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PROGRESSIVELY TYPE II CENSORED ORDER STATISTICS, 

DISTRIBUTIONS, CHARACTERIZATIONS AND CONCOMITANTS 

 

ABSTRACT 

 

In this thesis, distributions, characterizations and concomitants of general models of 

the ordered random variables such as Progressively Type II censored order statistics are 

studied. 

 

The joint distributions of the nonadjacent Progressively Type II censored order 

statistics are obtained. A useful identity describing the probability density functions of k 

nonadjacent Progressively Type II censored order statistics is given. This result is an 

extension of known results proposed by Balakrishnan, Childs, & Chandrasekar (2002). 

 

It is shown that for a particular Progressive Type II censoring scheme with equal 

withdrawals the joint distributions can be reduced to the distributions of ordinary order 

statistics. This result allows obtaining characterization theorems for special families of 

distributions in terms of conditional expected values of Progressively Type II censored 

order statistics. Characterization theorems for several important classes of distributions 

are provided in Chapter 4 of this thesis. Also, some goodness-of-fit test procedures 

based on characterization theorem are described. 

 

 

Keywords: Censoring scheme, Order statistics, Progressively Type II censored order 

statistics, Goodness-of-fit test, Distribution, Characterization, Concomitant. 
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İLERLEYEN II. TÜR SANSÜRLENMİŞ SIRA İSTATİSTİKLERİ, 

DAĞILIMLARI, KARAKTERİZASYONLARI VE EŞLENİKLERİ  

 

ÖZ 

 

Bu tezde, ilerleyen II. Tür sansürlenmiş sıra istatistikleri gibi sıralı rassal 

değişkenlerin genel modellerinin dağılımları, karakterizasyonları ve eşlenikleri çalışıldı. 

 

Ardışık olmayan ilerleyen II. Tür sansürlenmiş sıra istatistiklerinin birleşik dağılımı 

elde edildi. k ardışık olmayan ilerleyen sansürlenmiş sıra istatistiğinin olasılık yogunluk 

fonksiyonunu tanımlayan önemli bir eşitlik verildi. Bu sonuç, Balakrishnan, Childs, ve 

Chandrasekar (2002) tarafından elde edilen sonuçların bir uzantısıdır. 

 

Testten çıkışların eşit olduğu, özel bir ilerleyen II. Tür sansürleme şekli için birleşik 

dağılım fonksiyonunun sıralı istatistiklerin dağılımına indirgenebildiği gösterildi. Bu 

sonuç, ilerleyen II. Tür sansürlenmiş sıra istatistiklerinin koşullu beklenen değerleri 

anlamında özel dağılım ailelerinin karakterizasyon teoremlerinin elde edilmesini 

sağlamıştır. Bu tezin 4. Bölümünde, birçok önemli dağılım sınıfı için karakterizasyon 

teoremleri verildi. Ayrıca, karakterizasyon teoremlerine dayalı bazı uyum iyiliği testleri 

tanımlandı. 

 

 

Keywords: Sansürleme şekli, Sıra istatistikleri, İlerleyen II. Tür sansürlenmiş sıra 

istatistikleri, Uyum iyiliği testi, Dağılım, Karakterizasyon, Eşlenik. 
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CHAPTER ONE 

INTRODUCTION 

 

One of the important topics of mathematical statistics is the theory of ordered random 

variables which finds wide applications in many fields of statistical science and 

inference. The theory of ordered random variables starting with order statistics and 

developing to the record values, progressively censored order statistics and generalized 

order statistics are described in several monographs including David (1981) and Arnold, 

Balakrishnan, & Nagaraja (1992). 

 

There are several models of ordered random variables with different interpretations 

and interesting applications in many fields, for example, in survival analysis, reliability 

theory, financial economics, etc.  

 

In this thesis, properties of ordered random variables in a model of Progressively 

Type II censored order statistics are considered. One of the interesting modifications of 

order statistics is the concept of Progressively Type II censored order statistics which is 

very useful in reliability and lifetime studies. 

 

“Progressive Type II censoring is a useful and more general scheme in which a 

specific fraction of individuals at risk may be removed from the study (i.e., censored) at 

each of several ordered failure times” (Fernandez, 2004). 

 

This scheme of censoring appears to be of great importance in planning duration 

experiments in reliability studies. In many industrial experiments involving lifetimes of 

machines or units, experiments have to be terminated early or the number of 

experiments must be limited due to a variety of circumstances (e.g. when expensive 

items must be destroyed, when experiments are time-consuming and expensive, etc.). In 

addition, some life tests require removals of functioning test specimens to collect 

degradation-related information to failure time data. The samples that arise from such 
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experiments are called censored. The planning of experiments with the aim of reducing 

both the number of failures and the total duration of the experiment leads naturally to the 

well known Type I and Type II right censoring schemes. “Type-I and Type-II censoring 

schemes do not allow removal of units at points other than the terminal point of 

experiment” (Balakrishnan, Kannan, Lin, & Ng, 2003). Many references and historical 

notes on this subject are presented by Balakrishnan & Aggarwala (2000). They 

developed parametric methods to analyze Progressively Type II right censored data.  

 

Considerable amount of research has been carried out on progressive censoring 

methodology. The progressive censoring scheme, as will be introduced in Chapter 2, is 

constructed with the aim of moderating the loss of information by reducing the number 

of failures with respect to the full sample approach. Point estimation for the scale and 

location parameters of the Extreme value distribution by linear functions of order 

statistics from Progressively Type II censored samples is investigated by Thomas & 

Wilson (1972). Montanari & Cacciari (1988) reported results of progressively censored 

data aging tests on XLPE-insulated cable models under combined thermal-electrical 

stresses. By using progressively censored data, Viveros & Balakrishnan (1994) proposed 

interval estimation of parameters of life. Balasooriya, Saw & Gadag (2000) and 

Balasooriya & Balakrishnan (2000) studied progressively censored reliability sampling 

plans for Weibull and Lognormal distributions. Ng, Chan, & Balakrishnan (2002) 

discussed the estimation of parameters from progressively censored data using the EM 

algorithm, while Ng et al. (2004) used this approach to determine optimal progressive 

censoring schemes and reliability sampling plans for the Weibull distribution. 

Balakrishnan, Cramer, Kamps & Schenk (2001) and Balakrishnan & Lin (2002) 

discussed inferential procedures for exponential distribution, while Balakrishnan, 

Kannan et al. (2003) discussed for Normal distribution based on Progressively Type II 

censored samples.  

 

The first description of the theory of Progressively Type II right censored order 

statistics can be found in Balakrishnan & Sandhu (1995, 1996). There are also numerous 
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works published in statistical literature discussing inference problems for a wide range 

of distributions under this sampling scheme. For instance, see Cohen (1963, 1991). 

Details of theory, methods and applications of progressive censoring can be found in 

Balakrishnan et al. (2000). 

 

“In recent years characterization problems have become of increasing interest” 

(Navarro, Ruiz, & Zoroa, 1998), and considerable attention has been paid to problem of 

characterizing the distribution function of a random variable based on conditional 

expectations. Also, characterizations based on different class of distributions have been 

introduced in several studies. In Chapter 4, some of these studies are given and by using 

the conditional expectations of order statistics and Progressively Type II censored order 

statistics, some general class of distributions are characterized.  

 

 This thesis is organized as follows. The definition and the distribution properties of 

some ordered random variables such as order statistics, Progressively Type II censored 

order statistics and generalized order statistics are given in Chapter 2. New results on the 

joint probability density function of nonadjacent Progressively Type II right censored 

order statistics are introduced in Chapter 3. In Chapter 4, some important results for 

Progressively Type II censored order statistics for the case ),...,,( RRR=R  where R is 

the censoring scheme are discussed. New contributions to the characterizations of the 

general class of distributions through the conditional expectations of order statistics and 

Progressively Type II censored order statistics are obtained in Chapter 4 as well. 

Goodness-of-fit tests are described for order statistics and Progressively Type II 

censored order statistics through the conditional expectations of these ordered random 

variables in Chapter 5. Concluding remarks are given in the final chapter, 6. 
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CHAPTER TWO  
 

MODELS OF ORDERED RANDOM VARIABLES 

 

One of the models of ordered random variables is order statistics and its distribution 

functions are given in Section 2.1. In Section 2.2, some descriptions and distribution 

functions of Progressively Type II censored order statistics are represented. Distribution 

functions and some special cases of generalized order statistics are introduced in Section 

2.3. Finally, in Section 2.4, concomitants of order statistics and Progressively Type II 

censored order statistics are given.  

 
2.1 Order Statistics 
 

If the random variables nXXX ,...,, 21  are arranged in ascending order of magnitude 

and then nnn2n1 XXX ::: ≤≤≤ L  will denote ordered random variables where niX :  

corresponds to the ith order statistic ni ,...,2,1= . While the random variable iX  is 

assumed to be independent and identically distributed (i.i.d.), the niX :  are dependent 

because of the inequality relations among them.  

 

Suppose that nXXX ,...,, 21  are random variables each with distribution function 

)(xF . Let nrxFr ,...,1),( =  denote the distribution function of the rth order statistic 

nrX : . Then the distribution function of the largest order statistics },...,max{ 1: nnn XXX =  

is given by 

 

 )(} {}{)( : xFxXallPxXPxF n
innn =≤=≤= .                 (2.1) 

 

Likewise, the distribution function of the { }nn XXX ,...,min 1:1 =  is  

 

 n
in xFxXallPxXPxF )](1[1} {1}{)( :11 −−=>−=≤= .                (2.2) 
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The marginal distribution function )(xFr  of rth order statistic nrX : , nr ≤≤1  is given 

by 

 

 jnj
n

rj
r xFxF

j
n

xF −

=

−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
= ∑ ))(1())(()( .                   (2.3) 

 

From the relation between binomial series and incomplete beta function, )(: xF nr  can 

be written as 

 

 )1,()( )( +−= rnrIxF xFr                     (2.4) 

 

where dtttbaBbaI bax
x

11
0

1 )1()),((),( −−− −∫=  and dtttbaB ba 111
0 )1(),( −− −∫=  

)(/)()( baba +ΓΓΓ=  (David, 1981). 

 

The joint probability density function of Xr:n and Xs:n (1≤ r < s ≤ n, x ≤ y) is denoted 

by fr,s(x, y) and can be expressed as 
 

      11
, ))()(()())((

)!()!1()!1(
!),( −−− −×

−−−−
= rsr

sr xFyFxfxF
snrsr

nyxf  

 

                   snyFyf −−× ))(1)(( .                                                                           (2.5) 

 

From (2.5), the joint probability density function of 
krr XX ,...,

1
 (1 ≤ r1 < …< rk ≤ n) 

and k < n can be written easily. Then the probability density function is given by 

 

      1
12

1

121
1,...,

121

1
))()(())((

)!)!...(1()!1(
!),...,( −−− −

−−−−
= rrr

k
krr xFxFxF

rnrrr
nxxf

k
 

 

                         ).()...()())(1...())()(( 21
1

23
23

k
rn

k
rr xfxfxfxFxFxF k−−− −−×        (2.6) 
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As it is said before, each variable in the vector of nnnn XXX ::2:1 ...,,  are independent 

although nXXX ,...,, 21  are i.i.d. random variables. 

 

In discrete case, the joint distribution function of nrX :  and nsX :  (1 ≤ r < s ≤ n) is 

given by 

 

 
)!(!!

!),(
),0max(

, jinji
nyxF

in

isj

n

ri
sr −−

= ∑∑
−

−==

 

 

                   ,))(1())()(())(( jinji yFxFyFxF −−−−× x < y.                (2.7) 

 

If x ≥ y then inii
n

n

si
ssr xFxFCyFyxF −

=

−== ∑ ))(1())(()(),(,  (David, 1981). 

 

In continuous case, the joint distribution function of nrX :  and nsX :  (1 ≤ r < s ≤ n) can 

be obtained by integration of (2.5) as well as by a direct argument valid also in the 

discrete case. For x < y  

 

 . ))(1())()(())((),( )!()!(!
!

,
jniji

jniji
n

j

ri

n

sj
sr yFxFyFxFyxF −−

−−
==

−−= ∑∑                 (2.8) 

 

Also for yx ≥ , the inequality yX ns ≤:  implies xX nr ≤: , so that 

 

 ( ) ( )yFyxF ssr =,, .                     (2.9) 
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The joint probability density function of all n  order statistics is 
 

 )(!),...,(
1

1,...,2,1 j

n

j
nn xfnxxf ∏

=

=                  (2.10) 

 

where nxxx ≤≤≤ ...21  (David, 1981). 

 

The following theorem shows the equality of probability density function of order 

statistics njX :  given xX npj =− :  and yX nqj =+ :  and the probability density function of 

1: −+qppY . 

 

Theorem 2.1 Let nXXX ,...,, 21  be a sample with distribution function )(xF  and 

probability density function )(xf . Let nnnn XXX ::2:1 ,...,,  be the order statistics from 

this sample with continuous distribution. From  

 

 1:::: ),|( −++− ≡== qppnqjnpjnj YyXxXX                 (2.11) 

 

the conditional probability density function of order statistics njX :  given xX npj =− :  and 

yX nqj =+ :  can be represented as 

 

 
)()(

)(
)!1()!1(

)!1(),|( ::: xFyF
tf

qp
qpyxxxxf nqjnpjnj −−−
−+

=== +−  

 

 
11

)()(
)()(1

)()(
)()(

−−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

×
qp

xFyF
xFtF

xFyF
xFtF     (2.12) 

 

 ytx
xFyF

tfyf ≤≤
−

= ,
)()(

)()( . 
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Proof. Let r, k and s be real numbers such that skr ≤≤ . The conditional probability 

density function of order statistics njX :  given xX npj =− :  and yX nqj =+ :  is 

 

          )(
)!1()!1(

)!1(),|(:,, ksrknskr xf
ksrk

rsyxxxxf
−−−−

−−
===  

 

               
[ ] 1

11

)()(
)]()([)]()([

−−

−−−−

−

−−
× rs

rs

ks
ks

rk
rk

xFxF
xFxFxFxF

.        (2.13) 

 

Then, if xxtx rk == ,  and yxs =  in equation (2.13), the following equation is obtained  

 

       )(
)!1()!1(

)!1(),|(:,, tf
rkks

rsyxxxtxf srknskr −−−−
−−

====  

 

                 
[ ] 1

11

)()(
)]()([)]()([

−−

−−−−

−

−−
× rs

ksrk

xFyF
tFyFxFtF .         (2.14) 

 

From 
)()(

)(
)()(
)()(

xFyF
tf

xFyF
xFtF

−
=

′

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−  and )()( tFtf ′= , the equation (2.14) can be 

written as 

 

)()(
)(

)!1()!1(
)!1(),|(:,, xFyF

tf
ksrk

rsyxxxtxf srknskr −−−−−
−−

====  

 

   ×
11

)()(
)()(1

)()(
)()(

−−−−

⎥
⎦

⎤
⎢
⎣

⎡
−
−

−⎥
⎦

⎤
⎢
⎣

⎡
−
−

ksrk

xFyF
xFtF

xFyF
xFtF . (2.15) 

 

If kj = , rpj =−  and sqj =+ , then from the equivalence of equation (2.12) and 

(2.15), the theorem is proved. 
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2.1.1 Order Statistics for Multivariate Observations 

 

“In applications there are situations when we need to order multivariate random 

variables (or random vectors). For example, consider a model in reliability analysis 

when the system has n independent components each consisting of p arbitrarily 

dependent elements connected by using a parallel structure” (Bairamov, 2006). The life 

length of the ith component of the system is denoted by ),...,,( 21 p
iiii XXX=X , 

ni 2,...,1,= , where j
iX  denotes the life length of the jth element of the ith component. 

Then the first failure in the system occurs at time 

 

)},...,,(max...,),,...,,(max),,...,,(maxmin{ 21
2

2
2

1
21

2
1

1
1

p
nnn

pp XXXXXXXXX  

 

and the corresponding vector of the length is denoted by (1)X . To know the time of the 

first failure in such a system, it is needed to arrange random vectors nXXX ,...,, 21  by the 

magnitude of function ),...,,max()( 21 p
iiii XXX=XN , ni 2,...,1,=  

),...,,min()((or 21 p
iiii XXX=XN , etc.). The distributions of the norm-ordered statistics, 

i.e. the random vectors ordered with respect to the norm function xxN =)(  and 

statistics ),...,,( 21 pxxx=x  in a linear normed space, are introduced in Bairamov & 

Gebizlioglu (1997). 
 

The conditionally ordered and Progressive Type II right censored conditionally 

ordered statistics for multivariate observations and their distributional properties are 

introduced by Bairamov (2006). Next the concept of conditionally ordered random 

vectors will be investigated in view of conditionally N-ordered statistics. 

 

Let ),,( PℑΩ be a probability space, where Ω  is a non-empty set of points, ℑ,ω  is a 

σ -field of subsets of Ω  and P is a probability measure defined on },{ ℑΩ . The real 
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Euclidean space pIR  is considered. Let pℜ , 1≥p  be the Borel σ -algebra of subsets of 

pIR . Let )(ωX , Ω∈ω  be the random variable mapping Ω  into pIR , so ℑ∈)(-1 BX  

for any pB ℜ∈ . If ω  is fixed, then )(ωXX =  is a point of pIR . If )(xN  is a 

measurable function with respect to the Borel σ -algebra pℜ , then ))(( ωxN  is a random 

variable. It is assumed that )(xN , ),...,,( 21 pxxx=x  is a continuous function of its 

arguments satisfying 0xN ≥)( , for all pIR∈x  and 0xN =)(  if and only if 0=x , where 

)0,...,0,0(=0 . 

 

Suppose that p
n IR⊆∈SXXX ,...,, 21  are i.i.d. random variables ( 1≥p  random 

vectors) with p-variate distribution function )(xF  and probability density function 

)(xf , where ),...,,( 21 pxxx=x  and S  is the support of X . It is clear that 

)(...,),(),( 21 nXNXNXN  are i.i.d. random variables with probability distribution 

})({ xP i ≤XN , IRx∈ . If F is assumed to be continuous, the probability of any two or 

more of these random vectors assuming equal magnitudes is zero. Therefore, there exists 

a unique ordered arrangement within the random vectors )( iXN , ni 2,...,1,= . It is said 

that 1X  is conditionally less than 2X  if )()( 21 XNXN ≤  and written 21 XX p . (1)X  

denotes the smallest of the set nXXX ,...,, 21 ; (2)X  denotes the second smallest, etc.; and 

)(nX  denotes the largest in the sense of conditional ordering with respect to a function 

(.)N . )((2)(1) ...,,, nXXX  is called the conditionally N-ordered statistics. )(xh  is called the 

structural function and plays an important role in the probability density function of 

random vectors and is denoted by )}()({)( xNXNx ≤= Ph , p
p IRxxx ⊆∈= Sx ),...,,( 21 . 

 

The probability density function of )(rX , nr ≤≤1  is given by Bairamov (2006) 

 

)()](1[)]([
)!()!1(

!)( 1 xxxx fhh
rnr

nf rnr
r

−− −
−−

= .               (2.16) 
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Let nsr ≤<≤1  and (s))( XX pr . Consider pBB ℜ∈21, , such that )()( 21 XNXN ≤  

for any )...,,,(,, 21
2211

p
kkkk xxxBB =∈∈ xxx , 2,1=k . Then, the joint probability density 

function of )(rX  and )(sX  is given in Bairamov (2006) 

 

  

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

⎨

⎧

≤−×

−
−−−−

= −

−−−

otherwise.0

)()(if)()()](1[

)]()([)]([
)!()!1()!1(

!

),( 21212

1
12

1
1

21, xNxNxxx

xxx

xx ffh

hhh
snrsr

n

f sn

rsr

sr         (2.17) 

 

The joint probability density function of random vectors )()()( ...,,, 21 krrr XXX , 

nrrr k ≤<<<≤ L211  is 

 

1
1

121
21,...,,

1
21

)]([
)!()!1()!1(

!)...,,,( −

−−−−
= r

k
krrr h

rnrrr
nf

k
xxxx

L
 

 

       1
1

1
12

112 )]()([()]()([( −−
−

−− −−−× kk rr
kk

rr hhhh xxxx L  

 

       )()(if),()()()](1[ 2121 xNxNxxxx ≤−× −
k

rn
k fffh k L   (2.18) 

 

and 0)...,,,( 21,...,, 21
=krrr k

f xxx ; otherwise where ),...,,( 21 p
iiii xxx=x , ni ,...,2,1=  

(Bairamov, 2006). 
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2.2 Progressively Type II Censored Order Statistics 

 

In many life testing, reliability studies and industrial experiments, experiments have 

to be terminated early or the experimenter might not always obtain complete information 

on failure times for all experimental units. For example, individuals in a clinical trial 

may drop out of the study or number of experiments must be limited. There are, 

however, many situations in which the removal of units prior to failure is pre-planned. 

One of the main reasons for this is to save time and cost associated with testing. Data 

obtained from such experiments are called censored data. 

 

2.2.1 Censoring 

 

It is considered a life testing experiment where n items are kept under observation 

until failure. These items could be some systems, components in reliability study 

experiments or they could be patients put under certain drug or clinical conditions. Often 

the event of interest; death of patient, failure of component, recovery of patient has not 

occurred by the time of recording so that all that is known is that the lifetime for that 

subject is at least some value and may well be greater than this value. Such censoring 

cannot be ignored since they carry important information about the effectiveness of the 

treatment. This introduces a complication in the statistical description and analysis of the 

data. The most common censoring schemes are Type I and Type II censoring. Other 

types of censoring are as the following: 

 

• Type I (Time) censoring  

• Type II (Failure) censoring  

• Random censoring  

• Right censoring 

• Left censoring 

• Simple censoring 

• Progressive censoring 
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2.2.1.1 Type I (Time) Censoring 

 

Suppose the experiment is terminated at a predetermined time t, then only the failure 

times of the items that failed prior to this time are recorded. Any failures that occur after 

t are not observed. The data obtained this way denotes a Type-I censored sample. 

Termination point t of the experiment is fixed and known at the start of the study and the 

number of failures observed is then random. 

 

2.2.1.2 Type II (Failure) Censoring 

 

If the experimenter decides to terminate the experiment at the rth failure, then a   

Type II censored sample would be obtained. For example, experimenter assumes n 

patients in study at the start and experiment terminates after r deaths (do not specify the 

end of the experiment initially, carry on until r out of n patients are dead, i.e. record t(1), 

t(2),...,t(r) up to a time t(r) when r have died). In this scenario, only the smallest lifetimes 

are observed. This type of censoring is less common in medical studies but is widely 

used in electronic component testing and reliability studies. The number of failures is 

not random in Type II censoring but is fixed in advance and the endpoint is random. 

Type II censoring is one part of the censoring schemes which is subject to this thesis. 

 

2.2.1.3 Random Censoring 

 

Suppose each lifetime is censored by an independent time and whether the 

observation is the life length or the corresponding censoring time is known. Then, 

random censoring sample is obtained, which is very common in clinical trials. In such 

experiments, patients enter into the study at random time points, when the experiment 

itself is terminated at a prespecified time. 
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2.2.1.4 Right Censoring 

 

In survival analysis, most common type of censoring is right censoring, and occurs 

when we only know that the survival time exceeds a certain value. Consider a five year 

study of mortality from cancer. Survival times will be right censored for patients: who 

are alive at the end of the five year period, drop out or become lost to follow up during 

the study or die from some other cause during the study. Right censoring is the other part 

of the censoring schemes which is subject to this thesis. 

 

2.2.1.5 Left Censoring 

 

When the event of interest has already occurred by the time the individual enters the 

study, left censoring is present. Hence only the time to event that is less than a certain 

value is known. For example, in a study of times of occurrence of developmental 

milestones in children, some of the children will already have achieved the milestone 

prior to entry to the study. In other words, left censoring might occur if subjects are only 

observed at fixed appointments, and only then it is discovered that death occurred 

sometime before then, so survival time is less than the period of observation. For 

example, when the lifetime observed is the time to recurrence of a tumor observable 

only during surgery. 

 

 Censoring times can also be categorized as “simple” or “progressive”. 

 

2.2.1.6 Simple Censoring 

 

When observation of each individual cases at a common, predetermined time, simple 

Type-I censoring occurs. This situation occurs, for example, in industrial life testing 

where a batch of identical items are put on test simultaneously and observed for a fixed 

time interval. 
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2.2.1.7 Progressive Censoring 

 

When there are potentially different fixed censoring times for each individual, 

Progressive Type-I censoring occurs. Of the n items put on test, suppose n1 surviving 

items at time t1, n2 surviving items at time t2 and ni surviving items at time ti are removed 

where t1 < t2 <…< ti are pre-specified times. The experiment will be terminated at time ti 

if ni exceeds the number of surviving items remaining at that time. 

 

“In the classical type-II right censoring scheme only the first m failures are observed 

for a sample of size n whereas for a progressively censored sample, the loss of 

information of n – m durations (as for the type-II plan) is organized sequentially as it 

is described subsequently” (Bordes, 2004). 

 

The scheme of Progressive Type II censoring is important in life-testing experiments. 

It allows the experimenter to remove units from a life test at various stages during the 

experiment. The withdrawal of units may be seen as a model describing drop outs of 

units due to failures, which have causes other than the specific one under study. 

Progressive censoring schemes are also considered in clinical trials. Here, the drop out 

of patients may be caused by migration, lack of interest or by ethical decisions. These 

reasons may be regarded as random withdrawals during the carrying out of the study. 

For a detailed discussion of progressive censoring can be found in Sen (1986). A saving 

of costs and of time may be the consequence of such a sampling scheme (Cohen, 1963).  

 

Consider the following Progressive Type II censoring scheme. Assume that the 

experiment consists of life testing of n units. The first failure is observed. Immediately 

following the first observed failure, R1 surviving items are removed from the test at 

random. Similarly, following the second observed failure, R2 surviving items are 

randomly removed (censored) from the test. This process continues until, immediately 

following the mth observed failure, all the remaining Rm = n – R1 – … – Rm – 1 – m items 
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are removed from the experiment. In here, ∑ =
=+m

i i nmR
1

 and R = (R1, R2,…, Rm) are 

called censoring scheme (Balakrishnan et al., 2000). The resulting m ordered failure 

times, RRR
nmmnmnm XXX ::::2::1 ,...,,  are called a Progressively Type II right censored order 

statistics.  

 

Since RRR
nmmnmnm XXX ::::2::1 ,...,,  are the lifetimes of the completely observed items to 

fail, and that R = (R1, R2,…, Rm) represents the numbers of items withdrawn at these 

failure times, a Progressive Type II right censoring scheme is specified by integer 

numbers n, m and R1, R2,…, Rm-1 with the constraints n – m – R1 –…– Rm – 1 ≥ 0 and      

n ≥ m ≥ 1. A schematic illustration is depicted in Figure 2.1.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

If R1 = R2 = … = Rm-1 = 0, then the usual Type II right censored sample is obtained. 

Thus the first m order statistics nmn XX ::1 ,...,  are observed and the n – m remaining times 

are right censored by nmX : . Moreover if m = n, the usual order statistics is obtained. 

 

withdrawn withdrawn withdrawn withdrawn

R
nmX ::1  R

nmX ::2  R
nmX ::3

R
nmmX ::  

R1 R2 R3 
  Rm 

Experiment  
Begins 

 

Experiment  
Ends 

Figure 2.1 Schematic representation of a Progressively Type II right censored life test. 
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2.2.2 Distribution Functions of Progressively Type II Right Censored Order 

Statistics 

 

Let f(x) and F(x) denote the probability density function and the distribution function 

of an absolutely continuous random variable X, and let ),...,,( 21 mRRR=R  be censoring 

scheme. The probability density function of ),...,,( ::::2::1
RRR

nmmnmnm XXX  is given in 

Balakrishnan et al. (2000) 

 

 ,))(1)((),...,(
1

1::,...,1
jR

jj

m

j
mnmm xFxfcxxf −= ∏

=

R ∞<<<<∞− mxx ...1           (2.19) 

 

where c = n (n – R1 – 1)…( n – R1 – …– Rm-1 – m +1). Using the joint probability density 

function of ),...,,( ::::2::1
RRR

nmmnmnm XXX  the probability density function of 

),...,,( ::::2::1
RRR

nmsnmnm XXX  is obtained as (Balakrishnan et al., 2000) 

 

 jR
jj

s

j
snms xFxfcxxf ))(1)((),...,(

1

1
1::,...,1 −′= ∏

−

=

R  

 

    ,...,))(1()( 1 ∞<<<<−∞−×
∗

m
R

ss xxxFxf s              (2.20) 

 

where c′ = n (n – R1 – 1)…(n – R1 – …– Rs-1 – s +1) and ∗
sR = n – s – R1 –…– Rs-1. 

 

The marginal probability density function of R
nmsX :: (1 ≤ s ≤ m ≤ n) is given by 

(Balakrishnan, Childs et al., 2002) 
 

 )1,...,1()( 111,

1

0
:: ++′= −−

−

=
∑ ssi

s

i
snms RRccxf R  

 

               ∞<<−∞−× −′′
s

R
ss xxFxf i ,))(1)(( 1                            (2.21) 



18 

 

where ∑ −

−=
∗ +++=′′

1 )1()1( s

isj jsi RRR , ∗
sR = n – s – R1 –…– Rs-1 and ∑ =

=+m
i i nmR

1
. 

 

 They obtained the probability density function of R
nmrX ::  and 

)1(:: nmsrX nms ≤≤<≤R  as 

 

 ),...,()1,...,1(),( 111,111,

1

0

1

0
::, −+−−−−

−−

=

−

=

++′= ∑∑ srrskrri

rs

k

r

i
srnmsr RRcRRccxxf R  

 

                     ∞<<<−∞−−× −′′−′
sr

R
ss

R
rr xxxFxfxFxf kik ,))(1)(())(1()( 11     (2.22) 

 

where c′ = n (n – R1 – 1)…(n – R1 – …– Rs-1 – s +1) and ∗
sR = n – s – R1 –…– Rs-1.   

)1(
1

+=′ ∑
−−

−=
j

ks

irj
ik RR  and )1()1(

1

+++=′′ ∑
−

−=

∗
j

s

isj
sk RRR . 

 

In the next subsection the distributional properties of the conditionally ordered 

random vectors will be investigated under a Progressive Type II censoring scheme. 

 

2.2.3  Progressively Type II Censored Order Statistics for Multivariate Observations 
 

For a sequence of i.i.d. random vectors ),...,,( 21 p
iiii XXX=X , ni ,...,2,1= , it is 

considered the conditional ordering of these random vectors with respect to the 

magnitudes of )( iXN , ni ,...,2,1= . Also the Progressive Type II right censoring for 

multivariate observations using conditional ordering is considered in the paper. 

 

Let a system have n independent components each consisting of p arbitrarily 

dependent elements. Consider ),...,,( 21 p
iiii XXX=X , ni ,...,2,1= , where j

iX  denotes 

the life length of the jth element of the ith unit. Let R = (R1, R2,…, Rm), where 
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nmR
m

i
i =+∑ . It is assumed that iX , ni ,...,2,1=  are continuous random vectors with 

the p – variate distribution function F(x) and probability density function f(x), pIR∈x . 

The n units are placed on the test at time zero under Progressive Type II censoring 

scheme. RX nm::1  is denoted as the vector of the life length corresponding to first failure 

time. Immediately following the first failure, R1 surviving units are removed from the 

test at random. The second failure in the system (or first failure among the remaining n – 

R1 – 1 items) occurs at time )( ::2
RXN nm  and immediately R2 items are randomly removed 

from the test. This process continues until, at time of the mth observed failure, the 

remaining Rm = n – R1 – …– Rm-1 – m units are all removed from the experiment. The 

times of failures are )(),...,(),( ::::2::1
RRR XNXNXN nmmnmnm  and the random variables 

RRR XXX nmmnmnm ::::2::1 ...,,,  are called multivariate Progressively    Type II censored 

conditionally N-ordered statistics. 

 

If nXXX ,...,, 21  is i.i.d. random vectors with distribution function F(x) and 

probability density function f(x), pIR∈x , then the joint probability density function of 

the Progressively Type II conditionally N-ordered statistics RRR XXX nmmnmnm ::::2::1 ...,,,  is 

 

∏
=

−=
m

i

R
iimnmm

ihfcf
1

21::,...,1 )](1)[(),...,,( xxxxxR  

 

)()()(if 21 mxNxNxN ≤≤≤ L               (2.23) 

 

and 0),...,,( 21::,...,1 =mnmmf xxxR ; otherwise, where c = n (n – R1 – 1)…(n – R1 – …– Rm-1 

– m +1) and )}()({)( xNXNx ≤= Ph  (Bairamov, 2006). 
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The joint probability density function of RRR XXX nmrnmnm ::::2::1 ...,,,  )1( nmr ≤≤≤  is  

 

 ∏
=

=
r

i
irrnmr fcf

1
21::,...,1 )(),...,,( xxxxR  

 

∏
−

=

+−−−−− −−−×
1

1

1121)](1[)](1[
r

i

rRRRn
r

R
i

ri hh Lxx              (2.24) 

 

where rc = n (n – R1 – 1)…(n – R1 – …– Rr-1 – r +1) (Bairamov, 2006). 

 

2.3 Generalized Order Statistics 

 

Generalized order statistics have been introduced by Kamps (1995a, 1995b) to unify 

several models of ordered random variables, e.g. ordinary order statistics, Progressively 

Type II censored order statistics, records, sequential order statistics. “In the distribution 

theoretical sense, all models, or appropriately restricted versions of these models, are 

contained in the model of generalized order statistics” (Kamps, 1995a, p. 49). The 

common approach makes it possible to define several distributional properties at once. 

These models can be effectively applied, e.g. in reliability theory.  

 

“First, uniform generalized order statistics are defined via some joint probability 

density function on a cone of the nIR . Using the quantile transformation we are able to 

define generalized order statistics based on an arbitrary distribution function F(x)” 

(Kamps, 1995a). Assuming an absolutely continuous distribution function F(x) and 

choosing the parameters in the joint probability density of generalized order statistics 

appropriately, the densities corresponding to the models of ordered random variables 

mentioned above can be obtained. 
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2.3.1 Distribution Functions of Generalized Order Statistics 

 

Let n Ν∈ , k > 0, m1,…,mn-1 IR∈ , ,1∑ −

=
= n

rj jr mM  1 ≤ r ≤ n – 1, be parameters such 

that =rγ k + n – r + Mr > 0 for all r∈{1,…,n – 1}, and let ),...,,(m~ 121 −= nmmm , if n ≥ 2, 

m~ IR∈ , if n = 1, arbitrary. If the random variables ),m~,,( knrU , r = 1,…, n, possess a 

joint probability density function of the form 

 

 1
1

1

1

1
1

),~,,(),...,,~,,1( )1()1(),...,( −
−

=

−

=

−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
= ∏∏ k

n
m

i

n

i
j

n

j
n
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on a cone of nIR  with the property 0 ≤ u1 <…< un ≤ 1, then they are called uniform 

generalized order statistics (Kamps, 1995a). 

 

If F(x) is an arbitrary distribution function, then the random variables 

)),m~,,((),m~,,( 1 knrUFknrX −= , 1,...,2,1 −= nr , are called generalized order statistics 

based on F(x). The joint probability density function of generalized order statistics 

),m~,,(),...,,m~,,2(),,m~,,1( knnXknXknX  is given by 
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                                                   )())(1( 1
n

k
n xfxF −−×                                     (2.26) 

 

on the cone F-1(0) < x1 ≤ …≤ xn < F-1 (1) (Kamps, 1995a). 
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If j

r

j
rc γ

1
1

=
− ∏= , 1 ≤ i ≤ r ≤ n and ))/(1()(

,1
ij

r

ijj
i ra γγ −∏=

≠=
 then the marginal 

probability density function and distribution function of  ),m~,,( knrX  is given by 
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where an empty product in )(rai  denotes 1, ji ≠∀  and ji γγ ≠ . 

 

Kamps (1995a) also gives the joint probability density function of ),m~,,( knrX  and 

),m~,,( knsX (1 ≤ r < s ≤ n) as 
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where r + 1 ≤ j ≤ s and )/(1)(
,1

)(
ji

s

jiri

r
j sa γγ −= ∏

≠+=

. 

 

Kamps (1995a) introduces some notations for the sake of brevity to give different 

representation of the distribution function of generalized order statistics. 
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i) Let j

r

j
rc γ∏

=
− =

1
1  , r = 1,…, n and kn =γ , Mn = 0. 

 

ii) The function gm is defined by 

 

 )1,0[

1                 ,
1

1log

1),)1(1(
1

1

)(

1

∈

⎪
⎪

⎩

⎪
⎪

⎨

⎧

−=⎟
⎠
⎞

⎜
⎝
⎛
−

−≠−−
+

=

+

x

m
x

mx
m

xg

m

m . 

 

The following is a representation of the marginal distribution function nr ,Φ  of the 

uniform generalized order statistics ),m~,,( knrU  and by this the distribution function of 

the rth generalized order statistics ),m~,,( knrX  based on an arbitrary distribution 

function )(xF  has been proved in Kamps (1995a). 

 

Let m1 = …= mr-1 = m and r∈{1,…, n}. Then the marginal distribution function is 

given by 
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and ))(()( ,
),~,,( xFxF nr

kmnrX Φ= .  

 

A different representation of the distribution function of the rth generalized order 

statistics is given by Nasri-Roudsari (1996). Let r∈{1,…, n}, m1 = …= mr-1 = m > –1 

and let F(x) be an arbitrary distribution function. Then the marginal distribution function 

of the rth generalized order statistics ),m~,,( knrX  has the representation 
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Some of the particular cases are as follows: 

 

i) In the case m1 = …= mr-1 = m > –1, mrnmM j

ln

rj
r )( −== ∑

−

=

 for all r∈{1,…, n – 1}. 

Thus equation (2.31) reads 

 

 ( ) }....,2,1{,
1

,)( 1)(11
),~,,( nr

m
krnrIxF mxF

kmnrX ∈⎟
⎠
⎞

⎜
⎝
⎛

+
+−= +−−                        (2.32) 

 

For r = n, equation (2.32) becomes  
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ii) m1 = …= mn-1 = 0 and k = 1, the generalized order statistics coincide with ordinary 

order statistics (Kamps, 1995a). Indeed, (2.31) reduces in this case to the well known 

result for the distribution function of the rth ordinary order statistic Fr:n (David, 1981), 
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Let dtttbaBbaI ba
x

x
11

0

)1()),(/1(),( −− −= ∫   denote the incomplete beta function, and 

let m1 = m2 =…= mn-r = m. Furthermore, let ∑ −

+−=
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1
))1/(1( n

rnj jn mrM  be the 

arithmetic mean of the parameters mn-r+1,…, mn-1. If one of the conditions 
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C1: m > – 1 and Mn ≥ –1 and 

 

C2 : m > – 1 and Mn < –1 and k > – (Mn +1)max(r–1, n–r) 

 

 is satisfied, then for any r∈{2,…, n}, 
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where 
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and Gm(x)=1 – (1 – (F(x))m+1 is a distribution function. Moreover, if m > – 1 and r = 1, 

then (2.35) is satisfied with (2.36), (2.37) and Mn = 0. 

 

In the particular case, when m1 = …= mn-1 = m(> –1), then Mn = m. This leads to      

=∗
nR k / (m + 1) + r – 1 = R and N* = n + k / (m + 1) – 1 = N.  
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The notation of generalized order statistics provides a unified approach to some 

distributional properties of ordered random variables. The model of generalized order 

statistics contains many models of ordered random variables as special cases. 
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2.3.2 Special Cases of Generalized Order Statistics 

 

 1. In the case m1 = …= mn-1 = 0  and k = 1 (i.e. =rγ n – r +1, 1 ≤ r ≤ n – 1), the model 

reduces to the joint probability density function of ordinary order statistics  from n i.i.d. 

random variables X1, X2,…, Xn with distribution function F(x) (David, 1981) 
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2. Choosing mi = Ri and k = Rn + 1 (i.e. =rγ n – r +1, 1 ≤ r ≤ n – 1) the joint 

probability density function of Progressively Type II censored order statistics is obtained 
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                                                          ∞<≤≤<∞− nxx L1                            (2.40) 

 

where c′ = n (n – R1 – 1)…(n – R1 – …– Rn-1 – n + 1). 

 

3. Choosing m1 =…= mn-1 = 0 and k = α – n + 1 with n – 1 < α IR∈ (i.e. =rγ  α – r +1, 

1 ≤ r ≤ n – 1) order statistics with non-integral sample size is  
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4. When mi = (n – i + 1) αi  – (n – i) αi+1 – 1 where α1,…,αn  are positive real numbers, 

i = r = 1,…, n – 1 and k = αn  (i.e. γr = (n –r+ 1) αr , 1 ≤ r ≤ n – 1), the joint probability 

density function of sequential order statistics 
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based on rtFtFr
α))(1(1)( −−= , 1 ≤ r ≤ n, where )(xF  is an arbitrary, absolutely 

continuous distribution function is obtained. 

 

5. In the case m1 =…= mn-1 = – 1 and k = 1 (i.e. γr = 1, 1 ≤ r ≤ n – 1), the joint 

probability density function of the first r record values XL(1),…, XL(r)  
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based on the sequence N)( ∈iiX  of i.i.d. random variables with distribution function 

)(xF  is obtained. 

 

6. In the case m1 =…= mn-1 = – 1 and k Ν∈  (i.e. γr = k, 1 ≤ r ≤ n – 1), the joint 

probability density function of the first n kth record values  
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                                                          ∞<≤≤<∞−× nn xxxf L1 ,)(                     (2.44) 

 

based on the sequence N)( ∈iiX  of i.i.d. random variables with distribution function F(x) 

is obtained. 

 
Table 2.1 The special cases of the generalized order statistics 
 

Model Vector of m~  Parameter of k  

1. Order statistics 0=im  for 1,...,2,1 −= ni  1=k  

2. Progressively Type II censored 

order statistics ii Rm =  for 1,...,2,1 −= ni   1+= nRk  

3. Order statistics with non-integral 

sample size 
0=im  for 1,...,2,1 −= ni  1+−= nk α  

4. Sequential order statistics 
1)( )1( 1 −−−+−= +iii ininm αα  

for 1,...,2,1 −= ni  and 0,...,1 >nαα   
nk α=  

5. Records 1−=im  for 1,...,2,1 −= ni   1=k  

6. kth record values 1−=im  for 1,...,2,1 −= ni   ,...}2,1{∈k  

 

2.4 Concomitants of Order Statistics and Progressively Type II Censored Order 

Statistics 

 

After giving the definition of concomitants, concomitants of order statistics are 

represented in Section 2.4.1. In the following section, concomitants of Progressively 

Type II censored order statistics are given. 

 

Let ),(),...,,( 11 nn YXYX  be a random sample of size n from a continuous bivariate 

distribution. If the X 's are arranged in ascending order as nXXX ≤≤≤ ...21  then the 

Y 's associated with these order statistics are denoted by [ ] [ ] [ ]nYYY ,...,, 21  and are called 
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concomitants of order statistics. They are also known as induced order statistics in the 

literature. The concomitants are of interest in selection and prediction problems based on 

the ranks of the X 's. For example, when )( nk <  individuals having the highest X-scores 

are selected, it may be wished to know the behavior of the corresponding Y-scores. 

 

Properties of concomitants have been studied by many authors (e.g., Bhattacharya 

1974; Sen, 1976, 1981; David, O’Connell, & Yang, 1977; Yang, 1977; Goel & Hall, 

1994; Nagaraja & David, 1994). See David & Nagaraja (2003) for an overview. 

Applications of concomitants include their use in estimating correlation (Barnett, Green, 

& Robinson, 1976), in ranking and selection (Yeo & David, 1984; David, 1993), and 

ranked set sampling (Stokes, 1977). They are also of interest in a variety of estimation 

problems (Bhattacharya, 1984). 

 

2.4.1 Concomitants of Order Statistics 

 

Under the assumption that X and Y are linearly related, apart from an independent 

error term, the small sample theory of the concomitants of order statistics has been 

discussed in David (1973). The asymptotic distribution theory for the bivariate normal 

distribution has been investigated by David & Galambos (1974). Bhattacharya (1974), 

Sen (1976), and Yang (1977) obtained results for the general asymptotic distribution 

theory of concomitants of order statistics. Balasubramanian & Beg (1997) studied the 

concomitants of order statistics for Morgenstern type bivariate exponential distribution. 

Bairamov & Bekci (1999) have studied distribution and recurrence relation between 

moments of concomitants of order statistics in the bivariate Farlie–Gumbel–Morgenstern 

(FGM) with uniform marginals. Eryılmaz & Bairamov (2003) derived the distribution of 

the new sample rank of an order statistic and its concomitant. For a comprehensive 

review of this topic see Bhattacharya (1984) and David & Nagaraja (1998).  
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Let )( xyf  denote the conditional probability density function of Y given X = x and 

let ),...,( 1,...,1 krr xxf
k

 denote the joint probability density function of ):():( ,...,
1 nrnr k

XX  with 

nrr k ≤≤≤≤ ...1 1 . Then, as discussed in Yang (1977), the joint probability density 

function of the k-concomitants [ ] [ ]),...,( ::1 nrnr k
YY , )1( nk ≤≤  is  

 

 
[ ] [ ] ∫ ∫ ∫ ∏ ∏

+∞

∞− ∞− ∞− = =

=
kx x k

i

k

i
ikkrriikYY dxxxfxyfyyf

krr

2

1 1
1,...,11,..., ),...,()(...),...,(

1
.            (2.45) 

 

From this the marginal probability density function of the rth concomitant [ ]nrY :  is 

obtained as 

 

[ ]
dxxfxyfyf nrnrY ∫

+∞

∞−

= )()()( :: ,                 (2.46) 

 

where )(: xf nr  is the probability density function )(rX . 

 

The joint probability density function of the rth order statistic nrX :  and its 

concomitant [ ]nrY :  is represented as follows  

 

 
[ ]

)()(),( ::,: xfxyfyxf nrnrYnrX = .                  (2.47) 

 

Concomitants can also be defined in the case of generalized order statistics, or 

Progressively Type II censored order statistics. In Kamps (1995a) the distribution of 

concomitant is given for Pfeifer’s record model. 
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2.4.2 Concomitants of Progressively Type II Censored Order Statistics 
 

Recently, Bairamov & Eryılmaz (2006) gave recurrence relations between moments 

of concomitants for the model of Progressive Type II censoring. They unify and extend 

some results on spacings, exceedances and concomitants for the model of progressive 

censoring. The probability density function of rth Progressively Type II censored 

concomitant is given by 

 

 dxxyfxfyf XY nrnr )()()( :: ∫
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=
RR

                 (2.48) 

 

where )( xyf  is the conditional probability density function of Y given X = x and 

)(: xf X nr
R

 is the probability density function of the rth Progressively Type II censored 

order statistic. The probability density function of R
]:[ nrY  can be represented as follows 
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r
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11 γ  with ∑ −

=
+−−= 1

1
1j
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 and )(
]:1[

yf
iY γ

 is the probability density function of the first 

concomitant of ordinary statistic from a sample size iγ . Then the kth moment of R
]:[ nrY  is 

given by Bairamov & Eryılmaz (2006) 
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CHAPTER THREE 

DISTRIBUTIONS OF NONADJACENT PROGRESSIVELY TYPE II RIGHT 

CENSORED ORDER STATISTICS 

 

 In this chapter, the joint probability density function of nonadjacent Progressively 

Type II censored order statistics is presented by using Lemma 3.1. After giving a lemma 

which is used to obtain the main theorem in Section 3.1, the main result which is the 

probability density function of nonadjacent Progressively Type II censored order 

statistics is presented in Theorem 3.1 in Section 3.2. In this section, some examples are 

given.  

 

3.1  Distributional Properties of Progressively Type II Censored Order Statistics 

 

The joint probability density function of nonadjacent Progressively Type II right 

censored order statistics, RRR
nmrnmrnmr k

XXX :::::: ,...,,
21

, mk ≤≤1  from a continuous 

distribution is obtained. The result is a generalization of the work of Balakrishnan, 

Childs et al. (2002). 

 

 The following useful lemma which is established in Balakrishnan, Childs et al. (2002) 

paves a way to evaluate densities of distinct collections among Progressively Type II 

censored random variables that is essential for the result which will be given in equation 

(3.1). 

 

Lemma 3.1 Let f(x) and F(x) denote the probability density function and the distribution 

function of an absolutely continuous random variable X, respectively and let 0a j >  for 

rj ,...,2,1= . Then for 1≥r , the following equality can be written 
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in which the usual conventions that 1
0

1
≡∏

=
j

j
d  and 0

1
≡∑

−

=
j

i

ij
d  are adopted. 

 

3.2  The Joint Distribution of Nonadjacent Progressively Type II Censored Order 

Statistics 

 

The joint probability density function of R
nmrX ::  and R

nmsX ::  is given in Balakrishnan, 

Childs et al. (2002). This result is improved, and the joint probability density function 

for k Progressively Type II right censored order statistics is obtained. 

 

Theorem 3.1 Let f(x) and F(x) denote the probability density function and the 

distribution function of an absolutely continuous random variable X. Let 

),...,,( 21::,...,, 21 knmrrr xxxf
k

R  denote the joint probability density function of the 

RRR
nmrnmrnmr k

XXX :::::: ,...,,
21

. The probability density function of RRR
nmrnmrnmr k

XXX :::::: ,...,,
21

    

(1≤ r1 < r2 <…< rk ≤ m ≤ n) is then given by 
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where =′c n(n – R1 – 1)(n – R1 – R2 – 2)…(n – R1 – R2 –…– Rk-1 – k + 1) and =∗
kR  n – k 

– R1 – R2 –…– Rk-1. The conventions 1
0

1
≡∏

=
j

j
d  and ∑

−

=

≡
1

1
i

ij
jd  are adopted . 

 

Proof. First, consider the case when k = 3, i.e. find the joint probability density function 

of RRR
nmsnmknmr XXX :::::: ,, , r < k < s. If the joint probability density function of 

RRR
nmsnmnm XXX ::::2::1 ,...,,  which is given in (2.20) is integrated out with respect to xr, xk, xs 

then the joint probability density function of RRR
nmsnmknmr XXX :::::: ,,  can be given by 
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If above expression is arranged then the probability density function is obtained by 
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Using Lemma 2.1 and taking T as the lower endpoints to integrate out the variables 

x1, x2,…, xr-1 in (3.2), we have 
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To integrate out the first part of the remaining variables xr+1, xr+2,…, xk-1, again 

Lemma 3.1 is used, this time with T = xr and a relabeling of the variables, i.e., it is used 

the fact that 
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To integrate out the remaining variables xk+1, xk+2,…, xs-1 by using Lemma 3.1, this 

time taking T = xk , it is used the fact that 
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which completes the proof. The result is 
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generalized for the variables RR
nmknmr XX :::: ,  and R

nmsX :: , r < k < s. 

 

It is clear that the general form for the joint probability density function of  
RRR

nmrnmrnmr k
XXX :::::: ,...,,

21
 is given in equation (3.1). 

 

It is seen that equation (3.1) agrees with the formula for special case, when 2=k ,    

r1 = r, r2 = s with the well known formulas on joint probability density function of order 

statistics 
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When the formula is simplified, the joint probability density function of R
nmrX ::  and 

R
nmsX ::  in (2.22) which is given by Balakrishnan, Childs et al. (2002) is obtained. In 

order to show that the theorem agrees with the ordinary order statistics in the special 

case, when R1 = R2 =…= Rm = 0, some examples are given.  

 

Example 3.1 Consider the probability density function of order statistics X3:n. 
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From Theorem 3.1, probability density function of R
nmX ::3  is given 
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For the special case, when R1 = R2 = 0, the Progressive Type II right censoring 

scheme reduces to the case without censoring and the probability density function of 

usual order statistics is observed which is given in (3.4). 

 

Example 3.2 The joint probability density function of X2:n and X3:n is given by 
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From Theorem 3.1, the joint probability density function for R
nmX ::2  and R

nmX ::3  is 

given by 

 

      )()()2)(1(),( 3221132::3,2 xfxfRRnRnncxxf nm −−−−−′=R  
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where =′c n(n – R1 – 1)(n – R1 – R2 – 2) and =∗

3R  n – R1 – R2 – 3. For the special case, 

when R1 = R2 = R3 = 0, the Progressive Type II right censoring scheme reduces to the 

case without censoring and joint probability density function in equation (3.6) for usual 

order statistics is observed. 

 

Example 3.3 The joint probability density function of X2:n and X4:n is given by 
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 From Theorem 3.1, the joint probability density function of R
nmX ::2  and R

nmX ::4  is 
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where =′c n(n – R1 – 1)(n – R1 – R2 – 2) )(n – R1 – R2  – R3 – 3) and =∗

4R  n – R1 – R2 – 

R3 – 4. 

 

In the special case R1 = R2 = R3 = R4 = 0, the Progressive Type II right censoring 

scheme reduces to the case without censoring and in equation (3.8), the joint probability 

density function for usual order statistics is obtained. 

 

Example 3.4 The joint probability density function of X2:n, X3:n and X4:n is given by 

 

       )()()()()3)(2)(1(),,( 2432432:4,3,2 xFxfxfxfnnnnxxxf n −−−=  

 

                          4
4 )}(1{ −−× nxF , ∞<<<<∞− 432 xxx .   (3.10) 

 

 From Theorem 3.1, the joint probability density function for R
nmX ::2 , R

nmX ::3  and 

R
nmX ::4  is given 
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where =′c n(n – R1 – 1)(n – R1 – R2 – 2)…(n – R1 – R2  – R3 – 3) and =∗

4R  n – R1 – R2 – 

R3 – 4. For the R1 = R2 = R3 = R4 = 0, the joint probability density function in (3.10) is 

obtained. 
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Example 3.5 The joint probability density function of X2:n, X4:n and X7:n is given by 
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 From Theorem 3.1, the joint probability density function for R
nmX ::2 , R

nmX ::4  and 

R
nmX ::7  is given by 
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where =′c n(n – R1 – 1)(n – R1 – R2 – 2)…(n – R1 – R2  –…–  R6 – 6) and =∗

7R  n – R1 – 

R2 –…- R6 – 7. If i, z and t take the related values in the equation (3.13), the results 

which are given in below expressions are obtained. 
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then for Rk, Rj = 0, 
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 By adding the results for i = 0 and i = 1, )()}}(1{1{ 22 xFxF =−−  is obtained. 
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For i = 1 and Rk, Rj = 0, 
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By combining these two results  
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then for Rk, Rj = 0, 
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For i = 1, 
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then for Rk, Rj = 0, 
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For i = 2, 

 

 
)2)(1(

1

)1()1(

)1(),(
212

00

11

2

1

2

652,2 +++
−=

⎭
⎬
⎫

⎩
⎨
⎧ +∑∏

⎭
⎬
⎫

⎩
⎨
⎧ +∑∏

−
=

====

RRRRR
RRc

k
jkj

k

j

kj

 

 

then for Rk, Rj = 0, 
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The three results are added and then the result is given by 
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When the expressions are combined, for R1 = R2 = R3 =…= R7 = 0, the joint 

probability density function of ordinary order statistics in equation (3.12) is obtained.  

 

As seen from the examples given above and from Theorem 3.1 in the special case, the 

joint probability density function of ordinary order statistics is obtained. 
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CHAPTER FOUR 

CHARACTERIZATION OF DISTRIBUTIONS THROUGH THE 

CONDITIONAL EXPECTATIONS OF ORDER STATISTICS AND 

PROGRESSIVELY TYPE II CENSORED ORDER STATISTICS 

 

After giving the important theorems which are used to obtain main results, 

characterizations through the conditional expectations of order statistics are represented 

in Section 4.1. In Section 4.2, before giving the characterizations through the conditional 

expectations of Progressively Type II censored order statistics, Theorem 4.3 which 

shows the reduction of Progressively Type II censored order statistics to order statistics 

is stated. It is introduced that the joint distribution of Progressively Type II censored 

order statistics can be reduced to the joint distribution of ordinary order statistics of a 

sample size m.  

 

Let X1, X2,…, Xn be a random sample of a random variable X with a continuous 

distribution function F(x) which is strictly increasing over (a, b), – ∞ ≤ a < b ≤ ∞, the 

support of F(x) and nnnn XXX ::2:1 ≤≤≤ L , the corresponding order statistics. Using the 

condition βα −==+ xxXXE n1ini )( ::  distributions characterized by Ferguson(1967). 

Beg and Kirmani(1974) characterized the distributions using the condition 

βα −== xxXXE nni )( : . In here α and β are some constants. Similar results can be 

found in Galambos & Kotz (1978), Azlarov & Volodin (1986), Beg & Balasubramanian 

(1990) and Balasubramanian & Beg (1992). And also Balasubramanian & Dey (1997) 

present certain results based on conditional expectations that lead to characterizations of 

several distributions and they use the harmonic and geometric means of the functions at 

the end points for obtaining their results.  

 

For absolutely continuous probability density function using E(h(X) xX ≥ ) under 

certain conditions for function h(x), a representation is given by Hamdan (1972), 

Talwalker (1977), Shanbhag & Bhaskara Rao (1975), Gupta (1975) and Ouyang (1983, 
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1987). The above problem for random variables in general was studied by Kotz & 

Shanbhag (1980). Kotlarski (1972) shows that there exists a one to one map between 

functions ))(()( xXXhEx ≥=φ  and continuous probability density function, while the 

set of functions )(xφ  which are conditional expectations of continuous probability 

density function is characterized by Zoroa, Ruiz, & Mrin (1990). 

 

In this thesis, for a general class of distributions some characterizations through the 

properties of conditional expectations of order statistics and Progressively Type II 

censored order statistics are given (Bairamov & Özkal, 2007). Let X1:n, X2:n,…, Xn:n be 

the order statistics of the sample nXXX ...,,, 21  from a continuous distribution and 

RRR
nmmnmnm XXX ::::2::1 ,...,,  be the Progressively Type II censored order statistics with the 

progressive Type II censoring scheme ),...,,( RRR=R . It is represented that in this 

case, the joint distribution of RRR
nmmnmnm XXX ::::2::1 ,...,,  can be reduced to the joint 

distribution of ordinary order statistics of a sample size m from a continuous random 

variable. 

 
Let nXXX ...,,, 21  be independent random variables with a common absolutely 

continuous distribution function F(x) and a probability density function f(x). Let        

X1:n, X2:n,…, Xn:n be the corresponding order statistics. Characterizations of F(x) based 

on the properties of conditional expectations with the constant sample size n have been 

discussed by many authors. 

 

Ruiz & Navarro (1996) and also Navarro et al. (1998) gave a representation of any 

continuous distribution function F(x) based on the doubly truncated mean function 

),( yxm  defined by 

 

 ),(
)()(

1)|(),( ttdF
xFyF

yXxXEyxm
y

x
∫−

=≤≤=       (4.1) 
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whose domain of definition is the set D ={(x, y)∈  IR2 such that F(x) < F(y)}. 

 

Ruiz et al. (1996) obtained the explicit expression of F(x) starting from function   

m(x, y) and define the relationship between m(x, y) and order statistics as  

 

 ),|)((,|)(
1

1
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1

1
yXxXhEyXxXXh

rs
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ri
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==

−− ∑
−

+=

   (4.2) 

for all (x, y)∈D, if 1 ≤ r < s ≤ n, where X1:n ≤ X2:n ≤…≤ Xn:n are the order statistics from 

the sample of the random variable X. Balasubramanian et al. (1992) presented similar 

results for a particular function h(x). Gupta, Goswami, & Rao (1993) consider the case 

when r = 1 and s = n. 

 

Some continuous distributions through the properties of conditional expectations of 

order statistics and Progressively Type II right censored order statistics are characterized 

in this study. Characterization theorems for a general class of distributions are presented 

in terms of the function 

 

 ),(},|)({ ::: yxAyXxXXgE nqjnpjnj === +− ,      (4.3) 

 

where p and q are positive integers such that p + 1 ≤ j ≤ n – q and g(.), A(.,.) are real 

valued functions satisfying certain regularity conditions. The results obtained in this 

chapter are closely related to works by Kotlarski (1972) and Shandbag et al. (1975).  

 

4.1  Characterizations Through the Conditional Expectations of Order Statistics  

 

Throughout the thesis, it is denoted by }0)(:inf{ >= xFxaF  and 

}1)(:sup{ <= xFxbF  the left and right extremities of F(x), respectively where F(x) is a 

distribution function of a random variable X. It is assumed that F(x) is absolutely 

continuous and strictly increasing on (aF, bF).  
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The characterization results are based on the following theorem. 

 

Theorem 4.1 Let h(x) be a differentiable real valued function on [0,1] such that the 

condition 

 

 ,)()()(
xy

xhyhyh
−
−

≠′                                                       (4.4) 

 

holds for all 0 < x < y < 1. Furthermore, let G(x) be an absolutely continuous and strictly 

increasing distribution function with left and right extremities, aG = aF and bG = bF, 

respectively. Then F(x) = G(x) if and only if the representation 

 

 ,)()(})(| ))(({
xy

xhyhyXGxXGhE
−
−

=≤≤′                                                     (4.5) 

 

is valid for all 0 < x < y < 1. 

 

Proof. It is clear that (4.5) is equivalent to equation (4.6) 
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for all aF < x < y < bF . 

 

Necessity. If X has distribution function G(x), )(xG′ = g(x), then 
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       .
)()(

))(())((
xGyG

xGhyGh
−
−

=       (4.7) 

 

Sufficiency. Let (4.5) hold. Denote by F(x) and f(x) the distribution function and 

probability density function of X, respectively. Then from (4.5) 
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Differentiating (4.8) with respect to y  after some calculation, the following equation 

is obtained 
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∀ aF < x < y < bF. 

 

Taking limit as Fax →  the following equality is obtained 

 

 ,
)(
)(

)(
)(

yG
yg

yF
yf

= ∀ aF < y < bF. 

 

Equality of hazard rate functions implies equality of F(x) and G(x). 

 

Theorem 4.1 states that the representation (4.5) characterizes the distribution function 

F(x) in the class F ; all absolutely continuous and strictly increasing distribution 
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functions with left and right extremities Fal =F  and Fbr =F , respectively. 

 

Remark 4.1 It is clear that, 
xy

xhyh
−
− )()(  is the slope of the straight line joining points        

(x, h(x)), (y, h(y)) and )(yh′  is the slope of the tangent line to the graph of h(.) at the 

point y. The condition (4.4) assumes these two slopes to be different. One can observe 

that for any convex or concave function h(.), the property (4.4) is satisfied. 

 

Let X1, X2,…, Xn be the independent copies of X, i.e. be i.i.d. random variables with 

distribution function F(x) and probability density function f(x). Denote by 

nnnn XXX ::2:1 ,...,,  the corresponding order statistics. The following fact shows that the 

conditional distribution of Xj:n given Xj-p:n = x and Xj+q:n = y does not depend on the 

sample size n. Note that it depends on x, y and F(x). 

 

From Theorem 2.1, if p + 1≤ j ≤ n – q, then 

 

  ,),|( 1:::: −++− === qpp

d

nqjnpjnj ZyXxXX        (4.9) 

 

where .)|( yXxXZ
d

<<=  

 

Theorems 2.1 and 4.1 are used to characterize several distributions by properties of 

conditional expectations of order statistic Xj:n given Xj-p:n = x and Xj+q:n = y. 

 

Remember, it is assumed that the distribution function F(x) of the random variable X 

is absolutely continuous and strictly increasing on (aF, bF), where aF = inf{x : F(x) > 0} 

and bF = sup{x : F(x) < 1}. 
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Theorem 4.2 Let G(x) be an absolutely continuous and strictly increasing distribution 

function and the left and right extremities of G(x) be aG = aF and bG = bF, respectively. 

Then, F(x) = G(x) if and only if the representation 
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holds for all aF < x < y < bF, where h(x) satisfies conditions of Theorem 4.1 and j, n, k 

are fixed integers such that 

 

 k + 1 ≤ j ≤ n – k.                                                                                              (4.11) 

 

Proof. If equation (4.9) is taken into account  
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. ]|))(([ yXxXGhE ≤≤′=  

 

then the proof is completed by using Theorem 4.1. 

 

Now consider special cases when k takes the values 2, 3 and when p and q take the 

values 1, 2, 3. For these cases, Theorem 4.2 can be rewritten as follows: 
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Corollary 4.1 i) Let k + 1 ≤ j ≤ n – k, for k = 2, 3 ≤ j ≤ n – 2 is obtained. A random 

variable X has absolutely continuous strictly increasing distribution function G(x) if and 

only if the representation 

 

 },|{
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holds for all Dyx ∈),( . 

 

ii) For k = 3, 4 ≤ j ≤ n – 3 is obtained. A random variable X has absolutely continuous 

strictly increasing distribution function G(x) if and only if the representation 
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holds for all Dyx ∈),( . 

 

4.1.1  Characterizations for Some Special Distributions  

 

The following characterizations for special distributions can be obtained from 

Theorem 4.2 by the appropriate choice of the function h(x). 
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4.1.1.1  Uniform Distribution 

 

The absolutely continuous random variable X with strictly increasing distribution 

function having support (0,1) has Uniform distribution  if and only if the representation 

 

 ,
))(1(

],|[1 11

:1::
1 xyc

xyyXxXXE
k

cc

npkjnpj
c

nj

k

p −+
−

===
++

−++−
=
∑                            (4.12) 

 

holds for all 0 < x < y < 1. In (4.12) j∈{k + 1, k + 2,…, n – k} is fixed and j satisfies 

(4.11). This result follows from Theorem 4.2 by using 
1

)(
1

+
=

+

c
xxh

c
, c ≥ 1. 

 

4.1.1.2  Weibull Distribution 

 

The absolutely continuous random variable X with strictly increasing distribution 

function having support [0,∞), has Weibull distribution )exp(1)( βαxxF −−= , 0x ≥ , 

0>α , 0>β  if and only if the representation 
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holds for all ∞<<≤ yx0 . Here j satisfies (4.11). The above characterization with β = 1 

turns into a characterization of Exponential distribution. 
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Special case. When 1=β , X  has Exponential distribution )exp(1)( xxF α−−= , 0≥x  

if and only if the representation 
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holds for all ∞<<≤ yx0 . Here )1)1)(ln(1()( −−−= xxxh . Then )1ln()( xxh −−=′ . 

 

4.1.1.3 Generalized Beta Distribution 

 

The absolutely continuous random variable X with strictly increasing distribution 

function having support [a,b] has Generalized Beta distribution θ

θ

)(
)(1)(

ab
xbxF

−
−

−= , 

bxa ≤≤ , θ > 0, –∞ < a < b < ∞ if and only if the representation 
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θ
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holds for all a < x < y < b where 
θθ
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⎠
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−
−
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⎞

⎜
⎝
⎛

−
−

=
ab
yb

ab
xbyxa );,( . Here j satisfies (4.11). 

The result is obtained by using target function ( ) θ

θ
θ /11)1(

1
)( +−

+
−

−= xbabxxh , 

θ/1)1)(()( xabbxh −−−=′ . 

 

The above characterization with 0=a , 1=b  and 1=θ  turns into a characterization 

of Uniform distribution. 
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4.1.1.4   Pareto Distribution 

 

The absolutely continuous random variable X with strictly increasing distribution 

function having support [γ, ∞) has Pareto distribution ( )
( )

,1)( θ

θ

δ
δγ

+
+

−=
x

xF  γ≥x , 

0>θ , 0>+δγ  if and only if the representation  
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holds for all γ ≤ x < y < ∞  where 
θθ

δδ
θ ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+

−⎟
⎠
⎞

⎜
⎝
⎛

+
=

yx
yxb 11);,( , θ ≠ 1 and j satisfies 

(4.11). The result is obtained by using target function xxxh δ
θ

θδγ θ −−
−
+

= − )/1(1)1(
1
)()(  

and δδγ θ −−+−=′ − /1)1)(()( xxh . 

 

4.2  Characterizations Through Conditional Expectations of Progressively Type II 

Censored Order Statistics 

 

Let X1, X2,…, Xn be continuous i.i.d. random variables with distribution function F(x) 

and probability density function f(x). Denote by RR
nmmnm XX ::::1 ,...,  the corresponding 

Progressively Type II censored order statistics with the censoring scheme 

),...,,( 21 mRRR=R . It is considered the case R1 = R2 =…= Rm = R and is given some 

characterizations for a general class of distribution through the conditional expectations 

of Progressively Type II censored order statistics in this case. First, it is represented that 

when ),...,,( RRR=R , the joint distribution of RR
nmmnm XX ::::1 ,...,  can be reduced to the 

joint distribution of usual order statistics of a sample size m from a continuous random 

variable. 
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Theorem 4.3 Let X1, X2,…, Xn be a sample of size n from a population with continuous 

distribution function F(x) and probability density function f(x) and let 
RRR

nmmnmnm XXX ::::2::1 ... ≤≤≤  be the Progressively Type II censored order statistics under 

the censoring scheme ),...,,( 21 mRRR=R . Then in the special case when 

RRRR m ==== ...21 , the following equality is given 

 

),,...,(),...,( ::1::::1 mmm

d

nmmnm YYXX =RR       (4.17) 

 

where Y1, Y2,…, Ym is the sample with distribution function Q(x) = 1 – (1 – F(x))n/m and 

R + 1 = n / m. 

Proof. The joint probability density function of ),...,,( ::::2::1
RRR

nmmnmnm XXX  with the 

censoring scheme ),...,,( 21 mRRR=R  is given in equation (2.19) (Balakrishnan et al, 

2000). 

 

In equation (2.19), if R1 = R2 =…= Rm = R, then R + 1 = n / m. Since 

 

 )))(())...(())((( 1R1mn1R2n1Rnn +−−+−+−  

 

  ,!)())()...()(( m1R
m
n1mn

m
n2n

m
nnn m+=−−−−=  

 

the joint probability density function of m order statistics is given by 

 

 )()...())(1...())(1()1(!),...,( 111,...,2,1 m
R

m
Rm

mm xfxfxFxFRmxxf −−+=R  

 

       ),()...(! 1 mxgxgm=                  (4.18) 
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where g(x) = (R + 1)f(x)(1 – F(x))R, G(x) = 1 – (1 – F(x))R+1. 

 

By using Theorem 4.2 and Theorem 4.3, characterizations for absolutely continuous 

distributions in terms of conditional expectations of Progressively Type II censored 

order statistics can be given. 

 

From Theorem 2.1 and Theorem 4.3, equation (4.19) can be written  

 

       1::::::: ),|( −++− ≡== qppnmqjnmpjnmj YyXxXX RRR     (4.19) 

 

and then the conditional probability density function of Progressively Type II censored 

order statistics R
nmjX ::  given xX nmpj =−

R
::  and yX nmqj =+

R
::  is given by 
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where 
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)()(

xGyG
tg

xGyG
xGtG

−
=

′

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−  and 1))(1(1)( +−−= RtFtG , 
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To prove this result Example (4.1) is represented. 
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Example 4.1 The conditional probability density function of R
nmjX ::  given R

nmpjX ::−  and 

R
nmqjX ::+  is 
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             (4.21) 
 

where qp > , cc ′′=′  and )( ′= ∗
+

∗
+ qjqj RR . Also the coefficient of )(, rri Rc  is given by the 

following formula 
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After simplifying equation (4.21), the probability density function is given 
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            (4.23) 

 

In the case 3=p , 5=j  and 2=q , the numerator of equation (4.23) is given by 
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Also the left member of the multiplication in (4.24) is introduced as 
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i) If 0=t  in (4.25),  
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ii) If 1=t  in (4.25), 
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iii) If 2=t  in (4.25), 
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then expressions in (4.26), (4.27) and (4.28) are obtained.  

 

And the right member of multiplication in (4.24) is given by 
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i) If 0=t  in (4.29), 
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ii) If 1=t  in (4.29), 
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then expressions in (4.30), (4.31) are obtained.  

 

Then the numerator of equation (4.23) is obtained by 
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The denominator of equation (4.23) is given by 
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i) If t = 0 in (4.33), 
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ii) If t = 1 in (4.33), 
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then expressions in (4.34), (4.35), (4.36), (4.37) and (4.38) are obtained. 
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By unifying these results, the denominator of equation (4.23) is obtained by 
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 In the case 3=p , 5=j  and 2=q  when the censoring scheme ),...,,( RRR=R , 

equation (4.23) becomes 
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Due to simplification, some expression in equation (4.41) can be coded. If 
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1
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 If 12(R+1) = k, then the conditional probability density function of R
nmjX ::  given 

R
nmpjX ::−  and R
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Since p = 3, j = 5 and q = 2,  
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where k = 12(R+1). 

 

 In order to obtain the general expression for j = u, j + q = y and j - p = x, and also p – 

1 = 2 and q – 1 = 1, equation (4.44) can be written like the expression in equation (4.20). 
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Due to Theorem 4.3, any property of order statistics can be easily transformed to the 

corresponding property of Progressively Type II censored order statistics with censoring 

scheme (R, R,…, R). In particular, any characterization of a probability distribution in 

terms of order statistics can be rewritten as a characterization in terms of Progressively 

Type II censored order statistics with censoring scheme (R, R,…, R). Theorem 4.4 can 

serve as an example. 

 

Theorem 4.4 Assume that the random variable X has absolutely continuous and strictly 

increasing distribution function F(x) with left and right extremities aF and bF, 

respectively. Let G(x) be also an absolutely continuous and strictly increasing 

distribution function with left and right extremities FG aa =  and FG bb = . Then 

mnxGxF /))(1(1)( −−=  if and only if the representation 
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            (4.46) 

 

holds for all aX < x < y < bX. ),...,,( RRR=R  and the number j, n, k are fixed and 

satisfies (4.11). Proof of Theorem 4.4 follows easily from Theorems 4.2 and 4.3. 

Consider some special cases. 

 

Corollary 4.2 i) Let j be a positive number satisfying 3 ≤ j ≤ n – 2. A random variable X 

has absolutely continuous strictly increasing distribution function G(x) if and only if the 

representation 
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holds for all Dyx ∈),( . 

 

ii) Let 4 ≤ j ≤ n – 3. A random variable X has absolutely continuous and strictly 

increasing distribution function G(x) if and only if the representation 
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The characterization of Generalized Beta distribution for order statistics and Theorem 

4.4 immediately implies the characterization of this distribution in terms of 

Progressively Type II censored order statistics. Similarly, one can transform 

characterizations of Uniform, Weibull (Exponential) and Pareto distributions given in 

terms of order statistics into characterizations in terms of Progressively Type II censored 

order statistics.  

 

4.2.1 Characterizations for Some Special Distributions 

 

4.2.1.1  Uniform Distribution  

 

The absolutely continuous random variable X with strictly increasing distribution 

function having support (0,1) has Uniform distribution over this interval if and only if 

the representation 
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holds for all 0 < x < y < 1, where .)1()1()1;,( 11 ++ −−−=+ RR yxRyxc  The result follows 

from the Theorem 4.4 by a choice of 
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R
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Rxxh RR , 

,)1(1)( )1/(1 +−−=′ Rxxh  G(x) = 1– (1 – x)R+1. 
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4.2.1.2  Weibull Distribution 

 

The absolutely continuous random variable X with strictly increasing distribution 

function having support [0,∞ ) has Weibull distribution )exp(1)( βαxxF −−= , 0≥x , 

0>α , 0>β  if and only if the representation 
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holds for all ∞<<≤ yx0  and knjk −≤≤+1 , here 
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Special case. When 1=β , X  has Exponential distribution, then the following 

characterization for the Exponential distribution can be given. X  has Exponential 

distribution )exp(1)( xxF α−−= , 0≥x  if and only if the representation 
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holds for all ∞<<≤ yx0 .  
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4.2.1.3  Generalized Beta Distribution 

 

The absolutely continuous random variable X with strictly increasing distribution 

function having support [a,b] has Generalized Beta distribution ,
)(
)(1)( θ

θ

ab
xbxF

−
−

−=  

bxa ≤≤ , θ > 0, – ∞ < a < b < ∞, if and only if the representation 
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holds for all byxa <<≤  and knjk −≤≤+1 , where 
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 The above characterization with a = 0, b = 1, θ = 1 turns into a characterization of 

Uniform distribution.  
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4.2.1.4 Pareto Distribution  

 

The absolutely continuous random variable X has strictly increasing distribution 

function having support [γ, ∞) has Pareto distribution ,
)(
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θ

δ
δγ
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xF  γ≥x , 

0>θ , 0>+δγ  if and only if the representation  
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holds  for  all  ∞<<≤ yxγ  and knjk −≤≤+1 , where 
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CHAPTER FIVE 
 

APPLICATIONS TO GOODNESS-OF-FIT TESTS 

 

In this chapter, the applications of characterization theorems involving order statistics 

and Progressively Type II censored order statistics to goodness-of-fit tests are discussed.  

The idea on how to use characterization theorems in goodness-of-fit tests is described in 

Balasubramanian & Dey (1997). 

 

“The history of goodness-of-fit tests started with the seminal paper of Karl Pearson in 

1900 on chi-squared tests” Balakrishnan & Lin (2003). 

 

  Balakrishnan, Ng, & Kannan (2004) describe the goodness-of-fit test as “In statistics, 

the problem of testing for the adequacy of model specifications is extremely 

important. The validity of inferential procedures depends in great part on the 

assumption of a particular underlying distribution for the data. There have been 

numerous procedures developed in the literature for determining whether a random 

sample comes from some specific distribution. All these procedures have been 

classified as ‘goodness-of-fit’ tests.” 

 

The general procedure consists of defining a test statistic, which is some function of 

the data measuring the distance between the hypothesis and the data, and then 

calculating the probability of obtaining data which have a still larger value of this test 

statistic than the value observed, assuming the hypothesis is true. This probability is 

called the size of the test or confidence level. Small probabilities indicate a poor fit. 

Especially high probabilities correspond to a fit which is too good to happen very often 

and may indicate a mistake in the way the test was applied, such as treating data as 

independent when they are correlated. The most common tests for goodness-of-fit are 

the chi-square test, Kolmogorov test, Smirnov test and Cramer – von Mises test.  

 

http://rkb.home.cern.ch/rkb/AN16pp/node32.html#31
http://rkb.home.cern.ch/rkb/AN16pp/node143.html#142
http://rkb.home.cern.ch/rkb/AN16pp/node45.html#44
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Suppose a random experiment with a random variable X of interest. Assume 

additionally that X is absolutely continuous with probability density function f(x) on a 

finite set S. The experiment is repeated n times to generate a random sample of size n 

from the distribution of X : X1, X2, ..., Xn. These are independent random variables, each 

with the distribution of X. 

 

In this chapter, it is assumed that the distribution of X is unknown. For a given 

distribution function F0(x), the hypotheses will be tested  

 

H0: F(x) = F0(x) versus H1: F(x) ≠ F0(x). 

 

The test that will be constructed is known as the goodness-of-fit test for the 

conjectured density F0(x). As usual, the challenge in developing the test is to find a good 

test statistic that gives information about the hypotheses and whose distribution, under 

the null hypothesis, is known, at least approximately. 

 

Balakrishnan et al. (2002) proposed a goodness-of-fit test for the exponential 

distribution when the available sample is Progressively Type II censored. Balakrishnan 

et al. (2002, 2004) proposed goodness-of-fit tests for testing exponentiality and a general 

location scale distribution, based on Progressively Type II censored samples. 

Balasubramanian et al. (1997) presented results that lead to the characterization of 

several distributions using conditional expectations. They considered both absolutely 

continuous random variables and discrete random variables. In the case of discrete 

random variables, the distribution is almost uniquely determined under the stated 

conditions while in the case of absolutely continuous random variables, the results lead 

to the characterization of a family of distributions.  

 

 

 

 

http://www.ds.unifi.it/VL/VL_EN/prob/prob1.html
http://www.ds.unifi.it/VL/VL_EN/prob/prob3.html
http://www.ds.unifi.it/VL/VL_EN/dist/dist1.html
http://www.ds.unifi.it/VL/VL_EN/sample/sample1.html
http://www.ds.unifi.it/VL/VL_EN/prob/prob6.html
http://www.ds.unifi.it/VL/VL_EN/hypothesis/hypothesis1.html
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5.1 Applications to Goodness-of-fit Tests for Order Statistics 

 

Assume that nXX ,...,1  is a random sample of n i.i.d. observations with an unknown 

distribution F(x). By using Theorem 4.2, several distributions are characterized through 

order statistics. It is introduced that the characterizations for Uniform, Weibull, 

Generalized Beta and Pareto distribution can be used to test whether or not F(x) belongs 

to the these distributions.  

 

Under hypothesis 0H , it is expected that 0)( =SE . Hence large values of S  lead to 

the rejection of the hypothesis 0H . As this test is based on a characterization property, it 

is likely to have large power. Characterizations are made very useful by these inferential 

aspects. 

 

5.1.1  Goodness-of-fit test for Uniform Distribution 

 

Consider the problem of testing :0H  F(x) is Uniform. 

 

Under :0H  F(x) is Uniform 
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holds for all 10 <<< yx . In (5.1) { }knkkj −++∈ ,...,2,1  is fixed and 1≥c . 

 

The test : 0H  would be rejected  

 

     0>S . 
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5.1.2 Goodness-of-fit Test for Weibull Distribution 

 

Consider the problem of testing :0H  F(x) is Weibull. 

 

Under :0H  F(x) is Weibull 
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holds for all ∞<<≤ yx0 . Here j  satisfies (4.11). 

 

The test : 0H  would be rejected  

 

      0>S . 

 

5.1.3  Goodness-of-fit Test for Generalized Beta Distribution 

 

Consider the problem of testing :0H  F(x) is Generalized Beta. 

 

Under :0H  F(x) is Generalized Beta 
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holds for all byxa <<<  where 
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(4.11). 

 

The test : 0H  would be rejected  

 

       0>S . 

 

5.1.4  Goodness-of-fit Test for Pareto Distribution 

 

Consider the problem of testing :0H  F(x) is Pareto. 

 

Under :0H  F(x) is Pareto 
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holds for all ∞<<≤ yxγ  where 
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The test : 0H  would be rejected  

 

      0>S . 

 

Theorem 4.4 can also be used similarly. 
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5.2 Applications to Goodness-of-fit Tests for Progressively Type II Censored 

Order Statistics 

 

Assume that nXXX ...,, 21  is a random sample of n i.i.d. observations with an 

unknown distribution F(x). By using Theorem 4.4, several distributions are characterized 

through Progressively Type II censored order statistics. It is introduced that the 

characterizations for Uniform, Weibull, Generalized Beta and Pareto distribution can be 

used to test whether or not F(x) belongs to the these distributions.  

 

5.2.1  Goodness-of-fit Test for Uniform Distribution 

 

Consider the problem of testing :0H  F(x) is Uniform. 

 

 Under :0H  F(x) is Uniform 
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holds for all knjk −≤≤+1 , 10 <<< yx  where .)1()1()1;,( 11 ++ −−−=+ RR yxRyxc  

 

The test : 0H  would be rejected  

 

      0>S . 
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5.2.2  Goodness-of-fit Test for Weibull Distribution 

 

Consider the problem of testing :0H  F(x) is Weibull. 

 

Under :0H  F(x) is Weibull 
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holds for all ∞<<< yx0  and knjk −≤≤+1 . 

 

The test : 0H  would be rejected  

 

      0>S . 

 

5.2.3  Goodness-of-fit Test for Generalized Beta Distribution 

 

Consider the problem of testing :0H  F(x) is Generalized Beta. 

 

Under :0H  F(x) is Generalized Beta 
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holds for all byxa <<≤  and knjk −≤≤+1  where 
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The test : 0H  would be rejected  

 

      0>S . 

 

5.2.4  Goodness-of-fit Test for Pareto Distribution 

 

Consider the problem of testing :0H  F(x) is Pareto. 

 

Under :0H  F(x) is Pareto 
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holds for all ∞<<< yxγ  and knjk −≤≤+1  where 
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The test : 0H  would be rejected  

 

      0>S . 
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CHAPTER SIX 

CONCLUSIONS 
 

In this thesis, some general models of ordered random variables which are order 

statistics, Progressively Type II censored order statistics and generalized order statistics 

are investigated. Balakrishnan, Childs et al. (2002) have introduced the probability 

density function of two nonadjacent Progressively Type II censored order statistics in 

explicit form. As an extension of this result, the probability density function of k 

nonadjacent Progressively Type II censored order statistics is obtained by using explicit 

form.  
 

It is shown that for a particular censoring scheme ),...,,( RRR=R , the joint 

distribution of Progressively Type II censored order statistics can be reduced to the joint 

distribution of ordinary order statistics with the sample size m. Using this result, some 

characterization theorems for important classes of distributions are given. These 

theorems involve the conditional expected values of ordinary order statistics and 

Progressively Type II censored order statistics.  
 

Also, applications in goodness-of-fit tests are discussed. Balasubramanian & Dey 

(1997) introduced the goodness-of-fit tests for order statistics by using characterization 

theorems. In the same way, the goodness-of-fit test statistics are described for some 

general classes of distributions.  
 

Throughout the thesis the distribution functions are assumed to be absolutely 

continuous and strictly increasing. The relation that gives the reduction of Progressively 

Type II censored order statistics to order statistics when the censoring scheme 

),...,,( RRR=R  is also valid for discrete distributions. Balakrishnan & Dembinska 

(2007) investigated whether this relation holds true for discontinuous F(x) and they have 

proposed the theorem giving an affirmative answer to this question. This reduction 

theorem enables to extend distributional properties of order statistics into properties of 

Progressively Type II censored order statistics with censoring scheme ),...,,( RRR=R .
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