Polytopic Matrix Factorization (PMF): A New

Data Decomposition Tool

Gokcan Tatli

A Dissertation Submitted to the
Graduate School of Sciences and Engineering
in Partial Fulfillment of the Requirements for

the Degree of
Master of Science
n

Electrical and Electronics Engineering

RN

7
UN
KOC UNIVERSITESI

September 21, 2021



Polytopic Matrix Factorization (PMF): A New Data Decomposition
Tool

Kog University
Graduate School of Sciences and Engineering

This is to certify that I have examined this copy of a master’s thesis by

Gokcan Tatli

and have found that it is complete and satisfactory in all respects,
and that any and all revisions required by the final

examining committee have been made.

Committee Members:

Prof. Alper T. Erdogan (Advisor)

Prof. Alper Demir

Assist. Prof. Yal¢in Sadi

Date:




[T dedicate this thesis to those who strive for a better world.]

11



ABSTRACT

Polytopic Matrix Factorization (PMF): A New Data Decomposition
Tool
Gokcan Tatli
Master of Science in Electrical and Electronics Engineering
September 21, 2021

Matrix factorization methods are widely used in signal processing and machine learn-
ing applications. These methods lay the foundation of a large number of algorithms
utilized in problems of those areas. As one of the main problems, we try to discover
the information hidden inside input data. As a general solution strategy for this
problem, input data is modeled as a product of two factors/matrices. This is known
as Blind Source Separation (Blind Data Decomposition) in the signal processing
literature. In this thesis, we introduce Polytopic Matrix Factorization (PMF) as a
novel data decomposition approach. We model input data as unknown linear trans-
formations of some latent vectors drawn from a polytope. The choice of polytope
determines the presumed structure of latent vectors and their relationships. We first
propose the identifiability criterion and identifiability conditions of PMF regarding
the latent vectors. We introduce a sufficient condition for identifiability, which re-
quires that the maximum volume inscribed ellipsoid of the polytope is contained
in the convex hull of the latent vectors with a particular tightness constraint. We
propose PMF identifiability results of special polytope cases corresponding to widely
utilized feature attributes in applications. Then, a generalized version of PMF is
presented with the characterization of eligible polytope choices and we propose to use
a decision algorithm to determine these eligible polytopes. The proposed PMF tool
is extended by considering a special class of linear mappings on eligible polytopes.
We further extend PMF as Bounded Matrix Factorization and provide identifiabil-
ity results of some bounded sets referring to polytopes. We furthermore present a
PMF algorithm and interesting examples that utilize PMF as a data decomposition
tool. PMF enables us to use infinitely many polytope choices and bounded sets in
characterizing latent vectors. Therefore, it is possible to define different presumed

structures and relations for latent vectors such as nonnegativity, sparsity and such
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attributes in subvector level. In brief, we present a novel data decomposition tool
that provides a high degree of flexibility in terms of presumed structures of latent
vectors and offer examples illustrating this flexibility with different eligible sets and

corresponding feature attributes.



OZETCE

Yiiksek Lisans Tez Basglig:
Gokcan Tatli
Elektrik ve Elektronik Miihendisligi, Yiiksek Lisans
Eyliil 2021

Matrisleri carpanlarina ayirma yontemleri sinyal igleme ve makine ogrenmesi uygu-
lamalarinda yaygin olarak kullanilmaktadir. Bu yontemler, bu alanlardaki prob-
lemlerde kullanilan ¢ok sayida algoritmanin temelini olusturur. Biz de temel prob-
lemlerden biri olan girdi verisinin igine gomiilii bilgiyi kesfetmeye caligiyoruz. Bu
problem igin genel bir ¢6ziim stratejisi olarak, girdi verisi iki faktor /matrisin ¢arpimi
olarak modellenmigtir. Bu, sinyal isleme literatiirinde Koér Kaynak Ayrimi (Kér
Veri Ayrigtirma) olarak bilinir. Bu tezde, yeni bir veri ayrigtirma yaklagimi olarak
Polytopic Matrix Factorizationt (PMF) tamtiyoruz. Girdi verilerini, bir politop-
tan gelen baz gizli vektorlerin bilinmeyen dogrusal doniigtimleri olarak modelliy-
oruz. Politop secimi, gizli vektorlerin varsayilan yapisini ve bunlarin iligkilerini belir-
liyor. Ilk olarak, gizli vektorlere iliskin olarak PMF’nin tammlanabilirlik kriterini ve
tanimlanabilirlik kogullarini sunuyoruz. Tanimlanabilirlik i¢in, politopa sigabilecek
maksimum hacimli elipsoidin, 6zel bir sikigma kisitlamasi ile gizli vektorlerin digbiikey
kabugunda bulunmasini gerektiren yeterli bir kosul tanitiyoruz. Uygulamalarda
yaygin olarak kullanilan niteliklere karsilik gelen 6zel politop durumlarinin PMF
tanimlanabilirlik sonuclarini sunuyoruz. Ardindan, PMF’in uygulanabilecegi poli-
toplarin karakterizasyonunu ile PMF’ nin genellestirilmis bir versiyonunu sunuyoruz
ve bu politoplar1 belirlemek i¢in bir karar algoritmasi kullanmay1 6neriyoruz. PMF’i,
PMF’e uygun politoplar tizerinde 6zel bir dogrusal iglem siifini diigiinerek genisletiyoruz.
PMF’i Bounded Matrix Factorization olarak daha da genisletiyoruz ve politoplara
atifta bulunarak bazi sinirli kiimelerin tanimlanabilirlik sonuclarii sagliyoruz. Ayrica
bir PMF algoritmas1 ve PMF’i veri ayrigtirma araci olarak kullanan ilging érnekler
sunuyoruz. PMF| gizli vektorleri karakterize etmede sonsuz sayida politop ve sinirh
seti secenek olarak kullanmamizi sagliyor. Bu nedenle, alt vektor diizeyinde negatif
olmama, seyreklik ve benzeri nitelikler gibi gizli vektorler igin farkli varsayilan

yapilar ve iligkiler tammlamak miimkiindiir. Ozetle, gizli vektorlerin yapisal varsayimlari
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acisindan yiiksek derecede esneklik saglayan yeni bir veri ayrigtirma araci sunuyoruz
ve bu esnekligi PMF’e uygun farkl setler ve bu setlere karsilik gelen nitelikler ile

anlatan ornekler sunuyoruz.
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Chapter 1

INTRODUCTION

Matrix factorization methods are primary algorithmic tools for various signal
processing and machine learning applications (see, for example, [Cichocki et al.,
2009, Fu et al., 2019, Comon and Jutten, 2010, Smaragdis and Brown, 2003, Xu
et al., 2003] and the references therein).

Revealing hidden information in observed data is the central problem in several
applications. Matrix factorization approaches offer solutions by modeling observa-
tion vectors as linear combinations of some latent factors with unique attributes.
A critical question is: which assumptions about the generative model, especially the
latent component features, enable a unique identification of the original factors from
their linear combinations, up to potentially some unresolvable permutation, sign,
and scaling ambiguities? In terms of the existing literature, we can list two group
of assumptions on latent factors: stochastic and deterministic (structural) assump-
tions. In terms of stochastic assumptions, Independent Component Analysis can
be regarded as the main framework in which the observable data is modeled as
the linear combinations of statistically independent variables. ICA has a variety of
applications, [Comon, 1994, Hyvérinen et al., 2001]. Basic examples of ICA appli-
cation areas include electroencephalograms (EEGs) [Makeig et al., 1996], functional
magnetic resonance imaging (fMRI) [Calhoun et al., 2009] and calcium imaging
[Mukamel et al., 2009] data analysis, audio source separation [Makino et al., 2007],
and hyperspectral image decomposition [Moussaoui et al., 2008]. Under the stochas-
tic assumptions category, we can also include approaches that exploit the time struc-

ture of random processes as an alternative or complementary to ICA (e.g., [Pham

and Cardoso, 2001]).
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Under the deterministic (structural) assumptions category, we can list approaches
exploiting three main component attributes: nonnegativity, sparseness, and anti-
sparseness. Nonnegative Matrix Factorization (NMF), Sparse Component Analysis
(SCA) and Bounded Component Analysis (BCA) are such approaches. Polytopic
Matrix Factorization (PMF) can exploit all these deterministic structures and some
combinations. Therefore, our focus will be deterministic (structural) assumptions
category and we will mention these approaches in the following section in conjunction
with PMF. Part of this thesis addresses this fundamental problem: which assump-
tions about the generative model, especially the latent component features, enable a
unique identification of the original factors from their linear combinations, in terms
of deterministic (structural) assumptions. We significantly extend the existing pool
of assumptions (nonnegativity, sparseness, and antisparseness) about the latent fac-
tor domains that enable unsupervised identification of the corresponding generative

models. Specifically, this thesis makes following contributions,

e We propose a generalized unsupervised data decomposition framework called
Polytopic Matrix Factorization (PMF) for matrix factorization approaches

that assume deterministic structures for latent factors.

e We propose to use Det-Max criterion for identifiability and define a novel

geometric identifiability condition based on the MVIE of the polytope.

e Existing BCA and SCA approaches ([Erdogan, 2013, Babatas and Erdogan,
2018]) use polytopes {o-norm-ball and ¢;-norm-ball for antisparse and sparse
components, respectively. In both approaches, the identifiability condition re-
quires latent vectors to include vertices of those polytopes. We relax this strict
identifiability condition to sufficient scattering, given in Definition (3.3.2), in
existing BCA and SCA approaches ([Erdogan, 2013, Babatas and Erdogan,
2018]).

e We extend existing pool of identifiable polytopes, that enable unsupervised
identification, and characterize this set of polytopes with respect to PMF

framework.
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e We provide determinant of scaled sample covariance matrix as another /alternative
identifiability criterion for PMF framework, which will probably help to pro-

pose a information theoretical perspective in the future.

e We extend the description of identifiable set based on identifiable polytopes
and provide Bounded Matrix Factorization as an extension to PMF and pro-

pose identifiability results of some bounded sets.

e We provide a Bayesian interpretation for PMF framework.

Polytopic Matrix Factorization (PMF) approach shows that if original vectors
are "sufficiently scattered”, a technical term with a precise definition, samples from
polytopes with certain symmetry restrictions can be retrieved from their lossless
linear mixtures. The richness of the infinite set of eligible polytopes enables PMF
to render combinations of various feature characteristics, such as sparseness and
nonnegativeness, and ranges heterogeneously to different latent factor subsets. We
provide examples to illustrate the flexible description of latent vectors with such

heterogeneous features in PMF framework.
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Chapter 2

STRUCTURED MATRIX FACTORIZATION METHODS
FOR BLIND DATA DECOMPOSITION

Matrix factorization methods lay the foundation of a large number of algorithms
utilized in signal processing and machine learning problems. As one of the main
problems, we try to discover the information buried in input data. In general,
the solution to this problem starts with modeling input data as a product of two
factors/matrices. This solution model with the problem of discovering buried data

is known as Blind Data Decomposition, Blind Source Separation, in the literature.

2.1 Blind Source Separation/Data Decomposition

In previous section, we listed two groups of assumptions (stochastic and determin-
istic) for blind data decomposition methods. Blind data decomposition approaches
with deterministic assumptions can be grouped into two with respect to the number
of factor matrices that uses prior information. These are called structured matrix
factorization (SMF) and semi-structured matrix factorization. Structured matrix
factorization methods use a prior information or some assumption to decompose
a given input data. Some examples of prior information or assumptions utilized
in data decomposition can be rank, sign, sparsity and a combination these three.
Similarly, semi-structured matrix factorization methods use some prior knowledge
or assumption to decompose a given input data. However, only the left factor or
the right factor is considered to be a subject for these assumptions. Now, we focus

on blind data decomposition approaches that exploit deterministic assumptions.
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2.1.1 Bounded Component Analysis

Bounded Component Analysis was proposed as a blind source separation approach
in [Cruces, 2010] to replace the source independence assumption in ICA approaches
with a weaker assumption called domain separability. A geometric BCA approach
that utilizes from volume ratios of objects, defined with respect to output sam-
ples, was proposed in [Erdogan, 2013] based on determinant maximization. The
observable data is modeled as a linear combination of bounded components. BCA
approaches exploit the potential magnitude boundedness of components instead of
statistical independence assumption. Such relaxation on the independence assump-
tion enables the separation of dependent/correlated and independent components
from their linear mixtures. The deterministic geometric framework in [Erdogan,
2013] demonstrates the dependent source separation capability through natural im-
age separation and the short packet length separation capability for digital com-
munication signals. This framework was later extended to sparse bounded sources
[Babatas and Erdogan, 2018] and convolutive mixtures of bounded sources [Inan and
Erdogan, 2014, Babatas and Erdogan, 2020]. These Bounded Component Analysis
(BCA) frameworks assume £,-norm-ball for the domain of sources. Their identifi-
ability is proven only under the condition that factor components contain vertices
of aforementioned polytope f,,-norm-ball. Numerical experiments show that this

assumption is more stringent than necessary and can be potentially relaxed.

2.1.2  Sparse Component Analysis

As the name suggests, Sparse Component Analysis (SCA) exploits the sparseness
assumption for component vectors. The data is modeled as a linear combination of
sparse components. In Sparse Component Analysis (SCA) frameworks, [Georgiev
et al., 2005, Elad, 2010, Babatas and Erdogan, 2018], sources are assumed to be
contained in ¢;-norm-ball. Its famous application area is the dictionary learning
problem [Olshausen and Field, 1997], where the columns of observation matrix are
represented as a weighted combination of the minimum number of dictionary ele-

ments. This approach lays the foundation for the sparse coding principle, which has
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been utilized in both computational neuroscience [Olshausen and Field, 1997] and
machine learning. Similar to BCA framework in [Erdogan, 2013], SCA framework
in [Babatas and Erdogan, 2018] [Lee et al., 2007] proposes that model’s identifia-
bility is valid only under the condition that the original component samples in the
generative model contain all the corresponding polytope vertices, i.e., corner points

of ¢1-norm-ball.

2.1.3 Nonnegative Matriz Factorization

Nonnegative Matrix Factorization (NMF') is among the most popular matrix factor-
ization approaches, where nonnegativity is assumed as a domain restriction. The
observable data is modeled as a linear combination of some nonnegative components.
Basic applications of NMF include document mining [Xu et al., 2003], feature extrac-
tion for natural images [Lee and Seung, 1999], source separation for hyperspectral
images [Yokoya et al., 2011], community detection[Huang and Fu, 2019] and audio
mixtures [Smaragdis and Brown, 2003, Ozerov and Févotte, 2009].

Earlier NMF approaches assume vertex inclusion for identifiability, which is sim-
ilar to existing BCA and SCA approaches. This assumption is called “separability”,
“pure pixel” or “groundedness” sufficient condition on the NMF /SSMF frameworks
[Donoho and Stodden, 2003, Laurberg et al., 2008], requiring that latent vectors
include the vertices of the unit simplex or their scaled versions. If we assume that
the latent vectors are randomly drawn from their domains, the probability of the
vertex inclusion is very low. Therefore, from the practical plausibility standpoint, we
desire less stringent sufficient conditions. To address this issue, weaker “sufficiently
scattered conditions” were introduced for NMF. These conditions are mainly based
on the enclosure of the second order cone C = {x | x'1 > /7 — 1||x||2,x € R"} as
a measure of spread inside the nonnegative orthant. Figure 2.1.(a) illustrates C for
the three-dimensional case. A common approach employed in NMF algorithms is to
preprocess inputs to enforce unit ¢;-norm constraints on the nonnegative latent vec-
tors. As a result of this normalization, the original vectors in nonnegative orthant

R, are mapped to the unit simplex A, = {x | 17x = 1,x > 0,x € R"}, which is the
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(a) (b)

Figure 2.1: Sufficient scattering condition for NMF: (a) 3D illustration of the unit
simplex A, (triangle with the red boundary), the second order cone C, and the
hyperplane A. (b) an illustration of sufficiently scattered samples (dots) and their

convex hull in relation to C N A.

region with the triangular boundary in Figure 2.1.(a). Due to this mapping, we can
focus on the r — 1 dimensional affine subspace A = {x | 17x = 1,x € R"}. Figure
2.1.(b) illustrates the restriction to A, where the latent vectors are represented with
the dots, and bd(C N .A) is the circle.

Based on this geometric setting, Fu et al. [Fu et al., 2018] proposed the combi-

nation of the following conditions for sufficient scattering:
(NMF.SS.i) cone(S) 2 C,
(NMF.SS.ii) cone(S)?Nbd(C?) = {ver | v > 0,k=1,...7}.

The notation K¢ in (NMF.SS.ii) represents the dual cone of K, as defined in Table
3.1. The first condition, (NMF.SS.i), ensures that the conic hull of the columns of S
contains C. Restricted to the affine subspace A, this condition is equivalent to that in

which the convex hull of the (normalized) latent vectors, the purple shaded region

in Figure 2.1.(b), contains C N A. The second condition, (NMF.SS.ii), limits the
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tightness of the enclosure by effectively constraining the points of tangency between
C and cone(S).

Part of this thesis extends the sufficient scattering approach to PMF by replac-
ing the second order cone C in NMF with the Maximum Volume Inscribed Ellipsoid
(MVIE) of the polytope. This new condition is much weaker than the vertex inclu-
sion assumption used in BCA and SCA identifiability analysis for ¢; and ¢, ,-norm

balls [Erdogan, 2013, Babatas and Erdogan, 2018|.
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Chapter 3

POLYTOPIC MATRIX FACTORIZATION (PMF)

3.1 PMF Problem

For the PMF problem, we assume the following generative data model introduced

in [Tatli and Erdogan, 2021b]: the input matrix Y € RM*¥ is given by
Y - H,S,, (3.1)
where

e H, € RM*" is the ground truth of the left-factor matrix, which is assumed to

be full column rank; and

e S, € RV is the ground truth of the right-factor matrix, where we assume
r < min(M, N). The fundamental assumption of the PMF framework can be

written as
Sg:JEP, j=1,...,N, (3.2)

where P is a convex polytope.

e Following two canonical forms are used to describe P:

— H-Form (Intersections of Half-spaces): A polytope P can be defined in

the form
P={x[{a;,x) <bj,i=1,..,f} (3.3)

where f represents the number of faces and a; correspond to face normals.
Each inequality in 3.3 corresponds to a half-space, whose intersection
forms the convex polyhedron. When this intersection is bounded, we call

it convex polytope.



Chapter 3: Polytopic Matrixz Factorization (PMF) 10

— V-Form (Convez Hull of Vertices): Let vy, ..., v, represent the vertices,
or the extreme points, of a convex polytope P. Here, m represents the

number of vertices, and then we can write
P=conv(| vi vy ... Vi |)- (3.4)

Each form of the representation of polytopes can be converted to another one.
The conversion relation between these two canonical forms is referred as the

polyhedral representation conversion problem [Bremner et al., 2009].

PMF targets to obtain a factorization of the input data Y in the form Y = HS

such that these factors satisfy
H=H,I'D (3.5)
S = DIIS,, (3.6)
where IT € R™" is a permutation matrix that represents unresolvable ambiguity in
obtaining the ordering of the columns (rows) of H, (S,) and D € R™" is a full rank
diagonal matrix that corresponds to the scaling ambiguity.

In Section 3.4, we provide PMF identifiability results using four particular poly-

topes of practical interest:

i. P = By, i.e., the unit /,-norm-ball, which we refer to as the “antisparse”

PMF case hereafter;

ii. P = By, i.e., the unit ¢;-norm-ball, which we refer to as the “sparse” PMF

case;

iii. P =B NR, = {x | 0 < x < 1}, which is referred to as the “antisparse

nonnegative” PMF case; and

iv. P =B NR, = {x | 1"x < 1,x > 0}, which is referred to as the “sparse

nonnegative” PMF case.

We extend these results for a wider range (infinite number) of polytopes in Section
3.5.

Table 3.1 outlines the basic notations used throughout the article.
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Table 3.1
NOTATION
Notation Meaning
S;. (S.;) % row (column) of matrix S
Standard basis vector
o which is all zeros except 1 at the k" index
Fuclidean inner product between the vectors
TR X,y € R” defined as y’'x
" unit £,-norm-ball defined as
’ {x | [lx, < 1}
5o the polar of the set S with respect to the point d
(See Appendix A)
conv(S) the convex hull of the columns of S
cone(S) the conic hull of the columns of S
d the dual cone of the cone IC which is defined as
{x|{x,y) >0,Vy € K}
the set of extreme points (vertices, or corner points)
ext(P)
of the polytope P
bd(S) the boundary of the set S
the image of the set S under
A(S)
the linear transformation with matrix A
a vector or a matrix with all ones (zeros)
10) of the appropriate dimensions
R The r-dimensional nonnegative orthant
A~ (>)0 A is a positive (semi)definite matrix
The image of the set S under
aS+d
the transformation f(x) =ax+d
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3.2 Identifiability Criterion

3.2.1 Det-Max Identifiability

For the PMF framework, we use the determinant maximization (Det-Max) approach
as the identification criterion, which is given in [Tatli and Erdogan, 2021b] and
previously utilized in different NMF [Chan et al., 2011, Fu et al., 2018, Fu et al.,
2019] and BCA [Erdogan, 2013, Inan and Erdogan, 2014, Babatas and Erdogan,
2018] frameworks. Therefore, the following optimization problem is provided in

[Tatli and Erdogan, 2021b] for obtaining the estimates of H, and S, from the input

matrix Y.
maximize det(SS™) (3.7a)
He RMXT’ S e RTXN
subject to Y = HS, (3.7b)
S;,€P, j=1,...,N. (3.7¢)

Definition 3.2.1. Det-Maz Identifiable PMF Generative Setting: The generative
data model described by (3.1) and (3.2) is called “Det-Max identifiable PMF setting”
if all of the solution pairs (H,S) of the corresponding Det-Max problem in (3.7)

satisfy the forms

H=H,JII'D, (3.8)
S = DIIS,, (3.9)

where IT € R™" is a permutation matrix that represents unresolvable ambiguity in
obtaining the ordering of the columns (rows) of Hy (S,) and D € R™" is a full rank

diagonal matrix that corresponds to the scaling ambiguity.

3.3 PMF Identifiability Conditions with Data Models

We provide identifiability conditions for the Det-Max criterion introduced in Section
3.2.1. These criteria assume that the columns of the S, are well spread inside P
so that the solution of the optimization problem in 3.7 guarantees unique factors of

the input data up to acceptable ambiguities.



Chapter 3: Polytopic Matrixz Factorization (PMF) 13

3.3.1 Strongly Scattered PMF Data Model

We briefly mention Det-Max based BCA approaches in Section 2.1.1. As a keynote,
earlier versions of them assumed vertex inclusion as an identifiability criterion for
B, [Erdogan, 2013] and B; [Babatas and Erdogan, 2018]. This sufficient condition
is similar to the “separability”, “pure pixel” or “groundedness” sufficient condition
of the NMF/SSMF frameworks [Donoho and Stodden, 2003, Laurberg et al., 2008],
which assume that latent vectors include the vertices of the unit simplex or their
scaled versions due to scaling ambiguity. Considering inclusion of polytope vertices,

we introduced Strongly Scattered PMF Data Model in [Tatli and Erdogan, 2021a].

Definition 3.3.1. Strongly Scattered PMF Data Model: A PMF Data Model is

called strongly scattered if the columns of S, contains ext(P).

This strong scattering assumption is hard to achieve for practical applications.
Therefore, we need more useful identifiability conditions in terms of practical plau-

sibility.

3.3.2  Sufficiently Scattered PMF Data Model

In Section, we mention sufficient scattering condition as an approach introduced for
NMF in [Fu et al., 2018]. Now, we propose a similar approach for PMF by using
the MVIE of the polytope instead of second order cone C. Appendix B.1 introduces
MVIE as an object and explains how we find the MVIE for a given polytope. As a
result, we introduce Sufficiently Scattered PMF Data Model by using a MVIE-based

approach.

Definition 3.3.2. Sufficiently Scattered PMF Data Model and Sufficiently Scattered
Factor: A PMF Data Model is called Sufficiently Scattered if

o (PMF.55.1) P D conv(S,) D &Ep, and,
e (PMF.SS.4) conv(S,)"8” Nbd(ELE") = ext(P 8P).

where gp is the center of £». We refer such S, as Sufficiently Scattered Factor of
polytope P.
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S,
| conv(S)
bd(B:)

[ Jconv(8S)

bd(B,)

Figure 3.2: Polar sets for the example in Figure 3.1.

3.4 Special Polytope Cases

In this section, we provide details about special polytope cases introduced in Section
3.1. Later, in Section 3.5, we continue with the generalization of all of the identifiable
polytopes. These special polytopes corresponds to sparse/antisparse and nonnega-
tive/signed component attributes for PMF setting. Therefore, they are crucial for a
wide range of existing applications. Besides this practical importance, they help us

for a better understanding of PMF idea.
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3.4.1 Antisparse PMF

In this PMF case, columns of the S, matrix are spread inside the /,-norm-ball;
ie., P = B,. Strongly Scattered and Sufficiently Scattered PMF Data Settings
force columns of S, to be contain or closer to corner points. Therefore, compo-
nents of these columns come close to the maximum magnitude values together,
which leads to name antisparse [Fuchs, 2011, Jégou et al., 2012]. Another name for
the factorized version of this setting is “democratic representations” [Studer et al.,
2014]. In Section 2.1.1, we mention a BCA framework proposed in [Erdogan, 2013],
where B, is used as a domain choice. Therefore, latent vectors are belong to B.
Similarly, this BCA approach uses determinant maximization as an identifiability
criterion. However, an unconstrained optimization problem with a penalty terms is
employed for this criterion rather than using a constraint optimization problem with
B constraint. As another main difference, this BCA approach requires inclusion of
vertices as the identifiability criterion, which is relaxed in PMF with the Sufficiently
Scattered PMF Data Model. In this section, we prove that we can use Sufficiently
Scattered PMF Data Model for B, to get identifiable results. Therefore, the strong
vertex inclusion condition is not further required.

In Appendix B.1.1, using Theorem 9, we showed that the MVIE for B, is Bs.
Therefore, the corresponding MVIE parameters in (B.1) are Cg =T and gg,, = 0.

In Section 3.3.2, Figures 3.1 and 3.2 offered illustrations for the convex hull
of sufficiently scattered samples in B, the polytope B, its MVIE £z and their
polars, in a two-dimensional setting. Figure 3.3.(a) illustrates a sufficiently scattered
selection of the columns of S for the three-dimensional case (r = 3), where the
vertices of B, are not included in the samples. The corresponding three-dimensional
polar domain picture is provided in Figure 3.3.(b).

The following theorem characterizes the identifiability of antisparse PMF prob-
lem for Sufficiently Scattered PMF Data Model; therefore, covers Strongly Scattered
PMF Data Model.

Theorem 1. Given the general PMF setting outlined in Section 3.1, if S, is a
sufficiently scattered factor for antisparse PMF according to Definition 3.3.2, then
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® 8.;

| conv(S)
I b4} |
llllllllbd{B.\x) E

(a) (b)

Figure 3.3: Sufficiently scattered case example for 3D antisparse PMF: (a) sample

domain, (b) polar domain.

all global optima H,, S, of the Det-Max problem in (3.7) for P = By satisfy

H. = H,JI'D, (3.10)
S. = DIIS,, (3.11)
where II € R™" is a permutation matriz and D € R™" is an invertible diagonal

matriz with £1 entries on its diagonal.

Proof. The full column rank condition on H, and the constraint Y = HS forces any

feasible point to have the same row space as S,. Therefore,
S =AS,, (3.12)

for some full rank A € R™" matrix. This reduces problem of finding optimal S to
finding an optimal A, which provides us to write det(SST), i.e., objective function

in (3.7), in the following way,
det(SST) = | det(A)[* det(S,S]).

Here, we have a constant term on the right-hand side. Therefore, the objective

function (3.7) can be simplified and the optimization problem can be written as

maximize |det(A)] (3.13a)
A E R’I"XT
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subject to  [[ASy [l <1, j=1,...,N. (3.13b)

for the antisparse PMF case.

Then, the remaining part of the proof can be divided into three parts for a better
understanding.

Step I: This part shows that rows of any feasible A are belong to conv(Sy)*, due
to the constraint in (3.15b).

First, we can write A;.S, ; <1 for all (i,7) index pairs directly from the con-
straint in (3.13b). This inequality, AZ-#Sg:’j < 1, for all (4, j) index pairs implies that
A,; . satisfies

A;s=A; SA<1, A>0,1"A=1,

for all i € {1,...,7} and s € conv(S,). This is equivalent to the fact that each row

of A lies within the polar set of conv(S,); i.e.,
Al € conv(S,)*, Vie{l,...,r}.

In reference to the three-dimensional polar domain picture in Figure 3.3.(b), the
rows of A lie in the polytopic shaded region corresponding to conv(S,)*.

Step II: This step shows that any optimal solution A, of (5.13) is a real orthog-
onal matriz by using (PMF.S5S.1) and Hadamard’s inequality.

The polar of sufficiently scattered condition (PMF.SS.i) can be written as
conv(S,)" C By, (3.14)

which implies ||A;.||2 < 1 for all rows of A. Hadamard’s inequality-based bound on

the objective
| det(A)] < [JAT, ]2 Az [l2- - ALl < 1,

is achieved if and only if the rows of A are on bd(B;) and they are orthogonal.

In other words, any optimal solution A, is a real orthogonal matrix. Therefore,
for the example case in Figure 3.3, the rows of A, should lie on the boundary of
the unit sphere in Figure 3.3.(b). At the same time, they should be members of

conv(S,)*, purple shaded region in the same figure.
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Step III: This step shows that each row of A, has only one nonzero element by
using the constraint (PMF.SS.1i).

The sufficiently scattered condition (PMF.SS.ii), conv(S,)* N bd(B;) = ext(B;),
restricts the rows of any optimal solution A,, which are located on the boundary
of the unit sphere in Figure 3.3.(b), to the vertices of By. This condition implies
that, the rows of A, are standard basis vectors (or their negatives). Therefore, we
can write A, = DII, where D € R"™" is a diagonal matrix with £1 entries on its
diagonal and IT € R™" is a permutation matrix. Due to the equality constraint in

(3.7b), H, = H,A™!; therefore, (3.10) and (3.11) follow. O

3.4.2  Sparse PMF

In the sparse PMF setting, the columns of S, are contained in the ¢;-norm-ball;
i.e., P = B;. [Donoho, 2006] and [Candes and Wakin, 2008] indicated the rela-
tion between sparsity and ¢;-norm constraints, where £;-norm can be considered as
convex substitute of fy-norm under proper conditions. Additionally, we previously
mention the sparse version of BCA approach [Babatas and Erdogan, 2018], adopted
from antisparse BCA in reference [Erdogan, 2013]. As an important keynote, similar
to antisparse BCA case, identifiability of sparse BCA is based on vertex inclusion.
Since the sparsity is represented by ¢;-norm-ball here, vertices of B; are required to
be included in columns of S, for identifiability.

In this section, we extend this result by proposing identifiability of Sufficiently
Scattered PMF Data model for sparse PMF problem.

In Appendix B.1.1, using Theorem 9, we show that the MVIE of /rB; is Bs.
Therefore, the MVIE of B; is £z, = \/L;Bg. The polar of an hypersphere is another
hypersphere with the reciprocal radius. Therefore, £5 = /rB,. For a visual illus-
tration of the sufficient scattering condition for P = B;, we consider the example in
Figure 3.4.(a) for = 3. The sample points, represented by dots, in Figure 3.4.(a) do
not contain the vertices of B;. Furthermore, both bd(B;) and the edges of conv(S)
intersect bd(\/i;BQ) at identical points due to the polar domain sufficient scattering

constraint (PMF.SS.ii), as illustrated in Figure 3.4.(b). The polar of B; is B, the
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® S:\_'.:
| conv(S) ] conv(8)*
I bd( LBy i bd{/7Bs)
vennnsnbd(B) sannnmshd(By)

(a) (b)

Figure 3.4: Sufficiently scattered case example for 3D sparse PMFE: (a) sample do-

main, (b) polar domain.

boundary of which is plotted as the red cube in Figure 3.4.(b). Its vertices and
conv(S)* intersect the boundary of £} at identical points. The following theorem
characterizes the identifiability of the sparse PMF problem, based on the sufficiently

scattering condition in Definition 3.3.2:

Theorem 2. Given the general PMF setting outlined in Section 5.1, if Sy is a
sufficiently scattered factor for sparse PMF according to Definition 3.3.2, then all
global optima H,, S, of the Det-Max problem in (3.7) with P = By satisfy

H. = HJI'D,
S. = DIIS,,

where II € R™7 is a permutation matriz and D € R™" is a diagonal matriz with

+1 entries on its diagonal.

Proof. Using the same arguments in the proof of Theorem 1, we write the optimiza-

tion problem equivalent to (3.7) for the sparse PMF case as

maximize |det(A)] (3.15a)
A E R’I"XT
subject to  [[ASy ;1 <1, j=1,....N. (3.15b)

The proof consists of three fundamental steps:
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Step I: This step shows that any feasible AT maps elements of Bs into /rBs
due to (3.15b) and (PMF.SS.i).

We start with the identity S = AS,, as asserted in the previous proof. The sec-
ond constraint of the Det-Maz problem for the sparse case is equivalent to [[AS, [l; <

1, 7=1,..., N, which can be equivalently restated as
q;AS,; <1, j=1,...,N, Vg, € ext(B).
Therefore, the equivalent condition for the second constraint can be written as
ATq; € conv(S,)*  Vaq; € ext(Bu). (3.16)
Since S, is a sufficiently scattered factor,
conv(S,)* C /rBy, (3.17)
and therefore,
ATq; € VrBy, Vq; € ext(By) (3.18)

Step II: We show that any A satisfying (3.18) and mazimizing | det(A)| is a real
orthogonal matriz
Based on this observation, an upper bound on the objective can be obtained

through the optimization setting

maximize |det(A)| Sparse UB-I
ACRr*7

subject to ||ATqi|[3 <7, Vq; € ext(By).
This setting can also be bounded above by the setting with a more relaxed constraint

maximize |det(A)| Sparse UB-II
AGRT‘XT‘

subject to Z AT g3 < 2.

q;€ext(Boo)

Note that the constraint part of the above setting can be compactly rewritten as
Tr(AATQQ") < 2'r, where Q = [ qi 92 ... Qor ] € R™?". Due to the sym-

metry of the extreme points of ext(B,), we can write QQ? = 2"I. As a result,
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the constraint expression in sparse UB-II is further simplified to ||A[|% < r, or

equivalently to,

(3.19)
For the objective of the sparse UB-II, we can write
| det(A)] =
< (3.20)
< T (3.21)
< (3.22)

where (3.20) is due to the arithmetic-geometric mean inequality, (3.21) is due to the
Cauchy-Schwarz inequality, and (3.22) is due to (3.19). The equality holds if and
only if o01(A) = 03(A) = ...... = 0,(A) = 1, which is equivalent to the condition
that A is real orthogonal.

Step III:  We use the sufficient scattering condition (PMF.SS.ii) together with
the orthogonality of optimal A, to show that any optimal point of (3.15) has the
desired form, i.e., the product of a permutation and a diagonal matrix.

If a real orthogonal matrix A exists that satisfies (3.16) and ATq; € bd(y/7Bs),
then matrix A corresponds to an optimal solution since | det(A)| achieves its upper
bound of 1. Since S, is a sufficiently scattered factor, conv(S,)* N bd(y/rBy) =

ext(By); the equivalent condition for the global optimality of A is
Alq; € ext(By) Vq; € ext(By), and ATA, =1.

In other words, A, is a global optimum if and only if it is real orthogonal and maps
ext(Bs) to itself. The orthogonality of A, implies ||A,;.||2 = 1. Furthermore, since
sign(A*Z:) € ext(By), then

A*i,:Sign(A*g::) = HA*Zul = 17
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where the last equality is because A.sign(A.],) = q; for some q; € ext(B), and
therefore, its i row is equal to 1 (as ||A.;, |1 is nonnegative). As a result, A,;. can
only have one nonzero entry, which has a magnitude of 1. Since the rows of A, are
orthogonal, the global optima characterization is given by A, = DII, where D and

IT are as stated in the theorem. O

3.4.83 Antisparse Nonnegative PMF

This case corresponds to following polytope choice

P=Bx+ = {x|0<x<1,xeR},

— B NR), =058, +0.51.

As seen from the given definition, this polytope is shifted and scaled version of B..
Therefore, we apply the same shift and scaling to find MVIE of B ..

Antisparse nonnegative PMF is the special case of antisparse BCA introduced
in [Erdogan, 2013]. However, [Erdogan, 2013] requires vertex inclusion for identifi-
ability. In the following theorem, we propose identifiability of Sufficiently Scattered

PMF Data Model, which requires a weaker condition than vertex inclusion.

Theorem 3. Given the general PMF setting outlined in Section 3.1, if S, is a
sufficiently scattered factor for antisparse nonnegative PMF according to Definition
3.3.2, then all global optima H,, S, of the Det-Max problem in (3.7) with P = Bw +
satisfy

H. = H,JII",
S. = IIS,,
where I € R™" is a permutation matriz.

Proof. Following the same treatment in the proof of Theorem 1, we can write the

equivalent form of the optimization in (3.7) for nonnegative antisparse PMF as

maximize |det(A)] (3.23a)
A E R?"XT

subject to 0 < AL:Sg:’j <1, i=1,...,r (3.23b)
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j=1,...,N.

The proof consists of three major steps.

Step I We use (3.23b) and (PMF.SS.i) to show that the columns(rows) of any
feasible A of (3.23) lie in Bs.

Due to (PMF.SS.i), which is £z, C conv(S,), for all s € &g, , the constraint
(3.23b) holds. Therefore, for any i € {1,...,r}, we have

0 < O.5Ai7:u + 05A1’1 < 1, Yu € 82, (324)
where we used &g, = {0.5u + 0.51, ||u]y < 1}. If we substitute u = |(|J:)HT2 and
u=—& in (3.24), we obtain

0 < 05|Aul:+05A,.1 < 1, and, (3.25)

0 < —05|Aills+05A;,1 < 1, (3.26)
respectively, for all ¢ = 1,...,r. The summation of (3.25) and the sign reversed

(3.26) lead to ||A;.||2 < 1 for all rows of A. In other words, the rows(columns) of
any feasible A should be in B,.

Step II:  We now show any optimal solution A, of (3.23) should be a real or-
thogonal matriz.

Using Hadamard’s inequality and ||A;.|» < 1 from the previous step, we can

place an upper bound on the objective function in (3.23a) as
| det(A)] < [[Aq:llaf| Azl [[Ar]l2 < 1. (3.27)

This bound is achieved if and only if the rows form an orthonormal set. Therefore,
any optimal solution A, of (3.23) is a real orthogonal matrix.

Step I1I:  We use (PMF.SS.ii) to show that all global optima of (3.23) are per-
mutation matrices.

If we substitute a real orthogonal A, in (3.26), we obtain A,; .1 > 1. Combining
this inequality with (3.23b), we can write

2A*i,:Sg;7j S 2 S 1+ A*i,:1~ (328)
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Reorganizing the left and right terms of this expression, we obtain
2A.;.(Sy,,; —0.51) < 1 (3.29)

for all the columns of S,. Based on this inequality, we conclude that 2A,; . lies in

conv(S,)*?1 for all the rows of A,. Furthermore, since A, is also real orthogonal,
2A.,;. € conv(S,)"*"t N bd(2Bs). (3.30)

Due to the sufficiently scattered constraint (PMF.SS.ii), which is conv(S,)*??! N
bd(2B;) = ext(2B1), A,;. € ext(B;). Furthermore, due to the condition A,;.1 > 1,
A, is a global optimum if and only if its rows are positive standard basis vectors

that are orthogonal to each other, i.e., A, is a permutation matrix. O

3.4.4 Sparse Nonnegative PMF

As defined in Section 3.1.(iv), the polytope for sparse nonnegative factors is given

by
P=B,={x|x>0,1"x<1} =B NR}. (3.31)

We are not aware of any nonnegative matrix factorization results that make explicit
use of the polytope B; y, and provide the corresponding identifiability conditions.
In this section, we provide identifiability results for this polytope, again based on
the sufficient scattering assumption in Definition 3.3.2. For this purpose, we derive
the MVIE &g, . in Appendix B.1.2. The MVIE derivation in this case is relatively
more involved compared to other special cases (Section 3.1.(i)-(iii)). This is due to
the fact the MVIE in this case is not spherical, and therefore, Theorem 9 is not
applicable. The inscribed ellipsoid parameters obtained in Appendix B.1.2 are

1 1 NZES .
Cp, = —— - YT ), (3.32)
’ Vr\WVr+1 r2+r
1
8B ¢ 1

To obtain the polar of the polytope P, we first use the canonical form for the

polytope shifted by —gg, | in the form

1
P—g31+ :{X‘]_T(X—i— 1) S 1,—GZT(X+?1) SO,ZG {1,,T}}
’ r

r—+1
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After some algebraic manipulations, we can convert it into standard form (A.2) in

Appendix A:
P—gs, = {x|r+D1"x<1,—(r+1efx<1ie{l,....r}}

Therefore, based on the procedure in Appendix A, the polar of B; ;. can be written

as

B/ =conv(—(r+1ey,...,—(r+1)e,, (r+1)1), (3.33)

which is a polytope with (r + 1) vertices (Note that B; ; has (r 4 1) faces).

EEEEEENEN|
»

e S,
[ Jconv(S)
bd(&p, . )
weenens bd(B..)

FEIRRRE RN RRNY

EEEEEEEEER A I EEEEEEEEEES

Figure 3.5: 2D Sufficiently scattered case example.

Figure 3.5 illustrates B, ., its MVIE and an example set of sufficiently scattered
samples for » = 2. These samples clearly do not contain the vertices of B; . The
convex hull of the samples contains the nonspherical MVIE and is tangent to its

boundary at the points where the polytope is tangent.
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Figure 3.6: Polar sets for the example in Figure 3.5.

The picture corresponding to the polars of the sets in Figure 3.5 is provided in
Figure 3.6. The polar of the polytope B . is a triangular region, the boundary of
which is shown with dashed-red lines. We note that as expected from (PMF.SS.ii),

1
r+1

1 *,Ll .
' only at the vertices of B, "' Fig-

COHV(S)*’ﬁl intersects the boundary of &,
ure 3.7 illustrates a sufficiently scattered distribution of columns of S for the three-

dimensional case.

@ S:?j
. |conv(S)
bd(ggl,JF)
EEmmEmE bd(Bl,+)

Figure 3.7: 3D Sufficiently scattered case example.

We characterize the identifiability condition for the nonnegative sparse PMF

problem through the following theorem.

Theorem 4. Given the general PMF setting outlined in Section 3.1, if Sy is a suf-
ficiently scattered factor for sparse nonnegative PMF according to Definition 3.3.2,
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then all global optima H., S, of the Det-Max problem in (3.7) for P = By 4 satisfy

H, = H/JI", (3.34)
S, = TIIS,, (3.35)

where IT € R™" 1s a permutation matriz.

Proof. Following the same arguments in the proof of Theorem 1, we start with the

equivalent determinant maximization formulation for the nonnegative sparse PMF:

maximize |det(A)] (3.36a)
A E R’/’XT’
subject to 0 < A;.S, <1, i=1,...,r (3.36b)
j=1,...,N,
17AS, <1 j=1,...,N, (3.36¢)

The proof consists of four steps.

Step I:  We use the polytopic constraints (3.36b) and (3.56¢), and the sufficient
scattering condition (PMF.SS.i) to show that optimal A, is a real orthogonal matrix
with 1TA 1 =7 and ||Ay; o = A1 =1 foralli=1,...,r.

Based on the sufficient scattering condition (PMF.SS.i), which is conv(S,) D
Ep, , (as illustrated in Figures 3.5 and 3.7), any member of the MVIE should satisfy
the constraints (3.36b) and (3.36¢). Therefore, we have

1
0< Az’7:CBl Ju+ ?A%l <1, Vue B, (337)
’ r
1
1"ACp, . u+ ——1TA1 <1, Yu € By, (3.38)
’ r+1
. . . (Ai,:CBl +)T . .
Specifically, if we substitute u = ———=——*— in (3.37), we obtain
ICa,; .8, 2
I1ACr b < —— A1 (3.39)
1, B 4112 = T—|—1 IRET) .

which further implies

1 2
Aivic%LJr(Ai,!)T S ( Az,1> ) (340)
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for all i = 1,...,r. Inserting (B.18) for Cg, , (derived in Appendix B.1.2) in (3.40),

we obtain

1 o (A1) (A;.1)?
r(r+1) (HAZ”:HQ_ r+1 ) = (r+1)%

Simplifying this expression, we have
A5 < (A1)% (3.41)

foralli =1,...,r. If we substitute u = 0 in (3.37), we obtain A;.1 > 0. Therefore,
we can rewrite (3.41) as ||A;.|2 < A;.1. Furthermore, if we substitute u = %1 in

(3.38), we have

1 1
—1TAC;z 1+ —1TA1< 1. 3.42
\/F Bl,+ + r + 1 — ( )

Inserting (3.32) for Cp, , in (3.42), and after applying some simplifications, we

obtain
17A1 <r. (3.43)

Replacing the constraints of (3.36) with (3.41) and (3.43), we obtain the following

optimization problem, the solution of which provides an upper bound for (3.36):

maximize |det(A)] (3.44a)

A E RT’X"‘

subject to  A;. 1 > ||A;.ll2, i=1,...,7 (3.44b)
1TA1 < 7. (3.44c)

The optimal value of the objective function (3.44a) is bounded from above by

[det(A)| < [[AT ]2l ALl [[AL]l2, (3.45)
< (AL1)(Ag1).. . (A1), (3.46)
< (%1TA1)T, (3.47)
< 1, (3.48)

where the expression in (3.45) is Hadamard’s inequality, (3.47) is due to the arithmetic-
geometric mean inequality, and (3.48) is due to (3.44c). Therefore, for any optimal

solution A, of (3.36), we have

| det(A.)] < 1. (3.49)



Chapter 3: Polytopic Matrixz Factorization (PMF) 29

The equality in (3.49) is achieved if and only if A, is a real orthogonal matrix with
1"A1=r, and Al =Au.1=1i=1,...,r (3.50)

Furthermore, since the identity matrix, I, is clearly a feasible point for (3.36), its
determinant corresponds to a lower bound. Therefore, for any optimal solution A,

of (3.36), we obtain
| det(A,)] > 1. (3.51)

Combining the lower bound in (3.51) and the upper bound in (3.49) and with the
equality conditions in (3.45)—(3.48), we conclude that A, is an optimal solution for
the problem in (3.36) only if A, is a real orthogonal matrix satisfying (3.50).

Step II:  We show that the scaled rows of the global optima of (3.36) are in
conv(Sg)*’ﬁl.

A global optimal point A, satisfies (3.36b), therefore, we can write A*L:Sgw. >0

for all possible (7, j) pairs. Multiplying this expression by —(r 4+ 1), we obtain
—(r+ 1)A*z‘,:sg;,j <0.

From the previous step, we also have A,;.1 = 1. Combining these expressions, we

can write

which implies
—(r+1)(A)" € conv(Sg)*’ﬁ1 forall i € {1,...,r}.

We will show in the fourth step that these scaled rows of A, are also the vertices of

BT
Furthermore, scaling (3.36¢) with (r + 1), we can write
((r+ 1)A:{1)Tng7j <r+1lforallje{l,...,N}
Replacing r on the right with 17 A, 1 (based on (3.50)), we have

(r+DATDTS,  <1TA 1+ 1. (3.52)
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Reorganizing (3.52), leads to

1
(tr+ DATI (8, - 1) <1,

from which we conclude (r 4+ 1)A,”1 € Conv(Sg)*’ﬁl.

Step III:  We show that the —(r+1) scaled rows of the global optima A, of (3.56)

1
*,—T_Hl

are on the boundary of the polar ellipsoid £ .
From Appendix A, the polar of the ellipsoid in (B.1) is given by

£ ={Cplul|lul <1, ue R},
the boundary of which can be written as
bd(E87) = {x | [|x"Cpl» = 1}. (3.53)

To check whether —(r +1)(A.;.)” is on the boundary of the polar of the MVIE, we

evaluate the norm expression in (3.53):

Ir+ DAL Co, L 5= (r+1)%A.;,C3 AL,

317_4_
r A,;.1)2
= = (A3 - ), (3.54)
— 1. (3.55)

We used (B.18) to obtain (3.54), and (3.50) to simplify (3.54) into (3.55). As a

result,
—(r+ 1)(Au)T € bA(ERE).

Therefore, the rows of the global optimum A, lie in the boundary of the polar
domain ellipsoid illustrated in Figure 3.6.

Similarly, we can show (r + 1)A.”1 € bd(£557) through

I(r+ 1D)1"A.Cs, (|3 = (r+1)°1"A.C} AT,

1 17A,1)2
_ T (1TA*A*T1 - u) . (3.56)
r r+1

_ 1. (3.57)

We again used (B.18) to obtain (3.56), and (3.50) to simplify (3.56) into (3.57).
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Step IV: We combine the results of the previous steps and (PMF.SS.ii) to show
that all global optima for (3.36) are permutation matrices.

Combining the results of the second and third steps of the proof, we deduce that
L
—(r+1)(A.)" € COHV(SQ)*’WII1 N bd(gp’r“l) forallie{1,...,r}
and
11

(r+1)A,"1 € conv(S,) "= Nbd(E 7).

The sufficient scattering condition (PMF.SS.ii) dictates that

. *, —L
conv(S,) = N bd(E57) = ext(By ).

Due to the canonical description in (3.33),
*,%1
ext(B, ") ={—-(r+1ey,.., —(r+1)e, (r+1)1}. (3.58)
This condition is visible in Figure 3.6 as a triangle intersecting the boundaries of the
ellipsoid and conv(Sg)""fil1 at its (r + 1) vertices only. Therefore, we conclude that
the set {(r + 1)AT1, (r + 1)(A,;.)", i € {1,...,r}} are all vertices of B::Fl given
by (3.58). This equivalence together with (3.50) lead to the conclusion that the rows

of A, are the standard basis vectors; therefore, A, is a permutation matrix. O

3.5 Generalized PMF

This section provides the characterization of identifiable polytopes with respect to
Det-Maz Criterion. We first provide a definition and continue with polytopes that
are identifiable for strongly scattered PMF data models.

Definition 3.5.1. Permutation-and/or-Sign-Only Invariant Set: Given a set E, we

refer to it as Permutation-and/or-Sign-Only Invariant set, if and only if A(E) = E
holds for only some A = DII, where IT is a permutation matrix and D is a full rank

diagonal matrix with diagonal entries in {—1,1}.

Theorem 5. Characterization of Polytopes that are Det-Max Identifiable with re-
spect to the Strongly Scattered PMF Data Model : All strongly scattered PMF data
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models corresponding to a non-degenerate polytope P are identifiable if and only if

ext(P) is a Permutation-and/or-Sign-Only Invariant set.

Proof. ”If” part: using the same arguments in the proof of Theorem 1, we write the

optimization problem equivalent to (3.66) for the generalized PMF as

maximize | det(A)] (3.59a)
A 6 RTXT‘
subject to  AS, . €P, j=1,...,N. (3.59b)

For this optimization problem, it is obvious that the identity matrix, I, is a feasible
solution. Therefore, the value of the objective function at A = I forms the following

lower bound
|det(A.)| > 1. (3.60)

for any optimal solution A,.
By definition of the strongly scattered data models, convex hull of source ele-

ments is equal to polytope P, which can be written as
conv(S,)) =P. (3.61)

Therefore,

The constrain in (3.73b) and convexity of P implies that
A(conv(S,)) C P. (3.62)
Then, considering 3.61 and 3.62, we can show that
A(P) S P,
which implies the following upper bound,

| det(A)] < 1. (3.63)
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Now, (3.51) and (3.63) imply |det(A,)| = 1 and A,(P) = P for optimal A,. This

is equivalent to write
A, (ext(P)) = ext(P). (3.64)

since P is a convex polytope. Therefore, if ext(P) is Permutation-and/or-Sign-Only
Invariant, then the PMF Data Model is Det-Max identifiable.

"Only if” part: Let Vp € R7K represent a matrix containing all K vertices
of P in its columns. Then S, = VpL, for some L, € RE*X is a matrix with
convex combination weights in its columns. If there exists an A, matrix for which
A, (ext(P)) = ext(P) holds then A,Vp = VpI' for some permutation matrix T.
The corresponding S = A,S, = A, VpL, = VpI'L, = VpL; where Lj = 'L,
is another matrix with convex combination weights in its columns, obtained from
L, by shuffling in its rows. Therefore, the corresponding S is feasible. Full rank
condition on Vp from non-degeneracy of P and A, Vp = VpI' imply | det(A,)| = 1.
Therefore, all matrices satisfying (3.64) are optimal Det-Max solutions for strongly
scattered PMF Data Models. Therefore, if there exists an A, that satisfies (3.64)
but not equal to the product of a diagonal sign and a permutation matrix, then all

strongly scattered PMF Data Models corresponding to P will be unidentifiable. [

The next theorem shows that the use of the weaker scattering notion leads to

the same condition of polytope eligibility for PMF Data Model identifiability:

Theorem 6. Characterization of Polytopes that are Det-Max Identifiable with re-
spect to the Sufficiently Scattered PMF Data Model : All sufficiently scattered PMF
data models corresponding to a non-degenerate polytope P are identifiable if and only

if ext(P) is a Permutation-and/or-Sign-Only Invariant set.

Proof. We will first show the ”if” part: Let (P, S,, H,) be any sufficiently scattered
PMF model for P. Let A, be any optimal solution of the corresponding Det-Max
problem. We will show that A,(ext(P)) = ext(P). We start by noting that the

constraint part of Det-Max problem imposes

conv(A,S,) C P, (3.65)
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and from the feasibility of the identity matrix A = I, the optimal solution satisfies
| det(A,)| > det(I) = 1.

Then, due to the sufficient scattering of S,, the constraints in Definition 3.3.2 hold.
The first constraint along with (3.65) imply that

A(&) C P,
i.e.; an ellipsoid in P with
vol(A.(Ep)) = | det(A,)|vol(Ep) > vol(Ep),

using the lower bound |det(A.)| > 1. Due to the uniqueness of MVIE for P we
deduce that |det(A.)| =1 and

A.(Ep) = Ep. (3.66)

In other words, sufficient scattering condition places an upper bound on |det(A.)]
and restricts optimal A, to map Ep to itself. Consequently, according to Lemma 2

and Lemma 3, (3.66) corresponds to
ATT(ER) = E5% (3.67)
where 587 is also an ellipsoid. Therefore, (3.67) implies
AT (bd(E557)) = bd(E557). (3.68)
By the reversing property of polar sets given in Appendix A, (3.65) corresponds to
P C AT (conv(S,) ),
which implies
AT (conv(S,)"8P) D ext(P*EP). (3.69)

From the second constraint of sufficient scattering, we obtain conv(S,)*8? O ext(P*87),

bd(E5%7) D ext(P*27) and

AT (conv(S,)*8”) N bd(E587) = AT (ext(P*EP)), (3.70)
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@ S:,j
| |conv(S)
I bd(&r)

bd(P)

Figure 3.8: An example polytope corresponding to one signed and two nonnegative-

mutually sparse sources.

where we also inserted (3.68). In addition, (3.69) implies
A" (conv(S,)*8") N bd(EE7) D ext(P*EP). (3.71)
Combining (3.70) and (3.71), we obtain
AT (ext(P*8P)) D ext(P*5P).
Since the sets on both sides have the same cardinality, it boils down to the equality
AT (ext(P*EP)) = ext(P*E7),

which corresponds to A7 (P*g7) = P*&>. This is equivalent to A.(P) = P,
which corresponds to (3.64) by the convexity of P. Therefore, the condition that
ext(P) is a Permutation-and/or-Sign-Only Invariant Set leads to the restriction
that A, = DII, with diagonal sign matrix D and the permutation matrix I, hence
guaranteeing identifiability.

For the ”only if” part: follows the same arguments as the "only if” part of

Theorem 5. O

We provide an example for the better understanding of Theorem 6.

3.5.1 Fxample

As asserted by Theorem 6, polytopes are only constrained to obey the restricted

symmetry condition, i.e. only permutation and/or sign only invariance. This result
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offers a rich set of possibilities for selecting polytopes enabling high flexibility about
shaping conditions on the desired factors.

In order to illustrate this point and provide the corresponding geometrical pic-
ture, we consider an example with three components where s3 € [—1, 1] is signed
and s, s2 € [0,1] are non-negative. Furthermore, we require || [ S1 So } Il <1,
i.e., a sparsity enforcing condition on this subvector. The corresponding polytope,
its MVIE and some sufficiently scattered sample points (with their convex hull) are
shown on the left of Figure 3.8. Such sample points can be obtained from their loss-
less linear mixtures as the solution of the Det-Max optimization framework, through,

for example, the algorithm proposed in Section 3.8.

3.6 Sample Covariance Matrix as Identifiability Criterion

Polytopic Matrix Factoriation (PMF') employs determinant maximization (Det-Max)
approach as the identifiability criterion. The objective function of the Det-Max
Problem in (3.7a) corresponds to the determinant of the scaled sample correlation
matrix Ry = +SS7 = & Zjvzl S.;ST;. When the mean of samples is zero, the ob-
jective function amounts to generalized variance, which is denoted as the product
of the eigenvalues of the covariance matrix [Sengupta, 2004].

We propose to use generalized variance as an alternative identifiability criterion
to the determinant of the scaled sample correlation matrix for any value of sample
mean including nonzero ones. For this purpose, we need to show the equivalency
of scaled sample correlation and generalized variance as objective functions under
the constrains given in (3.7b) and (3.7c). Therefore, we first write the equivalent
form of the problem in (3.7). As we have shown in the proof of Theorem 1, the full
column rank condition on H, and the constraint Y = HS in (3.7b) implies that any

feasible point S has the same row space as Sy, which further implies
S =AS,, (3.72)

for some full rank A € R™" matrix. Therefore, the objective function in (3.7a) can

be written as

det(SS™) = | det(A)[* det(S,S]).
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Since the second term on the right-hand side is constant, we can write the equivalent

problem of (3.7) as

maximize | det(A)] (3.73a)
A E RTXT
subject to  AS, ., €P, j=1,...,N. (3.73b)

Formulating the sample mean as S1, generalized variance (GV) can be written

in the following way,
1 1
= det((S — =8S117)(S — —=S11")7 74
GV et((S — S117)(S — -S117)7) (3.74)
1
= det(SS” — NSHTST). (3.75)

Exploiting generalized variance as the objective function of PMF optimization prob-

lem given in (3.7), we can write the following optimization problem,

1
maximize det(SST — —8S11787) (3.76a)

H e R S € R™N N
subject to Y = HS, (3.76D)

S.,eP, j=1,...,N. (3.76¢)

Then, using the parametrization in (3.72), the objective function in (3.76a), i.e.,

generalized variance expression in (3.75), can be written as

1

GV = det(AS,SjA" — - AS,117S]AT) (3.77)
1
= det(A(S,8] ~ S, 117S))A”) (3.78)
1
= | det(A)P det(S,8] — +7S,117S)). (3.79)

Since the second term on the right-hand side is constant, the optimization problem
in (3.76) boils down to the optimization problem in (3.73). In the end, we prove
that optimization problems in (3.76) and (3.7) are equivalent, since both boil down

to the optimization problem in (3.73).

3.7 Characterization of Identifiable Polytopes

For the characterization of identifiable polytopes with respect to sufficiently scat-

tered condition, Theorem 6 is proposed in [Tatli and Erdogan, 2021a]. According to
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this theorem, Theorem 2 in [Tatli and Erdogan, 2021al, for a given polytope P, any
sufficiently scattered data model is called ”Det-Max identifiable” if and only if P
satisfies a particular symmetry condition, which is called Permutation-and/or-Sign-

Only Invariance in [Tatli and Erdogan, 2021a] and given in Section 3.5.

3.8 Algorithm

To illustrate use of PMF framework, we adopt the iterative algorithm in [Fu et al.,
2016] which is originally proposed for the SSMF framework.

We start by introducing the Determinant Minimization (Det-Min problem),
equivalent to the Det-Max problem in (3.7) under the equality constraint in (3.7b)
[Fu et al., 2019]:

minimize det(H H) (3.80a)

He RMX’I”’ S ¢ R?”XN
subject to Y = HS, (3.80b)
S,eP, j=1,..,N. (3.80¢)

Similar to [Fu et al., 2016], we employ the Lagrangian optimization,

miﬁinéize |Y — HS||% + Alog det(H"H + 71) (3.81a)
subject to S.; €P, j=1,...,N. (3.81b)

corresponding to (3.80), where 7 > 0 is a hyperparameter to ensure that the objec-

tive function is bounded from below.



Chapter 3: Polytopic Matrixz Factorization (PMF) 39

Algorithm 1 Det-Min algorithm for PMF

Input: Y; r; Initial H, S; 7.

1:

2:

3:

9:

10:

11:

t=0;

X® =8 FH =1TH®» =H,S® =8, ¢ =1;

repeat

select L®):

St pp <X(t) —(HO)Y(Y, — H<t>X§f))) forl=1,.... N:
gt IV 1+(®)?,

2 )
X - 8 4 (S — 8O for 1 =1, NV,
H(t+1) — Y(S(t+1)>T<S (t+1) (S(t+1))T + )\F(t));
t+—t+1;

FO < (HNTH® 4 7T)~!

until some stopping criterion is reached.

Output: H®:S®.

The corresponding steps are provided in Algorithm 1, which is the algorithm in

[Fu et al., 2016], except that the projection onto the unit simplex is replaced with

the projection to polytope, Pp(-). The following are examples of this projection

operator:

e Antisparse Case: X = Pg_(X) defines an elementwise projection operator to
B, which can be written as
Xij if ‘XU’ < 1,
Xa=Y o .
sign(X;;) otherwise.
e Sparse Case: For Pg (-), the projection onto the ¢;-norm-ball has no closed-
form solution; however, efficient iterative algorithms, such as [Duchi et al.,

2008], exist.

o Antisparse Nonnegative Case: The projection operator is a simple modification
of Pg_(-), where elementwise projections are performed over [0, 1] instead of

~1,1].
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e Sparse Nonnegative Case: We can simplify the projection operator By to obtain

the projection onto B 4 (see [Duchi et al., 2008]).

3.9 Numerical Experiments

3.9.1 Special Polytopes

This section provides experiments for special polytopes covered in Section 3.4. Our
standard sample generation process includes a conversion step between polytope
representations. As the dimension of samples increases, this step becomes highly
complex. Therefore, we propose an alternative way of sample generation for high
dimensions. Additionally, we propose an alternative method for sample generation
in high dimensions, which is similar to the method used in [Lin et al., 2015, Fu et al.,
2016]. According to this alternative method, we first choose random samples inside
the enlarged version of the MVIE and then, we project these points to the polytope.

This 2 step procedure can be explained in the following way:

S1 Generate N samples from the inflated version of the MVIE of the polytope:

we first generate N random i.i.d. Gaussian vector samples w; ~ N(0, éI),i =
1,... N, in R", the norms of which concentrate around the mean E(||w;||2) = p.
We call p “inflation constant” and choose p > 1. Then, we saturate vectors
with norm greater than p by defining w; = pw;/||w;||2 if [|[w;]|2 > pand u; = w;
otherwise. The resulting u; vectors are random samples in the hypersphere
pBs, i.e., expanded unit hypersphere. Finally, we map the samples u; into the
inflated version of &p using z; = Cpu; + gp. Therefore, the resulting samples

lie in p(Ep — gp) + gp, the p-inflated version of the MVIE.

S2. Project the samples z; onto the polytope: ie., S, , = Pp(z;),i=1,...,N.

Figure 3.12.(a) illustrates the proposed sample generation for P = B, and r = 2.
The inflation constant is selected as p = 0.85/r. Note that the choice p = 1
corresponds to the MVIE, and p = /r corresponds to the minimum volume enclosing
sphere of B,,. Therefore, when p < /r, the vertices of By, are not covered by the
inflated MVIE.
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For the experiments with polytopes in Section 3.4, we took r = 10 and M = 20.
At each realization, we independently generated Hy as a 20 x 10 i.i.d. Gaussian
matrix with zero mean and unity variance. We used different empirical A parameter
choices for different polytope and sample size selections to improve the SIR perfor-
mance. We conducted this experiment for 300 realizations. Figure 3.12.(b) shows
the SIR obtained as a function of p for P = B, and N = 500. In Figure 3.9, for
the choice p = 0.854/r, we show the SIR as a function of the sample size N for all
four polytopes in Section 3.4. Both Figure 3.12 and 3.9 confirm that the sufficiently
scattered set generation probability increases with the increasing values of p and N

as expected.

Antisparse (5. ) Sparse (5, )
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e ]
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e
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=
e
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Figure 3.9: SIR (mean-solid line with std. envelope) as a function of sample size N

for the polytopes in Section 3.4.
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3.9.2  Polytope with Local Features

To illustrate the feature shaping flexibility provided by the PMF framework, we
consider the following example polytope:

x1, 9 € [—1,1], 23 € [0, 1],

T

PBX

x € R3 T
; <1
1 3

<1
i) 1

which corresponds to the assignment of the following local attributes:

e 13 is nonnegative and xq, xy are signed; and

I i)
and

are sparse subvectors.
X2

Zs3

1.50
1.25
1.00
0.75
0.50
0.25 -1.0
ot /s
—0.50 ' 00
-15 ] a.5
1.0

15 1.5

-1.5

1.0

Figure 3.10: Polytope Pey.

The polytope Pey, shown in Figure 3.10, has 6 vertices placed in the columns of the
following matrix:

1 -10 0 1 -1
0 01 -1 0 O
0 0 0 0 1 1
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Checking all of the possible permutations of the columns of this matrix reveals that

the vertex set satisfies the desired symmetry restriction; therefore, P, is identifiable.

To illustrate both the identifiability of P, and the convergence behavior of the

algorithm for sufficiently scattered samples, we conducted the following experiment.

With each run of the experiment, we generate a set of sufficiently scattered samples

from P,y using the procedure described below.

S1.

ii.

1il.

Generate the polar domain set conv(S)*#7 in V-Form (3.4): For this purpose

we generate L samples from conv(S)*&7ex | the columns of K € R and define

conv(S)*8Pex = conv(K):

According to the condition (PMF.SS.ii) in Definition 3.3.2, the elements of
ext(P*8Pex ) should be the vertices of conv(S)*8Pex. Therefore, we first include

*,8Pex

elements of ext(Pex ") in K, by setting:

1 1 -1 -1 O 0 0
Kiui7=1 -1 1 -1 16 —-16 0
0O 0 0 0 16 16 -8/3

Note that conv(K 1.7) = Pex 8. If we set L = 7, and therefore, skip the
next step (S1.ii), our procedure would generate the vertices of Py, which is a

sufficiently scattered set.

According to (PMF.SS.ii), the remaining vertices of P*8Pex should be in the
interior of £5_. Therefore, we generate L — 7 random points in the interior of
&p. .- For this purpose, we generate L — 7 i.i.d. r-dimensional random samples
in 0.9B,. Then we multiply these vectors with Cz' to obtain the remaining

columns of K.

We find V-Form for conv(S)*87ex by applying a numerical convex hull algo-
rithm (such as ConvexHull function of Python’s Scipy library [Virtanen et al.,
2020]) to the columns of K. The output of this step is the matrix V € R™"

containing the vertices of P*&Pex,
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S2. Convert the representation of conv(S)*®Pe from V-Form to H-Form: We

convert the representation of conv(S)*8P from V-Form in (3.4) to H-Form

in (3.3). For this purpose, we use the PYPOMAN (a PYthon module for POly-
hedral MANipulations) software package (duality.compute_polytope halfspaces
function.) [Caron, 2020]. The output of this stage are the hyperplane param-
eters (a;,b;),i =1,..., f, for the H-Form.

S3. Find the vertices of conv(S,): We first perform the normalization on the hy-

perplane parameters to obtain (a;/b;,1),7 = 1,..., f. Note that according to
the polar conversion described in Appendix A, obtaining V-Form for P., in
(A.3) from the H-Form for conv(S)*&7e in (A.2), the vectors {a;/b;+gp,.,i =
1,..., f} are the vertices of conv(S,), where gp_ = [0,0,0.375]. Therefore, we

can set

Sgi,lif - |: 2_11 + gpex z_j + gpex ¢ Ty 2_; + gpex :| :

Note that f, the number of vertices of conv (S,) (or faces of its polar), is a

random quantity.

In the experiments, we chose L = 30. The H, matrix is generated as a 4 x 3 i.i.d.
Gaussian matrix (with zero mean and unity variance). We added zero mean i.i.d.
Gaussian noise to the input matrix Y = H,S,. The projection operation Pp_ onto

Pex is implemented through 5 alternating iterations of the following.

e the projection onto the rectangle corresponding to the range constraints, im-

plemented by elementwise clipping operations;
T
e the projection onto the ¢;-norm-ball for [ T1 To } ;

T
e the projection onto the ¢;-norm-ball for [ To T3 } .

For the algorithm hyperparameters, we selected 7 = 1078, L® = 5||(H®)TH®||,
and A = 0.01.
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Figure 3.11: Average SIR convergence curves for Pey.

The convergence of the algorithm in terms of the signal-to-interference ratio
(SIR), averaged over 100 realizations, as a function of the iterations is shown in Fig-
ure 3.11 for different signal-to-noise-ratio (SNR) levels. These experiments confirm

the identifiability under the sufficiently scattered condition.

3.9.3  Sparse Dictionary Learning for Natural Image Patches

As the second example, we applied sparse PMF to 12 x 12 image patches obtained
from Olshausen’s prewhitened natural images (available at http://www.rctn.org/bruno/sparsenet/
These patches are vectorized (into 144 x 1 vectors) and placed in the columns of the
Y matrix. The columns of the H € R44*144 matrix obtained from the sparse PMF
algorithm (with A = 1, 7 = 1076 and LY = 4[[((H®)TH®||5) to 12 x 12 images
(rescaled to the 0 — 1 range) are shown in Figure 3.13. It is interesting to note that,
although we used a different normative approach (based on determinant maximiza-

tion) than [Olshausen and Field, 1997], we obtained similar Gabor-like edge features
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for the natural image patches.
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Figure 3.12: (a) Sample generation example for Section 3.9.1: P = B, (r = 2), the
dashed circle represents the boundary of the inflated MVIE for p = 0.85,/7. (b) SIR
(mean-solid line with std. envelope) as a function of p for B, » = 10 and N = 500.
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Chapter 4

EXTENDING POLYTOPIC MATRIX FACTORIZATION

4.1 Identifiability Under Diagonal Linear Mappings

Theorem 7. Preservation of Identifiability Under a Diagonal Linear Mapping: Let
P € R™ be a Det-Maz Identifiable polytope with respect to the Det-Max Criterion
and Py is its image under the linear mapping f(x) = Ax, where A = PA € R™*" is
the product of the permutation matrix P and the full rank diagonal matriz A, then

Py is identifiable with respect to the Det-Max criterion.

Proof. Consider the generative data setting

where the H;, € R is full rank and the columns of S;, € RV are in P;. We
further assume that Sy, is sufficiently scattered in Py. The data matrix Sy, can be

written as

Sre=AS, (4.2)
where the columns of S, are in P. Plugging in (4.2) in (4.1), we obtain

Y = H,8S, (4.3)

where Hy = Hy A. Let &p,(Cp,,gp,) denote the MVIE of P;. Its inverse image
Ep(Cp,gp), where Cp = A™'Cp, and gp = A~'gp, is the MVIE for P, as f is
a bijective mapping. Furthermore, due to the same property, the fact that Sy, is
sufficiently scattered in Py implies S, is sufficiently scattered in P.

The Det-Max Problem for Py can be written as
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maximize det(S;S7)
HfER]WXT,SfG]RTXN

subject to Y = HSy,
Sp.;€Pr,j=1,...,N.

Using the identity, Sy = AS where the columns of S are in P, we can rewrite this

optimization problem as

maximize  det(SST)(det(A))?

HERIWXT,SERTXN

subject to Y = HS,
S.,eP,j=1,...,N.

Since P is identifiable and S, is sufficiently scattered in P, a global optimum point

of the above optimization satisfies
S. =1I,.D.S, (4.4)

for some permutation matrix IL, and the diagonal matrix D,. Since Sy = AS,, we

have

S;, = AILD.A™'S;, (4.5)
= PAILLD.A'P'S;, (4.6)
— PILAD.A'P7S;, (4.7)
= PILP"D;S;, (4.8)
= ;. Dy.Spy, (4.9)

where II; = PIIL.P7 is a permutation matrix, A= H*TAH* and Dy = P‘/A\D*A*PT
are diagonal matrices. As a result, P; is identifiable with respect to the Det-Max

Chriterion. O]
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Figure 4.1: An example of identifiable 2D polytope transformed from B,.

4.2 Bounded Matrix Factorization

In this section, we propose an alternative sufficient scattering definition to further
extend PMF identifiability. Up to that point, MVIE inclusion is always required for
being identifiable with respect to the Det-Max Criterion. Now, we provide a further
extension that does not require direct inclusion of MVIE. Then, we call this new

extension Bounded Matrix Factorization.

Lemma 1. Alternative Sufficient Scattering Definition for Polytopes Guaranteeing
Identifiability for Sufficiently Scattered PMF Data Models: For such identifiable
polytopes, second criterion in Definition 3.3.2 manifests as the structure in which
bd(conv(S)) intersects with Ep only at the bd(P) intersections of Ep. Therefore,
we can say that, given a polytope P which guarantees identifiability for Sufficiently
Scattered PMF Data Models , S € R is called sufficiently scattered in P if

e P D conv(S) D &p, and,
e bd(conv(S))NEp = bd(P)NEp.

Proof. Without loss of generality, assume that £p is origin centered. Then, using

the V-Form representation in Section 3.1, polytope P € R" can be represented as
P={x|{a;,x) <bj,i=1,...,r} (4.10)

where b; > 0. Using appropriate scaling, we can consider b;=1, Vi = 1,...,r. Then,

the polar of P can be represented as convex hull of a’s.
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P* = COTLU(CL1, ey (Zr),

where aq, ..., a, correspond to extreme points of P* by the convexity of P*. To be
more precise, each hyperplane in (4.10) corresponds to an extreme point in the polar
set.

Now, using the second criterion in Definition 3.3.2, we can deduce following

ext(P*87) C ext(E5E7) (4.11)

ext(P87) C ext(conv(S,)"&7). (4.12)

which, in turn, yield that the hyperplane representation of conv(S,) contains a;’s for
i =1, ..., similar to the representation in (4.10), where each hyperplane intersects
with Ep. Due to the second constraint in Definition 3.3.2, (PMF.SS.ii), hyperplane
representation of conv(S,) includes only those hyperplanes among the ones intersect
with Ep. Therefore, sufficiently scattered condition for polytopes guaranteeing iden-
tifiability for Sufficiently Scattered PMF Data Models can be written in the given

alternative way. O]

Figure 4.2: An interesting example that satisfies the alternative definition of suffi-

cient scattering, referring to B, in Lemma 1.

In the light of this alternative definition, we propose the following theorem for

Det-Max identifiability of bounded subsets of Det-Max Identifiable polytopes.

Theorem 8. Identifiable Bounded Subset : Let P € R"™ be an identifiable polytope

with respect to the Det-Max criterion and Pgs is its subset. If Pg satisfies
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e Co(Ps) D &Ep,
o bd( CO(PS)) N 573 = bd(P) N 573,
then it is also identifiable with respect to the Det-Max Criterion.

Proof. If S, is a sufficiently scattered set in Pg with respect to alternative definition

of sufficient scattering, then

o conv(S,) D &p,
° bd(COIlV(Sg)) NEp = bd(CO(Ps)) NEp = bd(P) NEp.

Therefore, S, is also sufficiently scattered in P. Since Sy is the determinant max-
imizing solution with the larger constraint set P, it is also the feasible and the
determinant maximizing solution with the constraint set Pg. As a result S, is iden-
tifiable, which implies the identifiability of the set Psg.

O

For a sufficiently scattered S of a given identifiable polytope P, conv(S) is a
subpolytope of P which clearly satisfies the required conditions in Theorem 8, which

leads to the following corollary:

Corollary .1. Identifiability of Sufficiently Scattered Subsets: Let P € R™ be an
identifiable polytope with respect to the Det-Max Criterion, then for any sufficiently
scattered factor S of P, conu(S) is an identifiable bounded subset of P.



Chapter 5: Bayesian Interpretation 54

Chapter 5

BAYESIAN INTERPRETATION

5.1 Bayesian Interpretation with Inverse-Wishart Distribution

For the Bayesian interpretation of PMF problem, we assume the following data
model with additional stochastic assumptions: the input matrix Y € RM*¥ is given

by
Y=HS,+V, (5.1)
where

e H, € RM*" is the ground truth of the left-factor matrix, which is assumed to

be full column rank; and

e S, € RV is the ground truth of the right-factor matrix, where we assume

r < min(M, N) and
Sg.;€P,j=1....N, (5.2)
where P is a convex polytope; and
o V € RM*N ig the noise matrix.

Stochastic Assumptions

h

hT
e Let row partition of Hy given by 2 ,whereh, € RN fori=1,..., M. We

hi,
assume that h;’s are i.i.d. random variables with h; ~ N(0,3y), i =1,... M,

in RY and Xy, ~ ZW(¥, v), where ¥ € R¥*Y and v € R are given parameters.
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° Sg:J’s are i.i.d. random variables and uniformly distributed inside P, for
j=1,....N.
e V.,’s are i.i.d. random variables with V. ; ~ N (0,0y), for j =1,...N.
Then, the Maximum a Posteriori (MAP) estimation of (H, S, 3,) can be written as
m%%%ize log f(H, S|Y; Xy),
which can be rearranged in the following form:
m%%csigize log f(Y|H,S) +log f(S) + log f(H|Xw) + log f(Xn).
In this objective function, the first term can be written as
log f(Y|H,S) = —éHY — HS|[7 + a1,

where ¢; is a constant number. The second term log f(S) enforces Sy. ;s to be
contained in P, since Sg:j’s are uniformly distributed in P. Therefore, this term

corresponds to following constraint
Sy.;€P,j=1,....N. (5.3)

The logarithm of conditional normal distribution log f(H|X},) is written as

M
M 1
log f(H|Zy) = —?logdet(Zh)—§ZhiTEglhi+CQ, (5.4)
1
M
M 1 _
=~ logdet(Sy) —éTr(EhlgljhihiT), (5.5)
M 1
= —glogdet(Zh) —§Tr(2;11HTH) (5.6)

where ¢y is a constant. The Inverse-Wishart distribution of log f(X)) can be written

as

1

N 1
AV E g det(Sh) — log(2$)Tw(5) - STr(WS;Y)  (5.7)

%logdet(lIl) -

Then, we differentiate log f(H|Xy,) and log f(Xy,) with respect to X' to find the

maximizer. Therefore, we can write following equations,

M 1
N+v+1 1

>, — -vT =0. 5.9
e (5.9)
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From (5.8) and (5.9),
(N+v+M+1)Z, =HH+ ¥".

If we insert this to the summation of log f(H|Xy,) and log f(Xy), this summation is

simplified as
—cglogdet(H'H + W), (5.10)

where c3 is a constant. In the end, the optimization problem is transformed into a
form, that is solvable by our PMF algorithm,

1
miﬁinéize EHY — HS|[3 + c3log det(H"H + W)) (5.11a)

9

subject to S.; €P, j=1,...,N. (5.11b)
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Chapter 6

CONCLUSION

6.1 Conclusions

We introduced PMF as a novel structured matrix factorization approach. This
new approach can be considered as a generalized version of existing approaches in
terms of structural assumptions, since it can exploit sparseness, nonnegativeness and
antisparseness for latent factor discovery. We also proposed a geometric approach
for identifiability analysis, which provided practically plausible conditions for the
applicability of the PMF framework. Therefore, we relaxed identifiability conditions
of existing BCA and SCA approaches, that require inclusion of all vertices of the
polytope.

We provided identifiability results of infinite number of polytopes by generalizing
the idea of PMF. Having infinite choices of identifiable polytopes positions PMF as a
general framework with a diverse set of feature representation selections.Therefore,
we can consider some heterogeneous frameworks such as some part of the latent
vectors are assumed sparse and remaining part can be assumed nonnegative. Such
heterogeneous frameworks would be beneficial in various machine learning problems,
which we consider as a future work.

The extension of PMF as Bounded Matrix Factorization broadened identifiable
set description. Therefore, we proposed identifiability results of some bounded sets.
This could also make possible use of PMF in some integer matrix factorization
problems, which is a future direction for us.

We can foresee more and various future extensions including underdetermined
data models, fully structured matrix factorization, noise/outlier analysis and efficient

algorithms for PMF framework.
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Appendix A

CONVEX ANALYSIS PRELIMINARY

A.1 Polar of a Set

The polar of a set C' C R” with respect to the point d € R" is defined as
C*={xcR"|(x,y —d) < 1Vy e C}. (A.1)

When d = 0, we simplify the notation as C*. Based on this notation, we can write
C*d = (C—d)*. A polytope containing the origin as an interior point can be written

as

P={x(a;,x)<1i=1,..f} (A.2)
the polar of which is given by (Theorem 9.1 in [Brondsted, 2012])

P*=conv(| a; a, ... ay ]) (A.3)

Therefore, the face normals a; of the polytope P are the vertices of its polar P*.
Note that if d is an interior point of P, to calculate P*<, one can write P —d in the

form (A.2) and use P*4 = (P —d)* and (A.3). For an ellipsoid £p C R” defined by
EP = {C'Pu +gp | HuH2 <lue RT}? <A4)

where C € R™" and g € R", its polar with respect to its center g, can be written

as
EpEr = {x|(x,Cpu) < 1L,V|uls <1l,ue R},
which can be simplified to
EXEP = {Cplu | [jull: < 1L,ueR"}. (A.5)

A particular property of polar operation that we use in the article is the reversal

of the set inclusion: if A C B holds then we have B*4 c A*d,
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Lemma 2. On Linear Transformations of Ellipsoids: Given a full rank square trans-

formation matrix A with real entries and an ellipsoid £. A(£) = £ implies A(bd(£)) =
bd(€), and A(E) = £ implies Ag = g, where g is the center of ellipsoid £.

Lemma 3. Polar of the Transformed Set: Polar of a set S with respect to the point
d is defined as

St =Ix e R"(x,y —d) <1VyeS}

from (A.1). In the light of this definition, we can characterize the polar of the
transformed set A(S) in the following way,

(A(S)™ = {xeR"(x,Ay —d) <1Vye€ S}

which corresponds to the set A=7(S*4), when Ad = d.
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Appendix B

MAXIMUM VOLUME INSCRIBED ELLIPSOID

B.1 MVIE

The MVIE of a polytope P can be represented with (see Section 8.4.2, Page 400 of
[Boyd and Vandenberghe, 2004))

Ep ={Cpu+gp | [lufz <1}, (B.1)

where, for a polytope defined by (3.3), the pair (Cp € R™", gp € R") is obtained

as the optimal solution of the optimization problem:

minimize —log det C (B.2a)

CeR™ gelR"
subject to |Calls +alg <b;, i=1,...,f, (B.2b)
C>o. (B.2¢)

B.1.1 Spherical MVIFEs

The following theorem by Fritz John [Ball, 1992] is useful for identifying spherical
MVIEs:

Theorem 9. B, is the ellipsoid of mazximal volume contained in the convex body
C C R" if and only if Bo C C' and, for some m > r, there are unit 2-norm vectors
{uy,...,u,} C R" on the boundary of C, and positive numbers {c;;i = 1,...,m}

for which Y7 cu; =0 and >0, uul =1,

Based on Theorem 9, we can show that the special polytope By, (Section 3.1.i.)
has B, as its MVIE, with the choices of u; = e;,7 = 1,...,7 and u; = —e;_,,i =
r+1,...2r, ¢; = 1,i = 1,...,r. Similarly, the MVIE of /rB; is also By, which
can be justified by Theorem 9, through the choice of u; = \/i;qi,i =1,...,2", where

vectors q; are all possible distinct sign vectors with 41 entries.
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B.1.2 MVIE for By +

We can obtain the MVIE parameters (Cp, gp) of the polytope B 4, as the optimal

solution of the following optimization problem:

minimize —logdet C (B.3a)
CeR™,geR"

subject to [Ceill —efg <0, i=1,...,m, (B.3b)

|C1|.+1"g <1, (B.3c)

Cso, (B.3d)

which is obtained by applying the description of B; 4 in (3.31) to the generic MVIE
optimization problem in (B.2). To find the solution of (B.3), we utilize the following
Karush-Kuhn-Tucker (KKT) optimality conditions [Boyd and Vandenberghe, 2004]
for the solution pair (Cp, gp):

Cpese! Cp11”
-Cp +Z)\ ||C{DP i )\T+1H(ZD—1H2—W:O, (B.4)
i(||Cpei||2—eZ» gp)=0, foralli=1,...,r, (B.5)
Aa([[Cr1l2 +17gp — 1) = 0, (B.6)
— i i€ + Ari11 =0, (B.7)
- Tr(WCp) =0, (B.8)

where (B.4) and (B.7) represent stationarity conditions of Cp and gp, respectively.
The remaining KKT equations — (B.5), (B.6) and (B.8) — are known as complemen-
tary slackness conditions, which involve optimal dual variables A\j, Aa, ..., A\p11 € Ry
and W = 0 corresponding to the inequality constraints in (B.3b), (B.3c) and (B.3d),
respectively. Based on the optimization in (B.3) and the corresponding optimality

conditions in (B.4)-(B.8), we can deduce the following:

e Cp is nonsingular, i.e., Cp > 0, otherwise the objective function —logdet Cp
becomes infinite under the primal feasibility condition C > 0 in (B.3d). There-
fore, the nonsingularity of C implies W = 0 due the KKT condition given in
(B.8).
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e The condition in (B.7) is equivalent to A\; = Ay = ... = A\,;1 = A, further imply-
ing that either all or none of the corresponding primal feasibility conditions are
binding, i.e., the inequalities corresponding to these dual variables, (B.3b) and
(B.3c), are equalities at the optimal point. If we assume none of them are bind-
ing, the KKT conditions (B.6) and (B.7) imply that A\; = Ao = ... = \,1 =0,
which further implies W # 0 due to (B.4). This outcome contradicts our
earlier finding that W = 0. Therefore, we conclude that

A=A =..= )\r+1 > O, (Bg)

and all corresponding inequalities are binding, i.e., ||Cpe;|ls—el gp = 0 for i =

1, el and |ICP1H2 &t ngp =1 hold.

e Using (B.9) and W = 0, the expression in (B.4) can be rewritten as

Cpel i Cp]_]_T
C + A =0. B.10
(Ejncpan2 ICrtll i

If we multiply both sides of (B.10) by Cp', and rearrange the terms, we obtain

117
B.11
(§:Hcpmm ICPHb) (B0

Using the binding constraints ||Cpe;llo = e/gp and ||Cpl|y = 1 — 1Tgp,

(B.11) can be rewritten as

Co2= )\ G—l+L (B.12)
P 1—-17gp )’ '

where G € R™*" is a diagonal matrix, the i*® diagonal entry of which is equal

to el'g for all i=1, ..., r. Applying the matrix inversion lemma to the right

hand side of (B.12), we have
Ch =X"'(G—gpgp). (B.13)
Multiplying (B.13) by the ones-vector from both the left and right yields

1"Ch1=X""1"gp (1 - 1"gp). (B.14)
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The binding constraint ||[Cpl||s = 1 —17gp can be used to obtain an alterna-

tive expression
17C%1 = (1 — 17gp)”. (B.15)

Equating the right hand sides of (B.14) and (B.15), we have

17 1
-~ 8 -~ (B.16)
1—-1Tgp 1—-17gp
e Squaring both sides of the binding constraint ||Cpe;ll = elg, we obtain

e; Cre; = (e] gp)® = gp,;, where gp; stands for e/ gp. Inserting the expression

for C% in (B.13), we obtain
A (gpi — 9123,1') = 9123,i7

which leads to

1—gp; 1 _
-9 © 1 Wie{l,...,r} (B.17)

gpyi apr;i

A
Combining (B.16) and (B.17), we can write
1—-1Tg=gp;, Vic{l,...;r}.

From this expression and (B.17), we obtain gp = 51 and X\ = r. Inserting

these values into (B.13) yields

1 1 1
C% == I-— 117 B.18
P T(T+1 (r+1)2 )’ ( )

the square root of which is given by

7 )

Cp=



