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ABSTRACT

Q-RUNG ORTHOPAIR FUZZY SETS AND THEIR SIMILARITY
MEASURES

Waleed Sadeq Jaaywel JAAYWEL
Master of Science in Mathematics
Advisor: Assoc. Prof. Dr. Faruk KARAASLAN
February 2022

This thesis consists of five sections. In Section 1, a detailed literature review and
motivation of the thesis are presented. In Section 2, some fundamental definitions are
given to be used in the next part of the thesis. In Section 3, Cosine, weighted Cosine,
cotangent and weighted cotangent similarity measure methods between intuitionistic
fuzzy sets existing in literature are presented and they are supported by examples. In
Section 4, some similarity and weighted similarity measure methods of g-rung orthopair
fuzzy sets based on distance measure are presented in the light of existing studies in the
literature. Also, Dice and generalized Dice similarity measure methods for g-rung
orthopair fuzzy sets in literature and examples of them are presented. In Section 5, some

explanations about methods are given.

2022, 97 pages

Keywords: Intutitionistic fuzzy set, q-rung othopair fuzzy set, Distance measure,

Similarity measure



OZET

Q-RUNG ORTHOPAIR BULANIK KUMELER VE BENZERLIK
OLCUMLERI

Waleed Sadeq Jaaywel JAAYWEL
Matematik, Yiiksek Lisans
Tez Danismani: Dog. Dr. Faruk KARAASLAN
Subat 2022

Bu tez bes boliimden olugmaktadir. Bolim 1'de ayrintili bir literatiir taramas1 ve tezin
motivasyonu sunulmaktadir. Boliim 2'de, tezin bir sonraki boliimiinde kullanilmak {izere
bazi temel tanimlar verilmistir. Boliim 3'te, literatiirde var olan sezgisel bulanik kiimeler
arasinda Kosiniis, agirlikli Kosiniis, kotanjant ve agirlikli kotanjant benzerlik 6l¢iim
yontemleri sunulmus ve Orneklerle desteklenmistir. Boliim 4'te, literatiirde mevcut
calismalar 15181nda, uzaklik dl¢limiine dayali g-rung ortopair bulanik kiimelerinin bazi
benzerlik ve agirlikli benzerlik dl¢ciim yontemleri sunulmustur. Ayrica, literatiirdeki q-
rung ortopair bulanik kiimeler i¢in Dice ve genellestirilmis Dice benzerlik 6lgiim
yontemleri ve bunlara iligkin 6rnekler sunulmustur. Boliim 5'te yontemlerle ilgili bazi

aciklamalara yer verilmistir.
2021, 97 sayfa

Anahtar Kelimeler: Sezgisel bulanik kiime, q-rung othopair bulanik kiime, Mesafe

Ol¢limii, Benzerlik 6l¢timii
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1. INTRODUCTION

In real life, human beings face many problems involving uncertainty. For years,
problems involving uncertainty have been an important issue to deal with. Although
classical set theory and modeling methods are useful tools from time to time, they have
not been sufficient in modeling many problems. Therefore, about such problems,
researchers have worked on modeling and decision-making methods that enable more
precise and precise decision-making. One of the most important of these studies is the
fuzzy set approach put forward by Zadeh (1965). Zadeh (1965) The membership
function, which is a larger extension of the characteristic function in classical sets, was
used to create the fuzzy set. A fuzzy set is a function that maps a non-empty having
started universe to the closed interval [0,1]. The membership function specifies just
what an element of the initial universe has a place in the fluffy set. In general, a fluffy
set A's participation potential is known as p,4. Although fuzzy set is a useful tool, some
problems are encountered regarding the determination of the membership function
during modeling of real problems. In some cases the membership function can be
ambiguous. To deal with such situations, the concept of type 2 fuzzy set was
developed., which allows the use and grading of linguistic variables, was also defined
by Zadeh in 1975. If an element in a fuzzy set has a membership degree of 0.6 and a
non-membership degree of 0.4, the hesitation situation is not taken into account. For
example, if an element has a membership value of 0.6 and a non-membership of 0.2, the
fuzzy set is not sufficient for modeling. Thus, Atanassov introduced the concept of the
heuristic fuzzy set in 1986 as a useful tool for modeling hesitant situations. Two
functions characterize an intuitionistic fuzzy set, called membership (1) and non-
membership (v) functions, defined from the initial universe to the closed interval [0,1].
The sum of the images of any element of the initial universe under the functions p and
v is in the closed span [0,1]. For example, if a component has a membership degree of
0.7 and a non-membership degree of 0.2, there is a 0.1 degree hesitation for that
component. Although intuitionistic fuzzy sets are well-known for their ability to model
hesitancy, they do have significant drawbacks. For example, if an element's membership
and non-membership degrees are 0.6 and 0.7, respectively, the sum of these values

cannot be stated with intuitionistic fuzzy values because the sum is more than 1.



Because the sum of membership and non-membership degrees corresponding to each
element in an intuitive fuzzy set cannot exceed 1, the sum of membership and non-
membership degrees corresponding to each element in an intuitive fuzzy set cannot
exceed 1. Yager proposed the Pythagorean Fuzzy Set as a solution to this limitation
(2013). The sum of the squares of an element's degrees of membership and non-
membership is in the closed interval [0,1] in this set. If the degrees of participation and
non-membership in the above model are 0.8 and 0.9, respectively, it is insufficient for
modeling in Pythagorean Fuzzy Sets since 0.8% + 0.9 > 1. Therefore, Yager et al.
(2017, 2018) introduced the g-rung orthopair fuzzy set concept as a generalization of
fuzzy sets, intuitive fuzzy sets, and Pythagorean Fuzzy sets. In a q-rung orthopair fuzzy

set

Q = {(xs, Mo(x0), vo(x)) %, € X}, ng () +y5(x;) < 1suchthatk = 3. When
the degrees of membership and nonmembership are 0.8 and 0.9, respectively,, then

0.85+0.9° < 1.

Information similarity is a significant concept in decision-making processes, (Abdel-
Basset et al. 2019, Chiclana et al. 2013, Farhadinia 2013; 2014; 2016, Farhadinia and
Herrara 2018, Farhadinia and Xu 2017, Li and Cheng 2002, Kamis et al. 2018a, 2018b,
2019; Mitchell 2003, Tang et al. 2020; Tian 2013, Xia and Xu 2010, Ye 2011). In
particular, general agreement, grouping creation, image processing, pattern recognition,
machine learning, and scheme selection are all important. Indeed, a variety of similarity
measures have recently emerged, such as the statistical similarity measure proposed to
quantify the similarity between two random vectors (Huang et al. 2017); the similarity
measure used in subtractive clustering algorithm for endmember extraction (Yadav et al.
2020); the Dice similarity measure proposed for face recognition problem (Singh and
Kumar 2020); and the similarity measure suggested to combine the traditional fuzziness

with the traditional fuzziness with the traditional (Seal et al. 2020).

Recently, there has been a lot of work on similarity measurement. One of the most
important of these is the similarity measurement between q-ROFSs. Some of the recent

studies are: Similarity measures between q-ROFSs were defined by Peng and Liu



(2019) as additive inverses of the q-ROFSs have the same number of distance
measurements. Liu et al. (2019) use the mean of cosine and Euclidean-based similarity
measures for q-ROFS-based TOPSIS approaches, but Peng and Dai (2019) use Xia and
Xu's (2010) methodology for q-ROFS-based TOPSIS techniques. By substituting square
powers with gpowers, Wang et al. (2020) introduced the cosine and cotangent similarity

measurements for PFSs to g-powers.

In this thesis, we presented a compilation of studies on similarity measurements of -
ROEFS. First, we aimed to make the formulas more understandable in terms of
application by examining the similarity measures presented by Ye (2011) Shi and Ye
(2013), Tian (2013) and Rajarajeswari and Uma (2013) and presenting examples. Later,
Liu et al. (2019), Peng and Liu (2019), and Jan et al. (2020) similarity measures

between q-ROPF clusters were examined and examples were presented.



2.  PRELIMINARIES

We'll go over some basic concepts including IFS, PFS, and q-ROFS, as well as their
related features, in this part, X = {x4, x5, ..., 2,,} denotes a finite, discrete, and

nonempty discourse set throughout the work.

Definition 2.1 (Zadeh 1965) Let X be a set that isn't empty. Then, by mapping as follows, a
fuzzy set (FS) A over X is determined:

Here, 14 is referred to as the membership function of the FS A. n_4(x) is called
membership grade of x in X and n4(x) € [0,1].

An FS can be expressed as a set of pairs as follows:

A ={(x,n4(x)):x € X, n,4(x) €[0,1]}.

Also, the readers can encounter different notations of the fuzzy sets.

Some of them are below:

(249 2 € X, n4(x) € [0,1])
e If X is finite and crisp, then A = Y, ey N4(x)/x
If X is infinite, then A = [, 1.4(x)/x.

Note that “/” doesn’t denote the division and | doesn’t denote the integral operator.

Remark 1: Elements of X the membership grade of which are 0 don’t appear in the

fuzzy sets. If . 4(x) = 1, then element x is a full member of fuzzy set . If 0 < 14(x) <

1, then element x is the partially member of fuzzy set A.

In a fuzzy set, if an element has 0.6 membership degree, we can say that its non-

membership degree is 0.4. However, this is not sufficient to express the hesitancy. To

overcome such a situation, the concept of the intuitionistic fuzzy set was put forward by

Atanassov (1986) as a generalization of the fuzzy sets.

Definition 2.2 (Atanassov 1986) Let X be a fixed set. An intuitionistic fuzzy set (IFS)

A over X is defined as follows:



A = {(x, m,4(x),v2(x)|x € X},

where 17 4: X = [0,1] and y 4: X — [0,1] represent the degree of membership and non-
membership degree of x € X, respectively with condition 0 <71 _4(x) + y4(x) <1 for
all x € X. Here, m4(x) =1 —1n_4(x) — y,4(x) is hesitancy degree of x € X.
Based on the definition of IFS, it can be said that each ordinary FS is an IFS defined as
follows:

A = {(x;, (12(0), 1 =1,20)))|x € X}.
If the set X = {x4, x5, ..., X, } has only one element, that is X = {x}, then the IFS is
denoted by A = (1,4(0),¥,4(0)) = (.4, V.2)-

For convenience, we define an intuitionistic fuzzy number (IF Sy ) as space A =

(M4 Y.4)-

Example 2.1. Let X = {x;,x,,x3,x,} be the set of parties attending an election in a
subprovince where are 2000 voter in which. The results obtained at the end of the

selection are given in (Table 2.1).

Table 2.1 Result of the election

Parties X1 X X3 X4
Results 990 155 400 145
If we consider 1 4(x) = % as a membership function where N (x) means the

numbers of results by x , then we can express these results as an FS by

A = {(x;,0.495), (x5,0.775), (x3,0.2), (x4, 0.0725)}

According to fuzzy set A non-membership degree of x; is 1 — 0.495 = 0.505. But this
may be not true because 300 voters don’t attend the election. As a result, it can be said

that every FS is an IFS, but the converse is not true.

In an IFS, the summation of a membership degree and non-membership degree of an
element is a value in the interval [0, 1]. If the summation of a membership degree and

non-membership degree of an element is greater than 1, IFS is not a useful tool for



displaying the issue. Yager (2010) defined the Pythagorean fuzzy set as a conjecture of

FSs and IFSs in order to address this issue.
Definition 2.3 (Yager 2010) A Pythagorean fuzzy set (PFS) p defined on a non-empty
set X is an object having the form p = {(x, (np(x),yp(x)) X € X}, where 71,: X —

[0,1] and y,: X — [0,1] are mappings, defining the degrees of membership and non-

membership of x € X, respectively. Here, 0 < n? ) (%) + y? p(x) <1, Vx €X, and

the hesitancy degree it is m,(x) = \/1 — nzp(x) — yzp(x) . Obviously, 0 < m,(x;) <
1 for any x € X.

If the set X = {x4,x,,...,x,} has only element one, that means X = {x}, then the PFS

p= (np (%), 7, (x)) = (Mp,7,) is called a Pythagorean fuzzy number(PFN).

Example 2.2 Let X = {x, x5, x3, x4, X5}, be a non-empty set. Then, Pythagorean fuzzy
set (PFS) p over X can be written as follows:

p = {(x4,(0.9,0.4), (x5, (0.7,0.5)), (x3, (0.4,0.7)) , (x4, (0.6,0.5)), (x5, (0.3,0.5))}.
Here, for xi,x;,x3 and x, € X althoughn,(x) +y,(x) =1, sum of square of
membership and non-membership degrees corresponding these elements less or equal

then 1.

Also, for x; € X, hesitancy degree np(xl) = \/1 — (M (x1))% = (¥, (x1))? = 0.17.

By the similar way, hesitancy degrees of other elements can be computed.

Definition 2.4 (Yager 2018) Let X'={x;, x,, ..., X, } be a fixed set. A g-rung orthopair
fuzzy set (q-ROFS) (Y in X is defined as follows:

Q = {(xs, mo(x:), yo(x:))|x; € X},

where 19: X' — [0,1] means the degree of membership and yy: X' — [0,1] means the
degree of non-membership such that 0 < 1y (x;) +yo"(x;) <1, Vx; € X. Here,

the degree of indeterminacy membership of x; € X is defined by



mo(x) = K\/l —ng" (%) — yo*(x:) ,Vx; € X.

Example 2.3 Let X = {x4, x,, x5, x,} be a fixed set and let us consider the following
set @ = {(x1,(0.7,0.8)), (%2, (0.6,0.9),), (x3, (0.9,0.5),), (x4, (0.65,0.85),.)}. For
k=3 and4i = 1,2,3,4, ( is aq-ROFS. We can show that they satisfy the

condition 0 < n3 o(x) + y3 o(®) <1,Vx, € X.

For 4=1, ng(x;) = 0.7 and yo(x;) = 0.8, then 0 < (0.7)* + (0.8)* < 1 and
0<0855<1.

For i=2, ny(x;) = 0.6 and yp(x;) = 0.9, then 0 < (0.6)3 + (0.9)3 <1 and
0<0945 < 1.

For i=3, no(x;) = 0.9 and y(x;) = 0.5, then 0 < (0.9)% + (0.5)* < 1 and
0<0.854<1.

For i=4, ng(x4) = 0.75 and yp(x,) = 0.85, then, 0 < (0.85)3 + (0.85)3 < 1 and
0<0.888 < 1.

Then, the degree of membership and the degree of non-membership satisfy the
condition of g-rung orthpair fuzzy set. Also, we find the degree of indeterminacy

membership by using following formula:

mo(x;) = i/l — 10" () —yo*(x,) ,Vx, € X.

For no(x,) = 0.7 and yy(x,) = 0.8, nQ(xl) = 3\/1 —(0.7)3 - (0.8)3 = 0.5253

For r]Q(xz) = 0.6 and yp(x,) = 0.9, nQ(xz) = 3\/1 —(0.6)3 —(0.9)3 = 0.3802

For g (x3) = 0.9 and y(x3) = 0.5 mp(x3) = 31— (0.9)% — (0.5)3 = 0.8175

For r]Q(x4) = 0.65 and yp(x;) = 0.85 mp(x,) = v1 — (0.65)3 — (0.85)3 = 0.4809



If the set X has only one element, which means that X’ = {x}, then the g-ROFS ( is

denoted as A = (n4(x),y.4(x)), and this is called as g-rung othopair fuzzy number (q-
ROFN).

Definition 2.5 (Yager 2018) Let @, = (an (x),le (), and
Q, = (ng, (x), Yo, (%)), be two g-ROFNs over X. Then, operations between two g-
ROFNs (@, and (, can be defined as:

L. oUQ,= (max {an (), Mo, (x)} ymin {le (%), Yo, (x)})K
2. oNQ,= (min {nQ’l (x), No, (x)} y Max {yQ’l (%), Yo, (x)})K

e If O = (1791 (x),yQ/l (%)), then Q1C - ()/Q1 (x),nQ,l (%)), where
Qlc means the converse of Qr

o If ng (%) <mp (x)andyy (%) Zyp . thenQ; < Q,.

Defintion 2.6 (Liu and Wang 2018) Let & = (o(x),yo (%)) be a -ROFN. The

score function § () and the accuracy function A () are defined as follows:

o S(Q) = ng" —vo";
o A(Q) = ng" +vo,

respectively, =1 < S(Q) <1, and0 < A(Q) <1, k > 1.

Lemma 2.1 (Liu and Wang 2018) Let @, = (an (%), Yo, (%)), and @, =
(an (x), Yo, (%)) be any two q-ROFNs. Then the score function §(Q,) and §(Q,) of

¢, and (@, and the accuracy functions Jl(Ql) and CH(QZ) of ¢, and , are defined as

follows:

L. IS(Q)> S(Q,).thenQ, > Q.

2. KS(Q,)=8(Q,), then
o IfA(Q,)>A(Q,).then @, > Q,;
o IfA(Q,)=A(Q,).then @, = Q,.



3. SOME SIMILARITY MEASURES BETWEEN INTUITIONISTIC FUZZY
SETS

In this section, we present some similarity measure methods between two IFSs which
are introduced by Ye (2011), and their examples which are presented by Shi and Ye
(2013).

Let A={(x;, (n.4(x;), v.2(x;)) |x; € X} and C={(x;, (ne(x;), ve(x;))Ix; € X} be two
IFSs over X. Then, the intuitionistic fuzzy cosine similarity (IFCS) measure between A

and € proposed by Ye (2011) is defined as follows:

n 1.4(x) me () +v.4(x;) ve ()
I i) )

1. IFCS'(A,0)

1
n

In the above formula, Ye (2011) doesn’t consider the hesitancy degree of the IF
elements. Shi and Ye (2013) defined the IFCS measure between Aand C by
considering hesitancy degrees of the IF elements as follows:

1 yn 1.4(x;) ne(x;)+v.4(x;) ve(x)+m 4(x;)me(x;)

2. IFCS*(A,C) ==
( ) n <i# 1\/T]ii(xj)+]/ji(xj)+nji(x;)\/né (xi')"'ycg(xi)"'”é(x;)

Example 3.1 Let A = {(x;,0.4,0.3), (x;,0.2,0.5), (x3,0.6,0.2), (x4, 0.3,0.1)} and
C={(x1,0.1,0.2), (x5,0.3,0.5), (x3,0.5,0.4), (x4, 0.4,0.6)} be two IFSs over X. Then,

the according to the IFC! measure between A and € can be calculated as follows:

Ichl C/L é — 1 n nc/i(xi) né(x}')+yﬁ(xj) y(f(xi')
) ( ) = \/W:Z,z(x;)’fyfz(x;) \/ﬂé(x;)ﬂ/é(x;)

0.4x0.1 +0.3X0.2 0.2x0.3 +0.5X0.5
17 4 Ay — 1[ V0.42+0.32V0.124+0.22 ~ v0.22+0.52v0.32+0.52
IFCS (c/l,C') T4 0.6X0.5+0.2x0.4 0.3X0.4 +0.1x0.6

v0.62+0.22v0.524+0.42  V0.32+0.12V0.4240.62

= i(0.894-4 + 0.9872 4+ 0.9383 + 0.7893)

= 0.9051.



Example 3.2 Let A = {(x;,0.4,0.3,0.3), (x,,0.2,0.5,0.3), (x3, 0.6,0.2,0.2),
(x4,0.3,0.1,0.6)} and é:{(xl, 0.1,0.2,0.7), (x,, 0.3,0.5,0.2), (x5, 0.5,0.4,0.1),
(x4,0.4,0.6,0)} be two IFSs over X, then the according to the intuitionistic fuzzy cosin

(IFC') measure between A and € can be calculated as follows:

1.40c;) n6(c)+v.4(x;) vo (o) +m 4(x)me (x;)

A OO Yoo o vevTom vt

o IFCS2(A,E) =3

04x0.1 +03x%x0.2+0.3x%x0.7 N 0.2x03 +0.5%x05+0.3x%x0.2
1( V0.4%2 + 0.32 + 0.32v/0.12 + 0.22 + 0.72  V0.22 + 0.52 + 0.32v/0.32 + 0.52 + 0.22
=— +

4 0.6 X 0.5+ 0.2 X 0.4 4+ 0.2 % 0.1 . 03x%0.4 +01%06+0.6x0
v0.62 +0.22 + 0.224/0.52 + 0.42 + 0.12  v0.32 + 0.12 + 0.62v/0.42 + 0.62 + 02

1
=12 (0.7324 4+ 0.9736 + 0.9304 + 0.3680)

= 0.7511.
Ye (2016) developed two IFCS measures between two (IFSs) A and € based on

cosine function.

17,4(x) — ne ()],
max | |y2(x) — ye(x)l,
|74 (x) — me(x)]

E

3. IFCS3(A,C) = ~X7, cos

17,4(x) — ne ()| +
lv.2(0) — ve(x)| +
|m4(x) — me(x)|

E

4. IFCS*(A,C) = ~¥7_, cos

Example 3.3 Let A = {(x,0.4,0.3,0.3), (x;,0.2,0.5,0.3), (x3, 0.6,0.2,0.2), (x4, 0.3,0.1,0.6)}
and C={(x1,0.1,0.2,0.7), (x5,0.3,0.5,0.2), (x3,0.5,0.4,0.1), (x4,0.4,0.6,0)} be two IFSs
over X, then the according to the intuitionistic fuzzy cosine similarity (IFCS?)

and (IFCS?) measures between two intuitionistic fuzzy sets <Aand C can be calculated

as follows:
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m.4(x) = ne(x),
e IFCS3(A,C) = %Z[T;:l cos g max | ly;(x) — ve(x)|,

7,7 (x) — me(x)]
. 0.4 — 0.1], . 0.2 — 0.3],
cos 2 max<|0.3 —0.2|,> > max<|0.5—0.5|,>
10.3 — 0.7] 0.3 — 0.2
. 0.6 — 0.5], . 0.3 — 0.4],
> max<|0.2 —0.4|,> 5 max<|0.1—0.6|,>
[0.2 — 0.1] 10.6 — 0|
= —| cos|=| max| ]0.1], —| max| 0], = max| |-0.2],
4 2 |-0.4| 2 10.1] 2 10.1]
- |—0.1],
3 max | |—0.5],
[0.6]

= %(cos E (0.4)] + cos E (0.1)] + cos [g (0.2)] + cos E (0.6)])

+ cos

S

+ cos + cos

+ cos + cos

+ cos

1
= 1(0.8090 + 0.9876 + 0.9510 + 0.5877)

= 0.8338.

r 4 7,4(x) = ne()| +
. IFCS*(A, C) = ~ Y71 cOS % lv.a(x) — ye(x)| +
|4 (x) — me(x)|
1( [”(lﬁ)é_ 821||:>
= —| coS |— O — Ul
4 4\ j03-07]

0.3 —0.2]
. [0.3— 0.4] +
+ cos —<|0.1 —0.6] +) )
[0.6 — O]

1( [n <|0.3| +> 7T<|—0.1| + (101 +
= —|cos|-=[1]0.1] + —1 |0] + —11-0.2] +
4 LAY 4\ oy 4\ 01y

- e [0+ 0] s 0] o 0]

L /102— 03]+ L /106 — 0.5+
+ cos Z<|0.5—0.5| +> + cos Z<|0'2_0'4|+>

0.2 — 0.1]

+ cos + cos + cos

)

”(||_8'51||I>
A\ 0.6l

1
= ;A+1+41+1)
= 1.0000.

The intuitionistic fuzzy cotangent similarity (IFCotS) measure between any two IFSs
A and € was proposed by Tian (2013) as follows:

11



5. IFCot!(A,C) = =37, cot

T T |77 A(x) - U‘(X)L
Z+Z<max(|yfz<x) - yf,s(xn))]

Consider the degree of membership, non-membership, and hesitancy, and then the
IFCotS measure between two IFSs A and € proposed by Rajarajeswari and Uma

(2013) as follows:

o 17.4(x) — ne()l,
6. IFCot?(A,C) = ;Z;’:lcot %+% max | |y42(x) — ye(x)l,
T 2(x) — me(x)]

Example 3.4 Let /A = {(x,0.4,0.3,0.3), (x5, 0.2,0.5,0.3), (x3, 0.6,0.2,0.2),
(x4,0.3,0.1,0.6)} and G={ (x,, 0.1,0.2,0.7), (x,, 0.3,0.5,0.2), (x5, 0.5,0.4,0.1),
(x4,0.4,0.6,0)} be two IFSs over X. Then, their IFCotS* and IFCotS? measures

between two IFSs A and € can be calculated as follows:

T T |77</i(x) - né(x)|;>
-+ - max (

4 4( lv.a(x) — ve()l

n n |04—01|
cotlZ+Z<max 10.3 - 0.2] )l

e I[FCot'(A,C) = %Z;‘zlcot

+cot—+n <|02_03|>
_1 4 4 |0.5 - 0.5|
4 T n 10.6 — 0.5],
+cot_Z+Z<max<|02_O4|>

m w |03—04|)

+cot4+4<ma <|01—06| >

S (] e o 5) R e G )]
o[ (5] o5 mee (530

12



cot [— + - (0. 3)] + cot [ + % (0.1)]

B

+cot [4 + - 2 (0. 2)] + cot E + % (0.5)]

1
= 2(0.6128 + 0.8540 + 0.7265 + 0.4142)
= 0.6518.

. 17,4(x) — ne(x)l,
o IFCotS?(A,C) = ~Yj-qcot %+% max | |v2(x) = ye ()|,
|74 (x) — me(x)]

T |O4—01|
cot Z+Z max |03—02|
0.3 —0.7]

10.2 = 0.3\ \]
max(IOS 05|>
10.3 —0.2]

+cot

e
NER
S|

NI
+
NS

0.6 — 0.5],

+cot max(IOZ 0.4],
0.2 — 0.1]
0.3 — 0.4],
max<|01—06|

|0.6 — 0]

+cot

NS

el

- [0.3] - |—0.1],
cot Z+_ max| |0.1], + cot Z+ max| |0],
|—0.4| |0.1]

- [0.1], - |—0.1],
+ cot |— + = max||-0.2|, + cot _+Z max | |—0.5],

4 4 0.1 4 10.6]

e
1R

7 (cot [+ 2 0] + cot[§+ 200+ cot [F +5.02)] + cot [7+ 5 06)])

4

1
2(0.5090 + 0.8540 + 0.7265 + 0.3249)

= 0.6036.

In some practical applications, weights of the elements may be different. Consider the

weighting vector of the elements in an IFS, the weighted intuitionistic fuzzy cosine

13



similairty (WIFCS) measure, and weighted intuitionistic fuzzy cotangent similarity
(WIFCotS) measure between any two IFSs, A and € can be shown as follows (Ye
2011, Shi and Ye Tian 2013, Rajarajeswari and Uma 2013, Ye 2016)

7. WIFCSL(A,C) = 137, o, |-2alialnelCea)vabs) ve()
= \/’7:2/2(’5;‘)+Y§(x;)\/77§(xj)+1/§(x;)

8.  WIFCS(A,C) = lzg_l(‘)j 1,4(%) e (x)+v,4(x) ve(x) 7,4 (j)me ()
Jnf‘i(x;) +V§(x;)+ﬂ}(x;)Jn§(x;)+V§ () +1E(x;)

maCe) - neGe)l \|

9.  WIFCS®(A,€) = 137, w, cos|§kmax va(x;) = ve(x,)l, )'

ma) — )/ |
ma(x;) = me(x;)] +
10. WIFCS*(A, €) = 37, wjcos |Z{ Ira(x,) = ve(x;)| +
|malx;) — me(x;))|
max(lnﬁ("i) B Wé(xf)|'>

11. WIFCots'(A, €) = 23, w; cot |=+ ya(es) = ve(y)|
7 7

NS

) 17.4(x) — ne)l,
12. WIFCotSZ(c/i,C’) = - j=1w; cot %+% max | |y43(x) — ye()l,
I74(x) — me(x)]

where, w;(7 = 1,2, ...,n) denotes the weight of elements x;, 7 = (1,2, ..., n) which

.= 1.

satisfies the condition of w; € [0,1] and }.7_; w;

Example 3.5 Let

A = {(x1,0.4,0.3,0.3), (x5, 0.2,0.5,0.3), (x3,0.6,0.2,0.2), (x4,0.3,0.1,0.6)} and

¢ = {(x4,0.1,0.2,0.7), (x5, 0.3,0.5,0.2), (x3,0.5,0.4,0.1), (x4, 0.4,0.6,0)} be two
IFSs over X'. Assume that w; = 0.1,0.2,0.3,0.4 . Then, the according to the weighted
intuitionistic fuzzy cosine similarity (WIFC) measure, and weighted intuitionistic
fuzzy cotangent (WIFCot) similarity measure between any two intuitionistic fuzzy

sets (IFSs), A and € can be calculated as:
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e WIFCS!(A,8) = =Y, w; 1.40) e (%) +7.40%5) ve (%)
P ) e )

0.4X0.1 +0.3X0.2 0.2x0.3 +0.5%0.5

0.1 x +0.2 X
_1 (\/0.42+O.32\/0.12+O.22) (\/0.22+0.52x/0.32+0.52)
- 0.6X0.5 +0.2X0.4 0.3X0.4 +0.1X0.6

4
0.3 X (\/0.62+0.22\/O.52+0.42) + 04X (\/0.32+0.12\/0.42+0.62)

_1 (0.1 x 0.8944 + 0.2 X 0.9872 +)

4\ 0.3x0.9383 + 0.4 x 0.7893
= 0.2210.
e WIFCS%(A,€) = %ZZ}: 1.4(xp) 1e(x3) +v.a(x) ve(xy)+m 4 (xdme (%7)

LW
7 Jnii(x,)+yji(xj) +7rji(xj)Jné(xj)+ye?(x;;)+né(x7~)

04x01+4+03x02+03x0.7

X
Vv0.42 + 0.32 + 0.32/0.12 + 0.22 4+ 0.72
0.2x03 +05%x05+0.3x%x0.2

X
v0.22 4+ 0.52 + 0.324/0.32 + 0.52 4+ 0.22
0.6 X 0.5+ 0.2 % 0.4+ 0.2 x0.1

X
v0.62 + 0.22 + 0.224/0.52 + 0.42 + 0.12
+0.4 0.3xX04 +0.1x06+0.6%x0

X
v/0.32 + 0.12 4+ 0.62V/0.42 + 0.62 + 02

0.1

+0.2

IS,

+0.3

1 +

1 (0.1 x 0.7324 + 0.2 X 0.9736)
0.3 x0.9304 + 0.4 x 0.3680

= 0.1735.

e  WIFCS3(A,C) = %2;}:1@; cos|§ max |yﬁ(xj) - yé(xf)|,

[ma(x;) = me(x;)]

m.aCx;) = (el ﬂ
i
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- |04—01|
0.1 X cos |=| max |03—02|
10.3 — 0.7
T 0.2 — 0.3\ \]
+0.2 X cos > max<|05—05|)
1 _ 103-0.2]//
4 T 0.6 — 0.5],\ \]
+0.3 X cos > max<|02—04|)
_ 10.3 — 0.1]

10.3 — 0.4],
+0.4 X cos |= max<|01—06|
10.6 — 0]

; . 03], . |-0.1,
2 0.1 X cos > max( |0.1|,> + 0.2 X cos o) max( |0], ) +0.3
[—0.4| [0.1]
- [0.1], r |—0.1],
X coS > max <|0.2|,> + 0.4 X cos > max(l—O.SI,)
[0.1] [0.6]

0.1 X cos [g (0.4)] + 0.2 X cos [g (0.1)]

N

+0.3 X cos [g (0.2)] + 0.4 X cos [% (0.6)]

1
7 (0.1X0.9999 +0.2 X 0.9999 + 0.3 x 0.9999 + 0.4 X 0.9998)
0.2499.
n.a(x;) = me(x;)] +
WIFCS*(A, 6) = 27 1 W;COS Z lv.a(x;) — ve(x;)| +
|ma(x;) = me ()]

L /04— 01]+ L /102— 03]+
O.1><cos[—<|0.3—0.2|+> +O.2><cos[—(|0.5—0.5|+> +

1 |0.3 —0.7] |0.3 — 0.2]
4 10.6 — 0.5 + L /10.3— 0.4] +
\ 0.3 X cos [Z<|0.2 — 0.4 +) + 0.4 X cos !—<|0.1 —0.6| +>
10.2 — 0.1 10.6 — 0|
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[ /]0.3| + - |—0.1] +
0.1 X cos Z<|01|+) +0.2xcos[z< 0] + )
_ 1 |—0.4] [0.1]
T4 o/ 1011 + /1= 01+
+0.3 X cos —<|—0.2| +) + 0.4 X cos [Z<|—0.5| +>
[0.1] [0.6]
= l(0.1 X cos [E (0)] + 0.2 X cos [E (0)] + 0.3cos [z (0)] + 0.4 X cos [E (O)D
4 4 4 4 4
1
= Z(O'1X1+0'2X1+0'3X1+0'4X1)
= 0.2500.
PPN G\ X; ) — s\ X, )
e  WIFCotS!(A,C) = 20,, L wycot = max m( 2) = me ’)l)
Im(x;)— ve(x;)|
T T |04—01|
0.1 X cot Z+Z<ma 0.3 - 02| )]
T 7 |02— 03|)
2 X —+—
1 +0 cot_4+4<ma 0.5 — 0.5] )
T4 T © |06— 0.5],
+0.3 X cot _Z+Z<ma |02_04|>>
m w [0.3 — 0.4],
+0.4><c0t_4+4<ma <|01—06|>>
1 T |0.3|) L (|—0-1I>
= 1x ’ 2 X ’ .
4<0 cot 4+4(max(|0.1| + 0. cot 1 4 max 10| + 0.3

<o+ 5 man (L)) oot 45 man (530 )

T T T Vs
1 0.1xcot [Z + Z(0.3)] +0.2 X cot [Z + Z(O'l)]

4\ 403 x cot [% + % (0.2)] + 0.4 x cot E + % 05)]

1
=2 (0.1 X 0.6128 4+ 0.2 x 0.8540 + 0.3 X 0.7265 + 0.4 x 0.4142)

= 0.1539.
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Ima(x;) = me(x;)]

n.4(x;) = ne(x;)|
. WIFCotSZ(ﬂ,é)=%Z;‘:1wzjcot +— max |ydq(x;,) yé(xj)|,

o 10.4 — 0.1],
0.1 X cot Z+_ max| 0.3 —0.2],
[0.3 —0.7]
o 10.2 — 0.3],
+0.2 X cot Z+Z max| |0.5 — 0.5],
1 _ 103-02|//]
4 o 10.6 — 0.5],
+0.3 X cot Z+Z max| |0.2 — 0.4|,
_ 102-0.1]//]
S 0.3 — 0.4,
+0.4 X cot Z+Z max| |0.1 —0.6|,
_ 10.6 — 0|
0.1 x tn+n (:8?:)
1 X cot |—+ —| max
4 4 |—0.4|
v . -0.1],
+0.2 X cot Z+Z max| |0],
1 _ 10.1]
4 . 0],
+0.3 X cot Z+Z max | |—0.2],
| [0.1]
c nf (01l
+0.4 X cot Z+Z max | |—0.5],

10.6]

T T T Vs
1 0.1xcot [Z + Z(0.4)] +0.2 X cot [Z + Z(O'l)]

4\ +0.3 x cot E + % (0.2)] + 0.4 X cot E + % (0.6)]

1
=1 (0.1 X 0.5090 + 0.2 x 0.8540 + 0.3 x 0.7265 + 0.4 x 0.3249)

= 0.1424.

Results obtained from the above similarity measures methods are given in (Table 3.1).
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Table 3.1 Similarity Measures

Similarity Measures Results
IFCS'(A, €) 0.9051
IFCS?(A, C) 0.7511
IFCS3(A, €) 0.8338
IFCS*(A, C) 1.0000

IFCotS*(A, €) 0.6518
IFCotS?(A, C) 0.6036
WIFCS!(A, €) 0.2210
WIFCS?(A, €) 0.1735
WIFCS®(A, €) 0.2499
WIFCS*(A, €) 0.2500
WIFCotS* (A, €) 0.1539
WIFCotS?(A, €) 0.1424

19




4. SIMILARITY MEASURES OF Q-RUNG ORTHOPAIR FUZZY SETS

In this section, we present some similarity measures of q-ROFSs existing in literature

(Liu et al. 2019, Peng and Liu 2019, Jan et al. 2020) with their examples.
4.1 Similarity Measures Based on Distance Measure

Definition 4.1.1 (Liu et al. 2019) Let A={(x;, (.4(x;),v.4(x;))«)|x; € X} and
C={(x;, (ne(x;), ve(x;))i)lx; € X} be any two g-ROFSs over X, the Euclidean

distance measure, denoted by 4 ;%07 (A, ®), is defined as follows:

x,ex

- 1
danor (A, €) = jﬁ D ¥ C) = e I + Ira () = ve D).

The weighted Euclidean distance measure that corresponds, referred to &, ;o (c/i, 6 )

between two q-ROFSs A and C, is defined as follows:

doyqror (A, €) = \/;zw w;(17.4°(;) = 1R eI + [ (cp) — v () 1),

where w;(j = 1,2, ...,n) denotes the weight of elementx;, 7 = (1,2, ...,n) which

;= 1.

satisfies the condition of w; € [0,1] and }.7_; w;

Theorem 4.1.1 (Liu er al. 2019) Let cfi:{(xf, (nﬁ(xi),yﬁ(xj)),cﬂxj € X} and
(f’:{(x;', (r]@(xj),yé (xﬂ,;)),c)|xj € X'} be any two q-ROFSs over X. Then, the weighted

Euclidean distance measure d ,4zoF (A, C) satisfies the following requirements:

(1) 0 < dygror(A C) <1,
) dygror (A, C) = dygror(C,A),
(3) duwgror(A,€) = 0iff A = €, which means that 14 (x;) = ne(x;),
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m(x;') = Vé(x;)-

Proof.
(1) Since 0 < n4(x;),v.4(x;),me(x;), ve(x;) < 1, thenk = 1,0 < |n3*(x;) —
ne"(x%;)1? < 1,0 < |y3*(x;) — v (x;)|? < 1.Thus, we have

. 1
0 < dyygpror(A,€) < \/; /22;=1 w; = 1.

(2) Since

dwqﬂemf(d‘i,é) = \/%ijex w;(lncfz"(x;) - Uék(x;‘ﬂz + |Vc/ix(x;f) - Vék(x;;ﬂz) =

1 A
\/sz,ex w; (1v,2(x;) = ve ()12 + 0.4 (x;) = ne*(xX)1?) = dupgror (G, A),
3) Since A = C & |n,4(x;) — 1" (x;)| = 0 and |y3%(x;) — v (x;)| =0 =

d/quZOT (ﬂ, é) = 0.

Example 4.1.1 Let A={(xy,(0.8,0.7),),(x, (0.50.9),),(x3, (0.6,0.5),)} and
C={(xy, (0.6,0.9),.), (x5, (0.8,0.7),),(x3,(0.7,0.6),.)}, be any two q-ROFSs over X,
assume thatx = 3. Then, using the Euclidean distance measurement system

dgroF (c/i, é) between A and € can be obtained as follows:

o gnor(AC) = R Teerlna () —me I + Ina< () — v )I?)

(10.83 — 0.63]2 4+ 10.73 — 0.93|2) +
dyror(A,C) = 23 (10.53 — 0.83|2 +10.93 — 0.73]2) +
(10.63 — 0.73]2 4+ 0.53 — 0.63]2)

(0.0876 + 0.1489) +
= |=( (0.1497 + 0.1489) +
(0.0161 + 0.0082)

=+0.0932
= 0.3052.
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Let A={(x;, (0.8,0.7),), (x5, (0.5,0.9),.), (x3, (0.6,0.5),.)} and
C={(xy, (0.6,0.9),.), (x5, (0.8,0.7),), (x3, (0.7,0.6),.)}, be any two q-ROFSs over X,
if k = 3 and w; = (0.25,0.4,0.35). Then, the following can be obtained by using the

weighted Euclidean distance measure between two g-ROFSs A and €:

L Argror (A, C) = \/%Zx,-ex w; (In.4%(x;) = ne*(x)1? + lv.a*(x;) — ve (x;)1?)

0.25 x (]0.8% — 0.63|2 + 0.73 — 0.93|2) +
Aygror(A,C) = 0.4 x (|0.53 — 0.83|2 +]0.93 — 0.73|2) +
0.35 x (]0.63 — 0.73]2 + [0.53 — 0.63|2)

0.25 x (0.0876 + 0.1489) +
= 0.4 x (0.1497 + 0.1489) +
0.35 x (0.0161 + 0.0082)

= 0.0935
= 0.3057.

Definition 4.1.2 (Liu et al. 2019) Let A={(x,, m,4(x;),v.4(x;))x)|x; € X} and
é={(x{,,-, (r]é(x,),y@ (x;,»)),c)|x, € X} be any two q-ROFSs over X. Then, a cosine
similarity measure denoted by C,ror (A, €) between two q-ROFSs A and € is defined

as follows:
nﬂx(xj)néx(xj) + VﬁK(X;)VéK(X;‘)

Fl\/(’?ﬂ"(xf))z + (m"(x;'))z \/("éx(x#‘))z +(re (%))

A A 1
C%geojz'(c/l, C) = H

> .

Theorem 4.1.2 (Liu er al. 2019) Let c/i:{<x,, (nﬁ(x,),ydq(x,)),cﬂxi € X} and
(f’:{(x;', (n@(xj),yé(xj))xﬂxj € X} be any two q-ROFSs over X. Then, a cosine
similarity measure Cgror (A, €) between two q-ROFSs A and € satisfies the following

properties:

(1) 0 < Cypor(A,C) <1,
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(2) Cyror (A, €) = Camor(C,A).
(3) If A = €, then €z (A, €) = 1 which means that 7,4(x;) = ne(x;).

Ya (x;') =7e (xf)'
Proof.

1. Fork>1,0< ndq"(x,),yﬂ"(xf),né"(xf),yé"(xf) < 1. Then, from Cauchy-

Schwarz inequality, we have
2 2 2
0 <" (ene® () + v (e)ve* () < () + (ra*() ((ne*(x)) +

(yék(xj))2>. Then,

G e s) + v (e e () <

\/(Uﬁ“(x;;))z + (m"(x;))z \/((flé"(x;))z + (yéx(xj))2>, and so

0 < 1,027 ) v () me () v (%)

< \/(nﬂx(xj))z + (yﬂ"(x,))z\/«ﬂék(xf))z + (Véx(x:r‘))z)

Thus, 0 < 12" ()ne" () +v.2" (g )ve"(x;)
\/(ncﬁx(xf))z‘L(chiK(xf))z \/(’7@"(’%))2*’(1/@"(@'))2

n

0< lz M"(x;)ne’“(x;-) + Vcﬁx(xz;)yé"(xj)
=)+ (rar(e)) (e () + (e )’

< 1. It is concluded that

<1

n

2. Since

Cyror (A, C) = lzn: n.4" (x;)ne" (%) + v (x)ve (x;)
" 6)) () (e )+ (e )’
1 N ycix(xj)yéx(sz)+"ﬂx(x7)né:(xj) :
" \/("ék(xj)) +(ve (x;) J(m"(xj)) +(r.4%(x;)
= Ccﬂeozr(é,v‘i),

3. Since A = €, which means that 74(x;) = ns(x;), v.4(x;) = ve(x;).
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then Cyror (o‘i, é) = 1. Then, we complete that process of proofs. If we consider the

weight of x; € X, then the weighted cosine similarity measure Cyy ror (cﬁ, é) between

g-ROFSs can be defined as follows.

Example 4.1.2 Let A={(x;,(0.8,0.7),),(x,, (0.50.9),),(x3,(0.6,0.5),} and
C={(xy, (0.6,0.9),.), (x5, (0.8,0.7),), (x3, (0.7,0.6),.), be any two q-ROFSs over X, and
assume that k = 3. Then, the cosine similarity measure Cgror (A, C) between A and €

can be calculated as follows:

i e 1 () ne" () v () v (x;
Cyror(A,C) == A" () me* () + v.a" () ve* (xy)

nj:l\/(m"(xf))z + (m"(xf))z \/(Uék(x;f‘))z + (Vé"(x;))z

0.8%3 x 0.63 +0.7% x 0.93 N
J(0.83)2 + (0.73)2 /(0.63)2 + (0.93)2
0.53 x 0.83 4+ 0.93 x 0.73 .
J(0.53)2 + (0.93)2 ,/(0.83)2 + (0.73)2
0.6 x 0.7 + 0.5% x 0.63
| /(0.63)2 + (0.53)2 ,/(0.73)2 + (0.63)2

Wl =

Wl

[0.7696 + 0.6889 + 0.9993]

= 0.8192.

Definition 4.1.3 (Liu et al. 2019) Let A={(x;, m.4(x;),v.4(x;)))|x; € X} and
C?’:{(xj, (né(xj),yé(xf)),cﬂxi € X} be any two q-ROFSs over X, assume w; is the
weight of x; € X and }7_; w; = 1, (0 <w; < 1). Then, the weighted cosine similarity

measure Cyy ror (c/i, é) is defined as follows:
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n
eW@ROF (d‘i» é) = Z

w A" () me" () + v.a" () ve" (xp)
7 .
/=1 \/(na‘ik(xi))z + (yﬂx(x;‘))z \/(nék(xf))z + (yérc(x}))z

Theorem 4.1.3 (Liu er al. 2019) Let A={(x,, (n.4(x;),v.4(x;))i)x; € X} and
C={(x;, me(x;),ve(x;)i)lx; € X} be any two q-ROFSs over X. Then,

CwaroF (A, C) satisfies the following properties:

(1) 0 < Cyyror(A, C) <1,
2) Cwyror(A, €) = Cyyror(C A),
3) Cwyror(A, €) = 1if A = €, which means that 17,4(x;) = ne(x;),
m(x;') = Vé(x;)-
Proof.
1. Fork >21,0< r]c,z"(x;,-),ydq"(xf),né"(xj),yé"(xj) < 1. Then, from Cauchy-
Schwarz inequality, we have
0 <72 (x;)ne" (%) + v.a" (x,)ve* (x;)
2 2 2 2
< (1)) + (" () ((ne" () + (re* () )

Then, \/nﬂ"(xj)né"(xj) + Vﬁk(xf)yék(xﬂ‘)

= \/(nﬁk(x;f))z + (Vﬁk(xf))z \/((Uék(x;i))z + ()/é"(xj)f), and so 0 <

14" (), 72" (%) me" () ve* (%) <

\/(n"‘zk(x?))z + (m"(xﬂ)z J((Tlék(x;;))z + (Y@"(xf)f).

Thus, 0 < n"z;(xj)néx(xfz+y‘ﬁK(x’i)yéxz(x’i) = < 1. It is concluded that
L)) + a7 ))” J(meee) +(rexx)
0<Y" . o, 1.4 (e me" (%) +v.a () ve"(x;) <1
< D= )

TG + (i) e+ rex))

2. Since
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_ zn: . n.4" (e )ne (%) + v (x)ve* ()
4 2 2 2 2
7 S ) + () Jrer ) + (rev(x)
=Y o, VA" (e )ve" () +n.4" () (x;)
ﬂ:

" e e (re ) J (G + ()’
= CW@ROT (é» Ji),

3. Since A = €, which means that N4 (x;) =ne (xf), Y4 (x}) = yé(xt,}), then

CwqroF (c/i, é) = 1. Then, we complete this process of proofs.

Example 4.1.3 Let A={(x4,(0.8,0.7),),(x;, (0.5,0.9),),(x3,(0.6,0.5),} and
C={(xy, (0.6,0.9),.), (x5, (0.8,0.7),),{x3,(0.7,0.6),)}, be any two g-ROFSs over X,
ifk =3 and w; =(0.25,0.4,0.35). The weighted cosine similarity measure

CwaroF (cﬁ, é) between A and € can then be calculated as follows:

i 1A% () M6 () + V.2 () ve (%))

CW@RO.’F C/z é
7=1 \/(TLA (xy)) +(yc/l (X#)) \/(776 (xy)) +()/C (x;))

0.83 x 0.6+ 0.73 x 0.93

+
J(0.8%)2 + (0.73)2 /(0.63)2 + (0.93)2
0.5 x 0.8% +0.9% x 0.7°

+
V(0.53)2 +(0.93)2 ,/(0.83)2 + (0.73)2
0.63x 0.73 +0.5% x 0.63

J(0.63)2 + (0.53)2 ,/(0.73)2 + (0.63)2
=[0.1924 4 0.2755 + 0.3497]
= 0.8176.

0.25 %

C’W%ROT(UQ, é) =104x

0.35 x

A similarity measure is a function satisfying the condition given in the following

Lemma.
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Lemma 4.1.1 (Liu e al. 2019) Assume that there are any two q-ROFSs 4 and €.

Then, a similarity measure defined by S (A, €) satisfies the following properties:

M O0<SWAC <1,
(2) S(A,E) =8, A,
(3) S(A,6) =1,ifand onlyif A = C,

Then, the relationship between the distance measure d (A, €) and similarity measure
S(A, €) can be expressed as d(a‘i, é) =1-8(A,0).

According to Definitions 4.1.2 and 4.1.3, cosine similarity measures are not certified
similarity measures. Because they do not satisfy property (3) of Lemma 4.1.1 in certain

arrangements.

Definition 4.1.4 (Liu et al. 2019) Let A={(x,, (n.4(x;,),7.4(;))x)|x; € X} and
é={(x;;, (me (xj), Yé (x(,;)),c)|xj € X} be any two q-ROFSs over X, assume w; is the
weight of x; € X and 2;;1 w; = 1(0 < w; <1;,7=12, ...,n). Then, the weighted

similarity measure Squwg: S (u‘i, 6 ) 1s defined as follows:

5 5\ _ Cwq)ggog:(oq\,é)+1—d @RO?("Q'CA)
SW@ROTS(CAJ 6) = . =

where,

a A 1
dygror(A,C) = \/E Z w;(In2"(x;) = e (x)1% + [v.2"(x;) — v (x)1%),

xfex
14 (x;) 6" () +v,5" (%) v ()

L) + o))’ eraen) +(rexcep)’

Cwyror (A, C) = D=1 W,

The weighted similarity measure Sy roF (c/i, é) is reduced to the following similarity

A 4 . 1 1 1
measure SQRO?(UQ,C), ifw = (wq,wsy, ..., w0,) = (;,;, ...,;).
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Definition 4.1.5 (Liu et al. 2019) Let A={(x;, (11.4(x;), v.2(x;))«}|x; € X} and
é={(x7-, (e (x;), Ve (x;;))x)|x7 € X'} be any two q-ROFSs over X. Then, the similarity

measure S poF (c/i, 6 ) is defined as follows:

C%Rog:(c/i, é) +1- dq)geog:(dzi, é)

S
2

GROF (d‘i» é) =

where,

anor (A,€) = [ Ty () = 16 Cxp) 2 + 17 4(57) = v ()1

5 5 1 N (x ) i (x; )+ (x;) vi(x;
C%ROT(U‘L ¢)= ;Z;l:l zﬂ( 2 me( j)z (%) c(zy _
Jonr ) +(rax)” (e )+ (reep)

Theorem 4.1.4 (Liu ef al. 2019) Let c/lt:{(X;', (T]dq(Xj),Yﬁ (XZ;))KHXZ,- € X} and
C?':{(x}», (T]é(Xj),Yé (Xj))KHXj € X'} be any two q-ROFSs over X. Then, the weighted

cosine similarity measure SygroF (A, C) satisfies the following properties:

(1) 0 < Swyzor(A,C) < 1,
2) Swaror (A, €) = Swyror(C,A),
3) SW¢R0T(UQ: é) = 1, iff A = €, which means that nd@(xj) = T]é(Xj), Yﬂ(X;‘) =

Yeé (X;i)'

Proof.

(1) Since 0 < Cwyror (A,6) <1, according to Theorem 4.1.3, since 0 <
Ay qroF (A, C) < 1, it’s a distance measure based on Lemma 2.1 (Liu and Wang 2018),

waror (A.C)+1-dwaror (AC)
2

(2) Since Cw;mozr(v‘i,é) = C’Wcmosf(é'c/i) and dwqROT(C’Qré) = dwqwa(é:d‘i)a

then 0 < ¢

<1, thatis, 0 < SW%ROT(UQ, ¢) < 1 obtained.

according to Theorem 4.1.1 and 4.1.3, then Sy o (A,C) = SWqROF (G, A).
(3) If qugof(ﬁ,é) = 1, then CW%ROT(UQ,CA) +1- dw@ROT(C’Qré) = 2, that iS,
CW%ROT(UZLCA) =1+ dw%gof(ﬁ,é). For all C/Q and é, 0 < CW@ROT(C’ZL é) < 1 and
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0< dw%ROT(cﬂA,é) <1 it must simultaneously CW%R()?(UQ,CA) =1 and

dwq'ggoy‘:(v@,é) = 0. According to Theorem 4.1.1, when dwq)jg():p(dzi, é) =0, A=C.
In contrast, if A = ¢, we have CW%ROT(UQ,C?’) =1 and dwq)jgoj:'(c/@, é) = 0, then

CS‘W%RO"F(C/ZZ\,, é) =1. Thus, we have SW%ROT(UQA,CA) =1 lffc/i = é

Example 4.1.4 Let A={(x,, (0.8,0.7),.), (x5, (0.5,0.9),.), (x3, (0.6,0.5),.} and
C={(xy, (0.6,0.9),), (x5, (0.8,0.7),), {x3, (0.7,0.6),.) }be any two q-ROFSs over X,

12 7

assume that k = 3 and w; = (Z’ E’%)' Then, the weighted similarity measure

SWqROFS (c/i, ¢ ) and the similarity measure S zor (u‘i, 63) between A and € can be

obtained as follows:

e  The corresponding weighted similarity measure Sygror (a‘i, é) between A and € is

obtained as follows:

+ oy Cwaror (A €) +1— duwgpor(A €
SWqROFS (c/l, C) = W%ROT( ) T ; wqﬂw}"( )

Since dyqr07 (A, €) = 0.3057 and Cyyyror (A, C) = 0.8176, then

0.8176 +1 — 0.3057
2

5W4R0:F5 (c/i, é) =

SWLL.’ROTS (ﬁ, é) = 07559

e  The similarity measure S;zor (u‘i, 6 ) between A and € is obtained as follows:

i A) — C@RO}“(UQ,@)‘Fl—d@RO}“(ﬁ,é)
Sqzor (A, C) = -

Since dyror(A, €) = 0.3052 and Cyppr (A, €) = 0.8192, then

A A 0.8192+1-0.3052
Syror(A,C) = —

Syror(A,€) = 0.757.
Definition 4.1.6 (Liu et al. 2019) Let A={(x;, (11.4(x;), v.2(x;))«}|x; € X} and

(f’:{(x;', (e (xj), Ve (xﬂ,;)),c)|xj € X'} be any two q-ROFSs over X. Then, the distance

measure D pors (cﬁ, é) is characterized as follows:
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1-— C@ROT(U‘?’ICA) + dq)ggafp(c/z, é)
2

DyroFs (v‘i ¢ )

where,

anor (A,€) = [ Ty () = 16 Cxp) 2 + 17 4(55) = v ()1

A A UKA X niﬁ X +VKA X y}g X
C%ROT(CA) C) = %Z;lzl Z‘A( 7) (3( 7)2 cﬂ( 7) 6(2(7 -
\/ (n.4°Cep) +(ra" () \/("ék(xj)) +H(re ()

Definition 4.1.7 (Liu et al. 2019) Let A={(x;, (1.4(x;), v.2(x;))«}|x; € X} and
C?':{(x;,», (e (xj), Ve (x;,»)),c)|xj € X'} be any two q-ROFSs over X, assume w;; is the
weight of x; € X and Z;’zl w; =10 <w; < 1;7 = 1,2,..,n). Then, a weighted
distance measure Dy roF (a‘i, é) can be defined as follows:

1 = Cwyzor (A, C) — dyygror (A, C)
2

Dwgrors (A, C) = 1 — Swyrors (A, C)

where,

il 1

uwgror(A,C) = \/5 Z w; (Il () = e (x )12 + 1r* 4 (x;) = v<e ()12
x;€X

% (x;) g () +vl5 (%) vE (x;)

Lo+ ar ) nexeen) +(re*ep)”

Cwaror(A,€C) = Li=10;

The weighted distance measure DyygzoF (u‘i, ¢ ) is reduced to the following distance

1

).

SIr

measure D%ROT(C/L é), if there are w = (w1, Wy, ..., Wy) = (%,

Example 4.1.5 Let A={(x;,(0.8,0.7),),(x,, (0.5,0.9),),(x3,(0.6,0.5),} and
é:{(xl, (0.6,0.9),.), (x3,(0.8,0.7),.),{x3,(0.7,0.6),.)} be any two q-ROFSs over X,

12 7 . 5 3
assume thatk = 3 and w; = (3,7,5-). Then, the distance measure DqROT(cA,C’), and

4’5’20
the weighted distance measure DyygrorF (:/2, é) can be calculated as follows:
e The corresponding weighted similarity measure quROF(cﬁi, é) between A and C

can be calculated as follows:
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. 1-¢C AC)+d A,C
Dyrors (cﬂ'c) = %ROT( g %ROT( )

Since dyqro7 (A, C) = 0.3057 and Cyrpr (A, €) = 0.8192, then

A A 1—-0.8192 + 0.3057
DqROT(Cﬂlc) = 2

DqROT ((/i, é) = 0.2432.

i C 5 5 1-¢ ALC)—d . Al
° DW@ROTS(UQ,C) =1- SWLL.’ROTS(UQ;C) — waror ( 3 aroF (A,C)

Since dyqz0r (A, €) = 0.3057 and Cyyyror (A, C) = 0.8176, then

A 1-0.8176 — 0.3057
Dwarors(A,€) = >

Dwyrors (A, C) = 0.2441.

Results obtained in examples are given in (Table 4.1).

Table 4.1 Similarity Measures Based on Distance Measure

Methods Results
d gz0r (A, C) 0.3052
Ay qmor (A, C) 0.3057
Cyror (A, €) 0.8192
Cwyror (A, C) 0.8176
Syror (A, €) 0.757
Swanors (A, C) 0.7559
D zors (A, €) 0.2441
Dywyrors (A, €) 0.2432

Definition 4.1.8 (Peng and Liu 2019) Let A={(x,, .4(x;), v.4(x;))x)|x; € X} and
é:{(x;n (né(xj)'yé(xj))x)lxj € X} and 32{(’% (ns(x;;),)/s(xf))x)le € X} be any
three q-ROFSs over X'. Then, the distance measure F (c/i, ¢ ) is a mapping

F: q-ROFS(X) Xq-ROFS(X) — [0,1], given as follows:
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. 0<F(AC)<1;

F(A,6) = F(&,A) ;

F(A,C)=0iff A=C;

F(A, A= 1iff A* is a crisp set ;

F(A,€) < F(A,8) and F(&,§) < F(A,$), T A € € € §.

A I S

Theorem 4.1.5 (Peng and Liu 2019) Let A={(x;, 1.3(x:),v.2(x:)),)|x; € X} and
C={(x;, Me(x:), e (x))i)|x; € X} be any two q-ROFSs over X. Then, F,;(A,C),

(1 =1,2,3...,13) given as follows are distance measures:

1

(1) F1(A,C) = B

e (x)D:

2) Fo(A,C) =

Lsex (Mg () = e (el + 1v.2" (o) = ve* (x| + |7m2" () —

1

21X inex(mc/ik(?%) 16" () — v () — v (x));

1
41X

|72 () = " () ) + Zxsex|na™ () = v.a" (el + [ne” (x) = ye  (x)D);

4 T4(d‘i: é) = %inex(lm"(m — 0" (x)IVIya"(x) —ve  (x)D);

(3) F3(A, €) = 75 Csex(Im2" Ce) = ne el + Iy (e) —ve (el +

12" () =" x)IVIY 5" () -y (x|
EX 14 45 ) -1 @D IVIY () —y g5 ()|

) TS("Q' é) = pzc_|2x¢

2% ex N4 () =" (x) Vv 2 () =y ()|
Yxex 1+ 2% 0c)-ne () V1Y 4% () =y e (x)1)’

(6) Fo(A,C) =

N F(AE) =1 Azxiex(nc,i"(xa/\né“(x») _sziex(mk(xw\yé'%xi)) where (14 7 =
Sxiex(ma @VneR () Saex(va®GedVree))

1) and A, 7€ [0,1];

(raGonve )
RZREDNCZRED))

(nc/ik(xi)/\nék(xi))
(Uc,cz"(xi)Vné"(xd)
(A+7=1)and A, 7€ [0,1];

M43 i) An ™ () +(v. 5 e Ay 67 (x0))
(M4  IVNEF X))+ ¥ 37 () VY (x)
Yajex(® " () Ane"(x0)) +(v5 (x) Ay ()
Te,ex (M 4" VN () + (¥ 4 () Vy e (x)

. 2
8) Fg(A,C)=1- ] Zxiex - %inex , where

) Fo(A,€) =1 == Trex

(10) Fyo(AC)=1-

(n." G rme" (e )+ (17,25 )A(1-v6(xD))
(< GeVng®(ed) ) +(1-v,47 ) V(1-ya*(x)) ’

D Fiu(AC)=1- - Teex
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Srsex((ma oA )+ (17, )N (176 (x0) )
Srgex((na over@o)+ 1y, @)V(1-ye x0))

(12) Fyp(AC)=1-

oz Sriex o1 (048 () = mer () = (ra* () = ve ()|} +

(13) Fis d‘i' ¢) = [P
( ) mzmex“ﬁz (V‘/ik(xi) - VéK(xi)) - (Tlﬁk(xi) - né"(xi))l }

Proof .
For q-ROFSs to qualify as a reasonable measure of distance in order to Ti(c/i, é),

where 1 = (1,2,3 ...,13), should satisfy (F;) — (Fs) of axiomatic requirements. Since it

is easy to prove (F;)— (F,), we only prove (Fs) of each of distance measures
Fi(A,€). We have 1,4(x;) <me(xs) < 7ms(x) and y,2(x,) = va(x:) = ys(x,), for
vx; EX,if AcCCcS.

Thus, (7,4 () = 1" ()| < In4"(x) —ns* ()l v () —ve"(x)l <

v (x:) = vs* ()| and 4" (x;) — e (x| = [1 =14 (x;) — v.4" () =

(1 —1ne"(x;) — yé"(xi))| —

4% () + 7.2 () = (e () + v ()|, 4% (o) — mg*(ea)| = [1 =14 (x;) —

YA (x;) — (1 —ns"(x;) — VSK(xi))l = |ka(x¢) +va" (x) — (Usk(xi) + VSK(x»i))l-

1. By the formula of the distance measure, we have

A 1
Fi(A,0) = g . (I Ceo) = me el + v (e) = ye“ (el
X, €EX

+ |77¢/2K(x¢) + v (x) — (né"(xi) + Vék(xi))l),
A 1
7,(A,8) = m;x(w(xa — g )l + A () — v ()
+ |7L/2K(x¢) + v (x) — (nSK(xi) + )/SK(xi))D-
Let Fy = F1(A,S) — F1(A, C); then we have
1
F, = m;x(ngk(xa — R () + v () — ¥5(x)

+ |2 () + 7.2 (c) — (05" (x) + v5*(x)|
- |77ﬁk(x¢) + v (%) — (Uék(xi) + Vék(xi))l)-
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Suppose we have four cases to consider for F:

Case 1.7,4"(x;) +v4"(x,) 2 max{né"(xi) +ye" (2, ms" (x,) + y5*(x,)}, then

P = O (e Ge) — 1) 2 0

X, EX

Case 2. 14" (x;) +v.2"(x;) < min{n@"(xi) + 6" (x),ms*(x;) + vs(x;)}, then

Fi = le Z (Vg (x;) — Yeé (x¢)) >0;

xX,€EX

Case 3. 15" (x;) + VSK(xi) <1,2"(x) v (x) S me"(x;) + v (x;), then

Y (G A e — v ) + e e)

"o 11 X EX

> T (1A G0 + 745 Ce) = (14" Ce) + 7,45 () —

ns*(x,)) — yé"(x;,»)) - ﬁzmex()’sx(%) —¥e*(x)) = 0;
Case 4. 16" (x;) + Vék(xi) < 12" () +v.a" () < ns"(x;) + v5*(xy), then

=N () + re ) — g () — v (<)

X, €EX

Y
= ﬁzmex ((Uﬂx(?%) + Y0 (x) — v (x)) + v (x) —

N () = 2" () ) = o7 Zwex (e () — v (x) = 0.

From the four cases mentioned above, we have it F; = 0, which means that,
Fi (u‘i, 3) =>F; (:/2, é) Similarly F; (c/i, $) =>F; (é, $) We complete the process of

proofs.

2. By the formula of the distance measure, we have

‘7:2(04 C) 2|X| Z (ln,ﬂ (x4,) UCK(XJ - ()/c,q (x¢) Yeé (X,L))l)

X, €EX

2|X| Zx@)( (ycﬂ (x4,) Yeé (X,L) — (T]dq (xi) Ne (xi)))

Fo(A.8) = 3 3 (IaGe) = ns (e = (1a*Ge) = v o)),

X, €EX
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1
— oy D (7460 =15 = (4 = ns(x0)

X, EX
Let F; = Tz(u‘i, 5‘) — Tz(u‘i, é); then we have
1
Fr= gy D, (165G =M () + e () = ys () 2 0,
X, EX
Thus, F; = Tz(cﬂA,CSA) = Tz(c/i, é) In other words, Tz(cﬁ,ﬁ) = Tz(é,ﬁ). We

complete the process of proofs.

3. It can be shown in the same way with (1).

4. By the formula of the distance measure, we have

F5(A,6) _ 2 17,4 (x) = ne" () VI, (x) — v (x)l
AT L, T I — me GOV () — re (e
A A 2 1
T5(t/‘l;6) =mzxiex 1 )
|n 4 (Ges) - (o) |V]y 3" (i) -y 6% (1))
. () — e e VIV () — vek(x,
Fo(A, ) = 174" () = ns* ) IVIy,a" () — vs* (x))]

1] £ 1+ 2% (e) = 16 CedIVIva () = ye (e

N
T5(u‘l,5)=mz :

Xi€X |n 5% ()1 % (x)|V]y1" () -y % (x|

1

+1

So, TS(Ji, é) < 7—"5(0‘2, 5) Because [14"(x;) = ns"(x )|V |lyz°(x;) — vy (x)]| =

172" (%) = e DIV 2" (x;) — ve* (x)|. Similarly, Fs(A, C) < F5(C,$). We
complete the process of proofs.

It can be shown in the same way from (5).

S. By the formula of the distance measure, we have

T7(c/i, é) 1 AinEX(nﬁK(xi)/\néx(xi)) _ Tinex(Yc,«zk(xi)/\Y@”(xD)
inex(nﬁ"(xi)VU@"(xi)) inex(yc,«z"(xi)v)/@"(xd)

inex nﬁk(x¢) —r ZxﬁX )/ék(x/l,)
ZxﬂEX T,C’K(xi) ZmEJC Vc/ik(xi)’

Fy(A,C) =1-2
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Sxiex (A COMsx))  Tayex(ra Gonys ()

T7 (dq, 5) =1-4 inex(ﬂ(;z"(xi)Vng"(xi)) inex(yﬂ"(xi)V)/gK(xi))

inEX nﬂk(x¢) T inEX )/gK(x’L)

Fr(AS)=1-2 - :
7( ) inex nﬁk(x4,) ZX,,;EX Yﬁk(xi)

Toagex 7" (x) S Yaex Nz () Texve™(xi)
Ywex () — Tagex ns®(xi) " Tusex v,z (e) —

So, F, (c/i, é) < T7(cfi, 5‘) Because

Y, €X vs"(
Zx €xXY.4 ( /L)

Similarly, F5 (cfl S ) <Fs (C’ S ) We complete the process of proofs.

6. It can be shown in the same way with (7).

7. By the formula of the distance measure, we have
Fi3(A, C)

X

1 K
21X (8, + D Z {|51(Uﬂx(x¢) = Ué"(xi)) > ()/dq’c(x{) - }/@’C(xi))| } +
X, EX

1 o
21X (s, + D 2 {l62(ra(x) —ve(x)) — (ma*(x) —ne(x))| }
X, EX

-~

Fi3(A,S)

X

2|X| (5 +1)K 2“51(714 (x;) — ns (X,L)) ()/dq"(xi) Vs (x/L))| }-|-

21X] (52 T z {l82(r.4% () = vs<(x) — (na*(xe) — nsx))|}
X, €EX

-~

Since |81 (1,4 (x0) — 16" (x)) — (1.4 () — v6*(x)|

= (8114 (x) — 811" (x)) — (12" () — v (x),

= (8114 (x) = ¥4 () — (811" (x) — v (x),

|81 (1.4 Ce) = 15 () = (ra*(x) = 5 (x)|

= (8114 (x) — 8115° (x) — (1.4 () — ¥5*(x),
= (61m,4" (%) — 1,4 (%)) — (8115 (x;) — v (x0))

|85 (v.4% () = ve* (x) — (n.4*(x) — 16 (x))|
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= (821" (x) — 82ve" () — (12" (x) — 16" (%)),

= (8210 (x:) = 1.2"(x)) — (827" (x) — ne* (x2))

|82 (.0 () = v5*(x)) — (02" (x) — ns* (x)|

= (821" (x) — 8175 (x)) — (0.4 (x0) — ne"(x),

= (8210 (x0) = 12" (x)) — (827" () — ne* (x.))-

If ACCcS,thenwehavens >ns=14,Ys < Ve < ¥4 Therefore,
811" (%) = v (x;) = 81me™ (%) — ve* (x0) 2 811m.2" (%) — v.2" (x2),
82Y.4" (%) = M3 () = 876" (x0) — 1" () = 8275" (x0) — 1™ (xy).
Thus,

|(5177</ix(x¢') - Vc/ik(xi)) - (517I$K(x¢') - )’gk(x¢))|

= |(5177ﬁk(x¢) B Vﬂx(xi)) 2 (5177€K(x¢) - )’éK(x¢))|,

|(52Yﬁk(x¢) - Uﬁx(xi)) 4 (52V$K(x¢) - ngk(x¢'))|

= |(51]/04"(x¢-) - rm”(xi)) - (52)’éx(x¢) - né"(xi))l-

Therefore, F,3 (u‘i, $) > Fi3 (é, 3) and F;3 (u‘i, S’) > Fi3 (o‘i, é) . We complete this

process of proofs.

Example 4.1.6 Let A={(x;,(0.8,0.7),),(x;, (0.5,0.9),),(x3,(0.6,0.5),} and
C={(xy, (0.6,0.9),.), (x5, (0.8,0.7),),{x3,(0.7,0.6),.)}, assume thatx =3 and w; =

(i,%,%) , (64 =0.6,8, =0.4) be any two q-ROFSs over X. Then, the distance

measure :a(oci, é), such that (< = 1,2,3...,13), and (A = 0.4 and 7 = 0.6). When A,

7 € [0,1] can be calculated as :

1

o Fi(AC) = TEq

me (x|

Lsex (g () = ne (el + 1v.a" (xe) — ve* (x| + |7m2" () —

(10.8% — 0.6%| +10.7% — 0.93| + |0.525° — 0.380%|) +
Fi(A,C) = TRl (10.5% — 0.8%] +10.9% — 0.73| + ]0.526% — 0.525%|) +
(10.6° — 0.73] +10.5% — 0.6%| +10.870% — 0.7613|)
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(10.296| + |—0.386| + [0.089]) +
= | (1-0.387| + 10.386| + |0.0008|) +

2[3|

(]=0.127| + |—0.091]| + ]0.207])
= —(1.9698)

2|3|

= 0.3283.

~

Fo(A,€) = 7 Tesex (14 () = () = (14" () = v (x0)D)

(10.8% — 0.6 — (0.73 — 0.93)]) +
Fo(A,C) = ==| (]0.5® = 0.8% — (0.9° — 0.73)|) +
213l (10.63 — 0.73 — (0.5% — 0.63)])

(10.682]) +
= — | (-0.773) +
2131\ ™ Z0.036)

1.491
2|3|( )

= (.2485.

7:3(04» é) = 4|x| (Zxﬁ)(("?ﬂ (x;) — nck(x¢)| + |Yc,q (x;) — Ye (x| +

74" (%) = 16" (D) + Zjexx|na" (2 = v.a" ()l + Ine* (x) — v (x) )

(10.8% — 0.63 +10.7° — 0.93| +10.525% — 0.380%| + (|0.8% — 0.73| +10.6% — 0.9%|)) +
ﬂ(ﬂ,é)—m (10.5% — 0.83] +10.9% — 0.73] +10.526% — 0.525°| + (]0.5° — 0.9%| +[0.8% — 0.73])) +
(10.6> — 0.73] +10.5% — 0.63| + [0.870% — 0.761%| + (]0.6® — 0.53| +0.7° — 0.6%|))

(1-0.387| +10.386| + [0.0008| + (|—0.604| + |-0.169])) +

(10.296] + |—0.386] + 10.089] + (10.169] + |—-0.513])) +
4|3|
(1-0.127] + |-0.091| + 10.217| + (]0.091| + 10.127]))

= —(3.652)

4|3|

= 0.3043.

Fo(A,€) = o Saex(In g () = e G IVIva" (e = v (x)))

(10.8% — 0.6%|V[0.73 — 0.9%]) +
Fo(A,C) = 3| (10.5° —0.8%|V]0.9% —0.7°]) +
(10.6* — 0.73|V]0.5% — 0.6%|)
(10.296/V|—0.386]) +

§ (]-0.387|V]0.386|) +
(]—0.127|V|—0.091])
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|—0.386| +
= §(|—0.387| +>

|—0.127]
= 0.3.
iA) 2 11,4 (c) =" (x)IVIy, 2" (x) =" (x|
* TS(CA, C) x| inex 141 5% () —ne* x)IVIY 2 () =y 6" (x|

10.8% — 0.6%|V]0.73 — 0.93| .\
(1 + (]0.83 — 0.63|V]|0.73 — 0.93]) \‘
2

[0.5° — 0.8%|V]0.9% — 0.73]

Fs(A,C) =— I
(A0 =G| T+ qosT= o Voo =07 * |
\ 10.6% — 0.73|V[0.5% — 0.6 /
1+ (]0.63 — 0.73]V|0.53 — 0.63|)
10.296|V|—0.386| 4
(1+ (10.296|V|—0.386]) \‘
2 |—0.387|V]0.386| N
~I3]| 1+ (]-0.387|V|0.386]) " |
\ |—0.127|V|—0.091| /
1+ (]—0.127|V|-0.091])
|—0.386]
———
/1+ |—0.386| \
_ 2| l-0387] N
1Bl 1+1]-0387] |
|—0.127| /
14 ]-0.127]
_ 2 (0.6702)
3]~
= 0.4468.
. T6(c/i, é) _ 2Exiexﬂnﬁ"(xi)—né"(xi)|V|yﬁ"(x¢)—yé"(x¢)|)

T e (14 K Ge)-ma () VY, () =y < ()l

FA(AC) =2 (]0.8% — 0.63[V]0.7% — 0.93]) + (]0.5% — 0.83]V]0.9% — 0.73]) + (]0.6% — 0.73|V]0.53 — 0.6%|)
S\ T A\ [ +10.83 — 0.63V[0.73 — 0.93]) + (1 + |0.5% — 0.83]V]0.9% — 0.73]) + (1 + 10.6® — 0.73|V]0.53 — 0.63])

2

(10.296|V|—0.386])+(]—0.387|V|0.386])+(|—0.127|V|—-0.091]) )
(1+]0.296|V|—0.386)+(1+|—0.387|V|0.386[)+(1+]|—0.127|V|-0.091[)

(]-0.386]) + (|—0.387|) + (|-0.127|)
(1+]-0.386]) + (1 +[—0.387) + (1 + |—0.127|))

0.4615.

Il
)
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. F(AE)=1- Azxiex(ndq"(xa/\n@"(xa) _sziex(m“(xmyé“(xi)) where A = 04
Sriex(na oVt () Zxyex (v CoVyerxo)

andt = 0.6, 1+ 7 =1)and 4, 7€ [0,1]

1— ((0.83/\0.63)+(0.53/\0.83)+(0.63/\0.73))
F (A C) = "7 \(0.83V0.63)+(0.53V0.83)+(0.63V0.73)
7( ’ ) - —0 ((0.73/\0.93)+(0.93/\0.73)+(0.53/\0.63))
"7 \(0.73V0.93)+(0.93V0.73)+(0.53V0.63)
—(1-04 0.63 + 0.5 + 0.63 0.6 0.73 +0.73 + 0.53
B "7\0.83 +0.83 +0.73 \0.93 +0.93 + 0.63
= (0.8370 — 0.2906)
= 0.5464.
o Fg(AC)=1- Ly (14 G g *6) -y (g Cxonve ) where
BNTRES T A (g gk eV () 10 SEEE (R eV ()

A=04and7=0.6, A+7t=1)and A, 7€ [0,1]

104 (0.8310.6%)+(0.53A0.8%)+(0.63A0.73)
T3 ((0.83V0.63)+(o.53vo.83)+(0.63v0.73))
0.6 (0.73A0.93)+(0.93A0.73)+(0.53A0.63)
) ((0.73V0.93)+(0.93V0.73)+(0.53V0.63))

_(,_04 0.63 4+ 0.5% + 0.63\ 0.6/0.7% + 0.73 + 0.53
- 3 \0.83+08%+0.73/ 3 \0.93+093+0.63
= (0.9456 — 0.0968)

= 0.8488.

Ts(c/i,é) =

(M 3" A" () + (v 2 Ce) Ay ()
EX (M (@)VIe (X)) +( 1 (X OVy < (x))

o Fo(AE)=1- %zm

Fo(A,C)
_l<(0.83/\0.63) + (0.73A0.9%) + (0.53A0.83) 4+ (0.93A0.7%) + (0.63A0.73) + (0.53/\0.63)>
31(0.83V0.63) + (0.73V0.93) + (0.53V0.83) + (0.93V0.73) + (0.63V0.73) + (0.53V0.63)
1/(0.6%) + (0.73) + (0.53) + (0.73) + (0.63) + (0.5%)
B §<(0.83) + (0.93) + (0.83) + (0.93) + (0.73) + (0.63)>

1
= 1-5(0.4498)

= 0.8500.
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Ya,ex (Mg ) Ane™(x:)) +(v 2 () Ay 7 (x4))
Yxex(@ " ()Vnek () + ¥ 4% (x)Vy e (x,))

L Tlo(c/i,é):l_

Fro(A,C)

3 (0.82A0.6%) + (0.73A0.9%) + (0.53A0.83) + (0.93A0.73) + (0.63A0.73) + (0.53A0.6%)
- ((0.83V0.63) + (0.73V0.93) + (0.53V0.83) + (0.93V0.73) + (0.63V0.73) + (0.53V0.63)>
3 (0.6%) + (0.73) + (0.53) + (0.73) + (0.63) + (0.5%)

T ((0.83) +(0.9%) + (0.8%) + (0.9%) + (0.73) + (0.63))

=1 — (0.4498)

= 0.5502.

(.4 CcoMne () +(1-y,7“ D)\ (1-76"(x))
(4 Gcavner () +(1-y,2*@))V(1-7e" (x0)

o Fu(AC)=1 —ﬁinex

( (0.83A0.6%) + ) d ( (0.53A0.83) + ) N ( (0.63A0.73) + )
Fu(A6) =1 _11\@ - 073)A0 - 0.9%) (1-0.93)A(1 - 0.73) (1-0.53)A - 0.63)
n\es= = 3 ( (0.83V0.6%) + ) ( (0.53V0.83) + ) ( (0.63V0.73) + )

(1—0.73)V(1 — 0.93) (1-0.93)V(1—-0.73) (1-0.53)V(1 - 0.63) /

~ 1<((O.63) +(1-09%)) + ((0.5%) + (1 - 0.9%) + ((0.6%) + (1 — 0.63)))
3\((0.83) + (1 —0.7%)) + ((0.83) + (1 — 0.73)) + ((0.73) + (1 — 0.5%))

4 1 <(0.216 +0.271) + (0.125 + 0.271) + (0.216 + 0.784))

~3\(0.512 + 0.675) + (0.512 + 0.657) + (0.343 + 0.875)
= 0.8252.

Saex((na*omne o)+ (17,4 @ )A(1-ve*(x) )
Sjex((n CVne (e ) + (17,45 e )V (1-v65 (o))

° le(ffi:é)=1_

(0.8370.6%) + )

(

(0.83v0.6%) + )
(1-073)V(1 -0.9%)

( (0.5310.8%) + )+( (0.6300.7%) + )\

* (1-09)HA1 -0.7%) (1-05)A1 - 0.6%)

(0.5%v0.8%) + (0.63v0.7%) +
* ((1 -09%)V(1 - 0.73)) * ((1 -053)v( - 0.63))

L <((0.63) +(1-09%)+((0.5%) + (1 —0.9%) + ((0.6%) + (1 — 0.63))>
- ((0.83) + (1 —0.73)) + ((0.83) + (1 — 0.73)) + ((0.73) + (1 — 0.53))

B (0.216 4+ 0.271) + (0.125 + 0.271) + (0.216 + 0.784)
a (0.512 + 0.675) + (0.512 + 0.657) + (0.343 + 0.875)

= 0.4757.
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K m Z {|51 (Wﬂk(xi) - né"(m) - (]/c,q"(xi) - y@"(xi))r} +
ex

?13((./1, é) = 1 i

21] (57 + DF Z {Jo2 (ra* (e = yer @) = (ma* e = me e )|}

X;EX

+10.6(0.53 — 0.83) — (0.93 — 0.73)|3

3 3

2131 (06 +1) {+|0.6(0.63 —0.73) — (0.53 — 0.63)?
10.4(0.73 — 0.93) — (0.83 — 0.63)|3 }

10.6(0.83 — 0.63) — (0.73 — 0.93)|3 }
+

+10.4(0.9% — 0.73) — (0.53 — 0.8%)[?
3
2131 (0.4 +1) {+|0.4(0.53 —0.6%) — (0.63 — 0.73)3

1 {0.23511
—— Jio2897¢+
3
(2|3| 0.6+ 1)°(1 0754 \

4 {0.1803 }
——————140.2123 /
3
\ 2131 (04 + D?| | 00343

= 10.02442 + 0.0259
= 0.3691.

=

w

s

Theorem 4.1.6 (Peng and Liu 2019) If A =7 = 0.5 (4 = 1,2, ...,13). Then, we have,

(1) Fi(A*C) = (A C"), i+ 11,12
(2) Fi(A ) =F (AnCAuC);
3) Fi(AAUC)=F,(C,ANC,);
@) Fi(AANC)=F,(C,AUC).

Definition 4.1.9 (Peng and Liu 2019) Let A={(x;, (1.4(x;),v.4(x;))x)|x; € X} and

é:{(x;n (né(xj)'yé(xj))x)lxj € X} and gz{(’% (ns(x;;),)/s(xf))x)le € X} be any
three q-ROFSs over X'. Then, a similarity measure § (c/i, é) is mapping
§: g-ROFS(X) xq-ROFS(X) — [0,1], given as follows:

1. §=0<8(AC)<1;
2. 8, =8(AC6)=8(EA);
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3. §5=8(AC)=0iff A =C;
4. S, = SA A)=1iff A* isa crisp set;
5. ffAcCc$, thenS(A,C)<S(AS)and S(C,8) < S(A,S$).

Theorem 4.1.7 (Peng and Liu 2019) Let A={(x;, (1.4(x;),7,4(x:))x)|x; € X} and
C={(xs, Me(x), ve(x)))|x; € X} be any two q-ROFSs over X. Then, the distance
measure S,L(o‘i, é), such that (4 = 1,2,3...,13) given as follows:

1

M) 8§ (A C)=1- TEq

Yrex(na™ () = me" (el + v () — v (x| +

| 4" () — " (x,)):

2) 8(A,€) = 1~ 7= e (g () = me" (@) = 14" () = ve* (D
(3) 85(A,€) = 1 = 1= Cex (N () = 1" )| + 74" () = ye @)l +

74 () = e () ) + i exlna® () = v (el + Ine" (x) — ve" (x));
@ 8(A,C) = 1~ = Trex(Ing* () = e @DIVIva () = v  (x)D:

1 114" (x)—ne"x)IVIY,z (x) -y (x|
Tamr in

() S5(A, 2] SXEX 14| k()= eIV g () =y p* (eI

Txzex 11-1 4" ()" (x)IVIy 2 () -y (x|
Txsex X+ 2% (e)=ne () IVIy 2 () =y (x)I)

€)
(6) S¢(A, C)

Togex(na oM () | Baex(v.a GOy (x)

@ §(AC) :Azxiex(nﬁx(mvw(xi)) Trgex (v GoVye ()

,where (A + 1 =

1), and 4, T€ [0,1];

(. AN (x))
(4" GeoVnge(x))

RZREDINZREN))
(ZREDNCZED))

A A y)
8 Sg(AC)= o ex +%zx¢,ex , where

A+t=1and A 1€ [0,1];

Ay _ L (142" () A" (x4)) +(¥ 5" () Ay " (x2)) |
9) 85(A,€) = x| Lxex (4" IV XD+ 2 )V e (x))
Yo ex (2" () A (x2)) + (v 1" () Ay " (x4))
T jex (4" VN (x))+ (¥, 4 (x)Vy e (x))

(10)  S;o(A,C) =

(ncﬁx(xi)/\néx(xi))+(1_Vc;i’c(xi))/\(1_yék(xi)) )
(Uc;z"(xi)Vné"(xi))+(1—Vc/z"(x¢))V(1—YéK(x¢)) ’

1

1) 813(A,C) = 55 Zxex
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Sxsex((na oA )+ (17, )N (1-ve (x0) )
Srgex((na*ovier@o )+ (17,4 @ )V(1-ye (x0))

(12)  8,(A,C) =

(13) 83(A,C) =

K

21X (51+1)KZX¢EX{|‘51(’7A () = ne*(x)) — (ra*(x) — ve* (x))| ) +
ey S l52(ra 0e) = v () = (0 () = me ()|}

Example 4.1.7 Let A={(x4,(0.8,0.7),), (x5, (0.5,0.9),),(x3,(0.6,0.5),} and
C={(x1, (0.6,0.9),.), (x2, (0.8,0.7) 1), (x3,(0.7,0.6),)}, assume thatk =3 and w;=

12 7
(4520

measure é}(cfz, é), such that (4 = 1,2,3...,13) and (A = 0.4 and 7 = 0.6).

), (81 =0.6,38, =0.4) be any two q-ROFSs over X. Then, the similarity

A, T € [0,1] can be calculated as :

o Si(AE) = 1= 2= Teer(Ing () — Gl + Ira" () = ve (el +

|7.4" (xs) — " (x)])
(10.8% — 0.6%| +10.73 — 0.93] + |0.5253 — 0.380%|) +
$i(A¢)=1- IR (]0.5% — 0.8%| +10.9% — 0.73] + ]0.5263 — 0.5253]) +
(10.6% — 0.73| +10.5% — 0.6%| +10.8703 — 0.7613|)
(10.296] + |—0.386| + |0.089|) +

=1-5m (]-0.387| + |0.386| + |0.0008]) +
(]-0.127| + |—0.091| + |0.207|)

=1--—1(1.9698
2|3|( )

= 0.6717.

b c'S‘Z(C’C’L é) =1- 2|x|2x¢EX(|nﬂ (x4,) UcK(xJ - (yﬂk(xi) Yeé (x/L))l)

(10.8% — 0.6% — (0.73 — 0.93)) +

Sy(AC)=1- M (10.5% — 0.8% — (0.9 — 0.73)]) +
(10.6% — 0.73 — (0.5% — 0.6%)])
(10.682|) +
=1-—{ (]-0.773]) +
2131\ ™ Z0.036)
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1
=1--—(1491
2|3|( )

= 0.7515.

1

. 53(04» é) =1- ] Xx,ex(Una’ () —ne" el + v () — v (x| +

74" () = " (X)) + ZjexIna™ () — v.a" ()| + Ine® (x) — v  (x)D)

S3(AC)=1- ﬁ<(|0'53 —0.8%] +10.9% — 0.7%] + 10.526° — 0.525%| + (]0.5° — 0.9°| + [0.8% — 0.73])) +

(10.8% = 0.6%| +10.7° — 0.93] +0.525° — 0.380°| + (/0.8% — 0.7°| +10.6° — 0.93])) +
(10.6> — 0.73] +10.5% — 0.6%| + [0.870% — 0.7613| + (]0.6° — 0.53| +10.73 — 0.6%]))

(10.296] + |—0.386] + 10.089] + (]0.169] + |—0.513])) +

=1- ﬁ (1-0.387| + [0.386| +0.0008| + (]—0.604| + |-0.169])) +
(1-0.127| + |-0.091| + [0.217] + (]0.091] + [0.127]))
1
=1- 0 (3.652)
= 0.6959.

o Sy(A6) =1 Trex(na () = 1" @IVIvg () — ve* D)

(10.8% — 0.63|V]0.73 — 0.93]) +

v 1
Si(AEC)=1- 3| (10.5° —0.8%[V]0.9* —0.7°]) +
(10.6° — 0.73|V[0.5% — 0.6%|)
1 [(10.296]V|-0.386]) +
=1-={ (1-0.387|V|0.386]) +

(1-0.127|V|-0.091])

1 |—0.386] +
=1 —§(|—0.387| +>

|—0.127|

5 5 1 14" Ce) 16" (x)IVIY.5" (i) =y (x|
o 55(0‘1, C) = mzxiex 4 < < <

140 g% (x) -1 () IVIY 4% () =y " (x|

10.8% — 0.6%|V]0.73 — 0.93]
/1 + (]0.83 — 0.63|V]0.73 — 0.93])
1 |0.53 — 0.83|V]0.9%3 — 0.73]
13| T+ (10.5% = 0.83|V[0.9% —0.73])
10.63 — 0.73]V/|0.53 — 0.63]
1+ (]0.63 — 0.73]V[0.53 — 0.63])

55((/4, é) =

45



10.296|V|—0.386|
1+ (]0.296|V[-0.386])

1 |—0.387|V|0.386|
~13]1| 1+ (]-0.387|V]0.386])
|—0.127|V|—0.091|

1+ (]-0.127|V|-0.091])

|—0.386
/1 T —0.386| +\

1| 1-0387]
" 13]| 1+ [-0.387] ‘

|—0.127| /
14 |-0.127|

= —(0 6702)
3]

= 0.2234.

. S, c/i A 2x¢ex(1 .4 Ce)—ne" (x| Vv () =y (x)|)
EX¢EX(1+|77¢/1K(x¢) nek(x4,)lv|y(/1k(x¢) V@K(xi)l)

1-— 1-—
3_ g3 3 3)+( 3_na3 3 3)+( 3_073 3 3)
55(cfl C) |08 0.6 |V|07 - 0.93| [0.5 0.83|V]0.9 0.73| |0.6 0.73|V1]0.5 0.63|

1+ 1+
|0 83 —0. 63|V|0 73 - 0. 93|) (|0.53 —0.83]V]0.93 — 0.73|) + (|0.63 —0.73]V]0.53 — 0.63|)

)+ (1-0as7vi0861) * (1-01271vi-0091)
|0 296|V| 0.386]| |—0.387]V|0.386| [—0.127|V[|-0.091|

(10.704]) + (]0.613]) + (]0.873])
+1—0.386]) + (1 + |—0.387]) + (1 + |—0.127))

( |0. 296|V| 0. 386|> + (|—0.38;|;|0.386|) + (|—0.127TV_|—0.091|)>
0.

(1
5615.

Sriex(ng @A)  Sxex(va GeoAve @) where 1 = 0.4 and
Sriex(na @VeR () Sxex(va®Vree(x))

L 57(04, é) = A

T=20.6, A+ 7=1)and A, 7€ [0,1]

((0.83/\0.63)+(0.53/\0.83)+(o.63/\0.73))

A A 3 3 3 3 3 3
57(c/l, C) = (0.83V0.63)+(0.53V0.83)+(0.63V0.73)

10 ((0.73/\0.93)+(O.93/\0.73)+(O.53/\0.63))
"7 \(0.73V0.93)+(0.93V0.73)+(0.53V0.63)
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(o4 0.63 + 0.53 + 0.63 06 0.73 +0.73 + 0.53
~\ 7\ 0.83 +0.83 +0.73 "\0.93 +0.93 + 0.63
= (0.1629 + 0.2906)

= 0.4535.

(Vc;ik(xi)/\]/ék(xi))
(Vc;z" (xVy ek (Xi))

(nﬁk(xi)Anék(xi))
(nﬁx(xi)vnéx(xi))

and7=0.6,(A+7t=1)and A, 7€ [0,1]

A A p)
o Sg(AC)= o Zex + ,;—|Zx1~ex , where 1 = 0.4

0.4 ((0.83A0.6%)+(0.5310.8%)+(0.63A0.73)
3 ((0.83VO.63)+(O.53VO.83)+(O.63V0.73))

0.6 [(0.73A0.93)+(0.93A0.73)+(0.53A0.63)
3 ((0.73V0.93)+(0.93V0.73)+(0.53V0.63))

_ (0.4(0.6° +0.5% + 0.6 " 0.6 /0.73 +0.73 + 0.53
~\ 3\0.8%+0.83+0.73 3 \0.93 +0.93 + 0.63
= (0.0543 + 0.0968)

=0.1511.

So(A,C) =

i) 1 M 7" () A" (i) +(v 45 () Ay 6 ()
© 5(AC)= || Lixjex (M2 DV )+ (¥, eIV ¥ (x)

((0.83/\0.63) +) + ((0.53/\0.83) +> 4 <(0.63/\0.73) +
(

(0.73A0.9%) (0.93A0.73) (0.53A0.63) )\
(0.83V0.63) +) N ((0.53VO.83) +) N ((?66.;\3/\(/)67.?3;) /

N
So(A, C) =3

(0.73V0.93) (0.93V0.73)

_1/(0.6%) +(0.7°) + (0.5%) + (0.7°) + (0.6*) + (0.5%)
~3 ((0.83) +(0.93) + (0.8%) + (0.93) + (0.73) + (0.63)>

1
= 5(0.4498)

= 0.1499.

_ Zxgex®m g () A" () +(v,4" () Ay ™ (x2))
Yo ex (M 4" VN (X)) + (1 4% () Vy % (%)

o Sio(A6)

47



/((0.83/\0.63) +> + ((0.53/\0.83) +> n ((0.63/\0.73) +>

510, ) = (0.73A0.9%) (0.93A0.73) (0.53A0.63)
10Rem ™) = \((0.83V0.63) +>+<(0.53V0.83) +>+<(0.63V0.73) +>
(0.73V0.93) (0.93V0.73) (0.53V0.63)

(0.63) + (0.73) + (0.53) + (0.73) + (0.63) + (0.53)
((0.83) +(0.93) + (0.83) + (0.93) + (0.73) + (0.63)>

= 0.4498.

(n.4" G e )+ (17,25 e )N 1y (xD)
(4" GeoVng (e )+(1-y, 24 e )V (1-y£(x)

1

® cS‘11(6'42» é) = minex

Sua(A,€) = 1\ -075)A0 - 0.9%) (1-0.93)A1 - 0.7%) (1-0.53)A1 - 0.6%)
"’ 3 ( (0.83V0.63) + ) N < (0.53V0.83) + ) N ( (0.63V0.73) + )
(1-0.73)V(1 — 0.93) (1-0.93)V(1-0.73) (1-0.53)V(1 - 0.6%)
B 1(((0.63) +(1-09%)+ ((0.5%) + (1 -0.9%) + ((0.6%) + (1 — 0.63)))
~3\((0.8%) + (1 - 0.73)) + ((0.8%3) + (1 — 0.73)) + ((0.73) + (1 — 0.5%))
_ 1((0.216 +0.271) + (0.125 + 0.271) + (0.216 + 0.784)
h §<(0.512 +0.675) + (0.512 + 0.657) + (0.343 + 0.875))

= 0.1722.

( (0.83A0.6%) + )+( (0.53A0.8%) + )+( (0.63M0.7%) + ))

S (4" Conne (e )+ (17,45 A (1-75(x0))

S12(A,€) =
* 12( ) in,ex((nﬁ"(x¢)VnCs"(x¢))+(1—yﬁk(x¢))v(1—y@"(x¢)))

( (0.83A0.6%) + ) 4 < (0.53A0.8%) + ) + ( (0.63A0.7%) + )
Sua(A, €) = ( (1-0.7)A(1 - 0.9%) (1-09)A(-0.73) (1-0.53)A1 - 0.6%) )
12 ) -

( (0.83V0.63) + ) R ( (0.53V0.8%) + ) R ( (0.63V0.73) + )
(1-0.73)V(1 —0.9%)) " \(1-0.93)V(1-0.73)) " \(1 - 0.53)V(1 - 0.63)

B (((0.63) +(1-09%))+((0.5%) + (1 -0.9%) + ((0.6%) + (1 — 0.63)))
~\((0.8%) + (1 —0.73)) + ((0.83) + (1 — 0.73)) + ((0.73) + (1 — 0.5%))

_((0.216 + 0.271) + (0.125 + 0.271) + (0.216 + 0.784)
~\(0.512 + 0.675) + (0.512 + 0.657) + (0.343 + 0.875)

= 0.5167.

——— 5 el 82 (ra () = v  (x)) = (04" () — ne(x))|}

2|X| (s2+1)"

) xjmzw{lsl(ww—n@'f(xi))—(m*f(x¢->—y@*‘(x¢))|"}+
[ ] 13 , = —_
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10.6(0.83 — 0.63) — (0.73 — 0.93)|3
—1+]0.6(0.53 — 0.8%) — (0.93 — 0.73)|3 } +
3 3
5 A 0) = 1 213106+ 1)% | | 10.6(0.6% — 0.73) — (0.5% — 0.6
AR 10.4(0.73 — 0.93) — (0.83 — 0.63)|3
—1+]0.4(0.93 — 0.73) — (0.53 — 0.83)|3
3
\\ 2BHOA+D2 10 40053 — 0.6%) — (0.63 — 0.7
i / 1 { 0.2351 }
| ==————1{+0.2897{ +
3] 3
_q || B0+ D 0754
J 1 [ 0.1803 }
— 1402123
3
2131 (0.4 + D3 | 0343
=1 —/0.02442 + 0.0259
= 0.6309.

Theorem 4.1.8 (Peng and Liu 2019) If (A =7 = 0.5), (< = 1,2, ...,13). Then, we

have,

1) S;(A*C) = (A,C"),i # 11,12,
2) Si(A,C)=8,(ANnE AuE);
3) Si(AAUC)=8,(CANE);
@) S(AANC)=8,(6AVE).

For each distance measure, results obtained from examples are given in (Table 4.2).

Table 4.2 Distance Measures and Similarity Measures

Distance Measures Results Similarity Measures Results
F, (A, C) 0.3283 S$,(A,¢) 0.6717
Fo(A,€) 0.2485 S,(A, €) 0.7515
F3(A, C) 0.3043 S5(A, C) 0.6959
Fu(A,C) 0.3000 S4(A,C) 0.7000
Fs(A, C) 0.4468 Ss(A, C) 0.2234
Fe(A,C) 0.6415 Se(A,C) 0.5615
F7(A,€) 0.5464 S:(A,€) 0.4535
Fg(A, C) 0.8488 Sg(A, C) 0.1511
Fo(A, C) 0.8500 So(A, €) 0.1499
Fio(A, C) 0.5502 S10(A, 6) 0.4498
F11(A, C) 0.8202 $11(A, C) 0.1722
F12(A, C) 0.4757 S12(A, 6) 0.5167
Fi3(A, C) 0.3691 S13(A, C) 0.6309
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4.2 Dice Similarity Measure for q-Rung Orthopair Fuzzy Set

The purpose of this subject is to develop a new game for ideas of Dice similarity
measure (DSM) and weighted Dice similarity measure (WDSM) for g-rung orthopair
(g-ROFSs). It has four types, and to solve the conditions of (DSM) and (WDSM) to (g-

ROFSs)  proof  throughout  this  part A= (4 “(x),y 2 (x)) and

C = " (x,), 6" (x;)), we will notice two (q-ROFSs) on the finite general set X.

Definition 4.2.1 (Jan et al. 2020) Let A={(x;, (n.4(x;),v.4(x;))i)x; € X} and
C={(x,, (ne(x;), ve(x;))i)lx; € X} be any two q-ROFNs over X, then a dice

similarity measures D4 GROFS (A, C) between A and € can be characterized as follows:

2(n.4"%(x;) me"(x;) + v.2° (%) ve" (x;))
L (450))" + ra )" + ek @) + (re (x))’

Theorem 4.2.1 (Jan et al. 2020) Let u‘i:{(xf, (nﬁ(xf),yﬂ(xf))xﬂxf € X} and
é={(x{,,-, (né(x,),y@(xf)),cﬂx, € X} be any two ¢-ROFNs over X. Then, a dice
similarity measures D, 4330?5("4' €) between two q-ROFNs A and € satisfies the

accompanying properties:

(1) 0 <Dy pors(AC) < 1,

(2) quRO.’FS ("‘z'é) = Dl@m?s (é'cﬁ)’

3) If A = C, then Dl(ﬂwﬁ(cfi, é) = 1, which means that Uﬂ(x;‘) = né(x,),
Ya (x;‘) =Ye (x;;)-

Proof.

(1) Fork >21,0< T]ﬁk(xﬂ‘),yﬁk(xﬂ‘),T]ék(xy'),)/ék(xﬂ‘) < 1. Then, from Cauchy-

Schwarz inequality, we have,
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0= (0 (e Jne () + v G (1)) < (na () + (ra*(x)) ) +
((reGe))” + (re*(x) ) Then. 2 (ma* e Jme () + v (e e (x,)) <
((12°G) + () ) + (1 () + (re*(x)) ), and s0.0 <

na )i () me () ve () < () + (rna* () + ((ne* () +

2
(e () )
2(n_ 4% () m" () +y 3% (x) v &< (%))
Thus, 0 <
(,5Ce) + (1,15 @) +(me)) +(ree(x))”

0< 1gn 2(n_ 4% () n" )+ 3% (x) v < (%))
= =1 7 7 2 7 = L.
n (1,4°e)) +(a*(x)) "+ (e ) +(vekx,))

< 1. It is concluded that

(2) Since
U R 2(n.4%(e) 16" () + 1.4 (%) 6" (%))
D A,C)=—
+qmors( )nEMmmfumwm%@ﬂmfwwwﬁ

—1lyn 2(VﬁK(x;i)yé'c(x;')+77(4K(x;')71@"(x;))
nSI=E (k) 4 (1,49 0e)) (e )+ (e ()

= D1 4pors (6 A).

(3) Since A = €, which means that, n4(x;) = ns(x;), v.4(x;) = ve(x;).

then using Definition 4.2.1 we have,

lzn: 2 (n." (2 )me" () + 12" (e )ve(x,))

=1 (rm"(x;))z + (m"(xy‘))z + (Ué”(xz‘))z + (Vék(xf'))z
ton 20 A ) ra vt ()

I ) () ) (n,47(p) + (a5 ()

Cian 2(0aG) v ())

n &=t ((ﬂc/z"(x;'))z’r(m"(x;‘))z)

quiROTS ("4 é) =

Then, we complete this process of proofs.
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Example 4.2.1 Let A={(x4,(0.8,0.7),), (x5, (0.5,0.9),),(x3,(0.6,0.5),} and
C={(xy, (0.6,0.9),.), (x5, (0.8,0.7),),{x3,(0.7,0.6),)} be any two q-ROFNs over X,

assume that k = 3 and. Then, a dice similarity measures D, 4ROFS (A, ) between two

q-ROFNs A and € can be calculated as follows:

Dy ()= 1i 2(n.4° () ne" () +v.4° (%)) ve* (%))
. ) ==
wore R (@) + (rak () + (e @)’ + (re ()’
2((0.83x 0.63)+(0.7%x 0.9%))
(0.83)2+(0.73)2+(0.63)%+(0.9%)?
Dl%ROTS(ﬂ’ €)= 1| 2((053x 0.8%)+(093x 0.7%))

3] (0.53)2+(0.93)2+(0.83)2+(0.73)2
2((0.63x 0.73)+(0.5%x 0.6%))
(0.63)2+(0.53)2+(0.73)2+4(0.63)2

0.4919 +
0.4078 +

0.7731

Definition 4.2.2 (Jan et al. 2020) Let A={(x,, ,4(x;),v.4(x;))i)lx; € X} and
é={(x{,,-, (né(x,),y@(xf)),cﬂx, € X'} be any two q-ROFNs over X, then the weighted

dice similarity measures D, 4ROFS (A, ) between A and € can be defined as follows:

2(1.2" () ne" () + v.2" (%)) Ve"(x,))
(Uﬂ"(x;)) +(yc/l (X#)) +(77€ (xy)) +(V€ (x;))

n
D1ypgrors (. C) z
7=1

Theorem 4.2.2 (Jan et al. 2020) Let A={(x;, (n,4(x;),v.4(x;))i)|x; € X} and
C?’:{(xj, (né(xj),yé (xf)),c)|xj € X} be any two q-ROFSs over X. Then, the weighted
dice similarity measures Dlw%w%(ﬂ,é) between two q-ROFNs A and € satisfies

the following properties:
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(1) 0 < Dy pops(AC) <1,

2) DlW@ROTS(C'q’ ) = Dlumaeoys(é' A),

(3) If A = C, then D1y, g5 (A, €) = 1, which means that, n,4(x;) = 1¢(x;),

Vﬁ(x;) = Vé(x;‘)-

Proof.
(1)  Fork>1,0<n,"(x;),v.4"(x;).me"(x;),v¢*(x;) < 1. Then, from Cauchy-

Schwarz inequality, we have

0 < (na*Cedne* () + (v () < (na* () + () ) +
((r65Ce)) "+ (re(x0)) ). Then, 2 (ma (e )me (x) + 74 (e Jre* (1)) <
((12°() + () ) + (e () + (e () ), and s0.0 <

na* () va () () ve () < (na* () + (ra*()) + (e () +
(re" () )

2(77:/1 (x4) nex(x;)'ﬂ/qu(x;) yeK(x;))

< 1. It is concluded that
K(xf)) +(Yﬂk(xf)) +(776K(x;)) +(ye* (x;))

Thus, 0 < w#(
N4

Z(Uﬂ (xj) nex(x;)'i'yc,qk(x;) Vc (xg))
0 <>,
(Ucﬂk(xy)) +(YCAK("7)) +(776K(xf)) +(ve" (xi))

U 2(n,4" () e () +v.4" () ve* (%)
D A, E) =
1w‘ﬂw%( ) Z (mq (xy)) +(Ycﬂ (xz,)) +(776 (x;)) +(Vc (xi))

_ Z 2 (va" (e)ve® () + ma (e ne* (x;))
S (00) + ra))” + (1)) + (e (x))”
Dygror (C,A),

(3) Since A = €, which means that, nﬁ(xj) = n@(xj), yﬁ(xj) = '}/é(Xf).
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Then, by using Definition 4.2.2 we have

(ch/l (xy)zncx(xy) + Zyqu(xi) 2)/6 (X}))
(TLA (xy)) +(YAK(xy)) +(77€K(xy)) +(VC (x;t))

_ Zn . 2(m 3" () 13" () +y,3%(x) v.3%(x))) _
I (o) + (27 e)) + (g )+ (r )

n
D1W4R0T5 (Cﬁ' é) = Z

Then, we complete this process of proofs.

Example 4.2.2 Let A={(x4,(0.8,0.7),), (x5, (0.5,0.9),),(xs,(0.6,0.5),} and
C={(x1, (0.6,0.9),.), (x5, (0.8,0.7),),{x3,(0.7,0.6),)} be any two gq-ROFNs over X,

127

assume thatk = 3 and w; = ( ) Then, the weighted dice similarity measures

Dyyy GROFS (A, €) between two q-ROFNs A and € can be obtained as follows:

Z(m/l (x;) 776 (xy)+yc/lx(x;) VC (x;))
T (1450))" + (ra @)’ + (e (e))” + (ree(x)’

n
D1W¢R0TS "q 6 Z

(o 8%x 0.6%)+(0.73x 0. 93)
(0 83)2+(0.73)2+(0.63)2+(0. 93)2

1
4

(o 53x% 0.8%)+(0.93x 0. 73)
(0 53)2+(O 93)2+(0.83)2+(0. 73)2

(o 63x 0.73)+(0.53x 0. 63)
(o 63)2+(0.53)2+(0.73)2+(0. 63)2
= 0.

2
5

(0.25)(0.4919) +
(0.4)(0.4078) +
(0.35)(0.7731)

5566.
Definition 4.2.3 (Jan et al. 2020) Let cAA:{(xj, (n OQ(X;‘),)/UQ(X;‘))KHX]' € X} and

(f’:{(x;', (n@(xj),yé(xj)),cﬂxje)(} be any two q-ROFNs over X, then a dice

similarity measures D, GROFS (A, €) between A and € can defined as follows:
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DZ%ROTS(A,CA) = Z (n‘” (e () + (v eve* (x) + (ma" () me* (xy)))

i= (7704 (X;,)) +(77€ (xy)) +(Vcﬂx(x/)) +(yCK(x;)) +(7T(/1K(x;)) +(”CK(X;))

3|P—‘

Theorem 4.2.3 (Jan et al. 2020) Let A={(x;, (n,4(x;),v.4(x;))i)|x; € X} and
C={(x;, ne(x;), ve(x;))i)lx; € X} be any two g-ROFNs over X. Then, a dice
similarity measures D, cﬂwﬂs(ﬂ'é) between two q-ROFNs < and € satisfies the

following properties:

(1) 0 <Dy _pors(AC) < 1,

2) D24z0rs (A.C) = D2 grors (€. A).

3) If A = €, then qum%(u‘i,é) = 1, which means that, nc,z(x}) = né(x}),
va(x;) = ve(x;)-

Proof.
(1) Fork > 1,0 < 1.4°(x;), 7.2 (), 2" (). me* (x;), ve* (%), me* (x;) < 1.

Then, from Cauchy-Schwarz inequality, we have
0 < (na Cepne® (x;) + 14" (e () + () )me () < ((nﬁx(xj))z +
(m"(x;))2> +(na () + ((vyc;a’C(xj))2 +(re () + (né'f(x,))z). Then,
2(n4 (e, ne () + 145 () Jye® () + %) e (x,)) < ((nﬂx(xi))z +
(") )+ () + ((ne () + (v () + (e ()’ and s
0= ey va (o) ma (o) me e ) ve () e () < (na () +
(ra ()" + (ma () + (e () + (e () + (e ()’ )
24" Cep) M Cepy 2 Ceg) Ve Cep) o 1 ey e ()

(M"(x;f))2+(m"(x;))2+(7T(/z"(x;'))2+(ﬂé’c(x;))2+(Vé"(x;'))2+(”é’c(x;))
concluded that

Thus, 0 <

> < 1.1Itis

<1l

0<

i (na* ) me™ Gep) + v () ve (o) + (o )me (x;) )
S @) + (ar ) + (man(x) + (e @))” + (e (e))” + (men ()

:m
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(2) Since
DZ@ROTS (“‘i' é)

Z 2 ((na"Geom ) + (ra" ) + (e me () )
! (na"Ge) +(mf<x») + (2" @) + (@) + (rar ) + (me"ep)

_lzn: T[c/l “(ep)me(x;) +v.a" (0 )ve(x) + 4" (x; )ne” (xi))
n;=1 ﬂﬂ (x;)) ()/ﬂ (x;)) (rm"(xf)) +(7Té"(x;)) "‘(Vék(x;')) +(’lék(x;))2
= D2,z07s (A,0).

3)  Since A = C,n,4(x;) = 16(x;). v.a(x;) = ve(x,). malx,) = ma(x;).
Then, by using Definition 4.2.3 we have,
DZ@RO?S("Q é)
Z ’M “(xne" (x;) + v (x)ve" () + ma* (o, )me™ (x;))
=1 TLA (xj)) (Kﬂ (xf)) (T[c/i (x;')) +(77@ (x;')) +(Vc‘ (x;)) +(”é"(x;‘))2

[N

n

2(n.2% (e )n 2" () 41,4 (e Y2 (e )+ 4 (x)m 4 ()

1
=== 7] Z P Z Z Z
n' 1(’14"(9‘;)) +(r%(x)) +(ma (%)) +(max () +(ra(x)) +(ma%(x)))
= % ;1:1 2(MK(x§)+mk(xi)+2n‘ﬁk(xj)) - = 1. Then, we complete this process of
2((%"(’%)) +(r2%(x)) +(m7(x)) )
proofs.

Example 4.23 Let A={(x,(0.8,0.7),), (x, (0.50.9),),(x3,(0.6,0.5),} and
C={(xy, (0.6,0.9),.), (x5, (0.8,0.7),.), {x3, (0.7,0.6),.)}, be any two q-ROFNs over X,

assume that k = 3. Then, a dice similarity measures D, %ROTS(UQ, ¢) between two g-

ROFNs A and € can be calculated as follows:

n ( 02" (e ne () + (v Ge e (x;)) + (”ﬁ"(xf)”é"(x;)))

. 1
DZ%RO?S(‘A' ¢) = ;Z

= (14505) + (@) + (mac) + (15 ()" + (e () + (me ()
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(0.83)2 + (0.73)2 + (0.5253)2 + (0.63)2 + (0.93)2 + (080.33)2

)
_ (1) < 2((0.5° x 0.8%) + (0.93 x 0.7%) + (0.526% x 0.525%)) >+J

/( 2((0.8% x 0.6%) + (0.7° x 0.9%) + (0.525% x 0.380%))
|

~\3/] \(0.53)2 + (0.93)2 + (0.5263)2 + (0.8%)2 + (0.73)2 + (0.5253)2
2((0.6% x 0.7%) + (0.5 x 0.6%) + (0.870% x 0.761%))
<(0.63)2 +(0.53)2 + (0.8703)2 + (0.73)2 + (0.63)2 + (0.7613)2

1 [(0.7647) +
:(5) (0.7048) +
(0.9159)

= 0.7951.

Definition 4.2.4 (Jan et al. 2020) Let A={(x;, m.4(x;),v.4(x;))i)x; € X} and
é={(x;;, (né(xj),y@ (x(,;)),c)|xj € X'} be any two q-ROFNs over X, then the weighted

dice similarity measures D,,, GROFS (A, C) between A and € can defined as follows:

Dawarors (A.€6)
_ zn: ®. 2 Z?=1 <(U</ix(x7)nék(x;)) + (}/c,i"(xj)yé"(xj)) + (ﬂﬂx(xj)ﬂéx(xj)))
#=1 72;21 ((M"(x;))z + (m"(x;))z + (m"(x,))z + (r;é"(x;,.))2 + (yék(xj))z + (nék(xj))z)

Theorem 4.2.4 (Jan et al. 2020) Let c/z:{(xz,-, (M4 (x(,,-), YA (xz,-)),c)lx;; € X} and
C?':{(x;, (T]CS(X}'),VCA (x;»)),c)|xj € X'} be any two q-ROFNs over X. Then, the weighted
dice similarity measures D,.,, 4ROFS (A, €) between two q-ROFNs A and € satisfies the

following properties:

M Oo= DZW@RO?S(UQ’CS) =1L

) DZW@RO?S("Q'CS) = DZWLZRO?S(CA’UQ),

QR)If A=2¢C, then DZW%ROTS(UQ,C?’) =1, which means that 74(x;) =ns(x;).

va(x;) = ve(x;).
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Proof.
(1) Fork >1,0< ndq"(x,),yﬂ"(xf),nﬂ"(xf),né"(x,),yé"(xj),né"(x;) < 1. Then,

from Cauchy-Schwarz inequality, we have

0. (na* (e dne* () + (e v () + mat (e e () < ((n4*(x)) +
(") )+ (ma () + (e () + (re* () + (e (x))?). Then,
2% (e e () + v (e e () + o) me* ) < S ((ma* () +
(") + ()’ + (e (7)) + (re () + (e () ). and s0

0 < (xp) v () ma (e me () ve () me () < (na () +

(ra ()" + (ma () + (e () + (v () + (e ()’ )

Thus, 0 < w; 2((M:(x;)né"(x;)z)+(m"(x;)1/2é"(x;))+(ﬂc;z"(x;') ”éx(xzj))) <1k
S ((1.2%00) + (% o)+ (47 (e)) + (e ) + (v () + (e (xp)”)

1s concluded that

2 Z;’l=1((77=/iK(xi)néK("7’))+(VﬁK("i)yék(x}))"'(”ﬁx(x})”éx(xi)))
Z;l=1(("c/ik(x/))2+(Vc/ik(xi))2+(n:c/ik(xi))2+(776’K(xi))2+(yék(xzi))2+("éx(xzi))2) Bl

O < Z;}zl w}

(2) Since
DZW@.’ROTS ("4' é)

< 2Yj=1 ((Wﬂk("z)né"(’%)) + (yc/ik(xzf)yéx(xf)) + (”ﬂx(xf)”éx(xj)»

w;

U (1) + () + (7 (e)) + (nen (1) + (rer ()" + (e () )

7

2304 (70,4 (e )me () 7,4 (e v e () +1,4" (e ne (7))

51oa((maCen) + (1 (e) + (=) +(me () +(ve () +(nex(x))

= DZW@RO?S (é "Q)

—_yn
= Z;‘:l w;

(3) Since A = €, which means that 14(x;) = ne(x;), v.4(x;) = ve(x;). ma(x;) =

e (xj). Then, by using Definition 4.2.4 we have,
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DZW@ROTS ("4' é)

i 285 ((na"Geane™ () + (ra Geare™ () + (ma® () )me(x,) )
S ((1C)) + () + () + (e () + (v () + (me())

w;

- 2371 (4 Ceme () + (na* C)va () + (ma* () ma* (x)))
= ()’ + ()" + (@) + (1))’ + (@) + (mar@p)”)

o 2 G (e e )
! 2Z?ﬂ((”lﬂk(x;i))z+(Vﬂk(xj))2+(”ﬂk(x;))2)

of proofs.

= 1. Then, we complete the process

Example 4.2.4 Let A={(x;,(0.8,0.7),), (x5, (0.5,0.9,0.5),),(x3, (0.6,0.5,0.8),.} and
é={(x1, (0.6,0.9,0.3),), (x5, (0.8,0.7,0.5),), {x3, (0.7,0.6,0.7) )}, be any two q-ROFNs
12 7

over X, assume thatx = 3 and w; = (4,5,5) Then, the weighted dice similarity

measures D, MOTS(J?, ¢) between two q-ROFNs A and € can be calculated as

follows:

DZW@RO}'S ("4' é)
_ zn: 21 (("ﬁk(x;)'?é"(x;’)) + (Vﬂk(x;)yéx(x;’)) + (”ﬁk(x;)”ék(x;)))
S () + (ra () + () + (1)) + () + (me(x)))

1
4

2) 2((0.5% x 0.8%) +(0.9% x 0.7%) + (0.526% x 0.525%)) >
7

2((0.8% x 0.6%) +(0.7% x 0.9%) + (0.525% x 0.380%))
((0 83)2 4+ (0.73)2 + (0.5253)2 + (0.63)2 + (0.93)2 + (0.3803)2 > +

(0 53)2 + (0.93)2 + (0.5263)2 + (0.83)% + (0.73)? + (0.5253)2

| "
k 2((0.63 x 0.7%) + (0.5% x 0.6%) + (0.870% x 0.761%)) /l
20 (0.63)2 + (0.53)2 + (0.8703)% + (0.73)2 + (0.63)2 + (0.7613)2>

(0.25)(0.7507) +
(0.4)(0.6916) +
(0.35)(0.9159)

= 0.7848.
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Definition 4.2.5 (Jan et al. 2020)  Let A={(x;, m.4(x;),v.4(x;))i)x; € X} and
C={(x;, (ne(x;), ve(x;))i)lx; € X} be any two q-ROFNs over X, then a dice

similarity measures D5 GROFS (A, €) between A and € can characterized as follows:

2351 (na® Ge e () + v (v (%))

s () + () + (1)) + (rer) )

Theorem 4.2.5 (Jan et al. 2020) Let A={(x,, m.(x;),v.4(x;))i)|x; € X} and
C={(x;, (ne(x;),ve(x;)i)lx; € X} be any two q-ROFSs over X. Then, a dice
similarity measures Dg %ROTS(CQ, C) between two q-ROFSs A and C satisfies the

following properties:

(1) 0 < D5 _pyrs(AC) < 1,
2) D34R0.’F§ (”‘z' é) = D34:R0TS (é'”‘z)’

(3) If A = C, then D%Roﬁ(ﬂ, é) = 1, which means that nﬁ(xz,-) = né(xz,-),
va(x;) =ve(x).
Proof.

(1) For k=1, 0<n,"(x;),v.:"(x;)me"(x;),ve"(x;) < 1. Then, from Cauchy-

Schwarz inequality, we have

0.< (0 (o )ne () + v (e () < (na () + (ra*(x)) ) +
((né'f(xf))z + (y@"(xf))z). Then, 57, 2 (n4"(x)ne* (x,) + va*(x)ve*(x,)) <
T (176)) + (1" ()) )+ ((re6)) "+ (") ). and so
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0 < 1,2 (%), v.a" (%) me" (%), ve (%) < (’MK(XJ))Z + (Vﬁk("?))z +

((re=C)) + (re ).

2(1 4% (x) me" () +y 3% (x) v (%))

Thus, 0 <
(40e)) " +(1% @) + (1<) + (v (x)

> < 1. It is concluded that

0< Y™ 2(m 4% (x;) m" () +y 3% (x) v < (%))
— Lij=1 K 2 i 2 i 2 K 7 =
(m270)) " + (1)) + (e (x)) " +(v e (x)

(2) Since
2(1.4%(c) ™ () + ¥.45(5) ve*(x,))
S (14°00)" + (ra 0)) + (e ()" + (re (x))’
_ zn: 2 (Vcﬁx(xz)yé”(x;) + Uﬂ”(x;)ﬂéx(x;))
S (n,))” + (12G) + (165 e)) + (ree(xp)’

= D341ROIF5 (é' ‘/z)

D3 4ro7s (A, é) =

(3) Since A = C, that is to say, 1.4 (x;) = 16(x;), v.a(x;) = ve(x;),
Then, by using Definition 4.2.5 we have

5 5 2(n 4% (xp) n (XD +Y,2% () v (x)

D c/l,C' — n_ A 7 C 7 A 7/ rc 7
srors (A €) = 2 (n.2Ce)) +(raCep) + (e ep) + (e )’
_on 2(n 4% () 14" (XD +Y,2% () .25 ()

T (0 )+ () (<)) + (0 )

o (owe) )
§=17 Z?=1((M"(X;))2+(Vc/ik(xf'))2)

Then, we complete this process of proofs.

Example 4.2.5 Let A={(x;,(0.8,0.7),),(x;, (0.5,0.9),), (x5, (0.6,0.5),} and
C={(xy, (0.6,0.9),.), (x5, (0.8,0.7),),{x3,(0.7,0.6),)} be any two g-ROFNs over X,

assume that k = 3 and. Then, a dice similarity measures D3 4ROFS (A, C) between two

q-ROFNs A and € can be calculated as follows:
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Z(UAK(X;‘) ne* () +v.4"(x;) Yék(x;))
S (n,44x))" + (ra ()" + (e (x)” + (re*(xp))”

(0.83% 0.63+0.73x 0.93)+
2((0.53>< 0.83+0.9%% 0.73)+(0.6%x 0.73+0.53% 0.63)>
- ((0.83)2+(0.73)2+(0.63)2+(0.93)2)+
((0.53)2+(0.93)2+(0.83)2+(0.73)2)+((0.63)2+(0.53)2+(0.73)2+(0.63)2)

_ (2(O.3606+0.3140+0.1010))
o 1.1369+1.2392+1.1466

_ (1.5512)
~ \3.5227

= 0.4403.

Definition 4.2.6 (Jan et al. 2020) Let A={(x;, 4(x;),v.4(x;))i)|x; € X} and
C={(x;, (me(x;), e (x;))i)lx; € X} be any two g-ROFNs over X, then the weighted

dice similarity measures D3, 4ROFS (A, €) between A and € can defined as follows:

2 Y51 ;2 (m.4 () me® () + ¥4 (%) ve (%))
S w200 () + (@) + Ty w2 (e @) + (e (x))”

Dayyyrors (A0 =

Theorem 4.2.6 (Jan et al. 2020) Let c/z:{(xz,-, (T]ﬂ(x?'),]/ﬁ(xj')),c)lxy‘ € X'} and
C?':{(x;, (né(xf),yé(x;»)),c)|xj € X} be any two q-ROFSs over X. Then, a dice
similarity measures Dgw%m%(o‘i, €) between two q-ROFSs A and € satisfies the

following properties:

M0o= D3W¢R07—"5(°ﬁ’é) =1

2) D3W@R07—"5(‘ﬁ'é) = D3w@7w?s(é"/z)’

3) If A = C, then Dgwﬁoﬁ(cﬁ,é) = 1, which means that nﬁ(xi) = né(x,),

va(x;) = ve(x,)-
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Proof.
(1) For k=21, 0< ndq"(x,),yﬂ"(xf),né"(xf),yé"(x,') < 1. Then, from Cauchy-

Schwarz inequality, we have
0 < (na*Cedne* () + (v () < (na* () + () ) +
((re" () + (re*(x,)) ). Then,

1220, (1 (o Jne (5) + v (e )re (1)) < a7 ((145(x)) +
(") )+ ((165(x) "+ (re*()) ), amd so
0 < 1" () va () me () v (1) < (ma* () + () +
((re )"+ (e =)

2w,;%(1 3% () na* ) +y,5% () v (x,))

< 1. it is concluded that
02 ((n,2%C)) " +(4%e) w2 (mea) + (e () )

Thus, 0 <

2 Y71 ;2 (14" me™ (e +y, 5" () v (x)))

0< - > 7 on 2 2 )
1 @;2(047x) (¥4 () + Xy 02 (ne () +(ve ()

<1

(2) Since
2301 02 (4" () ne® () + v.4°(x) ve* ()
Sy w2 (a2 0e))” + (ra@)) + 2y 0,2 (e ()" + (rer@p)”)

2371 ;2 (7,25, v () +m 2 (x, ne(x;))
g 072 ((1,250e)) + (1,05 0e) )+ 30y w2 (1) + (e () )

= D3W@R0TS (é C"i)

(3) Since A = €, which means that 14 (x;) = ne(x;), v.4(x;) = ve(x;),
Then, by using Definition 4.2.6 we have
231 0, (04" () e () +v.a" () ve ()
S w02 (1 () + (a@))”) + 20y 0,2 (e @) ” + (ve*(p))

237 w;? (4% 13 ) +y,25 () v.,4%(x;))
57y w;2((1,07@)) + (1,0 @) 50y w2 (1,05x) + (1,05 (x)°)

D3W¢;ROT§ ("‘i' é) =

_ 2502 ((0a )"+ @)”) _
25721 0;2((14° @) +(ra*))”)
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Then, we complete this process of proofs.

Example 4.2.6 Let A={(xy,(0.8,0.7),),(x;, (0.5,0.9),),(x3,(0.6,0.5),} and

C={(xy, (0.6,0.9),), (x5, (0.8,0.7),.), {x3, (0.7,0.6),.)}, be any two q-ROFNs over X,

12 7 . ) T
assume thatk = 3 and w; = (Z’E'E)' Then, the weighted dice similarity measures

D3, GROFS (A, €) between two q-ROFNs A and € can be calculated as follows:

2573 02 (n4" () 165 05) + 74" () Y6 (%))
Sy ;2 (145 0)” + () + Sy w2 (e 0))” + (re*(x))°)

Dayyyrors (A0 =

, G)Z (0.83 x 0.6% +0.73 x 0.9%) +
@)2 (0.53 x 0.8 +0.9% x 0.73) + (%)2 (0.63 x 0.73 + 0.5 x 0.6%)
N2 ((0.83)2 + (0.73)2 N2 ((0.55)2 + (0.93)2 72 ((0.6%)2 + (0.53)2
(Z) ( (0.63)2++ (0.93)2+> + (5) ( (0.83)2++ (0.73)2+) p (5) ( (0.73)2++ (0.63)2+)

_ 2(0.0225 4 0.0502 + 0.0123)
~\ 0.1813 +0.2971 + 0.0667

(017
B (0.5451)
=0.3118.

Definition 4.2.7 (Jan et al. 2020) Let A={(x;, m.4(x;),v.2(x;)))|x; € X} and
é={(x{,,-, (r]é(x,),y@ (x;,»)),c)|x, € X'} be any two q-ROFNs over X, then, at that point,

the dice similarity measures D, 4ROFS (A, C) between A and € can defined as follows:

D‘hﬂw?s ("4' é)
_ 2Yj=1 ((Uﬂk(";)nék(";» + (K/i'c(x;)yé'c(x;)) + (”ﬁx(x;)”é'c(x;)))
(Z?ﬂ (’hﬁk(";‘))z + (Vﬁk(x;‘))z + (”c/i"(x;‘))z + i (”é"(x;'))z + (Yé"(x;))z + (”é'“(x;))z)
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Theorem 4.2.7 (Jan et al. 2020) Let A={(x,, (n,4(x;),7.4(x;))i)|x; € X} and
é={(x7-, (né(xj),yé(x?))x)|xj € X} be any two q-ROFNs over X. Then, a dice
similarity measures D, qyeoy-"s(‘fz'é) between two q-ROFNs 4 and € satisfies the

following properties:

(1) 0 < Dy pops(AC) < 1,

(2) Dagpors (AC) = Dagrors (6,A),

(3) If A = C, then Dy g, (A, €) = 1, which means that 14(x;) = ns(x;),
va(x;) = ve(x;)-

Proof.

I Fork=>1,0< nc,q"(x;,-),yc,z"(xf),nﬂ"(xj),né"(xf),yé"(x}),né"(x}) < 1. Then,

from Cauchy-Schwarz inequality, we have

0= (" (e )ne* (o) + v (e () + ma* (e)me* () = ((na* () +
(") )+ () + ((2eCe)) + (re* () + (e ()*). Then,
2.2 (eIne" () + v (e Jve () + ma" () me® () < ((nfz"(x;))z +

(ra () ) + (rase)” + (1 ()" + (re* () + (e )"). and 5o
0 = 4" Cep) (o) () me () v (e e () < () +

(mk(x;))z + (nﬂk(x,))z + ((nék(xj))z + (yé"(x,))z + (nék(x;;))z).

Thus, 0 < 2(n.4" () " Y. () ve® ) ()m ()
T ) )+ (ma () e ) () (me ()

concluded that

It is

250 (" Cemer () + (v G () + (e (e )me ()
(3 ()" + (@) + () + 3y () + (reGep))” + (me¥(x)’)

0<

(2) Since
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D4 gzors (A, €)

2y, <(T]UQK(X7)T]@K(9C;‘)) + (va (e )ve®(x)) + (M"(x;)ﬂé"(x;)»
(= () () + () B (ren () + (re () + (e ()’
_ 255 (ma (e e () + 14" () (x;) + .4 (. ne (%))

5 () + () + (145())” + T (7 () + (re () + (e (xy))’

= D‘mgwfs (é' ‘fi)

(3) Since A =€, that is to say n4(x;) =ne(x;). val(x;) =ve(x;), malx;) =
e (xj). Then, by using Definition 4.2.7 we have,

Digrors(A.€)
2~ (("Ak(x/)nc"‘(x;)) + (Vﬁ"(x;))’é"(x;)) + (”ﬁk(xj)”ék(xa‘)»
3 (1) () + () 3 (ren () + (ren () + (mee ()
_ 230 (2 Gena® () + v (e v () + ma* () ma ()
2 (1 G) + () + () B (00Ge0) + (1)) + ()

2 50 (14" () )+ ()

- 2(2}7‘=1(77c/z"(x7‘))2+(m"(x,~))2+(nﬁk(xj))2) N

Then, we complete the process of proofs.

Example 4.2.7 Let A={(x,, (0.8,0.7,0.5),), (x5, (0.5,0.9,0.5),.), (xs, (0.6,0.5,0.8), .} and
é={(x1, (0.6,0.9,0.3),), (x5, (0.8,0.7,0.5),), {x3, (0.7,0.6,0.7) )}, be any two q-ROFNs

over X. Assume that k = 3. Then, a dice similarity measures D, GROFS (A, C) between

two q-ROFNs A and € can be calculated as follows:

237, ((m/i"(x;)ﬂé"(x;)) + (VAK(X;)V(?K(’C;)) + (”ﬁx(x;)”éx(xf)))
1 (1 0) + (e () + (mas() +
-1 (Ué"(x;))z + (Vé"(xy))z + ("é"(x;))z

D4q,IROSF5 (‘HA' é) =
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/2 (( 0.8% x 0.6° + ) N ( 0.5% x 0.8% + ) N ( 0.6%x 0.7% + ))\
0.73 x 0.9% + 0.525% x 0.380%/ " \0.93 x 0.7% + 0.526° x 0.5253/ " \0.53 x 0.63 + 0.870% x 0.7613
= (0.8%)2 + (0.7%)2 + (0.525%)2 (0.5%)2 + (0.95) + (0.526%)2 (0.69)2 + (0.5%)2 + (0.870%)2
(+(0.63)2 +(0.93)2 + (0.3803)2) <+(0.83)2 +(0.73)2 + (0.5253)2) (+(0.73)2 +(0.63)2 + (0.7613)2)

_ (2(0.3685 + 0.3351 + 0.3912)
~\ 0.9818 +0.9689 + 0.8544

_ (2.1896)
~\2.8051

= 0.7805.

Definition 4.2.8 (Jan et al. 2020) Let A={(x;, m.4(x;),v.4(x;)))|x; € X} and
C={(x;, (ne(x;), ve(x;))i)lx; € X} be any two g-ROFNs over X, then the weighted

dice similarity measures Dy, GROFS (A, C) between A and € can defined as follows:

2%j-1 “’;‘2(("ﬁ"(xz')’?é"(";))Jr(m"(x;)VaK(xf))+("ﬁ"(xz)”é”(";)))
3102 (1256e)) +ra (x0)) 4 (2 (x)) + o 02 () +(re () +(me(55))

Dawgrors (A,0) =

2

Theorem 4.2.8 (Jan et al. 2020) Let u‘i:{(xﬂ», (M4 (xf),yﬂ (xy')),c)|xo,,~ € X} and
é={(x7~, (r]é(xj),y@(xf)),c)|xj € X} be any two q-ROFNs over X'. Then, a weighted
dice similarity measures Dy, MOTS(CAA,CA) between two q-ROFNs A and € satisfies

the following properties:

MOo= D4W@ROTS(UQ’ é) =1

) D4w@7w:r5 ("4' é) = D4w@ﬂz0?5(é'c"i)’

3) If A = C, then D4w@7wf5(°’cz' é) = 1, which means that 77 4 (x,) = né(xi),

m(x;') = Vé(x;‘)-

Proof.

(1) Fork =1,0<n4"(x;),v.4"(x;), m2"(x;).me* (x;), ve" (x;), me* (x;) < 1. Then,

from Cauchy-Schwarz inequality, we have
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0= (n"Cene" Cey) + v G Gey) + maCedmer () = (" Ge)) + () ) +
(ma () + ((re"Ce)) + (re"(x) + (me* )7 Then, 2(m0* (. )me" () +

v Ce)re () + ma e me* () = Bea ((045(x) + (")) +
(a0’ + (10 () + (re*(x)) + (me* ()", and so

0. 0% (i) va (o) ma (o) me (e ) v () e (x) < (ma(x)) +

() + (ma () + (1" ()" + (v () + (e )’

200;2( (.4 Gepme® o))+ (.2 ey (e) + (2 () e () )

Thus, 0< <1. It 1is
@2 (47 Cep) + (1% )"+ (m )"+ (@) + (e () + (e (x))”)
concluded that
03 2Z?=1w/((M"(x;)ﬂé"(x;i))+(m"(x;)yéK(xf))+(ﬂﬁk(x;)”é”(x;))) <1

- Z;Ll w72(nﬁk(xj))z+(V“i"(x;))2+(n‘,q"(x;))2+2;l=1w}Z(néK(x,))2+(yé"(x;))z+(1T(§K(X;))Z -

(2) Since
Dirwgzors(4.)
2% w0 ((Tm"(x;)'?é”(x;)) + (v (x)ve (x,)) + (”Jik(x})”ék(xi)))
02 (14505)) + (ra () + (s () + ey 02 (1)) + (e (7)) + (me*()))
230 w0 (2 (x)me () + 1" (e )ve () + (e (x;))
51y (mar () + (ra () + (145(e)) ) + Zima 2 (e () + (re" (1)) + (ne"(xy))

=D4W4R0}"S (é' A, )

(3) Since A = €, which means that ndq(xz,-) = né(xz,-), yoq(x;;) = yé(xi), nﬁ(xj) =

n@(xj).

Then, by using Definition 4.2.8 we have,

281 0% (0 Ce e (1)) + (raCe v () + (ma (e e ()
s (1) + (s () + (man () + Sy 02 (me())” + (e () + (men ()’

D4Woﬂw$s ("4' é) =
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2357 02 (A Ceme () + (La v @) + (1" () ma (x)) )
S 0,2 (145@))” + () + (142 ())°) + By 0,2 (145 ) + (ra () + (e (x)°)

257y ;2 (n,1° () 4y ()47 ()

" 25 02150+ (ra ) + ()

Then, we complete the process of proofs.

Example 4.2.8 Let A={(x;, (0.8,0.7,0.5),), (x5, (0.5,0.9,0.5),.), (x3, (0.6,0.5,0.8),} and
C={(xy, (0.6,0.9,0.3),), (x5, (0.8,0.7,0.5),), {x3, (0.7,0.6,0.7),.)}, be any two q-ROFNs

12 7

over X, assume thatx =3 and w; = (Z iy 5) Then, the weighted dice similarity

measures Dy, 4&07—"5("4' ¢) between two q-ROFNs A and € can be calculated as

follows:

2%7 w)f ((M”(X;)flé"(x;)) + (v (e )re (%)) + (”ﬁk(x;)”éx(x;)))
Yi—1 wi? (M"(X;))Z (m"(x;))z + (”ﬁ’“(x;))Z +
o2 (06 () + (re () + (me ()

D4W¢;ROT§ ("4' é) =

(0.8% x 0.6%) + (0.5% x 0.8%) + L/ (06%x 0.7%) +
2 (4) (0.73 x 0.9%) + 09°x 07+ |+(Z) | (05°x 06%) +
(0.525% x 0.380°) (0.526% x 0.525°) (0.870% x 0.761%)
(3)2 ((0.83)2 + (0.73)2) 2 ((0 53)2 + (0. 93)2) (Zl)2 (0.6%)2 + (0.5%)2
( 4 +(0.525%)2 ) < +(0.526%)2 >+ 0 (08702 +
2
)] \G )] \(

1\2 ((0.6%)2 + (0.93)2 (0.8%)2 + (0.7%)2 IN\2 2 2
(Z) ( +(0.3803)2 ( +(0.525%)?2 ) () +((3)'23)
20 +(0.7613)

2 (G)Z (0.3685) + ( ) (0.3351) + ( ) (0. 3912))

(G)z (0.2610) + G)Z (0.4310)) + <(§)2 (0.4899) + (g)2 (0.2610))

+<( ) (0.4733) + (= ) (. 3047))

_ (2(0.0934)
_< 0.2585 )

= 0.7223.
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Results in Examples related to Dice similarity measures are given in (Table 4.3)

Table 4.3 Dice Similarity Measures

Dice Similarity Measures Results
quﬂwﬁs (‘fi' é) 0.5576
D]-W(;ROTS ("4' é) 0.5566

D, GROFS ("4' é) 0.7951
Dgzwbtggggrg(dq’ c) 07848

D, gROFS ("4' é) 0.4403
D3Wq,ch)fF§ (CHA' é) 0.3118
D‘*q,ROTS ("‘i' é) 0.7805
D4W@R0?S (CHA' é) 0.7223

4.3 Generalized Dice Similarity Measures for -rung Orthopair Fuzzy Sets

We have introduced new measures of similarity in the above section to Dice Similarity

Measures for g-rung Orthopair Fuzzy Sets, which we will expand on in this section

(77 cﬂ(x;) Y. dq(x;)) and C ((Uc(x,) )/C(xj)) for the general constraint set that

refers for any two of q-ROFNs over X. We add this section the innovative concepts

similarity conditions.

Definition 4.3.1 (Jan et al. 2020) Let A={(x;, (n.4(x;),v.4(x;))«)lx; € X} and
¢ ={{(x;, (e (x,), Ve (x;,»)),c)|x, € X'} be any two q-ROFNs over X, then the generalized

dice similarity measures Dg | 4ROFS (A, €) between A and € can be defined as follows:

D, A 1 Z (4" () e (%) + v.4* (x;) V(?K(xj)z -
%ROTS n (Uﬂ (x,)) + (yﬂk(x})) ) +(1-0) ((né’c(xj)) + (Y@x(x;)) )

Theorem 4.3.1 (Jan et al. 2020) Let A={(x;, (n.4(x;),v.4(x;))i)x; € X} and
C?’:{(xj, (né(xj),yé(xf)),cﬂijX} to be any two g-ROFSs over X, then the
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generalized dice similarity measures D pors (A, ) between two q-ROFSs A and €.

possesses the following properties:

)0 < (A,6) <1,

Dglqywy—"s
(2) Dglcﬂw}"é‘(a‘i' €)= Dglqawfs(é' A),

(3) If A = C, then D5, rors (A, €) = 1. This means that, 4(x;) = ns(x;),

YA (x;) =7Ye (x(,;).

Example 4.3.1 Let cfi:{(xl, (0.8,0.7) ), (x5, (0.5,0.9),.), (x5, (0.6,0.5),,} and
C={(x1, (0.6,0.9),), (x5, (0.8,0.7),),{x3,(0.7,0.6),)} be any two q-ROFNs over X,
assume thatk =3 and ¢ = 0.5. Then, the generalized dice similarity measures

Dy, (a‘i, é) between two q-ROFNss A and € can be calculated as follows:
GROFS

3|>—‘

i (12" Ge) e () + v (353) ve ()
~ o ((n4°Cc))" + (rar@))’) + @ = o) ((ne* () + (rer@x))’)

Dg, qﬂwfs

1 ((0.5% x 0.8%) + (0.9% x 0.7%)) )
=3 +

0 5 x ((0.53)2 + (0.93)2) + (1 — 0.5) x ((0.8%)2 + (0.73)2)
((0.6® x 0.7) + (0.5% x 0.6%))

0 5 x ((0.63)2 + (0.5%)2) + (1 — 0.5) x ((0.73)2 + (0.63)2)>

1 0.7529 +

=3 (o 6776 +>

0.8922

((0.8% x 0.6%) + (0.7° x 0.9%))
( 0.5 x ((0.83)2 + (0.72)2) + (1 — 0.5) x ((0.6%)2 + (0. 93)2)> JN
|

Definition 4.3.2 (Jan er al. 2020) Let c/i:{<x,, (M4 (x,),y A (x,)),c)|x7~ € X} and

(f’:{(x;', (n@(xj),yé(xj))xﬂxj € X'} be any two q-ROFNs over X, then the weighted

generalized dice similarity measures Dg, (A, C) between A and € is defined as
WqROFS

follows:
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i (12" () me™ () + 74" () v (1) _
= o (@) + (1 @))”) + @ = o) ((ner )’ + (re*)”)

Dglw(ﬂems
Theorem 4.3.2 (Jan et al. 2020) Let A={(x;, (n.4(x;),v.4(x;))i)|x; € X} and
é:{(xj, (né(xj),yé (xj)),c)|xj € X'} to be any two q-ROFSs over X, then the weighted

generalized dice similarity measures DQlW@fROTS (A, €) between two q-ROFNs A and

C possesses the following properties:

1) 0 < (A E) <1,

DQlW@ROT&
2) DQqu,JEOJ—'S(CA' ) = Dglwoﬁzms(c"ﬂ)’

(3) If A = C, then Dglw@ﬂwy—"s(”‘i’ é) = 1. This means that, 1 4 (xj) = né(xt,;),

va(x;) = ve(x;)-

Example 4.3.2 Let A={(x;,(0.8,0.7),),(x;, (0.5,0.9),),(x3,(0.6,0.5),} and
C={(xy, (0.6,0.9),.), (x5, (0.8,0.7),), {x3,(0.7,0.6),.)} be any two q-ROFNs over X,

12 7

assume thatk =3 and o = 0.5, such that w; = (4,5,20) Then, the weighted

generalized dice similarity measures Dg, JROFS (c/i, é) between two q-ROFNs A and €

can be calculated as follows:

i (12" () me* () + ¥4 (x;) ve* (x,))
= o ((na0))” + (a@)’) + 1 = o) ((ne" @) + (re* x))’)

D
91 WQROTS

1 ((0.8% x 0.6%) + (0.7° x 0.9%))
( 4) 0.5 x ((0.83)2 4 (0.72)2) + (1 — 0.5) x ((0.6%)2 + (0. 93)2)> +\
2 ((0.5% x 0.8%) + (0.9° x 0.7%))
- 5) o 5 x ((0.5%)2 + (0.95)2) + (1 — 0.5) x ((0.8%)2 + (0. 73)2)> 1
\ ((0.6% x 0.7%) + (0.5% x 0.6%))
20 o 5 x ((0.63)2 + (0.5%)2) + (1 — 0.5) x ((0.73)% + (0.63)2)>

0.1882 +
= <0.1694 +>

0.3122
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= 0.6698.

Definition 4.3.3 (Jan et al. 2020) Let A={(x;, m.4(x;),v.4(x;))i)|x; € X} and
é:{(xj, (e (xj),yé (xj)),c)|xj € X'} be any two q-ROFNs over X, then the generalized

dice similarity measures Dy, JROFS (A, C) between A and € can defined as follows:

R (" Ccpmer D) + (ra*Cepve )
DQZ@ROTS (A,€) Z - : e _‘A IA: ;2) P 2\ "
= (14" ))" + (rar@))”) + @ = ) ((ne* )" + (re*xp)”)

Theorem 4.3.3 (Jan et al. 2020) Let u‘i:{(xf, (M4 (xj), V.4 (xj)),c)|x} € X} and
é:{(x;;, (me (xj),yé (xz,-)),c)|xj € X} be any two q-ROFNs over X. Then, the
generalized dice similarity measures Dy, il (A, C) between two q-ROFNs A and €

possesses the following properties:

1) 0< (AC6)<1

Dg, GROFS
(2) Dg, GROFS (4. ¢) = Dg, GROFS (6,4),

3) If A = €, then DQZ@ROTS (A, €) = 1. This means that, 74(x;) = ns(x;),

va(x;) = ve(x;)-

Example 4.33 Let A={(x;,(0.8,0.7),),(x,, (0.5,0.9),),(x3,(0.6,0.5),} and
é={(x1, (0.6,0.9),), (x, (0.8,0.7),.),{x3,(0.7,0.6),.)} be any two ¢-ROFNs over X,
assume thatk =3 and o = 0.5. Then, the generalized dice similarity measures

Dy, (cfz, é) between two q-ROFNs A and € can be calculated as follows:
GROFS

Y1 (m;z"(x;)né"(x;) + Vﬂx(x})]’éx(x;)) .
055 ((147Ce)) + () ) + @ = 0 T (me"(x) + (ren(x)))
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_ < ((0.8% x 0.6° +0.73 x 0.9%) + (0.5% x 0.8% +0.9° x 0.7°) + (0.6 x 0.7% + 0.5° x 0.6%)) )

(0.5)((0.8%)2 + (0.7%)?) + ) + ( (0.5)((0.5%)% + (0.9%)%) + ) + ( (0.5)((0.63)% + (0.5%)%) +

(1-0.5)((0.63)2 + (0.99)2)) T \(1 = 0.5)((0.8)2 + (0.7%)2)) T \(1 = 0.5)((0.73)2 + (0.63)?)

_ ((0.3606 + 0.3140 + 0.1010)
~\ 09037 + 0.3861 + 0.0792

_ (0.7756)
“\ 1369

= 0.5665.

Definition 4.3.4 (Jan et al. 2020) Let A={(x;, (n4(x;),v.4(x;))i)|x; € X} and

C={(x,, (ne(x;), ve(x;))i)lx; € X} be any two g-ROFNs over X, then the weighted

generalized dice similarity measures Dy, (A, C) between A and € can defined
WqROFS

as follows:

Yi=1 ‘“;‘2((M“(";)%“(";))Jr(m"(x;)?é"(’c;)))
o7y w2(1,2°) +(,2° ) )+ A=) Ty 0,2 (1)) +(ve (xp)’)

DQZW@.‘ROTS (A.€) =

Theorem 4.3.4 (Jan et al. 2020) Let u‘i:{(xf, (nﬂ(xf),yﬂ(xf))xﬂxf € X} and
é={(x7-, (né(x,),y@(xf)),cﬂx, € X'} be any two q-ROFNs over X. Then, a weighted

generalized dice similarity measures DQZW@ROTS(OQ' ¢) between two q-ROFNs A and

C possesses the following properties:

Mo< (AE6) <1,

Dgzwwon
(2) DQZW@ROTS(CA' C) - Dgzwcww?s(c’”q)’

(3) If A = €, then Dgzw@m?s(dq’ C) = 1. This means that .4 (x;) = ne(x;),

m(x;') = Vé(x;‘)-

Example 4.34 Let A={(x;,(0.8,0.7),), (x5, (0.5,0.9),),(x3,(0.6,0.5),} and
é:{(xl, (0.6,0.9),), (x, (0.8,0.7),.),{x3,(0.7,0.6),.)} be any two ¢-ROFNs over X,
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12 7

-,=,—). Then, the weighted
4’5’20

assume thatk =3 and o = 0.5, such that w; = (
generalized dice similarity measures Dg, o (A, €) between two q-ROFNs A and C

can be calculated as follows:

Y0 ((Tlﬂk(x;)ﬂék(x;)) + (Vﬂk(x;‘)yéx(xi)))
0 X5, w;? ((M"(x;))z + (m"(x;))z) + (A -0) X w2 ((né"(x;))z + (Yé"(x;‘))z)

Dgzwwm-'s (A.C) =

(6 02085+ @ 5708+ G (53.972)
( (0.5) G)z ((0.8%)2 + (0.7%)%) + ) < ©05) (2) (0532 + (0.9 + > ( ©05) (2)" (0.6 + (055 + )
+ +
1-05) (1) (0692 +(099)) \1-05 () (08 +07)) \1-05)(2) (07372 + (0.6

_ ((0.0225 + 0.0502 + 0.0123)
~\ 0.0295 + 0.0747 + 0.0118

_ (0.085)
—\0.116

= 0.7327.

Definition 4.3.5 (Jan er al. 2020) Let cﬂA:{(xf, (M4 (xi),y ¥ (x;;)),c)|x£,,- € X} and
C?':{(x;, (T]CS(X}'),VCA (x;»)),c)|xj € X'} be any two q-ROFNs over X, then the generalized

dice similarity measures Dg, SROFS (A, C) between A and € can defined as follows:

1 s ((nﬁk(xj)n@"(xj))+(yﬁ"(x,')yé"(x;))+(nﬁ"(x7~)1ré"(x7))>
e yn ( o{(naxGe) +(r.a ) +(ma() )+ >
N\ a0 (ne* ) +(re )+ (me ()

Dg3 %IROTS (c’q’ C) =

Theorem 4.3.5 (Jan et al. 2020) Let A={(x;, (n.4(x;),v.4(x;))i)x; € X} and
C?’:{(xf, (n@(xj),yé(xf)),cﬂijX} be any two q-ROFSs over X. Then, the

generalized dice similarity measures Dg, JROFS (A, €) between two q-ROFSs A and €

possesses the following properties:

75



M o< (A,6) <1,

Dg, GROFS
(2) DQ%LROTS(UQ' €)= Dg347€0}"5(é' A),

(3) If A = C, then DQ34ROTS(UQ’ C) = 1. This means that 7,4(x;) = ne(x;).

m(x;') = Vé(x;)-

Example 4.3.5 Let A={(x;, (0.8,0.7,0.5),), (x5, (0.5,0.9,0.5),.), (x3, (0.6,0.5,0.8),} and
C={(x1,(0.6,0.9,0.3),.), (x5, (0.8,0.7,0.5) o), {x3, (0.7,0.6,0.7),)}, be any two q-ROFNs
over X', assume thatk = 3. Then, the generalized dice similarity measures

Dy, (A, €) between two q-ROFNs A and € can be calculated as follows:
GROFS

D é —li( 14" (x;)ne" (x;)) (yﬁk(x#')mx(xi))+(n‘ﬁx(x7)nék(x’))>
e 4O () () + ) )
1-0) ((n@'f(x;))z + (o) + ("é"("f))Z)

i=1

< (0.83 x 0.63) + )
(0.73 x 0.93) + (0.5253 x 0.3803)
( (0.53 x 0.83) + >+( (0.63 x 0.73) + )
_ (1) (0.93 x 0.73) + (0.5263 x 0.5253) (0.53 x 0.63) + (0.8703 x 0.7613)
—\3 ( 0.5 x ((0.83)2 + (0.73)2 + (0.5253)2) + )
(1-0.5) x ((0.63)2 + (0.93)2 + (0.3803)32)
( 0.5 x ((0.53)2 + (0.93)2 + (0.5263)2) + ) ( 0.5 % ((0.63)2 + (0.53)2 + (0.8703)2) + )
(1-0.5) x ((0.8%)2 + (0.73)2 + (0.5253)2) (1—-10.5) x ((0.73)2 + (0.6%)2 + (0.7613)32)

_ 1 ((0.3685) + (0.3351) + (0.3912)
- (_) ((0.4281) + (0.4402) + (0.4390))

= 0.2791.
Definition 4.3.6 (Jan er al. 2020) Let c/i:{<x,, (n OQ(X;‘),)/ dq(x,)),cﬂxi € X} and
(f’:{(x;', (n@(xj),yé(xj))xﬂxj € X'} be any two q-ROFNs over X, then the wieghted

generalized dice similarity measures D93W@9€0T§ (A, C) between A and € can defined

as follows:
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) IS (x,)nc () + (ra (e (x9)) + () )me(x,))
gswmmfs ’ TLA (x,)) (y‘,i"(x,-))z + (nﬁk(xj))z) +
- 1- 0) (né"(x;))z + (Vc"‘(x;‘))z + (”é“(x;))z)

N

Theorem 4.2.6 (Jan et al. 2020) Let A={(x;, (n.4(x;),v.2(x;))i)|x; € X} and
C={(x;, (ne(x;), ve(x;)i)lx; € X} be any two q-ROFSs over X, the wieghted
generalized dice similarity measures are used Dy, WaROFS (A, €) between two q-ROFSs

A and € possesses the following properties:

1 0< (A,6)<1

D
93 WqROFS

(2) DQ3W@R0T§ (C/l\’ é) 3 D3W¢11ROTS (é’ 04)’

3 If A = €, then D93W4R0T5(04’ é) = 1. This means that 17 4 (xj) = né(xj),

va(x;) = ve(x;)-

Example 4.3.6 Let Ji:{(xl, (0.8,0.7,0.5),), (x5, (0.5,0.9,0.5) ), {(x3, (0.6,0.5,0.8),.} and

é={(x1, (0.6,0.9,0.3),), (x5, (0.8,0.7,0.5),), {x3, (0.7,0.6,0.7) )}, be any two q-ROFNs
12 7

over X, assume that k = 3 and 0=0.5, such that w; (Z = %) Then, the wieghted

generalized dice similarity measures DQ3W@:R0TS (A, €)between two q-ROFNs A and

C can be calculated as follows:

D &) = , (na (xf)nc (%)) + (ra*(x)ve(x;)) + (”ﬂx(xf)”éx("f)»
g3W‘ﬂwT§ , =1 77c/1 (x‘,,)) (yc/ik(x:f’))z + (ﬂ“zx(xf))2> *
(1-0) (TIc (x,)) (Véx(xi))z + (ﬂéx(xj))z)

N
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1 (0.83 x 0.6%) + 2 (0.5% x 0.8%) +
/ (Z) ((0.73 x 0.93) + (0.5253 x 0.3803)) * (5) ((0.93 x 0.73) + (0.5263 x 0.5253)> * \
(l) ( (0.63 x 0.73) + )
20/ \(0.53 x 0.6%) + (0.8703 x 0.761%)
( ((0.8%)2 + (0.75)% + (0.525%)2) + ) N ( ((0.5%)2 + (0.9%)% + (0.526%)2) + )
05<< )

1—-0.5)((0.63)% + (0.93)2 + (0.3803)2) (1-0.5)((0.8%)% +(0.73)2 4+ (0.5253)?)
( ((0.63)2 +(0.5%)2 4+ (0.870%)2) + )
(1 -0.5)((0.73)%2 4+ (0.63)% + (0.7613)2)

_((0.0921) + (0.1340) + (0.1369)
~10.5(0.6912 + 0.7686 + 0.6751)

_ ( 0.363 )
~\1.0674
= 0.3400.

Definition 4.2.7 (Jan et al. 2020) Let A={(x;, m.4(x;),v.4(x;)))|x; € X} and
é={(x;;, (me (xj),yé (xz,-)),c)|xj € X'} be any two q-ROFNs over X, then the generalized

dice similarity measures Dy « S0 (A, €) between A and € can defined as follows:

((’lﬁ"(x;')flé"(x;)) + (ra (e () + (ma* (e (s )))
() + () + () ) +
(1= (1) + (e () + (me*(x) )

n
DQ%LROTS (A.C) = z
7=1

Theorem 4.3.7 (Jan et al. 2020) Let c/i:{(x;,-, (M4 (x(,,-), YA (xz,-)),c)lx;; € X} and
C?':{(x;, (e (xf),yé (x;»)),c)|xj € X'} be any two q-ROFNs over X, then the generalized
dice similarity measures Dy 4CLROTS(C/?, ¢) between two q-ROFNs A and € possesses

the following properties:

Mo< (A,C6) <1,

DQ‘*@RO?S
2) DQ‘*@RO?S("Q’ €) = DQ‘*@RO?S(é' A),

(3) If A = €, then Dg4 yrors (A, €) = 1. This means that 1.4(x;) = ne(x;),
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m(x;') = Vé(x;)-

Example 4.3.7 Let a‘i:{(xl, (0.8,0.7,0.5),), (x5, (0.5,0.9,0.5) ), {(x3, (0.6,0.5,0.8),.} and
C={(xy, (0.6,0.9,0.3),), (x5, (0.8,0.7,0.5),), {x3, (0.7,0.6,0.7),.)}, be any two q-ROFNs
over X, assume that k = 3 and 0=0.5. Then, the generalized dice similarity measures

D5, sxors (A, €) between two g-ROFNs A and € can be calculated as follows:

(("ﬁ”(x;)ﬂék(xy‘)) + (ra G )re (o)) + (ma® (g )me K(xf)))
a((”ﬁ"(x;))z + (Vﬂx(xﬂ'))z + (n“zk(x")f) "
1=0)((neG)) + (re())” + (mex(x)’)

n
ngwas( 1,6) = Z
=1

< (0.8% x 0.63) + ) H
(0.73 x 0.93) + (0.5253 x 0.3803)
( (0.53 x 0.83) + >+ ( (0.6 x 0.73) + )
(0.9% x 0.73) + (0.5263 x 0.5253) (0.5% x 0.63) + (0.8703 x 0.7613)
( 0.5 x ((0.83)2 + (0.73)2 + (0.5253)2) + )
(1-0.5) x ((0.63)2 + (0.93)2 + (0.3803)2)
\( 0.5 x ((0.53)2 + (0.93)2 + (0.5263)2) + ) ( 0.5 x ((0.63)2 + (0.53)2 + (0.8703)2) + ))
(1 -0.5) x ((0.83)2 + (0.73)2 + (0.5253)2) (1-0.5) x ((0.73)2 + (0.63)2 + (0.7613)2)

(0.3685) + (0.3351) + (0.3912)
((0.4281) + (0.4402) + (0.4390)>

= 0.8374.

Definition 4.3.8 (Jan et al. 2020) Let A={(x;, (n.4(x;),v.4(x;))i)lx; € X} and
é={(x7-, (r]é(x,),y@ (x;,»)),c)|x, € X'} be any two q-ROFNs over X, then the weighted

generalized dice similarity measures Dy 4W%ROTS(C/2, €) between A and € can defined

as follows:

i 0 <(U</3K(xj)nék(x})) + (m"(x;;)yé"(x;)) + (”ﬂx(x;)”éx(xf)))
o502 (1ar(e)) + (ra(e) + (rar(x)) +
-0 502 (1)) + (res(x)) + (mer(xy)))

&,

€)=

94 wgROFS (
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Theorem 4.3.8 (Jan et al. 2020) Let A={(x;, (1.4(x;),v.4(x;))i)lx; € X} and
é={(x7-, (e (x;),)/é (x;;))x)|x7 € X} be any two q-ROFNs over X. Then, the weighted

generalized dice similarity measures Dg WaROFS (A, €) between two q-ROFNs A and

C possesses the following properties:

10 < (A,6) <1,

D
GawqroFs

(2) DQ‘*W@ROTS (ﬁ’ é) = Dg4wcﬂeo¢s (é’”{z)

3) If A = C, then DQ4W%ROTS(54, é) = 1. This means that nﬂ(xj) = né(xj),

va(x;) = ve(x;).

Example 4.3.8 Let Ji:{(xl, (0.8,0.7,0.5),), {(x3, (0.5,0.9,0.5) ), {(x3, (0.6,0.5,0.8),.} and

é={(x1, (0.6,0.9,0.3),), (x5, (0.8,0.7,0.5),), {x3, (0.7,0.6,0.7) )}, be any two q-ROFNs
12 7

over X', assume that kx = 3 and 0=0.5, such that w; = (Z’E’%)' Then, the generalized

dice similarity measures Dy 4w¢;:720:F5(°ﬁ’é) between two q-ROFNs A and € can be

calculated as follows:

Yo ((nﬂ"(x;)né“(x;)) + (v (e )ve (x;)) + (”ﬂx(xj)”éx(xf)))
oS0 (1) + (1) + (rar(x)) ) +
-0 502 (1)) + (res () + (mer(x,)))

&,

) =

GawgROFS (

(1)2( (0.8 x 0.6%) + ) +
+) \(0.73 x 0.9%) + (0.525% x 0.380%)

2\ (0.53 x 0.8%) + 72 (0.63 x 0.73) +
(E) ((0.93 x 0.7%) + (0.526° x 0.5253)) + (%) ((0.53 x 0.6%) + (0.870% x 0.7613))
( o.5><(1)2 ((0.8%)2 + (0.73)2 + (0.525%)2) + >
+

"
(1-05) x ( )Z ((0.6%)2 + (0.93)2 + (0.380%)2)

1
4

7
20

( 0.5 x (3)2 ((0.5%)2 + (0.9%)2 + (0.5263)2) + > ( 0.5 x (i)2 ((0.6%)2 + (0.53)2 + (0.870%)2) + )
+

5 20
(1-05) x @z ((0.8%)2 + (0.73)2 + (0.525%)2) (1-0.5) x ( )2 ((0.73) + (0.63)2 + (0.7613)2)
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_ (0.0230) + (0.0536) + (0.0479)
B ((0.0306) + (0.0775) + (0.0523))
= 0.7761.

Results are given in (Table 4.4) for all generalized Dice similarity measures.

Table 4.4 Generalized Dice Similarity Measures

Generalized Dice Similarity Results
Measures

61075 (04 é) 0.7741

Y2wqR0FS (04' é) s’

» A (A, E) 0.5665

Dgz WqROFS (04' é) >

Dg, GROFS (A.€) .

Dg, WqROFS (d(z' é) -

ngm?s (A, E) 0.8374

D§4W¢ZROTS (04' é) 0.776!

Through the above examples for the values of DSM and GDSM, we noticed that our

highest values in GDSM to be available it is ngm?g(cﬁ,é). We notice that our

highest values in DSM to be available it is D, %ROTS(UQ, é), we are notice from

examples above in DSM and GDSM, when comparing if the value increases in

DQl@IRO?S(CA' C’) the value decreasing Dglw@m%(cﬁl, C) according to increases

Dgl(ﬂwﬁ(cfi, C) and the same is true for DSM, when chﬂwars(‘/z'é) increases the

value D1W4R0T5(04,é) it is decreasing, also DSM the value in DZ@RO?S("Q'é) be
equal to value in D, 47%07—"5("4'@) increases, then the value Dzw %ROTS(UQ,CA’) are
decreasing according to increases D, 4ROFS (:/2, é) and the same is true for GDSM when

DQZW@ROTS (cﬂ, C’) increases the value Dy, JROFS (c/l, C) it is decreasing, when the value
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in D3 GROFS (c/i, ¢ ) decreasing then the value D3w GROFS (o‘i, ¢ ) increase according to the

increases D341R0T5(04’ é), and the same is true for GDSM, when D934R0T5(”4'é)

decrease, then the value in Dy, (c/i,é) increase, finally we notice, when the
WqROFS

value in D, GROFS (c/i, é) increases, then the value D4y GROFS (cfi, é) decrease according

to the increase D, 4ROFS (o‘i, é) and the same is true for GDSM, when Dy +qROFS (cfi, é)

increases, then the value in Dy AWGROFS (u‘i, ¢ ) are decreasing.

The idea can be summarized in the following order :

° (Dglqggafpg (04’ é) > DQqu,IROTS ("'fz' é) and DloﬂEOTS ((/i‘ é) > DchzIROTS (cji’ é) )’

such that:

(Dglq'gg(g}'g(ﬂ’ é) > Dglwgggogrcg(dzi’ é) > qulROTS (dzi' é) > DlW@ROTS(UZi’ é) )’

and we notice
) <Dg swgzors (A €) > Db s (A, €) and D o5 (A, €) > Daprors (A, é)>’
such that:

(DZ@RO?‘S (C/i' é) > DZW%ROTS(C’Q’ é) > DQzW@ROTS(”‘i' é) > Dg%w%(v‘i, é)>,
and we notice
. (ngm(ﬂ' €) < Dy, gmoms (A €) and Ds 075 (A. €) > Dapypoes (A, é)),
such that
<D3%ROT$(C/?, €)> Dy ors (Ar€) > Dsnyars(A,6) > Dy, (A, é)), and
we notice

° <Dg4@73075 (”4' é) > D94W@73075 (Ji' é) and D‘l'@ROfFS (Uq' é) > D4W@R0T§ (Uzi’ é))’

such that:

(Dg“QROTS (C/i' é) > D“'%ROTS (dzi' é) > DQ4W%ROT5 (C/i’ é) > D4’W!],R0TS (c/i, é))
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5. CONCLUSIONS AND RECOMMENDATION

In this thesis, a compilation of some similarity measures available in the literature for q-
ROFSs has been made. Similarity measures and associated features were taken from
cited articles. It is aimed to make the existing measurements more understandable by
producing examples related to these definitions. It is aimed that this study will be a
regular and collective resource for researchers who intend to apply the similarity

measurements of q-ROFSs to real problems.
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