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ABSTRACT

QUADRATIC CURVATURE GRAVITY THEORIES IN VARIOUS
DIMENSIONS WITH AND WITHOUT TORSION

Secil SENTORUN

Department of Physics
Programme in High Energy and Plasma Physics
Eskigehir Technical University, Institute of Graduate Programmes, January, 2021

Supervisor: Prof. Dr. Hakan CEBECI

In this thesis work, generalized gravity models are examined in n-dimensional
spacetimes. Generalized gravity theories are described by a Lagrangian that involves
a gravitational function expressed in terms of the scalar curvature, Ricci-squared and
Riemann-squared terms in general. The models are investigated for two seperate
cases, in which the connection of the spacetime is torsion-free and the connection
of the spacetime involves spacetime torsion. By using exterior algebra formalism,
the field equations of the theory are obtained by making independent variations
of the gravitational action with respect to metric co-frame and connection fields.
3-dimensional gravity models such as Topologically Massive Gravity, New Massive
Gravity, Minimal Massive Gravity and Generalized Massive Gravity are examined
within the same framework. For certain generalized gravity models, some new ex-
act solutions are achieved. Among them are the constant curvature solutions of
quadratic curvature gravity model in a spacetime involving torsion. In addition,
Lifshitz-type and Bianchi-type static and stationary solutions and Schrodinger-type
solutions of R2?-corrected gravity model are presented. Also, pp-wave solutions of
Minimal Massive 3D Gravity theory are examined for both vacuum case and for the
gravity model that is minimally coupled to Maxwell-Chern-Simons electromagnetic

theory.

Keywords:  Connection, metric compatibility, field equations, modified gravity the-

ories.
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OZET

CESITLI BOYUTLARDA BURULMA ICEREN VE ICERMEYEN KUADRATIK
EGRILIKLI KUTLECEKIM KURAMLARI

Secil SENTORUN

Fizik Anabilim Dali
Yiiksek Enerji ve Plazma Fizigi Bilim Dali
Eskisehir Teknik Universitesi, Lisansiistii Egitim Enstitiisii, Ocak, 2021

Danisman: Prof. Dr. Hakan CEBECI

Bu tez calismasinda, n-boyutlu uzay-zamanlarda genellestirilmis kiitlecekim model-
leri incelenmistir. Genellegtirilmis kiitlegekim kuramlari, genel olarak skaler egrilik, Ricci
kare ve Riemann kare terimleri cinsinden ifade edilen bir kiitlegekim fonksiyonu iceren
Lagrangian ile ifade edilir. Modeller, uzay-zaman baglantisi burulma iceren ve icermeyen
durumlar icgin incelenmistir. Dis cebir formalizmini kullanarak, kuramin alan denklem-
leri kiitlecekim eyleminin metrik ve baglant1 alanlarina gére bagimsiz varyasyonundan
elde edilmistir. Topolojik Kiitleli Kiitlegekim, Yeni Kiitleli Kiitlecekim, Minimal Kiitleli
Kiitlegekim ve Genellegtirilmis Kiitleli Kiitlecekim gibi 3-boyutlu kiitlegekim modelleri ayni
cerceve icinde incelenmistir. Belli genellestirilmis kiitlecekim modelleri icin yeni ¢Oziim-
ler elde edilmigtir. Bunlarin arasinda, burulma igeren bir uzay-zamanda kuadratik (ik-
inci dereceden) egrilikli kiitlegekim modelinin sabit egrilikli ¢oziimleri bulunmaktadir. Ek
olarak, R2-diizeltilmis kiitlecekim modelinin Lifshitz tipi ve Bianchi tipi statik ve duragan
¢ozlimleri ve Schrodinger tipi ¢oziimler sunulmustur. Ayrica, 3-boyutlu Minimal Kiitleli
Kiitlegekim kuraminin vakum ve minimal olarak Maxwell-Chern-Simons elektromanyetik

kuramina baglanmig durumlar: i¢in pp-dalga ¢ozlimleri incelenmigtir.

Anahtar Soézciikler : Baglant1, metrik uyumluluk, alan denklemleri, modifiye grav-

itasyon teorileri.
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GLOSSARY OF ABBREVIATIONS

Throughout this thesis work, the following abbreviations are used. The notation

is always defined at its first occurrence in the text and in all other places that ambiguities

may arise.
GR . General Relativity
IR : Infrared
uv : Ultraviolet

TMG : Topological Massive Gravity
NMG : New Massive Gravity

MMG : Minimal Massive Gravity
GMG : Generalized Massive Gravity
GGM : Generalized Gravity Model
QCG : Quadratic Curvature Gravity
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1. INTRODUCTION

General Relativity (GR), which is considered as a theory that describes the macroscopic
geometrical properties of spacetime, has been accepted as the most successful and elegant
theory of gravity in the last century. Despite GR’s enormous influence and impact on the
science community, it wasn’t long before that the first proposals appeared for its possible
modifications and extensions since it has been shown that GR is not renormalizable and,
therefore cannot be properly quantized [1, 2|. In addition to this significant deficiency of
the theory, GR cannot explain the accelerated expansion of the Universe as well as the
existence of galaxy rotation curves at galactic scales. Because of such shortcomings of the
theory, some possible extensions have been proposed. Such extensions can be seen in many
different forms. The most promising one is that the gravitational Lagrangian involves a
function of the curvature scalar R such that the theory can be identified as f(R) gravity
model. In addition, there exist some other gravity models such as f(7') (with 7" being the
torsion scalar), f(G) (with G being the Gauss-Bonnet invariant) or f(R,U,V) (with U
being the Ricci-squared scalar and V' being the Kretchmann scalar).

The simplest of them, namely f(R) gravity theory, belongs to the general class of higher
order gravity theories admitting higher-order metric derivatives in field equations. The
theory is either the addition of specific higher-order curvature invariants to the Einstein-
Hilbert action, or more straightforwardly, the Lagrangian as a general function of the
scalar curvature R. The motivation for f(R) gravity theories come from cosmology and
astrophysics for seeking generalizations of GR (reviewed in depth in [3, 4]). These theories
are of a specific concern due to the fact that higher curvature modifications of GR leads to
a gravity theory that exhibits good renormalization properties at one loop [5]. The results
are also confirmed in [6].

To obtain the field equations of f(R) gravity theory or the generalized gravity model
involving curvature, Ricci and Kretchmann scalars in the Lagrangian, two different for-
malisms can be realized, namely the standard metric formalism and the Palatini formalism
[7]. In the standard metric formalism (rigorously studied in [8]), the field equations can
be obtained from the variations with respect to the metric tensor taking the connection
to be Levi-Civita (torsion-free) such that the connection depends on the spacetime metric.
On the other hand, in the Palatini formalism, metric and connection fields are considered
to be independent field variables if one considers the variation of the action. These two
methods can be shown to be identical for the GR action but they differ for the higher
curvature gravity models. Actually, there is even another effectively available formalism
of f(R) gravity: metric-affine f(R) gravity [9]. This happens if one uses the Palatini vari-
ation but leaves the assumption that the action of the matter fields is independent of the
connection. In fact, metric-affine f(R) gravity is the most general one of these theories. If
additional assumptions are made, it also reduces to metric or Palatini f(R) gravity theory.
Although the metric and Palatini formulations of f(R) gravity theory and its physical con-
sequences have been widely discussed in the literature, it is useful to express its different

formulation in exterior algebraic notation since it proves to be practical and powerful in



calculations. Even though the exterior algebraic notation is not a common formulation, it
is proven to be useful to reveal the existence of propagating torsion produced when one
makes independent variations of metric and connections.

In general, the generalized gravity models are examined together with the priori assumption
that the connections are metric compatible. It is also possible to drop this assumption and
investigate such models within the non-metric compatible spacetime framework. However,
in non-metric compatible gravity theories, one should be careful in raising and lowering
the indices of the tensor-valued forms since when covariant exterior derivative operator
acts on these forms one can encounter extra terms coming from non-metricity fields. As
far as the higher curvature gravity models such as f(R) and its extensions are concerned,
obtaining the field equations from the Lagrangians involving higher curvature terms with
non-metric compatible connection requires elaborate work. Throughout the thesis work,
the metric compatible connections are assumed. This assumption leads to anti-symmetric
connection and curvature forms unlike the non-metric compatible theories where in this
case the connection and curvature forms involve both anti-symmetric and symmetric terms.
To mention the physical importance of the modifications of the Einstein-Hilbert action to
include the higher order curvature terms, such generalized models are mostly investigated
by the motivation that the theory exhibits improved divergences in both infrared (IR) and
ultraviolet (UV) scales. From the field theoretical point of view, the generalized gravity
models can offer renormalizable theories and as a consequence they are considered to be
good candidates for a quantum gravity model. In most of the studies in the literature,
generalized gravity theories are concentrated on quadratic models [10], since quadratic
theories are assumed to be general prototypes of higher-order theories. The quadratic
terms in the action density are considered as restricted to a strong gravity regimes and
they are strongly suppressed by small couplings as well as in the simple effective field
theory considerations.

Furthermore, from the cosmological point of view, the corrections to GR are crucial when
one attempts to investigate the physics in the early universe or near black hole singularities.
Moreover, these corrections are expected to be consistent for large scales, i.e., in the late
universe.

In this thesis work, by employing exterior algebra formalism, generalized gravity models
are examined in n-dimensional spacetimes considering that extended gravity consists of a
Lagrangian that is a gravitational function of the curvature scalar R, Ricci-squared scalar
U, Kretchmann scalar V' in general. The field equations are obtained by first constraining
that the connection is the Levi-Civita (i.e., torsion-free) and then making independent
variations of the Lagrangian density with respect to metric co-frame and connection fields.
Next, quadratic curvature gravity theories are studied including three dimensional massive
gravity theories. Some new exact analytical solutions of quadratic curvature gravity theo-
ries in various dimensions are presented. Among them are the constant curvature solutions
with and without torsion, Lifshitz [11], Bianchi [12] and Schrédinger [13] type solutions.
Specifically, the matter coupling in Minimal massive 3D Gravity theory is considered as

well taking the matter Lagrangian to be Maxwell-Chern-Simons electromagnetic theory.



The work is organized as follows: In Section 2, the field equations of n-dimensional General-
ized Gravity Model are obtained by first considering that the connections of the spacetime
are constrained to be torsion-free (i.e., the connections are considered to be Levi-Civita).
Then by making independent variations of the corresponding Lagrangian with respect to
co-frames and connection fields, the field equations that involve propagating torsion are
presented. In the same section, n-dimensional quadratic curvature gravity models includ-
ing 3-dimensional massive gravity theories such as Topological Massive Gravity (TMG),
New Massive Gravity (NMG), Minimal Massive Gravity (MMG) and Generalized Massive
Gravity (GMG) are examined as well. In Section 3, some new exact solutions of Quadratic
Curvature Gravity are presented. Among them are the constant curvature solutions of
quadratic curvature gravity theory with and without torsion. In addition, Lifshitz and
Bianchi type static/stationary solutions and Schrédinger type solutions of R2-corrected
gravity theory are obtained. Some thermodynamic properties are also examined for these
types of solutions. In Section 4, vacuum/matter coupled pp-wave solutions of Minimal
Massive Gravity (MMG) are found. Section 5 is devoted to conclusions of this thesis work.
The exterior algebra formalism, miscellaneous identities and detailed derivations of the

field equations presented throughout this work are explicitly illustrated in Appendices.



2. GENERALIZED GRAVITY MODELS
IN HIGHER DIMENSIONS

In this section, n-dimensional Generalized Gravity Model (GGM) is discussed. This model
is described by Lagrangian n-forms such that the Lagrangian is considered to be a grav-
itational function of curvature invariants including scalar curvature, Ricci-squared and
Riemann-squared terms (also known as Kretschmann invariant) in general. Being a subset
of such models, f(R) gravity models play an important role especially in explaining the
accelerated expansion of the Universe. GGM can be examined in two different frameworks.
Either the spacetime is constrained to be a Levi-Civita spacetime where torsion-free con-
nection is imposed as a constraint, or the spacetime is considered to include torsion (or
even non-metricity) where in that case independent variations of the action with respect to
the co-frame and connection fields are considered. Then, GGM (with the matter coupling

in general) can be described by the following action

Ile,w] = /L'[e,w], (2.1)

where the Lagrangian density is
Lle,w] = f(R,U,V) x 1+ L(matter) . (2.2)

Here, f(R,U,V) is the gravitational function expressed in terms of the scalar curvature
R, the Ricci-squared scalar U = — * (P, A *P%) and the Kretschmann scalar (sometimes
it is also called Riemann-squared scalar) V = —2 % (Rg A *R®) which are also identified
as the curvature invariants and L(matter) represents the matter Lagrangian. Hodge x*
map is defined with respect to the metric g so that the oriented volume form is given
as 1 = e Ael A ... Ae" where A denotes the wedge product. The basic field variables
are the co-frame 1-forms {e®}, in terms of which the spacetime metric can be given by
g = Nawe® ®e’, where 1, = diag(—+...+). The connection 1-forms, denoted by {w®,}, can
be physically interpreted as the gravitational gauge potentials. The connection structure
of the spacetime is assumed to be metric-compatible throughout this thesis work. Metric
compatibility (i.e., Dg = 0 or equivalently Dny, = 0, where D denotes the covariant
exterior derivative operator acting on form fields) implies that w® = —w?® and the first

Cartan structure equation is given by
T% = De® = de® +w? A€, (2.3)

where T% represents the torsion 2-forms and d is exterior derivative operator acting on
differential forms. The curvature 2-forms R can be obtained from the second Cartan
structure equation

RY = dw™ 4+ W Aw®. (2.4)



By expressing the curvature 2-forms in terms of coframes in the form
ab 1 ab c d
RY = §R cd€S N e, (2.5)

one can read the components of Riemann curvature tensor R* .4. The corresponding Ricci

1-forms P® and curvature scalar R are defined by the contractions as
P = LbRba = Rba be ef = Pacec (2.6)

and

R =1,P%, (2.7)

respectively. Here, 1, denotes the interior (inner) derivative with respect to the frame
vector field X, and P? . signifies component of the Ricci 1-forms. Throughout this work,
the gravitational coupling constant is taken to be equal to unity and one can see Appendix
A for further details of the exterior algebra notation and operators on differential forms.
First, one can examine GGM under the constraint that the connections are Levi-Civita
(i.e., T* = 0). Therefore, one should consider the variations of the action whose Lagrangian

density can be expressed by

Lle,w,A] = Lle,w] + T A Aqg, (2.8)

where {A\,} denotes the Lagrange multiplier (n — 2)-forms that ensure the torsion-free

connection structure. Then, variations of the action density (2.8) with respect to co-frame

1-forms e®, connection 1-forms w?, and the Lagrange multiplier (n — 2)-forms A* yields
of

o c _ YJ ab _
oL = de /\[f*ec TC+D)\C+<3R> <R A x(eq Nep Aee) R*ec)
of

+ <%> <P“c * P, + Q(LCRba) A *(Pa A eb) — P A *(Pa A ec) U« ec)

af ab ab
+ <W> (—Q(LCR ) A *Rgp + 2R A x (Rgp Nee) — V ec)}

+8w™® A [D <<%> * (eq A eb)> +D <<%> * (Py Nep — Py A 6a)>

1
+4D <<§_‘f/:> * Rab) + Qup + 5 (eb AXg — €q N )\b):| + A, ANT?

+d {(2—2) (6w®) A x(eq A ep) + (g—(";) (Sw®) A %(Py Ney — Py A eg)

+4 <%> (6w™®) A %Ry + (6€7) A )\a} , (2.9)

where 0 denotes variation of the fields. Here, 7. = —% is the variational term

obtained from the co-frame variation, defined as the stress-energy (n — 1)-form, while
Quw = % is the variational term obtained from the connection variation of the

matter Lagrangian, also defined as the hypermomentum current (n — 1)-form. Note that



the combination of the material and the higher derivative curvature terms defines the
energy and momentum exchange. Further details of the geometry and algebra used in this
work are presented in Appendix A. Additionally, required identities are explicitly illustrated
in Appendix B and detailed calculations of the variational procedure for GGM are given
in Appendix C.

In the variation process of the gravitational action, there are also some surface terms as in
GR. If one aims to examine the thermodynamical properties of the theory and attempts to
calculate physical quantities such as energy and field momentum, surface terms deserve a
detailed investigation. Now, if one demands that the variations of the gravitational fields
vanish on the boundary, the closed forms (or surface terms) under the integral do not give

any contribution to the field equations:

/delf:/aM\Ifzo. (2.10)

/ SL=0 (2.11)
M

Hence, the variational principle

gives the following field equations:

0
Jfxec—Tc+ DA+ (%) <Rab/\>k(ea/\eb/\ec)—R*ec>
0
+ <%> (Pac*Pa—i-Q(LcRba) A*(Py Aey) — P A (P Aee) — U*ec>
+ <%> (—Q(LcRab) A *Rgpy, + 2R A *(Rap Nee) — V x ec) =0 (2.12)

and
of of of
D <<3R> * (eq N eb)> +D <<8U> x (Py Ney — By A ea)> +4D <<3V> * Rab>
1
+ap + 5 (5 Ada = €a Adp) =0 (2.13)
together with the constraint relation
T% = de® + wiy Aeb = 0. (2.14)

which ensures that the connections are Levi-Civita. Here, one should begin with the
connection equation (2.13) to solve the Lagrange multiplier (n—1)-forms. For this purpose,

if one defines

o = 20 (2 canen) 20 (L) Runes-inea)

+8D ((%) * Rab> + 2Q4p , (215)



(2.13) takes the following form
Agp=€ea NNy —ep AN g (2.16)
Application of the interior product operator :* onto both sides with the identity (B.2) gives

Aoy = "(ea ANy —ep ANy)
= (t%eq) ANy —eq ANy — (1%p) A A+ ep A L% Ag
= MNt+ep AN, (2.17)

since (%e;, = 0% and (%e, = n. Further application of the inner product operator ¢* on

(2.17) reads
b a _ b a
Uy = (M Fep At Ag)

= O+ (Lbeb) AN — ep A 20N
— 4%\, (2.18)

Back substitution of (2.18) into (2.17) yields

A = PAg —ep AP,
1
= Ay — 16 AL Age . (2.19)

After some long and cumbersome calculations (the details can be found in Appendix C),

the corresponding Lagrange multiplier (n — 2)-forms can be exactly calculated as

AN = 2 (L“D <§_}f2>> * (eq N ep) + 2 (LaD <§—§>> x (PyNey — Py Neg)
+ (%) (yxdR+2xDPy) + 8 (L“D (%)) * Rop + 20%Qap

1
+8 (%) x DPy — 26 A Qge - (2.20)



Therefore, the Einstein field equation of GGM is obtained as

fxec—Te+ <g]];> (Rab/\*(ea/\eb/\ec) R*ec)
u
u
—i—D[Q “D(g}é))*(ea/\ec)+2<“D<g(J;>>*(Pa/\ec—Pc/\ea)

+ <%> (e xdR+2%xDP.)+8 ( *D (gé)) % Roe + 2%

8f 1 b a _
+8 <(9V> x DP, — ¢ AL Qab] =0. (2.21)

PO % Py + 2(1eR") A %(Py Aey) — PCAx(Py ANee) — U x €c>

of
i) (
S_XJ;> (—Q(LCR“b) A xRy + 2R A *(Rap N ee) — V % ec)

It is also interesting to note that, if one multiplies (2.21) by e, one gets the trace of GGM

Einstein field equation as
oran(2) - () - (2) -] o

2w (0 (22)) + (0 (2) )+ 7 D (22))] e

2fin-2 (0 (22)) +20 (#0 (2))] o

2l (en(Gp)) e (0 (5r)) e

on (20 20 (2] i

of of . I
—[n <6U>+2<6V>]d*dR+26 AD(1*Qc) =0. (2.22)

One can easily see that, when 8f =1or 8f =0 and af =1or g{; = 0, the trace equation
is a fourth order equation for Lev1 C1V1ta Connectlon structure.
On the other hand, one can also consider that the connection 1-forms w? and the

co-frame 1-forms e® are varied independently without any constraint (i.e., 7% # 0). Inde-



pendent variations of the Lagrangian density (2.2) with respect to e* and w®, yields

of

0 = de° ¢ Tc
L e/\[f*e T—l—(aR

) <Rab Ax(eq Nep Aee) — R x* ec>

+ <§£> <Pac*P + 20 R") A %(Py A ey) — Pa/\*(Pa/\ec)—U*ec)

ov

+8w™ A [D <<g_}fz> * (eq A eb)> +D <<g§> * (PyNep— Py A 6a)>
+4D ((%) * Rab> + Qab]

+d KSIJ;> (6w™®) A *(eq A €y) + (%) (6w ™®) A (P, A ey — Py A eg)

+ <ﬁ> (—Z(LCR“I’) A % Rgp + 2R A % (Rap Nee) =V x ec)}

+4 <§‘Ji> (6w™®) A *Rab] : (2.23)

Then the variational principle (2.11) implies the following field equations:

8f ab
f*re.—T.+ <8R>(R Ax(eq Nep Aec) — R*ec>

0
+ <—f> <P“c % Py + (LeRM) A %(Py Ney — Py Aeg) — PP Ax(Py ANe.) — U x 60)

oU
+ (%) (—2(L0Rab) A %Ry + 2Rab A *(Rab A ec) —V % ec) =0 (224)
and
D <<g—£> * (eq A eb)> +D <<§(J;> x (Py Ney — Py A 6a)> +4D ((%‘é) * Rab> +Qap =0.
(2.25)

Now, upon multiplication of Einstein field equation by e, the trace equation becomes

(or-on(2) - () - ()= )i, oo

where the details are again given in Appendix C. It should be noted that if there is no
matter coupling in the action density (2.8) (i.e., L(matter) = 0), field equations and trace
expressions can be simply obtained by dropping the related matter terms. The basic feature
of GGM considered in this work is that one can clearly see the effect of all terms in the
field equations. It should also be noted that for unconstrained variations of GGM, one can
inevitably encounter a propagating torsion.

In the same vein, if one considers f = f(R) as a specific higher curvature gravity model
where gravitational action is a function of curvature scalar only, independent variation of

the action with respect to co-frame and connection fields yields the field equations

4 (%)

f(R)*ec_Tc+< dR

> (R“b Ax(eq Nep Aee) — R x ec) =0 (2.27)



and
D <<@> * (eq A eb)> + Qup =0. (2.28)
dR
Here, one can notice that, when the action does not involve any matter fields, the con-
nection equation (2.28) can equivalently be expressed in the following form by using the

definition of the exterior covariant derivative operator D:

(dzf (R) df (R)

>dR/\>k(ea/\eb)+ <—> TN x(eq Nep Nee) =0. (2.29)

dR? dR

It is seen that this equation is not an algebraic equation for torsion T¢, i.e., T® cannot
be determined algebraically. To see this, one can decompose the connection 1-forms in a

spacetime that involves torsion as
wh =T% + K%, (2.30)

where I'%, denotes the connection 1-forms of the vanishing torsion (i.e., the Levi-Civita
connection) while K%, denotes the contorsion 1-forms which determine the torsion through
the relation

T w) = K% Ael. (2.31)

Now, curvature 2-forms R can also be expressed in terms of connection-free curvature

two-forms and contorsions (and therefore in terms of torsion field) in the form
R®(w) = R®(') + D()K® + K* . AN K (2.32)

such that curvature scalar R = 145 R?® of the theory involves torsion intrinsically. There-
fore, equation (2.29) becomes a non-algebraic equation in torsion field. In this sense, the
gravity model inevitably produces propagating torsion. On the contrary, constant scalar
curvature solution imply that the theory becomes equivalent to torsion-free model.

Interestingly, one can also discuss the solutions of f(R) model with torsion in the absence

of matter. Indeed, calculating the trace of the Einstein field equation for f = f(R) yields

wstr) o (0 o, o)

Equation (2.33) can automatically be solved when the gravitational function f(R) has the

following form:

df(R)\ _
2R<W = nf(R),
df(R)  n [dR
/W - 2) R’
f(R) = GoR"?, (2.34)

with Cp is a constant where in 4-dimensional spacetime the solution gives R? gravity. The
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4-dimensional uncharged and charged black hole solutions of this model have recently been
examined in [14]. The model can be shown to be conformally scale invariant in generic

dimensions, i.e., the gravitational action is invariant under the conformal scaling
e — 7@ (2.35)

where o(x) is any dimensionless scalar field.
Before closing this section, one can also examine the field equations of f(R) gravity this
time demanding that connections are the Levi-Civita. Then, the Einstein field equation

(in the absence of matter) can be given by

f(R) % ec+ (%) <Rab/\>k(ea/\eb/\ec)—R*ec> +2D ((%) Lc*dR> =0,

(2.36)

whose trace is

<nf(R) _9R <%>> £1—2(n—1)D <<d2dﬁf)> ; dR) ~0. (2.37)

Now, it should be noted that the trace equation (2.37) can admit constant scalar curvature

solutions hence in this sense, AdS solutions with constant curvature can be the solutions
of f(R) gravity models with and without torsion. On the other hand, if f(R) theory
has (minimal or non-minimal) couplings to matter, then such theories with and without
torsion admit spacetime solutions whose scalar curvatures are not constant. When matter
coupling exists, the solutions obtained in both approaches (i.e., without torsion and with

torsion) are not equivalent.

2.1. Quadratic Curvature Gravity Theory In n-Dimensional

Spacetime

The quadratic curvature gravity (QCG) model in n-dimensional spacetime is discussed in
this subsection. QCG model can be considered as a specific model of generalized gravity
in the sense that the model is described by the Lagrangian density that involves R?, U
and the celebrated Gauss-Bonnet term. In the absence of matter fields, one can consider

the most general QCG model in n-dimensions (n > 4) in the form

B

1
Loce = §R“b/\*(ea/\eb)—|—%RQ*l—i—§Pa/\>kP“—|—%Rab/\RCd/\*(ea/\eb/\ec/\ed), (2.38)

where «, (3, v denote coupling constants. Here, the first term on the right hand side of
(2.38) is the celebrated Einstein-Hilbert term and the last one is known as the Gauss-

Bonnet term which can also be expressed in terms of curvature scalar in the form

R“b/\RCd/\*(ea/\eb/\ec/\ed) = (R2 —4U+V) x1. (2.39)

11



With the modifications of the coupling constants and using the identity (B.36), the action
density of QCG model can simply be expressed as

EQCG = f(R, U, V) *1, (2.40)

with

f(R,U,V):%((a+%)RQ+R>+<§—7>U+%V. (2.41)

Here, expressing the gravitational function in terms of the curvature invariants, one can get
the field equations of QCG model with the aid of GGM field equations presented previously.
First, one can consider that the connections of spacetime are constrained to be Levi-Civita.
Then, by introducing the Lagrange multiplier (n — 2)-form to ensure that the connections
to be torsion-free, one can make the variations of the following Lagrangian with respect to

co-frames e, connection 1-forms w?; and auxiliary field (Lagrange multiplier) A,:
Loce = [(RUV)*x1+ A AT*. (2.42)

The variations of the action density with respect to co-frame fields e®, connection fields

w?, and the Lagrange multiplier (n — 2)-forms \* take the form

_ il
Loca = e A [f*ec%—D)\c—l— <<a+%>R+§> <Rab/\>k(ea/\eb/\ec)—R*ec)

+<§—’Y> (Pac*Pa‘i‘Q(LcRba)/\*(Pa/\eb)_Pa/\*(Pa/\GC)_U*eC>

+% (—Q(LCR“b) A *Rap + 2R™ N #(Rap A ec) = V ec) ]

v [0 (@ 2) R ) wtearen)

1
—|—(g—7>D*(Pa/\eb—Pb/\ea)+7D*Rab+§(€b/\)\a—€a/\>\b)]

+oAa A [de“ +wh A eb} + d[ <(a + %) R+ 1) (6w™®) A x(eq A ep)

2

+ <§ - 7) (6w“b) ANx(Py Ney — Py Neg) + 7(5Wab) N *Rgp + (6e”) A )‘a} .

(2.43)

Since the last term is a total derivative and does not contribute to the equations of motion,

the variational principle (2.11) yields:

1
frec+ DA+ ((a—i—%)R—i— 5) <Rab/\*(ea/\eb/\ec)—R*ec>
+ (— —'y> P“c*Pa—i—Q(LcRb“) A *x(Py Nep) — P A*(Py A ee) —U*ec)
47
4

<— (LcRab) A %Ry + 2R A *(Rap N ee) — V % ec> =0 (2.44)

12



and

1
D<<(a+%)R—i—§>*(ea/\eb)>—|—<§—7>D*(Pa/\eb—]3b/\ea)
1
+’7D*Rab+§(eb/\)\a—€a/\)\b) =0. (2.45)

together with 7% = 0. The Lagrange-multiplier (n — 2)-forms can easily be calculated by
using (2.20) and properly identifying the term Ay :

Ap = <2a+ g) ty*xdR+ 8% DP,, (2.46)

owing to the fact that QCG model considered here is a special case of GGM (i.e., details of
the calculations for Lagrange multiplier (n—2)-form of GGM are given in (C.50)-(C.74) and
these are also compatible with QCG). Here, one should notice that the general expression
of the Lagrange multiplier (n — 2)-form is additionally simplified by using (B.2). Then,
the Einstein field equation of QCG model is given by

f*ec—i—((a—i-%)R—i-%) (R“b/\*(ea/\eb/\ec)—R*eC)

+ (é — 7> <P‘1c x P, + 2(L0Rba) Ax(PyNep) — P*AN*(Py Nee) — U x ec)

2
0 il ab ab _
+4 2(te R®) N % Rgp + 2R N #(Rgp Nee) — V ke
+D<<2a+§> Lc*dR+,8*DPc> =0. (2.47)

It is also of interest to obtain the trace of Einstein equation by considering exterior multi-

plication of Einstein equation by co-frame e®. Such a calculation yields

((n—4)f+R)>k1—(2(n—1)a+%>d*d}%:0. (2.48)

Next, one can study the same action by considering independent variations of co-frames

e® and connections w®;. In that case, the resulting field equations are

1 l ab _
frec+ <<a+ 2>R+2> (R Ax(eq Nep A ee) R*ec>
#(5=7) (Pror Puot GeR) AS(Pa s = Pica) = P AS(Ba e = U )

+% <—2(L6Rab) /\*Rab+2Rab /\*(Rab /\ec) — V*ec) =0 (249)

and

<a+%> dR A x(eq N ep) + ((a—i—%)R—i—%) TN *(eq Nep N ee)

+<§—7>D*(Pa/\eb—Pb/\ea)+7D*Rab:0. (2.50)
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Here, all the field equations (T = 0 or 7% # 0) in higher dimensions are easily obtained
by substituting gravitational functional (2.41) of QCG into the field equations of GGM.
On the other hand, the field equations (again T* = 0 or T'* # 0) of QCG model are clearly
derived without using the identity for the Gauss-Bonnet term (2.39) in Appendix D.

2.2. Quadratic Curvature Gravity Models In 3-Dimensional

Spacetimes

Three-dimensional gravity theories are considered as toy models in constructing a consis-
tent theory of quantum gravity in higher dimensions. Therefore, they attracted too much
attention in recent years. It is known that Einstein theory of gravity in (2+ 1) dimensions
has no propagating degrees of freedom such that the theory in its own is non-dynamical. By
adding gravitational Chern-Simons term and a cosmological constant to Einstein-Hilbert
term, one can obtain Topologically Massive Gravity (TMG). Some modifications of the
theory can be made possible by introducing additional quadratic curvature terms resulting
in New Massive Gravity (NMG), Minimal Massive Gravity (MMG) and Generalized Mas-
sive Gravity (GMG). In what follows, these 3-dimensional gravity models are investigated
within two different formalisms, namely by first considering that the connections are con-
strained to be Levi-Civita and then considering that the co-frame and connection 1-form

fields are independent.

2.2.1. Topological Massive Gravity

The three-dimensional gravity theory known as Topologically Massive Gravity (TMG) [15]
includes the Einstein-Hilbert term, a cosmological constant and a gravitational Chern-
Simons term as a deformation. The theory is also known as Chern-Simons gravity and

renowned Lagrangian is described by

Lryve = —%Rab Asx(e® Ael) —Ax1+ i (w“b A dw®, + %w“b Awle A wca> ,  (2.51)
where o is a dimensionless parameter which defines the sign of Einstein-Hilbert term (o =
+1), A is a cosmological constant and p is a mass parameter (or the Chern-Simons coupling
constant). This dynamical theory that describes a massive graviton admits both static
and stationary (rotating) classes of exact black hole solutions with a negative cosmological
constant. In the limit that |u| — oo, the TMG action reduces to the 3-dimensional GR
action with a cosmological constant (for o = —1).

Under the constraint that the connection is Levi-Civita, one can consider the variation of
the following action density with respect to orthonormal 1-form field e*, connection 1-form

field w®} and Lagrange multiplier (n — 1)-form field A,:

_ 1 2
SLrva = —%Rab A (e A eb) —Ax1+ @ (w“b Adw?, + gwab Awb A wca> F A NANTY.
(2.52)
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Then, corresponding variations lead to
Lrma = 0eqg A (0G* — Axe® + DY) + (6Ag) N T

1 1
+owap A <—%D x (e* Aeb) + ﬂRb“ - 5(6(1 AN —eb A )\“)>

1
+d (—% <5w“b> A *(eq A ep) + m (5wab) A wpq + (6€%) A >‘a> , (2.53)

where

1 1
G, = —§Rbc Nx(eq Ney Nee) = —§eabcRbc (2.54)

denotes the Einstein 2-forms with the identification *(e,AepAe.) = €qpe in three-dimensions.

It can easily be seen that, the co-frame variations give
0G* —Axe”+ DX\ =0, (2.55)
while variations of the connection yield

1 1
—ED*(e“/\eb)—i——Rba— (AN —ePANY) =0, (2.56)
2 20 2

With some algebra (the compatible details can be reached for a = 0 in (E.30)-(E.34)),
one can see that, equation (2.56) admits a unique solution for the Lagrange multiplier

(n — 2)-forms as

do A <2Pa - —Rea> =——Y° (2.57)

where )
Y= P*— ZRe“ (2.58)

denotes the Schouten 1-form field. Then, the celebrated Einstein field equation of TMG
can be obtained as )
oG —Axe ——-C*=0, (2.59)
I

where
C*=DY*=dY*+wiy AY? (2.60)

symbolize a symmetric and traceless Cotton 2-form in terms of the Schouten 1-form field
Y®. It has been shown that TMG admits a variety of solutions. To mention some of them
are classes of solutions that are locally equivalent to biaxially squashed AdSs or to AdS pp-
waves where an almost complete classification has been recently made in [19]. In addition,

the supersymmetric version of the solutions of TMG has been obtained in 16, 17].

2.2.2. New Massive Gravity

To avoid the bulk versus boundary clash problem which is present in TMG, some other
massive gravity models have been proposed to obtain holographically consistent theories of
massive gravity. One of them is New Massive Gravity (NMG) introduced in [20]. NMG is a
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three-dimensional theory of gravity that involves R? and U terms specifically. In this sense,
NMG can be considered to be a quadratic curvature gravity model in 3-dimensions. In the
literature, it has been shown that the theory admits some interesting physical solutions like
AdS waves [21], warped AdS black holes [22], type D and type N solutions [23]. It has also
been proven that the theory also admits rotating asymptotically AdS black hole solution
[20, 24| as well as a class of asymptotically Lifshitz solutions (together with Lifshitz black
hole solution with a dynamical exponent z = 3 where z = 1 corresponds to AdS) [25].

The general NMG model can be described by three-dimensional QCG action density as

g

1
E:§Rab/\*(ea/\eb)+A*1+%R2*1+§Pa/\*PG. (2.61)

One should also recall that the action density (2.61) can be written in the form
L=(f(RU)+A)*1, (2.62)

where

1
f(R,U) = 5(041%2 +R) + gU. (2.63)
As in the previous section, the field equations can be obtained by considering either the
connections to be Levi-Civita (i.e., with constraint 7 = 0) or by making independent
variations of action with respect to co-frame e* and connection w®y. First, one can examine
the variation of action density by constraining the connections to be Levi-Civita. Then,

the constrained Lagrangian reads

g

L /1
E:<§(aR2+R)+§U+A>*1+)\a/\Ta- (2.64)

Then, the variation of (2.64) with respect to the independent variables e, w®, and A gives

_ 1
oL = 5eCA[(aR—l—i)R“b/\*(ea/\eb/\ec)—i—<A—%R2>*60+D)\c

s

+ 5 <P“c * P, + (LcRb“) ANx(Py Ney — Py ANeg) — P A x(Py A ec)ﬂ

s A BD [ (ca A e)] + @D [R % (eq A e3)] + gp 4 (Py A ey — Py A )]

+ (eb/\)\a—ea/\)\b)} + A ANT?

N |

+d [(&u“b) A <<% + aR> % (eq N €) + g s (Py A ey — Py A ea)> + (6e*) A /\a] .
(2.65)

By minimal action principle, the field equations of model can be obtained as

1
<aR + 5) R™ A x(eq Nep Aee)+ (A — %RQ) xe. + DA
p

+5 <P“c % Py 1 (1eRY) A %(Py A ey — Py A eg) — POA #(Py A ec)> —0 (2.66)
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and
1 3 1
D <(§ + aR) * (eq A eb)> + ED (x(PuNey— Py Neg)) + 5(61) Adag—e€a ANXNp) =0. (2.67)

Lagrange multiplier (n — 2)-forms can be easily written from (2.20) by using gravitation
function (2.63) in the form

Ay = <2a+ g) tg *dR+ 8% DP,. (2.68)

Since the details of the procedure is outlined in (C.50)-(C.74), the Einstein field equation

of the theory becomes

1 ab L)
<QR+§>R /\*(ea/\eb/\ec)+(A— 2R)*ec

+§ <P“c % Py + (LeR") A%(Py Aey — Py Aeg) — PP A x(Py A ec)>
+D<<2a—|—§> Lc*dR—i—ﬁ*DPc) =0. (2.69)

To be complete, one can also obtain the trace of the Einstein field equation (2.69) as:

1 3
<§(aR2—R)+§U—3A>*1+<4a+?ﬁ>d*d}%:0. (2.70)
One can also consider independent variations of w%, and e®. In that case, the field equations
become
1 ab a 9
(aR—l— §>R A x(eq Nep Aee) + (A— 2R ) * e,
+§ <P“c % Py + (teRY) A %(Py A ey — Py A eg) — POA %(Py A ec)> —0 (2.71)
and .
D<(§—i—aR)*(ea/\eb)—i—g*(Pa/\eb—Pb/\ea)) =0, (2.72)

which can also be expressed in alternative form
1 . 154
adR A x(eq A ep) + (5 + aR)T  egpe + §D (x(PaNey—PyNey))=0. (2.73)

At this stage, it should be noted that by taking the coupling constants

@ 3 8 1

with correct mass dimensions, one can obtain the familiar form of NMG Lagrangian density

n-form from (2.61) as given in [20]:

1 1
Lnme = <§R +A-— (Pa A *P% — §R2>> *1. (2.75)
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The Einstein field equation of NMG with T% = 0 can be written as

3 1 b 3,
= Z @ A—
<4m2R+2>R /\*(ea/\eb/\ec)+< 8m2R > * e

1
- (P“c Py + (1cRY) A %(Py A ey — By Aeg) — PO A #(Py A ec))
4D (1% dR — 4% DP.) = 0 (2.76)

while the trace of Einstein field equation becomes

1 3 1
—(—R?*-R)-—=U-3A=0. 2.77
2 <4m2 ) m? (2.77)
One can easily see from the trace expression that there is no contribution from the second
term of (2.70) for NMG theory. Before closing this section, one can also obtain NMG
theory field equations for independent variations of the connection 1-forms and the co-

frame 1-forms by taking (2.74) as

<4im?R + %) R® A x(eq Aey Aee) + (A - %]#) * €
—% (P“c *x P, + (LcRb“) Ax(Py Ney — Py Neg) — P AN x(P, A ec)) =0 (2.78)
and . 5 .
D<(§+WR)*(eaAeb)—W*(PaAeb—PbAeaO =0, (2.79)

which can be alternatively written as

3 1 3
— dR N x(eq Nep) + (= +

4m? 5 T gz DT €ave =

1
WD*(PG/\eb—Pb/\ea) =0. (2.80)

Finally, the equations (2.73) and (2.75) suggest that vacuum field equations of NMG (or 3
dimensional QCG theory in general) can admit constant curvature solutions with constant

torsion where the torsion can take the specific form

1
Ta= 57 €abe el A e (2.81)

where 7 denotes constant torsion. This solution is to be discussed in Section 3.

2.2.3. Generalized Massive Gravity

It is also possible to construct a 3-dimensional massive gravity theory with quadratic
curvature terms by adding gravitational Chern-Simons term to NMG Lagrangian. The
resulting theory can be identified as Generalized Massive Gravity (GMG) in 3-dimensions.

Then the Lagrangian of GMG can be expressed in the form

1 2
Loeve = Lyme+ m (Wab Adu®y + Wi A we A w%) . (2.82)
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This can be explicitly given by
1 ab 3 2 1 o
Love = =RV Ax(egNep)+Ax1+—R*x1— —P, AN«xP
2 8m? m?2

1 2
—i—@ (wab A dw?, + gw“b Awle A w%) , (2.83)
where o and 5 denotes coupling constants of NMG and p is the mass parameter. Introduc-
ing the Lagrange multiplier (n — 2)-form to ensure that the connections to be torsion-free,

variation of GMG Lagrangian with the constraint term reads

_ 1 3 1
5£GMG = §Rab/\*(€a/\€b)+A*1+WR2*1——2Pa/\*Pa
m m
1 2
+@ (w“b A dwb, + gw“b Awlo A wca> + A AT (2.84)

Then, the variation of GMG Lagrangian under torsion-free constraint yields

- 3 1 3
Lama = dec A |:<WR + 5) Rab A *(ea Nep N\ ec) + (A = WR2> x e. + DA

1
- <_2> (PGC*PG+(LcRba)/\*(Pa/\eb_Pb/\ea)—Pa/\*(Pa/\ec))]

m

3 1
—QD(R*(ea/\eb))—WD*(PG/\eb—Pb/\ea)

b
+ow® A [D * (eq Nep) + I 7

1 1
+—Rpa + =(ep ANy — g A Ab)} + A NT?
21 2

1 3 1 1

ab - 2 o _ -
—|—d[(5w ) A <<2 +4m2R> * (€q N €p) — s (Py A e Pb/\ea)+4,uwba>
+(8e%) A )\a] . (2.85)

Since the variational contribution of the Chern-Simons term is given through (E.6)-(E.11),

the field equations of GMG can be easily written by using minimal action principle as

3 1 b 3 9
(4—m2R+§>R /\*(ea/\eb/\ec)%—(A—WR>>kec—i—D)\c

1
- <—> <P“c * P, + (LCRb“) Ax(PyNey — Py Neg) — P A *(Py A ec)> =0

m?2

(2.86)

and

3 1 1
D*(ea/\eb)_{_mD[R*(ea/\eb)]_WD*(Pa/\eb_Pb/\ea)‘FﬂRba

1
+§(eb/\)\a —ea AXp) =0. (2.87)
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Using the definition (2.16) in connection equation (2.87) gives the Lagrange multiplier of
GGG model as

1 1
Ao = 55ta*xdR+ B+ DP, — —Y,. (2.88)
2m w

Therefore the Einstein field equation of GMG becomes
1

3 ab 3 2
<WR+§>R /\*(ea/\eb/\ec)—i—(A—WR)*ec

1
— <—2> <P“c x P, + (LcRb“) ANx(Py Ney — Py Neg) — P A *(Py A ec))
m

1 1
+D <2—2Lc «dR+ B DP, — —Yc> =0. (2.89)
m 1

On the other hand, it is also possible to consider independent variations of GMG La-
grangian with respect to co-frmaes e® and connections w®,. Such a variation yields follow-

ing field equations:

3 1 ab S
<WR+§>R /\*(ea/\eb/\ec)—i—(A—WR)*ec

1 a a a
— (W) (P cx Py + (LcRb YA *(Py ANey — Py ANeg) — P A x(Py A ec)) =0 (2.90)

and

3 1 il
D*(ea/\eb)+4—m2D(R*(ea/\eb))—WD*(PG/\eb—Pb/\ea)—i—ﬂRba:O. (2.91)

The equation coming from the connection variation can also be expressed in the form

3 3
(1 + WR> €abed € + WdR A x(eq A ep)

1 1
—WD*(PG/\GI,—PI,/\GQ)—F ﬂRba =0 (2.92)

Looking at the last expression, one can immediately conclude that independent connec-
tion variations leads to propagating torsion in the theory. Therefore, the field equations
involving torsion considerably differ from the field equations obtained under torsion-free

constraint.

2.2.4. Minimal Massive Gravity

Minimal Massive Gravity (MMG) is a three-dimensional gravity model which has attracted
much attention in recent years. MMG is proposed as the extension of TMG with an aux-
iliary field in the action such that at the very end the extension leads to a particular form
of curvature squared terms in the Einstein field equation. MMG is proposed to elude the
bulk /boundary clash that exists in TMG. It has been shown that [26], although the bulk
properties of MMG and TMG are identical, the boundary properties are not same if one

calculates central charges of corresponding conformal field theory. The geometrical anal-
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ysis of the unitarity conditions of MMG are investigated in [27]. Matter-coupled MMG
theory has been first investigated in [28]. In [28, 29|, it has also been shown that for a spe-
cific value of the cosmological constant, MMG has a unique maximally-symmetric vacuum
solution which is also identified as ‘merger point’. In addition, circularly symmetric static
and stationary solutions of MMG at its merger points are given in [45]. An alternative
derivation of the minimal massive 3D gravity [31] and an alternative approach to matter
coupling in Minimal Massive 3D gravity [32] are presented by using the algebra of exterior
forms. Yet there is another work [33] in which MMG theory is examined within exterior
algebra formalism. In this section, the field equations of the 3-dimensional MMG theory
with and without matter coupling are examined. The details of the calculations for vacuum

and matter coupled cases are presented in Appendix D.
i. MMG field equations without matter (Vacuum field equations)
Lagrangian density of MMG, introduced in [26], is given in terms of exterior forms as

1 2
Lyve = —%Rab(w) A x(e® A eb) +Ax1+ @ (wab A dw?, + gwab Awlo A wca>
e ATw) + %)\a Ao A*(e® A eb). (2.93)

As usual, p describes the mass parameter inherited from TMG while A, is introduced as
the auxiliary 1-form field where for the coupling constant av = 0, it enforces the vanishing
torsion constraint for the TMG model. Furthermore, o is taken to be a dimensionless
parameter which defines the sign of Einstein-Hilbert term (usually taken as ¢ = £1) and
A again denotes the cosmological constant.

The variation of the Lagrangian density Lararg with respect to e, w?, and A% leads

SLuvc = dea A (aGa(w) A% e+ D(W)A + %e“bc)\b A )\c>
1 1
+dwap A <—%D(w) s (e® A e) + ﬂRba(w) - 5(6“ AN — b A )\“)>

+0Ag A (T“(w) + ae®ee; A )\c)

+d (-% ((5) A x(ea ner)) + i (50 A+ (56 A )\a> (2.94)

Assuming that the variation of connection and co-frame fields vanish on the boundary of
spacetime manifold, one can conclude that the closed forms do not contribute to the field

equations (i.e., they satisfy (2.10)). Therefore, the variational principle (2.11) implies

GG (W) + A * €7+ D(w)\T + %e“bc)\b Ade=0, (2.95)
g a b 1 ba 1 a b b a
——D(w)*(e*Ne”)+ —R™(w) — =(e* AN —e’ A X)) =0, (2.96)
2 2% 2
T%(w) 4+ ae®ey AXe =0. (2.97)
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From equation (2.97), torsion T can be solved as
T% = —ae®ep A X, . (2.98)
Then, by using Cartan structure equation
Ky Aeb =17, (2.99)
one can obtain contorsion 1-forms K%, in the form
K% = ae® ). (2.100)

This suggests that one can decompose the connection 1-form w?, into the Riemannian

part, denoted by I'%;, and non-Riemannian part in the form
w® =T 4 ge®e), . (2.101)

In addition, the curvature 2-form can be decomposed by using (2.101) in the Cartan’s

second structure equation as
R®(W) = R®(T) + e D)\ + a?A* AN (2.102)

Then, the field equations (2.95) and (2.96) can be rewritten in terms of Riemannian quan-
tities by using (2.98) and (2.102). They take the forms

—%e“bcRbc(I‘) +Axe® + (1+ ao)DI)A — %(1 +ao)e® N AN =0, (2.103)
and
L pabry @b pryae - @0 an - 1 b ao) (e AN P AN =0, (2.104)
o 2ME c o 5 ao)(e e =0, .

respectively. To solve equation (2.104) for A4, one can multiply Einstein field equation
by €¥, and substitute the term ¥, D(I")A® in ( 2.104). After some straightforward cal-
culations, one finally ends up with the field equation which is fully expressed in terms of

Levi-Civita connection T'% of the form

1
"~ 2u(1 + o)

alA

1

a b a b b a

— - —(1+ ( — >— .21
(1 )e Ne 2( ao) (e AN —e” A 0. (2.105)

Rab(r) _
Equation (2.105) can be exactly solved for the auxiliary field A\, as (see appendix D for

detailed calculations)

1
A= —————_(2V, + ale,) , 2.106

where Y'* denotes the Schouten 1-form, identified in (2.58). Then, final form of the Einstein
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field equation in terms of the Levi-Civita connection becomes

_g abe a 1 a a
7€ Ry (') +Axe S o) aa)D(P) (2% + ale?)
Qo b B
_8M2(1 + a0)36a “(2Yp + alep) A (2Ye + alec) =0 (2.107)
or equivalently
o a2\ abe a3 A?
-+ Ry (T AN——r———— a
<2+4M2(1+040)3>6 bc( )+< 4/1,2(14-@0')3)*6
1 «
- c* — Wby ANY, =0 2.108
,U(l + aa) 2M2(1 + a0)3 € b c ; ( )

where C'® denotes the Cotton 2-forms. It can be clearly seen that the last term in (2.108)

involves the quadratic-curvature terms which is a consequence of the MMG field equations.
ii. MMG field equations with Maxwell-Chern-Simons coupling

In this subsection, MMG model is coupled to the electromagnetic Maxwell-Chern-Simons

term where the Lagrangian three-form reads

Lyme = Lumc+ L(matter)

1 1

Here, Lysp¢ denotes renowned MMG Lagrangian (2.93) and the Maxwell field is defined
as F' = dA, where A denotes the vector potential. The last term is identified as Chern-

Simons term with the coupling constant m. The variation of £y with respect to e?,
w%, A* and A yields

SLane = 66 A (0Ga(w) + Ak cq+ D@ + e’ AN +7a[F))

2 2
FONT A (Ta(w) + aegpee® A )\C) 4 (6A) A (d % F +mF)

1 1
+6w® A <—2D(w) * (eq N ep) + Q—Rba(w) — —(ea ANy —ep A )\a)>
I

_z ab i ab a l
+d[ : (5w /\*(ea/\eb))+4M <5w >/\wba+(5e )/\)\a—|—2(5A)/\A},
(2.110)

where

1
TYF] = §(LaF/\*F—F/\La*F) (2.111)

is the electromagnetic field energy momentum 2-form. The variation with respect to the

related fields gives the field equations of the model as

0Ga(w) + A % eq + D(w)ha + %eabc)\b AN+ 7,[F] = 0, (2.112)
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1 1
— I D(w) * (eq Aep) + — Ria(w) — =(ea A Xy — €5 A Ag) = 0, (2.113)
2 20 2
To(w) + egpee® AN =0 (2.114)
and
d* F+mF =0. (2.115)

As can easily be seen, (2.114) and (2.97) are identical. Therefore, torsion can be solved
as T% = —aegpee® A X and Cartan structure equation leads writing contorsion 1-forms as
K%, = ae*p ¢ This yields the decomposition of the connection 1-form and curvature
2-form into Riemannian and non-Riemannian parts as given in (2.101) and (2.102). Then,
the field equations according to orthonormal 1-forms and connection 1-forms can be fully

expressed in terms of Riemannian quantities as

- %eabcRbc(F) +Axeq+ (1+ao)DI)A — %(1 + ao)eae ! A XS+ 1o [F] = 0, (2.116)
L o) — L DDA &\ Ra L1 £ ao)(ea ANy —ep AN) =0 (2117)
2 ab 2% €abc 2 a b 9 Qo )(€q b — €b a) = .

respectively. Here, multiplying the Einstein field equation ¥

term e¥*D(T)\, in (2.117) gives

and then substituting the

—R®T) — ahe® Ae® — (14 ao)? <ea AN —eb A )\a> + ae®r [F] = 0. (2.118)

The auxiliary field 1-form A, can be exactly solved from (2.118) as

1 1 1
b __ b b b b
Here, redefining a stress-energy tensor as
1
—7P[Fle. + 5T[F]eb = — % 7Y[F) (2.120)
yields the following
1
#PF) = —7b[F) + STIE) * el (2.121)
so that the auxiliary field 1-form reads
N1 vy Lanet 4 ax b)) (2.122)
p(l+ ao)? 2
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Then, in terms of Riemannian quantities, the Einstein field equation becomes

o Aa? b 1
a1 9/1 . _ 2 - a a F
( 2 4u?(1 +aa)3> Cabelt Ca 7ol F]

A28 o
A——n - Y2 AYET
i ( Ap? > T (1t ao)r e ) AYAD)

(1+040')3 1+ )3
« . ag A )
i agp ]_2M2(1+aa)3€“bc*7b[F]A*T [F]
a2
T 221+ ao)® (Y (T) A *79[F] = Y(T) A *Tb[F])
a3A

b ~cC c ~b
S - A #7¢[F] — €€ A % F):O. 2.123

4%(1 + ao)3 Cabe (e TR —e t ( )
Although the field equations with/without matter coupling with respect to connection 1-
forms seem equivalent, their auxiliary field 1-forms are different since there is an explicit
contribution coming from matter field. If one drops the matter field, the related field
equations are compatible with the ones presented in vacuum case.

One can also consider the field equation in the following form

Ea + TalF] + Ou[#] = 0, (2.124)
where
2 2 3
Ea = Aa eabcRbc - ! a - L - €a
2 4p*(l+ ao)d (1l + ao) 4p2(1 + ao)3
_ o b c
221 1 a0)? €Y (L) NYE(T) (2.125)
and
Oui] = ——2 (T) %7 [F]—O‘—Qe a % 7P[F] A #7°[F]
“ p(l+ ao)? “ 212(1 + ao)?

n (Yb(F) A #7°[F] — YE(T) A *%b[F]) oA

5 <eb A *TE[F] — e A *f'b[F]> > .

(2.126)

Here, &, is the stress tensor of pure MMG theory and O,[7] is the stress tensor contribution

coming from the electromagnetic field. The usual conservation condition implies

a A
2(1+ a0)? cancC’ N Y+ DO[F] = 0. (2.127)

Eliminating the Cotton 2-form C, from the Einstein field equation (2.123) reads

«

DO,[# ~€abe <7b[F] n obm) AYE(T), (2.128)

1= v a0)

which is known as the consistency relation in the literature [28, 32]. One can see that

electromagnetic field contribution ensures that the field equation of matter-coupled MMG
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theory is consistent on shell. As a final remark, one can find details of the derivation of

field equations in Appendix E.
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3. SOME NEW EXACT SOLUTIONS OF
GENERALIZED GRAVITY MODELS

In this section, exact constant curvature solutions of higher curvature models are derived.
Firstly, QCG model is examined for constant curvature with/without torsion in higher
dimensions. The solutions presented at first have a cross product structure of two constant
curvature manifolds and the equations of motion yield relations for the coupling constants
of the theory in order to have solution containing nontrivial torsion. Then, constant cur-
vature solutions are obtained assuming that QCG Lagrangian independent from co-frame
and connection fields. On the other hand, under the constraint that the connection is
Levi-Civita, Lifshitz type static/stationary solutions of R2-corrected gravity are investi-
gated with some thermodynamical properties. Moreover, Bianchi type static/stationary
solutions and Schrédinger type solutions of R?-corrected gravity are obtained in higher
dimensions as well.

Quadratic curvature gravity model can admit different classes of solutions. Among them
are cosmological solutions of model with and without torsion in 4-dimensional spacetime.
For n = 5, one can investigate Lifshitz (Li5) solutions (where z = 1 corresponds to AdSs
solutions). In addition, one can examine solutions of the form Lig x Qg (for z = 1 cor-
responding to AdSs x Q9) with and without torsion where Q corresponds to constant
curvature spacetime. Banados-Teitelboim-Zanelli (BTZ) [35] type solutions of the form
BTZ x Qg are of particular importance as well (where BTZ solutions correspond to 3-
dimensional static and stationary solutions). On the other hand, for n = 6, the model
can admit a variety of solutions. Among them are Lig (z = 1 corresponding to AdSg)
solutions, Liz x Q3 (2 = 1 corresponding to AdSs x Q3), Lig X Q9 (z = 1 corresponding to
AdSy x Q). In addition solutions of the form Lig x Bianchis (z = 1 case corresponding

to AdS-type), BT Z x Q3 with and without torsion deserve a particular investigation.

3.1. Constant Curvature Solutions Of Quadratic Curvature
Gravity With And Without Torsion

In what follows, constant curvature vacuum field equations with and without torsion in
spacetimes with n > 6 are discussed with the motivation of [36]. Moreover, in [37], general
forms of symmetries are discussed in the presence of torsion. In the same work, how torsion
affects the maximal symmetries are also studied. To this end, higher dimensional QCG

Lagrangian density is considered as

B

2
ﬁ ab cd

+4R AN RN *(eq Ney Nee Neg), (3.1)

1
Loce = FR™Nx(ea Mep)+ Ax 1+ SR w1+ SR A sk
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where A is a cosmological constant, o, 8 and 7 denote constants. Expressing the Gauss-

Bonnet term in terms of R?, (Ricci)? and (Riemann)? by using (2.39) yields

1

1 1
EQC(;:<§R+2(a+g)R2+A—U+Z(ﬁ+n)V>*1, (3.2)

where in this case the gravitational function of the theory is

fZ%((a—l—g)RQ—FR—l—QA—U—i-i(ﬂ—FW)V)- (3.3)

Introducing the Lagrange multiplier (n — 2)-form to ensure that the connections to be the
Levi-Civita gives
Locg=[*1+ A AT". (3.4)

The variations with respect to e®, w?, and A% implies the following field equations

1
(aR—i— 5) D (eq A ep) + BD * Rap + gD (RCdA *(ea AebAecAed))

1
+5 (b A da —ea A X) =0 (3.5)

and
1
(aR + 5) R™® A x(eq Aey Aep) + (A - %R2> *ef
—g (s R™) ARy = R Aty % Ry )
—i—gRab/\RCd/\*(ea/\eb/\ec/\ed/\ef)—i—D)\f:O. (3.6)

naturally with 7 = 0. Here, the Lagrange multiplier (n — 2)-form of the model can be
given by
Ao =20, xdR+ 28 % DP, . (3.7)

Thus, the final form of the Einstein field equation is
1 ab a9
aR—|—§ R /\*(ea/\eb/\ef)—i—(A—ER)*ef

—g (g R™) MRy = R Aoy + Ry

—i—gR“b AR Ax(eq NepAec NegNep) +2D (auypxdR+ B % DP) =0. (3.8)

When the connection of spacetime involves torsion, the field equations of the model via

the variational principle can be written as

1
<aR + 5) D x (eq Nep) + 8D x Ry + gD <R6d A x(eq Aey Aec N ed)) =0 (3.9)
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and
1
<aR + 5) R A x(eq Nep Nef) + (A — %RQ) *ef

—g ((LfR“b) A xRy — R™® A L * Rab> + gR“b A R A *(eqg Ney NecNegNep) =0.
(3.10)

Recall that, one can immediately obtain associated field equations with appropriate coef-
ficients with the aid of the calculations presented in Appendix C and Appendix D.
3.1.1. Constant curvature solutions with torsion

In this subsection, one can consider the n-dimensional metric
g =nae* ® e’ (3.11)
where in the splitted form, this metric can be written as
9 ="Tape” @’ + e’ @ (3.12)

Here noge® ® e? corresponds to metric of (n — 3)-dimensional subspace while nijet ® el
corresponds to 3-dimensional spacetime metric. Indices range as i = {0,1,2} and o =
{3,4,...,(n —1)}. Now, for the product spaces with maximally symmetric submanifolds,
one can deal with the following ansatz for curvature 2-forms with respect to torsion-free

connections:
R =Re* ne®,  RI=RAAe (n>6) (3.13)

with A and A being related to the curvature constants of the submanifolds. In addition,
one can consider .
T=0, T = §Teijkej A ¥ (3.14)

for torsion ansatz. By using
2wap = ta(Ty — dep) — (T, — deq) — (ta tp(Te — deg))e’ (3.15)

and assuming that e* = e®(2%) and e’ = e’(x?), one can obtain

Wap = Wap Wai =0, wij = Wij + Kij (316)
with
1 k
Kij = §T€jik (& (317)
determined from
K'jne =T, (3.18)
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Curvature 2-forms are obtained from (2.4) (i.e., the second Cartan structure equation). By

using this relation, one can calculate
R¥ =R  R¥=0, RYV=RY4+DKY+K  ,NK". (3.19)

Then, the field equations (3.9) obtained from the variation with respect to connection field

w® yields the following equations:

[/_\ <a(n—3)(n—4) +ﬂ+g(n—5)(n—6)> + (6 + 1) </~X+ T—2> —l—l] 7=0 (3.20)

1) 72
and [(n_3)(n_4)A (a+g)+(6a+ﬁ) <[\+T£>+%]T:0. (3.21)

On the other hand, from the Einstein field equation (3.10), one obtains the following

equations:

<6a ([\+ %2) +a(n—3)(n—4)A+ %) ((n—4)(n—5)A+ <[\+ ;))

+A_% <6 <A+TZ2> +(n_3)(n—4)A> —g (—(n—4)(n—7)A2+ <[\+TZ2>2>

+2(n — 4)(n - 5)

=~
=
/:
S
|
2
s
|
-
=
+
[\)
Y
=1
+
|\]
[\e}
N————
N———
Il
@
[\)
N

+A_%<6 (AJFT;) +(n_3)(n—4)[\> —g <—(n—3)(n—4)[\2+ ([\+TZQ>2>

+2(n = 3)(n - A ((n—5)(n—6)ﬁ+2<ﬁ+§>> =0 (3.23)

respectively. As can easily be seen that 7 = 0 solves the equations of motion but it is out of
the subject of this subsection (i.e., 7 = 0 yields torsion-free constant curvature solutions).
Here, the field equations imply two classes of solutions. In the first class, equations (3.20)

and (3.21) require that

,7_2

A=—— 24
. (3.21)
and 1
A== ((n— _ Ui
A=-3 ((n 3)(n — 4) <a+ 2)) . (3.25)
In addition, the equations (3.22) and (3.23) enforces the condition
g
= 3.26
"= Gn_9) (3.26)
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for the coupling constant n and also the relation

(2n—9)

A= 420(2n — 9) + B)

(3.27)

It means that quadratic curvature gravity model admits the first class of constant curvature
solutions with torsion presented above it the relations (3.24), (3.25), (3.26) and (3.27) hold
simultaneously.

On the other hand, the second class of solution requires

X (B+(9—2n)n)
A= 4 + 5D A, (3.28)
o n (B+(9—2n)n)
A_—5 <(n—3)(n—4)<a+§)+(6a+ﬁ) T > (3.29)
and
n=2, (3.30)

—g(n—?))(n—él)/_\ ((n—5)(n—6)/‘x+2<ﬁ+7—2>> : (3.31)

It is seen that the second class of constant curvature solution is valid if the constant
curvature A of the (n — 3)-dimensional subspace is to be expressed in terms of the coupling
constants of the gravity model and the dimension of the spacetime. Also, this class fixes
the coupling constant n as n = 2. The study as presented here also discussed for five
dimensional Einstein-Gauss-Bonnet gravity |38|.

Before closing this subsection, one can also consider 3-dimensional QCG model in which

the Lagrangian density is given as follows:

B

1
L= 5R“‘b/\*(ea/\eb)—i—A*l—i— %RQ*l—i— §Rab/\*Rab, (3.32)

where o and 8 denote coupling constants. In this case, indices are ¢ = 0,1,2. Choosing

torsion and curvature ansatz as
i 1 ) j k Dij AT j
T :§T€jk€j/\€ , RY =Ae' Né. (3.33)

gives the following field equations

((6a + ) ([x + ;) + %) =0 (3.34)
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and

N 1 N N AN
A4 — - [A+— A-1 A4+—) —
<6a< +4>+2>< +4>+ 8a< +4>

which are respectively solved for

2
g (A - ;) =0 (3.35)

T 1 _ 3(12a + )

provided (6 + ) # 0. Additionaly, if one considers NMG theory, the field equations are

simply solved for
2 2 2
- T 2m 21m
AN=—— — — A=
4 5 and 25

(3.37)

3.1.2. Constant curvature solutions without torsion

One can also obtain the constant curvature solutions of the QCG theory by assuming that

the space is torsion-free. Similarly, one can take
R® = Ae? A€ (3.38)

for the curvature ansatz (a similar approach is used in [36] for the Lovelock gravity models).
Also bear in mind that
T =0 (3.39)

for this case. Then, the Einstein field equation yields
(n—1)(n —4)A2 <an(n —1)+ 8+ g(n —2)(n— 3)) YA —1)(n—2)+2A =0. (3.40)

The equation (3.40) can also be written in the form

GQAQ + alf\ +ag=0, (3.41)

where
az = (n—1)(n — 4) (an(n —1)+ 8+ g(n —2)(n— 3)) , (3.42)
ag=Mm-1)(n-2), (3.43)

Then, the constant curvature A can be solved as

. —a1 £/a? —4
f—— 1~ 24240 (3.45)

a
2&2

Also, it is obvious that for a physical solution, the parameters should respect the following
inequality
a3 — 4agag > 0. (3.46)
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In this subsection, n-dimensional QCG field equations are obtained in order to see the effect
of maximal symmetry onto the field equations of the model. This is accomplished for a cross
product structure of two constant curvature manifolds (i.e., M, = M,_3) x 3)). The
relation between coupling constants yields solutions with nontrivial torsion. This choice
motivates one to investigate the interesting phenomenological consequences of the presence
of torsion in higher dimensions. For a comparison, the Levi-Civita constraint case is also
examined for the same manifold structure. It can be done by simply taking 7 = A = 0 and
A = A in the field equations (3.20)-(3.23) with appropriate spacetime dimension change.
Interestingly, one can also examine constant curvature solution of 3-dimensional quadratic
curvature gravity model described by the Lagrangian (3.32). In this case, taking one
obtains

A+A—(6a+pB)A2=0, (3.47)

which yields

. 1+4/1+4(6a+ B)A
Ay = 26017 (3.48)

under the constraint that 1 + 4(6a + 8)A > 0 and (6a + 3) # 0. In the limit o — 0 and
B — 0, one recovers TMG. For NMG, one finds

<~ 2m? / 5A
A=—[1E£4/1+—|. 3.49

3.2. Some Exact Solutions Of R?>-Corrected Gravity Theory

In this subsection, some exact solutions of R?-corrected gravity are examined. This gravity

model can be described by the Lagrangian
1 ab a 9
E:§R /\*(Ba/\eb)—FA*l—FgR *1, (350)

where A is the cosmological constant and « is a coupling constant. The Einstein field
equation of R? gravity theory under the constraint that the connections are Levi-Civita

can be given as
1
frec+ <aR + 5) (R“b A x(eq Nep Aee) — R x ec) +2aD (,.*dR) =0, (3.51)
where )
f(R) = 5(aR2 +R)+A (3.52)

is the gravitational function expressed in terms of scalar curvature and cosmological con-
stant. It can be seen that R?-corrected gravity theory can admit some classes of solutions
including Lifshitz type topological static/stationary solutions, Bianchi type static/stationary

solutions and Schrédinger type solutions for R2-corrected gravity provided that the cou-
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pling parameter, cosmological constant and scalar curvature obey the relations

1

(X:8—A,

R=—4A. (3.53)

Here, it should be emphasized that all the analytical solutions presented here are new and

exact.

3.2.1. Lifshitz type topological static/stationary solutions

i. Lifshitz type static solutions

In this subsection, Lifshitz type static solutions of R2-corrected gravity are investigated.
Inspired by the work [39], Liy, X €(;,_,) type solutions are investigated where Liy, refers to
m-dimensional Lifshitz-type submanifold while §(;,,_,,) corresponds to (n—m)-dimensional
spherical, hyperboloidal or flat subspace depending on the value of topological constant k.

Requiring the scaling transformations
t— N°t, r— \"br, 7 — M\, T — A\ (3.54)

where z is the so-called dynamical exponent, ¥/ is a (m — 2)-dimensional vector and 7 is
a (n — m)-dimensional vector (for stationary spacetimes, if one identifies y,,—2 = ¢, then
 represents an (m — 3)-dimensional vector), the Einstein field equation (3.51) admits the

static vacuum Lip, X (,_p,) type solution given by

ds? = — (%)2 dt? + <%>2 dr? + (%)27 dyady® + (%)m dz;da (3.55)

provided that (3.53) and

A = g (= m) 3 (m = 2 25 4 N =)+ 4(m — 2)
+N%(n —m) +~%(m — 2)> . (3.56)

Remarkably, provided that the relations (3.53) and (3.56) hold, R2-corrected gravity also
admit the spacetime solution (which can be identified as black hole solution with spherical,

hyperboloidal or flat geometry) given by

2z 1\? dr? \ 27 2N dz;dxt
A = — (2) P2md + (=) 5=+ (%) dyady® + (£) —2 (357
§ (z> LR b f2(7°)+<l> Yoty +<l> <1+Kﬁ>2’ (3:57)
1
where metric function f2(r) reads

12N P+ 1P-

2
f (7”) :1+027“2—N+037“PT+C47”PT. (358)
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Here,

pr = %<2N(n—m)+3z+2’y(m—2)
i\/4N(n—m)(z—N)+22+4’y(m—2)(z—'y)) (3.59)

and 242N
oy = (n—m)(n—m — 1)kl (3.60)
4N? — 2Ndy + dsy

together with
di =2N(n —m) + 3z + 2y(m — 2) (3.61)

and

dy = N?(n—m)(n—m+1)+22°+22y(m—2)+(m—2)(m—1)y*4+2N (n—m) (z + (m — 2)7) ,

(3.62)
while c3 and ¢4 are kept as integration constants. In the solution, the parameter z mea-
sures the anisotropic scaling symmetry, the parameter [ corresponds to the length scale of
corresponding spacetime geometry. The curvature index x = —1,0,+1 corresponds to a
hyperbolic, planar and spherical geometry of (n — m)-dimensional subspace, respectively,
and p is the radius of the (n —m)-dimensional subspace, which is given by p? = z;x%. Here,
index « runs on 1, 2, 3,..., (m — 2) while index i runs on (m — 3),...,(n — 4) provided
m < (n —1). It is easy to see that the D-dimensional solution of references [40] and [41]
corresponds to the particular case N = v = 1 for the generic values of z in n-dimensions.
In order for the solution given above to describe a physical solution, the function f(r) must

be real. This can be satisfied if the inequality expression
AN(n—m)(z — N) + 2> +4y(m — 2)(z — ) >0 (3.63)

holds between the parameters of solution. It implies that if the dynamical exponent z lies

in the interval z € (—o0, z_| U [z4,00) (keeping N and ~ arbitrary) where

2+ = —2N(n-— )—2( —2)y

:FQ\/ N(n—m)+ (m—2)7)* + N2(n —m) + (m — 2)72, (3.64)

the solution is real. Here, if one considers the branch z > z; > 0sothat p; >p_ > 24 >0
and chooses the integration constants c3 and ¢4 properly, the spacetime solution (3.57) can
represent either a black hole (a hyperbolic black hole for K = —1 and a spherical black hole
for K = 1) or a black brane for k = 0. In any case, assuming that solution has a singularity
at r = r, which is the largest root of f2(r) such that f?(r,) =0, 7, can be identified as
(outer) horizon.

Alternatively, the inequality (3.63) still holds for generic values of scaling parameter z and
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parameter v provided that N is restricted to be in the interval N_ < N < N, where

]V:F:l<Z:F\/(71—771—{—1),22—{—47(771—2)(27—’y))7 (3.65)

(n —m)

that makes exponents p; and p_ equal so that solution is real again.

Now, if one takes z = z;, a logarithmic solution can be obtained as

PN r
2 _ — —
) =l+emg+— (c3+c41n <7)> (3.66)
with
1

p=75 (2N(n —m) + 3z + 2y(m — 2)) : (3.67)

and
Co = Cy ‘z:z+ . (368)

Furthermore, since z = 0 lies outside the interval z € (—o0,2z_] U [z4,00), it seems that
a physical solution is not possible for z = 0. However, it is not the case. Indeed, if one
starts to solve the field equation by taking z = 0, one obtains the following solution for

the special value of scaling parameter where z = 0

Py =1+ + ST (ycos (W (1)) easin (V10 (5)) - .69)

where

N = N%(n —m) +~%*(m — 2) (3.70)
and
62 = C9 |z=0 . (371)

At this stage, it is interesting to discuss some thermodynamic properties associated to
Lipm X Q) type solutions. Although, it is not possible to obtain a general, analytical
expression for the position of the horizon 7 (given by the larger positive root of f2(r, ) = 0)
as a function of given parameters, one can still proceed to a thermodynamic study. The

Wald’s formula [43] for the black hole entropy which is given by

oL
Spn = —27?/ ——— NN 3.72
bh g 5Rabcd blbed ( )

where Rgpcq is the Riemann tensor and ng, is binormal to the horizon which is given by
nay = (Va&p)/K and it is normalized as ngn® = —2. It can easily be checked that
these constant curvature black hole solutions have a vanishing entropy in the R?-corrected
gravity action since the solution satisfies 1 + 2aR = 0.

The traditional definition of surface gravity K is based on the idea of of Killing horizon,

a hypersurface where a Killing vector of the metric £ becomes null and it is given in the
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literature as

1 ) (1/2)
K= (Fmare) (3.73)
This expression can be written in terms of exterior forms as follows
1
K = 3 (+(d A «dg)) /Y (3.74)

For a static, spherically symmetric spacetime in coordinates that the metric can be written

as
2

dr

ds? = —U(r)dt* + 0

+ R(r)d?, (3.75)

the (normalized) time-translational Killing vector has components (1,0,0,0,...) and thus

on the Killing horizon equation becomes

gl L jv(r). .,
K= rlgg <§ U(?")U (T’)) ’ (3.76)

The thermodynamic temperature of a black hole is proportional to its surface gravity and

it is given by

K
= o (3.77)
In the light of these, surface gravity and temperature can be calculated from
y nn—1) rNFTL o, 7
oD (5 ) @

and

1 (2N—=2) (P+—2) (p-—2)
o /=1 (W (L) ‘e (L) e (L) (379)
4rl T4 T4 T4

Interestingly, the specific relation (3.53) of R2-corrected gravity theory leads the entropy
of Lifshitz type static and stationary black holes to vanish while the temperatures of the
black holes are nonzero. This feature of Lifshitz black holes is very analogous to BTZ
black holes [44]. On the other hand, one should also notice that solutions and temperature
expression (3.79) presented above include a very rich solution family due to the presence
of curvature index x which makes the (n — m)-dimensional subspace hyperbole, plane or
sphere according to the value it takes (i.e., Kk = —1,0,+1 respectively). A detailed study
of the thermodynamics of Lifshitz type black holes is given in [45].

In addition to all these, for some specific relations between constants, the solutions have
zero temperature which are also called as extremal black hole solutions. The first examples
of asymptotically Lifshitz black hole solutions with extremal horizons are presented in [41].

Inspired by this work, one can find an extremal black hole solution for x = 0 and a specific
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relation between c3 and ¢4 given by

Pt

p_;;p_ cq \ P—
cg=—p-(p- —ps+) *- — ) (3.80)
b+

in which the solution (i.e., (3.57)-(3.62)) has zero temperature. In this case, the extremal
black hole is

it = () (1 () e ()
! <£>2 (1 () e (%)p>1 @+ (0)7 dyody
7\ 2N )
+ (7> dx;dz" (3.81)

where the extremal radius r. is expressed as

- 1/2p_
re =1 <u c4> . (3.82)
C1P+

Besides, for k = 41, one encounters another extremal black hole solution which is defined

for the particular value of z = z,. This is achieved for the special relation

e\ (p—N)/N
c3=—c4— N (5) (N —p)¥ (3.83)

and the corresponding spacetime geometry yields
2N 2N
2 _ _(T)* Y7 N reyr (L 2
ds” = <l) <1+62 ((7") D (7") Te dt
—1
1\?2 NN N \20 [ N 2y
+ (—) <1 + ¢ ((—) - — (T—) <—> dr? + <i> dyady®
r r p\r Te l

2N da;da?
+ (%) e (3.84)
(1 + li%)
where the extremal radius is given by
N — 1/2N
ro =1 <( p) C2> . (3.85)
p
Before closing this subsection, one can also note that writing spacetime solution (3.57) in
the form
26 22/ 2 dgr2 2 2N ot
o= (57 (- (0 o (1) (Y )+ (5) 2
" (1 + li%)
(3.86)
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with the following identifications

G—n—1, Fmziy—1, )= () (;)2”*2, (3.87)

one obtains a hyperscaling violating Liy, X ,_n) type static solution for higher dimen-

sional R?-corrected gravity theory.
ii. Lifshitz type stationary solutions

It should be noted that the Einstein field equation (3.51) can also admit the stationary

Lip X Q) type vacuum solutions which has the form

2z r? wl? 2 2
2 2

ds? = —<

~I=

7\ 27 o 2N dz;dx’
+ <7> dyady + <7> ﬁ (388)
<1 + n%)
provided that (3.53) and
A = 2N%(n —m)(n —m —1) —4N(z +v(m — 2)) + 2m~2(m — 39
r 812
+22(4 + 3w?) + 227(2(m — 2) + (2m — 3)w?) + 72(4 + 3w?) (3.89)
812(1 4+ w?) ' '

Similarly as in the static case, provided that the relations (3.53) and (3.89) hold, the
Einstein field equation (3.51) also admits the stationary Li,, x Qn—m) type spacetime

solution (which can be referred as stationary black hole solution)

2 2 2
2 (T\* 2 2 7"_2 w_l2 PN dr
ds? = —(5) fArde + <z2> <d¢+ =) +(2) 7o
'\ 27 r\2N  dz;dzt
() g+ (1) 590
! ! (1 + ﬂ%)
for the following metric function
) 12N P+ = 12(z+1)
f (r):1+027°2—N+03ﬂ7+c4ﬂ7+057742(2+1) . (391)
Here,
1
P+ = §<2+2N(n—m) +3z+2y(m — 3)
+/4(z — 1)+ 4N(n —m)(z — N) + 22 + 47(m — 3)(z — 7)) ,
(3.92)
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and

k(n —m)(n —m — 1)12T2N

= 3.93
“ AN? —2Nd, +dy (393)
2w2l2+2z
= 94
S 1)’ -2+ )d + da (3:94)
together with
di =24+2N(n—m)+3z+2y(m — 3), (3.95)
dy = N*n—m)(n—m+1)+2(2>+2+1)+2(m—3)(z+ 1)y
+(m=3)(m —=2)v*+2N(n—m) (14 2+ (m —3)y) . (3.96)

Here, c¢3 and ¢4 denote integration constants. As mentioned before, the curvature index
k = —1,0,+1 correspond to a hyperbolic, planar and spherical geometry of (n — m)-
dimensional subspace respectively and p is the radius of (n — m)-dimensional subspace,
which is given by p? = x;2. In the stationary Li,, x Qn — m) type solutions, the
spacetime index « runs on 1, 2, 3,..., (m — 3) and ¢ runs on (m — 2),...,(n — 3). The
parameter z again denotes the dynamical exponent, which measures the anisotropic scaling
symmetry, the parameter [ represents the radius of Lifshitz spacetime and w is the rotation
parameter. In order to obtain a physical solution, the metric function f(r) should be real.

This condition can be achieved by the following inequality:
4(z=1)+4N(n—m)(z = N) + 22 + 4y(m = 3)(z —7) > 0. (3.97)

It is clear from the expression of p+ that the dynamical exponent may take the values in

the interval z € (—o00,2_] U [z4, 00) where

zr = —2—-2N(n—m)—2y(m —3)

:|:2\/1 + N2(n—m) +~2(m —3) + (1 + N(n —m) + y(m — 3))*>. (3.98)

As in the static case, properly choosing the integration constants ¢; and ¢ for z > z4 > 0
side so that py > p_ > z; > 0, the solution (3.90) expresses a hyperbolic black hole for
k = —1, spherical black hole for x = 1 and a black brane for kK = 0. In all the cases, the
assumption that the solution has a singularity at r = r which denotes the largest root of
f2(r) (i.e., f2(ry) = 0), yields the identification that r, represents (outer) horizon.

On the other hand, if one takes

N, % (Z . \/(_4 +(n—m+1)22— ?Zgimm; 3) +4z(1 + v(m — 3)))) (3.99)

p4+ again becomes equal to p_.

If one takes z = z, a logarithmic solution can be obtained as

l2N i

= B 12(z+1)
f (7”) =1 + CQV“Q—N +

g <53 + ¢ ln (%)) + & 5T (3.100)
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with 1
P=3 (2 +2N(n—m) + 3z, + 2y(m — 3)) (3.101)

and

G2 =02 |z, C5 = C5 o=z, - (3.102)

Furthermore, since z = 0 lies outside the interval z € (—o0,2_] U [z4,00), it seems that
a physical solution is not possible for z = 0. However, it is not the case. Indeed, if one
starts to solve the field equation by taking z = 0, one obtains the following solution for

the special value of scaling parameter where z = 0

12N 12 [N (n—m)+y(m—-3)+1

Pr) =1+ e gy + 85+ e Gy (Gocos (W (7)) +éasin (Mn (7))
(3.103)
where
N = N%*n—m)++2(m —3) +1 (3.104)
and
G2 =2 |20, s =5 |2=0 - (3.105)

Besides all these, the standart surface gravity concept K can also be used for thermody-
namic temperature of Lifshitz type stationary blackhole. In this case, components of the

(normalized) time-translational Killing vector are (1,0,0, ..., 2z, 0), where Qg denotes an-
90
99
temperature of Lifshitz type stationary blackhole can be given by

gular velocity as Qp = — |, = —;‘i—lz. Then, the surface gravity and thermodynamic

g Yrn-Dn-2) G)m (£2(r))’ (3.106)

2 r—r4

and

R (LGP <2cQN <L>(2N_Z) + eapy (L)m_z)

47l Ty +

+eap- <i> v +2(z 4 1)es <L> o > . (3.107)

T4+ T4+

As mentioned in the static case, the solution family of Lifshitz type stationary black holes
are quite rich since the rotation parameter w also contributes to the solutions and the
temperatures calculated over the outer event horizon. It is also interesting to note that in
both static and stationary case, the dimension of subspace also contributes to temperature.
Furthermore, it is noteworthy that although the entropy vanishes for the solutions, the
temperatures are not zero.

Furthermore, it can be noted that the extremal stationary Lifshitz type solution can be

obtained for k =0, p— = (2 + 1) and for the following special relation

. (z+1) <(z +1—pi)(es+ C5)>p+/(z+1) ) (3.108)

5 =
p+—(2+1) P+
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Then, the spacetime geometry yields

e (;)22’ <1 (cs+cs) (G)z(zﬂ) B (zptl) <é>2(z+1> <%)2p+>> dt?

r? wil? 2
+ <l—2> <d¢+ th)
-1
12 INZETD 1) DN\2ETY ey 2 )
+ <’I“_> <1 + (C4 + 05) <<;> - r <’l"_6> <7> dr
2\ 27 2N A
+ <;—> dydy® + <§) dr;dz", (3.109)

where the extremal radius is defined by

re =1 <(Z +1—pi)(eat 05)>1/(22+2)

3.110
P+ ( )

Additionally, one can find another black hole solutions for k = £1 for the particular value

of z = z,. This is accomplished for the special relation

C3 = —C4 —

(z+1) ((z +1—p)(es +C5)>p/<z+1> '

Griss S (3.111)

In this case, the extremal solution is given by

o <§)2Z (1 + (2 + c5) <<£>2(z+1) B (z;l) <%>2p <é>2(z+l)>> dt?

r? wl? 2
+ <1—2> <d¢ + T—th>
) 2(z+1) 9 2(z+1)
+ <Z—> <1 + (c2 + ¢5) <<£> A <E> ' <i> )) dr?
T r P r Te
r2\ 2 rN2N  dx;dzt
+ (T) dyady® + <7> S (3.112)
<1 + n%)
where 1J(@2242)
re:z<(02+c5)(;+1_p)> . (3.113)

When the rotation parameter w is taken as 0 with appropriate coordinate transformation,
the stationary solutions reduce to the static solutions which have been presented in the
previous section. Moreover, if one takes N = 1 and gy = 1/I, the solutions are compatible
with the solutions given in [40] and [41]. The Lifshitz type topological static/stationary

solutions of R2-corrected gravity will be discussed in a forthcoming work [42].
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3.2.2. Bianchi type static/stationary solutions

i. Bianchi type static solutions

Motivated by the work of [12] in which five dimensional R?-corrected gravity theory is
examined for Lifshitz and nine classes of Bianchi type solutions in five dimensions, one can
study Bianchi-type static and stationary solutions of the model for torsion-free connection
structure in higher dimensions. Therefore, Bianchi Type static solutions are investigated
in this subsection for the connection of the spacetime is torsion-free in higher dimensions.

General form of Bianchi type metrics are given by
ds® = =P at® + dr® + n;; PP drtdad (3.114)

where 3;, 3; are constants and 7;; is a constant matrix which is independent of all coordi-

nates. This metric also has a generalized Lifshitz scaling symmetry
rsr+4e, tote P W wle e, (3.115)

where w’ = dz® (i = 1,2,3,...,(n—2)). The Einstein field equation (3.51) for R?-corrected

gravity admits following Bianchi type static vacuum solution:
ds? = —e2P07qt? + dr? + 272" du;da’ (3.116)

provided that
A= i (285 +2(n —2)BoB2 + (n— 2)(n — 1)53) (3.117)

and (3.53). On the condition that the relations (3.53) hold, the theory also admits the

following spacetime solution

dr? dx;dz’
ds? = =27 2 (r)dt? + 2T 4 P (3.118)
F2r) (1 + n%)
where 8y, 51 and Py denote constants. Here, the metric function is
f2(r) = c1eP+" + coeP~" + e3P 4 e 2 Pr=B)r (3.119)
where
— (360 — B1+2(n—2)p2) £ \/(50 +B1)% + 4(n — 2)B2(Bo + B1 — f)
pt = 5 (3.120)
and
1A (3.121)
c3 = , .
° 4683 + 2d1 51 + d2
—3)(n—4
(n=3)(n —4)r (3.122)

“= 4(B1 — B2)? 4+ 2d1(B1 — Ba2) + do
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together with
di =306y — 1+ 2(n — 2),82 R (3.123)

dz = 2B0(Bo — 1) +2(n — 2)(Bo — B1)B2 + (n — 2)(n — 1)53 , (3.124)

while ¢q, co, ¢3 and ¢4 are integration constants. As stated before, the curvature index
k = —1,0,41 defines the geometry of (n — 2)-dimensional subspace and p denotes the
radius of this subspace, which is given by p = z;2*. In the Bianchi type static solution, the

spacetime index i takes the values of 2,3, ..., (n —2). In order to get a real metric function,

(Bo + B1)% + 4(n — 2)Ba(Bo + 1 — B2) > 0 (3.125)

should be satisfied between the parameters 5y, 81 and (2. Significantly, the solution (3.119)
can be identified as a black hole solution in which the geometry is hyperboloidal, flat or
spherical according to the value of the curvature index kK = —1,0, +1 respectively. As can
easily be seen that there are a wide range of solutions where 5y, 51 and B3 obey the relations
given in (3.120)-(3.124). Moreover, one can assume that the solution has a singularity at
r = ry (the largest root of f2(ry) = 0) which gives the horizon of Bianchi type static black
holes.

The surface gravity and thermodynamic temperature of Bianchi type static black hole can

be given by
_ nn—1) .. (Bo—B1)r ( £2 !
K=-—o—lime (f2(r) (3.126)
and
T — n(4n -1 (cle(P++50*51)7’ + CQe(P—Jrﬁ()*ﬁl)T + 03625OT + 0462(50*52%) (3.127)
T

for vanishing entropy.
ii. Bianchi type stationary solutions

Even though there is no Bianchi type stationary vacuum solution, one can still consider

Bianchi Type stationary solutions for the following ansatz

2 dr? dx;dxt
ds? = —e2P f2(1)dt? 4 257 (qu + ﬁdt) 4e2r STy 2 _CHEL (3 98)
72 f2(r) <1 p? >
+ KT
where f(r) is an arbitrary function of r, By, f1 and (35 are constants, k is the curvature
index which defines the geometry of the (n —3)-dimensional subspace and p is the radius of
this subspace (i.e., p? = x;2%). In this case, the spacetime index i runs on 1,2,3, ..., (n—3).

The metric function is given by

e2(B1—PBo)r

F2r) = c1€P+T + coeP-T + c3e252m 4 g2 2B G 1 (3.129)
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where

pr = %( —(2(n —3)B3 + 380 + 281 — B2)
£ (Bo® — 4812 + Bo” + 2B0(261 + Ba) + 4B1 82 + 4(n — 3)B3(Bo + B — ﬁg))1/2) ;
(3.130)
4A
“= 463 + 2d1 8o + dy (3.151)
B (n—=3)(n—4)k
4 1B Bt 2 (B — ) T (3.132)
cs = w?/10 (3.133)
together with
di1 = 360 + 281 — B2 +2(n — 3)Ps3, (3.134)

dy =2 (B3 + BoBr + B7 — (Bo + B1)B2) +2(n—3)(Bo+B1— B2) Bs+(n—3)(n—2)B3 . (3.135)

Here, c1, c2, c3 ¢4 and c5 denote integration constants. The curvature index k = —1,0,+1
defines the geometry of (n—3)-dimensional subspace and p corresponds to the radius of this
subspace given by p = x;2%. Bianchi type stationary solutions in n-dimensional spacetime

are investigated for (3.53) provided
4(B1 — Bo) +d1 =0, (3.136)

4(B1 — Bo)* +2d1(B1 — Bo) +da = 0. (3.137)

The real metric condition requires

Bo? — 4B1% + Bo® +260(281 + B2) +4B182 +4(n —3)B3(Bo + B2 — B3) > 0. (3.138)

As in the static case, the solution (3.129) can be identified as Bianchi type stationary black
hole solution in which the geometry can be defined according to the curvature index k.
Here, there are a large variety of solutions where all constants of the system should obey.
The largest root of f2(r;) = 0, namely singularity at r = r, leads the horizon of Bianchi
type stationay black holes. Finally, taking w = 0 and appropriately changing the constants
yields Bianchi type static solutions as expected.

The surface gravity and thermodynamic temperature of Bianchi type stationary black hole

in R?-corrected gravity theory take the following forms for vanishing entropy:

o V=1 =2) . 5o (£2(r)’ (3.139)

2 T—T4

45



and

r _ Vnln —41)(” —2) <Cle(p++6oﬁz)r 4 epelP-HHo=B2IT 4 oy o2or
T

+c462(50*53)r + ¢5 —

r

e2(B1—B2)r
) . (3.140)

3.2.3. Schrodinger type solutions

Interestingly, the action density (3.50) also has a vacuum solution of the following form

22

2 (TNE e 2P B oo (TN godu o (T)PY dmidat
ds? = — () dt? = T dtdg + dr? + (7)) dyady + (7) s lﬁ)Q (3.141)
K
when ) 3
——, R=-4A, A=2. 3.142
a 8A7 ) l2 ( )

It has also been proposed that the corresponding gravity background is a special class of
the cosmological pp-wave solution [13, 46]. This metric ansatz obeys the following scaling

symmetry
N, ro X, o XE, Y o NY, T o MNT, 241, (3.143)

where 2 is the dynamical exponent, 3/ is a (m — 3)-dimensional vector and 7 s a (n—m)-
dimensional vector. Again, provided that the relations given in (3.53) hold, the Einstein

field equation (3.51) of R2-corrected gravity theory admits following Schrédinger type

solution
> = (Y pmae - 2 P dr
ds? = <1) P = T dide + 55
\27 o r\2N  dz;dxt
+ <7) Ay dy®™ + <7) = (3.144)
(1 + Ii%)
where
_d AN
Ar)=1+cr 4 4 <;> (3.145)
together with
(n —m)(n —m — 1)kl?
= 14
“ (dz — 2Ndy) ’ (3.146)
dy =2+ (n—m)N + (m —3)y, (3.147)

dy = 6+(n—m)(n—m—1)N?+2N(n—m)(2+(m—3)y)+(m—3)y(4+(m—2)y) . (3.148)

Here, ¢ is an integration constant. Notably, the higher dimensional Schrédinger type

solution for R%-corrected gravity is independent from the dynamical exponent z.
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4. pp-WAVE SOLUTIONS OF MINIMAL MAS-
SIVE 3D GRAVITY

In this section, vacuum (no matter coupling) and matter (Maxwell-Chern-Simons coupling)
coupled pp-wave solutions of MMG are presented. pp-wave solutions in GR have taken too
much attention in recent years. They are an interesting class of exact solutions of Einstein’s
field equations with some matter sources. The abbreviation “pp”stands for “plane-fronted
gravitational waves with parallel rays”[18|. It can be noted that “plane-fronted gravitational
waves’implies that there is a geodesic null vector field whose twist, expansion and shear
are zero in vacuum. In addition, "parallel rays" implies the requirement that the rotation
of the vector field vanishes as well.

With the motivation of [19], one can consider the following 3-dimensional metric ansatz
ds® = f(u, p)du® + 2e*Pdudv + dp? (4.1)

where f(u,p) is any smooth function. In the literature, these type of solutions are also

called as an AdS pp-wave. Here, the corresponding connection 1-forms are

Wl = (=B +c)e’ — Be?, wdy =cel, (4.2)
why = =B + (=B —¢) €2, (4.3)
where ) .
=1 -1 (14)
Then, the curvature 2-forms can be given by
RO = Ajet Ae® + Aze! Ae?, R% = Bye® Aé?, (4.5)
R = Ciet Ne¥ + Czel N e?, (4.6)

where the curvature coefficients are
A1 = —,8/ + 02, A3 = Cl = —ﬂ/, (47)

BQ = —62, 03 = —ﬁ/ - 02 . (48)

Note that prime denotes the partial derivative with respect to p through this section.
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4.1. Vacuum Solutions

In this subsection, the details of the calculation for vacuum pp-wave solutions are presented.
The Einstein field equation (2.108) reads

u(l+ ao)
(6%

1
0’A1+A+7(01/4-0(—141—i—Cl—Cg)-i-ﬂ(Al-i-BQ—Cl))
_4,u2(1—|—a0)3 ( 0, (

al +3¢® — 2A; + 2B;) (aA + 3c¢* — 241 +2C3) = 4.9)

JA3+ ((B2+03)/+C(A1—Ag—i—Bg—Cl)—i—ﬁ(Al—{—Bg—Cl))

u(1+ ao)

N 2 _ —
+2u2(1 e As (@A +3c¢® — 24, + C3) =0, (4.10)

1
—oB A — —A —A A —
ob9y + +M(1+040)<C( 3+Cl)+,3( 1+ As + Cy Cg))

—Ww< (OZA + 302 — 2A1 —|— 2B2) (O[A + 362 + 232 + 203) —|— 4A301> = 0,

(4.11)
1 /
—JCI—}—m((—Al—}—BQ) —|—C(A3—|—BQ+01—Cg)—{—ﬁ(—Ag—Bg—{-Cg))
22+ ao)? C1 (@A +3c” — 24, +2C3) =0, (4.12)
1
— A—— (A5 —Ay + Az — As + 2By —
oCs + M(1+040)< 3 +c(—A1+ A3 — C3) + B (A3 + 2B, C3)>
[0

L0 T o) (@A +3¢ =241 +205) (ah + 3¢ 428, +205) =0. (4.13)

After some straightforward algebra, the field equations can be reduced to

" = Q2c+y)f"+2evf =0, (4.14)
where (oA 2)
(ol — C
’}/:C—W—MJ(1+QU). (415)

Then, to determine the solution of this third order homogenous equation, one obtains
r(r* = (2c+y)r +2c¢y) =0 (4.16)

for the characteristic equation. As can easily be seen (4.16) is a cubic equation with

constant coefficients. Apart from r; = 0, the other roots can be found from the quadratic
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equation in which the discriminant is
A= (y—2c). (4.17)

Since the discriminant is positive (i.e., A > 0), the quadratic equation has two real solutions

which are ro = 2¢ and r3 = 7. Therefore, the vacuum solution is

fu,p) = fi(u) + %c“)em + @ P (4.18)

provided that
2 A)2
Mg oo AC ol 4.19
T T T as) = (4.19)

which gives

2
2 oA al
KT S S v p——_ 4.2
¢ a (U y 212(1 + awo)3 \/O N wu(l + a0)2> (420)

On the other hand, when A = 0 (i.e., v = 2¢), the quadratic equation has only one real
solution (i.e., 733 = 2¢, repeated roots). Hence, the special vacuum solution can be given
by

f = fi(u) + 22w +4J;‘z(u)) = Fo(¥) 2ep (4.21)

again provided (4.19). In both solutions (i.e., A > 0 and A = 0), fi(u), fa(u) and f3(u)

denote arbitrary functions of their arguments.

4.2. Solutions with Maxwell-Chern-Simons coupling

In this subsection, pp-wave solution of MMG theory coupled with Maxwell-Chern-Simons
electromagnetic theory is investigated. General analysis of self-dual solutions for the
Einstein-Maxwell-Chern-Simons theory is presented in [47]|. A solution of TMG theory cou-
pled with Maxwell-Chern-Simons has been previously given in [48] where the self-duality
of Maxwell field is assumed. To this end, the pp-wave metric ansatz (4.1) is used and
Maxwell field is taken as

F = E(u,p)e® Ae! + B(u,p)e! Ae?. (4.22)
Then, the modified Maxwell equations can be written as
B'—(B—c¢)B—(B—c+m)E =0, (4.23)

E'+(B+c¢)E+(B+c—m)B=0 (4.24)

together with the equation
OE 0B

50 T e =0 (4.25)
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where again ’ denotes derivative with respect to p. Furthermore, Einstein field equations

become

L P B 2 5
aA1+A+N(1+M)<(Cl+aEB) +c¢(=A41+C1 —C3+a(E*+ EB + B?))

+5(A1 +BQ—Cl —aE(E+B))>

o
4p%(1 + ao)3

(ah+3¢ =241 +2C3 + 5 (B - BY) ) = —% (E*+ B?) (4.26)

(A +3c2 241 + 2B, + 5 (B2 + 357))

B _ 2 ap2 4By
O'Ag—i—u(l_'_aa)((BQ—i-Cg 4(3E +B))

+C(A1—A3—|—BQ—01—(XE(E+QB))+5(A1—|-B2—Cl—aE(E+B))>

[0 (6]
. Wy B 2 Qo2 P2y
T e ACLRR B)<aA+3c 241 +2Cs + S (B B)) EB,
(4.27)
1
—oBy+ A+ ——(c(-A435+C —A1+A - E + B)?
0By + +M(1+040’)<C( 3+C1)+B(—A1+A3+C1—Cs+a(E+ )))
« [0
Ny LA A 7 il Q2 2
4M2(1+040)3<(a +3¢% — 241 + 2B, + 5 (B2 + 3B ))
<aA +3¢2 4 2By + 205 — %(3]32 + 32))
1
+ (243 + 2aEB) (2C; + 2aEB)> = 5(E2 - B?), (4.28)

1
u(1+ ao)

+C(A3+B2+Cl —Cg—i—OcB(QE—i—B))+,8(—A3—B2+03—QB(E+B))>

—oC1 + ( <—A1 + By + % (E* + 3B2))/

8] (0%
-———  _(C EB) (aA +3¢2 — 24, +205+ —(E* — B%)) = —EB
2M2(1+040)3( 1 +a )<a + 3¢ 1+ 3+2( ))

(4.29)
and

—0C5+ A — ((Ag +aEB) +c¢(—Ai + A3 — C3 + a(E* + EB + B?))

u(1+ ao)
+,8(A3 + By —C3+ aB(E + B)))

(%

.« 2 Q2 2
120+ a0)? (aA—|—3c 2A4; +2C5 + 2(E B ))

1
(aA +3¢2+ 2By + 205 — %(3E2 + 32)) = S(E*+BY). (4.30)
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Here, the Maxwell equations impose taking anti-self duality condition for the electromag-

netic fields (i.e., E = —B) where in that case the Maxwell equation simply becomes
B'+mB =0 (4.31)
whose solution can be written as
B = By(u) e ™" (4.32)

where By(u) is left arbitrary after the integration with respect to variable p. Therefore,
substituting the curvature components (4.7) and (4.8) and using (4.15) with the anti-self-
duality of the Maxwell fields, the Einstein field equation turns into

F = 2+ )" + 20y f — dnBe e = 0, (4.33)

where
a?(aA — c?)

n=calc+2m)+pu(l+ao) — (1 +a0)?

(4.34)

It is seen that (4.33) is a third-order non-homogeneous differential equation with constant
coefficients such that homogenous solutions are identical with the vacuum solutions (4.6)
and (4.8). Note that, the electromagnetic Maxwell-Chern-Simons contributes to particular

solution of the Einstein equation. Then, the general solution for the metric function f is

_ fo) ey Falw) nBi(w)  om
flusp) = filw) + 5 2t 4 S — T (4.35)

for the case where v # 2¢, while it becomes

(f2 (u)p + f3(u)) — f2(u) e2cp _ nt(u) e 2mp
4¢? 2m(c + m)?

Flunp) = fi(u) + 26 (4.36)

for the case where v = 2¢. For the case v = 2¢, there exists the following relation between

the cosmological constant and other parameters of MMG theory:
1 2 2
A= = (ac? = 2pu(1 4+ ao)*(c + po(l + ao))) . (4.37)

In addition to solutions presented above, there exist two more classes of solutions. They
are obtained as follows :
1. The case v = —2m and v # 2c :

In this case, the field equation becomes

" +2(m —c)f" —demf' — anBi(u)e ™ =0, (4.38)
which yields
B3 2m + 2
Flusp) = futu) + 2o () DR T LBl T ) ) ame (4,30

51



This particular class of solution is valid when the cosmological constant A and the other

parameters of the theory satisfy the relation
1
A= vl (a02 +2u(1 + ao)?(c + 2m — po(1 + a0))) . (4.40)

2. The case c= —m and v # 2c :

For this case, one gets
"+ @m —y)f" = 2myf —4n Bi(u)e ™™ =0, (4.41)

which can be solved as

Com B3(u) (4m(1 + +y(1+42 Com
(4.42)
where 2> A )
m =ma+ p(l+ao)— oy ™) (4.43)

2u(1 4+ ao)? -
For this special class of solution, the cosmological constant A and other parameters are

related by

ao)? am?
2u(1 +2 ) < 5 —po(l+ao) —y— m) . (4.44)

A =
2u(1 4 ao)

(07

Again in all these solutions presented here, fi(u), fa(u), f3(u) are left arbitrary after
integration with respect to metric variable p. Finally, the electric field solution can be
written as

E = Ey(u)e™ ™ (4.45)

such that Eyg(u) = —Bp(u), i.e., the electromagnetic fields satisfy the anti-self duality
condition. The pp-wave solutions presented here will be discussed in the forthcoming work

[49].
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5. CONCLUSION

In this thesis work, using the exterior algebra formalism, generalized gravity models in
higher dimensions are constructed in metric-compatible spacetimes. The use of the exte-
rior algebra formalism enables to express the field equations of the corresponding gravity
theories in coordinate-free notation. As a result of this, one can manage with less num-
ber of indices compared to tensorial notation. Gravitational theories studied in this work
are described by the most general gravitational function expressed in terms of the scalar
curvature, Ricci-squared and Riemann-squared terms. The theory can be examined in
two formalisms. First, the theory is formulated for torsion-free connection structure by
viewing the connections and orthonormal co-frames are dependent gravitational variables
thus requiring a constraint relation between them. Such a constraint relation is put into
the Lagrangian by introducing (n — 2)-form auxiliary fields (which can also be identified as
Lagrange multiplier (n — 2)-forms). The field equations are obtained by making variations
with respect to co-frame, connection and auxiliary field. The auxiliary field can be ex-
actly solved from the field equation obtained from the variation with respect to connection
field. Then inserting the Lagrange multiplier term into Einstein field equation, one gets
the governing field equation of the corresponding torsion-free theory. The same gravity
theory is also investigated in a spacetime with torsion where in this case one can consider
the co-frame and connection fields are independent fields. It is shown that the field equa-
tions obtained in both formalisms completely differ. Next, as a specific higher curvature
model, quadratic curvature gravity models are also studied in spacetimes with and with-
out torsion. Furthermore, three dimensional massive gravity theories namely Topologically
Massive Gravity, New Massive Gravity, Generalized Massive Gravity and Minimal Massive
Gravity are also examined. Among these theories, it is shown that New Massive Grav-
ity and Generalized Massive Gravity can be formulated in spacetimes with and without
torsion.

In the next section, some exact solutions of quadratic curvature gravity are presented.
Among them are the constant curvature solutions with and without torsion. The solutions
with torsion are product manifold solutions such that total manifold involves two different
constant curvature submanifolds. It is seen that, the field equations with torsion have
two different classes of solution provided that the coupling constants obey some constraint
relations. In addition, constant curvature solutions without torsion are also obtained in
n > 3-dimensional spacetimes.

Next, some exact solutions of R?-corrected gravity theory are investigated in higher dimen-
sions. It is seen that all the new solutions obtained for this theory are attained provided
that R= —4A and a = SLA. The first class of solutions are of Lip, X Q(,,_,) type where Liyy,
describes an m-dimensional Lifshitz type spacetime while €, _,,) corresponds to (n — m)-
dimensional topological space with spherical, hyperboloidal and planar geometry depending
on the value of the topological constant «. By introducing such a metric ansatz, new exact
static and stationary solutions are obtained for n-dimensional R2-corrected gravity for the

general values of the dynamical exponent z, which measures the anisotropic scaling sym-
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metry. It can be noted that for static and stationary solutions of Einstein field equation,
the scalar curvature is constant although the Ricci 1-forms and Riemann curvature 2-forms
are not constant.

In order that Lifshitz type static solutions (3.57) and Lifshitz type stationary solutions
(3.90) be physical, the inquality conditions are obtained in terms of z and N. Here, the
branch z > z; > 0 (or equivalently py > p_ > z;y > 0) with suitably chosen integration
constant corresponds to either a black hole (a hyperbolic black hole for k = —1 and a
spherical black hole for kK = 1) or a black brane for x = 0 in both static and stationary
case. In addition, for the special value of z = z,, Einstein field equation yields logarithmic
static and stationary Lifshitz type solutions. It ia also recalled that although z = 0 lies
outside of the given range (i.e., z =0 ¢ (—00, z_] U [24+,00)), solving the field equation for
z = 0 results in a periodic solution.

The thermodynamical properties of both static and stationary Lifshitz type solutions are
also examined. Employing Wald entropy formulation, one can see that although the surface
temperatures calculated at the outer horizon in both cases do not vanish, the solutions
have vanishing entropy which is an unusual result from the thermodynamical point of
view. Hopefully, such an unusual thermodynamical behavior can be tackled by considering
holographic contributions for the entropy [52, 53].

Apart from Lifshitz-type solutions with non-constant temperature, the extremal solutions
with zero temperature are also obtained in both static and stationary case.

The other class of the solutions is devoted to n-dimensional Bianchi type static and sta-
tionary solutions, which has not been studied in higher dimensions so far. It is found that
R?-corrected gravity theory admits Bianchi type static and stationary solutions provided
that some specific relations hold between parameters of solution. In a similar fashion,
some thermodynamical properties are also briefly discussed. Since (1 + 2aR) = 0 for R2-
corrected gravity, the entropy again vanishes for non-vanishing temperature as in Lifshitz
type solutions.

As the last class of solutions for R?-corrected gravity, the Schrodinger type solutions are
presented. It is found that the solution does not depend on the dynamical exponent z.

In the last part of this thesis work, pp-wave solutions of Minimal Massive 3d-Gravity The-
ory are obtained for vacuum MMG (without a matter coupling) and for MMG minimally
coupled to Maxwell-Chern-Simons. It is found that the pp-wave solution of the resulting
field equations require anti-self duality condition for Maxwell field. Within this condition,

some specific classes of solutions are presented as well.
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APPENDICES

A. Exterior Algebra

In this appendix, the fundamental exterior algebraic notation of and operators on differ-
ential forms used throughout this work with the aid of the concepts given in [50] and [51]

are briefly explained.

A.1. Differential forms on manifolds

Let M be an n-dimensional differentiable manifold. This means that M is a topological
space and provided with a family of pairs {(U;,¢;)}. Here, {U;} is a family of open
sets which covers M and ¢ is a homeomorphism from U; onto an open subset U/ of R”,
assigning coordinates to a point p. If U;NU; # (), the transition from one coordinate system
to another is smooth; that is, the map v;; = ¢; o cpj_l from ¢;(U; N Uj) to ¢;(U; N U;) is
infinitely differentiable. The importance of differentiable manifolds resides in the fact that
one may use the usual calculus developed in R™. Since the coordinate transformation is
smooth, the calculus is independent of the coordinates which are chosen.

On a manifold, a vector is defined as a tangent vector to a curve in manifold M and all
the tangent vectors at ¢ (¢ € M) form a vector space which is called the tangent space of
M at g, denoted by T,M. In general, e, = 9/0x" (1 <y < n) denote the basis vectors of
TyM and dim T,M = dim M. For a vector X = X*e, (X € T,M), {e,} can be identified
as the coordinate basis while X* denote the components of vector X with respect to basis
eu. Since Ty M is a vector space, there exists a dual vector space to T, M, whose element
is a linear function from 73 M to R. Here, the dual space is named as the cotangent space
at ¢ and denoted by T;M. An element w : TyM — R of T M is called a dual vector or
cotangent vector. In the context of differential forms, this can be identified as a one-form
as well. An arbitrary one-form w can be expressed as w = w,dz* (w € Ty M), where {dz*}
denotes a basis of Ty M and w, are the components of w with respect to that basis. A
differential form of order p or a p-form on M is a totally anti-symmetric tensor field of

type (0,p) and the vector space of these p-forms are denoted by QP(M).

A.2. Wedge product

Any p-form can be expressed as a wedge product or antisymmetric tensor product of the
basis one-forms:

1
w = _,wmm---updmm Adx?? AN dxtP (A1)
p!

where the wedge product A of p one-forms can be expressed by totally antisymmetric tensor

product in the form

ot A dat? AN datr =Y sgn(P)datth @ det PO @ ... @ dat e (A.2)
PesSy,



while sgn(P) = 41 for even permutations, sgn(P) = —1 for odd permutations. Here, P
is an element of \S;,, the symmetric group of order p.

The wedge product also satisfies the following identities for p-forms p; € QP(M) (i = 1,2)
and an r-form ¢ € Q" (M):

1. Wedge product is bilinear.

(o1 +@2) AN =p1 AN+ o2 AP (A.3)

and
@ A (ah) = alp AY), (A4)

where a € R.

2. Wedge product is associative.

(1 Ap2) AN =1 A (2 AY) (A.5)
3. It is graded commutative.
p A= (=D Ay (A.6)
4. When p is odd,
eANp=0 (A7)

for any p-form ¢.

A.3. Exterior product

The exterior product of a p-form w and r-form £ is defined as

(W/\g) = (X1,...,Xp+r) -
(A.8)
where X; € T;M and (WAE) € Qp—l—r(M)’

A.4. Exterior derivative

The exterior derivative d is a map QP(M) — QPFTL(M) whose action on (A.1) is defined by

1
dw = — iw dz? A dxP A dxP? A ..o N dxt A9
p| 8.%'“ H1p2---Hp

with the properties:

1. For a p-form ¢ and an r-form ¢

dle NY) =dp AN+ (=1)Po Ndy, (A.10)



d(dp) = d*p =0. (A.11)

A.5. Interior (inner) derivative

The interior derivative tx on a differential form (A.1) with respect to a vector field X €
T,M is a map QP(M) — QP~Y(M) defined by

1
ixw = X Wy, drt? AN dTHP
(p— 1! Y
1 <& R
= o ZX“Swm___ﬂs.““p(—l)‘q*ld:ﬂ“l Ao Ndxts AN datr (A.12)
p: s=1

where the entry below " has been omitted. Some properties of the inner derivative are:

1. tx is an anti-derivation. For a p-form ¢ and an r-form v
tx(@AY) =txo AN+ (=1)PoAuxt. (A.13)

2. It is nilpotent,
Gp=0. (A.14)

3. When acting on differential forms, the Lie derivative can be expressed in terms of

exterior and interior derivatives

Lxw=(dix +txd)w. (A.15)

A.6. Hodge map

Hodge dual or hodge * map is a linear map QP(M) — Q" P(M) in an n-dimensional
manifold equipped with the metric g defined over the manifold. The action of hodge map

operator on any p-form is defined as

dxtrtt A oA dxPr (ALL6)

*(dz" Ndzt? A ..o N datr) = o "’9‘6“1“2“3"'“"Mp+1...un

n—p)!
where the totally anti-symmetric tensor € is given by

—1 if (p1pops...in) is an odd permutation of (123...n),
€ papt3.. i, — 0 if any two indices are equal,

1 if (p1pops...tn) is an even permutation of (123...n).

For p-form w given in (A.1), the definition of hodge dual is written by

1
o= H‘*’mm---up

L R i A RAN - (A.17)



In terms of orthonormal co-frames {e'}, one can express a p-form w in the form

1
w= —'wabc___pe“ ANeP ANeC A . NEP, (A.18)
p

where wgp.., denotes components of p-form with respect to co-frame basis e*. Here, it is
convenient to display the following properties of Hodge map * operator.

Hodge * map also has the following properties:

1. The volume n-form in n-dimensional manifold is

1
*] = —{Cabe..n AN NN NEm. (A.19)
2. 1
*(e® A AN A ef) = — e‘lbc'"1”p+1mnep+1 A..Nem. (A.20)
(n —p)!
3.
%(eNeP NeC A nel) =997 €00 % 1. (A.21)
4. For any p-form w,
s xw = (—1)P"Py if (M, g) is Riemannian and (A.22)
sk w = (—1)PM=P)y, if (M, g) is Lorentzian. (A.23)

A.7. Covariant exterior derivative

Given a mixed tensor that is totally anti-symmetric in some subset of r vectors, one can
associate a set of r-forms with any basis {X;} with dual basis {e/}. Suppose that S is a

such tensor of type (r + ¢, p), one can define a set of r-forms Sil'“ii’jlqu by

Shetr s (X1 e X)) = S(X1, ooy Xy Xy ooy Xy n €1,y €))L (A.24)

The covariant exterior D of S*»; ., can be defined in terms of connection one-forms

wy as

i1.0p 11...0p | . i1, Ts...lp . ip . i1...0s )
DS fedq = dsS Jroge TWig AS Jrojg T P WP AS 1eda
_ is . il---ip . . — is . ilml'p . .
W NS Gy e — W NS (A.25)

Using that definition, one has

DS% = dS% + w® NS — wdb NS, (A.26)



B. Miscellaneous Identities

This appendix presents miscellaneous identities used throughout this thesis; some are given

together with their proofs.

1. For any p-form ¢
*((P/\ea) = lag * @,

e* N Lap = pp.

2. For any p-forms « and 3, one can use

daAxp) = (0a) AxB+ (8) A xa — (6e*) A ((taB) N *a — (= 1)Pa A g x ) .

L(éxa)eb = —1xa(d€b),
where X denotes the frame vector field.

4. For any p-forms « and 3, one has the following

axp =0 Ax*a.

e® A kel = 6% % 1

Taking the identity (B.1), one can write

e Axeb =e® Al w1,

(B.1)

(B.2)

(B.5)

(B.6)

(B.7)

The effect of the application of the interior product operator onto (e® A x1) reads

P Axl) = %1 —er Al x1
AR = sl
eC Axe? = %1

since (e A x1) = 0 is an (n + 1)-form in n-dimensional spacetime.

e® A (el A ef) = 3% % eb — 6% x ¢

(B.8)

(B.9)

The procedure given in the previous item works for the proof of this identity as well.

Therefore, one can write

e Axr(e? Nef) = e A el

(B.10)

Using (B.1) and (B.30), one can find from the application of the interior product



operator on (e A xe?)

(et Axed) = §Cxed — e ALl x el
O xet = §%xed — e AL xe
N xel = 5kl — 50y e
e Ax(eP Nef) = §Cxel — 60 e, (B.11)

7. It is necessary to give the following variations

—

- = c d n
0 (x(eq Nep)) = (n_2)!€abc...n5(e Ne* A...Nev)
(TL B 2) c d n
m@e ) AN €abe..n€ N...N\e
c 1 d n
= (56 ) A 7(71 — 3)!6(150_“”6 AN...N\e
= (5e°) A x(eq Nep Nee), (B.12)
1 b c n
d(xeq) = 7'6@6___”5(6 ANeCN...Nem)

(n—1)!
= ((:;f_ll))!(éeb) A €abe.. mn€S N o N e

= (Je’) A

1
mﬁabcmnec A Ne

= (6¢") A *(ea A ep) (B.13)

and the variation of the volume n-form defined in (A.19)

1
5(*1) = Eeabc...n(s[ea A eb ANeSA LA en]

n
= —'(56“) A €ape. n€® A €A .. N
n!

1
= ((Sea) VAN mEabcmneb A ec VANRAN e"
= (de%) A xeq. (B.14)

8. The following covariant derivative identities also need to be given:

1
Dx(egNey) = D <m€abcd...n Nt AN e”)

n—2
ﬁ €abed..n (De°) A e A AnEN

1
= (DGC) N m Gabcd___ned A .Ne"

= T°Ax(eq NepNee), (B.15)



1
D x (ea) = D <m€abcd___n eb ANeCA ... A €n>

n—1
— ﬁ €abed..m (Deb) ANeSA ... Ne”
= (Deb) N m Gabcd___nec A Nem
= T Ax(eq Ney), (B.16)

and the covariant derivative of volume n-form

1
Dx1 = D <_'€abcd...n N A e")
n:
n a b c n
= €abed..n (De*) Ne” NeC N ... Ne
1
= (Dea) A m Gabcd___neb N ec VAPV e"
= TN xeq. (B.17)
9.
LcRab = Rabcded (B18)

Applying interior product operator onto definition of curvature 2-forms yields
1 A f
LeRap = te §Rabdfe Ne . (B.19)

Since 1€ = 5cd, one can write

1
teRgpy = §Rabdf <(Lc€d) Anel —ed A (Lcef))

= %Rabdf <5cdef — 5cfed>

1
= 5 (Rabcfef - Rabdced)
= Rabcded (B.QO)
with the appropriate index modification.

10. Similarly, operating the interior product operator on the Ricci 1-forms reads
pra = Lb(PaceC) = Pac(')-bc = Pab, (B.Ql)

where P%, denotes component of the Ricci 1-forms P¢.

11.
DT® = R A€ (B.22)



12.

13.

Applying exterior derivative operator d on the first structure equation reads

aT* = d (de“ WA eb>
dT® = (dw®) A e’ —w A (de?) (B.23)

since d(de%,) = 0. Replacing de® by T? —wb. Ae® and using the definition of curvature
2-form (2.5) with the appropriate index change leads to the first Bianchi identity as

dT® = (dw®) A e’ —wiy A (T? — wbe A e)
dT% + w AT? = (dw + we AwS) A e
DT® = R%Aéeb. (B.24)
DR =0 (B.25)

Similarly applying exterior derivative operator d on the second structure equation

gives

dR%, = d(dw"+ w Aw)

dR% = dw® Aw — w® A dwSy (B.26)
since d(dw?,) = 0. Replacing dw®. by R%. — w®q A w?. and dw®, by R, — wy A wy,

and using the definition of covariant exterior differentiation operator (A.26) simply

yields to the second Bianchi identity as

dR%, = (Rac — W A wdc) Aw — w A (Rcb —w A wdb>
dR% = R ANw% —w A R%
DR% = 0. (B.27)

When the connection is torsion-free (i.e., 7% = 0), one can take
1*D(xRgp) = *DP, (B.28)

and
20°DPy, = 1, DR. (B.29)

Here, one can begin to prove the identity (B.28) starting from the left hand side.



14.

Since the connection is Levi-Civita, one can write

*Dx Ry =

1
—1*D (Rabcd * (e A ed)>

2

1

0% (D Rapea) A (6 A %) + Rapea A D s (e 1 e

1

2 <(DRabcd) A#(e A e?) + Rapea ATy Ax(ef Ae? nel ))

1

§La <(DRabcd) A *(e€ A ed)>

1 1

3 (1D Rapeq) A *(e€ A e?) —3 (DRapeq) A *(e€ A et Ae?) . (B.30)
(B15-1) (B15—2)

Since the term (:*DRgpeq) is a scalar,

(B15—1) = (1“DRgpeq) N *(e€ A %)
Yy (ec A ed(LaDRabcd)> . (B.31)

Remembering that the connection is torsion-free, one has the following:

e A ed(LaDRabcd)

- (ec Aed A (DRabcd)) — 69e? A DRypeq + 6°e® A DR gpeq

= ¢ (D(eC A e A Rapeq) — Raped (D(ec A ed)>)
—e? A (DRp%y) + € A DRy
= 2%DRy — 2¢% A (DPy)
= —2¢"AN(DPy,)
— 2DP, (B.32)

with the suitable index change. Therefore,

(B15—1) = 2% DP,. (B.33)

On the other hand, trace term (B15 — 2) can be given as

(B15—2)

= (DRapeq) * (e N e A e?)
= D <Rabcd * (e“ A e A e“)) — RupeaD * (e A e A e?)
= Dx(RapAe?) . (B.34)

Since the connection is Levi-Civita, one can here write Ry, A e® = DT, = 0. There-
fore, there is no contribution from (B15 — 2). Substituting (B15 — 1) into (B.30)

yields

(*D(xRgp) = *DP, . (B.35)

Rx1=RY®Ax(eq Neyp). (B.36)



15.

Using the identity (B.1) into (B.36) one can write

Rx1 = R®Ax(eqAey)
= R®Auxe,. (B.37)

Since R® A xe, = 0 (being an (n 4 1)-form in n-dimensional spacetime), (R A
xeq) = 0 as well. Then, the right hand side of (B.37) can be further simplified by

applying the interior product operator as

w(R™® Axeq) = (1pR™®) Axeq + RPNy xeq =0,
R®Auyyxe, = —(pR™) Axeq. (B.38)
Noting that spacetime is metric-compatible (R%® = —R"®) and also using P® = 1, R*,
one has
RP®Auyxeq = (pRY) A xeq
= P%A=xe,
= P'Nigx1l. (B.39)

The right-hand side of (B.39) can further be simplified. For that, using P* A1 =0

(again being an (n + 1)-form in n-dimensional spacetime), one obtains

tag(P*A*1) = (1aP*) %1 —=P*N1gx1=0,
P*ANigx1l = Rx1 (B.40)

where 1, P* = R. Therefore,

R® Ax(eq Ney) = Rx1.

P, AN+P*=Ux1, (B.41)

where U = P,, P denotes the Ricci-squared scalar. Writing the Ricci 1-forms in

terms of its components, one finds
P, A %P% = Py Peb A xe, . (B.42)
Employing the identity (B.6) easily gives

P, AP = PpP%.x1
= PpP%x1
= Uxl (B.43)

with the Ricci-squared scalar U = Py, P%.



16.

1
R% A xR, = SV 1 (B.44)

where V = R%.4R,"? is the Kretchmann scalar. Here, the proof of the identity
requires writing the curvature 2-forms in terms of Riemann curvature tensor R%.q

as
1
R% A *R,? = ZR“bcdRabm"ec Aed A *(em Aep) . (B.45)

Using (B.11) with the appropriate indices, one obtains

1
ROy A xR = JRscaRd"™" e A (6% + em = 0% )
1
— ZRabcd <Rabmdec A %€, — Rabdnec A *en>
1
= §RabcdRabmdec N %€y, . (B.46)

Lastly, taking the identity (B.6) gives

1
R% A *R,Y = §R“bcdRabmd50m x1

1
— §RabcdRade %1

with the Kretchmann scalar V = R%qqR.*%.



C. Field Equations of a Generalized Gravity Model
in Higher Dimensions

This appendix presents in detail calculations related to field equations of a generalized
gravity model in higher dimensions. The field equations are obtained by first considering
the co-frame 1-forms e® and the connection 1-forms w®, as dependent fields with the
vanishing torsion constraint, i.e., T = 0, and by later taking them as independent fields
and making variations with respect to each field.

The Lagrangian density of the model under the vanishing torsion constraint is given in

(2.8) whose variation with respect to e, w?%, and A* can be written as

5L = (%’;) (OR) + 1+ (S—é) (OU) % 1+ (%) (V) *1

(A) (B) (©)
+ f(R,U,V)(*1) + 0L (matter) + 0 (T A Ag) - (C.1)
(D) (E) (F)
Here, the variation of each term should be considered separately to avoid confusion.
Calculations related to variational term (A) can be given as
S(Rx1) = ¢ (Rab A x(eq A eb))
(6R) x 14+ Ro(x1) = (6R™) A x(eq Aey) + R™® NS [x(eq A ep)]
(0R)x1 = <5(dw“b +wie A wd’)) A x(eq A ep)
+R® A G (%(eq A ep)) — RI(x1)
(6R) x1 = 8(dw™) A x(eq Aep) + (0we) Aw® A x(eq Aep)
W A (6w®) A x(eq Aey) + RPN S (x(eq Aep))
—Ro(x1). (C.2)

Infinitesimal variations and exterior derivative operators on differential forms commute

with each other. Therefore,

§(dw®) = d(6w™®). (C.3)
Putting the commutation relation (C.3) into (C.2) and appropriately changing some indices
result in
(6R) 1 = d(6w™) A x(eq Aep) + (6w®) A (wWe A *(ee Aey) — wsp A *(eq Aee))

+R™® NS (x(eq Aep)) — RO(x1). (C.4)
By making use of (B.12) and (B.14), one finds

(6R) x1 = d(6w™) A x(eq Aep) + (w™®) A (wWe A *(ee A ey) — wsp A *(eq Aee))
+(de) A <Rab Ax(eq Nep Aee) — R x* ec> . (C.5)



Multiplying with a scalar (%) yields

(A) = (g—]‘];> (0R) = 1
_ d(&ﬂb) A <%> * (€q A €p)
' (D) '
' (A2) |
+ (g_f> (5e°) A (R“b Ax(eq ANey Aee) — R x ec> . (C.6)
' (43) |

Using the definition of exterior derivative, (A1) can also be expressed as

(A1) = d(éw“b)/\<af )*(ea/\eb)

OR
d <<g—]";> (6w ™) A x(eq A eb)> + (0w™®) A d <<§—}fz> % (eq A eb)> . (C.7)
| a1-1) (A1-2) '

Therefore, one can write

(4) = d <<§—£> (6w™) A #(eq A eb)> + (W) A D <<§—£> ¥ (ea N eb)>

+(5e°) A (%) (R“b Ax(ea AepAer) — R+ ec> (C.8)
e (Al —2) + (A2) = (bw®) A D ((%’;) * (eq A eb)> . (C.9)

Here, D denotes the covariant exterior derivative, the definition of which has already been
given in Appendix A.

Next, the variation of (B) can be realized by considering
Ux1l= P, NxP". (C.10)
The variation of both sides gives

(U =x1) = (P, N*P?)
(0U) 14+ Ud(*1) 0(Py N xP%). (C.11)

Hence,
(0U) %1 =0(P, AN*P%) —Ud(*1). (C.12)



Employing identities (B.14) and (B.3), one finds

(6U) % 1 = 2(6P%) A %P, — (0e°) A (15 P?) A %Py + P* A1y % P,) — U(8e%) A xeq . (C.13)
(B1) (B2) (B3)

By using the definition of Ricci 1-form, variational term (B1) can be written as

(Bl) = (6P%) AxP,
(5(LbRb“)> A %P,

= (L((;Xb)Rb“> A *P, + <Lb(5Rb“)) AT (C.14)

Applying the identity (B.4) and suitably changing some indices, one reads

1
(B1) = <L(5Xb) <§Rbacd e N ed>> A %P, + 13(6R") A %P,
1 1
= 5Rbacd <L(5Xb)ec) Aet AxP, — §Rbacdec A (L(axb)ed) AP, + Lb(éRb“) A %P,
= —R",(13(6e%)) A e A %P, + <Lb(5Rb“)> A *P, . (C.15)
(B1-1) : (B1-2) :

(B1 — 1) term can be rather simplified if one takes

Lh <Rbacd(5ec) Aed A *Pa) = RY%., (tp(0€)) e A xP, — Rbacd(éec)(Lbed) A *P,
+ R4 (6e€) Ned Ay * P, . (C.16)

Since vy (R*.q(8€°) A e? A *P,) = 0 (this term is (n+1)-form in n-dimensional spacetime)

and pe? = 5%, one can rewrite

(B1—1) = —R";(14(0e°)) Aed AP,
= —Rbacd(éec)ébd A *P, + Rbacd(éec) Aet A x P,
= RY.(6¢°) APy + R* q(6e¢°) A e Ay * Py . (C.17)

With the use of the identity (B.1) and taking R". = P%., the sum of (B1—1)+ (B1—2)

becomes
(B1) = P2, (5¢°) A %Py + RY.4(8¢%) A e A %(Py Aey) + (Lb(aRba)) AxPy.  (C.18)
Thence, addition of (B1) + (B2) + (B3) yields

(6U) %1 = 2P (0e) A %P, + 2R 4(5e°) A e? A (P, A ey) + 2 (Lb(éRba)> A P,
—(6€°) A ((1yP2) A %Py + PO A1y % Py) — U (6e) A xeg . (C.19)

After appropriately changing some indices, collecting similar terms together, using identi-



ties (B.18) and (B.21), one gets

U)*x1 = 2 <Lb(5Rba)) A *P,

(B1-2)

+ (0e°) A (Pac % Py 4+ 2(LeR*) A (P, A ey) — PP Ax(Py Nee) — U x ec> .

(B1-3)
(C.20)
Then, (B1 — 2) can be further simplified. For that, if one takes
ba _ ba ba
w ((53 )/\*Pa) - <Lb(5R )) APy + (SRY) A 1 % Py (C.21)
(B1 —2) can alternatively be written by using (B.1) as
(B1—2) = (6R®) A (P, A e) (C.22)

since ¢, ((6R*) A xP,) = 0 (again it is (n + 1)-form in n-dimensional spacetime). Here,

the variation of the curvature 2-form leads to

(B1-2)

<6(dw“b + w A wd’)> A x(Py A ep)
= 3(dw™®) A *(Py A e) 4+ (0w™®) A (wa® A *(Ps A ey) —wS A *(Py Aee))
(C.23)

by changing the indices accordingly. After using the commutation relation (C.3), the sum

of (B1 — 2) + (B1 — 3) and multiplication with (g—g}) reads

(B) = (%) (OU) 1
_ (%) (d(6)) A #(Pa A1)

(B1-4)

+2 <%> (6w™®) A (wa® A #(Pe A ep) —w Ax(Pa Aee))

0
+ (%) (5€°) A (Pac % Py 4+ 2(LR*) A (P, Aep) — PP Ax(Py ANep) — U x ec) _

(C.24)
Here, (B1 — 4) can be rearranged by using the definition of exterior derivative together

with the antisymmetrization in the first term as

(Bl1—4) = %d ((2—5) (6w™®) A %(Py N ey — Py A ea)> + (bw®)Ad ((%) s (Py A eb)>
(C.25)



Inserting (B1 — 4) into (B) and using the following identity

D<<§—(";> *(Pa/\eb)> = d((%) *(Pa/\eb)>

+ <8f> (5w“b) A (W A (P, Aep) —w Ax(Py Nee))

U
(C.26)
finally yields
(B) = d of (Sw®) A %(Py Ney — Py A eg)
ou
+(6w®) A D of x (Py Ney— Py N eg)
oU a b b a
c af a ba a
+(8) A ( 5 (P o % Py + 20 RY) A (P, A ey) — P /\*(Pa/\ec)—U*ec> .
(C.27)
Then, making use of the below identity
V %1 =2Ry A *xR¥ (C.28)
and (B.14) gives for the variation of the next quadratic term as
S(Vx1) = 26(Rap A +R™)
(6V)%1 = 20(Rg A*RY®) — V(5e?) A xeq . (C.29)

Employing the identity given in (B.3) yields

(6V) % 1 = 4 (5Rw) A *R™ —2(3¢°) A ((LcRab) ARy — R A 1 % Rab) — V(8e%) A e .
e — |
©1)
(C.30)

Applying the similar procedure given in detail with (C.2) also works for the variation of
the term (C1) as

(C1) = (6R®) A %Ry
= (6(dw“b + wf A wd’)> N *Rgp
= §(dw™) A *Rap + (0w) A w® A *Rgp + w?e A (0w™®) A*Rgp . (C.31)
Introducing the commutation relation (C.3) with the appropriate modification of indices,

one finds
(C1) = d(6w™) A *Rap + (6w™®) A (e A %Ry — wy A *Rge) - (C.32)

Substituting the term (C1) into (C.30), multiplying with <g—{;> and collecting together



similar terms with the proper indices give
of
= _— 1
() (6V) ( 8V> *

af ab
4 (W) d(0w™) N *Rgp

(C1-1)
af ab c c
+4 [ = | (0w™) A (wa® A *Rep — w A *Rge)

ov
c af ab ab
+(0e°) A Ea (—Q(LCR ) A*Rgp + 2R A x(Rap Nee) — V % ec) (C.33)

Writing (C'1 — 1) as

(cC1-1) = <§—é> d(6w™®) A %Ry

= d <<g—“’;> (6w®) A *Rab> + (Sw®) A d <<g—é> * Rab> (C.34)

and also using the identity
0 0 0
D ((%) * Rab> = d <<%> * Rab> + <%> (&uab) A (wa A *Rep — w A *Rge)
(C.35)
eventually reads

(C) = 4d ((%) (6w®) A *Rab> + 4(6w®) A D ((g—w * Rab>

+(0e°) A <%> (—Q(LCR“I’) A %Ry + 2R A x(Rgy A ey) — V % ec> (C.36)

Next, making use of the identity (B.14) easily gives for the variation of (D)
(D) = fo(x1) = f(de”) A xeq . (C.37)
The variation of the matter Lagrangian in (C.1) yields

(E) = d&L(matter)

oL 0L
= (6e%) A —2 4 (bw®) A —2
( e ) 66‘1 ( w ) (S(A}ab
= —(6e*) ATy + (6w™®) A Qap, (C.38)
where 7, = —‘ifeg" is the stress-energy (n — 1)-form associated with the matter fields and

Quwp = gﬁ—a”g is the variational term attained from the connection variation of the matter

Lagrangian which can also be defined as the hypermomentum current (n — 1)-form.

Finally, the contribution to the field equations from the variation of the zero-torsion con-



straint term in the Lagrangian density (C.1) is

(F) = 0(T"NX)
= (0T A A+ T A (5Xa)
= <5(de“ + w% A eb)) Adg+T%A (6Xa)
= §(de®) A g +(0w) Ae® AXg +w A (8€°) A X + (0Xa) AT, (C.39)
A

(F1)

The commutation relation of infinitesimal variations and exterior derivative operators on

differential forms yields

d(de®) = d(de?). (C.40)

By taking this and appropriately modifying some indices with the definition of exterior

derivative, one can write
(F'1) = 6(de®) AN Ag = d((0e) A Ag) + (0€*) A (dN,) - (C.41)
Hence,

(F) = d[(6e") A Xa] + (5e™) A (dha — wPa A Nb)
I F1-2 I
+ (0w™) A €® A Xg +(0Xg) AT (C.42)
I (F1-3) |

Here, (F1-2) can be identified as exterior covariant derivative of Lagrange multiplier (n—2)-
form JA,, that is
DAy = Aa — w0 ANy (C.43)

Therefore, together with the antisymmetrization of the term (F'1 — 3), the variation term

related to the zero-torsion constraint can be expressed as

(F) = d((5¢") Ag) + (6e®) A DAq + % (8w%) A (e A da — €a A Xy) + (GAa) AT®.
(C.44)



Now, collecting together all the related variational terms gives

of

= — D
oL oe’ /\[f*ec Te + )\+<6R

> (R“b/\*(ea NepAee) — R*ec)

+<g§> <PGC*P —{—(LcRba)/\*(P Aep — Pb/\ea)_Pa/\*(Pa/\ec)—U*ec)

af ab ab
+ <W> (—Q(LCR ) A *Rgp + 2R AN x(Rgp Nee) — V % ec>]

+0w™® A [D ((%) - (ea/\eb)> +D ((Sé) % (P A ep —Pb/\ea)>

1
+4D <<%> *Rab> + Qup + B (ep AN Ao — €4 /\)\b)} +0Ag AT

+d Kaf> (6w™®) A x(eq A €p) + <8f> (w™®) A%(Py A ey — Py A eg)

OR oU
+4 (g{;) (6w™®) A %Ry + (0€2) A )\a] . (C.45)

The variational principle implies

of

c ¢ D)\
frec—Te+ +<8R

) (R“b/\*(ea Nep Nee)— R*ec)

0
+<%> (Pac*Pa+(LcRba)/\*(Pa/\eb—Pb/\ea)—Pa/\*(Pa/\ec)_U*ec)

+ (%) (—Q(LCR“I’) A %Rgy + 2R A x(Ryy Aes) — V % ec> =0 (C.46)

and
D <<%> * (ea /\eb)> +D ( gg) * (Pa/\eb—Pb/\ea)> +4D <<%) *Rab>
+Qa + %(eb Adg—eg AXp) =0 (C.47)

with
T% =de® +w'y Aeb =0. (C.48)

The Lagrange multiplier (n — 2)-form A, can be obtained from (C.47) by defining

o = 20 (2 < canen) 20 (L) Runes-rinea)

+8D <<%> * Rab> + 204 . (C.49)

Thus, (C.47) takes the following form:

Agp=€ea NNy —ep AN Ag. (C.50)



Applying the inner product operator % on both sides of (C.50), one gets

LAy = 1% (ea ANXNp—ep A Ag)
= (t%q) ANNp—eq NNy — (%) AN A + e A L% Ag (C.51)

Since (%ep = 6%, and t%e, = n, where n is the dimension of spacetime, one obtains

Aoy = nXp— (n—2)Np — 8% Na + €5 AP\,
= (n—n+2—1N+ep At"Ay
= Mte At (C.52)

by using the identity (B.2). The further application of the inner product operator > on

(C.52) results in

LA, = Lb()\b +ep AL%A,)
= O+ (Pey) A tAg — e A D8N,
= A+ — (n—3)%,
= (1+n—n+3)\,
= 4%N,. (C.53)

Substituting this back into (C.52) gives the general expression of the Lagrange multiplier

(n — 2)-forms as

A = YAy —ep A%
1
= *Agy — 16 AN g . (C.54)

Then, if one uses (C.49) and expands the exterior covariant derivative, one finds

Ay = 2D <<%> * (eq A eb)> +2.4D <<%> x (P, Ney— By A ea)>

I (L1) (L2)

0
+8:*D <<%> * Rab) +20%Qp - (C.55)

E)

Here, one should carefully calculate the operation of inner product separately by using the

definition of the exterior derivative operator. Therefore, taking (B.1) and (B.15) one can



write

= oo (L) carm)
= (o ))A*%W(S—é)
= (e (o >> e+ (2 (5)
< ) C(T N x(eq Nep Nee))
- o) (o) e

(L1-2)

D x (eq A eb)>
) 5 (60 A er)

(L1-3)

Here, since the connection is torsion-free (i.e., Levi-Civita connection with 7¢ = 0) and
e® A eq = 0, there is no contribution from (L1 — 2) and (L1 — 3). Therefore,

(L1) = (“D <§£>>*(eamb). (C.57)

The term (L2) can be calculated by operating the covariant exterior derivative and then

interior derivative operators respectively

(L2) = ap<<3f> (7, Aeb_pbma>>

- e ((o(3F))- v () pecin- o)
) e )

(L2—2)
of c
+ 30 12D (P * (ec Nep) — B % (ec Neg)) - (C.58)
I (L2-3) |
Employing (B.1) in (L2 — 2) yields
of
(L2-2)= (D ETii ANx(PyNey Ne® — Py Neg Ne?) =0 (C.59)

since e, Ae* = 0 and P, Ae® = 0 (for T = 0). Using the definition of the covariant exterior



derivative operator and the equality (B.15), one finds

(L2-3) = <§—(J;> 18D (P,C * (ec Nep) — Py % (ec Neg))

ou
— (DP,°) % (ec Neq) — Py°D % (ec N eg))

If\ c c
_ <%> o ((DP) % (ee A er) + T (ec Ay Aey)

— (DPB°) * (ec A eq) — BT % (ec Aeg A ef)> . (C.60)

_ (a_f> 1@ ((DP,°) * (e A ep) + PaD * (e A €)

Again since the connection is torsion-free (i.e., T/ = 0), this yields

(L2 -3) = <§—(J;> LY ((DP,S) * (ec Nep) — (DBS) % (ec Neg)) - (C.61)

Applying the inner product operator reads

(L2-3) = (%) ((L"DP,°) * (ec N ep) + (DP,) = (ec N ey N e?)

— (1LBDPE) * (ec A eq) — (DB°) % (ec A eq A %))
- <g_(€> ((t"DP,°) * (ec A ey) + (DP) * (ec A ey Ae?) — (L"DP) * (ec A ea))
(C.62)

since e, A e® = 0. Because the term (1*DPF,°) is a scalar, one can write again by using the
identity (B.2)

0
(2-3) = (G ) (DR« conen) + (DR s cc hew he®) = s(ec heal" DI
(C.63)
which can also be rewritten by using the definition of the Ricci 1-forms as
af a (& (& a C
(L2-3) = Eii ((L"DP,°) * (ec N ep) + (DP,C) % (ec Nep A e?) — x(e. A (DFy°)))

= <g—£> x ((L"DP,%ec Nep)+ (DP,C) % (e Ney Ne®)+ % DP, (C.64)
T sn (L2—3-2) I

for the reason that De, = T, = 0 (i.e., the Levi-Civita connection). By using the identity
(B.2) and (B.29), (L2 — 3 — 1) can also be rewritten as

(L2—-3—-1) = ("DP,)ec.Nep

1
= FdRAe. (C.65)



In addition, (L2 — 3 — 2) can be further simplified by using the definition of the covariant

exterior derivative for Levi-Civita connection as follows:
(L2—-3-2) = D(P,Sx(e*NeyANe))

= (DP,S)*(e" Ney Nec) + P,°D x (e Ney Aec)

)
= (DR, x(e*NepAee)+ PlT  x (e Ney Aeo A e
!
= (DP,°) (e Nep Aee)

]

= D[P, x(e"NepyNep) . (C.66)
Since P, is a scalar,
(L2—-3-2) = D(x(e® ANepy AN P,%¢;))
= D(P,Ne"Nep))
= 0. (C.67)

As can easily be seen, there is no contribution from (L2 — 3 — 2) since P, A e* = 0 (for
T°¢=0). When (L2 — 3 — 1) is substituted into (L2 — 3), one finds

(12-3) = <6_f> (1 £ (dR A ey) + *pr>

oUu ) \2
of 1
(%) <§Lb * dR + *DPb> (C.68)

Therefore,

(L2) = (ﬂD (3—(];)) «(Py Aey— Py Aeq) + (2—5) (%Lb «dR + *pr> . (C.69)

On the other hand, the covariant exterior derivative operator in (L3) gives

(L3) = LaD<<g—‘j/:>*Rab>
- (o3 e ()
= o (o(Z)) s (2) 0 e

since 1*D * Ry, = *DP,. Thus, collecting all the related terms one finds

Ay, = 2 (L“D <%>> * (eq N €p)
+2 (L“D (%)) x (PyNey— Py Neg) + <%> (thy * dR 4+ 2 x DPy)

0 0
+8 (LaD (%)) * Rop + 8 <%> x DPy + 20%Qp - (C.71)



Further application of the inner product operator on (C.71) yields

LbLaAab:4<aD (g");)) Lb R, b+4<§“i> Lb*DPb+2LbLaQab. (072)

Respectively using (B.28) and (B.1), one finds

LA = 4 < “D <SXJ;>> s Ry + 2%, (C.73)

owing to 1%1,¢ = 0 (¢ being any p-form), e® A e, = 0 and P, A €® = 0. Substituting (C.71)
and (C.73) into (C.54) and changing indices suitably, one obtains

Ay = <“D<g}fz>>*(ea/\eb)+2<aD<§(J;>>*(Pa/\eb—Pb/\ea)

0 0
+ <8(J;> (yxdR+2xDP,) + 8 < “D (8“};>> * Rop + 21y

0 1
+8 (85’) * DPy — 26 A (C.74)

Finally, the Einstein field equation of the model is given by

af ab
f*ec—Tc+<aR> (R Ax(eq Ney Nee) — R*ec)

(an)(
“(av) (2

P“c*P + 2(LeR%) A %(P, A ey) — Pa/\*(Pa/\ec)—U*ec>
—i—D[ *D <g]€>>*(ea/\ec)+2<aD <g§>>*(Pa/\ec—Pc/\ea)

(LeR™) A %Rgp + 2R A %(Rap N ee) — V % ec)

+ <%) (e *dR+2x DP.)+8 ( *D (ngj')) % Roe + 2%
8f 1 b a _
+8 <3V> x DP, — 560/\ L Qab] =0. (C.75)

On the other hand, trace of the Einstein field equation of GGM can be obtained by



acting e¢ on (C.46) as

fleC A *ecl—lec ATe+ <%) Iec A R A x(eq N ep A ec)l—R e N *e.
(T1) (T2) (T3) (T4)

0
+ <—f> P NP, —i—lec A (LcRb“) A *x(Py N ey — Py A ea)I

ou
(T5) (T6)
—ec/\P“/\*(P /\6)—Uec>ke + ﬁ _QGCA(LRab)/\*R
| a c | c oV | c ab.
(T7) (T8) 79
+2e° A R® A x(Rg A e, —VeSxre. | e NDA=0. (C.76)
(T10) (T11) (T12)

As can easily be seen at the first glance, terms (7'1), (T'4), (T'8) and (7'11) are identical
and taking the identity (B.2) is enough to get the required expressions, that is e A xe, =
e Ae# 1 = nx1 where n is the dimension of spacetime. Therefore, one can continue with

the stress-energy term (7'2):

(T2) = €A
= €N Tpq xe?
= TeaSN %1
= 0T x1
= 7% %1

= 7x1. (C.77)
The other trace term can be calculated by frequently used identities (B.1) and (B.2) as

(T3) = e AR®Ax(eq AeyAe)
= RPN At (eq Mep)
= (n—2)R® Ax(eq Aep)
= (n—2)Rx1. (C.78)

Then, one can easily write

(T5) = P%e A*P,
= P*AxP,
= Uxl. (C.79)



The identity (B.2) presents for the next trace term

(T6) = €A (LeR")A*(PyNey— Py Aeg)
= 2RY A *(Py Ney — Py Neg)

= 2R Ay« Py —2RY Ay % Py . (C.80)
(T6-1) (T6—2)

Here, one can express (76 — 1) with use of the definition of interior product operator as

Lb(Rb“ AN*P,) = (LbRba) A %P, + R A1y % P,
R Awpx P, = —P*AxP,
(T6-1) = —Uxl (C.81)

since (R A *P,) = 0 (it is (n + 1)-form in n-dimensional spacetime) and P = 1, R%®.

Applying the same procedure for (76 — 2) yields

a(R" A%P,) = (1aR") A %Py + R A1y % P,
RV A *x P, = —PYAxP,
(T6—2) = Ux1. (C.82)
Therefore,
(T6) = —4U 1. (C.83)

While trace term (7'7) can be figured out as

(T7) = e NP AN*(P, Neg)
= —P'ANeSAi.*P,
= —(n—1)P*A%P,
= —(n—-1U=1, (C.84)

(T9) can be expressed as

(T9) = €A (LeR®) A %Ry
= 2R® A xRy,
= Vsl (C.85)

again with the help of the identities (B.1) and (B.2). In the same way, one finds

(T10) = €A R A *(Rap N €c)
= R™®AeC A1 Ry
= (n—2)R® ARy
(n—2)

= 5 Vxl (C.86)




by following the same steps. The calculation of the contribution from term (7'12) can be
obtained by
(T12) = e AN DX, = —D(e° A A) (C.87)

since the connection is Levi-Civita. Before acting the covariant exterior derivative operator,

one should primarily simplify all the terms coming from (e A A.) which yields

C _ a 8f C a af C
(e“NA) = 2<LD<@>>6 A x(eq Nee)+2 <LD<%>>I€ /\>x<(Pa/\ec—Pc/\ea)I
(T12-1) (T12—2)

+ <ﬁ> e NiexdR+2e°AN*xDP, | +8 <L“D <ﬁ>> e’ N xR
L L ] | I —

ou | ov
(T12—3) (T12—4) (T12-5)
0 1
+2e° A 1% Qe + 8 <%> Iec A >|<DPCI —3 IeC Aee A LbLaQabl . (C.88)
(T12—6) (T12—7)
Here, one can start with
(T12-1) = €°Ax(eq Nee)
= e“Ni.*xeq
= (n—1)x*e,. (C.89)
Then, one finds
(T12-2) = e AN*x(PyNec— P.Neg)
= e“ANie*P,—e“Nig*x P,
= (n—1)*«xP,—e“Niyx P, . (C.90)
I |
(T12—2-2)
Using identity (B.5), one can also write
(T12-2—-2) = 6% P.— 1q(e AN xP.)
= 0, % P. — 14(Pe N\ %e°)
= %P, —1q(P. N 1% 1)
= «P,—Rxe, (C.91)
since (P. At 1) = R+ 1. Thus,
(T12—-2)=(n—2)* P, + Rxe,. (C.92)

If one uses (B.2) for the term (712 — 3), one arrives at

(T12-3)=€e“Ate*dR=(n—1)*dR. (C.93)



Since the connection is torsion-free and D = V,e%, term (T'12 — 4) can also be given as

(T12—-4) = €e°AxDP,
= e“AN*xD(Pge?)
= e“A*[(DP.) N e + Peu(De®)]
= e“A[(VyPy)e’ Ae?] (C.94)
where V; is called covariant differentiation with respect to any frame vector field X,

(Vy = Vyx,). Since the term (V,P,,) is a scalar, by using the identity (B.33), one can

also write
(T12 —4) = (VyPea)e® A x(e? A e?)
= (VP (6% % €® — 5% x ¢°)
(VyP?%) % € — (V3 P°,) * e
= (VyReb) — (VyPPre?). (C.95)

For the reason that 2V,P%. = V.R and remembering D = V,e%, one finally finds
(T12 —4) = xdR — x(V,Re%)
1
= *dR — 5 xdR

- %* dR. (C.96)

Expressing the curvature 2-form in terms of Riemann tensor gives for the next term

(T12—=5) = €A *Rqe

1
= §Racmnec Ax(e™ Nem). (C.97)

Here, the identity (B.33) leads with the appropriate index change

(T12-5) = %Racmn (0™ xe™ =" xe)
= % (Raem® x €™ — Ry’ % €™)
= Raem *xe™
= P,,xe™
— «P,. (C.98)

(T'12 — 6) can be express by using the result of the term (712 — 4) as follows

(T12—-6) = e“A*DP,
1
= 5+DR. (C.99)



Consequently, the last term, namely (T12-7), is identically zero since e“Ae, = 0. Therefore,

one can write

(€AN) = 2 <<n—1> ( “D <§;{;)> R <Lap (%)))
a0 () (o (3)

+<n (g;;) +4<6‘J;>> * dR 4 2€° N\ 1"Qqe - (C.100)

Operating the exterior derivative operator gives

-l (eo(3) - (2 (30) s 00 ()]
sfu-sn (eo($)) - (eo ()]
sfo-n(ro ) o<l (F) oo

Jon (20 40 (20)] nvar

of of c “
- [n <8U> +4 <6V>] D xdR +2e° N D(1“Qqe) (C.101)

(T12) = —D(eAX)

\8: %\\

for the Levi-Civita connection. Eventually, substituting all the calculated terms yields
[ f—2R <§}J;> —4U <§(J;> —4V <§‘Ji> —7':| x 1

2fin- 00 (#0 (Z))+ (#0 (22 )ars 0 (20 (2))] 1

2fin-o (e0 (L)) + 10 (o0 ()] a-r.

s (eo($)) (oo ) o

on (210 ()]

o (2L) (Y D % dR + 2¢° A D(1%Q.) = 0 (C.102)
| (55) (&)

ou ov

for the trace of the Einstein field equation of n-dimensional GGM.

On the other hand, taking co-frame 1-forms and the connection 1-forms as independent



fields and making variations with respect to each field give the following field equations:

8f ab
f*ec_7c+<ﬁ> (R A*(eaAebAeC)—R*ec>

+ (%) <P“c % Py 4 (1eR") A x(Py Aey — Py Aeg) — PP Ax(Py Ae) — U x 60)

3}
+ <%> (_Q(LCRab) A*Rap + 2R® A x(Rap N ee) — V % ec) =0

D ((%) (ea A eb>> D ((%) «(Puhey— Py ea>> 4D ((g_@

(C.103)

* Rab> +Qab =0.
(C.104)



D. Field Equations of a Quadratic Curvature Grav-
ity Model in Higher Dimensions

In this appendix, the field equations of higher dimensional Quadratic Curvature Gravity
(QCG) Model are derived in detail. As in the previous appendix, the field equations of the
model are obtained for two cases in which the connection of the spacetime involves torsion
and the connection of the spacetime is torsion free. Note that, some of the calculations
are very similar or identical to the ones given in the previous appendix. However, it is
preferred to be presented in a separate appendix for calculations to be clearly seen and
easily followed.

The Lagrangian density of QCG under the Levi-Civita connection structure is given in

(2.38) whose variation with respect to e, w%, and A\* can be given by

SLoc = %5 <R“b A #(eq A eb)> +% 5 (R*%1) +6(A *1)
' @ ' ®) ©
+éé(P /\*Pa)+15(Rab/\RCd/\*(e NepNecNe )) +0 (T A Xa)
9 a 4 a b c d a) -
@ ' = ' D
(D.1)

Here, A is a cosmological constant and «, 3, v denote constants. In order to avoid confusion,
the variation of each term should be considered separately. Using the second Cartan
structure equation and the identity (B.12), the variation of well-known Einstein-Hilbert

term can be given as

(a) = 9 (R“b A x(eq A eb))
= (6R™) Ax(eq Aep) + RUAGS (x(eq Aey))
= <5(dw“b + Wi A wa)> A x(eq Aey) + RPN G [x(eq A ey)]

5(dw™®) A x(eq A ep) + (0w®e) Aw™ A x(eq A ep)

W A (6w®) A x(eq A ey) + RPN (5e€) A x(eq Aey Aee). (D.2)
The commutation relation (C.3) yields

5 (R“b A x(eq A eb)) = d(0w™) A *(eq A ep) +(0w?e) AwP A x(eq A ey)

(al)
W A (6w®) A x(eq Aey) + RPN (5e€) Ax(eq Aey Aee).

(D.3)

The definition of exterior derivative in the term (al) leads to

A(5w™®) A *(eq A ey) = d (((wb) A *(ea A eb)> (0w Ad* (eq Aey) . (D.4)



Changing some indices appropriately, the variation of the Einstein-Hilbert term (a) finally

calculated as

(a) = ¢ <Rab A *(eq A eb)>

= d ((&u“b) A *(eq A eb)> + (dw®) Ad * (eq N €p)
+(6w®) A (Wa A x(ee A ey) — wSy A x(eq Aee))
+ RPN (6°) A x(eq A ey Aee)

= d ((5wab) A x(eq A eb)> + (6w™) A D x (eq A €p)
+(5e€) A R™ A x(eq A ey Aee) (D.5)

since
D (x(eq Nep)) = d* (eq Aep) + wa Ax(ec Aep) —wp Ax(eq Aee) . (D.6)

Calculations related to variational term (b) can be given as

() = 0(R*x1)
= 2R(6R) x 1+ R?*(6e) N ey . (D.7)

Since the variational term (0R) x 1 has already been calculated in (C.5), one has

(b) = 2Rd(0w™) A *(eq A ep) +2R(0w™®) A (wa® A *(ee A ey) — wSy A x(eq Aee))
(b1)
+(5e°) A (QRR“” A x(ea Aey Aee) — R % ec> (D.8)

with the help of commutation relation (C.3). Here, the term (b1) can also be written as

(b1) = d(0w™) Ax*(eq A ep)
= d <(5w“b) A *(eq A eb)> + (bw®Y A d* (eq Nep). (D.9)

Thus,

(b) = 2Rd <(5w“b) A x(eq A eb)>

(b1—1)
+2R(0w™®) A (d * (eq A ep) + we A x(ee A ey) — wsy A x(eq Ae))
+(5e°) A (QRRab Ax(eq Aep Aer) — R ec> . (D.10)

To get a more compact expression, one can again use the following commutation relation
for term (b1 — 1):

(b1—-1) = Rd <(5w“b) A x(eq A eb))

= d <R(5w“b) A x(eq A eb)) + (&,uab) A (dR) A x(eq Nep).  (D.11)



Substituting (b1 — 1) into the variation of the curvature scalar squared term (b), one finds

) = 2d <R(6w“b)/\*(ea/\eb)) +2(6w™) A D (R % (eq A €3))

+(de°) A <2RR“b Ax(eq Ney Ae) — R? x ec) . (D.12)

Since the next variational term (c) can be easily obtained by using the identity (B.14)
(i.e., d x 1 = (de?) A *eq), one can continue with the variation of the next term. Applying

identities (B.14) and (B.3) onto the Ricci-squared term, one gets

(d) = &(P*AxP,)
= 2(0P%) AxPy —(8e®) A (yP*) APy + P N1y Py) . (D.13)

(d1)

Since the final form of the variational term (d1) has already been given in (C.18), the

variation of the Ricci-squared term (d) takes the following form:

(d) = 2P(8%) A %Py + 2R q(8¢%) A e A %(Py A ep) + 2 (Lb(éRb“)) AP,
—(6e”) A ((tP*) A %Py + P* A1y % P,) . (D.14)

Following the same procedure outlined in (C.20)-(C.23), one finds

(d) = 2(d(ow™)) Ax(Py A er)
' (@) '
H(Ow™) A (wa® A *(Pe A ey) — w A x(Py Aec))

+(5e°) A <P“c % Py + 2(1eRY) A #(Py A ey) — PO A (P A ec)) . (D.15)

Here, (d2) can also be rearranged by using the definition of exterior derivative together

with the antisymmetrization in the first term as

(d2) = (d(wb)) A *(Py A ey)

- %d ((&uab A#(Py A ey — Py A ea))> +(6w®) Ad(+(Pa Aey)) . (D.16)
After inserting (d2) in (d) and using the following identity
D (x(Py Aey)) = d(%(Py Aep)) + (0w™®) A (we A (P Aey) —wy Ax(Py Aee)), (D.17)
one eventually reaches

(@) = d((6w™) A (P Ay — Py Aeq))
+(6w™®) A D (%(Py A ey — Py Aeg))
+(5e°) A <P“c % Py 2(0eRY) A #(Py A ey) — PO A (P A ec)) . (D.18)

The variation of the Gauss-Bonnet term with respect to orthonormal 1-form e® and con-



nection 1-forms w?, yield

() = & <R“b A RN x(eq Aep Aee A ed)>
= (OR™®) AR Ax(eq NeyNeo Aeg)
+R® A (BR) A x(eq N ey A€ Aeg)
+ RO ARANG (x(eq Aey Nee Aeg)) . (D.19)

Appropriately changing some indices gives

) (Rab A RN x(eq N ep N ee A ed)) = 2 (5R“b) A R A x(eq N ep A eceq)
(e1)
+R® A RANG (x(eq Ney A€ Aeg))
(e2)

(D.20)
The variation of the curvature 2-form, can be written as
SR® = §(dw® +w; Awl?)
= §(dw®) + (dw®s) A w4+ W AS(Wh). (D.21)

Commutation relation between infinitesimal variations and exterior derivative operators
leads to
SR™ = d(6w™) + (8w ) Aw!® + W A S(wI?). (D.22)

After inserting variation of the curvature in (el), one finds

(el) = 2d(0w™) AR A x(eq AeyAeeeg)

(e1-1)
1200w ) AwlP A RN x(eq Aey Aee Aeq)

+w AS(w®) AR A x(eq Nep Aec Aea). (D.23)

Here, the term (el — 1) can be rearranged by the definition of exterior derivative operator

as

(el —1) = d(6w™®) AR x(eq Aey Aee A eg)
= d [(&uab) A RN x(eq Aey Aee A ed)}

+(6w®) A d [R“l Ax(eq A ey Aee A ed)] . (D.24)

Substituting (el — 1) back into (el), changing some indices and using the definition of



covariant exterior derivative operator read

(1) = 2d [(wb) AR A x(eq Aep A ee A ed)}
+2(6w®) A d [RCd Ax(eq Aep Aee A ed)]
+2(8w®) A R A < Ty nx(ea Nep Aee Neg) +wlo Ax(ef /\eb/\ec/\ed)>
= 2d [(&u“b A R A x(eq Nep Aec A ed)}
(

+2(0w™) A D (RCd Ax(eq Aey Aee A ed)> (D.25)
It is easy to write the variation (e2) with the help of third item in this appendix part as

(e2) = o (x(eq NepNeecNeg))
— <5ef) ARPARDNx(eq NeyAee Aeg Aey) (D.26)

Finally, inserting back the terms (el) and (e2) results in as follows for the variation of the

Gauss-Bonnet term:

(e) = 2d {(5w“b) A RN x(eq A ey Aee A ed)]
+2(6w®) A D <RCd A *(eq A ey Aee A ed)>
+<5ef>/\R“b/\RCd/\*(ea/\eb/\ec/\ed/\ef) . (D.27)

Since the variation of vanishing torsion constraint term (f) has already been obtained in

(C.44), collection of all the related terms gives

Loca = sel A [(aR—i— 2> R“b/\*(ea/\eb/\ef) <A— %R2> *ef

+§ [Paf 5 Py + 2(0p RY) A 5(Py A ey) — P A #(Py A ef)]
+%R“” ARAx(eg NepyAec Neg Aep) + DAf}

1
+w® A [(aR + 5) D x (eq N ep) + adR A *(eq N ep)

+§D (+(Py Ney — Py Aeg)) + %D (RCd Ax(eq A ey Aee A ed)>

1
+§(eb Adg — €q N Ab)] + Mg AT

1
+d KQR + 5) (6w™®) A *(eq A €p) + g(éw“b) Ax(Py Ney — Py Neg)

+%R0d Ax(eq Aep Aee Aeg) + (6e) A Aa} . (D.28)



The variational principle indicates
1 ab oY)
aR+§ R /\*(ea/\eb/\ef)—l—(A—ER)*ef

—|—§ [P“f % Py +2(epR™) A %(Py A ey) — P A %(Py A ef)}

—i—%Rab/\RCd/\*(ea/\eb/\ec/\ed/\ef)—i—D)\f:O (D.29)
and
1 B
§D * (eg Nep) +aD (Rx(eq Nep)) + ED (x(PyNepy— Py Ney))
1
—i—%D <R6d A x(eq Nep Aeec A ed)) + §(eb ANdg—eg ANAp) =0 (D.30)
again with
T% =de® +wiy Aeb =0. (D.31)

The Lagrange multiplier (n — 2)-forms A, can be easily found by defining

A = Dx(eqgNep)+2aD (Rx*(eq Aep)) + BD (x(Py ANey — Py Aeg))
+vD <RCd Ax(eq Aep Aeec A ed)> . (D.32)

The field equation coming from the variation with respect to connection fields takes the
same form as given in (C.50) with the previous definition. Thus, one can use (C.54) (i.e.,
Ap = %Ay — %eb A 1% Age) to obtain corresponding Lagrange multiplier (n — 2)-forms. To
this end, one should first deal with the operation of inner product operator onto A, which

can be written as follows:

"Ny = 1D x (eq A ep) +2a1D (R * (eq Aep)) +81°D (x(Py Aey — Py Aeg))
(K1) (K2) (K3)

+7*D <RCd A x(eq Aep Aee A ed)) . (D.33)

(K4)

Here, each term should be considered separately again. Taking the identity (B.15) in the
term (K1) easily yields

(K1) = "D x(eq Nep)
=17 (T° Nx(eq Nep Nec))
0 (D.34)

since the Levi-Civita connection (i.e., ¢ = 0) is assumed in the theory. Then, the calcu-



lation of inner product operator onto the next term (K2) can be given as

(K2) = (“D(R=*(eq Nep))
= " (dR N x(eq Nep) + RD * (eq Neyp))
= "(dR N x(eq Nep) + R (T Nx(eq Ney ANee)))
= (LYdR) N x(eq Nep) —dR N " x (eq N ep)
= x(eq(L*dR) Nep) —dR x (eq Nep N e?)
= x(dR N ep)
= *xdR (D.35)

by using (B.1), (B.2) and e* A e, = 0. Employing the definition of the Ricci 1-forms and

covariant exterior derivative operator for the term (K3) leads

(K3) = "D («(PaNey— Py Aea))
= ("D (P, *(ec Nep) — B * (e Neg))
L ((DPQC) A x(ec N ep) + P.eTf A *(ec Ney ANey)

— (DPE) A x(ee A eq) — BETT A k(e A eq A ef)> . (D.36)
The torsion-free connection reads
(K3) =1 ((DP,°) N*(ec Nep) — (DP,°) A x(ec Neg)) - (D.37)
Applying the inner product operator yields

(K3) = ("DP) * (co hey) + (DPa) * (co A ey A )
—(t*DP°) * (ec Neq) — (DBS) * (ec Neg N e)
= (L"DP,%)* (ec Ney) + (DP,°) * (ec Ney N e?)
—(t*DPy°) * (ec N €q) (D.38)

since e, A e* = 0. Due to the term (:®DP,°) is a scalar, one can write

(K3) = (t"DP,°) *(ecNep) + (DP,S) x (ec Nep ANe?) — x(ee A eq(t*DPy°))
= (L"DP,°) % (ec Nep) + (DP,) x (e. Nep N e?) — x(e. A (DFF)) (D.39)

with the help of (B.2) and the definition of Ricci 1-forms. Using the identity De. = T, = 0
which is valid only for the Levi-Civita connection, one finds
(K3) = x((t"DP,%ecNep)+ (DP,C) * (ec Ney Ne*)+x DB, (D.40)

(K3—1) (K3-2)

As can clearly be seen that while (K3 — 1) is identical with (L2 —3 — 1), (K3 — 2) is the

same as (L2 — 3 — 2). Since there is no contribution from (K3 — 2) (details are given in



(C.66)-(C.67) for (L2 — 3 — 2)), one can write
1
(K3) = Sl * dR + xDP,. (D.41)
Final term (K4) can also be given as

(K4) = D (RCd A x(eq Nep Aee A ed))
= 0 <(DRCC‘) Ax(ea Ney Aee Aeg) +REOND Ax(eq Aey Aeg A ed))
- 0 <(DRCd) Asx(eqg Ney AeeNeg) + REONTT A s(eq Ney Aee Aeg A ef))

= 0. (D.42)

Owing to the identity (B.25) and the Levi-Civita connection structure, one finds that (K4)

has no contribution to A,,. Therefore,
AT — <2a + g) ty*dR+ B+ DB, . (D.43)
Further application of the inner product operator and taking (B.1) yields

LAy = <2a + g) Lup x dR + Bib « DP,
= Bx(DP, A€
= 0 (D.44)

since (P1¢ = 0 (¢ denotes any p-form), T? = 0 and P, A ¢® = 0. Consequently, Lagrange
multiplier (n — 2)-form of QCG model can be given by

Ay = <2a+ g) ty*dR + B DP,. (D.45)
Then, the Einstein field equation of the model is

1
<aR+ 5) R™ A x(eq ANey Neg) + <A— %R2) *ef
B
2
Y pab cd
+ZR ANRCNx(eq Ney Nec Neg Ney)

+ [P“f * Py +2(0R") A %(Py A ep) — PP A *(Py A ef)}

—|—D<<2a+§> Lf*dR—i—ﬁ*DPf) =0. (D.46)



E. Minimal Massive Gravity Field Equations
In this appendix, the field equations of Minimal Massive Gravity (MMG) with and without

matter coupling are derived.

E.1. Field equations without matter (Vacuum field equations)

The variation of MMG Lagrangian density with respect to the independent variables e®,
w?, and A yields (without matter coupling)

1 2
SLymva = —% 0 <R“b(w) A x(eq A eb)) —|—@ ) (w“b Adw®, + gwab Awb A wca>
(a) I 0) !
PO (A1) 40 Do ATHW)] + 26 <>\“ AN A % (eq A eb)> . (E.1)
| 2

© ' @ |

The variation of Einstein-Hilbert term (a) can be obtained by using identity (B.12) and

the commutation relation (C.3)

(a) = 9 (R“b(w) A *(eq A eb))
= <5Rab(w)) Ax(eq Aep) + RP(w) Ad (x(eq A ep))
s <6(dw“b + Wl A wa)> A x(eq A ep) + RP(W) A (8e°) A *(eq A ey A ee)
= 3(dw™®) A x(eq A ey) + (0we) Aw® Ax(eq Aey) +we A (Bw?P) Ax(eq Aey)
+(8€°) A R®™(w) A x(eq Nep Aee). (E.2)
By taking the definition of covariant exterior derivative and appropriately changing indices,
this can also be rewritten as
(a) = d(6w®) Ax(eq Aep) + (Bw™®) A (wWe A *(ee A ey) — wsy A *(eq Aee))
+(6€°) A R™(w) A x(eq A ey Aee)
= d <(5w“b ) A x(eq A eb)) + (6w®) A d * (eq A ep)
+(6w™) A (we A x(ee A ep) — wsy A x(eq Aee)) + (0e€) A R™®(w) A x(eq A ey Aee)
= d <(5wab ) A x(eq A eb)) + 0w A D (eq Aey) + (0e€) A R®(w) A x(eq Aey Aee).
(E.3)

Then, considering (B.15) and (C.3), one can finally obtain
(a)=d <(5wab) A x(eq A eb)) + (Bw™®)Y AT Ax(eq Aey Ae) —2(0e?) AGq(w)  (EA4)

where

1 1
Gow) = —§Rb0(w) Ax(eq Ney Ae) = —§eab6Rbc(w) (E.5)

denotes the Einstein 2-forms where (e, A ey A €.) = €ape in 3-dimensions.



Next, the variation of Chern-Simons term (b) can be obtained in a similar manner. Again

by considering (C.3), one can obtain
a b 2 a b c
(b) = 5<w p A dw a—i-gw b Aw’e Aw a>

= 4 (w“b A dwba) —i—; ) (w“b Awb A wca> . (E.6)

(b—1) (b—2)

Here the variational term (b — 1) can be calculated as

b-1) = o (w“b A dwba)

= (6w%) Adw’y +w A d <5wba> . (E.7)
Using
d [w“b A (5wba)] = (dw®) A (6w’y) — w A d(6w®,), (E.8)
one can get
(b—1)=d ((&uab) A wba) +2 (wb) A dwpa - (E.9)

By appropriately changing indices, (b — 2) can be calculated as

b-2) = 0 (w“b Awbe A wca>

= (6w%) A wbe AWy + w A <5wbc) AWl 4wy Awle A (6wCy)

= 3 <5wab> A Wpe A W . (E.10)
Inserting (b—1) and (b—2) into (E.6), the variation of Chern-Simon term (b) finally results
in

(b) = d <(5wab) A wba) + 2 <5wab> A (dwba + Wpe A wca)

= d (((wb) A wba) +2 (Mb) A Ry (). (E.11)

The variational term (¢) which contains cosmological constant can be simply given by using

identity (B.14) as
() =Ax1=A(e") A xeq . (E.12)

Since the calculations for the variation of zero-torsion constraint term has already been
given in (C.44), one can continue with the variational term (d). Using (B.12) and noting

that *(e® A eb A e) = €€ in three dimensions, one obtains

d = 4 <)\“ AN A K (eq A eb)>
= 20009 AN A x(eq Aey) + A AN A (8e°) A x(eq Aey Aee)
= 2€ae(0AY) A €® A XS+ €qpe(0e®) A X A XE. (E.13)



Collecting all the variational terms, one can finally obtain

OLymGg = 66“/\<0Ga(w)+A*ea+D( )Aa + eabc)\b/\)\c>

1

—(ea AN Xy —ep A Aa))

o
+6w™ A <—§D(w) * (eq N ep) + ﬂRba(W) ~ 3

+OA% A < u(w )—l—aeabce /\)\C)

+d (-% [(5) A x(ew ner)] + i (50 A a4 (56) A )\a> (E.14)

The variational principle (2.11) implies:

oG (w) + A * e + D(w)A\* + %eabcxb Ade =0, (E.15)
g a b 1 ba 1 a b b a
——D(w) x (e*Ne’) + —R(w) — =(e* AN’ —€e” AXY) =0 (E.16)
2 2 2
and
T%(w) + ae™ey AN = 0. (E.17)

Here, it is convenient to start with (E.17), the field equation for the auxiliary field 1-form
A%, As can easily be seen, the equation yields a torsion in terms of A*. By using (2.3), this

can be further written in the following form:
de® + (W — e A%) A e’ =0. (E.18)

Therefore, the expression (w%, — ey A°) satisfies the structure equations with vanishing
torsion. Then, the connection 1-form can be decomposed into the Riemannian part denoted

by I'*, and the contorsion part identified by
K% = ae ¢ (E.19)

as
U =T% + aep . (E.20)

The decomposition of the connection 1-form (E.20) can be further applied for the decom-
position of the curvature 2-form. Using (2.4), (E.19) and (E.20) gives

R%(w) = dw+ w Aw
= d[I% + K%) + (% + K%) A (% + K%)
= dl'% 4+ dK% +T% AT 4T AKGY+ KA+ K NKS,
= RY%WT)4+dK%+T% ANK%—T%ANK+ K NK%
R%(T) + DT)K®, + K% A K,
= R%(T) + ae® DTN + a?(e%a\?) A (€A )
= R%(T) + ae% DTN — a?e g AT AN (E.21)



Using the following identity in 3-dimensions

e a€py = — (6% dar — 6% Oap) (E.22)
gives
R“b(w) = R“b(F) + OéeabcD(P))\c + o? (5ab 5df - 5af5db) A AN
—  R%(D) + ac®pe DDA + o (5%»1 A — Ao A A“)
= RY%(T) + ac®DT)A° + a®X* AN (E.23)

since AY A \y = 0. The connection equation (E.16) can be rewritten in terms of the
Levi-Civita connection I'*, with the help of equation (E.23) and the definition of covari-
ant exterior derivative. Therefore, one should start with the calculation of the covariant

exterior term by using the identity (E.22):

D(w) (e* ANeb) = € T¢w)
= —Oéeabc ecdfed AN
= (00 — 37p0tg) et AN
= « (e“ AN —eb A )\“) : (E.24)
The combination of (E.21) and (E.24) into the connection equation (E.16) yields

2
1
R — L DN — LNTAN — (14 ao)(e® AN —eP AN =0. (E.25)
2u 21 2

Note that, by this way, the connection equation is rewritten in terms of Riemannian quan-

tities. This can also be given in the equivalent form as

1
€, DDA = —=RP(D) — ar® AN — 2 (14 ao)e? Aeb. (E.26)
o e
On the other hand, the equation for basis co-frame 1-forms can be expressed in terms of
Riemannian quantities as well. To this end, taking the definition of Einstein 2-forms (2.53)
and covariant exterior derivative of auxiliary field D(w)A% = D(I)A% + K% A A’ in (E.15)

with K% = ae®p.A°, one finds

a_ %

~Zeabe Ry (T) + A % e + (1 + ao)D(D)A 5 (L+a0)e™x AN =0. (E.27)

2
Multiplication with the term ¥, with accordingly changing indices leads
oR®(I) — Ae® Ae® + (14 ao)e® DTN + a(l + ac)A* AN =0. (E.28)

Substituting the expression for €. D(I")A° in (E.28) one obtains

—R®(T) — ahe® Ae® — p(1 + ao)? (e“ AN —eb A )\“) =0. (E.29)



This can be solved for the auxiliary field 1-forms by taking (C.50). In this case, one gets

1

ab _
A= T+ a0y

(R“b(F) + ahe® A eb) . (E.30)
To find the auxiliary 1-form field A% of MMG theory, one can follow the procedure given in

(C.50)-(C.54); to this end, one begins with the application of the inner product operator
n (E.30):

1
Ay = —mba (Rab(F) + aleg A eb)

1 a 1 cd

T T raop’ gl catalene
1 cd sa 1 cd sa a a

- W 5 Rap™0%ceq = 5 Rap*'d%ace + ahd®qey — ald’peq
= (1 + o) 2 (R A | 2aAeb>
- b VY (Pb eqd + 2aA6b>

1

= ~ T a0 (Py + 2aAey) . (E.31)

By further applying the inner product operator into equation (E.31), one finds

1
b a b b
L N gy a 2 L’ Py 4+ 2aA6%y

_ _m (R+ 6ah) . (E.32)

Back substitution of (E.31) and (E.32) into equation (C.54) with suitable index change

yields
1 1
)‘a = —m <2Pa + (OZA — §R> 6a> . (E33)

The auxiliary 1-form can also be rewritten as

1

Y
2u(1 4+ ao)?

(2Yo(T") + ale,) , (E.34)
where Y, (I") denotes the Schouten 1-form defined as
1
Y,(I') =P, — ZRea. (E.35)

Consequently, the auxiliary vector-valued 1-form A% is eliminated from the metric equations
which are attained by the coframe and basis 1-form variations in terms of gravitational
variables the theory contains. When the auxiliary 1-form field is written in equation (E.27),

the Einstein field equation in terms of Riemannian quantities simply takes the following



form

_z abc a _ 1 a a
€ Rue(l) + A xe 2 T a0) D(I) 2Y*(T) + ahe®)
& et (9Y,(T) + adey) A (2Ya(T) + ale,) = 0. (E.36)

8u2(1+ ao)?3

Einstein field equation of the model can be equivalently given by using the definition
C* = D(I")Y*(I') of the Cotton 2-form and the identity Rp.(I') = ep A Yo(I') — ec A Y3(T)

of the curvature 2-form as

g a2\ b SN2
— —_ - aoc F A—— a
<2+4M2(1+040)3>6 Ry ( )+< 4,u2(1+aa)3>*e
1 a b
B ¢ — GCY P Y P = E
Wi+anC mEdraeyp M JAYe(T) =0 (E.37)

since D(I')e® = 0 for Levi-Civita connection.

E.2. Field equations with Maxwell-Chern-Simons coupling

One can consider Lagrangian density in the following form

Lyumva = Lyvic + L(matter)

1 1
= Lymc— §F/\ * ' — §mA/\ F, (E.38)

which contains the standard MMG lagrangian (E.1) and the standard Maxwell field F' = dA
along with the Chern-Simons term with the coupling constant m. Since the variations of
Lyrve have been calculated, one can continue with the variation of the Maxwell term

which yields

_ 1 1
5[,MMG'=5£MMg—55(F/\*F)—§m5(14/\F) . (E.39)
(e) (f)
The variational term (e) can be calculated by first considering the identity (B.3)
(e) = O(F AxF)
= 2(0F) AN*xF — (0eq) N[(L*F) N*F — F N 1% % F
= 2(0F) AxF —2(dey) A T¢[F] (E.40)
where )
TUF) = = (L"FA*F — FN* % F) (E.41)

2
is the electromagnetic field energy momentum 2-form. When the commutation relation

between infinitesimal variations and exterior derivative operators is used, one gets

(OF)ANxF = 0(dA) ANxF
= d(6A) NxF, (E.42)



which can also be written as
d(6A) AN *F = d[(6A) NxF] + (0A) Ad x F. (E.43)

Therefore,
(e) =2d[(0A) N xF] +2(6A) Ndx F — 2(deq) N T[F]. (E.44)

Then, applying the same procedure on variational term (f) gives
(f) = 0(ANF)

(5A) A F + A A S(dA)
= (6A)AF+ANdSA)
(

= (JA)ANF+d6A)NA. (E.45)

Using
d(6A)NA=d[(JA) N A] + (0A) A F (E.46)

leads
(f)=d[(6A) N A] 4+ 2(6A) AN F. (E.47)

Now, collecting all the variations yields

SCvme = 0% A <0Ga(w) A% eq + D(W)ha + %eabc)\b AN+ 7 [F])

1 1
+0w® A (—%D(w) * (eq N ep) + ﬂRba(w) - 5(% AXp—ep A )\a)>

FOAT A (Ta(w) + aegpee® A )\C) 4 (6A) A (d % F +mF)
_z ab i ab a 1
+d< 2@% A*@GA%D—%@L@W )Awm+(&)AAa+2@A)AA>.
(E.48)

Assuming that the fields vanish on the boundary of the spacetime manifold, the closed
forms do not give any contribution to the field equations. Hence, the variational principle
(2.11) implies

0Ca(w) + A % ea + D(w)Aa + %%Ab AN+ 7,[F] =0, (E.49)
T D(w) * (ca A ep) + — Ry (w) — =(ca AN A ) (E.50)
9 w €a N\ €p 2% ba \W 9 €a b~ €p a) s .

To(w) 4 aegpee® AN =0, (E.51)
d« F+mF =0. (E.52)

As can easily be seen, the field equations (E.15) and (E.16), which are given in the vacuum
field equations of MMG, are identical with (E.49) and (E.50). Therefore, the decomposition

of connection 1-form (E.20) and curvature 2-form (E.21) are still valid in this case. The



expression of connection equation in terms of Riemannian quantities has already been
found in (E.25). Therefore, to express the equation for basis coframe 1-forms in terms of
Riemannian quantities, one should carefully add the contribution, which comes from the

electromagnetic field energy momentum 2-form as

- %eabcRbc(P) +Axeq+ (14 ao)DIT)A, — %(1 + a0 )eqp N AN+ 7,[F] = 0. (E.53)

Multiplication with the term e¥ with accordingly changing indices leads
oR®(T) — Ae® Aeb + (14 ao)e® DDA + a(l 4+ ac)A* AN + €7 [F] = 0. (E.54)
Substituting (E.26) into (E.54) yields
—R®(T) — ahe® A e’ — (14 ao)? <e“ AN — el A A“) + ae®r [F] = 0. (E.55)
Here, to find the solution of the auxiliary field 1-forms, (E.55) should be solved. Identifying

1
ab ab a b ab __c
one can obtain equation for A\, in the form (C.50). Auxiliary 1-form field A* of matter
coupled MMG can be calculated by following the same steps given in (C.51)-(C.53). For

this, one should first calculate

LAY = —m% (R“b(F) + ahe® A e — aet r° [F])
T Ta(lta0) + ao)? < R§ceq — Rabcdaadec + ahd, e’ — ahd,le” — ae®ol, TO[F ]>
- 1 + oo )? ( R, e, + 2aAe® — ae®™, 1,7° [F])
— a0 (Pbded + 2aAe® — ae® 1, 7° [F])
= —m (Pb + 20Ae? — OzEabcLaTc[FD . (E.57)

Further application of the inner product operator into equation (E.57) reads

1
oA = o) <Lbe + 20A8," — ae® iy T [F])
i ao
1
= T <R 4 6aA — aeabcbbLaTC[F]) . (E.58)
m ao



Back substitution of (E.57) and (E.58) into equation (C.55) with suitable change of index

leads to

1

b—_i
N = Tt aoy

1 1 1
<Pb - ZReb + §oerb — ae® 1, °[F] + Zaeacdeb A LcLaTd[F]>
(E.59)

It is noted that auxiliary 1-form field can also be expressed as

1

b—_i
N = Tt ao)

<Yb(F) + %aAeb — ae® 1, 7[F] + iae“cdeb A LcLaTd[F]> , (E.60)
where Y?(T") again represents the Schouten 1-form which is given by equation (E.35). Note
that the electromagnetic field energy 2-form can also be written as 7¢[F] = 7¢/[F] x e ¥
where 7°f[F] denotes the components of the stress-energy tensor. Taking the trace of the
stress-energy tensor 7[F]* 1 = 7.[F| A e°, identities *7. = —7.4e® and (E.22) simplifies the
auxiliary field as

) - . (Yb(F) 4 %aAeb ta <—7-Cb[F]ec 4 1T[F]eb>> . (E.61)

(1l + ao) 2

A new stress-energy tensor can be defined as

1
—7[Fle. + 5T[F]eb = — % 7O[F] (E.62)
which also points out the following
1
PPF] = —7°[F] + STIF] * e’ (E.63)

Therefore, the final form of the auxiliary field 1-form is

A= — ! - <Yb(F) + %aAeb +a* %b[F]> . (E.64)

u(1+ ao)

After finding the expression of auxiliary field 1-form, one can write the Einstein field

equation of the theory (E.53) in terms of Riemannian quantities as

g b 1 1 ~
—— ‘(T + A ——— D) [ Yo(T') + =aA F
2€abcR (I) + Axeq 11+ ao) ( )( a )+204 eq + Q% 7o ])
.« b oAb b
21 +a0)3eabc<Y () + 2aAe +axT [F]>
1
A(YC(F) + §oerc +a *%C[F]> + 7,[F]=0. (E.65)

Einstein field equation of the matter coupled case can be equivalently rewritten by using
the definition C* = D(I")Y'*(I") of the Cotton 2-form and the identity Rp.(I') = e AY. (") —



e N Yy(T) of the curvature 2-form as

o Aa? 1
T ) R — ————Co+ 1o[F
2 ZJL,L¢2(1—i—()zJ)?’>6 b pu(l+ ao) +7alF]
A%a? @

A ) xeg— = YU (O) A YT
(A T ars) * 0 g et () A YD
& D) * #[F] - e POLF] A+ F]

pu(l+ ao)d Ta 202(1 + aa)?’eabc T ’
o (Yb(P) A %79 F] — YO(T) A *%b[F])
22(1+ ao)®
a3A b ~cC c ~b
I T ag (e A *FC[F] — €€ A 7 [F]) =0. (E.66)

The field equation can also be considered in the following form

Ea +TF] + O[] =0, (E.67)
where
o Aa? . 1 A203
ga = < 9 4Iu2(1 +a0,)3> GabcRb = Iu,(l —|—0¢0’) < - 4/1'2(1 +a0_)3> * €q
_m 6achvb(P) A YC(P) (E68)
and
T & - o ~b ~c
Oa[T] = _M(l—i—OZO')B ( ) Ta[ ]—meabc<a*7 [F]/\*T [F]
+ (Yb(P) A x7°[F] — V(L) A *%b[F]) + % <eb A %7°[F] — €€ A *%b[F]> ) .

(E.69)

Here, &, denotes the stress tensor of pure MMG theory and O,[7] is the stress tensor
contribution coming from the electromagnetic field. To derive the consistency relation for
the electromagnetic field coupled MMG theory, one should first take the covariant exterior
derivative of the field equation (E.66). Using the relations DR" = 0 (identity (B.25)),
DC, =0, D1,[F] =0 and D * e, = 0 (for the torsion-free connection) yields

a A
—m eabch N Ye© + D(’)a [T] =0. (E?O)

Eliminating the Cotton 2-form C, from the Einstein field equation (E.66) reads

g 042
Co = 1+ 00) (RlF]+ Ol + 1 +00) (= = s ) sl

A2 3
c —eanc Y (T) AYE(T).

a
1 S P
Ful(l +ao) ( 4p?(1 + a0)3> *e 2(1 + ao)

(E.71)



Then, substituting (E.71) into (E.70) with the suitable index change gives

@ - C
it gt (TIF1+ O'1F1) A YD)

a g AaQ bmn c
Tul T ao)? <§ " m) Cave€” ™" B NY (L)

(C1)

o A2a3 ,

T N9 _—_— YC P
u(i+ao)? ( WAt aa)s) ave(x€’) A V(D)
(C2)
2

a mn (& ~

50 g Cote ™ Ynl) A Ya(T) AYE(T) +DO,[7] = 0

(C3)

The contribution of each term in (E.71) should be evaluated separately.

(E.72)

Therefore, by

using identities (E.35), (E.22) and e, A P* = 0 (for Levi-Civita connection) with R,,, (I") =

em N Y, (I') —en A Y, () of the curvature 2-form, one can see that there is no contribution

coming from the term (C1):

(C1) = €ape”™ Rypn A YE(T)
= —epae€™ (e AYn(T) — e A Y (T)) AYE(D)
= (8,0 — 64"0.™) (e A Yy (T) — €5 A Yy (D)) A YE(T)

= (eq ANYu(T) — ec A Ya(T)) AYE(T) — (60 A Ya(T) — eq A Yo(I)) A Y(T)

= 0.
Then, the calculation for the next term can be achieved as:

(C2) = eme(xe?) ANYED)
1
= §eabcebm"em Nep, NYE(T)
1
= —§ebacebmnem Nen NYET)

(88" — 34"0c™) e A en A Y(T)

N~ N

= —(eaNe. NY(T) —e.Neg ANYE(T))
= e, Ne. NYED)

1
= egNes A <Pc — ZRGC>
= 0.

(E.73)

(E.74)



Similarly, one attains that the last term does not have any contribution to the consistency

relation:

(C2) = €ape™ Y (I) A Y, (T) AYE(D)
= —€pae™Y,, (D) AY,(T) AYE(D)
= (8,0 — 64"0.™) Yy (T) A Yy (T) AYE(T)
= Yo(I) AY(D) ANYED) = Ye(I') A Yo () AYE(T)
= 0. (E.75)

Finally, the consistency condition for electromagnetic field coupled MMG theory becomes

) @ b bia
DO,[7] = 21+ ao)E <7' [F]+ O [T]) AYE(T). (E.76)
The direct contribution coming from electromagnetic field ensures that the field equation

of matter-coupled MMG theory to be consistent on shell.
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