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ABSTRACT

OPTOMECHANICALLY INDUCED TRANSPARENCY
IN A PT SYMMETRIC SYSTEM

Beyza Sütlüoğlu

M.S. in Physics

Advisor: Ceyhun Bulutay

August 2020

Optomechanical systems have attracted attention recently in various areas of

physics, and are widely used with the purpose of laser cooling, gravitational wave

detection, preparation of entangled states, cooling of mechanical mode to its

ground state of motion. Some associated remarkable phenomena are optomechan-

ically induced transparency and slow light. Here, we investigate these features in

the context of parity-time (PT ) symmetry. For that purpose, we analyze a system

composed of a cavity coupled to pair of PT symmetric mechanical resonators, and

investigate the first-order sidebands induced by the radiation pressure on the cav-

ity end-mirror. System is driven by a strong control field and a weak probe field.

Using a perturbative method in resolved sideband regime, we observe the trans-

mission of the probe field and slow light around the exceptional point. System

exhibits different behaviors in PT broken and PT unbroken phases. In addition

to these, we apply polaron transformation, and compare our results with the pre-

vious approach. Finally, we offer a preliminary exposition of phase relations for

a ternary coupled PT symmetric system, where both mechanical resonators are

coupled to the electromagnetic cavity which exemplifies higher-order exceptional

points. Predominantly, our results highlight the effects of PT symmetry and

exceptional points on the optomechanically induced transparency.

Keywords: PT symmetry, exceptional points, optomechanically induced trans-

parency, polaron transformation, slow light.
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ÖZET

PT SİMETRİK BİR SİSTEMDE OPTOMEKANİKSEL
İRGİTİMLİ SAYDAMLIK

Beyza Sütlüoğlu

Fizik, Yüksek Lisans

Tez Danışmanı: Ceyhun Bulutay

Ağustos 2020

Optomekanik sistemler yakın zamanda fiziğin birçok alanında dikkat çekmiştir ve

lazer soğutma, kütleçekim dalgalarının tespiti, dolaşık durumların elde edilmesi,

mekanik kipin taban durum hareketine soğutulması gibi amaçlarla kullanılmıştır.

Bununla birlikte optomekaniksel irgitimli saydamlık, yavaş ışık gibi özellikler de

gözlemlenebilmektedir. Bu çalışmada parite-zaman (PT ) simetrisi bağlamında

bu özellikleri incelemekteyiz. Bu amaç doğrultusunda PT simetrik iki mekanik

çınlacın pasif olanı ile çiftlenmiş bir kovuktan oluşan sistemi analiz etmek-

teyiz. Öncelikli hedefimizi kovuğun çınlaca bağlı olan aynasının hareketinden

kaynaklanan birinci derece yanbantları incelemek oluşturmaktadır. Sistem güçlü

bir kontrol ve zayıf bir sonda lazeri ile sürülmektedir. Yanbant çözünür rejiminde

pertürbatif metot kullanarak sonda alanının iletimini ve yavaş ışık özelliğini isti-

nai nokta civarında mercek altına almaktayız. Yukarıda bahsettiğimiz yönteme

ek olarak sisteme polaron dönüşümü uygulayıp iki yaklaşımı karşılaştırmaktayız.

En nihayetinde yüksek dereceli istisnai nokta özelliği göstermesini beklediğimiz

üçlü olarak çiftlenmiş bir optomekanik sistem için bir ön çalışma mahiyetinde faz

ilişkilerini incelemekteyiz.

Anahtar sözcükler : PT simetri, istisnai nokta, optomekaniksel irgitimli say-

damlık, polaron dönüşümü, yavaş ışık.
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Chapter 1

Introduction

1.1 A Brief History of Optomechanics

Cavity optomechanics relies on the mutual interaction between confined electro-

magnetic field and the mechanical motion mediated by radiation pressure. It has

been a rapidly growing field in recent years and many experiments paved the way

for both gravitational wave detection, monitoring mechanical motion and prepa-

ration of entangled states [1, 2, 3, 4, 5, 6]. As the pioneer of this field, Ashkin

demonstrated a method for trapping atoms and cooling gases using resonance

radiation pressure of highly focused laser beams and atomic injections [7]. Even

earlier, radiation pressure was also used to cool the mechanical motion by laser

radiation [8]. Realization of laser cooling experimentally led many applications

such as optical atomic clock and measurement of gravitational fields precisely [9].

Idea of turning one end of optical cavity to a harmonic oscillator was proposed

by Braginsky et al where they demonstrated damping of mechanical motion in-

duced by radiation pressure [10]. In 1983, radiation pressure induced bistability

and mirror confinement experiment performed by Dorsel and coworkers gave rise

to novel applications for interferometric measuring of mechanical displacements

accurately [11].
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Discrete nature of photons induces quantum fluctuations in the radiation pres-

sure. Braginsky asserted that radiation pressure of light in a resonator causes

quantum back action due to the quantum fluctuations and this effect imposes

the standart quantum limit on accuracy of position of free mass measurement

[12, 13]. Additionally, standart quantum limit for the position detection evoked

a great amount of attention for sensitive measurement of mechanical motion and

gravitational wave detectors such as LIGO [14, 15, 16, 17]. Sensitivity of the

interferometers is actually disturbed by both dynamic and quantum back-action.

Their use for atomic laser cooling of mechanical motion was reviewed in Kip-

penberg and Vahala’s article demonstrating the differences between dynamic and

quantum back-action [18]. Moreover, it was shown that generation of nonclassical

states like Schrödinger cat state can be produced by utilizing an optomechanical

system consisting of a resonator with movable mirror due to the arising entangle-

ment between optical cavity mode and the mechanical mode [19, 20, 21, 22].

Eliminating the thermal effects in optomechanical systems makes easier to

observe quantum effects and this can be achieved by cooling of mechanical modes

to ground state of motion. In 2000’s, the research in optomechanical cooling

has experienced an impetus [23, 24, 25], to directions such as resolved sideband

limit and the strong coupling regime [26, 27]. Further interesting phenomena

scrutinized in this era were optomechanically induced transparency (OMIT), slow

light, anti bunching in photon correlations [28, 29, 30, 31].

1.2 Optomechanically Induced Transparency

Especially OMIT attracted remarkable attention since 2010 [32]. It was conceived

theoretically as an analog of electromagnetically induced transparency [33], and

was rapidly demonstrated experimentally [34, 29]. Afterwards, tunable multi-

channel cases which are double and multiple OMIT were also explored [35, 36, 37].

It has been shown that transparency window could be observed for different kind

of optomechanical systems such as quadratically coupled [38], assisted by a two

2



level atomic ensemble which enables a controllable OMIT [39], mechanical res-

onator driven by a coherent field which can adjust the transmission of light from

absorption to amplification [40], and also for a coupled double cavity configura-

tion producing an electromagnetically induced absorption within a transparency

window [41]. Optomechanically induced transparency paved an avenue for novel

applications such as manipulation of light propagation where the group velocity

of light can be decreased remarkably like in the case of electromagnetically in-

duced transparency [33], for making precision measurements of weak magnetic

fields [42], electric charges [43] and environmental temperature [44].

1.3 PT Symmetry

The other pillar of this thesis is the PT symmetric quantum mechanics where

real spectra can be observed in non-Hermitian Hamiltonians which are invari-

ant under PT transformation contrary to conventional idea of only Hermitian

Hamiltonians having real eigenvalues. It goes backs to at least 1998, when Ben-

der and his coworkers realized the importance of PT symmetry as well as the

phase transition which occurs at the so-called exceptional point. Later on a

generalization to complex quantum mechanics was made by introducing a C op-

erator [45, 46, 47]. However, a complete mathematical proof of reality of the

spectra for PT symmetric quantum mechanical systems was made by Dorey and

his colleagues [48, 49]. In 2002, Mostafazadeh introduced the concept of pseudo-

Hermiticity, and asserted that all Hamiltonians having real eigenvalue spectrum

are pseudo-Hermitian, and the PT symmetric Hamiltonians are actually a sub-

set of these Hamiltonians [50]. In his subsequent works, necessary and sufficient

conditions were given to have a real eigenvalue spectrum in non-Hermitian Hamil-

tonians, and proved that pseudo-Hermiticity is the necessary condition accom-

panied with a linear invertible operator [51, 52]. Nevertheless, the community

largely concentrated on the PT symmetric systems rather than the broader class

of pseudo-Hermitian ones.
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1.4 Examples of PT Symmetric Systems

The main thrust behind the PT symmetric systems is the experimental evidence

behind it. After the initial theoretical interest around the turn of this century,

the momentum behind it was in the decline until 2010, when the field liter-

ally exploded with the experimental demonstration of PT symmetry in optics

[53]. Thus, not surprisingly PT symmetric systems have attracted a considerable

amount of attention in the framework of photonics [54, 55, 56]. To test the PT
symmetric systems experimentally, optical systems having complex refractive in-

dexes were used instead of the complex potentials in non-Hermitian Hamiltonians

[57, 58, 59]. Furthermore, it has been shown that PT symmetric optical systems

enabled many important applications such as double refraction and power oscil-

lations due to eigenvector unfolding in exact phase, non-reciprocal light trans-

mission and observation of edge states in topological insulators [57, 60, 61, 62].

Additionally, loss induced transparency, a system acting as both laser and co-

herent perfect absorber at the same time and, effects of spontaneous breaking

of PT symmetry on microring lasers were demonstrated [63, 64, 65, 66, 67, 68].

PT symmetric optomechanical system with the controlled loss and gain offers a

remarkable resource due to its unique characteristics around exceptional points

like ultralow-threshold phonon laser, chaos, OMIT and slow light [69, 70, 71, 72].

These features stemming from exceptional point are the motivation for us to

study optomechanically induced transparency and slow light in PT symmetric

optomechanical system.

1.5 This Thesis

In this work, we consider a system including a cavity and a pair of PT symmetric

mechanical resonators to reveal how OMIT and slow light come about by the

noteworthy features of PT symmetry and exceptional points.

Chapter 2 introduces PT symmetry, and makes a brief geometric explanation
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of exceptional points which form the essence of this thesis since the system under-

goes a phase transition, and eigenvalues simultaneously coalesce with eigenvectors

at this point [45, 47]. In Chapter 3, for a three-mode Λ type system composed

of a cavity coupled to passive one of PT symmetric mechanical resonators, we

show OMIT and slow light in both PT broken and PT unbroken phases using

a perturbative method which restricts to the first-order sidebands while system

is driven coherently by a strong control field and a weak probe field. For the

remainder of Chapter 3, we implement the polaron transformation method, and

diagonalize the modified Hamiltonian in absence of the external driving fields.

We compare the two approaches when system transits from PT symmetric phase

to PT broken phase.

In Chapter 4, we extend the optomechanical system so that cavity and two

mechanical resonators are all inter-coupled. We investigate the effects of addi-

tional coupling on the OMIT as the phase of one of the coupling coefficients is

varied. In the Conclusion chapter, we review our results and suggest a route for

future work based on our results.
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Chapter 2

Parity Time Symmetry and

Exceptional Points

2.1 Parity Time Symmetry

In most textbook examples of quantum mechanics, systems are isolated and

closed, meaning that they do not exchange energy and particles with the environ-

ment. In the Hamiltonian formulation, such systems are described by a Hermitian

matrix which is invariant under matrix transposition and complex conjugation.

Hermitian Hamiltonians have always real eigenvalues, total energy and probabil-

ity are conserved, since probability is constant in time; as a direct implication the

time evolution operator becomes unitary. As for the more realistic open physical

systems coupled to an environment, the systems energy is not fixed, and it can

have gain or loss [73]. Such systems are described by non-Hermitian Hamiltonians

if we consider only the system subspace [74]. Historical examples of open systems

are alpha decay described by Gamow as the escape of an electron from the nu-

clei, and the complex potential which was used to describe by Feshbach, Porter

and Weisskopf for the scattering between nuclei and neutrons. Difference of such

Hamiltonians from the Hermitian ones is that they have complex eigenvalues and
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due to complexity of energy, alpha decay via tunneling and scattering interac-

tions can be explained. However, non-Hermitian Hamiltonians having parity and

time symmetry have real eigenvalues [56]. Those PT symmetric systems lie be-

tween open and closed systems. The reason for that is the system is in contact

with environment but also it is in equilibrium. Example of such a system is two

coupled boxes which experience equal amount of gain and loss (see Figure 2.1).

Corresponding PT symmetric Hamiltonian for such a system is

Ĥcombined =
⎡⎢⎢⎢⎢⎣

a + ib g

g a − ib

⎤⎥⎥⎥⎥⎦
, (2.1)

where g is a real coupling constant and imaginary part b on the diagonals de-

termines whether system has gain or loss. Under time reversal symmetry gain

becomes loss and loss becomes gain. Under space reflection (parity) boxes are

swapped [73]. In mathematical terms, time reversal T̂ corresponds to a com-

plex conjugation operator, and parity for a bipartite system is represented by the

swapping matrix multiplication P̂=

⎡⎢⎢⎢⎢⎣

0 1

1 0

⎤⎥⎥⎥⎥⎦
[75, 73].

2.2 Exceptional Points

Non-Hermitian degeneracies, also called exceptional points (EP) are singularities

in the eigenvalue spectra resulting in coalescence of eigenvectors so that the sys-

tem reduces its dimensionality by the degree of the EP [74]. EP’s are functions

of parameters of complex part of the Hamiltonian. In other words, for PT sym-

metric systems, phase transition occurs at EP meaning that at one side of EP,

eigenvalues are real while at the other side eigenvalues become complex pairs. For

the matrix in Eq. (2.1), eigenvalues are E1,2 = a ±
√
g2 − b2. When g < b eigenval-

ues are complex, system is not in equilibrium and in the PT broken phase, when

g > b eigenvalues become real and system is in equilibrium and in the PT unbro-

ken phase. At g = ±b, phase transition occurs, both eigenvalues and eigenvectors
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Figure 2.1: Schematic representation of a PT symmetric system. Two coupled
boxes which are in contact with environment experience the same amount of loss
and gain.

coalesce [73].

As for the geometric explanation of EP, first Riemann surfaces must be defined.

Multi-valued functions like square root function are defined on a Riemann sur-

face. To encircle a point on a Riemann surface, one must rotate twice to return

starting point. This is the reason that non-Hermitian Hamiltonians’ eigenval-

ues (energy levels) are defined with two-sheet Riemann surface for a two state

problem. A two-state Hamiltonian is represented by

⎡⎢⎢⎢⎢⎣

a g

g b

⎤⎥⎥⎥⎥⎦
, with the energy

eigenvalues, E± = a+b
2 ± 1

2

√
(a − b)2 + 4g2. Singularities for the eigenvalues are on

the imaginary axis and energy is defined on two-sheet Riemann surface. On com-

plex g surface, quantum levels are not discrete, g = ± ∣a−b∣2 i.

That is why, eigenvalues of non-Hermitian Hamiltonians are described by Rie-

mann surfaces. Non-Hermitian degeneracies (EP) are branch points of the cor-

responding Riemann sheets and encircling the degeneracy results in replacing of

eigenvalues and eigenvectors [74]. This is related to the geometry of the Riemann

8



Figure 2.2: Representation of Riemann sheet and encircling an EP, adapted from
Ref. [56]

surfaces describing the eigenvalues (see Figure 2.2). Replacing the eigenvalues

means that encirclement of exceptional point, beginning at one sheet ends at an-

other one apart from the Berry phase, a second encirclement is necessary to reach

the beginning point. Another sheet means that interchanging of the eigenvalues

and eigenvectors [56].

2.3 Tools for Non-Hermitian Systems

For non-Hermitian systems, conventional quantum mechanics can not be used but

different methods, namely dilation, defining a metric G, and also using an opera-

tor C were introduced in literature. [76, 77, 75]. PT -symmetric Hamiltonian can

be dilated to a higher dimensional Hermitian Hamiltonian by using an ancilla.

However, this method can only be used for unbroken PT symmetric Hamiltonians;

for systems which undergo a phase transition dilation method cannot be used in

broken phase [76]. Another method is to define a Hermitian metric operator G(t)
that relates non-Hermitian dual state vector to dual Hermitian state vector and

with this metric operator equation of motion, inner product, complex conjuga-

tion and completeness relations are defined in non-Hermitian quantum mechanics

which does not look so different than the conventional one visually [77]. Lastly, a

linear operator C commuting with unbroken PT symmetric Hamiltonian is used

to define inner product and an unitary evolution for states [75, 78].
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Chapter 3

Optomechanically Induced

Transparency in PT Symmetric

System

Optomechanically induced transparency (OMIT) is a quantum interference effect

arising due to the different phonon excitation pathways, and within the OMIT

window it eliminates the response of the medium like absorption, self focusing

and defocusing [34, 79]. System basically consists of a Fabry-Pérot type resonator

with a movable end, like a mass attached to a spring. A strong control laser is

used to drive the system and a weak probe laser is used to measure the response

of this driven optomechanical system. When probe detuning matches with the

mechanical resonance frequency, transparency window is observed in the probe

transmission spectra [34]. As another aim of this chapter, following Refs. [72, 27],

we would like to study the effect of PT symmetry and EP.

This chapter discusses two approaches to observe OMIT for a PT symmetric

optomechanical system. First one is the formulation in Ref. [27], and the second

one utilizes the polaron transformation. Both of them are generally consistent

with each other, but since the resulting Hamiltonians are not identical, we also

10



demonstrate some differences as discussed below. Deliberately we include a de-

tailed account of the formulation so as to fix some critical omissions and typos in

the pioneering Ref. [27].

3.1 The Hamiltonian

We consider a three-mode Λ type system which consists of a Fabry-Pérot cavity

attached to a pair of coupled PT symmetric mechanical resonators. The active

one is with gain while the passive one experiences equal amount of loss (see

Figure 3.1).

Figure 3.1: Schematic diagram of the PT symmetric optomechanical system
consisting of a cavity with movable end having frequency ωm. Active mechanical
resonator is coupled to passive one with coupling constant, µ.

Cavity with resonance (angular) frequency ωc is driven with a strong control

field with frequency wl and amplitude εl, and is probed with a probe field with

ωp and εp; amplitudes are related to power of the field via equation εi =
√

Pi
h̵ωi

,

11



where index i stands for l, p 1. For such a system the overall Hamiltonian is

Ĥcavity = h̵ωcâ†â,

Ĥmechanical = h̵ωm(b̂†1b̂1 + b̂†2b̂2) − h̵µ(b̂†1b̂2 + b̂†2b̂1),

Ĥinteraction = h̵gâ†â(b̂†1 + b̂1),

Ĥdrive = i
√
ηκεl,p(e−iωl,ptâ† − eiωl,ptâ),

(3.1)

where â, b̂1, b̂2 are cavity and mechanical mode operators respectively, g is the

coupling constant between cavity mode and the passive mechanical mode arising

from radiation pressure inside the cavity, κ is the cavity decay rate, and η is the

coupling parameter.

3.2 Rotating Frame Transformation

Optomechanical system depends on time due to driving as it is seen from the

Hamiltonian in Eq. (3.1). Unitary transformation is applied to remove the time

dependency in the driving Hamiltonian in a way that the system is observed in

a rotating frame with frequency ωl. Note that we do not introduce any approxi-

mation with this transformation. Hamiltonian takes the following form with the

unitary operator

Û(t) = e−ih̵ωlâ†ât,

Ĥ = Û †Ĥ(t)Û − iÛ † BÛ

Bt
.

(3.2)

Second term in the transformed Hamiltonian is called as the gauge term and de-

tunings for probe and control lasers arise due to the this term where Hamiltonian

is obtained using Baker–Campbell–Hausdorff formula

eÂB̂e−Â = B̂ + [Â, B̂] + 1

2!
[Â, [Â, B̂]] + ..., (3.3)

Ĥ =h̵∆â†â + h̵ωm(b̂†1b̂1 + b̂†2b̂2) − h̵µ(b̂†1b̂2 + b̂†2b̂1) − h̵gâ†â(b̂†1 + b̂1)

+ ih̵√ηκεl(â† − â) + ih̵√ηκεp(â†e−iωt − âeiωt),
(3.4)

1In Ref. [27], there is confusion of indexes for both cavity and control lasers, same index (c)
is used for referring both of them where in some places also index l is used for control field
frequency.
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where we define ∆ ≡ ωc − ωl, ω ≡ ωp − ωl, and µ is the coupling constant between

mechanical resonators. Therefore, the so-called detuning frequency ω in the sys-

tem is controlled by changing the probe field frequency while the frequency of

control laser is fixed.

3.3 Heisenberg-Langevin Equations

Next step is to obtain the Heisenberg-Langevin (HL) equations to determine the

time evolution of cavity and mechanical modes in the presence of gain and loss.

Dissipation is introduced with Markov approximation, and the essential evolution

comes exactly from the Heisenberg equation of motion (EOM) of an operator

9̂a = −i
h̵

[â, Ĥ]. (3.5)

Thus, EOM’s for the mode operators are

dâ

dt
= −i∆â + igâ(b̂†1 + b̂1) +

√
ηκεl +

√
ηκεpe

−iωt − κ
2
â,

db̂1

dt
= −iωmb̂1 + iµb̂2 + igâ†â − γ

2
b̂1,

db̂2

dt
= −iωmb̂2 + iµb̂1 +

γ′

2
b̂2,

(3.6)

where γ, γ′ are corresponding loss and gain of mechanical resonators. Position of

the first mechanical oscillator is defined as x̂ = xZPF (b̂†1+b̂1), where xZPF =
√

h̵
2mωm

is the zero point fluctuation of the mechanical oscillator [1].

In the semiclassical approximation, operators become equal to their expec-

tation values since quantum fluctuations are ignored. Steady state solutions of

these HL equations are found by setting time derivative to zero and three coupled

equations are obtained for steady state solutions of photon and phonon mode op-

erators. First, b̄2 is obtained from db2
dt = 0 and then using this, b̄1 and successively

13



ā is obtained by ignoring the time dependent part in the probe field as 2

ā =
√
ηκεl

i∆ + κ
2 − ig(b̄∗1 + b̄1)

,

b̄1 =
ig(iωm − γ′/2)∣ā∣2

(iωm + γ/2)(iωm − γ′/2) + µ2
,

b̄2 =
iµb̄1

iωm − γ′/2 .

(3.7)

3.4 Linearization

To linearize the system, the ansatz ℵ̂ = ℵ̄ + δℵ is used within semiclassical ap-

proximation â ≡ ⟨â⟩, b̂1,2 ≡ ⟨b̂1,2⟩. Substituting this ansatz to HL equations and

ignoring the nonlinear terms, EOM’s of perturbation terms are found, and lin-

earization discards higher-order sidebands that are actually generated in coupled

optomechanical systems [80]. Substituting the ansatz to first equation of Eq. (3.6)

yields

dδa

dt
= −i∆(ā+ δa)+ ig(ā+ δa)(b̄∗1 + δb∗1 + b̄1+ δb1)+

√
ηκεl +

√
ηκεpe

−iωt− κ
2
(ā+ δa).

(3.8)

Using the first equation of Eq. (3.7), evolution of the perturbation term for in-

tracavity mode is found as

dδa

dt
= −i∆δa − κ

2
δa + igδa(b̄∗1 + b̄1) + igā(δb∗1 + δb1) +

√
ηκεpe

−iωt. (3.9)

Substituting the ansatz b̂1,2 = b̄1,2+δb1,2 and then inserting the steady state equa-

tions to appropriate places, EOM for the perturbation terms are found after some

algebra as

dδb1

dt
= −iωmδb1 −

γ

2
δb1 + ig(āδa∗ + ā∗δa) + iµδb2,

dδb2

dt
= −iωmδb2 +

γ′

2
δb2 + iµδb1.

(3.10)

2Steady state value of intracavity mode Eq. (3) in Ref. [27] has a typo. Sign before the
coupling constant in the denominator must be minus.
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3.5 Transmission of the Probe

These coupled differential equations can be solved via inserting a perturbative

solution. The idea behind this is to find the amplitude of the anti-Stokes field

(see Figure 3.2) for a given ω = ωp−ωl. Driven optomechanical system annihilates

and creates photon at the first-order sidebands and transmission probability of

the probe is found from anti-Stokes field’s amplitude [32]. If one wants to demon-

strate the effects of the nonlinearity in the system, higher order sidebands must

be retained. However, for our case, first-order sideband which amounts to the lin-

ear case is sufficient to see the transparency window [27]. As it will be seen in the

following plots, transparency window appears when ω ≈ ωm, and the reason be-

hind this is time dependent radiation pressure providing a modulation frequency

ω. When this frequency becomes resonant with the frequency of mechanical res-

onator, they start to oscillate coherently, and create the first order sidebands.

Anti-Stokes field becomes resonant with probe frequency inside the cavity mode.

Then, destructive interference between these two fields suppresses the intracavity

field, and since probe field measures the photon mode transitions inside cavity,

there appears a transparency window [32].

Figure 3.2: The frequency configuration of Stokes and anti-Stokes fields
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δa = A1+eiωt +A1−e−iωt,

δb1 = B1+eiωt +B1−e−iωt,

δb2 = C1+eiωt +C1−e−iωt.

(3.11)

After substituting these equations into coupled differential equations and separat-

ing equations with the same complex exponentials, amplitudes of the first-order

sidebands are found. Substitution yields

A1+iω = A1+( − i∆ − κ
2
+ ig(b̄1 + b̄∗1)) + igā(B1+ +B∗

1−),

−A1−iω = A1−( − i∆ − κ
2
+ ig(b̄1 + b̄∗1)) + igā(B1− +B∗

1+) +
√
ηκεp,

B1+iω = B1+(−iωm − γ
2
) + (igāA∗

1− + igā∗A1+) +C1+iµ,

−B1−iω = B1−(−iωm − γ
2
) + (igāA∗

1+ + igā∗A1−) +C1−iµ,

C1+ =
iµ

iω + iωm − γ′/2B1+,

C1− =
iµ

−iω + iωm − γ′/2B1−.

(3.12)

Next, equations for C1±’s are substituted into equations for B1±’s to decouple

them step by step

B1+ =
ig(āA∗

1− + ā∗A1+)
iω + iωm + γ

2 +
µ2

iω+iωm− γ′2

,

B1− =
ig(āA∗

1+ + ā∗A1−)
−iω + iωm + γ

2 +
µ2

−iω+iωm− γ′2

.

(3.13)

These B1’s are used to decouple the A1’s and finally only A1’s are coupled to each

other as
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A1−Ξ(ω) =igā
⎡⎢⎢⎢⎢⎣

−ig(āA1− + āA∗
1+)

−iω − iωm + γ
2 +

µ2

−iω−iωm− γ′2

⎤⎥⎥⎥⎥⎦
+ igā

⎡⎢⎢⎢⎢⎣

ig(ā∗A1− + āA∗
1+)

−iω + iωm + γ
2 +

µ2

−iω+iωm− γ′2

⎤⎥⎥⎥⎥⎦

+√
ηκεp,

(3.14)

where Ξ(ω) = i∆+κ/2−iω−ig(b̄∗1+ b̄1). As it is seen from this equation to find the

the amplitude A1−, A∗
1+ is required, conjugate of the first equation in Eq. (3.12)

depends on the B∗
1+ and B1−, substituting these into A∗

1+ following equation is

obtained

A∗
1+(Ξ(−ω))∗ = − igā∗

⎡⎢⎢⎢⎢⎣

−ig(ā∗A1− + āA∗
1+)α(ωm,−γ′)

f1(α)

⎤⎥⎥⎥⎥⎦

− igā∗
⎡⎢⎢⎢⎢⎣

−ig(āA∗
1+ + ā∗A1−)α(−ωm,−γ′)

f2(α)

⎤⎥⎥⎥⎥⎦
,

(3.15)

with defined set of equations

α(ωm, γ) = −iωm − iω + γ
2
,

f1(α) = α(ωm, γ)α(ωm,−γ′) + µ2,

f2(α) = α(−ωm, γ)α(−ωm,−γ′) + µ2.

(3.16)

Collecting A∗
1+ in the right hand side, A1− becomes

A∗
1+ =

−igā∗λ
(Ξ(−ω))∗ + igāλA1−, (3.17)

with

λ = −igā∗
⎡⎢⎢⎢⎢⎣

α(ωm,−γ′)
f1(α)

− α(−ωm,−γ
′)

f2(α)

⎤⎥⎥⎥⎥⎦
. (3.18)

Finally, substituting Eq. (3.17) into Eq. (3.14), amplitude of the first upper side-

band having frequency ω + ωl is obtained as3

3In Ref. [27], Eq. (6) is incorrect. Defined set of equations for f2(α) and f3(α) are f1,2(α)
here. Equation for f1(α) in Ref. [27] does not appear in the equations. There are two defined
equations in Ref. [27] for λ but only the second one is used whereas first one again does not
appear. Furthermore, there is another mistake in frequencies of output fields which is written
as ωc ± ω at the same page, correct frequencies are ωl ± ω.
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A1− =
√
ηκεp

Ξ(ω) − igā(λ + λΓ∗) , (3.19)

with

Γ∗ = −igāλ
(Ξ(−ω))∗ + igāλ. (3.20)

After finding amplitude, using input-output relationship Sout = Sin −
√
ηκ⟨â⟩

where ⟨â⟩ = ā + δa, and Sin is found from the driving field in rotating frame

as Sin = εl + εpe−iωt. Output becomes 4[34, 27]

Sout = εl −
√
ηκā + (εp −

√
ηκA1−)e−iωt −

√
ηκA1+eiωt. (3.21)

Here,
√
ηκA1+ is amplitude of Stokes field and εl −

√
ηκā is the frequency spectra

of control field. A1+ becomes nearly zero in resolved-sideband regime (κ ≪ ωm)

[34]. Third term is the amplitude of anti-Stokes field and its division with εp gives

the transmission of probe field from tp = (εp −
√
ηκA1−)/εp as

tp = 1 − ηκ

Ξ(ω) − igā(λ + λΓ∗) . (3.22)

Another effect appearing in such an optomechanical system is the transition

from fast to slow light caused by the sign change in group velocity of light at

the probe frequency. This can be shown from rapid phase dispersion at ωp,

ψ(ωp) = arg[tp(ωp)]. Gradient of dispersion for different probe frequencies leads

to the group delay [81, 27]

τg =
dψ(ωp)
dωp

. (3.23)

This transition can be adjusted by modulating power of control field and transi-

tion point shifts with mechanical coupling constant. Ref. [81] also demonstrates

that for an optomechanical PT symmetric system with two cavity (active, pas-

sive) where the passive one is coupled to mechanical resonator driven by a phonon

4First term in the output field Eq. (7) in Ref. [27] is εc which is a typo since this term must
be the amplitude of the control field, εl.
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pump, transition from fast (τg < 0) to slow (τg > 0) light can be tuned with chang-

ing the gain and loss ratio, power of control field and phase of phonon pump in

the system.

3.6 Non-Hermitian Mechanical Hamiltonian

To find the EP of non-Hermitian mechanical Hamiltonian, its eigenvalues are

found as5

Ĥ ′
M = (b̂†1 b̂2

†)
⎛
⎝
h̵ωm − ih̵γ2 µh̵

µh̵ h̵ωm + ih̵γ′2

⎞
⎠
⎛
⎝
b̂1

b̂2

⎞
⎠
, (3.24)

Ω1,2 = h̵ωm + ih̵(γ − γ
′)

4
∓
√
µ2h̵2 − (γ + γ′)2

16
h̵2. (3.25)

Loss γ and gain γ′ are equal to have a PT symmetric system with real eigenvalues

and EP is the value that makes the radical zero, µ = γ+γ′
4 . Those eigenvalues can

also be defined as

Ω1,2 = h̵ω∓ + ih̵γ∓,

ω± = ωm ±Re

⎧⎪⎪⎨⎪⎪⎩

√
µ2 − (γ + γ

′

4
)2

⎫⎪⎪⎬⎪⎪⎭
,

γ± =
γ − γ′

4
± Im

⎧⎪⎪⎨⎪⎪⎩

√
µ2 − (γ + γ

′

4
)2

⎫⎪⎪⎬⎪⎪⎭
,

(3.26)

where ω± are frequencies of dressed states and γ± designate the decay of these two

mechanical supermodes. The theory will shaped around these parameters. Next

section is another formulation of OMIT which uses the polaron transformation.

5Hamiltonian matrix Eq. (11) has a trivial typo in Ref. [27], h̵ ’s are missing.
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3.7 Polaron Transformation

As the first step, PT symmetric coupled mechanical resonators are diagonalized

as

ĤM = Ω1B̂
†
1B̂1 +Ω2B̂

†
2B̂2, (3.27)

where its matrix form is given in Eq. (3.24) and Ω1 and Ω2 are the complex eigen-

values of mechanical non-Hermitian Hamiltonian. We can express the phonon

mode transformation via

b̂ =MB̂, (3.28)

where for simplicity we introduce m1 =M11 and m2 =M12. These m1,2 in trans-

formation matrix are found numerically. Optomechanical Hamiltonian without

the driving terms can be diagonalized using polaron transformation. Idea is to

introduce the radiation-pressure displaced phonon operators with respect to two

mechanical modes with i = 1,2 [82]. 6

ĤOM = ωcn̂ +Ω1B̂1

†
B̂1 +Ω1B̂2

†
B̂2 − gn̂(m1B̂1 +m2B̂2 + h.c). (3.29)

To remove the coupling term, i.e nonlinearity, polaron mode operators are intro-

duced as

d̂i ≡ B̂i −
gmi

Ωi

n̂,

d̂i
† ≡ B̂†

i −
gm∗

i

Ω∗
i

n̂.
(3.30)

In terms of these new polaron mode operators following optomechanical Hamil-

tonian is obtained

ĤOM = ωc[1 −
g2

ωcΩ̄
n̂]n̂ +Ω1d̂1

†
d̂1 +Ω2d̂2

†
d̂2, (3.31)

where 1
Ω̄
= m1

Ω1
+ m2

Ω2
. After diagonalizing the ĤOM , external driving fields are cou-

pled to cavity, and then switching to rotating frame with unitary transformation

to remove the time dependency in hamiltonian with operator Û = eiωltâ†a. Using

6Here, we set h̵ = 1 for the remainder of this section.
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Baker–Campbell–Hausdorff formula, following ĤOM in rotating frame is obtained

as

ĤOM = ∆[1− g2

∆Ω̄
n̂]n̂+Ω1d̂1

†
d̂1+Ω2d̂2

†
d̂2+i

√
ηκεl(â†− â)+i√ηκεp(â†e−iωt− âeiωt),

(3.32)

where ∆ = ωc − ωl and ω = ωp − ωl. Based on this optomechanical Hamiltonian,

following Heisenberg-Langevin equations are found to describe the time depen-

dent motion of cavity and mechanical modes by introducing dissipation term for

cavity with Markov approximation where loss and gain of mechanical resonators

are introduced previously in mechanical Hamiltonian.

dâ

dt
= −i[(∆ − iκ

2
)â − g

2

Ω̄
{â, n̂} − g∑

i

Ωi(
mi

Ωi

d̂i
†
â + m

∗
i

Ω∗
i

âd̂i) + i
√
ηκ(εl + εpe−iωt)],

dd̂i
dt

= −iΩid̂i −
√
ηκ
gmi

Ωi

[(εl + εpe−iωt)â† + (εl + εpeiωt)â].

(3.33)

Intracavity mode and mechanical mode operators are reduced to their expectation

values since quantum fluctuations are ignored, viz. â(t) ≡ ⟨â(t)⟩ , d̂i(t) ≡ ⟨d̂i(t)⟩
within the semiclassical approximation [27]. Before proceeding to the lineariza-

tion, steady state values for photon and phonon modes must be found by setting
dâ
dt = 0 and dd̂i

dt = 0, which yield

ā =
−i√ηκεl
∆ − iκ/2 ,

d̄i =
iηκ2gmiε2

l

Ω2
i (∆2 + κ2/4) .

(3.34)

Expressing cavity and mechanical modes as the sum of steady state value and

fluctuatiton part i.e â = ā + δâ and d̂i = d̄i + δd̂i, followed by a linearization

procedure for δa≪ ā and evolution of perturbation terms takes the form [34]
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dδâ

dt
= − i[(∆ − iκ/2)δâ − g

2

Ω̄
4δâ ∣ ā ∣2 −gδâ∑

i

Ωi

⎛
⎝
mid̄i

∗

Ωi

+ m
∗
i d̄i

Ω∗
i

⎞
⎠

− gā∑
i

Ωi

⎛
⎝
miδd̂∗i

Ωi

+ m
∗
i δd̂i
Ω∗
i

⎞
⎠
+ i√ηκεpe−iωt,

dδd̂i
dt

= − iΩiδd̂i −
√
ηκ
gmi

Ωi

⎡⎢⎢⎢⎢⎣
εlδâ

∗ + εlδâ + εpe−iωtā∗ + εpeiωtā
⎤⎥⎥⎥⎥⎦
.

(3.35)

Next step is to solve these set of equations as before with the following sideband

terms

δâ = A+eiωt +A−e−iωt,

δd̂i =Di+eiωt +Di−e−iωt.
(3.36)

Substituting these to the differential equations and finding the coefficients

accompanied by same exponential factor, following set of coupled equations are

obtained for A± and Di±

Di+ =
−√ηκgmi[εl(A+ +A∗−) + εpā]

(iω + iΩi)Ωi

,

Di− =
−√ηκgmi[εl(A− +A∗+) + εpā∗]

(−iω + iΩi)Ωi

,

A+ (−ω −∆ + iκ
2
+ g

2

Ω̄
4∣ā∣2 + g∑

i

Ωi2 Re{mid̄∗i
Ωi

}) = −gā∑
i

Ωi

⎛
⎝
mi

Ωi

D∗
i− +

m∗
i

Ω∗
i

Di+
⎞
⎠
,

A− (ω −∆ + iκ
2
+ g

2

Ω̄
4∣ā∣2 + g∑

i

Ωi2 Re{mid̄∗i
Ωi

}) = − gā∑
i

Ωi

⎛
⎝
mi

Ωi

D∗
i+ +

m∗
i

Ω∗
i

Di−
⎞
⎠

+ i√ηκεp.
(3.37)

When Di±’s are substituted to A±, it is seen that to find A− explicitly, we need

A∗+. Taking first equation in the above set and replacing Di± following equation

is found

A∗
+ =

ΞεlA− +Ξεpā∗

λ −Ξεl
, (3.38)
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with

Ξ = g2ā∗∑
i

∣mi∣2

Ωi

√
ηκ

⎛
⎝

1

−iω + iΩi

+ 1

−iω − iΩ∗
i

⎞
⎠
,

λ = −ω −∆ − iκ
2
+ g2

Ω̄∗4∣ā∣2 + g∑
i

Ω∗
i 2 Re{mid̄∗i

Ωi

}.
(3.39)

A∗+ depends now only on A−, substituting Di± into the second equation of

Eq. (3.37) A− is obtained

A− =
εlΓ

Λ − Γεl
A∗
+ +

Γεpā∗ + i
√
ηκεp

Λ − Γεl
, (3.40)

with

Λ = ω −∆ + iκ
2
+ g

2

Ω̄
4∣ā∣2 + g∑

i

Ωi2 Re{mid̄∗i
Ωi

},

Γ = g2ā∑
i

∣mi∣2

Ω∗
i

√
ηκ

⎛
⎝

1

−iω − iΩ∗
i

+ 1

−iω + iΩi

⎞
⎠
.

(3.41)

Finally, after replacing the A∗+ and equalizing the denominators, some of the terms

will cancel each other and overall amplitude of the first upper sideband will be

A− =
λΓεpā∗ + i

√
ηκεp(λ −Ξεl)

λΛ −ΛΞεl − Γλεl
. (3.42)

Using input-output relation, transmission of probe field becomes

tp = 1 −√
ηκ
λΓā∗ + i√ηκ(λ −Ξεl)
λΛ −ΛΞεl − Γλεl

. (3.43)

3.8 Energy Spectra of PT Symmetric Optome-

chanical System

To observe the effects of EP, and the differences between two approaches, first

we must explain the relevant states clearly. This is a 3-level Λ type system with

energy levels ∣ n,nm1, nm2⟩, ∣ n+ 1, nm1, nm2⟩ and ∣ n,nm1 + 1, nm2⟩ where n,nm1,m2

are number of photons and phonons, respectively. Weak probe causes a transition
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between photonic levels ∣ n,nm1, nm2⟩, ∣ n+1, nm1, nm2⟩ when phonon number stays

the same, and the control field leads to phonon transition between ∣ n+1, nm1, nm2⟩
and ∣ n,nm1 + 1, nm2⟩. There is also a 4th energy level, ∣ n,nm1, nm2 + 1⟩ and

transition to this level from ∣ n,nm1 + 1, nm2⟩ is due to the coupling µ between

two mechanical resonators. Two dressed states ∣ n,nm±⟩ are formed because of

this coupling between mechanical resonators [see Figure 3.3].

Figure 3.3: Energy level scheme of PT symmetric optomechanical system.

The frequencies of these two coupled mechanical states are ω± which we

obtained previously when finding the eigenvalues of non-Hermitian mechanical

Hamiltonian. Splitting between states are the difference of these frequencies. De-

pending on coupling constant, energy levels of the system change. First case is,

µ < γ+γ′
4 , PT broken phase. When system is in PT broken phase, there will not

be mode splitting between these states, and frequency becomes ω± = ωm where

they have two different decay rates, ± Im{
√
µ2 − (γ+γ′4 )2}. Obviously, eigenvalues

are not real. As for the PT unbroken phase, µ > γ+γ′
4 , frequency of mechani-

cal supermodes are different but decay rates are degenerate. Splitting width of

dressed states is λ = 2
√
µ2 − (γ+γ′4 )2 and proportional to coupling constant. At

EP, µ = γ+γ′
4 , both eigenvalues and eigenvectors coalesce so that the system di-

mension is effectively reduced. Dressed state frequencies and dissipation rates

become degenerate.
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3.9 OMIT Spectra

When probe detuning is equal to mechanical mode frequency, a transparency

window is observed, i.e, medium is transparent to this frequency. The physical

reason is due to destructive interference between the probe and the anti-Stokes

scattered control field so that no build-up of probe within the cavity is possible

[34]. At this point, system is in PT broken phase since there is no mode splitting,

only one transparency window is observed. However, when we approach the EP,

the peak of the transparency window enhances. For Figure 3.5 around this EP,

peak of transparency window increases almost 20 times with respect to previous

case which means that this point has a major effect on this physical process, and

the reason behind this dependence of transparency window’s peak is localization

of the strong control field [27]. Moreover, in the unbroken phase since there is a

mode splitting, a transition from single OMIT to double OMIT is observed due

to the two supermodes.

Figure 3.4: Probe power transmission for coefficient mechanical coupling µ =
0.2(γ +γ′) with parameters g = 2π MHz, ωm

2π = 3.68 GHz,γ = γ′ = 0.5×10−2ωm and
κ = 0.1ωm.
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Figure 3.5: Probe power transmission coefficient for mechanical coupling µ =
0.27(γ + γ′). Other parameters are same as Figure 3.4.

Figure 3.6: Probe power transmission coefficient for mechanical coupling µ =
0.8(γ + γ′). Other parameters are same as Figure 3.4.

26



Figure 3.7: Transmission coefficient of probe for mechanical coupling µ = 1.5(γ +
γ′). Other parameters are same as Figure 3.4.

Double OMIT can also be obtained by coupling a mechanical resonator to two-

level system. Coupling between mechanical resonator and two-level system results

in two dressed states and system becomes a four-level system [32]. Furthermore,

two coupled PT symmetric cavities and two coupled mechanical resonators with

Coloumb interaction create double OMIT and double optomechanically induced

absorption (OMIA) depending on parameters [83]. Transition from single OMIT,

OMIA to double windows is achieved by modulating the Coloumb interaction

between mechanical resonators. Coloumb coupling and gain rate of the first cavity

(active one) is zero, there will be a absorption window (constructive interference).

With the increasing coupling, splitting in absorption and transmission windows

occurs and absorption rate enhances in PT broken phase contrary to our case

in which transmission window enhances in unbroken phase [83]. Width between

the transparency windows is the frequency difference between dressed states. As

can be seen from Figure 3.7, this width becomes larger with increasing coupling

constant since ω± grows. Up conversion process of control field leads to double

OMIT seen in Figure 3.6 and Figure 3.7 [27].
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Figure 3.8: The logarithm of transmission coefficient of probe with respect to
coupling constant µ and probe detuning ω. Other parameters are same as Fig-
ure 3.4.

From Figure 3.8, enhancement of maximum value of transmission probability

at ω = ωm around EP is seen where µ/(γ +γ′) corresponds to 0.30 . Furthermore,

transition from single to double OMIT when passing through the EP i.e phase

transition is observed clearly from branch and this transition can be modified with

the EP. System exhibits a strong dependence on mechanical coupling constant,

as the width of transparency windows increase with µ as well as the enhancement

of maximum value around EP.
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Figure 3.9: The logarithm of transmission coefficient of probe with respect to
coupling constant µ and probe detuning ω for polaron transformation approach.
Other parameters are same as Figure 3.4.

Figure 3.10: Logarithm of power probe transmission for two approaches, white
dashed lines are corresponding coupling values for other figures. Plot on the left
is for the polaron transformation.
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Polaron transformation demonstrates more sensitivity to mechanical coupling

constant and as it is seen in Figure 3.9 transition from single OMIT to double

OMIT appears earlier than the previous approach. This is the reason of weaker

enhancement of peak contrary to first case. If values for µ are chosen as previous

cases the transition to double OMIT and enhancement of the maximum value

can not be observed properly. For previous case, double windows start to appear

around µ/(γ + γ′) = 0.31 and enhancement is observed around µ/(γ + γ′) = 0.27

where EP is at 0.25. However, for current case double windows appear around

0.27 which is very close to EP and enhancement point of previous approach. Based

on this graph and deductions, values for µ are chosen as 0.1(γ + γ′), 0.25(γ + γ′),
0.8(γ+γ′), 1.5(γ+γ′). More pronounced demonstration of this sensitivity is seen

in Figure 3.10.

Figure 3.11: Transmission coefficient of probe for mechanical coupling constant
µ = 0.1(γ + γ′). Other parameters are same as Figure 3.4.

When Figure 3.11 is plotted with 0.2(γ + γ′), at the maximum value of trans-

parency window at ω = ωm, a branch appears due to the slight formation of

double omit, but for this value of coupling constant, window occurs properly.

However, there is a difference between Figure 3.11 and Figure 3.5, maximum

30



Figure 3.12: Transmission coefficient of probe for mechanical coupling constant
µ = 0.25(γ + γ′). Other parameters are same as Figure 3.4.

value of transparency windows are different. Figure 3.11’s peak value is larger

than this one.

Figure 3.12 is plotted exactly at EP and an enhancement appears with respect

to previous figure. Maximum value becomes nearly twelve times of Figure 3.11.

Nevertheless, for previous approach enhancement is much larger than this one,

maximum value goes near 5 in y-axis. When system undergoes a phase transition,

exactly after the EP double OMIT appears slightly for this approach contrary to

Ref. [27] since even in the unbroken phase double OMIT does not appear imme-

diately but in broken phase dressed states are formed due to the nondegenerate

supermode frequencies.

As for Figure 3.13 and Figure 3.14, double OMIT occurs and the width be-

tween windows becomes larger with increasing µ which is no different than the

previous approach and also the values are same for coupling constant. In ad-

dition, although there is an enhancement of maximum value of windows first

single transparency windows around EP with increasing coupling value, for dou-

ble transparency windows this is not the case. With increasing coupling value
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Figure 3.13: Transmission coefficient of probe for mechanical coupling constant
µ = 0.8(γ + γ′). Other parameters are same as Figure 3.4.

Figure 3.14: Transmission coefficient of probe for mechanical coupling constant
µ = 1.5(γ + γ′). Other parameters are same as Figure 3.4.
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linewidth between windows increases but the peak values do not increase for both

cases.

3.10 Slow and Fast Light Transmission of the

Probe

Before proceeding to slow light transition, given parameters must be discussed.

Amplitude of control laser (εl) is not supplied in Ref. [27], but only power of

control field is given, and the amplitude which is found using the power and

wavelength of control field does not produce the current results. After testing for

different parameter sets, we deduced that plots in Ref. [27] are closely reproduced

for εl = 0.5. Accuracy of the present amplitude is confirmed after obtaining similar

results with polaron transformation using the same parameter set.

Figure 3.15: Group delay τg of probe light with respect to coupling parameter µ
where detuning of probe is ωm.

Moreover, there is another point that needs to be emphasized in Ref. [27].
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The authors mention that slow-fast light transition occurs for small control pow-

ers and even with such small powers, light can be manipulated and transition

can be observed. Unfortunately, we cannot make a comparison for the control

power due to the ambiguity of given parameters in Ref. [27]. According to am-

plitudes that give fast to slow light transition, at least we can say that difference

between these three powers (see Figure 3.15) is higher than the one in Ref. [27].

Figure 3.15 demonstrates the relationship between power of the control field and

slow light. Transition to slow light occurs at the EP and this transition shifts to

PT unbroken phase with increasing control power. In Ref. [27], this is interpreted

as the manipulation of slow light with the control of EP. However, there is not

any explained relationship between Pc and the EP.
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Chapter 4

Optomechanically Induced

Transparency in Ternary

Coupled PT Symmetric System

4.1 Introduction

In this chapter, we discuss the effects of ternary coupling between cavity and

the two mechanical resonators on OMIT where most of the system parameters

are the same as Chapter 3. As a (notational) change, we have γ = γ1, γ′ = −γ2,

g = g1, and g2 is the third coupling between second resonator and cavity whereas

in the previous chapter cavity was coupled only to passive mechanical resonator

(see Figure 4.1). In other words, when g2 = 0, system reduces to Ref. [27].

For simplicity, we assume that both mechanical resonators oscillate with same

frequency ωm. However, coupling coefficients are different, and our specific aim

here is to observe phase relationships between g1 and g2 where g2 = ∣g2∣eiφ2 and

g1, µ ∈ R.
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Figure 4.1: Schematic diagram of ternary coupled PT symmetric optomechanical
system with a cavity coupled to two mechanical resonators from both ends.

4.2 Formulation

Hamiltonian is

Ĥ =h̵∆â†â + h̵ωm(b̂†1b̂1 + b̂†2b̂2) − h̵(µb̂†1b̂2 + µ∗b̂†2b̂1) − h̵â†â(g1b̂
†
1 + g∗1 b̂1)

− h̵â†â(g2b̂
†
2 + g∗2 b̂2) + ih̵

√
ηκεl(â† − â) + ih̵√ηκεp(â†e−iωt − âeiωt).

(4.1)

Heisenberg-Langevin equations are

dâ

dt
= −i∆â + iâ(g1b̂

†
1 + g∗1 b̂1) + iâ(g2b̂

†
2 + g∗2 b̂2) +

√
ηκεl +

√
ηκεpe

−iωt − κ
2
â,

db̂1

dt
= −iωmb̂1 + iµb̂2 + ig1â

†â − γ1

2
b̂1,

db̂2

dt
= −iωmb̂2 + iµ∗b̂1 + ig2â

†â − γ2

2
b̂2.

(4.2)

From HL equations, steady state solutions for photon and phonon modes are

found as

ā =
√
ηκεl

i∆ + κ
2 − i(g1b̄∗1 + g∗1 b̄1) − i(g2b̄∗2 + g∗2 b̄2)

,

b̄1 =
ig1(iωm + γ2/2)∣ā∣2 − µg2∣ā∣2

(iωm + γ1/2)(iωm + γ2/2) + ∣µ∣2
,

b̄2 =
ig2∣ā∣2 + iµ∗b̄1

iωm + γ2/2
.

(4.3)
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Evolution equations of perturbation terms are

dδâ

dt
= − i∆δâ − κ

2
δâ + iδâ(g1b̄

∗
1 + g∗1 b̄1) + iā(g1δb̂

∗
1 + g∗1δb̂1)

+ iδâ(g2b̄
∗
2 + g∗2 b̄2) + iā(g2δb̂

∗
2 + g∗2δb̂2) +

√
ηκεpe

−iωt,

dδb̂1

dt
= − iωmδb̂1 −

γ1

2
δb̂1 + ig1(āδâ∗ + ā∗δa) + iµδb̂2,

dδb̂2

dt
= − iωmδb2 −

γ2

2
δb̂2 + ig2(āδb̂∗ + ā∗δb̂) + iµ∗δb̂1.

(4.4)

Amplitude of anti-Stokes field and transmission of the probe field are

A1− =
√
ηκεp

Ξ(ω) − ∣ā∣2Λ(1 − Γ)
,

tp = 1 − ηκ

Ξ(ω) − ∣ā∣2Λ(1 − Γ)
,

(4.5)

where
Ξ(ω) = i∆ + κ/2 − iω − i(g1b̄

∗
1 + g∗1 b̄1) − i(g2b̄

∗
2 + g∗2 b̄2),

α1(ωm) = −iω − iωm + γ1

2
,

α2(ωm) = −iω − iωm + γ2

2
,

f1(α1, α2) = α1(−ωm)α2(−ωm) + ∣µ∣2,

f2(α1, α2) = α1(ωm)α2(ωm) + ∣µ∣2,

Λ = ig1

⎛
⎝
−ig∗1α2(ωm) − µ∗g∗2

f2(α1, α2)
⎞
⎠
+ ig∗1

⎛
⎝
ig1α2(−ωm) − µg2)

f1(α1, α2)
⎞
⎠

+ ig2

⎛
⎝
−ig∗2α1(ωm) − µg∗1

f2(α1, α2)
⎞
⎠
+ ig∗2

⎛
⎝
ig2α1(−ωm) − µ∗g1)

f1(α1, α2)
⎞
⎠
,

Γ = ∣ā∣2Λ

(Ξ(−ω))∗ +Λ∣ā∣2
.

(4.6)

As a check, when g2 = 0 all equations reduce to those in Chapter 3.

4.3 Results

Figure 4.2 illustrates the behaviour of double OMIT in ternary coupled optome-

chanical system for four different phases, φ2. In part (a), which is two coupling

37



Figure 4.2: Logarithm of transmission coefficient with respect to mechanical cou-
pling and probe detuning for different phase values. Phase values for (a)-(d) are
0, π/2, π, 3π/2 respectively where modulus of g2 is equal to g1. Other parameters
are same as in Figure 3.4.

constants are in phase and equal in magnitude, double OMIT tends to disap-

pear. Also, for part (c) which is φ2 = π i.e g2 = −g1, double OMIT again cannot

be observed, and the symmetry in double OMIT is broken but this time since

sign of second coupling changes so that higher peak point in probe transmission

shifts to lower branch. When probe detuning is equal to mechanical frequency

probe transmission will not be zero in PT unbroken phase. For part (b) and (d),

symmetry is broken but double OMIT occurs at the EP.

Figure 4.3 and Figure 4.4 demonstrate the effect of phase on power probe

transmission. For Figure 4.3, in PT broken phase, ∣g2∣ = g1 affects power probe

transmission more than the ∣g2∣ = 0.3 g1 case. Peak points change dramatically in
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Figure 4.3: Power transmission coefficient versus phase relationship for different
µ and ∣g2∣. System parameters are ω/ωm = 1, µ = 0.2(γ1−γ2), µ = 0.8(γ1−γ2) and
∣g2∣ = 0.3g1, ∣g2∣ = g1. Other parameters stay same as in Figure 3.4.

Figure 4.4: Power transmission coefficient versus phase relationship for different
µ and ∣g2∣ where ω/ωm = 1.02. Other parameters stay same as in Figure 4.3
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∣g2∣ = g1 case. More generally, imaginary coupling constants leads to decrease in

power probe transmission. In PT unbroken phase, probe transmission decreases

with increasing modulus of g2 slightly. For ω = 1.02 ωm, there is no dramatic

change like in the Figure 4.3. However, the effect of phase relationship is the

opposite of Figure 4.3, when phase is φ2 = π power probe transmission decreases in

contrast to Figure 4.3. Our results for this ternary system are rather preliminary,

and there remains more to be done, as will be highlighted in our Conclusion

chapter.
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Chapter 5

Conclusion

This thesis aims to present detailed formulations as well as the analysis of a PT
symmetric optomechanical system in regard to OMIT. The system consists of

a cavity coupled to PT symmetric mechanical resonators. In Chapter 3, as the

first approach, we calculated the transmission of the probe field by finding the HL

equations and linearizing the equations to be able to obtain EOM for perturbation

terms. In PT broken phase, a transparency window occurs, and around the EP

there is a considerable enhancement of maximum value of transparency window.

However, in PT unbroken phase, i.e., at the other side of EP, there is a transition

from single to double OMIT and with the increasing mechanical coupling, µ,

between mechanical resonators, the width of the two windows becomes larger.

As an alternative, we proposed the polaron transformation approach to com-

pare the results with Ref. [27]. First, we diagonoalized the mechanical Hamil-

tonian, and applying a polaron transformation, optomechanical Hamiltonian is

diagonalized in the absence of external driving fields. We again observed an

enhancement in OMIT but in this case, peak value is not as high as the first

approach. Moreover, for this approach transition from single to double OMIT

arises at exactly EP contrary to previous one.

For the first approach, system displays a transition from fast to slow light at
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the EP and with the increasing power of control field, this transition shifts to

PT unbroken phase. However, this does not mean that the transition can be

manipulated with EP since there is no relationship between EP and the power of

the control field.

In Chapter 4, we extended the optomechanical system, and coupled both ends

of cavity to two mechanical resonators with different coupling constants to high-

light the effects of phase relationships. When ∣g2∣ = g1, and the phase of g2,

φ2 = 0, π, double OMIT can not be observed and symmetry is broken. How-

ever, in cases of φ2 = π/2, 3π/2 two transparency windows arise. Addition-

ally, when ∣g2∣ = g1, changes in power probe transmission are more notable than

the ∣g2∣ = 0.3 g1 case. Probe power transmission takes its minimum values at

φ2 = π/2, 3π/2, and highest values at φ2 = 0. For ω = 1.02 ωm, probe transmis-

sion takes its minimum value at φ = π, but there is not so much sensitivity to

mechanical coupling in this case.

Finally, we would like to suggest some possible extensions of this thesis in

the form of a wish list. Observing the phase relations for such a system using

polaron transformation remains as a future work. Ternary coupling is expected to

produce a higher-order EP, and we want to investigate this theoretically as well

as the ramifications of the pseudo-Hermiticity. In addition to these, we would

like to undertake a steady-state stability and squeezed state analysis by solving

Lindblad Master equation where κ, γ1, γ2 are to be taken as lossy terms. Lastly,

starting with a coherent photonic and thermal phononic initial states, we want

to explore whether a generation of squeezed state can be intermittently observed

through dynamics.
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