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ABSTRACT

qg-HYPERGEOMETRIC SERIES

Geyikgioglu, Zeliha

Master, Department of Mathematics

Supervisor: Assistant Prof. Dr. Aysegiil Erencin

September 2007, 68 pages

This thesis is a survey for some properties of g-hypergeometric series which
has many applications in number theory, physics, statistics and computer science.

The first chapter deals with the basic definitions for g-calculus and necessary
lemmas and theorems that will be used later.

In the second chapter, some summation and transformation formulas for

g-hypergeometric series were introduced.

Keywords: qg-calculus, g-binomial theorem, g-hypergeometric series.
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OZET

-HIPERGEOMETRIK SERILER
Geyikgioglu, Zeliha
Master Tezi, Matematik Bolimii
Tez Yoneticisi: Yrd. Dog. Dr. Aysegiil Erencin
Eylil 2007, 68 sayfa

Bu tezde sayilar teorisi, fizik, istatistik ve bilgisayar alanlarinda bircok uygu-
lamaya sahip olan g-hipergeometrik serilerin bazi ozellikleri verilmistir.

Birinci boliim, tez icin gerekli olan temel tanimlar ve ikinci boliimde kul-
lanacagimiz bazi temel teoremler icermektedir.

Ikinci boliim ise bazi toplama ve doniisiim formiilleriyle birlikte iki g-hipergeometrik

seri arasindaki bagintilar sunulmustur.

Anahtar Kelimeler : g-analiz, g-binom teoremi, g-hipergeometrik seri.
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CHAPTER 1

PRELIMINARIES

The main purpose of this chapter is to present some basic definitions and notations
for g-calculus [1-8]. We also derive g-binomial theorem and triple product identity
[4, 9-11]. Finally, we give Carlitz inversion relations [11].

Let us introduce some basic definitions and notations.

Definition 1.1 Let q be a fized nonzero real or complex number with |q| < 1.

The g-shifted factorial (a;q), is defined for any complex parameter a by

1 in=20
(a; q)” = n—1 )
[I1—a¢) ;neN:={1,2 ..}
j=0
for megative subscripts,
! L (=qfa)q®)

(a;q)—n = 1—ag )1 —ag?)..(1—ag™) (e "¢  (¢/a;q)n

Furthermore,

Throughout the thesis we assume that ¢ is a real or complex number satisfying

| < 1.

Definition 1.2 The g-analogue of a complexr number a is denoted by




Definition 1.3 Let n be a natural number. The g-factorial function is given by

Definition 1.4 Given a natural number n and a non-negative integer k, the

g-binomial coefficient is defined as follows:

_ (@9
(¢ k(e Qi

Definition 1.5 The g-difference operator D, of a differentiable function f(x) at

x s given by

_ flgz) — f(z)
Dyf(x) = TEST
Corollary 1.6
(lliiq[a]q =a
(lliLI}[n]q! =nl!
i () = (™
qllq (k‘)q N (k‘)
and
d,
tim D, () = &

k dx

dinary derivative, respectively.

d
where  n!, <n) and qar classical factorial, binomial coefficients and or-



1.1 Useful identities

In this section, we shall give some lemmas [4, 9] which are used throughout this

thesis.

Lemma 1.7 Let n be a natural number. Then the identities are valid:

(a;q)n = %- (1.1)
(a3 @) = (@ q" " q)u(—a)"q)- (1.2)
(a;¢7)n = (a5 q)u(—a)"q (). (1.3)
(ag™"5q)n = (™' g @)n (?)nq(g)- (1.4)
- ) 0o
(a5 q)a = (@i q)u(—a g (). (1.6)
(@5 @)an = (a;¢*)n(ag; ¢*)n- (1.7)
(0% ¢*)n = (a5 )n(—a; @)n- (1.8)

(Vag; )n(—vVag; @)n _ 1 — ag®™
(Va; @n(=v/a; ¢)n l—a

(1.9)

Lemma 1.8 Let n and k be natural numbers. Then the following identities hold:

(a;q)n

(a—lql—";q)k(_qa_l)kq(g)nk' (1.10)

(a5 Q)n—r =



(@5 Dk _ (a:9)n(b""¢" "5 q)

O;@nr (b;@)n(a™'q" "5 @)k
—n. (@'q;9)n (—a

(047 @)t (a='q; @) ( q
k. _ (a59)n

(905 Dos = (a5 @)

(2 oy = (a5 @)n(aq"; Q)i

(a; @)k

(1.11)

(1.12)

(1.13)

(1.14)

Lemma 1.9 Let n and k be natural numbers. Then the following identities are

valid:

—a)"ql:

n n)—knz .

—n. (q,Q)n _1\k (2
(" = (q;Q)n—k( 1)%q

N T )T R sy
(ag™"5 ) = (a1 *;q),
N G cx )1
(ag™":4)n (714 @) (k—1)n

(@5 Qnrw = (a;9)n(aq"™; q)r-

(a: @)r(aq"; @)n

(ag"™; @)k =

(a;q)n

_ (a7 q)(k—l—l)n )

(a5 Q)kn

_ (@' G Do
(a='q; @)

(

—a

q

)" 0.

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)

(1.21)



Proof. We prove (1.1) — (1.21) by means of the g-shifted factorial.
Proof of (1.1):

(a;9)n = (1 = a)(1 —aq)(1 —ag®) ... (1 —ag"™")
(1-a)(l —ag)(l —ag®)... (1 —ag" ") [(1 —ag")(1 —ag"™)..]
[(1 = ag")(1 —ag"t').. ]

Proof of (1.2):

(a;q)n = (1 —a)(1 —ag)(1 —ag”)... (1 - ag"™")

= (=) —a g (1 —a ) (1= a7l () g,

By using the fact that

n
I1+243+..+(n—-1)= :()
we can write

(@@= (1—a'g"™) ... (1—a g ) (1 —a g )1 —a ") (—a)"q®)

Proof of (1.3):
(a;¢7 )n=0—-a)1—ag )1 —ag™?)... (1 —ag™™)

1(])(1 — aflq ... (1— ailq””)(_a)”q*“”*"'*("fl)]
Proof of (1.4):

(ag " q)n = (1 —ag ") (1 —ag "), (L—ag™*)(1 —ag™")



(ag™ q)n = (1 —a "¢ (1 —a'¢" ") ... (1= a7 '¢*)(1 — a " g)(—a)"q -t

n

— (1 —a (1 —a'¢) . (1= a (1 = a7 ) (—a)g )

= (" g q)a (—g) ),

Proof of (1.5):

By equation (1.4)

Proof of (1.6):

(@™ =1-a¢ (1 -al¢™") ... (1-alg )1 ~a)

— (1—ag" ") (1 ag"?)... (1 - ag)(1 — a)(—a" )" [+ 24t

Proof of (1.7):

(CL; Q)Zn = (1 - Cl)(l — aq)(l — an)(l _ aq3) o (1 . ann’Z)(l . annfl)
— [(1=a)(1 = ag?)... (1 = ag™ 3)][(1 — ag) (1 — ag") ... (1 = ag™")

= (a;¢")n(aq; ¢*)n-
Proof of (1.8):

(a®¢H)p = (1 —a*)(1—a*¢d)...(1—a*¢"?)

=(1—-a)(1+a)(l—aq)(l+aq)...(1—agd" "1+ ag"")



(@*¢*)n =[1-a)(1~ag)...(1—ag" ][(1 +a)(1+ag)...(1+ag"")]

= (a; @)n(—a; @)’

Proof of (1.9):

(Vag; )n(—vag; @)n _ [(1 = Vag)(1 — Vag®) ... (1 — Vag"")(1 — v/aq")]
(Va; Q)n(—=va; @)n (1= Va)(1 = +ag)(1 - Vag?) ... (1 —+/ag"™")]
A+ Vag)(L+ vag?) .. (1+ Vag" (1 + vag")]
[(1 4+ Va) (1 + Vag)(1 + \/_q ). (14 Vagr1)]
_ (I—ag®)(I—aq") ... (1 —ag™*)(1 — ag™)
(1 —a)(1—ag®)(1—aq ) (1 —ag*2)
1_ aq2”

Q

l1-a
Proof of (1.10):

Case l. n >k

(a; Q- = (1 —a)(1—aq)...(1—ag"*")
(I—a)(l—aq)...(1 —ag"* ") [(1 —ag"*)(1 — ag"*) ... (1 — ag"™")]

[(1—ag"*)(1 —agk+1) .. (1 —ag"?)]
(a; Q)
(1—ag"*)(1 —agm*1)... (1 —ag"?)
_ (a;q)n
(I —atgb=m)(1 —atghn=1) .. (1 — a~tgi=m)(—a)kgln=R+ =kt (n=1)]

Since
mn—k)+n—k+1)+...+(n—1)=nk—[lk+(k—1)+... +1]
k
=nk—k— (2>,
we have
(@3 Q)np = (a;q)n

(1—agi=)... (1 — a=lg="1)(1 — a=lgh=m)(—a)kq™ ()

@ @n iy ()
N (a”q“”;q)k( da ) '



Case 2. n <k

1
(aq™™; @Q)r—n
B 1
(1 —ag"*)(1 —ag"*1)... (1 —ag™)
_ [(1-a)(1—ag)...(1—ag" )]
(1= ag"*)(1 —agn*1) ... (1 —ag™)[(1 - a)(1 —ag)...(1 —ag"?)]

(@;q)n—t = (@; Q) —(k—n) =

- (a;q)n
(1 —ag"*)(1 —ag"* ) ... (1—ag")
_ (a;q)n
(1 —a g (1 — a~lgk==1) .. (1 — a~ =) (—a)kqln—R)+(n—k+D)+..(n=1)]
_ (a;q)n
(1—a=1g=). . (1 — a~lg=m"1)(1 — a=igh=n)(—a)bg" ()
((Z; Q)n 1k _(F)—nk
= g g e
Proof of (1.11):
By using (1.10), we get
(@ Dn gk, (5)-nk
(@ @n-r _ @ lgn g, 1 )
(03 O)n— B:@n( p1ykg (5)-nk
CRIET IR

Proof of (1.12):

Casel. n >k

—n

@k =(1—ag ") (1 —ag"") ... (1 —ag™*)
_ (I—ag™)...(0l—ag* ) [(1—ag ™)1 —ag*)...(1—ag™")]
(1 —ag™*)(1 = ag™*1) ... (1 —ag™')]
_Q —a‘lqn)(l al¢"!)...(1-a'g)(-a
- (I—alh) (1 —at¢b) .. (1 —a"lg)
_(IL—a"g).. ) "
(1—a1g)...(1—a"1g1)(1 - a~1gb)(—a)iq

et () 0

(aq

( 1, n—1

~—
~—~
—_
|
= |
—
Q
3

1—a"q




Case 2. n<k

Y . 1
aq”"; Qnr = (047" Q) —(kem) = —————
( e = )=t (aq™"; q)—n
B 1
(1—ag (1 —ag ) ... (1—ag)

1

- (I—a'g"(l—algh1).. (1 —algmt!)(—a)kng Dt ]

Since

E+k—-1)4+...+(n+1)
=k+k-1)...+n+)+n+n—1)+...+1]=-n+n—-1)+... +1]

=k+[k-1)+k=-2)+...41]—-n—-[n—1)4+n—-2)+...+1]
o ()-6)

we get

(—a)r—hght(3)-(2)
e BN CE D [F
_ [a—ag—ale). . (1—alg)(=a) gt )G
[(1 - a‘lq)(l 122) (1=atgm)](1—atgt)... (1 —a'qF)

a~
i () 0w
kq

(aq™™; q)n—

Proof of (1.13):

Casel. n >k

(aq"; Qn—r = (1 —ag")(1 —ag™") ... (1 —ag"™")

_[A—a)(1—agq)...(1—ag" ] - ag")(1 — ag**") ... (1 — ag"™")
[(1—a)(I —aq)...(1—ag*")]




Case 2. n <k

n B 1 B 1
075 D)~ = (aq"; Qk—n (1 —ag®)(1 —ag™+l)... (1 —ag"1)
_ [(1-a)(l —aq)...(1—ag"")]
[(1—a)1—aq)...(1=ag" Y1 —ag")(1 —ag"*!)...(1 - ag"~')
_ (a;Q)n.
(a;q)k

Proof of (1.14):

Casel. n>k

(™ Q)nr = (1 — ag®™)(1 — ag®™ ) ... (1 — ag™™* )
_ 0 —a)d—ag)...(1 —ag® ]I — ag**)(1 — ag”**!) ... (1 — ag"™")
[(1—a)(1—aq)...(1—ag*1)]
0 =a)(1—ag)...(1 —ag" ][ - ag")(1 —ag"™) ... (1 — ag"** )]
(I1—-a)(1—aq)...(1—ag?1)
_ (@9)n(ag"; )k
(a;q)on

Case 2. n < k

1

(aq"*; q)k—n
1
(1= ag™tr) (1 — agn 1) (1 — ag?k1)
_ [(1-a)(1—ag)...(1—ag"" )]
[(1—a)(I —aq)...(1 —ag"™* )1 —ag"™*)(1 — ag"™*1) ... (1 — ag®*1)
[ =a)(l—aqg)...(1 —ag" ]I —ag")...(1— aq™tr1)
[(1=a)(1—aq)...(1—ag*")

_ (@9)n(aq™; s

(a5 q)ar

(aq™; Qn—k = (aq®; q)—(k—n) =

Proof of (1.15):

(" ak=0-¢"L—g ). (1-g ™"
_ (1 _ qn)(l _ qn—l) o (1 _ qn—k—i—l)(_1)kq—[n+(n—1)+...+(n—k+1)]

k

= (1= ") (= (1 = g")(—1)rgle)

10



oy =0 =) (=g A =g (1 —g")
@) = (A-9(—¢)...(1-g )] (=1
(¢ @)n—r

Proof of (1.16):

—n

(ag " q)e = (1 —aqg ™)1 —ag ") ... (1 —ag ")

_ (1 o a—lqn)(l o a—lqn—l) o (1 o a—lqn—k+1>(_a)kq—[n+(n—1)+...+(n—k+1)]

= (1—a )1 —a'q" ). (1= a7l ) (=) )

=(1—a'¢)(1—at¢" ... (1 —atg" "
X[(l—alq"’“(l—a . (1—a'g)
[(1—atg"*)(1 —a~tgn k1) ... (1 -a"lq)]
q>n< ag™)kq(?

) (—ag~)5q®)
( “lg;
(1—atgn*1)...(1-alq)

1- ")
—1q 1) (1 a—lql lc)]

—aH)(1-atqgt)...(1-atqg"")]
a‘lq, Dnl—ag ™)1 —a (1 —algY)...(1-alg'F)
(a1 *; q)n
_ (@' @) ™1 —a)(1—aq)...(1 —ag"?)
(aq' =% q)n
_ (@@ GO0 _p
(a7 R ),

Proof of (1.17):

_kn; Q)n — (1 o aq—kn)(l . aq—kn+1> o (1 o aq—kn—i-n—l)

(1 . a—lqkn)(l a lqkn 1) ”<1 . a—lqkn—n—i-l)(_a)n

(aq
> q—[kn+(kn—1)+..4+(kn—n+1)}

Since

kn+(kn—-1)+...+(kn—n+1)=(kn)n—[14+24+... + (n—1)]
)

11



we get

(375 ) = (—a)"gl) (1 - a-lq'f"><1 @ g (L aTig
(1 —al¢™" ™A —a"lg™ ™) ... (1 —a"'q)]
(1 —a~tgbnm)(1 — ’“” ). (I=amq)]
I O (X[ (g)flmQ
(a'g; q)(zH)n( )'q
Proof of (1.18):
(@;@)nin = (1 —a)(1 —ag)... (1 —ag" ") (1 —ag") ... (1 —ag™™* 1)
= (a;@)n(aq"; Q)i
Proof of (1.19):
(aq";q)r = (1 — ag")(1 — ag"*") ... (1 —ag"**™)
_ [0 —a)I—aq)...(1 —ag" ](1 —ag")(1 — ag"™)... (1 — ag"**1)
[(1- )(1 —aq)... (1 —aq")]
_[0—a)d—ag)...(1 —agd* ][I — ag*)(1 —ag"™) ... (1 — ag"™ )]
[(1—=a)(l—aq)...(1—aq"")]
_ (@9)i(ag®; @)
(@;q)n
Proof of (1.20):
(aqlm;q)n — (1 - (lqkn)(l - aqkn—H) o (1 - aqkn+n—1>
_[0—a)d—ag)...(1—ag"™ ")](1 —ag™)...(1 —ag™*")
[(1—a)(I—aq)...(1—ag"")]
_ (@9 @+1n
(@ @Q)kn
Proof of (1.21):
(ag "™ q)n = (1 —ag " ™) (1 —ag* ") ... (1 —ag ")
_ (_a)an[(k+n)+..‘+(k+1)](1 _ aflqurn)(l _ a—lqk+n—1) L (1—a

12



(ag™" "5 )0 = (—a)"q "B = a7 (1 — a7l (1= )
L —a‘lqk)(l al¢"h)...(1—a'q)
=0T (1 —a g T) (T —aTg)
_M —a ! _"k_(z)
(@ 'q: q) <q> ! '
U

Lemma 1.10 For n>k>iandq ' =

(n;:l)q: (Z)qqk+ (kil)q' (1.22)
<n;~:1)q - (Z)fqn_k+1 (kﬁl)q- (1.23)
(Z) L (Z) g®)- G5, (1.24)
() () - () (). .

Proof. We prove (1.22) - (1.25) with the help of the g-binomial coefficients.
Proof of (1.22):

(n+ 1) _ (C] Q)n+1
ko), (6D Dok
_ (@@)a(1—q")
(4 D@ Dkt
(4 Dn n—k+1\ k k
(4 Dr(G D (=g )+ 1=
(@@t =g . (@ @)n(1 — ")
(¢ Dr(g @Q)n—r(1 — gnF 1) (¢ Dr-1(1 = ¢*) (G ODn-rra
(4 9)n kel R
(¢ k(¢ Q) (4 Di-1(0 Dn-rt1

13



Proof of (1.23):

(" + 1) _ (¢ Qg1
k), (GO(@ Dn-rr
(4:9)n(1 — g™
(6 Or(@ Dn—ria
(¢ @n n—k-+1 n—k+1 k
(G DG Dk (=g ) a1 =)
_ @@= ks (% D)n(1 = ")
(¢ ODr(@; Qi (1 — gnF+1) (@ Dr-1(1 = ¢") (@ ODn—rs1
__ @@Dn ke (4: D)
(@5 Or(a; Qs (@ Dr—1(0: Q)n—tt1

Proof of (1.24):

(Z>q1 - (ql,q(q)l&g_l,)q Dt

In (1.3), replacing a by ¢!, we find
(6750 Dn = (~1)"(g0)g ™)

and so we can write

(n> _ (~1)™(g; @)ag ") k
B (M@ g™ O (=175 @)~ 0 ()
<q» Dn (524039

Q7q Q7QHI€

Proof of (1.25):

14



(Z)q - (f)q " (¢ q()f;(;];) Z)n—z’ - (q;qu;_?();;_qi)n_k

() (7).

1.2 The g-binomial theorem

The classical Binomial theorem [10] reads as follows:

oo(c)n n__ 1 .
anz (1 —2z) (2] < 1)

n=0

where (¢), = c¢(c+1)(c+2)---(c+n —1). Now, we give its g-analogue by the

following theorem.

Theorem 1.11 Let |z| < 1. Then we have

(@ D)n , _ (a20)0
Z(q;q)nz (50 (1.26)

n=0

Proof. Let

ha(2) = Z; EZ Zi"z", 2] < 1.

Applying the g-difference operator D, to the both sides of this equation, we obtain

S

n

C ha(2) —ha(gz) 1 (GO0 0 (G0
Dahal) = 1-qz  (1—q)2 nZ:O (¢ @)n nz:; (¢ @)n (e2)

and so




ha(2) — ha(qz) = Z (4; ) 2"

(¢ @)

Replacing n by n + 1, we have

ha(2) =3 (e

Since
(@; @)ns1 = (1 — a)(ag; @),

one gets

= (1 — a)zhey(2). (1.27)

By using the relation

(a;q)n — (aq; @)n = (aq; @)n-1(aq" — a)

we can write

ha(2) — ZCLQQn1 ag” — a)z"
n=1
___E:CWinl_Q)f
—~ (¢;q)n—1(1—g")

16



[e.9]

ho(2) — hag(2) = —azz %z”_l.

— (¢;q)n—1
Replacing n by n + 1, we have
ho(2) — heg(2) = —az f: mz"
— (¢
= —azhg(2).

Thus from equations (1.27) and (1.28), we obtain

and

(o) |1~ (1= 2] = hula

O )

In (1.29), if we write ¢z in place of z, we find

(1 —agz)

(e

ha(qz> =

Substitution of this result into (1.29) gives

(1 —az)(1—agz)
(1—2)(1—qz)

he(2) = ha(q*2).

Applying this process n — 2 times, we arrive at

(1—az2)(1 —aqz)(1 —ag*2) -+ (1 —aq"12)

he(2) =

_ (az;q)n n,
= o, ha(q"2).

17

(1—=2)(1 = 2¢)(1 = 2¢%) -+ (1 = zq"1)

(1.28)

(1.29)



since ¢" — 0 as n — oo and h,(0) = 1, we find

hule) = 02,0

_ (a219)x
(2 @)oo

which is the desired result. [J

As a result of g-binomial theorem we can give the following corollary.

Corollary 1.12

o0

z" 1
“— (¢ q)n T (2 Q) (1.30)
> (—1)ng(3)
> <(61];)—q()1n2" = (2,¢)oo- (1.31)
Z (ZZ) (—1)"q<g)z" = (z;9)N- (1.32)

i (N +§_ 1>qz" = L. (1.33)

Proof.

Proof of (1.30): Setting a = 0 in equation (1.26), we have

OOO?nn 0;¢)
Z(Q)Z:(Q),

—~ (¢;:9)n (25 @)oo

Since (0;¢), = 1 and (0;¢)s = 1 we find

2, 1
g (@D

() (2100

18



which is (1.30).
1

Proof of (1.31): If we take — and az in places of a and z in equation (1.26),
a

respectively, then we get

i 1/@ q o B0 (1.34)

g; (az; ¢)o

By means of the following relation
1 1 1 1
(1), (=)0 )
a /), a a a

we can rewrite equation (1.34) as

n—1

f: "l-a)g—a)-(¢""—a) ,_ (50

(¢ Dn (az;q)oo

In this equation taking a = 0, we find

or

which is the desired result.
Proof of (1.32): In a similar manner, substitution of @ = ¢~ in equation (1.26)

yields

i (CJ‘]'V; Dn_n _ (q‘N‘Z; Qoo (1.35)

19



By the definition of ¢-shifted factorial, the right hand side of (1.35) can be written

as

(2 (=2 )1 =24 (1= 2g™)(1 = 2)(1 — 2q) ..
(23 @)oo (1—=2)(1-2q)...

and by using (1.15) and the relation

(¢ Q)(Z;(;?]qv)N—n N (]Dq

the left hand side of (1.35) takes the form

N CARET IR S Ve 0 no(2)-Nn_n
2w T L e
= (Z) (—1)ng(8)-Nnn

5 () g - (0 ) (o

or

20



z
In this equation, we replace — by z to obtain
q

S (3) e = o

n=0

This is the required result.

Proof of (1.33): Finally, setting a = ¢" in g-binomial theorem one gets

@ o _ (€770

(¢ Dn (25 0)oo

(1.36)

By using the g-shifted factorial the left hand side of (1.36) is

S - S
B ; (q;(ilz;)z)(]czv;+q73_zvl_1zn
_ 2 (N +: — 1)qzn
and the right hand side of (1.36) is
(V2 q)o _ (1= 2g™)(1 = 2gV+) ...
(2o [(T=2)1—2q)...(1—2¢" )] (1 —2¢V)(1 — 2g"*1)...
- (Zi])N

Setting these in (1.36), we find

> <N L 1) = Gow

n=0

Thus the proof is completed. [

Now by using the result (1.32) of g-binomial theorem we give the following

theorem.
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1.3 The triple product identity

Theorem 1.13 For z € C\ {0}

o0

(Z;Q)oo(q/z;Q)oo<Q;Q)oo = Z (—1>kq<2)zk
k=—oc
Proof. We take N = 2n in (1.32) to obtain
2n m (k)
. _ 1 k(% k.
(Za q)Qn kZ:% ( k )q( ) q y4

Replacing k by n + k, we have

n

()2 = Y ( 2" )q(_1>n+kq(";k)zn+k

= \n+ k
" on ) (k) (ntk—1) &
=2 (1) g
= (n + k ‘

Again replacing z by z¢g™" we can write the last equation as follows:

n+k

—n _ 2n n (n+k)(n+k—1) Cnm
(247" Qan = Y ( > (=)™ (2 (1.37)
q

k=—n

Now, using equation (1.4) and (1.18), one gets

(247" @) = (a/2 u(—2/0)"¢ ()

—n2—n

= (=1)""q" = (q/%@n- (1.38)
and

2

(247" @)2n = (27" @)n(2; O

—71,2—”

= (=" = (¢/2 (2 0)nz" (1.39)
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Noting that

( 2n ) _ (@4
n+k), (& Dnir(d D
and setting these two equations (1.38) and (1.39) into (1.37) we find

n
—n%—n

e s = 2 (4; q)i(i;kq();‘nq)nk

k=—n

(k) (nth=1) o
% (_l)n—l-kq 3 q n nkzn—l-k'

Since

2
—n?—nk =
2 neeon 2

(n+k)(n+k—1) ﬂ+(k)

equation (1.40) becomes

777.271'1,

(—1)"2"¢ 7 (q/% Qnl(z Q) =(—1)"2"¢ 2 Y ( (& D

G D (G i

or

n

0/ @)n(z:0)n = ) ( (@02 yyeg(5) 5

& Dk (G Onr

When n — oo, this gives
) ey = N @D e ()
(0% @) 0) kz_:oo @Dl D
- (q;)oo D
(2 D)oo (/2 Do Do = Y (—1)¥q(2) 2"
k=—o00

Thus the proof is completed. [J

23
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1.4 The Carlitz inversions

In this part, we shall introduce Carlitz inverse series relations which will be used

in the next chapter.

Theorem 1.14 Let {a;} and {b;} be two complex sequences such that the poly-

nomials defined by

é(2:;0) = 1 (1.41)
and
n—1
o(x;n) = H(ak+xbk), form=1,2,.. (1.42)
k=0

differ from zero for x = ¢" with n being non-negative integers. Then we have the

following inverse series relations

F(n)=Y"(~1)" (Z) ¢"2) (g n)G k), n=0,1,2, ... (1.43)
G(n) = g(—nk (Z)q%ﬂk), n=01,2,.. (1.44)

Proof. In system (1.43)-(1.44), F and G are unique. Thus, in order to prove this
theorem it is sufficient to verify (1.43).

We first prove (1.43) by assuming (1.44) holds. By this assumption, setting

o= S0 () rttigro

1=0

into (1.43) and using (1.25) we can get

F(n) = Z(—l)’f(’,j) o) ok mG R

_ ;H)k (Z)qq(";’“)¢(q’“; n) i(—w’ (’;)q%mw
= : (a +4'b) (”) FOD) k (—1)+ (Z - ) q%q«sk)_



Let ¢ = k — i, then

& < n—1i\ ¢(¢*n) (")

P =3+ (1) FO 0" ) SO

; ; ; (Ot i+ 1)

Now, let S(i,n) denote the inner sum with respect to ¢:
n—i ; i+t .
stim) = 3" 1) AL,
=3 (")) it

For ¢+ = n, this gives

n—1
T (ax +q"bx)
S(nn) = ¢(q"in) ko o
’ o(qn+1) ﬁ(a TR + by
k k
k=0

This shows that when i = n (1.45) reduces to F(n). Thus, to complete the proof
we prove that (1.45) is valid for 0 < ¢ <n — 1.

In (1.42), replacing x by ¢"** and n by i + 1, we have

n—1

o(gm) = [ [ (an + "+ bx)

k=0

and
i

o(q i+ 1) = [ [ (ar + ¢ be)-

k=0

¢<qz‘+£; n)

Since ¢(¢"**;n) and ¢(¢"+*;i + 1) are polynomials, ————————
¢(¢"";n) and ¢(q ) are poly Gt D)

is also a polyno-

mial in ¢’ of degree n — i — 1, namely

¢(Z+e n—i—1

n—i—j—1)
P+ H— Z Gy

where {C}}72, i~ are constants. Now by using this equation we can rewrite the

sum S(i,n) as
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n—i . - n—i—1 o
S(i,n) :ZH)@(”;Z) LS Cpgti,
q

=0 §=0

By means of the relation
n—i—1~¢ n—1 14
()02 ) ) e

q(nféfe) _ q(n;i)+(§)78(n7i*1)‘

one gets

Substitution of this in (1.46) gives

S(in) =Z Cpql"?) :_i<—1>fq<ﬁ> ("7 )q

0

In equation (1.32) replacing N, n and z by n — i, £ and ¢~7 we find

=0
Setting this into (1.47), we have

n—i—1

S(i,n) = Z Ca" (g @),

which vanishes for 0 < j <n —1. O
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CHAPTER 2

Q-HYPERGEOMETRIC SERIES

As we mentioned before, g-hypergeometric series (or basic hypergeometric series)
has many applications in number theory, physics, statistics, computer science etc.
In this chapter, we introduce the definition of basic hypergeometric series and give
their convergence properties. We also present transformation and summation
formulas for these series. Here the notations and some results were given in
[3, 4] and [7, 9-13].

Definition 2.1 Let {a;} and {b;} (i = 0,1,2,...,r;5 = 1,2,...,s) be complex
numbers such that b; # ¢~ with n € Ny := {0,1,...} for all j =1,2,....;s. Then

the basic hypergeometric series ( or g-hypergeometric series ) with variable z is

defined by

S a, (a1 @)n---(ar3 @)
1+T¢s(a07a/17...,ar;blab%...,bs;Q7 Z bl . b2 )1 )(b (q> (q)q)

x [(—1)"q(3)]8 L (2.1)

Since (¢7%,¢), =0 for n = k+1,... it is easily seen that when a; = ¢~* with

k € Ny, then the g-hypergeometric series is a polynomial of z.

Theorem 2.2 (Convergence properties) For the ¢-hypergeometric series the
convergence properties as follows :

(i) the series is convergent for all z € C, if s > r

(1) the series is convergent only when z =0, if s <

(111) the series is convergent for |z| <1, if s=r

Proof. Let A, denoted by

(@@ (@D [ ()]
o (b1; @) (b2: @) - - - (bs3 (¢ D) [( 1)"q ]
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then

(a0; Ont1(a1; Qnt1 - - - (ar; @ns1 [ 1 n+1q("§1)]s_r e+l
Anst _ (0155 @n1(b2; Dt - - - (0s; D1 (4 @t

A, (CLO; Q)n(al; Q)n ce (ar; Q)n _1\n (g) s ey
(015 @)n(b2; @) - - - (053 @)n (G5 @) [( e }
_ (1 —apq™)(1 —aq")...(1—a.q") (=g
(1= b1g")(1 = bag™) ... (1 = bsg™)(1 — ¢"*1) '

Since 0 < |¢| < 1, we get |¢"| — 0 as n — 0o. So we have

0 ifr<s
An+1
A,

=900 ifr>sandz#0

n—oo

|z| ifr=s.
\

Thus, by the ratio test we can say that
If r < s, the 1,,¢, series converges for all z € C.
If r > s, the 14,0, series diverges for all z € C\{0}.

If r = s, the 1,,.¢5 series converges for |z| < 1. O

We classify the g-hypergeometric series into two main types. We now assume
that r = s. If

qaoay . ..a, = biby...b,

then, the 1,,¢, series is called balanced. If

qag = a1by = ... = a,b,

then, the 1 ,.¢, series is called well-poised. In particular, if also a; = —as = ¢\/aq,

it is said to be very-well-poised.

Corollary 2.3 The limit relation between ordinary hypergeometric series and g-

hypergeometric series is given by
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b, (Z1)7°z )

lim r®s a07 ala---7 ar; b17 bza"'a 4y T .
(Hl*d) (q q 79", q q q<1_q>H

—14r Fs(a07a17 s 7a7";b17 b27 . 7b8;2)7

where

= (ag)n(a)n . .. (ap)p 2"
F s Qry b bo, L by 2) = —
1+r s(a07 ay, , Ar; 01, 02, y Usy Z) Z (bl)n<b2)n o (bs)n n'

n=0

s the ordinary hypergeometric series with the classical pochhammer symbol

()p=clc+1)...(c+n—1).

Proof. By the definition of g-number and g-shifted factorial, we have

(@@ _ (1—g¢)(L—¢)  (1—gh)
(I-g» (1-9q¢ (1-9 ~~ (1-gq

= [cq4lc+1]y... [c+n—1],

and now taking the limit of both sides of this equation when ¢ approaches 1, we

find

im L5 On = c(c c+n—1)=(c
zlzgl%(l—q)”_(—i_l)"'(—i_ 1) = (¢)n. (2.2)

On the other hand, by the definition of basic hypergeometric series we can write

_1 T*SZ
1 Bs (4%, 6™ g™ d™ 6, g, (( )

=
(@ D@5 D (@5 D0 [ e (] [ D2 ]
2 ("5 (@ O - (05 (g5 D [< e ] (1—q)~ S}
-y [(q™; @)n/(X — @)"][(¢™:@)n/(1 — @)"] - - [(¢": @)/ (1 — q)"]
2 [(¢"50)n/(1 = @)"][(@%; )n/ (1= @)"] - [(¢"5 @)n /(1 — @)"][(4; @)n/ (1 — @)"]
(—1)“52]"‘

=g

[
NE

g i

n=

<l -1 [0 |
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Hence, by using the relation (2.2), we obtain

—1)"*%z
llm TY'S ao? al?“'? ar; b17 b27"‘7 bs? 9 ( )
lim 1. ¢ (q q 9", q q°:q (=g

—14r FS<CL0,CL1, <oy Qg b17b27 ) bs; Z)

This is the desired result. [

Now we give some summation and transformation formulas for basic hyper-

geometric series.

Theorem 2.4 Let |z| < 1. Then we have

201(a,b;cq 5 q,2) —201(a, b;c;q, 2) = cz%gqﬁl(aq, bq; cq; q, z). (2.3)

1-b
201(aq,b;c;q,z) — 2p1(a, by c; ¢, 2) = a2ﬁ2¢1(a(b bq; cq; q, 2). (2.4)

—b)(1 —
201(aq, b; cq; ¢, 2) — 291 (a, b;¢;q,2) = az <(11 — C))<<11 _Cc/ch)ﬂbl(a(b bq; cq”; 4, 2)-

(2.5)

1—-5
2¢1(aq,bg ¢ q,2) — 21 (a, byc;q, 2) = GZ%Q%(% bicq;q,2).  (2.6)

b(1 — a)a¢i(agq, by c;q, z) — a(l — b)adi(a, bg; ¢; ¢, 2) = (b — a)2p1(a, b; c; q, 2).

(2.7)

Proof.
Proof of (2.3):
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By the definition of basic hypergeometric series we get

(4 9)n(b; @)n
o1(a,b;c;q,2) = — " 2.8
da ) %(C,Q) (¢ @)n (28)
- aq (b; @)n
a,bicqg i q, 2 z".
21 nz (cg™:@)n(q; @)n
Then, we can write

b;q)n (a;)n(b;9)n ]

[cq L q) (q,Q) ICORCTN S

f: a,q (D0 = (g™ )] o (2.9)

(cq L @)n(q; @)n

201 (a,b;cq7"5q,2) — a1 (a,b5¢5q, 2 Z

Since

(€ @Qn = (e @)n1(1 —cg" ) (2.10)

and

(ca @) = (L= cq™ ") (¢ Qn1, (2.11)

we can rewrite (2.9) as

- — (@ q (6 Dn-a1(l = g")eqg
201 (a,b;cq7"5 g, 2) — o (a, bs¢5 g, 2 p
,; 1 —cq ) (6 Qn-1(¢; O

(a ;q)n(b; On(l = q")c ,
< (¢;0)n(q;0)nlg — ©)
(1 —a)(aq; @)n-1(1 — 0)(bg; q)n—1
(1 =) (ct; Q)n-1(¢; Qn-1(1 — ")
(1 - qn)c n
“la-o °
_c(l=a)(1—-0) i (aq; @)n—1(bg; Q)n—lzn'

 (1=0)(g—0) = (g @n1(g; @)n

Mg

n

[
WE

Il
=)

n

We replace n by n + 1 to obtain

(1 —a)(1—b) i (a¢; ) (0: D41

2$1(0, 664754, 2) — 2 (a, by, 2) = (I—-¢)(g—rc) = (cq; @)n(q; @)n
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a1 (a,b;cq g, 2) — ot (a,biciq,2) =

1—b) i (ag; @)n (045 )

—c) = (cq;@)n(q; 9)n

1-b)
201(aq, bg; cq; q, z),
1090 -0 $1(aq,bg; cq; q, z)

which is the desired result.
Proof of (2.4):

In (2.8), replacing a by ag, one gets
201(aq,b;¢;¢,2) — 21 (a, by ¢ ¢, 2 Z ) [(ag; @)n — (a; ¢)n] 2"
n:()

By means of the relations,

(a:9)n = (1 —a)(aq; @)n—1 (2.12)

and

(aq; q)n = (aq; @)n-1(1 — aq™) (2.13)
we have

o

b; n y 4 )n— —q"
2¢1 (CLq, b; 4, Z) - 2¢1 (aa b; ¢ 4q, Z) == Z ( 7q> ((Ccqu?) (qI;L)(l 1 >Zn

o0

o a(l - b)(bq; Q)n 1(aq )n 1(1 - qn) o
—HZ:O (1 =) (cq; Q)n-1(g On-1(1 —q")
_a(l—b) i (045 @)n1(b4; D1

(1—¢) & (c¢; Dn-1(G: @)n—1

Now, writing n in place of n + 1, we find

(1-b) < (ag; q n bq, Dn
b. . _ b . N n
2¢1(aq7 o Z) 2¢1(a7 o ) az<1 C) Zl CQa n Q7 q)n :
_ =0 = (ag; ¢)n(bg; D _n
R = (cq; Q)n(a: @)n
1—b
=az El — cizél(aq, bg; cq; q, 2),
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which is the required result.
Proof of (2.5):
We prove in a similar way that of (2.3) and (2.4). In equation (2.8), replacing a

and ¢ by aq and cq, respectively, and by using relation (2.12), we have

201(aq, by cq; q, 2) — 2¢1(a, by c; q, 2)

(0@ [(0€: @) (@ @] n
,;( )n{(cq,) (csq)n}
_ N B0 [0 D€ @0 = (@ D)n(cq D] n
a HZ:; (4:9)n l (¢q; @)n(c; @)n ]
> b; q)n(aq; @)n-1(cq; @)n-1/(1 —aq”)(1 —c) — (1 —a)(1 —cq™)| ,
:Z(C])(Q) (¢ nr[(1 — ag")(1 —¢) = (1 —a)(1 —cq")] |

(@5 Onlcq; Q)n(c; @)n

i
o

(b; O)nlaq; @)n-1(cq; On-1l(cqg™ — ¢) + (a — ag")] o
: (@5 Dnleq; @)n-1(1 = cg")(c; Q)
(ag; @)n-1(b3 9)n(1 —g")(a — ) ,
(1 —cq™)(¢; )n(q; Dn
a(l —c/a)(1 —b)(ag; Q)n-1(b¢; P11 —¢") ,
(1= cq)(1 = c)(cq; Q)n-1(q; Qn-1(1 — ")

[
Mg

3
I

[
WE

3
i
o

[
NE

:(1 —c/a)(1 =b) o~ (045 @)n1(bG; @)1,
(1—c) HZ:O (c4: (@ Dt
_a(l—c/a)(1-b) (ag; Q1 (bg; D1,

1)

-0
_ az(l—c/a)(1—0b) i (aq; @)n—1(bq; q)n— L1

(=o)L —cq) “= (cq® q)n-1(; Dn

(1 —cq)(c* @)n-1(¢: @)n—

If write n + 1 in place of n, it follows that

az(1 —c/a)(1 —b) i (4; ) (043 D)y

(1= —cq) = (ca*a)n(q; Dn

_ az(1—c/a)(1 = b) 5~ (04 9)n(bg; Dy
(1= -cq) ; (cq? @) (43 @)n

ax(1—c/a)(1—b) o
= I oi-e 201(aq, bg; cq”; q, 2).

2¢1 (a’Q7 ba cq; q, Z) - 2¢1 <a7 b, ¢ q, Z) =
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Proof of (2.6)

From equations (2.8) and (2.10)-(2.13), we can write

201(aq,bg s ¢;q, 2) — 21(a, by c; q, 2)

o~ 106 0)n (b O)n = (@:0)n(5:0)n]

. (& (a5 @)n

(aq; Q)n—1(b; Qn-1[(1 — aq™)(1 = bg™") = (1 — a)(1 — bg"")] n
(¢ @)n g @)n

(]

3
Il

[
WK

3
Il
=)

(aq; On-1(0; Qn-1[bg" " — bg™" + a — aq"] o
(¢ @)n(q @)n
(a¢; @)n1 (03 9)n1[(1 = ¢")(=b/q) +a(l = ¢")] ,
(¢ @)n(q; @)n
(aq; Q)n—1(b; @)n—1(1 — q")(a — b/Q)Zn
(¢ @)n(q; @)n
(ag; @n1(0: -1 (L — ¢")(@ = b/q) 1,
= (1 —c)(cq; Pn-1(: @)n-1(1 — ¢") '
_ . (L=0/aq) (a6 )n 1 (b Dty
— Z ( .

(1-2¢) @; Q)n-1(¢; @)n—1

I
[M]#

3
Il
o

[
WE

i
o

I
]2

3
Il
o

I
I3

n=0

Now, replacing n by n + 1, we find

S e
= az%2¢l (ag, b; cg; 4, 2).
Proof of (2.7):
Again by equation (2.8), we have
b(1 — a)a¢i(ag, b; ¢;q, 2) — a(l = b)agi(a, bg; ¢ ¢, 2)

_ N 00— a)(ag; @) (b9)n — a(l = b)(a3 @) (bg; @)n]
B Z:% (¢0)n(a; @)n '

n
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Thus, by using the two equations

(1 —a)(ag; ¢)n = (a;¢)n(1 — aq"),

and
(1 =0)(bg; @)n = (b; @)n(1 — bq"),
we get

b(1 — a)21(ag, by c; ¢, 2) — a(l — b)agi(a, bg; ¢; ¢, 2)
_ i [b(a; )n(1 — ag™)(b; @) — a(b: @)u(1 — bg")(a;q)n] ,,

~ (& (g5 @)n ’
ST
S G Db D,
=b-a) (¢ Q)n(g; @)n

Thus, the proof is completed. [

2.1 Heine’s transformation formula

Theorem 2.5 For |z| <1 and |b| < 1, we have

(b: @)oo (a2; @) o
(¢ @)oo (23 @)oo

201(a,b;c;q,2) = 201(c/b, z;az;q,b). (2.14)

Proof. By the definition of basic hypergeometric series o¢1, we write

U N (Y)Y
Z(bl (CL, b, y 4, ) nZ:O (C; Q)n(Q; Q)n
e (@q)n (b @)nl(1 = bg™) (1 — bg™t1) .. ]
N nz% (@3 Dnlc; @)n[(1 = bg™) (1 — bg™*1) .. ]
L =g cq™t). | n
[(1—cqm)(1 —cqntt).. ]



2. (2.15)

In Theorem 1.11, replacing a and z by ¢/b and bg", respectively, we have

Oocb
Z/q

m=0

Setting this result in the left hand side of (2.15), we can get

‘C 2) = (b7Q)OO - (a’q)nzn - (C/b’Q)m ny\m
(it 2) = o 2 (@, mZ <q;q>m i
_(bvq)oo - (C/mem )n
B (67Q>oomz_0 (4 O)m @, (2.16)

On the other hand, again by Theorem 1.11, we can write the inner sum

3 Ea D (2q")" = (aZC{:;CJ)oo,

—~ (¢;@)n (24™; 4)oo

Substitution of this gives

(03@)o0 §~ (€/b D (026 @)

b0 = e 22 (i | i 0)ee

(2.17)

m=0

Multiplying and dividing equation (2.17) by (az; q)m(2; q)m, we find

(0:D)oe 5~ (/5D m 1 (020" @)oo (025 Do (25 D
(@G Dm  (20™ Do (25 O)m(az;q)m

2¢01(a,b;c;q,2) =

m=0

Now, by using the relations

(azq™; @)oo(az; @)m = (a2; @)oo,

and

(24™; @)oo (2: Q)i = (25 @)oo

36



we can rewrite the last equation as

b7 Q)oo C/b q m(z' )m(az'Q)oo m

n(bieia2) = mz‘g (6 (0% D )
_ (19)ec(az59)oe o~ (/03 Q)25 @) mym
(€ D)ooz Do 2= (4 Dm(az; @)

_ (ig)o(az; ¢
(¢, @)oo(25 )

Thus the proof is completed. []

2.2 Iteration of Heine’s transformation formula

Theorem 2.6 For |z| <1 and |c/b| < 1, we have

(¢/b; @)oo (b2; @)oo

201(a,biciq,2) = =

p1(abz/c, b;bz; q, ¢/b). (2.18)

Proof. By using the symmetry property,

201(c/b, z3az;4,b) = 201 (2, ¢/b; az; q,b)

In this case, the Heine’s transformation formula can be rewritten as

(0; @)oo (23 ) oo
(¢ @)oo (2 @)oo

201(a,b;c;q,2) = 201(2,¢/b;az; q,b). (2.19)

In (2.14), replacing the parameters a, b, ¢ and z by z, ¢/b, az and b, respectively,

we have

(¢/b;9) 0 (025 @) o

2¢1(Z,C/b; aZ;(Lb) = (CZZ(]) (b q)

2¢1 (abz/c, b7 bZ, q, C/b)

Putting this in the left side of (2.19), one gets

(05 0)0 (@25 @)oo [ (/b5 q) 0 (025 @)oo
(¢ @) o0(2 Do | (423 @)oo (b; @)oo

2¢1(a> b; ¢ q, Z) = 2¢1(abz/c, b; bz;%c/b) ’
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(¢/b;9) o0 (025 @)oo
(¢ q)o0 (25 @)oo

2¢1 (CL, b; ¢ q, Z) =

This is the desired result. [J

2.3 Euler’s transformation formula

Theorem 2.7 For |z| <1 and |abz/c| < 1, we have

(abz/c; @)oo
(2 @)oo

2¢1 (G,, bv ¢ q, Z) =

Proof. By means of the symmetry property of 2¢;

201 (abz/c,b;bz; q,c/b) = 201 (b, abz/c; bz; q, c/b),

equation (2.18) can be rewritten as

(¢/b; @)oo (025 @)oo
(¢ @)oo (23 @)oo

Q(bl(av b7 & QVZ) = 2¢1(b7 CLbZ/C; bQOac/b)

2¢1 (abz/c, b; bZ; q, C/b>

o1(c/a, c/b;c; q,abz/c).

(2.20)

(2.21)

Now, in (2.14), we take b, abz/c, bz and ¢/b in place of a, b, ¢ and z, respectively,

to obtain

(abz/c; 4)oo(C; @)oo
(b2; @)oo (c/b; @)oo

2¢1 (b7 abz/c; bZ; q, C/b) =

Setting this result into equation (2.21), we find

(¢/b; @)oo (025 @)oo [ (abz/¢;q)oo(C; @)oo
(65002 Do0 | (0250)0(c/b5 @)oo
(abz/c; @)oo

— Wml(c/a,c/b; ¢;q,abz/c),

2¢1(&7 b; c q, Z) =

which is the desired result. O

38

201(c/a,c/b;c;q,abz/c).

201(c/a,c/b; c; q,abz/c)



2.4 Gauss summation formula

Theorem 2.8 For |z| <1 and |c/ab| < 1, we have

oo - L0y

Proof. Putting z = ¢/ab in Heine’s transformation formula and by using the

definition of the basic hypergeometric series ¢, we find

(b5 @)oo (c/b; @) o

201 (a, by ¢; q,c/ab) = 2¢1(c/b, c/ab; c/b; q,b)

(c; ) (¢/ab; q)os
~ (559)0e(c/b; q) (¢/b; q)nlc/ab; q)n ,,,
NE > S(cfabq) Z /5 @ D
(59)0(c/b; @)oo~ (c/ab; Dy (2.23)

(G 9)e(c/abi @)oo = (4:9)n

In equation (1.26), replacing a and z by c¢/ab and b, respectively, we get

o0

c/ab D (€/050)00

Putting this in (2.23), we obtain

o etah) = 05 Doo(c/bi @)oo (¢/050)o
e bicid.cfab) (& @)oo (c/ab; @)oo (b @)oo
_ (¢/a;9)00(¢/b; @)
(¢ @)oo (c/ab; q)oc

Therefore, the proof is completed.
Second Proof: We now prove the Gauss summation formula by using only the

g-binomial theorem. By the definition of 5¢1, we get

. N (@ @)al(big)n e\

201 (a, by c; q,c/ab) = ; m<%>
_ o (@ 9)a(B30)n ¢ e\ [ (04" @)oo (cq"™; @)oo
- ,LZ:O (¢ (@ @) <ab> [(bq";q)oo(cq @)oo
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[\e}
©-
iy
—~
v@
<
o
o)
o
~
=)
=
=
I
()¢
8
QR
— [ —

— (/0 Dk ;e (0" )0
2 (¢ 9)x (ba")" = (bq™; @)oo

k=0 ’

Substituting this in (2.24) we have

(6; 9) oo = (@5 9)n — (c/b; @n
201 (abiesg.ofab) = = S o () > o o)
(b,Q)oo - C/kak .
(C, Q)OO k=0 q;9q Z Q1q ( ) (225)

Again by using g-binomial theorem for the sum on n, one gets

o0 Z (c/b; Q)kbk (cq"/b; q)oo

— (©@k  (cq"/ab;q)s

o (/b @) 1 {(C/ab;Q)k]

— (¢ Drlcq" /ab;q)oe [ (c/ab; q)i

_ () (C/b Do - (¢/ab; )i
(6 Qoo(c/ab; @)oo = (45 Q)i
_ (h9)o(c/biq) (c/a3q)
(¢ q)oo(c/ab; q)oe (b5q)oc
_ (¢/a59)(c/bi @)
(6 ¢)oo(c/ab; 4o

Z(bl (aa b; ¢ q, C/ab> =

bk

Therefore, the proof is completed. [

Corollary 2.9 Let |z| < 1. Then we have

(23 9) o0

> n(n—1) ,n 1
Sy oo (2.26)
=@ D2 On ;
Proof.

Setting a = A~!, b = B~! and ¢ = z in the Gauss summation formula and by the
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definition of g-hypergeometric series, we find

261(A™ B 2,q, ABz) = ) <AEZ;, Z;ZE?;);Q)"(AB@"
_ (A% @)eo(B2 @)oo
(25 @)oc (AB2; q)os

From (1.3), we have

By means of this equation, we can rewrite (2.27) as follows :

i [(—A—l)”q@(A;Q‘l)n] [(—B‘l)”q(g)(B;q‘l)n]

A"B" 2"
— (2:0)n(q; O)n
— (A5 (B g ag"™ Y
=2 :
— (2:0)n(q; On

_ T(LAZ; 7)o (B2 @)oo
(2,9)0c(AB2;q)0

In this equation taking, A — 0 and B — 0 and using the equations

(071, =1,
(0;¢9)n =1,
we find
i (0;¢71),(0; g7 1) gm0 o (0:0)00(059)o
—~ (2 O)n(q; On (2 9) 00 (05 @)oo
and so

This proves the corollary. []

41

(2.27)

(2.28)

(2.29)



2.5 Chu-Vandermonde’s formula

Theorem 2.10 Let |cq"/b| < 1. Then we have

b:q),,
sonla s ) = LA (2.30)
and
b;q),
201(¢7 " b q4,q) = %bn' (2.31)
Proof.

Proof of (2.30) : In the Gauss summation formula setting a = ¢~" and using the

equations

(¢/b; @)oo = (¢/b;@)n(cq" /55 @)oo,

and

(¢ @)oo = (¢ @)n(cq"; @)oo

we can write

(cq", @)oo (c/b; @)
(¢, @)oo (cq™/b; @)oo
(¢q™, @)oo (c/b; q)n(cq" /b @)oo
(¢ @)nlcq™, @)oo(cq™/b; @)oo
_ (e/biq)n
(& Dn

201(q7 ", by ¢ q,¢4" /b) =

Thus the proof is completed.
Proof of (2.31): By definition of g-hypergeometric series, we rewrite (2.30) ex-

plictly as

= (@b (ea” " (e/bia)n
—~ (cq) <b) N

201(¢7", b;¢;9,¢q" /b) = Z & Or(@ Dn (¢;q)

k=0

Since (¢™";q) =0 for k =n+1,n+ 2,... the last equation takes the form

an (¢~ @b )i <i) (/b

—~ (kG or \ b
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or

n

(@ Dok (b5 Dt (cz”y_k _ (¢/bi@)n

—_— 2.32
(& Dne(G D (¢ @)n (2:32)
Considering that

(a; @)t = (— 1)ka_kq<k+l) k(@@

(¢'/a;q)w’

we can write (2.32) as follows:

(0 Dk 0 Dk (" ,q 4 Q)]
Z (¢ @n—r(¢ Dk ( b ) Z e (c; q)n 1 "/c

o =0 Q)k]
L 1*”/b;q)k] o\
lq~ (q, q) /(Q‘"'q)k] ( b )
_ (@9

a n(b7q)n éq_n "

(Q'Q) (c ‘q) ( b >
- q'- n/C Qi k
XZ 1"/bq e

and thus by the definition of 3¢; we have

<Céqn(’]§l:zc<b(’]§2” (ﬂ) 201(q " g " e g T b g, q) = (Céb§ q)n

which gives

(& @n (@™5q)nlb cqn
_ (e/b;q)nly; ) _
(B )n(a @) ( )

In this equation, if we replace ¢!~ /c and ¢'="/b by B and C, respectively, and

use the relation

(@ b g, q) = (LD (q'Q) L Q)) ( ’ )n

(0 a)n = (=1)"¢ 3 (g 0,

we obtain

_ (C/B; )n(q; On B \"
2¢1< naBacy ) ) = ntl n '
! o (@/C; (=17~ "2 ) (g; 9 (Cq )
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201(¢7", B; Ci ¢, q) = (C/B;q)n (§>n

(¢ /C; q)u(~1)rg~ (34 \C
Since
(¢ /Csq)n = (=1)"g~ B C(C; )
and
O3
we find

(C/B;q)n (E )"
(~1q Ben(Crq)a(-1yrg 3" \C
_ (C/B; ¢)n B
(€ q)ng~ ()= (12") 07
_ (@/B;q)n
(C5q)n

201(¢7", B;Cq,q) =

B".

Finally, replacing the parameters B and C' by b and ¢, respectively, this gives the

desired result. [

2.6 Jackson’s transformation formula

Theorem 2.11 For|z| < 1, we have

(a2 Q)oc o~ (@50)n(c/b; Q)

OB e 25 @ e oz a),

Proof. In (2.30), if we write ¢/b instead of b, one gets

201 (q 7%, c/bs c; q,bq") =

(2.33)

By using the definition of 9¢;, the left hand side of (2.33) becomes

—k - - - n C/b q) n
2¢1(q >C/ba 4, bq Z n(q q) (bq )

n—=
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and thus we have

Z (/b D ey 3 (7" @)n(c/; Dn gy

n(q, Dn — (G q)n(ea)n

Since (¢7%;¢), =0 for n =k + 1,k +2..., the second sum zero , so we have
: (¢/b: ) (b:9)
b1(q7", ¢/b; c; q,bg") I bt )t = Lk 9234
2910 ¢/ Z e it v el CED
Setting this result in the series form of ¢, we find
— (4 Q)r(b;Q)k 4
¢1(a,b;c;q,2) = TN N R
201l ) kz:; (e @)i(a; @)
00 k ,k
a; 1q)n(c/b; "
:Z(.Q)ksz(q Dn(c/b; @)n " (bg*)".
(k= (GO

00 00 a: i —(n+k); (/b ) A
Z):ZZ( s Ontk (4 q)n(c/b;q) (bg™) .

2¢1 (CL, ba ¢ q, P

k=0 n=0 (q; q)”+k (q; Q)n(c; q)n

Since
( —(n—l—k);q)n _ (Q;Q)nJrk _1)n (g)—n(n—&-k)
(q; Q)k

or

(q—(n—i-k);q)n _ (_1)nq(;>—n(n+k)

(¢ Dntr (4 Ox

and

(@5 @Q)ntr = (a5 ¢)n(aq™; O,
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2 (a0 dhenlc (5)-niovt) )
201(a,b;¢;q,2) = kz—ozo 2 (@ Dn EC/(IZ))Q) - )((Z] D (bqn+k)nzn+

I - CLL NG

= (43 k(¢ On (@5 @)

_ ii( a; Q)n(ag™; @)k (c/b; q)n(_bz)nqu(g)

= (G Dr( Q)n(d Dn
_ i CINGLTY i q";
— (Ga(g; D e
. . . . (aq4"z; q) oo
By the g-binomial theorem, the inner sum is equal to —< ) - Thus we have
25q)oo

srfabieig,2) = 3 SO Dy () (0075 Do

2 (0 ()
- 3 e o S ]
-5 “g;_q;;(fg?;?" e
R G )

This is the required result. [J

2.7 The Bailey-Daum summation formula

Theorem 2.12 For |q/b| < 1, we have

(=4 Qoo (a; ¢*) oo (aG” /0% ) o
(aq/b; 4)oo(—q/b; 4) oo

2¢1(a, b;aq/b; q, —q/b) =

Proof. Replacing a, b, ¢ and z by b, a, aq/b and —q/b in Heine’s transformation

formula and using the series representation of 5¢;, we have

201(b, a; aq/b; q, —q/b) = (a;/ab;;qq))“((_ q(;fb)f’;) 201(q/b, —q/b; —q; q, a)

 (49)x( — (4/b; ) (/b9
= (aa/b ) /bq 2 Croaa, O @)

n=0
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Now, we consider the sum

=~ (0/5Q)n(—a/b;Dn
Z i a”.

pard )n(a; @)n

By means of the following relations

(/06 )n = (a/5; Q)n(—a/b; @),

and
(@) = (4 Q)n(—a; @),
we get
* b b: 0 2 b2 2n
Z (a/b;)n(—a/b; On Z (@*/0%¢%)n o (2.36)
= (=4 D)n(T Dn — (4% 9%)

In theorem (1.11), if we write ¢%/b?, ¢, a in place of a, ¢ and z, respectively, then

we obtain the left hand side of (2.36) as follows:

i (/0% @) _ (a4*/V% 6% (2.37)

—~ (¢4 %) (@ ¢%) oo
Hence from (2.36) and (2.37)

i (/5 Dn(=4/b:D)n o _ (a0*/0;¢%)o

— ol (@)

Substitution of this in (2.35) gives

o (@306 (a0 ¢%)
201, asaafbia,—a /) = o b (@

Considering

(a;9)oe = (a¢; ¢*) oo (@; ¢%) o
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we find

o (0,6%)00(0G; 6%) oo (=05 @)oo (aq? /5 ¢%) oo
210 asea/bia =0/ = o b (@)

_ (% Do(ag; ¢*) o (ag? /075 ¢°) o
(aq/b; @)oo (—q/b; q) oo

Therefore the proof is completed. [J

As a result of the Bailey-Daum summation formula we can give the following

corollary.

Corollary 2.13

> (a: n(n+1)/2
Z( ’qzn? T = (ag; ) oo (—4; @)oo (2.38)

— ()

Proof. Setting b = B~! in Bailey’s formula and by using the definition ¢-

hypergeometric series 5¢;, we obtain

201(a, B~ aBq;q, —Bq) = f: (a;9)n(B7Y Q)n(_Bq)n _ (=4, @)oo (aq; ¢*) oo (aB?*¢?; ¢*) o

aBq; q)n(q; @)n (aBq; @)oo (—Bq; @)

By (2.28), we have

o0

Sy > BB,
Z an, ( Z an, (@ On (=B

n= & q) n=0

an On(T Dn

i nn+l)/2<B q_l)n
n=0

Now, let B — 0. So, one gets

— (a;0)nq" "2 0507 )0 (=6 @)oo(06; 4%) 00 (05 4%) o
nz Oul@a)n (0: @)oo (0: @)oo

by using (2.29) this gives

n(n+1)/2

— (a;9) nq
> = (04, ¢*)oo (= @) o0
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This proves the corollary. [

2.8 The g-Pfaff-Saalschiitz summation formula

Theorem 2.14 For |q| < 1, we have

(¢/a; q)n(c/b; @)
(¢ q)n(c/ab; q)n

30a(q™ ", a,b;c,abq " e q,q) =

Proof. Recall the g-Euler transformation formula,

(abz/c; @)oo )

2@51((1, b7 ¢ q, Z) = (Zq)

o1(c/a, c/b; c; q,abz/c)

or

(@ 0)n (50, abZ/c 7)o c/a q ’ c/b Q) (abz "
Z(C‘ DG D)n Z < ) ' (2.59)

n—0 s Y )n\Ys 4 )n —0 k )k &

In g-binomial theorem writing ab/c instead of a we have

= (ab/c; abz/c;q)so
Z /q o (ab2/cq)e

o (50

Setting this into the right side of (2.39) and by using the series manipulation

> > B(k,n) =Y B(k,n—k) (2.40)

n=0 k=0 n=0 k=0

one gets

— (a;9)n(b S ab/c q S (efa; r(e/b; @) abz

nz%(c?%q _nz% (@ z:: (& (g ) ( c)
-3y <ab/c Dot _n i (e/a ele/bi )i ((abz)"
_nzzok 0 (@ @)n-r (¢ @)r(g; @) ( c )

[
Mg

(¢/a; q)u(c/b; @)e(ab)c; ) (_b) ]

(& (@ ODr(G D c

i
o

k

Il
o
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Equating the coefficients of 2™ from both members, we have

(a;0)n(50)n s (¢/a;@)i(c/b; @)r(ab/c; @)ns (a_Z))k (2.41)

Canlcn = (O(aOr(d; Dnn c

Noting that

(ab/e;q)us (ab\*_ _ (abjesq)ula ™ aud®  (ab)*
(4 D (C> (¢: )u(cgi= /ab: g (acb) < >

_ (ab/sQ)n(a" D 4
(¢ @)n(cq' ="/ ab; q)i

we can write (2.41) as

(@;9)n(0; 00 ~= (¢/a;Qrle/b; @)k (ab/e;nla™™ Ok 4
(c, w(& @)n ; QNG Dr (4 0)n(cg—/ab; q)r"
_ (ab/e;q)n N\~ (c/as @)/ aila™ @i 4

(G Dn = (G a)e(a Qileg' "/ ab; q)x

or

(a;9)n(b; @) ~ (c/a; @(e/b;la " @)k x

(e )nlab/e;q)n = (e Q)i(g; @)rlcg' =" /ab; q)i

In this equation replacing a and b by ¢/a and ¢/b, respectively, we obtain

¢/ Dule/bi@n _ 5~ (@b Ord 5Dk
(€ Onlc/abiq)n = (¢ Q)r(a; a)ilabg" " /c; q)i

or by the definition of g-hypergeometric series

(c/a;q)n(c/b; q)n
(¢;@)nlc/ab; q)n

= 3¢2<qin7 a, ba c, abqlin/c; q, Q>

Thus completes the proof. [
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2.9 The terminating q-Dougall-Dixon formula

Theorem 2.15 For |ag*™/bc| < 1, we have

aqtt™ aq; q)n(aq/bc; q),
¢5 (CL, \/EQa _\/E(L bv C, q—n; \/av _\/aa QQ/b7 GQ/C, aqH_n; q, d ) = (( a Q) ( Q/ q>

be aq/b; q)n(aq/c; Q)n‘

Proof. In the g-Pfaff-Saalschiitz theorem, replacing a, b and ¢ by aq”, aq/bc and

aq/b, respectively, we can write

(@' /b nlc; @)n

3¢2(q_n7 aqn7 CLC]/bC, CLQ/bv GQ/C; q, Q) = (aq/b7 q)n(Cq_”/a, q)n (242)
By using equation (1.6), we obtain
(074 "5 @) = (b:@)a(—1)"(0) g~ (),
(cq™" Jai ) = (ag/c; (1" (22) "4~
and so
O e (@) ag\" 043
(e e~ Gaafedh Cbe) 24
Putting these in (2.42), we have
—n n , oo (@l g)n  rag\m
3¢2(q ,aq GQ/bCa GQ/b> GQ/C? q, Q> - ((ZQ/b; Q)n<CLQ/C; q>n (bC) (244)

By the definition of g-hypergeometric series the left hand side of (2.44) can be

written as follows:

o0

Z r(aq"; @)r(aq/bc; @)y 4,

k=0 aqﬂ’ Detag/c ua g ¢ C

302(¢7", aq", aq/bc;aq/b,aq/c; q, q)

Using the fact that (¢=";q)r = 0 for k = n+ 1,n+ 2, ... equation (2.45) becomes

n

nom i baa e a o) = S W @k(ad" @)i(ag/be @)
020", ad", aa/bc; aqfb, aq/c; 0,9) ,; (aa/b; Q)lag/c (@) © (2:46)
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On the other hand, from equations (1.15) and (1.19), we have

and
(a5 9)(ag™; @)
(a;q)n

(ag"™; Q) =

Substitution of these in the right side of (2.46) yields

b(a=" g™ aq /b aafb.aq e a.q) =S (<1 (M) g5 () (@ Dulad" @)
¢2(q"; aq", aq/bc; aq /b, ag/c; q,q) kZ:O( 1) (k)qq q )

(GQ/bC; Q)k )
(aq/b; q)x(ag/c; q)x

(2.47)

Thus from (2.44) and (2.47) we have

aq/b; @)r(aq/c; @)

() (@0)a(;0)n(c; @) (@)
(aq/b; q)n(agq/c; q)n \bc/

- k(T "R k. (a; @)k (agq/bc; )
> (=1 (k)qq( ) (ag 7Q)n( : :

(2.48)

We now consider the Carlitz inversions (1.43) and (1.44). If we take a; = 1 and

by = —ag®, then

6w m) = [ [(as +abe) = [J (1 — axg®) = (azs ),
k=0 k=0
¢(q";n) = 1:[(1 — ag™) = (ag"; q)n.

So, (1.43) and (1.44) are given by

P =304 (1) a6 (2.49)
and
Gl =3 (- (Z)qﬁﬂm, (2.50)
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respectively. When we choose

m (a5 0)n(b;@)nlc; @ (ag\™
F(n) = q(%) ; (—)

(aq/b; @)n(agq/c; q)n \be

and
(a5 9)k(aq/be; @)
k) = Caa/or nlaales O

equation (2.48) is in the form (2.49). So by (2.50), we can write

(@ @nlag/bes@)n S~ (™ _L—ad®™ (5 (@ @)kbi (e e (agyk
(aq/b; q)nlagq/c;q)n £ 0( " (k>q(aq";Q)k+1q (aq/b; q)x(aq/c; @)k <bc> '
(2.51)

By using the fact that

and
1—ag® _ (Vag a)(—vag; a)x
1—a (Va; r(—=va; @)

we can rewrite (2.51) as follows :

8

(a; ¢)n(ag/bc; q)n :Z": (1-a) (Vag; q)k(=vag; )
(aq/b; @)nlag/c;@)n 4= (aq"; @it (\/_ Q)k( Va; @)k

T las ubi g <) 252

(¢ ) (aq/b; @) aQ/C )k

Since

(aq"; Qi1 = (1 — ag™)(aq" ™5 @),

(2.52) gives

52

(1—agq") (a;q)n(aq/be;q)n :i (@ ) (Vag: @)r(—Vag; @) (b: @)
(1—a) (aq/b;q)n(ag/c;q)n = (Va;@r(—va; @r(ag/b; q)r(ag/c; q)x

. (;;;?gf): ,;n ( ) '

23




or

aq; q)n(aq/bc; q), Y . ag"t!
( a q> ( q/ Q) = 6¢5 a, \/aqa _\/aqa b7 ¢, q ; \/67 _\/aa aq/ba QQ/Q aq +1; q, a 5
(aq/bv Q)n<GQ/Cv Q>n be

which is the desired result. O

2.10 The Sears balanced transformation formulas

Theorem 2.16 Let |q| < 1. Then, we have

4¢3(q_n7 a, c, €; bv du aceql—n/bd; q, Q)

(d/a; q)n(bd/ce; q)n
(d; @)n(bd/ace; q)n

= 4¢3(¢7",a,b/c,b/e;b,bd/ce,aq" " /d; q, q) x (2.53)

and

4¢3(qin7 a, c, €; b7 d7 a’ceqlin/bd; q, Q)

(¢; @)n(bd/ac; q)n(bd/ce; q)n
(0 @)n(d; q)n(bd/ace; g)n
(2.54)

= 4¢3(¢7",b/c,d/c,bd/ace; bd/ac,bd/ce,q" " [c; q,q) x

Proof.
Equation (2.54) is a result of (2.53). So we assume that (2.53) holds. Replacing
the parameters ¢, e, b, d by b/c, b/e, b, bd/ce, respectively, in (2.53) and then

using symmetric property, we have

103(¢7 ", a,b/c,b/e;b,bd/ce,aq" " /d; q, q)
= 403(¢7",b/c,a,bje;bd/ce,b,aq " /d; q,q)

— sba(q™" bje, bd Jace, dJc; bdce, bdac, ¢ e; g, q) x GOm0 AGDn

(05 @)n(d/a; q)n
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or

193(q" ", a,b/e,bje;b,bd/ce,aq " [d; q, q)

— sd(q~", bje, de, bdJace: bdce, b ac, ¢ fc; ¢, q) x LSt/ @)

(b5 9)n(d/a; q)n

Setting this result in the right side of (2.53), we find

4¢3(q_n7 a, c, €; b7 da aceql_n/bd; q, Q)

=403(q7 ", b/c,d/c,bd/ace; bd/ce,bd/ac,q" " /c; q, q)
(¢;@)n(bd/ac; q)n (d/a; q)n(bd/ce; q)n
(b @)nld/a; q)n  (ds; q)n(bd/ace; q)r
=403(q7 ", b/c,d/c,bd/ace; bd/ce, bd/ac,q" " /c; q, q)

(¢;q)n(bd/ac; q)n(bd/ce; @)
(b;@)n(d; q)n(bd/ace; q)y

which is the desired result. [

1

Replacing the base g by its inverse ¢~ and then using the fact that

(Z) - (Z>qq<z>—<;>+<”;k>

F(n) =) (-1 (Z) ol *n)G(k) n=0,1,2,... (2.55)
k=0 q
and
& e(M) (5% _ak +a7*b B
G(n) = ;(—1) (k)qq( )WFU@) n=0,1,2,... , (2.56)
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If we choose a; = 1, by, = —aceq”/bd, then we have

n—1

o(z,n) = H (1 — zaceq” /bd) = (acex/bd; q),

k=0

and so

o(q ", n) = (aceq " /bd; q)n,

¢(q_n7 k + 1) - (aceq_n/bd; Q)k-‘rh

ak + q by _ 1 — ace/bd
(g k+1) (aceq—/bd; Q)k+1

In this case, the corresponding inversions (2.55) and (2.56) take the form

Pl = S04 ) (aceq /i), GO0 (2.57)
and
Gln) = Z(_l)k<z) 7 (acelq_”cﬁed/' chjk F (k) (2.58)
respectively.

Now we can prove (2.53). By the definition of g-hypergeometric series and by

means of the relations

ok _ <_1)k(”> ()~

(@59

and

(aceq™"/bd; q) 41

1—-n . —
(aceq' ™ s, = LT

we can write

4¢3(q_n7 a,c, ¢€; ba d7 aceql_n/bd; q, Q> |:

n

1 —bd/ace  (ni
1- bdq”/aceq( )}

(¢~ @)wla; )i(c; )ule; @) & [ 1 —bd/ace q(n;rl):| .
— (b q)i(d; @)(aceq' " /bd; q)r(q; @)~ [1 — bdg™/ace
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1-— bd/ace q(n;l)
1 — bdq™ /ace

ek (Y 5=+ (@ a)(e (e @)
H( b ( )j’ (0 0)(d; @) (aceq " [bd; @) ia

X (1 — aceq™" /bd) <%) . (2.59)

4¢3<qin7 a, c, €; b7 d? a’ceqlin/bd; q, Q) |:

Noting that

n+1y (n\ _
2 2) ~ "
and
1 —bd/ace
1— —n ety St n_1_
(1 — aceq /bd)(l—bdq"/ace)q ace/bd

we can write equation (2.59) as follows:

1 — bdq™/ ace’

= - k(™Y () (a; Q)i (c; Q)rle; O o
0( 1) (k)qq (b; Q) (d; @) (aceq= /bd; Q)kz—i-l( /bd).

1 bd n 1
403(q¢" ", a,c,e;b,d, aceq' " /bd; q, q) [ /ace 3)]
q

Thus, (2.53) can be stated equivalently as

i(_l)k (Z) () (@ (e Dr(e: D (1~ ace/ba)

prt (0; )k (d; @) (aceq—ace /bd; q) k11

d/a; q)n(bd/ce; q)n

:4¢3(q_n, a, b/ca b/e7 b? bd/ce7 a’ql_n/d; q, q) ((d q) (bd/ace' C])

1 —bd/ace (")
X [—1 — bdq”/aceq ] : (2.60)
Since
1 1 —bd/ace | 1
(bd/ace;q), |1 —bdg/ace| — (bdq/ace;q),’
we can rewrite (2.60) in the form
. k(n) (5 (@ @)kl Qiles @ |~ acelbd
;( v i)k )elaceq bd: Q)k—H( /bd)
—0(a™", b/, bfes b, bd e, g™ d; q, L DU C D 52) 9 61

(d; q)n(bdg/ace; q)n
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This expression is in the form of (2.58) with

and

(d/a; Q>n(bd/ce; Q)n (n-2¢-1) .

G(n) = 4ds(q™", a,b/c,b]e;b,bd/ce, aq" ™" [d; g, q) (d: @)n(bdq/ace; q)

Thus, to prove (2.53) it is sufficient to show that the following relation, corre-

sponding to the relation (2.57),

(a; @)n(c; @n(€5 @)n _ - R (™Y (aced* Tbd- (d/a; q)k(bd/ce; q)x (1)
Gand g, 2=V (k)( T/ D o) (b Jacer )5
X 403(q ", a,b/c,b/e;b,bd/ce,aq" ™% /d; q, q). (2.62)
holds.

Recalling the definition of ¢-hypergeometric series and noting that (¢=%;¢); = 0

for i =k + 1,k +2,..., we can write the series 4¢3 in the right side of (2.62),

k
103(¢7", a, b/, bje;b, bd/ce,aq' " [d; g, q) Z bd/Ce q)) ((b/lc g;cl(bcj)ez(q)q)zqi'

=

Putting this in (2.62) we have

(d; q)r(bdg/ace; q)y,

§ k (7% q)i(a;q)i(b/c;q)i(b/e;q)i
Z( Q)i(bd/ce;q)i(aqlfk/d;q)i(q;q)iq- (2.63)

(CL; Q).n(ca q)il(e Q) _ Z(_l)k <Z) (aceq*k/bd; Q)n (d/a; Q)k(bd/ce§ Q>kq(’“2'1>

Now, let T denote the right side of (2.63). Since

(Z) _ (_1)kman*(§)

(@ 9)k
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and

an—(’g)Jr(’“;l) _ qk(n+1)

)

we get

N TS Dk k1) gt g oy, (G Di(bd ] ce; @)
=0 (@ Q)x 1 (aceq™/bd; )n(d;q)k(bdq/ace;q)k
(¢7%; @)ila; q)i(b/c; q)i(b/e; ) /
(b5 q)i(bd/ce; q)i(ag ="/ d; q)i(q; @)
(a;q)i(b/c; q)i(b/e; Q)iqi —~ (7" q)i(d/a; q)r(bd/ce; )n
— (b;q)i(bd/ce; q)i(q:@)i ™ <= (d; q)r(bdq/ace; q)i(a; @)

_ (@9 wn
x (aceq™" /bd; Q)nmqk( )

T
S

We now consider the inner sum. Replacing £ by ¢ 4 j, one gets

Z (7" @)x(d/a; q)r(bd/ce; q)x (aceq " /bd: q)n(q": )i D
( s @)k(bdg/ace; q)i(q; ) (ag'~*/d; q);

( " @)ivj(d/a; q)ivs(bd/ce; @)y (aceq_i_j/bd; Q)n(q_i_j5 Q)iq(i+j)(n+1).
= (dq)iy;(bdg/ace; q)ivy (g5 Qi (ag'=*=7/d; q);

By using the relations

(") _ (i)i (¢"V59)i (i)i (9:9)ivs (d/a:q);
(ag'="=7/d;q);i  \aq) (d¢i/a;q); \aq) (d/a;q)ir; (3:9);
iy (aceq™"77 /bd; q) iy,
] . — )
(aceq™ 77 Jbd; q)n, (aceq™ 73 /bd: q)ir, (ace/bd; q),,
_ (bdg/ace; q)iy;  (ace/bd; q)n g D)
(bdq'~"/ace; q); (bdg'ti="/ace; q); ’

and

-n -n i—n

1 q)j
(bd/ce; q)iv; = (bd/ce; q);(bdg' [ce; q);,

(d; q)irs = (d;q)i(dq"; q);.

(@ " Qivg = (" 0)ilq
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the inner sum can be written as

Z (¢ Qr(d/a; @)r(bd/ce; )x (aceq™ /bd; q)n(q™; @) 0D
( s )k (bdg/ace; q)i(q; @)x (ag'=*/d);

(07 9)ini(d/a; Q)i (bd/ce; q)iry (bdg/ace; q)i;  (ace/bd; q),
‘= (d:q)ivs(bdg/ace; q)iv;(q;q)ivs (bdg'~"/ace; q); (bdg'*=" /ace; ),
—n(i+j5) . (i+7)(n+1) i i (¢ 9)iv; (d/a;q);
* ! <aq> (/@ @i (:0);
wcefods ay T Dilbd/cesq)i (AN S~ (0" q)i(dfa q); (b’ eesq);
~lace/bd q)”(d; q)i(bdg'~"/ace; q); ( ) « (4:9); (dq 0); (bdg+" face; q),
wee i oy s @bd/ce )i (dY'
~lace/bd, q)"(d; q)i(bdg'~"/ace; q); (a)
X 3¢2(q""", d/a,bdq’ /ce;dq’, bdg" T Jace; q, q). (2.64)

Now, in the g-Pfaff-Saalschiitz formula, writing n—1, d/a, bdq'/ce and dq" instead

of n, a, b and c, respectively, we can get

i—n i i i—n aqi§ q)n—ilce/b; q)n—;
s02(¢" ", d/a,bdq’ [ce; dq’, bdg " ace; ¢, q) = (C(Zqi.q)) ,(C(Lceﬁbd. 21) - (2.65)

Since

(ce/bs@n—i _ (ce/biq)n(bdg' " /ace; q); (g)
(ace/bd; q)n—i  (ace/bd;q),(bg*="/ce;q); \d/

(2.65) becomes

- < , . U i b; q)n(bdq* ™" /ace; q); raN?
1—n d bd % d 7 bd 1+i—n . — (aq7q> (CG/ ) ) h )
o020, b fees ', bR aces 0.0) = g0y ace b halba= e q) <d)

and thus setting this result into (2.64) we have

i (47" Qr(d/a; Q)x(bd/ce; @)x (aceq ™ /bd; )n(a™"; @) D
“~ (d; q)x(bdg/ace; q)i(q; ) (ag'~*/d);
v (aMqu(bd/cesq)i (dN'
e/ o e (o)
(aq’; @)n—i(ce/b; ¢)n(bdg " /ace; q); (g)
(dg'; @)n—i(ace/bd; q)n(bg'~"/ce; q); \d/

X
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Therefore,

N~ (@ )ib/e )ib/eq); (@)i (q";@)i(bd/ce; q)s
= (b;q)i(bd/ce;q)i(q;9)i \ a ) (d;q)i(bdg'~"/ace; q);
(aq"; @)ni(ce/b; @)ni

(dq*; q)n—i(ace/bd; q)pn—;

= (a59)i(b/c)ib/esq)i (dg\' (7" q)i(bd/ce; )

B z; (0:q)i(bd/ce; q)i(q; 9)i ( a ) (d: q)i(bdg'—/ace; q);
(aq’; )n—i (ce/b; q)u(bdg' ™" /ace; q); (g)

(dg'; q)n—i (ace/bd; q)n(bg'~"/ces q); Nd/

x (ace/bd; q),

X (ace/bd; q)n

Considering that

(d;q)n = (d;0)i(dq"; q)n—i

and

(a;9)n = (a;9)i(aq"; q)n—;

we can write

Dn x=~ (@7%9)i(b/c;q)i(b/esq)i
d; @) = (b;9)i(bg" "/ ce; q)i(q; q)i
a; q)

= (ce/b; q)nmgqﬁg(q‘", b/c,bje;b,bg" " ce; q, q). (2.66)

In the g- Pfaff-Saalschiitz formula again replacing a, b and ¢ by b/c, b/e and b,

respectively we find

(¢ Dnle; @

3¢2(q_n7 b/C, b/ea ba bql_n/ce; q, Q) = (b q) (ce/b' q)

Finally, substituting this result in (2.66), we obtain

T = (ce/b;q)n

(@ Dn (G Dn(e@n  _ (a:9)n(ciq
(d; @ (b @)n(ce/b; @)n (d; )

This completes the proof. [J
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2.11 The Watson transformation formula

Theorem 2.17 Let |a®¢*>™ /bede| < 1. Then we have

B a2q2+n
¢7 (Cl, \/EQa _\/E(L bv C, da €, q n’ \/aa _\/57 CLQ/bv CLQ/C> (I(]/d, CLQ/G, aqn—H; q, W)

_ (ag; )n(ag/bc; @)n
(aq/b; q)nlaq/c; q)n

403(q7", b, c,aq/de; aq/d, aq/e, beq™" /a; q, q). (2.67)

Proof. By using the definition of basic hypergeometric series and noting that

(g™ q)r =0 for k =n+ 1,... the left side of (2.67) can be written in the form

2 24n

—n n a~q
8¢7 (a’a \/ag, _\/ECL bv ¢, d7 €, q \/57 _\/Ev CLQ/bv CLQ/C7 GQ/d’ CLQ/G, aq +1; q, —)

bede
_ (a; )i (vaq; Or(—vaq; O (0; Or(c; Drla™"; )i (aq””)k
— (Va; Qx(—va; @)wlaq/b; q)r(ag/c; )r(ag" Y @)u(g )\ be

(d; Q§kE€§Q)k ) (g)’f (2.68)

(aq/d; q)x(ag/e; @)k

In (2.44), setting n = k, b = d and ¢ = e, we have

= 302(q"", aq", aq/de; aq/d, ag/e; q, q)

(d; @)r(e; @) (@Y
(aq/d; q)r(ag/e; q) \de

Z aq q)i(aq/de; Q)iqi'

— aq/d 9)ilag/e; q)i

Substituting this result in (2.68), we get

2 24n

a
8¢7 (CL, \/an _\/aq7 ba G, d7 €, qina \/av _\/67 CLQ/b7 CLQ/Cv CLQ/d, CLQ/QJ aqn+1; q, d )

bede
_ N Wag @u(—vag @)e  (059)k(e a)r(a "5 @)wlas @) (aq””>k
— (Va;Qu(—Va;q)r (aq/b;q)ilag/c; q)i(ag™ ™ Q)u(q; @) \ be
(¢7":9)i(aq"; @)i(ag/de; q)i ;
—~ (g:9)i(aq/d; q)i(ag/e;q);

X
B

(2.69)

Now using the relations

Y

(Vag; u(—vag; Qr _ 1—ag™
(Va; Or(—va;q) 1—a
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(@ Qrsi = (a59)i(aq”; q)i (2.70)

the final equation takes the form

2 24n

¢7 (a7 \/EQa _\/EQ7 b7 C7 d) 67 q ) \/57 _\/57 aq/b7 aq/c7 aq/d’ aq/e’ aq +1, q’ 1737)

Y\ (ag/de; q)i i L—ag®  (b;Q)r(c k(™™ @)k

2 (g q)ilag/d: q)ilagfeiq);t &= T—a (aq/biq)r(aq/c;q)k(ag™ g

(a, q)m() “a)i (aqH")k. (2.71)

(45 be

Let €2 denote the inner sum with respect to k. Putting k-i=j and noting that

(") _ (1)q ()70
(45 @)+ (45 );

and again using (2.70), we have

o wi aq2i+2j (b7 q)H_j (C, q)H_](q—n’ q>i+j (CL, Q)2i+j (CI’PJ; Q)Z <aq1+n>Z+J
= 1—a (aq/biq)ir;(aq/c q)ins(ag™ Y @iy (454)is .

—i 1-— aq2i+2j (b' q) (bq q) (c q) (qu'q) (q ,q) (q ’q)j
—  1-a (aq/b;q)ilag"™/biq);(agq/c;q)i(aq"™/c; q);(ag™+'; q)i(ag™+'*; );

x (a; q)ai(ag™; q), <—1>(§‘;)] )i <aqblc+> (aqbtn)j-

Multiplying and dividing the left side of the last equation by (1 — ag*)

—n+i.

i () gy LT 06 (B)i(eaila ) (agtTY
P= e e ot (GQ/b'C])‘(@CI/C’Q)'(GQ”HSQ)i( be )

y ”Z 1—ag®*™  (ag;q);(bq";4);(cq’s 0);(a"*"; 0); ag'
= 1

aq® (q;q);(aq" ™ /b; q);(ag" ' /c; q);(aq™ 1+ q); be

In the view of the relations

1_a2i

(CL;C])%T = (ag; q)2,
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(Vagthiq)(—vag™q);  1—ag**¥

(Vag'; q);(=v/ad’; q); 1—ag®

and the definition of basic hypergeometric series we can write

it+1

Q= (-1)'¢ (%) (ag; q)u (

(b;9)i(c;0)i(a™™5 q)i (aqH" >
| aq/b; q)i(aq/c; q)i(ag™ 1 q); \ be
— (Vaq;q);(—vagq);  (ag*;q);(bq'; q);(cq’s @) (a5 q);
(Vag'; q);(—vaq';q);  (q:q);(aq'*/b; q);(aq ™+ /c; q) ;(agm i+ q)

aq1+n—z‘ J

(%)

1y 5 (g o) B3 @il @)ild" 0)i ag ™\’
(=1)'q (q’Q)m(aq/b;q)i(aq/C;q)i(aq”“;q)i( be )

x 6¢5(aq”, vag't', —/ag' ', bq' g’ g

Vag', —vaq',ag" T /b, ag e, ag" T g, ag T be) (2.72)

X

Now, in g-Dougall-Dixon formula, replacing a, b, ¢ and n by aq*, bq', cq' and

n — i, respectively, one gets

6¢s(aq®, Vaq'*', —/ag" " bg' g’ g

7\/5617,’ —\/aqi,aqlﬂ/b, aqu/C, aqH"H;q,aqH”_i/bc)
1421,

_(ag"™*; @)n-i(ag/bc; @)ni
(aq"/b; @)n-i(aq" "/ c; Q)i

Substitution of this (2.72) gives

i+1

Q= (=1)'q ) (ag; ) (

(b;9)i(c;0)i(@™™; q)i (aqH" > '

aq/b; q)i(ag/c; q)i(aqg™t; ) \ be
(ag"** @)ni(aq/bc; @)n—i

(ag"*/b; @)n—i(aq**?/c; @)n—i
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Thus, if we set this result into (2.71), we obtain

8¢7 (CL, \/EQa _\/E(L b, Cy d, €, q—n’ \/57 _\/57 CLQ/b7 CLQ/Q GQ/d, GIQ/@ aan; 4,

n

x (—1)'q

(ag/de; ); i x (ag""*; @)n—i(aq/bc; Q)i
—~ (¢;9)i(aq/d;q)i(aq/e;q)i — (ag't"/b; q)n—i(aq"*/c; q)n—i
() (ag: )y DilG DT )i ag"m\"
(ag; q) T ( )

aq/b; q)i(ag/c; q)i(ag*™;q); \ be

Finally by means of the following equations

(aq/be; q)n-i = (—1)ql2) " (b_> %
VLG L
(ag; q)ai (@ ), (aq; Q)n

(aq/b;q)i(ag"™t" /b; @) n—si = (aq/b; q),

(ag/c;q)i(ag"t" /c; Q)ni = (agq/c; q)n

and the definition of 4¢3, we have

8¢7 (CL, \/aq, _\/EQ7 b7 C, d7 €, q—’n’ \/57 _\/Ev CLQ/bv CLQ/C7 GQ/da CLQ/(?, aqn+1; q,

n

(ag/de; q);

1=

< (¢:9)i(aq/d; q)i(agq/e; q);

o (if

X (—1)1(] (

_ (ag; @)nlagq/bc; q)n

2

¢'(ag; q)n(—1)'ql: -

(b:9)i(c; @)ila ™ )i (aq”
be

(aq/b; q)i(aq/c; q)i(ag ™t /b; q)n—i(aq***/c; @)n—i
(g™ q)i(ag/de; q)i(bq)ileiq)i

(aq/b; q)n(agq/c; q)n
_ (ag; @)nlagq/bc; q)n

(¢;9)i(agq/d; q)i(aq/e; q)i(beg™™/a; q)i

o

1=

(aq/b; q)nlag/c; @)n

which is the required result. [J
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4¢3<q7n’ ba C, GQ/dev GQ/dv GQ/ea bcqin/a; q, Q)>

i (bc) i ((aq/bC; Dn

beq"/a; q);

>i

a2 q2+n

bede

a2q2+n

bede

)

)



2.12 Jackson’s g-Dougall-Dixon formula

Theorem 2.18 Let a’¢'™ = bede. Then we have

8¢7(aa \/EQ7 _\/aqa ba ¢, d7 €, q—n; \/av _\/aa QQ/b, CZQ/C, a(.I/d7 CM]/67 aqn—i-l; q, q)

_ (ag;9)n(aq/bc; q)n(aq/bd; g)nlag/cd; @)n

= (ag/b; Q)n(aq/c; 9)n(aq/d; q)n(agq/bcd; )., (2.73)

Proof. For a?¢'™ = bede or ag/de = beqg™"/a, the Watson transformation

formula becomes

8¢7(a7 \/EQ7 _\/EQ7 ba C, d7 €, qin7 \/aa _\/67 CLQ/bv CLQ/C, GQ/d7 aq/e, aanrl; q, Q)
(aq; @)nlaq/bc; q)n _ _ _

= " b,c,beq " ayaq/d,aq/e, beq” " a; q,
(aa/b: Dlag)e q)nmg(q q "/a;aq/d,aq/e,beq" [a; q,q)

_ (ag; @)u(ag/be;q)n <~ (a5 @)r(b; )i(es @)rlbeg" /a; @i 4
(aq/b; q)nlag/c; q)n = (aq/d; q)r(ag/e; q)r(beq/a; q)i

So, by the definition of 3¢9, we can write

8¢7(aa \/ECL _\/ECL ba C, d7 €, q_nv \/av _\/57 GQ/b7 CLQ/Ca GQ/d7 G’Q/€7 aqn+1; q, Q>

_ (ag; @)n(ag/bc; q)n
(agq/b; q)n(ag/c; q)n

3¢2(qin7 ba C; CLQ/d7 CLQ/e; q, q)

Finally, in the g-Pfaff-Saalshiitz theorem, writing b, ¢ and ag/d in place of the

parameters a, b and ¢, respectively and noting that bedg " /a = aq/e, we have

8¢7(aa \/EQ7 _\/aqa ba ¢, d7 €, q—n; \/av _\/aa QQ/b, GQ/C, a(.I/d7 CM]/67 aqn—i-l; q, Q)

_ (ag;9)n(aq/bc; g)n(aq/bd; g)nlag/de; @)n
(aq/b; q)n(aq/c; q)n(aq/d; q)n(ag/bed; q),

Thus the proof is completed. [
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