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NON-POLYNOMIAL B-SPLINE FUNCTIONS

ABSTRACT

This thesis is concerned with the explicit representation of non-polynomial
B-spline functions for a wide collection of spline spaces including trigonometric
splines, hyperbolic splines, and special Miintz spaces of splines. Divided differences
are a basic tool in interpolation and approximation by polynomials and in spline
theory. They are directly involved in the definition of B-splines. As in the original
definition of B-splines, we represent the non-polynomial B-splines by using
non-polynomial divided differences applied to a proper generalization of
truncated-power function. Starting with the interpolation problem, we define the
non-polynomial divided differences recursively as a generalization of classical
divided differences. We also derive the identities and the properties of these
non-polynomial divided differences such as symmetry, Leibniz formula, cancellation
formula, affine combinations, and ratio of determinants. With the definition of a
generalized derivative operator, it is shown that as in the polynomial case,
non-polynomial divided differences can be viewed as a discrete analogue of
derivatives. A generalization of the Hermite interpolation is also obtained using
non-polynomial divided differences with repeated points. Using the link between
non-polynomial divided differences and derivatives , we obtain the generalized Taylor
series and state Generalized Taylor Theorem. With the definition of definite integral,
the non-polynomial divided difference is built by the integration with non-polynomial
B-spline functions. Also, we derive a general form of the Peano kernel theorem based
on a generalized Taylor expansion. Here, we use the generalized Taylor Theorem with
the integral remainder. As in the polynomial case, it is shown that the non-polynomial

B-splines are in fact the Peano kernels of non-polynomial divided differences.

Keywords: B-spline, Interpolation, Divided difference, Taylor series, Peano kernel

theorem.
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POLINOM OLMAYAN B-SPLINE FONKSIYONLARI

0z

Bu tez, trigonometrik spline’lar, hiperbolik spline’lar ve spline’larin 6zel Miintz
uzaylar1 dahil olmak iizere genis bir spline uzaylar1 koleksiyonu ig¢in polinom
olmayan B-spline fonksiyonlarinin agik gosterimi ile ilgilidir. Boliinmiis farklar,
polinomlarla interpolasyon ve yaklasimda, ve spline teorisinde temel bir aragtir.
B-spline’larin taniminda direkt bulunurlar. B-spline’larin orijinal taniminda oldugu
gibi, polinom olmayan B-spline’lari, kesik-kuvvet fonksiyonunun uygun bir
genellestirilmesine uygulanan polinom olmayan bdliinmiis farklart kullanarak
gosteriyoruz. Interpolasyon probleminden baslayarak, polinom olmayan bdliinmiis
farklari, klasik bdoliinmiis farklarin bir genellemesi olarak yinelemeli olarak
tanimlariz. Simetri, Leibniz formiilii, sadelestirme formiilii, afin kombinasyonlar1 ve
determinantlarin orani gibi bu polinom olmayan boliinmiis farklarin 6zdesliklerini ve
ozelliklerini de elde ediyoruz. Genellestirilmis bir tiirev operatorii tanimi ile, polinom
durumunda oldugu gibi, polinom olmayan béliinmiis farklarin, tlirevlerin ayri bir
benzeri olarak goriilebilecegi gosterilmistir. Tekrarli noktalarla polinom olmayan
boliinmis farklar kullanilarak Hermite interpolasyonunun bir genellemesi de elde
edilir. ~ Polinom olmayan boliinmiis farklar ve tlirevler arasindaki baglantiy1
kullanarak, genellestirilmis Taylor serisini elde ederiz ve Genellestirilmis Taylor
Teoremini ifade ederiz. Belirli integralin tanimi ile polinom olmayan boliinmiis fark,
polinom olmayan B-spline fonksiyonlariin integrasyonuyla olusturulur. Ayrica,
genellestirilmis Taylor serisine dayali Peano c¢ekirdek teoreminin genel bir bigimini
elde ederiz. Burada, integral kalaniyla birlikte genellestirilmis Taylor Teoremini
kullantyoruz. Polinom durumunda oldugu gibi, polinom olmayan B-spline’larinin
aslinda polinom olmayan boliinmiis farklarin Peano c¢ekirdekleri oldugu

gosterilmistir.

Anahtar kelimeler: B-spline, interpolasyon, Béliinmiis fark, Taylor serisi, Peano

¢ekirdek teoremi.
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CHAPTER ONE
INTRODUCTION

Splines are piecewise polynomials whose derivatives agree up to some order at the
joins. Today, splines appear in various areas such as geometric modeling, signal
processing, data analysis, visualization, numerical simulation, and probability, etc. To
work with splines effectively, one needs a proper basis to represent them. B-splines
(where ”B” stands for basis or basic) are the most useful spline basis functions
because they possess several features that are essential both theoretically and

computationally.

B-splines were first constructed as early as nineteeth century by N. Lobachevsky as
convolutions of certain probability distributions. Then, B-splines appeared in papers
of Tchakaloff (1934), Popoviciu (1933). But, the modern theory of splines started with
the fundamental work of Schoenberg (1946). The original definition of the B-splines
is based on the divided differences. There are various approaches to define B-splines.
De Boor (1972), Cox (1972) and Mansfield gave the recurrence relation for B-splines.
Ramshaw (1987) used the blossoming to define B-splines.

There is always great interest in B-splines. In addition to the classical B-splines,
B-splines from non-polynomial spline spaces, such as trigonometric, hyperbolic or
Chebychevian ones are studied by Lyche & Winther (1979), Lyche (1979),
Schumaker (1983, 1976). The approach to these various types of B-splines is very
similar in all cases, that is, it relies on the use of a suitable divided difference
operator, applied to a proper generalization of truncated power function. Disibliylik &
Goldman (2016) develop a unified theory of splines for a wide collection of spline
spaces m,(71,72) = span{fy?’k'yé“}zzo, where the functions ~; and 7, are linearly

independent. Using the barycentric coordinates of a point on the planar parametric

curve P(t) = (71(t),72(t)), a <t < b satisfying

d(xy, 22) = y1(21)V2(22) — Y1(22)72(71) (1.1)



that never vanishes for distinct 21, zo € [a, b], Disibilyiikk & Goldman (2016) construct
compactly supported non-polynomial B-spline basis functions in terms of a
recurrance relation and polar form. The space 7,(71,72) includes as special cases
standard polynomials, trigonometric polynomials, hyperbolic polynomials and special

Miintz spaces, as well as many other spaces. For example,

- ify () = 1 and v, (x) = z, then d(z1, x2) = x2 — 1 never vanishes for distinct
values 1, 5 € [a, b] and the space 7, (1, ) is the space of polynomials of degree

n.

- If v () = sin(z) and vo(z) = cos(z), then d(x1,x2) = sin(z; — x2) and the

space 7, (sin(z), cos(x)) is the space of trigonometric polynomials of degree .

- Ify1(x) = sinh(z) and vo(z) = cosh(z), we have the space 7, (sinh(x), cosh(z))

which is the hyperbolic polynomials.

~if y(x) = 2° and y(z) = 27, m,(71,72) is a Miintz space generated by

span { gn—R)itks }ZZO. Here i and j may be either positive or negative numbers.

It is seen from the examples above that the non-polynomial spline spaces 7, (1, 72)
include as special cases standard polynomials, trigonometric polynomials, hyperbolic

polynomials and special Miintz spaces, as well as many other spaces.

In this thesis, we give an explicit representation of non-polynomial B-spline
functions for the space m,(7:,72) by using non-polynomial divided differences
applied to a proper generalization of truncated-power function. To define
non-polynomial divided differences, we are concerned with the interpolation
problem. Then, we give the definition of non-polynomial divided differences as a
generalization of classical divided differences. We also derive a number of identities
and properties of these non-polynomial divided differences such as symmetry,
Leibniz formula, cancellation formula, affine combinations, and ratio of determinants.
We define a novel variant of the truncated power function and then we express

non-polynomial B-splines explicitly in terms of non-polynomial divided differences



of this truncated power function. Defining a certain derivative which is a
generalization of the classical derivative, we obtain the connection between
non-polynomial divided differences and derivatives. A generalization of the Hermite
interpolation is also obtained using non-polynomial divided differences with repeated
points. Making use of a certain integration, we build non-polynomial divided
differences by integration with non-polynomial B-splines. Also, we obtain a
generalization of the Taylor series using non-polynomial divided differences in terms
of the generalized derivative operator. Finally, we derive a general form of the Peano
kernel theorem based on a generalized Taylor expansion. Here we use the generalized
Taylor Theorem with the integral remainder. As in the polynomial case, it is shown
that the non-polynomial B-splines are in fact the Peano kernels of non-polynomial

divided differences.

To make this thesis fluent and comprehensible, we will briefly summarize

polynomial divided differences and B-spline functions together with their properties.

1.1 Polynomial Divided Differences

The divided difference is commonly used in numerical analysis and approximation
theory, and is related to both Newton interpolation and B-spline approximation.
Although divided differences providing the dual functionals for the newton basis are
rightly associated with Newton, the term ’divided difference’ was, according to

Whittaker & Robinson (1946), first used in 1842 by De Morgan (1836).

flzo, - - ., x,] denotes the divided difference of a function f : (a,b) — R at the
pointsa < zg < ... < x, < b. This notation is recursively defined by f[zo] := f(x¢)

and

flza, - xn] — flro, - Tna]

Tp — o

if n>0.

flzo, - xn] =

Also, the n-th order divided difference, f[zo, ..., x,], of a function f(x) at the (real or



complex) points xo, . . ., x,, is the coefficient of 2" of the polynomial p(z), degree at
most 1, which agrees with (i.e., interpolates to) f(x) at z = x,. .., x, (Lee (1989)).

For all n > 1 the n-th order divided difference of f can be expressed as

- f(,)
f[x07x17"'7xn]: n
— [Tj=o(zr — ;)
J#r
(see Corominas (1953)). It is clear from the above expression that f|x,...,z,] is
symmetric in its arguments, and that if f and g agree at x, ..., x,, then
flzo, - xn] = glxo, ..., Ta).

In the literature, many useful identities for divided differences are obtained. The
divided difference of a product in terms of divided differences of the factors is

defined as

(fg)[l’o,l’lw o >xn] - Zf[z[)w e 7:[;7“]9[:67‘7' Eh 7xn]-
r=0

This formula is often called the Leibniz rule since it generalizes the Leibniz formula
for differentiation, and Leibniz rule has a major role in the development of the spline
theory. It is main tool in the derivation of B-spline recurrence relations. Earliest
reference for it is Popoviciu (1933) who refers, for the case of uniform spacing, to
Jacobsthal (1920). Nonetheless, the formula is generally credited to Steffensen,
because of his paper (Stenffensen (1939)). A new proof of Leibniz formula is
obtained by Popoviciu as an application of his fundamental formula for divided
differences (Popoviciu (1940)). In the case of distinct knots, an interesting proof of

Leibniz formula is given by De Boor (1978).

It is convenient to think of the divided difference of a function as a value of the
derivative of the function, and Mean value theorem for divided differences (Sahoo &
Riedel (1998)) justifies this point of view. The mean value theorem for the n-th order
divided difference states that if f : [a,b] — R is n-times continuously differentiable

and zo,%1,...,2, are n + 1 distinct points in [a,b], then there exists



n € (min {zg, z1, ..., 2, }, max{xzo, x1, ..., T,}) such that

fr(n)

f[$07x17"'7$n]: |
n.

Here, 7 is referred to a differential mean value (Isaacson & Keller (1966)). Reduction
formula (or cancellation formula) for divided differences (see Micchelli (1980), Lee

(1989)) is given as follows

flzo, 1, .., xn) = {(x — zpir) fHzo, 1, - -+, T ]-

The usefulness of this identity is that it allows one to expand or shrink the argument list
in a divided difference. Also, divided difference is expressed as an affine combinations

of divided differences, i.e.,
n
f[l'o, Tiy... ,$n] = E )\kf[l'o, e s L1, Ty, L1y - - - ’xn+1]’
k=0

where
T = Z/\kxk and Z /\k =1.
k k

This identity is proved by Micchelli (1980) as a preliminary step in obtaining a

recurrence formula for multivariate B-splines.

The divided differences possess some representations via integral. An example is

Hermite-Genocci formula:
flxo, z1, ..., 2] = F (x4 v1(zy — x0) + ... + Vn(n — 0))d0y . . . dvy,
An

where A" = {(v1,...,v,)Jv; > 0 and >, v; < 1}. It says that a divided
difference is an integral average of the derivative of the same order (see e.g. Norlund
(1924), Micchelli (1980) ). Divided difference is also represented by the integration

with univariate B-splines (Karlin et al. (1986))

N (x (n)
f[:Ck,le,...,karn]:/ { 1 (7) }{f' }d:c.
support Lhin+1 — Tk n!




For analytic functions, the divided difference is constructed explicitly using complex

contour integration (Davis (1975))

L CI
flzo, 1, .., 2] /C(z—xo) dz,

© 2mi (2= )

where C' is any simple closed curve containing {x¢, z1,...,z,} and the function f is

analytic inside C'.

If the knots are not distinct, then the divided difference is defined by a limit process.

Namely,
flzos -y @0, Thogt, -, Tp) = HWm  flxg, 21, .., 2]
N—— L1y s Th—>TQ
k+1 terms

provided the limit exists. In particular,

flzo, ... ol =  Um  flzg,xq,..., 2]
\W—/ 157 oo ITn—T0
k—+1 terms

Also, the following result is given

i ™ (o
flzo, ... mo) =  lim  flzg,a1,. .. 2] = (' ).
—— 1,y Ty —TQ nl

n—+1 terms

where f : [a,b] — R is bounded on [a, b] and possesses a derivative of order n at
(Popoviciu (1933)). In the case of repeated nodes, divided differences are defined as
the coefficients of Hermite’s interpolation polynomials. Corominas (1953) introduces
divided differences over repeated nodes using iterated limits. De Boor (2005) shows
that the mean value theorem for divided differences also holds, and Xu et al. (2010)
investigates the asymptotic behavior of the differential mean value of divided

differences with repetitions.

In addition to polynomial divided differences, generalized divided differences are
also studied, which is originally introduced by Popoviciu (1959). In the papers
(Miihlbach (1973, 1999)), both classical and generalized divided differences are

rewritten as ratios of Vandermonde determinants, and this formula is a recurrence



formula. The papers of Miihlbach (1978), Karlin (1968) and Walz (1992) can be
referred to readers for more information about generalized divided differences. Using
generalized divided differences, authors study B-splines from non-polynomial spline
spaces, such as trigonometric, hyperbolic or Chebychevian ones. Schumaker (1983)
defines hyperbolic divided differences and, Lyche & Winther (1979) define
trigonometric divided differences. Lyche (1979) proposes a scheme for trigonometric

divided differences and a Newton-type interpolation formula.

1.2 Polynomial B-Spline Functions

B-splines play an important role in computer aided geometric design. They are one
of the most powerful and useful tools. There are several approaches to define B-Spline
functions. The traditional definition of B-spline uses divided difference of a truncated
power function (Schoenberg (1946), Curry & Schoenberg (1947)).

For any fixed value of n > 0 and for all ¢,

Nm(fﬂ) = (33i+n+1 - :zc,) [o% e ,anH](t - x):lw

where [z, ..., T;1n 1] denotes the divided difference operator of degree n + 1 that is

applied to the truncated power (¢ — )"} , regarded as a function of the variable ¢ where

(t—2x)", t>ux

0, —oo<t<uw.

De Boor (1972), Cox (1972) and Mansfield defined B-spline functions via a recurrence

relation. B-splines of degree zero are piecewise constants defined by

1, T, <x < Tiy1
Nig = |
0, otherwise



and those of degree n > 0 are defined recursively in terms of those of degree n — 1 by

Nin(x) = (i) Nina(z) + (M) Niptoa ().

Tign — T4 Titn+1l — Tig1

The interval of support of the B-spline N; ,, is [z;, Z;4n+1], and N, ,, is positive in the
interior of this interval. Forn > 1 the B-spline N, ,, is a spline of degree n on (— o0, 00),
with interval of support [z;, z;1,+1]. For any integer n > 0, the B-splines of degree n

are a basis for splines of degree n defined on the knots x;.

The B-spline basis functions satisfy a two-term differentiation (De Boor (1972)).

Forn > 2, it is given that

d n Nz’,n—l(iv) r Ni+1,n—1($) ]

L Nl = (12)

Litn — L5 Litnt+l — Titl

for all real x. For n = 1, (1.2) holds for all x except at the three knots x;, x;; and

Zit+2, where the derivative of NV, ; is not defined.

Another important identity for B-splines is the Marsden’s identity which implies that
polynomials are represented as linear combinations of B-splines. For any fixed value
of n > 0,

(t—a)" = (t—2is1) .. (t = Tipn) Nin(2).

i

The B-splines form a partition of unity

Z Nia(z) = 1.

The following expression implies that a truncated power function can be written as
a sum of multiples of B-splines. For any knot x; and any integer n > 0,

j—n—1

(5= a)p = 37 (25— 2epn) o (&) — i) Nin @),

i=—00



The outline of the thesis is as follows: In Section 2.1, we investigate the
interpolation problem and show that the problem has a unique solution. In Section
2.2, we define non-polynomial divided differences and show that these
non-polynomial divided differences satisfy a recurrence relation similar to the one for
polynomial divided differences. The error term of the interpolation problem is also
found. Some properties and identities of non-polynomial divided differences are
investigated in Section 2.2.1. A generalization of the Hermite interpolation is
obtained using non-polynomial divided differences with repeated points in Section
2.2.2. In Section 2.3, we define a novel variant of the truncated power function and
derive an explicit representation of non-polynomial B-spline functions via
non-polynomial divided differences of the truncated power function. In Section 2.4,
we define a certain definite integral and show that the non-polynomial divided
difference operator is built by the integration with non-polynomial B-splines. In
Chapter 3, we obtain a generalization of the Taylor series using the link between
non-polynomial divided differences and derivatives. In Chapter 4, a general form of
the Peano kernel theorem based on a generalized Taylor expansion is derived. Finally,

the findings of this research are summarized and conclusions are given in Chapter 5.



CHAPTER TWO
NON-POLYNOMIAL B-SPLINE FUNCTIONS

2.1 Interpolation Problem

Let I, (11, %) = mo(71,72) ® m1(71, Y2) @ - . - @ (71, 72). Given the values of a
function f(x) at n + 1 distinct values of x say x¢, z1, . .., Z,, we can find a function

gn(7) € IL,,(71,72) such that

gn(wj) = f(z;) for 0<j <n.

For:=0,1,...,n, define

1 i =0,

0'1<I> =
d(xg,z)d(x1,2) ... d(x;—1,x) 1 #0.

Equation (1.1) guarantees that d(z;,z) is a linear combination of () and ~,(z) for
any point x; which implies that the function o; € m;(71,72) for all . That is, the
interpolating function g, (z) € II,(71,72), which assumes the same values as the

function f at zg, x1, ..., x, can be written as

gn(T) = agoog + a0y + . .. + a,0,. (2.1)

The coefficients a; can be determined from the conditions

gula;) = f(z;) for 0<j<n.

This leads to the system of linear equations

f(.l']) = a()O'o(iL'j) -+ alal(xj) 4+ ...+ Can'n(xj), (22)

10



for 0 < 57 < n. The system of equations (2.2) has the following matrix form

oo(xg) o1(xg) ... op_1(xo) opn(xo) ap
oo(z1) o1(z1) ... on_i(z1) on(z1) a
I oo(zn) o1(xn) .. on1(zn) on(zy,) || an |

f(2o0)
f(l"l)

Considering d(x;,x;) = 0 for ¢ = j, it is obtained that o;(x;) = 0 when ¢ > j. Then

we have matrix form

S-a=Tf
T
wherea = | gy a; ... an} ,fZ[f(mO) f(xy)
1 0 0 0
S — 1 0'1(231) 0 0
1 o1(zn) oo(n) ... on(zy)

If we evaluate the determinant of S via first row, we obtain

detS = Hd(x],:v,)

J<i

(2.3)

T
f(z,) | andthe matrix

The determinant of the matrix S is therefore nonzero for distinct nodes zq, z1, ..., Z,.

Hence, the linear system (2.3) has a unique solution and we have proved the following

theorem.

Theorem 2.1.1. Given the values of a function f(x) at n + 1 distinct values of x say

T, X1, ..., Ty, we can find a unique function g,(x) € 11, (v1,V2) in the form g,(x) =

aooo(x) + aroy(x) + - - - + anon(x) such that

gn(z;) = f(z;), j=0,1,...n.

11



Note that the interpolating function can be written in the form

ZZCZJ’VI :L“),

=0 7=0

where ¢; ; are constant coefficients. We examine existence and uniqueness of the

interpolating function g, (z) € I1,,(71,72) in Lemma 2.1.2 and Lemma 2.1.3.

Lemma 2.1.2. If'1 ¢ span{vyi, 2}, then there exists more than one solution satifying

gn(x;) = f(x;) for 0 < j <n.
Proof. Since g,,(x) € 11,(71, 72), gn(x) is written in the form

9n(2) = oo + 1071 (x) + c1172(2) + 2,071 (@) + c2171(2)2(2) + 2273 () +

St Cn,Oﬁ)/?(x) + Cn,l’.)/?_l(in)fy?(x) A Cn,n—lr)/l (x)ﬁ)/g_l(x) + Cn,nﬁ)/g(x)'

Using the interpolation conditions g, (x;) = f(x;), ¢ =0,1,..., n, we get the system

as follows
1 y(zo) e(@o) ... 23(z0) Co,0 f (o)
L on(zn) elen) oo 93(2) co | | f@)
i L om(wn) velzn) - 3 (2n) 1 [ G| i f(xn) i
There are ("H)ZM coefficients. We get a system of linear equations which has fewer

equations than unknowns, then the system will have either no solution or infinitely
many. However, the consistency is guaranteed by Theorem 2.1.1. So, the linear system

has infinitely many solution. ]

Lemma 2.1.3. If1 € Span{%ﬁz}, then there exist a unique solution satisfying
f(x;) = gula;) for 0 < j < n.

Proof. If1 € span{~;, 72}, thenm,_1(71,72) C ™y (71,72) (see Disibiiyiik & Goldman
(2015)). Since g,(z) € I, (7,72) and m,—1(71,72) C Tn(m,72), we get g,(z) €

12



7n(71,72). In this case, g, () can be written as follows

gn(z) = doy] + Ay e o+ dnyy.

= f(x;), j=0,...,n,we getthe following

Using the interpolation conditions g,,(z;)

system
K-d=f
where
[ @) M eoe() . W) | [ || feo) ]
o | @) A a1 )y (1) V1 (1) - d'l . f('xl)
@) A @alen) e ) | | de || ) |

., n are linearly independent. Thus,

We know that the functions 47 *~v5 k = 0,1,..
L]

there exists a unique solution.

Note that the uniqueness of the interpolation problem in the space 7, (71, 72) is also

studied in Disibiiyiik (2015).

2.2 Non-polynomial Divided Differences

We begin with determining the coefficients of equation (2.1). Since d(x;, x;) = 0

for i = j, the interpolation conditions g, (z¢) = f(xo) and g,(z1) = f(x1) gives

ag = f(zg) and a; = W respectively.
0, 1

In general, the coefficient a; depends on the functions f,~, 7, evaluated at the

points g, 1, ..., x;. To emphasize this dependence, let us write

aj = foplro, 1, ...z, 7=0,1,...,n.

13



Hence the interpolating function g, € II,(71,72) that assumes same values as the

function f at xg, =1, ..., x, is written in the form
n
gn(x) = me,vz[%,ﬂ?la- -'7:Cj]o-j<x)' (24)
5=0

For x = x,,_1, since 0, (z,_1) = 0, equation (2.4) gives

n—2
f’Yl,’Yz [CE(), L1y ,$n,1]0n,1(xn,1) = f(l'nfl) — Z f’Yl,’Y2 [Qio, Tiy... ,QZj]O'j(Infl).
7=0

On the other hand, let g, () be the interpolating function that interpolate the function
f at the points %, 21, ...,2, where ; = x; fort =0,1,...,n—2,2, 1 =z, and 7,

is any number. Then, using similar arguments above, we may write

f]n(.iﬁ) = Zf’hﬁz[joﬂ'%l’"'7jj]6j<x)> (2-5)
j=0
where
1 1 =0,
oi(x) = (2.6)
d(fo,.’lﬂ')d(i’l, LU) R d(i,-,l,x) 7 §£ 0.
Note that 5;(x) = o;(x) fori = 0,1,...,n—1. Now substituting z = Z,,_ in equation
(2.5) gives
n—2
f%ﬂz [5307 Iy,... 757n—1]&n—1(jn—1) = f(jn—l) - Z f%ﬂz [i()v T1,. .. 7ij]5‘j(jn—1)'
§=0
Since 7; = x; fori =0,1,...,n—2,%,_1 =z, and 5;(z) = 0;(x)
fort =0,1,...,n — 1, we may write
n—2
f’yl,’yg [ZEo, L1y Tn-2, 'rn]o-n—l(xn) - f(xn) - Z f’yl,’yg [ZE07 Ly, >'rj]0-j(xn)-
j=0

2.7)

14



Now substituting x = x,, in equation (2.4) and using equation (2.7) gives
n—1
JoielTo, @1, wplon (@) = f(zn) — wal,vz[%al’la o xglog(an)
j=0

= f(xn) - Z f'717’72 ['TOa ATRRE 7xj]aj(xn)
j=0

- f’Yl,’YQ [:an Tyyeo- 71'7171]0—7171(%11)
= f’Yly’Yz [l‘07 L1y ooy Tn—2, xn]o-n—l(xn)
- f71,72 [.Z‘(), Ty -- wrn—l]o'n—l(xn)‘

Finally, dividing both sides by o, (z,), we get

| = im0 @1, oy T2, Tn) — fri e [Tos T1, - oy Tna]
d(xn—laxn)

f’717’72|:x07$17 g O © )xn

Hence, we obtain that the nth degree divided difference is expressed in terms of the
divided differences of degree n — 1. Thus, we define non-polynomial divided

differences recursively as follows.

Definition 2.2.1. Given n + 1 distinct abscissas Tj, Tji1,...,Tjn. The

non-polynomial divided difference of order n is defined recursively as

) 7xj+n] _ f%m [xjv < Ljtn—2; xj+n] - f’hﬂz [‘rﬁ cot 7xj+n—1] (2.8)

f'ﬂﬁz[ Js d(xj—i-n—l;xj-‘rn) 7

where fy, s, lur] = f(z) fork = j,j+1,....5 +n.

Now using the recurrence relation (2.8), we are going to derive the error between a

function f and its interpolating function g,.

Theorem 2.2.1. If g,(x) € IL,(m,72) is the function that interpolates f at n + 1

distinct points x;, 1 = 0,1, ..., n, then

f(:L‘) - gn(x) = 0-71+1(:L‘)f%ﬂ'2 [x07 <oy Iy l‘]

15



Proof. From equation (2.8), we may write

TrimalTos ooy @1, @) =fo 020, 1, - .-, T

+ d(Tn, @) o 42 [T0, Ty - -y T, T (2.9)

Similarly, we have

f’YlN2 [ZL‘] = leﬁz [ZL“()] + d(x07 x)fvlﬂz [:L‘O,ZL“].

Using equation (2.9) to expand the term f., ., [z, 2] in the above equation yields

fvlﬂz [l‘] = f71ﬂ2 [mO] + d(x()v ‘T) (f71772 [mOa xl] + d(xlv x)fm,w [‘TOa I, 513])

- gl(x) + UQ(x)f’Yl,“fz [‘TOv 1, I]

Repeated application of equation (2.9) gives

f(ZE) = gn(x) + Un+1($)f71,72 [ZL’o, woe s Ty ZE]

which is the desired result. O]

2.2.1 Properties of Non-Polynomial Divided Differences

Here we are going to derive properties of the non-polynomial divided difference

operator.

Firstly, we show that the divided difference f., -, (%o, z1, . .., x,] is symmetric in its

arguments xg, X1,...,T, if 1 € span{%, 72} by Lemma 2.2.2.
Lemma 2.2.2. If1 € span{fyl, ")/2}, then the divided difference f., -,[To,21,. .., Tp)

can be expressed as the following symmetric sum of multiples of f(z;)

f%m[l‘oﬂh,...,xn] — f(ajr)

I S A (2.10)
— [ =0 d(z;, ;)
J#r

16



Proof. We use induction on n. Equation (2.10) holds for n = 1, since

P 1] =

f(z1) f(x0)

Frunlea]

f’y1 Y2 [‘1707 ‘7:1]

d(zo, 1) d(zo,x1)  d(21,0)

Assume that (2.10) is true for n > 1. Then by equation (2.8), we may write

d(l’n, -Tn-i-l)f'yl,'yz [170, L1y

where z; = ; for i =

gives

d(Tn, Tnt1) fyn e [0, 215 - -

Considering again x; = z; for i = 0,1, ...,

A(Tn, Tnt1) fyn mlTo, T1, - - -

7$n+1] =

0,1, ...,

f’Yl,’YQ [xﬂ? <oy In—1, xn—i—l] - f’Y1,’yz [IL’(], ce ,Jjn]

= f’Yly’Y2 [ZZ‘O? s 7in—17 jn] - f’h,’yz [l’o, cee 7xn]7

n — 1 and z,, = x,1. Then the induction hypothesis

xn+1]

E oy S
fZHJ Od xj,a:r) gng;gd(xj,xr)

n—1

_ f(xr) f(jn)

~ X i) [T dased) T dlas )

_ — f(z,) B f(zn) '
— d(Ina ) H_]#O d(ZL‘], ) Hn ) d(xj,xn)

n — 1 and z,, = x,41, it is obtained that

xn—l-l]
. f(z,) f(@ns1)
,Z: d($n+1, xr) H]7£0 d(x]’ xr) H;L;(} d(xjv :Bn-I-l)
) flan)

ZM

d In,Ir) Hg =0 d(xjamr) H?;Ol d(xj’ £L‘n)

J#r

-1 1 1
f d(:vn+1 Zr) d(:pn,xr))
H};S d(zj, )
+ f(zn-&-l) . f(xn)

H?;ol d(xj, Tpy1) H] 701 d(z;, T,) ‘

17



Dividing both sides by d(z,,, z,,+1), we get

f'y1,'yz [$07 L1y axn+1]
n— 1 1
_ 1 (l’r)(d(x“l,xr) - d(xn,xT)> f(xn-u)
r=0 d(@n, Tni1) H;;Ol d(xj, Tp)  d(Tn, Toy1) H;:ol d(%"ﬂ?nﬂ)

J#T

_ f(xn)
d('rm xn—i—l) H?:_(:)l d(xj7 xn)

n— d(zy,xr)—d(Tnit1,2r)
S ) (e ) f(xnp1)

r=0 d(l‘n, xn—l—l) H;L;(} d(mb x?“) d(xm xn-&-l) H;l;ol d(xj’ xn-i-l)
JFT
d(@p, Tns1) H;L;[} d(xj, xn)

In Disibiiylik & Goldman (2015), it is shown that if 1 € Span{")/l,")/z}, then the

barycentric coordinates sum to one, that is

a(z,a,b) + f(x,a,b) = + b (2.11)

Thus, d(a, x) + d(x,b) = d(a,b). Setting @ = x,, and b = z,,, in the above equation
and using d(a, b) = —d(b, a) gives

d([En, x’/‘) - d($n+17 x’/‘) - d(l’na IT) + d(l‘m xn—l—l) - d(xna xn-‘,—l)-

Hence we obtain

— ()
f ; [.170,1’1,...717n 1] = - n—
V1,72 + p— d(l'n-i-la :L'T)d(ZL'n, IL'T) Hg;(} d($]’, xr)
JFT
+ an(CEnH) + n+{(l’n)
[T"=0 d(@j, 2p41) j=0 d(x;, n)
j#n+1 Jj#n

_ nz:l f(z,) f(@nt1)
r=0 H;L;rol d(ij, xT‘) Hn;r:lo d(zja xn-&-l)
J#T j#n+1
g p— .
J#n
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Therefore,

”Z“ f ()

f7 Y [1'0,5(]1,...71'n+1] 1 .

v r=0 Hn; d(x]7x7‘)
j#r

This completes the proof. O

Corollary 2.2.2.1. If'1 € span{y1,7} , then f, [0, 21, ..., ) is symmetric in its

arguments, meaning that it is unchanged if we rearrange the argument list in any order.

Proof. 1t is clear from the symmetric form in Lemma 2.2.2 that each non-polynomial

divided difference f,, -, [0, 21, ..., x,] is symmetric. O

Theorem 2.2.3. 1 € span{m. 72} and f(x) € m,(1,72), then
i lTos @1, .. Tpga] = 0.

Proof. If 1 € span{v, 72}, then there exist constants ¢; and ¢, such that ¢;y;(z) +

1—cy(x)
2

coy2(x) = 1. Without loss of generality, suppose that ¢y # 0. Then () =
which implies d(z,y) = L(y1(z) — 1 (y)) and span {77 ¥4k} = span {F} .

Hence we may write f(z) = > i a;7i(z) and we have

f% 2 [‘T] B f’Yl 2 [mO]

f’71,72 [IOVI] - d([L‘O [L’)
_ 2ineaii(®) — 301 aimi(o)
d(xg, x)

_ e @i(vi(®) — 7i(x0))
d(xo, )

>0 @Y1 () — 71 (@0))

71(90 )Zz

() = 1 (x)y2(x0)
-0 az(%(w) — 71 (20))

1%(76) — 7 (z) 1—016721(960)

> ai(i(z) —7i(20))

— (@) + &yi(zo)n(2)

>
Y1(20) —
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m—1
Using the well known identity a™ — b = (a — b) Z a’b™ 1 we derive
§=0

frr ol 2] = (—aic2) 7 (@)1 (20) € M1 (11, 72)-
Similarly, we obtain

f ! [.ZU07I'] — f ) [$07[E1]
f”“”?[xo’xlax] = —hE d(ZEh;;w

ey (a:c3) A ()71 (o),

which implies f., ,[%o, 21, 2] € T,—2(71,72). Continuing this procedure, we have
JrimeTos @1, . oo o1, @] € mo(11,72). Thatis, fy, [0, 21, ..., Tn_1, 2] is a constant

function of z. Therefore

_ f%q@ [ZE(),ZEI, pro o 7xn—17xn+1] - f71,”/2 [ZL'O, Ti1y... ,[L’n_hl‘n]

foi e Tos T1, - Ty Tpga] = d(zp, Tni1)

=0.

The following theorem shows that non-polynomial divided differences satisfy the

Leibniz rule as classical divided differences.

Theorem 2.2.4. The non-polynomial divided difference of order k of a product of two

function satisfy

k
(fg)"/l,’m [xja Tjy1y--- 7Ij+k] = Z f71,’y2 [xj7 s 7xj+7‘]g’71,72 [xj—‘rm e 7xj+k:] (212)
r=0

fork > 0.

Proof. Without loss of generality, we can set j = 0 to simplify the presentation of the
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proof. Clearly, equation (2.12) is true for £ = 0. On the other hand,

g(w1) — g(x0)
d(zo, 1) }

o

_ f(z1)g(r1) — f(20)g(70)

Frulolgm g [0, 1]+ Foyalios 21)gng ] = f(xo){

d(&?o, $1)
_ (f9DnmelT1] = (f9)m 2e[T0]
d(ili'o, .1’1)

= (fg)'n,w [xOv xl]'

Hence (2.12) is true for £ = 1. Now assume that (2.12) is true for some k£ > 0. We will

show that (2.12) is also true for k£ + 1. From equation (2.8), we have

- (fg)’h,w [2707 vy Th—1, xk-i-l] - (fg)’ﬂ,’yz [3707 cee axk’]
(fg)’Ylv’Y2['r07x17 v 7Ik+1] — d($k,$k+1) .
Setting x; = &;, © = 0, ...,k — 1 and xx41 = 7} in the first term of the numerator
yields
_ (fg)’h,'yz [i.()? cee 7'%’6] — (fg>71,72 [l’o, s 7$k]
(fg)’Yl,’YQ[anxl)"'7$k+1] - d(l'k,.’ﬂk.;,_l) .
Applying the induction hypothesis gives
_ Z]::O f%,’Yz [5;07 s )jr]g%nQ [*’ih Cee 7jk]
(fg)'Yly’h[IO?xla'"7xk+1] — d(l’k,]3k+1)
k
Do frel®os - TGy e [T, - T
d(y, iUk+1)
k-1 ~ - - .
_ Yoo frnme@os o TGy e [Ty - - Tk
d(SUk; $k+1)
+ f'Yl:’YQ ['%0’ s 755’1@]9(*%14:)
d(Iim $k+1)
k—1
. Z'I‘:O f%,w [‘TOv - vmr]gw,wz [$r7 e ;xk]
d(zg, Tri1)
o f’h,’m [xO? s >$k]g(xk)
d(xg, Tpy1)
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Using back substitution z; = z; ,i = 0,..., k — 1 and ) = 241, We get

Z f’Yh’YQ [xl)? cee vxr]gfn,’yz [xr7 sy Th—1, xk—i—l]
d(xlﬁ $k+1>
S [0, - s Th—1, Tt1] 9 (Tht1)
d<xk7 karl)
k—1
o Zr:O f'Yl:’YZ [l’o, c Jxr]gw,vz [I’r, s 72Uk]
d(xka xk—i—l)
f"/l,w[an"'axk]g( ) (2.13)
(xka $k+1)

(fg)’Ylv'YQ [330, T, .. xk‘-l-l]

+

From equation (2.8), we may write

Gy1,72 [‘rm vy Th—1, xk+1] = d(mh xk—i-l)g%fm [ZET, ey Ty xk#-l] T Gy [Im cee 7'rk]
and
f"fl,w [I07 ceey Ll—1, xk—l—l] =3 d(‘rka xk—l-l)f’)/lﬁz [IEo, cooy Ty mk-!—l] + f’YL’Yz [x07 cee 7‘7:/4]‘

Substituting these two equations in equation (2.13) and rearranging gives

(fg)’YlfY2 [xO? Ty 7xk+1] = Z f’Yl,'YQ [x(b v 7x7“]g’71,72 [xh cos Ty .Tk+1]
+ g(karl)f’Yl:’YQ [To, - Tpp]
9(wp11) — g(zp)
i f%w [%7 o ’xk] { d(xky 95k+1)
= Z f'y1,'yz [1‘0, ce 7xr]g'y1,'yg [xm ceey Ty xk+1]
+ g<xk’+1)f’71772 [330, S axk-i-l]
+ f71772 [x07 - vxk]gm,w [xka xk-ﬁ-l]
k+1

- Z f%% [xg, T 7x7’]971,72 [%, ce 7$k+1]

which completes the proof. ]

It will be useful to know the non-polynomial divided difference of order n of the
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functions v{ and -5 which are given in the following lemma.

Lemma 2.2.5. If'1 € span{~y1,72}, then

(V) [Ty i1, o T ) = (2.14)
721790 %I J (=", n£0
and
()., 0 S (2.15)
Yo 172$'7$'+17--'7x'+n: ) .
e j ()™, n#0

where c1y1(x) + coya(z) = 1.

Proof. We will prove only equation (2.14), since the proof of equation (2.15) is similar.

Without loss of generality, set j = 0.

If ¢ = 0, then ~;(z) is a constant function. Hence equation (2.14) is clear for
n = 0 since 7Y = 1. For n # 0, equation (2.14) follows, since ~}'(x) is also a constant

function.

For the case ¢y # 0, it is clear that equation (2.14) is true for n = 0. On the other

hand,
T(@1) —n(@o) — m(@1) — n(xo) = (—cy).

d(zg, 1) - Vl(fvo)C—Qm(m)

,}/1'}/1772 ['IO? xl:l =

That is, equation (2.14) is true for n = 1. Now assume that equation (2.14) is true
for some n > 1. Since 1 € span {7,72}, the non-polynomial divided differences is

symmetric. Thus

7?+1 ['TO T1 anrl] = f}/?+l—yly72 [xh T2, - - ’anrl] B 7?"_1’717"/2 [an Ly 7-Tn]
Y1572 ) )ty d(x(); l‘n—‘rl)
1 n
- T (Ol o

- (717?)71772 [IO’ L1, 7In])7
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and using the Leibniz rule, we have

n+1

T ’yl,-yg[xO?xl?"')xn-i-l]

1

n
= m ( ; ’Y?%«Q (1, .. ,9€1+r]7171,72 [T14rs T15 - T

n
- 27171772 [SU(], L1y Jxr]7?71,72 [xm B 7xn]) .
r=0

Note that y1., ., [zj,...,xj+k] = 0 for k > 1since v, € m1(y1,72). Then,

V?Jrlwﬁz [0, T15 -, T = d<$071*1'n+1) (’7?71,72 [z1, ... ,:En]’hw,w [
Ny o [T Tt 1 Vi o [Tt
= Vg1 32 [TO) VT 1y [T05 -+ -5 T
iy gl A s x})

Since 7171,"/2 ['TTIJ xn—i—l] = /yl'yl,'yg [‘x07 Il] = (_02): we obtain

n+1
T fyl,'yz[x(]?xl’”'axn-l-l]

B 1

a m (fy]‘n’yl:’}/Q [$17 e 7xn]<_02) + ’Y{L'Yl,’yz [x]_7 e ,.’L‘n+1]71<xn+1)

-MN (mo)’)/?,th [.Z'o, cee wxn] - (_02)7?71,72 [xla s 7xn])

1

= m (’7?71,72 [1, s a1 (@ng1) —m (950)’7?71,72 [0, ... 7xn])'

Using induction hypothesis gives

1
n+1 o n n
N vl,w[l'o»l’l, e Tpg1] = m ((—Cz) V1(Znt1) = 1(20)(—C2) )

= (=€2)" Y1y 1 [T0, Tnp1] = (—€2)" (—c2) = (—c2)™ .

This completes the proof. ]

What follows is the non-polynomial divided difference of order n of any function

f S Wn(’Yl; '72)
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Lemma 2.2.6. If'1 € span{vy,,72}, then
FrmlTos @1,y .o @] = Z(—l)"_iaicicg_i, (2.16)
where f(z) =31, ayy (@) vz () and ey (z) + coa(z) = 1.

Proof. We consider two cases, co = 0 and ¢ # 0. If ¢¢ = 0, then

Yoo (1)l a; = an(cr)™ and 4y () = £ which implies

- n—i PN ",
1) = ant(ahalo) = () i
1=0 1=0
From Theorem 2.2.3, 73, _ [, ..., %,] = 0 for i < n. Thus by Lemma 2.2.5

n n—i
1 .
f(%)fyhfm [3707 Lyl ,xn] = Z a; (—> 75’71772 [.To, . ,an] = aTﬂéL’Yl,’YQ [,Io, - ,QZn]

Equation (2.16) is true for the case ¢y = 0. If ¢5 # 0, then 75(z) = =9218) g0

Cc2

- n—i i\ n—i L—cam(@)yi
F0) = 3 et (@ala) = Y o) (22
i=0 i=0
Subsitituting the binomial expansion of (1 — ¢;7;(x))" and rearranging, we obtain

0= e @y (1) (2) (-2u0)

k=0

n n—1
=Y (=Diaicica 7 (x) + Y b ().
=0 7=0

The non-polynomial divided difference of order n of the second summation on the right

hand side in the above equation is zero by Theorem 2.2.3. Therefore, from Lemma
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2.2.5, we have

F(@) s e l@os 21, - 2] = (—1)iaic’ic§i7{‘ww [0, 1, ..., Ty

]
g
o

(=) a;ctcyt

=0

]

Theorem 2.2.7. Let f(x) and h(x) be arbitrary functions, andlet vy < x1 < ... < x,

be a set of n + 1 nodes. If f(x;) = h(z;), j=0,...,n, then

17 — ) . .. .
fW 72[$07x17"'axn] h% 72[$0ax17 :mn]

2.17)

Proof. The proof is by induction on n. Let f(z;) = h(z;),7 = 0,...,n. Itis clear

that this result holds for n = 0. It also holds for n = 1,

fla) = f(wo) _ hlw) = hlay)
d(xg,x1) d(xg,x1)

foi o, 1] = = Ry | Tos 1]

Let us assume that (2.17) holds for n > 1. Then let us write

o f'n,’yz [x(b <oy -1, anrl] B f'y1,'yz [x(h s 7xn]
f’Y1,’yz [.Z'(), L1y axn-‘rl] - d((En, .I'n+1) .
Let
377,:52’, for z:O,,n—l and Tn+1 :jn
Hence,
1 N - -

f’erYz [$0,{B1, s >$n+1] = d($ T +1> f’h,’m [1’0, vy Tp—1, xn] - f’Yly'YQ [330, ce

ny dn

Using induction hypothesis, we obtain

1

f’yl,’yz ['IOa L1y ,ajn—i—l] = d(l‘n, Tnit

26
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Again using equation (2.18), it yields that

1
FrimeTos @1, oo g = —d(a; ) {h%72 [To, ..oy Tne1, Tg1] — Py e [Tos - - ,xn]}
nyn
= h’h,’yz [.170, L1y .. 7-7371—&-1]'
This completes the proof. ]

Lemma 2.2.8. If 1 € span{y1,7}, then

1, j=k
(O-j)vl,”/z[x&ml"“?xk] = ) :
0, j#k
Proof. We investigate the result in three cases:
Casel. j > k:
Using equation (2.10), the divided difference (0;), ~,[Zo0, - - . , 7] can be written as a

symmetric sum

k

ag; [L'
(O-J')’Yh’h[‘rO’xlv"'? Z o T

-0 1760 d(-rw mr)

Since j > k, 0j(x,) = d(zo,z,)d(z1,2,)...d(xj_1,2,) = 0 forr = 0,...,k.
Therefore, the above summation is equal to zero for j > k.
Case 2. j < k:

We can write k = 5 +m, m > 0, and

(Uj)’ﬂf)/z [x07 Ty, ... >$k] = (O-j>“/1,72 [an L1y - ij-i-m]'

Since 0; € 7;(71,72), the result follows from Theorem 2.2.3. (j+m)-th degree divided

difference of o; is equal to zero. Hence (0;), ~, [0, - .., xx] = 0 for j < k.
Case3. j =k:
- O—J'(xr)
(O melTos - - s Th] = (05) [P0, - -+, 5] = Z L

r=0

i=0 d(x“ xT)
i#£r
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Since 0(z,) = d(xo, 2;),...,d(xj_1,2,) = 0forr =0,...,j — 1, the only nonzero

term in the right hand side of the above equation is o;(x;). Thus

d(l‘g, ZEj), ce 7d(l’j_1, C(]j)

(0-‘) s [‘r07x17'--7xk]: - =1.
777172 gzo d(gji,xj)
i#j
Hence,
1, j=k
(Uj)’71772[x0>x17---7xk] = _
0, J#k

The following lemma gives the cancellation formula of the non-polynomial divided
differences. As in the polynomial case, this identity allows one to expand or shrink the

argument list in a non-polynomial divided difference.

Lemma 2.2.9. If1 € span{%, 72}, then
F(@) g oo, 21, - -y 0] = {d(@ng1, @) f(2) }oy 0 [0, Ty -+ oy T - (2.19)

Proof. The proof is by induction on n, and equation (2.19) holds for n = 0

—d(z1,70) f (20)
d($07 171)

{d(xlvx)f(x)}%,’m [x07 1:1] = - f<$0)

Let us assume that equation (2.19) is true for some n > 0. Then, using the Leibniz rule

(Theorem 2.2.4), we can write

n—+2

{d(xn+27 x)f(x)}%ﬁz [IOa s ’xn+2] = Z d(l‘n+2a x)wﬁz [x07 s 7xr]f71772 [IT’ s 7$N+2]'
r=0
Since d(xp42,2) € mi(71,72), we have d(z,42, %)+, 4, [T0, ..., 2] = 0 forr > 1.
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Hence,

{d(Tny2, 2) () Yoy ma[Tos - - s Tna] =A(Tnp2, T0) fry 0 [T, - - -5 T
+ d(@ns2, Ty 2 [0, T1) o e [T, - -, Ta)]
=d(Tnt2, T0) f 2 [T0, - -+, Tns]
+ o1, o Tpta)

since d(Zy42, %), 4, [T0, 1] = 1. Therefore,

{d(xn+27 x)f(x)}’ﬂ,w [%07 s 7xn+2]
d(Tp12,70)
:M{f’nﬁz [1, oy Tngo] = frine[@os - ooy Tnga]}
+ f,yhfy2 [.731, . ,.Z'n+2]
= f’nﬁz [1’1, °0g vxn-i-Q] + f’nﬁz [x()? o 2 ’xn-i-l] + f’hﬁz [xb <oy Tt
:fvlm [x07 ce 7In+1]'
This completes the proof. [

Lemma 2.2.10. If'1 € span{~1, 7>}, then

_ 1
(d(t, )5}, w0, 21, . @] = doo ) d(mn 1) ) (2.20)

Here x is treated as a constant and the divided difference is taken with respect to t.

Proof. We prove this by induction on n. Let 1 € span{’yl, ’}/2}, then it is clear that
(2.20) holds for n = 1.

1 1
d(z1,z) o d(zo,x) 1

d(zo, 1)  d(zo,x)d(zy, )

(d(t, )3, 5, [0, 71] =

since d(xo,z) — d(x1,x) = d(zo, x1). Suppose that (2.20) holds for n > 1. Then, we
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may write

(d(t, f));llm [0, T1, ., Tpi]
:;){(d(t’ !E));ll,w [551, o ,$n+1] — (d(t, :13))7_11772 [xo, .. ,xn]}

d('IOv Tn+41

Using induction hypothesis yields

(d(t, x));l%w [0, X1, .-, Ty
1 { 1 1 }
Cd(xg, 2pyr) Ld(zy, 7). d(per,x)  d(zo, ) ... d(2,,2)
1 ' d(xo, Tpi1)

d(xg, Tny1) d(zo,x)...d(xne1,7)
since d(zg, x) — d(x,11, ) = d(zo, Tpy1). Thus, we obtain

1

20, %) ... d(Tpy1,T)

(A0t ) 0,1, s Enra] =

which completes the proof. [

Also, equation (2.20) can be written as follows if ¢ is treated as a constant and the

non-polynomial divided difference is taken with respect to x:

(="
d(zo, t)d(z1,t) ... d(xp,,t)

(d(t, x));llﬂ2 [0, T1, ..., L] =

Also, non-polynomial divided difference is expressed as an affine combinations of non-

polynomial divided differences.

Lemma 2.2.11. Let v, and s be linear functions and 7 = A\pxy, where »_ A, = 1.

If1e Span{vl, 72}, then

TrimeTos o xn] = Z MeSyia[T0y ooy Bkt Ty Tpg1 - - -, T

Proof. fxg =21 =---=x,,thenT =2, k =0,...,n and both sides reduce to
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Jrime o, - - ., o). Otherwise, using cancellation formula, we can write

f’Yl,’YQ [[L'[), Tt ,l'n] = (d(T7 m)f(m))'yl,’yz [:C07 s 7xn; 7—]'

Using the linearity of the functions 7, and v, yields that d(7,z) = > \pd(z, x).
Therefore, using cancellation formula, linearity and symmetry properties of

non-polynomial divided difference, we obtain

FonalTos -y 0] = < > Ad(z, x)f(x)) R

V1,72

=(Xod(z0, ) f ()71, V2[T0s - - - Ty T+
2 (And(@n, ) f(2)) 11, 72[%0, - - T, 7]
=Xof(2)71, V2|21, - ooy T, T]H
o A f (@)1, 2 Ty - X1, Ty e e T, T
+ . f (@), 2T, - T, T

:Z)\kf%m[xo, ey X1, Ty LTl - - - 5 Ty

We can express (d(t,z))~! as Marsden’s identity for Newton-like basis form (2.6).

Lemma 2.2.12. If'1 € span{~1, 72}, then

- —1)"on(2)
d(t t= ( N 2.21
(d(t, z)) Zd(t,xo)...d(t,xn) @21)
n>0
provided that the nodes xy, x1, ..., x, are chosen so that the right hand side converges.
Proof. Let
—1)"
d(t,xo)d(t, 1) ... d(t, z,)
We will prove that

(d(t,z))™" =) ¥u(t)on(x) orequivalently that 1= d(t, ) > t,(t)on(x).

n>0 n>0
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Now, we can give the following equalities

Un(x) = d(xn—b m)an—l($>v _wn—l($) = d(t, xn)¢n(x)>
d(t,z) = d(zp,x) + d(t, x,).

Therefore, since the right hand side of equation (2.21) converges,

d(t,z) Z Un(t)on(z) = Z(d(xm z) +d(t, zn))n(t)on ()

n>0 n>0
= Z d($n—1> $)¢n—1(t)0n—1($) + Z d(ta xn)¢n(t>gn(x)
n>1 n>0
= d(t, 20)to(t)o0(z) + > (WYn-1(t) = Yn-1(t))on()
n>1
=Fl.
Dividing both sides by d(¢, z), we get the result. O

We use the following lemma to define non-polynomial divided difference in terms

of ratio of determinants.

Lemma 2.2.13. Let 1 € span{fyl, 72}. Then,

Yi(zo) (o) 1
n n-1 | .
o4 (m) 7 (1) _ Cg(n+1)/2 Hd@j’xi)’ (2.22)
: j<i
and
(o) 75 (o) L
n(oy n—1 T 1 n
’YQ( 1) V2 ( 1) _ (_Cl>n(n+l)/2Hd($j’xi)’ (223)
j<i
V(@) () oo 1

where c17y,(x) + caya(x) = 1.
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Proof. We will prove only equation (2.22), since the proof of equation (2.23) is similar.

If ¢; = 0, then v, () is a constant function. Since the right-hand side of equation
(2.22) has identical rows, the determinant is equal to zero. Therefore equation (2.22)

holds.

For the case ¢ # 0, consider the function

7?(1.0) ’}/?71(1’0) o1
V(ajg,...,:ltn_hx): ) )
Y (Tno1) W (@por) .. 1
71 (z) Nz 1
If we expand V' (xq, . .., x,_1, ) with respect to last row we see that it is a function in
Tn(71,72). Also, V(o, ..., zp_1,2) = 0 for x = o, ..., 2,1 since the matrix will

have identical pairs of rows. Thus, for a constant C' # 0, we may write

Vi(zo, .., wn-1,2) = C.(n1(2) — n(20)) (11 (x) — n(21)) - .. (N1(2) — M (Tn-1))
since it has n zeros at x = xg, ..., z,_1. Then, it is rewritten as
V(zoy...,Tpn1,2) = C.chd(x,z)d(x,21) ... d(2, 2H_1)

since d(z,y) = 12(71 () — 71 (y)). Notice that C' is the coefficient of +}(x) and the

c2
coefficient of 77'(x) in |.| is minor for the term ~}'(z), that is

Vi m) L1
(—1)"t2 : =(—-1)"V(zo,...,2n_1) =C.

W) ... 1

Then,

V(zg, ... Xn_1,2) = 5V (2, ..., Tn_1)d(xo, x)d(z1,2)...d(2xH_1,T),
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and hence = = x,, gives

V(zoy ..oy Tn1,Tn) = 5V (2o, .., Tn_1)d(x0, xp)d(1,2p) ... d(Tp_1,2,). (2.24)
Forn = 1, we have

1{Zo 1
V(zg,z1) = (o) = 71(wo) — 71(21).
Yi(21) 1

Therefore, we get that V(xg, 1) = ced(xo, ). For n = 2, using equation (2.24), we

obtain

V(zo, x1,22) = c%V(mo,xl)d(mo,xQ)d(ml,3:2) = cgd(xo, x1)d(xg, xo)d(x1, T2).

Continuing in this way, we get

Viwo, .., an) = "2 [T d(a, 22).

j<i
O
Lemma 2.2.14. Let 1 € span{’yl, 72}. Then,
fwo) A7 (o) 1
flx) A ) 1
@) T () 1
JrimslTo, @1, .o 2] = €4 - :
(@) 1 (@o) 1
@) A ) 1
W) 2w wn) -1
where c1v1(x) 4+ coyo(x) = 1 and co # 0.
Proof. Since 1 € span{v1,72}, fy, [0, 21, ..., ,] can be written as a symmetric
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sum

Therefore,

f’Ylsz [[Eo, Liy... afEn]

1,J#N
Using equation (2.22), we can write
f’Yl,’YQ [.%'0, xl? o 73371]
S E2)) 1 " (o)
f )" o (CD (wa)ey T
B R W ()
W (wo) A (o) 1
Cz—n(n+1)/2
M (zn) 1(xn) 1
7 () 1 " (o) 1
f (o) o+ (=D f ()
. N (@) 1 V1 @n1) 1
:C2 .
W(wo) A (o) 1
Y1 (%) 7?_1(%) 1
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Hence, we get

f'yl,’yz [:UOa:L'l) cee

,l‘n] = Cg

’7711_1(3771)

Similarly, if we use equation (2.23) , nth order non-polynomial divided difference

JrimelTo, 1, - .

f'717’Y2 [1}0, L1,

2.2.2 Non-Polynomial Divided Differences with Repeated Points

, L]

flzo) 25 (o) 1

flzr) 75 () 1

flx, ;_1 T, 1
) )
7 (20) 5~ (o)

ve(e1) s (1) 1

Vo (Tn) ’7;_1(In) 1

Consider equation (2.4) and let x; — x, for all ¢, then

gn(a:) = Z f’yl,’yg [.%'0,
=0

o,y - -
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7+1 terms

, Tp,] 18 also written in the following determinant formula

where

617&0.

(2.25)



For the polynomial case, that is for 7, (x) = 1 and v,(z) = x, (2.25) is the Hermite

interpolating polynomial that satisfies the conditions

9 (o) = fP(x0) (2.26)

for k = 0,1,...,n. The conditions (2.26) can be verified by using the following well

known property of polynomial divided differences:

R (g
f[l'(), oy .- - ,l’o] = k‘(' 0), (227)
—— — !
k+1 terms

k = 0,1,...,n. However, in general, equation (2.27) is not true for non-polynomial
divided difference. For instance,

. . fla1) — f(xo)

fon e |05 To] = x}l_r{glco foi @0, 1] = I}er;o Al m)

Dividing both numerator and denominator of the latter limit by x; — x(y and using

equation (1.1), one may easily show that

f'(x0)
W (o)’

(2.28)

f71772 [J:Oa xO] =

where W (x) is the Wronskian of the functions v;(z) and ~,(z). To generalize the
classical polynomial Hermite interpolation to non-polynomial case, we need the

following definition.

Definition 2.2.2. The derivative of f at a point x is

_ o @) — fwo)
D'Yl,’YQf(:UO) T mllgﬂlo W

and the derivative of f(x) with respect to x is the function D., ., f(x) defined by

. flz+h)— f(2)
Dy, o f (2) = lim d(z,x + h)

provided that the limits are exist.
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Note that for+; (x) = 1and y2(z) = z, the above definition is precisely the classical

derivative. Hence, the operator D can be considered as a generalization of the

V1,72
classical derivative operator and can be called generalized derivative operator. From
now on, we will use the notation f*)(z) if the classical derivative applied k—times to
the function f(z) and the notation DY _ f(x) if the operator D., ,, is applied k—times

to the function f(z). Using similar technique in obtaining equation (2.28), the relation

between the classical derivative and the operator D., ., is derived as follows:

. flx+h)— f(x)
Dmﬁzf(x) - ]1113’(1) d($,$+h)
f(x—i—h)—f(x)' h

= fim h d(z,z + h)
= f'(z) lim m
— f()lim "
=0 91 (x)y2(z + h) — (@ + h)ya(r) F n(z)re(@)
= fl(x) lim () B 6) i () REH ()
= P i) T
= f '(@m-
Hence,
Doy f(z) = gv((?) (2.29)

Throughout this thesis, it is assumed that W (x) # 0.

D, ., satisfies the following properties:

L Doy o (f(2) £ 9(2)) = Day i f(2) £ Doy 9()-

2. Doy (f(2)g(x)) = g(2) Dy np f(2) + f(2) Dsyy 1p9(2).

(f(:r)> 9(2) Dy, 5, f(x) = f(2) Dy 1,9(2)
( (9(x)) '

4. Dy o (f o 9)(@) = f'(9(2)) Dy 1o9().

provided that f(z) and g(z) are both differentiable. Using the relation (2.29) together
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with the differentiation rules for classical derivatives, we can easily prove the above

properties.

Lemma 2.2.15. If'1 € span{vy1,72}, then for any number a

D, yd(a,z) =1 (2.30)

and

Dk ., (d(a, )" = ——=(d(a,z))" ", (2.31)
k=1,2...,n.
Proof. Proof of equation (2.30):

If1 € span{vy1,72}, wehave d(a,z+h)—d(a,z) = d(a,z+h)+d(z,a) = d(x,x+h).
Thus

DVl,’md(a’ r) = lim d(a,z + h) — d(a, z) li w

— = 1.
h—0 d(x,x + h) B0 d(x,x + h)

Proof of equation (2.31):

(k)—th order derivative is written in the following form

D%, ,(d(a,x))" = DY) (Dsy o ((d(a, ))")).

71,72 71,72

Using property 4 and equation (2.30) yields that

Dk (d(a, )" =D D (D, ., ((d(a,z))"))

172 71,72
=D-3 (n(d(a )" )
=nDY2 (D, . (d(a, 2)" "))
=nD{ 3 (0 = 1)(d(a, 7)),

Continuing this procedure, we obtain

DF _ (d(a,2))" =n(n—1)...(n — k +1)(d(a,z))" "

V1,72
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which is equal to equation (2.31). ]

As classical derivative, generalized derivative satisfies Leibniz formula expressing

the derivative of nth order of the product of two functions.

Lemma 2.2.16. Let f(z) and g(x) be differentiable functions. Then,

D319 =3 (1) Dt F0 D, (o) .32)

=0

Proof. Suppose that the functions f, g, v, and -y, are (n+ 1) times differantiable. From

the product rule we know that

D%W(f.g) = 9Dy o f + [-Dyy 159

Thus, Equation (2.32) holds for n = 1. Let us assume (2.32) is true for n > 1. we can

write the (n 4 1)th order derivatives in the following form

DL (1.9)(#) = Doy (D2 (£.9)(@)) = Doy (Z (0) D s (o)),

=0

Then,

EEE W LWL IEED o [ EENELE
n+1
QLN CERER S ML EL I
1=0

- DD )+ 3 () PR D )

3 () DR Dl ate) + D8 0D (o),
i=1

All sums in the right-hand side can be combined into single sum and we get

n+1 n+ 1 .
DL (fg)a) = Y ( )Dm @)D, g(a)

- 7
=0
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which completes the proof. ]

Let us compute higher order derivatives of some terms in the space 7, (71, 72).

Lemma 2.2.17. If1 € Span{%, 72} , then

D 72(1‘[d Tp, T ) =nl (2.33)

Proof. The proof is by induction on n. From equation (2.30), it is clear that equation
(2.33) holds for n = 1.
Suppose that (2.33) holds for n > 1, then

WT—:;)(Hd Lk, X ) 21 2 (D%ﬂz(ﬁd(mkax)>)
k=0
_D;Zl Y2 (d JIO, Dy, 72<Hd Tk, T ) +ﬁd($k,$)>
k=1
_D’TYLl 2 (d gL ’71 V2<Hd‘rk+17 ))
+ D7 ., ( H d(xpiq, x))
k=0

Using induction hypothesis for the last term, we get
n—1

D) (Hd Th, T ) Dy, (d(xo,x)D%m(H d(xkﬂ,x))) +nl.

k=0
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Then,

D%;?(Hd(l’kw)) =DJ ., (d(l’o,l“)d x1,2) Dy 72(Hd Thi1,T )
d(xg, x Hd Thil, T ) +n!
=D" ., (d(:co, (21,2) D, -, Hd Thoio, T )
+ D~ 72( ﬁ d(mk,x)) +n!
k

=0,k#£1

n terms

=5 D'ryll 2 (d<aj07 .731, “{1 2 Hd Lh+2; T )

+ n! 4+ nl.
Continuing in this way, we get
Dg’ﬁ?(]—[d Tk, T ) (n+1)n! = (n+1).

It completes the proof.

Lemma 2.2.18. Let 1 € span{vl, 72} and f(z) € m,(71,72). Then,

n+1
Dglf;)f(m) =0.

Proof. Since 1 € span{~i,7>} and f(z) € m,(71,72), the function f(x) can be written

as f(x) = >, a;yi. Then the first order generalized derivative of the function f(x)

is as follows

. fle+h)— f(o)
Dy pfl@) = Hm d(x,z + h)
= lim Do ti(n(@ + h) —9i(z))
h—0 é(%(:ﬂ) —m(z+h)
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m—1

Using the identity a™ — 0™ = (a — b) Z a’b™ 7" and taking the limit, we obtain

Priaf (@) = 2 2 (el RN o) = 3 (e (@)

which implies D.,, ., f(x) € m,-1(71,72). Continuining in this way, we get

D:mzf(x) =c € mo(11,72)s

where c is any constant. Thus,

D’(Y?;;)f(w) 3 D’71772 (D'TyLl,’ygf(‘r)) = D’YL’YQ (C) = 0

The following theorem gives the value of non-polynomial divided differences with

repeated points.

Theorem 2.2.19. If'1 € span {~1,72} , then

D5, ., f(xo)
flzo, wo, - .., wo) = —H——. (2.34)
N’ n:
n—+1 terms

Proof. We use induction on n. Clearly, from equation (2.28), equation (2.34) is true

for n = 1. Assume that the induction hypothesis is true for all £ < n, i.e.

DF T
f[$0,1‘0,...,$0] = %(0)’ k < n. (235)
k—+1 terms

We need to show that (2.35) is also true for £ = n + 1. Now consider the error term in

Theorem 2.2.1. Letting x; — x, for all 7 and rearranging the error term by using the
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induction hypothesis yields

7+1 terms

f(i(]) - Z f’YlfY2 [IU’ Zo, - - - 7‘7;0] (d(x07 CL’))]
5=0

Ty TQy -« L0, T = —
f'yl,'yz[ 0,40 0 } (d(l‘o,:lj')) 1
n—4+1 terms
fa) - 30 Dl 00 Gy
_ I
(d(wo, )"
Then,
f’}’1772 [JJO, Loy - - - 7750] = xliglo f’Yl,’Yz [$0, Zo, ..., 2o, m]
n+2 terms n+1 terms
“ DJ L, f (o) ;
) = D2 T (do, 1))
= lim al 2.36
T—T0 (d(:L‘O, x))n+1 ( )

. . 0
In the latter limit of equation (2.36), we have an indeterminate form of type o Note
that equation (2.29) suggests that, instead of the classical derivative operator, we may

use the operator D for L’Hospital rule:

V1,72

lim M — lim f'(x) lim Doy o [ (@)W (71, 72) (2) — lim Dy f(2)

v=a g(x)  a=a g'(x) 2=a Doy L, g(2)W (1, 72)(x)  2=a Doy sg(x)

However, from Lemma 2.2.15, we see that n + 1 applications of L’Hospital rule is

required. Thus

Dn-‘rl (Z‘) -0 B Dn+1 («TO)

T Y172 V172
P [LO’ 0 — o) = xlina}o (n+1)! (n+1)!
n+2 terms
This completes the proof. [

Corollary 2.2.19.1. If'1 € span {1,772}, then the function

n J+1 terms
L S .
gn(l’) = E f"/l,’YQ [an Zoy .- - 71:0] (d(x07 x>>J
=0
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satisfies the conditions

D"yh’yggn(ajo) = D’];L'ygf(‘ro)

fork=0,1,...,n.

2.3 Explicit representation of non-polynomial B-splines

In this section, our aim is to obtain explicit representation of non-polynomial
B-splines. As in the classical B-splines, we will use the following notation for

non-polynomial divided difference operator

[, Tjs1s s Tjn] o S
We again regard [, 2,41, . .., Tjin] 4, @S an operator that acts on f.

We begin by the definition of a proper generalization of truncated power function

for the space 7, (71, 72)-

Definition 2.3.1. For any fixed real number v and any non-negative integer n, the

truncated power function of t, d(x,t)"} defined for —oo < t < oo as follows:

dlz,t)", <t

0, x>t

When 1 € span {7,972}, the explicit representation of non- polynomial B-splines
for the space 7, (1, 72) is given in terms of non-polynomial divided differences of the

truncated power function in the following theorem.

Theorem 2.3.1. Let 1 € span{~y1,72}. For any n > 0 and all i, non-polynomial B-
spline basis function N, (x) of degree n (with respect to a given set of knots {x;})

is
Nl,n(x) = d(ﬂfl, $i+n+1)[‘ri7 Tit1y--- 7xi+n+1]’71,72d<x7 t)i?
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where [T, ..., Zitn+1]y ., denotes a non-polynomial divided difference operator of
order n + 1 that is applied to the truncated power function d(z,t)", regarded as a

function of the variable t.

Proof. We begin by the Marsden’s identity defined in (Disibiiylik & Goldman (2016)):
d(z, )" =" ( ﬁ d(2isk, t)) N o (). (2.37)
i Nk=1
Multiplying both sides of the equation (2.37) by d(z, )%, it is obtained that
d(z, t)"d(z,t)} =) ( f[ d(@isk, t)) d(2, )% Ni ().
i Nk=1

Applying the divided difference operator with respect to ¢ to both sides with the nodes

Ljyoooy Tjgn+1 ylelds that
[xj’ - >$j+n+1]71ﬁ2d(xa t)nd(x7 t)(-)&-
= [T, Tjrntilni (H d(isn, t))d(x, £)% Nin(). (2.38)
[ k=1

We will show that all the terms in the summation on the right hand side of equation
(2.38) are zero except for i = j. Therefore, we investigate the non-polynomial divided

differences for the terms

n

[T d(ik t)d(z, )\ Nin ()
k=1

in five cases.

Casel.i <j—n:

For x € (%4, Zitnt+1), We have two cases. In the first case, v € (z;,z;_,), while in
the other, * € (z;_p, zj41). Forz € (z;,z;_,] and t € {z;,..., Tj1ns1}, We get

d(z,t)} = 1. For z € (zj_n, j41), we obtain either d(x,t)} = 0ord(xz,t)5 = 1. If
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d(z,t)% = 0, we directly get that

[Tjy s Tjsnt1) v ((Hd Titk,t ) :v,t)+> = 0.

Also, for x values where d(z,¢)} = 1, we obtain

TR TR MO ((Hd Tith,t ) xr t)i) = [, Tjrntiln e <H d(ﬂfwk,t)) :

k=1

n
By Theorem 2.2.3, since H d(xigg,t) € mo(71,72)
k=1

.Z'j, . sl ,xj+n+]_]»yl,72 (H d($i+k, t)) = 0
k=1
Hence

[I‘j, . ;Ij+n+1]71,72 <H d(IH_k,t)) Nz,n(x) =0fori< j —n.

k=1

Case2. j —n<i1<j:Leti =75 —mforl <m < n. Consider the function

( lﬁd(xwk,t))d(x,t)?r - (ﬁd(xj_m+k,t)) -

= d([l?j_m+1, t)d(l'j_m+2, t) PN d(xj—m—l-n; t)d(x, t)g_

The functions ( | [ (T a— t)) d(x,t)% and [}_, d(xj_pmix, t) are then zero for

t € {zj,...,2%j1n—m}. Moreover, these two functions have the same values for ¢t €
{%jtn—mt1s- - Tjyni1} since d(z,t)} = 1 for x € (x4, %i1n41). Hence by Lemma
2.2.7,

n

[‘Tﬁ ce Ij+n+1]’)/1,“/2 < H d(xz’—l-ka t)) d(l’, t)g)r = [xjv T xj+n+1]71ﬁ2 < H d(xi—l-k’ t)) :

k=1
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Since H d(xivk, t) € mo(71,72), we get
k=1

[, Tyt )y e (H d(Titr, t)) =0.
k=1
Therefore,
[Tj, . Tjnt1) e <<H d($i+k,t)> d(a:,t)?r) Nin(z)=0for j —n <i<j.

k=1

Case3.i>7+n:

For x € (4, Tiyny1) and t € {;,...,Tj1ns1}, we have d(z,t)% = 0. Thus,

[fﬂj, 5 G $J+n+]_ Y1Y2 ((Hd ka, ) T t)g_) =0

[Zj, . Tjsnt1) a7 ((Hd Titpk, b ) x t)g) Nin(z) =0fori> j+n.

and

Cased4. j <i<j+mn:Leti =7+ mforl <m <n. Then,

n n

H d(@irk, t) = H d(@j4min, 1) =0
k=1 k=1
for t € {Zjtmt1,---»Zjin1}y. Moreover, for ¢ € {x;,...,z;+,} and

x € (i, Tigny1), d(z, 1) = 0. Therefore (HZZI d(ka,t)) d(x,t)% agrees with

the zero function at the nodes z;, ..., Z;;,+1. Then, by Lemma 2.2.7

[Ija . x]—i—n—&-l 1,72 ((Hd Titk,1 ) )3) =0.

[zja s 7xj+n+1]’71,72 ((H d(ajz-l-kvt)) d($,t)3_> Nl,n(x) =0 fOI'j <1 S j +n.

Hence

k=1
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Case5. i = j: Fori = jand x € (2, %j4nt+1) = (T4, Tigny1), consider the function

of x
[xjv cee 7xj+n+1]v1,72 ((H d<xj+k7 t)) d(z, t)?—) Nip().
k=1

Notice that the following functions of ¢

(H d(zjn, t)) d(x,t)% = d(xj1,)d(T10,t) . d(Tj 10, )d(z, 1)) (2.39)
k=1

and
d(z;,1)
——L 2 d(xiq, (w0, t) ... d(xigpn, t (2.40)
d('rj7xj+n+1) ( 7+1 ) ( J+2 ) ( J+ )
coincide at the nodes xj, ..., @ ynq1. Infact, fort =z, ..., Tj40,

d(@j1,t)d(@j42,t) - .. d(Tj4n, ) = 0,
and for t = x;, d(x,t)" = 0since x € (2, 2;4n4+1). Hence
d(zj41,0)d(Tj42,t) ... d(Tj4m, t)d(z, 1) =0
at the nodes zj, ..., zj4pn. Fort = x4,41,

d(ijrl? t>d(xj+2v t) s d(xj+n7 t)d($, t)g-

= d(@j41, Tjrn+1)A(Tj42, Tjrns1) - - - A(Tjin, Tjinr)

since d(z, )} = 1. On the other hand,

d<xj? t)

——— (21, ) d(Tj40,t) ... d(jpp, t) = 0
d(2j, Tj4ns1) (%541, )d(42,1) (Zj4n, 1)

at the nodes z;, ..., x;4,. Finally, for ¢ = x,,,1; the function (2.40) takes the value
A(@j41, Tjant1)d(Tj42, Tins1) - - A(Tjan, Tjinn)-
Thus, the non-polynomial divided differences of these two functions in (2.39) and

49



(2.40) are the same at the nodes z;, ..., zj1,4+1. Hence,

[l’j, .. I'j+n+1 1,72 ((Hd x]-l—k‘a > i t)g_) Nun(l')

d(z,t)

= [.%j, Ce ,‘Tj+n+1]71772 <d( d(ijrl, t)d(:cj+27 t) e d(xj+n7 t)) Nl’n<l')

Tjs Tjn+1)
On the other hand, from Lemma 2.2.8,

d(xj’ t)

1
[.I‘j, Ce 7xj+n+1j|»yl7f\/2 <d( )d($j+1, t)d(ijrZ, t) Ce d<xj+n7 t)) = d(

Ljs Tjtn+1 $j7$j+n+1)

Thus, from equation (2.38)

[, Bisn ) (d(x,0)"d(2, 1)7)

= Z[xjv e x]—i-n-i-l Y1572 ((Hd 37z+k, ) )O> Nz,n(x)
= [xjﬁ g x]+n+1 Y172 <<Hd Tk, ) x t)i) Nj,n(aj)

d(x;,t
e . P

Njn(z)

d(xj, Tjini1) '

oy (212,051 ) ) Nyale)

Tjy Tjyni1)

Then,
Njn(z) = d(xj, Tjpnt1)[Tj Tit1, - o Tjsnt1] e d(x, 1) d(, t)(i.
Considering d(z,t)"d(z,t)%, we have
d(x,t)"_ld(x,t)ld(x,t)g = d(x,t)”_ld(x,t)i,
doing this recursively, it yields that

d(z,t)"d(z, )% = d(z,t)".
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Hence, we obtain

Njn(@) = d(2), jpnt1) [T, Tit1, - Tjintlp e d(T,8)]

2.4 Non-polynomial B-spline integration

In this section, giving definition of definite integral, we will show that the non-
polynomial divided difference operator is built by the integration with non-polynomial
B-splines. Our main tools here are the Fundamental Theorem of Calculus, integration
by parts, and two term differentiation for non-polynomial B-spline. We begin with the

definition of the definite integral.

Definition 2.4.1. Let 1 € span{fyl,ny}. If f,7 and o are continuous functions
defined for a < x < b, we divide the interval into n subintervals of width d(z;_1, ;)
fori=1,...,n. Let x; = xy + d(zo, x;) for i = 1,...,n be the endpoints of these
subintervals and let x7,25, ..., x) be any sample points in these subintervals, so x}

lies in the ith subinterval [x;_, x;] . Then the definite integral of f from a to b is

b n
[ )y = lim 3 fat)dwis,m).
a i=1

As Riemann integral, defined integral satisfies the properties of integrals. Also, it
is easily shown by using equation (2.11) that if 1 € span{%, 72}, we can combine

integrals of the same function over adjacent intervals:

/acf(m)qugx + /be(m)d%mx - /abf(f)dwmw-

Also, if 1 € span{~i, 72}, we get

b
m.d(a,b) < / f(t)dy, At < M.d(a,b),
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where m and M are absolute minimum and maximum values of f on the interval [a, b].
In the following theorem, we are giving an analogue of the Fundamental Theorem of

Calculus for the case 1 € span{%, 72}.

Theorem 2.4.1. Let 1 € span{~i,72}. If f,v1 and > are continuous on [a, b],

1 Ifg(z f f(@)dy, ot then, D, ,9(x) = f(x).

2. f f(t)d,, ,,t = F(b) — F(a), where F(x) is any antiderivative of f such that
Dy, 5, F(x) = f(2).

Proof. The proof is similar with the classical case. [

Theorem 2.4.2. Let 1 € span{~,72}. Assume that f(x) and g(x) are continuous

functions on [a, b]. If g(x) never changes sign on [a, ], then there exists ¢ € [a, b] such

/ f@)ala)yur = £(6) [ @)y

Proof. Since f(x) is continuous function on [a, b], by Extreme Value Theorem, there

that

exist m, M € [a, b] such that
m < f(x) < M.

Because g(x) doesn’t change sign, either g(x) > 0 or g(z) < 0 fora < x < b. For

the sake of definiteness, let’s assume that g(z) > 0.

mg(x) < f(x)g(z) < Mg(x)

m/ 7172x</ flz 7172$<M/ oy -
a

Assume that fab g(z)d., -, = # 0. Then,

V1,72

m < fab f(a:)g(x)dwmx

— b S M-
fa g(l')d,thfL‘
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By Intermediate Value Theorem, there exists at least ¢ € [a, b] such that

f: f(a:)g(x)d%ﬁmx
ffg(x)d%%x

= f(o).

Hence, we get

/abf(:c)g(x)dvmx = f(c) /abg(x)dvl,wx-

Integration by parts corresponds to the product rule for derivatives, and if f and g

are two differentiable functions, then the product rule gives us:

Dy s (f(x)g(z)) = f(2) Dy, 1p9() + g(2) Doy 4, f ().

Integrating both sides and then using , we get

/ F(@) Dy )iy = f(2)g(x) — / 9(£) Doy oy (@) .

This is the integration by parts formula.
The following theorem implies that non-polynomial divided difference is represented

by the integration with non-polynomial B-splines if 1 € span{~;,72}.

Theorem 2.4.3. If 1 € span{~1,72} . then, for f € C" [z, T 4n41]

fﬁ/l,72 [{Ei, . ,(Ei+n+1] = /x‘m“‘"“ {d( NZ’”<x) }{Dzl,'yzf(x) }dw,ygﬁf-

Tiy Titnt1) n!

Proof. The proof is by induction on n. For n = 0, by Theorem 2.4.1

f(xi-i-l) - f(xZ) _ /%i+1 {D’Yl,’mf(x)

d .
d(ffu $i+1) d(% $i+1) } et

fv1,72 [xu fL’i-s—l] =
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Assume that the induction hypothesis is true for n > 0. Consider,

/$i+n+2 { Nz‘,n+1($) }{D21+,712 ([E) }d .
; d(24, Tijynyo) (n+1)! Jom

Using integration by parts, we obtain

/xi+n+2 { Ni,n+1 (gj) }{D:’;’rvg (..'L') }d .
@i d(Ti, Titnt2) (n+1)8 S
_ { Ni,n—l-l(x) . D;Lhwf(x)}
d(%i, xi+n+2) (n -+ 1)'

1 Titn+2 Dn 7 f(x)
T (@ Tiimea) / | Dm,wNi,nH(a:){ﬁ}d%mx.

Titn42

T

Since N; ,+1(z) vanishes on the end points of its support, we get

/xi+n+2 { Ni,nJrl(x) }{ DTYL:,% ('I) }d e
zi d(Zi, Titnt2) (n+1)0 S

1 Titn+2 Dn T
i .. Dy s N1 () Lf(,) oy . (2.41)
d(xm xz+n+2) 5 (’)’L + 1)

In Disibiiyiik & Goldman (2016), two term differentiation formula for the

non-polynomial B-spline NV; ,,(z) are given as follows

d d d(x; ) d d(z,Tiini1)
——Nin(@) =n|( 57— ) Nin- — Nit1n- -
dx ’ (I) " |:<dl’ d(l’z, xz-l—n)) ’ 1(5(:) + <dl’ d(l’H_l, xi+n+1>> +1, 1(I)i|

By equation (2.29) , we can rewrite the formula,

Ni,n—l (l’)

d(%‘; Ii+n)

+ <W(71’72)(95)D71,72d(x737i+n+1)> dNiH’n_l(w) )]

(Tig1, Tigns

W (51,72) (@) Dy Ni(@) =n | (W (32,72) () Dy, (i, )

Then, using the facts that D., .,d(z;,x) = 1 and D.,, ~,d(x, z;1n+1) = —1, we get

Ni,n—1($) N; 1,n—1(I)
D71772Ni,n(x) :n[ ‘ - A+ ) }
d(l‘za mk—i—n) d<xz+17 xz—&-n—i—l)
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Thus, equation (2.41) is written as

Titn+2 { Ni’n+1(x) }{D'?;:%Z (x) }d .
. d Y1,7Y2

(@i, Titny2) (n+1)!
1 Titn+2 N n(2) Nit1n(x) D7711 72 f(z)
= - —— + ]. : - ’ ’ d €
d(Ti, Tipnt2) /x e+ 1) {d(% Titn+1)  d(Tit, ﬂfi+n+2)} { (n+1)! } hals
1

_ /:E7;+n+2 Ni-‘r].,n(x) { D’?l ’72.](‘(37)
Ti41 d(

d e
V1,72
d(l‘iy xi+n+2) Ti+1, xi+n+2) n! }

Tigntl in DY ., f(z)
1 /IZ d(N7(x) ){ et (@

- d x
Y1,Y2% "
d(x, Tignt2) Ty Titnt1 n! }

Hence, by induction hypothesis we deduce that,

[ e R

(@i, Tignyo (n+1)!
1

d(xi,xi+n+2){f’h7’m[ i+1, ) Z-HH-Q] f’y1,’yz [xh s H—n—i—l]}

= f’Yl,’YQ [mia s 7xi+n+2]

which completes the proof.
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CHAPTER THREE
GENERALIZED TAYLOR SERIES

Taylor series have importance for representing an arbitrary function in terms of
linear combinations of prescribed functions. The ordinary Taylor series has been
generalized by many authors (Riemann (1876), Hardy (1945), Trujillo et al. (1999),
Watanabe (1931)). In this section, we obtain a generalization of Taylor series using

non-polynomial divided differences in terms of the generalized derivative operator.

Let f(x) has derivatives of all orders on an interval [a, b]. We start by assuming that

f(x) is any function that can be represented by a power series

o0

f(z) = Z ard(zg, z)"

k=0

= ap + a1d(zo, ) + ... + apd(zo, )" + ... (3.1)

with a positive radius of convergence. Let’s determine the coefficients a,. Putting

x = x( in equation (3.1), we get
f(x0) = ao.
Differentiating equation (3.1) term by term gives
Doy o () = ay + 2.a2d (w0, ) . .. + n.apd(zo, )" + ... (3.2)
Putting © = z( in equation (3.2), we get
Dy, o f(20) = a1
We differentiate both sides of equation (3.2) and obtain

D2 f(x) = 2.a2 + 3.2.a3d(xo, x) ... + n.(n — 1).and(zo, x)" > + ... (3.3)
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Again we put z = x in equation (3.3) . The result is

D2 f(l'o) == 2.@2.

71,72

When we continue to differentiate and substitute x = x(, we get

Dz f(xo) =2.3...n.a, =nla,.

71,72

Solving the above equation for a,, gives

_ DZ/Ll 2 f (xo)

anp I
n:

If f has a power series representation, then the series must be

oS Dk
flx) = Z %@O)d(%’m)k
k=0

Dimzf(xo)

o d(zg,)* + ... (3.4)

= f(xo) + D’I;/;l,’ygf(x())d(woﬂ T) +

The series in equation (3.4) is called the generalized Taylor series of the function f at
Zo.

Truncating the series in (3.4) gives the nth degree Taylor function of f(x) at xg:

D21 .J (o)
To(x) = f(20) + Dy 5, f (o) d(o, l’)+%d(l’o7 )’ +
Dr x
o+ Md(%, x)".
n!
Note that
T.(z) = lim gn(),
T1,L2yeny Tn—TQ

where g,, interpolates f at xg,x1,...,x, . In order to show the generalized Taylor

theorem for f(x), we will search the error formula which gives explicit representation

for remainder term.
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Lemma 3.0.1. Let z, 7 € [a,b] and f, 1,72 € C"[a,b] and let f**1, 47 and 5+
exist in the open interval (a,b) . If' 1 € span{~i,72}, then there exists & € (a,b),

which depends on x, such that

(d(wo, )™+

f(l’) - Tn(x) = Dzl-;lzf(éx) (TL + 1)[

Proof. Define a function h by
h(z) = f(x) = Tu(2) + K(d(zo, 2))"*".

Clearly h has a zero at x = x5. We will choose K such that i has two zeros including
x =t. Then
B(t) = £(t) = Tu(t) + K (d(o, )" = 0

which gives
f(t) = Tu(t)

o Ty

Thus, we have

f(t) = Tu(t)

z, x))" L

Wz) = f(x) = Ta(z) -

The first n derivatives of h(x) at x = z, are equal to 0. Because

D]7€1,72T”(x0) = Dlvgl,wf(xo)

for kK = 0,1,...,n, and the first n derivatives of the term %(d(mo, x))" at
x = xq are also equal to 0. It is seen that h(zg) = 0 and h(t) = 0. Therefore, we can
apply Rolle’s Theorem to get that h'(c;) = 0 for some ¢; between z and ¢. By using the
relation D, ., f(xz) = f'(x)/W(v,72)(z), we obtain that D, ,,h(c;) = 0 for some
c1. Now consider D., ., h(z). We have that D, ,h(z9) = 0and D, -,h(c;) =0, and

then applying Rolle’s Theorem again, we obtain that there is some ¢, between z and

¢y such that D?

2, 4oP(c2) = 0. This procedure can be repeated n times until we find a c,,

between xq and ¢,,_; such that D?l 2

h(c,) = 0. Then, we apply Rolle’s Theorem one
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last time to get that there is some ¢, ;| between xy and ¢,, such that D;ffyg h(cns1) = 0.

Hence, we get

prtl (C'n+1) _ pntl Tn(Cn+1) _ f(t) B Tn<t>

n+1 n+1 _
V1,72 V1,72 W(D’Yiw (d<~7307$>> + );c:cn+1 =0.

Here,
and

Therefore, we obtain

f{t) = Ta(t)

prtl (Cn+1) - (d(xo,t))”‘H

71,72

(n+ 1)l =0. (3.5)

Then, defining £, = ¢, and rearranging equation (3.5), we get

(d(zo, )"

f(t) = Tn<t) + D’TYLl—gz (fx) (n + 1)!

Changing t to = and subtracting 7},(x) from both sides completes the proof. [

Now we are going to give a generalization of Taylor Theorem which easily follows

from Lemma 3.0.1.

Theorem 3.0.2 (Generalized Taylor Theorem). Let z,zy €  [a,b] and
f.i71,72 € C™a,b] and let {7, A7 and 3 exist in the open interval (a,b) . If

1e Span{%,vg}, then
n ok
fla)y=>" Md(xo, ) + R, (),

where

(d(xo, )"+

Ra(a) = D3, 1650,

, & € (a,b).
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Also, we give the Generalized Taylor Theorem with integral remainder.

Theorem 3.0.3. Let x, x4 € [a,b] and f,v1,72 € C"a,b]. If1 € span{71,'yg}, then

f has generalized Taylor series expansion at x( such that

n_ pk
fla) = 3 Do) o oy s (o), 66)
k=0 )
where
1 T
Rue) = [ (@l0.0)" DL 10t (.7)

Proof. We use induction on n. Forn = 1,

Ry(z) = f(x) — Ti(z) = f(x) — f(z0) — D717’Y2f($0>d($07x)'

Consider

/ d(t,z)D2 ., f(t)dy, oyt
)

Applying the integration by parts, we get

/ d(t7 x)D'th’ygf(t)d’Yl,’bt :d<t7 $>DV1,72f(t) + / D’Y1,72f<t)d71,’72t
xo x0 xo

=0 — d(20,2) Dy, 5, f(20) + f(2) — f(20)
- Rl(l’)

Equation (3.7) holds for n = 1. Assume that (3.7) is true for n > 1. Then, consider

1 ’ n n
(d(t, r)) HD»le,rng (t)d'nﬁgt‘
(n+1)!
' o
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By integration by parts, it is obtained that

1 ’ n n
(n+1)! /mo (d(t,)) HD“/;,FVsz(t)dM,wt

= Ty DA+ h / ()DL O, ot
=~ ) D3 )+ o [ () D)
Dn+1
= - 2 i )y + ol
pril
= 7o) = Tafer) = 2=l

= f(z) — Thia(2)
= RnJrl(x).

Therefore, the induction hypothesis is true for n + 1 and this completes the proof. [

We can give the generalized Taylor formula for functions in the space 7, (1, 72). For

this generalization, we take our inspiration from the theorem given in (Kac & Cheung,

2002, Theorem 2.1).

Theorem 3.0.4. Let 1 € span{fyl, Y2 } xo be a number, D be a linear operator on the

space T, (71,72), and {0y, 01, . . .} be a sequence of functions satifying three conditions:

i) Oo(xo) =1 and O(xo) =0 forany k > 1;

ii) deg 0, = k;

iii) DOy(z) = 0x_1(x) for any k > land D(1) = 0.

Then, for any function f(x) € m,(v1,72), one has the following generalized Taylor

formula



Proof. dim(m,(71,72)) = n + 1 (see Disibiliyiik & Goldman (2015)). The functions
{6, 01, ...,0,} are linearly independent by condition (ii). Hence they constitute a basis
for the space m,(71,72). Then, we can express any function f(x) € m,(71,72) in the

following form

=3 bi(x) (3.8)
k=0

for some unique constants c;. Substituting x = x( and using condition (i) yields ¢y =
f(zo). m successive application of the linear operator D to both sides of equation (3.8)
and using conditions (ii) and (iii) gives

(D™f)(x) = > exD™0k(x) = > cxbi-m(x),

k=m k=m

where 1 < m < n. Again substituting + = z( and using condition (i) yields that
= (D™ f)(xg), 0 <m < n.

]

Example 1. Let 1 € span{y1,7.}. If D = W( L and Oy (z) = M then all the

T

three conditions are satisfied. Because,

(i) (d(xo,2))° =1 =0y(x) = Oy(z0) and CICY:)) Ly g Or (o) for k > 1

k!

ii) deg 0, = 0.2)")
(ii) deg Oy, =deg(Lum) — |

By relation (2.29), it is seen that the chosen linear operator D is our defined generalized

derivative operator D., ,. For condition (iii), we get

<d<xo,x>>k) _ oo™ty

Dek(l') = D'Yly’YQ( k' (k . 1)|

and D(1) = D,, ~,(1) = 0 by using Lemma 2.2.15 and equation (2.29).
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Hence all the three conditions are satisfied, and Theorem 3.0.4 gives the generalized

Taylor expansion (3.0.2) about x( of a function f(x) € m,(y1,V2) since R, (z) = 0.
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CHAPTER FOUR
PEANO’S THEOREM

The Peano kernel theorem is a well-known method for calculating the errors of
approximations including interpolation, quadrature rules, and B-plines (Phillips
(2003)). Recently a g-analogue of Peano kernel theorem is given in Budak¢1 & Orug
(2018). In this section, we derive a new generalization of Peano kernel theorem based
on a generalized Taylor expansion. Throughout this section we assume that all

conditions stated in Theorem 3.0.3 hold.

Using the truncated power function d(z,t)", the integral remainder for the

generalized Taylor expansion of f can be written in the form
R, (z) = " DI F(6)d(t, 2)dy, 4t (4.1)
Theorem 4.0.1. Let us define
gi(x) = d(t,2)7,

and let L denote a linear functional that commutes with the operation of integration,
and satisfies the further conditions that L(g,) is defined that L(f) = 0 for all f € m,,.
Then, for all f,~1,v, € C"a,b],

L(f) = / U DI K (1), ot (42)
where
K(0) = Ky (1) = (o) @3)

Proof. Here, L(g;) with g;(z) = d(t,z)" implies that L is applied to the truncated
power function d(t, x)’} regarded as a function of x, with ¢ as a parameter. Hence we

get a real number that depends on ¢. Consider f () in the form (3.6) with the remainder
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R, (x) given in (4.1). Applying the linear functional L to equation (3.6), we obtain

- _L/ D;Ljvlz (d(t,z))}dy, ot

since L 1is linear and annihilates all functions from m,. The linear functional L

commutes with the operation of integration. Then, we have

L) = o | DELFOLUAC )t

which completes the proof. [

Corollary 4.0.1.1. [f, in addition to the conditions stated in Theorem 4.0.1, the kernel

K (t) does not change sign on [a, b|, then

DI, f(6)

CF W2 2 I (d (2, )Y, 4.4)

L(f) =

where xy < £ < x,.

Proof. Since D"} f(t) is continuous and & (t) does not change on [a, b], we can apply

Theorem 2.4.2 to (4.2) to give

L(f) nylj_ﬁt 5)/ K(t)d%,wt, Ty < & < Ty
o

This holds for all f,~;,72 € C""'[a, b]. In particular, replacing f(z) with d(zg, z)"**

in the latter equation yields
L(d(zp, 2)™) = (n+ 1)! / K()dygt, 70 < € < 0,

which completes the proof. O

Theorem 2.4.3 shows that non-polynomial B-splines are in fact the Peano kernels
of non-polynomial divided differences. In Theorem 2.3.1, non-polynomial B-splines

are expressed explicitly in terms of non-polynomial divided differences of truncated
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power function if 1 € span {71, 72}

Nm(l’) = d(ﬂfi, 9€i+n+1)[33i7 Tit1y--- 7$i+n+1]71,'ygd(x7 t)?r

Also, by Lemma 2.2.2, the non-polynomial divided difference f,, .,[zo, 21, ..., ;]

can be expressed as the symmetric sum of multiples of f(z;) if 1 € span{fyl, 72}, that

is

n+1
f ()
Frumalto, @1, ] =) g

= H d(xjv xr)
j=0
JF#r

Therefore, we can easily get

itn+1 d(w, )"

Nin(r) = d(Ti, Titni1) Z . | )
2 H d([L’j,[E,,.)

j=i

j#r

Then set

n+1
L(f) = f71772[x0’x17 s 7-Tn+l] = Z #

= H d(xjﬁ Q;T)
7=0
JF#r

We know that

b
L(f) = / DL P K (1), ot

with
1 1 o1& d(t, )
K(t) = n_L(gt) = ;L(d(taxh) = > — -

r=0 H d(zj, z,)
=0

J_
J#r
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Then, by equation (4.5), it is obtained

1 Non(t)
K(t) = ——"——.
() n! d(zo, Tp11)

After combining K (t) with equation (4.6), we get

Forral@0s - s Tast] = / ”"“{dNo,n@) ) {D%mf(t)}d%wt.

0 (‘1.07 anrl) n!

We are going to evalute an error bound for a quadrature rule as an application for the
general form of Peano kernel theorem. Before the example, we will give the derivation

of the quadrature rule.

The most common numerical integration processes are based on interpolation. Let
us approximate an integrand f by its interpolating function g;, based on the abscissas

zo = a and z; = b and integrate over [a, b], which gives

b b
/f(t)d%ﬁzt%/ gl(t)dvlﬂzt'

Since

we have
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Example 2. In this example, we will find the error term for the quadrature rule obtained

above. We start with

L) = [ @)= D 00 + 10

This linear functional L annihilates all functions f in my. If we choose g;(x) = d(t, x)

in equation (4.3), then

d(a,b)
2

K@zL@ozjlw@n%mﬂ— (d(t, )5 + d(t,b)).

Note that L is applied to d(t, x), regarded as a function of x. For a <t < b, we have
d(t,a); =0and d(t,b); = d(t,b). Since d(t,z); = 0 for x < t, we obtain

d(a, b) (d(t, )" d(a,b)

b
Kt:/dmdmx— d(t,b) = _ d(t, b
() ] ( )77 2 ( ) 2 . 2 ( )

_ %d(t, b)(d(t, b) + d(b, a)).

Then,
K(t) = %d(t, b)d(t,a).

Since v, and -y, are continuous functions, the functions d(t,b) and d(t,a) are
continuous on a < t < b. On the other hand, d(x1,x2) never vanishes for distinct
values of w1 and xo. Hence K (t) is continuous on a < t < b and has zeros only at

t = aandt = b. Therefore K(t) does not change sign on [a,b], i.e. we can use

2
Y1572

Corollary 4.0.1.1, assuming the continuity of D> . f. Thus, we evaluate
d(a,b)

5 (d(x0,a)* + d(z0,b)?).

b
L(d(an. ) = [ dlao, 2P, gt -
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Since xy = a, we get

d(a,b)

5 (d(xg,a)? + d(zo,b)?)

b
L, 2?) = [ dlao, 2y~

d(a,b)*  d(a,b)?
3 2
_d(a,b)’
i

Applying equation (4.4) gives

TR L R P )

where a < £ < b.
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CHAPTER FIVE
CONCLUSION

We have dealt with the explicit representation of non-polynomial B-spline
functions for a wide collection of spline spaces including trigonometric splines,
hyperbolic splines, and special Miintz spaces of splines. Firstly, we have considered
the interpolation problem. It has been founded that the problem has a unique solution.
Then, we have defined the non-polynomial divided differences recursively. That is,
the non-polynomial divided differences satisfy a recurrence relation similar to one for
polynomial divided difference, and they are a generalization of classical divided
differences. We have derived the identities and the properties of these
non-polynomial divided differences such as symmetry, Leibniz formula, cancellation
formula, affine combinations, and ratio of determinants. Also, we have searched the
non-polynomial divided differences with repeated points. A generalization of the
derivative operator has been defined. This generalized derivative operator, as a
classical derivative, has satisfied sum, difference, product, and quotient rules. Also,
we have searched higher derivatives of some functions as well as the Leibniz rule.
With the definition of the generalized derivative operator, it has been shown that as in
the polynomial case, non-polynomial divided differences can be viewed as a discrete
analogue of derivatives. A generalization of the Hermite interpolation has been also
obtained using non-polynomial divided differences with repeated points. We have
defined a novel variant of the truncated power function. Then, we have given the
explicit representation of non-polynomial B-spline functions using non-polynomial
divided differences applied to the generalization of truncated-power function. We
have defined a certain definite integral that satisfies the properties of integrals. Then,
the non-polynomial divided difference has been built by the integration with

non-polynomial B-spline functions.

Repeated points have allowed us to find a generalization of the Taylor series. Using
the link between non-polynomial divided differences and derivatives, we have obtained

the generalized Taylor series and state Generalized Taylor Theorem.
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We have derived a general form of the Peano kernel theorem based on a
generalized Taylor expansion. Here, we use the generalized Taylor Theorem with the
integral remainder. As in the polynomial case, it has been shown that the
non-polynomial B-splines are in fact the Peano kernels of non-polynomial divided

difference.
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