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ABSTRACT

Quantum Superposition Phenomena in Chemistry
within the Perspective of Quantum Information Theory
Mahir Hiiseyin Yesiller
Master of Science in Physics
September, 2023

In light of the first quantum revolution, our understanding of chemical bonding
was enhanced by explaining covalent bonds through a quantum superposition of
overlapping atomic orbitals between two atoms. On the other hand, the second
quantum revolution showed that quantum superposition and its special forms, such
as quantum correlations, are essential for the deep understanding of some physical
processes, and they can also be used as a resource, like energy, in emerging quan-
tum technologies. This thesis aims to delve into understanding chemical phenomena
using the latest tools of quantum information theory that drive the second quan-
tum revolution. In the first part, we introduced the concept of orbital discord from
the perspective of the fermionic quantum information theory, which enables us to
present the first proper and additive decomposition of the total orbital correlations
into its classical and quantum parts. Our analysis of three representative molecules
showed that in some instances, quantum orbital correlations can surpass their classi-
cal counterparts and survive even without orbital entanglement. In the second part,
we investigate the concept of aromaticity, a multi-atom bonding phenomenon arising
from the delocalization of electrons in closed-loop atom structures. To do that, we
describe the delocalization of electrons in the m-electronic structures of archetypal
monocyclic aromatic molecules as the superposition in overlapping atomic orbitals.
Our findings reveal that the biorthogonal representation of atomic orbitals accu-
rately captures the aromaticity order of these molecules, whereas its superposition
in nonorthogonal representation mostly falls short due to neglecting the overlaps

between atomic orbitals.
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OZETCE

Kuantum Enformasyon Teorisi Perspektifinde Kimyada
Kuantum Ust Uste Binme Olaylar:
Mahir Hiiseyin Yesiller
Fizik, Yiiksek Lisans
Eyliil, 2023

Ik kuantum devriminin 118inda, iki atom arasmda ortiigen atomik orbitallerin kuan-
tum st tiste binmeleri ile kovalent baglar1 aciklayarak kimyasal baglama hakkindaki
anlayigimizi gelistirdik. Ote yandan, ikinci kuantum devrimi, kuantum fist {iste
binme olgusunun ve onun 6zel bir hali olan kuantum ilintilerin, bazi fiziksel olaylarin
derinlemesine anlagilmasi i¢in esas oldugunu ve yeni kuantum teknolojilerinde, enerji
gibi, kaynak olarak kullanilabilecegini gosterdi. Bu tez, ikinci kuantum devrimini
siiren kuantum enformasyon teorisinin giincel araglarini kullanarak kimyasal olaylar:
derinlemesine anlamakta yeni bir perspektif sunmay: hedeflemektedir. Ilk boliimde,
orbital uyusmazligi kavramini gelisme agsamasinda olan fermiyonik kuantum enfor-
masyon teorisi perspektifinden tanitarak, toplam orbital ilintilerini klasik ve kuan-
tum parcalarina uygun bir gekilde ayrigtirdik. Uc arketipik molekiil {izerindeki anal-
izimiz, baz1 durumlarda kuantum orbital ilintilerin klasik karsiliklarini agabilecegini
ve orbital dolagikligr olmadan bile var olabilecegini gosterdi. Ikinci boliimde, ka-
pali bir ¢evrim olugturan atom yapilarindaki elektronlarin delokalizyonundan kay-
naklanan ¢ok atomlu bir baglama olay1 olan aromatikligi aragtiriyoruz. Bunun igin,
en basit tek halkali aromatik molekiillerin m-elektronik yapilarindaki elektronlarin
delokalizyonunu, oOrtiigen atomik orbitallerdeki iist iiste binmenin bir nicellemesi
olarak tanmimliyoruz. Bulgularimiz, atomik orbitallerin biortogonal temsilinin bu
molekiillerin aromatiklik sirasini dogru bir sekilde yakaladigini, ancak nonortogo-
nal temsilin orbital ortiigmelerindeki st iiste binmeleri goz ardi ederek cogunlukla

yetersiz kaldigini gosteriyor.
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Chapter 1

INTRODUCTION

The first quantum revolution fundamentally advanced our understanding of chem-
ical bonding. The quantum mechanical description explains the formation of a cova-
lent bond between two atoms as a consequence of overlapping atomic orbitals. The
valence bond theory provides this explanation through the notion of localized hy-
brid orbitals, which arise from the superposition of atomic orbitals within the same
atoms [1, 2]. On the other hand, the molecular orbital theory offers a complemen-
tary perspective: it introduces the superposition of atomic orbitals from distinct
atoms, resulting in the generation of molecular orbitals that can span the entire
molecule [3, 4]. Constructive superpositions lead to bonding molecular orbitals,
whereas destructive superpositions give rise to antibonding molecular orbitals. In-
terestingly, despite their distinctive conceptual frameworks, both theories eventually
align in their interpretation of chemical bonding at the limit of full configuration
interaction [5-7].

In light of the second quantum revolution [8, 9], quantum states began to be
viewed as resources for new quantum technologies. Herein, quantum correlations are
the characteristic traits of such states, leading to the entire departure of quantum
materials from classical lines of thought. An exemplary manifestation of quantum
correlations is quantum entanglement [10]. Its role as a pivotal resource in the sev-
eral quantum processes is undeniable, especially in quantum information processing
tasks, including quantum teleportation [11-13], and quantum cryptography [14-16].

Over the past decade, several work has been done to gain a deeper understand-
ing of chemical systems and processes using the toolbox of quantum information

theory that drives the second quantum revolution. Specifically, findings from study-
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ing two-orbital entanglement patterns in molecular electronic structures indicate
that strong two-orbital entanglement frequently emerges between orbitals engaged
in a specific bond [17-27]. However, from the first proposed study until Ref. [28],
orbital entanglement was misidentified by measuring quantum mutual information
which quantifies total correlations between orbitals including classical and quantum
parts [29, 30]. Despite this misidentification, studies have demonstrated the prac-
tical utility of understanding orbital correlations. For instance, the computational
efficiency of the quantum chemical density matrix renormalization group (DMRG)
algorithm [31, 32] can be enhanced using knowledge of these correlations [33-35].
Furthermore, it has been shown that the computational efficiency of the complete
active space method benefits from selecting active orbitals based on orbital correla-
tions [36].

Lexin et al. [28] was the first to point out the misidentification of orbital entangle-
ment and also to attempt for decomposition of total orbital-orbital correlations into
classical and quantum parts. Even if they suggested a proper measure for orbital
entanglement by a distance-based measure [29], their desegregation for classical and
quantum correlations was not accurate since the classical correlation measure they
used quantifies both classical and quantum correlations beyond entanglement [37],
so their definition of quantum correlations was restricted to entanglement.

It’s essential to recognize that quantum entanglement is a subset of broader quan-
tum correlations, known as quantum discord [29, 30, 38]. Quantum discord is an
important concept on its own because it is regarded as a resource in some tasks that
are otherwise impossible, even in the absence of entanglement. Examples include
the detection of quantum phase transitions [39], remote state preparation for quan-
tum information processing [40], secure quantum key distribution in quantum [41]
interferometric schemes in quantum metrology [42, 43|, and controlling micro- and
nanoscale heat flow in quantum thermodynamics [44, 45].

Consequently, if one wishes to dissect total orbital correlations into classical
and quantum parts properly, quantum correlations must be defined and measured
using the concept of orbital discord. Following this, in Chap. 3, we present the first

comprehensive decomposition of total orbital correlations into classical and quantum
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correlation by defining orbital discord. Also, the orbital-orbital correlations in the
electronic ground states of some prototypical molecules are discussed to study the
relationship between chemical bonding and orbital discord in the realm of molecular
orbital theory.

Besides this, the orbital correlations have been previously analyzed based on the
DMRG algorithm in the literature. Molecular orbitals were treated as two-qubit
systems in most of these calculations, though each of them consists of two fermionic
modes [46]. Here, we develop a fermionic information theoretical approach compat-
ible with all conventional post-Hartree-Fock quantum chemistry algorithms [47].

Simple covalent bonds align well with the two-orbital correlation framework,
allowing them to be analyzed through orbital-orbital correlations. Yet, complex
bonding scenarios, where electrons are shared across multiple atoms, demand a
multi-orbital correlation approach. For instance, for such phenomena, aromaticity—
originating from the delocalization of electrons among more than two atoms forming
a closed loop [48, 49]— cannot be reduced to mere two-orbital interactions. Instead,
its essence lies in genuine multi-orbital bonds. In our understanding and analysis
of aromaticity, multi-orbital correlations are inevitable and enable us to understand
it further [24]. Yet, multi-orbital correlations are still an open problem because of
the absence of a proper framework for genuine multipartite quantum correlations in
quantum information theory [50-54].

Thus, we pursued a different approach to studying the delocalized electrons in
aromaticity phenomena. In Chap. 4, we present a quantification method for the
non-classicality in 7w-structures of planar aromatic molecules by measuring the shared
quantum superposition within the localized and non-orthogonal atomic orbitals that

form these structures.
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Chapter 2

BACKGROUND

2.1 Basics of quantum mechanics

Here, we will provide a brief overview of the mathematical formalism pertaining
to quantum states. We will abstain from delving into the dynamics of quantum
states. Our focus will remain on elucidating the distinction between pure and mixed
states, as well as the influence of measurements upon them. This will enable us to
discuss the quantum information encapsulated within quantum states in the form

of quantum correlations.

2.1.1 Quantum states and observables

A physical system is defined as a segment of the universe that we aim to describe.
The state of this system contains the current information regarding the properties of
interest. This information is generally obtained through the measurement of specific
physical quantities, known as observables. In the quantum world, these concepts, as
well as related physical notions, are associated with mathematical objects, such as
vectors in a linear vector space and operators acting upon this space.

The state of a closed quantum system is represented by a state vector in a
complex vector space that is equipped with an inner product. In Dirac’s bra-ket
notation, a state can be denoted by a ket [1)). The corresponding vector space is
known as a Hilbert space H containing all the required information about our system
of interest.

The closure of the Hilbert space H under vector addition and multiplication re-
flects the superposition principle in the quantum world [55]. This principle indicates

that any linear combination of the state vectors in H, such as

) = algr) + Bli) + ..., (2.1)
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is another vector belonging to H. Superposed states imply that quantum systems
are allowed to exist in multiple states simultaneously. Many unique quantum phe-
nomena, like entanglement, arise from this principle.

Any state vector must be a unit vector in H to guarantee that the system is in
a valid physical state. This requirement is known as the normalization condition
that is expressed as (¥|¢)) = 1 for any state vector. Here, the mathematical object
(p|—called bra in Dirac notation—represents the conjugate transpose of the ket
|4) that lives in the dual space H* of H and bra-ket (:|-) corresponds to the inner
product of state vectors, mapping them into a complex number.

For discrete systems where the dimension of H is finite or countably infinite, a
basis {|i)} of H comprises an ensemble of state vectors {|i)} such that any state
vector |1) can be written as a coherent superposition of them:

) =) cili). (2.2)

i
Here, the complex coefficients ¢; are components of |¢)) in this basis, and {|i)} forms
an orthonormal set satisfying the condition (i|j) = ¢; ;. Within such an orthonormal
basis, each coefficient ¢; is calculated as ¢; = (i|1), and these coefficients correspond
to the probability amplitudes. According to the Born’s probability rule [56], the
‘2

absolute square of these amplitudes, |¢;|?, gives the probability of obtaining a mea-

surement outcome associated with the basis state |i) upon measuring |1), expressed
as P(i) = |(i[¢)]*.

Every physical observable—that can be empirically measured on quantum sys-
tems such as energy, position, and momentum—is represented by a Hermitian oper-

ator!

, acting on the system’s Hilbert space H. For any Hermitian operator O, one
can find an orthonormal basis of H that corresponds to eigenvectors of O, with asso-
ciating real eigenvalues. Moreover, multiple physical observables can be associated
with different Hermitian operators within the same basis, each having different spec-

tra of real eigenvalues®. In every case, the Hermiticity of operators ensures that the

eigenvalues are real numbers, hence representing possible measurement outcomes.

'A linear operator A is Hermitian if it is equal to its own Hermitian conjugate, A = A'.

2For instance, the number operator and the Hamiltonian in the quantum harmonic oscillator
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Therefore, the spectral decomposition theorem allows us to express an observable

in terms of its eigenvalues {¢;} and eigenstates {|i)}, as follows:

0= eli)il. (2.3)

Here, the set {¢;} represents possible real outcomes upon measuring the observable
Q. Thus, when the physical quantity associated with operator O is measured on a
quantum system in the state 1), the probability of obtaining a specific outcome e;
is P(e;) = |(i]1)]?, in accordance with the Born’s rule.

Until now, we have focused on systems described by a single state vector, known
as pure state. This is because such a state provides complete information about
the system of interest. However, in many practical scenarios, complete information
about a system’s state might not be obtainable. For instance, the polarization state
of photons emitted from a source of unpolarized light can only be known statistically,
having randomly oriented polarization. In such scenarios, the system could be in
state [11) with classical probability p; or in state |1)9) with classical probability ps,
and so forth. These probabilities reflect our lack of knowledge about the system.
Consequently, the system’s state can be characterized as a statistical mixture of
state vectors®, known as mized states.

A more comprehensive representation of a quantum system’s state, including

4

mixed states, is provided by the density matrix formalism®. In this framework, a

generic density operator p can be expressed as [59]
p=> pilv)(Wil, (2.4)

where {|¢;)} forms a set of state vectors that are prepared with corresponding

are examples of different Hermitian operators within the same basis. The former counts the number
of particles while the latter represents the energy of the system.

3In some sources, mixed state is defined as an incoherent superposition of state vectors, indi-
cating to distinguish mixed states from coherent superposition states.

4The roots of the density matrix framework can be traced back to the early foundational
works of John von Neumann on quantum mechanics [57]. However, its practical importance for

generalizing the concept of quantum state was overlooked for an extended period [58].
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classical probabilities {p;}. To represent a physically meaningful state, a density

operator should satisfy the following three properties:

i. The trace of p equals one, indicating that the probabilities sum up to 1:

pi Tr{|v:) ()] Zpl—l (2.5)
Z H,_/

: (Wili)=

ii. As its eigenvalues correspond to probabilities, p is a Hermitian operator, i.e.,

p = pl as [1;)(¢;] are Hermitian.

iii. As all probabilities are between 0 and 1, p is a positive-semidefinite operator,

meaning that
(dlple) = sz (@i (2.6)

for any state vector |¢).

Note that for a pure state [¢), the density operator p is simply p = [¢)(¢)].
On the contrary, mixed states have more than one non-zero classical probability in
Eq. (2.4).

The standard way of discriminating between pure or mixed states can be done via
a straightforward criterion: Tr[p?] = 1 for pure states because p* = (|¢)(¥|)(J¥){(¥]) =
p, whereas for mixed states, it is less than 1 since . (p;)* < 1, given that p? < p;
for any probability 0 < p; < 1.

Moreover, the density operator plays an invaluable role in characterizing states
of subsystems. This is achieved through the introduction of reduced density op-
erator [59]. Consider a composite system composed of two subsystems A and B
represented by pap in Hap = Ha ® Hp. Such systems are called bipartite. The

state of subsystem A is given by a reduced density operator p4 for A:

pa = Trplpas], (2.7)

where Trp represents the partial trace over subsystem B and is defined as Trp[ps ®
| (WV|B] = Apa with X = Tr[|¢)(¥|g] = (¥|¢p)p. This operation “traces out” or
ignores the degrees of freedom related to subsystem B, thereby leaving solely those

relevant to subsystem A.
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2.1.2 Measurements

The measurement process in quantum mechanics represents a distinct departure
from classical mechanics, showcasing a fundamental shift in how observations are
understood and interpreted. Information acquisition becomes an active endeavor
capable of altering the system’s state. For instance, in quantum measurement, the
system can be compelled to transition from a state of superposition to a specific state
vector through a collapsing phenomenon. The standard formulation of quantum
mechanics does not explain this phenomenon, but it is postulated as a premise [57,
60, 61]. The following subsection presents an overview of quantum measurements,
with a focus on projective measurement and positive operator-valued measurement

(POVM), which are commonly utilized in quantum information theory [59, 62].

Projective Measurement

Projective measurement, also called von Neumann measurement, is the primary
mathematical construct used to describe the measurement process in quantum me-
chanics due to its direct connection with the concept of physical observables [57].
It is based on determining the state occupied by a given set of distinguishable (or-
thogonal) states. For example, consider an atom that can exist in either a lower
energy ground state denoted by |g) or an excited state given by |e). Projective
measurement lets us determine whether the atom resides in |g) or |e).

A projection measurement Il can be constructed from a complete set of orthog-
onal projection operators II; that satisfy the completeness relation ), II; = 1, or-
thogonality condition IT,IT; = §;;I1;, and idempotent condition IT7 = TI;. In our atom
example, we define two projection operators: II, = |g)(g| for |g), and II. = |e) (e
for |e), which fulfill all conditions because |g) and |e) are distinguishable.

One can express the spectral decomposition of a projection measurement II, as

illustrated for a generic physical observable in Eq. (2.3), using projective operators:
=) &l (2.8)

where II; = [|i)(i| represent projections onto the eigen-sector associated with the
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eigenvalue ¢;. Thus, given a system characterized by the density operator p, the

probability of obtaining result €; upon measurement with II is given by
Pr(e;) = Tr[pIL]. (2.9)

Upon performing a projective measurement II, the quantum system’s state “col-
lapses” into a post-measurement state p}, with probability Pr(e;). Hence, for the
observed outcome ¢;, the post-measurement state p} is given as [59]

p'» _ HiPHj _ 11 pIT;
! PT'(Ei) Tr[pHZ] '

(2.10)

This equation suggests that after measurement, the system’s state can become the
normalized projection of its initial (pre-measurement) state p onto the eigen-sector

corresponding to the measurement outcome ¢;.

Positive Operator-Valued Measurement (POVM)

Quantum measurements can be performed in the more general framework of positive
operator valued measurement (POVM) that may not have a one-to-one correspon-
dence with the eigenstates of an observable. The key distinction of POVM, when
compared to the projective measurement, is the relaxation of orthogonality and
idempotent conditions for the measurement operators.

A POVM is still characterized by a set of positive Hermitian operators, denoted
as {£;}. While these operators satisfy the completeness relation, ) . E; = 1, they
aren’t necessarily representing orthogonal projectors and might not commute with
one another [59]. The probability of obtaining an outcome €; upon measuring the
state p is given similarly to projective measurement such that Pr(e;) = Trlp E;].

A distinctive feature of the POVM framework arises due to its flexibility regard-
ing orthogonality. The number of positive operators FE; used to describe a POVM
can exceed the dimension of the corresponding Hilbert space. This means a POVM
performed on a given Hilbert space can then yield more outcomes than a projective
measurement, as the outcomes are not uniquely associated with specific states of
the quantum system. This peculiar attribute makes POVMs particularly useful for

specific quantum tasks.
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For instance, consider two quantum states, |¢) and |¢), that are indistinguish-
able (not orthogonal). Using a POVM, discrimination between these states can
be achieved up to a certain success probability by suitably choosing the operators
{E;} [63, 64]. However, such imperfect state discrimination can not be performed
as a projection measurement because projection operators are mutually orthogonal,

no matter which is selected.

2.2 Bipartite correlations in distinguishable systems

In the following section, we aim to provide a broad overview of quantum correlations
and their quantification. A comprehensive exploration of the concepts and measures

to be discussed can be found in Refs. [10, 38, 65-67].

2.2.1 Total correlations

Von Neumann entropy

Entropy serves as a measure of average uncertainty in the state of a physical sys-
tem. For a classical system, consider X as a discrete random variable that can take
a value x with probability p,. The entropy of X quantifies the average uncertainty
about X before learning the specific value x, or alternatively, how much information
is gained upon learning x.

The entropy of X is defined by the Shannon entropy H [68], which is directly
based on probabilities {p, }:

H(X> = _melog2px> (2'11)

where we assign 0log, 0 = 0 for mathematical convenience.
Shannon entropy can be viewed as the classical limit of von Neumann en-
tropy [57], which measures to the uncertainty of a quantum state. If a quantum

state is represented by the density operator p, the von Neumann entropy is given

by [69]

S(p) = —Tr[plog, pl. (2.12)
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Expressing p in terms of its eigendecomposition p = ). p;|i)(i|, the von Neumann

entropy can be further written as [70]
Slp) =— Zpi log, pi- (2.13)

As discussed in Subsec. 2.1.1, pure states represent complete information about a
quantum system, leading to a von Neumann entropy of zero. Conversely, maximal
uncertainty in a d-dimensional Hilbert space is obtained by the completely mixed

density operator, p = 3% 1/d [¢;) (4], which has the von Neumann entropy of log, d.

Quantum mutual information

In classical systems involving two discrete random variables X and Y, the mutual
information measures the amount of common information shared between the two
variables. In terms of the Shannon entropy, the mutual information can be expressed

as [59]
H(X :Y)=H(X)+HY) - HX,Y), (2.14)

where H(X,Y) = -3, p(z,y)log, p(x,y) denotes the joint entropy of X and Y.

For quantum bipartite systems, the concept of mutual information is extended
by replacing Shannon entropy with von Neumann entropy and classical random
variables with reduced quantum states of the subsystems. This gives rise to the

quantum mutual information I of a bipartite state p4p which is defined as

I(pap) = S(pa) + S(ps) — S(pas). (2.15)

While classical mutual information measures correlations between two random vari-
ables [71], quantum mutual information allows us to quantify the total correlations
in a bipartite system, including quantum and classical parts [29, 30].

An important characteristic of quantum mutual information is that it becomes
zero for states that can be represented as product states, pap = pa®pp. Such states
are therefore termed as uncorrelated states. Furthermore, for the pure bipartite
states pap = [¢) (¥| 45, the entropies of the subsystems are equal, i.e., S(pa) =
S(pg), while the joint system has zero entropy, S(pap) = 0. Thus, I(pap) =

25(pa) = 25(pn)-
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Quantum relative entropy

Another important entropy measure in the quantum world is the quantum rel-
ative entropy. Analogous to the Kullback-Leibler distance in classical information
theory [71], the quantum relative entropy quantifies the distinguishability between

two quantum states [72, 73]:

S(pllo) = —Tr[p(logy p — log, 0)] . (2.16)

Thus, S(p||p) = 0 for any quantum state p.
One can express the total correlation in Eq. (2.15) by considering the quantum

relative entropy between the state p of interest and the closest product state o to

p [37]:

I(p) = {{'neig}S(pHU), (2.17)

where the minimum is performed over all product states in the set P, aiming to find

the closest one to p.

2.2.2  Entanglement

A bipartite pure [¢) 45, living in the total Hilbert space Hap = Ha ® Hp, can be

represented as
V) ap = E :Cij A @175, (2.18)
]

where {|i) ,} and {|j)z} denote orthonormal bases of the local Hilbert spaces H
and H p respectively, while the set {|i) , ® |j)z} forms a basis for Hap.
A bipartite state is deemed separable if and only if it can be written in the

product form:

V) a :Zai |i>A®ij e (2.19)

which means that ¢;; = a;b; in Eq. (2.18). Conversely, any pure state in Hap is

described as entangled if it cannot be separated like the above equation [74], i.e., if

Cij 7é a; bj.
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The Schmidt decomposition is one way that allows us to determine whether a
bipartite pure state is entangled or separable. Any such state |1)) ,5 can be rewritten

in its Schmidt form:
V) ap = Z Ai lui) 4 ® |wi) g (2.20)

where {|u;)} and {|w;)} are respectively orthogonal bases for subsystems A and B,
often referred to as the Schmidt bases. The expansion coefficients {\;}, known as
Schmidt coefficients, satisfy the conditions \; > 0 and >, A7 = 1.

The entanglement properties of a pure bipartite state are embedded in its Schmidt
coefficients, which are calculated from the eigenvalues of Trg[|tag) (¢ ap|]. The
Schmidt number, the count of nonzero Schmidt coefficients \;, provides us that a
Schmidt number of 1 denotes a separable pure state, while a Schmidt number greater
than 1 indicates an entangled pure state.

For mixed bipartite states, a state is considered separable if it can be written as

a convex combination of product states [75], as follows:
pan =Y _pips @ ply, (2.21)

where {p;} are classical probabilities satisfying > .p; = 1. If a mixed state cannot
adopt this form, it is classified as entangled. Unlike pure separable states, mixed
separable states can exhibit both classical and quantum correlations. These quantum
correlations are often referred to as quantum correlations beyond entanglement and
will be discussed in Subsec 2.2.3.

The above definition that extends the concept of entanglement to mixed states
was proposed by Werner [75]. His motivation is based on the fact that separable
mixed bipartite states can be prepared using local quantum operations and classical
communication (LOCC) in two laboratories far from each other [76]. These states
might also possess classically correlated through classical communication channels,
such as telephones. However, entangled states cannot be prepared via local opera-
tions, and the amount of entanglement can not be increased by classical communi-

cation.
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One way to determine the separability of a bipartite mixed state is achievable
through the Peres—-Horodecki criterion [77, 78]. While the Schmidt decomposition
does not extend directly to mixed states, the Peres-Horodecki criterion can be ap-
plied to pure and mixed states.

The Peres-Horodecki criterion relies on the partial transpose operation. A generic

bipartite density operator psp acting on H g can be written in the form:

pas =Y _ pyu i) (il ® k) (1] . (2.22)
,7,k,l

The partial transpose of p with respect to one of the subsystems (for instance,

subsystem B) is defined as

P =0@T) pap =Y pyuli) (j| ® k) (1] (2.23)

i,Gi ksl

The partial transpose operation T involves transposing the state within one subsys-
tem’s space while the other subsystem’s state (in this case, subsystem A) remains
unaffected. The transpose of pap comprises the swap of the kets and bras within
the transposed subsystem’s terms.

According to the Peres-Horodecki criterion, a bipartite state psp is separable if
all eigenvalues of pﬁBB are non-negative. On the contrary, if pﬁ% has at least one
negative eigenvalue, then the state p4p is considered entangled. This criterion serves

as a powerful witness for diagnosing entanglement in quantum states.

Entanglement Measures

The “resourcefulness” of a quantum state in accomplishing tasks beyond classical
capabilities is evaluated by the amount of entanglement it possesses. Unlike the
entanglement witnesses, such as Schmidt number and Peres-Horodecki criterion,
entanglement measures, denoted as E, provide to quantify and order the degree of
entanglement present in quantum states.

Several entanglement measures have been developed, each exhibiting distinct
strengths and weaknesses [10, 65]. In general, a proper measure for any quantum

resource must fulfill some rigid mathematical requirements like nonnegativity, con-
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vexity, subadditivity [65, 79]. However, without delving deep into too much math-
ematical detail, it suffices to know that a robust entanglement measure typically

satisfies the following two criteria [10]:

1. Non-increase of E under LOCC. The most noteworthy property of any entan-
glement measure, which is proposed by Ref. [72], ensures that under LOCC,
separable states can’t be converted into entangled ones, and the degree of en-
tanglement within a quantum state does not increase. Measures that adhere

to this condition are termed entanglement monotones.

2. Vanishing of E for only separable states. This implies that a measure E should
be zero only for separable states. If it is not, then the state is considered entan-
gled. Although a genuine measure E should satisfy this condition, there exist
other measures that do not fulfill this criterion but are still useful. Measures

meeting this condition are called faithful.

For pure bipartite states, the entanglement is uniquely measured by the entan-

glement entropy Ep [80, 81]:

Ep([¢) 4p) = S(pasp) = —Tr [PA/B log, pA/B}, (2.24)

Quantifying entanglement in a bipartite pure state corresponds to the degree of
mixedness in its reduced states. The entanglement entropy Eg is a reliable measure
since it vanishes for separable states and attains a maximum value for the Bell states.

For the study of mixed states, the convex roof and distance-based measures
are the two primary classes of entanglement measures [10, 65]. The entanglement
of formation Er represents one of the most popular and operationally meaningful
convex roof measures. Because it extends the concept of entanglement entropy to
mixed states through the convex roof construction[82]:

Er(p) = {pfil‘%}pi Eg (Wz)) ) (2-25)

where the minimum is performed over all the possible pure state decompositions of p,
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with positive probabilities p; such that p = Y. p; |1:) (¢4 °. Although minimization
in Eq. (2.25) is challenging to evaluate in general, Wootters [83, 84| presented a

closed expression for Er applicable to two-qubit mixed states:

Br(p) = h (5 + 3v1- 070 ). (2.26)

where h(z) = xlog, z — (1 — z) logy(1 — ) and the concurrence C'(p) = max{0, \; —
Ay — A3 — A4}, where \; are the square roots of the eigenvalues, sorted in descending
order, of the operator p(o, ® o,)p* (0, ® 0y)

Similar to the entanglement of formation, other convex roof measures exist, such
as the entanglement cost Fo and the entanglement of distillation Ep. These mea-
sures are also both monotonic and faithful, making them useful tools for entan-
glement quantification. For a more detailed discussion on them, Refs. [10, 65] are
recommended.

The second class of entanglement measures originates from the concept of “dis-

tance” between quantum states. Measures from this class can be generally expressed

as [72]

E(p) = min D(p||o), (2.27)

c€eS

where D represents a measure of the distance between p and o, and the minimum
is taken over the set S of separable states to find the separable state o closest to p.

A distance measure D can be utilized in Eq. (2.27), if it does not increase under
non-local quantum operations, meaning that D(O(p)||O(c)) < D(pl||o) for any non-
local quantum operation such that O # O, ® Op. Additionally, D must vanish on
separable states since D(p||o) = 0 if and only if p = 0 € Hap.

Among the distance-based entanglement measures, the relative entropy of entan-

glement is the most popular one. It is defined as [85]
Ene(p) = min S(olJo). (2.25)

Here, S(p||o) is the quantum relative entropy between p and o, defined in Eq. (2.16).

One of the attractions of the relative entropy-based entanglement measure is that

5Unless otherwise stated, the remainder of this section will assume that all states represent a

bipartite system, i.e., p = pap.
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relativistic entropy has an important place in quantum information theory [73].
Furthermore, it corresponds to the entanglement entropy Eg of the reduced states
for pure states.

Another intriguing set of entanglement measures, which do not fit into the pre-
viously mentioned categories, is based on the Peres-Horodecki criterion. A key
distinction of these measures from the others is their computational ease, despite
their lack of faithfulness.

One such entanglement measure is the negativity N, which was defined for any
bipartite quantum system in Ref. [86] as a “computable measure of entanglement”.
It is given by

-

N(p) 5

(2.29)

Here, ||-|| denotes trace norm, given by ||o|| = Tr [\/ﬁ } for any density operator o.
The subtraction of 1 and division by 2 ensure that the negativity is always zero for
separable states. Importantly, negativity is an entanglement monotone, such that
N (O(p)) < N(p) for any non-local quantum operation O € Hp.

The negativity measure can be also presented using the eigenvalues of \/W :

A = A
> | = Z % (2.30)

<0

N(p) =

where {)\;} is the set of eigenvalues.
Another entanglement measure associated with the same criteria is the logarith-

mic negatiwvity Ey, defined in Ref. [87] as

Ex(p) = log, [|p™]|. (2.31)

Like negativity, the logarithmic negativity is an entanglement monotone but is not
faithful. Its computational ease makes it especially appealing. Furthermore, its

relation to the negativity can be expressed as
En(p) = log, [[2N (p) — 1]|. (2.32)

Although negativity and logarithmic negativity are valuable tools for quantifying

entanglement and they become zero for separable states, there are instances where
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a mixed state remains inseparable but all eigenvalues of its partial transpose are

positive [88]. Such mixed states are known as bound entangled states [89].

2.2.8  Quantum discord

For a very long time, entanglement was believed to be responsible for all the cor-
relations of quantum mechanical origin. However, the advent of quantum discord
unveiled that quantum correlation could exist even in separable states. The term
“quantum discord” refers to this first identified measure of quantum correlations
beyond entanglement. To delve deeper into quantum discord and other quantum
correlations beyond entanglement, you can look at Refs. [38, 66, 67].

The seminal work by Ollivier and Zurek [30] showed that the mixed separable
states, as defined in Eq. (2.21), might possess inherent quantum properties. Such
quantumness could be perturbed by local measurements because there is a loss of
shared information caused by these local measurements.

To explore this phenomenon, let’s introduce a subclass of bipartite mixed sep-
arable states, which remain unaffected by local projective measurements on one of

their subsystems. Such a state is represented as
Peq = Zpi i) (il @ pi’, (2.33)

where {]7)} are the orthonormal basis in H 4 with nonnegative probabilities p;, and
{pB} are the quantum states in Hp. The mixed separable states having the form of
pPeq are called quantum-classical® because any local measurements on subsystem A

do not disturb the global state. This can be shown as
A . .
phy =Y p (@ 1) (i) (i| @ pf) (I @ 1) = peg (2.34)

where {II = |i) (i|} are the measurement operators for a projective measurement
on A in the basis {|i)}.
A disruption of the quantum part via local measurements on the “classical” part

reflects a quantum nature of correlations between two subsystems in this mixed

SSimilarly, a quantum-classical state can be defined as in form pg. = >, pipt ® |i) (il.
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separable state. A primary and commonly used quantification of these quantum
correlations is called quantum discord.

To quantify discord, Ollivier and Zurek [30] observed that while the two ex-
pressions of mutual information are consistently identical in classical information
theory, their quantum counterparts can differ in some mixed separable states. This
difference essentially characterizes the quantum discord.

As previously mentioned in Subsec. 2.2.1, the quantity H in Eq. (2.14) is a well-
established expression of mutual information in classical information theory, and its
quantum counterpart I, Eq. (2.15), has been recognized as a comprehensive measure
of total correlations in a bipartite quantum state.

The secondary expression of classical mutual information, represented by J(X :

Y'), involves the concept of conditional entropy and is introduced as [59, 62]
J(X:Y)=H(X)—- HX|Y). (2.35)

Here, the conditional entropy H(X|Y) quantifies the uncertainty of a random vari-
able X conditional on knowing the value of another random variable Y. This can

be mathematically defined as
H(XY) =) p,H(Xly), (2.36)
y

where p, is the probability of ¥ being y, and H(X|y) is the entropy of X based on
knowing a specific realization y of Y.

Extending this idea to the quantum realm, the counterpart of H(X|y) for a
bipartite quantum system is the entropy of one subsystem conditional on a particular
outcome of the local measurement on another subsystem. Thus, for a bipartite
quantum state ps4p, we can express the entropy of ps conditioned on a projective

measurement on subsystem B as [30]
S (pasl{If}) = ZMS (PA|H§) ; (2.37)

where {IT”} denotes the measurement operators of a projective measurement I15,
and the state pyps = Trp[lIPpap]/pi is the post-measurement reduced state of

subsystem A with corresponding probability p; = Tr [Hf A B].
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Following this, the second expression J in Eq. (2.35) can be extended to a quan-

tum system as follows:

Jus(pas) = S(pa) — S (pasl{II7}) (2.38)

where the subscript I11? in Jys(pap) indicates the dependence of this on the choice
of a local projective measurement on B. The expression Jps then quantifies the
amount of information obtained about A through a local measurement on B.
Building upon these definitions, Ollivier and Zurek identified the quantum dis-
cord as the difference between the aforementioned quantum counterparts of the two

classical mutual information quantities [30]:

Dys(pas) = 1(pas) — Jus(pas) (2.39)

This means the quantum discord effectively quantifies the amount of shared infor-
mation or correlation that is inaccessible via local measurements on B.

Notably, the quantum discord is not symmetric under swapping subsystems A
and B, ie., Dys(pap) # Dna(ppa). While Dz vanishes for classical-quantum
states p,c because such states can be disturbed by local measurements on B, it is
not necessarily zero for classical-quantum states p,, highlighting its asymmetry.

One can easily define the measurement-independent discord by taking the mini-

mum over all possible local projective measurements on B:

Dp(pap) = min Dus (pap) (2.40)

The above minimization allows us to determine the measurement that causes the
least disturbance to A while maximizing the information extracted about A by
measuring B.

Around the same time, Henderson and Vedral [29] introduced a measure of clas-
sical correlation Cpg in bipartite quantum states. This is defined as determining the
maximum disturbance of Eq. (2.39) over all possible POVM performed on subsystem
B:

Cp(pap) = max Jpz (pap) = max [S(pa) — S (pasl{EF})] - (2.41)
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Given that all quantum correlations including entanglement are perturbed by local
measurements, the maximum disturbance of subsystem A ensures that Cp only
quantifies all classical correlations from any bipartite quantum state. Note that, as
discussed in Subsec. 2.1.2; one can perform the above optimization via projection
measurements instead of POVMs without loss of generality.

In summation, quantum discord can be defined as the difference between the

quantum mutual information I and the classical correlation Cp [29]:

Dp(pap) = I(pas) — Cs(pas). (2.42)

Similar to Eqs. (2.39) and (2.40), this quantity too is nonnegative and vanished
in the case of quantum-classical states only. In the discussions of Chap. 3, we will

utilize this definition as our measure of quantum correlations beyond entanglement.

2.3 Electronic structure theory

The study of electronic structure theory forms the foundational framework for un-
derstanding the behavior of electrons within atoms and molecules. This realm
of quantum chemistry plays a vital role in explaining chemical bonding, reaction
mechanisms, and various physicochemical properties of matter [90]. At the core
of electronic structure theory is the molecular Hamiltonian, which describes all in-
teractions among electrons, nuclei, and between electrons and nuclei. Since even
the computational demands of solving its time-independent Schrédinger equation
increase exponentially with the size of the system [91], approximate methods and
corresponding numerical applications have been developed to solve this problem [4,
47].

The following section will delve into the fundamental parts of electronic struc-
ture theory. We will introduce the molecular Hamiltonian, discuss the concept of
antisymmetric wave functions, describe the Hartree-Fock (HF) method, and some

post-HF methods used in the subsequent research chapters.”

"The content here is mostly based on Refs. [4, 47, 90].
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2.8.1 The molecular Hamiltonian

The non-relativistic Hamiltonian H,,, that represents the total energy for a molec-

ular system consisting of n electrons and N nuclei is given by [90]:

A VA
mol - __ZV2 Z QMAVA Z A + Z }?ABB ZE (243)

T
A A>B P>

where 4, j denote electrons and A, B denote nuclei, with r;; = |r; — r;|, Ra; =
|IR4 —r;|, and Rap = |R4 — Rp|. Each term within H,,, corresponds to a specific
facet of the system. The initial term represents the kinetic energy attributed to
the electrons, while the subsequent term accounts for the kinetic energy associated
with the nuclei. While the third one embodies the attractive interactions between
electrons and nuclei, the fourth term encapsulates the repulsive forces among dis-
tinct nuclei. Lastly, the fifth term characterizes the repulsion arising from electron-
electron interactions.

The Born-Oppenheimer approximation assumes the nuclear motion to be consid-
erably slower than the electron motion due to the substantial mass difference [92].
This approximation allows us to neglect the nuclear kinetic energy in comparison to
the faster electron dynamics, leading to the derivation of the electronic Hamiltonian

Hy from Ho:

7 ZaZ 1
:_—ZVQ Z Sy é‘ABB — (2.44)

A 4B i>j
The electronic part He omits the kinetic energy of the nuclei, which is the second
term in H,o. The rest of the terms remain identical to those in Hy,.
The electronic Hamiltonian in Eq. (2.44) can be deconstructed into its integral
parts [90]:
el_Zh —|—Zgzg )+ V. (2.45)
i<j

Here, ﬁ(z) encompasses the kinetic energy of the i-th electron and its interaction

with all the nuclei:

h(i) = ——v2 + Z (2.46)

TzA
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In contrast, §(i, j) signifies the repulsion between the i-th and j-th electrons:

Lo 1
g, 7) = —. (2.47)
ij

The term Vy is constant for a given set of fixed nuclear coordinates, reflecting the

assumption of immobile nuclei by the Born-Oppenheimer approximation.

2.3.2  Antisymmetric wavefunction

In electronic structure theory, it is necessary to formulate a wave function for multi-
electron systems that respects the indistinguishability of electrons and the Pauli
exclusion principle. These conditions lead to the requirement of antisymmetry,
meaning the wavefunction must change its sign when the coordinates of any two
electrons are swapped.

Mathematically, for a system of n electrons, the multi-electron wavefunction can
be represented as a product of single-electron wavefunctions (or orbitals). This is

referred to as a Hartree Product [90]:

W(xy, X, ,Xp) = @1(X1)p2(X2) - - - n(Xn). (2.48)

The ¢;(x;) are termed spin-orbitals since each one is simply constructed as the
product of a spatial orbital ¢(r;) and a spin state |w) with either spin-up («) or spin-
down (5)., i.e., p;(x;) = ¢(r;) ® |w). Although the product allows a simple approach
to describing a multi-electron system, it fails inherently to take into account the
antisymmetry principle.

Considering a two-electron system, the antisymmetrized wave function appears

as:

1
U(x,x2) = 7 (p1(x1)p2(x2) — p1(x2)p2(x1)) - (2.49)
This antisymmetric principle can be represented more conveniently by determinant

structure:

p1(x1)  pa(x1) ‘

U(xy,Xg) = (2.50)

Sl

p1(x2)  Pa(x2)
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This matrix structure, by its very nature, changes sign when any two of its rows (or
columns) are swapped.
For a general n-electron system, the antisymmetric multi-electron wavefunction

can be written as [90]

p1(x1)  p1(x2) ... pi(xn)
\IJ(Xl,XQ,...7xn)E\/—1n_! 902(‘)(1) ‘PZ(.XQ) a ‘PZ(%”) (2.51)
en(X1) @n(X2) ... pn(Xn)

The above determinant of occupied spin-orbitals is known as a Slater determinant,
which can be represented shorthand as [p1¢3 - - - ¢,|. By expanding the determinant,
we obtain n! terms corresponding to the Hartree Products, each associated with a
different sign. The n electrons are arranged in all possible n! ways among the n
spin-orbitals, maintaining their indistinguishability as required by the antisymmetry

principle.

2.8.8 Hatree-Fock method

The Hartree-Fock (HF) method is a cornerstone of electronic structure theory. It
offers a variation method to solve the electronic Schrodinger equation for an n-

electron system:
HeI\IJHF = EHF\IJHF (252)

This framework assumes the HF wavefunction Wy as a single Slater determinant.
This determinant is constructed from the n occupied spin-orbitals such that ¥ gyp =
1602+« pn.

Determining the wavefunction that corresponds to the lowest possible energy (or
the ground state) for a system, the optimization process aims to minimize the HF

energy Eyp [90]:

<\IJHF| Hel ’\I]HF>

= Vn+ Z (@il B los) + Y (pieil 3 lwips) — (pipsl 3 lies)) - (2.53)

4,J

EHF
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Here, the term (g;]h|¢;) represents the one-electron integrals, and the terms in
the last summation correspond to the two-electron integrals. As presented in the
following part, this optimization can be obtained by finding the spin-orbitals that
minimize Eyp.

The one-electron integrals are associated with the individual characteristics of
electrons within the system. They represent the kinetic energy and the potential

energy of an electron in the field of the atomic nuclei:

(ol i) = / dx 1 (3)h(x) 01 (%), (2.54)

This integral physically signifies the electron’s average kinetic energy and electron-
nuclear potential energy in the ¢th orbital ¢;.
On the other hand, the two-electron integrals arise from interactions between

electron pairs:

~ * * 1
(pipilalonem) = [ dxadse Gix) () pubx)on(), (259)
i.e., the two-electron integral captures the expectation value of the electron-electron

repulsion energy when the electrons are in the orbitals ¢; and ¢;.

Hartree-Fock Equations

In the quest to find the optimal set of spin-orbitals minimizing the HF energy,
we consider small variations in the spin-orbitals, represented as {¢; — ¢; + dp;}.
The only assumption made is that spin-orbitals remain orthogonal throughout the
process.

To achieve this, Lagrange’s method of undetermined multipliers is utilized. In

this context, a functional or Lagrangian £ for spin-orbitals is defined as [47]
L{ei}] = Eur [{o:}] =D €;(Siy = 6i7), (2.56)
0,
where ¢;; are the Lagrange multipliers and S;; = (pi|p;) represents overlaps between

spin orbitals. The overlap integral S;; is given as [ dx ¢} (x)¢;(x).
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Following this, by setting the first variation of the functional to zero, 0L [{|¢;)}] =
0, and performing subsequent algebraic manipulations, we obtain a set of simulta-

neous eigenvalue equations known as the Hartree-Fock equations [90]:
Fleix)) = & leilx)), i=12,....n (2.57)

Here, ¢; denotes the energy eigenvalue associated with the spin-orbital ¢; and F

represents the Fock operator, which is written as
F=h+) (J— K. (2.58)

In this expression, J; and K; are known as the Coulomb and exchange operators,

respectively. They are applied as follows:

Ji pi(x1) = @j(x1) /dX2 @f(XQ)TLH%(Xﬂ (2.59)
K, 0;(x1) = () / dxs ¢ (x2) oy ) (2.60)

The Coulomb operator J; represents the average effect of the electron in orbital
¢; repelling the other electron in orbital ;. On the other hand, the exchange
operator K; arises due to the requirement of antisymmetry for the multi-electron
wavefunction, representing the average effect of interchanging the two electrons.
From the HF equations, it becomes evident that the HF method simplifies the
many-body problem by transforming it into a set of one-electron problems. This is

done by assuming that each electron moves in the averaged field of all others.

Roothann-Hall Equations

The Hartree-Fock equations can either be solved numerically (exact Hartree-Fock)
or as a set of eigenvalue problems by projecting the spin-orbitals onto a finite-sized
set of basis functions, leading to Hartree-Fock-Roothan equations [3].

A 2N-dimensional spin-orbital basis—constructed from the product space of N
spatial basis functions {#,(r)} and the spin basis {«, f}—is given by {x,} = {n,}®

{a, B}. Each spin-orbital can then be written as a linear combination of the basis

{xu} [90]:

2N
0i = Chi X (2.61)
0
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The most physically intuitive basis is the set of atomic orbitals (AO) for each con-
stituent atom, termed the linear combination of atomic orbitals (LCAO) approxima-
tion. Expanding atomic orbitals using Slater-type functions is physically accurate
but computationally demanding [47]. Instead, Gaussian-type AOs (GTO) are com-
putationally efficient but less accurate on their own, often requiring multiple GTOs
to approximate the behavior of a single STO. In the following chapters, we worked
with the minimal STO-6G basis set [93] and Dunning’s correlation-consistent basis
sets [94].

Upon choosing a suitable basis set and substituting its Eq. (2.61) into the
Hartree-Fock equations in Eq. (2.57), we can project these equations onto the basis

functions (y;|, yielding 2V coupled equations [90]:
2N 2N
Z Cijz‘ =€ Z Cmsjia (2-62)
o u

where Fj; = (x;| F'|xi) and Sj; = (x;|xi). These algebraic equations are collectively
known as the Roothaan-Hall equations.

The Roothaan-Hall equations can be represented in matrix form as

FC = ¢SC. (2.63)

In this equation, F = {F};} denotes the Fock matrix, S = {S;;} is the overlap
matrix, and C = {C};} is the matrix of MO coefficients. € is a diagonal matrix, with
each element representing spin-orbital energy {¢;}.

While Eq. (2.63) appears similar to an ordinary eigenvalue equation, the appear-
ance of the overlap matrix S makes it non-linear. Thus, the Fock matrix F cannot
be diagonalized. Instead, the solution involves choosing an optimal basis set and

then executing the following iterative process:

1. Specify the molecular structure, electronic state of interest (singlet, triplet,
etc.), and more importantly, the basis set {x,}. Then, compute S = (x,|x,)-

2. Make an initial guess for the MO coefficients matrix C to construct spin-
orbitals in Eq. (2.61).

3. Construct F in Eq. (2.58) by calculating 1- and 2-electron integrals in Eqs. (2.59)
and (2.60) .
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4. Solve det(Fj; —€;5;) = 0 to obtain an initial estimate for the spin-orbital
energies {¢;}.

5. Solve Eq. (2.63) with the calculated energies {¢;} from Step 4.

6. With the newly obtained MO coefficients {C}; }, reconstruct F.

7. Repeat Steps 5 and 6 until C remains unchanged from one iteration to the

next.

Due to this iterative process, the Hartree-Fock method is called the self-consistent-
field procedure. In specific molecular systems where exchange interactions among
spin-orbitals can be ignored, the spin coordinates of (; can be integrated indepen-
dently without involving the HF method. In this scheme, for the n-electron system,
the number of the HF equations in Eq. (2.57) reduces to n/2 [47]. This treatment
is called a restricted Hartree-Fock (RHF) method. Conversely, in the unrestricted
Hartree-Fock (UHF) method, the spin-up and spin-down MOs should be indepen-
dently computed.

For molecular systems like noble gases, Slater determinants where all MOs are ei-
ther doubly occupied or empty are referred to as closed-shell configurations. Other
possible determinants are termed open-shell configurations. Notably, the closed-
shell configurations can be efficiently solved using the RHF method without com-

putational loss [47].

2.3.4 Some post-HF methods
Configuration interaction (CI)

Electron correlations can be integrated into the framework by supplementing the
reference state | Uy r) with Slater determinants of all possible excited electronic con-
figurations. This method is called the configuration interaction (CI) and a generic
Cl-wavefunction can be mathematically formulated as [95]

er) = colTup)+ DD G+ S el [Ty + > > e |wite) + -

1<j a<b 1<j<k a<b<c

= > U, (2.64)

=0
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where |¥,;) indicates the Slater determinant of a specific electron arrangement.
Optimization in this context involves minimizing the energy defined by F =

(Weor| H|Wer/ (Yer|¥er)), with respect to the expansion coefficients {c¢;} of the

Cl-wavefunction, so-called CI coefficients. This is expressed in the Lagrangian func-

tional £ as [96]

L = (Yo HVer) — E((Yeor|¥er) — 1)

= Z CijHij —F (Z C:stij - 52]) ) (265)
0,J

i,J
where Hij = <\I/Z| H |\I}]> and Sij = <\I/Z|\I/j>
Given the condition 6L = 0, each CI coefficient ¢; of |¥;) has an equation as
follows [96]:
Z Hijcj - EC]SijCj = 0. (266)
4

This set of all equations constitutes the CI secular equations. They can be concisely

represented as the matrix equation:
HC = ESC, (2.67)

where C denotes the column-vector containing the CI coefficients {c¢;}, thus called
the CI vector. As Slater determinants are built from orthonormal spin orbitals, S

equals the identity matrix, simplifying Eq. (2.66) to
HC = EC. (2.68)

Solving the secular equations is synonymous with diagonalizing C and thus the
CI energy E¢; is obtained as the lowest eigenvalue of C, with the corresponding
eigenvector which contains the optimal CI coefficients of |U¢y).

Considering all excitations in |W¢y) yields an exact solution to the electronic
Schrodinger equation. This approach is known as full-CI method. Nonetheless, as
the number of Slater determinants grows, the system size expands exponentially.
For a set of N basis functions, with n, spin-up and ng spin-down electrons, the

number of determinants Ny, can be found by [97]

N n
Ndet — . (269)
Na Nﬁ
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Various strategies are available to truncate the number of determinants in the CI-
wavefunction. One way is to limit the excitation level of determinants. For instance,
limiting CI-wavefunction |¥ ;) with only single and double excitations results in the
CISD method [47]. An alternative approach is based on the complete active space
(CAS) method, where MOs are partitioned into sets of active and inactive orbitals.
The corresponding complete-active-space CI (CASCI) wavefunction is constructed
from all possible configurations of electrons within a specified active space of orbitals
while keeping the inactive orbitals either fully occupied or unoccupied [98]. Such a
selection procedure concentrates on the most energetically active MOs to make the

computation more feasible while decreasing energy.

Multi-configurational self-consistent field

In certain molecular systems, when several dominant electronic configurations are
present, the reference HF determinant may be an inadequate approximation of the
ground state wavefunction. This situation is often encountered in systems with
strong static correlation effects [47]. To address this inadequacy, a common strat-
egy is to introduce a multireference wave function in the multi-configurational self-
consistent field (MCSCF) framework [90].
Within the MCSCF method, its wavefunction is expressed similarly to the CI
method, as detailed in Eq. (2.64):
|Vncscor) = Z ¢ |Wy) . (2.70)
i=0
To determine its optimal form, the expectation value of the energy is minimized:
Eycscr = Z cici (Wi H [Wy) . (2.71)
J
Compared to the CI method, the distinctive feature of the MCSCF method lies
in its optimization process. While the CI approach focuses solely on optimizing the
CI coefficients {¢;} of electronic configurations in Eq. (2.70), the MCSCF method
additionally optimizes the atomic orbital coefficients of MOs at each iteration step.
As with the CI method, the MCSCF wavefunction, including all configurations,

leads to the exact FCI energy and wavefunction. However, in practice, the MCSCF
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wavefunction can be expanded using a chosen subset of configurations. The complete

active space (CAS) approach is also the most common selection method for MCSCF,

termed complete-active-space self-consistent field CASSCF [99].
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Chapter 3

QUANTIFICATION OF FERMIONIC CORRELATIONS

Section 2.2 is devoted to understanding and measuring quantum correlations in
distinguishable systems based on the unique subspace separability of Hilbert space
for each subsystem. This separability enables us to precisely measure and use cor-
relations when particles can be individually addressed and manipulated. However,
when dealing with quantum systems composed of indistinguishable particles, such
as fermions, even the basic task of defining a subsystem becomes challenging.

In Sec. 3.1, we introduce the fermionic mode picture—which is a way to gen-
uinely describe correlations in a fermionic system—and offer a concrete introduction
for fermionic-mode correlations, mostly based on Refs. [46, 100]. Subsequently, in
Sec. 3.2, utilizing these tools of fermionic information theory, we proposed a method
for a comprehensive and exactly additive decomposition of the total orbital correla-
tions into their respective classical and quantum parts in the fermionic mode picture.
Subsequently, we demonstrate this method’s application to the electronic structure

of some simple molecular structures'.

3.1 Fermionic-mode correlations

The characteristics of indistinguishable systems in quantum mechanics are remark-
ably different from those in classical mechanics. Whereas in classical systems, in-
distinguishability arises due to experimental limitations, particles like electrons in
a quantum system are fundamentally identical [102, 103]. This inherent indistin-
guishability of quantum particles presents a fundamental challenge in their study of
quantum correlations.

To illustrate, consider a two-particle state where each subsystem has one par-

!The contents here were published in New Journal of Physics [101].
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ticle. In the mode picture, the state is denoted as |1,1)4p, corresponding to its
representation in the second quantization. Interestingly, this is not an entangled
state. But due to the particles’ indistinguishable nature, in the particle picture, this

state is represented by a two-particle state as follows:

0)al1) 5 +[1)4[0) 5
7% :

Here, the state is (anti-)symmetrized for bosons (fermions) and gives an impression

(3.1)

of an entangled state in the particle picture. However, some works [104-107] argue
that the entanglement in Eq. (3.1) is not physical because the indistinguishable
nature of the particles makes it pointless to assign which particle has the label A or
B.

In systems of indistinguishable particles, bipartite correlations between modes
must be considered if one wants to extract physically usable entanglement or dis-
cord [46, 108-116]. This is because modes are orthogonal to each other, so using
them, distinguishable systems can be defined in which subsystems consisting of
modes can be individually addressed. However, ongoing studies investigate the use-
fulness of correlations in the particle picture for some systems of interest [107]. For
instance, an interesting work explores the resource value of particle entanglement in
processes encountered in optical and cold atomic systems [117].

This section is organized as follows. In Subsec. 3.1.1, we begin by exhibit-
ing a mathematical structure of the fermionic state space consisting of fermionic
modes. Considering the inherent antisymmetry principle, we define the wedge prod-
uct fermionic Hilbert space. Subsequently, in Subsec. 3.1.2, we define the notion
of the fermionic subsystem and redefine the fermionic partial tracing operation to
get the physical fermionic state of a subsystem. In addition, the fermionic states
physically accessible by local observers must satisfy local parity and particle num-
ber superselection rules (SSR). Therefore, in Subsec. 3.1.3, we introduce SSRs in
general and discuss how to derive explicit forms of the physical fermionic states
and observables that respect such rules. Finally, we characterize uncorrelated and
correlated fermionic states and then discuss quantifying the correlations between

fermionic modes.
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3.1.1 Fermionic state space

The fermionic modes, characterized by creation and annihilation operators, satisfy
certain anticommutation relations, which essentially encode the intrinsic behavior
of fermions [118]. For instance, they indicate that the multi-mode fermionic state
is antisymmetric with respect to the exchange of two modes, which captures the
indistinguishable nature of fermions.

Let us consider a set of N fermionic modes with each one associated with a
creation operator fiT and an annihilation operator f;, that satisfy the canonical

anticommutation relations [118]:

{fi iy =051, {fi £} ={f. ]} =0, (3.2)

where the anticommutator {A, B} = AB + BA for any quantum operators A and
B. The vacuum state, denoted by |0), is annihilated by any f;, i.e., f;]0) =0 V.
Building up from the vacuum state, we use the creation operators fj to create single
excitations in ith modes, mathematically f7 [0) = [1,).

As can be seen from the first anticommutation relation, |1;) are orthonormal, and
further, they form a complete basis of a single-fermion Hilbert space H;_s, whereas

|0) € Ho—y. Thus, any one-fermion state in H;_; can be expressed as [46]

n

gy =Y el (3.3)

i=1

What about states with more than one fermion? In quantum mechanics for
distinguishable particles, multiparticle states are often described as tensor products
of single-particle states. Due to the antisymmetry of the fermionic states with
respect to the change of the mode order, a two-fermion state can be represented as
the antisymmetrized product of two single-fermion states, using the wedge product

(A). This product gives us the antisymmetric necessity inherently [46]:

L)y ALYy = fH10) A fH10) = £ £ 10)

1
E(|1i>®|1j>_|1j>®|1i>)‘ (3.4)

Thus, any two-fermion state is just an element of the wedge product space of two

single-fermion Hilbert spaces, i.e., Ho_y = Hi_¢ A H1_s [100].
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Generalizing this, N-fermion states that live in Hy_; = Hfivf can then be
constructed by wedge product of N single-fermion states. Consequently, N-mode
fermionic Hilbert space Fy, also called Fock space, is given as the direct sum over

all fermion numbers [118]:

N
Fn =P Hi (3.5)
=0
and Fy can be spanned by the orthonormal basis set B that has the dimension of
AR
B = {[0),[11),|12), [[1:12), [15), [I1113)), [[1215)), [[111215)), ..., (1112 - - 1N}

= {llmams---my)) | m = {0,1}}, (3.6)

where ||1;1; -+ 1;)) with ¢ < j < k and k < N is a shorthand for |1;) A|1;) A-- - A|Lg)
in which unoccuppied modes are not written. Here, the double ket [|-)) is used to
indicate that a wedge product between modes occurs.

Given basis set B, a general state in Fy can be expressed as [40]

) = M0|0>+Zﬂi|1i>+Zﬂjk”1j1k>>+"'+#N||1112"'1N»> (3.7)

i<k

where the complex coeffiencets o, i, (i, - - ., v satisfying the normalization con-
dition such that | + 3, [mil® + 32, lisl” + - + [pn|* = 1.

The N-mode Hilbert space Fy in the most general case can be decomposed as

the wedge product of the single-mode Hilbert spaces H; [100]:

N
Fv=N\Hi=Hi A AHy, (3:8)

i=1
Here, H,; is spanned by the orthonormal basis E; = {|0), |1;)}. Thus, this decompo-
sition allows us to define subsystems.

To define the dual space of Fy, the action of the wedge product on the dual
space elements must be consistent with the inner product definition. In the simplest

case, the dual of a two-fermion state is given as

(1L ALNT = (A1) = (0] f3fi = (Ll A (11 (3.9)
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Here, the dual of the two-fermion state is (0| f; f; but not (0] f; f; since (0| fjfifjf;f |0) =
1 whereas (0| f f; f; f; |0) = —1 according to the anticommutation relations. These
results can be obtained from the general definition of the inner product between

two-fermion states:

(Ll A QL) ALY = OLfk fufi £]10)

= O (O] fuf]10) = (O] fuf] finf] 10)
SmiOkj — Opi (O] furnf110) + (O £ fufin ST 10)
~—~—

0

= OmiOkj — OkiOm,;- (3.10)
As one can see, this product can be represented as the determinant of a matrix with
elements being delta functions. Therefore, the inner product between the arbitrary

excitations [¢) = f;rl e f;k |0) and |¢) = f;-rl e me |0) is given by [100]

0 for k #m

(W@l) = (O] fi, -+~ fur £l -+ f110) = (3.11)
det(Wy) fork =m
where
51'173'1 ce 6i1,jk
We=1| ¢+ .+ |. (3.12)
5ik7j1 B 6ik»jk

Similar to the case of the distinguishable particles system, a generic pure density
operator in N-mode Hilbert space Fy can be obtained by taking the projector on
the fermionic state |¢) from Eq. (3.7):

p=10) (Wl = luol*10) (01 + > parsy 1) (Lol + Y pgutcne 15 L) Ly L |

i7i/ j7j/7k7k/

+.--+Z(Miu(’§|1i) (0] +Hec.)+---. (3.13)

Here, H.c. represents the Hermitian conjugate of p;u |1;) (0]. One can easily check
that any density operator in Fy fulfills the three conditions for representing a phys-
ical density operator: the normalization Tr[p] = 1, the Hermiticity p = pf, and the
positivity (¢| p[¢) =0 V|¢) € Fi.
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A mixed state can be also formed from the incoherent mixtures of pure fermionic

states:
p=D_pili) (vl (3.14)

where ) . p; = 1. While the mixed states simply meet the conditions of normaliza-
tion and Hermiticity, an additional requirement is needed to confirm positivity: this

is the parity superselection rule, as discussed in Ref. [100].

3.1.2  Fermionic subsystem

The essential ingredients for investigating quantum correlations in a quantum state
are reduced states concerning some partition of its Hilbert space to subsystems.
Since the basis of a single mode consists of a vacuum state and its excitation, defining
a reduced state by taking qubit partial trace gives rise to some ambiguity [46, 119].
Thus, as introduced in Ref. [119], one should redefine the partial trace operation for
fermionic systems to eliminate these ambiguities.

With the help of the following consistency conditions for the physical definition
of the reduced state formalism [46], we can define a genuine fermionic partial trace
operation. These conditions state that the reduced density operator contains all
the information about the subsystem obtained from the global state when local
measurements are solely performed on that specific subsystem. Mathematically, for
any bipartition to finite-mode fermionic subsystems A and B of global Hilbert space
Hap = HaNHp, a partial tracing procedure over Hp of any state pag € Hag, i.e.,

Trplpas| = pa, must satisfy [46]
TI'[OApAB] = TI‘[OApA], (315)

for all local operators Oy = O4 A 1 acting only on H,4. This condition uniquely
defines the reduced states of any global state and the partial trace operation without
allowing ambiguity [119].

Given a global state p for a fermionic system composed of N modes, the reduced

states concerning a particular subsystem composed of one or more modes can be
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obtained by tracing over the set of modes M = {1, ..., up} that do not belong to
that subsystem:

Trulp] = Try, o Try, 00000 Ty, o], (3.16)

where each single-mode partial trace operation satisfies the physically imposed con-
sistency conditions by ignoring the information of whether the respective mode in
set M is occupied or not [100]. Then, the operation of partial tracing an arbitrary

mode m is given by [119]

TrM [(flT)s1...(f:n)sm...(f]TV)sN |0> (O]f]QN---f&m... {1
1l (3.17)

B (=P -+ () (Fhga )t = (AR MOY O SR - - fort o -+ S

Here, the term (—1)* introduces a necessary phase factor due to the anticommutation
relations of fermionic operators. This factor depends on the occupation numbers of
modes higher than the m-th mode such that k = s,, Zj\f:—ni Sj+1+Tm ZkN:_ni Try1 With
Siy T4 S {0, 1}

3.1.3 Superselection rules

Beyond the constraints in the Hilbert space of fermions due to the anticommuta-
tion relations inherent to fermionic statistics, an additional and equally important
constraint arises due to the parity superselection rule (P-SSR). Superselection rules
(SSRs) are essentially a set of constraints emerging from fundamental system sym-
metries, such as parity or charge conservation [120], or from practical limitations,
for instance, particle number conservation due to energy conservation.

The P-SSR dictates that fermionic quantum states in a coherent superposition of
states with even and odd parities are not physically allowed. Historically, this rule
was introduced to describe elementary particles within quantum field theory due to
the deep relationship between quantum mechanics and special relativity [120].

In the quest to develop a reasonable quantum information theory for fermions
(QFT), different perspectives have arisen regarding the inherent justification for P-

SSR. First, Ref. [119] showed that the P-SSR emerges naturally when considering the
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demands of both Lorentz invariance and symmetry in a relativistic QFT framework.
This emergence ensures that the reduced states of a pure fermionic state have the
same spectra, which is crucial for the definition of bipartite correlations. Contrarily,
Ref. [121] suggests that one might not need relativity as the basis for justifying
the P-SSR in fermionic quantum information theory. Instead, the rule found its
foundational basis in the no-signaling principle.

Considering a bipartite fermionic system represented as AB, the no-signaling
principle implies that operations conducted by any local observer on A must com-
mute with those performed by the local observer on B. This commutativity is only
possible if the local states of A and B are superpositions of states with consistent
parity, so the global state is also. That is why only states of an arbitrary fermionic
system that satisfy the P-SSR correspond to physical states for local observers.

Aside from the P-SSR, another superselection rule relevant to our ongoing work is
the number superselection rule (N-SSR) [122]. This rule becomes indispensable when
dealing with fermionic systems in the low-energy regime where pairs of fermions
cannot spontaneously be annihilated or created. Within quantum chemistry and
condensed matter physics, it is clear that physical fermionic states must also be
subject to the N-SSR.

In essence, SSRs pertain to the local conservation of specific physical quantities
in fermionic systems, denoted as (). For a system subjected to (-SSR, its associated
density matrix p must respect the conservation of (), both globally on p and locally
on all defined subsystems. The relationship formally can be expressed as:

11, in

(3.18)

in

Here, every projector operation II; in i-th subsystem corresponds to a projection
onto a possible allowed value of Q. A Q-SSR essentially transforms p into p@ such
that it satisfies the equation [pQ, Q] = 0. This modified density matrix p¥ must be
block diagonal in the eigenbasis of (), implying that some off-diagonal elements of
the original p have been eliminated to comply with the conservation rule.

It is crucial to note that SSRs can lead to new applications for quantum infor-

mation processing both in general perspective [123-126] and in specific tasks, such
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as quantum teleportation [127-129].

3.1.4 Fermionic-mode entanglement

For a system composed of distinguishable particles, the entirely uncorrelated bipar-
tite pure states are the product states of the form p4 ® pg. As mentioned in 2.2,
this description implicates the lack of entanglement between the subsystems for pure
states.

However, when considering fermionic systems, there exist states pap # pa A pp
that exhibit the same expectation values as ps A pp for local observables. This
intriguing phenomenon is a result of the fact that some fermionic states cannot be
fully constructed only by performing local measurements on A and B, i.e., fermionic
systems do not satisfy the local tomography principle [130].

Because of this deviation from distinguishable particles, a new characterization of
uncorrelated states for fermionic systems should be proposed. That is why Refs. [100,
131] suggest that the fermionic uncorrelated states pap across any partition of A

and B must satisfy the following more general relation:
Tr[pap(Oa A Op)] = Tr[paOa] Tr[ppOpl, (3.19)

for all local observables O4 = O4 A1 and Og = 1 A Op on the subspace spanned
by the modes on A and B respectively. This equation offers a mathematical repre-
sentation of the concept that the measurements of observables on A do not interfere
with those on B and vice versa.

With the above definition of fermionic uncorrelated states, we can define the

fermionic separable states shared by parties A and B as follows [131]:
pas =Y _ Pifp: (3.20)

where 0 < p; <1, >, p; = 1, and the states p45 are uncorrelated states that satisfy
Eq. (3.19). An entangled fermionic state psp shared by two parties A and B is a
state that cannot be decomposed into such a sum of uncorrelated states.

For pure bipartite fermionic states, the Schmidt decomposition also provides a

useful analytical tool like distinguishable systems [100]. Given any pure fermionic
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physical states ¢ ap), we have:
ap) = Zpi lia) A li) (3.21)

where {|ia)} € H4 and |ig) € Hp are orthonormal bases, and {p;} are Schmidt
coefficients. In a way that parallels the situation with distinguishable particles, we
see that a pure fermionic state |1)45) is a separable (hence an uncorrelated) state if

and only if it possesses a Schmidt number 1.

Fermuionic entanglement measures

For a fermionic pure state [ag) € Ha A Hp, the entropy of entanglement can be
computed similarly to distinguishable systems since it is a function of the eigenvalues

of the reduced states p4 or pp [46]. Thus it is defined as follows:

Eg([Yap)) = S(pasp) = — Tr[pa/plog, pays] (3.22)

Here, the states of subsystems p4,p are constructed by tracing out all modes not
included in the corresponding subsystem. The only difference from the distinguish-
able systems is that the tracing operation is performed from the fermionic partial
trace operation, defined in Eq. (3.17).

As discussed in Sec. 2.2, for mixed states, the entanglement of formation is
defined through the convex roof extension of the entanglement entropy:

Ep(pap) = min p; Eg ([¢)). (3.23)
{pi,lva)}

where the mixed fermionic state is decomposed into a set of pure fermionic states as
p = >_.pi|wi) (¢;|. This is fully analogous to the distinguishable systems definition
in Eq. (2.25). For two fermionic modes, the minimization over all states that respect
the superselection rules can be computed effectively [132]. However, executing this
minimization step becomes difficult or even impossible for systems with more than
two modes, even while respecting the SSRs.

Another entanglement measure for fermionic mixed states is the entanglement
negativity which can be relatively easily computed for fermionic mixed states as

well as distinguishable systems. The fermionic negativity, proposed in Ref. [133]
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and investigated in Refs. [134-136] , is given as like Eq. (2.29) by just inserting
fermionic form of partial transpose. Similar to the fermionic partial trace defined
in Eq. (3.17), the fermionic partial transpose also involves a phase factor ¢. The
fermionic partial transpose operation between any element of bipartite fermionic

state pap with N(M) modes in subsystem A(B) is given by [130]

Ty
{(f/&l)% (N (Fh ) - (fl, )7 [0) (O] Foae o o Zﬂ

I (3.24)
(1)U {(f/&l)% e (P (fy ) (F, )P 10) .
O o = o fan - Z’fl] Ul
The phase factor is defined as
¢ =[(Ta+Ta) mod 2]/2 + (74 + Ta)(75 + TB). (3.25)
where T4p) = ngéilgl) s; and Top) = fjﬁiﬂgi) r; are the number of occupied

modes in each subsystem. Uy = Hf:N W (i + f} ) is a unitary transformation acting
on H 4. Regarding the eigenvalues of UilpTA U, and p'4 having identical eigenvalues,
they give equivalent values for the entanglement negativity [136].

The logarithmic fermionic negativity, similar to Eq. (2.31), can be defined by
replacing the fermionic partial transpose. The fermionic entanglement negativity
provides a computationally efficient tool for classifying entangled states in subsys-
tems comprising two or three fermionic modes [136]. Among the various properties
of an entanglement measure that should satisfy, the fermionic entanglement negativ-
ity is nonincreasing (monotone) under LOCC that regards P-SSR. As distinct from
the entanglement negativity for distinguishable systems, the fermionic counterpart
is faithful since any fermionic entangled state that remains positive under partial
transposition operation (known as the positive partial transpose entangled state)

has not been countered [136].

3.1.5 Fermionic-mode discord

The total correlation between any two subsystems consisting of fermionic modes

can be defined in a manner similar to distinguishable systems through the quantum
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mutual information, as stated in Eq. (2.15). This is feasible since the von Neumann
entropy is also a well-defined quantity in fermionic systems when subsystems are
constructed by the fermionic partial operation [46].

Furthermore, the classical correlation measure, as mentioned in Eq. (2.41), as
well as the measurement-independent quantum discord defined in Eq. (2.42), can
be directly applied to any partition of any fermionic quantum states. This applica-
bility holds under fermionic partial trace operation and well-defined local projective
operations regarding P-SSR. As with distinguishable systems, in order to properly
quantify bipartite correlations, accurate optimization in Eq. (2.41) is crucial.

The need for optimization poses a numeric challenge, even in qubit systems. This
is primarily due to the requirement to include all possible local projective measure-
ments. Interestingly, in fermionic systems, SSRs considerably limit the number of
permissible measurements, thereby simplifying the optimization.

Utilizing the N-SSR, Ref. [137] proposed an analytic expression to compute the
quantum discord between two modes in a general fermionic state, either pure or
mixed, without an optimization procedure. Moreover, the optimization procedure
in studying correlations between subsystems involving more than two modes can
be made numerically effective under the constraints of SSRs. In a subsequent Sub-
sec. 3.2.2, we will discuss the optimization process in correlations between two or-

bitals, where each orbital consists of two modes.

3.2 Orbital correlations in molecular electronic ground states

In what follows, after introducing how to describe electronic ground states in the
mode picture and discussing the computational details of quantifying orbital dis-
cord, we present the results of the proper dissection of classical and quantum cor-
relations shared between the Hartree-Fock (HF) molecular orbitals (MOs) of the

water molecule H,0, 2-propenyl C5H5, and dicarbon anion Cj .
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3.2.1 Molecular electronic ground states in mode picture

Each MO consists of two modes, one representing « spin-orbital and the other

spin-orbital. Thus, the ith MO can be written on the 2-mode Hilbert space using the
basis of {|0), f |0), I 10}, f% f%

creation operators of spin-up and spin-down orbitals of i-th MO.

0)} where fij _, and f;m are respectively

9021 1 9022

Any electronic configuration represented by a Slater determinant in Eq. (2.51)
can be expressed in the mode picture by defining the wedge product to preserve
its antisymmetric characteristic. Thus, any configuration—represented by a Slater
determinant consisting of occupied spin-orbitals |prpm, - .. ¢n| where k < m < n—
can be rewritten in mode picture as |@g) A [@m) A+ A |n).

Therefore, for a molecular system consisting of n. electrons and n MOs, the HF

configuration can be given in 2n-mode Hilbert space as

War) = [p1) Alp2) A Alon,)
AA - 10) (3.26)

where fgi_l and szZ- are respectively creation operators of spin-up and spin-down
orbitals of i-th HF-MO.
Therefore, in the mode picture, the Cl-wavefunction, as defined in Eq. (2.64),
can be represented as
Wey) = — <c0 + anﬂfl YD i+ ) W) . (3.27)
i<j a<b
Here, each pair of fIf; corresponds to an excitation operator such that an electron
in the mode 7 of |Wyp) is excited to mode a.
For simplicity, an occupation number vector can be defined for each electronic
configuration. Thus, a generic electronic state |¥) of a molecular system consisting of
ne electrons and n-MOs can be written as occupation number vector representation

v) = Z s (D™ ()= (3.0 10)

= Z ¢z 1512 - 520 ) prpa.pan (3.28)
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where s, € {0,1}, 2;2;1 sy = ne, and each § = {s1,59,..., S2,,} corresponds to a
possible electronic configuration. The second line shows the occupation number
vector representation of the state, and because of its simplicity from now on, we
continue with this representation.

We then construct the following 22" x 2" density matrix:
p=1T) (U] = " Xe A lls1- . son) {(r1 - r2nll, (3.29)

When the number of orbitals n is greater than 10, the dimension of this matrix
exceeds the computational power of classical computers. Therefore, for further cal-
culations, we stored the nonzero elements of the density matrices of molecules in
memory using the sparse matriz representation. Furthermore, the single and two-
orbital reduced states can be calculated by taking the partial trace of the fermionic
state defined in Eq. (3.17) over the modes of the remaining orbitals.

To investigate the impact of local SSRs on orbital correlations, we projected
the ground state density matrix into the different sectors of the Fock space, as we
introduced in Eq. (3.18). For local P-SSR, the Fock space of an orbital is divided
into even and odd sectors. Regarding local N-SSRs, the projection operators divide
the same two-mode Fock spaces into three sectors: where no excitation exists, where
there is one excitation, and where there are two excitations.

We can concretize this using the following two-orbital ground state example:
A [11,00)) + Agl|10,01) + A|01, 10) + A 00, 11), (3.30)

where a comma separates the modes of the two MOs. Local P-SSR eliminates the
density matrix terms p,, = py,, = AyA, with g = {1,4} and v = {2,3}. The term
p1.4 = pa1 further vanishes after the application of local N-SSR.

3.2.2  Orbital discord

The amount of the total correlations defined in Eq. (2.15) shared between any two
MOs was measured by inserting two-orbital reduced state ppgr where L(R) denoted
the left (right) orbital. And “right-orbital-classical” correlation C'(R) can be identi-

fied amount of the maximum information about the left orbital that can be extracted
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after the measurements {11, } performed on the right orbital and given by Eq. (2.41).
Similarly, as we discussed before, when the shared correlations between the orbitals
are extracted by performing local measurements on the left orbital, one can end up
with a “left-orbital-classical” correlation C'(R).

In N-mode fermionic systems, SSRs considerably limit the number of permissible
measurements, thereby simplifying the optimization process in classical correlation
calculation in Eq. (2.41) and so quantum discord calculation in Eq. (2.42). For
the orbital-orbital case, the number of parameters required in this optimization
is significantly reduced in the presence of SSRs. P-SSR only allows the following
projection operations:

¢

1[|00)) + as[|11),

(0% 01 (6 7] 10 3
lgprassm y o § ol adto) (3.31)
a3]10L) — a3]10),

| @5[[00)) — af|[11),

which means that the optimization can be done with eight real parameters: For
k=1,2,3,4, since oy = z + iy and o = xy, X iy, four different {w, yp} real pairs
are sufficient to describe all the permissible measurements.

On the other hand, in the case of N-SSR preservation, the permitted measure-
ments {II,,} to be described with only two complexes, i.e., four real parameters, as
follows:

100,
B1]|01)) + B2[[10),
{leDomom } 2 (3.32)
53]01)) — B7(]10)),

1),

In summary, with the inclusion of SSRs, the number of real parameters required
for optimization in orbital correlation decomposition is significantly reduced. Thus,
all calculations can be performed with four real parameters under P-SSR and two

real parameters under N-SSR in spherical coordinates.
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Algorithm 1 Quantum discord for two-orbital reduced states under P-SSR

Require: prgr, pr, pr, No, Ny
1 [|T1;)) < cos(0/2)]|00) + ¢ sin(6/2)]|11)) then TI; < ||TT; ) (T1;||;
2: |Ha)) <= cos(6/2)[[01)) + €' sin(6/2)[|10)) then I < [[T1)) (I
3: |s) < e7sin(6/2)[|01)) — cos(6/2)][10)) then IT3 « |[Is) (TTs|;
& 1LY + e=*5in(0/2)[[00)) — cos(6/2)]|11)) then Ly « [[TL) (IT4]l
5: MutInfol < prr — pr — pPr;
6: Initialize MutInfoMatJ as Ny x Ny matrix
7: for 0, =0 to Ny do

8: 0 < w0/ Ny;

9: for ¢,, =0 to N, do

10: ¢ < T hm [ Ny;

11: Replace # and ¢ in Iy, Il,, I3 and Ilg;

12: for i =1to 4 do

13: pr, = IiprpIl/ Tr[IL;pp plL]

14: end for

15: MutInfoJ [Ny, Ng| <= S(pr/r) — >, vi S(pm,)
16: end for

17: end for

18: QD(pLr)  MutInfol — MaxValue|MutInfoMat./|

Algorithm 1 illustrates the calculation of quantum discord for a two-orbital state
under P-SSR. The inputs, Ny and Ny, represent the resolutions for the polar angle
0 and azimuthal angle ¢ used in the optimization process. The projectors specified
in steps 1-4 are allowed under P-SSR, as listed in Table 3.31. In step 5, the mutual
information MutInfol, corresponding to the total correlation, is calculated using the
formula defined in Eq. (2.15). From steps 7 to 11, a double loop is conducted over all
possible combinations of the angles § and ¢ within the resolution set by Ny and Ny to
calculate the second expression of mutual information, defined in Eq. (2.38). After

completion of the double loop (in step 17), quantum discord, as given in Eq. (2.42),
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is calculated as the difference between the mutual information MutInfol and the
maximum value in the matrix MutInfo.J.

A vital flexibility of this algorithm lies in steps 13 and 15. For calculating the
left (right) quantum discord, one needs to apply the projective operators to the
left (right) in step 13, and substitute the entropy of the right (left) orbital in step
15. Also, the algorithm can be easily adapted to N-SSR by replacing the P-SSR

projection operators with those listed in Table 3.32.

3.2.8 Water

The water molecule (H20) is among the primary molecules necessary for the sus-
tenance of various life forms. The water molecule, composed of 10 electrons, has
two lone pairs of electrons localized around the oxygen atom. These pairs share a
tetrahedral geometry with the delocalized electron pairs in the H-O bonds, whereby
the H-O-H angle is approximately 104.5 degrees. For the molecule to achieve this
geometry, prior to forming the covalent bonds, a hybridization of the oxygen atom’s
orbitals is required, implying a state of quantum superposition [1]. Upon estab-
lishing H-O bonds, this quantumness could permeate the entire molecule as orbital
entanglement. In this context, it would be expected to find a high degree of quan-
tum correlation amongst the MOs, which is why we have decided to investigate the
water molecule.

At the HF /STO-6G level using the Gaussian09 program [138], the optimal ge-
ometry of the water molecule exhibits bond lengths of 1.02 A and bond angles of
96.8°. CISD calculations are based on 10 electrons and 7 HF-MOs, correspond-
ing to a dimension of 2'* = 16,384 in its density matrix representation. However,
the CISD ground state only involves 31 different electronic configurations. The CI
energy converges at —75.737545702 Ej,.

In Table 3.1, we present the numerical results for the pairwise correlations in
the water molecule’s CISD/STO-6G ground state. These results are based on the
arrangement of the HF orbitals—1ay, 2ay, 1bs, 3aq, 1by, 4a,, and 2bo—in an energet-

ically ascending order from 1 to 7. The total correlation I and fermionic logarithmic
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entanglement negativity Ey are also provided both in their exact values and in the
fractions remaining in the presence of SSRs. Further, Table 3.1 details what per-
centage of the total correlation decomposes into classical correlation and quantum
discord in the presence of the local parity SSR (P-SSR) and particle number SSR
(N-SSR).

Table 3.1: The correlations shared among HF orbital pairs in the CISD/STO-6G
ground state of HyO. The total correlation I and logarithmic entanglement negativ-
ity 'y survived under the SSRs are given as percentages, with N and P subscripts

indicating the respective SSR.

H,O CISD/STO-6G

&, B ! Ipy = C»yER) + DR | vy = S + Doy | P By By
(2,3) 0.021 100%  73.8%, 73.8% 26.2%, 26.2% 84.1%  73.7%  10.4% | 0.0035 100%  99.3%
(2,4) 0.032 56.9%  35.7%, 35.7% 21.2%, 21.2% 42.6%  35.6% 7.0% | 0.0092 34.8%  34.6%
(2,5) 0.0019 100% 0.8%,0.5% 99.2%,99.5% | 0.37%  0.37% 0% | 0.28 x 107° 100% 0%
(2, 6) 0.048 99.4%  76.3%,74.3% 23.1%, 25.1% 75.4%  74.3% 1.0% | 0.081 98.2% 0.4%
(2,7) 0.019 100%  82.9%, 87.5% 17.1%,12.5% 80.3%  77.8% 2.5% | 0.033 100% 0%
(3,4) 0.094 100%  79.4%, 79.3% 20.6%, 20.7% 88.1%  79.1% 9.0% | 0.013 100%  98.9%
(3,5) 0.0020 100% 3.1%,1.5% 96.9%, 98.5% 1.3% 1.3% 0% | 0.13 x 10~% 100% 0%
(3,6) 0.13 100%  87.8%, 87.6% 12.2%, 12.4% 83.9%  82.4% 1.5% | 0.10 100% 0%
(3,7) 0.23 99.9%  72.8%,73.3% 27.1%, 26.6% 70.7%  69.8% 0.9% | 0.24 93.9% 0.4%
(4,5) 0.0029 100% 1.9%, 1.0% 98.1%, 99.0% 0.7% 0.7% 0% | 0.12 x 10~% 100% 0%
(4,6) 0.14 98.1% 78.0%, 74.3% 20.1%, 23.8% 75.5% 74.3% 1.2% 0.21 69.3% 0.5%
(4,7) 0.10 100%  81.2%, 83.5% 18.8%, 16.5% 77.3%  75.8% 1.5% | 0.11 100% 0%
(5,6) 0.011 100%  37.7%,62.0%  62.3%, 38.0% | 33.9%  33.9% 0% | 0.058 100% 0%
(5,7) 0.0020 100%  38.3%,61.2%  61.7%, 38.8% 16.0%  16.0% 0% | 0.017 100% 0%
(6,7) 0.13 100%  85.1%, 85.1% 14.9%,14.9% 93.1%  85.0% 8.1% | 0.017 100%  99.0%

Two noteworthy outcomes raise questions about the main conclusions drawn
in Ref. [28]. Firstly, we observe the existence of certain orbitals that predomi-
nantly share quantum discord as a correlation in the presence of local P-SSR (refer
to correlations highlighted with bold lines in Table 3.1). Since classical correlations
were considered with inappropriate measure in Ref. [28], quantum correlations never
emerged as dominant. Consequently, they inferred that quantum correlations are
insignificant in chemical bonding. However, our results based on appropriate mea-
surement indicate insufficient evidence for such inferences and that further study of
this issue is warranted.

Significantly, in all pairs involving the 5th orbital, 16, quantum correlations are

the dominant type of correlation under P-SSR. This one is the highest-energetic
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occupied molecular orbital (HOMO) in the HF ground state, and it does not pos-
sess any component other than the 2p, atomic orbital of its oxygen atom, with
a lone pair of electrons. Notably, while HOMO is paired with either of the 4a;
or 2by orbitals—numbered 6 and 7 respectively and both exhibiting antibonding
characteristics—quantum discord is stronger than classical correlations, but only if
local measurements performed over the 1b;. In contrast, when measurements are
performed over the other orbital in the pair, quantum discord appears weaker.

Our second significant finding concerns that there exist pairwise orbital correla-
tions in which quantum discord survives even in the absence of orbital entanglement
after applying local N-SSR (refer to values underlined in Table 3.1). In Ref. [28],
the authors concluded that the possibility of using molecular systems in quantum
technologies is relatively low, reasoning from the predominant loss of orbital entan-
glement under N-SSR. However, as discussed in Section 2.2.3, not only entanglement
but also discord is used as a resource in quantum information tasks.

The orbital pairs (2,7), (3,6), and (4,7) share quantum correlations beyond
entanglement. While the 2nd and 3rd orbitals are bonding orbitals 2a; and 1bs, the
4th orbital 3a; displays more of a lone pair character than that of bonding. This
indicates that the pairs having quantum discord in the absence of entanglement do
not necessarily consist of orbitals with opposite bonding/antibonding characters.
Upon closer examination, it is seen that these pairs are composed of one filled and
one empty orbital with opposite a; /by symmetries. Therefore, there is a possibility
that the presence of quantum correlations under SSRs may be related to orbital
symmetries.

We additionally perform CASSCF/cc-pVXZ calculations in the Molpro [139,
140], Psid [141, 142], and PySCF [143, 144] programs in the active space consisting
of 8 electrons in 2ay, 1bs, 3ay, 1by, 4a1, and 2bs HF orbitals. Since this active space is
constructed from orbitals investigated in the CISD/STO-6G ground state, it allows
us to investigate the impact of the used basis set on orbital correlations.

Since the CI coefficients—from which we construct the electronic ground state—
almost perfectly matched in all program outputs, in Table 3.2, we only summarize

the results of PySCF/CASSCF using the cc-pVTZ basis. When comparing with Ta-
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Table 3.2: The pairwise total correlations in the CASSCF(8,6)/cc-pVTZ ground

state of H,O and their exact additive decomposition into classical correlations and

quantum discord in the presence of SSRs.

Hy0 CASSCF(8,6)/cc-pVTZ

(L, R) I Ipy = Cpy(L,R) + D(py(L,R) Iny = Cvy + Dy E E(p) E(ny
(2,3) | 0.017 100%  78.07%,78.00%  21.93%,22.00% | 87.19%  77.99%  9.20% | 0.002 100% 100%
(2,4) | 0.026 | 57.83%  39.13%,39.15%  18.70%,18.68% | 45.91%  39.04%  6.87% | 0.008  31.31%  31.28%
(2,5) | 0.001 100% 0.42%, 0.27% 99.58%,99.73% | 0.10% 0.10% 0% | 0 0% 0%
(2,6) | 0.038 | 99.97%  80.62%,78.53%  19.35%,21.45% | 79.89%  78.53%  1.36% | 0.065  99.89% 0.96%
(2,7) | 0.017 100%  80.21%,84.93%  19.79%,15.07% | 78.76%  75.98%  2.78% | 0.038 100% 0%
(3,4) | 0.058 100%  88.80%,88.80%  11.20%,11.20% | 93.91%  88.80%  5.11% | 0.005 100% 100%
(3,5) | 0.001 100% 1.53%, 0.90% 98.47%,99.10% | 0.08% 0.08% 0% | 0 0% 0%
(3,6) | 0.092 100%  91.23%,91.18% 8.77%, 8.82% 91.50%  88.50%  3.01% | 0.059 100% 0%
(3,7) | 0.180 100%  71.22%,71.62%  28.78%,28.38% | 71.95%  69.73%  2.22% | 0.207  99.56% 3.14%
(4,5) | 0.001 100% 0.99%, 0.56% 99.01%,99.44% | 0.18% 0.18% 0% | 0 0% 0%
(4,6) | 0.120 | 99.99%  74.85%,73.14%  25.14%,26.85% | 76.13%  73.14%  2.99% | 0.152  98.48% 3.86%
(4,7) | 0.061 100%  87.77%,88.63%  12.23%,11.37% | 88.57%  84.67%  3.90% | 0.057 100% 0%
(5,6) | 0.004 100%  36.64%,63.13%  63.36%, 36.87% | 31.39%  31.39% 0% | 0.030 100% 0%
(5,7) | 0.001 100%  37.30%,62.53%  62.70%, 37.47% | 21.50%  21.50% 0% | 0.014 100% 0%
(6,7) | 0.090 100%  91.19%,91.19% 8.81%, 8.81% 96.10%  91.19%  4.91% | 0.007 100% 100%

ble 3.1, it is observed that the total amounts of orbital correlations slightly decrease
as the accuracy and precision of the basis increase. However, there is no change
in the decomposition of these correlations into classical and quantum components.
Specifically, there are no noticeable differences between Table 3.1 and Table 3.2. We
confirmed the same similarities in the calculations made with other cc-pVXZ bases.
In this context, we can conclude that our three crucial findings about the pairwise
orbital correlations in the CISD/STO-6G ground state are also fully valid in the
CASSCF /ce-pVXZ ground states.

Another noteworthy result arises when considering the following scenario: What
if the density matrix of an orbital pair described a qubit system? To address this
question, we recalculate the entanglement in two-orbital density matrices using the
multipartite entanglement measure proposed in Ref. [145]. This measure gives the
entanglement negativity in Eq. (2.29) for two-qubit states and it can be easily com-
putable using the code provided in Ref. [146], together with the parser YALMIP [147]
and the solver SDPT3 [148, 149]. The results show that some two-orbital density
matrices are separable for qubit systems, whereas they are entangled in the fermionic

mode picture, as shown in the underlined instances in Table 3.3. This suggests that
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Table 3.3: The amounts of quantum entanglement shared between the HF orbital
pairs in the water molecule’s CISD/STO-6G basis state. The values given with the
letter ”q” in parentheses are calculated using the multi-qubit entanglement criterion

instead of the fermionic logarithmic entanglement negativity:.

=
=

E Ep Ey | E(q) | Ep(q) | En(q)
0.0035 | 0.0035 | 0.0035 | 0.0000 | 0.0000 | 0.0000
0.0092 | 0.0032 | 0.0032 | 0.0002 | 0.0000 | 0.0000
0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
0.0825 | 0.0800 | 0.0004 | 0.0216 | 0.0215 | 0.0000
0.0329 | 0.0329 | 0.0000 | 0.0066 | 0.0066 | 0.0000
0.0134 | 0.0134 | 0.0133 | 0.0000 | 0.0000 | 0.0000
0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
0.1045 | 0.1045 | 0.0000 | 0.0304 | 0.0304 | 0.0000
0.2439 | 0.2291 | 0.0010 | 0.0788 | 0.0788 | 0.0000

w

e Y N Y Y~ Y~~~ ~—~

0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
0.2166 | 0.1502 | 0.0012 | 0.0468 | 0.0463 | 0.0000
0.1141 | 0.1141 | 0.0000 | 0.0332 | 0.0332 | 0.0000
0.0584 | 0.0584 | 0.0000 | 0.0157 | 0.0157 | 0.0000
0.0174 | 0.0174 | 0.0000 | 0.0034 | 0.0034 | 0.0000
0.0169 | 0.0169 | 0.0167 | 0.0000 | 0.0000 | 0.0000
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orbital entanglement is underestimated when standard quantum information theory
is used instead of the fermionic one. This observation also contradicts an expectation

mentioned in Ref [28].

3.2.4  2-Propenyl

The other molecular system we have examined is 2-propenyl (C3Hs), one of the
smallest linear molecules containing a m bond. The valence bond theory suggests
that there is resonance in the electronic ground state of this molecule between the

C-C=C and C=C-C valence bond structures, meaning the molecule exists in a
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superposition of these two configurations. As a reflection of this, we expect high
quantum correlations, especially between the 7 orbitals of this molecule.

In C3Hs, the optimized geometry using the STO-6G minimal basis set reveals
bond lengths of 1.41 A and bond angles of 124.4°between neighboring carbon atoms.
The electronic structure of the molecule encompasses 23 electrons and 20 HF-MOs,
resulting in a CISD energy of —116.35450180 E},. As the 20 HF-MOs in 2-propenyl
formed 136 different orbital pairs, we preferred to visualize our results in Figure 3.1

rather than summarizing them in a table.

Figure 3.1: The pairwise total correlations in the doublet ground state of C3H; and
their proper decomposition into classical correlations and quantum discord in the
presence of superselection rules (SSRs). The quantum discord is simply quantum
entanglement for the pairs that share nonzero logarithmic negativity on the left

panel.
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In our results, the orbital pair (11,13) exhibits the highest total correlation at
0.49, while the pair (11,17) has the least, without SSRs. In this molecule, we did
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not encounter a situation where orbital discord is stronger than classical orbital
correlations in this molecule.

Remarkably, entanglement and quantum discord values of pairs (11,12) and
(12,13) remain unaltered by local SSRs. Also, the 12th orbital does not have a neg-
ligible amount of logarithmic entanglement negativity with orbitals other than 11
and 13. On the other hand, despite the (11, 13) orbital pair being separable, it con-
tains quantum discord in the presence of local N-SSR. These three aforementioned
orbitals share a unique symmetry distinct from others and it may hint at a connec-
tion between orbital symmetries and their correlations. Each of the 11th, 12th, and
13th orbitals—corresponding respectively to HOMO, half-occupied orbital, and the
lowest unoccupied orbital (LUMO) in the HF ground state—is a superposition of
only the three 2p, atomic orbitals of the carbon atoms, and therefore they display
a m-orbital character.

We also observe that the orbital pairs (7,13), (8,13), (9,13), (10,13), (11, 14),
and (11,17) share quantum correlations beyond entanglement, regardless of which
SSR is applied. Moreover, 51 orbital pairs have quantum discord under local N-SSR,
even without any entanglement. Such findings support that orbital entanglement
cannot be regarded as a comprehensive measure of quantum orbital correlations, as

assumed earlier in Ref. [28].

3.2.5 Dicarbon anion

Another prototypical molecule we investigated is the dicarbon anion (C3). The
literature presents ongoing debates about the bond order between carbon atoms in
C5 @ hybridization theory predicts 3, MO theory predicts 2, and valence bond theory
predicts the presence of 4 bonds between carbons [150]. Our decision to study this
molecule arises from anticipation that the low bond order predicted by MO theory
might manifest in our results as a lack of correlations between MOs.

In C5, the optimized molecular geometry at the HF /STO-6G level using Gaus-
sian09 exhibits an interatomic distance of 1.25 A. The CISD ground state, built from

an electronic structure of 13 electrons and 10 HF-MOs, has 53 different electronic
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Figure 3.2: The pairwise total correlations in the doublet ground state of C, and
their exact additive decomposition into classical correlations and quantum discord
in SSRs. Quantum discord includes entanglement for the pairs that share nonzero
logarithmic negativity on the left panel. Otherwise, it quantifies quantum correla-

tions beyond entanglement.
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configurations. The computed CISD energy for this molecule is —75.293354472 F,.

As shown in Fig. 3.2 in the absence of SSRs, the total correlations range from
0.00025 for the orbital pair (3,4) to 0.2 for the (7,8) pair. The former is the only
pair whose dominant pairwise correlation is quantum discord under the local P-
SSR. However, its quantum discord does not vanish under the local N-SSR, while its
logarithmic entanglement negativity is always small enough to be neglected. These
3rd and 4th orbitals correspond to the HF MOs 20, and 20;. The simultaneous
occupancy of these two orbitals, which has a probability of 0.91 in the ground state,
implies the absence of a ¢ bond between the C atoms and reduces the bond order

of the molecule.
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Quantum discord in the pairs of orbitals (3,8) and (3,9) exists despite the lack
of entanglement in the presence of the local N-SSR. The 3rd orbital is the bonding o
orbital (20,), while the 8th and 9th ones are degenerate antibonding 7-orbitals (17}).
Furthermore, the pairwise quantum correlations distributed among the antibonding
orbitals 8, 9, and 10 seem not to be affected significantly by the local SSRs. The

last orbital, 307, distinctly displays a o character, unlike the orbitals 8 and 9.

3.2.6 Outlook

In this section, we have investigated orbital-orbital correlations in specific molecular
electronic states, properly decomposing these correlations into their classical and
quantum components through the novel introduction of orbital discord. We have
also considered the additional constraints imposed by local superselection rules on
these reduced states. Notably, the computational complexity of orbital discord is
lower when compared to the four-qubit quantum discord. This efficiency lets us
comprehensively address both classical and quantum parts of the pairwise orbital
correlations under SSRs.

Our analysis primarily reveals that quantum orbital correlations can surpass
their classical counterparts. Intriguingly, quantum orbital discord can survive with-
out orbital entanglement. Contrary to the previous claims in Ref. [28], our findings
indicate that the lack of orbital entanglement doesn’t diminish the resourcefulness
of molecular systems in quantum technologies. This is because the quantum correla-
tions beyond entanglement can be used as a resource in certain quantum information
tasks, including remote state preparation and optimal state discrimination protocols.

Orbital correlation measures employed in our study and in Ref. [28] are compu-
tationally expensive due to the involved optimization process. Contrarily, previous
works—that incorrectly defined the total orbital correlations as entanglement—had
lesser computational demands as they only focused on entropy calculations. Thus,
the primary obstacle to investigating chemical bonds by genuinely decomposing total
correlations arises from computational limitations. This challenge might be solved in

the near future by developing methods that originate from machine learning-based
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calculations of fermionic correlation [151] or that extract these correlations from
tensor network states more efficiently [152].

The above calculations are limited to the HF-MOs that allow electrons to be
delocalized. Subsequent to our study, Ref. [153] proposed an orbital optimization
scheme in which each MO in the m-structure of planar molecules can be distinctly
localized to a single atomic center. This is achieved by maximizing the resource-
fulness of these MOs. MOs that are completely localized to specific atoms, called
atomic-like orbitals, are the best method to examine chemical bonding phenomena.
Its success was demonstrated in Ref. [153], as these atomic-like orbitals allow us to
determine the bond order of certain chemical bonds with great accuracy by looking

at orbital-orbital correlations.
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Chapter 4

AROMATICITY AS A SUPERPOSITION PHENOMENA

Aromaticity is considered one of the unicorns in the framework of chemical bond-
ing since it can’t be directly observed and lacks a clear quantum physical foundation.
A widely accepted definition describes aromaticity as electron delocalization through
overlapping atomic orbitals within a set of atoms that form a closed loop. To analyze
this phenomenon, orbital-orbital correlations are not sufficient as examined covalent
bonds in the previous chapter. However, the framework of multi-orbital correlations
is required because such a multi-orbital bonding phenomenon is more than the sum
of the two-orbital bonds.

We approach the problem from a different perspective. Instead of working from
molecular orbital or valence bond theory, we measure directly the superposition of
overlapping atomic orbitals. This measure describes multi-orbital superposition as a
measure of closed-loop electron delocalization because atomic orbitals are localized.

The structure of this chapter is as follows. In Sec. 4.1, we begin with a his-
torical introduction of aromaticity and then detail aromaticity descriptors based
on the physicochemical properties resulting from the aromaticity of molecules. In
Subsec. 4.2.1, we delve into the quantification of superposition in nonorthogonal
quantum states and its limitations, while in the following Subsec. 4.2.2, we intro-
duce the biorthogonal framework that addresses these limitations. Subsequently, in
Sec. 4.3 (see the preprint of the containing content in Ref.[154]), we present results
for applying these concepts to analyze electron delocalization in the w-electronic

structures of ground states for some aromatic molecules.
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4.1 Aromaticity

4.1.1  Historical introduction to aromaticity

Aromaticity is a fundamental concept in chemistry, essential for understanding a
wide range of molecules’ stability, reactivity, and properties. Defining aromaticity
has proven challenging due to its diverse manifestations and the continuous discovery
of new aromatic compounds. This subsection will explore the historical development
of the aromaticity concept, advances in understanding chemical bonding, the expan-
sion of aromaticity types, and the modern definitions and challenges faced in this

field.

FEarly discoveries and the concept of aromaticity

Three decades after Faraday isolated benzene (Cs Hg) from gas light oil and deter-
mined its empirical formula as well as its physical properties [155], Hofmann coined
the term “aromatic” in his research on benzene and its monocarboxylic deriva-
tives [156]. This term—inspired by the Greek word aroma for pleasant odor—was
used due to the unexpectedly stable nature of these compounds, which necessitated
separate classification. For almost half a century, benzene’s peculiar properties and
structure puzzled chemists. It was Kekulé who identified compounds structurally
similar to benzene as aromatic and proposed the first reasonable structure for ben-
zene, a cyclic hexagonal arrangement of carbon atoms with alternating single and
double bonds [157]. Although not entirely accurate, this model began a more system-
atic understanding of aromatic compounds and laid the groundwork for developing
the concept of aromaticity.

Shortly after the isolation of benzene, naphthalene was identified as a result of
cool tar distillation [158], and Erlenmeyer proposed its structure as two fused ben-
zenes in 1866. Subsequently, the discovery of other polycyclic rings like anthracene
and phenanthrene that exhibited aromatic properties led to expanding the defini-
tion of aromaticity to include polycyclic hydrocarbons. By the late 19th century,
the realm of aromatic compounds grew with the discovery of significant compounds

containing heteroatoms, such as pyridine, furan, pyrrole, and thiophene. Bamberger
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proposed a monocyclic structure for these compounds, similar to Kekulé’s benzene

structures [159].

Advances in chemical bonding and aromaticity

The next step in understanding aromaticity came from the development of quan-
tum mechanics and its applications in explaining chemical bonding. Our understand-
ing of chemical bonding began with the Lewis structure, which represents a bond as a
sharing of two electrons between two atoms to form an octet [160]. The valence bond
(VB) theory was subsequently developed based on this idea. Heitler and London
provided a quantum mechanical insight into Lewis’s electron-pair bonding by apply-
ing the Schrédinger wave equation to the bonding in dihydrogen (Hj) [161]. Their
findings highlighted that such bonding arises from quantum mechanical resonance
interactions, where two atoms share spin-paired electrons via their local orbitals. In
modern terms, the Heitler-London (HL) wavefunction represents the bonding in H,
as a superposition of two spin configurations corresponding to two possible covalent
VB structures. This superposition of covalent terms explains the lower total energy
in the molecular form of Hs compared to the total energy of two separate hydrogen
atoms. Today, their work is known as the Heitler-London valence bond (HLVB)
theory, which solely considers covalent VB structures [2].

Building on this, Pauling improved the Heitler-London framework of chemical
bonding by incorporating ionic VB structures into the superposition of the electron
pair bond wavefunction [162, 163]. This addition not only further lowered the total
energy but also presented a generalized picture of bonding, where covalent and ionic
bonds are viewed as the extreme forms of a continuously defined bond. In the case
of benzene, Pauling demonstrated that the resonance of two predominant covalent
VB structures indicates the delocalization of electrons in the double bonds between
carbon atoms [1]. Thus, Pauling’s model supported Kekule’s idea and explained the

aromaticity of benzene as the resonance of its covalent VB structures.

Hiickel’s rule and the expansion of aromatic types

At the same time that Pauling was developing modern VB theory, Hiickel intro-
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duced a rule based on his primitive version of the molecular orbital theory, nowadays
known as the Hiickel molecular orbital (HMO) theory, which provided a quantita-
tive criterion for aromaticity [164]. According to Hiickel’s rule, molecules that are
planar, cyclic, and fully conjugated molecules are called aromatic if they contain
4n + 2 m-electrons, while those with 4n m-electrons are less stable and are termed
antiaromatic. The HMO theory predicts the electronic properties in conjugated
molecules, like benzene, by focusing on the delocalization of m-electrons. The the-
ory suggests that the molecular orbitals in conjugated systems can be approximated
as linear combinations of atomic orbitals on the involved atoms. By solving an effec-
tive Hamiltonian which describes the 7 framework, one can determine which linear
combinations form bonding and anti-bonding 7 molecular orbitals [165].

While Hiickel’s 4n+ 2 rule successfully characterized the aromaticity of archetyp-
ical organic molecules, the discovery of new types of aromatic molecules added com-
plexity. The first known metalloaromatic compound—referring to aromaticity in a
cyclic molecule containing a metal atom or ion as part of its structure—expanded the
scope of aromaticity beyond organic chemistry [166]. Furthermore, the emergence
of three-dimensional aromatics, including fullerenes and nanotubes, redefined the
traditional view of planar conjugated systems [167, 168]. In addition, Mdbius aro-
maticity occurring in molecules with a twisted or non-planar structure—in which the
delocalized m-electrons follow a Mobius strip topology—displays behavior precisely
opposite to the 4n+2 rule [169, 170]. Another significant breakthrough occurred with
the discovery of the first all-metal aromatic cluster, Al;~ [171]. These compounds
can exhibit o-, 7-, and even J-electron delocalization (involving d orbitals) [172].
By 2017, the reported number of aromaticity types had reached forty-five [173],
reflecting the continuous evolution of aromaticity and more importantly lack of a

universally accepted definition of aromaticity.

Modern definition and challenges

Aromaticity is regarded as one of the unicorns in chemistry, an ancient intuitive
concept that lacks a directly observable nature and a well-defined quantum physi-

cal basis [174]. This elusive nature leads to the perplexing manifestation of a vast
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array of aromaticity types and the challenge of formulating an unambiguous defini-
tion [175, 176]. The definition and boundaries of aromaticity have been continually
reevaluated to encompass the full spectrum of new aromatic compounds [177]. In
modern literature, a widely accepted definition states that aromaticity is primarily
manifested by electron delocalization within a set of atoms forming a closed loop,

either two- or three-dimensionally [48].

4.1.2  Descriptors of aromaticity

Since aromaticity is a directly observable concept, unlike energy, the descriptors of
a molecule’s aromatic character are built upon quantifying physicochemical prop-
erties that exhibit some aspect of aromaticity. Consequently, numerous existing
aromaticity descriptors are based on the energetic [178, 179], structural [180, 181],
magnetic [48, 182], and electronic [183, 184] properties of molecules.

Energetic Descriptors

The energetic stabilization resulting from aromaticity represents one of the most
significant characteristics of aromatic compounds. Energy-based aromaticity indices
evaluate energetic stabilization differences compared to a reference system. For
instance, the resonance energy (RE), the oldest energetic index, quantifies the energy
differential between a given actual molecule and its theoretical resonance counterpart
with localized m-electrons. In benzene’s context, this resonance refers to one of its
Kekulé structures [185]. These methods often take advantage of the fact that cyclic
compounds with conjugated m-electrons often exhibit greater stability than their
linear counterparts.

As its name indicates, the RE index has been introduced regarding VB theory for
aromatic molecules with cyclic m-electron delocalization [1]. Even if the VB theory is
the most suitable framework for calculating RE, it can be obtained using the block-
localized wavefunction (BLW) method within the MO theory. This computational
quantum chemistry method involves partitioning the molecular system into distinct
“blocks” [186]. By doing so, the wavefunction of the molecule is modified to constrain

electron delocalization within the specified blocks, leading to localized MOs. The
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energy difference between the wholly delocalized wavefunction and its block-localized
counterpart provides the RE [187].

Alongside the RE, the aromatic stabilization energy (ASE) is among the most
commonly utilized energy-based indices. ASE is a measure that quantifies the en-
ergetic stabilization of aromatic compounds compared to a conjugated but nonaro-
matic reference system. One popula way to calculate ASE is to determine reaction

energies in isodesmic or homodesmotic reactions [188].

Structural Descriptors

The structural, also known as geometric, aromaticity descriptors are founded on
the principle that the tendency towards bond length equalization and the symmetry
of the ring are essential aspects of aromaticity [180]. The two most commonly
utilized descriptors derived from molecular structures are the Julg index and the
harmonic oscillator model of aromaticity (HOMA) index [181].

The Julg index [189] is the first quantitative structural-based aromaticity index
that relies on a normalized variance function for carbon-carbon (C-C) bond lengths
within a carbocyclic ring:

255 R\’
Aj=1—72(1—R(w) : (4.1)

i=1

where n represents the number of bonds in the ring, R; is the bond length of the
ith bond, and R,, denotes the mean value of all bond lengths. The constant 255 is
chosen as the normalization condition to yield unity for benzene.

The HOMA index advances the approach of the Julg index by substituting the
mean bond length in Eq. (4.1) with the optimal bond length R,,;. This optimal value
represents a conceptual quantity for an idealized aromatic system in question [190].
The HOMA model’s fundamental idea suggests that a molecule’s aromaticity is
associated with the deviation of its bond lengths from the idealized structure: the
larger the discrepancy between the bond lengths in the actual molecule and the
idealized form, the lower the aromaticity, and vice versa.

The HOMA index is then calculated as follows:

HOMA =1 — % > i (Rop — Ri)?, (4.2)

=1
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where « is an empirical constant adjusted to give HOMA = 0 for a model nonaro-
matic system and HOMA = 1 for a system with all bonds equal to an optimal value.
For C-C, carbon-nitrogen (C-N), and nitrogen-nitrogen (N-N) bonds, «o; = 257.7,
93.5, and 130.3, while R,,; = 1.388, 1.334, and 1.309 A, respectively [191].

Magnetic Descriptors

Magnetic descriptors of aromaticity are based on the quantification of net electric
current generated by delocalized m-electrons in the ring when a magnetic field is
applied perpendicularly to the plane of the aromatic system [179].

This induced current is referred to as the ring current. In aromatic compounds,
the ring current is diatropic, flowing in the clockwise direction when observed from
the negative direction of the external magnetic field. In contrast, antiaromatic
molecules exhibit a paratropic ring current, which flows in the counter-clockwise
direction. The induced ring current can weaken or strengthen the applied field, re-
sulting in shielding or deshielding effects. In aromatic compounds, the diatropic ring
current generates a magnetic field that shields the inner part of the ring and deshields
the outer part. In contrast, the paratropic currents in antiaromatic molecules pro-
duce the opposite effect [49].

The nucleus independent chemical shift (NICS)—probably the most widely used
computational aromaticity descriptor—proposed by Schleyer et al. [192] as a quan-
titative aromaticity measure applicable to a broad range of molecules, from micro to
macrocyclic aromatic compounds. It evaluates molecules’ shielding or deshielding
effects by calculating the magnetic shielding tensor & at a specific point in space,
often at the center or above the ring center. Since NICS values computed at the
molecular plane level include substantial contributions from o-electrons, the calcu-
lations are commonly performed 1 A above the molecular plane to minimize this
impact [193]. Rings with large negative NICS values indicate an aromatic diatropic
ring current, while large positive values indicate an antiaromatic paratropic ring
current.

NICS offers several advantages over other aromaticity descriptors: (i) it is an

experimentally measurable quantity, (ii) it is highly accessible and easy to compute,
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and (iii) it does not require reference values, making it universally applicable to any
molecule.

The anisotropy of the induced current density (ACID) [194] is another robust
magnetic descriptor for analyzing aromaticity. It provides a visualization of the
induced ring current in a molecule, allowing for the direct assessment of aromatic and
antiaromatic properties. ACID has been successfully applied to various molecular

systems, including transition-metal complexes and heterocycles.

Electronic Descriptors

The majority of electronic-based aromaticity descriptors focus on evaluating
electron delocalization, the primary cause of aromaticity. Electron delocalization
is central to several fundamental chemical phenomena, including conjugation, hy-
perconjugation, and aromaticity [195]. However, since electron delocalization, like
aromaticity, is not directly observable, there is no unique theoretical or experimental
measurement method.

There are multiple methods to determine electron delocalization. One category
of electron delocalization measures is predicated upon the electronic wavefunction.
Some utilize the BLW approach, while others localize MOs, thereby providing infor-
mation to identify regions where electron pairs are located within a molecule [196].
Moreover, regarding the VB theory, resonance structure weights, and energies can
offer insight into electron delocalization [197]. In another category, electron delocal-
ization is measured directly from the electron density and its derivatives. Notable
examples include the Laplacian of the electron density [198], the ellipticity along the
bond path [199], the noncovalent interaction index [200].

The last category of electron delocalization measures is derived from first-order
(1-RDM) and higher-order density matrices (n-RDM), also referred to as 1- and n-
electron density matrices. These are computationally more efficient than the above
methods because 1-RDM, which describes the electron distributions in a molecule,
is sufficient to analyze all electron delocalization in a ring.

Following this, a spinless two-electron density matrix, y(ry,rs), serves as the

most common example of a higher-order density matrix. Its significance in electron
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delocalization-based aromaticity descriptors relies on its relationship with electron-
sharing indices (ESI) [184]. These indices are constructed on the part of v(ry,r2)
that captures all exchange and correlation effects, denoted as yxc(ry,r2). The two-
electron density matrix ~y(ry, ry) signifies the probability of finding two electrons
at specific positions r; and ry in space simultaneously, regardless of the position
of the other N — 2 electrons. Similarly, the exchange-correlation density matrix
vxc(ry,re) measures the extent to which an electron at ry is influenced by the
presence of another electron at r;. This can be defined as the difference between

the total pair density and its uncorrelated part:

Yxc(ri,re) = y(r1,r2) — p(r)p(r2). (4.3)

The uncorrelated part, p(ry)p(rs2), represents the probability of simultaneously find-
ing two independent electrons at r; and ry, irrespective of the positions of the
remaining N — 2 electrons.

Based on the exchange-correlation density, Bader et al. [201] introduced the
delocalization index (DI), §(A, B), also known as the two-center electron sharing
index (2c-ESI). This index quantifies the number of electrons delocalized or shared
between atoms A and B. The DI is calculated as an integral of yx¢(ry,ra) over

atomic domains of A and B [202]:

d(A,B) = —2/A/BVXC(I'1,1'2) dridr,. (4.4)

The above equation can be employed at any theoretical level as long as the first-
and second-order density functions are available. When a molecule is represented
by a single determinant closed-shell wavefunction at the Hartree-Fock or density

functional theory (DFT) level [203], the expression for DI becomes
5(A, B) =23 8,(A)Sy(B) (45)
iJ

where the summation runs over all doubly occupied MOs in the molecule, and S;;(A)
denotes the overlap between MOs ¢ and j within the atomic domain of A.
To compute the integrations in Eq. (4.4) or overlaps in Eq. (4.5), various atomic

partitions can be employed. These methods perform either coordinate-space or
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Hilbert-space partitioning of electron density from ab initio calculations. The most
utilized atomic partition is based on the quantum theory of atoms in molecules
(QTAIM) [198, 204, 205], where atomic domains are called “atomic basins”. These
basins are regions in real space bounded by zero-flux surfaces in one-electron den-
sity matrix p(r) or by infinity. Alternative atomic partitions, such as Mulliken-like
partitioning in the Hilbert space spanned by basis functions, the fuzzy-atom ap-
proach [206], or the topological fuzzy Voronoi cell [207], can also be utilized for
these calculations.

The concept of ESI can be extended to analyze electron delocalization across
more than just two atomic domains. A multicenter DI, or Mc-ESI, considers M
atoms ranging from A; to Ay, represented as a string A = [Ay, Ao, ..., Ay]. For
closed-shell single determinant wavefunctions, this multicenter DI, represented as
I 4, is described as [208]

Ia=2" )" Si5(A1)Sii(A2). .. Siyi (An). (4.6)

11,8250, M

This formula assumes electron sharing exclusively occurs between neighboring atoms.
Furthermore, Bultinck et al. [209] introduced an alternative definition, known
as the multicenter electron delocalization index (MCI), that takes into account all

possible permutations of the M atoms:
1
P(A)

where P denotes all possible permutations within A.

If the atomic domain set A represents a ring structure consisting of M atoms
with the atoms ordered based on their connectivity in the ring, multicenter DIs
in Eq. (4.6) and Eq. (4.7) serve as aromaticity descriptors for a molecular ring
containing M atoms.

It is important to note the dependence of multicenter DIs on the number of ring
atoms when using them as aromaticity descriptors. To effectively compare rings
with varying sizes, normalization is required. The normalized versions of I, and

MCI, denoted as Ing and Iyp, are respectively given as [210]

7T_2 G(Nﬂ') Il/M

[NG(A) = A W A > (48)
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_ AG(Nx) 1M
Ing(A) = CM—M MCI(A)YM (4.9)

where N is the number of m-electrons of the atoms in the ring, G(N;) is equal to
1 and —3 for aromatic and antiaromatic systems respectively, and C' = 1.5155 is a
proportionality constant.

Two additional notable DI-based aromaticity descriptors are the fluctuation in-
dezx (FLU) and the para-delocalization index (PDI). FLU considers the uniformity of
electron delocalization within the molecular ring and the bonding differences relative
to a specific aromatic reference [211]. A system with a low FLU value exhibits a more
evenly distributed electron density, indicative of aromaticity. On the other hand,
PDI evaluates the electron sharing between the para positions of a given 6-MR, as
follows [212]:

A high PDI value indicates a higher degree of electron delocalization. A low PDI
value implies a lesser degree of electron delocalization associated with nonaromatic
or even antiaromatic systems. The primary limitation of PDI is that it is restricted
to 6-MRs.

In addition to ESI-based aromaticity descriptors discussed above, there are pop-
ular alternative electron delocalization-based descriptors. The m component of the
electron localization function (ELF) has been suggested as a descriptor for 7 aro-
matic systems [213-215]. ELF is a scalar real-space function characterized by high
values in areas where electron pairs are localized. Another descriptor is the electron
density of delocalized bonds (EDDB) [216] that is based on thedecomposition of the
one-electron density matrix into densities localized at individual atoms, atom pairs,

and groups of multiple atoms.

Progress and challenges in aromaticity descriptor development

A major challenge in the study of aromaticity quantification is the absence of
a quantum physical basis for this property, which complicates its quantification.
Despite significant advances in the field over the past decades, the applicability of

many descriptors remains limited to basic cyclic compounds. Furthermore, different



Chapter 4: Aromaticity as a superposition phenomena 69

aromaticity descriptors may yield inconsistent aromaticity ordering for certain series
of compounds, and some may even fail to accurately correctly capture changes in
aromaticity for particular cases [217]. For this reason, it is widely accepted that
aromaticity analysis should be performed using a set of aromaticity descriptors [48,
218, 219).

Several studies have shown that descriptors based on electron delocalization serve
as comprehensive aromaticity descriptors, outperforming many traditional struc-
tural, energetic, and magnetic-based ones [184]. However, there is still room for
improvement. Introducing Inyp and Iyg marked considerable progress, but fur-
ther efforts are required to broaden their applicability. The primary obstacle lies
in extending their applicability toward larger and more complex systems, such as

three-dimensional compounds.

4.2 Quantifying superposition

One of the counterintuitive concepts that make quantum mechanics an intriguing
theory is the superposition principle, which allows quantum systems to exist in
multiple states simultaneously [55]. This unique phenomenon has significant im-
plications as a resource for tasks that cannot be accomplished through classical
means. Therefore, the quantification and manipulation of various forms of quantum
superposition, such as quantum coherence and quantum entanglement, have become
subjects of great interest [220-224].

Accordingly, the quantum superposition of distinguishable (orthogonal) states,
known as quantum coherence, has a well-grounded resource theory [221, 222]. When
this unique form of superposition is shared between systems separated in space, it
is referred to as quantum correlation specified in Section 2.2, which is better under-
stood through its quantification and manipulation [223, 224]. The basis-independent
nature of quantum correlations makes them a crucial resource for many emerging
quantum technologies.

For nonorthogonal states, quantification and manipulation of superposition re-

quire generalizing the framework used in coherence theory. This generalization,
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called the resource theory of superposition (RTS), is based on relaxing the orthog-
onality condition of basis states to linear independence [225-227]. Here, quantum
superposition can exist in two different forms: not only as the linear combination of
basis states but also with overlaps [228]. From this perspective, quantum coherence
is viewed as a subset of superposition when nonclassicality is formed entirely in the
form of a linear combination of basis states, and all the overlaps between these states
vanish.

In this section, we start by exploring how superposition is quantified in nonorthog-
onal quantum states and its associated limitations. Following this, we present the
biorthogonal framework, which offers solutions to these limitations, as originally

highlighted in Ref. [228].

4.2.1 Superposition in nonorthogonal bases

Consider a d-dimensional Hilbert space denoted by H,4, which possesses a normal-
ized, linearly independent but not necessarily orthogonal finite basis {|¢;) = 1,2, ..., d}
such that (¢;|c;) = S;; € C. Any density operator p living in H, can be expressed

in the basis {|¢;)} as follows:
d
p=">_ pile) (e, (4.11)
ij=1

where the complex coefficients p;; are equal to (c;"|p|c;), where {|c)} is the dual
of the basis {|c;)} and another nonorthogonal basis with relation (ci"|¢;) = &;;.

In the context of RTS [225-227], quantum states described by py = >, pilc;){(ci
are called superposition-free states, implying that their matrix representations p
formed by p;; contain only non-zero diagonal elements. Conversely, states that are
not superposition-free are termed superposition states, including those with non-
zero off-diagonal elements in p. Suppose a quantum system exists in a superposition
state. It means that the resource value of this state can be used for certain quantum
operations that cannot create or increase superposition in the basis of {|¢;)}.

Quantifying the degree of superposition in a nonorthogonal quantum state is a

functionally important way to understand its nonclassical properties and resource
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value. The [;-norm of quantum superposition provides a quantitative measure of

the superposition present in a nonorthogonal state like Eq.(4.11):

Lol =" i, (4.12)

i#]
which vanishes for superposition-free states. The definition of Eq. (4.12) is motivated
by the fact that the diagonal and off-diagonal elements of p respectively encode
the probability and nonclassicality information of density operator p, in any fixed
nonorthogonal or orthogonal basis [221]. However, as demonstrated in Ref. [101],
when we regard py as the state of a composite system, it becomes evident that it
should encompass superposition according to Eq. (4.12). This superposition arises
not from a mere linear combination of nonorthogonal states but rather from their
mutual overlaps. Consequently, the off-diagonal elements of p do not fully encode

the complete information regarding the quantum superposition carried by the state

A

p.

4.2.2  Superposition in biorthogonal bases

The inconsistency of the nonorthogonal matrix representation p becomes apparent
in its inability to satisfy the unit-trace requirement, which is one of three necessities
for a physical density matrix (see Subsection 2.1.1 for discussion). This failure is
because p fails to consider the overlaps that arise due to the superposition contained
locally within the overlaps of the nonorthogonal basis states. It does not adequately
distinguish between matrix elements to accurately represent the probability- and
nonclassicality-related information encoded by its density operator p.

We should introduce the Gram or overlap matrix S to address this inconsistency,
which contains the necessary overlap information. Given a nonorthogonal basis
{|ci>}?:1, its overlap matrix S is composed of the inner products of basis states

with elements S;; = (c;|¢;)'. Then, the unit-trace requirement can be fulfilled by

IThe overlap matrix is a valuable tool for determining whether a given set is linearly indepen-

dent: if the determinant of S is positive, the corresponding basis is linearly independent.
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considering the following expressions:

wif] = Sietlaled = 1= tr[pS). (4.13)
On the other hand, an extension of the nonorthogonal basis {|c;)} to the biorthog-
onal basis {|c;), |c;)} inherently incorporates the overlap information through the

structure of the dual basis [229], as defined by

Z e, (4.14)

Therefore, we can say that the representation of a nonorthogonal basis with a
biorthogonal counterpart resolves inconsistencies such as the unit-trace requirement
by naturally contributing overlap information in the overlap matrix S.

By employing the biorthogonal basis {|c;), |cj)}, we can represent the state

described in Eq. (4.11) as follows:

d
p=Y_ bl ), (4.15)
Q=1

which allows us to construct an alternative matrix form for p, known as the biorthog-
onal matrix representation pzo with the elements {p;;} = {(c}|p|c;)}. This matrix
is a non-Hermitian one that retains the trace-one property. In other words, since
pro = pS, the trace of pso should be equal to one, as shown in Eq. (4.13). Therefore,
pro encapsulates all the (non-)probabilistic information in its (off-)diagonal elements.
Consequently, this representation enables us to quantify the total superposition in

a state p using the following expression:

1 [pso] = Z |Dij]- (4.16)

i#j

Hence, Eq. (4.16) serves as a measure for genuine quantum superposition since it
quantifies all types of superposition. On the other hand, Eq. (4.12) only quantifies
inter-basis superposition.

It is worth noting that the biorthogonality framework presented here also fa-
cilitates consistent generalizations of conventional quantum mechanics for finite-
dimensional systems [229-231]. These generalizations incorporate non-Hermitian

observables with complete but nonorthogonal eigenbasis.
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4.3 Superposition in aromaticity

In the realm of molecular electronic states, the importance of overlaps between
nonorthogonal states is most evident. Chemical bonding and other related quantum
chemical phenomena can be originated from the overlaps between nonorthogonal
atomic orbitals [232-234]. From this perspective, aromaticity can be defined as the
overlaps between atomic orbitals in which delocalized electrons reside. By following
this idea, in the following subsections, we will focus on examining some archetypical
aromatic and antiaromatic molecules presented in Tables 4.1, 4.3, and 4.4 by quan-

tifying the superposition shared between atomic orbitals with delocalized electrons.

4.3.1 Construction of electronic states

The molecules we study here exhibit planar and cyclic structures, wherein the elec-
trons involved in the formation of m-bonds become delocalized across the atoms
within the ring. We can then conceptualize their aromaticity as a superposition
within the cyclic m-subspace of the molecular electronic system in its atomic orbital
basis.

Therefore, for each examined molecule, our specific focus lies on the m-electronic
substructure, characterized solely by the 7-MOs and the 7-electrons occupying them.
The state representing m-structure can be obtained by exciting the m-electrons over
the reference state |Wpyp) within the 7-MOs. The complete active space (CAS)
method [4] can be exploited to obtain such a state by selecting the 7-MOs and 7—
electrons as the active space. Thus, the electronic ground state of the m-structure,
denoted by |V,), for a molecular system with N, m-MOs and n? m-electrons can
be expressed as a linear combination of all electronic configurations in the basis of

7m-MOs:

|\Il7r> = Z )\g ’8182 .. SQNW>¢?¢§--~¢§NW7 (417)

2N b
where s, € {0,1}, > 775, = nf, and each § = {s1,s2,..., 52, } corresponds to

e’

a possible electronic configuration. The coefficients of the different configurations,

Az is determined by optimizing the 7-MOs in the active space using the CASSCF
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method.

The subsequent step involves rewriting |W¥,) in the nonorthogonal AO basis.
To accomplish this, we leverage the fact that for the planar cyclic molecules we
consider, each m-molecular spin-orbital 17} can be expressed as a linear combination

of the p-atomic orbitals {p7} involved in the mw-bonds, as shown below:
Yy = Y Coupl. (4.18)

Here, C,,, represents the contribution of the vth atom’s p-AO, p7, to the uth m-MO.
The AO coefficients of each MO are also obtained from the CASSCF calculation.
Once we have obtained the coefficients for all 7-MOs in Eq. (4.18), we can
construct the coefficient matrix C'. This matrix contains the coefficients of each
p-AO in each 7-MO. By utilizing this matrix, we can represent each configuration in
Eq. (4.17) as a linear combination of configurations in the p-AO basis (see Refs. [2,
5] for detailed calculation process). Consequently, we can expand the m-electronic

structure state in (4.17) using the 7-AO basis {p]} in the following form:
“IJ;?O> = Z )\?0‘3152 e 82N7r>p71'p§...p§N7r7 (4.19)

where x2,_1 and Yo, denote the up and down atomic spin-orbitals of the vth atomic
orbital p7, respectively. )\;i‘o represents the expansion coefficient of the electronic
state in the p-AO basis.

To quantify the inter-basis superposition, we utilize Eq. (4.12), specifically [, [|¥49)
(UA9|]. In order to represent the m-electronic structure state in the biorthogonal
p-AQO basis, we begin by obtaining the overlap matrix S. The elements of S indi-
cate the overlaps of electron configurations in the AO basis, determined through the

inner product of configurations:
Skm = <k1]€2 Ce ngﬂ|m1m2 c. 'mQNfr>P’fP§-~p§N,r' (420)

Once the overlap matrix is obtained, it becomes straightforward to derive the biorthog-

onal density matrix representation ps, for |WA°), using the relationship pp, =

WO (W01 S.
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Now that we have constructed the electronic state of m-structure in nonorthogo-
nal p atomic orbitals and its biorthogonal form, we are ready to show the superpo-
sition results in both bases for the examined molecules and discuss them.

Before going into the results, let me briefly clarify how the numerical calcula-
tions were performed. Except for hexazine (INg), borole (CyHsB), and cyclopen-
tadienyl cation (C5H. ), all the molecules’ optimized geometries were obtained at
the B3LYP /aug-cc-pVTZ from the CCCBDB database [235]. The other geometries
were optimized in the Gaussian 09 [138] at the same level of theory. All HF and
CASSCEF calculations have been performed using the PySCF program package [143,
144] with STO-6G minimal basis set.

4.3.2  Three-membered rings

As discussed in 4.1, Hiickel’s 4n + 2 rule states that a planar, cyclic, conjugated
molecule is aromatic if it contains 4n + 2 7-electrons and has antiaromatic character
if it carries 4n m-electrons. The three-membered rings (3-MRs) in Table 4.1 are
among the most miniature molecular systems that follow this rule. Therefore, the
cyclopropenyl cation C3H, , with its 27 electrons, precisely aligns with the rule
for n = 0, so it is classified as the simplest Hiickel aromatic [236]. In contrast,
the cyclopropenyl anion C3H; , with 47 electrons, is called antiaromatic®. The
cyclopropenyl radical C3Hj3, bearing 37 electrons, does not conform to the 4n or
4n + 2 conditions and is thus categorized as nonaromatic.

According to our results, when the cyclopropenyl radical C3Hs transforms into
its ionic forms, distinct changes in the amount of superposition are observed. In the
antiaromatic C3H; form, there’s a significant increase in the inter-basis superposi-
tion shared between nonorthogonal electronic configurations, which increased from
3.66 to 4.43. Conversely, in the aromatic C3H; form, the genuine superposition
shared between biorthogonal electronic configurations is more evident, even if the

genuine superposition in CsH3 also increases.

2A current study presents computational results that strongly indicate C3H; does not possess

antiaromatic character, at least energetically [237].
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Table 4.1: Quantifying the quantum delocalization in the ground state of nonaro-
matic cyclopropene and its ions with the same triangular structure. According to
both measures ly[p] and l4[pso], the nonaromatic molecule exhibits the minimum
superposition. The antiaromatic cyclopropenyl anion demonstrates the maximum
inter-base superposition, while the aromatic cyclopropenyl cation displays the max-

imum genuine superposition.

Cyclopropenyl  Cyclopropenyl  Cyclopropenyl

Cation Radical Anion
L1[p] 3.60 3.66 4.43
li[psol 7.74 6.34 6.71

Consequently, we demonstrate the power of the biorthogonal framework even in
such a simple molecular system. While the cation form has the lowest superposi-
tion in the nonorthogonal AQOs, it possesses the highest value in the biorthogonal
AOs. This shows us that in aromaticity, the superposition arising from the over-
lap between electronic configurations, rather than the superposition from the linear
combination of nonorthogonal electronic configurations, represents the nature of

delocalized electrons.

4.3.83  Five-membered rings

The molecules under consideration here are pentagonal structures denoted by C,H,X
(see Table 4.3). In both MO and AO bases, the m-electronic structures of the cy-
clopentadienyl anion (CsH; ), pyrrole (CyHsN), and furan (CyH40O) are composed
of 5 m-MOs (p-AOs) and 6 m-electrons, whereas those of borole (CyH;B) and cy-
clopentadienyl cation (CsHZ) comprise 5 m-MOs (p-AOs) and 4 7-electrons. For
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pyrrole (furan), each carbon atom contributes one p-AO and an electron to the
m-electronic structure. Meanwhile, the nitrogen (oxygen) in pyrrole (furan), under-
going sp? hybridization, contributes a lone electron pair in a p-AO to m-structure. In
borole, however, the contributed p-AO of the boron atom to the m-electronic system
is empty.

The cyclopentadienyl anion is deemed aromatic based on Hiickel’s rule. More-
over, pyrrole and furan are known as hetero-aromatic molecules [238]. The expected
order of aromaticity among these three compounds is cyclopentadienyl anion > pyr-
role > furan [49]. Likewise, according to Hiickel’s rule, the cyclopentadienyl cation is
antiaromatic. Nevertheless, borole exhibits less antiaromaticity than the cyclopen-
tadienyl cation [49].

As shown in the last two rows of Table 4.3, you can also see that these orders are
confirmed by two multicenter delocalization indices Iz® and MCI, which are defined
in Eq. (4.6) and Eq. (4.7) respectively. The higher the aromaticity, the larger the
Iz and MCI. Although Iy yields only small values for antiaromatic molecules, MCI
and Ig give negative values, allowing us to distinguish antiaromatic molecules from
nonaromatic ones.

Apart from the 3-MRs mentioned above, the superposition results at the HF
level? for 5-MRs are presented in Table 4.3, as well as the results at the CASSCF
level. The comparison of results at two different levels sheds light on the role of
electron-electron correlations in aromaticity since these correlations are only involved
at the post-HF level. Table 4.3 shows that superpositions at the HF level are higher
than those computed at the CASSCF level in both bases. This can be interpreted
as electron-electron interactionsat reducing the total electron delocalization in this
context. However, further research is inevitably needed to explain these outcomes.

Beyond this comparative analysis, our findings indicate that both [i[p] and

li[pso], at both HF and CASSCF levels, effectively quantify the extent of elec-

3Substituting R for A in the subindex is to indicate that atoms forming a ring are taken into
account.
4For that, we considered the superposition in the m-structure of |1z ) on both nonorthogonal

and biorthogonal forms of AOs instead of |¢r).
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Table 4.2:  The ground state delocalization of electrons within the 7 structure
of five-membered heterocyclic molecules, represented as C4H4X, is quantified by
superposition measures in the levels of HF and CASSCF. Both measures [;[p] and
l1[pso] reliably provide the expected distinction between aromatic (X = {CH™, NH,
O}) or antiaromatic (X = {BH, CH*}) molecules at both levels.

SI0I0INlY.

- an 30.40 26.66 25.70 14.72 18.77
hipso) | 88.72 77.73 72.20 43.94 53.10
Lol 26.48 23.70 22.93 13.30 17.79

CASSCF
hipso) | 78.02 68.93 64.24 39.53 49.14
1o 0.048 0.031 0.022 0.004 0.000
MCI® | 0.068 0.043 0.028 -0.003 -0.038

(a) MCI and Ik values were taken from Refs. [49, 217].

tron delocalization in the m-electronic structures of these 5-MRs, aligning with the
expected order of aromaticity among them. Conversely, these measures indicate a
higher superposition in the m-electronic structure of the antiaromatic cyclopentadi-
enyl cation than in borole, even though the superposition is lesser than in aromatic
compounds.

In conclusion, the quantity of superposition in both bases is substantial enough
to distinguish between aromatic and antiaromatic molecules, but the inconsistency
in ordering among the antiaromatics warrants further attention. It is also intrigu-
ing that the expected aromaticity order is obtained in both bases. This suggests
that, contrary to the results in 3-MRs, the superposition arising from overlaps be-
tween electronic configurations plays no significant role in the aromaticity of these

molecules.
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Table 4.3:  The ground state delocalization of electrons within the 7 structure
of five-membered heterocyclic molecules, represented as C4H4X, is quantified by
superposition measures in the levels of HF and CASSCF. Both measures [;[p] and
l1[pso] reliably provide the expected distinction between aromatic (X = {CH™, NH,
O}) or antiaromatic (X = {BH, CH*}) molecules at both levels.

919101010

. L[p] 30.40 26.66 25.70 14.72 18.77
lLlpso) | 88.72 77.73 72.20 43.94 53.10
l[p] 26.48 23.70 22.93 13.30 17.79

CASSCF
Llpso] | 78.02 68.93 64.24 39.53 49.14
In 0.048 0.031 0.022 0.004 0.000
MCI 0.068 0.043 0.028 -0.003 -0.038

(a) MCI and Ik values were taken from Refs. [49, 217].

4.3.4  Siz-membered rings

Let us move on to a collection of molecules presented in Figure 4.1, characterized
by a hexagonal m-electronic structure comprising 6 orbitals and 6 electrons. These
molecules are widely recognized as aromatic in the literature, with their expected
order of aromaticity as follows: benzene (C¢Hg) > pyridine (C;H5N) > pyridazine
(C4HyNy) ~ pyrazine (C4H4Ny) ~ pyrimidine (C4H4N3y) > triazine (C3H3Nj3) >
hexazine (Ng) > borazine (B3N3Hg) [178].

Evaluating the order above is one of the tests used to assess the effectiveness of
aromaticity descriptors [217]. Nonetheless, even the most successful descriptors fail
to predict the expected trend accurately. For instance, as presented in Table 4.4,
the PDI considers pyrazine, pyridazine, and hexazine more aromatic than benzene.

This contradicts the conventional belief that if carbon atoms in benzene are replaced
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OO

Benzene Pyridine Pyridazine Pyrazine

<N_ N/: N> N/ :N\N B/N: \N
N/ NN
Pyrimidine Triazine Hexazine Borazine

Figure 4.1: The 2D structures of examined 6-MR aromatic molecules.

with nitrogen, the aromaticity should gradually decrease. Similarly, the multicenter
indices Ir and MCI infer that pyridazine is more aromatic than pyridine. Beyond
the electronic-based aromaticity descriptors, both the structural-based descriptor
HOMA, defined in Eq. (4.2), and the magnetic-based descriptor NICS, introduced
in 4.1.2, fail to establish a reasonable order for the series, as shown in Table 4.4 and
discussed in Refs. [49, 217].

Table 4.4 demonstrates that the inter-basis superposition measured by [;[p] fails
to replicate the expected aromaticity order. However, the genuine quantum super-
position quantified by [y [pg0] achieves a high degree of accuracy in reproducing this
order, except for the ordering between triazine and hexazine. These observations
suggest that the density matrix representation in the biorthogonal AO basis, pzo,
encompasses comprehensive information about the extent of electron delocalization
in the m-structure of an aromatic molecular system.

Moreover, the deviation in our results from the conventional order—particularly
the expectation that the triazine’s m-electronic structure should be more delocal-
ized than hexazine’s— warrants further investigation. We previously mentioned
that hexazine appears more aromatic than triazine, according to certain aromatic-
ity measures like PDI. Our calculations may yield a similar finding because hexazine

possesses a more symmetric structure despite having more nitrogen atoms than tri-
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Table 4.4: Quantifying ground state quantum delocalization in six-membered ring
molecules: Comparative analysis of quantum superposition measures Iy [p] and 1 [po]
for assessing aromaticity order. Our results highlight the superior efficacy of [;[ps0] in
evaluating electron delocalization within the 7-structure of the visualized molecular

systems compared to I[p].

LIl | Llpso] | PDI Ir MCI | HOMA | NICS(0)

Benzene 65.42 267.04 | 0.103 | 0.0478 | 0.072 0.989 -8.05
Pyridine 66.51 265.96 | 0.103 | 0.0456 | 0.068 0.995 -6.82
Pyridazine | 68.45 263.67 | 0.105 | 0.0469 | 0.069 0.981 -5.35
Pyrazine 68.20 | 265.11 0.108 | 0.0435 0.065 0.996 -5.36
Pyrimidine | 67.59 264.32 | 0.101 0.0440 | 0.065 0.999 -5.53
Triazine 82.72 250.94 | 0.096 | 0.0427 | 0.063 1.000 -4.07
Hexazine 78.48 255.47 | 0.131 — — 0.984 -7.29
Borazine 32.19 133.32 — — — — —

(a) The values of all aromaticity descriptors were taken from Ref. [49].

azine. When we examine the overlaps between electronic configurations, we may
measure not only the amount of electron delocalization but also the uniformity of
its distribution. This observation is supported by the ordering of pyrazine > pyrim-
idine > pyridazine, as indicated in Table 4.4. Although these three molecules have
an equal number of nitrogen atoms, the hydrocarbon pathways connecting the two
nitrogen atoms exhibit symmetry in pyrazine, while they display complete antisym-

metry in pyridazine.

4.3.5  Outlook

Throughout this section, we have explored the concept of aromaticity as an appli-
cation of the RTS. Our primary aim was to quantify the electron delocalization in

the ground state m-electronic structures of representative monocyclic molecules re-
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garding the quantum superposition present among localized AOs. For this purpose,
we performed electronic state calculations using the HF and CASSCF methods and
adopted the mode picture. Then, we utilized the {; norm to measure the amount of
quantum superposition in the electronic density matrices expressed in nonorthogonal
and biorthogonal AO bases.

Our above results provide compelling evidence for accurately reproducing the
expected order of aromaticity in most molecules studied. This achievement is made
possible through the genuine quantum superposition displayed by the biorthogonal
density matrices. In contrast, nonorthogonal density matrices containing inter-base
quantum superposition prove inadequate in accurately ordering these molecules.
Our results highlight the exceptional success of the biorthogonal framework in cap-
turing all nonclassicality in nonorthogonal systems, as demonstrated by the electron

delocalization in molecular systems.

Beyond planar molecules

The method we are proposing here is not restricted to planar molecules charac-
terized by an electronic structure featuring a separation of ¢ and 7 orbitals. Our
approach is applicable to any molecular system where there’s noticeable electron
delocalization within specific molecular orbitals. Thus, by targeting these relevant
orbitals, our method can effectively be employed. However, a challenge arises when
moving beyond planar molecules due to the increased computational complexity be-
cause the number of atomic orbitals in which electrons are delocalized grows. If we
can ensure that quantifying aromaticity at the HF level works as well, we can make
the superposition calculations in larger molecules at this level with good computa-

tional efficiency.

Superposition in valence bond structures

Our objective is to replicate these calculations using valence bond structures
as the nonorthogonal basis. Within VB theory, electron delocalization is elegantly
described as a linear combination of resonance structures. This representation indi-

cated that electrons may not be localized to one specific region but instead can be
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spread over multiple atomic centers. Thus, the superposition in this basis can give us
chemically more intuitive results. In particular, the Kekulé basis [239] holds excel-
lent potential for investigating significantly larger molecules without compromising

accuracy.

Technological possibilities

Our findings uncover the potential applications of chemical systems within the
RTS, particularly in technological domains. A series of experiments have previously
explored the phenomenon of delocalization in such systems [240-242], providing a
foundation for employing similar experimental setups to harness the power of super-
position in various areas. These foundational works open up exciting possibilities
for leveraging molecular systems in cutting-edge fields such as quantum information,

quantum metrology, and quantum cryptology.

Superposition-based aromaticity descriptor

While the biorthogonal extension of RTS provides a holistic framework for elec-
tron delocalization in molecular m-structures, the current superposition measures
fail to distinguish between electron delocalization in aromatic and antiaromatic
molecules. Previous research suggests that the distinction between aromatic and an-
tiaromatic molecules lies not in the overall extent of electron delocalization but in the
distribution of contributions from different bipartite delocalization terms [243]. Ad-
ditionally, different types of superpositions can be transformed into different forms of
energy, as observed in the field of quantum thermodynamics [45, 244]. We conjecture
that the relationship between energy and superpositions in aromatic, nonaromatic,
and antiaromatic molecules differs in this context, resulting in distinct kinetic and
thermodynamic consequences. Discovering a method to uncover this connection
could lead us to a superposition-based measure of aromaticity and facilitate the
development of a quantum resource theory for this phenomenon.

Moreover, we present a novel method that offers significant advancements in
anatomically investigating electron delocalization within aromatic and antiaromatic

systems. In addition to examining the bipartite terms analyzed in a previous
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study [243], our delocalization calculations also encompass multipartite terms. For
instance, we consider delocalization involving three atoms, which cannot be solely
expressed in terms of delocalization between two atoms. Furthermore, our method
allows us to decompose the overall electron delocalization into contributions based
on electron number. This enables us to compare different types of contributions,
such as one-electron delocalization, two-electron delocalization, three-electron delo-
calization. By incorporating these additional aspects, our method may pave the way
for a more comprehensive analysis of electron delocalization, shedding light on the

intricate details of aromatic and antiaromatic molecules.
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Chapter 5

CONCLUSION

In this thesis, we first investigated orbital-orbital correlations in molecular elec-
tronic states. We introduced a novel method to decompose total pairwise orbital
correlations into classical and quantum correlations. Our analysis of archetypical
molecular systems revealed that quantum orbital correlations can exceed their classi-
cal counterparts and intriguingly, even in some instances, orbital discord can survive
in the absence of entanglement. These observations deviated from prior assumptions
and paved the way for further investigation of orbital discord as a resource for certain
tasks in the fermionic quantum information theory

Transitioning our focus to the puzzling nature of aromaticity, we proposed a
new perspective on understanding and quantifying this concept. By quantifying
the quantum superposition existing amongst localized but nonorthogonal atomic
orbitals in the ground state of representative monocyclic molecules, we obtained a
new measure of electron delocalization. Notably, we highlight that the biorthogonal
framework is more successful than the conventional nonorthogonal representation in
achieving and quantifying quantumness in a nonorthogonal basis.

In summary, our research underscores the pivotal role of second quantum revo-
lution tools in advancing quantum chemistry. These tools might not only enhance
our understanding of chemical bonding but also exploit the potential of molecular
systems in quantum technologies. As we challenge previous paradigms and explore
these molecular systems with these new tools, our findings point out that new in-

sights in molecular quantum chemistry are inevitable.
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