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ABSTRACT

BACKLUND TRANSFORMATIONS OF PAINLEVE
EQUATIONS AND DISCRETE EQUATIONS OF

PAINLEVE TYPE

Kiirsad Tosun
M.S. in Mathematics
Supervisor: Assoc. Prof. Dr. Ugurhan Mugan
September, 2004

With the help of the Schlesinger transformations, we obtain the Backlund
transformations of the classical continuous Painlevé equations (PII-PVI). Then
using these Backlund transformations we derived the corresponding discrete equa-
tions. The main idea in obtaining these equations is to eliminate ' from the
Backlund transformations, 7; and 75, in such a way that T;07; = T oT; = I.
Then we obtain an algebraic relation between y;, y and y;. This algebraic relation
can be considered as as a discrete equation of the Painlevé type.

Keywords: Painlevé Equation, Backlund Transformation, Schlesinger Transfor-

mation, Discrete Painlevé Equations.
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OZET

PAINLEVE DENKLEMLERININ BACKLUND
DONUSUMLERI VE AYRiIK PAINLEVE
DENKLEMLERI

Kiirsad Tosun
Matematik, Yiiksek Lisans
Tez Yoneticisi: Dog¢. Dr. Ugurhan Mugan
Eyliil, 2004

Schlesinger dontigimlerini kullanarak siirekli Painlevé denklemlerinin Bécklund
doniigtimlerini bulduk ve bu Backlund dontigiimlerini kullanarak ayrik denklem-
leri elde ettik. Birbirinin tersi olan iki Backlund doniigtimiiniin igindeki ¢y’ 'l
terimleri elimine ederek y*, y ve y~ arasinda bir iliski bulduk. Bu iligki Painlevé

tipi denklemlerin ayrik denklemleri olarak diigtiniiliir.

Anahtar sozciikler: Painlevé Denklemleri, Backlund Dontistimleri, Schlesinger

Dontistimleri, Ayrik Painlevé Denklemleri.
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Chapter 1

Introduction

The Painlevé equations were discovered by Painlevé [1], Gambier [2] and their
colleagues, while studying a problem posed by Picard [3]. Problem was about the

second-order ordinary differential equations of the form
y'=F(tyy), =d/dt (0.1)

where F is rational in 3/, algebraic in y and analytic in ¢, with the Painlevé prop-
erty, i.e. the singularities other than poles of the solutions are independent of the
integrating constant and so are dependent only on the equation. The differential
equations, possessing Painlevé property are called equations of Painlevé type.
Painlevé and his school showed that, within a Mobius transformation, there are
fifty canonical equations [4] of the form (0.1). Among the fifty equations, the

following six were well known:

PI . Yy =6y +t
PIT : o' =2+ty+«
)2 1 1 1)
PIII y":(y) —~y + —(ay* + B) +vy* + =
(] 4 13 Yy
N2
3
PIV y”:M+—y3+4ty2+2y(t2—a)+@
2y 2 Yy
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" 3y—1 N2 1/ 1 2 ﬁ Y 5y(y+1)
P : = T S~y —1 By, Y
|4 y 2y(y_l)(y) Y+l )(ay+y)+t+ =
1 1 1 1 1 1
PVI " (2= T NV (D T !
|4 y 2(y+y_1+y_t)(y) (t+t_1+y_t)y
yy—Dy -1, Bt -1 (-1
RIS | R R P Ry P

Remaining forty-four are integrable in terms of known elementary functions
and reducible to one of these six equation. These six equations are known as

Painlevé equations and denoted by PI-PVI.

Although the Painlevé equations were discovered from mathematical consider-
ations, they occur in many physical situations; plasma physics, statistical mechan-
ics, nonlinear waves, quantum gravity, general relativity, quantum field theory,
nonlinear optics and fibre optics. Painlevé equations have attracted much inter-
est as reduction of the soliton equations which are solvable by inverse scattering

transformation (see [5, 6, 7] and references therein).

1.1 Properties of Painlevé equations

The general solution of Painlevé equations are called Painlevé transcendent. How-
ever, for certain values of parameters, PII-PVI posses rational solutions and so-
lutions expressible in terms of special functions: Airy [2, 8], Bessel [9], Weber-

Hermite [10], Whittaker [11] and Hypergeometric [12] respectively.

PII-PVI admit Backlund transformations which relate one solution to another

solution of the same equation but with different values of parameters [13, 14, 15].
Painlevé equations can be written as Hamiltonian systems [16, 17].

Painlevé equations appear on the compatibility conditions of linear system
of equation, Lax-pairs, possessing irregular singular points. By using Lax-pairs,
one can find the general solution of a given Painlevé equation as the Fredholm

integral equation.
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1.2 Discrete Painlevé Equations

The discrete Painlevé equations (dPI-dPVI) have the form

Tpiq = fi(@n, n) + 21 fo(Tn, 1)
n+1 f3(@n,n) + Tp_1 fa(xn, n)

where f;(x,,n) are polynomials of degree at most four in x,,. The discrete Painlevé

(2.2)

equations appear in a variety of physical applications and indeed dPI and dPII
were discovered in physical situations [18, 19, 20]. For historical reasons the basic

forms of the discrete Painlevé equations are:

an +b

T

dPI . Tpt1 + Ty +Tpo1 =

C

(an+b)z, + ¢

dPII Tn+1 + Tp_1 = 1_ x%

Cd(mn - aq2n)(xn - qun)

(zn — ¢)(zn — d)

dPIV ' (zpy1+ @) (Tn + Tpo1) =

(xn +a+b)(x, —a—0b)(z, +a—0b)(z,—a+Db)
(xn +en+d+e)(z, +cn+d—e)

dPIIT @ 2xpTp g =

cd(x, — a)(z, — 1/a)(x, — b)(z, — 1/b)
(xn, — ¢)(z, — d)

APV (zpprn — D(zpz,—1 — 1) =

(TnTns1 — Zn2nt1) (TnTn1 — ZnZn-1)
(ptpi1 — ) (xpzn_q — 1)
(Xn — azp)(xy — 2zn/a) (2, — bzy) (2, — 2,/D)
(@n — ¢)(zn = 1/c)(@n — d)(@n — 1/d)

dPVI

where z, = 2pA" and a,b,c,d constants.

There are many similarities between the properties of the discrete Painlevé equa-
tions and their continuous counterparts. For example both posses Lax pairs,
both have solutions related though Backlund and Miura transformations, both
have particular solutions expressible in terms of special functions or rational so-

lutions for certain parameter values, both can be written into bilinear forms. The
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fundamental difference between the discrete Painlevé equations and the continu-
ous Painlevé equations is the canonical form. Although the continuous Painlevé

equations have a unique canonical form, the discrete Painlevé equations do not.

Discrete Painlevé equations should yield their respective continuous Painlevé
equation in the continuous limit. Clarkson and Webster showed that dPIII yields
PIIT in the continuous limit [27]. Consider dPIII

Cd(*rn - aq2n)<xn - qun)

e T G = ) (e — ) 29
By setting
o ()t s (25 5)
b= —qVTer (-5 ) d=—t (= 5+5),

in the continuous limit and taking x, = y, ne =t, ¢> = 1+ ¢ and expand z,,

and z,_; using Taylor series to give

. dy 1 2d2y 3
J]nil—yﬂ:€a+§€ ﬁﬁ‘O(& ) (24)

In the limit as ¢ — 0, (2.3) yield the following differential equation
yy" = (y)? + 1ay?’ + 1ﬂety + gyt + Lo (2.5)
2 8 16 '

Then applying the transformation 7' = e//? and Y = 2y/T into (2.4) gives PIII
with v = 1.

1.3 Derivation of discrete Painlevé equations

There are several methods to derive the discrete Painlevé equations.

i) Singularity confinement method, dPIII-dPVI have been derived using this
method [21, 22].

ii) Similarity reduction of lattices, e.g. Nijhoff and Papageorgiou derived dPII

as a similarity reduction of the discrete mKdV equation.
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iii) Derivation of linear problem associated to a discrete Painlevé equation,
i.e. Lax pair method that is related to orthogonal polynomial method, discrete
AKNS method, etc.

iv) From Bécklund transformations of the continuous Painlevé equations [23,
24, 25, 26].

In this thesis we derived the discrete equations of the Painlevé type from the
Backlund transformations of the continuous Painlevé equations. Suppose that

there are two Béacklund transformations for a given Painlevé equation in the form

Tyt ) =y (ta’) = Fry(ta), ¥ (t ), 1) (3.6)

T (y(t ) =y (o) = F (y(t;a), ¥ (t; ), 1) (3.7)
where y(t; @) is a solution corresponding to the parameter set a = (aq, ag, ....., ag)
and y*(t;a*) are solutions corresponding to the parameter set a® =
(af, a5, ..., aF)

Eliminating ¢/ (¢; &) between (3.6) and (3.7) yields an algebraic relation, which
is recurrence relation, between y*(¢t;a%), y(t;«) and y~(t; ™). This algebraic
relation can be considered as a nonlinear superposition principle for solutions of

the Painlevé equations or as a discrete equation of the Painlevé type.

Each one of T and T~ is the inverse of the other. The solutions and param-
eters are linked as follows:

T T

ytt o) =ylta) 2y (Har), (3.8)
T+ T+
T T
at=Zaza. (3.9)
T+ T+

By setting y(t;a) = z,, and y*(¢t;0F) = 2,41 with a = a, and a* = a,41, we

obtain
- T
Tyl = Xy = Ty 1, (3.10)
T+ T+
- T
Qpy1 &= A &= Q1 (3.11)

T+ T+



Chapter 2
The Second Painlevé Equation

The second Painlevé equation (PII),

d?y 3

w:Zy +ty + «, (0.1)
where « is a complex parameter, can be obtained as the compatibility condition

of the following linear system of equations

Y.(2,t) = A(z,t)Y (2, 1), Yi(z,t) = B(z,t)Y (2, 1), (0.2)
Az 1) = 1 0 2, 0 wu n v+ % —uy
U o0 )T T e 0 )T 20 0ty )

(0.3)
u,v and y are functions of ¢ and 6 is a constant. The compatibility condition
)/zt - }/tz ylelds

dv du dy 5 1

If one differentiate (0.4.c) with respect to ¢ and using (0.4.a), y satisfies PII

with parameter o = % —0.

(0.2.a) has an irregular singular point at z = oo.

6
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2.1 Solution About z = ¢

The two linearly independent formal solutions Y (z) = (170(.} )(z), Y )(z)) of
(0.2) have the expansions [30]

Vi (z) = (1) en® {( ; > + < _f ) o+ } — ()71 v (2)
)y = (1) a2 ) [ O 3\ (1) PO,
1200 = 0 e ()4 (F ) e @ eeie

where
1, t z
K =gv'+(y+g5)v+0y, q(z) = = +
Let Yj(z), j=1,...,6 be solutions of (0.2.a) analytic in the certain sector S
such that detYj(2) =1 and Yj(z) ~ Yo(2) as |2| — oo in the sector S; ,

and the sectors S; are given by

)
Slz—%gargz<%, Sg:%gargz<g, Sg:ggargz<§,
5 7 7 3 1
54:%§argz<§, S5:g§argz<§, Se —<argz<7ﬂ.
(1.6)
The solutions Yj(z) are related by the Stokes matrices G;
Yiri(2) =Y;(2)G;, j=1,..,5, Yi(2) = Yg(2e*™)Gge®™0%: (1.7)

where
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and a,b,c,d, e, f, are constants with respect to z . Monodromy data,

MD ={a,b,c,d,e, f} satisfy the consistency condition

6
[[Gie " =1. (1.9)
j=1

2.2 Backlund Transformations

Consider the transformation given by the Schlesinger transformation matrix
R(z)

Y'(2) = R(2)Y (2), (2.10)
which leaves the monodromy data of the solution matrix Y (z) the same but
shifts the exponent 6 as 6 — 0’ = 0 + k . In other words the transformation
leaves the consistency condition of the monodromy data (1.9) the same.

Eq.(1.9) is invariant under the transformation if 6 is shifted by an integer.

Let R(z) = R;(z) when z in S;, then the definition of the Stokes
matrices (1.7) imply that the transformation matrix R(z) satisfies the the

following Riemann-Hilbert problem:

R;i1(2) = Rj(2) on Cit, j=1,..,5,

(2.11)
Ri(z) = Rs(ze*™)  on (Y,
with the boundary condition,
. 1\" .
Ri(z) ~ Y. (2) (—) Y '(2), as z—o00, =z in S, (2.12)
z

(2.11) implies that the transformation matrix R(z) is analytic everywhere in
complex z-plane and can be determined explicitly by using the boundary

conditions (2.12). It is enough to consider the following two cases [30] :

0 0
0=0+1, Riy(z,t) = z+
(2, 1) (0 1) (
10 y 5
0 =0-—1, Ry (z,t) = z+ 2.
(2)( ) (0 0) (_% 0>

gle O
|
[SEES |
| <l
<
N————
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Successive application of the transformation matrices R;)(z,t), 7= 1,2 map
to # to 0 =0+n, neZ. If ¢y, v, 0,0/ =0+1 are the transformed

quantities of y,u,v,0 under the transformation given by Rn)(2,1) , i.e.
Y'(zt,y,u', 0", 0") = Ry (2t y,u,v,0)Y (25, y,u,v,0), (2.14)

and if y”,u”,v",0" =6 — 1 are the transformed quantities of 3/, u,v', ¢’

under the transformation given by R)(2,1) , i.e.
Yzt 9", 0", 0", 0") = Ry (2,8, 9,0/, 0", 0)Y (28,9, u, 0, 6), (2.15)

then,
Ry (z:t,y' (y,u,v,0), ... ) Ray(z;t,y,u,v,0) = 1. (2.16)

The linear equation (0.2.a) is transformed under the Schlesinger

transformation as follows:

Y/ (2,t) = A'(2,t)Y'(z,1), A'(z,t) = [R(z,t)A(z,t) + R.(2,t)] R (2, 1).
(2.17)
Hence, y,u,v,60 are the transformed under the transformation matrix

Ry(z,t) as follows:
h=0+1, yp=-y-—2,

(2.18)
u1:2_u7 Ul:_v_Q(y+%>2_t7

which guarantees the integrability condition of the linearization (0.2). That is,
if y(t) solves the second Painlevé equation with parameter « = % — 0, then
y1(t) solves the second Painlevé equation with parameter «; = o — 1. If we use
(0.4) and (2.18) then the following Bécklund transformation for the second
Painlevé equation can be obtained [26],

200 — 1 ,_dy

- - =a—1 = —. 2.19
2y2 — 2y/+t ) a1 « ) Yy dt ( )

;o) = —y
y,u,v,0 are the transformed under the transformation matrix R9)(z,t) as
follows:
_ _ 0
bo=0-1, Yy =—y+5:27,

(2.20)

Uy = 30, Vg = —v — 2y —t,
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and we obtain Backlund transformation for the second Painlevé equation can be
obtained [30],

200+ 1

Ya(t; o) = —y 2 1 Qg =+ (2.21)
2.3 Discrete Equation
Eliminating ¥ from (2.19) and (2.21) , and setting
Tnt1 = Y1 Ty =Y Tpo1 =1Y2 , (3.22)
and
Upy1 =01 =a —1, a, =« , Apo1 =0y =0+ 1 (3.23)
we obtain the discrete equation [23],
%, — 1 %, + 1
e 2L g e, (3.24)

Tn+1 + Tn Tn—1 + Tn

where a, = k — n is the solution of the difference equation (3.23), with x being
an arbitrary constant. This equation is another discrete form of PI, known as

alternative-dP1 .



Chapter 3

The Third Painlevé Equation

The third Painlevé equation

d? 1/dy\* 1dy 1 )
J_ (_y> y+—(ay2+5)+793+§, (0.1)

a2 y\dt) tdt 't

can be obtained as the compatibility condition of the following linear systems of

equations
Y.(2,t) = A(z,t)Y (2, 1), Yi(z,t) = B(z,t)Y (2, 1), (0.2)
where,
Az t) = ¢ 1 0 —0/2 w 1 —% —ws N
A v 02 ) \Ls—1) —(s—1) )
[SIP0 PEE AL DU B DT (N A L
- *\o —1 £ v 0 "\Niis-t) —(s-4 &
(0.3)

u,v,w and s are functions of ¢t and ., is a constant. The compatibility condition

Y., = Y,, implies that;

@ B u@oo_2
¢ W

dv vl 2(s—t)
dt t w

11
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ds  2su  2u N s(2vw + 1)

dt — tw w t ’

dw uw?  Oow  2u

ek o el 2 0.4
dt t t + t ( )

If we let y = —Z%, equations (0.4) yield,
ty' = 200 + 2t + dsy® — 2ty* — y . (0.5)

Differentiating (0.5) with respect to ¢, give PIII with parameters o = 46y, 3 =
4(1 —0x),y=4,0 = —4 where 0y is given as,

O — sty — =) 4 5 (wo + =), (0.6)

3.1 Backlund Transformations

Let R(z) be the transformation matrix which leaves the monodromy data of the

solution matrix Y (z) of (0.2) the same but changes the exponents 6, and 6
Y'(z,t) = R(z,1)Y (2, 1), (1.7)

where Y(z,t) = Y(z,t;y,u,v,w,s,0p,0), and Y'(z,t) =Y'(z,t; ¢, v/, 0", 0, ¢,
0 =0y +1,0," =0, +1). The explicit form of the Schlesinger transformation
matrix R(z,t) are [30],

0y =0, —1 0 0 1 —==
0 0 R(l)(z,t) _ 21/2+ s—t 2—1/2’
O’ = 0o + 1, 0 1 —% %S“’Ts
0y =0+ 1 0 0 1 -
0 0 R(g)(z,t) = 212 4 v 2_1/2,
0 =0, + 1, 0 1 -3 %
0y =6, —1 1 0 —us=t u
0 0 _ 1/2 t ws t -1/2
U men=(o0) (5 1)
!/
0 —90-1—1 10 L —u u
_ /2 tw 1t —1/2
{ OO/ 1, R(4)(th)_ 00 z "+ —i 1 Z .
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The transformation matrices R)(z,t), ¢ = 1,...,4 generate all the possible

transformation matrices. Since, if

Yk(zy L Yk, Uk, Uk, W, Sk, (eoo)kzv (QO)k) = R(k‘) (Z’ t; Yy oo QO)Y(Zv L Y, -y 90)7 (19)

and

Yl(zu L Yr, uy, vy, Wy, Sy, (000)17 (QO)Z) - R(l)(Z, 27/ (90)k>Yk(z7 Uy Yk ey (QO)k)u
(1.10)
then
Ry (2,69 (y,u, ...00), ... )Ry (2, 1y, ..., 00) = 1, (1.11)

for k,0=2,3 and k,l =1,4. The linear equation (0.2) is transformed under

the Schlesinger transformation as follows:

Y(z,t) = A'(2,t)Y'(2,1) , A'(z,t) = [R(z,t)A(z,t) + R.(z, )] R (2,1) .
(1.12)
Transformation I: Quantities y, u,w, s, 0 are the transformed under the trans-

formation matrix Rn)(z,t) as;

stw
U =
s—t
Sw SVvWw
_ - u— 0. , 1.13
w151 u P ( + s —t) ( )

which guarantees the integrability condition of the linearization (0.2). That is, if
y(t) solves the third Painlevé equation with parameters « = 46y, 5 = 4(1 —0,),
v =4 and § = —4 then y;(f) solves the third Painlevé equation with parameter
ap=a—4,=0—4, 7 =vy=4and 6 =6 = —4. If we use (0.5) and (1.13)
then the following Backlund transformation for the third Painlevé equation can
be obtained,
2ty" — 4ty? + (B — 2)y — 4t

y[2ty’ — dty? + (—a+ 2)y — 4t
o =a—4, Gr=p0—4.

Transformation II: If we use transformed quantities under the transformation

Tl : yl(yata Oélaﬂ1747 _4> = (114)

matrix R)(z,t)

—WeSy = U— Ow — vW? (1.15)
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and (0.5) then the following Backlund transformation for the third Painlevé equa-
tion can be obtained,
2ty + dty? + (8 — 2)y — 4t
y[2ty + 4ty? + (o + 2)y — 4t]
ar =a+4, Ba=p—4.

Transformation III: If we use transformed quantities under the transforma-

T: yp(y.tias, Bo,4,—4) = (1.16)

tion matrix R3)(z,t)

271 1
us = E(900—1)—1-u—(———) — sw
t w \s t
ud 2 fou® u?v
—usss = an(s—t) (st - e, )

and (0.5) then the following Backlund transformation for the third Painlevé equa-

tion can be obtained,

2ty — Aty? — (B +2)y + 4t
T3 : ys(y,t, a3aﬁ3a47 _4) == / 2 ( ) )
y[2ty’ — 4ty? 4+ (—a + 2)y + 4t]

063206—4, 5326—’_4

Transformation IV: If we use transformed quantities under the transformation

(1.18)

matrix R (z,t)

u u
Uy = —;(1—000+E)—3w

2

—wysy = u+ (u — Osow — vw?) | (1.19)

t2w?
and (0.5) then the following Backlund transformation for the third Painlevé equa-
tion can be obtained,
2ty + 4ty* — (B +2)y + 4t
Ty : Jtioy, By, 4, —4) = . 1.20
! ya(y, 15, s ) y[2ty' + 4ty® + (a + 2)y + 4t] (1.20)
ci=a+d, fi=p+4.

Moreover the following Lie-point discrete symmetries of the third Painlevé equa-

tion are known [28].

A

T : g(t7daﬁa47 _4) - _y(aaﬁa4a _4) ) a=—a«a ) B = _ﬁ . (121)

T: @ f.4,-4) =1/y(a,8,4,-4), a=-5, f=-a. (1.22)
We can consider the following combinations

Ty=ToT;,, T;=ToT;, T =ToToTj.
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3.2 Discrete Equations

The Backlund transformations that are inverse of each other, i.e. Ty 0Ty = I,
TyoTy =1, T4*oTy =1 and ThoTy = I, will be used to get the discrete
equations. The pairs of transformations Tj =To T; do not give us any discrete
equation. Because we couldn’t find any transformations which are the inverse of

the other. Also 15", 13" and Tl, T 1 do not give us any discrete equation.
Discrete Equation from 77 and T} :

After eliminating ¢’ from (1.14) and (1.20) , and setting

Tny1 = % Tn =Y  Tp1 =Y, (2.23)
and
an+1:oz1:oz—4, anp = an—1:a4:a+4—7
bn+1:/61:ﬁ_47 bn:ﬁv bn71:ﬁ4:ﬁ+47 (224)

we obtain the discrete equation,

2 (= +dte, +ay ) — —— ATy (2.25)
Tn TpTps1 — 1 TpTpo1 — 1
where
a, =k —4n b, = p —4n (2.26)

are the solutions of the difference equation (2.24), with x and p being arbitrary

constants.

Discrete Equation from 7, and 75 :

After eliminating ¢ from (1.16) and (1.18) , and setting

Tpr1=Y2  Tn=Y  Tp_1=213, (2.27)
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and

Upy1 =g =a+4, an = Qv , p1 =az3=a—4,

bn+1:ﬁ2:ﬁ_4a bn:ﬁy bn—1:ﬁ3:5+47 (228)
we obtain the discrete equation,

4t 4+a,—b, 4—a,+b,
2 (dtz, +ay — L) = Z1C Il S T (2.29)
Ty TpTnt1 +1 A 1

where
a, = Kk +4n by, = —4n (2.30)

are the solutions of the difference equation (2.28) with x and u being arbitrary

constants.

Discrete Equation from 7" and T,* :

By considering transformations 77" and 7,*

y(2ty' — 4ty? + (—a + 2)y — 4t)

1 U1 (y7 ;O 761 s Xy ) Qty, —4ty2 n (6 — 2>y 4t ( )
061*:6—4 61*204—4
T uytar B4, —d) = YO AT (@t Dy + Al ) o)

2ty + 4ty? — (B +2)y + 4t

a"=03+4 B =a+4

one can obtain a new discrete equation. After eliminating 3 from (2.31) and

(2.32) , and setting
Tpy1 = Y1~ Tpn=9Y  Tpo1=UYs
and

* *
ni1 =1 =0 —4 ap = @ 1 =04 = +4

bn+1 = /61>|< =a—4 n — B bnfl = 54* =a+4 (233)
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we obtain the discrete equation, given by

b, 4t o+ b, —4 o+ b, +4
2<4t——+—2) n ¥ T e (2.34)
Tn Tn Tn + Tn+1 Tp + T
where
an, =k —4n+ p(—1)" by, =k —4n — p(—1)" (2.35)

are the solutions of the difference equation (2.33). x and p being an arbitrary

constants.
Discrete Equation from 7, and T :

Similarly, by considering transformations Ty and T;

y(2ty + 4ty* + (o + 2)y — 4t)

Ty : (v, t: Ay, By, 4, —4) = — 2.36
2 yQ(ya ,062,52, ) ) 2ty,+4ty2+(ﬁ—2)y—4t ( )
dy=-B+4 fo=-a—4
~ _ _ = 2ty — Aty + (—a + 2)y + 4t
T3: y3(y7t;a37ﬁ3747 _4) - _y( y y ( )y ) (237)

2ty" — 4ty? — (B + 2)y + 4t
023:—5—4 53:—0["‘4

we can obtain the new discrete equation. After eliminating ¢’ from (2.36) and
(2.37) , and setting

Tl =Y  Tn=Y  Tn-1=7"4 (2.38)
and
Upy1 =g = —f+4 ap = Q p_1 =03 =—F—4
bps1=fa=—a—4  by=8 by, =d3=—a+4 (2.39)

we obtain the discrete equation,

by, 4t n— b, +4 w—b, —4
2(4t+———2) . ey —0 (2.40)
n Tp Tp + Tn+1 Tp + Tp—1
where
ap =K+ 4n+ p(—=1)" by, = —Kk —4n+ p(—1)" (2.41)

are the solutions of the difference equation (2.39). k being an arbitrary constant.
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The Forth Painlevé Equation

The forth Painlevé equation

Py 1 (dy\® 3, B
2722 = 4ty* + 2(t* — — 0.1
g Qy(dt) + 5"+ Aty” 4 2( oz)y+y, (0.1)
is the compatibility condition of the linear problem
Yi(z,t) = Az, )Y (2,1), Yi(z,1) = B(z,t)Y (2, 1), (0.2)

where,

+< lo—v 7 >l,
2%(@—290) —(90—7}) N (03)

1 0 0 U
B(Z,t):(o 1>Z+<2 )7
_ 2(y— g — ) 0

The parameters «, 3 are given as,

a =20, —1, 8= —86,°. (0.4)
u,v and y are functions of ¢, and 6, and 6, are the constants. The compatibility
condition Y,; = Y, yields.

—4v =y — 46y — 2yt — 9> (0.5)

where y' = %

18
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4.1 Backlund Transformations

Let R(z,t) be the transformation matrix which leaves the monodromy data of
the solution matrix Y (z,t) of (0.2) the same but changes the exponents 6, and
O -

Y'(z,t) = R(z,t)Y (z,1), (1.6)

where, Y (z,t) = Y(z,t;y,u,v,00,0s), and Y'(2,t) = Y'(2,t;y;, us, v;, 0" =
B0t 10, =0, £1).

All the possible Schlesinger transformations are [30],
0 = 0o — L
eoo/ =0 + %7

O O 1/2 1 2 vqizée —1/2
Ray(z,1) = < 01 )Z/ - < _ v—h—0s y((vfeog)eoo 21,

u T 2(v—200)

90/:(90—|—%
(900/:900—%,
1 0 vou
uy
0o’ =00+ 3
eoolzeoo_l_%a

00 1 52

_ 1/2 2v —1/2

R (2,1) = ( 01 ) M2 ( R R (o ) )Z &
u 2v

0o = 0o — 1
eoo/ = O — %7
1 0 v—20g
Ruy(z,t) = A B z1/2,
00 u_y(v - 290)

If yi,ug,v1,00" =00 —1/2,0, =0, +1/2 are the transformed quantities of

== Nl

(1.7)

y,u,v,0p,0- under the transformation given by Ry, and if ya, ug, vs, 6" =
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0o +1/2,0,." = 0" —1/2 are the transformed quantities of yy,uy, v, 0y, 0s’

under the transformation given by R then

Roy(z, b (y,u,...), .. ) Ry (2, tyy,...) = 1. (1.8)
Similarly,
Ry (2, tyya(y, u, ...), ..) Ry (2, tyy, ...) = 1. (1.9)
The linear equation (0.2) is transformed under the Schlesinger transformation
as follows:
Vi t) = A )Y (5,8),  Alt) = [R(5DA(, ) + Rz R (2, 8).

(1.10)
Transformation I: Quantities y,u,0,, and 6y are the transformed under the

transformation matrix Ry(z,t) as;

uy
U = ———
! U—26(]7
20y + 0o — t
_uy o+l —v) (1.11)
2 2(1) — 200)2 v — 200

which guarantees the integrability condition of the linearization (0.2). That is,
if y(t) solves the fourth Painlevé equation with parameters « = 26,, — 1 and
B = —86y® then y(t) solves the fourth Painlevé equation with parameter o) =
a+1and 8 = —3(—2+ e/=20). If we use (0.5) and (1.11) then the following

Backlund transformation for the fourth Painlevé equation can be obtained,

1 y(ev/—20 — 2a — 2)
T iy, tsan, B1) = —@<y’+y2+2ty+€v _2ﬁ> Ly it 2ty — /28
(1.12)

ar=a+1, 61:—1<—2+e\/—_26>2.

2
where € = £1 and y' = dy/dt in the transformations.

Transformation II: If we use transformed quantities under the transfor-

mation matrix R (z,t)

Uy = u( —t+ v y),
y 2
UsYo v oww  w?r tuww u(fy — Os)

_ v _w w v wl —Yeo) 1.13
2 2 2+y2 y 2 ’ (1.13)
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and (0.5) then the following Bécklund transformation for the fourth Painlevé

equation can be obtained,

1 — yley/—20 — 2a + 2)
T2: yQ(yata aQaﬁZ) = - Z <_y,+y2+2ty+€ _2ﬁ>_y’+y2—l—2ty—€"— ﬁ
(1.14)

ay=a—1, ﬁgz—%(2+e\/—_26>2.

Transformation III: If we use transformed quantities under the transfor-

mation matrix Rs)(z,t)

uy
s = _77
Usys ly ZUQ

and (0.5) then the following Bécklund transformation for the fourth Painlevé

equation can be obtained,

1 y(e/ =20 + 2a + 2)
Ts: ys(y b0, 05) = — % (y'+y2+2ty—e\/—2ﬁ> v T .
(1.16)

as=a-+1, 53:—%<2+e\/—_2ﬁ>2.

Transformation IV: If we use transformed quantities under the transfor-

mation matrix Rs)(z,t)

—20, 1
Uy = u[v O——<y+2t>},
Y 2

RIS S

[ 390 1 900
I R
) 2 2 2 * 2 1 (L.17)
and (0.5) then the following Bécklund transformation for the fourth Painlevé

equation can be obtained,

y(ev/ =28 +2a - 2)

Y 4+ y2 + 2ty + /=20
(1.18)

1
Ty: ya(y,t; o4, ) = — % (—y/+y2+2ty—e\/—2ﬁ> +

ayg=a—1, ﬁ4:—%<—2—|—€\/—_ﬁ)2.
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Transformation V:

(v —y? — 2ty)* + 20
2yly’ — y? — 2ty + 2(a + 1)’

045:Oé+2, 5525
(1.19)

T5 : y5(y7t;a57/65) =

Transformation VI:

(v + 9>+ 2ty)? + 28
2y + y? + 2ty — 2(a — )]’

ar=a—2, ;=0
(1.20)

T7 : 3/7(%@ ar, ﬁ7) = -

transformations 75 and 77 derived by Fokas, Mugan and Ablowitz [29].

There are known Bécklund transformations [15] of the compact form as fol-

lows:
T: y(t,o,B) = g(t,a,pB) (1.21)
i(t, &, B) = — (y’ — py? — 2ty — q) (1.22)
2py
1 - 1 1\2
a:1(2M—2a+3uq), ﬁ=—§(1+au+§q> (1.23)

where u? =1, ¢> = —24.
That form gives us four transformation:

Ti: it o, Br) = 2_1y<y/ — P =2ty — v —25>> (1.24)

g = %1<2—204+3\/—_2B>,

G = —%(1+a+%\/—2ﬁ>2. (1.25)
TZ . 3]2(t7052762) = _%(y/ + y2 + 2ty+ V _26>7 (126)

G = —i(2+2a—3\/—2ﬂ>,

Gy = —%(1—@—%\/— 5)2. (1.27)
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T?) : ’1j3(t,043,ﬁ3) - %(y, - y2 - 2ty + V _26>a (128)

s = i(z—za—:s\/—_zﬁ),

By = —%(1 ta-— %\/—w)z. (1.29)
T4 : ?J4(t7044,ﬁ4) = _2_1y<y/ + y2 + 2ty Y _2/6)7 (130)

ay = —i<2 + 20 + 3\/—25),

By = —%(1—a+%\/—2ﬁ>2. (1.31)

4.2 Discrete Equations

The Backlund transformations that are inverse of each other,
ie. TsoTy =1, T;0T; 1 =1 and TZ o Tiﬂ =1, i=1,3. will be used to get the

discrete equations.
Discrete Equation from 77 and 75 :

T1 and T5 are the inverse of each other if § < —%.

Setting a,4+1 = a1, a, = @, A1 = Q2, Chr1 = V=201, ¢ = V/—20 and
Cn_1 = v/ —2 in the parameter relations yield the difference equations

pi1 = Qp + 1, Ap—1 = @y — 1,

+ep1 = e, — 2, +c,_1 = *e, + 2, (2.32)

which have the solutions a,, = k+n and ¢,, = pF2n, where x and p are arbitrary

constants. Setting

Tn+1 = Y1, Tn =Y, Tp-1 = Y2, (233)
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and eliminating ¢’ from (1.12) and (1.14) yields the discrete equation

204 —4 — xp [(an + Dy + 22 + 2)] + 001 [2(28 + 20) + 21 (—2a,
+(2t + 2) (2t + 1 + x0))] + 224 [1 — @ + 1 (204 20)]} F e (2,1

+ Ty 1){—8an + 2(2t + )% + 21 (4t + 32, — 27p1) + (4 + 32,) Ty }
+2c2 02 {—4a, — 22 _| + (2t + ,)? + 21 (2t + 33, — 3Tpy1) + (28 + 32,) 70

_$i+1} — 43z, (Tn1 — Ty + Tpy1) — 262 = 0.

(2.34)

Discrete Equation from 73 and T} :

T3 and T} are the inverse of each other if g < —%. After eliminating ¢y’ from
(1.16) and (1.18) , and setting

Tn+1 = Y3, Tn =Y, Tn—1 = Y4,

Apy1 = A3, an = Q& Ap—1 = Oy, (235)
Cp+1 = _Qﬁ?}a Cp = _2ﬁ7 Cn—1 =V _2ﬁ4a

we obtain the following discrete equation,

204 {4 — x4 [(1 + ap)n1 + 22t + )] + 201 [2(2t + 2) + 201 (=20,
+(2t + x) (2t + 1 + x0))] + 22 4 [1— @ + 21 (28 + 2,)]} — 3 (@9
+Zpi1){—8a, + 2(2t + x,)% + 21 (4t + 33, — 27p0) + (4E + 32,) 701 }
+22 02 {—4a, — 22 | + (2t + )% + 2,1 (2t + 33, — 33,11) + (2t + 31,701

_x721+1} + 402‘%”(.1'”,1 — Ty + $n+1) — 2Ci =0
(2.36)

where a,, = k +n and ¢, = u + 2n are the solutions of the difference equations

Qp+1 :an+17 an—lzan_la

+cp = e, + 2, +ec,-1 = F¢, — 2. (2.37)

k and p are arbitrary constants.
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Discrete Equation from 75 and 1% :

After eliminating ¢’ from (1.19) and (1.20) , and setting

Tn+1 = Ys, Tn =1, Tn-1 = Y7,

Up+1 = O, an = @, ap—1 = O, (2.38)
bn+1 = ﬁ5a bn = 57 bn—l - 577

we obtain the following discrete equation,

bo(4t + Ty 1 + 225 + Tpe)? + 2{22_[(1 — a, + 2tz, + 22)?
i1 (T (28 + 2,) — 2a0)] + Tpo1 22, (2 + 2,)%(1 — ay, + 2tz, + 22)
+Zn41(2 — 202 — dan@, (2 + ) + 322(2t + 2,)?) + 222 4 (20 (2t + 1)
—2a,)] + [(an + Dxpyr — 2, (2t + 2,) (2t + 2 + T01)* =0

(2.39)
where a,, = k + 2n and b, = p are the solutions of the difference equation
pt1 = Qp+ 27 Up—1 = An — 27
bpy1 = by, bp—1 = b,. (2.40)

k and p are arbitrary constants.
Discrete Equation from Tl and TQ :

T, and T} are the inverse of each other if 3 < —2(1 —a)? and § < —2(1+a)?.
After eliminating ¢ from (1.24) and (1.26) , and setting

In-}—l - y17 Ty = y7 Tp—1 = ?/2,

. a—— (2.41)
Cnt+1 = _2517 Cp = \/T7 Cp—1 = _2527
we obtain the following discrete equation,
Cn + 2tz + 22 + 20, (21 + Tppq) =0 (2.42)
where ¢, = n + C' is the solution of the difference equation
Cn Cn
Chy1 = l+a+ —, Cpho1 = —1+a+ —. (2.43)

2 2

C being an arbitrary constant.
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Discrete Equation from 75 and 7} :

26

T and T, are the inverse of each other if 3 < —2(1 —a)? and § < —2(1+a)?.

After eliminating ¢’ from (1.28) and (1.30) , and setting

Tnt1 = y~37 Tn =Y, Tp-1 = y~4>
bn—i—l - \/ _2537 bn =V _267 bn—l - \/ _2347

we obtain the following discrete equation,
by + 2tw, + 22 4 22, (Tp_1 + Tpy1) =0

where b, = B — n is the solution of the difference equation

by bn
bn+1 = —1—04—{—5, bn_lzl—af—l—E.

B being an arbitrary constant.

(2.44)

(2.45)

(2.46)
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The Fifth Painlevé Equation

The fifth Painlevé equation

2 2 2
dy:<1 +L) (@) _ldy - (ay+§)+y+5y(@/+1)7

a2~ \2y  y—1) \dt tdt 2 t y—1
(0.1)
is the compatibility condition of the linear problem,
Y.(2,1) = Az, )Y (2, 1), Yi(z,t) = B(z,1)Y (2, 1), (0.2)

27
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The parameters «,3,v,d are,

L0 -0 +0\ L, 1[0 —0 -0\ 1
04—5(#); 5——5(#>7 v =1-0p—01, 5——§~

(0.4)
u,v and y are functions of ¢, and 6, , #; and 0., are the constants. The compati-

bility condition Y,; = Y;, is satisfied if

1
v = g = A=y o012ty O 20—y 0 =211)) . (05)

dy

where y' = 2 .

5.1 Backlund Transformations

Let R(z,t) be the transformation matrix which transforms the solution matrix
Y(z,t) but leaves the monodromy data of Y(z,f) the same .ie, Y'(z,t) =
R(z,t)Y (2,t), and wy;, w;, v, 00’ = Op + Ko, 01" = 01 + k1, O’ = O + oo
1 = 1,2,...,8 are the transformed quantities of vy, u, v, 6y, 01, 0. . The
monodromy data or equivalent the consistency condition of the monodromy data

is invariant under the transformation if the exponents 6y, 61, 0, are shifted as

follows;
QOIZHQ—I—TL 00,:90 QOIZHQ—I—TL
a. 911 = (90 b. 91/ = 91 +n C. 911 = (91 +m , (16)
0. = 6. +m, 0. = 0. +m, 0. = 0.

where n and m are either even or odd integers.

It is enough to determine the Schlesinger transformation matrix R(z,t) for
n,m = +1 . The explicit form of R(z) can be listed as follows [30]:
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0 0 1.10
Ry (z,t) = <o X ) 21/ (110
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8 = 6,
o) =01 +1,
0, =0+1,
0 0 1/2
R (2,t) = 1
5)(2,1) (0 1)( )
N 1 Zz’l’ ) (2 1)—1/2
01 1 )
malrs ] ]
(1.11)
8, = 6,
9’1:91—1
9(/>o: 00_17
10 1/2
R (z,t) = 1
6)(2: 1) <0 0)( )
<$[U+90—y(w—%)] —%[U—}—Ho—y(w—%)})(z 1)—1/2
1 9
B 1
uy
(1.12)
0o = bo
0y =06, +1
ng: 00_17
1 0 1/2
Ripy(z,t) = -1
(2, 1) <0 0)( )
N R R U 3 e R R U VI WA
_ulywl 1 ’
(1.13)
0, = by
8/1:91—1
0 0 1/2
Ry (z,t) = 1
(2, 1) (0 1)( )
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where,

The transformation matrices R)(z,t), 4= 1,2,...,8, are sufficient to obtain

w1 =

(1.15)

the transformation matrix R(z,¢) which shifts the exponents 6,0;,0. to

0,0, .0, with any integer differences. If,
Y'(z,t 0,0/, 0", 00,01'0") = Rij)(2, 65y, ..., 0s0)Y (2, 8y, ..., O), (1.16)
and
Yz, t;y" 0" 0",600",601",0.) = Ry (2,6, ..., 0)Y (2,659, ..., 0"). (1.17)

Then
Ruy(z, ;9" (y,u, ..0x), . ) Ry (2,65 y, .., Os0) =1, (1.18)
for k=j+1, j=1,3,571.

The linear equation (0.2) is transformed under the Schlesinger transformation

as follows:

Y!(z,t) = A'(2,)Y'(2,1), A'(z,t) = [R(z,1)A(z,t) + R.(2,t)]R7 (2, 1).
(1.19)

Transformation I: If we use transformed quantities under the transforma-
tion matrix R1)(z,t)

v = —@ (—4v*w? + 4tv>wy + 4vdwy + 8v2w?y + 4tv’y? — tv3y? — 8v3wy? —
4*wy? + 43wy — 8vw?ly + tvwyby + 8v*wylby + Svw?yhy — 8vwy?0y — w263 +
dowyhp — 4v2wby + 2tv?yd; + 203y + v wyd; — 203430, — Svwbyb + 2tvybob +
v2y001 + dvwybholy — 4wb30; + 2vy030, — v207 + v?y*07 — 200,07 — 0367)

uy = —(2tuy) /(—2w + 20y — 67)

Y1 = —[(—v+vy—00)(—2w+2vy —6,)]/(—2vw + 2tvy + 202y + 20wy — 2v*y* —
2w90 + vy90 — U91 + vy@l — 9091)

and (0.5) , then the following Bécklund transformation for the fifth Painlevé

equation can be obtained,
T : =1- —1. 1.20
19 B, ( )
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A =2y[tly — ) + (y — D(1 + ev/2a — eyv/2a — )],
By = —1*(y')* = 2ev2at(y — V)yy' + 1%y — 2(y — 1)*(y°a + ) (1.21)
+ 2ty(y — 1)(1 4+ ev/2a — 7).

1 2
a1:§<6\’2a+1)7 51:ﬁ7 71:7_1
where ¢y = dy/dt and e = £1 in the transformations.

Transformation II: If we use transformed quantities under the transfor-

mation matrix R (z,t)

vy = _Ely (dvw — Aty — dtvy — 8vwy — 4wy + dtwy? + dvwy? + 8w?y* — dw?y> +
4wby — S8wyby + 4wy?0y + 200, — 2ty%0; — 2vy%0, — 4wy, + 4wy, + 2000, —
2y*0oth + Yo7 — y°07)

Uy = 2 (dvw — 4ty — dtvy — Svwy — 4wy + Atwy? + dvwy? 4+ 8wy — dw?y® +
dwby — 8wyby + dwy?0y + 200, — 2ty?0; — 209>, — 4wy?0; + 4wy, + 2000, —
2920001 + y07 — y202) /(—2w + 2ty + 4wy — 2wy* — 01 + y*6,)

Ys = ﬁ[@w — 2ty — 4wy + 2wy* + 01 — y201) (2v — 2ty — 2vy — 2wy + 2wy* +
200 — 2y6y + yb1 — y201)]/ (—dvw + 4ty + dtvy + Svwy + 4w?y — dtwy? — dvwy? —
Sw?y? + 4wy — 4wy + Swyby — 4wy?y — 200, + 2ty?0; + 2vy%0, + 4wy, —
w0y — 2000, + 252000, — Y62 + y36)

and (0.5), then the following Bécklund transformation for the fifth Painlevé

equation can be obtained,

A
Tyiyp=1— ﬁz' (1.22)
Ay =2ty[t(y +¢/) + (y — D(=1 + V20 — eyv/2a — 7)),
By = —t*(y')? + 2ev/2at(y — Vyy' + £2y* — 2(y — D)*(y°a + 5) (1.23)

+2t(y — Dy(—1 +ev2a — )}

1 2
06225(6\/20[—1), 52:67 72:7—’_1
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Transformation III: If we use transformed quantities under the transfor-
mation matrix Rs)(z,t)

Vg = — miﬁ;fgo“;yel) (20w — 2tv*y — 4v*wy + 20*wy? + dvwby — 2toyhy —

dvwyby + 2wh2 + v20; — v?y?0; + 20000, + 620,)

uz = —5:(2v — 2wy + 20y + yb1)

ys = (=202 + 2tvy + 20%y + 2wy — 2vwy?* — 4vby + 2tydy + 2vyhy + 2wyby —
20% — vyby + vy, — y0o0:)/[(—v + vy — o) (2v — 2wy + 26, + yb1)]

and (0.5), then the following Bécklund transformation for the fifth Painlevé
equation can be obtained, A
Tyiys=1— =2, 1.24
3:°Y3 Bs ( )
Az =2tylt(y — o) + (y — Dy — eV =20+ ey =20 —y7)],
By = 2y — 2t[ty — ex/=2B(y — D))y’ + 2> — e2/—2Bt(y — 1)y~ (1.25)

—2(y — 1)*(yPa+ 3)}.

1 2
Q3 = «, ﬂi%:__(E _26_‘_1) )

=~ —1.
5 V3=

Transformation IV: If we use transformed quantities under the transfor-

mation matrix R(z,t)

vy = ﬁ(—Qw + 2y — 01)(—2w + 2ty + 4wy — 2wy* — 0, + y20,)

uy = —[2tuy(—2w + 2ty + 4wy — 2wy? — 01 + y*6;)]/(4w? — dtwy — dvwy —
Sw?y — 4ty? + 4tvy? + Svwy? + dw?y? — dvwy? + 4ty*0y + 4wb; — 2tyd, — vyl —
4wyl + 20y30; + 67 — y26?)

ys = [(=1+y)(—4w? + dtwy + dvwy + 8wy + 4ty* — 4tvy? — Svwy? — 4w?y? +
dowy® — 4ty*0y — 4wl + 2tyd; + 2vy0, + dwyd; — 2vy30, — 67 + y207)]/[(2w —
2ty — 2vy — 2wy + 2vy? + 01 — yb1) (2w — 2ty — 4wy + 2wy? + 6, — y*6,)]

and (0.5), then the following Bécklund transformation for the fifth Painlevé

equation can be obtained,
Ty : =1- —4. 1.26
4:Ya B, ( )
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Ay =2yltly +y) + (y — D~y — ev/=28 + eyv/—-28 — y7)],
By = %y + 2ty — e/ =208(y — D]y’ + t*y* — 2ey/=2Bt(y — 1)y~ (1.27)
—2(y — 1)*(y*a + ).

1 2
a4 = a, ﬁ4:—§(6\/—25—1) , Y=+ 1

Transformation V: If we use transformed quantities under the transfor-

mation matrix R)(2,t)

vs = —m[(—Qw + 2wy — 0y — yb1) (—dvw? + dtvwy + dv*wy + dvw?y —
4v2wy? — 4wy + dvwyhy — dvwb, + 2tvyd, + 203y0, + 202y%0, — 4wbyb, + 2vyby0; —

W% - vy&f - 909%)]

us = [2tuy(—2w + 2wy — 01 — yb1)]/(—4w? + dtwy + dvwy + 4w?y — dvwy?* —
4wl + 2tyd; + vy + 2vy30, — 07 — yb?)

ys = —(—4w? +4twy + dvwy + 4wy — dvwy? — 4wl + 2ty6, + 2vy0; + 20y, —
02 — y0?)/[(—2w + 2vy — 01)(—2w + 2wy — 6, — yby)]

and (0.5) then the following Bécklund transformation for the fifth Painlevé
equation can be obtained,
T5 Iyg,:l——. (128)

As =2ty[t(y —y') + (y — D)y + /=28 — eyv/—-28 — y7)],
Bs = t2y” = 2t[ty + ey/=2B(y — D)y + t*y* + 26/ =20ty — 1)y~ (1.29)
—2(y = 1)*(y*a + ).

1 2
Qs = @, 55=—§<€\/—25—1> ) =7 —L
Transformation VI: If we use transformed quantities under the transfor-
mation matrix R)(2,t)
Vg = —%(—20 + 2ty + 2vy + 2wy — 2wy* — 200 + 2yby — yb, + y>0;)

Ug = —m(—Qv + 2ty + 2vy + 2wy — 2wy? — 20y + 2yby — yb1 + y*6,)
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ye = —[(y — 1)(20? — 2tvy — 4v%y — 2wy — 2ty? + 20%y? + 2twy? + dvwy? —
20wy? + 4vby — 2tyly — 6vyby — 2wyby + 20y*0y + 2wy + 2605 — 2yh2 + vyb; +
ty?01 — 20y201 + vy30; + yhod1 — y20001)]/[(—v + ty + 20y — vy* — Oy + ybo ) (—2v +
2ty + 2uy + 2wy — 2wy? — 20 + 2yby — yb1 + y261)]

and (0.5) then the following Bécklund transformation for the fifth Painlevé
equation can be obtained,
T6 Zy6:1——. (130)

Ag =2ty[t(y +y') + (y — D(~y + /=28 — ey/—-28 — y7)],
Bs = %y + 2ty + e/ =20(y — D)y’ + t*y* + 2ey/=2Bt(y — 1)y~ (L.31)
—2(y = 1)*(y*a + 3).

1 2
g = Q, ﬁ6:—§<€\/—2ﬁ+1>, ’}/6:’Y+1

Transformation VII: If we use transformed quantities under the transfor-

mation matrix R7(z,t)

vy = —[(2vw — 20wy + 2wl + vl +vyb; + 000, ) (—dvw + Atwy + dvwy + 4wy —
4w?y? — 4wy + 4wyl — 200, — 2tyl, — 2vyb; + dwy?0; — 2000, — 2yH0, — y@% —
y*07)]/ [2ty* (2w — 61)?]

u; = —g(—4dvw + dtwy + dowy + 4w’y — dw?y® — dwby + dwyby — 200, —
2ty6y — 2vyby + 4wy?0y — 2000, — 2y0y0, — yo7 — y?*0%)/(—2w + 2wy — 6, — yb;)

yr = [(—2v+2vy — 200+ yby — yO1 + Y0 ) (—20+ 20y — O+ yby — 01 — yO; — O +
Y0s0)]/ (4v* — dtvy — 8v?y + 4v2y? + 6v0y — 2tyly — 10vyby + 4vy>0y + 20% — 3y62 +
Y202 + 200, + 2ty b, + 2vyb; — 4oy, + 20001 +2y0061 — 2y*0001 +y 67 + y2 0% + 200, —
2tY0o0 — 6VY0o0 + 4vy*000 + 200000 — 4yBols + 2y?00000 — 292010, — yb* + y26%)

and (0.5) then the following Bécklund transformation for the fifth Painlevé
equation can be obtained,
T7Iy7:1——. (132)
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Az =2ty[t(y —y) + (y — V(1 — ev/2a + eyv/2a = 7)),
Br = —t*y” + 2ev/2at(y — D)yy' + t*y* — 2(y — 1)*(ya + 9) (1.33)
—2t(y — Dy(—1+ ev/2a + 7).

1 —
Oé7:§<€ 20{-1)2, 67:/67 77:7_1

Transformation VIII: If we use transformed quantities under the trans-

formation matrix Rs)(z,t)

vg = _y2T—y1 (—2vw+2tvy+20%y + 20wy — 20%y* — 2why +2vyhy — v0; +vybhy — o6,

2tu(y—1)y
—2w+2ty+2vy+ 2wy —2vy2 —01 +y61

ug —

ys = —[(—v +ty + 20y — vy? — Oy + ybo) (—2w + 2ty + 2vy + 2wy — vy — O, +
y0)]/[(y — 1) (2vw — 2ty — 202y — 2twy — dvwy + 2tvy? + 4v%y? + 2vwy? — 202> +
2wy — 2vyby — 2wyby + 2vy*0y + v0; + tyb, — 2vyd; + vy*01 + 0p01 — Y60 )]

and (0.5) then the following Bécklund transformation for the fifth Painlevé

equation can be obtained,

As
To:yg=1— =2, 1.34
8 - Ys Bs ( 3 )
Ag =2tylt(y + ') + (y — )(—1 — ev2a + eyv2a — 7)),
By = —t%y* — 2ev2at(y — 1)yy' + t*y* — 2(y — 1)*(y*a + 3) (1.35)

—2t(y — Dy(1 + ev/2a + 7).

1
a8:§<e\/2a+1)2, Os = 3, e =7+ 1.

There are known Bécklund transformations [15] in the compact form as fol-
lows:

| 2kty

yi(taaiuﬁ’hr)/h__) =1- Ja

1

2
where Fi(t) =ty —cy* + (c—a+kt)y+a#0, ¢ =2a,a®> =—-28and k? = 1.

(1.36)

and the parameters change

a = <|y+k(l—a—c)
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~ 1

G = —g[y—k(l—a—c)r (1.37)

Yi = k(a—c¢)

By considering all the possibilities of k, a and ¢ we get the following transfor-

mations:

Ifk=1, a=+v-20, c=+v2a ineq. (1.36) then we obtain,
~ 2ty

YR SV Ny vy
G = %(74—1—\/—_26—@)2
G = —%(»y—1+\/—_25+\/%)2 (1.39)
7= V-26-V2a
Ifk=1, a=—/—20, c=—v2a ineq. (1.36) then we obtain,
= L 2ty
N YR o e A
Gy = é(7+1+\/—25+\/ﬁ>2
By = —é(v—l—\/—%—@f (1.41)
Fo = —V/-28+V2a
Ifk=1, a=—/=2B, c=+2a ineq. (1.36) then we obtain,
Ty: ga=1- 2ty (1.42)
YT Ve (Ve VB -2
G5 = %<7+1+\/—2ﬁ—\/ﬁ>2
Gy = —%(7—1—\/—2ﬂ+\/ﬁ>2 (1.43)

§s = —V/-28-V2a
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Ifk=1 a=+v-208, c=—v2a in eq. (1.36) then we obtain,
~ 2ty

Ty: gu=1- . 1.44
S ty + v2ay2 + (—v2a — /=28 + t)y + V—28 (L44)
1 2
gy = §<7+1—\/—2ﬁ+\/ﬁ)
B, = —é(y—uﬂ/—w—@f (1.45)
o= /=28+V2a
Ifk=—1, a=—/—28, c= —v2a in eq. (1.36) then we obtain,
~ . 2ty
Ty : =1 . 1.46
e Ve - (Vi v oy vz Y
b5 = %(7—1—\/—26—\/ﬁ>2
B = —3(v+1+v 25+ Vaa) (1.47)
75 = /—28—-+2a
If k=—1, a=+/—20, c=+2a ineq. (1.36) then we obtain,
~ N 2ty
Ts : = . 1.48
R eyt Ve vty v
ds = %<7—1+\/—25+x/%)2
Gs = —%(wﬂ— M—Qﬁ—@)Q (1.49)
Yo = —\/—_25%—\/%
If k=—1, a=—/—28, c=+2a ineq. (1.36) then we obtain,
T : 2ty (1.50)

T W VRay + (V2o 20— Dy~ 28

a; = é(v—l—\/—_%Jr\/%)Q
—é<7+1+\/—_26—\/5>2 (1.51)
Fro= V-28+V2a
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Ifk=-1, a=+-28, c=—v2«a in eq. (1.36) then we obtain,
- 2ty

Ty : jg = 1 '
T T VAo — (V2o - V=23 + )y + V=278

(1.52)

ag = é(y—l—i—\/—_%—\/ﬁy
Bs = —é<7+ 1—v/—20+ \/%)2 (1.53)
Y5 = —v/-28-+2a

5.2 Discrete Equations

The Backlund transformations that are inverse of each other, ie. T; 0T} =1 ,
i=1,357andj=i+1land TyoT =1 ,k=1,234andl =k+ 4 will be

used to get the discrete equations.

Discrete Equation from 77 and 75 :

T7 and T5 are the inverse of each other if o > % Setting a,+1 = v2a7,

Un = V20, a1 = /209, bpy1 = B1, by = B, bp_1 = Pa, Cuy1 = 71, ¢ = 77 and
Cn_1 = 72 in the parameter relations yield the difference equations

+a,1 = Fa, + 1, +a, 1 = +a, — 1,
bn+1 — b'er bn—l - bm (254)
Cny1 = Cp — ]-7 Cp—1 = Cp + ]-a

which have the solutions a, = kK =n , b, = p and ¢, = ¥ — n, where x , p and ¢

are arbitrary constants. Hence, setting

Tn+1 = Y1, Tn =Y, Tp-1 = Y2, (255)
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and eliminating ¥ from (1.20) and (1.22) yields the discrete equation;

{221 + Tpp1 — 2) + 200 (2 — 1) (1 — Tp1 — Tyg1 + Tpo1Tny1)]?
—t?2) (25 ) — 205 1 Tny1 + Ty — 201y + 22520 4)

+4by (21 — 1) (2 — D) (201 — 1)? = 2t(z_1 — 1) (2, — D (21 — 1)
(Tp_1 — Tpa1 + (Cn — an)(Tp_1 + Tpy1 — 220 1Tn11)) P

—4(@p-1 — )% (@ng1 — D*{#227 127 — 2(z01 — 1)(z0 — 1)

(bp(1 — Tpo1 — @) + Ty (t — ta, + by + te,)) 2222,

—2(x, — D (xps1 + D[bn(1 — 2 — Tpy1) — pZpia (t + ta, — b, — tey)]} = 0.
(2.56)

Discrete Equation from 73 and T} :

T3 and T} are the inverse of each other if 3 < —%. After eliminating y' from
(1.24) and (1.26) , and setting

Tnt1 = Y3, Tn =Y, Tp-1 = Y4,

Opt+1 = Qi3 G = Q, Qp—1 = Qu, (2.57)
bor1 = V=285,  ba=+v=28,  bo1=+-20,

Cnt1 = 73 Cn =7, Cn—1 = V4,

we obtain the following discrete equation,

{ltrn(Tn1 + Tns1 — 200 1Tpe1) + 26 (20 — 1) (1 — Zpq — Tog1 + Tpo1Tny1)]?
—2p[t*(2 = 221 + 7)) — 2Tpg1 + xi-i-l) = 2t(xp—1 — 1)(2n — D) (@n41 — 1)
(X1 — Tpy1 + (bp — ) (=2 + T + Tpg1)) + 4ap (01 — 1) (2, — 1)3
(o1 — 1)} = dag (vao1 — 1)* (241 — 1)°

{2+ 2(xp 1 — Dz — D[t + ay — thy +tey — an(Tpoy + Ty — Tp12,)]}

{t? = 2(xp, — 1)(2ng1 — V[t — an + th, — tcy + an(Tp + Tpy1 — Tpxny1)]} = 0,
(2.58)

where a, = Kk , b, = p £ n and ¢, = — n are the solutions of the difference

equations
Ant1 = Qp, Ap—1 = Qp,
+b,.1 = £b, + 1, +0b,.1 ==%b, — 1, (2.59)
Cnt1 = Cp — 1, Cph1 = Cp + 1,

k , p and 1) being an arbitrary constants.
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Discrete Equation from 75 and Tj :

Ty and Tg are the inverse of each other if 3 < —%. After eliminating y' from
(1.28) and (1.30) , and setting

Tn+1 = Ys, Tn =Y, Tn-1 = Ys,

an+1 = O, an = Q, ap_1 = Qg, (2.60)
bup1 = V=205,  ba=+-28,  by1=V-20,

Cn+1 = 755 Cn =7, Cn—1 = 76,

we obtain the following discrete equation,

{[2bp (2 — D)(1 = Tp1 — Tpy1 + T 1Tpy1) + 100 (—2p1 — Tpyp1 + 200 1T0 1))
—23[t?(2 = 2xp1 + 2 — 2001 + 20 4) + 26z — 1)(2n — 1)(@pa — 1)
(Tpy1 — Ton1 + (b + cn)(@p_1 + Tpy1 — 2)) + day (1 — 1)*(z, — 1)2

(€1 = D} = A — 1%y (20 — 1)

{2 +2(xpy — D)(xp — D[t + ap + thy + tcp — an(Tn1 + Tp — Tn170)]}

{12 —2(xp — 1) (2pi1 — D[t — an — thy, — ten + an(Tp + T10n — Tpx140)]} = 0,
(2.61)

where a,, = K , b, = p Fn and ¢, = ¥ — n are the solutions of the difference

equations
Qpy1 = Qp, Qp—1 = Qp,
+b,y1 = b, — 1, +b,1==xb,+1, (2.62)
Cni1 = Cp — 1, Cphe1 =¢Cp + 1,

k , p and 1) being an arbitrary constants.

Discrete Equation from 77 and T :

Tr and Ty are the inverse of each other if o > 1. After eliminating 3’ from (1.32)
and (1.34) , and setting

Tp4+1 = Y7, Tn =1, Tp—1 = Y8,
any1 = V207, a, = V2, an-1 = /2as, (2.63)
bn+1 = /67? bn = ﬂa bnfl = 587

Cn+1 = V7, Cn =7, Cn—1 = 78,
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we obtain the following discrete equation,

{222+ Tp1 + Toi1) + 200 (2 — D=1+ T 1 + Tps1 — Tn1Tni1))?
— 225 (251 — 2% Tpa1 + Ty — 2T1 Ty + 200 170 ) + 22 (Te-1 — 1)
(@0 = D)(@n1 — D[@ngs — T + (an + ¢0) (220 1Tng1 — Ty — Tpga)]
b — 1200 — 1)2(20r — 1))
—4(zp — D2 — D22 22 — 2(xpy — 1) (2 — D) [bu(1 — 2y — )
+ 1T (t + tay, + by + ten) | Ht2a2a2 | — 2(zy — 1) (2ps1 — 1)[bn(1 — 2 — Tpi1)
— X1 (t — ta, — b, —te,)|} =0,
(2.64)

where a, = Kk Fn , b, = and ¢, = ¥ — n are the solutions of the difference

equations
+a,1 = +a, — 1, +a, 1 ==+a,+1,
b1 = by, bp_1 = by, (2.65)
Cny1 =Cp — 1, Cpn_1 = Cp+1,

k , p and 1) being an arbitrary constants.

Discrete Equation from 7) and 75 : After eliminating ¢/ from (1.38) and
(1.46) , and setting

In+1 = Y1, Tn =Y, Lpn—1 = Y5,

ant1 = /200, an = V2, an—1 = V203, (2.66)

b1 =/ —2/3, by = /=20, b1 = \/ 2P,

we obtain the following discrete equation,

Ty, T (xn, — 1)(by + apxy,)
. _ =0, 2.67
x+xn—1_1+xn+l_1 t (2.67)
where a, = § + p and b, = —§ + v are the solutions of the difference equations
Qn+1 :%(7+1_bn_an)a an—lzé(’y_l_bn_an)a (2.68)
bn+1:%(7_1+bn+an)a bnfl:%(’)/"i‘l"'bn"i‘an)a

w1 and v being an arbitrary constants.
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Discrete Equation from 7, and Ty : After eliminating ' from (1.40) and
(1.48) , and setting

Tn+1 = Y2, Tn =Y, Tn—-1 = Ys,

ant1 = V2032, an = V2, an-1 = V20, (2.69)

boir =\ =282, bu=V=2B,  bu_1=1/—20%,

we obtain the following discrete equation,

T T, (X, — 1)(bp + apxy,)
n =0, 2.70
I+$n_1—1+$n+1—1+ t ( )
where a, = § + ¢ and b, = —5 + © are the solutions of the difference equations
i1 = 3(v+ 14 by + an), an-1 = 35(v — 1+ by + ay), 2.71)
bn+1 :%<’Y—1_bn_an)a b1 :%(7+1_bn_an>7
¢ and ¢ being an arbitrary constants.
Discrete Equation from T3, T; and 74,7k :
After eliminating 3’ between (1.42), (1.50)and between (1.44), (1.52), and
setting
Tpt1 = y~37 Tn =Y, Tp-1 = y~77 (272)
xn+1 - y~47 Ty = Z/; Tp—1 = 3]87 (273)

we obtain the following discrete equation

1 1
22, (1 + + ) — 0. (2.74)

Tpo1—1  mp—1



Chapter 6

The Sixth Painlevé Equation

The sixth Painlevé equation

@y _1(1 1L N(dy\ o1 1 1 \dy

a2 2\y y—1 y—t) \dt t t—1 y—t) dt (0.1)
yly— 1Dy —1t) t t—1 tt—1) '
a1y a+5y2+7(y—1)2+5(y—t)2 ’

can be obtained as the compatibility condition of the following linear system of

equations [22]

Yi(st) = Az )Y (5,8),  Yil(z,t) = B DY (2,0), (0.2)
where
A(Z, t) _ _0 I Al At an(Z, t) CL12(Z, t) ’
z z—1 z—t agl(Z,t) CLQQ(Z,t)
A = uo + 6o —Wolg ’ A — u + 04 — WUy ’
-1 1
Wo (UO + 90) —Up w1 (u1 + 91) —U1
0 _
At— Uy + 0 WUt , B(z,t)——At 1
wy (w46 —w z—t

44
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Schlesinger transformations and the closed form of the Backlund transformations
derived by Mugan and Sakka [31]. Setting,

K 0
Aoo:—(A0+A1+At):< 01 )

R2

K1+ ke = —(00 + 01 + 6,), K1 — Ko = O,

an(z t)__woug_wlul_wtut B k(z —y) (0.4)
AT z—1 z—t_zéz—l)(z—t)’

ug + 6 uy + 6 U +

otbo  mtO  wtb

U:all(y): y y—l g_t7
u=—axpny)=u——— —— —
- y y—1 y—t
Then
Ug + U1 + U = Ka, woly + wiug + wuy = 0,
+ 6 + 6 + 6
Ug 0 i Uy 1 4 Uy t_ 0, (0'5)
Wo wh Wy
(t + Dwoug + twiug + weuy = k, twoug = k(t)y,
which are solved as,
k kly—t
wy = XY w — _Fy =1 LIl
tuo ul(t - 1) t(t — 1y
o = - T {yly — D)y — )@ + [0u(y — ) + t0:(y — 1) — 26y — 1)(y — 1))

+/‘€2 (y —t— 1) — 52(91 + t@t)},

=~ oy = D — 02+ [0+ 0.) (5 — 0+ 0y~ 1)
_%Q@t_ D(y — t)]a+ ko®(y — t) — ka(61 + 16;) — K1k},
e = s g W = D = 08 + 03y — 1) + 10+ 0) (g = 1)
260 (y — 1) (y — )] + ko?(y — 1) — K6y + 10;) — thiks}.
(0.6)
The equation Y,; =Y, implies
dy _yly—1Dy—1) 0 6 6—1
dt —t(t—1) (QU_Z_y—l - y—t)
du_ L g0 2(1+t)y — tju?
dt — t(t — 1){[ v Y (0.7)
+[(2y — 1 —1)0g+ 2y — )01 + (2y — 1)(6; — 1)Ju — k1 (k2 + 1)},
1 dk y—t
kdt = (0 )t(t—l)'
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Thus y satisfies the sixth Painlevé equation (0.1), with the parameters

1 1 1

6.1 Backlund Transformations

Let R(z,t) be the transformation matrix which transforms the solution of the

linear problem (0.2) as;
VI(2,8) = R(z, )Y (2,1), (1.9)

but leaves the monodromy data associated with Y'(z) the same. Let wu}, w}, 0, =
0;4+\; be the transformed quantities of w;, w;, 6;, 1 =0,1,t,00. The consistency
condition of the monodromy data is invariant under the transformation if A +
o=k, A\ —X =1,

Ao + At =m, Ao — Ay =n, where k,l,m,n are either odd or even integers. It

is enough to consider the following three cases;

0, = 6o + Ao 0, = 6o 0, = 6,

a 6/1:81 b; 912914‘)\1 : 91291
9229,5 92291& Qézgt—‘f—)\t
0. = boo + Moo, 0. = boo + Moo, 0. = boo + Moo,

(1.10)

All possible Schlesinger transformations admitted by the linear problem (0.2)

may be generated by the following transformation matrices :

0y =00+ 1

0, =20 0 0 1 —w

! ! R(l)(z,t) = z 4+ 0 ,
62 :(9t 0 1 —T1 WoT

0, =0.+1,



CHAPTER 6. THE SIXTH PAINLEVE EQUATION 47

0 =6y — 1
0 =6,

0 = 0,

0, =0 —1,

0 =0y — 1
0, =0,

0 =0,

0, =0u+1,

0y =16+ 1
9’1:61
9;5:915

0, =0 —1,

96:00

0 =0, +1
9£:0t

0, =0 + 1,

96:00

0, =0, —1
9220,5

0, =01,

96:90

0, =6, —1
9£:¢9t

0, =0.+1,

1 0 _15)1907«2 —T9 1
R(Q)(Z7t) = < 00 ) + < _0u00+90 1 z)
UgwWo
(1.12)
0 0 1 oo
Re(z,1) = ( ) + ( e ) -
0 1 —T1 wres”
(1.13)
10 2 —T9
Ruy(z,t) = z+ wo ,
e <oo> (— 1)
(1.14)
0 0 1 —w
R (2,1) = (z—1)+ P
01 —T1 Wi
(1.15)
1 0 —13—:”61 ] 9
R(@(Z,t) = ( 00 > + ( _Ou10+91 1 zi17
uiwi
(1.16)
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0 = 0,

0/1:01+1 10 2 )
Rigy(z,t) = z—1)+ w1 ,
6 =6, (8)( ) <OO>( ) <_£1 1

0. =0 —1,

0 = 0,

0, =0 0 0 1 —
,1 1 R (z,1) = (z—1)+ e,
0, =0,+1 01 —r1 Wy

0 = 0o + 1,

(1.19)
(0, = 0,
0, =0, 10 wtby g,
Ry (z,t) = + 1 "™ L
6 =61 a0z ?) ( 0 0 ) ( _wtle ) E
| O =0 — 1,
(1.20)
(6, = 0,
0, =0 00 1 e
1 1 R(H)(Z,t) — + ut+-0¢ i,
nget—l 01 —T1 %7’1
[ 0 = 0 + 1,
(1.21)
6y = 6y

9/1:01 1 O L2 —T9
R (2, t) = z—1)+ we ,
o =6, 1 (12)(z, ) (OO)( ) (_l .

0, =0 — 1,

(1.22)
where
1 U1+Q1 ut—i—Qt 1
and wu;, w;, @ = 0,1,t are given in (0.6). The transformation matrices

Ruy(z,t), k = 1,2,...,12 are sufficient to obtain the transformation matrix
R(z,t) which shifts the exponents 6y, 61,0;, 0, to 6f,61,0;, 0 with any inte-

tr» Yoo

ger differences. If,

Y (2, t; g, uy, wy, w, wh, wy, 05, 01, 04, 00) = Rij)(2,t;ug, ..., 0s0)Y (2, 5 g, ..., 0,
(1.24)
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and

1" /) " " ! /" " /! /! /! /! _ Lo / ! /
Y (2, t;ug, uy, vy, wy, wi,wy 05,07, 07,05) = Ry (2, ug, ..., 0,0)Y (2, 6 ug, ..., 0L),

tr Yoo
(1.25)
Then
Ry (2, t;ug(ug, ...00), ... ) Rij) (2, t; ug, .., Oos) = 1, (1.26)
for k=3j+1, j=1,3,57911.
Transformation I:
n wltien s = ()i e-ne-vg]  am

2 2
041—1(6\/204+1) v M =7 51——1<€\/—25+1) , 61=46.(128)
2 2
where

A =2t(t — 1)(1 + eag + €6o)y’ + 2(ap + Bo + €)(aoy? — Bot)

(1.29)
— y[2(t — 1)(’}/ + (5) + Oé(](Oé() + ta() + 2t€) — 60(60 + ﬁot + 26)] s

B=1(t—1)2)*—2t(t — 1)(y — 1)(t + eapt — eapy)y’ + 2(t — 1)y
lyy —t(v + 0 = yd)] + (t = y)(y — D]ead(L +t — y)y + eBot(2 + eBy)  (1.30)
+ 2€Ckot(y + 650)] .
Whefeaoz\/ﬁ, 60: \/_257 70:\/%7 do = V1_257y/:% and

€ = +1 in the transformations.

Transformation II:

C

Ty : Ya2(y, t; vz, Ba, 72, 02) = (5) [1 —(t-yly— 1)5 ) (1.31)

azzle@—lz, 52:—1 e\/——m—12, Yo=7, O;=20.(1.32)
2 2

where

C =2(t — Dt(eag + €6y — 1)y — 2(ag + Bo — €)(awy® — Bot) + y[2(t — 1) (v +
5) + C¥0<Oé() + tOéO — 2t6) — ﬁo(ﬁo + 60t — 26)]
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D = (t = 12(y')2 — 2(t — 1)ty — 1)(t — caot +cany)y’ +2(t — Dylyr — t(y +
5 — o)) + (t — ) (y — 1)]ead(1 +t — y)y + Bot(Bo — 26) — 200t (ey — )]

Transformation III:

Ty . ys(y,t;as, B3,793,03) = (5) [1 +(t—y)(y — 1)% (1.33)

043:%<€\/%+1>2, ﬁgz—%<€\/—_25—1)2, v3=7, 03=0.(1.34)

where

E =2(t — 1)t(eag — €0+ 1)y + 2(cg — fo + €)(aoy® + Bot) — y[2(t — 1) (v +
5) + Oéo(OéO + O[()t + 2€t) - ﬁo(ﬂo + ﬂot — 26)]

F=(t—=1)72)* —2(t = Dt(y — 1)(t + eaot — eaoy)y’ +2(t — Dylyy —t(y +
0 —y0)] + (t —y)(y — Dleagy(1 +t — y) + 2a0t(ey — o) + Bot(Bo — 2€)]

Transformation IV:
t G
syl ton it = () 1= -0y -Dg]  03)

2

m:%( 20z—1>2, ﬁ4:—%<e —25+1), w=v, 6.=35 (1.36)

where

G =2(t — Dt(eag — €fo — 1)y — 2(a0 — fo — €)(wy® + Fot)
+y[2(t — 1) (v + 0) + ao(ap + apt — 2€et) — Bo(Bo + Lot + 2€)]

H=(t—1)%*y)*+2(t — Dt(y — 1)(eagt — eagy — )y
+2(t = Dylyy —t(y + 0 —yo)] + (t —y)(y — D]eagy(1 +t — y) + Fot(2¢ + Bo) —
2apt(ey + Fo)]

Transformation V:

Ts . ys(y,t; s, 85,75, 05) = (;D [1 +(t =Dy~ (1.37)
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a5:%<e\/ﬁ+1>2, Bs=0, 75:%(6\/ﬁ+1)2, 55 =0 (1.38)

where

I =2(t—Dt(eag + evo + 1)y + 2ap0(ap + Yo + €)y* — y[2(co + Y0) (e + ap +
Yo) + €t(2€0 + 20 + af — 2e3 — F)] + (o + 70)* + 2(8 + eap + €v0) — 2]

J= (-1 (y)? —2(t — Dity(t + eagt — eapy — 1)y’ +2(t — 1)t(y — 1) yd + (t —
Y)leagy(t—y—1)(y—1)—2t(y—1)B+2eao(t —1)y(y—ero—1) =0yt — 1) (26 +70)]

Transformation VI:

Ts . ys(y,t; as, B, V6, 06) = (;J%i) (1 - y%) (1.39)

aﬁzé(e 2a—1>2, Bs=1, 76:%<e\/2_7—1)2, Jo=0. (1.40)

where

K =2(t = 1)*t(eag + ey0 — 1)y + eag(t = 1)(t = 2y)(y — 1) + 2eao{(t — y)(y —
D(1 =t +4t01) + evo[t*(3 — 4y) + t(1+y(By — 2)) +y(y — 2)]} + (t — D{2t(y —
1)(6 = B3) + 2ev0(t —y) — et + (t — 2)y]}

L=(t—1)2y)*+2(t — Dty(1 — t + eapt — eapy)y’ + 2(t — 1)t(y — 1)yd +

(t —y){eagy(t —y —1)(y — 1) = 2t(y — 1) — yo(t — L)y(y0 — 2€) + 2eanyt +y —
ty — 1+ 481t(y — 1) + evo(1 + 3t — 4ty)]}

Transformation VII:

Tr 0 yi(y,t; ag, Br, v, 07) = (j—_D [1 +y(t — 1)%] (1.41)

a7=%<e\/ﬁ+1>2, 5=, 77:%(6\/2—7—1)2, 5r=0. (1.42)

where

M =2(t — )t(eyo — eag — 1)y + (y — 1)[2eap(t — y) + ea(t — 2y) + 2t(6 —
B)] + 2ev0{t — y + e[t + y(y — 2)]} — exg[t + y(t — 2)]
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N = (t—1)**(y)* —2(t — Dty(t+ eapt — eapy — 1)y’ +2(t — 1)t (y — 1)yd + (t —
y)leagy(t—y—1)(y—1)—=2t(y—1)B—0(t = 1)y(v0—2€) +2eao(t —1)y(y+eyo—1)]

Transformation VIII:

t

Ts:  ys(y,t; as, Os, 78, 08) = <%) [1 —y(t— 1)%] (1.43)

= (vaa 1) m=p. w=g(evme1), &= (4

where

P =2(t—1)tleyg —eag + 1)y + 2t(y — 1)(B —8) + oy — 1)[2e(t — y) — (t —
2y)an] — 2ev0{y —t + eaolt + (y — 2)yl} + exglt + (t — 2)y]

R=(t—1)%2(y)?+ 2(t — Dty(1 — t + eapt — eapy)y’ + 2t(y — 1)(yB — t3 —

yo+tyd)+(t—y)yleag(t—y—1)(y—1) —v0(t—1)(2e+70) +2€ap(t— 1) (1 —y+€70)]

Transformation IX:

To:  yo(y,t; g, By, Y9, 09) =1 ( )[ (t—1)y } (1.45)
1
2

1 2
059:§<€v205+1) ) 69257 Yo =7, 59:

where

(erl) (1.46)

N —

S = Q(t — 1)t(ea0 + 6(50 + 1)y’ -+ 2a0y2(e + g + (5()) + y[(l + 6(50)2 — Qt(ao +
(50)(26 + o + (50) — 2(t — ’}/) — EO&% + 26] + t[l — Qﬁ + 2(6&0 - + 650) + (Odo + 50)2]

T = (t—1)*2(y)* + 2ea0(t — Dty(y — 1)y’ + eagy’(y — 2) — y*{(t — 1)[t(co +
80)? — 2(y — eapt — €dot) +t] — e — 2tB} + ty{(t — 1)[(an + 0)? — 2(y — eap —
€do) + 1] — 2(t + 1)8} + 2¢*6

Transformation X:

-1 U
Tio: 10y, t; a10, Bro; Y10, 010) = t(%) [1 + (t— 1)yv (1.47)
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(6@—1)2 . (1.48)

N | —
N | —

1 2
041025(6\/20‘_1) , Bo=0, mo=7, b=

where

U =2(t — Dit(eag + €do — 1)y — 2a0y* (g + dg — €) + y[2t(eay + €dp — 1)* —
(edo — 1)> = 2(B + ) + ead] + t[2(8 + v + e + €do) — (g + d9)* — 1]

V= (t = 1)**(y)? — 2eap(t — Dty(y — 1)y + eagy’(y — 2)
— 2 {(t — D)[t(ao + 80)? — 2(7 + teag + tedy) +t] — ead — 2t B} + ty{(t — 1)[(ovo +
80)%2 — 2(y + eag + €dp) + 1] — 2(1 + ) B} + 2123

Transformation XI:

-1 Z
Tii: yn(ystan, B, i, 0n) = t(%) [1 —(t— 1)y}} (1.49)
1 2 1 1 2
a11=§(€v204+1> , Pu=0, m=7, 511=§—§<6\/1—25—1> (1.50)
where

Z =2(t — Dit(eag — €dg + 1)y + 2y2ap(ag — dp + €) — y[2t(eay — €dp + 1) —
(€do — 1)2 — 2y — 28 + ea] + t[(cg — 0p)* — 28 — 2(y — e + €dp) + 1]

X = (t—1)*(y)? + 2ea0(t — Dty(y — Dy’ +eagy®(y —2) — y*{(t — D[t(a0 —
80)? — 2(y — eapt + €dot) + t] — e — 2t} + ty{(t — 1)[(an — 60)? — 2(y — €p +
€do) + 1] —2(t + 1)5} + 2¢*6

Transformation XII:

—1
Tz yi2(y: t; a2, B2, 112, 012) = t(%) [1 + (t — 1)@/%] (1.51)

N —

1 2
a12:§<e\/2a—1> ; Br2=0, m2=7, 2=

where

¢ =2(t —1)tleag — by — 1)y — 200y (g — o — €) + y[2t(ecvg — €5y — 1) —
(€60 +1)2 = 2(B+ ) + ead] — t[(ap — 80)* — 2(B + v + eap — €dp) + 1]
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n=(t—1)**(y')* — 2eao(t — Dty(y — Dy’ + eagy’(y — 2) — y*{(t — D[t(a0 —
80)% — 2( + eagt — €dopt) +t] — 2t3 — ea}
+ ty{(t — D[(cg — 00)* — 2(7y + ey — €dg) + 1] — 2(t + 1)} + 2¢*13

There are sixteen known Bécklund transformations [15] in the compact form

as follows:

oy(y — 1)(y —t)

tt =1y +y2(e+ns+m — 1) —y(tnz +tns +m2 + 14 — 1) +t(772 )
1.53

y=y-—

Where /)712 — 2@7 ’]722 e —2/6’ ’)’/32 e 2’)/’ 7742 = 1 — 25 and g = _1 + Zi:]_ nk:

The parameters change

(1.54)

We use the notations a, b, ¢, d for simplicity, which are a = v2a, b = /=20,
c=+/27,d=+1-—20.

- (a+b+c+d—1yly—1)(y—1)

T : fhh=y— 1.55
VY I T Tt erd— )y terbrd—T )
Gy = (%-i—a—%(a;-b—i-c—&-d))?’ G, = _(%—Q—b—%(a;-b—i-c—&-d))?’
-~ (A+c—I(atbtetd)? 5= 1—(2+d—1(atbtctd))? (1'56)
Y1 = 2 ) 1 — )
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~ (a+b+c—d—1Dyly—1)(y —1)

Ty : G =y— 1.57
Y T Ty bt e—d—T) — g terb—d—1+m 07
g = (%+a—%(a2+b+c—d>>2’ By = _(%+b—%<a2+b+c—d>)27
- (3+c—2(atbtc—d))? < 1—(3—d—1(a+b+c—d))? (1'58)
Y2 = 2 ) 62 = P
o =y (a+b—c+d—1)yly—1)(y —1) (1.59)
s tt—1)y +2b—c+d—1)—yltb—tc+b+d—1)+tb
Gy = (%-l—a—%(a;—b—c-&-d))Q’ 53 _ _(%—&—b—%(a;—b—c—&-d))Q’
~ (3 —c—1(at+b—c+d))? IR 1—(3+d—1(a+b—ct+d))? (160)
Y3 = 2 ) 53 - 2
Ty (a—btct+d—1yly—1)(y—1)
Y T Ty 2 (b tetd— 1) —y(—th+tc—b+d—1)—tb
(1.61)
Gy — (%+afé<a;b+c+d>>2’ B =— %fbfé(a;b+c+d>)2’
:)/4 — (%+C*%(a;b+c+d))2, 54 _ 17(%+d7%(2a7b+c+d))2 (162)
A tt—1)y +2b—c—d—1)—yltb—tc+b—d—1)+tb =
s = (%+a—§(a;b—c—d))27 Bs _ _(§+b—%(a2+b—c—d))27
~ (%—c—%(a—l—b—c—d))2 < 1—(%—d—%(a+b—c*d))2 (164)
Vs = 2 ’ 55 = 2
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To: o=y (a—b+tc—d-—1yly—1)(y—1)
0 % tt—1)y +2(—=b+c—d—1)—y(—th+tc—b—d—1) — tb
(1.65)

~ (%—l—a—%(a—b—l—c—d))2 5 (%—b—%(a—b—l—c—d))2
g — ) ) /66 - 2 )

(1.66)

~ 1te—L(a—btc—d))? z 1—(—d—1i(a—b+c—d))?
A = (g+e—3( - ) 7 5 (3 2(2 )

Ty (a—b—c+d—1yly—1)(y—1)
YT Dyt (b—ctd—1) —y(—th—tc—b+d— 1) —tb

(1.67)
G = (%Jra*%(a;lkcﬂl)ﬁ7 B — _(%fbf%(a;b7c+d))2’
;}'/7 _ (%_C—%(a;b—c+d))2, 57 _ 1—(%+d—%(2a—b—c+d))2 (168)

- (a=b—c—d-1yly—1)(y—1)

Te: ys =1y —
T Dyt r(b—c—d—1) —y(—th—tc—b—d—1)—tb
(1.69)

~ 1ta—1(a—b—c—d))? p L p—La—b—c—d))?
a8:(2+ 2(2 ) 7 ﬁgz_(Q 2(2 ) 7
~ L _cLla—b—c—d))? < —(3—d—1(a—b—c—d))? (1.70)
g = (g—c—5( - ) : Oy = 1-(5 2(2 )

S —a+bdc+d—Dyly—1)(y—t

To: Go=y— ( Jyly — Dy — 1) (1.71)

tt—1)y +2b+c+d—1)—y(tb+tc+b+d—1)+tb
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~ (2 —a—L(—atbtctd))? A +b-L(—atbtctd))?
Qg = 2 2 P} ) ﬁg = —-2 2 D) )

3 1—(3+d— 3 (—a+b+ctd))? (1.72)
9 — 2

(34— L(—atbtetd))?
Yo = 2

)

A (-a+b+c—d—Dyly—(y—1)
10 Yo=Y tt =Dy +y2(b+c—d—1)—y(tb+tc+b—d—1)+1tb
(1.73)

(3+b—1(—a+btc—d))?

~ %—a—%(—a+b+c—d))2 5
10 = 2 3 10 — — 2 )
(3+c—1(—atbtc—d))? N 1—(1—d—1(—a+btc—d))? (174)
) 510 - 2

Y10 = 2

A (—atb—c+d—-Dyly—1)(y—1)
1n: yu=y tt—1Dy +y2(b—c+d—1)—ytb—tc+b+d—1)+1tb
(1.75)

Ge — (3—a—3(—a+b—c+d))? B _ (G+b—i(—atb—ctd)?
11 — 9 ) 11 — 9 )

511 _ 1—(§+d—%(;a+b—c+d))2 (1.76)

~ (L —c—L(—a+b—c+d))?
Y1 = 2 . 2

Y

P (a—btct+d—Lyly—1)(y—1)
12: Y12=Y tt—1)y +32(~b+c+d—1)—y(—tb+tc—b+d—1) —tb
(1.77)

~ (%—a—%(—a—b—‘,—c-‘,—d))2 ~ (%—b—%(—a—b—‘,—c-‘,—d))2
Q12 = ) ) ﬂl? = - ) )

5 1—(3+d—3(—a—btc+d))? (1.78)
12 — 2

~ (%—&—c—%(—a—b—l—c—l—d))z
Y12 = 5

Y



CHAPTER 6. THE SIXTH PAINLEVE EQUATION 28

Tia: G =y (—at+b—c—d-Tyly—1)(y—1)
R tt—1)y +2b—c—d—1)—yltb—tc+b—d—1)+tb
(1.79)

(3+b—1(—a+b—c—d))?

~ L _a—L(—atb—c—d))? P

Q3 = ol 2+ ) ; Pz = — 3 )

~ (3—c—i(—atb—c—d))? < 1-(3—d—1(—a+tb—c—d))? (180)
Y13 = 2 ) 513 = D)

G (ca—bt+c—d—1yly—1)(y —1)
14 Yu =Y tt—1y +vy*(=b+c—d—1)—y(—tb+tc—b—d—1)—tb
(1.81)

(1.82)

Tos o fs =y — (ca—b—c+d-1yly—1)(y—1)
A tt—1)y +12(=b—c+d—1) —y(—th—tc—b+d—1) —tb
(1.83)

~ L _g—1(—a—b—c+d))? P L p—L(—a—b—ctd))?

dp = GremhCosboerd) g (bodcasboctd)?
~ (3—c—L(—a—b—ctd))? R 1-(+d—1(—a—b—c+d))? (184)
Y15 = 2 ) 515 - D)

Tis: o =1 — (—a—b—c—d-1yly—1(y—1)
1o 10 tt—1Dy +y2(=b—c—d—1)—y(—thb—tc—b—d—1) —tb
(1.85)
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- (2 —a+i(atbtctd))? > (2 —b+1(atbtctd))?

Qg = —2 ) Pig = — 22— ;

- (3—cti(atbtctd))? 5o 1—(3—d+3(atbtctd))? (1.86)
Y16 = D) ) 16 = 5

6.2 Discrete Equations

The Backlund transformations that are inverse of each other, ie. T; 0T; =1 ,

7=14+1 ,i=1,3,5,7 will be used to get the discrete equations.

Discrete Equation from 77 and 75 :

T; and T, are the inverse of each other if o > % and 3 < —%. Setting

nt1 = V201, an = V20, an_1 = 20, by = V=281, by = V=20,

b1 = V=202, Cnt1 = V1, Cn =, Cne1 = Y2, dng1 = 01, dyy = 0, dyy_y = 0 in the
parameter relations yield the difference equations

tapy1 = £a, +1, +a,_1 = *a, — 1,
b,y = 4b, + 1, 40, = +b, — 1,
= ! (2.87)
Cn+1 = Cp, Cn—1 = Cp,
dnJrl = dn7 dnfl = dn;

which have the solutions a, =k £ n, b, = u+n, ¢, = ¢ and d,, = ¢, where

Kk, 1, ¢ and v are arbitrary constants. Hence, setting
Tnt1 = Y1, Tn =Y, Tpn—1 = Y2 (288)
and eliminating ¢’ from (1.27) and (1.31) yields the discrete equation;

By (TnTni —t) — Ai2? (12, — t) — 4z, (2, — t) (2, — 1)[2t%0,

Ty 1T (n — by — 2) + txnTrii(an — by) + 22, 1222, (1 — a,)] =0
(2.89)

where,
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Ay = Ht(an + b,)%(t — zp) (2 — D)t — 2pg1) (Tpyr — 1)
+(t = 1)(t = 2pai1)[t(tey — d) + 1, — ) (@ + Tng1) + TnTga (e, — )] }1/2,

By = 422 {t(an + by, — 2)*(t — xp1) (@1 — 1)(t — ) (2, — 1)
+ (= 1)(t — 22 [H(tc2 — d2) +H(d2 — ) (Tp_1 + 2p) + Tp_12,(2 — td?)]}1/2.

Discrete Equation from 73 and T} :

T5 and T} are the inverse of each other if o > % and 3 < —%. After eliminating

y' from (1.33) and (1.35) , and setting

L+l = Y3, Tn =Y, Tpn—1 = Y4,

Uny1 = /20, an = V2a, Un_1 = /204,

bot1 = V=203,  bo=+v-28, by =20, (2.90)
Cnt1 = 73, Cn =7, Cn—1 = T4,

dpt1 = 03, dp = 0, dp—1 = 04,

we obtain the following discrete equation,

Ag(Tp 12y — t) — Box (wppy1 — t) — 4y (2, — ) (z, — 1)[2%D,

HTy 120 (2 — Ay — by) — i (an + by) + 22, 12221 (a, — 1)] =0
(2.91)

where,

Ay = 422 {t(ay, — bp)*(t — 2) (T — 1) (t — Tpy1) (T — 1)
+ (t = 1) (t — 2p@ng )[t(tc] — d2) + H(d2 — ) (Tpar + Tn) + Tnprwn(cl — td2 )] }H2,

By = 4{t(an — by, — 2)%(t — 2p1) (21 — 1)(t — ) (2, — 1)
+ (= 1)(t — 2p_yxp)[t(tE — d?) +t(d? — ) (Tp_1 + Tp) + Tp12,(2 — td?)]}V/2.

where a, = k£ n b, = pFn ,c, = ¢ and d,, = ¢ are the solutions of the

difference equations

t+any1 = Fa, +1 +a, 1 = +a, — 1,
+b,,1 = +b, — 1 +b,.1 ==+b, + 1,
i ' (2.92)
Cnt+1 = Cp, Cn—1 = Cp,

dn+1 = dn dn—l = dn
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Kk, i, and ¢ being arbitrary constants.

Discrete Equation from 75 and Tj :

Ty and Tg are the inverse of each other if o > % and v > % After eliminating 3/
from (1.37) and (1.39) , and setting

Tn+1 = Ys, Tn =1, Tn-1 = Ys,

nt1 = /205, an = V20, an—1 = /20,

bny1 = Ds, bn = 3, bn—1 = Bs, (2.93)
Crt1 = /275, e = /27, Cn1 = /27,

dn+1 = 05, dn, =0, dn—1 = g,

we obtain the following discrete equation,

Asl(zn, — t)(xn — 1)* — 21 (zn — 1)%] + Bslan(Tng1 — 1) — Tpyr + 1]
—4z, (2, — t)(z, — D{(an + tan, + ¢, — ten)[2(x, — t)

(@ — D) (xp_1 + o)) + 206+ Dy (zp-1 — 1) — 2020 (21 + Tpi1)
+2(t + t2a, — tTp 1 — Tpy1 + 200 Tpy1) — 2(a, — 1)

2 2 2 2 _
(T — Tp1T) + Tpo1Tps1 — 2T 1T Tni1 — TpTpt1 + Tp1ZoTnt1)} =0

(2.94)

where,

Az = 4{(t—2,)(t—2ps1) [P (t—Try— Tyt + T Trg1) — Q2T Ty (E—1)]— (£ —1)

DT 1200 Cn(t — 1) (t = Tpy1) + (2 = d?)(t — Ty — Tpi1) + TpTpir (2 —td?)]}1/2,

By = 4(x, — 1)2{(t — ) [thy(t — 1 — Tp + Tp_12,) (bp(t — 2p_1) — 8711y,
(an—1))=Tp 1T (t—2p_1)(t—=1)(an—2) ]+ Tp_ 12, [(t—=D)td? (t— 21 — T+ T 1T
- (t—2,) (=1 ) (—4—4t+2a, +6ta, +c, —tey) +8t(z,_ 1 —1)x,(a, —1))]}/2.

where a, = k£ n, b, = u, ¢, =¥ £ n and d, = ¢ are the solutions of the

difference equations

t+any1 = Fa, +1 +a, 1 = +a, — 1,
bn - bn bnf = bn7
i ! (2.95)
+cp1 = £c, + 1 +c,_1 = *c, — 1,

dn+1 = dn dn—l = dn
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Kk, i, and ¢ being arbitrary constants.

Discrete Equation from 77 and 75 :

T; and Ty are the inverse of each other if o > % and v > % After eliminating ¢/

from (1.41) and (1.43) , and setting

Tn+1 = Y7, In =Y, Tn—1 = Ys,

Ap+1 = \/27477 Ap = \/57 Ap—1 = \/2748,

bny1 = B, b, = 03, bn—1 = D, (2.96)
Cnt1 = \/2_’777 Cn = \/2_7 Cp—1 = \/2_’78,

dpy1 = 0, dp = 0, dn—1 = 0s,

we obtain the following discrete equation,

Aglwp (1 — 1) —xpy +t] + Ba[(z — ) (2, — 1)* — 21 (2 — 1)3]
+4z,(x, — t) (2, — D{(an + tan, — ¢ + ten)[2(x, — 1)

(@ — D (2p1 + 2ua )20t + Dap(xn_1 — 1) — 204,20 (Tn_1 + Tpy1)
+2(t + t?ay — tTp-1 — Tny1 + 20,2011) — 2(ay — 1)

(22 — 2 172 + T 1 Tpa1 — 2T0 1T Tl — T2Tpi1 + T 102T041) =0

(2.97)

where,

Ay =4xn =Dt =)t =201 [t02(t—2p — Ty 1 + T Ty 1) — Q22 Ty 1 (E—1)]
2

+ (t = D)@y [t (2 — d? — 20060 (20 + Tpg1 — 1) — TpZpy1 (2 —td? — 2anc,)] Y2,

By = 4{(t—xp_1)(t—2,) [t02 (t — o1 — ) + (4 — 4t — 4a, + ta, +a2 —ta? +tb2)
Tp_ 1Ty —(t—1) @12, [t(dep+E —d% —2a,0,) (=21 — Ty )+ (dey+2—td2 —2a,cp,)

Tp1m,]}2.

and a, = k+tn b, = pu,c, =¥ Fn and d, = ¢ are the solutions of the

difference equations

t+a,1 = Fa, +1 +a, 1 = +a, — 1,
bn = bn bnf = bnu
i ' (2.98)
+cu1 = Fe, — 1 *+c,1==xc,+1,
dn—i—l = dn dn—l = dn

Kk, i and ¢ being arbitrary constants.
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Discrete Equation from 7Ty and T, :

Ty and T3 are the inverse of each other if o > % and 0 < 0. After eliminating ¢/

from (1.45) and (1.47) , and setting

Tn+1 = Yo, In =Y, Tn-1 = Y10,

U1 = /20, an = \/%, an—1 = /201,

bnt1 = Do, b, = 0, bn—1 = Bo, (2.99)
Cnt+1 = 79, Cn =7, Cn—1 = M0,

dn+1 =V 1 - 259, dn -V 1 — 25, dn,1 =V 1 — 2(510,

we obtain the following discrete equation,

Bs(t* — t?x,, — tTni1 + Tppgy) — 445t (2, — (2, — )% + 200y (20 + 1)?]
+dx, (t — x,) (2, — D) {t(a, + ta, — d, + td,)[2t*(x, — 1)
—(x — ) (tp_y + Tpy1)] = 262(t + Dy (t — 2p1) — 262002, (t2p—1 + Trir)

+262(12 + tap, — twp_1 — trps1 + 20,T001) — 2(a, — 1)

(322 — 2w, 122 + 20, 1Ty — 200 12Ty — 22T + T 12220 41) ) = 0
(2.100)

where,

As = {zpwp1t(t — 1) (an + dp)*(xn — D) (Tpir — t) + (22, — 2 + tapy

— TnT1) [0 (70 — 1)(t = Tns1) + CATnTnia (t — D]}

Bs = 4t —xp)H{xpzn 1t(t—1)(an+d, —2)* (21— 1) (2 — 1)+ (t —tz,_ —tx,
+ Ty 120 [t02 (20 — 1) (21 — 1) — By, (t — 1)] /2

where a, = k £n )b, = p ,c, = ¥ and d,, = ¢ £ n are the solutions of the

difference equations

+a,1 = Fa, +1 +a,_ 1 = +a, — 1,
bn - bn bn— - bn;
i ' (2.101)
Cpnt1 = Cp Cn—1 = Cp,
+dy = +d, +1 +d,_ 1 ==+xd, — 1.

Kk, 0 and ¢ being arbitrary constants.
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Discrete Equation from 77; and T}, :

T11 and Ti9 are the inverse of each other if o > % and 0 < 0. After eliminating
y' from (1.49) and (1.51) , and setting

Tn+1 = Y11,

Tn =Y, Tn—-1 = Y12,
ni1 = V20171, an = V2a, Up_1 = /20019,
bn+1 = D1, b, = 0, bu_1 = Bia, (2.102)
Cnt1 = 711, Cn =7, Cn—1 = M2,
dpy1 = V1 — 2013, dp = /1 —26, dp_1 =1 = 2019,

we obtain the following discrete equation,

Ag(t —twyy — toy + xp_1,) + Be[t(z, — t)*(x, — 1) — (2n — 1)32011]
+4(t — xp) (2 — D {t(an + ta, + d, — td,)[(zn, — t)(Tp_1 + Tpy1) — 2t(z, — 1)]
+2t(t + V) xp(t — xp1) + 224020 (T 1 + Tpat)

—2t2(t + ap — 1 — tTp 12000y ) + 2(a, — 1)

(1222 — twp 122 + 20, 1Ty — 200 1T Tyt — 122000 + Ty 122 T0g1)} =0

(2.103)

where,

Ag = 4(t — 2){xnTn1t(t — D) (an — dp)*(xp — 1) (Tpg1 — 1) + (t =tz — tTpps

- T Tpg1 ) (T2 — t02 2y, — th2 21 + 020 Tt + Tyt — t T Tny1) Y,

Bs = Hzpzn 1t(t—1)(an—dn—2)*(xp_1—1) (2= 1)+t =ty 1 —tr,+2, 12,)

(th? — th2wy_ — th2xy, 4+ th2 17y + R p11y — L2 x,_12,) F2

where a, = k£ n b, = p ,c, = ¥ and d, = ¢ F n are the solutions of the
difference equations

+a,1 = Fa, +1
bn+1 = bn
Cn+1 = Cp

+d, = +d, — 1

Kk, i % and ¢ being arbitrary constants.

+a, 1 ==+a,—1,
bn—1 = bn,
Cp—1 = Cp,
+d, 1 ==*d,+ 1

(2.104)



CHAPTER 6. THE SIXTH PAINLEVE EQUATION 65

Discrete Equation from 7) and Ty : After eliminating 3 from (1.55) and
(1.85) , and setting

Tnt+1 = Y1, Tn =Y, Tn-1 = Y16,

api1 = \/T‘éla Ay = \/%, Ap—1 = \/%,

bust = V=201,  bu=v=2B,  bu1=+/—200. (2.105)
Cn1 = V271, cn = /27, Cno1 = /2716,

dpy1 = V1 =26, dy=+v1-25 d,_1=+1-255,

we obtain the following discrete equation,

! {; (bl = ) — D) — 2200) 2 0t ) — 1)

tt—1) Wzpoy — zp)
—ealt = @) (1= 2001+ 20) + (@ = DIt = 2+ da(t = 2,1+ 2)] ]}
1
+ [—1+an—|—bn+cn+dn t—x, xn—lxn}}:(]
| )t~ o) — 1)
(2.106)
where
(mr)+ ) (mr)+1 b 4 (mr)+ ) (TL7T)+1
= — in(—)+ = = — in(—)+ =
an = ficos(—5 psin(— 5 n cos(— psin(— 5
1 1
Cp = /\COS(%) + Tsin(%r) + Y d, = Xcos(%r) + Qbsin(n?ﬂ) + 5,(2.107)
are the solutions of the difference equations
(py1 + Ap—1 = 1, bn+1 + bn—l =1,
Cn+1 +Cpho1 = 1, dn+1 + dn—l = 1, (2108)

K, A, b, T, ¥, @, x and ¢ being arbitrary constants.

Discrete Equation from T, and T}5 : After eliminating 3 from (1.57) and

(1.83) , and setting

Tn+1 = Y2, Ty = Tn—1 = Y15,

Y,
apt1 = \/Ea Ay = \/%, ap—1 = \/m,

boi1 = /=282, by =+/—2B,  by1 =/—201s, (2.109)
Cnt1 = V272, e =27, Cn-1 = /2715,
A1 = V1 =205, dn=+v1-20, dypy=+1-20,
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we obtain the following discrete equation,

t(t 1_ 1) { (gcnll— ) {=0n(t = 20) (20 — 1) (@0 — 200-1) + 20 [an(t — ) (20 — 1)

—en(t — @) (L= 221+ Tn) — (20 — 1)t + T + do(t — 2001 + xn)ﬂ }

: (=1 n - bu + €0 = da)(t = @) (@0 = V)] } =0

+—
(Tnt1 — Tn)

(2.110)

where a,, b,, ¢, and d,, are the same as (2.107).

Discrete Equation from T3 and Ty, : After eliminating 3 from (1.59) and

(1.81) , and setting

Tni1 = Y3, Tn =Y, Tn—1 = Y14

Apt1 = \/T‘éé‘n ap = \/%7 ap-1 = \/M,

boi1 = /=205,  by,=+/—2B,  by_1 =/—2Pu, (2.111)
Crt1 = /273, cn = /27, Cn-1 = /2714,

dpi1 =1 —=203, dp=+v1—26, dpq=+1—204

we obtain the following discrete equation,

T - 0 { (xn_ll— oy 1ol = @) (@0 = (=220 + @) o+ 2 anlt = 2a) (@ = 1)

et — 20) (1 = 2201 + 20) + (0 — D[t — 20 + d(t — 2201 + %)]] }

+ —1—|—an+bn—cn—l—dn)(t—xn)(xn—l)xn]}:0

1
(Tpy1 — Tp) [(
(2.112)

where a,, b,, ¢, and d,, are the same as (2.107).

Discrete Equation from 7, and T}5 : After eliminating v/ from (1.61) and

(1.79) , and setting

Tn+1 = Y4, Ipn =Y, Tp—1 = Y13,
Unp1 = V204, a, = V2a, an—1 = /2013,
bup1 =V =204, by =20, b1 = /=203, (2.113)

Cnt1 = V27, Cn = Cn—1 = V2M13,
dn+1 = \/1 - 2(54, dn = 1 - 2(5, dn,1 AV 1 - 2513,
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we obtain the following discrete equation,

t(t 1— 1) { (;cnll_ ) {ba(t = @) (@n = 1)(@n = 220-1) + 20 [an(t — @n)(2n — 1)

Cen(t — ) (1= 220y + T0) + (20 — D[t — 2 + do(t — 2001 + xn)ﬂ }

1 [(—1+an—bn+cn+dn)(t—xn)(ggn_1)%]} —0

_'_
(Tns1 — n)

(2.114)

where a,, b,, ¢, and d,, are the same as (2.107).

Discrete Equation from 75 and T}, : After eliminating 3 from (1.63) and

(1.77) , and setting

Tnt+1 = Ys, Tn =Y, Tn-1 = Y12,

apt1 = \/Ea Ay, \/%, Ap—1 = \/m,

boi1 = /=285, by =+/—2B,  by1 =/—202, (2.115)
Cnt1 = V275, e =27, Cno1 = /22,

dpi1 = V1 =205, dp=+1-25, d,1=+1-20,

we obtain the following discrete equation,

o 1_ . { (%_11_ Syt = ) = D = 2000) + 2 [an(t —z)(@n — 1)

ben(t — 1) (1 — 2201 + @) — (20 — 1)[—t + 2 + dy(t — 2001 + xn)]] }

+ —1—|—an+bn—cn—dn)(t—xn)(xn—1)xn]}:0

1
(Tpy1 — Tp) [(
(2.116)

where a,, b,, ¢, and d,, are the same as (2.107).

Discrete Equation from Ty and Ty, : After eliminating ¢/ from (1.65) and

(1.75) , and setting

Tn+1 = Ys, Ty = Tn-1 = Y11,

Y,
ant1 = /205, an =V2a, an—1 = 2011,

bosr =V=20s,  bu=+v=28,  bo1=v-20u, (2.117)
Cnt1 = V2%, cn = /27, Cn1 = V2711,
dpyr = V1 =20, dp=v1-20, dp1=v1-20,
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we obtain the following discrete equation,

t(t 1— 1) { (;cnll_ ) {ba(t = @) (@n = 1)(@n = 220-1) + 20 [an(t — @n)(2n — 1)

—en(t — ) (1= 221+ Tn) — (20 — 1)t + T + du(t — 2001 + xn)ﬂ }

| [(—1+an—bn+cn—dn)(t_xn)(xn_wnH Ly

_'_
(Tns1 — n)

(2.118)

where a,, b,, ¢, and d,, are the same as (2.107).

Discrete Equation from T; and T, : After eliminating 3 from (1.67) and

(1.73) , and setting

Tnt+1 = Y, Tn =Y, Tn-1 = Y10,

apt1 = \/T“?; Ay, \/%, Ap—1 = \/m,

boi1 = /=287, by=~/—2B,  by_1 = /=200, (2.119)
Cn1 = V277, cn = /27, o1 = /2710,

dpi1 =1 =207, dp=+1-25, d,1=+1- 20y,

we obtain the following discrete equation,

o 1_ . { (xn_11_ S nlt = ) n = 1) = 20) + 2 [an(t — 2 (zn — 1)

ten(t — 2) (1 = 201 + Tn) + (@0 — 1)t — 20 + du(t — 20,1 + xn)}] }

+ —1+an—bn—cn—l—dn)(t—xn)(xn—1)xn}}:O

1
(Tpy1 — Tp) [<
(2.120)

where a,, b,, ¢, and d,, are the same as (2.107).

Discrete Equation from Ty and Ty : After eliminating y' from (1.69) and
(1.71) , and setting

Lnt+1 = Ys, In =Y, Tn—-1 = Yo,

an+1 = V 2a87 ap =V 20‘7 Qp—-1 =V 20&9,

b1 = V=20, by =+/—20, bu_1 = /=20, (2.121)
Cntl = V 2787 Cp = v 277 Cp—1 = V 2797

dn+1 == \/1 - 2687 dn - 1 - 25, dn,1 == \/1 - 259,
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we obtain the following discrete equation,

! {( b (bt~ ) — 1) — 200) 2 [t — )2~ 1)

tt—1) U(zpg — )

ben(t — 20)(1 = 2n1 + n) — (20 — 1)t + 0 + dn(t — 201 + xn)ﬂ }
1

A F— [(-1 F y — by — Cn — dp)(t — ) (20 — 1)%} } ~0

(2.122)

where a,, b,, ¢, and d,, are the same as (2.107).
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