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ABSTRACT

POISSON DISORDER PROBLEM WITH CONTROL
ON COSTLY OBSERVATIONS

Bharadwaj Kadiyala
M.S. in Industrial Engineering
Supervisor: Assoc. Prof. Dr. Savag Dayanik
July, 2012

A Poisson process X; changes its rate at an unknown and unobservable time 6
from A\g to A\;. Detecting the change time as quickly as possible in an optimal
way is described in literature as the Poisson disorder problem. We provide a more
realistic generalization of the disorder problem for Poisson process by introducing
fixed and continuous costs for being able to observe the arrival process. As a
result, in addition to finding the optimal alarm time, we also characterize an
optimal way of observing the arrival process. We illustrate the structure of the

solution spaces with the help of some numerical examples.

Keywords: Poisson disorder problem; stochastic control; piecewise deterministic

Markov processes.
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OZET

POISSON DISORDER PROBLEM WITH CONTROL
ON COSTLY OBSERVATIONS

Bharadwaj Kadiyala
Endiistri Miithendisligi, Yiiksek Lisans
Tez Yoneticisi: Assoc. Prof. Dr. Savag Dayanik
Temmuz, 2011

X, Poisson siireci bilinmeyen ve giizlemlenemeyen © aninda hizin1 \y’dan \;’e
degistirmektedir. Bu degisimi miimkiin olan en cabuk tespit etmek litera-
trde Poisson Diizensizlik Problemi olarak tanmimlanmaktadir. Bu ¢aligmada, hiz
degisiminin tespiti i¢in gegen siire sabit ve siirekli maliyetlerle iligkilendirilerek
Poisson Diizensizlik Problemi daha genig bir ¢ercevede ve daha gergekci bir bakig
agisiyla ele alinmistir. Sonug olarak, en iyi alarm zamaninin yanisira, degisimin
olus siirecini gézlemek icin en iyi yontem de ortaya konmustur. Coziim uzaylariin

yapisinin gosterimi icin sayisal érneklerden problemlerden faydalanilmigtir.

Anahtar sézciikler: Poisson Diuzensizlik Problemi.
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Glossary

Jo dynamic programming operator. 27, 28
Ty first arrival of the observed process. 16
U(m) minimum Bayes risk. 13

Uy, €— optimal control for the problem. 21

V' (-, -) value function of the problem. 21

Vi(+, +) successive approximations of V'(-, -) which are obtained by terminating

the original problem by the n'* non-terminating event. 20
X? observed arrival process. 16
() collection of all sample paths. 11
®; odds-ratio process. 2
II; posterior probability process. 2

a? (t) number of times we have turned on the observation control upto time t¢.

h 14
Ao rate of the underlying Poisson process before change occurs. 1
Ay rate of the underlying Poisson process after change occurs. 1
Py reference probability measure. 13

P probability measure in which our problem is defined in. 11
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Glossary xi
pn n'" non-terminating event. 18

o; switching off the observation control for the i** time. 5

7; switching on the observation control for the i** time. 5
7 Alarm time. 1

f unobserved and unknown change time. 1

a fixed cost to switch on the observation control. 5

b cost of continuous observation once the control is switched on. 5

¢ penalty cost per unit time. 1
R.(m) Bayes risk function. 1

non-terminating event either switching on/off the observation control or an

observed arrival. x, 18

PDMP piecewise deterministic Markov processes. 15



Chapter 1
Preliminaries

Definition 1.1.1 (Sigma-algebra). If Q) is a given set, then a o—algebra F on 2
1s a family F of subsets of Q with the following properties:

(i) 0 e F
(ii)) F € F= F°e€F, where F* = Q\ F is the complement of F in Q
(111) Ay, Ag, ... e F=>UR, = A, € F

Definition 1.1.2 (Probability measure). Let (2, F) be a measurable space. A
probability measure P on a measurable space (2, F) is a function P : F — [0, 1]
such that,

(i) P(0) =0, P(Q) = 1

(i) if Ay, Ao, ... € F and {A;};2, is disjoint then

(00) - S

Definition 1.1.3 (Random Variable). Let (Q2, F, P) be a probability space. A

random variable X is a measurable function from the sample space 2 to R;

X:Q—-R,

xii



CHAPTER 1. PRELIMINARIES xiii

that 1s, the inverse image of any Borel set is F— measurable:
XA ={w: X(w) € A}, forall Ac B(R).

Definition 1.1.4 (Stochastic process). A stochastic process is a parameterized

collection of random variables
{Xt}teT

defined on a probability space (2, F, P) and assuming values in R™.

Definition 1.1.5 (Filtration). A filtration on (2, F) is a family M = { M},
of o—algebras M; C F such that

0<s<t=M,cC M,

i.e. {M;} is increasing.

Definition 1.1.6 (Stopping time). Let (I, <) be an ordered index set, and let
(Q, F, Fi, P) be a filtered probability space, i.e., a probability space equipped with

a filtration. Then a random variable T : Q0 — I is called a stopping time if
{w: 7<t}e R

Definition 1.1.7 (Strong Markov property). Suppose that X = (X;: t > 0) is a
stochastic process on a probability space (Q, F,P) with natural filtration {F;}i>o-
Then X 1s said to have the strong Markov property if, for each stopping time T,
conditioned on the event {7 < 0o}, and for each bounded Borel function f : R™ —

R we have,

E[f(XT-i‘h)“FT] = ]E[f(Xh)’J(XT)]a

for all h > 0.



Chapter 2

Bayesian change-detection
problems for Poisson process—

Brief review

Change-detection problems involve detecting the point in time (denoted as ©),
when a stochastic process abruptly changes its probability law. Also known as
the disorder-problem, it has been studied under various assumptions made on
the change-point itself. In this paper, we stick to the Bayesian formulation of
the problem, which simply refers to the assumption made on the probability
law governing (generally taken to be exponential distribution) the change-point.
Historically speaking, such a framework was introduced by Shiryaev (1963), in
which detecting the onset of a drift in a Wiener process was the primary object

of study.

Later Galtchuk and Razovskii (1971) formulated a version of this problem for
the Poisson process, in which their goal was to detect the change-point when the
intensity of the Poisson process changes from a known value (\g) to another (\y,
known). For a particular detection scheme denoted as 7, their Bayes risk measure

was,

R (m)=P{r <0} +c-E[(r—6)], (2.1)
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which has two components, one denoting the frequency of false alarms and the

second denoting penalty ($ ¢ per unit time) for average delay in detection.

In their solution, they however make an assumption (A+c > A\; > \g) that the
various constants in the problem are supposed to satisfy. Davis (1976) improved
the solution by solving under a less stringent assumption (A4 ¢ > A; — \g > 0)

and also noticed a commonality in the different measures of the Bayes risk.

Ri(m)=P{r<b—e}+c-E[(r—0)t], R2(nr)=E[(0 —7)t] +c-E[(r—6)7]
(2.2)
In essense, he suggested, RL(7), R2(m) in (2.2), are special cases of a more general

problem,
RP(m) = a+ b/ (IT, — k)ds,
0

where II; := P {9 < t|ftX} is the posterior probability process a, b, k € R with
b > 0 and k € [0,1] is the only relevant constant to optimizing the Bayes risk.
Note also that R.(m) in (2.1) is a special case of R! with ¢ = 0.

Peskir and Shiryaev (2002) solved the problem by assuming linear penalty for
late detection, while Bayraktar and Dayanik (2006), solved the problem assuming

(a more general) exponential penalty as in (2.3).
R¥(m)=P{r <6} +c E [eaﬁ—@)* - 1} , (2.3)

Bayraktar et al. (2005) provided the solution of the problem in its full general-
ity where the authors showed both the linear and exponential penalty forms of
cost, Ri(w), i = 1,2, 3; can be expressed in a general form under a reference

probability measure, P as
R(m; &, k) = (1 — m)e ™ + (1 — m)Eo [ / e M@ — k)ds|
0

where the constants take appropriate values and a takes the same value as in
(2.3). Also, to be noted is the use of the odds-ratio process, ¢, := II, /(1 — II;)
instead of II,.
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One of the initial deviations from the traditional formulation of the problem
was studied by Bayraktar et al. (2006), in which the authors solve an adaptive
version of the problem in that, not just the change-point is random but also, the

intensity after the change-point is assumed random.

Using the theory of optimal stopping for piecewise-deterministic Markov pro-
cesses (Davis, 1993), Dayanik and Sezer (2006) solved the compound Poisson
disorder problem completely in a way which appears more straightforward, un-
like the methods used earlier in the literature. This method also forms the basis

of our solution technique.



Chapter 3
Introduction

In this study we re-visit the Poisson disorder problem with a different objective
in mind. Let us briefly state the classical case— suppose that the rate of a Poisson
process X; changes from one known value to another (known) value at a random

and unobservable time 6, which is nonnegative and has exponential distribution
P{0 =0} =, and P{>t}=(1—me™ t>0,7€[0,1), A>0.

The problem then is to detect the disorder time 6 as quickly as possible while

minimizing a suitable measure of expected cost,

V(p) = irTlf (IP’ {r<6}+c-E[(r-0)"] ) (3.1)

In the above optimal stopping problem (3.1), P{7r < 6} is understood as the
probability of a ‘false alarm’, E[(T — 6)"] as the average delay of detection and
¢ is the penalty cost per unit time for delayed detection. The alarm time 7 is a

stopping time of the history of the arrival process X;.

In the classical version of the problem, we have the cushion of continuous,
un-interrupted and zero-cost observation of the arrival process, which might be
a heavy assumption to make in certain situations. This leads us to the question

of what happens in the more realistic case of having to pay to observe the arrival
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process. This is the question we try to formulate and later, solve.

Formulation of the problem requires us to introduce an observation control.
This control enables the user to switch on and switch off the observation control
as and when s/he pleases. When the control is on, user observes the underlying

arrival process X?. We define the Bayes risk as,

Ri(r):=P{r <0} +c-E[r—0)"]+a-> P{rn<r}
- = (3.2)
+IJ-ZE[((77¢/\T—TZ-/\T)]

i=1

In the above risk measure (3.2), ‘a’ denotes the cost to turn the observation
control on, Y ° P{r; <7} denotes the expected number of times we turn the
control on, ‘b’ denotes the cost incurred per unit time of continuous observation
once the control is switched on and lastly, > .=, E[(o; AT —7; A T)] denotes the
total average length of time we observe the arrival process X?. The first two terms
have the same meaning as in (3.1). In this framework we attempt to minimize
R.(m) over the set of all controls and stopping times adapted to the history of
X? for an optimal control, in addition to the Bayes-optimal alarm time. Note,
the superscript of X? is to remind us what is otherwise stated implicitly in our

study— we control the history of observations.

The solution methodology we adopt in our study is similar to the one pre-
sented in Dayanik and Sezer (2006), in which the authors adapted a method of
Gugerli (1986) and Davis (1993, Chapter 5) to solve the compound Poisson dis-
order problem. As in Dayanik and Sezer, we study the sample path behavior of
the odds-ratio process ®!, which turns out to be the sufficient statistic in our
problem. The odds-ratio process also belongs to the family of piecewise deter-
ministic Markov processes (Davis, 1993, Chapter 2). Since only the jump times
are random, we are able to slice the time domain to capture these important

moments and, use the dynamic programming principle to solve the problem.

In Chapter 5, we define {7, 0;}’s as stopping times of the filtrations

{Gf’ =t Ff’j}t>0, 1 > 1, respectively, which are defined appropriately, and 7
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as a stopping time with respect to the filtration generated by the observing the
arrival process, X?. We reformulate our expected cost in to the standard form,
as in Davis (1976). In Chapter 6, we define the successive approximations of the
original control problem and show that these approximations converge uniformly
at an exponential rate to the original cost function. This section also states the
important Theorem 6.1.9, which forms the basis of the numerical scheme which
is presented later in Chapter 9. In Chapter 7, we simplify the operators defined
in Chapter 6 as deterministic optimization problems which are in turn used for
generating the numerical examples. In Chapter 8 we analyze the solution sets in
greater detail. The special form of the optimization problems in (7.7) and (7.13)
helps us reduce the dimensionality of the problems. We also show that the opti-
mal solutions of these optimization problems admit an alternate characterization
which in turn helps us give them a more familiar form in Section 9.1. In Section
8.3, we study the limiting behavior of the value function as a function of costs a
and b and show that the classical Poisson disorder problem falls out as a special

case when a, b \ 0 and illustrate this with numerical examples in Section 9.3.



Chapter 4

Understanding the solution

In this thesis we provide a solution to the problem of efficiently deciding when to
observe an arrival process in order to detect a change in its probability law. We
describe the solution in terms of the odds-ratio process which is simply the ratio
of the probability of change already having occured (given all the information
upto the current moment) to the probability that the change hasn’t occured until

now (given all the information upto the current moment).

A low value of the odds-ratio process is an indication that the change hasn’t
happened yet and in such a scenario it makes logical sense in not observing the
underlying arrival process. As one continues with the control switched off, we
build up uncertainty in the system and hence we expect the odds-ratio process
to increase monotonically which is infact the case. When this odds-ratio process
is beyond a certain value, it indicates to us that we are close to the change point
and then it would make sense to switch on the observation control. Once the
control is turned on, we observe— the only randomness in the system that is
the arrivals. Gathering this information one can then update their knowledge of
the probability of the change having happened or in otherwords the odds-ratio
process. If the odds ratio process falls below a threshold indicating to us that
there is a good chance the change hasn’t happened, we then turn off the control

again.
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In order to raise the alarm, we wait until the point when the odds-ratio pro-
cess is considerably high (although the exact value depends on the values of the
constants in the problem). This just indicates to us that we have strong evidence
supporting that the change has already happened and it is optimal to raise the

alarm.

This description of our solution in terms of the odds-ratio process is fairly
intuitive and also easy to implement. Figure 4.1 is a graphical represntation of

what we just described.

0.9 14.9
a=0

L
04 0.6 14.9

a=1

Figure 4.1: In this example A =1, \y =3, c=0.1, Ay = 2% \g, a =0, b = 0.01.

The figure below is a simulation of the problem and its solution. We generate
six different paths of the odds-ratio process to get an idea as to how the optimal
alarm time looks like. For a complete solution (for the constants used in this
example), refer to the state space partitions given in Figure 9.1(e)-(f). In the

Figures 4.2 and 4.3 we assume the change time, 6 = % =1.



CHAPTER 4. UNDERSTANDING THE SOLUTION 9

18 T
16 )\:1,)\0=3,A1=9,a:0.1,b=0.1,c:0.2. ]
14| . Alarm times 1 for a Alarm |
particular Reg | on
realization
12~ _

D Change time
€]

: \

Switch on
2k region

0.68 0931 1.3 1.59 1.94 2.57

Figure 4.2: Six different sample paths of the odds-ratio process, ® and the corre-
sponding optimal alarm times. In the above paths we start with 7 = 0 a.s. and never
switch off the control until we hit the alarm region threshold.
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10

Alarm Region

D Change time ©
Switch off region

Alarm raising
. times 1 for a
particular path

Switch on region

1.621.68

Figure 4.3: Three different sample paths of the odds-ratio process, ®° and the cor-
responding optimal alarm times and switching on/off regions. In the above paths we

start with 71 > 0 a.s. and optimal control is described in Figure 9.1 (a)-(b).




Chapter 5

Problem Description

Let (€2, F,P) be a probability space hosting:

e two independent Poisson processes (X?);>o and (X}')i>o with rates \g and
A1

e ar.v. § independent of X? and X! with distribution P{f =0} = 7 and
P{0 >t} = (1 — 7)e ™ for some constants 7 € [0,1), A > 0.

In order to define the process that is observed under a sampling policy
d = (7, 01,...), we first define the filtrations on which these stopping times
are defined. These filtrations are defined in a successive fashion capturing all the
information that is there in order to switch on/off the observation control or raise

the alarm.

(i) 71 be a stopping time of {F}},., where FP = {(,Q}, vVt > 0.

Define 70! = 7™ = o (X (s) = X(71)) * Liry,00(8), Liryo0)(8), 0 < s < t)

and let o; be a stopping time of the filtration {.7-}6’1} .
£>0

6,1 __ 1,01
Define Gi'' = F = 0 ((X(s) = X(11)) - Liron)(8)s Limo0) ()5 Lion00)(5),

0<s<t)

11
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(ii) Let 7 be a stopping time of { f’l} )
£>0
Define ‘/—_-;5,2 = ft(Tl,Ul,’Q) = U((X<5) - X(Tl)) : 1(7’1,01}(8)7 (X(S) - X<T2>> '
Liry00)(5)s Lir,00) () L(o1,00)(5), L(maso0)(8), 0 < 5 < t). Let o5 be a stopping

time of the filtration {-7'—1&
>0

Define g;” = E(TI’GI’TQ’UQ) = 0((X(S) = X(11)) - Lz 00 (8), (X(5) — X(72)) -

Liraoa) (8)s L(r1,00)(8)s L(01,00)(8) Lirai00)(8), Lo (), 0 < s < 2).

(iii) Let 7, be a stopping time of { &= 1} .
>0

Define """ = .E(Tl’ol"""’"’l’m) as done previously. Let o, be a stopping
time of {ff’"}

>0
Define g — (71 01, yTn,0n) — 0‘((X(S) _ X(Tl)) . 1(7_1701](8)7 cee
(X(S) - X(Tn)) : ]'(Truo'n}(S)? 1(T1,00)(5)7 T 1(Tn,00)<5)7 1(01,00)(S>>

* 1((,”,00)(8), 0 S S S t).

oo

Finally, let 7 be the stopping time of {.7-";5}»0 where .7-";5 = ﬂ (]—"f’k mgf”“)

k=1
where § = (1,01, T2, 09, -+ ).

The observed process under sampling policy ¢ is then given by,

(e 9]

X = (Xgne = Xpnt), 20, (5.1)

=1

where

t t
X, = / 1{539}(1)(2 —I—/ 1{s>9}dX51-
0 0

The objective is to detect the disorder time 6 as quickly as possible such that

the alarm time 7 and the observation control 6 minimize the Bayes risk which is



CHAPTER 5. PROBLEM DESCRIPTION 13

defined in (3.2) and is restated as,

Lircoy + (7 —0)" + Z alir<sy + Z blogANT—1iAT)|, (5.2)

i=1 i=1

R(n)=E

over the set of all start times, end times and alarm times of appropriate filtrations
and the minimum Bayes risk obtained for optimal alarm time and observation

control is defined as

Ulr):= inf R 5.3
(m) oot (), (5.3)

where M = {(7’, 8); 6 = (m,01,-+), n €GH L i>1 o, €F%, j>1,

Te Fé}v F9 = {F} Y20, G = {G}" im0 and F* = {F}}iz0.

Let us also define a reference probability measure P, on the measureable space

(Q, F) which supports the following independent stochastic elements:

(i) ar.v.f with distribution Py {6 = 0} =7 and Py {6 >t} = (1 —m)e ™, ¢t >0

and

(ii) a homogenous Poisson process X = {X(t); t > 0} with rate \o.

We enlarge the filtration generated by the observed process X? by including
the sigma-algebra generated by the random variable 6 as follows, H? = F? V o (6)
and we define F to be the sigma-algebra generated by U;> {Hf } Thus under
the probability measure Py, we not just have the information generated by the
process X?, we also have the knowledge of the random variable #. Defining
these stochastic elements to be independent under Py, proves to be useful for
the calculations done under the measure P,. We are now left with the task of
retrieving the probability measure P defined on (€2, F), that we started out with.
This we do by defining a stochastic process Z? which is adapted to the enhanced
filtration H¢ as follows,

)
Zi = Lpony + Loy~ 7o (5.4)
0
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where

L = exp {log (i-é) /Ot a®(s)dX, — (A — o) /Ot a‘s(s)ds} , (5.5)

@’(5) = Liroy(s).
=1

and

We then define the Radon-Nikodym process as follows,

dP

ar 8
Bl =2 (5.6)

M}

Since Py and P agree on H) = o(f), the random variable § has the same
probability law under both measures. Also given 6, the process X; is Poisson
with intensity A¢ on the event {t < 8} and is Poisson with intesntiy A; on the
event {t > #}. This verifies the probability laws that X; and § were assumed to

follow under the measure P.

The cost function defined in (5.2) could be rewritten in such a way that the
r.v. 6 could be eliminated from it (by conditioning on F° under the Py measure)

to obtain the following equivalent formulation

REr) = (1) 4 o1 - W)EO{ /T s {cpg + gaé(s) (1+9%) - ﬂ ds

, (5.7)

+ g/ e (1 + @g) dagn(s)}
0

Cc

where ®9, the odds-ratio process and observation on-times o, (t) are defined as

s PO <R}
COP{o>t|F}

@0t = D Lo 1) (5.9)

t>0 and (5.8)
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The details of the above formulation and the dynamics of ®¢ are provided in the

appendix. The minimum Bayes risk in (5.3) can be written as,

™

U(W)—(l—ﬂ)—i—c(l—w)‘/(a, ) T e0,1)

1—m

in terms of the value function

| e otad odas+ [ e n@ad,(9)]ad
0

Ve, ¢) := <T,(is§1efm Eq 0 o) = a,
Py = <b] |
(5.10)
where
ay=a = Lo,
gla, @) :¢~|—ga(1+¢)—%, ae{0,1}, o € Ry (5.11)
ho) = =(1+¢), ¢ €. (5.12)

The process driving the above value function is the odds-ratio process, ®?.
This process admits the stochastic differential equation given in (A.7), from which
equation it is also clear that ®J belongs to the class of piecewise deterministic
Markov processes (PDMP), first introduced in Davis (1993, Chapter 2). PDMP
is an important class of non-diffusion processes that have numerous applications
in real world and some of these are outlined in Davis. We adapt the theory that

is developed by Davis for optimal stopping problems involving PDMPs.

Our method of solving the original value function V(«, ¢) involves in slicing
the time domain in such a way that, the randomness only appears at the end
points of these sliced intervals. Between these end points our problem evovles
deterministically. This forms the basis of the dynamic programming approach

we adopt to solve our value function. The following operators acting on bounded
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functions w : {0,1} x Ry + R help us in formulating and studying the subprob-

lems.

t/\S/\Tl
(Jw)(t, s, 1, ¢) = IE[()I’¢) / e_)‘sg(ag, @g)ds + 1{s<tAT1}e_’\sw(O, @g)
0

Y

+ 1{T1<t/\s}€_>\T1w(]‘7 ¢%1)]
tAq
(Jw) (t, ¢, 0,6) = EO9 [ | e atat aas + 1gae (h(@i) L, @2))] |

(Jmw)(1, ¢) = inf (Jw)(t, s, 1, ¢), & m,t, s Ry,

t,s>m

(Jmw)(0, ¢) = inf (Jw)(t, ¢, 0, ¢), &, m, ¢, ¢ €Ry.

t,g>m

where 77, Ty, --- are the jump times of the process X?. Then owing to the
characterization of stopping times of a jump process (refer to §7) we can show

that,

(Jow) (1,¢) = inf ES?

TAo1 AT
( JEM / e_/\sg(ag’ @g)ds + 1{171<1'/\T1}€_/\(71 .
T,01 0

w(07 (I)gl) + 1{T1<01/\.,-}6_)\T1’LU(1, CD% )] )

(5.13)

(Jow) (0,¢) = inf E?

TATL
(rm)eM / 6_/\89(0[52’ <I>§)ds + 1{T1<T}€_)\T1 (h(¢)761>
T, T 0

(L0, ))]
(5.14)
where ]Eéa’ ?) is the expectation Eo under P, given that o) = a and & = ¢.

Put simply, if we knew the solution of a subproblem w, the operator J, maps

it to the optimal solution and control of a larger (in the sense of time domain)
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subproblem. By repeatedly applying the Jy operator, we hope to achieve the
solution of the original value function V'(-, -). This is precisely the goal of the

next section wherein we define these subproblems carefully.

Note. If b > X in (5.11), the optimal control has a deterministic structure. We
immediately turn off the observation control (if it is initially turned on), never
turn it on again and wait until the odds-ratio process hits the level % and raise

the alarm. That is (4, 7) is given by

o1=0,m=00and 7 =1inf{t >0 : y(t, o) > A\/c}, if =0,
7 =00 and 7 =inf {t > 0 : y(¢t, ¢) > \/c}, if m >0,

where y(t, ¢) is defined in (7.10).



Chapter 6
Successive approximations

Let us introduce the family of stochastic control problems

Vo(a,¢) := inf E™? l / o e g(al, d%)ds + / o e M h(®%)dal, (s)|
(1,0)e M 0 0

(6.1)
where g(-, -), h(+) are as defined in (5.11), (5.12) and p,, is the n'® non-terminating
event that is observed in a particular realization of the problem. We classify
events that occur in our problem based on whether they end the problem (the
only terminating event is the occurence of 7) or the non-terminating ones (which
include observing an arrival T}, turning on/off (7;/0;) the observation control).
The family of optimal stopping problems in (6.1) are obtained by automatically
stopping the odds-ratio process ® at the n'® non-terminating event at the latest.
’71 < Vi(a, ¢) <0, n > 0, and the sequence (V;,),>o is decreasing since the
random variable p,, increases a.s.. Therefore, lim,, . Vi, (a, ¢) = V (o, ¢) exists

everywhere. It is easy to see that V,, >V, n € N.

Let us define successively,

0, when n = 0,
Un(a/v QS) = y € {07 1}7 QZS > 0. (62)
(JOUn—l) (Oé, ¢)7 when n € N7

Proposition 6.1.8. Asn — oo, the sequence V,(«, ¢) converges to V(a, ¢). In

18
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Ti

n=>0
p € pr={o, T}
p2 € Bo = {01, 7. To}
n=1
p3 € By = {01v Ta, 09, T1, Ts}
pa € Ba= {01, 7o, 02, 73, To, Ty}
n=2
Ty
n=3
/U n=4

T T3 oy

Figure 6.1: Tree of non-terminating events when 71 = 0 a.s.

fact, forn>2[1], neN, a€{0,1}, ¢ € Ry, we have,

_—I(AOAL)”_M Via, )= Vala, 9) < (63)

C

Proof.

E{ [/0 e g(al, <I>§)ds+/0 e_“h(@i)d@gn(s)]

TNAPn TNPn
= E(()a’¢) [/ e”\sg(ag, CDg)ds —i—/ e’\sh(i)‘;)dagn(s)}
0

1{pn<00}1{pn<T}{/ e—/\sg(ag, (I)g)d3+/0 e)‘sh(q)g)dagn(s)}]
Pn

TNAPn TNAPn
= E((]a’¢) [/ e”\sg(ag, @g)ds —i—/ e’\sh(@g)dafm(s)}
0

0

[e=]

+E?

T

+E? {1{pn<oo}1{pn<r}

T

(ol <I>§>ds}

T

+Eg?

>~

1{pn<oo} 1{va<T}

e—ASh<@§>dagn<s>}]

TNAPn TNAPn
zEgW / e *g(a’ <I>5)ds—i—/ e_’\sh(CI)‘;)dagn(s)}

0

o

‘f‘E(()a’d)) {1{pn<00}1{pn<7'}/ e_/\sg(ozg, @g)ds}

Pn

> g7 [

o\

TNpn
e g(a’ (135)ds+/ e_’\sh((I)g)dagn(s)}
0
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« > _)\
+E(() ) {1{pn<oo}/ e (—) d8:|
Pn ¢
TNAPn TNAPn
= E((]a’¢) [/ e”\sg(ag, @g)ds —i—/ e”\sh(@g)dagn(s)
0 0

1. B
— EE(() ) [1{pn<oo}e )‘p"] (64)

We could note here that an optimal solution to the original problem (5.10) would
have an upper bound on the number of times we can turn the observation control
on (since U(m) < (1 —m) < 1). The cost to turn on the observation control is a,
hence on the event {p, < oo}, [1/a] is an upper bound on how many times we
could turn the control on. If n > 2[1/a], and we have already switched on the
control [1/a] times without observing an arrival, then any non-terminating event
beyond this point can only be caused by an arrival. The n* non-terminating event
would be T),_sf1/47, 1.e. (n —2[1/a])™ arrival of the observed Poisson process
X?. This corresponds to at least the (n—2 [1/a])"" arrival of the original Poisson
process Xy, i.e. T, of1/a] = Sn—21/a] Po—a.s., where S;’s denote arrival times of
the Poisson process X;. Since p, > Ty, _a[1/a] = pn = Sn—271/4]- We know that

under Py measure 5;’s have Erlang distribution with parameters ¢ and \g. Thus,

1
Lo(end) 1A Lo(e) [ -as “1( A )R
__E ’ Pn >__E ’ n—2[1/a] | — ___ .
¢ 0 [e ]_ ¢ Y [6 } c \ X+ A

Putting it back in (6.4) and then by taking infimum on the two sides gives us the
first inequality in (6.3). O

The goal hence is to be able to compute these successive control problems.
This is where we notice the immediate application of the operators earlier de-
fined. Starting with vy = 0 (represents in a sense the cost incurred if we are
allowed to wait only until the zero-th non-terminating event, py := 0 a.s.), defin-
ing vi(a, ¢) = (Jovo)(a, ¢), we compute the optimal cost if we were allowed to
wait only until the first non-terminating event in terms of vy using the dynamic
programming principle. If we continue applying this operator repeatedly, we hope

to end up with the optimal solution for V(- -).

It is natural to think of a connection between v,(+, -) and V,,(+, -) since both
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essentially represent the same problem of an optimal solution to V(-, -) (in the
case we are allowed to wait latest until the n'* non-terminating event). This is
precisely the purpose of the next important theorem which shows that indeed
these iterative value functions are equal. The theorem also outlines the solution

of the original problem.

Theorem 6.1.9. For every v, (-, -), n € N, the functions v, andV,, coincide. For

every € > 0, let
Ag, 0) = {(t, 5) € B : (Ju)(t, 5, @, 6) < (Jown)(, @)+, n € Ny,

(b S R+, R-ﬁ- = R+ U {+OO} and Ri = RJ’_ X R-ﬁ-‘

(1, @), (1, ¢)) € argmin {t A s},
(t5)eA5(1,9)

(15,0, 6), 430, @) € argmin {tAg}.
(t,9)€A5(0, ¢)

If AS(1, ¢) = 0, then t&(1, ¢) A s5(1, @) = 400 and similarly if, AS(0, ¢) = 0
then t5,(0, ¢) A ¢5(0, ¢) = +oo accordingly.

For a =1 we have,

U = t5(1, @) A s§(1, @) AT,

and for n=1,2,---, we have
L, op); if 61 @) <TiAsl(1, @)
Uiy = Ty + U 0 0y if  Ty< s, ®) AP, BY)

SO + UL 00,0 e i s 00) < Ty AE(L, )

(1, 2p)’

For a = 0 we have,
Ut := t5(0, ) A g5(0, @),
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and for n=1,2,---, we have
E (0, @p); if 61, 9) < ¢/%(0, 2)
Un+1 =

¢i*(0, ®)) + Ui/* 00 12 i a0, ®3) < 120, @)

(0, 23)”

O, is the shift operator on ). Then

€

n UE
E{*?) [ / e g(al, dV)ds + / e R dal (s)| < valer, @) +e.  (6.5)
0 0
Proof. Refer to appendix §B.1. O

Note. In the above result ¢,(1, ¢) A s,(1, ¢) = 00 implies that we do not take
any action until the next arrival. We would later see that ¢,,(0, ¢)Ag,(0, ¢) < 400

falls out as a consequence of the optimization problem (Refer to Lemma 8.1.6).

Lemma 6.1.10. There is a constant K such that, for every bounded w : {0, 1} x
Ri—=R, K < (Jw)(a, ¢) <0, ac{0,1}, ¢ € Ry. Ifwi(-, -) and wy(-, -) are
bounded functions with w (-, -) < wa(-, -), then (Jowy)(-, -) < (Jowa)(-, -).

Proof. Refer to appendix §B.2. m

Lemma 6.1.11. If ¢ — w(«a, ¢) is increasing and concave for every o € {0,1}
then so is ¢ — (Jow)(a, @) for every a € {0, 1}.

Proof. 1t follows from (7.7), (7.13). O

Lemma 6.1.12. Every v,(a, ¢), n € Ny as in (6.2) is bounded and concave, and
—Tlg e <, <<y <. The limat

v(a, ¢) = lim v,(a, ¢), a€{0,1}, ¢ € R,

n—oo

exists, and is bounded, concave and non decreasing.

Proof. 1f wy(a, ) = 0 and va(a, ) = (Jova_1)(a, @), then [va(1,6)]| < =, V
1.

1
¢’
and = < < (1, 9) < - < i1, @) < vo(1, @) by using Lemma 6.1.10 a

n
nd
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applying Jy operator successively. Refer to (B.13), (B.15). This result is also
available in Dayanik and Sezer (2006, Corollary 3.4, p. 654). O



Chapter 7

Calculating (Jyw) acting on
IUI{O,l}XR_FI%R

For any stopping rule 7 of the filtration I of a jump process, there is a determin-

istic time ¢y € [0, oo] such that (Davis, 1993, Theorem A2.3)

(1) 7-1{7<T1} = t01{T<T1}
(11) Tl{TZTl} = t01{72T1}

(111) TN T1 = to VAN Tl.

We can extend this characterization of stoppings times of jump processes to the

stopping times 71 € G and o, € F to get,
(7’/\0’1 /\Tl) = (T/\Tl)/\ (01 /\Tl) = (to/\Tl)/\ (So/\Tl) = (to/\So/\Tl),
where the second equality holds since (o1 ATy) = (soATy) and (T ATy) = (Lo ATh),

Ligi<ramy = Yor<r) - Yor<miy = Liso<ry - Liso<miy = Yso<rari) = so<tont}

where the second equality holds because 0115, <13 = Sol{s,<m} and the last
equality holds because {7 A T1} = {to A T1}. These results offer a method of

24
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simplifying Jy(+, -) operator to a determinisitic optimization problem which then

reduces the complexity of our study.

Using the above equalities we can rewrite (5.13) as,

Jow(l,gzﬁ) = inf EO

toAsoATy \ 5 . )
e g1, P)ds + 1y e ow 0,(1)3
(to, s0)eEM /0 g(1, @) {so<toAT1} ( O)

+ 1{T1<80/\t()}€_>\T1w(17 (p’(ls“l)

(7.1)

In order to simplify (7.1), we start with studying the process ® whose dynamics
are given by (A.7). The process ®° does not jump in the interval s € [0,ty A
so A'T1) and hence we need only to look at the continuous deterministic part of
(A.7) which can solved as follows. Let z(s,¢) = ®°, s € [0,t5 A so A T}) with

S = ¢. The deterministic part could be written as,
dor = [A +azx|dt,
where @ = {\ — (A\; — A\g)}. Solving the above ODE gives us,

ot gy = 1 OT OO TED AT, (12)

O+ A, a=0,
where ¢g = —%. Similarly, at every jump time T; the process ® follows a pure

jump process and the jump size is given by (again using (A.7)),

A

6 1 0 0 6

AD, = <_Ao - 1) ;- (XTi - XTl__)
N’

jump size =1

)\1 P
— —1)®°_.
()\0 ) T

— (q)éT‘ B qu}f)
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Distributing the expectation in (7.1) we have three terms each of which is sim-

plified as follows,

/oo Y (1 CU( ¢)>E0[1{8<t0/\50/\T1}]d8

/ 1{s<t0/\so}e g(l ZL’( ))]PO {3 < Tl} ds
0

/ et g(1, (s, ¢))ds

0

to/\so b )\
[0 a0 = a2 (1 gk (0= o) - 2 as

(using (5.11))
< ) (% + g (1+ ¢a) — %) (1 — e~ (AFAo)lionso))

( " > (1 + ) (1 — e Mlbonso)) (7.3)

when a # 0 and if @ = 0 the integral simplifies to,

1 [_) _é _ o~ (A+A0)(toNso)
(10) (620 02) - vy

[e=]

b 1 e_()‘+)‘0)t0/\50 1 . (74)
o s - to A
: ( +C) [(Aﬂo)2 A+ o (0 3°+A+Ao)]
The second term in (7.1) simplifies to
Eo [Lisgctonripe 0w(0,93)] = Lgsgrgpe MA0%w(0, 2(s0, 6)),  (75)

and the last term simplifies to

so/Ato A
Eo [Lim<sontore (1, @5,)] = / e~ Qo Nuy, (1, /\—laz(u, qb)) Aodu. (7.6)
0 0
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By putting together, (7.3), (7.4), (7.5) and (7.6) we have the following,

(Jow)(1, ¢)
inf {al(th s0) + b1(to, s0, @) + A (1 + g) :

=2
(to, 50)6R+

1 67(/\+/\0)t0/\80 1 ’
_ "
{(A+AO)2 B (0A80+A+/\0>}

inf {al(to, So) + bl(t07 S0, ¢)

—2
(to, s0)ERL

) ZLJ# 07
+ <¢ < gbd) (1 + g) (1 — e Mlors)) }

A

1 b
where ay(to, so) := <)\ n )\o> (qﬁ + - (1+¢)— - (1 _ e—(>x+>\0)(t0/\so)) ,

0
bl(to’ S0, ¢) = 1{So<t0}ei()\+)\0)sow(0>x(SOa (b)) + 67()‘0+)‘)" .
0

w (1, %x(u, qb)) Nodu, x(-,-) is defined as in (7.2) and ®¢ as in (A.7).
0

We now calculate (Jow) (0,¢) as defined in (5.14). Since in this case the
observation control is currently turned off, the stopping time 7A7; is deterministic.

Hence we shall represent them by constants ¢ty and ry respectively and rewrite

(5.14) as follows:

(JOw) (07 ¢)
to/Aro
- in)f » {/0 e g(al, ®)ds + Ligergye " (R(D),) + w(l, <I>f0))} :
to,r0)E +

(7.8)
Simplifying the first integral in (7.8), we get

to/A\ro toAro
/ e Mg(al, ))ds = / e g(0, ®%)ds
0 0

toAro )\
= / e (@g — —) ds, using (5.11) .  (7.9)
0 c
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The process ®° as defined in (A.7) is continuous deterministic when s € (0,%yArg)

since the process ol = 0 in this interval. Therefore, (A.7) simplifies to,

d00 = A (14 ®0)dt, B)=¢=-——.

1—m

The solution of the above ODE is given by
@y =y(t, ¢) = (L+ )™ — 1.

Substituting function ®? as defined in (7.10) back into (7.9) we get,

toATo toATo )\
/ e g(a’, ®%)ds = / e (@2 - —) ds
0 0 ¢

to/A\ro )\
= / e ((1 + P — 1 — —) ds
0 C

= (1+¢)(to Aro) — (1 + %)% (1 — e Morro))

Using (5.12) and (7.10), the last term in (7.8) is simplified as follows,

Lirgctore " (R(®2) +w(1, @)

= Lppere ™ (20 +08) +u(1,0,))

= 1petye (%(1 F(1+8)eM — 1) +w(l, <I>;i0))
= 1{m<t0}e_)‘7"0 (%(1 + ¢)er +w(l, @fo))

= Liro<to} (%(1 + @) + e Mow(l, @ﬁo)> .

Using (7.11) and (7.12), (7.8) can be rewritten as,

(Jow)(0,¢) = inf {(1 + @) (to Aro) — (1 + %)1 (1 — e~ Mtorm))

(t() ,T0 ) Gﬁi >\

o<t} (%(1 +) + e 0w (1, (1 + ¢)e™ — 1)>} ’

since @2 = (1 + ¢)e* — 1 using (7.10).

(7.10)

(7.11)

(7.12)

(7.13)



CHAPTER 7. CALCULATING THE OPERATOR 29

Note. Let us consider the term inside the indicator event in the above optimiza-

tion problem:

a 1
> “(1+6) - .

(SN

%(1 +0)+ew (1, (1+¢)eM —1) > %(1 + o) —e

Thus if a > ﬁ, the optimal strategy is to raise the alarm before turning on the

observation control.



Chapter 8

Structure and characterization of

solution

In this chapter we first (in Section 8.1) focus our attention on the sets where
the optimization problems (Juv,)(a, ¢, -, -) attain their infimums, if they do. We
make useful observations in Lemmas 8.1.1 and 8.1.5 that helps us reduce the
dimensionality of our optimization problems. We recognize subsets of Ei on
which it is enough to search for the optimal solutions and in the case the solution
set is empty we assign 400 as the solution. In Section 8.2, we give an alternate
characterization of the stopping times which in turn helps us in Chapter 9 in
showing that they can be described as the first return times of the odds-ratio
process to certain sets. Finally in Section 8.3, we show that the classical Poisson
disorder problem falls out as a consequence of the numerical scheme presented in

our study.

8.1 Structure of the solution set

The point of the next lemma is to show that (Jv,)(t, s, 1, ¢) has the same optimal
solution on the sets Ei and D (as defined in the next Lemma). We show that

for every point in A,,(1, ¢) there exists a point in the set D, (1, ¢) C D and vice

30
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versa. Therefore, it is enough to look for an optimal solution in the region D.

Lemma 8.1.1. For all n € Ny, ¢ € R, we have,

inf  (Ju,)(t, s, 1, ¢) = inf (Ju,)(t, s, 1, @),

72 t, s)€ED
(t,s)eR; (t,, s)€

where D = {(t, s) € Ri t=s5+ 60} for some arbitrary but fived ey > 0.
Proof. The set A, (1, ¢) has the following properties:

1. if (t1, s1) € Au(1, ¢) such that t; < sq, then necessarily v, (0, z(t1, ¢)) =0
else we can find better optimal solutions in the set {(t, s) : ¢t > t;, s =11}
Also since v,,(0, x(t1, ¢)) = 0, the set of points {(¢, s) : t = t; or

s =t} give the same optimal solution and hence also belong to A,(1, ¢).

2. If (t1, s1) € An(1, ¢) and t; > sy, there are two possiblities. First, if
v, (0, (81, ¢)) = 0, then all the points in the set {(¢, s): t = s; or s = 51}
give the same optimal solution and hence belong to A, (1, ¢). If however
v, (0, (s, ¢)) < 0 then the set of points {(¢, s): ¢ > s1, s = 51} also give

the same optimal solution and hence also belong to A,(1, ¢).

Thus, we have that for every optimal solution obtained in @i, there is an ele-
ment in the set D and we can construct the set A,(1, ¢) from D, (1, ¢), where
D, (1, ¢) :={(t, s) € D : (Jovn)(1, @) = (Ju,)(t, s, 1, &)} [

Corollary 8.1.2. For alln € Ny, ¢ € Ry we have,

inf tAs} = inf tAs},
(t78)€An(17¢){ } (t7 S)eDn(lvd)) { }

and

t.(1, @), s,(1, € ar inf tANs} C ar inf tAs}.
(tn(1, 9), sn(1, 9)) g(t,s)eDn(1,¢){ } g(m)eAn(w){ }

: =2
Lemma 8.1.3. The set D, (1, ¢) is closed in R’
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Note: The set A, (1, ¢) is composed of the ‘L’ shaped lines and the open ended rays.

t

A denotes an element of set D, (1, ¢).
@ : point on ¢t = s included.

O point on ¢t = s excluded.

Figure 8.1: Tllustration of the regions A, (1, ¢) and D, (1, ¢).

Proof. On the set D, (Ju,)(t, s, 1, ¢) = (Ju,)(s + €, s, 1, ¢) takes the following

form:

f(s)=a1 (1 - e_(H’\O)S) +as(¢) (1 —e ™M) + e~ ot N5y, (0, 2(s, )

-I—/ e~ HAoju ) gy <1, ﬁx(u, gb)) du,
0 Ao

since s < t on D. We now have a one-dimensional optimization problem where
the objection function f(s) is continuous in s. To see that the set D, (1, ¢) is
closed, we take a sequence (s,, + €, s,,) C D, (1, ¢) that converges to (so+¢, so).

That is we have

(Jovn)(1, @)
= (Jvn)(sm + €, Sm, 17 (b)
=a (1- e_()‘““)S"’) +as(¢) (1 — e M) + e~ ot Nsmy, (0, 2(5m, @)

o A
—i—/ e~ OFA0)uy (1, )\—lx(u, ¢)) du
0

0

(taking limit as m — oo and owing to the continuity of f(s))

=a; (1- e_(’\J“)‘O)SO) + as(¢) (1 — e M%) + e~ CotNsoy (0, z(s0, ¢))
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s0 A
+/ e~ 20Uy o, (1, La(u, d))) du
0 Ao

= (Jun)(s0 + €, 80, 1, @).

Thus (so + €, s9) € Dn(1, ¢). O

Corollary 8.1.4. For alln € Ny, ¢ € Ry we have,

to(1, @), sn(1, € ar inf tAs}=ar min tA
(1, 0),5a(1,0)) € arg il {tAs)—arg min  {tns).

Next we derive similar result for the case when a = 0. The point of the next
lemma is to show that (Jv,)(t, 7, 0, ¢) has the same optimal solution on the sets
Ri and D := D'U D? (as defined in the next Lemma). We show that for every
point in A, (0, ¢) there exists a point in the set D.(0, ¢) C D' or D%(0, ¢) C D?

or both. Therefore, it is enough to look for an optimal solution in the region D.

Lemma 8.1.5. For alln € Ny, ¢ € R, we have,

inf  (Ju,)(t, 7, 0, ¢) = inf (Ju,)(t, 7, 0, §)

(t,r)ERZ (t,r)eD

= min{ inf  (Ju,)(¢, 7, 0, ¢), inf (Ju,)(t, r, 0, gzﬁ)} ,

t(t,r)eD? (t,r)eD?

where D' := {(t, T)E@i : r:t—l—eo}, D? = {(t, T)E@i : t:r—l—eo} for

some arbitrary but fived ¢y > 0.
Proof. The set A, (0, ¢) has the following properties:

L if (t1, r1) € An(0, ¢) such that t; < ry, then necessarily y := 4(1 4 ¢) +
e Mo, (1, (1+¢)er—1) > 0. If y = 0 then {(t, r) € Ri ct=tiorr= tl}

is also a solution set. If y > 0 then {(t, r) € Ei ct=t,r> tl} is the

solution set.

2. if (1, 1) € A,(0, ¢) such that ¢; > ry, then necessarily y := %(1 + ¢) +
e M, (1, (1+¢)er—1) < 0. Ify = Othen{(t, 7) 6@1 ct=ryorr= 1}
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is also a solution set. If y < 0 then {(t, r) € @i cr=ry,t> rl} is the

solution set.

Thus, for every point in ﬁi where the optimal solution is obtained, there is an
element in the set D and we can construct the set A4,(0, ¢) from D, (0, ¢) =
D;,(0, ) U DZ(0, ¢), where D}(0, ¢) := {(t, s) € D7 : (Jovs)(0, ¢) =

(Jup)(t, 1,0, @), 7 € {1, 2}}. [

Lemma 8.1.6. For all ¢ € Ry, n € Ny, (Ju,)(t, r, 0, ¢) attains infimum inside
a bounded set in R% C Ei.

Proof. We have two cases here, (i) when ¢ > 2 and (ii) when ¢ < 2.

(i) In this case, clearly the optimal value on the set D! and on the set D? is
obtained at t = 0 and at r = 0 respectively. This is because the objective
function on both the sets is increasing at 0 and always remains increasing
beyond that point. Therefore the optimal decision here is to raise the alarm
at t = 0if 2(14¢) +v,(1, ¢) > 0 otherwise, turn on the observation control
at r = 0.

(ii) In this case, if 2(1+4¢) +v,(1, ¢) > 0 then the optimal decision once again
is to raise the alarm at t = t* (as defined below). Otherwise, lets look at
the first derivatives of the function on the two sets D! and D? separately

as follows:
(a) Let (¢, 7) € D'. On D' we have

1

(Jup)(t, t+ €0, 0, ¢) = g(t) := (1 + d)t — (% + E> (1-e).

Looking at the first derivate, we have
A\ e
g:(t) = (1+¢) — 1+E e .

Clearly, g; > 0 when t > t* := ’Tl In {ﬁ} > (0. Hence we have that

c

our optimal solution on D! is attained at ¢ = t*.
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(b) Let (¢, r) € D*. On D? we have

1

(Jop)(r+ €, 1, 0, @) = f(r) = (1+ ¢)r — (% + E) (1 o e*)\r)

FEL 40 + e, (1l 0)),

where y(r, ¢) is as defined in (7.10). Looking at the first derivate, we

have

1) = (1 0) = (143 ) e AL ot 0)

S/

-~

S:=

+vr(zy) (17 y(?“, gb)) ’ )‘(1 + ¢)

The last two terms in the above derivative are always positive owing

to non-positive and monotone character (w.r.t. second argument) of

Un(+, ). We can ensure S > 0 if we have r > r* := ’71 In { (llif)} > 0.

Hence once again we have that, our optimal solution is attained r €
[0, r*].

Thus we check the better of the two optimal solutions and take the corre-

sponding action.

Corollary 8.1.7. For alln € Ny, ¢ € Ry we have,
inf ¢){t/\r}:( inf  {tAr},

(t,r)eAL(O, t,7)EDR (0, ¢)

and

t,(0, @), r,(0, € ar inf tAry C ar inf tAT}.
(tn(0, @), (0, ¢)) g(t,r)eDn(w){ } g(tﬁT)eAn(Oﬁ(b){ }

Lemma 8.1.8. The set D, (0, ¢) is closed in Ki.
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Note: The set A, (0, ¢) is composed of the ‘L’ shaped lines, the open and close ended rays.

r=t+e

t

A denotes an element of set D, (0, ¢).
@ : point on ¢t = r included.

O point on ¢t = r excluded.

Figure 8.2: Tllustration of the regions A, (0, ¢) and D, (0, ¢).

Proof. We first show that D.(0, ¢) and D?(0, ¢) are closed. On the set D,
(Jop)(t, 7, 0, @) = (Ju,)(t, t + €, 0, @) takes the following form:

= wron- (2+ 1) -

since t < r on D'. We now have a one-dimensional optimization problem where
the objection function g(t) is continuous in ¢t. To see that the set D}(0, ¢) is
closed, we take a sequence (t,,, t,, +¢€) C DL(0, ¢) that converges to (to, to + €).
That is we have
(JOUn)(Oa ¢) = (']Un)(tma tm +€, 0, ¢)
1 1
=(1 tm— [~ + =) (1 —em
(o)t = (541 (1= )
(taking limit as m — oo and owing to the continuity of g(s))
1 1
=(1 to— [ ~+ =) (1—e
o= (5+7) (L-e™)

= (Ju,)(to, to + €, 0, @).

Thus (to, to + €) € D}(0, ¢). Using similar arguments, we can also show that
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D?(0, ¢) is closed. Since D, (0, ¢) = D}(0, ¢) U D2(0, ¢) we have the required
result. O

Corollary 8.1.9. For alln € Ny, ¢ € Ry we have,

t,(0, @), m,(0, € ar inf tAr}=ar min tAT}.
(0, @), (0, ¢)) g(t,r)eDn(quﬁ){ } g(meDn(quﬁ){ }

8.2 Alternate characterization

As described earlier, in this section we show that stopping times ¢, («, ¢), s,(1, ¢)
and ¢, (0, ¢) which are described as the smallest minimizers of the optimization

problems, admit another characterization.

Proposition 8.2.1. For any bounded function w: R, — R, t € Ry and ¢ € R,

we have,
(Jaw)(1, ¢) = (Jw)(t, t+¢, 1, ¢) + e M (Jow)(1, (t, ¢))
where € is an arbitrary positive constant.

Proof. Refer to Appendix §B.3. O

Remark 8.2.2. For every t € [0, t,(1, ¢) A s,(1, @)] we have (Jyv,)(1, ¢)
= inf t(JUn>(u17 Uz, 17 925) = (JOUTL>(17 (b) = ’Un+1(1, (b)

(U1 /\u2)>

Let us consider the case where t,(1, ¢) A s,(1, ¢) = t,(1, ¢) and t €

0, ¢, (1, ¢)]. From the previous proposition we would have
1 tATy
(Joon)(1, @) = E[() 32 [/0 e Mg(ald, @) ds + 1ip <iye Mo, (1, 95)

—|—6_(/\+/\0)t ' (JOUn)(L l‘(t, ¢))

At time t = ¢,,(1, ¢) Proposition 8.2.1 implies that,

(Jovn)(1, )
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1 tn(17¢)/\Tl
= ]E(() ) /0 e_)‘sg(ag, CD‘SS) ds + 1{T1<tn(17¢)}6_>‘T1Un(1, (I>‘5T1)

+ 6_()\+)\0)tn(1’¢) : (JOUn>(17 x(tn(la ¢)7 ¢))

= (Jua)(ta(1, @), 5a(1, @), 1, ¢) + e~ AP (v )(1, 2 (t,(1, 8), )
= (Jovn)(1, @) + e~ M HA0)in(1, 0) (Jovn)(1, 2(ta(1, @), @))

which gives us v,41(1, z(t,(1, @), ¢)) = 0. In the next Lemma we show that
t =t,(1, ¢) is in fact the first time ¢ — v, .1 (1, (¢, ¢)) hits level 0.

Lemma 8.2.3. If t,(1, ¢) A su(1, ¢) = t.(1, ), then for ¢ € Ry and
(Un(1, @))n>0 as defined in (6.2), we have,

to(1, ¢) = inf {t >0: vp1(1, x(t, @) = O}
and vn41 (1, 2(tn(1, @), 9)) < 0n(0, 2(ta(1, @), 9)).

Proof. Since t,(1, ¢) A s,(1, ) =min{t As: (t, s) € A,(1, ¢)} and t,(1, ¢)

Asp(l, @) =t,(1, @) =tp, then 0 <t <t, = (¢, 5) ¢ A,(1, ¢), Vs(o/witAs <
tn = tp/ASp, which contradicts the definition of ¢, and s,,) = (Jv,)(¢, t+s, 1, ¢) >
(Jovn)(L, 9), Vs = (Jrva)(L, ¢) > (Jova)(1, @) + e~ (Jova ) (1, a(t, 9)) =
(Jovn) (1, @) > (Jovn)(1, @) + e~ AF2) . (Jou,)(1, z(t, ¢)) which follows from the
last remark. Thus, (Jov,)(1, z(t, ¢)) < 0. O

Let us now consider t,(1, ¢) A s,(1, @) = s,(1, ¢) and t € [0, s,(1, ¢)]. By
Proposition 8.2.1, at t = s,(1, ¢) we would have,

(Jovn)(1, @)

(1 ) Sn(l,d))/\Tl
=E, ¢ / e_’\sg(ozi, <I>‘j) ds + 1{Tl<sn(17¢)}6_)‘Tlvn(1, @%)
0

+ e~ F0)sn(1,9) (Jovn) (1, z(s,(1, ¢), ¢))

= (Jun)(ta(L, 8); sn(1, 0), 1, ) =BG [Tyt <mpe ™ Dua(0, @ 1 )]
e~ M3 (L9) L (Jon V(1 2(sn(L, B), )

= (Jovn)(1, @) + =P (Jow,)(1, 2(sa(1, 9), 8))
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17 —ASn (1,
—ES"? [ oremiye 000, @2, 1 )]

which gives us e_(’\+’\0)8"(1’¢)vn+1(1, x(sp(1, @), @) = IE(()L@ Lisn(1,¢)<Ti} *

e, (0, 2(sa(1, 9), 9)) | = e O, (0, 2(sn (1, 9), )
= Unp1(L, (501, 9); @) = vn(0, 2(50(1, @), ¢))-

Lemma 8.2.4. If t,(1, ¢) A sn(l, ¢) = sn(l, ¢), then for ¢ € Ry and
(vn(1, @))n>0 as defined in (6.2), we have,

sn(1, ¢) = inf {s >0: v (1, (s, @) = v,(0, z(s, gb))}
and vu+1(1, 2(s,(1, @), ¢)) < 0.

Proof. Since t,(1, ¢) A sp(l, ¢) =min{t As: (¢, s) € A,(1, ¢)} and ¢,(1, @)

A sp(l, @) = sp(l, @) = sp, then 0 < s < s, = (t,5) ¢ AL, ¢), ¥Vt =
(Jua)(t+ s, 5,1, 0) > (Jovn)(1, @) VE = (Jsvn)(1, &) > (Jova)(1, @)

B [Laenye™ - 0,(0, ®9)] 4 emOH0s - (Jou, ) (1, 2(s, ) = (Jova)(1, &)

> (Jovn) (1, @) — €m0, (0, 2 (s, ¢)) + e O (Joua)(1, (s, )

= vpr1(1, (s, @) < v,(0, x(s, @)). O

Remark 8.2.5. What we observe in Lemma 8.2.5 is that a line of the form
{(t*, s) : t* < s} belongs to A,(1, ¢) only if the line {(t, t*) : t > t*}
also belongs to A, (1, ¢). Without this additional condition, we get a contradic-
tion that 0 = v,1(1, 2(t,(1, @), @) < v,(0, z(t,(1, @), @) < 0. If An(1, @)
contains lines of both of these kinds: {(t*,s) : t* < s} & {(t,t*) : t >
t*}, this would imply A, (1, ¢) also contains points of the kind (t*, t*), i.e.,
to(1, @) = sp(1, @) = t*. This implies, such a t,(1, @) is the first time pro-
cess vpi1(1, z(t, ¢)) hits zero and, it also is the first time v,1(1, z(t, ¢)) =
v (0, z(t, ¢)) (= 0), thus avoiding any contradictions. This agrees with our
earlier observation in Lemma 5.8, where we showed, in the case @ = 1, it is
enough to optimally decide when to turn off the observation control (also re-
fer to Figure 8.1). Hence, whenever it is optimal to either raise the alarm
or turn off the observation control, we decide to turn off observation con-

trol. This choice can be reflected in Lemma 8.2.4 by changing the additional
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), 9)) < h(y(tn(0, ¢), ) + va(l, y(ta (0, ¢), ¢))) to

condition (vn+1(0, y(t,(0,
Un41(0, Y(tn(0, 0), 0)) < h(y(ta(0, ¢), ¢)) + va(1, y(ta (0, @), 9)).

Proposition 8.2.6. For any bounded function w : Ry — R, t € R, and ¢ € Ry

we have,

(Jaw)(0, ¢) = (Jw)(t, t+ ¢, 0, §) + e - (Jow)(0, y(t, ¢)) (8.1)

where € is an arbitrary positive constant.

Proof. Refer to Appendix §B.4. O
Remark 8.2.7. For t € |0, t,(0, ¢) A ¢,(0, ¢)] we have (J;v,)(0, ¢) =
inf  (Jup)(u1, uz, 0, ¢) = (Jovn)(0, @) = vp11(0, ¢).

(u1 /\ug)Zt

Following the approach as in Lemmas 8.2.3 and 8.2.4 we have,

Lemma 8.2.8. If t,(0, ) A ¢,(0, ¢) = ©,(0, ¢), then for ¢ € R, and
(U (0, @))n>0 as defined in (6.2), we have,

tn(0, ¢) = inf {t >0: v,41(0, y(t, @) = 0}

a'nd Un+1(0> y(tn(ov ¢)7 ¢)) < h(y(tn(()? ¢)7 ¢)> +UTL(1’ y(tn<07 (b)a (b))

Lemma 8.2.9. If ,(0, ¢) A ¢.(0, ¢) = q.(0, @), then for ¢ € R, and
(0n(0, @))n>0 as defined in (6.2), we have,

00, ) = inf {q S0 (0, 9, 6)) = hiy(a, 9)) + va(1, (e, ¢>>}

and UTL+1(07 y(Qn(O; ¢)7 (b)) <0.

Proofs of above two Lemmas follow by using arguments similar to those used
in Lemmas 8.2.3, 8.2.4.

Remark 8.2.10. This remark extends last remark to the case when o = 0. We
noted in proof of Lemma 8.1.5 that it is possible to have t,(0,¢) = ¢,(0, @), when
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y = 0 (y as defined in Lemma 8.1.5). We now use characterizations given in
Lemmas 8.2.8, 8.2.9 to see if they match earlier observations made in Lemma
8.1.5. We look for conditions under which there can ezist t,(0, @), ¢.(0, @) such
that they are equal. This would imply t,(0, ¢) would have to satisfy condition
in Lemma 8.2.8, i.e. t = t,(0, @) is the first time v,1(0, y(t, ¢)) hits zero
and, also have to satisfy condition in Lemma 8.2.9, i.e., t = t,(0, ¢) is the
first time v,41(0, y(t, @) = h(y(t, ¢)) + v, (0, y(t, ¢)). These two conditions to-
gether imply that t,(0, ¢) = ¢n(0, ¢) only when 0 = v,41(0, y(t.(0, @), ¢)) =
h(y(ta(0, ), 9)) + va(0, y(ta(0, ¢), 9)) = &(1 + ¢) + e MO, (1, (1 +
)09 1) = 0 = y. Thus it agrees with observations made on structure of the
solution space in Lemma 8.1.5 (also refer to Figure 8.2). Whenever it is optimal
to either raise the alarm or turn on the observation control, we decide to raise the
alarm. This choice can be reflected in Lemma 8.2.8 by changing the additional
condition (vn41(0, y(ta(0, @), ¢)) < h(y(ta(0, @), ¢)) + va(1, y(ta(0, @), ¢))) to

V110, y(tn(0, 8), @) < h(y(ta(0, @), @) +v,(1, y(t,(0, ¢), ¢)) without altering
Lemma 8.2.9.

In the next proposition, we show the threshold £ for ¢ (as defined in (41) in
Dayanik and Sezer (2006)) beyond which value function (for notational purposes
we denote it with V%%(¢)) of the compound Poisson disorder problem becomes

zero, also serves the same purpose for the value function defined in our study.

Proposition 8.2.11. We have

{peR: : V(a,9) =0, a€{0,1}} 2 {p Ry : VPO(9) =0} 2 [¢, 00),

£= maX{AtAO’ {MCAO _¢d] (Aile) +¢d}'

) = ing) E {1{T<9} +eo(t—0)t +

(T7

where

Proof. U(W)=(1—7)+C(1_7T)'V<O" 1—n

Z algr<ry + Z blo; AT

=1 i=1

1—m
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Via,¢) > VO (¢),Va € {0,1},¥V¢ € R.. Also V(a, ¢) < 0,Va €
{0, 1}, V¢ € R,, and the first inclusion follows immediately. For the second
inclusion refer to Dayanik and Sezer (2006, Proposition 4.2). O

8.3 Limiting behavior of expected cost as a

function of a and b.

We now refer back to Proposition 8.2.11, where we compared V%*(a, ¢) with
V9%9(g). The purpose of next proposition is to show V% %(¢) is indeed the limiting
value function that is obtained by reducing the switching on cost ($ @) and contin-
uous observation cost ($b) to 0. In other words, we recover the standard Poisson
disorder problem. By also showing that successive approximations V"°(a, ¢)
converge to V% %($) as n — oo, we show that the numerical scheme presented in

this study also holds good for the standard case of the Poisson disorder problem.

Proposition 8.3.1. For a € {0, 1} and ¢ € R, the following hold,

(i) Jm V'@, ¢) = V()

(ii) inf V(a, 6) = V*(9)

Proof. (i) lim V*’(a, ¢) = inf V*’(a, ¢) = inf  inf F(r,0)+0b-

a,bl0 a,bl0 a,bl0 (r,0)e M
G(r, 8)+a-H(r,6) p = inf inf { F(r, 6)+b-G(r, §)+a-H(r, 0) p =
(1, 0)+a-H(r, 0) onf b (7, 6)+0b-G(7, 0)+a-H(r, )}

(r,6)eM
in fact the value function (refer to eq. (17)) in Dayanik and Sezer (2006),

denoted in our study as V().

i A
inf ES? {/ e <gz§ — — ] ds| . We can recall that the last infimum is
0 c

(ii) From part (i) we have, V*%(¢) = lim V*’(a, ¢) = lim inf V*%(a, ¢) =

a,bl0 a,bl0 n
inf inf V*°(«
ablon " (e, ¢)
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= inf il{lfo V®b(a, ¢) = inf iilfo Veb(a, ¢) = inf VO%(a, ¢) (arguments

for the last step are similar to those presented in item (i)).

]

It follows from the above proposition that for « € {0, 1} and ¢ € R, we

have,

hﬁ} Ve, ¢) = VP (a, ¢), Yb>0 and % Ve(a, ¢) = V*(a, @), Va > 0.

In addition for n =0, 1, 2, ..., we have,

hﬁ} Ve, ¢) = VO(a, ¢), Vb >0 and % Ve, ¢) = V*(a, ¢), Va > 0.

The uniform bound in (6.1.8) also holds i.e., as n — oo, a € {0,1}, ¢ € R,

—1 AO n_Q[E-I < vaO( ¢> Va()( ¢) <0.Ya>0
— e -V (« a :
¢ \ Ao+ A - ’ noa e

Moreover, (a,b) — V% is increasing and concave. Concavity implies continuity
of the map (a,b) — V®® in the interior of (a,b) € [0,00) x [0,00). Because
continuity at boundaries (a = 0 or b = 0) is established in the above paragraph,

we now know that (a,b) — V% is continuous everywhere on [0, 00) x [0, 00).

In subsection §9.3, we see the successive approximations V% %(a, ¢) converge
to the value function (denoted as V%%(#) in our study), in Bayraktar et al.

(2005)(check Figure 9.5 and references therein for a comparison).



Chapter 9

Solution and illustrations

9.1 Solution structure

In section §7, we introduced a family of optimal stopping problems (6.1) that
uniformly converge (refer to Proposition 6.1.8) to (5.10). Theorem 6.1.9 provides
an algorithm for computing e—optimal rule (U) for the original problem in (5.10).
Clearly, for any € > 0, we can always find an n € N such that V,,(«, ¢) = V(«a, ¢).
For such an n, Uf is determined by non-terminating events i.e., switching on/off

observation control and observable jump times as follows:

1. if @ = 1 initially, we look for t,_1(1, @) A s,—1(1, @) A Th. If t,_1(1, @)
happens first the we raise the alarm at ¢, 1(1, ¢). If s,_1(1, ¢) happens
first, we turn off observation control at s,_1(1, ¢), and re-start the problem
with different initial conditions (since ®¢ is now at z(s,_1(1, @), ¢)) to
determine Uf_, (then, refer to item 2). Finally if 7} happens first, i.e. we
have an arrival, we update our odds-ratio process to ’A\—éx(T 1, ¢) and re-start

our problem with this new initial condition to determine U _;.

2. if a = 0 initially, we look for ¢, 1(0, @) A g,—1(1, ¢). If ¢,_1(0, ¢) happens
first the we raise the alarm at ¢,,_1(0, ¢). If ¢,_1(0, ¢) happens first, we turn
on observation control at g,—1(0, ¢), and re-start the problem with different

initial conditions (since ®¢ is now at y(g,_1(0, @), ¢)) to determine US_,

44
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(then, refer to item 1).

In brief, we switch between items 1 and 2 when a non-terminating event (NT)
happens before a terminating (T) one (i.e. raising alarm) and stop at the n'®
stage. It is also useful to revisit Lemma 8.1.1 here, due to which we have that, in
the case a = 1, one need not bother with raising the alarm and this helps reduce

dimensionality of the optimization problem in (7.7).

In section §8 (refer to Lemmas 8.2.3-8.2.9), we show that the above description
of solution leads to an alternate characterization (that is common in theory of
optimal stopping) of turning on/off and raising alarm times. We expand this idea
further and illustrate it through concrete examples. In order to do that, let us
begin by defining switching (S, («)), alarm (A, («)) and stationary (null) regions
(Na(a)).

(i) Whena=1,n=0,1,2, ...,

Sn(l) = {¢ € R+ : anrl(la ¢) 2 Un<07 (b)a Un+1(1> ¢) S 0}

= {qb eER: v11(1, @) = v,(0, (/5)}7
N,(1) ;=R\ S, (1).

Note. A, (1) = 0.

(i) Whena=0,n=0,1,2, ...,
S,(0) == {(b ERT: v,11(0, ®) > h(@) + vu(1, @), vu11(0, @) < 0},

A,(0) = {¢ ER: 00, 6) = 0, s (0, 6) < h(@) + va(1, ¢>},

and

NL(0) :=R™\ (S,(0) U.A,0)).
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The following corollary is immediate owing to above definitions,

Corollary 9.1.1. For n = 0,1, 2,..., Cy(a), A,(a) and N,(a) are mutually

disjoint where o =0 or 1.

The odds-ratio process, ®? evolves deterministically between observable jump
times and this behavior is described in (7.2) and (7.10). This helps us reformulate
turning on/off and alarm times as the first time stochastic process, ®9 returns to

Sn(+) and A, (+) respectively. Mathematically put, we have,

tn(c, ¢) = inf {t >0: ® ¢ An+1(a)}

inf<t>0: x(t, ¢) € Appar(a) p, a=1

inf<t>0: vyt ¢) € Apsi(a)p, a=0

sn(1, ¢) = inf {t >0: e Sn+1(1)} = inf {t >0: z(t, ) € 8n+1(1)}

7,0, ¢) = inf {t >0: ® e S}LH(O)} = inf {t >0: y(t, o) € Sn+1(0)}

9.2 Numerical examples

We now illustrate the solution described above with the help of some numerical

examples.
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a=1

(a) (b)
Note. In figures (a) and (b), a = 0.01, b = 0.05 and, n = 13 gives a sufficiently good
approximation to value function V(«, ¢) in (5.10).

(%2}

(c) (d)
Note. In figures (c¢) and (d), a = 0.01, b = 0.5 and, n = 3 gives a sufficiently good
approximation to V(a, ¢).

a=0

a=1

(e) (f)
Note. In figures (e) and (f), @ = 0.1, b = 0.1 and, n = 12 gives a sufficiently good
approximation to V(«, ¢).

Figure 9.1: In all the above subfigures, A = 1, \g = 3, ¢ = 0.2, A\; = 3-\g. In subfigures
(b), (d), (f)— the two stacked figures illustrate action spaces. S and A denote switching
and alarm regions, respectively. The alarm region when o = 0 and switching region
when a = 1, extend all the way to +o0.

Let us compare the different examples in Figure 9.1. In (a) and (b) the cost to
turn on control is a = 0.01 and cost of continuous observation is b = 0.05, which
is slightly higher than a. Although we have b > a, we see the optimal control is
turned on for the most part. This could be due to the fact that a, b are small

compared to ¢ and the false detection cost.
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In figures (c) and (d) we observe that b is considerably larger than a and infact
b is greater than c. As one would expect in this case, although it is cheap to turn
the control on, it happens to be too expensive to leave it on even for a very short

period.

In figures (e) and (f), we increase both a and b to a value that is compa-
rable with, but less than c¢. Unlike in the earlier examples where b was either
considerably larger or considerably smaller than a (in which case, the solution
seems quite intuitive), we now have them equal. This as we might expect would
shrink the switching region in the case o = 1, since now we can afford to observe
over a larger set than compared to the case when b is very large. However, this
observable region would be smaller compared to the observable region in the case

when b is the smallest.

Next we consider a special case (refer to figure below) where we associate
zero cost to turning on the control (a = 0) and a non-zero cost for continuous
observation (b > 0). A quick observation reveals that by increasing the value of
b, the switching region for a = 0 shrinks. This is intuitive since by increasing
the cost of continuous observation one would expect shorter observation intervals.
By further increasing the value of b we see the there is no switching region for
the case a = 0 and the switching region for the case a = 1 is R, , which is again

intuitive.

(a) b=10.05 and n = 10. (b) b=0.08 and n = 11.

Figure 9.2: In both figures, A=1, A\ =3,¢c=0.1, \{ =2 Ao, a = 0.

Some observations. What we observe from our numerical results is that the
value of ¢ affects alarm region in the following way— a high value of ¢ implies a
smaller alarm region and vice versa. This agrees with our intuition since with a

low ¢ value we pay much smaller for a delayed detection and hence we do not
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mind not raising the alarm for a longer period of time.

Switching regions are more directly affected by a and b rather than c. However,
proximity of a and b to ¢ also plays a critical role. a, b being close to ¢ indicates
a relatively high turn on and continuous observation cost. This also can be noted
from the fact that the cost function for continuous observation g(«, ¢) in (5.11)
has a coefficient of the form g; and cost function for turning on the observation
control h(¢) in (5.12) has a coefficient of the form ¢. We illustrate this in Figure
9.3.

-
10 ‘ 100

Figure 9.3: In the above figures we have A =2, \g = 3, ¢ =02, \; = 0.5 X\g, a =
0.01, b = 0.01.

In the Figure 9.3, by decreasing ¢, we observe that the cost to turn on and
continuously observe become relatively high since the ratio a/c and b/c becomes
high. Also to be noted is the shrinking of alarm region in the case when c is

smaller.

Next, we fix the value of ¢ and then look at how a and b affect the switching
regions. a, b together affect the switching regions S(0) (switching region in the
case = 0) and S(1) (switching region in the case & = 1) in a slightly complicated
way. It is difficult to see their individual effects unless we restrict ourselves to
some special cases. Namely, we consider cases where we assign large or small
values to a and b. In the following discussion, note that large indicates a value of
the order of ¢ and small indicates proximity to zero. In the examples, our goal is
to observe two things, firstly how the maximum of a and b dominates the other
in determining the switching region §(0); and secondly, how b dominates a in

determining the switching region, S(1).

When a and b are large, the optimal strategy involves in never turning on the
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(a)
Note. In figures (a) and (b), A = 0.1 and n = 127.

& -
¢ |

0.9 14.9

04 0.6 14.9

() (d)
Note. In figures (c) and (d), A =1 and n = 16.

Figure 9.4: \g =3, ¢c=0.1, Ay =2 % A9, a =0, b = 0.01.

observation control. This implies that the switching region for the case @ = 1
and the switching region for the case o = 0, is the empty set. However once we
reduce b significantly while still keeping a relatively high, we see that the optimal
stragety would be to never turn off the control if it is initially turned on; and if
it is turned off initially, we never turn it on, even though the cost of continuous
observation is very low. This happens due to the fact that the value of a is so
high that it overpowers the cost of continuous observation and if we are lucky
enough to have the control initially switched on, we never turn off since the cost
of continuously observing is very low. For the case when we fix b at large value
and vary a we get similar results i.e., S(0) = (). One of the reasons for this
behavior could be that, switching in the case @ = 0 would be expensive if either

of the costs i.e., a or b is high.

To observe how b dominates a in determining S(1) in some cases, we first fix
b at a large value, and vary a from large to small values. As expected in both
cases the switching region S(1) is R,. This is again intuitive since, irrespective

of what a is, one would have to pay b continuously if the control were to be left
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on. Hence, we switch immediately no matter what a is. We now set b to a small
value and once again vary a between small and large values. When «a is small as
well, this is the classical Poisson disorder case and as expected the S(1) = ) since
its very cheap to continuously observe. When a is increased to a large value, we
again see that if the observation control was initially switched on, it is optimal
to leave it switched on since cost of continuous observation is very low. Thus we

see how b has more effect on S(1) in some cases.

In the other cases (when a , b are not very large or small), it is hard to see
how a and b affect the switching regions individually and the action spaces are

not trivial.

9.3 The standard Poisson disorder problem (when ¢ = 0 and b = 0).

As expected (refer to Figure 9.5), we always leave the observation control turned
on since that would not cost anything to us. We either immediately switch or
raise an alarm in the case when o = 0 depending on the value of ¢. Once we
turn the control on, we only switch back to a = 0 to raise the alarm immediately,
as can be noted from the coincidence of the switching region for a = 1 and
the alarm region for &« = 0. We can also note that critical thresholds of alarm
regions (as defined in Dayanik and Sezer (2006)) for the above two examples
coincide with those presented in Figure 6(a) in Dayanik and Sezer (2006). Thus
the standard Poisson disorder problem turns out to be a special case of the more
general problem solved in our study (refer to Proposition 8.3.1 for a proof of why

the numerical scheme presented in this study works in the standard case as well).
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o)

a=1
(a) (b)
Note. In figures (a) and (b), f\‘—(l) = 0.5 and n = 10.
S
¢ 9.9
a=0
S
¢ 9.9
a=1
() (d)

Note. In figures (c) and (d), /A\—é =2and n=09.

Figure 9.5: A =1.5, \p =3, ¢c=0.2, a =0, b = 0 as in Bayraktar et al. (2005). For a
comparison refer to Dayanik and Sezer (2006, Figure 5(a)).



Appendix A
Calculations

A.1 Re-formulation of R?

Following the results from Bayraktar et al. (2005) we can rewrite

E[(r — 6)*] = (1 — m)Eo /0 "M pids (A1)

P{r<0}=(1-m) — (1 —m)AEq /T e Mds (A.2)

Using (5.4), changing measure to Py by noting 1<, € F? . _, conditioning on @

TiNT?

and using independence of § and 1;,,<,1 under Py measure we get,

E

Zal{TiST}] - ZCLEO [Zfi/\Tl{TiST}]
i=1

i=1

=Y _ak K1{9>”} + 1{asTi}L—7§) 1{n<f}}
=1 0

Ti L6
((1 —m)e ML + (1 7r)/ Ae’\sL—?ds) :
0 s

[

g
(1) (14+®3, )73

93
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1{n<‘r}]
= Z aEo [(1 = m)(1+ @%)e 1]
i=1

=a(l —7m)Eg

Z(l - (Dﬁi)e_/\n I{Ti<7}]

i=1

We can further rewrite the summation inside the expectation as an integral by

using (5.9).

a(l - ﬂ-)EO Z(l + (Dfsri)e_ATil{TiST}
=1
= a(l — m)Eg Z (1+ <I>g) e’\SA&gn(s)]
0<s<T
= a(l — m)E, { / e (1+ @) dagn(s)} (A.3)
0

Changing measure to Py by noting o’(s) € F?

7, conditioning on ¢ and using

independence of ¢ and 1;,<,y}, ad (s) under Py measure we get,

E bi(gi/\T—Ti/\T)]
:b-E[/OTa‘s(s)ds] = b-/OOOEO [1s<ry Z20°(s)] ds

00 r Lg
=b- Eo Lis<ry (1{9>S} + 1{939}5) . oﬁ(s)] ds
L 0

Il
S5

Il

00 r Lg
EQ Eo |:(1{6>s} + 1{6§S}ﬁ) . aé(S)l{SST} f§:| ds
L 0

|
ng ds

s 0
Eq 1{59}045(3) : <(1 —me M 4+l +(1— 71')/ )\e_)‘”—sdu)] ds
0

L§
Eo |1s<r3a’(s) - Eq Kl{o>s} + 1{9gs}L—§)
7

o0

I
S5

o0

=b [ Eg[lgena®(s)  (1—me ™ (1+ )] ds

= b(1 — 7)E, UO a®(s)-e ™ (1+ @S)ds} (A.4)
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Using (A.1), (A.2), (A.3) and (A.4), we can reformulate (5.2) as (5.7).

Note. By defining the following process

e}
5
O‘off(t> = Z 1[0i,00)<t)
i=1
the observation process can be written as,

o’ (t) = ad,(t) — Oégff(t)

where o (t) is defined as in (5.9).

on

A.2 Dynamics of L

We compute the dynamics of L? as defined in (5.5). We begin with first principles,

LY=Ly + (LY, — L)+ + (LI — Ly ) = Lo+ (L3, — Ly, ) + (L, — L)) + ...

H(LE = L3,) = Lo+ Y (Ly, = Ly )+ ) (L — Ly, ) + (L] = LY,) = Lg

i=1 i=1

+E L5 — L S.ds=L%+ Lo —L° ) -dX, + 5. ds,
i:l( . Ti_)—i_/o ds ’ 0 /0( ° ) /0 ds ’

where T;’s are arrival times and Zg is the continuous part of L. We look at jump

and continous parts of L’ separately as follows,

ot st = s fonfon (1) St 1.

dL? S
dS = —()\1 — )\0) . LS . Z I(Tk’gk](s) .
k=1
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Thus the dynamics of the likelihood ratio process L? in (5.5) is given by the

following differential equation

de = Lf_ {exp {ln (ﬁ) ozd(t_)} — 1] de — (M — AO)Lfaé(t)dt, Lg =L

Ao
(A.5)
A.3 Dynamics of ¢
The observation process X} as defined in (5.1) can be rewritten as,
t
X=X+ / o’ (u)dX, (A.6)
0

and the differential form of (A.6) can be substituted for dX? term in (A.5). Since
0 is independent of the process X and has an exponential distribution under Py,

using the generalized Bayes result and (5.8) gives us,

s P{O<tF} EllpwlF] EoZilp<ylF] M

CUPLO> R} EllesolF] EolZ01gesy|F] (1 —m)
ff]

Let T; be the i*® jump time of process X?. Then ®) jumps whenever L¢ jumps

5 eAt
7] =

ez\tL5 t 1 Y
- (1_;) |:7T+(1—7T)/0 L—g)\e ’\ds]

Ly
1{03t}L—g

LzS
Eo Kl{e>t} + Lip<ty - L-f;) Lio<ty
0

and L? jumps whenever X? jumps.

Xf Js: jump part

é 1 1) 1) s 4 ! 4 4 1)
O = D)+ ) (D), — By )+ o ds = B+ : (@0 — ® )dx?

i=1

Cs: continuous part
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Letting §g, Eg denote the continuous parts of processes ®° and L° respectively,

we compute expressions for the Jg and C; as follows,

Cs:i e,\sfg
ds \ (1 —m)
eAtL(S s 1 eAtL(S, s~ 1

s = . 1-— — e Mdu| — s 1— .
A {”( QA “} (1_@[”( ) 5

Ae”du} = @0 <eXp {m (;—D 045(3)} - 1)

Putting together the continuous and jump parts we have in differential form,

7+ (1—7) /0 %Ae—mdu] ) = A+ (N — (A — Ao)a’(s))

do?




Appendix B
Long proofs

B.1 Proof of Theorem 6.1.9

We adapt (Davis, 1993, Lemma A2.3, p. 261) to our problem and it forms a basic
building block of the proof along with the strong Markov property.

Lemma B.1.1. For every F— stopping time 7 and every n € Ny, there are .7-"7‘?1_—
measurable random variables x, y :  — [0, 00| such that 7 A o; N T(y—)—(2i—3) =

(Ti +2) A (Ti + y) A T(n—w)—2i-3) Po— a.s. on {7 > 7;}.

Proof. To prove V,(«a, ¢) < v,(a, ¢), n € N we first establish (6.5). The inequal-
ity we are looking for follows from there since Uy, < p, Po—a.s.. We first prove
for the case when o« = 1. The case when o = 0 should follow similar arguments.
When n =1,

U U
E / eV g(af, F)ds + / N h(®%)dad, (5)

7

Vv
=0 since a‘g jumps at 7;’s

—E(L(ﬁ) /tg(l,ég)/\sg(l,@g)/\ﬂ
= %o

e g(af, ))ds
0

= (Juo)(t5(1, ®5). s5(1, ¥5), 1, ¢)

o8
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< (Jowo)(1, @) + €
= Ul(lu ¢) +€

Assuming it holds for n = k, we need to prove for n = k + 1. We have U, A
s, B AT, =t (1, @) A s3(1, B AT, as. .

U Uiy
E(® [ [ egtat was+ [ e-“h@i)dain@)]
0

0

Ui ATh “Xs (.6 &6 Vi s (.8 &
o € g(am (I)s)ds + 1 6/3<U,§+1/\T1} € g<as7 q)s>d8
k

Ubi s s
{<Ug, /\82/5}/7“ € g(Ozs, (I)s>d5+/0
1

Upy
+1 5/3<U£+1/\T1}/ e_)‘sh(tbg)dagn(s)
k

€/3
U£+1Ask ATy

+1 6_’\Sh( @g)dagn(s)

VN
+ 1{T1<U,§+1/\s;/3} /T1 € h(q)s)daon<s)

t/* nse/ P ATy
_ EéLd’) / —)\s (046 @g)ds
5/3+U6/509 E/S
+1 (st Ay} /6/3 *oeMg(ald, d0)ds
Ti+U /309T1 /3 ns /P AT
- 6 Fo e 5 5
L ciersnsery / e g(ay, ®)ds + / Sh(®%)dal,(s)
Ty 0
6/3 6/309 6/3
+ 1 /3 e/SATl}/ K _’\Sh(CIDg)dagn(s)
n+U /3°9T1 5 5
o)
+ {T <t€/d/\s;/d / Sh<q)s)daon(s) (B].)
Ty
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Using the strong Markov property of X? we can simplify (a) as follows,

(1,) sy 24U %00 s
, s -2 5 &6
Eq 1{52/3 e/BATl}/ e Mg(ag, P)ds
k
/34U P00 5/3

= EO EO {1{82/3<t2/3/\T1} /se 5 (Of @ )dS Fe/3}]

k

UE/SOQ €/3
_ w19 (1,0) S s+ s 5
= EO 1{32/3<t2/3/\T1}]E0 { /0 € % g(as—&-si/?” q>s+s;/3)‘

0
Fse/3 }]
k
€/3

1, _ 56/3 k s
= E(() K 1{sZ/3<tZ/3AT} ’ ]E( {(/0 e Mg(al, (I)i)) of 5/3ds

0,8 ) e/
e/ Se/d k
= Eél’d)) L /3 43 7,y € e MK 3E0 k {/0 e Mglal, @g)ds}]

+)

Using the above approach we could also simplify (b), (¢), (d). (B.1) becomes,

tz/g E/3/\T1 /3
f)\s 1 1) )\s6
g(ag, ®%)ds + 1 /5 4t/ p7y )€

€/3

(07¢’i€/3) Uk
E, / eNg(al, 3)ds
0

U/
+ 1{T1<t6/3 /e Tl]E( 1) {/ e g(a, @g)ds}
0

6/3 6/3
b A

VAT
s [T e aa )
‘ €/3

1 —>\ E/SE( 0, ‘/3) Uy
s/ Ay © 0 ;

Us/®
Lyl g q’Tl){ / ﬂ%(@;‘)dagn(s)”
0

6_’\5h(¢g)dagn(s)}
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Combining (a), (¢) and (b), (d) we get,

€/3 €/3
k k

t/3 nse/P ATy /P ns/ ATy
/ e gla, s + [ e h(@)daf (3
0 0

ICRY

U5/3

A @) v A 5 a6 k A 5
T 1{52/3<tz/3/\T1}6_ k ]EO g {/0 e Sg(as? ®s)d8+/0 e Sh(¢s)

€/3

da? —/\TlE(l"Dga) IV 3d
aan(s) +1{T1<t6/3/\sz/3}6 0 € g(O&S, 5) S
0

k

+ /0 w e—ASh(cbg)dagn(s)}]

—0
(1,4) B ATy A ) ] BT A S\1.6 )
<E,” / e g(ay, ®%)ds +/ e h(®%)day,(s)
0 0
_|_1 —)\52/3 (0 @(5 )+1 —\T1 (1 @(5 ) _‘_%
(/2 <t/ ATy} € Uk Y; 5o/ (T <t/®ns/%y€ Uk, %1y 3
t/3 nss/P ATy
= Eél’¢) / e g(al, ®)ds
0
+1 —)xsz/3 (O @(5 )+1 —\Ty (1 @(5 ) _}_%
{sz/3<tz/3/\T1}€ /ka 9 82/3 {T1 <tz/3/\sz/3}e /ka 9 Ty 3
2€
€/3 €/3
= (Jo)(t 5% 1 0) + 5
€ 2
< (Jovr)(1, ¢) + 3ty

= Uk-i-l(la ¢> +€

We now prove for the case « = 0. When n = 1,

€

Ut Ut
E®# [ [ eated s [ e haaal o)
0 0

GRG0
/ e Sg(Oés7 (I)S)d8+1{q6(0,q>g)<t6(0,<1>g)}6

0
5
h(q)fIB(O,‘I’S))]

= (Juo)(t5(0, @5), 45(0, ), 0, ¢)

_>‘q(€)(07 q)g) .

61
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< (Jowo)(0, @) + €
= 1)1(0, ¢) + €

Assuming it holds for n = k, we need to prove for n = k + 1. We have U, A
g0, ®3) = t%(0, ®3) A ¢*(0, B)) as. .

Uy, Uks1
]E(()O’¢) |:/ o 6_)\89(05?7 Cbg)ds +/ : @_Ash(ég)dOégn(S)}
0

0

U12+1/\q1€c/2 Uiia
—Ep0 | [ gt oas e, [ e atal alhas
0 e

Uk+1A‘1k/2 N 5 5 Ugi1 _)\ 5
—l—/ e h(P))dal, (s) + 1 €/2<U§+1}/ Sh(®%)da?’ (s)
0 4y

€/2 €/2 €/2 €/2
(0, ) il XS (6 o ! P e s as
= ]EO € g<as7 q)s)ds +1 qli/2<t;c/2} 2 € g(am q)s)ds
0 q;
E/QAq::/2 E/2+UE/ o0 /2
f)\sh (I)(S d 1 1 9 f)\sh (I)(; d 4
+ e ( s) ao ( ) + 5/2 6/2} /2 ( s) aon(‘S)
0 qy
€/2 €/2 €/2 €/2
(0,¢) /! XS, (6 gd i Pl e s ws
=Ey" e Yg(ay, ®))ds + 1{q2/2<t2/2} » e Yg(ay, ®)ds
(a)
6/2+U€/200
~Ag/? 0/ (D0 dad
+1{tz/2>qz/2}e k h(@ 5/2) + ].{ e/2<tz/2} 2 h(@s)daon(s)
4

s

4

—
>
=

(B.2)

Owing to the strong Markov property of X? we can simplify (a) as follows,

0> +US %00 /2
Eéo’¢) 1 o<ty /5/2 e g(al, @g)d:s]
4y
¢/ *+Ut %00 /2
= E[()O’¢) E(()O’d)) {1{q2/2<t;/2} /5/2 e g(al, ®0)ds ]:Z/g}]
4y
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= E(()Qd)) ]_ qZ/Q

_ g9

1{q2/2

k e/
<t€/2}E(()07¢) {/ 9k e —A(s+q, 2)9(&5 s (I)(S e/z)ds
k 0

i v
/2 € ]E(O ?) e Mg(ad, ®0) ) oh e/zds
<t/°} 0 s s

A/ (I’CDZ;/Q) v “Xs (5 b
<t;/2}e % B, / e Yg(al, ®)ds
0

U0 o

s+qk

)
<)

Using the above approach we could also simplify (b). (B.2) becomes,

g(al, <I>‘§)d8}

€/2, €/2

§ €/2
I PR R —Ag/? (l’éq;”) U
e Mg(ay, ®))ds + 1 (Pt E, e e
0 0

/2

(17 ) Ue/2
1 2B (@0,) + 1 U Y e
+ {t2/2>q2/2}6 ( 6/2) + {q el/2<t;/2}6 ; e .

h<@§>dazn<s>}]

5/2

c/2

TGy, (174)66/2) Uy
€/2
—As ) ) —A\q qy —)s
/ e Mglay, ))ds + 1 (Pt {EO / e .
0 ’ 0

(1,9°,) ug/?
glad ¥0)ds b+ (@) + By 18 [ e on(@d)dal, (o)
k 0

/ 6/2/\q
0

+ Uk;(l, ®6e/2)}
4y

€/2
k

“Xs (8 36 a2 P
€ 9(0457 ®s)ds + 1{qz/2<t2/2} % {h(q)qeﬁ)

k

+€/2

= (Jvk) €k/27 q]i/Qa 7 ) + E/2

N

(t
< (Jovr)(0, @) +
= vk41(0, @) + €

€/2+¢€/2

In order to prove the opposite inequality i.e., V,(a, ¢) > v,(a, ¢), n € N

we proceed by defining some notations and use induction arguments to establish
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the inequality. Y,(7, §) = total risk of (7, d) if the problem is automatically

terminated at the n'® non terminating event.
TNAPn TAPn
Y, (7, ) = / e *g(a’, ®)ds +/ e M h(®%)dal (s)
0 0
We would like to show,
B [Yo(r, 6)] > va(1, 6), (7, ) € M. (B.3)
Alternatively we could prove the following inequality for k=1, --- , n+ 1,
(1,9) (1,9) _.
Eo " [Ya(r, 8)] > Ey " [Yoky1 (7, 6) + NTj_1] =: RHSk_1 (B.4)

where,

. —APn—kt1 5 5
NTk*l T 1{72Pn7k+1}6 " kal(apn_k_,_l’ ®pn—k+l> <B5)
n—k+1=2m .__
B = {01772702, S Ty Omy 1o, Ty, - - 7T2m}~

As defined earlier p, ;1 is the last non-terminating event that occurs in a par-
ticular realization of the problem when we are allowed to wait until atmost the
(n — k + 1)** non-terminating event. Let 8" %! be the set of all possible non-
terminating events that could occur at the (n—k+1)%* stage if we are to wait until
the (n — k 4+ 1)* non-terminating event. We consider the cases when (n — k + 1)

is odd and even separately. Let us also define the following function,

Ti4+1, ifpnszo-iaizlf"?m
N Mpnk) = S s A Tin-t)-@i-3), Hppr=7,1=2--,m
TZ-H/\Un_ZI;_i, iftp,p=T,1=1,3,---,2m—1

(B.6)
{Note in the above equation: n — k = 2m — 1.}

The function A*(-) maps the current non-terminating event to the immediate
next one when our problem runs at most until the z'* non-terminating event.
Thus we could also see that A" *(p,_i) = pn_is1. In (B.4), the base case when

k =1 holds as an equality. We assume (B.4) holds for £ — 1 and would now like
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to show it also holds for k. We achieve our objective (B.3) when k = n+1. Using
the above definitions we could rewrite RHS;_1 as follows,
RHS) 4

=E"? [V ps1(7, 8) + NTp_1]

2m—1 m

Yop(7, 6) + (Z Lip, y=r} + Z L, =13} + Z 1{pn—k0'i})‘
=1 =1 =1

1 TPkt XL a(ad. D) TPk A (00)dad
{T>pn—1} € g(as7 s) 5+ € ( s) Oé(m(S)

Pn—k

Pn—k
# (X 1
i=1
2m—1 m
+ Z 1{p"7k':Ti} + Z 1{pnk:‘7i}> NTk—l
i=1 i=1
=B [Yoou(7, )
- TAPn—k+1 TAPn—k+1
+ Z Lo s=m} <1{r>pnk}{ / e g(al, ®%)ds + / oS
=1 Prn—k Pn—k
h(82)dad,(6) | + NTi )
2m—1 TAPn—k+1 A s s TAPp—k+1 \
+ > 1{pnk=Ti}<1{r>pM}{/ e g(al, @S)d3+/ -
=1 Pn—k Pn—k

h(@ﬁ)dagn(s)} + NT,“)

o TAPn—k+1 \ s 5 TAPn—k+1 \
T Z Lo s=0i} (1{T>Pnk}{/ e g(ag, ®y)ds +/ e .

i=1 Prn—k Pr—k

h(cbg)dagn(s)} - NTk1>

In the last equation we denote the first, second and the third

summation by r.v.’s A, B and C|, respectively.

We would show that E("? [A+B+C] = B |1z, ye ol ,, @ )],
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Case (i). On the event {p,_ = 7;}.

Eg" (4]

m TAPn—k+1 N s 5
- Z 1{pn7k:7-i} (1{T>Pnk}{/ € sg(as7 q)s)ds

=1 Pn—k

TAPn—k+1
/ e“h(@g)dagn(s)} + NT,“)
Pn—

n—k
TAA R (7;) 5 5
—As
1{7—i<‘7i/\Tn—k—(2i—3)} <1{7'27'i} / € g(ozs, q)s)ds

i

+

m

ZEE)L@

i=1

Tk—l)

_ Xm:Eéw

1=

+
=

TATINT (1 — k) — (20 —3) \ 5 s
—As
l{T’L'<o-i/\Tn7kf(2i73)} 1{7-27-2} / € g(a87 (I)S)dS
i

(B.7)

—_

+ NTkl)

The reason we do not have a 1{, <3¢ *h(P%) term is because the definition of
Y,,_1(7, §) includes all but the cost to go. Using (B.5) and p,, 1 = A" *(p,_x) =

AR (7)) = oy A Tin—k)—(2i—3) we can write out NTj_; as,

NTj—

é é )

_ —APn—k+1
= 1{72Pn7k+1}6 Uk_l(apn—k+17 Pr—k+1

_ —Xoi 5 ATy (2i—3) .
= 1{UiSTAT(n7k>7(2i73)}€ Uk—l(o’ (I)Ui) + ]'{T(nfk)f(2i—3)g7'/\‘7i}€ (=)= (279

vr-1(1, (bgw(nfk)f(Zi—S) )

Putting it back in (B.7) we get,

o (16) Mm@ s
- E Ey’ 1{Ti<ai/\Tn7k7(2F3>} Lir>my / e Mg(al, ®)ds
=1 Ti

—Ao; 1) =Ty — k) —(2i—
+ 1{0'i§7'/\T(n7k)7(2i—3)}6 “wg—1(0, q)oi) + 1{T<n7k)7<2¢73>§7/\0i}6 (nmi= (20790

5
Uk—1 <1, (I)T(n,k),@i,S)) )]
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Also, ]‘{UiST/\T(n—k)f(%f?;)} = Lory - 1{0'i§7—/\T(n—k)7(2i—3)} and 1{T(n7k)7(2i—3)§7'/\0i} -
Lrsny YT - iosy <raosy Since 7 < Tin_p)—(2i-3) A 0; which follows from (B.6).

Therefore we can factor out 1{;,<-} from last three terms as follows,

_ S E(1’¢)
; 0

—Ag; g —AT(n—k)—(2i-3
+ 1{0iSTAT(n—k)—(2i—3)}e Uk*1(07 ¢0'i) + 1{T(n—k)—(2i—3)§7—/\ai}e (k)= (@i=9)

ve-1(1, @%(n_k)_m_g))}] (B.8)

T/\O'i/\T(n,k)7<21'73) \ 5 s
—AS
1{Ti<UiATn—k—(2i—3)} ) 1{7'27'i} / e g(ozs, (I)s>d3
T

i

By Lemma B.1.1, there are Ffi -measurable random variables x, y such that
TN NTn—ky—2i-3) = (Ti + @) AN(Ti +y) A T(n—)—(2i—3) Po— a.s. on the event
{r > 7;}. Also note that T(,,_x)_(2i—3) — T 2 T). Making these substitutions into
(B.8) gives us,

- iE(()u)) E(()Ld)){1{Ti<0i/\Tn_k—(2i—3)} T (/(Tﬁx)/\(nﬂ)/\n"’“<2i3) e .
=1 Ti
9(al, ®)ds + L ty)<(rta) Ty s} D0k 1(0, 97))
+ 1{T<nfk>f<2i73>S(n+w)A(n+y)}eiAT(n_k)_(QH)U’ffl(l’ (I)éT(n_k)—@i—”)) }—f}]
—Xs.

/(Tz‘+$)A(Ti+y)AT(n—k)—(2¢—3)
e

_ N g
2-21 0

g(aga CIDg)dS + l{yéw/\(T(nfk)f(Qi—S)_Ti)}e—)\(Ti—J'_y)Uk—l(07 (I)gz)

(1,9)
1{7'i<0'i/\Tn—k—(2i—3)} Lrer By {

Ti

ATy (i 5 5
+1{(T(n7k>f(2i73)_‘fi)SW\y}e (n=h=Ci=y_y (1, @ ‘Fﬂ}]

T(n—k)—(2i—3))
. AYNT (k) — (2i—3) —Ti)
_ E(L@ 1 1 _>\7_1.]E(17 @iz) (n—k)—(2i—3) " Ti e
- 0 {Ti<0iNTy__(2i—3)} ~ L{r>7:}€ 0 e
=1 0

g(O‘g? (I)g)ds + 1{y§x/\(T(nfk)7(27.’73)_Ti)}e_)\yvk_l(07 (I)Z)

“MT 1y (253 —Ti 5
IR (G P e T ¢ ‘D<T<nk)(2i3>—n>)}]

m

) —AT; (17(I’§') w/\y/\Tl —AS
- ZEél ? |:1{Ti<o—i/\Tn7k7(2i73)} ’ 1{727-1-}6 A By {/0 e 9(0/3, (I)g)ds

i=1
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+ Lgy<onniye o1(0, ©)) + Lim<angpe o (1, q’éTl)H
1, Cam
=> B [1{n<aan,k7<2i,3>} Arzrye M (Jve-) (2, 9, 1 @i)}
i=1
2 ZE(()LQS) |:1{Ti<ai/\Tnfkf(2i73)} ' 1{7271'}67)\”1]’“(17 (I)i)}
=1

_ g9

i=1

“Apn_ 5 5
Z 1{pn7k:7-i} ’ 1{72,0n7k}6 P kvk(apn_k7 ¢pn—k)] .

since we are working on the event

{pn—r = 7;} in this part.

Case (ii) & (iii). Case (ii) on the event {p,_, = T;}, calculations are very
identical to case (i) since next possible non-terminating event is Tj 11 A Onzpi L€,
a new arrival or we stop the observation control. The case (iii) when p,_ = 0;
looks a little different and we present the proof for that here. Using the above

notations we have,

17
ES"”[B]

7

m TAPn—k+1 N s s TNAPn—k+1 N
Zl{l)n—k:ffi} <1{720i}{/ e Sg(as7 (I)s>ds +/ e "

i=1 i

@)dal, )+ NTi )
~ Y Y
=1

h(cbﬁiﬂ)} + NT,“)

TATi+1
Lip,_i=0i} (1{T>ai}{ / e g(ad, ®)ds + L, <rye N

(B.9)

Using (B.5) and p,_11 = A" *(p._x) = A" *(0;) = 7541 we can write out NTy_;

as,

0 0

_ —ATit1,
Pr—k+1’ Pn—k+1) - 1{TZT¢+1}€

—APn—
NTj1 = Yzp, gipe oo (@
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1)
Uk_l(a£i+l7 Ti+1)

Putting it back in (B.9) we get,

+ 1{T7L+1<T}e ATl+lh‘((I)f' +1)} _I_ 1{7271+1}6_>\Ti+1vk—1(af'i+17 ¢75'1+1))]

SR
=1

+ Lr<nie /\Tlﬂh(@i +1) + 1{72Ti+1}€7)\7i+1kal(ai'ﬂ’ (I)fﬂl)}]

N9
ZZI 0

+ 1{T¢+1<T}€_ATi+l <h((1>i+1) + vk_l(afm, (I)f_l+l)> }:|

TATi+1

7

AT 5 o
HoicriinTuia-n)} (1{720&{ / e g(a;, D7)ds

1{<7i<7'i+1/\Tn—k—2(i—1)} ) 1{"'201‘}{ / e_)\sg(ai (bg)ds

TAT{+1
—As 1 1)
1{U"<T"+1/\T"*k*2(i*1)} ' 1{720i}{ / € g(asa q)s)ds

69

(B.10)

By Lemma B.1.1, there are F° -measurable random variables x, y such that

04

TATiy1 = (0; + ) A (0, +y) Po— as. on the event {7 > 0;}. Making these

substitutions into (B.10) gives us,

(1.6 (oit+z)A(oi+y) )
]E {1{0'i<7i+1/\Tn—k:—2(i—1)} ’ 1{7'201'}(/ € )

i

-3 R
g(ag7 (I)g)ds + 1{y<5’3}6_>\(ai+y) (h(q)((;ffri-y)) + Uk_l(l’ CI)?UH-?J))) ) “ng}]

_ N g9
; 0

+ 1gyeaye Y (h(cbg) +vp_1 (1, @g)) ’]—“ﬁi}]

= ZE(()L@ |:]‘{Ui<7'i+l/\Tn—k72(i71)} ’ 1{720i}6_>\0i<‘]vk—1>(x7 Y, 07 @gl)]

>E

. 5 5
Zl{ﬂn w=oi} " L{r>pa_r3€ o kvk( K’ (b/’n—k)]

=1

—\o; (0, @gz) T —As 0 4
1{O'i<7'i+l/\Tn—k—2(i—1)} ) 1{7'201'}6 E, e g(Ozs, @s)ds
0
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Upon combining the inequalities obtained in cases (i), (i7) and (iii), we get
RHS)_1 > RHS}. This ends our proof for the case when (n — k + 1) is even and
71 = 0. The proof for the case when (n — k + 1) is odd and 7, = 0 follows similar

arguments. However, 3% **! and A"*(p,_;) have a different definition which we

present here. g7 FH1=2m=l .= {5 10 0o, - o Ty Oy T4, T3y oo+, Top 1}
Tit1, iftp,p=0;,1=1,---, m—1
—k ) .
A" (p”*k) = o \ T(n—k‘)—(Qi—Z)a if Pn—k = Tiy, T = 27 e, M
Tis1 N Onkito, ifpp =T 1=2,4,--+,2(m—1)
2

{Note in the above equation: n — k = 2(m — 1)}

B.2 Proof of Lemma 6.1.10

Proof. Let us first check the second part of the lemma as follows,

(Jowr)(a, ¢)
inf(’]’, o1)EM EO [ OT/\UI/\TI 6_/\59<a§7 (I)g)ds + 1{01<TAT1}€_/\01 wy (07 q)gl>

+1(r <opnrre Miwi(1,94,)], when o =1

inf(, ryem Eo

fOTATI e Mg(ad, @0)ds + 1 <ppe (h(@il)

+wy (1, (I)fl))] , when a =0

\
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(. TACINTT  _)\g o
inf(; opyem Eo [fo/\ AL o=X g(al, ®0)ds + (g <ramyre " wo (0, <I>f,1)

+1{T1<J1/\T}€7)\T1w2(17 cl)g“lﬂ ) when o =1

IN

infi; -yem Eo

T1

7 e g (ad, B0)ds + Ly crye (h@a )

\

+wo(1, ®f1)>] , when a =0
= (Jows)(a, @)

where we used (5.13), (5.14) and the domination principle of expectation. Moving

to the first part of (i), we have from (5.13), (7.3), (7.5) and (7.6) the following,

toAsoNTy
EO |:/ e_)\sg(ag7 ®g)ds + 1{80<T/\T1}e_/\80w(05 ¢§O) + 1{T1<SQ/\t0}e_)\Tl'
0
toAso
w(, o) = [ 01 ats, aas
0
so/Ato Al
+ 1{80<t0}€_()\+)\0)50w(07x(‘SOa ¢)) +/ e_(AO—i_)\)uw (17 )\—SE(U, ¢)) )\Odu
0 0
toAso _)\
> / e~ (A+X0)s (_ — o ”w”) ds — 1{80<t0}€—(/\+/\0)80 |w]|
0 C

—A 1 Z (A s —(AXo)s
N (T — o Hw“) (A+ )\0) (1= emOrrlltonsoly — 1 pgpem AP0 |

(B.11)

where the first inequality follows since g(1,¢) > =2 > =2 from (5.11) and

|lw|| ;== sup |w(a, ¢)| < oo therefore, — ||w|| < w(-,-) < |Jw|. Taking the
ae{0,1},
PER Y

infimum over ¢y, so € R, on both sides of the inequality (B.11), the inequality is
still preserved and the L.H.S. is nothing but (Jyw) (1, ¢) (from 7.1).

(Jow)(1,¢) > inf — (% + ||w|]) ( 1 ) (1 _ 6—()\+)\0)(to/\so))

to, so€R4 A + )\O

_ 1{80<t0}6—(/\+/\o)80 ||w||

= min{Hg,, Hs,}-
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The infimum on the R.H.S. of the above inequality can be regarded as the
minimum of the infimums of the same objective function over two disjoint sets
Sl = {(t[), 80) € R+ X EJ’, . to < 50} and SQ = {(t[), SQ) € EJF X RJ’, : to > 80}.

Hg, and Hg, can be found as follows,

Hs,

A 1
— 1 _ o - —(/\+)\0)t0
(to,lslol)fe& { (C + /\0 Hw”) <>\ + )\0) (1 c )}
A A 1
— (= inf Z —(A+Xo)to
(C o ||w||> ( Ao) +tolélﬁ+ { (C o Hw”) ()\Jr )\o) ‘
A
- (2 B.12
(24 2atel) (535) (B.12)

Hs,
= inf — é + Ao Hw” 1 (1 _ e*()\Jr)\O)SO) — ¢~ (A +A0)so HwH
(to,s0)€S2 c A+ Ao

A 1 A 1
— _ | = \ inf —(AXo)so - A
(C + 0 HwH> <>\+ AO) +501£ﬁ+ {6 c + 0 H’UJH )\+ )\0
1 1 A
inf —(A+X0)s0 -
A+ o) +solgﬁ+ {6 ¢ el A+ Ao

—_

>
— T

(i
=l () - if 1> |l
=G fwll) (525) + G = lel) (525) i L <l
-Gl () i s,
= [lwll, if L < flw].

From (B.12) and (B.13), we can note that min {Hg,, Hs,} = Hs,. Hence,

(Jow)(1, ¢) > Hs,, (using (B.13))
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Similarly in order to compute the lower bound on (Jyw)(0, ¢) we start with,

toAro
[ gl s+ L (1008 1,97
0

toAro _)\ a
> / e (-) ds + Tgrgeraye ™ (% = Il
0 c c

where the inequality follows since ¢(0,¢) > =* from (5.11) and h(¢) > ¢ from
(5.12). Taking the infimum over ¢y, ro € R, on both sides of the inequality, the
inequality is still preserved and the L.H.S. is nothing but (Jyw) (0, ¢) (from 7.8).

(Jow) (0, 9)

to/Aro \ _)\ . a
Z lnf e s I dS + 1 . e~ 0 <_ — lw > }
to, T0ER {/0 ( c ) {ro<to} c [Jw]]
-2 1 a
= inf — ) (1) (=) p 10y (‘ — llw )}
e () G) )+ Lyt (= Il

1 a
= ml (T) (e ) 1 e (4 >}
to, T0ER+ {< & ) ( ) fro<tol ¢ H H
= min {Gg,, Gr,}-

where R; = {(to, ro) ERy x Ry 1 £ < ro} and Ry = {(to, 7o) € Ry x Ry : tg

> 19}. Gr, and Gg, can be found as follows,

_ : __1 __—=Xbo . —_1 o _—_]_
Gr, = (toj«?)fe& {( ¢ ) (1 ’ )} _tolélﬂgr {( c ) (1 ‘ )} oo

—1
r = int {(T) = v e (2=l |
(to,r0)ER2 & C
-1
— inf {(—) (1 — ) 4 e (9 - |yw|y>}
ro€Ry Cc C
—1 1
= — + inf {6_’\7"0 (ﬂ — ||w||)}
& ro€R4 Cc

= if 222 > |

c

T (= lwll), i < ]
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= if 22 > ]
={ ¢ (B.15)
&=l if 22 <lw].
From (B.14) and (B.15), we can note that min{Gg,, Gr,} = Ggr,. Hence,
(JO w)(0> ¢) > gR2> (using (B15)) :
We can finally conclude that (from (B.2), (B.2))
(Jow) (-, -) > min{Hs,, Gr,} = K > —0
[l

B.3 Proofof Proposition 8.2.1

Proof. We first consider the case when 71 = 0. Let uy, us >t > 0. We have from

earlier definitions that,

w1 Aug ATy
(Jw)(uy, ug, 1, ¢) = E[()l’¢) / e g(ad, ®2)ds + Liyycunrye ™™
0

U)(O, q)i2) + 1{T1<u1/\u2}6_)\T1w(17 (I)g“l)

Let us consider two cases: one in which we have u; A us = u; and the other
up A ug = ug. It turns out that the result does not change with the two cases. So

the display becomes,

uyl ATy
B0 [ et @8 ds - 1mauge Putt, 98]
0
. tAT u1 ATy
= E(() 9 {(/ +1{Tl>t}/ ) e_’\sg(ag, (Ifg) ds + 1{T1<ul}e_AT1w(1, (I)i}l)
0 ¢
1 tATY
=B | [ e gtal ) ds 1 T, o)
0

1 ul ATy
+EY |:1{T1>t}/ e *g(al, ‘Dg)ds]
t
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On the event {7} > t} we have uy ATy = (t+ (uy —t)) At +T106;) =
t+ ((ug —t) ATy 06;). Therefore we have

:--~+]Eél’¢)
:_“+]EE)1,¢>)
:__,+]E(()1,¢)
:_”+E81,¢)
= __'+]E81,¢)

t+((u17t)/\T109t) N 5 s
1{T1>t}/ e “g(ag, @7)ds
t
(1 ¢) t+((u17t)/\T106’t) 5 s 5
EO ’ 1{T1>t}/ 6_)\89(0537 qu) ds ft
t
(1,9) rHl=OnTy A s s
1{T1>t}E0 , / e Sg(asfw q)sft> ds | o Qt
t

s t—l—((ul—t)/\Tl)
1{T1>t}EéLq)t) {/ e_Asg(O‘g—m q)g—t) ds
t

g

((ur—t)AT1)
1{Tl>t}e_’\t]E(()1’¢g) {/ e_)‘sg(ozg, 613‘2) ds}]
0

((u1 —t)/\Tl)
N nsge™ <Ef)1’ ég){ / e g(af, ) ds
0

)
+ 1{T1<u1—t}6_>\T1w(]-7 q)g”l)} - ]E(()Lq)t){]—{T1<u1—t}e_>\le(17 cI)%H)})]

)

B ]E(()l’(bt

1{T1>t}e_)\t <(Jw)(u1 —t,up — t, 1, <I>f)

){1{T1<u1t}6_mw(1’ ¢6T1)})]

(P g—At(Jw)(ul —t,upg —t, 1, x(t, qb)l]

is deterministic

1{T1>t}€f)\tE[()1,x(t,¢)) { 1{T1<u1—t}€7)\T1w(17 (I)6Tl)}]

= ...+ e_()‘+)‘0)t(Jw)(U1 — t, Ug — t, 17 l'(t, ¢))

5
1{T1 >t}€7)\tE(()1’ 0 { 1{T1 <U1—t}eiAT1w(17 CI)i}l ) }] (B-lﬁ)

We could simplify the expectation inside the last term as follows

_ , ®? —
Linspe ME((JI t){l{TKmt}e M1, ¢5T1)}
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1,®? —
= 1{T1>t}IE:(() ){1~{T1+15<u1}6 )\(Tﬁ_t)w(l? (Dg“l)}

= 1{T1>t}E(()17¢){ (1{T1+t<u1}eiA(Tl+t)w(17 (I)gﬁ)) o et

F? }
F? }

= 1{T1>t}EE>1’¢){1{T1oet+t<u1}€A(Tloet“)w(l, ®%. 0 6,)

7}

because we have T} =t + T} o 8; and (ID%I 0l = <I>£_§p1 on {7} > t}. Putting it back
into (B.16) we have,

= 1{T1>t}E(()L¢) 1{T1<u1}€_>\T1w(1; CI)%)

=...+ e*(’\“‘O)t(Jw)(ul — t, Uy — t, 17 x<t7 ¢))

— ]Eél’¢) 1{T1>t}€AtE[gl’¢){1{T1<ul}€)‘le(l, (I)gﬂl)

]

= ...+ e_()‘+)‘0)t(Jw)(U1 — t, Uy — t, 17 l’(t, ¢))

- ]EE)I’@ 1{T1>t}1{T1<u1}ei)\le<17 (I)g’l)]

tAT
_ g9 [ [ e atat, @) ds + dncune Pl @%n}
0

+e —(Ho)t (Jw)(m — t, Uy — t, 1, {L‘(t, qb)) — EéLw 1{T1>t}]-{T1<u1}6_>\Tl'
w(1, ®5,) ]
tATY
{/ e a <I>6) ds + ].{Tlgt}G_Ale(l, (IJ‘STI)}
0
—()\—H\o)t

w)(uy —t, ug —t, 1, 2(t, ¢))
(Jw)(t t+s, 1, ¢)+e AN Tw)(uy —t, uy —t, 1, z(t, ¢)).

Taking infimum on both sides over wuq, us such that u; A ug > t gives us the

required result and s is any positive constant. O
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B.4 Proof of Proposition 8.2.6

Proof. Let uy, us >t > 0. We have,

(Jw)(u1, us, 0, ¢) = E>?

w1 AU
[ e atat 8 ds e ™ (h(@f@)
0

w(l, @iQ))]

Let us consider the case u; A us = us > t > 0. The proof for the other case is

identical.

u2
_Ego’@/ gl <1>5)ds+e—m2<h(c1>§2)+w(1, @32)”

— E? (/ / ) “g(al <I>5)ds+e”“2(h(<1>22>+w(1, <I>iz>>]

= e [ [ egtat )]
0

Uz
+ ]E(()O’¢) [/ e_ksg(ag, @g) ds + e A2 (h(@fu) +w(1, (I>22)>]
t

ug—t
— ... 4 Eéo’ ¢) E((]O’¢){ / e~ (5+t)g(as+t, (I)s+t) ds 4 e A2 (h(@)i2 .0 0;)
+ w(l, (D ug—t © et ]
= oL ([T eengat aty s e (e,

0

+w(L, @7, t)>09t }]
—)\tE0¢ (/0 e g(al, ®)ds+ e~ (“2_t)(h(q>22 +)
i

(1 ®zz t) Oet ‘Ff

e el e (L
0
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+w(1, @iz_t)) }]

t
_ ¥ [ | eotat o) ds] FECD [N () — s — 1, 0, gt )]
0

= (J'lU)(t, t+q, 07 ¢) + €—>\t<Jw)(u1 —1, up — t, 07 y<t’ ¢))

and (8.1) follows by taking infimum on both sides of the last equation over u; A

us >t and ¢ is any positive constant. [



Appendix C

Code

We present here the codes (written in MATLAB) for the case when @ < 0. The
case when a equal to or less than zero have similar routines. Following is a brief

description of the routines used:

constant_1.m: File to which we supply the constant values A\, \g, A1, a, b, c.

of () .m: Contains the operator Jy(-, -)(5.13 - 5.14), and calls the routines J11.m
and J12.m in order to solve the deterministic optimization problem in (7.6);

and calls the routine JO1.m to solve the deterministic optimization problem
in (7.13).

J11.m: This routine computes the function w(0,z(sg, ¢)), needed for Jy(1, -),

using linear interpolation.

J12.m: Computes fOSOMO e~ (otNu gy <1, i—;:lf(u, ¢)> Aodu, needed for Jy(1, -),
using linear interpolation and computes the integral using quadrature tech-

niques (provided as quad.m in MATLAB).

Jo1.m: Computes w (1, (1 + ¢)e* — 1) needed for Jo(0, -), using linear inter-

polation.

79
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Note: the symbol A in the following code can be replaced with any variable name.

1 function [a lambda lambda_0 c lambda_-1l a b ahat phi.d
2 a_.l xi UL] = constant_1()
3 A = 0.5;

5 lambda = 1;

6 lambda_0 = 3;

7 ¢ = 0.1;

8 lambda_l = 2+«lambda_0;
9 a = 0;

10 b = 0.01;

11

12 ahat = lambda — (lambda_l—lambda._0);
13 phi_.d = —lambda/ahat;
14 a.l = 1/ (lambda+lambda_0) (phi_.d + b/c* (l+phi_d) — lambda/c);

15 if (lambda +lambda_0)/c > ((lambda +lambda_0)/c
—phi_d) * (lambda_-1/ (lambda+lambda-0)) +phi_d

16 xi = (lambda +lambda_0)/c;
17 else
18 xi = ((lambda +lambda_0)/c

—phi_d) *« (lambda_1/ (lambda+lambda_0)) +phi_d;

19 end

20 UL = round(xi)+1;

21 end

1 function [fval fval_0 k] = of ()

2 [a lambda lambda_0 c¢c lambda.l a b ahat phi.d a_.1 xi UL] =
constant_1();
3 k = 1;

4 error =100;

6 options = optimset ('LargeScale','off');

)

8 % ,'Algorithm', 'sgp'// , 'Algorithm', 'active—set' //
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9 %, 'Algorithm', 'trust—region—reflective' (default)//
, "Algorithm', '"interior—point'

10

11 % % computing v1_.0 and v1._.1.

12

13 probleml =
createOptimProblem('fmincon', 'objective', @objfun, 'x0',0, ...

14 '"1b',0,'ub',3, 'options',options);

15 msl = MultiStart;

16

17 problem2 =

createOptimProblem('fmincon', '"objective', @objfun_0, 'x0',0, ...

18 '1lb',0,'ub',3, 'options',options);
19 ms2 = MultiStart;
20

21 problem3 =

createOptimProblem (' fmincon', 'objective', @Gobjfun.1l, 'x0',0, ...

22 'Ib',0,'ub', 3, 'options',options);
23 ms3 = MultiStart;

24

25

26 for jj =0:0.5:UL

27 [x,fval (fix(3j/a +1),k)] = run(msl,probleml, 3);
28 [x, fval_ 0(fix(jj/a +1),k)] = run(ms2,problem2, 3);
29 end

30

31 % % computing v2_.0, v2_.1 and the others.

32 k= 2;

33 while error >0.01

34 fun_phi = fval(:,k—1);

35 fun_phi 0 = fval 0(:,k=1);

36 for 33 =0:0.5:UL

37 [x,fval (fix(jj/a +1),k)] = run(msl,probleml, 3);
38 [x,uu] = run(ms2,problem2, 3);

39 if a > 1/(1+33)

40 fval 0(fix(jj/a +1),k) = uu;

41 else

42 [x,uu-0] = run(ms3,problem3, 3);
43 val_0 = [uu uu.0];

44 fval 0(fix(jj/a +1),k) = min(val_.0);
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45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

76

end
end
for pp = 0:0.5:UL
Diff (fix (pp/a +1)) = abs(fval (fix(pp/a +1),k) —
fval (fix (pp/a +1),k—-1));
Diff_ 0 (fix(pp/a +1)) = abs(fval_0(fix(pp/a +1),k) —
fval 0 (fix(pp/a +1),k=1));
end
error_1 = max(Diff);
error_.0 = max(Diff_0);
error = max([error_0 error_1l])
k = k+1;

end
save vl.dat

save v2.dat

fval —ascii;

fval_0 —ascii;

o)
)

function £ = objfun (x)

phi

= 3J3;

if k>1

f = a.l x(l—exp(—(lambda +lambda_0) *x))
+ (phi—phi_d) /lambda_l* (1+b/c) * (1—
exp (—lambda_1xx))+
exp(—(lambda_O+lambda) .*x)*J11l (x,phi, ...
fun_phi_ 0) + lambda_0%xJ12 (x,phi, fun_phi);

return;

else

end

end

oo

f = a.l *(l—exp(—(lambda +lambda_0)*x)) +
(phi—phi_d) /lambda.l = (1+b/c) * (1—
exp (—lambda_1%xx));

return;

function £ = objfun_0 (x)

phi0 = 33;

f =

end

(1+phi0) *x — (1/lambda+l/c)* (1l—exp(—lambdaxx)) ;

function £ = objfun_1(x)

phi0 = 3j3;
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77 f = (1+phi0)*x — (1/lambda+l/c)* (l—exp(—lambda*x)) +
a/c* (1+ phi0)+ exp(—lambda*x)*J01 (x,phi0, fun_phi);

78 end

79 end

1 function [f] = J12(x,vy, fun_phi)

2 % note in our current scheme, we have that ahat <0. Note:

if it
3 % becomes greater or equal to 0, we need to change the

whole thing.

4 [A lambda lambda.0 c¢ lambda-l a b ahat phi.d a_-1 xi UL] =
constant_1();

5 phi 0 = vy;

6 f = 0;

7 if x ==

8 return;

9 end

10 % case where phi_0 > phi_d

11 if phi_ O>phi.d % then the integral goes from 0 —>

12 % first determine where lower boundary point falls.

13 f =0;

14 low_bound = UL;

15 upp-bound = UL;

16 for ii = 0:a:UL

17 if lambda-l/lambda_Oxphi_ 0 < ii

18 low_bound = ii—a;

19 break;

20 end

21 end

22 % then determine where upper boundary point falls.

23 for ii 0:a:UL

24 if lambda_l/lambda_Ox (phi_d + (phi_.0 —

phi_d) xexp (ahat*x)) < ii

25 upp-bound = ii;

26 break;

27 end

28 end

29 if lambda_l/lambda_0* (phi_.d + (phi_.0 —

phi_d) xexp (ahat*x)) > UL
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30 return

31 end

32 if low_bound < upp-bound

33 f =f + quad(@fun2, 0, x);

34 return;

35 end

36

37 net = 0;

38

39 for i_.1 = low_bound:—a:upp-bound+a

40 if (lambda_0/lambda_l*(i_1—a) —phi_d) # 0

41 net = net + quad(@funl,
1/ahat+log((lambda_-0/lambda_-1+*i_-1 —phi_d
)/ (phi_0—phi_d)),1/ahat*log((lambda_0/...

42 lambda_1x (i_1-a) —phi_d )/ (phi_O—phi_d)));

43 else

4 % disp ('BAD CASE1l"'");

45 net = net + quad(@funl,

1/ahat+log((lambda_0/lambda_1+xi_1 —phi_d
)/ (phi_0—phi_d)),x);

46 end
47 end
48
49 if low_bound == upp-bound &&
(lambda_0/lambda_l+* (upp_bound—a) —phi_d) == 0
50 f = quad(@fun2, 0, x);
51 return;
52 else

53 disp ('BAD CASE');
54 if (lambda_0/lambda_l*low_bound —phi_d
)/ (phi_0—phi_d) ==

o\

55 vam_-2 = 0;

56 else

57 if low_-bound == UL

58 low_bound = low_bound — a;

59 vam_2 = quad(@funz2, O,
1/ahat+log((lambda_0/lambda_1x...

60 low-bound —phi_d )/ (phi_-O—phi_d)));

61 else
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62

63

64

65

66

67

68

69

70

71

72

73

74

75

76

s

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

vam-2 = quad(@funz2, O,
1/ahat+log((lambda_0/lambda_1x*..
low-bound —phi_d )/ (phi_0O—phi_d)));
end
end

end

if lambda_0/lambda_l*upp_bound —phi_.d == 0
vam_1 = 0;

else
vam_-1 = quad(@fun3,1/ahat*log((lambda_0/lambda_1l...
xupp-bound —phi_d )/ (phi_0—phi_d)), x);

end
f = net + vam.2 + vam_.l;
return;

end

if phi 0 < phi.d

upp-bound_1
low_bound_.1 = UL;
f =0;

UL;

[

% first determine where lower boundary point falls.
for ii = 0:a:UL
if lambda_l/lambda Oxphi 0 < ii
low_bound_.1 = ii;
break;
end
end
if lambda_l/lambda_O*phi_0 > UL
return;
end
% then determine where upper boundary point falls.
for ii = 0:a:UL
if lambda_l/lambda_0* (phi_.d + (phi_0 —
phi_d) xexp (ahat*x)) < ii
upp-bound_1 = ii—a;
break;
end

end
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100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

115

116

117

118

119

120

121

122

123

124

125

126

127

128

129

130

131

end

net = 0;

if low_bound.1 > upp-bound_1
f = net + quad(@fun5, 0, x);
return;

end

for 1.2 = low_bound.l:a:upp-bound.1—a
if lambda_0/lambda_l1x(i_2+a) —phi_.d % 0
net = net + quad(@fun4,
1/ahat+log((lambda_0/lambda_1+1i_2 —phi_d
)/ (phi_0—phi_d)),1/ahat+*log((lambda_0/...
lambda_l* (i_2+a) —phi_d )/ (phi_O—phi_d)));
else
net = net + quad(@fun4,
1/ahat+log((lambda_0/lambda_1%xi_2 —phi_d
)/ (phi_0—phi_d)), x);
end

end

if low_bound.l == upp-bound_.l &&
(lambda_0/lambda_l*low_bound_1 —phi_d )
f = quad(@fun5, 0, x);

Il
Il
o

return;
else
vam_2 = quad (@funb5, 0,
1/ahat+log((lambda_0/lambda_l*low_bound_1
—phi_d )/ (phi-O—phi.d)));

36

end
if upp-bound.1 == UL ||
(lambda_0/lambda_l*upp_-bound.1 —phi.d) == 0
vam_1 = 0;
else
vam_-1 = quad(@fun6,1l/ahat+log((lambda_0/lambda_1%*...

upp-bound_-1 —phi_d )/ (phi_O—phi_d)), x);
end
f = net + vam.2 + vam_1l;

return;

o\

DSODSSSDESE>>
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132

133

134

135

136

137

138

139

140

141

142

143

144

145

146

147

148

149

150

151

152

153

154

155

if phi_.0 == phi_.d %case when phi = phi.d, Careful.
f = 0;
for ii = 0:a:UL
if lambda-l/lambda_Oxphi_d < ii
constant = fun_phi(1/a*ii + 1) +
(lambda_1/lambda_Oxphi_d —
ii) * (fun_phi (1/a*ii+1l)—fun_phi (1/a%ii))*1/a;
f = constantx1l/(lambda +
lambda_0) « (1—exp (— (lambda +lambda_0) *x));
break;
end
end
return;

end

function g = funl (t)

g = exp(—(lambda_0+ lambda) .*t).* (fun_phi(l1/a.x1i.1 +1) +
(lambda_1/lambda_0.* (phi.d + (phi_0 —
phi_d) .xexp (ahat.xt))—

i_l) .x(fun_phi(1/a.xi_1+1)—fun_phi(1/a.xi_1))/a);

end

function g = fun2(t)

g = exp(—(lambda_0+ lambda) .*t).* (fun_phi(1/a.*low_bound
+1) + (lambda_l/lambda_0.x* (phi.d + (phi_.0 —
phi_d) .xexp (ahat.xt))—
low_bound) . (fun_phi (1/a.*low_bound+2)—fun_phi (1/a....

xlow_bound+1))*1/a);

end
function g = fun3(t)

g = exp(—(lambda_0+ lambda).*t).* (fun_phi (1/a.xupp_bound
+1) + (lambda_-l1/lambda_0.x* (phi_-d + (phi_0 —
phi_d) .xexp (ahat.xt))—
upp-bound) .* (fun_phi (1/a.*upp-bound+1l)—fun_phi (1/a....

*upp_bound) ) *1/a);

end

function g = fun4 (t)
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159 g = exp(—(lambda_0+ lambda).*t).x (fun_phi(l/a.x1i.2 +1) +
(lambda_1/lambda_0.* (phi_.d + (phi_0 —
phi_d) .*xexp (ahat.*t))—
1_2) .x (fun_phi (1/a.x1i_242)—fun_phi (1/a.*1i_2+1))*1/a);
160 end
161 function g = funb5 (t)
162 var2 = fun_phi (l1/a*xlow_bound_1);
163 var3 = fun_phi (1/a*low_bound_1+1);
164 g = exp(—(lambda_0+
lambda) .*t) .+ (fun_phi (1/a.*xlow_bound_.1 +1) +
(lambda_1/lambda_0.* (phi.d + (phi_0 —
phi_d) .*exp (ahat.*t))— low_bound_l) .x (var3—var2)/a);
165 end
166 function g = fun6 (t)
167 g = exp(—(lambda_0+
lambda) .*t) . x (fun_phi (1/a*upp_bound_1 +1) +
(lambda_1/lambda_0.x (phi_.d + (phi_.0 —
phi_d) .xexp (ahat.xt))—
upp-bound_1) . (fun_phi (1/a.xupp-bound_1+2)—fun_phi. ..
168 (1/a.xupp_bound_1+1))*1/a);
169 end
170 end
1 function £ = J11(x,y, fun_phi_0)
2 [Ao lambda lambda_-0 c¢ lambda-1 a b ahat phi.d a_-1 xi UL] =
constant_1();
3 phi 0 = y;
4 f = 0;
5 for ii = 0:a:UL
6 if (phi.d + (phi_O—phi_d )xexp(ahat*x)) < ii
7 f =f + funphi 0(1/a%ii) + ((phi.d +
(phi_0—phi_d ) *exp (ahatxx)) —
ii4a) * (fun_phi_ 0 (1/axii+1) — fun_phi_0(1/axii)) /a;
8 break;
9 end
10 end

11 end
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39

10

11

12

13

14

15

16

17

function £ = J01(x,y, fun_phi_00)
[o lambda lambda_-0 ¢ lambda-1 a b ahat phi.d a-1 xi UL]

constant_1();

phi_ 00 = y;
f = 0;
for ii = 0:a:UL
if (1+phi_00) xexp (lambda*x)—1 < ii
if i1 ==
f=f + fun.phi_ 00(1);
return;
else
f =f + fun.phi 00 (1/axii) +
((l+phi_00) xexp (lambda*x)—1—
ii+a)* (fun_-phi_ 00 (1/axii+l) —
fun_phi_ 00 (1/axii)) /a;
return;
end
end
end

end
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