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PROGRESSIVELY TYPE II CENSORED ORDER STATISTICS,
DISTRIBUTIONS, CHARACTERIZATIONS AND CONCOMITANTS

ABSTRACT

In this thesis, distributions, characterizations and concomitants of general models of
the ordered random variables such as Progressively Type II censored order statistics are

studied.

The joint distributions of the nonadjacent Progressively Type II censored order
statistics are obtained. A useful identity describing the probability density functions of &
nonadjacent Progressively Type II censored order statistics is given. This result is an

extension of known results proposed by Balakrishnan, Childs, & Chandrasekar (2002).

It is shown that for a particular Progressive Type II censoring scheme with equal
withdrawals the joint distributions can be reduced to the distributions of ordinary order
statistics. This result allows obtaining characterization theorems for special families of
distributions in terms of conditional expected values of Progressively Type II censored
order statistics. Characterization theorems for several important classes of distributions
are provided in Chapter 4 of this thesis. Also, some goodness-of-fit test procedures

based on characterization theorem are described.

Keywords: Censoring scheme, Order statistics, Progressively Type II censored order

statistics, Goodness-of-fit test, Distribution, Characterization, Concomitant.
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ILERLEYEN II. TUR SANSURLENMIS SIRA ISTATISTIiKLERI,
DAGILIMLARI, KARAKTERIZASYONLARI VE ESLENIKLERIi

0z

Bu tezde, ilerleyen II. Tiir sansiirlenmis sira istatistikleri gibi sirali rassal

degiskenlerin genel modellerinin dagilimlari, karakterizasyonlar1 ve eslenikleri ¢alisildi.

Ardisik olmayan ilerleyen II. Tiir sansiirlenmis sira istatistiklerinin birlesik dagilimi
elde edildi. £ ardisik olmayan ilerleyen sansiirlenmis sira istatistiginin olasilik yogunluk
fonksiyonunu tanimlayan 6nemli bir esitlik verildi. Bu sonug, Balakrishnan, Childs, ve

Chandrasekar (2002) tarafindan elde edilen sonuglarin bir uzantisidir.

Testten ¢ikislarin esit oldugu, 6zel bir ilerleyen II. Tir sansiirleme sekli i¢in birlesik
dagilim fonksiyonunun siral istatistiklerin dagilimima indirgenebildigi gosterildi. Bu
sonug, ilerleyen II. Tiir sansiirlenmis sira istatistiklerinin kosullu beklenen degerleri
anlaminda 06zel dagilim ailelerinin karakterizasyon teoremlerinin elde edilmesini
saglamistir. Bu tezin 4. Boliimiinde, bircok 6nemli dagilim sinifi i¢in karakterizasyon
teoremleri verildi. Ayrica, karakterizasyon teoremlerine dayali bazi uyum iyiligi testleri

tanimlanda.

Keywords: Sansiirleme sekli, Sira istatistikleri, Ilerleyen II. Tiir sansiirlenmis sira

istatistikleri, Uyum iyiligi testi, Dagilim, Karakterizasyon, Eslenik.
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CHAPTER ONE
INTRODUCTION

One of the important topics of mathematical statistics is the theory of ordered random
variables which finds wide applications in many fields of statistical science and
inference. The theory of ordered random variables starting with order statistics and
developing to the record values, progressively censored order statistics and generalized
order statistics are described in several monographs including David (1981) and Arnold,

Balakrishnan, & Nagaraja (1992).

There are several models of ordered random variables with different interpretations
and interesting applications in many fields, for example, in survival analysis, reliability

theory, financial economics, etc.

In this thesis, properties of ordered random variables in a model of Progressively
Type II censored order statistics are considered. One of the interesting modifications of
order statistics is the concept of Progressively Type II censored order statistics which is

very useful in reliability and lifetime studies.

“Progressive Type II censoring is a useful and more general scheme in which a
specific fraction of individuals at risk may be removed from the study (i.e., censored) at

each of several ordered failure times” (Fernandez, 2004).

This scheme of censoring appears to be of great importance in planning duration
experiments in reliability studies. In many industrial experiments involving lifetimes of
machines or units, experiments have to be terminated early or the number of
experiments must be limited due to a variety of circumstances (e.g. when expensive
items must be destroyed, when experiments are time-consuming and expensive, etc.). In
addition, some life tests require removals of functioning test specimens to collect

degradation-related information to failure time data. The samples that arise from such



experiments are called censored. The planning of experiments with the aim of reducing
both the number of failures and the total duration of the experiment leads naturally to the
well known Type I and Type II right censoring schemes. “Type-I and Type-II censoring
schemes do not allow removal of units at points other than the terminal point of
experiment” (Balakrishnan, Kannan, Lin, & Ng, 2003). Many references and historical
notes on this subject are presented by Balakrishnan & Aggarwala (2000). They

developed parametric methods to analyze Progressively Type II right censored data.

Considerable amount of research has been carried out on progressive censoring
methodology. The progressive censoring scheme, as will be introduced in Chapter 2, is
constructed with the aim of moderating the loss of information by reducing the number
of failures with respect to the full sample approach. Point estimation for the scale and
location parameters of the Extreme value distribution by linear functions of order
statistics from Progressively Type II censored samples is investigated by Thomas &
Wilson (1972). Montanari & Cacciari (1988) reported results of progressively censored
data aging tests on XLPE-insulated cable models under combined thermal-electrical
stresses. By using progressively censored data, Viveros & Balakrishnan (1994) proposed
interval estimation of parameters of life. Balasooriya, Saw & Gadag (2000) and
Balasooriya & Balakrishnan (2000) studied progressively censored reliability sampling
plans for Weibull and Lognormal distributions. Ng, Chan, & Balakrishnan (2002)
discussed the estimation of parameters from progressively censored data using the EM
algorithm, while Ng et al. (2004) used this approach to determine optimal progressive
censoring schemes and reliability sampling plans for the Weibull distribution.
Balakrishnan, Cramer, Kamps & Schenk (2001) and Balakrishnan & Lin (2002)
discussed inferential procedures for exponential distribution, while Balakrishnan,
Kannan et al. (2003) discussed for Normal distribution based on Progressively Type II

censored samples.

The first description of the theory of Progressively Type II right censored order

statistics can be found in Balakrishnan & Sandhu (1995, 1996). There are also numerous



works published in statistical literature discussing inference problems for a wide range
of distributions under this sampling scheme. For instance, see Cohen (1963, 1991).
Details of theory, methods and applications of progressive censoring can be found in

Balakrishnan et al. (2000).

“In recent years characterization problems have become of increasing interest”
(Navarro, Ruiz, & Zoroa, 1998), and considerable attention has been paid to problem of
characterizing the distribution function of a random variable based on conditional
expectations. Also, characterizations based on different class of distributions have been
introduced in several studies. In Chapter 4, some of these studies are given and by using
the conditional expectations of order statistics and Progressively Type II censored order

statistics, some general class of distributions are characterized.

This thesis is organized as follows. The definition and the distribution properties of
some ordered random variables such as order statistics, Progressively Type II censored
order statistics and generalized order statistics are given in Chapter 2. New results on the
joint probability density function of nonadjacent Progressively Type II right censored
order statistics are introduced in Chapter 3. In Chapter 4, some important results for

Progressively Type II censored order statistics for the case R = (R, R,...,R) where R is

the censoring scheme are discussed. New contributions to the characterizations of the
general class of distributions through the conditional expectations of order statistics and
Progressively Type II censored order statistics are obtained in Chapter 4 as well.
Goodness-of-fit tests are described for order statistics and Progressively Type 11
censored order statistics through the conditional expectations of these ordered random

variables in Chapter 5. Concluding remarks are given in the final chapter, 6.



CHAPTER TWO

MODELS OF ORDERED RANDOM VARIABLES

One of the models of ordered random variables is order statistics and its distribution
functions are given in Section 2.1. In Section 2.2, some descriptions and distribution
functions of Progressively Type II censored order statistics are represented. Distribution
functions and some special cases of generalized order statistics are introduced in Section
2.3. Finally, in Section 2.4, concomitants of order statistics and Progressively Type 11

censored order statistics are given.
2.1 Order Statistics

If the random variables X, X,,..., X, are arranged in ascending order of magnitude
and then X,, <X, <-.-<X  will denote ordered random variables where X,
corresponds to the ith order statistic i=1,2,...,n. While the random variable X, is
assumed to be independent and identically distributed (i.i.d.), the X, 6 are dependent

1

because of the inequality relations among them.

Suppose that X, X,,..., X, are random variables each with distribution function

F(x). Let F,(x), r=1,...,n denote the distribution function of the rth order statistic

X,.,- Then the distribution function of the largest order statistics X, = max{X,,..., X, }
is given by
F,(x)=P{X,,<x}=Plall X, <x}=F"(x). (2.1)
Likewise, the distribution function of the X,,, = min{X,,..., X, } is
F(x)=P{X,,<x}=1-Plall X, >x}=1-[1-F(x)]". (2.2)



The marginal distribution function F,(x) of rth order statistic X,.,, | <r <n is given

by
F(x)=>) [jJ(F (X))’ (1= F(x))"™. (2.3)
j=r

From the relation between binomial series and incomplete beta function, F,.,(x) can

be written as

F.(x)=1p(r,n—r+1) 2.4)

where 1.(a,b)=(B(a,b))" [;t* ' (1-0)""at and  B(a,b)= [t '(1-0)"dt
=T (a)['(b)/T(a+b) (David, 1981).

The joint probability density function of X;., and X, (1< 7 <s < n, x <y) is denoted
by f,s(x, ) and can be expressed as

- n! r=1 x _ s=r-1
Frao) = e s W )< (F () = F0)
xfA-F)". (2.5)

From (2.5), the joint probability density function of X ..., X, (1 <r; <...<r=<n)
and k < n can be written easily. Then the probability density function is given by
n!

_ . rn-1 _ r,—n—1
o G t) = (e P S (F @) () = Fx)

X (F(x3) = F(x))* (U= F ()" ™ f(0) f(%)f (). (2.6)



As it is said before, each variable in the vector of X

lin>

Xy X

nn

are independent

although X, X,...., X, are i.1.d. random variables.

In discrete case, the joint distribution function of X, and X (1 <r<s<mn)is

given by

n n—i |
F (=Y Y =

i=r j=max(0,s—i) l'j'(l’l —i- ])'
< (F(x)) (F(y)-F(x))1-F()"", x<y. 2.7)

Ifx>ythen F, (x,y)=F,(y)= znlc,’; (F(x))'(1-F(x))"" (David, 1981).

In continuous case, the joint distribution function of X,., and X, (1 <r<s<n)can

be obtained by integration of (2.5) as well as by a direct argument valid also in the

discrete case. For x <y

n J . . .
Fro(0) = 33 e (PO (F ()~ F)Y ™ (1= F(n))'™ @.8)

j=si=r

Also for x > y, the inequality X <y implies X, <x, so that

F, (x.y)=F,(»). (2.9)



The joint probability density function of all » order statistics is

Sia n(xl,...,xn)zn!Hf(xj) (2.10)

j=1

where x; <x, <...<x, (David, 1981).

The following theorem shows the equality of probability density function of order

statistics X, given X, , =x and X,  , =y and the probability density function of

Y

p:p+q-1°

Theorem 2.1 Let X,,X,,..,X, be a sample with distribution function F(x) and

probability density function f(x). Let X,,, X,.,,.... X, be the order statistics from

ln>

this sample with continuous distribution. From

(Xj:n|Xj—p:n=x’Xj+q:n:y)EYp (211)

p+q-1

the conditional probability density function of order statistics X ;,, given X;_, =x and

X

j+q:n =Y can be represented as

(p+gq-D! S(@)
(p—DNg-D!F(y)-F(x)

f(xj:n |xj—p:n :xﬂxj+q:n :y) =

p-1 q-1
X[ F(t)— F(x) ] [1 _ F()—F(x) J 2.12)
F(y)—F(x) F(y)—F(x)

Q)

f(y)=—F(y)_F(x),



Proof. Let 7, k and s be real numbers such that » <k <s. The conditional probability

density function of order statistics X ., given X, ,, =xand X, ., =y is

(s=—r-1)!

fr,k,s:n(xk |xr =X, X :y): (k—V—l)!(S—k—l)!f(Xk)

NEC)ZFENTFG) - FOOV™ ) )
[F(x,) = F(x)]

Then, if x, =¢,x, = x and x, = y in equation (2.13), the following equation is obtained

_ B N (s—r—=1!
fr,k,s:n(xk _t|xr =X, X _y)_ (S—k—l)!(k—l"—l)!f(t)
JFO-F@I T F@ - For

[F(y) - F(x)}

!

From ( ; ((;))__’; ((’;))] - F(y{ ft;(x) and f(t) = F'(f), the equation (2.14) can be

written as

T Y £
S S =X =) = G T k) F () - Fo)

) { F(t)- F(x) T"‘l {1 _F)-F(x) T"“l )
F(y) - F(x) F(y) - F(x)

If j=k, j—p=r and j+qg=s, then from the equivalence of equation (2.12) and

(2.15), the theorem is proved.



2.1.1 Order Statistics for Multivariate Observations

“In applications there are situations when we need to order multivariate random
variables (or random vectors). For example, consider a model in reliability analysis
when the system has » independent components each consisting of p arbitrarily

dependent elements connected by using a parallel structure” (Bairamov, 2006). The life

length of the ith component of the system is denoted by X, =(X],X7,..,X/),

i=1,2,...,n, where X ,-j denotes the life length of the jth element of the ith component.

Then the first failure in the system occurs at time
min{max (X|, X,..,X?),max (X, X3,..,X?),...max (X}, X2, .. XF)

and the corresponding vector of the length is denoted by X'". To know the time of the

first failure in such a system, it is needed to arrange random vectors X,,X,,...,X, by the
magnitude of function N(X;) = max(X,-l,Xl.z,...,Xf) , i=1,2,..n
(or N(X,) = min(X ,.l,X ,.2 ,.» X!, etc.). The distributions of the norm-ordered statistics,
i.e. the random vectors ordered with respect to the norm function N(x)= ||x|| and

statistics X = (x;,X,,...,X,) In a linear normed space, are introduced in Bairamov &

Gebizlioglu (1997).

The conditionally ordered and Progressive Type II right censored conditionally
ordered statistics for multivariate observations and their distributional properties are
introduced by Bairamov (2006). Next the concept of conditionally ordered random

vectors will be investigated in view of conditionally N-ordered statistics.

Let (Q, 3, P)be a probability space, where Q is a non-empty set of points, ®,3J is a

o -field of subsets of 2 and P is a probability measure defined on {€2,3}. The real
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Euclidean space IR” is considered. Let R”, p>1 be the Borel o -algebra of subsets of
IR? . Let X(w), weQ be the random variable mapping Q into IR”, so X'(B)e 3
for any BeR?. If w is fixed, then X=X(w) is a point of IR”. If N(x) is a
measurable function with respect to the Borel o -algebra R” , then N(x)(®) is a random
variable. It is assumed that N(x), x=(x},x,,..,x,) is a continuous function of its

arguments satisfying N(x) >0, for all x € /R” and N(x) =0 if and only if x=0, where
0=(0,0,...,0).

Suppose that X, X,,..., X, € Sc IR” are i.i.d. random variables (p>1 random
vectors) with p-variate distribution function F(x) and probability density function
f(x), where x=(x,x,,.,x,) and S 1is the support of X. It is clear that
N(X,),N(X,),...,N(X,) are iid. random variables with probability distribution
P{N(X,)<x}, xeIR.If F is assumed to be continuous, the probability of any two or
more of these random vectors assuming equal magnitudes is zero. Therefore, there exists
a unique ordered arrangement within the random vectors N(X;), i=1,2,...,n. It is said
that X, is conditionally less than X, if N(X,)<N(X,) and written X, <X,. X%
denotes the smallest of the set X,,X,,...,X,; X®@ denotes the second smallest, etc.; and
X denotes the largest in the sense of conditional ordering with respect to a function
N(). XV, X? ., X" is called the conditionally N-ordered statistics. /4(x) is called the
structural function and plays an important role in the probability density function of

random vectors and is denoted by A(x) = P{N(X) < N(X)}, x=(x;,X,,...,x,) €S c IR”.

The probability density function of X", 1< r <n is given by Bairamov (2006)

_ n! r=lr1 _ n—r
fr(X)——(r_l)! (n_r)![h(X)] [1=A()1" f(X). (2.16)
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Let I<r<s<n and X" <X®. Consider B,,B, € R”, such that N(X,) < N(X,)

for any X, € B, X, € By, X; = (x;,X;,...x}), k=1,2. Then, the joint probability density

function of X and X" is given in Bairamov (2006)

fr,s(xl’XZ) =

The joint probability density function of random vectors X'V, X . X

n!
(r=Dl(s—r—-Dl(n—--s)!

[A(x)]" ™ [h(xy) = h(x;)]™"

x[A=h(x )" f(x)f(xy) if N(x;) <N(x;)

0 otherwise.

I<hn<n<--<np<nis

Sriryn X Xg5, Xy ) =

n!
(n=DWr, =, =Dl (n—r)!

[h(x)]™

x[(h(x,y) = h(x,)]> """ T(h(x,) = h(x, )] -1

(2.17)

(re)

X[= A" f(x) f (%) f(x), if N(x;) <N(x;) (2.18)

| p
1

and frlr2 ,k(xl,xz,...,xk):o; otherwise where x; =(x;,x/,....x"), i=12,.,n

.....

(Bairamov, 20006).
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2.2 Progressively Type II Censored Order Statistics

In many life testing, reliability studies and industrial experiments, experiments have
to be terminated early or the experimenter might not always obtain complete information
on failure times for all experimental units. For example, individuals in a clinical trial
may drop out of the study or number of experiments must be limited. There are,
however, many situations in which the removal of units prior to failure is pre-planned.
One of the main reasons for this is to save time and cost associated with testing. Data

obtained from such experiments are called censored data.

2.2.1  Censoring

It is considered a life testing experiment where n items are kept under observation
until failure. These items could be some systems, components in reliability study
experiments or they could be patients put under certain drug or clinical conditions. Often
the event of interest; death of patient, failure of component, recovery of patient has not
occurred by the time of recording so that all that is known is that the lifetime for that
subject is at least some value and may well be greater than this value. Such censoring
cannot be ignored since they carry important information about the effectiveness of the
treatment. This introduces a complication in the statistical description and analysis of the
data. The most common censoring schemes are Type I and Type II censoring. Other

types of censoring are as the following:

e Type I (Time) censoring

e Type II (Failure) censoring
e Random censoring

e Right censoring

e Left censoring

e Simple censoring

e Progressive censoring
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2.2.1.1 Typel (Time) Censoring

Suppose the experiment is terminated at a predetermined time ¢, then only the failure
times of the items that failed prior to this time are recorded. Any failures that occur after
t are not observed. The data obtained this way denotes a Type-I censored sample.
Termination point ¢ of the experiment is fixed and known at the start of the study and the

number of failures observed is then random.

2.2.1.2 Type Il (Failure) Censoring

If the experimenter decides to terminate the experiment at the rth failure, then a
Type Il censored sample would be obtained. For example, experimenter assumes 7
patients in study at the start and experiment terminates after » deaths (do not specify the
end of the experiment initially, carry on until » out of n patients are dead, i.e. record £,
t2)---1» Up to a time ¢,y when r have died). In this scenario, only the smallest lifetimes
are observed. This type of censoring is less common in medical studies but is widely
used in electronic component testing and reliability studies. The number of failures is
not random in Type II censoring but is fixed in advance and the endpoint is random.

Type II censoring is one part of the censoring schemes which is subject to this thesis.

2.2.1.3 Random Censoring

Suppose each lifetime is censored by an independent time and whether the
observation is the life length or the corresponding censoring time is known. Then,
random censoring sample is obtained, which is very common in clinical trials. In such
experiments, patients enter into the study at random time points, when the experiment

itself is terminated at a prespecified time.
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2.2.1.4 Right Censoring

In survival analysis, most common type of censoring is right censoring, and occurs
when we only know that the survival time exceeds a certain value. Consider a five year
study of mortality from cancer. Survival times will be right censored for patients: who
are alive at the end of the five year period, drop out or become lost to follow up during
the study or die from some other cause during the study. Right censoring is the other part

of the censoring schemes which is subject to this thesis.

2.2.1.5 Left Censoring

When the event of interest has already occurred by the time the individual enters the
study, left censoring is present. Hence only the time to event that is less than a certain
value is known. For example, in a study of times of occurrence of developmental
milestones in children, some of the children will already have achieved the milestone
prior to entry to the study. In other words, left censoring might occur if subjects are only
observed at fixed appointments, and only then it is discovered that death occurred
sometime before then, so survival time is less than the period of observation. For
example, when the lifetime observed is the time to recurrence of a tumor observable

only during surgery.

Censoring times can also be categorized as “simple” or “progressive”.

2.2.1.6 Simple Censoring

When observation of each individual cases at a common, predetermined time, simple
Type-I censoring occurs. This situation occurs, for example, in industrial life testing

where a batch of identical items are put on test simultaneously and observed for a fixed

time interval.
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2.2.1.7 Progressive Censoring

When there are potentially different fixed censoring times for each individual,
Progressive Type-I censoring occurs. Of the n items put on test, suppose n; surviving
items at time ¢, n, surviving items at time #, and #; surviving items at time ¢; are removed
where #; < 1, <...<t; are pre-specified times. The experiment will be terminated at time

if n; exceeds the number of surviving items remaining at that time.

“In the classical type-1I right censoring scheme only the first m failures are observed
for a sample of size n whereas for a progressively censored sample, the loss of
information of n — m durations (as for the type-II plan) is organized sequentially as it

is described subsequently” (Bordes, 2004).

The scheme of Progressive Type Il censoring is important in life-testing experiments.
It allows the experimenter to remove units from a life test at various stages during the
experiment. The withdrawal of units may be seen as a model describing drop outs of
units due to failures, which have causes other than the specific one under study.
Progressive censoring schemes are also considered in clinical trials. Here, the drop out
of patients may be caused by migration, lack of interest or by ethical decisions. These
reasons may be regarded as random withdrawals during the carrying out of the study.
For a detailed discussion of progressive censoring can be found in Sen (1986). A saving

of costs and of time may be the consequence of such a sampling scheme (Cohen, 1963).

Consider the following Progressive Type II censoring scheme. Assume that the
experiment consists of life testing of » units. The first failure is observed. Immediately
following the first observed failure, R; surviving items are removed from the test at
random. Similarly, following the second observed failure, R, surviving items are
randomly removed (censored) from the test. This process continues until, immediately

following the mth observed failure, all the remaining R,,=n—R;— ... — R,,— 1 — m items
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are removed from the experiment. In here, ZLRI. +m=n and R = (R}, R,..., R,) are

called censoring scheme (Balakrishnan et al., 2000). The resulting m ordered failure

times, XN X ;m:n,..., XR  are called a Progressively Type II right censored order

Lm:n > m.m:n
statistics.
Since XN, Xaoss XN are the lifetimes of the completely observed items to

fail, and that R = (R}, Ry,..., R,) represents the numbers of items withdrawn at these
failure times, a Progressive Type II right censoring scheme is specified by integer
numbers n, m and Ri, Ry,..., R,.1 with the constraints # —m — Ry —...— R,,— 1 >0 and

n>m > 1. A schematic illustration is depicted in Figure 2.1.

withdrawn withdrawn withdrawn withdrawn
Rl R 2 R 3 Rm
R R R
Xl:m:n X2:m:n X3:m:n X,l;:m:n
. Experiment
Experiment Ends

Begins

Figure 2.1 Schematic representation of a Progressively Type II right censored life test.

If Ry =R, =... =R, = 0, then the usual Type II right censored sample is obtained.
Thus the first m order statistics X.,,,..., X

»n are observed and the n — m remaining times

are right censored by X ., . Moreover if m = n, the usual order statistics is obtained.



17

2.2.2  Distribution Functions of Progressively Type Il Right Censored Order
Statistics

Let f{x) and F(x) denote the probability density function and the distribution function

of an absolutely continuous random variable X, and let R = (R, R,,...,R,,) be censoring

scheme. The probability density function of (X~ . XX XR ) is given in

Lmin > <> 2min o*** mm:n

Balakrishnan et al. (2000)

AR i (Xseees X,) = cﬁf(xj)(l - F(xj))Rf, —0 <X <...<X,, <O (2.19)

J=1

wherec=n(n—R,—1)...(n—R; —...— Ry.1 —m +1). Using the joint probability density
function of (X} L XR XR

Lmin > <> 2min 2***2 “* mmin )

the probability density function of

(X2 XX ...XR ) isobtained as (Balakrishnan et al., 2000)

lmin >

s—1
SR somin e x) = T G0 = F(x, )

j=1
x f(x)(1 = F(x,)® 0 < x, <...<x, <o, (2.20)
where ¢’=n(n-Ry—1)...n—Ry—...—Ryy —s+1)and R =n—s—R,—...— Ry,.

The marginal probability density function of X Sl:{m:n (1 <s<m<n)is given by

(Balakrishnan, Childs et al., 2002)
s—1
Somn () =€ (R + 1,0, R +1)
i=0

x f(x,)1=F(x,))" " ,—0 < x, <0 (2.21)
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where R'= (R’ +1)+ Zj:H(RJ +1), Ri=n—s-Ri—..~R.iand Y " R+m=n.

They obtained the probability density function of XX and

rmn

XR (<r<s<m<n) as

r—ls—r—1

./;'[,{S:m:n (X,,,XS) = clz Z Ci,r—l(Rl + 19"'9Rr—1 + l)ck,s—r—l(RrH""’Rs—l)
i=0 k=0

x [ )= F (e, ) fx A= F(x )" =0 <x, <x, <0 (222)

where ¢’'=n(n—R —1)..(n - R — ...~ Rey—s+1)and R'=n—s5—R| —..— Ry1.

s—1-k i
Ri= Y (R,+1) and R{=(R + 1)+ 3 (R, +1).

j=r—i J=s—i

In the next subsection the distributional properties of the conditionally ordered

random vectors will be investigated under a Progressive Type Il censoring scheme.

2.2.3  Progressively Type Il Censored Order Statistics for Multivariate Observations

For a sequence of i.i.d. random vectors X, =(Xl.1,Xl-2,...,XlP), i=12,.,n, it is
considered the conditional ordering of these random vectors with respect to the
magnitudes of N(X,), i=1,2,...,n. Also the Progressive Type II right censoring for

multivariate observations using conditional ordering is considered in the paper.

Let a system have n independent components each consisting of p arbitrarily

dependent elements. Consider X, :(Xl?,Xiz,...,Xip ), i=1,2,...,n, where X/ denotes

the life length of the jth element of the ith unit. Let R = (R, Ry,..., R,), where
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m
ZRI. +m=n. It is assumed that X,, i=1,2,...,n are continuous random vectors with
i

the p — variate distribution function F(x) and probability density function f(x), x € IR”.

The n units are placed on the test at time zero under Progressive Type II censoring

R
Lim:n

scheme. X is denoted as the vector of the life length corresponding to first failure

time. Immediately following the first failure, R; surviving units are removed from the

test at random. The second failure in the system (or first failure among the remaining n —

R
2:m:n

Ry — 1 items) occurs at time N(X3. ) and immediately R, items are randomly removed

from the test. This process continues until, at time of the mth observed failure, the

remaining R, = n — R; — ...— R,.1 — m units are all removed from the experiment. The
times of failures are N(XJ, . ),N(X% ),...N(XX ) and the random variables
Xy XN ..,XR  are called multivariate Progressively Type II censored

conditionally N-ordered statistics.

If X,,X,,...,X, is ii.d. random vectors with distribution function F(x) and

n

probability density function f(x), x € IR”, then the joint probability density function of

the Progressively Type II conditionally N-ordered statistics X[, Xopseees Xov, S
A om0 ) =] T )= I
if N(x;)<N(x,)<--<N(x,,) (2.23)
and ﬁf.,m:m:n(xl,xz,...,xm) =0; otherwise, where c=n(n—R;—1)...(n —Ri — ...— Ry

—m+l)and A(x)=P{N(X)<N(x)} (Bairamov, 2006).
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The joint probability density function of X}, X% LXK (I<r<m<n)is

Tmin>“*2mmno>-*

p
R
fi,...,r:m:n (XI’XZ""’Xr) = c;'Hf(Xi)
i=1

r—1
x [T = ()1 [1= h(x, ) hamr (2.24)
i=1
where c,=n(n—R;—1)...(n — Ry —...— R,.; —r +1) (Bairamov, 2006).

2.3 Generalized Order Statistics

Generalized order statistics have been introduced by Kamps (1995a, 1995b) to unify
several models of ordered random variables, e.g. ordinary order statistics, Progressively
Type II censored order statistics, records, sequential order statistics. “In the distribution
theoretical sense, all models, or appropriately restricted versions of these models, are
contained in the model of generalized order statistics” (Kamps, 1995a, p. 49). The
common approach makes it possible to define several distributional properties at once.

These models can be effectively applied, e.g. in reliability theory.

“First, uniform generalized order statistics are defined via some joint probability
density function on a cone of the IR". Using the quantile transformation we are able to

define generalized order statistics based on an arbitrary distribution function F(x)”
(Kamps, 1995a). Assuming an absolutely continuous distribution function F(x) and
choosing the parameters in the joint probability density of generalized order statistics
appropriately, the densities corresponding to the models of ordered random variables

mentioned above can be obtained.
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2.3.1 Distribution Functions of Generalized Order Statistics

j» 1 <r<n-1, be parameters such

Letne N, k>0, my,....,m € IR, M, :z’;lrm
that y, =k+n—r+ M, >0 forall re {1,...,n — 1}, and let m = (m,,m,,....m,_,), if n > 2,
m € IR, if n = 1, arbitrary. If the random variables U(r,n,m,k), r = 1,..., n, possess a

joint probability density function of the form

n-1 n—1
R ALY {ij(l—[(l—u,~>””}<1—un)"‘l (2.25)

=1 i=1

on a cone of [R" with the property 0 < u; <...<u, < 1, then they are called uniform

generalized order statistics (Kamps, 1995a).

If F(x) is an arbitrary distribution function, then the random variables
X(r,n,m,k)= F_I(U(r,n,rﬁ,k)) , r=1,2,...n—1, are called generalized order statistics

based on F(x). The joint probability density function of generalized order statistics

X(L,n,m,k), X (2,n,m,k),..., X (n,n,m, k) is given by

JrEmmOe X () =k(ﬁyjj(ﬁ(l—F(xi>)"’f f(xi)]
j=1 i=1
x (1= F () S (x,) (226)

on the cone F'(0) <x;<...<x,<F' (1) (Kamps, 1995a).
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If ¢, ,=1Ily;, 1 <i<r<nand g()= H (I/y;=7,)) then the marginal
J=1 J=Lj#i

probability density function and distribution function of X (r,n,m,k) is given by

IO =, S0 Y a1~ F() .27
i=1
and
FYommBy=1-c,_ iwa — F(x))" (2.28)
i=1 i

where an empty product in a;(r) denotes 1, Vi# j and y, # ;.

Kamps (1995a) also gives the joint probability density function of X (r,n,m,k) and

X(s,n,mk)(1 <r<s<n)as

X(ron i k), X (5., 7. K) ) (o 12 E )
S (x,, %) = ¢, [Z ()(1 Fx )J ]

J=r+l

N L) Se) S
(;al’m(l Fx) ](l—F(x,» (—Fxy 2

where r + 1 <j <sand a_ﬁ-r)(S)= H W(yi=7,)-

i=r+l,i#j

Kamps (1995a) introduces some notations for the sake of brevity to give different

representation of the distribution function of generalized order statistics.
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i) Let c,,_lznyj ,r=1,..,nand y, =k ,M,=0.
j=1

ii) The function g, is defined by

b
m+1
gn(x)= xe[0,1).

1
lo R
g(l—xj

The following is a representation of the marginal distribution function ®, , of the

(1-1-x)""), m=-1

3
I
L

uniform generalized order statistics U(r,n,m, k) and by this the distribution function of
the rth generalized order statistics X(r,n,m,k) based on an arbitrary distribution

function F'(x) has been proved in Kamps (1995a).

Let m; = ...=m,, = m and re {1,..., n}. Then the marginal distribution function is
given by
r—1 1 )
D, ,(x)=1-c, (1-x) 3 gl (x), xe(0,)) (2.30)
’ i0 ¢, i

and F¥Om"R () =d,  (F(x)).

A different representation of the distribution function of the rth generalized order
statistics is given by Nasri-Roudsari (1996). Let re {1,..., n}, m;= ...=m,.; = m > —1
and let F(x) be an arbitrary distribution function. Then the marginal distribution function

of the rth generalized order statistics X (r,n,m,k) has the representation
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7 k+n—-r+M
X(r,n,m,k) _ _r
F (x)= Il_(l_F(x)),,,H (r, — j, xelR. (2.31)
Some of the particular cases are as follows:
n—I
i)Inthe case m; = ...=m. =m>—-1, M, = ij =(n-r)ym forall re {1,...,n—1}.
j=r
Thus equation (2.31) reads
FXemmb) ey = ron—r+—% ref{l,2..,n} (2.32)
1—(1—1‘_'()5))"”l > m+1 s 9 Lieeey . .
For r = n, equation (2.32) becomes
FXmnmb) 0y = | n—t_ (2.33)
1_(1_F(x))m+l ) m + 1 . .
iiym =...=m, =0 and k= 1, the generalized order statistics coincide with ordinary

order statistics (Kamps, 1995a). Indeed, (2.31) reduces in this case to the well known
result for the distribution function of the rth ordinary order statistic F,., (David, 1981),

Fy(x)=FX0mO0 )y =T (ron—r+1), re{l,2..., n}. (2.34)

Let I .(a,b)=(1/ B(a,b))jt“_l(l—t)b_ldt denote the incomplete beta function, and
0

let my = my =...= m,, = m. Furthermore, let M, :(1/(r—1))z;:_r+lmj be the

arithmetic mean of the parameters m,,+1,..., m,.1. If one of the conditions
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Ci:m>—-1and M, >-1 and

C,:m>—-1and M, <-1 and k> — (M,, +1)max(r—1, n—r)

is satisfied, then for any re {2,..., n},

@ (%)= Ig o(N" =Ry +LR}), (2.35)
where
5 M +1 M +1
Rn :#-’_(mn:i )r_(mn:i )’ (236)

* k (M, —m)r—(M,+1)
N =n+ m+1 + m+1 ?

(2.37)

and G,,(x)=1 — (1 — (F(x))""" is a distribution function. Moreover, if m > — 1 and r = 1,

then (2.35) is satisfied with (2.36), (2.37) and M,, = 0.

In the particular case, when m; = ...= m,.; = m(> —1), then M,, = m. This leads to

R =k/(m+1)+r—1=RandN =n+k/(m+1)—1=N.

q)ginj,rl;)l,n(x) = IG,,, (x)(n —r+ 1, }:1’/117—:—411) = IGm(x)(N -R+ I,R) (238)

The notation of generalized order statistics provides a unified approach to some
distributional properties of ordered random variables. The model of generalized order

statistics contains many models of ordered random variables as special cases.



26

2.3.2  Special Cases of Generalized Order Statistics
l.Inthe case m;=...=m,1 =0 andk=1(.e.y, =n—r+1,1 <r<n-1), the model

reduces to the joint probability density function of ordinary order statistics from # i.i.d.

random variables X;, X,..., X, with distribution function F(x) (David, 1981)
JrOmOD XOmOD (e x,) = n!(H f(xi)J, —w<x <e<x, <0, (2.39)
i=1

2. Choosing m; = Ry and k = R, + 1 (1.e.y,=n —r +1, 1 <r <n — 1) the joint

probability density function of Progressively Type II censored order statistics is obtained

—o<x < <x, <0 (2.40)
where ¢'=n(n—R;—1)...n—R;—...— R, —n+1).
3. Choosing mi=...=m,1=0andk=a—-n+1withn-1<aelR(.e.y, = a—-r+l,

1 <r<n-—1) order statistics with non-integral sample size is

—o<x < <x, <00, (2.41)
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4. Whenm;=(n—i+1)a; — (n—1i) a;+1 — 1 where ay,...,a, are positive real numbers,
i=r=1,.,n—1land k=a, (ie.7,=(m—-r+1)a ,1 <r<n-1), the joint probability

density function of sequential order statistics

n

n-1
fromm e Xmnme) (| x,) = n![Ha J[H(l — F(x)™ f(xl.)j
i=1

j=1
x(1-F(x,)* " f(x,),—0<x < <x, <o (2.42)

based on F.(t)=1-(1-F())*, 1 < r < n, where F(x) is an arbitrary, absolutely

continuous distribution function is obtained.

5. In the case m; =...=m, =—land k=1 (ie. y, =1, 1 <r <n— 1), the joint

probability density function of the first » record values X;y,..., Xi»

ij(l,n,—l,l),...,X(r,n,—l,l)(xl . (H f(x) ] f(x )
2 F( )) r’”

—0<x <...SX, <© (2.43)

based on the sequence (.X;),.y of i.i.d. random variables with distribution function

F(x) is obtained.

6. In the case m; =...=m,.;=—1 and ke N (i.e. 7, =k, 1 <r <n— 1), the joint

probability density function of the first n kth record values

RO R Xl (H f(x) ] CF(x )
ot (I-F(x;)) !
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X f(x,), =00 < x, <+ < x, <00 (2.44)

based on the sequence (X;),.y of i.i.d. random variables with distribution function F(x)

is obtained.

Table 2.1 The special cases of the generalized order statistics

Model Vector of M Parameter of k
1. Order statistics m, =0 fori=12,.,n-1 k=1
2. Progressively Type II censored .
o m;, =R, fori=12,...,n-1 k=R, +1
order statistics
3. Order statistics with non-integral .
m, =0 for i =12,..,n-1 k=a-n+1

sample size

m, =(n—i+)a;, —(n-i)a,, —1

4. Sequential order statistics k=«a n

for i=1,2,..,n—1and ay,...,a,, >0
5. Records m; = —1lfori=12,.,n—1 k=1
6. kth record values m; = —1fori=12,.,n—-1 ke {1,2,...}

2.4 Concomitants of Order Statistics and Progressively Type Il Censored Order

Statistics

After giving the definition of concomitants, concomitants of order statistics are
represented in Section 2.4.1. In the following section, concomitants of Progressively

Type II censored order statistics are given.

Let (X,,Y)),....(X,,Y,) be a random sample of size n from a continuous bivariate
distribution. If the X ''s are arranged in ascending order as X, <X, <...< X, then the

Y's associated with these order statistics are denoted by Y},Y,).....¥,] and are called
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concomitants of order statistics. They are also known as induced order statistics in the
literature. The concomitants are of interest in selection and prediction problems based on

the ranks of the X ''s. For example, when k(< n) individuals having the highest X-scores

are selected, it may be wished to know the behavior of the corresponding Y-scores.

Properties of concomitants have been studied by many authors (e.g., Bhattacharya
1974; Sen, 1976, 1981; David, O’Connell, & Yang, 1977; Yang, 1977; Goel & Hall,
1994; Nagaraja & David, 1994). See David & Nagaraja (2003) for an overview.
Applications of concomitants include their use in estimating correlation (Barnett, Green,
& Robinson, 1976), in ranking and selection (Yeo & David, 1984; David, 1993), and
ranked set sampling (Stokes, 1977). They are also of interest in a variety of estimation

problems (Bhattacharya, 1984).

241 Concomitants of Order Statistics

Under the assumption that X and Y are linearly related, apart from an independent
error term, the small sample theory of the concomitants of order statistics has been
discussed in David (1973). The asymptotic distribution theory for the bivariate normal
distribution has been investigated by David & Galambos (1974). Bhattacharya (1974),
Sen (1976), and Yang (1977) obtained results for the general asymptotic distribution
theory of concomitants of order statistics. Balasubramanian & Beg (1997) studied the
concomitants of order statistics for Morgenstern type bivariate exponential distribution.
Bairamov & Bekci (1999) have studied distribution and recurrence relation between
moments of concomitants of order statistics in the bivariate Farlie-Gumbel-Morgenstern
(FGM) with uniform marginals. Eryilmaz & Bairamov (2003) derived the distribution of
the new sample rank of an order statistic and its concomitant. For a comprehensive

review of this topic see Bhattacharya (1984) and David & Nagaraja (1998).
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Let f( y|x) denote the conditional probability density function of ¥ given X = x and
_____ », (X15...,X;) denote the joint probability density function of X, .,,..., X, .,) with

1<n<..<r <n. Then, as discussed in Yang (1977), the joint probability density

function of the k-concomitants (¥,.,}..... Y, .,)), (1<k <n) is

+00 X Xk k
fy[’l] ..... Y[rk](yl,...,yk) = I j I l_If(yi|xi)f,1 ..... e (xl,...,xk)dei ) (2.45)
oo oo i=l i=1

From this the marginal probability density function of the rth concomitant Y., is

obtained as
Sy @) = [ SO 0 (), (2.46)

where f,.,(x) is the probability density function X,,.

The joint probability density function of the rth order statistic X,, and its

concomitant ¥,.,] is represented as follows

Pty sy @) = S0 f (1), (247)

Concomitants can also be defined in the case of generalized order statistics, or
Progressively Type II censored order statistics. In Kamps (1995a) the distribution of

concomitant is given for Pfeifer’s record model.
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2.4.2  Concomitants of Progressively Type Il Censored Order Statistics

Recently, Bairamov & Eryilmaz (2006) gave recurrence relations between moments
of concomitants for the model of Progressive Type II censoring. They unify and extend
some results on spacings, exceedances and concomitants for the model of progressive
censoring. The probability density function of rth Progressively Type II censored

concomitant is given by
Sy = [ £ 0 f(xds (2.48)

where f (y|x) is the conditional probability density function of Y given X = x and

R
771 (x) is the probability density function of the rth Progressively Type II censored

order statistic. The probability density function of Y can be represented as follows

a;

“ fr ). (2.49)

R r

YV:VI
) =cl Y, »
i=1 i

r . j— r 1
where C,| = Hj:l }/j with ]/j =N-— Z-i]:llRi - ] +1 , a;, = Hj:l » Y D
j /i

N =n+Zj=lR ; and fy[m_](y) is the probability density function of the first

concomitant of ordinary statistic from a sample size y,. Then the kth moment of Y7 is

given by Bairamov & Eryilmaz (2006)

- air
e =c ) = (2.50)

i=1 i

where 1" = EY;

[Lyi]”



CHAPTER THREE
DISTRIBUTIONS OF NONADJACENT PROGRESSIVELY TYPE II RIGHT
CENSORED ORDER STATISTICS

In this chapter, the joint probability density function of nonadjacent Progressively
Type II censored order statistics is presented by using Lemma 3.1. After giving a lemma
which is used to obtain the main theorem in Section 3.1, the main result which is the
probability density function of nonadjacent Progressively Type II censored order
statistics 1s presented in Theorem 3.1 in Section 3.2. In this section, some examples are

given.
3.1 Distributional Properties of Progressively Type II Censored Order Statistics

The joint probability density function of nonadjacent Progressively Type II right

LXR . 1<k<m from a continuous
o

censored order statistics, X® xR

nmn o> <t rymin ot
distribution is obtained. The result is a generalization of the work of Balakrishnan,

Childs et al. (2002).

The following useful lemma which is established in Balakrishnan, Childs et al. (2002)
paves a way to evaluate densities of distinct collections among Progressively Type II

censored random variables that is essential for the result which will be given in equation

(3.1).

Lemma 3.1 Let f(x) and F(x) denote the probability density function and the distribution

function of an absolutely continuous random variable X, respectively and let a; > 0 for

j=L2,..,r. Then for » > 1, the following equality can be written

X X3 Xy p

j j j]‘[f(xj){l — F(x)} dxydx,...dx,
T

T T Jj=1
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r—i
b J

- icur(ar){l—F o - Py
i=0

where a, =(a,,a,,...,a,),

-1 i r
¢ (a,)= i r—i+j( ) r—i ri > bi(a)= Zaj
{H z ak}{n z ak} Jj=r—i+l
j=lk=r—i+l j=lk=j

0 i-1
in which the usual conventions that [1d; =1 and X d; =0 are adopted.
j=1 =i

3.2 The Joint Distribution of Nonadjacent Progressively Type II Censored Order

Statistics

The joint probability density function of XX~ and XX

rmn

, 1s given in Balakrishnan,

Childs et al. (2002). This result is improved, and the joint probability density function

for k Progressively Type II right censored order statistics is obtained.

Theorem 3.1 Let f(x) and F(x) denote the probability density function and the

distribution function of an absolutely continuous random variable X. Let

frfrz,_"’,k:m:n(xl,xz,...,xk) denote the joint probability density function of the

xR XX XR The probability density function of XX xR XR

nimn < ryimin 2t < romn nmin >t pymin >ttt “N pemin

(1= r <r <...<rg<m <n) is then given by
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L (X)) = € (1) S (1)1 = F ()}

!
x {1 F(x)} ™ [Z S {1=F(x,)}"
z=2

_I(Rl + 1,...,Rr1_1 + 1)

?il _(Rj+l)
XCp (R ypoes B )= F (X))} ™

rz4)—t-1 2411

2 (R;+D) 2 (Ri+D
)= FG)} = 1= P )

—0 <X <...<X, <00, 3.1

where ¢'=n(n—R;—1)(n—R—R,—2)...n— R —Ry—...— Ry —k+1)and R =n—k
0 i—1

— Ry — Ry —...— Ri.;. The conventions Ha’j =1 and Zdj =1 are adopted .

j=1

J=i

Proof. First, consider the case when k = 3, i.e. find the joint probability density function

of XR X2 ,XR . r <k <s. If the joint probability density function of
xR XN ... XR  which is given in (2.20) is integrated out with respect to x,, Xy, X;

then the joint probability density function of X~ X ,Em:n ,XR  canbe given by

rmmn?> sim:n

X3 Xy Xy Xpi3 Xy X Xkr3 Xhs2

T~JI!~JIL~IIwumfmoﬂm)
0 00x  x x x

k X Xk
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W ACTRYRYACTRPNACTINACTNY R ACTRINACN)

X L= O L= Fx )Y (L= Fx )

X L= F (e )F L= F g ) 1= PO

x{l=F(x )Y - Fx )V 1-Fx )% d, .d, d, .d, d, .d,
Xy <Xy <X, <Xy <o <X <X <Xy <o <X <X

If above expression is arranged then the probability density function is obtained by

I s e x0) = € (6,) £ () £ )= F e )Y {1 = F (o)} 1= Fx, )1

r k,s:mn

X3

/

Xp43 Xpin Xy X3 Xps2

j J‘ j j cf(x))ef () f(X,0)ee f (X4y)

r Xk X X

xl‘
0

S —

,]k
X,

Fo—

X f (oo (e )AL= F O} e dl= F ()3 (1= F ()} L= F ()}

x{l=Fx )V Al=F(x, )d, .d, d, .d _d, .d, . (3.2)

r+l

Using Lemma 2.1 and taking 7 as the lower endpoints to integrate out the variables

X1, X2,..., Xr-1 in (3.2), we have



X

I
S

Ne—

1

|
LN

r

Il
(=]

i

rz—: ( /
= Ci’r71 (Rl +1""’RV*1 + 1) {1 _F(xr)}/ér*i

[ [ A=FOO 1= F(x, )} dF (x))...dF (x, )
TT

R.+1)
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To integrate out the first part of the remaining variables x,.i, Xy2,..., X1, again

Lemma 3.1 is used, this time with 7' = x, and a relabeling of the variables, i.e., it is used

the fact that

Xr43 Xpi2

I [ [ 0=Fe, 0¥ 1= F e )Y dF (). dF ()

k—r-1 kil (
- Z Coomrat (Rygpsees R )= F ()™
=0

Rl

k—t-1

X (R+D)

+1) T
{1-F(x,)}™"

To integrate out the remaining variables xji1, Xkt2,..., Xs-1 by using Lemma 3.1, this

time taking 7= xy , it is used the fact that

Xy X3 Xps2

[ [ = FOsa)y ™ = Fx )} dF (xp).dF (x, )

X X X

! ‘xil (
ct’s_k_l (Rk+l 9"'9RS_1){1 - F(xs )} j=s—t

N

-3

f—
=0

~

which completes the proof. The result is

R,

+1) ;1 (R, +1)
{L—F(x;)p ™"
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55 s e x0) = € (6,) £ () £ )= F e )} {1 = F (e )} ™ 1= Fx )}

r—1 »il & +1)
X zci’r_l (R, +1,., R + D) {1=F(x,)}
i=0

1 k—t-1

kor-1 S (1) > (R
k-t {1 _ F(Xr)}’:r”

X Z ct,k—r—l (Rr+1=“'7Rk—l){1_F(xk)}j

t=0

;D)

1

5=

k= +1) S (R, 41)
<y (1= F(x )™
-0

R,

s (
Ct5—k—1 (R ,...,Rs_l){l ~ F(x, )

~

generalized for the variables XX, X —and XX r<k<s.

It is clear that the general form for the joint probability density function of
xR L XR XR  is given in equation (3.1).

nmen > < pmin 0ttt < poemin

It is seen that equation (3.1) agrees with the formula for special case, when k=2,
r1=r, r;=s with the well known formulas on joint probability density function of order

statistics

SR () = € () £ Ge) (L= F ()} 41 F o, )3

1 r-1s—r-1

<] _Z Cira (R +1.,R._ +1)

z=1 i=0 t=0

3 (R4 3 (R4
X Ct s—r-1 (Rr+1 EA Rs—l ) {1 - F(xr )} o {1 - F(xr )};/:m
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S (R, +1)
x{l—=F(x,)}~" ,—00 < X, <X, <00. (3.3)

When the formula is simplified, the joint probability density function of X fm:n and

XR in (2.22) which is given by Balakrishnan, Childs et al. (2002) is obtained. In

sm:n

order to show that the theorem agrees with the ordinary order statistics in the special

case, when R =R, =...= R,, = 0, some examples are given.

Example 3.1 Consider the probability density function of order statistics X3.,.

Fou) =D ) PP 1= FOx) ™, —o <y <o (34)

From Theorem 3.1, probability density function of X3 is given

Frimen(63) = (0= Ry =D)(n = Ry = Ry =2) f (x;) {1 = F(xy)}"

2 S (R +1)
x Y e (R +DI=F(x;)} ™ ,—o0<xy <o, (3.5)
i=0

For the special case, when R; = R, = 0, the Progressive Type II right censoring

scheme reduces to the case without censoring and the probability density function of

usual order statistics is observed which is given in (3.4).

Example 3.2 The joint probability density function of X5., and X3., is given by
Fogn(x3) = n(n =1)(n = 2) £(x) f(x3)F (x,)41 = F(x3)}" >,

—0 <X, <X; <O, (3.6)
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From Theorem 3.1, the joint probability density function for XX —and X3 s

3min

given by
le,g:m:n (xy,%3) =cn(n—R =1)(n—R, =R, =2) f(x,) f(x3)

& X (R4
x{I=F)}" Y i (R+D{I-F(x)} ™ —o<x,<x; <0 (3.7)
i=0

where ¢’ =n(n—Ry— 1)(n — Ri— R,—2) and R; = n— R, — R, — 3. For the special case,
when R, = R, = R3 = 0, the Progressive Type II right censoring scheme reduces to the

case without censoring and joint probability density function in equation (3.6) for usual

order statistics is observed.

Example 3.3 The joint probability density function of X>., and X4., is given by
Sa,am (X2, x4) = n(n=1D)(n =2)(n=3) f(x5) f(x4) F(x){F (x4) = F(x,)}
x{l— F(x,)}" * —0<x, <x, <o0. (3.8)

From Theorem 3.1, the joint probability density function of XX and X} is

2:m:n
Sfmen (525%4) = € (355) [ (x) {1 = F ()} {1 = F ()}

1 : Z]: .(Rj+1)
XY >R+ e (R = Fxy) ™

i=0t=0

S
x{1— F(x)}

J

+1) i (R;+1)
{1-F(xy)}™  ,—o<x,<x,<o (3.9
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where C'Zl’l(l’l*le1)(71*R1*R2*2))(n*R1*R2 *R3*3) and R;‘: I’I*leRz*
R;—4.

In the special case Ry = R, = R3; = R4 = 0, the Progressive Type II right censoring
scheme reduces to the case without censoring and in equation (3.8), the joint probability

density function for usual order statistics is obtained.

Example 3.4 The joint probability density function of X>.,, X3., and X4, is given by
f2,3,4:n (%2, X3,%4) =n(n—1)(n—=2)(n=3) f(x;) f(x3) f(x) F(x;)
x{l—F(x4)}”_4, —0 <X, <X3< Xy <O, (3.10)

From Theorem 3.1, the joint probability density function for XX XR  and

2:m:n > 3:min

R . .
Xgn 18 glven

f2l,13,4:m:n (35, %3,%4) = cf (x,) f(x3) f(x) 1l —F(xz)}R2 {1- F(x4)}RZ

! > (R, +1)
X Z:ci’l(R1 +D{l-F(x,)}™" ,—0 <X, <X3 <X, <00 (3.11)
i=0

where ¢’ =n(n—R;— 1)(n—Ri—R,—2)...n—R—R, —R3—3)and Ry =n—-R, — R, -
R3 — 4. For the R = R, = R; = R4 = 0, the joint probability density function in (3.10) is

obtained.
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Example 3.5 The joint probability density function of X3.,, X4., and X7., is given by
f2,4,7:n (32,%4,%7) = Cf (%) f(x) f () F(x){F (3x4) = F ()}
X {F(x;) = F(x) {1 = Fr,)V' T o0 < x, <y <%y <0 (3.12)

n(n—1)(n-2)...(n—06)
5 .

where ¢’ =

From Theorem 3.1, the joint probability density function for Xx X3} and

2:m:n >
XR s given by
S 7 (2545 X7) = € () f () f (e )L = F ()} {1 = F(xg)} S {1 = F(xp) 1
e (RADA-F)y ™ [T X e ra(RossRe)
i=0 z=l t=0
r:HiH(RjH) 558 (R, +1)
x{1-F(x, )} ™" {1-F(x, )}y ;=00 < Xy < X4 < Xy <00 (3.13)
where ¢'=n(n—Ry— 1)(n—Ri—R,—2)...(n—R—R, —...— Rs—6)and R; = n—R; —
Ry —...- R¢ — 7. If i, z and ¢ take the related values in the equation (3.13), the results

which are given in below expressions are obtained.

)

1 T ®
1. Zci,l(Rl + D= F(x,)y ™"
i=0

fori=0,
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1)’ 1
]

Co,1 (Rl + 1) =

then for R, R; =0,

L ma ™ 2
- F(x,)}” =1.
R, +1 2
Fori=1,
-1 1
cl,l(R1+1)= T ( )0 5 :_R 1
{HZ(RkH)HH Z(Rk+l)} |
j=lk=1 J=lk=j

then for Ry, R; =0,

1

_ZIZ(RJ.-H)
R, +1{1—F(x2)}”:‘ =—{1-F(x,)}.

By adding the results fori=0andi=1, {1-{l-F(x,)}} = F(x,) is obtained.

, (R ) > (R, +)
20 e RYU-Fi)y™ {I=Flxy™ .
t=0

Fori=0and R;, R; =0,

é(RjJrl) %(RJH) 1
Co,l(R3){1_F(x2)}k {1-F(x4)}" = R +1{1_F(X2)}-
1




Fori=1and Ry, R; =0,

1
R +1

J

i(R +1) i(RjH)
o (R)I-F(x,)y™  {I-F(x)y* =- {(1-F(x,)}.

By combining these two results
{{1-F(x,)}—{1-F(x,)}} ={F(x,)— F(x,)} is obtained.

f] Rj+1)

2 6i(R +1) é (
3. th,z(RS,Ré){l—F(xA‘)}’*’ {1—F(x,)} ™
=0

fori=0,

-n° 1
CO,Z(R5’R6): ).

{1{[1 g(Rk + 1)} {1':[ é(Rk + 1)} (R, + R, +2)(R, +1)

then for Ry, R;= 0,

211 — F(x,)} 62 = >l — F(x)}?.

Fori=1,
01’2(R5’R6): 1 14 (_1)1 1 T R llR 1
5 i o] ®ED

then for Ry, R; =0,

—{1=F ()} 1= F(x, )} *" = —{1- F(x,)}{1- F(x;)}.

43
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Fori=2,
—1)? 1
€22 (Rss Re) =755 N T (R, +1)(R, + R, +2)
{Hl TR, H)HQE(R"H)} 2+ DR+ R,

then for Ry, R; =0,

FU=F O = 1= F e

The three results are added and then the result is given by

U= F )} —{l= F(x)Hl = F (%)} = {1 = F(x)}

:%[{I—F(x4)}2—2{1—F(x4)}{1—F(x7)}+{1—F(x7)}2]

= L{1-F(x)} = {1-F(x;))}1* =1[F(x;) - F(x,)]".

When the expressions are combined, for Ry = R, = R3; =...= R; = 0, the joint

probability density function of ordinary order statistics in equation (3.12) is obtained.

As seen from the examples given above and from Theorem 3.1 in the special case, the

joint probability density function of ordinary order statistics is obtained.



CHAPTER FOUR
CHARACTERIZATION OF DISTRIBUTIONS THROUGH THE
CONDITIONAL EXPECTATIONS OF ORDER STATISTICS AND
PROGRESSIVELY TYPE II CENSORED ORDER STATISTICS

After giving the important theorems which are used to obtain main results,
characterizations through the conditional expectations of order statistics are represented
in Section 4.1. In Section 4.2, before giving the characterizations through the conditional
expectations of Progressively Type II censored order statistics, Theorem 4.3 which
shows the reduction of Progressively Type II censored order statistics to order statistics
is stated. It is introduced that the joint distribution of Progressively Type Il censored
order statistics can be reduced to the joint distribution of ordinary order statistics of a

sample size m.

Let X1, Xa,..., X, be a random sample of a random variable X with a continuous
distribution function F(x) which is strictly increasing over (a, b), — © < a <b < o, the

support of F(x) and X, < X,, <---< X, ,the corresponding order statistics. Using the

condition E(X,,

X,.n =X)=ax— [ distributions characterized by Ferguson(1967).

Beg and Kirmani(1974) characterized the distributions wusing the condition

E(X i| X,, =x)=ax— . In here o and f are some constants. Similar results can be

nn

found in Galambos & Kotz (1978), Azlarov & Volodin (1986), Beg & Balasubramanian
(1990) and Balasubramanian & Beg (1992). And also Balasubramanian & Dey (1997)
present certain results based on conditional expectations that lead to characterizations of
several distributions and they use the harmonic and geometric means of the functions at

the end points for obtaining their results.

For absolutely continuous probability density function using E(h(X)| X 2 x) under

certain conditions for function /4(x), a representation is given by Hamdan (1972),

Talwalker (1977), Shanbhag & Bhaskara Rao (1975), Gupta (1975) and Ouyang (1983,

45
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1987). The above problem for random variables in general was studied by Kotz &

Shanbhag (1980). Kotlarski (1972) shows that there exists a one to one map between

functions @(x) = E(h(X )| X > x) and continuous probability density function, while the

set of functions ¢(x) which are conditional expectations of continuous probability

density function is characterized by Zoroa, Ruiz, & Mrin (1990).

In this thesis, for a general class of distributions some characterizations through the
properties of conditional expectations of order statistics and Progressively Type II
censored order statistics are given (Bairamov & Ozkal, 2007). Let Xi.,, Xoun,..., Xy be

the order statistics of the sample X, X,,..., X, from a continuous distribution and

R
Xl:m:n H

R R
X2:m:n""7X

mm:n

be the Progressively Type II censored order statistics with the
progressive Type II censoring scheme R = (R, R,..., R). It is represented that in this

D CNNND. can be reduced to the joint

mmn

case, the joint distribution of X\ .

distribution of ordinary order statistics of a sample size m from a continuous random

variable.

Let X, X,,.., X, be independent random variables with a common absolutely

continuous distribution function F(x) and a probability density function f{x). Let
Xi:ny X2y, Xu:n be the corresponding order statistics. Characterizations of F(x) based
on the properties of conditional expectations with the constant sample size n have been

discussed by many authors.

Ruiz & Navarro (1996) and also Navarro et al. (1998) gave a representation of any
continuous distribution function F(x) based on the doubly truncated mean function

m(x,y) defined by

y
m(x,y):E(X|x£X£y):mItdF(t), 4.1)

X



47

whose domain of definition is the set D ={(x, y)e IR* such that F(x) < F(y)}.

Ruiz et al. (1996) obtained the explicit expression of F(x) starting from function

m(x, y) and define the relationship between m(x, y) and order statistics as

s—1

B 3 MKy | Xy =3 Xy =y |2 EGX) xS X <y), (42)
s—r=1.23, . . .

for all (x, y)e D, if 1 <r <s < n, where X1, < Xz, <...< X,,.,, are the order statistics from

the sample of the random variable X. Balasubramanian et al. (1992) presented similar

results for a particular function A(x). Gupta, Goswami, & Rao (1993) consider the case

whenr=1 and s = n.

Some continuous distributions through the properties of conditional expectations of
order statistics and Progressively Type II right censored order statistics are characterized
in this study. Characterization theorems for a general class of distributions are presented

in terms of the function
E{g(Xjn)|Xj—pn =X, Xj+q:n :y}:A(x’y)’ (43)

where p and ¢ are positive integers such that p + 1 <j <n — g and g(.), A(.,.) are real
valued functions satisfying certain regularity conditions. The results obtained in this

chapter are closely related to works by Kotlarski (1972) and Shandbag et al. (1975).
4.1 Characterizations Through the Conditional Expectations of Order Statistics

Throughout the thesis, it is denoted by a, =inf{x:F(x)>0} and
b, =sup{x: F(x) <1} the left and right extremities of F(x), respectively where F(x) is a

distribution function of a random variable X. It is assumed that F(x) is absolutely

continuous and strictly increasing on (ag, br).
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The characterization results are based on the following theorem.

Theorem 4.1 Let /(x) be a differentiable real valued function on [0,1] such that the

condition

B (y) % h(y)—h(x)’ 4.4)

holds for all 0 <x <y < 1. Furthermore, let G(x) be an absolutely continuous and strictly
increasing distribution function with left and right extremities, ag = ar and bg = b,

respectively. Then F(x) = G(x) if and only if the representation

EH(G(X)| x < G(X) < y} = D=1 (4.5)

y—Xx
isvalid forall 0 <x <y <1.

Proof. It is clear that (4.5) is equivalent to equation (4.6)

E{H(G(X)|x< X <y}= h(GG(EVy); - g(ggx)), (4.6)

forallap<x<y<bp.

Necessity. If X has distribution function G(x), G'(x)= g(x), then

y
E{H(GX) | xS X £y} =————[H(G(2)g(2)dz

G(y)-G(x)
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_ H(G() ~h(G(x) 4.7)
G(y)-G(x)

Sufficiency. Let (4.5) hold. Denote by F(x) and f(x) the distribution function and
probability density function of X, respectively. Then from (4.5)

G(y)) - MG(x))
G(»)-G(x)

y
[1(G @) f(2)dz = (F() - F(x)}. (4.8)

Differentiating (4.8) with respect to y after some calculation, the following equation

is obtained

[f(y){G(y)—G(x)}—g(y){F(y)—F(x)}]{h’(G(y))— h(G(y))‘h(G("))} _o.

G(y)-G(x)
Therefore

f» g
F(y)=F(x) G(»)-G(x)’

Var<x<y<bp

Taking limit as x — a, the following equality is obtained

SO _g»)
F(») G

ClF<y<bF.

Equality of hazard rate functions implies equality of F(x) and G(x).

Theorem 4.1 states that the representation (4.5) characterizes the distribution function

F(x) in the class F; all absolutely continuous and strictly increasing distribution
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functions with left and right extremities /. = a,. and 7. = b,., respectively.

h(y) —h(x)
y—x
(x, h(x)), (v, h(y)) and A'(y) is the slope of the tangent line to the graph of A(.) at the

Remark 4.1 It is clear that, is the slope of the straight line joining points

point y. The condition (4.4) assumes these two slopes to be different. One can observe

that for any convex or concave function 4(.), the property (4.4) is satisfied.

Let X1, Xa,..., X, be the independent copies of X, i.e. be 1.1.d. random variables with
distribution function F(x) and probability density function f{x). Denote by
X, X

Lno>“* 2moee*o

X,, the corresponding order statistics. The following fact shows that the

conditional distribution of X, given Xj,., = x and Xj.q,, = y does not depend on the

sample size n. Note that it depends on x, y and F{(x).

From Theorem 2.1, if p + 1<j <n — g, then

d
(Xj:n | Xj =x,X = y) = Zp:p+q—19 (49)

—-pn >“% j+qin

d
where Z=(X|x< X <y).

Theorems 2.1 and 4.1 are used to characterize several distributions by properties of

conditional expectations of order statistic X, given X;.,., = x and Xjiq.n = .

Remember, it is assumed that the distribution function F(x) of the random variable X
is absolutely continuous and strictly increasing on (ag, br), where ar = inf{x : F(x) > 0}

and br=sup{x: F(x) <1}.
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Theorem 4.2 Let G(x) be an absolutely continuous and strictly increasing distribution
function and the left and right extremities of G(x) be ag = ar and bg = br, respectively.

Then, F(x) = G(x) if and only if the representation

Ly g _ GO~ hG)
k pzzlE[h (G(Xj:n)) | Xj—p:n = X,Xj+k+1—p:n - y] - G(y) ~ G(x) (4_10)

holds for all ar < x <y < br, where h(x) satisfies conditions of Theorem 4.1 and j, n, k

are fixed integers such that
k+1<j<n-k (4.11)
Proof. If equation (4.9) is taken into account

18,
ZZE[h (G(Xj:n ))‘ Xj—p:n =X, X_j+k+1—p:n = y]
p=1

k k
= E|:% Z h’(G(Zp:k ))] = E{% Z h '(G(Zi ))i|
i=1

p=l

= %kE[h’(G(Z))] = E[h'(G(Z))]

=E[A'(GX))|x< X <y].
then the proof is completed by using Theorem 4.1.

Now consider special cases when k& takes the values 2, 3 and when p and ¢ take the

values 1, 2, 3. For these cases, Theorem 4.2 can be rewritten as follows:
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Corollary 4.1 i) Let k+ 1 <j<n—k, fork=2,3 <j<n-2is obtained. A random
variable X has absolutely continuous strictly increasing distribution function G(x) if and

only if the representation

1 1
EE{Xj:n |Xj71:n :x’Xj+2:n :y}+EE{Xj:n |Xj72:n :xﬁXjJrl:n :y}

_ h(G()~(G(x))
G(»)-G(x)

holds for all (x,y)e D.

ii) For k=3, 4 <j <n -3 is obtained. A random variable X has absolutely continuous

strictly increasing distribution function G(x) if and only if the representation

1 I
EE{Xj:n |Xj—1:n = x’Xj+3:n = y} +§E{Xj:n |Xj—2:n — x’Xj+2:n _ y}
! hG(y))—h(G(x
+_E{Xj'” |Xj*3:n :anjJrl:n = y} = ( (y)) ( ( ))
. G(»)-G()

holds for all (x,y)e D.

4.1.1  Characterizations for Some Special Distributions

The following characterizations for special distributions can be obtained from

Theorem 4.2 by the appropriate choice of the function /(x).
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4.1.1.1 Uniform Distribution

The absolutely continuous random variable X with strictly increasing distribution

function having support (0,1) has Uniform distribution if and only if the representation

c+l 1

c+
y - X

— 4.12
(c+D(y-x) 12

1¢ .
EZE[ijn | Xj—p:n =X, Xj+k+1—l73” = y] =
p=1

holds for all 0 <x <y <1.In (4.12) je{k+ 1, k+ 2,..., n — k} is fixed and j satisfies

xc+1

c+1

(4.11). This result follows from Theorem 4.2 by using 4(x) = ,c>1.

4.1.1.2 Weibull Distribution

The absolutely continuous random variable X with strictly increasing distribution
function having support [0,00), has Weibull distribution F(x)=1-exp(-ax”), x>0,

a >0, >0 if and only if the representation

|
ZZE[QXJﬁ" | Xj—p:n =X Xj+k+l—p:n = y]
p=l

_ exp(-ax”Yax” +1) - exp(-ap” )y +1)
exp(-ax”) ~exp(-ay”’)

(4.13)

holds for all 0 <x < y <o . Here satisfies (4.11). The above characterization with f =1

turns into a characterization of Exponential distribution.
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Special case. When f =1, X has Exponential distribution F(x)=1-exp(-ax), x>0

if and only if the representation

1 k
_ZE[OKX]” | XJ'*P:n =X Xj+k+17p:n = y]

p=l1

_ exp(=ax)(ax +1) —exp(-ay)(ay +1)
exp(—ax) —exp(-ay)

, (4.14)

holds for all 0 <x < y<oo. Here A(x)=(1-x)(In(1-x)—1). Then A'(x) =—-In(1-x).

4.1.1.3 Generalized Beta Distribution

The absolutely continuous random variable X with strictly increasing distribution

Y
function having support [a,b] has Generalized Beta distribution F(x)=1- EZ x; 7
-a
a<x<b,0>0,—0<a<b<wifand only if the representation
1< (a—b)0 a(x,y;0+1)
— D> EX X0 =% Xk =V]=D+ 2 , 4.15
k pzzl [ jn | j—pn J+k+1-p: y] 0+1 a(x’ y; 0) ( )

4 4
holds for all a <x <y < b where a(x, y;0) = (Z — xj —(Z_yj . Here j satisfies (4.11).
-a —a
(a-b)o

The result is obtained by using target function A(x) = bx — 771
+

(1 _ x)lJrl/g

W(x)=b—(b—a)1-x)"?.

The above characterization with a =0, b=1 and @ =1 turns into a characterization

of Uniform distribution.
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4.1.1.4 Pareto Distribution

The absolutely continuous random variable X with strictly increasing distribution

0
function having support [y, o) has Pareto distribution F(x)=1- Ey : (30 , X2y,
X
0 >0, y+0 >0 if and only if the representation
1< 0 b(x,y;0-1)
— D EX X, =%X i pn=Y]=— — -0, (4.16)
k; J J—p Jtk+l-p 0-1 b(x,y;é?)

9 0
holds for all y <x <y <o where b(x, y;6) :[ ! j | , 8 # 1 and j satisfies
xX+0 y+0

(4.11). The result is obtained by using target function /(x) = (7;—51)9(1 —x)" VO _ s

and h'(x) =—(y +0)(1-x)""? -5

4.2 Characterizations Through Conditional Expectations of Progressively Type 11

Censored Order Statistics

Let X1, Xa,..., X, be continuous i.i.d. random variables with distribution function F(x)

and probability density function f{x). Denote by X} .. XR

Loenseeos X mmn  the corresponding
Progressively Type II censored order statistics with the censoring scheme
R=(R,, R,,..., R,). It is considered the case R; = R, =...= R,,= R and is given some

characterizations for a general class of distribution through the conditional expectations

of Progressively Type II censored order statistics in this case. First, it is represented that

when R = (R, R,..., R), the joint distribution of X ... XR  can be reduced to the

mmn
joint distribution of usual order statistics of a sample size m from a continuous random

variable.
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Theorem 4.3 Let X, X;,..., X, be a sample of size n from a population with continuous

distribution function F(x) and probability density function f{ix) and let

XR . <XR <..<XR  be the Progressively Type II censored order statistics under

Lim:n 2:min — m:m:n
the censoring scheme R=(R|,R,,..,R,). Then in the special case when

R, =R, =...=R,, =R, the following equality is given

d
(XR XN )=,

m:m:n Timoee*> Ym:m)’

(4.17)

where Y1, Ys,..., Y,y is the sample with distribution function O(x) = 1 — (1 — F(x))"" and

R+1=n/m.

Proof. The joint probability density function of (X~ . XX

Lm:n><* 2imin ot

XR ) with the
censoring scheme R = (R, R,,..., R,)) 1s given in equation (2.19) (Balakrishnan et al,

2000).
In equation (2.19), if Ry =R, =...=R,= R, then R + 1 =n/ m. Since

nn—(R+1))n—-2(R+1))...n—(m—-1)R+1))
—nn-Yn-21 n—m-D =R+ 1" m!,
m m m
the joint probability density function of m order statistics is given by

.....

=m!g(x))...g(x,,), (4.18)
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where g(x) = (R + DAx)(1 — Fx)X, G(x) =1 — (1 — F(x))*".

By using Theorem 4.2 and Theorem 4.3, characterizations for absolutely continuous
distributions in terms of conditional expectations of Progressively Type II censored

order statistics can be given.

From Theorem 2.1 and Theorem 4.3, equation (4.19) can be written

AR TXR =X ==Y (4.19)

Jjm:n Jj—p:mn Jjtqmn

and then the conditional probability density function of Progressively Type II censored

.. R . R _ R _ . .
order statistics X ., given X~ . =x and X7 ., =y isgivenby

(p+q-1)! g(1)
(p-Dl(g-1)! G(»)-G(x)

R
fj,jfp,jJrq:m:n (xj:m:n | xjfp:m:n =X xj+q:m:n = y) =

x {%TTI _ %T—l =Sppra(¥)  (4.20)

!

G(»)-G(x)) G(y)-G(x)

g0 =G'(1)=(1-(1-FO)™) = (R+D1-F)* (7).

where (G(”‘G(x)] 8() and G(t)=1-(1- F(t) ™",

To prove this result Example (4.1) is represented.
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Example 4.1 The conditional probability density function of X ]}fm:n given X jl.{ pomen and
R .
Xj+q:m:n 18

R
fj,j—p,j+q:m:n (xj:m:n | xj—p:m:n > xj+q:m:n)

= {Cf(x;_,) () f(x o )= F(x )Y L= Fx )}

j-p-1

o J-p-1 - Y (R+)
) {A=Fx V7 D¢ (R + 1R, +D{I=F(x, )}~
i=0

p-1 [jf (R +1) :ZH (R +1)
X th,p—l (R parsenn Ry =F(x )} {1=F(x,_ )b

1=0

g-1 "fi" (R +1) sz/fl(k,u)
X th,q_] (Rjppees Ry )= F(x )} {1-F(x;)} "

=0

/{C"f(x.f—p)f(xﬁq){l_F(xj—p)}RW {I—F(X.Hq)}(R;WY

jop-l Jf (R, +1)
X Z Cijpr Ry + LR+ D= F(x,_ )}
=0

1

J+q-1 Jj+q-t-1

P! T ke T (R
X Z Ct, prq-1 (Rj—p+l ’---aR_j+q—1 ) {1 - F(xj+q )} R {1 - F(xj—p )} e } >
t=0

(4.21)

where p>g¢, ¢'=c" and R}, = (R}, ) . Also the coefficient of ¢, .(R,) is given by the

following formula
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Ci,r(Rr)z i reit+j (_l)i r—i r—i ) (422)
{H 2 (Rk+1)H z_(Rk+1)}

J=lk=r—i+l j=lk=j

After simplifying equation (4.21), the probability density function is given

fR (xj:m:n |xj—p:m:n’xj+q:m:n) = {f(xj){l_F(xj)}R/

JsJ—p,j+tqmn

J Jj=t=1

p-l /;ﬁl (R +1) LT (R
XD ¢ 1 (R prsn Ry D= F(x )} {1=F(x; )}

=0

g-1 '”fl (R+1) ‘qufH(Rﬁl)
XD Cga (R Ry D= F(x )y {I=F(x))} 7

=0

+g-1 q-t-1

prg-1 R,+1)

T e >
/4 z Crprgat (R patsees Ry D= F (x50 )} {1-F(x,_,)y"
t=0

(4.23)

Inthe case p=3, j=5 and ¢ =2, the numerator of equation (4.23) is given by

4t

2 - .
S =P} Y e (R RY - F ey = Fay)y™
t=0

1 S (R +1) SR +1)
Xzct,l(R4aRS,R6){1_F(X7)}/:H {1-F(x5)}"~ . (4.24)

t=0



Also the left member of the multiplication in (4.24) is introduced as
2 S (R, +1) S (&, +1)
DR, R)I-F(x)y=  {I-F(x,)}= .
=0

i) If t=0 in (4.25),
02 (Rs. Ry) = (i 1= F(s)} 4 = F )y R
i) If £ =1 in (4.25),
1,5 (Rs. Ry) = = s A= F )}l = F (o) 8
iii) If t =2 in (4.25),
&2 (Rs. Ry) = G = FOrg) B R4 - F )y,

then expressions in (4.26), (4.27) and (4.28) are obtained.

And the right member of multiplication in (4.24) is given by

! S (R +1) S (R, +1)
D ¢, (Rys Ry, Re) {1 = F(x;) )7 {1 F(x5)}- :
=0

i) If £ =0 in (4.29),

Co1(Ry, R, Rg) = ﬁ{l - F(x7)}0{1 - F()Cs)}R6+1

60

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)
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i) If t=11n (4.29),
1 Ry+1 0
Cl,l(R4,RsaR6):_m{l_F(Xﬂ} {1-F(xs5)}, (4.31)

then expressions in (4.30), (4.31) are obtained.

Then the numerator of equation (4.23) is obtained by

1 1= Py

R o
f(x5){1_F(x5)} {(Rz +1)(R1 +R2 +2) (R2 +1)(R1 +1)

1 1
1-F R,+1 1-F R;y+1 x 1-F Re+l 1— F(x Rs+1 )
X{=F(xs)} ™ {1=-F(xy)} (R1+1){ (x5)} (R1+1){ (x7)}
(4.32)
The denominator of equation (4.23) is given by
4 zsl(R,+l) E(R,H)

D CaRoses ROI=F ()} {1=F(xy)}7 - (4.33)

=0

i) Ift=01n (4.33),
1

CO,4(R2,...,R6) =
(R +..+ Ry +4) Ry + Ry + Ry +3)(Ry + Ry +2)(R, +1)

x L= F (x;)}° {1 = F (xy )}t st ot 4) (4.34)
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ii) If 1= 11in (4.33),

1

01,4(R2""’R6) =
(R +Ry+ Ry +3)(Ry + Ry + 2)(Ry + (R, +1)

x 1= F(x;) )™ (1= F ()} B R Ret) (4.35)

i) 1f¢=21in (4.33),

1
(Ry +1)(Ry + Ry +2)(R, + R, + 2)(R, +1)

02’4(R2,...,R6) =

L= F o) L= F a0 (436)

iv) If £ =3 in (4.33),

1

CS,4(R2’...’R6) =
(Ry +1)(Ry + Ry +2) (R, + Ry + R, + 3)(R, +1)

x {1 = F (2, )}t Rt B30 (o, )}t (4.37)

V) If£=4in (4.33),

1

C4,4(R2,...’R6) =
(R+DR AR +2) (R +R + Ry +3)(R +R, + Ry + R, +4)

x {1— F (0, )} et R R Rt P (x)))0, (4.38)

then expressions in (4.34), (4.35), (4.36), (4.37) and (4.38) are obtained.
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By unifying these results, the denominator of equation (4.23) is obtained by

{1 _ F(x2 )}(R3+R4 +R5+R6+4)

(Ry+1D)(R+ R, + Ry + Ry +4)(Ry + R, +2)(R, + Ry + R, +3)

1= F o)} 0= Fory T
(R, + Ry + Ry +3)(R, + Ry +2)(Ry + 1) (R, +1)

{1 _ F(x7 )}(R4+R5+2) {1 _ F(.xz )}(R3+R4+2)
(Ry +1)(Ry + Ry +2)(R, + R, +2)(R, +1)

=Ry - R )y
(Ry +1)(R, + Ry +2)(R, + Ry + R, +3)(R, +1)

. {1 _ F(x7)}(R2+R3+R4+R5+4) {1 _ F(xz)}o
(R, +1)(R, + Ry +2)(R, + Ry + Ry +3)(R, + R, + Ry + R, +4)

(4.39)

In the case p=3, j=5 and ¢ =2 when the censoring scheme R =(R,R,...,R),

equation (4.23) becomes

1
(R+D(2R+2)

f21,15,7:m:n (xS:m:n | X2 » x7:m:n) = f(XS){l - F(XS )}R X {{ {1 - F(xz)}2R+2

1 + + 1 +
T R+1) (1= F(xs)y 1= Fxy)} 1+m{1—1’(3€5)}m 2}

1 R+1 1 R+1
x{(R+1){1_F(x5)} BT }}
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/ {l—F(xz)}4(R+1) ~ {I_F(x7)}R+1 {I—F(xz)}3(R+l)
(R+DAR+D2AR+DIR+D  3(R+D2AR+D(R+1)’

= FOo)P 0= Fo)P ™ 1= Fag)) 0 {1 = F )
(R+D2(R+D2(R+1)(R+1) (R+D2(R+1D3(R+1)(R+1)

(1= F(xy) "0 (4.40)
(R+D2(R+1)3(R+ D4R +1) '
f21,15,7:m:n (XS:m:n | x2:m:n’x7:m:n) = f(XS){l_F(xs)}R X{{z(R+l)2 {I_F(xz)}z(RH)
_ 1 _ R+l g1 R+1 . 2(R+1)
G 1 FE I R Pl }

. 1- R+1 _ R+1
{m P} = =Py H

{{1 F(xz)} R+1 (R+1)_ {I_F(x7)}R+1 {1_5()62)}3(1?“)
AR+1* 3(R+1)

L A= FOP = FOop)P ™ (1= Foe) P {1 - Fxp)} ™
AR +1)* 3(R+1)*

{1 F(x, )}4(R+1)}. wan
AR +1)*
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Due to simplification, some expression in equation (4.41) can be coded. If
(-Fx,) " =a, 1-F(x)}* =b and {1-F(x,)}*" =¢, then the equation

becomes

-bh? (b-
f2f,{5,7:m:n(x5:m:n |x2:m:nﬂx7:m:n) :{f(XS){l_F()%)}R{z((aR_i_l))Z (R +cl)}}

a’ ca c’a? ca ¢
/ 4 FaRs 4 ran 4
4(R+1D" 3(R+D" 4R+DT 3N(R+DT 4 (R+])

(b-c)
{f(xs){l Fxs)} {2(R+1) R+1H {
) B (b—c)
_{f(XS){l F(xs)5 {Z(R 1) R+1 }} {4'(R+1) }
_ e @=bPe-0l] [a—c)’
_{f(xs){l F(xs5)} { 2 }}/{4!(1?4-1)

o a1y LG FOs) la—bf b=e). “442)
(a—c)f

a* —4ca® +6c%a® —4cta+ct
4!(R+1)

If 12(R+1) = k, then the conditional probability density function of X JR:m:n given

R R :
Xy and X7 18

fjl,lj—p,j+q:m:n (xj:m:n | xj—p:m:n "xj+q:m:n) = k{f(x]){l - F(xj)}R

X (1= F (e ) = 1= F O )2 = F )y == Fap, )Y
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A= F O )Y = 1= F e 2 (4.43)
Sincep=3,j=5andg=2,

R
f2,5,7:m:n (x5:m:n | Xoomn > X7:men )

_ o SO = Fa) L= FOy) ™ = 1= FOes) 1 ({1 = Fe)} ™ — {1 - Fxep)
1= F ) = 1= F )

(4.44)
where k= 12(R+1).

In order to obtain the general expression for j =u, j+ g =y andj - p =x, and also p —

1 =2 and g — 1 = 1, equation (4.44) can be written like the expression in equation (4.20).

2
SO {F@‘F”@w%_F@‘FWq. (4.45)
Fp)-F) |[FO)-F@] | FOo)-F@)

Due to Theorem 4.3, any property of order statistics can be easily transformed to the
corresponding property of Progressively Type II censored order statistics with censoring
scheme (R, R,..., R). In particular, any characterization of a probability distribution in
terms of order statistics can be rewritten as a characterization in terms of Progressively
Type II censored order statistics with censoring scheme (R, R,..., R). Theorem 4.4 can

S€rve as an example.

Theorem 4.4 Assume that the random variable X has absolutely continuous and strictly
increasing distribution function F(x) with left and right extremities ar and bp,
respectively. Let G(x) be also an absolutely continuous and strictly increasing

distribution function with left and right extremities a; =a, and b; =b,. Then

F(x)=1-(1-G(x))"™ if and only if the representation
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LS B G ) X —x X _ 12 MGG - MG(x)
k leE[h (G(Xj:m:n )) | Xj—p:m:n =X, Xj+k+1—p:m:n - y] - G(y) . G(X)

(4.46)

holds for all ay < x <y < by. R=(R,R,...,R) and the number j, n, k are fixed and

satisfies (4.11). Proof of Theorem 4.4 follows easily from Theorems 4.2 and 4.3.

Consider some special cases.
Corollary 4.2 i) Let j be a positive number satisfying 3 <j <n — 2. A random variable X

has absolutely continuous strictly increasing distribution function G(x) if and only if the

representation

1 1
EE{Xj:m:n | Xj—l:m:n = xﬂXj+2:m:n = y} +5E{Xj:m:n | Xj—2:m:n = xﬂXj+1:m:n = y}

_ MG») = h(G(x)
G(y)-G(x)

holds for all (x,y)e D.

ii) Let 4 <j < n — 3. A random variable X has absolutely continuous and strictly

increasing distribution function G(x) if and only if the representation

1 1
gE{Xj:m:n | Xj—l:m:n = x’Xj+3:m:n = y} + EE{Xj:m:n | Xj—Z:m:n = x’Xj+2:m:n = y}

1 B _ o MG() - h(G(x))
+ 3 E{Xj:m:n | Xj—3imin - x’Xj+15m5” =yi= G(y) - G(x)

holds for all (x,y)e D.
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The characterization of Generalized Beta distribution for order statistics and Theorem
4.4 immediately implies the characterization of this distribution in terms of
Progressively Type II censored order statistics. Similarly, one can transform
characterizations of Uniform, Weibull (Exponential) and Pareto distributions given in
terms of order statistics into characterizations in terms of Progressively Type II censored

order statistics.
4.2.1  Characterizations for Some Special Distributions
4.2.1.1 Uniform Distribution
The absolutely continuous random variable X with strictly increasing distribution

function having support (0,1) has Uniform distribution over this interval if and only if

the representation

Jj—p:m:n J+k+1-p:m:n = y]

k
%ZE[X}?W | xR =x, XN
p=1

o RALOyRYD) ik (4.47)
R+2 c(x,y;R+1)

holds for all 0 <x <y < 1, where c(x, y;R +1) = (1—x)®*' = (1= y)®**'. The result follows

R+1 (1- x)(R+2)/(R+1) _ R+1

from the Theorem 4.4 by a choice of A(x)=x+ a2’
+

H(x)=1-1-x)"®D Gux)=1- (1 —x)F".



69

4.2.1.2 Weibull Distribution

The absolutely continuous random variable X with strictly increasing distribution
function having support [0,c0) has Weibull distribution F(x)=1-exp(—ax”), x>0,

a >0, >0 if and only if the representation
1 k R R R
EZE[Xj:m:n ’ Xj—p:m:n = x’Xj+k+l—p:m:n = y]
p=1

_ 1 al(exp(-ax’))" -y (exp(-ay” )]
R+1 (exp(—ax”))*" = (exp(-ay”))""

(4.48)

holds for all 0<x<y<w and k+1<j<n—k, here

X _I_ln(l—x)_ 1
R+1 R+1 R+1’

G(x) =1—(exp(—ax” ).

h(x) = _1n(1 _ x)l/(R+1)x + h'(x) — —ln(l N x)l/(R+1) and

Special case. When f =1, X has Exponential distribution, then the following

characterization for the Exponential distribution can be given. X has Exponential

distribution F(x)=1-exp(—ax), x>0 if and only if the representation

bl

lZE[X‘.‘ | X2 o = %X =]

Jim:n —pm:n s j+k+1-p:m:n
p=l1

R+1 R+1]

_ 1 alx(exp(-ax)) ™ — y(exp(-ap))
R+1 (exp(—ax))™ - (exp(-ap))*!

(4.49)

holds forall 0 <x < y <oo.
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4.2.1.3 Generalized Beta Distribution

The absolutely continuous random variable X with strictly increasing distribution

Y
function having support [a,b] has Generalized Beta distribution F(x)=1- EZ x; 7
—a
a<x<b,0>0,—0<a<b<oo,ifand only if the representation
1 k R R R
;zlE[Xj:m:n | Xj—p:m:n = x’Xj+k+1—p:m:n = y]
p:
:b+<9(R+1)(a—b) d(x,y;9+1), (4.50)
OR+1)+1  d(x,y;0)
holds for all al<x<y<b and k+1<j<n-k, where

h—x O(R+1) bh— O(R+1)
d(x,y;0) =[ j —[ J ) . The result is obtained by using target function

b-a b—a
_ _ \HO(R+D))
h(x) =hx — (a bXI -x) and h!(x) =b_(b_a)(1_x)l/(9(R+l)) and
1+ 1/(O(R +1)
_ \O(R+])
Goy=1-L=9
(b _ a)@(RJrl)

The above characterization with a = 0, b = 1, 6 = 1 turns into a characterization of

Uniform distribution.
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4.2.1.4 Pareto Distribution

The absolutely continuous random variable X has strictly increasing distribution

0
function having support [y, o) has Pareto distribution F(x)=1- %, ,
(x+0)
6 >0, y+0 >0 if and only if the representation
1 k R R R
;ZE[ijn ‘ Xj—p:m:n =X, Xj+k+l—p:m:n = y]
p=l1
_ O(R+1) e(x,y;@—l)_5 @.51)
O(R+1)—-1 e(x,y;0)
holds for all y<x<y<ow and k+1<j<n—-k, where
1 A(R+1) 1 O(R+1)
e(x,y;0)= [ j — [ j . Here the target function
xX+0 y+0
h(x) = (y +90) (1- x)(—l/(e(R+1)))+1 _Se, W) =—(y+8)1- x)—l/(e(R+1)) _5

T (1/OR+1))+1

(7/ + 6)9(R+1)
and G(X) ZI—W .



CHAPTER FIVE

APPLICATIONS TO GOODNESS-OF-FIT TESTS

In this chapter, the applications of characterization theorems involving order statistics
and Progressively Type II censored order statistics to goodness-of-fit tests are discussed.
The idea on how to use characterization theorems in goodness-of-fit tests is described in

Balasubramanian & Dey (1997).

“The history of goodness-of-fit tests started with the seminal paper of Karl Pearson in

1900 on chi-squared tests” Balakrishnan & Lin (2003).

Balakrishnan, Ng, & Kannan (2004) describe the goodness-of-fit test as “In statistics,
the problem of testing for the adequacy of model specifications is extremely
important. The validity of inferential procedures depends in great part on the
assumption of a particular underlying distribution for the data. There have been
numerous procedures developed in the literature for determining whether a random
sample comes from some specific distribution. All these procedures have been

2

classified as ‘goodness-of-fit’ tests.

The general procedure consists of defining a test statistic, which is some function of
the data measuring the distance between the hypothesis and the data, and then
calculating the probability of obtaining data which have a still larger value of this test
statistic than the value observed, assuming the hypothesis is true. This probability is
called the size of the test or confidence level. Small probabilities indicate a poor fit.
Especially high probabilities correspond to a fit which is too good to happen very often
and may indicate a mistake in the way the test was applied, such as treating data as
independent when they are correlated. The most common tests for goodness-of-fit are

the chi-square test, Kolmogorov test, Smirnov test and Cramer — von Mises test.
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Suppose a random experiment with a random variable X of interest. Assume
additionally that X is absolutely continuous with probability density function f{x) on a
finite set S. The experiment is repeated » times to generate a random sample of size n
from the distribution of X : X, X, ..., X,,. These are independent random variables, each

with the distribution of X.

In this chapter, it is assumed that the distribution of X is unknown. For a given

distribution function Fy(x), the hypotheses will be tested

Hy: F(x) = Fo(x) versus Hi: F(x) # Fo(x).

The test that will be constructed is known as the goodness-of-fit test for the
conjectured density Fy(x). As usual, the challenge in developing the test is to find a good
test statistic that gives information about the hypotheses and whose distribution, under

the null hypothesis, is known, at least approximately.

Balakrishnan et al. (2002) proposed a goodness-of-fit test for the exponential
distribution when the available sample is Progressively Type II censored. Balakrishnan
et al. (2002, 2004) proposed goodness-of-fit tests for testing exponentiality and a general
location scale distribution, based on Progressively Type II censored samples.
Balasubramanian et al. (1997) presented results that lead to the characterization of
several distributions using conditional expectations. They considered both absolutely
continuous random variables and discrete random variables. In the case of discrete
random variables, the distribution is almost uniquely determined under the stated
conditions while in the case of absolutely continuous random variables, the results lead

to the characterization of a family of distributions.


http://www.ds.unifi.it/VL/VL_EN/prob/prob1.html
http://www.ds.unifi.it/VL/VL_EN/prob/prob3.html
http://www.ds.unifi.it/VL/VL_EN/dist/dist1.html
http://www.ds.unifi.it/VL/VL_EN/sample/sample1.html
http://www.ds.unifi.it/VL/VL_EN/prob/prob6.html
http://www.ds.unifi.it/VL/VL_EN/hypothesis/hypothesis1.html
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5.1 Applications to Goodness-of-fit Tests for Order Statistics

Assume that X,,...,X, i1s a random sample of » 1.i.d. observations with an unknown

distribution F(x). By using Theorem 4.2, several distributions are characterized through
order statistics. It is introduced that the characterizations for Uniform, Weibull,
Generalized Beta and Pareto distribution can be used to test whether or not F(x) belongs

to the these distributions.

Under hypothesis H, it is expected that E(S)= 0. Hence large values of |S| lead to

the rejection of the hypothesis H . As this test is based on a characterization property, it

is likely to have large power. Characterizations are made very useful by these inferential

aspects.
5.1.1 Goodness-of-fit test for Uniform Distribution

Consider the problem of testing H, : F(x) is Uniform.

Under H|, : F(x) is Uniform

1 K ¢ (Xj+k+17p:n)c+l - (‘ijfp:n)c-'—1

S = L - (c+1)(X —X

p=1

(5.1)

J+k+1—pin j—p:n)
holds forall 0<x < y<1.In(5.1) je{k+1, k+2,.., n—k} is fixedand c>1.

The test : H, would be rejected

S|>0.
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5.1.2  Goodness-of-fit Test for Weibull Distribution

Consider the problem of testing H, : F(x) is Weibull.

Under H,, : F(x) is Weibull
Il g
S=—) aX’.

exp(—aX”? _YaX?  +1)—exp(-aX? YaX? +1)

j-pn j-pn Jj+k+l-pn Jj+k+1—-pmn
ﬂ - (5.2)
exp(—aX i, ) —exp(—aX 7 iy )

holds for all 0 < x < y <. Here j satisfies (4.11).
The test : H, would be rejected
S|>0.
5.1.3  Goodness-of-fit Test for Generalized Beta Distribution
Consider the problem of testing H, : F(x) is Generalized Beta.

Under H : F(x) is Generalized Beta

1 k a_bea(X— ;n’X'k 7;}1;6—’_1)
S=—2Xj.n—b+( ) S T D (5.3)

0+1 a(X 0)

j—pmn> Xj+k+1—p:n )
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4 4
holds for all a<x<y<b where a(x,y;&):(l]j_xj —(Z_yj . Here j satisfies
—a —a

(4.11).
The test : H, would be rejected
S|>0.
5.1.4  Goodness-of-fit Test for Pareto Distribution
Consider the problem of testing H, : F(x) is Pareto.

Under H, : F(x) is Pareto

iX-.n— _ 9 b(Xj—p:n’X
4 0-1 b(X

p=l J=pmn>

S:

| —

; 0 —1
J+k+1-p:n ) Y, (54)
X 0)

Jtk+l-pn >

1
y+0

9 0
holds for all y<x<y<ow where b(x,y;H):[ lgj —[ ], 6+#1 and j
X+

satisfies (4.11).

The test : H, would be rejected
S|>0.

Theorem 4.4 can also be used similarly.
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5.2 Applications to Goodness-of-fit Tests for Progressively Type Il Censored
Order Statistics

Assume that X, X,.., X, i1s a random sample of » 1i.d. observations with an

unknown distribution F(x). By using Theorem 4.4, several distributions are characterized
through Progressively Type II censored order statistics. It is introduced that the
characterizations for Uniform, Weibull, Generalized Beta and Pareto distribution can be
used to test whether or not F(x) belongs to the these distributions.

5.2.1  Goodness-of-fit Test for Uniform Distribution

Consider the problem of testing H, : F(x) is Uniform.

Under H : F(x) is Uniform

S = li R —1- R+1 C(XJR—PIWZH ’XjR+k+1—p:m:n ;R + 2) (5 5)
k p=l o R+2 C(leip:m:n > X]IikJrlfp:m:n ) R+ 1)

holds forall k+1< j<n—k,0<x<y<1 where c(x, ;R+1)=(1-x)"" —(1- ).

The test : H, would be rejected

S|>0.
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5.2.2  Goodness-of-fit Test for Weibull Distribution

Consider the problem of testing H, : F(x) is Weibull.

Under H,, : F(x) is Weibull

S—liXR S
k Jmn Ry

p=l1

a[(XjR—p:m:n )ﬂ (exp(_a(X;z—p:m:n )ﬁ ))RH - (X;i—k+1—p:m:n )ﬁ (exp(_a (le':kﬁ—l—p:m:n )ﬂ ))R+1 ]
+ . R B\R+1 _ R B\ R+1
(exp( a(Xjfp:m:n ) )) (eXp( a(XjJrkJrlfp:m:n ) ))

(5.6)

holds forall 0 < x<y <o and k+1< j<n—k.
The test : H, would be rejected
S|>0.
5.2.3  Goodness-of-fit Test for Generalized Beta Distribution
Consider the problem of testing H, : F(x) is Generalized Beta.

Under H : F(x) is Generalized Beta

OR+1)(a—b) dX R s X kit pomn3 0+ 1)
OR+1)+1  d(X} xR )

—p:mnd <t j+k+l—p:m:n 5

1& R
S:;ZXj:m:n_b_'_
p=l1

(5.7)
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holds for all as<x<y<b and k+1<j<n—k where
O(R+1) O(R+1)
b—x b—y
d(x,y;0)=| —— - .
(x.:6) (b—a] (b—a)

The test : H, would be rejected

S|>0.

5.2.4  Goodness-of-fit Test for Pareto Distribution

Consider the problem of testing H, : F(x) is Pareto.

Under H, : F(x) is Pareto

S = le:XR - e(R + 1) e(X;z—p:m:n’X;{-i-k+l—p:m:n;9 o 1) Y
k p=1 s Q(R + 1) -1 e(XF—p:m:n’X;{-i—kﬂ—p:m:n;g)
(5.8)
holds for all y<x<y<o and k+1<j<n—-k where

1 O(R+1) 1 O(R+1)
e(x,y;0) = ( j - ( j :
xX+0 y+0

The test : H, would be rejected

S|>0.



CHAPTER SIX
CONCLUSIONS

In this thesis, some general models of ordered random variables which are order
statistics, Progressively Type II censored order statistics and generalized order statistics
are investigated. Balakrishnan, Childs et al. (2002) have introduced the probability
density function of two nonadjacent Progressively Type II censored order statistics in
explicit form. As an extension of this result, the probability density function of &
nonadjacent Progressively Type II censored order statistics is obtained by using explicit

form.

It is shown that for a particular censoring scheme R =(R,R,...,R), the joint

distribution of Progressively Type II censored order statistics can be reduced to the joint
distribution of ordinary order statistics with the sample size m. Using this result, some
characterization theorems for important classes of distributions are given. These
theorems involve the conditional expected values of ordinary order statistics and

Progressively Type II censored order statistics.

Also, applications in goodness-of-fit tests are discussed. Balasubramanian & Dey
(1997) introduced the goodness-of-fit tests for order statistics by using characterization
theorems. In the same way, the goodness-of-fit test statistics are described for some

general classes of distributions.

Throughout the thesis the distribution functions are assumed to be absolutely
continuous and strictly increasing. The relation that gives the reduction of Progressively
Type II censored order statistics to order statistics when the censoring scheme
R =(R,R.,...,R) is also valid for discrete distributions. Balakrishnan & Dembinska
(2007) investigated whether this relation holds true for discontinuous F(x) and they have
proposed the theorem giving an affirmative answer to this question. This reduction
theorem enables to extend distributional properties of order statistics into properties of

Progressively Type Il censored order statistics with censoring scheme R =(R,R,...,R).
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