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ABSTRACT

INCREASING DATA REUSE IN PARALLEL SPARSE
MATRIX-VECTOR AND
MATRIX-TRANSPOSE-VECTOR MULTIPLY ON
SHARED-MEMORY ARCHITECTURES

Mustafa Ozan Karsavuran
M.S. in Computer Engineering
Supervisor: Prof. Dr. Cevdet Aykanat
September, 2014

Sparse matrix-vector and matrix-transpose-vector multiplications (Sparse AA™z)
are the kernel operations used in iterative solvers. Sparsity pattern of the input
matrix A, as well as its transpose, remains the same throughout the iterations.
CPU cache could not be used properly during these Sparse AA"z operations due
to irregular sparsity pattern of the matrix. We propose two parallelization strate-
gies for Sparse AATz. Our methods partition A matrix in order to exploit cache
locality for matrix nonzeros and vector entries. We conduct experiments on the
recently-released Intel® Xeon Phi"" coprocessor involving large variety of sparse
matrices. Experimental results show that proposed methods achieve higher per-
formance improvement than the state-of-the-art methods in the literature.

Keywords:  Intel Many Integrated Core Architecture (Intel MIC), Intel Xeon
Phi, cache locality, sparse matrix, sparse matrix-vector multiplication, sparse
matrix-vector and matrix-transpose-vector multiplication, hypergraph model, hy-

pergraph partitioning.
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OZET

PAYLASILAN BELLEK MIMARISINDE
GERCEKLESTIRILEN PARALEL SEYREK

MATRIS-VEKTOR VE DEVRIK-MATRIS-VEKTOR
CARPIMINDA VERI YENIDEN KULLANIMINI
ARTTIRMAK

Mustafa Ozan Karsavuran
Bilgisayar Miihendisligi, Yiiksek Lisans
Tez Yoneticisi: Prof. Dr. Cevdet Aykanat
Eylil, 2014

Seyrek matris-vektér ve devrik-matris-vektér carpimlart (Seyrek AATz)
yinelemeli ¢oziiciilerde kullanilan gekirdek iglemlerdir. Girdi matrisi A’nin ve de-
vriginin seyreklik deseni yinelemeler boyunca ayni kalmaktadir. Matrisin diizensiz
seyreklik deseni nedeniyle, bu seyrek AAT z operasyonlari sirasinda CPU énbellegi
tam anlamiyla kullanilamaz. Seyrek AA'z operasyonu icin iki paralellestirme
stratejisi Oneriyoruz. Yontemlerimiz A matrisini boliimleyerek matris sifir digt
girdileri ve vektor girdileri igin 6nbellek yerelligi saglamaktadir. Deneylerimizi
cok cesitli seyrek matrisler kullanarak piyasaya yeni sunulmus Intel® Xeon Phi'™"
yardime iglemci tizerinde yiiriittiik. Deneysel sonuclar onerdigimiz yontemlerin
literatiirdeki en gelismis yontemlerden daha yiiksek performans geligtirmesi elde
ettigini gostermektedir.

Anahtar sozciikler: Intel Yardimer Islemei, Intel Xeon Phi, énbellek yerelligi,
seyrek matrisler, matris-vektor carpimi, matris-vektor ve devrik-matris-vektor

carpimi, biligimsel hipercizge modeli, hipercizge boliimleme.
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Chapter 1

Introduction

Sparse matrix-vector and sparse matrix-transpose-vector (Sparse AATQU) multi-
plication operations, where the same large, structurally unsymmetric square or
rectangular matrices are multiplied with dense vectors repeatedly are the kernel
operations used widely in iterative solvers [2, 3] and the surrogate constraints
method [4, B, [6, [7], which are required in algorithms for solving unsymmetric
linear systems [§], linear programming (LP) [8], computing the singular value de-
composition [9], HITS algorithm [I0] for finding hubs and authorities in graphs,
PageRank computations [I1], image restoration problem [12, 3] and so on. Iter-
ative methods that require matrix-vector and matrix-transpose-vector multipli-
cation are given as follows: The conjugate gradient normal equation and residual
methods (CGNE and CGNR) [14] 2], the biconjugate gradient method (BCG) [2],
the standard quasi-minimal residual method (QMR) [15], which are used to solve
unsymmetric linear systems, and the Lanczos method [14], which is used to com-
pute the singular value decomposition, involve z < A" z and y « A z compu-
tations, where A is an unsymmetric square matrix. The least squares (LSQR)
method [16], which is used to solve the least squares problem, and the surrogate
constraint method [4], [5, 6], [7], which is used to solve the linear feasibility prob-
lem, are also involve computations of the form z < A” z and y < A z, where
A is a rectangular matrix. Additionally, interior point methods for large scale

linear programming reduced to the normal equations [I7, 18] which are solved by



iterative methods that involve repeated y +— AD?AT x computation [§], where A
is the original rectangular constraint matrix and D is a diagonal matrix varying
at each iteration. However, performing this computation in the form z < A7 z,
w ¢+ D? z, and y + A w is preferable rather than computing the coefficient

matrix AD?A” | which is usually quite dense.

Due to irregular sparsity pattern of the matrix, CPU cache could not be used
properly during these sparse matrix-vector (SpMV) multiplication operations in
the recent architectures which utilize deep cache hierarchy. Therefore, if spatial
and temporal localities are exploited, performance of the SpMV operations would
increase. Here, spatial locality refers to use of data in the near storage and
temporal locality refers to reuse of the data that is already in the cache. Since
the same sparse matrix is used in both z +— AT x and y + A z computation, for
performance consideration both spatial and temporal localities of matrix nonzeros

are significant.

In this work, we propose two parallel methods that exploit both spatial and
temporal cache locality of matrix nonzeros and vector entries in sparse matrix-
vector and matrix-transpose-vector multiplication on many-core processors. We
also define quality criteria to achieve high performance in parallel sparse matrix-
vector and matrix-transpose-vector operations, then discuss how our methods
satisfy these criteria. Specifically, we reorder the matrix into singly bordered
block-diagonal (SB) form using hypergraph partitioning, then partition into sub-
matrices and multiply these submatrices in parallel. Experimental results on very
wide variety of matrix kinds from different domains show that our theory holds
and provide performance gain. Although we experiment with Intel® Xeon Phi'

our contributions are also viable for cache-coherent shared memory architectures.

The rest of this thesis is organized as follows: We give essential background
information in Chapter Previous works about matrix-vector and matrix-
transpose-vector multiplication are discussed in Chapter In Chapter [ we
propose and describe our methods. We discuss experimental results in Chapter

and finally conclude in Chapter [6]



Chapter 2

Background

In this chapter, background information about sparse matrix storage schemes and
their data locality properties are given in Section 2.1 Also architecture of the
Intel® Xeon Phi' " coprocessor is briefly described in Section .

2.1 Data Locality in CSR- and CSC-based
SpMV

Sparse matrices are generally stored in Compressed Sparse Row (CSR) and Com-
pressed Sparse Column (CSC) based schemes [19, 2]. There are also their varia-
tions such as, zig-zag CSR (ZZCSR) [20] and incremental compressed storage by
rows (ICSR) [2I]. In this work we focus on CSR and CSC scheme. The CSR
scheme uses three 1D arrays namely irow, icol, val. Matrix nonzeros and their
column indices are respectively stored in val and icol arrays in row-major order.
The irow array stores starting indices of each row on the icol (and naturally val)
array. Therefore, the size of irow is equal to number of rows + 1 and the size of
tcol and wval arrays is equal to number of nonzeros. The CSC scheme is dual of
the CSR scheme. Nonzeros are again stored in the val array but in column-major

order, row indices are in the irow array and starting indices of each column are



stored in the icol array.

Akbudak et al [22] discussed data locality in CSR-based SpMV. Here we
discuss data locality in CSR-based SpMV considering consecutive z < A7 z and
y < A z computations. When matrix nonzeros are considered both spatial and
temporal localities are feasible. Spatial locality is automatically attained by CSR
scheme since data are stored and accessed consecutively. Temporal locality is
feasible when both z < AT z and y + A 2 SpMV computations considered since
each nonzero is multiplied twice. But probably these entries might be evicted

from cache due to large matrix size.

When input vector entries are considered both spatial and temporal localities
are feasible. However, since matrices are sparse and their pattern is irregular, it

requires special concern to attain these localities.

When output vector is considered spatial locality is feasible and attained by
CSR scheme since each entry computed one after another and stored consecu-
tively.  When consecutive z < AT z and y < A z SpMV computations are
considered temporal locality is also feasible since output vector of the z < AT z
computation is also input vector of the y < A z computation. However, these

entries would be evicted from cache due to large vector and matrix size.

Note that, since CSR and CSC schemes are dual of each other, the dual of
the discussion given above for the CSR scheme also holds for CSC scheme. Also

note that storing matrix A in CSR-based scheme induces storing matrix A7 in

CSC-based scheme.

2.2 The Intel® Xeon Phi = Architecture

In this thesis we used the first generation of Intel Many Integrated Core (MIC)
architecture, Intel® Xeon Phi' P5110 which is codenamed as Knights Corner [1].
This architecture consist of processing cores, caches, memory controllers, PCle

client logic, and a ring interconnect as seen in Figure 2.1 Each core has a



Figure 2.1: Intel® Xeon Phi' " Architecure .

private L2 cache and by using a global-distributed tag directory they are kept fully
coherent. In order to connect these components together, a very high bandwidth,

bidirectional ring interconnect is used.

When cache miss occurs on L2 cache, an address request is sent to tag directo-
ries using the address ring. If another core, which has the data that caused cache
miss, found; a forwarding request is sent to that core using the address ring, then
requested block is transferred using data block ring. Otherwise, memory address

is sent to memory controller by the tag directory, then data comes from memory.

Intel® Xeon Phi' " has a recent technology called Streaming stores [I] that
increases memory bandwidth. Previously, when a core writes data to cache,
it reads corresponding cache line before write which creates an overhead. A
streaming store instruction eliminates the read overhead so that cores can directly

write the whole cache line to the device memory.

Therefore, in order to gain peak performance on the Intel® Xeon Phi"" co-

processor exploiting caches effectively is significant.



Chapter 3

Related Work

One possibility of implementing y < AA? z is precomputing M «+ AAT and
performing y < Mx. However, this scheme induces lots of fill-ins. Instead,

streaming matrix A twice is expected to yield much better performance [23].

There are numerous work about parallelization of SpMV of the form y < A x
on shared memory architectures [24] 25 26, 27, 28]. Our focus is parallelization

of y < AAT x on shared memory architectures.

Bulug et al. [23] proposed a blocking method called compressed sparse blocks
(CSB). CSB does not favor CSR or CSC schemes since it uses COO scheme so
that performance of CSB-based z <~ AT x and y < A z computations are similar.
CSB performs y < AAT x in row-parallel and recursively divides row-blocks into
chunks yielding a 2D parallelization scheme for reducing load imbalance due to ir-
regular sparsity pattern of the input matrix. Their method avoids race conditions
due to write conflicts via using temporary arrays for each thread contributing to
the same output subvector. However, they report that they cannot attain one
important optimization, which is reuse of input matrix nonzeros. CSB method

can be integrated into our work.

Bulug et al. [26] proposed bitmasked register block as contribution to CSB in

order to reduce memory bandwidth cost. A bitmask is used to hold locations of



nonzeros in packed register block and zeros filled dynamically without transferred

from memory.

Aktulga et al. [29] used CSB proposed in [23] to optimize Nuclear Configura-
tion Interaction Calculations which use multiplication of sparse matrix (and its

transpose) with multiple dense vectors.

Martone [25] compares Recursive Sparse Blocks (RSB), which is a sparse
matrix storage scheme, with Intel Math Kernel Library (MKL) and CSB [23].
RSB recursively partitions the matrix into quadrants according to cache size and

nonzeros are stored in leaf nodes as submatrices.

In PhD thesis [30] by Vuduc, AT A operation is done for each row to reuse
nonzeros of A matrix. In other words, in each step one entry of the intermediate
vector is computed as t < A x using nonzeros of one row, then partial y vector
is computed as y < AT t using same nonzeros as column. This approach is
elegant when serial implementation is considered, however it is not appropriate

for parallelization, since each update on the y «+— AT ¢ multiplication is atomic

Saule et al. [31] evaluated performance of SpMV kernels on Intel® Xeon Phi'
and show that bottleneck is the memory latency instead of memory bandwidth.
Also it is shown that Intel® Xeon Phi outperforms high-end CPUs and GPUs.

Ucar and Aykanat [8] proposed a two-phase method in order to minimize com-
munication cost metrics which are total message volume, total message latency,
latency handled by a single processor and maximum message volume in parallel
SpMV. Total message volume is minimized in the first phase using existing 1D
partitioning methods. The other communication cost metrics are considered for
minimization in the second phase utilizing the communication hypergraph model.
Different methods and algorithms are proposed for both y <~ A z and z < AT z

operations.



Chapter 4

Partitioning for Parallel
Matrix-Vector and
Matrix-Transpose-Vector

Multiply

Matrix-vector and matrix-transpose-vector multiplies of the form y «+ AAT z
are performed as z + A" z and then y < A z in parallel. We propose two
methods for this operation. In the first method y < A z SpMV operation is
done in column-parallel and z < AT 2 SpMV operation is done in row-parallel,
whereas in the second method y < A z SpMV operation is done in row-parallel
and z <+ AT x SpMV operation is done in column-parallel. Here and hereafter,
we will refer column-row—parallel (CRp) and row-column—parallel (RCp) matrix-
vector and matrix-transpose-vector multiplies to the first and second methods,

respectively.



In order to attain high performance in parallel y + AA” x operation following

quality criteria should be satisfied.

(a) reusing the z-vector entries generated in z <~ AT z and thenread iny < A 2

(b) exploitation of the temporal locality for the matrix nonzeros (together with

their row/column indices) in z < AT z and y + A z.

(c) exploitation of the temporal locality in reading input vector entries in row-
parallel SpMVs

(d) exploitation of the temporal locality in updating output vector entries in

column-parallel SpMVs

(e) minimization of the number of atomic updates in column-parallel SpMVs

Therefore, our aim is accomplish these criteria both in CRp and RCp methods.

In the following two sections, we propose and discuss the matrix partitioning
schemes and how they achieve the quality criteria defined above for the CRp and
RCp methods, respectively.

4.1 Column—Row-Parallel Method (CRp)

Rows and columns of matrix A are reordered to obtain a rowwise singly bordered

block-diagonal (SB) form as follows:

[ All | [ Rl ]
A22 R2
A= Agp, = PAP, = = :
Axk Rg
| A1 A A | | Rp |
- [ C Gy ... Ck ] (4.1)



In , the row and column permutation matrices are denoted by P, and P,
respectively. The kth diagonal block of Agp, is denoted by Ag,. The kth row and
K
are denoted by Ry and C}, respectively. The row border is denoted by Rp as

column slice (we also call these slices as submatrices) of Agp, for k=1,2,...,

follows:
Ro=| Ap Ap ... Apy |. (42)

Here, the kth border block in the row border Rp is denoted by Agg. In Agp,,

the rows in the row border couples the columns of diagonal blocks.

That is, if a row has nonzeros in the columns of at least two different diagonal
blocks, it is called as coupling row and placed in Rg. Coupling row r; € R has
a connectivity of A(r;) if r; has at least one nonzero at each A(r;) submatrices in

row border Rp.

A rowwise SB form of A induces, a columnwise SB form of AT as follows:

Al Al cY
) AL AL CcT
(Aspy)" = AT = Agy, = PA™P, = o .
_ ARy Af | | CF
=| R R ... RL RE |- (4.3)

In (4.3), the kth diagonal block of ALy, is denoted by A7,. The kth row and
column slice of ALy for k=1,2,..., K are denoted by CY and Rl respectively.

The column border is denoted by R% as follows:

- . -
Ap

AT
RL = f” . (4.4)

T
L ABK

Here, the kth border block in the column border R% is denoted by AL, . In AL, .
the columns in the column border couples the rows of diagonal blocks. That is,

if a column has nonzeros in the rows of at least two different diagonal blocks, it

10



is called as coupling column and placed in RY. Coupling column ¢; € RE has a
connectivity of A(¢;) if ¢; has at least one nonzero at each A(c;) submatrices in

column border Rp.

We utilize the hypergraph based model proposed in [§] to permute A into
K-way SB form. K is selected in such a way that size of each column slice C} is
equal to or less than the size of the cache of a single core. Then, both submatrix-
transpose-vector multiply z; <= C{ x and submatrix-vector multiply y < Cy 2
operations will be assigned to a thread that will be executed by an individual core
of the Intel® Xeon Phi' " architecture. Therefore, this partitioning and task-to-
thread assignment scheme constitutes the CRp method as shown in Algorithm
Both in this algorithm and Algorithm [2 the “for ... in parallel do” constructs
shows each iteration of the for loop may be run in parallel. The matrix view of
the parallel CRp method given in Algorithm [1]is shown in Figure[4.1l x5 and yp
vectors shown in this figure are also referred as “border subvectors” throughout

the thesis.

It is well known that row-parallel and column-parallel SpMV algorithms re-
spectively incur input and output dependencies among threads. As seen in Al-
gorithm [I] the proposed method utilizing the SB form enables both input and
output independent SpMV computations on diagonal blocks and their transposes
among threads. That is, SpMV computations z; <+ A;{k xr and y, < Apr 2 in
lines[2] and [4] are performed concurrently and independently by threads. Note that
the write-read dependency occurs between these two SpMV computations are in
fact intra-thread dependency due to the z, vector. Input dependency among
threads occurs in the z; < z, + AL, xp computation in line |3| via border sub-
vector xg. Output dependency among threads occurs in the yg < yg + Apr 2

computation in line |5| via border subvector yp.

As described above, partitioning and task-to-thread assignment used in the
CRp method ensures that data which required in multiplication of every for-loop
iteration fits into the cache of a single core. Therefore, both quality criteria @
and (]E[) are satisfied by the CRp method through the reuse of z-vector entries and

matrix nonzeros, respectively, between zj, < C} = and y + C} 2z, computations.

11



T T x1
22 Asy Apy
= X
T T K
RK Ak Apgk 5
Y1 Ay
21
Y2 Asy
)
. _ %
Uk Axk 2k
| YB | i Ap1 Apy -+ Ak i

Figure 4.1: The matrix view of the parallel CRp method given in Algorithm .

Algorithm 1 The proposed CRp method

Require: A;; and Ap, matrices; z, y, and z vectors
1: for k <~ 1 to K in parallel do

2:

3: Zk%zk—i-Ang?B }Z’C(_CIZW‘CE
4. Y, < Akk 2L

5 yp < yp + Ak 2r > Atomic } y < Gk 2y
6: end for

That is, in y < A 2z computation, no cache misses will occur neither in reading
z-vector entries nor in accessing A-matrix nonzeros, under fully associative cache
assumption. Note that only capacity misses and not conflict misses occur in a
fully associative cache. In other words, under fully associative cache assumption,
only compulsory misses due to writing z-vector entries and accessing A-matrix
NONZeros OCcur in zj < C,? x and y + C}% z, computations. Also note that in
order to satisfy the quality metric (b)) A matrix must be stored only once, that
is, A and AT matrices cannot be stored separately. Specifically, nonzeros in the
diagonal blocks in z, <+ A{k x, and yp < Apr 2z, computations are reused by
storing Ay in CSC format which corresponds to storing A;‘fk in CSR format or
vice versa. Similarly, nonzeros in the border blocks in zp < zp + Agk rp and
yB < Yy + Apy 2, computations are reused by storing Apg in CSC format which

corresponds to storing AL, in CSR format or vice versa.
The CRp method satisfies quality criterion () by exploiting temporal locality

12



in accessing input-vector (z-vector) entries in row parallel SpMVs z, < CF x
through using the columnwise SB form of the A7 matrix as follows: The diagonal
block computations z, <+ A7, zp (line [2[ of Algorithm [1) are independent in
terms of the xz-vector entries thanks to columnwise SB form structure. Therefore,
accessing x-vector entries will incur only one cache miss per entry, under fully
associative cache assumption. However, the border block computations z; <«
2+ AL, xp (line|3|of Algorithm (1)) are dependent in terms of the z-vector entries
due to coupling columns in RE. Column ¢; having connectivity A(c;) will result
at most A(c;) misses due to accessing x; under fully associative cache assumption.
We should here mention that this upper bound on the number of cache misses
is rather a tight upper bound since such z; reuses can only occur when SpMV
computations associated with two border blocks that share nonzeros in column

c; are performed one after the other on the same core.

The CRp method satisfies quality criterion @ by exploiting temporal locality
in updating output-vector (y-vector) entries in column parallel SpMVs y < Cy z
through using the rowwise SB form of the A matrix as follows: The diagonal block
computations yi < Agx 2 (line | of Algorithm|1]) are independent in terms of the
y-vector entries thanks to columnwise SB form structure. Therefore, accessing y-
vector entries will incur only two cache misses (for reading and writing) per entry,
under fully associative cache assumption. On the other hand, the border block
computations yg < yp + Apk 2zx (line |5 of Algorithm 1)) do share y-vector entries
because of the coupling rows in Rg. However, the border block computations
yp < Yy + Apr 2z (line | of Algorithm (1)) are dependent in terms of the y-vector
entries due to the coupling rows in Rg. Row 7; having connectivity of A(r;)
will result at most 2A(r;) misses due to accessing y; under fully associative cache
assumption. Also, this upper bound on the number of cache misses is rather a
tight upper bound since such y; reuses can only occur when SpMV computations
associated with two border blocks that share nonzeros in row r; are performed

one after the other on the same core.

The CRp method satisfies quality criterion @ by minimizing number of
atomic updates on output-vector (y-vector) entries in column parallel SpMVs

y < Cy z, through using the rowwise SB form of the A matrix as follows: The

13



diagonal block computations vy <— Agx 2z (line 4] of Algorithm [1f) are independent
in terms of y,-vector entries thanks to columnwise SB form structure . There-
fore, only one thread will be updating such y,-vector entries. However, the border
block computations yp < yp + Apk 21 (line |5 of Algorithm [1]) are dependent in
terms of yp-vector entries due to the coupling rows in Rg. There are two possible
implementations of yp < yp+ Apk 2, considering matrix storage scheme, namely
CSC and CSR. In the CSC scheme based implementation there will be one atomic
update operation for each nonzero of row border Rg, whereas in the CSR scheme
based implementation there will be only one atomic operation for each nonzero
row of Ap;, matrices of Rg. That is, to update y; € yg, the CSC-based scheme
will incur one atomic operation for each nonzero in row r;, whereas CSR-based
scheme will incur \(r;) atomic operations to update y; for row r; with a connec-
tivity of A(r;). Therefore, the CSR scheme should be used in order to satisfy
quality criterion since A(r;) is much smaller then nnz(r;). So each border
block Apy, is stored in CSR format, and hence correspondingly A%, is stored in
CSC format.

As a result, minimizing the sum of the connectivities of coupling columns in
RE enables the proposed CRp method to satisfy criterion and minimizing the
sum of the connectivities of coupling rows in Rp enables to satisfy both quality
criteria @ and @ Note that columns of R% are identical to rows of Rp, there-
fore the former and latter minimization objectives are equivalent. Consequently,
permuting matrix A into rowwise SB form with the objective of minimizing the
sum of the connectivities of coupling rows enables the CRp method to satisfy all of
the three quality criteria , @ and (ED Also note that, in that way inter-thread

dependency is maximized, whereas intra-thread dependency is minimized.

A method for permuting sparse matrices into SB form via row/column reorder-
ing is proposed by Aykanat et al. [32] using a hypergraph-partitioning (HP). In
this method the row-net hypergraph model [33] is used to permute matrix A into
rowwise SB form as follows: Each column and row of matrix A correspond to a
vertex and a net in the row-net model, respectively. The number of nonzeros in
each column is assigned to corresponding vertex as weight. Unit cost assigned to

nets. In a vertex partition of a given hypergraph, if a net contains at least one
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vertex in a part, it connect that part. The number of parts connected by that
net is referred with the connectivity of a net. If a nets connectivity is larger than
one it is called as cut, and uncut otherwise. The HP problem constructed with
the partitioning constraint, which is to balance the sum of weights of vertices in
that part and with the partitioning objective, which is to minimize (cutsize) sum

of the connectivities of the cut nets.

Matrix A is permuted into SB form Agp, by row/column reordering using a
K-way vertex partition of row-net model of matrix A as follows: The columns
which are represented by the vertices of the k-th vertex part, correspond to the
column slice Cj, whereas uncut nets of the k-th part correspond to the set of
rows in row slice Ry of Agp,. The rows, which are represented by the cut nets,
constitute the row border Rp of Agg,. The cut nets correspond to the rows of
the row border Rp of Agp,. Also, the partitioning constraint correspond to the
balancing the number of nonzeros in the column slices. Note that this constraint
also correspond to the load balancing between threads. Finally, the partitioning
objective correspond to minimizing the sum of the connectivities of coupling rows

in the row border Rp of Agp,.

On the other hand, the CRp method has a disadvantage. That is the z-vector
is not finalized before the the y «+— A z operation. Therefore, if an application

requires an operation on z-vector, the CRp method is not applicable.

15



4.2 Row—Column-Parallel Method (RCp)

Consider a row/column reordering that permutes matrix A into rowwise SB form

as:

A= Agp. = P.AP, =

== Ol CQ

AKK AKB

Ry
Ry

Rk

Rowwise SB form of AT could be induced from columnwise SB form

follows:
Al
Ay
(Aspe)T = A= AL, = P.ATP, =
| Alp A
- [ rrom

In this method we partition rows and columns of matrix A and permutes
matrix A into columnwise SB form, in such a way that the size of each column
slice Ry, is equal to or less than the size of the cache of a single core. Algorithm
presents the RCp method. Also in the RCp method (as shown in Algorithm
both input and output independency among threads for SpMV computations on
diagonal blocks and their transposes are enabled similarly to the CRp method
(as shown in lines 2] and [4). In a dual manner to CRp method, the zp <«
zB + AgB x; computation in line |3l and the vy, < yr + Arp zp computation in
line|7|incur output and input dependency among threads via border subvector zp,
respectively. On contrast to the CRp method the RCp method requires additional

synchronization overhead which is represented by the two consecutive “for ... in
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Figure 4.2: The matrix view of the parallel RCp method given in Algorithm

parallel do” constructs in Algorithm [2| due to the existence of both output and
input dependency on the same border subvector zg. The matrix view of the
parallel RCp method given in Algorithm [2] is shown in Figure [£.2] zp vector

shown in this figure is also referred as “border subvector” throughout the thesis.

Algorithm 2 The proposed RCp method

Require: A;; and A,p matrices; z, y, and z vectors
: for k + 1 to K in parallel do
zp < 25 + Alp 1) > Atomic

Uk < Apr 2i

end for

. for k < 1 to K in parallel do| Y Ry, 2
Yk < Yr + Arp 2B

end for

} z + RY zy,

PN g Wy

The matrix partitioning scheme of the proposed RCp method can be consid-
ered as dual of that of the CRp method given in Section 4.1} So the discussion
about how the RCp method satisfies the quality criteria, in general, follows from
the discussion in Section on how the CRp method satisfies the quality cri-
teria. Therefore, we just shortly summarize the discussion for the RCp method
focusing on the differences. In general, all quality criteria are satisfied by the
RCp method. Quality criteria f@ are satisfied for all respective computa-
tions. Quality criteria (a) and (b)) are also satisfied for the z, < Af, z) and
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Yr < Apr 2z computations. However, there are some deficiencies in the quality

criteria @ and due to zp <+ 25+ ALy x), and yi, < yp + Agxp 25 computations.

Although the RCp method has disadvantages as mentioned above, it can
be still preferable because, rowwise partitioning might be more convenient for
some of the nonsymmetric square and rectangular matrices, whereas columnwise
partitioning might be more convenient for some other matrices. The fact that
behind this difference is the row and column sparsity patterns as well as the
dimensions of a given nonsymmetric or rectangular matrix. Hendrickson and
Kolda [34] and Ugar and Aykanat [35] provide discussions on selecting rowwise
or columnwise partitioning according to the matrix properties for the parallel

SpMV operation.
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Chapter 5

Experimental Results

The baseline method that we compare the performance of the proposed methods
is given in Section [5.1] Hardware, software and parameters used in experimental
setup are described in Section [5.2] Dataset and their properties that experi-
ments are conducted on, are presented in Section Finally, we report and
discuss experimental results in Section together with amortization values for

the reordering overhead, scalability plots and matrix pictures.

5.1 Row-Row-Parallel Method (RRp)

In the RRp method given in Algorithm [3| both y < A 2z and z + AT z opera-
tions are executed utilizing row-parallel SpMV. Therefore, the RRp method does
not require any atomic update operations. However, since A and AT matrices
are stored separately, exploiting temporal locality for the matrix nonzeros is not
possible between y < A z and z <~ AT x. In other words, quality criterion (b))
(given in Chapter |4)) is not satisfied. Also, quality criterion @ is not completely
satisfied, since the z-vector is generally quite large and would be evicted from
cache before the y <— A z operation. Quality criterion (d) and (d)) are not satis-
fied without locality-aware partitioning. Finally, quality criterion (] is perfectly

satisfied, since there are no atomic updates.
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The RRp method exists in the literature [23] and considered as state-of-the-art
method. Therefore we used the RRp method as baseline method.

Algorithm 3 The baseline RRp method

Require: Matrix A of size M-by-N and its transpose AT; x, y, and z vectors,
chunk size ¢
for k < 1 to M/c in parallel do
end for
for k <— 1 to N/c in parallel do
Yr < Apzi
end for

5.2 Experimental Setup

In our experiments, we use a machine that equipped with Intel Xeon CPU E5-
2643 running at 3.30 GHz and 256 GB of RAM as host system and single Intel®
Xeon Phi' " P5110 coprocessor as target system on which SpMV operations are
performed. The Intel® Xeon Phi " supports both native and offload mode where
the coprocessor runs standalone, and some code segments are offloaded to copro-
cessor by host, respectively. We select offload mode. In the offload mode, 59
cores are available. Each core has 512KB Level 2 cache, and can execute up to

four hardware threads.

In order to permute matrices into singly bordered block-diagonal (SB)
form, we use PaToH [36] which is hypergraph partitioning tool. ~We use
PATOH_SUGPARAM_SPEED since PaToH’s manual [36] states this parameter pro-
duces reasonably good results much faster than PATOH_SUGPARAM DEFAULT and
PATOH_SUGPARAM QUALITY provides only little better quality. The cuttype param-
eter is set to connectivity-1 metric. Maximum allowed imbalance ratio between
partitions is set to be 0.10. In order to find K, which is the number of parts,
we compute size of matrix stored in CSR and CSC format in terms of kilobytes

(KB) then divide by 64KB. Since four threads per core are running and cache
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is not fully set associative we select partition size as 64KB. Since randomized

algorithms are utilized in PaToH, we repeat each partitioning three times.

Sparse AATz Kernels are implemented in C using OpenMP and compiled with
ICC version 13.1.3 with flags openmp, parallel and 01. We used Ubuntu 12.04

as operating system.

We run Sparse AATz operation for 59, 118, 177, 236 threads which correspond
to 1, 2, 3, 4 hardware threads per core, respectively. We report best of them for
each method. Dynamic scheduling and different chunksize (for baseline method 1,
2,4, 8,16, 32, 64, 128, 256, 512, 1024, 2048, 4096 and for proposed methods 1, 2,
4, 8,16, 32) and best of them is reported. Environment variable for affinity is set
as follows: MIC_KMP_AFFINITY=granularity=fine,balanced. For each method
and reordering, y < AAT x computation run 1000 iterations after 10 iterations

as warm-up.

5.3 Dataset

We selected matrices according to applications discussed in Chapter [1], from the
University of Florida Sparse Matrix Collection [37]. We present properties of
these matrices in Table sorted according to kind in alphabetical order. In
the table, “Matrix” column shows the original name from the collection, and
kind shows the application that the matrix is used. Web-link matrices, which
are listed as kind of graph, are included since CG method can be used in the

PageRank computations [I1]. Also, average, maximum, standard deviation and

Y

coefficient of variation per row and column are given and labeled as “avg”, “max”,

“std”, and “cov”, respectively. The coefficient of variation value for row or column

should be considered as irregularity metric according to number of nonzeros.

Some matrices in the dataset could contain empty rows, columns or both.
Since there is no multiplication with these rows or columns, they are removed
and matrix is reordered accordingly. In the table, properties of such reordered

matrices are given. Note that this reordering only effects the number of rows and
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the number of columns. Also note that we included tall-and-skinny and short-
and-fat matrices that the number of rows is much bigger than the number of
columns and the number of rows is much smaller than the number of columns

respectively.
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5.4 Experimental Results

As mentioned above, we select and implement the RRp method as baseline. In
this method, we used the CSR-based implementation for both the A and AT
matrices. We conduct experiments with the RRp method on the original order,
rowwise SB form and columnwise SB form. We run CSB method mentioned in
Chapter (3| on Intel® Xeon Phi' " using micnativeloadex [38], however it did not
scale on Intel® Xeon Phi' . Therefore, we did not include results of the CSB [23)]
method here. Also the method proposed by Vuduc [30] is not reported, since it
is much worse then the RRp method due to high number of atomic updates.
Nonetheless, the CRp method with original order and the reordering given by

HP is similar to Vuduc’s method.

In the CRp and RCp methods, as mentioned in Chapter [ submatrices Ap
in the border are stored in CSR and CSC format, respectively. In the CRp
method, row border Rp partitioned into Ap, submatrices in CSR format, there
are many empty rows. That is additional for loop overhead is incurred due to
these empty columns. Therefore, we use the generalized compressed sparse row
(GCSR) format which has extra 1D array that stores indices for nonempty rows
in srow array and main loop iterates on this array. The irow, icol, val arrays are
the same as in the CSR format. The dual discussion holds for the RCp method,
so the generalized compressed sparse column (GCSC) format is used for Apy
submatrices. PaToH tries to place the rows that have similar sparsity pattern
in the same block in rowwise partitioning, whereas it tries to place the columns
that have similar sparsity pattern in the same block in columnwise partitioning.
Therefore, cache locality is exploited better for vector entries when the CSC and
CSR format in the CRp and RCp method, respectively.

Performance comparison for the existing and proposed methods is given in Ta-
ble[5.2] In the table, the second column shows actual run time of one Sparse AATz
operation for the RRp method with original order of the input matrix in terms of
milliseconds. All other columns show normalized times with respect to the RRp
method with unordered input matrix. The “org” stands for original ordering. In

other words, we divided actual runtime of a given method by actual runtime of

24



the RRp method. Note that smaller value shows higher performance.

In the table, “sHPrn” and “sHPcn” stand for performance of the method that
run on rowwise and columnwise partitioning utilizing HP, respectively. The CRp
method is also run with the original order and sHPrn, whereas the RCp method
is also run with the original order and sHPcn. These methods are not exactly
same with the proposed Algorithm [I| and [2| but similar to the RRp method. The
CRp method utilizes column-parallel SpMV for the y < A z and row-parallel
SpMV for the z + AT z, whereas the CRp method utilize row-parallel SpMV
for the y < A z and column-parallel SpMV for the z < AT x. However, the SB
form is not utilized in partitioning. In other words, these methods can be seen as
Algorithm [I] and P| where the whole matrix is considered as border Rp and Cp,
respectively. The “HP-rSB” and “HP-c¢SB” columns stand for Algorithm [1| and
2] respectively.

In the table the best of the RRp method with original ordering and sHPrn
and sHPcn is reported, as the best of the existing methods. Also the best of the

CRp and RCp method is given. Note that best value for each matrix also is given
in bold.

25



Table 5.2: Performance comparison of the proposed methods.

Actual | Normalized w.r.t actual times of org. order
Existing methods Proposed methods

RRp CRp RCp BEST
Matrix org. (ms) sHPrn sHPcn |BEST | org. sHPrn HP-rSB| org. sHPcn HP-cSB
ASIC_680k 16.24 096 0.94 | 094 | 5.04 4.36 3.91 5.24 4.23 3.97 3.91
ASIC_680ks 2.71 0.86 0.83 0.83 | 1.41 2.12 0.56 1.52 0.81 0.61 0.56
circuitbM_dc 10.57 0.90 0.91 0.90 | 5.67 3.26 0.86 2.15 1.28 0.93 0.86
Freescalel 13.50 0.79 0.75 0.75 | 7.18 3.78 0.67 3.26 2.56 0.74 0.67
LargeRegFile 46.84 0.37 0.94 0.37 | 5.48 4.47 2.26 0.36 0.23 0.08 0.08
bibd_22_8 11.68 1.07 1.14 1.00 | 0.79 1.26 0.74 |12.32 4.78 4.76 0.74
wheel 601 4.10 0.57 0.66 0.57 | 4.77  2.05 0.38 5.67 1.17 1.13 0.38
cnr-2000 6.84 0.57 1.13 0.57 | 6.31 4.60 2.32 1.93 0.35 0.27 0.27
Stanford 6.55 0.49 0.83 0.49 | 2.66 1.64 0.21 7.31 2.58 2.48 0.21
Stanford_Berkeley 4.58 1.48 1.07 1.00 | 3.88 3.39 0.70 |11.30 5.41 5.30 0.70
web-BerkStan 4.55 1.09 1.49 1.00 | 473 9.13 5.25 3.23  0.89 0.78 0.78
web-Google 16.14 0.54 0.35 0.35 | 499 1.61 0.69 5.56  0.30 0.26 0.26
web-Stanford 6.55 0.78 0.50 0.50 | 6.04 3.23 1.93 5.16 0.29 0.25 0.25
ESOC 9.79 1.19 0.79 0.79 | 6.21 6.42 4.08 0.78 0.38 0.34 0.34
landmark 0.69 1.02 1.06 1.00 | 11.00 5.50 1.74 3.75 0.92 0.88 0.88
Maragal 7 1.67 1.00 1.18 1.00 | 1.34 3.68 0.83 |20.06 4.12 4.12 0.83
sls 40.47 0.85 1.20 0.85 | 6.73 6.89 6.19 0.38 0.28 0.19 0.19
contl_] 25.23 1.03 1.05 1.00 |12.85 9.17 7.80 1.18 1.26 0.17 0.17
dbicl 1.39 1.07 0.85 0.85 | 1.64 1.70 0.51 |10.45 8.94 1.90 0.51
dbirl 0.96 1.00 1.03 1.00 | 3.57 3.67 0.85 |18.85 11.99 2.86 0.85
degme 14.67 0.92 0.99 0.92 | 0.60 0.73 0.29 9.81 9.61 6.88 0.29
Ip_osa_60 12.85 0.99 0.46 0.46 | 0.26 0.34 0.11 8.88 4.74 3.07 0.11
nemsemm1 0.74 1.09 1.04 1.00 | 6.71 4.72 0.93 |16.30 3.27 3.24 0.93
neos 4.60 0.46 1.01 0.46 | 3.13 2.40 1.15 1.73 1.86 0.30 0.30
rail2586 13.01 1.34 1.41 1.00 | 0.61 0.78 0.31 7.13  5.38 5.34 0.31
stormG2-1000 6.63 0.40 1.34 0.40 | 1.85 2.05 0.63 0.78 0.56 0.35 0.35
EternitylI_ E 4.73 0.75 0.56 0.56 | 1.45 1.31 0.29 7.19 5.87 2.94 0.29
TSOPF_RS_b39_c30 3.61 0.41 1.24 0.41 |14.12 3.68 2.52 1.49 0.27 0.24 0.24
Chebyshev4 5.54 1.06 1.19 1.00 | 1.05 0.75 0.51 |15.64 9.87 9.92 0.51
connectus 7.62 0.99 0.96 0.96 | 0.71 0.42 0.14 6.57 4.33 3.83 0.14
Geomean 0.82 0.92 0.72 | 2.97 2.46 0.92 4.04 1.73 1.12 0.40
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As seen in Table [5.2] on the average, the proposed methods either CRp or
RCp outperforms baseline methods. Also, the RRp method with sHPcn and
sHPrn orderings outperform the RRp method with original order since sHPcn
and sHPrn exploit cache locality as discussed in [22]. As expected, the CRp
method outperforms the RCp method, since the RCp method cannot satisfy all
quality criteria. When best columns are compared, it is obvious that proposed
methods are much better then the baseline method. In other words, proposed
methods reduce y <+ AAT x time by 60% where the baseline method with sHPrn

and sHPcn orderings can only reduce time by 28%.

Experimental results show that it is better to use the CRp method for short-
and-fat matrices and the RCp method for tall-and-skinny matrices since number
of atomic updates will be smaller and partitioning in larger dimension is better

choice.

Note that for the CRp method comparison of the “org.” and “sHPrn”, and
for the RCp method comparison of the “org.” and “sHPrn” show the importance
of the exploiting cache locality for input and output vectors. As expected, in the
CRp method, “sHPrn” outperforms “org.”, whereas in the RCp method “sHPcn”

outperforms “org”.

In Table 5.3 overhead and amortization values of the reordering methods are
given. The columns labeled as “Ovr.” and “Amrt” correspond to overhead and
amortization, respectively. The overhead value is normalized value of the par-
titioning time of PaToH with respect to one iteration of the y + AAT z. The
amortization value is the number of the y <~ AAT z operations required to amor-
tize the partitioning overhead. In the table, a blank cell corresponds to a negative
value. In other words, when a method with ordering does not outperform than
the RRp with original order, it cannot amortize the partitioning overhead. As
seen in Table|5.3] on the average, as expected, overhead of the rowwise partition-
ing and the columnwise partitioning is comparable and the difference is due to
the tall-and-skinny and short-and-fat matrices. Note that “Best” column gives
combination of amortization values for the CRp and the RCp methods. Therefore

we could say that on the average 2037 iterations of the y «+— AAT z operation is
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needed to amortize reordering overhead.

Table 5.3: Reordering overhead and amortization values.

Existing Methods

Proposed Methods

RRp CRp RCp
Owvr. Amrt. Owvr. Amrt. Owvr. Amrt. Ovr. Amrt. Amrt.
Matrix sHPrn sHPcn HP-rSB HP-cSB Best
ASIC_680k 3017 74393 3036 51988 3017 3036
ASIC_680ks 1287 9482 1283 7557 1287 2908 1283 3326 2908
circuitbM _dc 5625 54432 4104 45752 5625 38865 4104 60740 38865
Freescalel 3371 15716 3591 14617 3371 10196 3591 13817 10196
LargeRegFile 5750 9099 210 3424 5750 210 228 228
bibd_22_8 751 759 751 2922 759 2922
wheel 601 2102 4931 1865 5434 2102 3373 1865 3373
cnr-2000 2694 6258 558 2694 558 760 760
Stanford 712 1403 1473 8695 712 904 1473 904
Stanford_Berkeley 2432 18993 2432 8009 | 18993 8009
web-BerkStan 9894 1996 9894 1996 8963 8963
web-Google 1032 2261 970 1505 1032 3301 970 1305 1305
web-Stanford 1000 4495 522 1045 1000 522 697 697
ESOC 1184 768 3615 1184 768 1167 1167
landmark 1810 1656 1810 1656 14023 14023
Maragal 7 1212 1016 1212 7146 1016 7146
sls 43983 298568 770 43983 770 952 952
contl_1 21743 612 21743 612 741 741
dbicl 1975 829 5434 1975 4026 829 4026
dbirl 832 272090 1209 832 5641 1209 5641
degme 2399 30853 3839 413001 2399 3393 3839 3393
Ip_osa_60 99 15840 5716 10630 99 111 5716 111
nemsemm1 905 1036 905 12673 1036 12673
neos 708 1300 988 708 988 1413 1413
rail2586 1017 835 1017 1477 835 1477
stormG2_1000 1797 2978 909 1797 4857 909 1405 1405
Eternityll_ E 1510 5993 768 1758 1510 2133 768 2133
TSOPF_RS_b39_c30 403 678 297 403 297 391 391
Chebyshev4 829 1357 829 1680 1357 1680
connectus 182 15686 98 2751 182 212 98 212
Geomean 1650 10464 1160 7877 1650 2998 1160 2010 2037
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We also conduct scalability experiments with 1, 10, 20, 30, 40, 59, 118, 177,
236 threads. We present these results in Figures b.4l In these plots, y-axis
represents performance in GFlops, x-axis represents number of threads and each
curve represents a method. A legend for the methods is placed on the top per
figure. In each plot, the corresponding matrix name is placed on top left corner.

These plots show that our methods scale well as number of threads increase.
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Pictures of A matrices in original order, rowwise SB form, columnwise SB
form in subfigures (a),(b),(c), respectively given in Figures Note that
pictures of the tall-and-skinny and the short-and-fat matrices are not given since

they are not understandable.

These pictures show that either rowwise in CRp method or columnwise in
RCp method partitioning does not produce high quality result, they cannot out-
perform the RRp method due to the high number of atomic updates. For in-
stance, both rowwise and columnwise partitioning could not achieved SB form
for ASIC_680_k (see Figure and the RRp method is performed better (see Ta-
ble , although the original order is also irregular. If one of the rowwise and
columnwise partitioning provides high quality SB form, as expected the CRp and
RCp methods, respectively, achieve higher performance. As expected, if both
rowwise and columnwise partitioning give good results, the CRp method outper-
forms the RCp method since the RCp method partially satisfy quality criteria.
Matrices Maragal 7 (see Figure and degme (see Figure show that the
CRp method achieves higher performance than the RRp method, although the
corresponding SB form is not very good, thanks to exploiting temporal locality

for matrix nonzeros.

L "2 e o
PV sl " I IDY
LTRRT SLBREETS SRE R s i
By wrsAre. L B TR W e
Hos 3R, o B I B R TN :
(a) Original Order (b) Rowwise SB (c) Columnwise SB

Figure 5.5: Pictures of ASIC_680k.
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Figure 5.6: Pictures of ASIC_680ks.
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(b) Rowwise SB

(c) Columnwise SB

Figure 5.7: Pictures of circuit5M dc.

(a) Original Order

(b) Rowwise SB

(c) Columnwise SB

Figure 5.8: Pictures of Freescalel.
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(a) Original Order (b) Rowwise SB (¢) Columnwise SB

Figure 5.9: Pictures of LargeRegFile.

i) e

(a) Original Order (b) Rowwise SB (¢) Columnwise SB

Figure 5.10: Pictures of wheel 601.
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(a) Original Order (b) Rowwise SB (¢) Columnwise SB

Figure 5.11: Pictures of cnr-2000.

r

(a) Original Order (b) Rowwise SB (c) Columnwise SB

Figure 5.12: Pictures of Stanford.

(a) Original Order (b) Rowwise SB (c) Columnwise SB

Figure 5.13: Pictures of Stanford Berkeley.
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Figure 5.16: Pictures of web-Stanford.
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Figure 5.19: Pictures of dbicl.

(a) Original Order (b) Rowwise SB

Figure 5.20: Pictures of dbirl.
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Figure 5.21: Pictures of degme.
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Figure 5.22: Pictures of neos.
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Figure 5.23: Pictures of stormG2_.1000.
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(a) Original Order (b) Rowwise SB (c¢) Columnwise SB

Figure 5.24: Pictures of TSOPF_RS _b39_c30.

(a) Original Order (b) Rowwise SB (c) Columnwise SB

Figure 5.25: Pictures of Chebyshev4.
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Chapter 6

Conclusion and Future Work

In this chapter, we conclude our work in Section and consider possible future
work in Section [6.2]

6.1 Conclusion

In order to achieve high performance in Sparse AATz operations, temporal local-
ity for both matrix nonzeros and vector entries must be exploited. Also, minimiz-
ing the number of atomic operations has a significant role in achieving high perfor-
mance and scalability. It is possible to avoid atomic updates by storing the input
matrix twice as in the RRp method, but exploiting temporal locality for matrix
nonzeros would not be possible. In other words, there is a trade off between tem-
poral locality of matrix nonzeros and atomic update operations. We proposed two
parallel methods namely CRp and RCp for irregularly sparse matrix-vector and
matrix-transpose-vector multiply (Sparse AATx) operations that increase data
reuse. The CRp and RCp methods satisfy above requirements by utilizing singly
bordered block-diagonal (SB) form enable reuse of matrix nonzeros and reduce
the number of the atomic updates. We used rowwise and columnwise hyper-
graph (HP) partitioning for reordering matrix into SB form for the CRp and
RCp method, respectively.
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We performed experiments with various kind of sparse matrices on Intel®
Xeon Phi' . Experimental results showed that exploiting locality for vector en-
tries is not enough to attain high performance, also reusing the matrix nonzeros
with minimum number of atomic updates is required. Therefore, our theory holds.
As expected, the CRp method is generally better than the RCp method. On the
other hand, sometimes the RCp method is better than the CRp method, since
some of the matrices give higher quality result in columnwise partitioning due to
their sparsity pattern and matrix dimensions. Consequently, proposed methods

are better than state-of-the-art methods in the literature.

6.2 Future Work

We used CSR and CSC based SpMV in the inner kernel of methods, which are
enough to show improvement of our methods. Moreover, other methods such as
CSB and Vuduc’s algorithm could be integrated to our methods. Also, techniques
like blocking or vectorization is possible. Integrating these might increase our

performance gain in proposed methods.

The offload mode of the Intel® Xeon Phi' " enables hybrid parallelization by
offloading different tasks to different coprocessors. It is possible to apply this

technique in our methods.
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