 1.018 | 1.018 | 1.005 | 0.445 | 1.047
(900,100,14) | 30.222 | 28.287 | 32.689 | 33.125 | 29.426
(900,300,42) | 11.787 | 11.527 | 10.123 | 12.157 | 12.772
(900,500,71) 7.523 | 7.087 | 6.392 | 5.962 | 7.457
(900,700,100) 4.4 4.4 3.437 | 2.688 | 4.525
(900,900,128) | 3.349 | 3.349 | 2.531 | 1.949 | 3.306
(900,1100,157) | 1.942 | 1.942 | 1.726 | 1.007 | 1.739

Table B.2: Results for L,, p € (0,1) and —Ly
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m | n k (m,n,k) 7=01|7=03|7=05
60 | 100 | 20 (60,100,20) | -0.724 |-0.684 | -0.684
60 | 170 | 34 (60,170,34) | -6.049 |-6.049 | -6.049
60 | 240 | 48 (60,240,48) | -8.916 |-8.916 |-8.916
160 | 100 | 20 | (160,100,20) | 11.661 | 11.661 | 11.661
160 | 170 | 34 (160,170,34) | 2.933 2.933 2.933
160 | 240 | 48 (160,240,48) | -0.642 | -0.642 | -0.642
260 | 100 | 20 (260,100,20) | 15.415 | 15.415 | 15.415
260 | 170 | 34 (260,170,34) | 7.921 7.921 7.921
260 | 240 | 48 (260,240,48) | 2.731 2.731 2.731
360 | 100 | 20 | (360,100,20) | 18.914 | 18.914 | 18.914
360 | 170 | 34 | (360,170,34) |9.682 | 9.682 | 9.682
360 | 240 | 48 (360,240,48) | 5.388 5.388 2.388
460 | 100 | 20 (460,100,20) | 21.298 | 21.298 | 21.298
460 | 170 | 34 (460,170,34) | 12.859 | 12.859 | 12.859
460 | 240 | 48 | (460,240,48) | 7.787 | 7.787 | 7.787
600 | 100 | 14 (600,100,14) | 28.202 | 28.202 | 28.202
600 | 300 | 42 | (600,300,42) | 11.325 | 11.325 | 11.325
600 | 500 | 71 (600,500,71) | 4.815 4.815 4.815
600 | 700 | 100 | (600,700,100) | 2.251 2.251 2.251
600 | 900 | 128 | (600,900,128) | 1.032 1.032 1.032
600 | 1100 | 157 | (600,1100,157) | 0.045 0.045 0.045
700 | 100 | 14 (700,100,14) | 34.502 | 34.502 | 34.502
700 | 300 | 42 (700,300,42) | 12.433 | 12.433 | 12.433
700 | 500 | 71 | (700,500,71) |5.447 | 5.447 | 5.447
700 | 700 | 100 | (700,700,100) | 3.862 3.862 3.862
700 | 900 | 128 | (700,900,128) | 2.001 2.001 2.001
700 | 1100 | 157 | (700,1100,157) | 0.773 0.773 0.773
800 | 100 | 14 (800,100,14) | 31.914 | 31.914 | 31.914
800 | 300 | 42 (800,300,42) | 12.992 | 12.992 | 12.992
800 | 500 | 71 (800,500,71) | 6.931 6.931 6.931
800 | 700 | 100 | (800,700,100) | 3.87 3.87 3.87
800 | 900 | 128 | (800,900,128) | 2.718 2.718 2.718
800 | 1100 | 157 | (800,1100,157) | 1.328 1.328 1.328
900 | 100 | 14 (900,100,14) | 35.812 | 35.812 | 35.812
900 | 300 | 42 (900,300,42) | 12.595 | 12.595 | 12.595
900 | 500 | 71 (900,500,71) | 7.512 7.512 7.512
900 | 700 | 100 | (900,700,100) | 5.609 | 5.609 | 5.609
900 | 900 | 128 | (900,900,128) | 3.05 3.05 3.05
900 | 1100 | 157 | (900,1100,157) | 1.484 1.484 1.484

Table B.3: Results for Capped L,
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m n k (m,n,k) v=0.05{7vy=01]|~v=03
60 | 100 | 20 (60,100,20) -0.684 -0.684 | -0.684
60 | 170 | 34 (60,170,34) -6.049 -6.049 | -6.049
60 | 240 | 48 (60,240,48) -8.916 -8.916 | -8.916
160 | 100 | 20 | (160,100,20) | 11.661 11.661 | 11.661
160 | 170 | 34 (160,170,34) | 2.933 2.933 2.933
160 | 240 | 48 (160,240,48) | -0.642 -0.642 | -0.642
260 | 100 | 20 (260,100,20) | 15.415 15.415 | 15.415
260 | 170 | 34 (260,170,34) | 7.921 7.921 7.921
260 | 240 | 48 (260,240,48) | 2.731 2.731 2.731
360 | 100 | 20 | (360,100,20) | 18.914 18.914 | 18.914
360 | 170 | 34 (360,170,34) | 9.682 9.682 9.682
360 | 240 | 48 (360,240,48) | 5.388 5.388 5.388
460 | 100 | 20 (460,100,20) | 21.298 21.298 | 21.298
460 | 170 | 34 (460,170,34) | 12.859 12.859 | 12.859
460 | 240 | 48 | (460,240,48) | 7.787 7.787 | 7.787
600 | 100 | 14 (600,100,14) | 28.202 28.202 | 28.202
600 | 300 | 42 | (600,300,42) | 11.325 11.325 | 11.325
600 | 500 | 71 (600,500,71) | 4.815 4.815 4.815
600 | 700 | 100 | (600,700,100) | 2.251 2.251 2.251
600 | 900 | 128 | (600,900,128) | 1.032 1.032 1.032
600 | 1100 | 157 | (600,1100,157) | 0.045 0.045 0.045
700 | 100 | 14 (700,100,14) | 34.502 34.502 | 34.502
700 | 300 | 42 (700,300,42) | 12.433 12.433 | 12.433
700 | 500 | 71 | (700,500,71) | 5.447 5.447 | 5.447
700 | 700 | 100 | (700,700,100) | 3.862 3.862 3.862
700 | 900 | 128 | (700,900,128) | 2.001 2.001 2.001
700 | 1100 | 157 | (700,1100,157) | 0.773 0.773 0.773
800 | 100 | 14 (800,100,14) | 31.914 31.914 | 31.914
800 | 300 | 42 (800,300,42) | 12.992 12.992 | 12.992
800 | 500 | 71 | (800,500,71) | 6.931 6.931 6.931
800 | 700 | 100 | (800,700,100) | 3.87 3.87 3.87
800 | 900 | 128 | (800,900,128) | 2.718 2.718 2.718
800 | 1100 | 157 | (800,1100,157) | 1.328 1.328 1.328
900 | 100 | 14 (900,100,14) | 35.812 35.812 | 35.812
900 | 300 | 42 (900,300,42) | 12.595 12.595 | 12.595
900 | 500 | 71 (900,500,71) | 7.512 7.512 7.512
900 | 700 | 100 | (900,700,100) | 5.609 5.609 | 5.609
900 | 900 | 128 | (900,900,128) | 3.05 3.05 3.05
900 | 1100 | 157 | (900,1100,157) | 1.484 1.484 1.484

Table B.4: Results for SCAD, o« = 3.7
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m n k (m,n,k) (0.05,2) | (0.1,2) | (0.3,3)
60 | 100 | 20 (60,100,20) -0.807 -0.807 | -0.807
60 | 170 | 34 (60,170,34) -6.141 -6.141 | -6.141
60 | 240 | 48 (60,240,48) -8.916 -8.916 | -8.916
160 | 100 | 20 (160,100,20) | 11.363 11.363 | 11.661
160 | 170 | 34 (160,170,34) | 3.059 3.059 3.059
160 | 240 | 48 (160,240,48) | -0.642 -0.642 | -0.642
260 | 100 | 20 (260,100,20) | 15.097 15.097 | 15.097
260 | 170 | 34 (260,170,34) | 7.743 7.743 7.743
260 | 240 | 48 (260,240,48) | 2.562 2.562 2.731
360 | 100 | 20 (360,100,20) | 18.914 18.914 | 18.914
360 | 170 | 34 (360,170,34) | 9.534 9.534 9.851
360 | 240 | 48 (360,240,48) | 5.506 5.506 5.926
460 | 100 | 20 (460,100,20) | 21.298 21.298 | 21.298
460 | 170 | 34 (460,170,34) | 12.859 12.859 | 12.859
460 | 240 | 48 (460,240,48) | 7.658 7.658 7.658
600 | 100 | 14 (600,100,14) | 32.712 32.712 | 32.712
600 | 300 | 42 (600,300,42) | 11.325 11.325 | 11.325
600 | 500 | 71 (600,500,71) | 4.815 4.815 4.815
600 | 700 | 100 | (600,700,100) | 2.27 2.27 2.251
600 | 900 | 128 | (600,900,128) | 0.988 0.988 1.032
600 | 1100 | 157 | (600,1100,157) | -0.017 -0.017 | 0.055
700 | 100 | 14 (700,100,14) | 33.156 33.156 | 33.156
700 | 300 | 42 (700,300,42) | 11.81 11.81 11.758
700 | 500 | 71 (700,500,71) | 5.452 5.452 5.452
700 | 700 | 100 | (700,700,100) | 3.884 3.884 3.884
700 | 900 | 128 | (700,900,128) | 1.92 1.92 1.92
700 | 1100 | 157 | (700,1100,157) | 0.842 0.842 0.826
800 | 100 | 14 (800,100,14) | 32.889 32.889 | 32.889
800 | 300 | 42 (800,300,42) | 12.979 12.979 | 12.979
800 | 500 | 71 (800,500,71) | 6.931 6.931 6.931
800 | 700 | 100 | (800,700,100) | 3.907 3.907 | 3.907
800 | 900 | 128 | (800,900,128) | 2.67 2.67 2.718
800 | 1100 | 157 | (800,1100,157) | 1.256 1.256 1.228
900 | 100 | 14 (900,100,14) | 35.812 35.812 | 35.812
900 | 300 | 42 (900,300,42) | 12.595 12.595 | 12.595
900 | 500 | 71 (900,500,71) | 7.466 7.466 | 7.512
900 | 700 | 100 | (900,700,100) | 5.415 5.415 | 5.415
900 | 900 | 128 | (900,900,128) | 3.044 3.044 3.05
900 | 1100 | 157 | (900,1100,157) | 1.569 1.569 1.568

Table B.5: Results for MCP
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Appendix C

MIDCA vs MILP Comparison
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m | n | k |# | Avg. Time (s) | Avg. Impr.% | Better %
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20
20
20
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20
20
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20
20
20
20
20
20
20
20
20
20
20
20
20
20
20
20
20
20
20
20
20
20
20
20
20
20
20
20
20
20
20

13.050
16.471
5.361
8.457
22.514
12.058
15.046
8.764
19.367
10.575
4.914
7.612
13.613
17.415
4.325
2.008
9.153
6.525
10.523
1.590
4.890
6.819
13.541
8.269
10.437
4.453
0.086
0.290
0.957
0.352
1.603
3.174
0.564
2.509
0.693
3.335
0.884
0.969
5.058

14.223
12.747
10.471
13.785
9.036
9.004
9.878
9.823
8.234
5.312
4.490
4.104
1.286
1.489
-0.899
-0.883
-4.484
-4.909
-5.428
-11.508
-11.757
-8.657
-0.117
-10.273
-10.162
-15.518
-32.969
-15.180
-23.968
-14.565
-19.822
-13.747
-9.371
-19.514
-10.693
-19.493
-7.791
-8.479
-16.714

100
100
95
95
95
90
90
85
85
80
65
65
65
60
50
45
35
25
25
20
20
20
20
10
10
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Table C.1: MIDCA Results with CPFP, a = 0.6,y = 0.3
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