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ABSTRACT

FANO CONTROL OF PLASMONIC DOUBLE-RESONANT SYSTEMS

Postaci, Selen
Ph.D., Department of Physics
Supervisor: Assoc. Prof. Dr. Alpan Bek
Co-Supervisor: Assoc. Prof. Dr. Mehmet Emre Tasgin

February 2021, 88| pages

The nonlinear response of plasmonic nanostructures can be enhanced as a result of the
localization of the incident field into nm-size regions, called hot spots. The Raman
signal of a molecule can be enhanced by adsorbing it to the surface of a plasmonic
structure. However, the hot spot enhancement is limited with the modification of the
vibrational modes, the breakdown of the molecule, and transition to the tunneling
regime. The analytical treatment that is presented in this study aims to circumvent
these limitations by introducing the nonlinear path interference effects. Coupling a
quantum emitter to the double-resonant metal nanostructure yields to path interfer-
ence, enabling the further manipulation of the SERS signal. The results denote that
an extra enhancement of 102-10% factors can occur, which does not alter the existing
hot spot field intensities. Besides the analytical results, 3 Dimensional solutions of
Maxwell equations are also utilized in order to understand the effects of retardation

on the system.

In the second part, the second harmonic response of a double-resonant metal nanos-
tructure is studied with the coupling of a quantum emitter. The quantum emitter is

driven with a source where changing the pump strength enables the modification of



the second converted field intensity. It is observed that as the nonlinear response of the
system is enhanced, the nonclassicality measure also shows an increase. This result
indicates that pumping the quantum emitter with a source provides the opportunity to

modify the nonlinear response via Fano type resonances in plasmonic structures.

Keywords: plasmonics, Fano resonances, surface enhanced Raman scattering, second

harmonic generation, quantum entanglement
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0z

PLAZMONIK CIFT CINLAMALI SISTEMLERDE FANO KONTROLU

Postaci, Selen
Doktora, Fizik Boliimii
Tez Yoneticisi: Dog. Dr. Alpan Bek
Ortak Tez Yoneticisi: Dog¢. Dr. Mehmet Emre Taggin

Subat 2021 , [8§] sayfa

Plazmonik yapilarin dogrusal olmayan tepkileri, nanometre boyutlu sicak noktala-
rinda olusabilen, giiclii bir sekilde lokalize edilmis elektrik alan sayesinde gii¢lendi-
rilebilir. Bir molekiil, plazmonik bir yapinin yiizeyine, sicak nokta civarina yerlesti-
rilirse bu etkiler sayesinde Raman sagilmasinda artis saglanabilir. Fakat sicak nok-
tada elektrik alan artirnmu ile yapilabilecek Raman sinyali gii¢lendirilmesinde bazi
kisitlamalar vardir. Molekiiliin titresim kiplerinin degisiklige ugramasi, molekiiliin
bozunumu ve akim tiinelleme durumuna ge¢cmesi bunlar arasinda sayilabilir. Bu ca-
lismada dogrusal olmayan Fano ¢inlama etkileri kullanilarak bu kisitlamalarin dniine
gececek bir mekanizma gelistirilmesi amacglanmistir. Bahsedilen ¢ift ¢cinlamali plaz-
monik yapiya bir kuantum yayici ¢iftlenmesi ile ylizeyde gii¢lendirilmig Raman sin-
yalinin kontrolii amag¢lanmistir. Bu teknik ile sicak noktalarda olusan elektrik alan
artirtmina ek olarak 100-1000 ¢arpanlik ek bir artirnm elde edilebilmektedir. Bunu ya-
parken sicak nokta iizerindeki elektrik alan siddetinde herhangi bir degisim meydana
gelmedigi gosterilmistir. Dolayisiyla elektrik alan artirrminda bahsedilen kisitlama-

lar ortadan kalkmaktadir. Sistemin analitik olarak calisilmasinin yam sira, 3 boyutlu
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Maxwell denklemi ¢oziimleri kullanilarak geciktirme etkileri de incelenmistir.

Tezin ikinci kisminda, ¢ift ¢cinlama yapisina sahip plazmonik bir nanoyap: kuantum
yayict ile ciftlenerek, olusan sistemin ikinci harmonik ¢evrim tepkisi ¢alisilmigtir. Bir
kaynak ile beslenen kuantum yayici sayesinde, bu beslemenin giiciinii degistirerek
sistemin ikinci harmonik sinyalinin kontrol edilebilmesi amaclanmustir. Ciftlenmis
plazmonik yapi-kuantum yayici sisteminin dogrusal olmayan tepkisindeki artisa, kla-
sik olmayan 6zelliklerindeki bir artig eslik etmektedir. Bu durum ikinci harmonik ¢ev-
rim sinyalinin giiclendirilmesinde girisim yolu etkilerinin yer aldigin1 gdstermektedir.
Bundan cikarilabilecek sonug, ¢ift ¢inlamali plazmonik yapiya ciftlenen kuantum ya-
yicinin bir kaynak ile beslenmesi yapilarak sistemin dogrusal olmayan tepkilerinin

Fano tipi ¢inlamalar kullanilarak kontrol edilebilecegidir.

Anahtar Kelimeler: plazmonik, Fano rezonans, yiizey zenginlestirilmis Raman sagil-

masi, ikinci harmonik iiretimi, kuantum dolaniklik
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CHAPTER 1

INTRODUCTION

Light carries information in such a way that it makes communication and data trans-
fer possible around the globe. This leads the researchers to be highly interested in
photonic devices, which can replace the electronic components in microprocessors
and computer chips, someday not very far from our time. However, there is a con-
straint on the performance of photonic devices, named as the diffraction limit, the
optical phenomenon that restricts the resolution of a system stating that the width of
an optical fiber carrying the electromagnetic (EM) wave must be at least the half of
the field’s wavelength [[1,2]. Nevertheless, there are some structures that can provide
ways to exceed the diffraction limit, asserting techniques to direct light at the interface

between the metal and a dielectric.

In an assembly of such a structure where a metal interfacing a dielectric, surface plas-
mons (SPs) are generated when the collective oscillations of electrons at the surface of
the metal matches with the wavelength of the external EM-field. This makes the EM-
field to be confined to a region below the diffraction limit [3]]. In the year of 2000, this
new emerging field has given the name of "plasmonics" at CalTech, USA []1]]. Since
then, studies showed that there is an increasing range of applications of plasmonics,
including light concentration, nanophotonic lasers, biochemical sensing and nanoan-
tennas [3-5]. Nanoplasmonics is the branch of this wide area devoted to nanoscale
optical phenomena in nanostructured metal systems. The ability of a metal system
to generate surface plasmons depends on the material’s dielectric function to have a

negative real part [6].

When metal nanoparticles (MNPs) interact with light, the nm-sized localized optical

fields, which are called as the hot spots, are generated at the metallic surface where



the incident EM-field is confined as a result of induced surface plasmons [7]]. At these
regions the field intensity can be enhanced up to 10° factors depending on the details
of the nanostructure [[8]. This strongly enhanced EM-field allows weak nonlinear
processes to be significantly increased, underlying the fact that nonlinear responses

depend on the higher order powers of the induced EM-field polarization [7}9].

Coupling a discrete state object of small decay rate, such as a quantum emitter (QE)
to a continuum, such as a MNS, can yield to a destructive interference resulting in an
asymmetric dip in the otherwise Lorentzian-shaped plasmonic spectrum. This phe-
nomenon, known as the Fano resonance [10] can be used to take control over nonlin-
ear processes and provide further enhancement of the localized hot spot field [[11] as
well as extending the lifetime of plasmonic excitations [[12]]. Furthermore, it has been
demonstrated that a double-resonance scheme has significant advantages over single-

resonance structures considering the strength of the nonlinear process [13-15].

Surface Enhanced Raman Scattering (SERS) is one of the nonlinear responses that a
MNS-dielectric assembly can possess. It is a powerful and unique tool that allows
the detection of the molecular structure. Fundamentally, SERS is a technique that
significantly increases the weak signal of Raman scattering from a substance. Due
to the large enhancement that it provides, SERS even allows the detection of single
molecules, making itself an extraordinary technique for the characterization of a few

molecules in the neighborhood of plasmonic structures [[16-18]].

Although the hot spot enhancement provides a useful approach to enhance the nonlin-
ear processes in plasmonic structures, it is limited with various restrictions. Among
the limitations, the modification of vibrational modes [19]], the breakdown of the
molecule [20] and the transition to the tunnelling regime [21] can be mentioned.
In this study, a new channel of enhancement is introduced which utilizes the path
interference phenomena in the SERS response of a coupled MNS-QE system. It is
of importance to emphasize that as a result of the path inference phenomena, the
enhancement factors can be multiplied by 10?> — 10 without an increase in the lo-
calized field intensities. In that sense, the extra enhancement appears to be "silent"
in which the localized field on the Raman active molecule is not affected. Therefore

the limitations on the hot spot enhancement can be overcome. The cause of this extra



enhancement is explained with the effects of Fano resonance which comes up when
a discrete state object is coupled to the continuum distribution of plasmonic MNS. In
other words, coupling of a discrete state such as a QE to a MNS reveals the path inter-
ference phenomena and can be utilized to either enhance and suppress the nonlinear

response of the system.

Here, the question arises whether is it possible to further control the QE in order to
manipulate the nonlinear response as desired. The second part of this thesis addresses
this question by examining another significant feature of the Fano type coupling con-
sidering a similar MNS-QE structure to that of first part. Here, the SH response of
the double-resonant MNS is studied. Driving the QE with a small pumping source
enables the further control of nonlinear signal from the structure. Therefore, the non-
linear response is either enhanced or suppressed as a result of changing the strength
of the QE pumping source. In such a setup, a double-resonant MNS is coupled to the
QE in its higher energy mode, while the lower energy plasmon mode is driven with a
source. It is suggested that driving the QE with a source enables the modification of
the SH response. While controlling the SH signal, it is also desired to acknowledge
that if the emerged SH signal is a result of the path interference effects or due to the
energy transferred to the system by the QE pump source. The possible method to
investigate the origin of the enhancement is to analyze the entanglement features of

the emerging SH signal.

The subject of entanglement is now at the heart of quantum physics and information
processing, albeit once it was a controversial phenomenon which is thought to indi-
cate the incompleteness of the quantum theory. When it is first described in 1935 by
Einstein, Podolsky and Rosen as a "spooky action at a distance", it was unthinkable
that the entanglement properties of quantum states could actually be measured by
controlled experiments. However before even a century has passed, it is now possi-
ble to think of the entanglement as a resource for various quantum applications, such
as quantum cryptography, information, teleportation or measurement based quantum
computation [22,23]. To describe in its simplest form, quantum entanglement oc-
curs when two or more particles have quantum states that cannot be identified in-
dependently from each other, even when the spatial distance between particles are

extremely large. The entanglement feature cannot be observed in classical mechan-



ics, it is a specific feature of quantum physics. Hence, quantum correlations make the
tasks possible which are either impossible or inefficient when the classical systems

are considered [23]].

As aresult of its importance in quantum world, it becomes an important task to detect
and quantify the entanglement features in a quantum system. Furthermore, the en-
tanglement can be likened to energy where they both can be consumed and converted
into different forms once they are generated [24]]. One of the approaches that are best
known to generate entangled states are the beam splitter-like operations. A necessar-
ily nonclassical single-mode state at the input have the ability to generate two-mode
entangled states at the beam splitter output [25-28]. In Ref. [28]], it is demonstrated
that at such a beam splitter setup, the degree of the nonclassicality is related with
the ability of the single-mode field to produce two-mode entanglement at the output.
Furthermore, it can also be shown that the rank of entanglement is equal to the rank

of the expansion of the nonclassical state in terms of classical coherent states [29].

In this work, the effect of Fano resonance for double-resonant plasmonic structures
coupled with a discrete energy object is investigated. In Chapter 2] a theoretical back-
ground for plasmonics, linear and nonlinear Fano resonance, and overlap integrals for
nonlinear conversions are presented. In Chapter[3] one of the nonlinear responses, the
surface enhanced Raman scattering (SERS) is examined for a double-resonant MNS
coupled with a QE. The analytical solutions of the coupled system is provided where
the second quantized SERS Hamiltonian is utilized in order to obtain the time evolved
expressions for the plasmonic and discrete states. With this analytical approach, the
enhancement and suppression of the SERS signal is demonstrated. It should also be
noted that with the SERS mechanism, the Raman signal is already enhanced up to
108 factors as a result of the incident field localization at the MNS hot spots. The pre-
sented enhancement here do not replace these effects of localization, on the contrary
they add up on top the hot spot enhancement that is already present. The hot spot
enhancement is restricted with several limitations, such as the modification of the vi-
brational modes, the breakdown of the molecule or transition to the tunneling regime.
The approach that is presented here aims to provide an insight on how the path inter-
ference effects lead to the enhancement of nonlinear response without altering the hot

spot fields and modifying the Raman modes. It is also beneficial to show that the non-



linear response of a plasmonic system can also be modified by using the coupling of
a longer lifetime object, such as the plasmonic dark mode. Therefore, within the ana-
lytical approach the enhancement mechanism of the dark-mode coupling to the MNS
is also presented. To continue, the numerical solutions of 3D Maxwell equations for
the SERS enhancement are obtained by developing the Raman response module on
the Metal Nanoparticle Boundary Element Method (MNPBEM) toolbox of Matlab.
The two different approaches that are presented here, the analytical solutions and the
3D simulations demonstrate the similar behaviour for the enhancement of nonlin-
ear response. As a result of the 3D simulations, an enhancement around 10? factors
is added on top of the localized field enhancement, without increasing the hot spot
strength. The effects of different parameters on the system, such as increasing the QE

damping rate, the excitation strength and the Raman susceptibility are also examined.

In Chapter 4] a similar analytical model is described for SH conversion from a MNS-
QE assembly. Congruently, the SH Hamiltonian of the system is presented and the
steady-state solutions for the plasmonic and discrete modes are obtained. By driving
the QE with a source, the effect of path interference among the states of the system is
investigated. The nonclassicality measure is utilized in order to show that the emerg-
ing SH signal occurs to have entanglement features, which leads to the consequence
that the obtained enhancement is a result of the Fano effect and not a direct energy
transfer from the source that pumps the QE. For the MNS-QE assembly described
above, the entanglement features of the second converted signal are examined by us-
ing the beam splitter approach, where the input (a;) and output (a;) states can be
characterized as Gaussian states. After the covariance matrix is produced, the loga-
rithmic negativity can be defined as an entanglement criteria Egyvne Which eventually
yields to the nonclassicality measure, Mgy, of the input (a;) state. Additionally,
the entanglement criteria of Simon-Peres-Horodecki is also implemented to obtain
another entanglement witness, 7syne Which can also be used for non-Gaussian states.
Utilizing the beam splitter approach provides a benefit as follows; the nonclassicality
measure Nsye only requires the knowledge of the fluctuations in the noise operators
of the single state input mode. Therefore, by using (a2) and (a!d, ), it is demonstrated
that the entanglement characteristics of the coupled MNS-QE assembly increase as

the the second converted signal is enhanced. For certain values of the QE level-



spacing, the SH response of the system is enhanced accompanied by an increased
amount of nonclassicality. In other words, for the enhanced SH response, the input
mode appears to have increased nonclassicality. This result underlies the fact that the
enhancement of the SH response of the MNS-QE assembly is due to the Fano type

coupling and not a direct result of the energy provided by the source terms.



CHAPTER 2

THEORETICAL BACKGROUND

Surface plasmons are the collective oscillations of free electrons originating at the
interface between a conductor and a dielectric, driven by incident electromagnetic
radiation. Almost two decades ago, the science beneath the surface plasmons named
as plasmonics. Ever since that time, plasmonics find a wide range of applications
in practical science such as manipulating and guiding the light at nanoscale, single
molecule detection and its biomedical applications, optical imaging below diffraction

limit and enhanced optical transmission through subwavelength structures [30].

Although the academic studies are relatively young in nanoscience, the optical prop-
erties of metal nanoparticles have been instruments of art throughout history. The
best known example, the Lycurgus cup dates back to 4th century A.D. from Byzan-
tine empire. Two millennia later, the labor for surface plasmons begin as Robert
W. Wood made an abrupt observation about optical reflection on metallic gratings.
Fifty years later, David Pines described the energy losses of fast electrons as forms
of collective oscillations, naming them as "plasmons". In the same year, Robert Fano
introduced the term polariton for the coupled oscillations of bound electrons. Over
and above, Ritchie and coworkers implemented surface plasmon resonances to de-
scribe the anomalous behaviour that occurred in Wood’s observations. In 1970, Uwe,
Kreibig and Zacharias described the optical properties of the metal nanoparticles in
terms of surface plasmons for the first time. Hence, the discovery of surface en-
hanced Raman scattering (SERS) the same year made a major contribution to the
field of nano-optics. Ever since, all these major contributions in plasmonics led the
growth of the field not only as a branch of physics but in biology and chemistry as
well [30].



2.1 Surface Plasmon Polaritons

Considering the interaction of light with a volume plasmon, the energy and momen-
tum cannot be conserved simultaneously, so some coupling mechanism must be intro-
duced in geometrical form. However at an interface, the energy momentum relation of
the plasmon can be matched to that of light in the form of collective free electron os-
cillations, describing a surface plasmon (SP). This so called surface plasmons can be
excited by prism coupling, grating coupling or with any nanostructure that produces
subwavelength corrugation [31]. An incident light with a wave vector nearly paral-
lel to the interface generates stronger coupling as the excitation of surface plasmons
occur in accordance with the oscillating electric field [31]. Materials that possess
a negative real and small positive imaginary dielectric constant have the ability to

produce surface plasmon resonances [32].

Surface plasmons take different forms according to the surroundings, along metal
surfaces they freely propagate as electron density waves while on metal nanoparticles
they become localized electron oscillations [30]]. The two types of surface plasmons,
propagating and localized resonances are shown in Fig. [32]. While the propa-
gating surface plasmons can travel along the metal-dielectric interface through x- and
y- directions, localized surface plasmons are resonances around nanoparticles aris-
ing from the interaction of incident electromagnetic field with the metal nanoparticle

(MNP) which is smaller in size than the incident wavelength [32].

Considering a classical semi-infinite system with two non-magnetic media with di-
electric functions ¢, and €5, separating by a planar interface at z = 0, the Maxwell’s

equations are written as [|33]]

V x Hz = Eil%,
c Ot
V x EZ = —1@,
c Ot
V' (EzEz) = 0,
V-H; = 0, 2.1

where 7 = 1 at z = 0 and ¢ = 2 at z > (. Choosing the x-axis to be the propagation
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Figure 2.1: Schematic representation of (a) surface plasmon polariton (SPP) oscil-
lations and (b) localized surface plasmon resonance (LSPR). (a) SPP oscillations
travel along the metal surface in x and y-directions while they attenuate in z-direction
through the dielectric. (b) LSPR, on the other hand, is the collective oscillations of
free electrons in the vicinity of positively charged ions, resulting in the strong en-

hancement in the polarization of the metal surface.



direction, the surface plasmon condition occurs as

w €1€2
= — . 2.2
Q(W) C €1 1 €9 ( )

This frequency dependent equation for wave vector expresses the surface-plasmon
condition where €; and ey are permittivity values of metal and dielectric and w/c
determines the magnitude of the incident field. Hence, the energy dispersion relation

for the surface plasmon polariton becomes

w? wi
w?(q) = Ep + ¢ — Zp + gl (2.3)

with w,, being the corresponding plasma frequency [33]].

2.2 Localized Surface Plasmon Resonances

As the size of a MNP is comparable to that of the incident wavelength, free electrons
of the nanoparticle participate in the collective oscillations. Exciting a MNP by an
EM field at frequencies in which the polarizability of the metal would be strongly
enhanced, generates localized surface plasmon resonances (LSPRs). As a result of
the light confinement in nanoscale, the local EM fields are strongly enhanced [3,
6, 33]. The so called "hot-spots" are created where the oscillations are greatest at
the surface and gradually decrease with distance. The field enhancement associated

—

with surface plasmon resonance is characterized by the local field factor L(w, ) =
|Elac<w7 F)/EO (w>

the intense localized fields [7]].

, where 7 is the position vector, Fy(w) is the incident and Ej,. is

The properties of the absorption bands, such as the resonance frequency and intensity
depend on the composition, size, shape and spatial distribution in case of multiple
MNPs, as well as the environment [31,(34]]. Common materials that exhibit LSPR
features are noble metals such as Au and Ag [35]. Furthermore, even the slightest
variations in the local refractive index can be detected by using MNPs as a result of
the intensely localized electromagnetic field, making the LSPR studies a good origin

for sensing applications [31].

When the radius to incident wavelength ratio of a MNP is small enough (i.e. R/\ <

0.1), conduction electrons begin to oscillate coherently, leading to the building up
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of polarization charges on the surface. Considering only the dipole oscillations, the
extinction cross section o.,¢, can be obtained using the Mie approach to Maxwell’s

equations [35],

247F2R36737{2N €
Aln(10) (e + x€m)? + €

where €, is the dielectric constant for the environment, €, and ¢; are real and imagi-

(2.4)

Oext =

nary dielectric parts of the metal dielectric function, R is the radius of the MNP and
N is the electron density. Y appears as a constant that depends on the shape of the
particle, obtained as 2 for a spherical distribution [31,35]]. In case of a metal nanos-
tructure, the polarizability is described as the distortion of the electron cloud as a

result of the interaction with an incident electric field. The given equation,

_ 3 6(/\) - Em<>‘)
a(N) = 4dme, (AR ) T2V

defines the poarizability exhibiting a dipolar resonance as the denominator vanishes

(2.5)

at ¢, = —2¢,,, indicating the relation between the LSPR extinction peak with the
dielectric environment. The real part of the dielectric function, ¢,, can be explained

by using the Drude model as

UJ2

— p
G =1- 57 (2.6)

with w,, is the plasma frequency and + is the damping rate of the bulk metal. The
imaginary part of the dielectric function is also significant as it is related to the broad-
ening of the resonance peak, in other words, damping. By using Eq.(2.6) and the
dipole condition €, = —2¢,,, the peak LSPR frequency at the resonance condition

can be found as
wy
1+ 2e,,

WLSPR = — 2. 2.7)

For visible and near-infrared frequencies where v << w,, the LSPR peak wavelength
exhibits an approximately linear dependency on the refractive index at optical prop-

erties [36].

2.3 Nonlinear Plasmonics

The electromagnetic properties that accompany the surface plasmons uncover oppor-

tunities for light confinement at nanoscale. This confined light produce strong EM
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fields resulting in the significant enhancement of weak nonlinear processes. This
nonlinear effects have important outcome in photonic applications such as generation

of ultrashort pulses, all-optical signal processing and ultrafast switching [7].

As they result from photon-photon interactions, optical nonlinearities are inherently
weak, albeit can be enhanced through plasmonic effects. A nonlinear effect arises
when the sinusoidal wave-from of the incident electric field is lost through a nonlinear
material and experiencing a harmonic distortion, obeying the law of conversation of

energy.

The optical response of this kind of a nonlinear material under the illumination of
an incident field can be written in terms of the Taylor expansion of the electric field,

defined as the polarization;
P=¢XYE+YPE?2 +\OE3+ ] (2.8)

where ¢, is the vacuum permittivity, and x(™ is the nth order susceptibility of the
material. The first term in this equation denotes the linear response for an optically

linear medium |[/7]].

2.3.1 Second Harmonic Generation

One of the nonlinear effects that is described above is the second harmonic generation
(SHG). This process is described in Fig.[2.2](a), where two photons from the incident
beam with frequency w is annihilated to create a single photon with a second har-
monic frequency, 2w. As a result of the interaction between the electric field and the
nonlinear medium, the nonlinear polarization reveals itself in the second and higher
order terms of Eq. . The second order susceptibility, x(?, harbours the generally
complex structured information on electric and symmetry properties of the nonlinear
material. In the second quantized framework, the second harmonic Hamiltonian can

be obtained as follows;
Hgp = ( / d%E;(r)Ef(r)xg(r)) abaray + H.c. (2.9)

The term in the parenthesis determines the overlap integral, iy ? (r) where Y (r)

is a step function that is constant over MNP and zero elsewhere. From the overlap
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Figure 2.2: Representation of nonlinear processes, (a) second harmonic generation
(SHG) and (b) Stokes Raman scattering. (a) In SHG, two incident plasmonic oscil-
lations with frequency w combines to result in a single plasmonic mode with double
the energy, 2w. (b) Stokes Raman scattering occurs when the incident photons scat-
ter inelastically and yield to the Raman signal that provides information about the

vibrational modes of the system.

integral it can be observed that if Ey(7) is an odd function, then the overlap integral
vanishes for a centrosymmetric MNS since F(r) is the dipole-like driving field.
As a result, SH generated plasmon modes cannot be observed in the far field for
centrosymmetric systems. Thus, the emission of SH signal is only allowed when the
system lacks the centrosymmetry [[11,37], unless the inversion symmetry is broken
at the surface of the material. For such a system, SHG can be used as a surface
probe. The examples of metallic nanostructures that exhibit strong SHG emission are
metallic tips [38], multiple resonant structures [39,40], split ring resonators [41], and

metamaterials [42,/43]].
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2.3.2 Surface Enhanced Raman Scattering (SERS)

Surface enhanced Raman Scattering (SERS) is another nonlinear process which ap-
pears as a powerful observational tool that gathers growing interest in many areas of
science since it’s discovery in 1974 [44]. In its fundamental form, SERS is a technical
method to enhance the inherently weak Raman scattered photons. Its uniqueness lies
in the revelation of the chemical composition by determining the inner vibrational
energy modes of the molecules that are subject to incident EM field, Fig. [2.2] (b).
As a result, Raman spectroscopy enables scientists to use it in many ways to gather

information about the structure of the materials [16].

The major drawback of using the spontaneous Raman scattering for material char-
acterization is the weakness of the process. It is not a simple task to separate the
inelastically scattered Raman signal from the intense Rayleigh scattered photons. At
a rough estimation, only one in 10® photons undergo spontaneous Raman scatter-
ing [45]. With the following implementation, however, this hassle can be defeated.
When a metal surface is roughened by adsorbing molecules in nanometer scale, this
process significantly alters the electromagnetic modes of the material, as well as the
lifetime and the emission intensity of the excited states of the adsorbed molecule.
SERS is only one of the effects of this adsorbing and roughening process. Eventually,

the enhancement of the weak Raman signal can be up to 10° factors [46].

The SERS enhancement factor depends on various mechanisms in which most of
them are not fully understood yet. When the SERS mechanism was first interpreted,
the initial understanding was to relate the observed enhancement to the number of
molecules that is adsorbed to the metal surface. Later on it is observed that, although
it is still not a complete approach, the enhancement is proportional to the increase in

the cross-sectional area of the molecules [47].

Two major mechanisms that contribute to SERS are the electromagnetic and chemical
enhancements. The details of the electromagnetic enhancement can mostly be studied
through the electrostatic properties of a polarizable metal sphere under a uniform
incident radiation. However, experimental studies show that this approach cannot be

the only mechanism contributing to SERS, evidence propose that there occurs also
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chemical enhancement which operates independently. To a first approximation, the
electromagnetic enhancement factor (EF) is associated with the fourth power of the
ratio of the electric field at a given position of the molecule (r,,), to the incident field

Einc(w) as [46,48];
E(r,,w)|*

Epnel(@) (2.10)

EF(r,,w) = ‘

Single molecule detection via SERS with high sensitivity is of great interest in many
fields such as chemistry [[17]], nanobiology [49./50]], tumor targeting and cancer appli-
cations [51]]. In a double-resonant structure, as a result of very intense electromag-
netic fields at the nm-sized hot spots, the surface configuration and mapping of the

inner structure of a single molecule is achieved.

Considering a plasmonic point of view, the enhanced electromagnetic fields by local-
ized surface plasmon resonances interact with the vibrational modes of the molecule.
In a Stokes-shifted process, a plasmon with frequency w is absorbed to excite a vibra-
tional mode with frequency v and generate another plasmon with lower energy, wg.

The corresponding Hamiltonian can be written similar to that of SHG in Eq. (2.9)), as;

Hp = ( / d3(r)p(r)E;(r)E2(r)> blatiay + H.c. (2.11)

where b is the creation operator for the vibrational mode and p(r) is the density of the
molecule which can be considered as a 3D step function. The overlap integral term in
the parenthesis defines the selection rules for the Raman process. It can be observed
that as the overlap between the electromagnetic fields is greater, the obtained Raman

intensity will be stronger [11]].

2.4 Fano Resonance

For many years, the Lorentzian line shape is considered to be the fundamental and
most common spectral dependence for many types of resonances both in classical
and quantum systems. In 1935, it has been observed that the Rydberg spectral atomic
lines exhibit an asymmetric profile. Introducing the first theoretical explanation the
same year, Ugo Fano suggested a formula by utilizing the superposition principle

from quantum mechanics [52,53]]. In 1961, he published a detailed, more elaborated
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Figure 2.3: The Fano dip occurs when an auxiliary particle with sharp dielectric
function is placed in the vicinity of the hot spot of a gold MNP. The 3D solutions
of Maxwell equations are performed by using the experimental dielectric function for

gold.

article on the subject [54]], that later became one of the most important articles in
physics of 20th century, explaining the phenomena in a system where the conversion
paths interfere between a discrete state and a continuum [[10J52]]. The overlap between
two pathways, one being a discrete excited state and the other being a continuum
sharing the same energy level, creates destructive and constructive interference in the
proximity of very close energy states, resulting in the asymmetric lineshape [55]. In
Fig.[2.3] the Fano lineshape is observed when a sharp dielectric object is coupled to a
gold MNP through its hot spot. This spectra is obtained by solving the 3D Maxwell
equations in the Metal nanoparticle boundary element method (MNPBEM) toolbox
of Matlab [56]. For the gold MNP, the experimental dielectric function for gold is
used. Furthermore, the auxiliary particle is represented by a sharp Lorentzian profile,

which corresponds to a structure with discrete energy levels.

Fano resonance provides a successful tool to explain a various number of phenom-
ena in several quantum systems such as; quantum transport in quantum dots, wires
and tunnel junctions, the absorption profile of some molecular structures and the

asymmetric distribution of density of states in various optical systems. Although
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fundamentally studied for quantum systems, Fano resonance also finds its counter-
part in classical systems of coupled oscillators [52,55,57]. In its simplest form, the
phenomenon can be studied through the example of two weakly coupled oscillators
where one is under the influence of a periodic external force. Such a system would
have two normal modes, first the oscillators swing back and forth together and sec-
ond, they move in opposite directions. Driving one of the oscillators with an external
force would reveal two resonance modes in the amplitude spectra of the forced oscil-
lator. The first resonance with frequency w_ is a symmetric profile with a Lorentzian
shape, while the second resonance w is characterized with an asymmetric lineshape.
The essence of Fano resonance is observed in the suppression that occurs in the w.
mode as a result of the destructive interference of the external force with the second

oscillator.

2.4.1 Fano Resonance in Linear Response

Considering a plasmonic system, the Fano resonance can be studied through the path
interference between a metallic nanostructure and a quantum emitter. Under an in-
cident illumination, the excited state becomes weakly hybridized into two different
states however their resolution still relies in the broadening of the excited state. These
two hybridized paths are out of phase with each other as one absorbs the incident light
while the other one emits. As a result, there occurs a transparency window in the ab-
sorption spectra of the plasmonic structure as the signal vanishes at the corresponding
gap. This mechanism does not necessitate a driving field since the coupling between
the plasmonic and the quantum objects is induced by the hot spot field of the MNS. As
stated before, Fano resonance is not necessarily a quantum intervention as it reveals
itself in the coupling of two plasmonic structures with one having a longer lifetime.
One example for this effect is the split ring resonators [11]. Furthermore, Fano res-
onances may be utilized to increase the lifetime of the plasmonic oscillations, which
can become significantly important as the enhanced lifetime results into the accumu-

lation of the field strength at the hot spots [[11].

Theoretical consideration of a system in which a MNS is coupled to a QE can provide

an understanding of how path interference effects are interpreted. When the MNS
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is illuminated with an excitation field of frequency w, the corresponding plasmon
mode would be excited. When placed properly close to the localized field, the dipole
moment of the QE interacts strongly with the hot spot which is created in the near-
field of the MNS. As the localized field is at least five orders of magnitude intense
from the incident radiation, the coupling of QE to the incident field can safely be

neglected. The Hamiltonian for such a system can be written as;
H = hQaa + hweg |e) (e] + B(f |e) (gl a + H.c.) + h(afe,e ™™t + Hoe), (2.12)

where |e) and |g) are the excited and ground states of the QE, respectively. Since the
only quantity that matters is the energy difference between the ground and excited
levels of the QE, the ground state energy can be assigned to zero. The term afa gives
the number of excited plasmons in the system and f denotes the interaction strength
between MNS-QE. The equations of motion can be derived through the Heisenberg
relation iha = |[a, H |, where a is the annihilation operator for the plasmon mode
and p;; = |i) (j| is the density matrix operator of the QE, with 7,5 = e,g. By

implementing these relations, the equations of motion becomes

a = (—iQ = 7)a — if*pge + epe”™, (2.13)
Pee = Veehge = 1fapl + i@ fye, (2.14)
pge = (—itweg — Veg)Pge + if *aPec — Pyg). (2.15)

Here, the decay rate of the plasmon mode (y ~ 10'® — 10'* Hz) and the damping rate

of the quantum emitter (7.4 ~ 10° Hz) is introduced.

Upon reaching the steady-state, both QE and the plasmon mode oscillates with the

driving frequency ~ e~ where & = e~ ™" and py. = pgee“!. Consequently, the

plasmon mode amplitude in the steady-state can be denoted as

p
(2 = w) +9) — 2

[i(weg—w)+eg]

& = (2.16)
Observing Eq. (2.16) leads to an understanding of how the response of the system
changes as the level spacing of the QE is altered. When the interaction between
MNS-QE is present, f is greater than zero. For simplicity, all quantities are denoted
in proportion to the incident photon frequency, w. For the condition where w., = w,

the second term in the denominator becomes very large as the damping rate of the
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emitter is very small compared to the photon frequencies. Hence, & becomes very

small and a transparency is observed in the response of the system.

Among the suppression effect that takes place at the condition w., = w, there also
occurs an enhancement if the proper conditions are met. If w,, is chosen such that
the real parts of the two terms in the denominator are cancelled, the plasmon mode
can be excited at the resonant position even if the incident radiation is off-resonant,
w # € [11]. Another effect in such a coupled system is that the plasmon decay can

be delayed by coupling a QE with a longer excitation lifetime [58]].

2.4.2 Fano Resonance in Nonlinear Response

The efficiency of nonlinear responses in plasmonic systems is restricted by radiative
losses, such as the optical scattering that an electromagnetic wave experience in the
metal nanostructure, and nonradiative losses like heat generation. The total losses are
associated with the width of the plasmon resonances in which a narrower response
would mean a lower loss in total. Maintaining control over the width of the resonance
is not straightforward as it is strongly related with controlling the localized field,
however utilizing Fano resonances can introduce a way to manipulate the near-field

and therefore, the width of the plasmon resonances [43]].

The nonlinear processes can be enhanced via three different mechanisms in plas-
monic systems, that add up as multiplication with each other. The first mechanism
is described above as the localization of the incident EM field into hot spots, leading
an increase in the local field up to 10° factors. This intense localized field yields to
the enhancement of nonlinear effects as these are proportional with the higher orders
of incident field polarizability. The second factor is the effect of Fano resonance in
linear response, that adds up on top of the localized field enhancement. The third and
final mechanism which contributes to the total enhancement is the path interference
effect arising from the impact of Fano resonance in the nonlinear response [[11]. Sim-
ilar to the effects of Fano resonance in linear responses, the path interference effects
suppress or enhance the response of nonlinear processes. In the following sections,
the theoretical details for the path interference effects on SHG and SERS will be

presented.
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CHAPTER 3

SILENT ENHANCEMENT OF SURFACE ENHANCED RAMAN
SCATTERING

For a plasmonic structure, the Fano mechanism occurs when the plasmon modes in-
teract with a substance of sharp dielectric function, i.e., a discrete state, such as a
quantum emitter (QE). The coupling of the QE with the MNS modifies the linear re-
sponse as the localized hot spot field can be enhanced further. Therefore, the response
of a Raman active molecule that is adsorbed to the MNS-QE coupled structure can be
enhanced by placing it in the vicinity of the hot spots. As the field strength of the hot
spots are increased, the nonlinear responses of plasmonic structure are also revealed

as they are proportional to the higher order terms of the EM-field.

One of the nonlinear responses that a plasmonic structure can possess, Surface En-
hanced Raman Scattering (SERS) is a very important technique that finds use in var-
ious aspects of science. The significance of SERS lies in the fact that it provides
information about the chemical composition of a structure by determining the inner
bonds. Furthermore, the mapping and surface configuration of a single molecule
can be achieved by using a double-resonance plasmonic scheme [13|]. The single
molecule detection process requires very intense fields to be localized in the hot spots.
Here, the imaging can be performed by placing the molecule in the close vicinity of
an imaging tip, which makes the hot spot fields more and more intense as the two
come closer. However, hot spot enhancement due to the localization is restricted
with several limitations. For instance, as the intensity of the hot spot increases, the
fragile molecules can be damaged by exceeding their threshold [20,59]. Besides, it
is experimentally demonstrated that the vibrational modes in a nanostructure can be

modified due to the close proximity of the Raman-imaging tip [19]. Also, the field in-
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tensity enhancement in the gaps can be restricted according to the electron tunneling

regime [21].

The method that is presented in this chapter, aims to circumvent these limitations and
provide an insight on how the path interference effects lead to the enhancement of
nonlinear response [60]. It is shown that the SERS response of a double-resonant
system can be modified without altering the hot spot intensities and modifying the
Raman vibrational modes. A Raman reporter molecule is placed closely to the gap
of a MNP dimer. Also in the hot spot of the dimer, an auxiliary QE (which can be
a molecule or a nitrogen vacancy center) is positioned in order to utilize path inter-
ference effects. The “proof of principal” examination of the system shows that it is
possible to enhance the SERS signal without affecting the electric field strength in
the vicinity of the Raman active molecule. Additionally, the exact solutions of 3D
Maxwell equations are performed to show that the SERS signal can be enhanced by a
factor of 102-103, where the field intensities at the excited and the Stokes-shifted hot
spots remain the same. The localization of the excited and the Stokes-shifted fields
already provides enhancement in the Raman signal by an amount 10® factors in a
plasmonic system [[13]. The enhancement arising from path interference multiplies
with this amount, making the total enhancement factor around 10'°-10'. For systems
that are already operate in the breakdown or tunneling regimes, the SERS imaging ef-
ficiency can be further increased by utilizing this phenomenon. For materials with
small SERS imaging responses this gains vital importance. Additionally, the modi-
fications in Raman vibrational modes can be avoided when using larger tip-surface
spacing, or smaller incident laser strength, and hence, better signal intensities can be

obtained.

3.1 The Setup

In this part, the system that is composed of a gold MNP dimer, an auxiliary QE
and a Raman converter molecule is described in detail. In plasmonic systems, an
efficient conversion occurs when the nonlinear process takes place between plasmonic
excitations of different frequencies due to the localization [13,/61},/62]]. Recently, it

has been shown that structures that support plasmon resonances at both excitation
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and Stokes frequencies (double-resonance) provide better enhancement factors for
Raman intensities [13-15]. Therefore in this study, a double-resonance scheme is

utilized which promotes two plasmon modes.

In Fig. [3.1] (a), the gold MNP dimer that supports the two plasmon modes can be
observed. With their diameters of 90 nm and 55 nm, the two particles are separated
with a gap of 4 nm. An x-polarized plane-wave propagating along the y-direction
illuminates the dimer. The scattering cross section of the MNP dimer under this plane-
wave illumination is given in In Fig. (b). The two plasmon modes, a and ag, can
be observed with peak resonance values at A = ¢/ =530 nm and Ag = ¢/Qg =780

nm respectively.

Electric field distributions of the two hot spots corresponding to 530 and 780 nm are
shown in Fig. [3.2] (a)-(b). The simulations are performed using the experimental,
frequency dependent dielectric function for gold [S6]. It is observed that the hot spots
of the two modes spatially overlap. In Fig.[3.2](c), the mean electric field is calculated
at the spatial positions where the QE lies between z = 0-2 nm. The mean electric field

gradually decreases as the spatial coordinates move away from the origin.

The plasmon-polaritons in the a-mode are excited with the incident driving field at
the wavelength A\, = ¢/w=593 nm. A Raman-active molecule with a diameter of 4
nm (blue) that interacts with the hot spots of the two modes a and ag, [|63]] is placed in
the close vicinity of the hot spots. The substantial overlap between the hot spots and
the reporter molecule results in a significant overlap integral, x, for the Stokes Raman
process. When the a-mode of the MNP dimer is activated with the incident field, the
generated plasmons excite the Stokes-shifted plasmon mode, ag with A\g = ¢/ =780
nm [13-15]]. Since the aim in this study is to provide basic understanding on the path

1

interference effects, only a single vibrational mode at ¥ = 2600 cm™" is considered

for the Raman reporter molecule for the sake of simplicity.

An auxiliary QE with a diameter of 4 nm (purple) is introduced in the system as can
be observed in Fig. [3.1](a). The purpose of utilizing the QE in the system is to catalyze
the nonlinear conversion by making use of its strong interaction with the hot spot of
the agr-mode. The level spacing of the QE, w,,, is taken to be off-resonant with both

plasmon modes, which is chosen to be around \., = ¢/w., ~ 830 nm. The coupling
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Figure 3.1: (a) The system is developed in order to analyze the enhancement in the
SERS signal using 3D solutions of Maxwell equations. The hot spots are formed in
the gap between two gold nanoparticles of radii 90 nm and 55 nm. A spherical Raman
converter molecule of 4 nm radius (blue) is placed in the vicinity of the hot spots. An
auxiliary QE which has a radius of 4 nm (purple) is placed at the hot spots of the
dimer. The presence of QE introduces path interference effects which enhances the
response of the ag-mode. (b) Linear response of the gold dimer supports two plasmon
oscillation modes at A=530 nm and Ag=780 nm. The system is excited by a A=593
nm source and a Stokes-shifted signal emerges at Ag=700 nm. The level spacing, A,
of the auxiliary QE is varied to determine the conditions in which the enhancement
of the ag-mode occurs. For 3D simulations, experimental data of gold is used for the
MNP dimer and a sharp Lorentzian dielectric function is assigned to the auxiliary QE

regarding the discrete states.
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Figure 3.2: 3D simulations of excited and Stokes-shifted plasmon mode hot spots.
Electric field profiles of the (a) excited and (b) Raman converted modes given in
Fig. 3.1 can be observed. It is shown that the hot spots of the two modes spatially
overlap. (c) Mean electric field on the QE is displayed in terms of the position of the
center of QE. The mean electric field is proportional to the overlap integral f, which

denotes the interaction strength between MNS-QE.
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between the ar-mode and the QE can be altered by moving the QE along the z-axis
where the hot spot fields take place. As shown in Fig.[3.2](c), the mean electric field
on the QE is maximum at the origin where z = 0 nm. The QE is treated as a two-level
system with ground and excited states in the analytical calculations. In 3D simulations
it is modeled by a Lorentzian dielectric function [[64] with a decay rate of ., ~ 10t
Hz. This indeed, is a low quality QE in terms of the decay rate, however it serves the
purpose to demonstrate that even with a low quality QE, the presented phenomenon
provides 102-10? factors of additional enhancement in the system. The typical values
for QE decay rates are around 10° Hz. Furthermore, the interaction of the QE with

the ag-mode and the Raman-reporter molecule is neglected for simplicity.

3.2 Analytical Approach

3.2.1 Hamiltonian and Equations of Motion

The system that is introduced in Section [3.1] can be treated with a set of analytical
calculations in order to analyze the behaviour of the system. For this purpose, the
effective Hamiltonian including the double-resonance scheme coupled with the QE is
studied for Raman conversion. The total Hamiltonian, H = 7%0 + ﬁQE + "HL + ﬁint +

Hg, can be written in terms of the following,

Hy = hQa'a + hQrakar + hQunal | apn, (3.1)
Hap = hweg le) (el (3.2)
Hy, = ih(alee ™t — ag*e™?), (3.3)
Hiw = h(far |e) (9] + f*ak |9) (e]); (34)
Hy = hx(akal,a + a'apnar). (3.5)

Here, f[o includes the energies for the driven, a, and Raman shifted, ag, plasmon
modes as well as the molecular phonon vibrations, app. H qQr 1s the energy of the aux-
iliary QE which is a two-level system with ground |g) and excited |e) states. Here,
the ground state energy can be assigned to zero by using the fact that the only quan-
tity that matters is the energy difference between the ground and excited levels [65]].

H;, denotes the energy of the incident laser pump that drives the a-mode. Hy rep-
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resents the Raman process [[13-15] and ﬁim is the interaction of the auxiliary QE
with the Stokes-shifted plasmon-polaritons of ag-mode. Here the parameter f de-
notes the interaction strength between the QE and agr-mode. Y is the overlap integral
that determines the strength of the Raman process, while € represents the strength of
the incident laser pump. Coupling of the auxiliary QE to a-mode is not taken into

account due to far-off-resonance.

In this analytical study, localized plasmon modes are chosen to carry and enhance
the Raman process instead of unlocalized structures such as photons. The reason
for that is, as the light interacts with particles that are smaller than the incoming
wavelength, the incident EM-field is confined in the hot spots of the system, creating
localized surface plasmon resonances (LSPR). As a result of this localized field at
the hot spots, nonlinear processes can be enhanced orders of magnitude. When a
molecule is present in the system, localized plasmon polarization interacts with the
vibrational modes of the molecule. For the Stokes Raman shift, this process occurs as
follows; a plasmon with frequency w is adsorbed by the molecule, on return exciting
a vibrational mode of the molecule, v, and another plasmon of lower energy wgr on
the surface of the MNS. In fact, at the output and input hot spots, both the excited and
converted field intensities are enhanced resulting in a quadratic enhancement of the
nonlinear process [65]. If the mediator particle was chosen as an unlocalized object,
the overlap integral would be significantly small. However, the experimental studies
proved countless times that this is not the case in the physical reality. According to the
experimental studies, the emerged Raman intensity is much larger since the generated
frequency in the first plasmon mode is converted into the second. The Hamiltonian

for this process is depicted in Eq.(2.T1) [11].

The dynamics of the system is obtained through Heisenberg equations, iha = a, H .
In this part of the study, the quantum optical effects of the system such as the en-
tanglement features are out of interest, therefore the operators can be replaced with

the corresponding complex numbers [66]; ¢ — «, ar — Qr, Aph —> Qph, Peg =
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le) (g| = pey and pee = |€) (€] = pee. The equations of motions are found as,

ar = (=R — YR)OR — IXOpLQ — i " Peg, (3.6)

& = (—iQ — 7)o — ixaphar + e, (3.7)
Apn = (=1 — Yph)Qph — IXORQ + Eppe” Pt (3.8)
Peg = (—iWeg — Veg)Peg + 1f AR (Pec — Pgq); (3.9)
Pee = —YeePee T 1 QRPeg — if ORPLy: (3.10)

where the damping rates are introduced as v, Yr, Yph, Vee, and Vg [65,66] respectively
for the excited and Raman converted plasmon modes, phonon coupling and diagonal
and off-diagonal elements of QE states. The typical decay rates are; v = g ~
10" — 10™ Hz for plasmons, Yes = 7Vee/2 ~ 10° Hz for quantum emitters and
Ypn A 10'2 Hz for phonon modes. The conservation of probability yields to the
constraint p.. + pgg = 1. €pp 15 introduced for the vibrations due to the finite ambient
temperature [67,68] however, the actual value of it has no influence in the relative

manipulation of the SERS signal.

In the steady-state, solutions take the following form; ag(t) = dare “R!, a(t) =
ae™ ™t apn(t) = apne”“t peg(t) = Peg R, pee(t) = pee. When the steady-state
forms are placed in Eqs. (3.6)-(3.10), the exponential terms cancel in each equation.
In other words, energy is conserved in the long term limit. Then, Eqgs. (3.6)-(3.10)

become

[i(Qr — wr) + R|AR = —iXA5,E — i f g, (3.11)
[1(Q2 — w) +v]@ = —ixapnar + ¢, (3.12)

[6(Qpn — Won) + o] Gph = —iXTRE + Epns (3.13)
[{(Weg — WR) + VeglPeg = 1.fOR(Pec — Peg); (3.14)
YeePee = —1f ARPeg + 1 f AR Peg- (3.15)

By solving Eqgs. (3.11)-(3.14), a simple expression is obtained for the steady-state
Stokes-shifted plasmon amplitude as follows,
—iXEpp ~

‘ — —a, (3.16)
Bon ([Z(QR —wr) +r] — m) — [x[?[af?

eg _WR)

aR =
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where Spn = [1(Qph — Wph) + Ypn]. Here y=pe. — py, is the population inversion
of the auxiliary QE. |y|?|&|* term is significantly small compared to the others in
the denominator and can be neglected. The enhancement/suppression effects of the
SERS signal can be anticipated from Eq. (3.16). It can be seen that, with a proper
choice of w4, the imaginary parts in the denominator cancel each other, which are
the nonresonant term ({)g-wr) and the term containing the MNP-QE coupling, f.
The condition that maximizes ag in Eq. can be found as

) fPy L1ty l? 5
_ L 2 1
weg wr + Q(QR — CUR) 4(QR _ WR)Z Pyeg (3 7)

By choosing the level spacing of the QE according to Eq. (3.17/)), the denominator of

Eq. can be minimized resulting in the enhancement of the SERS signal ampli-
tude. This type of enhancement does not alter the inner structure of plasmon modes
as it emerges from the path interference effects between MNS-QE. The constructive
and destructive interference of the frequency conversion paths result in the enhance-

ment/suppression of the SERS amplitude.

The aim of presenting this expression is to provide basic understanding about the
path interference effects by simply examining the denominator. Nevertheless, for
analytical solutions that are presented in the following section, the Egs. (3.6)-(3.10)
are numerically evolved through time with the initial conditions a((t = 0) = ag(t =
0) = 0 and pee(t = 0) = pey(t = 0) = 0. Therefore no assumptions are made when

the analytical results are obtained.

3.2.2 Hamiltonian from Optomechanical Model

In Eq. (3.1), a standard, second quantized Hamiltonian is used for the Raman con-
version process. According to this Hamiltonian, the frequency conversion occurs be-
tween the excited (a) and Stokes-shifted Raman (ag) plasmon modes and they both
participate in the enhancement process through double localization [13H15}/69]]. This
mechanism is the result of the | E/|*-fold enhancement in the SERS process. In this
section, the standard Hamiltonian will additionally be derived from an optomechani-
cal model [67,/68]] for a double-resonance scheme [|13]]. This treatment do not consti-

tute the origin of the frequency conversion Hamiltonian in Eq. (3.1) however it is an
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additional approach that ensures the validity of it.

The plasmonic Raman process can also be modeled from an approach that utilizes a
radiation-pressure interaction of the plasmons with the molecular vibrations [[67,68].
Therefore, according to this treatment, H r can also be derived from an optomechan-
ical point of view. When the Raman converter molecule is placed in the vicinity
of a MNS, the radiation pressure depends on the interaction between the vibrational
modes of the molecule and the strength of the electric field at the position where the
molecule stands. If a uniform vibration is assumed within the molecule, the interac-

tion density becomes,
Hini(r) = hgE'(r)E(r)2f(r), (3.18)

which is in the units of [energy]/[volume]. Here, f(r) can be considered as a step-
function depending on the position of the Raman converter molecule, f(r) = 1/V
within the molecular volume and f(r) = 0 elsewhere. Assuming a double-resonance
scheme for the MNS, the electric field operator can be written as £ (r) = crug(r)as +
e9us(1)asy, where u;(7) is the electric field distribution of the corresponding plasmon
mode and ¢; has the dimension of the electric field [70]. Therefore, the interaction

density is obtained as

H(r) = hg [slu*l‘(r)di + €2U2(’l“)&;:| [elul(r)&l + equy(r)ag | f(r) (b + by).
(3.19)

Here, the terms which do not satisfy the conservation of energy are not taken into

account, so Eq. (3.19) becomes,

A(r) = hgeres [ui (r)ua(r)alasd] + wi(rus(r)ialb] 7)., (.20
where the energy of the as-mode is considered to be larger than the energy of a;-

mode. The total interaction energy is found by integrating Eq. (3.20) over all space,

H(r) = /d?’r]:](r) = (/d?’rf(r)u}‘(r)uQ(r)) hgeieablala, + He..  (3.21)

The dimensionless term in the parenthesis is the overlap integral, I, which deter-

mines the strength of the Raman process denoted in the form; x = ge1£51, where g,

hwi

7 )2 [70]. The overlap integral reaches

€1, €2 are in units of frequency and &4 o=(
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its higher value when the spatial profiles of the excited and Raman-shifted plasmon

modes overlap better with the spatial position of the Raman converter molecule. As a
result, Eq. (3.21) takes the form of Eq. (3.1).

3.2.3 Enhancement

To understand the behaviour of the system and examine the dependence of the en-
hancement to the level spacing of the QE, (\,; = ¢/w,y), the equations of motion
Egs. (3.6)-(3.10) are time evolved where QE is initially in the ground state and no
plasmon occupation occurs. In the calculations, all parameters are given in proportion
with the incident laser pump energy w = 5 x 104 Hz, corresponding to a wavelength
of A = ¢/w =593 nm. Therefore, the decay rates of the plasmon modes are chosen as
7=0.01w, yg=0.005w and ~,,=0.001w. Nevertheless, it can be realized that €2,;, and
7Ypn have no effect in the cancellation of the denominator in Eq. (3.16). The spectral
width (damping rate) of the auxiliary QE is taken as 769:10_%. The strength of the
Raman process, denoted by the susceptibility Yy, is assumed to have a small value such
as x = 10 °w. The amplitude (strength) of the initial laser pump is taken as ¢ = 0.1w.
To examine the effect of coupling between MNS-QE, the coupling strength f is also

varied as f = 0.1w, 0.105w, 0.11w. Additionally, the relative enhancement factor

(EF) is calculated as the ratio of the Raman converted mode intensity, |ag|?, with and

without the presence of QE as follows,

|04R(f # 0)|2

= (= 0)F

(3.22)
The enhancement factors with respect to the level spacing, w.,4, can be observed in
Fig. for different values of coupling strengths, f. The additional enhancement
due to nonlinear path effects is around 300 factors. Close examination of Eq.
reveals that when ()p < wg, the maximum enhancement shift to longer wavelengths
of Aoy = c¢/we, as the coupling strength f increases. Therefore, as can be seen from
Eq. (3.16), introducing additional interference paths via additional QEs [71] or plas-
mon conversion modes will result in an increased amount of enhancement. Eq. (3.16)
provides a pure and simple tool to understand the possible interference effects without

including any complications.
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Figure 3.3: Numerical time evolution results of the Raman enhancement factor with
respect to the QE level spacing values, ).,. Here, this enhancement of SERS signal is
due to the path interference effects and adds up to the enhancement due to the hot spot
localization. Presence of the QE, with level spacing \., = c¢/w,, creates a growth in
the SERS response according to Eq. (3.16)). It can be observed that as the interaction
strength decreases, the QE level spacing values shift to the shorter wavelengths to

generate maximum enhancement.

In Fig. the damping rate of the QE is taken to be 7,,=10"°w, which corresponds
to a frequency around 5 x 10 Hz. This value is determined by taking the approximate
damping ratio of adsorbed molecules in metal surfaces. However, such a good quality
QE is not a requirement to achieve the enhanced Raman signal. In Fig. it can be
observed that even when the damping rate of the QE is increased to 7,,=10"?w (which
coincides with the decay rate of the plasmonic oscillations), an enhancement factor
around 2 orders of magnitude would still emerge. This result shows that even by using
a QE of poor quality in terms of its damping rate, the nonlinear path interference can

take place.

3.2.4 Suppression

Besides the enhancement phenomenon, Eq. (3.16)) also predicts the suppression of the
SERS signal for the resonance condition w,, = wg. This suppression takes place up to
several orders of magnitude. As depicted in Section[2.4] when a discrete state interacts

with a continuum, the excited state becomes weakly hybridized into two different
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Figure 3.4: The effect of using a poor quality QE in terms of its damping rate on the
Raman enhancement factors. The damping rate of the QE is increased to resemble
the decay rate of the plasmon oscillation modes, 7., = 10~2w. Even with this value

of the damping rate, there still occurs an enhancement factor around ~ 100.

states albeit their resolution still remains in the broadening of the excited state. Since
these two pathways are out of phase with each other, a transparency window occurs in
the absorption spectra. In the plasmonic case, for the resonance condition we;, = wr,
the Fano resonance prevents the plasmon oscillations of the converted frequency wg
from emerging into the ag-mode. As compared with Eq. (3.16)), the path interference
in the nonlinear response resembles the interference that occurs in the linear response
depicted in Eq. (2.16) [72]. The modification patterns created in the denominators of

both equations have a common form [/11}/12].

When the level spacing of the QE is chosen in resonance with ag-mode, i.e., we, =
wRr, the term that contains the coupling strength in the denominator of Eq.
becomes |f|*y/7e,. Since 7., ~ 107w is very small compared to f =0.1w, the
aforementioned term makes the denominator very large. As a result, the SERS signal
is restrained around ~ 10! factors. Fig. is obtained by taking the numerical time
evolution results of Eqgs. (3.6)-(3.10). That means, Fig.[3.5]is generated through exact

solutions and no approximations are used.

3.3 3 Dimensional Simulations

Besides the basic understanding provided by Eq. (3.16), simulations with exact so-

lutions of 3D Maxwell equations are also performed to verify the presence of the
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Figure 3.5: Suppression of the SERS signal due to path interference effects. From
analytical point of view, presence of an auxiliary QE with a level spacing in resonance
with the ag-mode as wg = we, = ¢/ A4, yields a cancellation in the denominator of

the SERS response in Eq. @

enhancement. It should be stressed that the aim here is neither to compare analyt-
ical solutions with 3D simulation results, nor to provide a perfectly working setup
for future experiments. The basic purpose here is to show that if the retardation ef-
fects would wipe out the enhancement phenomenon predicted by the basic analytical
model. Making a one to one comparison between the analytical solutions and the 3D

simulations is out of scope of this research.

The 3D solutions of the system are performed by using MNPBEM, a toolbox that
is created for use in Matlab, which simulates metallic nanoparticles (MNPs) by us-
ing a boundary element method (BEM) approach [56]. Simulating particle plasmons
requires the solution of Maxwell’s equations for MNPs embedded in a dielectric en-
vironment. Within the toolbox, environments with homogeneous and isotropic di-
electric functions are split by abrupt interfaces, rather than allowing for a general
inhomogeneous dielectric environment. The toolbox is proved to work at its best
for frequencies in the optical and near-infrared regime, and for MNPs ranging from
a few to a few hundreds of nanometers. For most plasmonic applications with em-
bedded MNPs in a dielectric background, the BEM approach appears as the easy
going choice of solution. In this approach, only the boundaries between the materials
are discretized instead of the whole volume, therefore faster simulations that require

moderate memories can be conducted. Over the years, the toolbox have been used and
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Figure 3.6: Different values of Raman enhancement factors for different sizes of
Raman reporter molecule. All the sizes of Raman reporter molecule is simulated
according to different spatial positions of auxiliary QE, (a) z=0.0 nm, (b) z=0.53 nm,
(c) z=0.55 nm, (d) z=0.57 nm. It is observed that the size of the reporter does not alter

the order of magnitude of the generated enhancement values.

tested for the simulations of optical properties of plasmonic particles [[73}74]], surface
enhanced spectroscopy [75-77] and electron energy loss spectroscopy (EELS) [56].
Although the MNPs and the environment are well defined in the toolbox, the calcu-
lation of nonlinear Raman response for a plasmonic system was lacking. Therefore a

Raman module is developed within the toolbox.

For the simulations, the setup in Fig. [3.1]is used. In Fig. [3.1] (a), a nano dimer is
presented with two gold spheres of radii 90 nm and 55 nm. The linear response of
the dimer under the driving field of A=593 nm is shown in Fig. 3.1] (b). The dimer
supports two plasmon modes at A=c/Q=530 nm and Ag=c/Q2g=780 nm, where the
EM field of wavelength A=593 nm drives the a-mode. Two hot spots corresponding
to the two plasmon modes of the dimer are shown in Fig. [3.2] (a)-(b). Apparent from

the figure, the two hot spots spatially coincide.
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A Raman reporter molecule with a radius of 4 nm [[63] (blue), is placed in the close
vicinity of the hot spots of the MNP dimer. Nonetheless, the size and shape of the Ra-
man reporter molecule do not have a significant effect on its polarizability and hence,
on the enhancement factor of the SERS signal. In Fig. [3.6] the Raman enhancement
factors are shown for different diameter values for Raman converter molecule. The
results are presented for different spatial positions of QE with respect to the MNP
center; (a) z=0.0 nm, (b) 0.53 nm, (c) 0.55 nm and (d) 0.57 nm. From the figure, it is
evident that only a 2-fold increase in the Raman enhancement occurs as the diameter
of the Raman converter molecule is increased from 2 nm to 9 nm. Therefore, it can be
stated that the diameter of the Raman converter molecule does not alter the order of
magnitude in the enhancement factors. Typically, a protein molecule would have the
diameter of approximately 3-4 nm [63]], so the size of the Raman converter molecule
is taken as 4 nm in the 3D simulations. Also, the relative permittivity of the Raman
converter molecule is chosen very close to that of air, ~ 1.05, to exclude any further

complications that may arise from the presence of the molecule.

The Raman reporter molecule is chosen to have only a single vibrational mode at
v = 2600 cm~! [[78]. This choice is fully functional since only a “proof-of-principle”
demonstration is aimed in this study. With this vibrational mode of the reporter, the
Stokes signal appears at A\g=700 nm and couples to ag mode of the double-resonant

structure [[13]].

The final component of the system, the auxiliary QE with the resonance wavelength
Aeg = €/wegy, is chosen to have 4 nm of radius with an assigned dielectric function of
a sharp Lorentzian shape €(w) [64] which can be observed in Fig. The damping
rate of the QE is denoted as 7,g.

Likewise the analytical solutions, the enhancement factor (EF) is calculated accord-
ing to Eq. (3.22). That is, by introducing the auxiliary QE with a sharp Lorentzian
dielectric function [[64], it is observed that how the SERS response of the system
changes in proportion with the case where the QE is not present. In the absence of
the QE, the SERS enhancement is only due to the localization of the incident field
in the vicinity of hot spots. Numerically, by multiplying the localized electric field
values for the excited (593 nm) and Stokes-shifted (700 nm) fields, the enhancement
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Figure 3.7: The sharp Lorentzian dielectric function, €(w) that represents the auxiliary
QE in 3D simulations. A sharp Lorentzian function in the formof € = 1+ 2wf, / (wgg —

w? — i27.,w) is used in order to generate an object with discrete energy levels.

due to localization can be found as EF(w)x EF(wg) [69], which can be high as 10®
factors. It is worthy to note that this amount of enhancement is already present in
the system in the form of regular SERS mechanism due to localization. On top of
this, the simulations using the MNPBEM toolbox [56] enables the utilization of the

enhancement via path interference with this phenomenon of localization.

When the QE coupling is introduced to the system, it is observed in Fig. [3.§] that
the exact solutions of the 3D Maxwell equations yield to an extra enhancement as a
result of path interference. From the figure, it is observed that the enhancement occurs
where )., is positioned at longer wavelengths than ar-mode. This result is consistent
with what is predicted by Eq. (3.17). In addition, the position of the auxiliary QE is
slightly altered along the z-axis in Fig. This is performed in order to manipulate
the interaction of the QE with the MNS hot spots. In other words, this treatment
corresponds to changing the QE-MNS coupling by altering f in Fig. As the
distance (z) of the QE to the hot spot center (z = 0 nm) increases, its interaction with
the plasmon mode decreases drastically. Therefore, small values of z means stronger
interaction coupling for QE-MNP. From Fig. [3.8] it is evident that as the MNP-QE
coupling gets stronger, the enhancement shifts to longer wavelengths, as the analytical

solutions predict in Fig.[3.3]
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Figure 3.8: The additional enhancement of SERS via path interference which is ob-
tained by using the exact solutions of 3D Maxwell equations. When the QE is intro-
duced to the system, the localization of the fields on the Raman converter remains un-
changed, however, the SERS signal is increased around 103-10* factors. This amount
of increment multiplies with the enhancement that is already present in the system as
a result of the localization. The additional enhancement occurs as predicted by the
analytical model in Section [3.2.3] and shifts to longer wavelengths as the MNS-QE
coupling increases. In the simulations, moving QE closer to the center of the dimer
(z=0) implies that the interaction between QE and the hot spots are getting stronger,

until the system reaches to a region where it enters to a strong coupling regime.
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Furthermore, maximum enhancement in Raman signal occurs for the level spacing
of the QE around \.;, ~ 834 nm, which is farther apart from the Stokes line at \r
=700 nm. This is an important fact because if the hot spot enhancement would be
the result of the linear Fano resonance, it should occur around ., ~ Ar. Hence, to
avoid a possible confusion, A, is chosen to be far from Stokes line, both in the 3D

simulations and in the analytical solutions.

However, in experimental conditions, it is prominent that placing a molecule at a
certain point might not be a realistic expectation. Also it is not practical to assume
that a bunch of molecules in a setup would have exactly the same level spacing values.
Instead, it can be thought as a mixture of molecules with quite similar, but not equal
level spacing values. Fig.[3.9] aims to provide some insight about the expectations of

the simple treatment.

In Fig. (a), the Raman enhancement factor is shown as a function of the QE po-
sition with respect to the center of MNP dimer. It can be observed that a sprinkled
bunch of molecules in the vicinity of the hot spots would yield to an overall enhance-
ment. It should be clarified that stronger interaction, f, does not always point out to
an enhancement in the Raman signal. From Fig.[3.9](a), the amount of enhancement
can be observed as a function of the QE position. When the auxiliary QE is positioned
too close to the center of the dimer (z < 0.5 nm), the interaction between the QE and
the ag-mode becomes higher and the system shifts into the strong interaction regime.
The enhancement experiences a drop around 2 orders of magnitude. In this case, the
excitations in the QE and the MNP dimer cannot be modeled with the simple analyt-
ical approach. Hence, Eq. (3.16) becomes invalid for this regime. This phenomenon

also observed in the second harmonic generation (SHG) in Ref. [[79].

Similarly, Fig.[3.9](b) denotes maximum enhancement curve for a bundle of molecules
with slightly different level spacing values. In that case, the overall enhancement
displays similar behaviour to that of Fig. (a). Unfortunately, it is not possi-
ble to demonstrate the suppression effect with the 3D simulations [56]], neither for
SHG nor for the Raman setups. Demonstration of the suppression phenomenon re-
quires the self-consistent solution of Maxwell equations, as in the case for solving

Egs. (3.6)—(3.10). This cannot be realized with the BEM approach and 3D simula-
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Figure 3.9: The results of 3D simulations for the maximum enhancement factors
with respect to the (a) slightly different level spacing values and (b) slightly different
positions of the QE. (a) When the QE is brought closer to the center of the dimer, the
enhancement factor starts to decrease as the system moves into the strong coupling
regime. The simple treatment that is presented here cannot model the excitations in
the strong coupling regime. For practical reasons, it is not realistic to expect that a
bunch of molecules could have the exact same level spacing values, as well as could
be placed to certain positions without any errors. Instead, a bundle of molecules with
similar level spacing values can be placed to a close vicinity near the desired point.
This figure shows what might be the possible enhancement achievement according to

realistic expectations.

tions only remain a first-order approach without self-consistency effects.

3.4 Coupling to a Long-live Dark Plasmon Mode: Analytical Approach

In Section [3.2.1] a simple analytical model is presented where coupling of a QE with
a double-resonance MNS generates path interference effects and introduce an extra
term in the denominator of the Raman signal amplitude. This additional term cancels
with the nonresonant term of the Stokes signal. Here in this section, it is presented
that a similar phenomenon occurs when instead of a QE, the ag-mode is coupled to a

dark state whose lifetime is larger than the plasmon oscillations in the ag-mode.

Hamiltonian and EOM. In order to analyze dark-mode (DM) coupling with the
MNP dimer, some terms in the Hamiltonian of Section [3.2.1] should be modified. The
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energy of the dark-mode excitations is introduced as Hpy; and the interaction of it

with MNP dimer is given as Hj,;. The total Hamiltonian becomes,

H = Hy + Ho + Hy, + Hin + Hon,
Hy = hx(d;dfhd + a'apnar),
Hy = hQRaRaR + hQata + thhaphaph,
Hy, = ih(atee ™" — ae*et) 4 ih(&ph€ph€7w"ht — pne;, ne“r),
Hin = h(fotral + f7akac),
Hpy = hwedlae. (3.23)

The dark-mode supports plasmonic oscillations, a., due to its coupling to the near-
field of the ag-mode. Its resonance frequency is denoted as w. and the strength of
its coupling with the MNP dimer is f.. Furthermore, the equations of motion are

obtained as,

= (—idr — R)ar — X — ifiac, (3.24)
= (=i —7)a —ixapnag + e, (3.25)
= (—iQ%h — Yph)Oph — IXORQ + Eppe P, (3.26)

= (—iwe — Ye) e — i fear, (3.27)

where the plasmonic oscillation mode of the DM can be replaced with the correspond-
ing complex number a. — «a. [[66]]. The damping rate, 7. for the DM is chosen to
be smaller than the decay rate of the excited plasmon field, . In the steady-state, the

expressions for the plasmonic modes ag, o, o, and a, are written as,

Brar = —ixap,& — 1 f*a,
B = —ixapnOr + €,
Bonlph = —IXORA + Eph,
B = —ifag, (3.28)

where 3, = [i(we — wr) +7e)s B = [((Q —w) + 7], Br = [i(Q — wr) + r] and
Bon = [i(Qpn — wWph) + Yph)-

2, is obtained by neglecting the very small

A(R.e)/ Q(R,0)
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Figure 3.10: The analytical Stokes-shifted enhancement results of dark-mode cou-

pling to the MNS. The similar positioning of maximum enhancement with respect to

Adark mode 18 Observed compared to Fig.

term including |y|?, as

QA(R,c) _ [i(QR - WR) + ’VR] [i<wc — WwR) + %]
amro) [H(Qr —wr) +R)[i(we — wr) + 7] + [ fe]?

(3.29)

Here, ar ) ((r,0)) is the Stokes amplitude with (without) the coupling of the auxil-
iary structure supporting the DM. By time evolving Egs. (3.24)-(3.27), the enhance-
ment factors depicted in Fig. [3.10] can be obtained. Furthermore, from Fig. [3.11]it is
evident that the suppression effect also takes place for the coupling of objects with
larger damping rates around the range of .. Also, Eq. (3.29) reveals the condition in
which the cancellation occurs in the denominator due to the presence of | f.|2. It is
important to stress that the Fano resonance have a classical correspondence, and the

coupling of a DM to the MNS reveals this property of the Fano effect.

3.5 Comments on Possible Implementations

The analytical model that is presented in Section [3.2]is a basic model which provides
a “proof of principal” demonstration of the SERS enhancement along with the 3D
simulations in Section [3.3] Many complications may arise while performing 3D solu-
tions of Maxwell equations, and obviously the basic analytical model is not brought
up to overcome these complications. For instance, the change in the density of states,
i.e. the Purcell effect, the coupling of the fields to possible dark modes and the retar-

dation effects are not taken into account in the basic analytical model. The retardation
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Figure 3.11: The suppression of the Stokes-shifted Raman signal in the case of DM
coupling to the Ag-mode of the MNS. At the resonance condition where Apy; = Ag

=700 nm, the suppression takes place for several orders of magnitude.

effects show up in the 3D simulations as the narrower band structures in Fig.[3.8 com-
pared to the analytical solutions in Fig.[3.3] A similar effect is observed in Ref. [62]
for the SH process. Even with the simple setting presented in Fig. attaching a QE

to the hot spots of the MNP dimer generates an enhancement factor around 102-103.

Considering structures with wider hot spots, such as a metal-coated atomic force mi-
croscope (AFM) tip, the accurate placing of the QE may not be necessary, and similar
factors of enhancement can be obtained. The setup that is presented here, along with
the basic analytical model, can be utilized with several methods in nanotechnology
such as e-beam lithography [80,81]] or DNA based bio-molecular recognition [82,83]]
which provide nanoscale spatial control. For example, DNA strands can be utilized
as rulers for positioning nanomaterials along with the metal nanoparticles [82]. By
choosing proper length of DNA strands, self-assembled generation of nanoparticles
can be achieved [83]. Moreover, plasmonic gaps of bow-tie nanoantennas can be se-
lectively filled with dielectric nanoparticles by using electron beam lithography pro-

cess [80,(81]].

In Fig. an AFM tip can be observed, which localizes the incident E-field into
the plasmonic oscillations. When a Raman active molecule (green) is present on the
substrate, tip enhanced Raman scattering (TERS) occurs as a result of the strong lo-

calized field. In Ref. [84]], such a setup is demonstrated including a tip that supports

43



Figure 3.12: The setup of an AFM tip utilized with a Raman reporter molecule. The
simple analytical model proposes that when the AFM tip is contaminated with ap-
propriate auxiliary molecules, the path interference effects will be introduced and an

enhanced TERS signal will be produced without increasing near-field intensity.

three plasmon modes in the optical regime. The second plasmon mode is excited in
order to uncover a Stokes-shifted signal in the third plasmon mode with longer wave-
length. Therefore, the second and third modes of the system act as double-resonance
SERS (TERS) mechanism. The TERS signal can be further enhanced if the AFM
tip is decorated (in other words, contaminated) with appropriately chosen molecules
(QEs). Appearing as purple structures in Fig. [3.12] the molecules will introduce path
interference effects and produce an enhanced TERS signal without increasing near-
field intensity. A technique similar to dip-pen lithography can produce the decoration
of the tip edge. For instance, in spasers where MNPs are surrounded by molecules,
the plasmon lifetime and fluorescence intensity of the molecules are increased as a
result of linear Fano resonances [85]. What is more, Fano resonances can also be

utilized in all-plasmonic settings [43}[86].

To conclude, the nonlinear SERS response of a coupled MNP-QE system is studied
in this chapter. Both the analytical results and the 3D solutions of Maxwell equations
show that it is possible to enhance the SERS signal without altering the electric field
profiles on the Raman active molecules. An enhancement around 102-10% factors
occurs when the QE is coupled to the double-resonant MNP dimer as a result of the
path interference effects. Although the presence of the enhancement phenomenon is

verified both with the numerical time evolution results and the 3D Maxwell equations,
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it is not aimed to make a one to one comparison between the analytical findings and
the 3D simulations. The main purpose is to show that if the Fano resonance in the
nonlinear regime is washed out with the retardation effects or not. It is observed
that, although the retardation effects significantly narrow the enhancement bands with

respect to the level spacing values, \.,, the silent Raman enhancement phenomenon

eg»

is still present in the system.
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CHAPTER 4

FANO CONTROL OF NONCLASSICALITY

4.1 Introduction

In the year of 1935, an article is published by Einstein, Podolsky and Rosen, un-
leashing a great controversy in quantum physics that would last for years [87]]. In the
article, two quantum systems are assumed to interact where both their spatial distance
and linear momenta are connected with each other, even when the spatial distance be-
tween them is widely large. Since the two states are "entangled" in this sense (though
the word "entangled" is assigned later on), determining the position of one system
would also enable the prediction of the position of the other. The same is valid for
the linear momenta of the systems. This phenomenon is used to argue that the quan-
tum mechanics cannot be a complete theory in terms of local action conditions and
fails to describe the physical reality. However, after the interpretation of Bell’s in-
equalities, it is experimentally verified that the nonlocal character of these states are
actual facts that are emerging from the quantum nature of the universe [88]. From the
time it was posed as a paradox, the entanglement phenomenon now became the heart
of development in quantum physics and information processing theory [25[]. Among
some applications of it, quantum cryptography [89]], dense coding [90], entanglement

swapping [91,92] and quantum teleportation [93,94] can be counted.

As a result of its significance in many fields of science, it is of importance to detect
and quantify the entanglement that quantum systems possess. In a sense, entangle-
ment is like energy; once generated, they both can be converted into different forms
and consumed through executable tasks [24]. Beam splitter operations, one of the

known devices that generate entangled states, are studied to show that nonclassicality
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of the input state is a necessary condition to obtain entanglement at the output [25]]. As
a result of beam splitter-like operations, a single-mode nonclassical state (a squeezed
state, for instance) can be converted into two-mode entangled states [25-27]. The
generated entanglement at the output becomes stronger when the single-mode non-
classicality is larger. Therefore, the amount of two-mode entanglement at the beam

splitter output can be used as a single-mode nonclassicality (SMNc) measure.

In the case of a two-level system, entanglement can be quantified with a single real
number. In experimental point of view, the number of emerging photons or the phase
of a beam can be used to identify the SMNc of an input state. There are various
approaches to determine and quantify the SMNc of a system, all with their own ups
and downs. One of the approaches, brought up by Asboth et al. [28], links the degree
of nonclassicality of an input single-mode field with its ability to produce entangled
two-mode states at the output of a beam splitter [24,29,95-97]. Additionally, a recent
study by Vogel and Sperling [98,99] demonstrates that the rank of the output two-
mode entanglement is equal to the rank of the expansion of the nonclassical input

state in terms of the classical coherent states [[24].

A nonclassical single state (with an annihilation operator @) can be represented in

terms of the coherent states |«;) as,

[ne) = > ki) 4.1)
=1

At the output of a beam splitter, this input state generates two-mode entangled states

of the a; and a, modes as;
[ea) =D Ailal”) @ |af’) . 4.2)
i=1

Here, r is the entanglement rank and x;, \; are expansion coefficients. Moreover, the
beam splitter transformation can be used to further connect the single-mode nonclas-

sicality and the two-mode criteria [[100].

In this chapter, the second harmonic response of a system similar to what is presented
in Fig.[3.1]is studied. A QE is coupled to the hot spots of a double-resonant MNS. The
QE is pumped with a small source in order to further control the nonlinear response

of the system. The steady-state second harmonic response is evaluated by solving the
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Heisenberg equations for the system. Processing numerical time evolution enables
one to understand the behaviour of the system in the steady-state without making any
assumptions. According to the results, source controlled QE can provide further en-
hancement of the SH signal. Here, a question arises whether this enhancement is a
result of the path interference as expected, or is it just a direct result of the energy pro-
vided with the small source that drives the QE? To provide an answer to this question,
the nonclassicality features of the system can be used. By utilizing the beam splitter
approach, the entanglement amount of the SH signal, in other words the nonclassi-
cality of the nonlinear response is determined. In order to witness and quantify the
nonclassicality, the Simon-Peres-Horodecki entanglement criterion is utilized. The
beam splitter transformations are used to obtain the two-mode variances of the output
state, in terms of the noise fluctuations in the input state, () and <&T&>. As aresult,
the nonclassicality measures can be evaluated as a function of the single-mode state
variances. Analyzing the behaviour of entanglement with respect to the second con-
verted field intensity generates an understanding about how the Fano type resonances

effect the control of nonclassicality in a plasmonic structure.

4.2 Theoretical Model

Similar to the theoretical model presented in Section[3.2.1], the coupled double-resonant
MNS-QE system is represented by a simple theoretical model. In this model, the QE
is controlled by a small source of frequency 2w. The following Hamiltonian is used

to define the system [101]];

H = Ho+Hsuc + Hae + Hint + Heource + Hpump: (4.3)
Ho = hala; + hQsabas, (4.4)
Hsne = hx?P(abanas +ajala), (4.5)
Haop = hwegle)lel, (4.6)
Hi = h(fa}lg) (e| + frazle) (g)), 4.7)
Hoowee = ih(alese™™ — hc.) (4.8)
Hoump = ih(|e) (g] epe™ 2 — hoc.). (4.9)
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The total Hamiltonian of the system (7:[) consists of plasmonic mode energies (7:[0);
the energy of SHG process (Hsug); the energy of the QE with two discrete levels,
ground and excited (7:[QE); the interaction energy between the as-mode of the oscil-
lator and the emitter (7:[int); the incident energy supplied by the source (ﬁsource); and
the small driving source that pumps the QE (7:[pump).

In Egs. (4.4)-(@.9), the double-resonance scheme supports two plasmon modes, d;
and a,, with resonance frequencies {2; and €2, respectively [[13,39]]. The QE energy
levels |g) (g| (ground) and |e) (e| (excited) are chosen such that the QE becomes a dis-
crete object with a level spacing w,,. The QE is coupled to the higher energy plasmon
mode, a- of the gold MNS where the lower energy mode, a4, is excited with a source
of frequency w. The interaction strength between the a;-mode and QE is identified
as f and the exciting strength of the source is defined by ;. Under the illumination
of the source ,e“*, the G;-mode of the MNS is activated to generate plasmon os-
cillations with resonance frequency €2;. Consequently, second harmonic polarization
field at frequency 2w is stimulated. The QE is pumped with a small source e~
with a frequency resonant to SH generated field. The generally complex structured

information on electric and symmetry properties of the nonlinear MNS is collected in

the second order susceptibility, y® [11].

The coupling of MNS-QE system allows to have control over SH response, and hence
path interference scheme can be altered [[102]]. Driving the QE with a small source

can be used to manipulate the nonlinear response of the system.

The use and control of quantum materials coupled with plasmonic or photonic struc-
tures lead the way to important applications such as all optical gates and switches,
imaging with terahertz technologies, photonics based quantum information process-

ing and generation of entangled photons [73,102-111].

The equations of motion of the system is obtained through the Heisenberg relations,
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iha = [a, H] as follows,

dq = (=i — )y — 2ixPatay 4+ ee™, (4.10)
by = (=i — Y2)az — ixPat = ifpye, (4.11)
Poe = (—iWeg — Veg)Pge + (if "2 — £ ) (pee — pyg)s (4.12)
Pee = —YeePee + (1f 0 + €5 ) pge 4+ (=i f*az + epe ™)l (4.13)

in which the decay rates for plasmonic oscillations are described as vy, v, and the
damping rates for the quantum states are Ve, Ve, = Vee/2. The energy conservation
yields to the constraint on the emitter modes as p.. + p,g = 1. The population

inversion for the QE is defined as y = pee — pyq-

In the long term limit, the plasmon modes and the quantum density matrix elements
oscillate with the following frequencies; oy (t) = dre™ ™", as(t) = dae !, pao(t) =
Pee€ ", peo(t) = pee. Using the solutions in Eqs. (4.10)-(4.13), the exponential
terms are cancelled in each equation as a result of energy conservation. The steady-

state equations can be written as,

[i(Qh — w) + mlan = —2ixPajas + &, (4.14)
[1(Q — 2w) + Yo)dy = —ixP a2 — i f Py, (4.15)
[i(weg — 2w) + YeglPge = (if O — €p)(Pee — Peg) (4.16)
YeePee = (1f G5 + €5) P + (—if G2 + £p) Pe- (4.17)

Solving Eqs. (4.14)-(4.16)) yields to an expression that provides information about the

behaviour of the system in the long term limit,

B _ZX(2) 9

Qg = @
: 112y 1
[1(2 — 2w) + %] — oo

ifyep
[i(w2 — 2w) + Vo] [i(weg — 2w) + Yeg] — |f2ly

The effects of path interference can be observed in Eq. (4.18). The nonlinear re-

+

(4.18)

sponse of the system can be modified as a result of the QE coupling, represented by

f. Furthermore, the effect of the pump strength €, that drives the QE can be observed.

The steady-state expressions for the plasmon and emitter modes are studied through

the time evolution of Eqs. (4.10)-(#.13). It should be noted that no assumptions are
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made during the numerical evaluations, the exact solutions are obtained for the an-
alytical results. Eq. (4.18) is presented in order to provide an understanding on the
enhancement and suppression phenomenon that occurs as a result of Fano coupling
between MNS-QE [101]. Also, in this treatment the retardation effects are neglected
and MNPs are considered as point objects with no spatial extent. It has been demon-
strated that the simple treatment that is presented here, performs predictions of plas-
monic behaviour well enough compared to the results of the three-dimensional simu-

lations which utilizes the retardation effects [58},/60,/112,/113]].

4.3 Nonclassicality Measure and Quantifying the Entanglement

A Gaussian state is a state which exhibit a form of Gaussian Wigner distribution.
Complete information of a Gaussian state is harboured by the covariance (correlation)
matrix which depends on the first and second statistical moments of the quadrature
operators [|114]]. Without affecting the entanglement characteristics of the system, the
first order variances can be set to zero [115]. Consequently, the covariance matrix for

a Gaussian state can be written as,

~

1/~ N
Vy=5 (WY + Y,

<

)~ (5)(5),

with implying the quadrature vector of the two-mode system as Y = (%1, P1, To, Pa.
.I.

i_

Here, the quadrature operators are defined as #; = (a! 4+ a;)/v/2 and p; = i(a

@)/ V2.

Since it is obtained by noise variance and noise correlation measurements, the covari-
ance matrix have entities which are real numbers. When multiplied with the frequency
of the corresponding mode, hw, the matrix elements gives the contribution term of the

second moments to the free Hamiltonian of the system [114].

Considering a two-mode system, the covariance matrix becomes,

A C
V= . (4.20)
cT B
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The 2 x 2 matrices A, B and C are given as,

i @ewr eensaz-@e)]
(1D + Prd) /2 = (3) (Pr) (B3 — (p1)* |

po| @ GmesmpGaw)|
| (T2 + Pada) /2 — (Z2) (P2) (3) — (P2) |

_ (T122 + o) /2 — (1) (B2)  (T1P2 + Padn) /2 — (Z1) (D2) (4.23)
(D122 + Top1) /2 — (T2) (P1) (P12 + D2b1) /2 — (1) <]52>_

Here, C gives the correlation noise. In terms of A, B and C matrices, the local invari-
ants of the system are det(A), det(B) and det(C'). Using the invariant quantity (V") =
det(A) + det(B) - 2det(C"), the symplectic eigenvalues are found as,

1

V2

1/2

(a(V) + { [o(V)]? — adet(V)}"/ 2) (4.24)

V4 =

4.3.1 Logarithmic Negativity

The separability condition for a partial transpose state implies that either one of the
symplectic eigenvalues should be greater than 1/2. Therefore, the presence of en-
tanglement between the two-mode states is denoted by the condition 2v_ < 1 since
v_ < v;. Therefore, 2v_ becomes an entanglement standard which gets smaller as

the entanglement strength increases. For Gaussian states, the logarithmic negativity

(log-neg),

En = max(0, —log(2v_)), (4.25)

is presented as an entanglement measure. As the symplectic eigenvalue gets smaller,
E'x increases and eventually gives zero when 2v_ > 1. This would imply that the
entanglement is not present in the system at all. The maximum value of the entangle-

ment at the output is calculated by maximizing the logarithmic negativity value.

Maximizing the logarithmic negativity Ex(t, ¢) with respect to the beam splitter pa-
rameters, ¢ and ¢, points out to the maximum value of entanglement present in the
system [116]. The maximum value of Ey (¢, ¢) defines the entanglement measure as

Nsune [24].
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4.3.2 Simon-Peres-Horodecki Criterion

Additional to the logarithmic negativity, there are other criteria to witness the entan-

glement for Gaussian states. Denoted by the expression,

2
Nvimon = det(A)det(B) + G _ |det((])|>
—tr (AJCJBJC" )

— i (det(A) + det(B)) < 0, (4.26)

the criterion derived in Ref. [100]], the Simon-Peres-Horodecki (SPH) criterion is an
entanglement witness not also for Gaussian states, but for non-Gaussian states too.

Here, the J matrix is

0 1
J= . (4.27)
-1 0

The maximum value of —Ag;mon 18 referred as nsyne, provides significant information
about whether the entanglement is present in the two-mode state or not, indicating the
nonclassicality of the input state [25,100]. Unlike the logarithmic negativity SPH cri-
terion is not presented as a measure that can quantify the entanglement. However, it is
still a strong expression as it is formed in terms of the local invariants. In other words,
Asimon 18 invariant under local rotations G, 2(¢;2) = 6’4’172&1,2. The significance of the
SPH criterion lies in the fact that it can be utilized to witness the entanglement of

quantum states other than Gaussian states [24]].

4.4 Beam Splitter Transformations

A beam splitter, one of the devices that can act as an entangler, can be used to de-
termine the nonclassicality of the input single-mode field once the quantity of entan-
glement strength at the output is validated. Mixing of a single mode field a with a
coherent state such as the vacuum, results into two output modes, a; and as, at the
output of a beam splitter. In other means, quantifying the entanglement at the output
by using the measure Ngyne, enables the determination of single mode nonclassical-

ity (SMNc) amount of the input Gaussian state. Furthermore, Agio, can be used as
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a single-mode nonclassicality witness, by determining whether the two-mode states
at the output are entangled or not. In order to analyze the entanglement properties of

the system, the beam splitter transformations can be utilized [25].

To determine the nonclassicality of a single-mode input state, the following procedure

is followed:

(1) By using the beam splitter transformations, the variance terms of the two output
modes, such as (a$,) and (@,a) can be evaluated in terms of (a*) and (a'a). Hence,
both the nonclassicality measure Ngyn. and the nonclassicality condition Agjon can

be obtained in terms of the single-mode variances (a) and <&Td> [24].

(i1) The elements of the covariance matrix can be obtained in terms of (a?), <&Td> and

the beam splitter parameters, ¢, r and ¢.

(iii) The nonclassicality measure Nsyne can be obtained by maximizing Ey(t, @)
with respect to £ =[0,1] and ¢ = [0,27] where 7*+t% = 1. Similarly, the nonclassicality

witness 7jsyne can be attained by chasing the smallest value of Agjmon (£, @).

When the single-mode state |¢),) = > ¢,|n) mixes with the vacuum |0) at the input
n=0

of a beam splitter, the initial state is denoted as |1,)1 ®|0)2. After the transformation,
two-mode output states |115) are produced at the output of a beam splitter, shown in

Fig. [25.[26]]. The beam splitter operator with the expression
B(£) = st aias (4.28)
generates transformed states as follows,

a1(€) = BY&)a,B(€) = te®ay + ras, (4.29)
as(€) = BT (©)auB(&) = —ray + te ?as. (4.30)

Here, a, and a, are the annihilation operators for the first and second output states.

The two output modes can be written as |¢12) = f <p1d§ + ,ugd£> |0)1 ® |0)5 where

f(a')y = > d,(a")" is the expansion of the input mode as
n=0

[Ya) = (i dn<d*>2> 10)a- (4.31)
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output state [P412)

input state [y,) output state [1p5)

—

input state |0)

Figure 4.1: The schematic representation of the beam splitter operation. The input
states are |t),) and vacuum |0), composing the initial state as |¢,); ® |0)2. The two-

mode output state after the transformation is |¢12) = f (ulcﬂ + ugcﬂ) |0)1 ® [0)s.

In order to obtain the elements of the covariance matrix, one should obtain the expec-
tation values in the entities of Eqs. (4.21)) - (4.23)). Since the quadrature operators are
defined as #; = (a! + a;)/v/2 and p; = i(a] — a;)/+/2, all the entities in Eqs. (4.21)-
depend on the expectation values of two-mode output states, characterized by
the annihilation (creation) operators a, (d]{) and as (d;). Applying the beam splitting
operations allows to obtain the two-mode variances in terms of the single-mode input

quantities.

By utilizing the beam splitter operations, the two-mode variances can be evaluated

such as (a?,) and (@,as) in terms of (a*) and (a'a).

For instance, expectation value of (a1a9) can be obtained by applying beam splitter

transformations to the initial state. In the Heisenberg picture, it can be written as

(@nda) = > (0] @1 (Gl (BI©@132BE)) )y @10}, (432)
Applying beam splitter operation in Eq. (4.28]), the expectation value becomes,

(a1G2) = 2 (0] ® 1 (o] (te"®ar + rag) (—ray +te %as) [), ®10),.  (4.33)
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In Eq. (4.33)), all the terms vanish except the one including a3 which eventually be-
comes 1 (¢q| a3 [1ha), = (¥a]a®|1e) = (a?). Then the expectation value is written

as,

(@ras) = —tre' (a*). (4.34)

As an example, the A(1, 1) entry of the Eq. (4.21)) can be written as (#2) — (&)* =
: [<d12> + (6@] -1 |:<CALJ{>2 - (d1>2] By performing similar calculations, the co-

variance matrix elements, A, B and C' matrices, are obtained in terms of the input

nonclassical state, a, as

Ao t?[cos(0 + 20) v, + na) + 3 t2vgsin(0 + 20)  @35)
Pusin@+26)  Pl-cos(f+20)u, + 1] + 1

B r?(cosOv, + ng) + % r?v,sind 436
rv,sind r3(—cos0v, + na) + 3

O —[cos(0 + @)v, + cospn,] [—sin(0 + ¢)v, + singn,] ' 437)

—[sin(0 + @)v, + singn,]  [cos(0 + ¢)v, — cosdn,]

Here, <&Td> = n, and (&2> = v,e" where v, is a real and positive parameter.

The beam splitter operation which is denoted in Eq. (4.28) is a linear transformation
which produces null expectation values for the quadrature operators, (z;) = (p;) =0,
or (a;) =0 in general. Hence, the noise features deal with the entanglement properties
in a system, are not affected by this linear transformations, where a = (a) + da. In

other means, n, and v, parameters become,
vee” = (a*) = ((0a)%), (4.38)
n, = (a'a) = ((6a)'(6a)) . (4.39)
Here 0a = a— (a) is the operator of the input nonclassical state with a zero expectation

itself, i.e., (da) = 0 [117].

Similarly, the variances of the two-mode output states, a; — da; = (a;), are set to zero
by the linear transformation, (G;) = 0. The noise features are not changed with this

transformation and hence, the nonclassicality measure is unaffected.

With this treatment, the nonclassicality measure Nsyn. and the nonclassicality con-

dition nsyne can be written with respect to the variances of single-mode state. By
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acknowledging (a?) and (a'a), the nonclassicality of a single-mode state can be cal-

culated and the entanglement features at the beam splitter output can be quantified.

4.5 Nonclassicality Analysis of a Plasmonic Second Harmonic Conversion

The coupled system of a doubly resonant MNS with a QE, described in Section §.2]
can be examined through its ability to produce nonclassical second harmonic re-
sponse. The formulation presented in Section 4.3 can be applied to the MNS-QE
system to witness and quantify the possible entanglement of the second harmonic

output.

4.5.1 Plasmonic Mode Fluctuations in the Steady-State Limit

The input (output) field a; (as), that is the lower (higher) energy mode of the MNS,
has the steady-state forms as a; s — a3 + da; and as s — o + dag. Therefore, in the

steady-state limit the fluctuations in the plasmon modes can be introduced as

Say = —[10ay — 2ix? 0416(12 —2ix® a25a1 + G101 (t) (4.40)
dal = —proal + 2ixP agdal + 2ix@*agdar + gral m(t) (4.41)
Sty = — o8y — ixt 5a1 —2ixPayday + G202, (1) (4.42)

dak = —poad + ix®@*sal® + 2ixPrarsal + gral () (4.43)

The fluctuations in the annihilation and creation operators of the plasmon modes can
be used to determine the quadrature phase operators as dz; = 1/v/2(8a} + da;) and
= i/V2 (5&! — da;). The noise properties of the system are analyzed through the

Langevin equations for the quantum fluctuations,

5531 = —B1rOZ1 + S110D1 + purOD2 — (11022 — porOP1 + pordT1 + ngl,in(t)
(4.44)

0py = —Brrdp1 — Pudiy — purdEs — p110Ps — fiarddy — pardpr + g1 Prin(t)

(4.45)
55;52 = —Bor0T2 + B210D2 + prOP1 + p110T1 + 92X2,in(t) (4.46)
(5152 = —Bor0p2 — Bo10Z2 — pirOT1 + f1110P1 + g2p2,in<t>- (4.47)
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Here, the second-order noise terms such as da;day are ignored as they are negli-
gibly small compared to the other quantities. The parameters are defined as 3; =
[i(Q —w) + 7] and By = [i(22 — 2w) + 72| with real (Bir, for) and imaginary
(P11, Por) parts. pq and o are written in terms of plasmon fields and second order

susceptibility as 1 = 2xPa; and 1 = 2YP .

Furthermore, the noise fluctuations form a 4 x4 matrix denoted as,

—Bir + por Bu— fer  —Mar MR
—Bi1 — por  —Bir — Mot —MMR  —Har

A= (4.48)
M1 HiR —for B
—HIR Har —Par —52R_
The A matrix satisfy the Langevin equation,
u=Au+u,, (4.49)
where the eigenvectors %(0) and . (0) are
_5@_ _915f1,in_
op op in
w(0) = |, w0y = [T (4.50)
029 925502,111
0Pz | _925152,in_

The coupling strength of plasmon modes to the vacuum are denoted as g; which satis-
fies the relation with the damping rates of the oscillations, v;7D(w;)g?. Here, D(w;)

are the density of states at the corresponding frequencies w;.

A close examination of Eq. (4.48)) reveals that A matrix can be evaluated numerically,
since (3, and 3 are complex numbers that can exactly be evaluated and the values of
plasmon modes «; and s are used in their steady-state form. Hence, there is no time

dependence of the matrix A.

The input vacuum noise which linearizes the noise operators are written as ¢;0a; i, (t) =

—i S e~ikth, (0) where by,(0) denote the vacuum operators. Therefore, the general
k

solution for () is,

~in

t ,
a(t) = eAta(0) + / dat Ao (t— 1), @4.51)
0
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where the exponential term eét is defined as another matrix labeled as M (t).

By using the properties of matrices in linear algebra, the Langevin equation in Eq. (#.49)
can be interpreted in a more simple and analyzable form. In order to achieve this, the
following theorem is used; A matrix .S is diagonalizable if there exists an invertible
matrix P and a diagonal matrix D, that satisfies the relation P~*SP = D. The expo-
nential form of a diagonal matrix is obtained by taking the exponential value of all the
matrix elements. So, considering the matrix S that obeys the relation S = PDP~!

where D is diagonal, the exponential of S can be found as ¢S = pePp1,

Therefore if the A matrix in Eq. (4.48) can be written as A = P‘1QP, then eét =

Pth Q, where P! = Q. So, A is said to be a diagonal matrix with the following

exponential operation,

)\1 6/\1t
D= I & . 4.52)
)\4 €>\4t
(4.53)
As aresult, M () can be expressed as,
-P11 Py Pi3 P14- -Qn@)‘lt Qu2eMt QrzeM! Q14€’\1t-
Ay Py Poy Pys Poy Q2™ Qe Qe Qouet?!t
M(t) =e~ = X
Py Py Psg Py Q1™ Q3™ Q3™ QzueM!
| P P Piz P |QueMt Quet Quze™ Quue |
(4.54)

With this general expression, the elements of A/(t) can be written explicitly. For

example, the first element of the matrix becomes
My (t) = PuQue™ + PiaQuie’® + Pi3Qse™ + PuyQue™”. (4.55)

To generalize, the )/ (t) matrix elements become

4
My () =Y P Qrne™". (4.56)
k=1

For instance, if one sets the parameter m=1 and vary n from 1 to 4, the first row of
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Eq. (4.54) can be obtained as,

4 4

My(t) =) " PuQue™! (4.57)

=1 =1

Furthermore, the eigenvector expression %(t) in Eq. (4.51) becomes

>

(0= Va0 + [ M), (- ), 458)

where in the steady-state limit ¢ — oo, %(0) ~ 0. Then Eq. (4.58)) can be written as

t
() = / at M(#)a, (¢ — 1), 4.59)
0

4.5.2 Expectation Values of Input Plasmonic Mode Fluctuations

The noise operators of the plasmonic modes a; and a» in the form of Eq. (4.48)
satisfies the Langevin equation in Eq. (4.49). In the steady-state limit, the solution
for the eigenvectors in the form of Eq. (4.59) can be used to calculate the expectation

values of the input plasmonic mode, (542) and (5a!da, ).
(6a?) Calculations

In the form of quadrature operation fluctuations, (§a?) is expressed as,

(sa(tysin(t)) = 5 [(s24(0381(¢)) - (3510501 ())
+i <5a:~1(t)5;51(t’)> ti <5ﬁ1(t)5gz~1(t’)>] . (4.60)

Since §;(t) and 0p;(t) are the elements of u(t) in Eq. (4.50), they can be written by
using the solution in the form of Eq. (4.59) as

81 (t) :/ dt ZMU it (t—t) (4.61)
Spi(t) / dtZM2l Vit (= 1) (4.62)

Therefore Eq. (4.60) can be calculated bu utilizing Eqs. (4.6I) and (4.62). As an
example, the calculation of the first term in Eq. (4.60) will be shown in detail. After
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performing the transformation t” =t — ¢  into Eqs. (4.61) and (4.62)), one gets

o) = 3 / s / A5 M, (E = )M, (= )iy, ()i, ().

l1,lo=1

(4.63)

The expectation value (&, , (s)&,, . (s')) can be defined in the form Y, ;,6(s — '),

shaping Eq. (4.63) into a simpler form as,

4 t
<6i?1 (t)éfi'l({)) = E Tlllz / dsjzwlll (t - S)MUQ (t/ B 3)‘ (464)
0

I1,la=1
Eq. (#.64) is the simplest form of the first term of Eq. (4.60). The same treatment can
be applied to the rest of the terms. Additionally, Eq. (4.57) is inserted to obtain the

following expression for the expectation value (5a?),

<5d1( (5@1 Z TZJ Z/ ds e Oz ) (=) [PlllQl1zP1l2Ql2J

1,02

- PQllQlliPQZQQZQj + iPlllQlliPlengj + 7:-F)Qh Qlliplnglgj] .
(4.65)

The integral term f(f ds ePutr2)(t=9) can easily be computed to obtain the result
1/(A\;, + Ai,). Finally, Eq. (4.63) takes the form

(day (t)o Z ij Z pw— PlllQllipllelgj

1,J
— Poy, Q1 Pat, Quyj + 1 P1yy Q1,3 Poty Quyj 4 i Poy, Qi P, Qo) -
(4.66)

In Eq. (4.66), the matrix elements P, and ), can be evaluated numerically. There-
fore, in order to obtain the numerical value for the expectation value of the initial

plasmon mode fluctuations, Y;; = (Ui, i(t) i, (t")) should also be evaluated.
T,; Calculations

The first element of T';; matrix can be written as follows,

’ /

Y11 = (lin1 (8)bina (1)) = 67 (Tina (D) Fina (t))
= (@ 1u(8) + 10 (1) @] 1 () + 10 (¢))) (4.67)
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Considering the explicit form, only the term (&Ln(t)&l,m(t'» becomes nonzero.

Written in terms of the density of states D(wy), 11 has the shape
Ty = ¢?7D(wg)d(t —t) (4.68)

where g?7D(wy,) is defined as T'y.. The parameter I';, corresponds to the damping rate
of the plasmon mode coupled with vacuum and can be approximated around 10° Hz.
The rest of the elements of T,;; are calculated in a similar manner. Finally, T;; is

written in terms of a 4 x4 matrix as

9 g 0 0

i @ 00 ,

T,=| 9 7D (wn)8(t — ). (4.69)
J 2 2

0 0 92 193

0 0 —igs g5

Utilizing Eq. (4.66) with the matrix in Eq. (4.69), allows one to calculate numerically

the value of expectation value of (da, (t)da (t')).
(6a!66,) Calculations

Similar to the above treatment, the expectation value <5dj{ day) can also be evaluated.

<5a1(t)5a1<t’)> - % [<5£1(t)5f1(t/)> + <6ﬁ1(t)5ﬁ1(t')>
n @'<5:fc1(t)5151(t')> — <5}51(t)5§71(t/)>} . (470

All of the 4 terms in the Eq. are the same with Eq. (4.60) except their coeffi-
cients. Hence, the quick examination of Eq. (4.70) yields into the result,

4 4
R o 1 1
(0a1(t)0a(t)) = 5 E'j Ty ;l:m [Pr, Quyi P, Qi
2, 1,02

+ 1Py, Quyi Poi, Quoy — 1Pt Quyi Priy Quaj + Pty Quyi Pot, Quoj) -
“71)

4.6 Results

The expressions in Eqgs. (4.66) and are calculated in order to examine the en-
tanglement features of the system described in Section 4.2l The main aim is to un-

derstand whether the Fano mechanism can be controlled by driving the QE with a

63



pump source. In order to realize if this is possible, the nonclassicality of the plas-
mon oscillation modes are examined. If the nonclassicality of the plasmon modes
increases as the second harmonic signal is enhanced, then it can be concluded that
the presented enhancement occur as a result of the path interference. In other words,
the direct pumping of the QE with the source can not produce entangled states. The
nonclassicality of the plasmonic mode can only be increased if the response is altered

by the nonlinear Fano mechanism.

Applying a pump source on the QE alters the path interference effects. By using
the beam splitter transformation approach, the plasmonic system can be examined in
terms of its entanglement features. The nonclassicality measure Mgy, is denoted as
the maximum value of logarithmic negativity Fy(t, ¢). Furthermore, the nonclassi-
cality criterion nsyne provides a further witness whether the entanglement is present

in the system or not.

By applying the pump source to the QE, the response of the SH generated mode can
be tuned. In Fig. (#.2) (a), the enhancement factor in the second harmonic converted
plasmon mode is presented with respect to the QE level spacing values. The enhance-
ment factor is calculated with and without the presence of QE interaction according
to

|oa(f #0)I
oo (f = 0))

Along with the enhancement factor, nonclassicality measure Nsyn. and nonclassi-

EF = 4.72)

cality witness nsyne are shown. All the given parameters are expressed in proportion
with the incident pump field, w. The lower energy mode of the MNP, Q25 = 1.9w
is slightly off-resonant with the second converted frequency. The pumping strength
of the source that drives the a-mode is denoted by £, = 102w, and the second or-
der susceptibility is x? = 1073w. The interaction strength between the MNS-QE
is taken as f = 0.1w. For the source that drives the QE, the strength value is taken
as ¢, = 0.0lw. If the wavelength of the incident field is taken around ~550 nm
in the visible optical region, £, = 10™?w can be approximated around 2meV, while
ep = 107°w would be around 0.002meV. The second harmonic signal is enhanced
around 1500 factors when the QE level spacing is resonant with the higher energy

plasmon mode €25. As the SH converted photons reaches to the maximum entangle-
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Figure 4.2: (a) The enhancement factor of the SH converted photons with respect
to the different level spacing values of the QE. Corresponding (b) nonclassicality
measure Ngyne and (¢) nonclassicality witness nsyne are presented. Here, all the
parameters are given in proportion with the incident light that stimulates a-mode of
the plasmonic structure with the frequency w. The MNS supports the SH mode at
0, = 1.9w and the second order susceptibility is taken as x? = 10~3w. The interac-
tion strength between the MNS-QE is taken as f = 0.1w. The strength of the source
that drives the a-mode is £, = 10~2w. The pumping strength for the source that drives
the QE is also determined as £, = 10~ 2w. It can be observed that at the region where
SH converted photons reach their maximum enhancement around €2, = 1.9w, both
of the nonclassicality measure and witness reveal the same form of increment. This
indicates that the presented enhancement around 10? factors occurs as a result of the

nonlinear path interference phenomenon.
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ment point, it can be observed from Fig. (4.2) (b) - (c) that both the nonclassicality
measure Nsyne and the nonclassicality witness 7syne also reaches their maximum
value. They possess the same form as the enhancement factor. The simultaneous
enhancement of o, photons with the nonclassicality measure Ngyn. implies that the
presented enhancement factor is a result of the nonlinear path interference effects.
In other words, the nonlinear process that occurs in the coupled system increases the
nonclassicality while providing energy from outside of the system cannot have this ef-
fect on its own. In Fig. (4.2)) (c) the nonclassicality witness ngnn. is presented whose

positive value indicates the presence of entanglement between two-mode states.

Besides the 3 orders of magnitude enhancement in the SH signal when the QE pump
strength is £, = 10~ 2w, the same effect also take place when the pumping source is
reduced to £, = 10~°w. Even with very small driving voltage for QE, the nonlinear

process can be increased around ~100 factors.

One might raise the question that how the interaction strength between MNS-QE
affects the tuning of Fano resonance in the system. In Figs. (4.4) and (.5), the in-
teraction strength is decreased to f = 0.05w. The QE pump source have a strength
of &, = 10~2w in Fig. and &, = 10 %w in Fig. (4.5). All the other parameters
are kept the same to that of previous figures. The enhancement of SH response and
the corresponding increase in the nonclassicality measure is still present, although the
maximum enhancement values are decreased as a result of decreasing the interaction

strength.

It is important to note that even when the interaction amount and the QE pump
strength is reduced orders of magnitude, the enhancement of the nonlinear process
is still present in the system. It can be observed that the QE level spacing values that
generate SH enhancement is in the range of w, = 1.8 - 2.0 w. In experimental means,
it is not possible to implement quantum emitter structures with exact level spacing
values to predetermined positions with respect to the MNS by sustaining certain in-
teraction amounts. Figs. {.2)) - (4.5) represents that with having a bunch of molecules
which have alternating level spacing values, even the molecules that interact less with

the plasmonic structure can contribute to the overall nonlinear enhancement.

Furthermore, the effect of QE pump strength can be observed in Figs. (.6)) and (4.7).
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Figure 4.3: (a) The amount of enhancement in the SH converted plasmon mode is
presented. The pumping strength of the QE is decreased 3 orders of magnitude com-
pared to Fig. , becoming £, = 10~°w. The other parameters are kept the same
as; Oy = 1.9w, x® = 1073w, e, = 1072w and f = 0.05w. (b) The nonclassicality
measure Nsyne and (¢) nonclassicality witness ngyne increase in the same trend with
the SH converted plasmon mode, implying that the enhancement phenomenon ac-
commodate nonlinear effects. With decreasing the QE pump strength, the maximum

enhancement factor decreased to ~ 102.
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Figure 4.4: (a) The SH enhancement factor is presented along with the (b) nonclas-
sicality measure NMgyne and (c) SPH nonclassicality witness nsyne. The interac-
tion strength between MNS-QE, f = 0.05w is reduced to half compared to that of
Figs. (4.2) and (4.3). All other parameters are unchanged as follows; {2, = 1.9w,
x® = 1073w and ¢, = 10 %w. Similar to previous figures, (b) the nonclassical-
ity measure Ngyne and (¢) nonclassicality witness nsye also increase with increas-
ing SH response. This implies the presence of path interference effects in the en-
hancement process. Comparing to the case where the interaction strength is higher
as [ = 0.lw, the maximum enhancement value is decreased an order of magnitude

when the interaction is reduced.
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Figure 4.5: (a) The results of enhancement in the SH signal where the QE pump
strength is ¢, = 10~%w and the interaction strength is f = 0.05w. (b), (c) The
nonclassicality measurement and witness denote that path interference effects take
place. Since both the interaction strength and the QE pump strength is taken relatively
very small, the maximum enhancement factor is around 25, however this implies
that even when the interaction is very small, the SH signal can be altered due to the

presence of Fano resonance.

69



1000

500

Enhancement
Factor

-

0
0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01

x1074

01w

Ngync

0 Il Il Il Il
0 0.002 0.004 0.006 0.008 0.01

x107®

NsMNc

0
0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01
sp/oo

Figure 4.6: (a) The SH converted field enhancement with respect to the QE pump
strength value. As the pump strength is increased, the enhancement factor also in-
creases. The parameters are taken the same as Figs. (4.2) and (.3). (b)-(c) The
corresponding nonclassicality measure and witness indicate the presence of nonlin-
ear processes. At the values greater than €, = 0.01w, the system do not reach a

steady-state.
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Figure 4.7: (a) The enhancement results with respect to the QE pump strength are pre-
sented with reduced interaction value of f = 0.05w. Since the MNS-QE interaction
is small compared to Fig. (4.6), the maximum enhancement factor is also reduced.
However, by observing nonclassicality measure and witness in (b) and (c), it can be
acknowledged that although it is mostly reduced, the SH response can still be manip-

ulated as a result of path interference.

When the interaction strength is f = 0.1w in Fig. (4.6), nonlinear enhancement is
increased 3 orders of magnitude with increasing pump strength. Even when the QE
molecules interact less with the plasmonic structure, the SH converted signal can
slightly be enhanced. These results imply that even when the interaction strength
between MNS-QE is small compared to the incident field strength, one can obtain
enhanced SH signal at least an order of magnitude with appropriate pumping of the
QE. The nonclassicality measure Ngyn. and nonclassicality witness ngyn. for both

results imply that path interference effects played a part in the enhancement process.
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In this chapter, the enhancement of SH converted nonlinear response of a coupled
MNS-QE system is demonstrated. The SH response of the system is examined through
a simple theoretical model, followed by the formulation of nonclassicality measure
and witness in terms of the input single-mode state variances. By utilizing these treat-
ments, the quantity of single-mode nonclassicality along with the photon density of
the SH converted plasmon mode is presented. When the QE is pumped with a voltage
source, the SH response alters. Since the amount of nonclassicality in the system is
observed to increase, it is important to acknowledge the source of this enhancement
process. The main aim is to understand whether the presented SH enhancement is re-
ally result form the path interference effects, or is it just the consequence of providing
energy to the system by the QE pump. In Figs. #.2) - it is demonstrated that
the generated enhancement occurs by means of nonlinear processes. In all of the fig-
ures, the (b) nonclassicality measure Nsyne and (¢) the nonclassicality witness 7gyiNe
are presented along with the SH conversion enhancement results. Since Ngyne is a
measure that quantifies the nonclassicality, it can be acknowledged that the nonclas-
sicality of the system increases simultaneously with the emerging nonlinear signal.
This implies that path interference effects play a role in the emergence of the SH

enhancement.
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CHAPTER 5

CONCLUSION AND REMARKS

The nonlinear responses of plasmonic metal nanostructures (MNS) are revealed as
the incident light is confined in nm-size dimensions through the MNS hot spots. This
confinement of light, combined with the path interference effects introduced by the
Fano mechanism, enables one to control and manipulate the nonlinear responses of
the system in many ways. Fano resonance occurs when a structure with a response in
the shape of a continuum (a gold nanoparticle, for instance) interacts with a discrete
state, such as a quantum emitter. The aim of this study is to analytically understand
the effect of path interference on nonlinear responses for coupled MNS-QE systems.
In Chapter 3] the surface enhanced Raman scattering (SERS) response of a MNS-
QE system is examined to introduce a new enhancement mechanism which does not
alter the hot spot fields. In Chapter |4, the nonclassicality of the emerged SH signal
of a coupled MNS-QE system is investigated. The beam splitter approach is utilized

in order to obtain a nonclassicality measure, Nsyn. and a nonclassicality witness,

T)SMNc-

Chapter 2] provided an introduction on the surface plasmon resonances and the non-
linear plasmonics. The specific types of nonlinear responses that are studied in this
thesis are surface enhanced Raman scattering (SERS) and second harmonic genera-
tion (SHG). Continuing with the introduction, Fano resonances are described both in

linear and nonlinear responses for plasmonic structures.

Chapter 3] introduced a new enhancement mechanism that occurs as a result of path
interference between a gold MNS and a QE. A double-resonance scheme is adopted
for the gold MNS where the QE is represented by a discrete state. The equations of

motion that describes the dynamics of the system is obtained. In the analytical ap-
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proach, the steady-state solutions are used to obtain the simple equation, Eq. (3.16),
that provides insight on how the path interference affects the enhancement and sup-
pression of the SERS signal. The enhancement factors that are presented in the results
are defined with respect to the different level spacing values of the QE, w,,. In other
words, the enhancement factor is the ratio of the Raman mode intensity with and
without the presence of the QE. Moreover, the results are further examined in detail
to demonstrate how the MNS-QE coupling strength f has an influence on the sys-
tem. Furthermore, the response of the system with respect to different parameters is
presented in order to gain further understanding. Also, the coupling of a long-live
dark plasmon mode instead of a discrete structure, such as the QE is presented. The

similar enhancement and suppression phenomenon is observed in that case.

Besides the analytical treatment, the 3D simulations of Maxwell equations are also
studied. The purpose of utilizing 3D simulations are to understand if the retardation
effects wash out the results of analytical treatment. The conclusions from Chapter 3]

can be listed as follows;

(i) According to analytical results, as the coupling strength of MNS-QE, f, increases,
the peak of the maximum enhancement shifts to the longer wavelengths of the QE
level spacing. It is of importance to stress that the presented increment in the SH
signal adds up to the enhancement that occurs because of localization in the MNS.
The localization of excited and Stokes-shifted plasmon hot spots can already provide
an enhancement around 10® factors. The extra enhancement around ~ 300 factors
that is presented in Fig.[3.3] is an additional element that multiplies with the localized
hot spot enhancement, making a total around 10'° factors. This type of enhancement
is beneficial for systems that operate in the breakdown limit or tunneling regime as

well as for the imaging of fragile molecules at strong electromagnetic fields.

(ii) By observing Eq. (3.16), it is acknowledged that the suppression of the SERS
signal is also possible when the QE is resonant with the Raman-shifted mode of the

plasmonic system. A suppression around 10~!Y factors can be possible.

(i11) The results of the 3D simulations agree well with the analytical results. As can be
seen in Fig.[3.8] when the retardation effects are taken into account, the enhancement

bands tend to narrow into very small wavelength shifts of QE level spacing. However,
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the aim of 3D simulations is not to reproduce exactly the same results with analytical
treatment. The purpose here is to see whether the path interference effects are washed
out by the impacts of retardation. It is observed that path interference effects are still
present in 3D simulations and an enhancement factor around 5000 can be achieved

with certain amount of coupling, f.

(iv) Furthermore, another significant result of the analytical treatment is that the phe-
nomenon of path interference is also present when the plasmonic system is coupled
to a longer-live object, such as a dark plasmonic mode. Analytically, an enhancement

factor around 200 is observed when the system is coupled to long lifetime object.

Proceeding ahead to Chapter {] the nonclassicality features of the SH response from
a coupled double-resonant MNS-QE system is studied. The aim here is to understand
the effect of path interference on the nonclassicality and entanglement properties that
is brought to the system by the presence of QE. The phenomenon of entanglement is
now at the heart of quantum mechanics and quantum information processing theory.
Linear transformations such as beam splitting operators, produce two-mode entangled

states at the output, provided that the input state is a nonclassical one.

One of the approaches brought up by Asboth et al., associates the degree of nonclas-
sicality of the input single state with its ability to produce two-mode entangled states
at the output of a beam splitter like operator. The nonclassical single state |¥y.;)
is defined in terms of the coherent states. An analytical approach similar to that is
presented in Chapter [3|is used for SHG in a double-resonance scheme. Furthermore,
the covariance matrix is defined for a Gaussian state in terms of 2 x2 matrices whose
elements can be calculated numerically. The nonclassicality of the SH converted
signal can be determined in terms of the variances in the single-mode input state.
By using the invariants derived from the covariance matrix, the symplectic eigenval-
ues are defined implying the condition that for a partially transpose state the sepa-
rability condition requires that either one of the symplectic eigenvalues are greater
than 1/2. Since v_ is always smaller than v, the entanglement measure becomes
Ey = max(0, —log(2v_)), referred as the logarithmic negativity. Nsyn. is defined
as the nonclassicality measure, arise when the logarithmic negativity reaches its max-

imum value. Besides the logarithmic value, another nonclassicality witness 1snne
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is utilized from the SPH criterion, Agimon. The significance of the nonclassicality

witness lies in the fact that it can also be used for non-Gaussian states too.

The purpose of utilizing the nonclassicality measure and witness is to acknowledge
whether the presented enhancement is really result form the path interference effects,
or is it just the consequence of providing energy to the system by the QE pump-
ing source. In Figs. (4.2) - (.7), it is demonstrated that as the emerging SH signal
enhances, the nonclassicality measure Ngyne shows the same trend of increase si-
multaneously. Since Nsyne iS @ measure to quantify the nonclassicality, it can be
said that the nonlinear signal have increasing nonclassical features in the regions of
enhancement. This implies that path interference effects play a role in the emergence
of the SH signal enhancement in the coupled MNS-QE system. In other words, the
nonlinear response of the system can be manipulated by driving the QE with a small

source, utilizing the Fano resonance mechanism.
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