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ABSTRACT

ON MODULES WHICH SATISFY THE RADICAL FORMULA
Kiligarslan, Sibel
Master, Department of Mathematics
Supervisor: Associated Prof. Dilek Pusat Yilmaz
June 2004, 80 pages

Let R be a commutative ring with identity and M be an R-module. M
satisfies the radical formula if for every submodule N of M, the radical of N is
the submodule generated by its envelope.

Prime submodules should be studied before we examine the radical formula.
So definition of prime submodule and some characterizations of prime submodules
are given in chapter I. In chapter II, we discussed under what conditions prime
radical of a module is distributive over intersection.

In chapter III, envelope of a module is introduced and modules which satisfy
the radical formula are investigated.

In last chapter, generalization of Cohen’s theorem, which gives the relationship
between a Noetherian ring and prime ideals, to modules is given and we discussed
ascending chain condition on modules.

Keywords: Prime submodule, prime radical, radical formula.
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RADIKAL FORMULUNU SAGLAYAN MODULLER
Kilgarslan, Sibel
Master Tezi, Matematik Boliimii
Tez Yoneticisi: Dog. Dr. Dilek Pusat Yilmaz
Haziran 2004, 80 sayfa

R birimli, degigmeli bir halka ve M bir R-modiil olsun. M’nin her N alt
modiilii igin zarfi tarafindan iiretilen alt modiil asal radikaline esit ise M radikal
formiiliinii saglar denir.

Radikal formiilii konusu incelenmeden 6nce asal alt modiil kavrami verilme-
lidir. Bu nedenle asal alt modiil tanimi ve karakterizasyonlar I. béliimde veril-
migtir. II. boliimde bir modiiliin asal radikalinin hangi kogullar altinda arakesit
izerine dagildig: incelenmigtir.

ITI. Béliimde, zarf kavrami verilerek radikal formiiliinii saglayan modiiller in-
celenmigtir.

Son béliimde, Cohen’in Noether bir halka ile asal idealler arasindaki iligkiyi
kuran teoreminin modiillere genellemesi verilmig ve radikal alt modiiller iizerinde
artan zincir kurali incelenmigtir.

Anahtar Kelimeler: Asal alt modiil, asal radikal, radikal formiili.
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CHAPTER 1
PRELIMINARIES

1.1 Introduction

Throughout R will denote a commutative ring with identity and M will be a

unitary R-module.

Definition 1.1 Let R be a ring and M an R-module, a proper submodule N of
M is called prime if whenever rm € N, for somer € R, m € M, thenm € N or
rM CN.

Definition 1.2 For any submodule N of M, (N : M) denotes the set of elements
r € R such that tM C N. This is usually called residual by N . Note that (N : M)
is the annthilator of the module M/N and (N : M) is an ideal of R. For any
ideal J of R (N :p J) denotes the set of elements m € M such that Jm C N.
If N is a prime submodule of M with P = (N : M), then N is called P-prime

submodule.

Example 1.3 Let F be a field and V be a vector space over the field F. Then

every proper subspace W of V is a (0)-prime submodule of V.

Proof. Let W be a proper subspace of V and f € F, v € V such that fv € W.
If f =0, then fV CW. If f # 0, then f! exists and v € W. Thus, W is a
prime submodule. Since W is proper subspace of V, (W : V) = (0). O

Example 1.4 [[{], Result 1] Every direct summand of a torsion-free module is

prime.



Proof. Let M be a torsion free R-module and M = N N' where N, N’
are submodules of M. First note that Anng(z) # 0 implies that z = 0 for any
z€M. Nowlet 0 £r € R,m=n+n" € M and rm € N for some n € N,
n' € N'. Thus rn+ rn' € N. Then rn' = 0 and r € Anng(n'). Since r # 0,

n' =0. Therefore n=n4+0=ne N. O

Example 1.5 The zero submodule is the only prime submodule of the Z-module

Q of rational numbers.

Proof. Let N be a non-zero prime submodule of Q. Then N # Q. Let
z=kfl € Q— N and y = r/s be a non-zero element of N for some non-zero
integers k,l,r and s. Hence rlz = rk = (r/s)sk € N. Since N is a prime
submodule and z ¢ N, rl € (N : Q). So riQ C N. Since rlQ = Q, we have

N = Q. Therefore zero is the only prime submodule. [

Lemma 1.6 [[1], Lemma 1] Let R be a ring and M an R-module. Then a sub-
module N of M is prime if and only if P = (N : M) is a prime ideal of R and
the R/P-module M/N is torsion-free .

Proof. (=) Let N be a prime submodule of M and let ab € P = (N : M) where
a,b € R. Then (ab)M C N so a(bM) C N implies that aM C N or bM C N
since N is prime. Hence P = (N : M) is a prime ideal of R.

Since PM C N, M/N is a R/P-module. Let 0 #r+P € R/Pand m+ N €
M/N such that (r + P)(m + N) = 0. Then rm + N = 0 implies that rm € N.
Hence either m € N or rM C N. Since r ¢ P, we have m € N. Hence M/N is
a torsion-free R/P-module.

(<=) Suppose P = (N : M) is a prime ideal and M/N is a torsion free R/P-
module. Let 7 € R, m ¢ N and rm € N; then (r+P)(m+N) = 0. Sincem ¢ N,

we have r € P. Hence rM C N. Therefore N is a prime submodule of M. U
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Corollary 1.7 [[1], Corollary 2] Let R be a domain and M be a non-torsion
R-module, that is, T(M) # M where T(M) denotes the torsion submodule of M.
Then

(i) T(M) is prime, and

(ii) PM = M or PM is a prime submodule of M for each mazimal ideal P
of R.

Proof. (i) We must show that P = (T'(M) : M) is a prime ideal and M/T(M)
is a torsion free R/P-module. Since T'(M) # M, there exists my € M — T (M)
such that Anng(m;) = 0. Let p € P. Then pm; € T(M) and Anng(pm,) # 0.
Thus there exists 0 # r € R such that r(pm;) = 0. Then p = 0 since R is a
domain and T(M) # M. Hence P = (T (M) : M) = 0. Since R is a domain, P
is a prime ideal. Clearly M/T(M) is an R/P-module. Let 0 #r+P € R/P and
m+ T(M) € M/T(M) such that (r + P)(m + T(M)) = 0. Then rm € T(M)
so there exists a non-zero s € R such that (sr)m = 0. Since R is a domain,
m € T(M). Therefore M/T(M) is torsion-free.

(ii) Suppose PM # M. Clearly P C (PM : M). Since P is a maximal
ideal, P = (PM : M). Hence (PM : M) is a prime ideal. P(M/PM) = 0
implies that M/PM is an R/P-module. Now we will show that T(M/PM) = 0.
Let m +PM € T(M/PM). Then there exists 0 # r + P € R/P such that
(r+P)(m+PM) = 0. Since R/P is a field, (r+P)™! exists. So m € PM. This
means that T(M/PM) = 0. Therefore PM is a prime submodule of M. [

We have given some examples of modules which have prime submodules.
However it is not difficult at all to give examples of modules which have no

prime submodules.

Example 1.8 As a Z-module, the Priifer group Z(p™) has no prime submodules.



Proof. Suppose K is a prime submodule of Z(p*). Then P = (K : Z(p™)) is a
prime ideal of Z. Since Z is an integral domain, P = 0 or P = ¢Z for some prime
q € Z. If P =0, then Z(p™)/K is a torsion-free Z-module but we know that
Z(p™) is a torsion module. This gives a contradiction Z(p®) = K. If P = ¢Z,
then Z(p™®) = qZ(p>) C K. We get another contradiction that Z(p>®) = K.

Therefore Z(p*) has no prime submodules. [

Lemma 1.9 Let {N; : i € I} be a family of prime submodules. Then
(r] ﬁh :A4) = r](p% :Al).

iel i€l

Proof. Let z € [)(N;: M). Then z € (N;: M) for all i € I and zM C (] N;.

i€l iel
Thus z € ([ N; : M). Conversely let y € ([ N; : M). Then yM C () N; C N;
iel il iel
for all s € I. Hence y € (N; : M) for all 4 € I, so that y € ((N; : M). [0
icl

Lemma 1.10 Let M be a finitely generated module and {N; : i € I} be a totally
ordered family of prime submodules. Then (|J N;: M) = J(N; : M).

i€l i€l

Proof. Let z-€¢ (UN; : M). Then zM C |J N;. Since M is finitely gen-
i€l i€l

erated, M = Rmy + Rmgy + -+ + Rm,, for some my,my,...,m, € M. Hence

for all m; € M, zm; € Nj; for some i; € I. Since {N; : ¢ € I} is totally or-
dered, there exist k¥ € I such that N;,N,,,...,N;, € Ni. Thus zM C N and
z € U(Ni: M). Now let &' € J(N; : M). Then 3’ € (N; : M) for some i € I
and f’IM C N; C U N;. Hence ;E’IE (UN:: M). O

i€l i€l
Lemma 1.11 Let M = K & L be a direct sum of its submodules K and L and
let N be a prime submodule of K. Then N @& L 1is a prime submodule of M.

Proof. Letre R,me M and rm € N@® L. Then rm =n+ [ for some n € N
andl € L. Since M = K® L, m =k + 1, for some k € K and [, € L. So that
rm=rk+l)=rk+rly=n+!l. Thenrk—n=10-rlj € KNL =0 and



l=rl;,rk =n € N. Since N is prime, kK € NorrK C N. If kK € N, then
m=k+lhL e NOL IfrK CN,thenrM =r(K+L)=rK+rLC N@&L.
Hence N @ L is a prime submodule of M. []

Lemma 1.12 Let M be an R-module, I be an ideal of R such that I C Ann(M)
and P be a prime submodule of M. Then P is a prime submodule of the R/I-
module M.

Proof. Letr+1I¢€ R/I,m € M and (r+I)m € P. Then rm € P. Since P is
a prime submodule, m € P or M C P. Hencem € Por (r+I)M C P. O

The following lemma, proof of which is routine, is well-known.

Lemma 1.13 [[2/, Result 1.1] Let M, M' be R-modules with ¢ : M — M’ an
R-module epimorphism and N be a submodule of M such that N O K = Ker.
Then there exists a one-to-one order preserving correspondence between the proper
submodules of M containing N and the proper submodules of M' containing p(N).

Furthermore, for any submodule N’ of M', there exists a submodule L of M such

that L O K and (L) = N'.

Lemma 1.14 [[2], Result 1.2] Assume the hypothesis given in Lemma 1.13.
Then

(i) If P is a prime submodule of M containing N, then ¢(P) is a prime
submodule of M' containing p(N).

(ii) If P' is a prime submodule of M' containing p(N), then ¢~ 1(P') is a

prime submodule of M containing N.

Proof. (i) Since P is a prime submodule of M containing N, by Lemma
1.13 ¢(N) C ¢(P) and since P # M, ¢(P) # (M) = M'. Let r € R,
m' € M' and rm' € @(P). There exists m € M such that ¢(m) = m'. So

rp(m) = @(rm) € @(P). Then rm € P and since P is a prime submodule,
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mé€PorrM C P. f m € P, then p(m) = m' € o(P). If rM C P, then
rM' C ¢(P). Therefore ¢(P) is a prime submodule of M’.

(ii) Since P’ is a prime submodule of M’, by Lemma 1.13 there exists a
submodule L of M such that L DO K and ¢(L) = P'. Let n € N. Then
o(n) € p(N) C ¢(L) , so ¢(n) = () for some [ € L. Then (n—1) e K C L
and hence n € L = ¢ }(P'). Letr € R, m € M and rm € ¢ *(P'). Then
o(rm) = rp(m) € P'. Since P’ is a prime submodule of M’ we have ¢(m) € P’ or
rM' C P'. If o(m) € P' = (L), then there exists z € L such that p(m) = ¢(z).
Then ¢(m — x) = Opp so that m —z € K C L and m = z + y for some y € L.
Hence m € L = ¢~ Y(P'). If rM' C P', then rm’ € P’ for all m' € M'. Then there
exists m € M such that p(m) = m’ for all m' € M'. It gives that ¢(rm) € p(L)
and r7n € L. Hence tM C L= }(P'). O

Definition 1.15 Let I be an ideal of a ring R. Then the ideal VI =

{r € R:r™ €I for some positive integer n} is called the radical of I.

Definition 1.16 Let R be a ring with identity and M be an R-module. A proper
submodule N of M is P-primary provided that r € R, m ¢ N and rm € N
implies "M C N for some positive integer n and /(N : M) = P.

Clearly every prime submodule of a module is primary.

Proposition 1.17 [[{]/, Proposition 1] (i) Let N be a primary submodule of an
R-module M. Then N is prime if and only if (N : M) is a prime ideal.
(i1) If K is a P-primary submodule of M containing a P-prime submodule

then K is P-prime

Proof. (i) Necessity is clear by Lemma 1.6.



Now suppose (N : M) is a prime ideal of R. Let r € R, m € M and rm € N.
Since N is primary, we have m € N or r"M C N for some positive integer n. If
m¢ N, then r* € (N : M). Sor € (N: M).

(ii) Let K be a primary submodule of M with \/(T_—M—) =P and let N be
a prime submodule of M where (N: M) =P and NCK. letre R, me M
and rm € K. Since K is a primary submodule, ™ € (K : M) or m € K for some
positive integer n. Then r € /(K : M) =P = (N : M) or m € K. This gives
rM C K or m € K. Therefore K is a prime submodule.

We have /(K : M) = (N : M) = P. Since N C K, we have (N : M) C
(K : M). Hence P C (K : M). The reverse inclusion is also
satisfied since (K : M) C /(K : M). This yields that K is a P-prime submodule.
O

Now we will give a characterization of prime submodules.

Theorem 1.18 [[}], Theorem 1] Let N be a proper submodule of an R-module
M with (N : M) =P. Then the following statements are equivalent.

(i) N is a prime submodule of M;

(11)) M/N is torsion-free R/P-module;

(11i) (N :p1 (r)) = N for everyr € R —P;

(iv) (N :pr J) = N for every ideal J € P;

(v) (N :{e)) =P for everyee M — N;

(vi) (N : L) = P for every submodule L of M properly containing N;

(vii)Ass(M/N) =P;

(viii) P = Zr(M/N) where Zr(M/N) is the set of all zero divisors of M/N.

Proof. (i) = (it) By Lemma 1.6.
(i3) = (#ii) Clearly N C (N :p (r)). Now suppose M/N is a torsion free
R/P-module. Then for any 7 € R and forallme M — N, (r+P)(m+ N) =0
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implies that r € P. Now let m € (N :js (r)) for some r € R —P. Then rm € N
and (r + P)(m + N) = 0 gives m € N since r ¢ P. Hence (N :3r (r)) C N.

(#43) = (iv) Clearly N C (N :p J). Suppose (N :pr (r)) = N for every
r € R—P. Let J be an ideal of R such that J € P. Then there exists z € J — P
such that (IV :p (z)) = N. Now let m € (N :p; J). Then Jm C N. In particular
zm € N. Hence m € N since (N 37 (z)) = N. Thus (N :p J) € N. Therefore
(N:yJ)=N.

(i) = (v) Suppose (N :p J) = N for every ideal J € P. Let e € M — N.
Clearly P C (N : {¢)). Now let r € (N : (¢)). Then re € N. If r ¢ P,
then e € (N :r {r)) = N, which is a contradiction. Hence r € P, that is,
(N:{e)) CP.

(v) = (vi) Suppose (N : (e)) = P for every e € M — N. Clearly P C (N : L)
for all submodules L of M such that N G L. Let r € (N : L). Then
(N:L)=(N: (zeZLRl)) :QL(N : Rl) =P.

(vi) = (vii) Suppose (N : L) = P for all submodule L of M such that N G L.
Let @ € Ass(M/N). Then Q = Anng(z + N) for some z € M — N. Note that
N & (z)+ N and (z)+ N is a submodule of M. By hypothesis, (N : ({(x)+N)) =
P. So P({(z)+ N) C N and Pz C N. Hence P C Anng(z+ N) = Q. Conversely
letr € Q@ = Anng(z+N). Then rz € N forsomez € M—~N. Sor({(z)+N)C N
and 7 € (N : ((z) + N)) = P. Hence Q C P.

(vit) = (viii) Suppose Ass(M/N) = P, that is, P = Anng(m + N) for all
m € M — N. Clearly P C Zr(M/N). Now let z € Zg(M/N). Then zm € N for
some m € M — N. Hence z € Anng(m + N) for somem € M —N. Soz € P
and hence Zp(M/N) C P.

(viii) = (i) Suppose P = Zgr(M/N). Let r € R, m € M — N such that
rm € N. Then 7" € Zr(M/N) =P = (N : M). Thus rM C N. Therefore N is a



prime submodule of M. O

Proposition 1.19 [[4], Proposition 2] If N is a submodule of an R-module M
whose residual (N : M) is a mazimal ideal of R, then N is a prime submodule.
In particular, MM is a prime submodule of an R-module M for every mazimal

ideal M of R such that MM # M.

Proof. M/N is an R/P-module since P = (N : M) C Ann(M/N). So M/N
satisfies all vector space axioms. Hence M/N is a vector space over the field R/P.
Since M/N is torsion-free, by Theorem 1.18 N is a prime submodule of M.

In particular (MM : M) = M since M is a maximal ideal. By the first part
MM is a prime submodule. (]

The following corollary is an easy result of Proposition 1.19.

Corollary 1.20 [[4], Proposition 3] Let N be a proper submodule of an R-module
M and let M be a mazimal ideal of R. Then N is M-prime if and only if
MM C N. Consequently, if N is an M-prime submodule of M, then so is every

proper submodule of M containing N.

Proof. Let N be a prime submodule of M such that (N : M) = M. Then
MM C N. Conversely suppose MM C N. Then M C (N : M). Since M is
a maximal ideal, we have (N : M) = M. Hence by Proposition 1.19, N is an
M-prime submodaule.

Now let N be an M-prime submodule of M and K be a submodule of M
such that N C K. By the first part of the proof, MM C N C K. Hence K is

an M-prime submodule of M again by the first part. [J

Proposition 1.21 [[4], Proposition 4] If N is a mazimal submodule of an R-
module M, then N is a prime submodule and (N : M) is a mazimal ideal of

R.



Proof. Let N be a maximal submodule of M, then M/N is a simple R-
module. Since every simple module is cyclic, M/N is a cyclic R-module, that is,
M/N = R for some m € M/N, and Anng(m) = Anng(M/N)=(N: M) isa

maximal ideal. Hence N is a prime submodule by Proposition 1.19. (I

Corollary 1.22 [[/], Corollary] If M is a finitely generated module , then every

proper submodule of M is contained in a prime submodule.

Proof. Let M be a finitely generated module and N be a proper submodule of
M. N is contained in a maximal submodule of M since any proper submodule of
a finitely generated module is contained in a maximal submodule. Hence every
proper submodule of M is contained in a prime submodule by Proposition 1.21.

O

Definition 1.23 Let M be an R-module, a submodule N of M is said to be
mazimal P-prime submodule of M if N is a P-prime submodule and there does
not exist any P-prime submodule containing N.

In the same manner we can define mazimal P-primary submodule . N is a
mazimal P-primary submodule provided that N is P-primary and there does not

ezist any P-primary submodule containing N.

Proposition 1.24 [[/], Proposition 6] N is a mazimal P-primary submodule of

a module M if and only if N is a mazimal P-prime submodule of M.

Proof. Suppose first that N is a maximal primary submodule and
V(N: M) = P. Let us first show that for all r € R — (N : M), (N 1 (r))
is a P-primary submodule. Let r € R— (N : M), z € R, y ¢ (N :p (r)) and
zy € (N :p (r)). Then zyr € N and we have yr € N or z"M C N for some
positive integer n. If yr € N, then y € (N :pr (r)). This contradicts the choice
of y. Hence z"M C N. Then z"vM C N and z"M C (N :p (r)). Hence

10



(N :p (r)) is a primary submodule. Let us show that \/((V :p (r)) : M) =
Let m € /((N:p (r)): M). Then mt € ((N :x (r)) : M) for some po-

sitive integer ¢. Hence m‘'rM C N. Since N is a primary submodule, we
have rm' € N or m*M C N for all m' € M and for some positive inte-
ger k. This gives TM C N or m* € (N : M). Since r € R — P we have
m € /(N :M). Therefore \/((N 3 {r)): M) C /(N: M) = P. Now let

€ /(N : M). Then s* € (N : M) for some positive integer [. So s'M C N and
s'rM C N. This implies that s'M C (N :p (r)) and s € /(N : (1)) : M).
Thus P = /(N : M) C \/((N :3r (r)) : M). Therefore (N :p (r)) is a P-primary
submodule. Since N C (N :j7 (r)) and N is maximal, we have N = (N :ps (r)).

Hence N is a prime submodule by Theorem 1.18.

Since (N : M) is a prime ideal, /(N : M) = (N : M) = P. Suppose K is a
P-prime submodule of M such that N g K C M. Since every prime submodule
of a module is primary, K is a P-primary submodule and maximality of N implies
that K must be M. Therefore IV is a maximal P-prime submodule.

Conversely suppose N is a maximal P-prime submodule of M. Then N is a
P-primary submodule of M by the definition. In order to complete the proof let
us show N is maximal. Let K be a P-primary submodule and N g K C M.
By Proposition 1.17, K is a P-prime submodule. Since NNV is a maximal P-prime

submodule, K = M. Hence N is a maximal P-primary submodule of M. [J

Definition 1.25 An ideal I of the ring R is said to be radical ideal if I =+/T.

Proposition 1.26 [[}], Proposition 8] Let M be a finitely generated R-module
and let I be a radical ideal of R. Then (IM : M) = I if and only if Anng(M) C I.

Proof. Suppose that (/M : M) = I and z € Anng(M). Then zM =0 C IM.
Hence z € (IM : M) =

11



Conversely assume that Anng(M) C I and let r € R with r € (IM : M). If
M is generated by n elements, then r"+y € Anng(M) C I for some y € I. Then
rm+y =1y forsome y € I. Hence r" € I and r € VI =1I. Thus (IM : M) C I
and I C (IM : M) is also satisfied. Therefore (IM : M) =1. O

Corollary 1.27 [[4], Corollary 2] Let P be a finitely generated prime ideal of a
ring R such that Anng(P) C P. Then the following statements are equivalent
(i) P? is a P-primary ideal of R;
(i) P? is a P-primary submodule of the R-module P;
(iii) P? is a P-prime submodule of the R-module P.

Proof. Note that since Anng(P) C P, (P?: P) = P by Proposition 1.26.

(4) = (i3) Let r € R, p ¢ P? and rp € P2 Since P? is a primary ideal, we
have r" € P? for some positive integer n. Hence r*P C P? and P? is a primary
submodule. Since (P?: P) = P and P is a prime ideal of R, /P = P and this
implies /(P2 : P) = P.

(i1) = (444) Since 1/(P2: P) = (P? : P) = P is a prime ideal of R, P? is a
P-prime submodule of P by Proposition 1.17.

(#ii) = (4) It is clear that v/P2 = P. For; P2 C P we have VP2 C VP =P
by the definition of radical. To prove the reverse inclusion let z € P, then z™ € P
for some positive integer m. Hence 22™ = z™z™ € P2, s0 z € VP2. Let r € R,
s ¢ P? such that rs € P2. This implies that 7P C P? or s € P? since P? is prime
submodule. Since s ¢ P? we have rP C P2 Then r € (P?: P) = P. Since we
have showed that v/P2 = P, there exists a positive integer n such that r™ € P2

Therefore P? is a primary ideal of R. O

Corollary 1.28 [[{], Corollary 3] If M is a finitely generated R-module and M
is a mazimal ideal of R containing Anng(M), then MM # M so that MM
is a prime submodule of M. In particular, if M is a finitely generated faithful
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R-module , then MM 1is a prime submodule of M for every mazimal ideal M of
R.

Proof. Let M be a maximal ideal of R containing Anng(M). By Proposition
1.26, MM : M) = M. If MM = M, then we get (MM : M) = (M : M)
and this implies the contradiction M = R. Hence by Proposition 1.19, MM is
a prime submodule of M.

Now assume that M is a finitely generated faithful R-module. Since
Anng(M) = 0, Anng(M) C M for every maximal ideal M of R. Hence by
the first part of the proof MM is a prime submodule of M. (I

Definition 1.29 Let R be a ring and M be an R-module. Let N be a proper
submodule of M and suppose that N = P,N---NPF,, where P, ..., P, are primary

submodules of M. This is called a primary decomposition of N.

Corollary 1.30 [[{], Corollary 4] Let M be a finitely generated R-module
having primary decomposition for submodules and let P be a prime ideal con-
taining Anng(M). Then (PM : M) = P, consequently there erists a submodule
of M which is P-prime.
Proof. By Proposition 1.26, (PM : M) = P. Since submodules of M have a
k
primary decomposition, we can write PM = (| N; where each N; is a P;-primary
i=1
k k
submodule of M. Then P = (PM : M) = ([ N; : M) = ((N; : M) by Lemma
i=1

i=1
1.9. Since P is a prime ideal and {,'c] (N; : M) C P, we have (N; : M) C P for
some j. Also P C (N; : M) for e\:rly i=1,2,...,k. Hence P = (N, : M) for
some j. Therefore N; is a P-prime submodule of M by Proposition 1.17. [
Applying Corollary 1.30 to Proposition 1.26 we can give some characterization

of faithful Noetherian modules.

13



Theorem 1.31 [[}], Theorem 2] Let M be a faithful Noetherian R-module. Then,
for every prime ideal P of R, there exists a prime submodule N of M such that
(N:M)="P.

Proof. Since M is a Noetherian module, M has a primary decomposition and
M is a finitely generated module. Since Anng(M) = 0, we have Anng(M) C P
for all prime ideals P of R. By Proposition 1.26, (PM : M) = P. Hence there

exists a submodule of M which is P-prime by Corollary 1.30. [J

1.2 Prime Submodules Under Localization

In this section M will denote an R-module and S will denote a multiplicatively
closed subset of R which contains 1 but not 0. Let Mg be the localization of M
at S and f : M — Mg be a natural map. For any Rg-submodule ) of Mg, we
define Q°={m e M : f(m) € Q}.
Proposition 1.32 (i) For any prime R-submodule P of M with Mg # Ps,
PS=P.

(#1) For any Rs-submodule Q of Mg, Q% = Q.
Proof. (i) Let z € P. Then f(z) € Ps and hence z € P§. Thus P C P§. Now
let y € Pé. Then f(y) € Ps, that is, sy/s € Ps. There exist p€ Pandt € S
such that sy/s = p/t. Then usty = usp € P for some v € S. Hence y € P or
(ust)M C P. If y € P, then it is clear. If (ust)M C P, then for all m € M we
have (ust)m € P. Then we can write for any z € M, = z.1/1 = ustz/ust € Ps.
Thus Mg = Pg. This contradicts with our assumption. Therefore P¢ C P.

(ii) Let a/s € Q%. Then there exist b € Q° and s € S such that a/s = b/s’.
Then us'a = usb € Q° for some u € S. Since us'a € Q°, f(us'a) = us at/t € Q
for some t € S. Hence a/s = us'ta/sus't € @. Conversely let z € Q. Then

T = sz/s € @, that is, f(z) € Q. Hence z € Q° and sz/s € Q5. O
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Proposition 1.33 [[7], Proposition 2.1] (i) If P is a prime submodule of M with
Mg # Ps, then Pg is a prime Rg-submodule of Mg.

(it) If Q is a prime Rg-submodule of Mg, then Q° is a prime R-submodule of
M.

Proof. (i) Let r € Rg, m € Mg and rm € Ps such that r = z/s, m = y/s for
some z € R, y € M and s,s € S. Then rm = zy/ss € Ps. There exist z € P,
t € S such that zy/ss = z/t and u € S with (ut)zy = (uss)z € P. Theny € P
or (utz)M C P since P is a prime submodule. If y € P, then m = y/s € Ps.
If (utz)M C P, then (utz)m; € P for all m; € M. Hence (utz)m,/s € Pg and
(z/s)(uts'm,/s') € Pg for all m; € M. Thus rMg C Ps. Therefore Ps is a prime
submodule of Mg.

(ii) Suppose Q° = M. Then for all m € M, f(m) € Q. Hence Q = M.
Therefore Q¢ # M. Let r € R, m € M and rm € Q¢. Then

flrm) = s(rm)/s = (rs/s)(sm/s) € Q.
Thus (rs/s)Mg C Q or sm/s € Q. If (rs/s)Ms C @, then (rs/s)(tm;/t) € Q for
all m; € M. Then (rst/st)ym; = st(rm,)/st = f(rm;) € @ and rm; € Q° for all

my € M. Hence rM C Q°. If (rs/s)Ms € Q, then sm/s € Q. Hence f(m) € Q,
that is, m € Q°. Therefore Q¢ is a prime submodule of M. (O

Corollary 1.34 [[7], Corollary 2.2] Let A = {P : P is a prime R-submodule of
M with Mg # Ps} and B = {Q : Q is a prime Rg-submodule of Mg}. Then ¢
which is defined by ¢(P) = Ps is a bijective order preserving map from A to B.

Its inverse map 1s given by o~ 1(Q) = Q°.
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1.3 Usual Determinant Argument

Proposition 1.35 Let R be a subring of the commutative ring S and let M be
an S-module which, when considered as an R-module by restriction of scalars,
can be finitely generated by n elements (n > 1). Let s € S and let I be an ideal
of R such that sM C IM. Then there exist a; € I* fori=1,...,n such that

"+ "+ -+ ay_18 +a, € Anng(M).

Proof. Suppose that M is generated as an R-module by g,,...,¢,. Then for

each i =1,...,n, there exist b;, ..., b;, € I such that
n
sgi = ) bijg;.
Jj=1
Then we have a system of homogenous equations such that
n
Zl (bi; — s0ij)g; = 0,
]:

where §;; = 1 if ¢ = j and d;; = 0if 4 # j. We can write the system in the matrix

form as
bin — s big --- bin 91 0
by bapp—s --- bon g2 |0
| bnl bn2 b'n/n,_sd _gn_ _O_

Say C is the coefficient matrix of this system and multiply both sides of the
system with adj(C). Now let us use the fact (adjC)C = C(adjC) = (det C)I,, to

deduce that
(detC)g; =0 forall i=1,...,n.
Hence det C € Anng(M). It follows from the definition of determinant that

detC =s"+a15" 1+ -+ a,_15+ an,
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where a; € I*fori=1,...,n. O

Corollary 1.36 Let I and J be ideals of a ring R such that IJ = I and I is
finitely generated. Then there exists an element y € J such that x = zy for each

rzel.

Proof. Suppose that I is generated by n elements. Since every ideal of R can
be considered as an R-module and [ is finitely generated, we can use the usual
determinant argument with s = 1. By Proposition 1.35, there exist y; € J* for

allt=1,2,...,n such that
L+y +ya+ - +yn € Anng(I).

Hence (1 +y; +y2+ -+ yn)x = 0 for all x € I. Then z = zy where

y=(-p1—y2—-—ya)€J. O
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CHAPTER 2
PRIME RADICAL OF SUBMODULES

2.1 Properties of the Prime Radical

In this chapter we will deal with the prime radical of submodules and its proper-

ties.

Definition 2.1 Let M be a module over a ring R and N be a submodule of M
with N # M. The prime radical of N in M, rady(N), is defined to be the
intersection of all prime submodules of M containing N. If there is no prime
submodule containing N, then radpy(N) = M. In particular rady (M) = M. We
also define the radical RadM of a module M as the intersection of all mazimal

proper submodules.

Definition 2.2 Let R be a commutative ring. Then the Jacobson radical of R is
the intersection of all the mazimal ideals of R. It is denoted by J(R).
The intersection of all prime ideals of R, nil(R), is said to be the nil radical

of R.

Lemma 2.3 [5] Let M be an R-module. Then
(i) J(R)M C RadM,
(ii) nil(R)M C radp(0) C RadM.

Proof. (i) Let P be any maximal submodule of M. Then P is a prime
submodule of M and (P : M) = M is a maximal ideal of R by Proposition
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1.21. Hence J(R) C (P : M). Then J(R)M C (P : M)M C P. Hence
J(R)M C RadM.

(ii) Let K be any prime submodule of M. Since (K : M) is a prime ideal
of R, nil(R) C (K : M). Then nil(R)M C (K : M)M C K and hence
nil(R)M C radpy(0). We know that if L is any maximal submodule of M,
then L is a prime submodule. Then rady(0) C L. Hence rady(0) C RadM. O

Theorem 2.4 [[5], Theorem 1] Let M be a module over an Artinian ring R.
Then

(i) RadM = J(R)M,
(ii) RadM = radp(0).

Proof. (i) R/J(R) is a semisimple ring since R is an Artinian ring and
J(R/J(R)) = 0. Then M/J(R)M is a semisimple module as an R/J(R)-module.
Hence M/J(R)M is a semisimple module as an R-module. So Rad(M/J(R)M) =
RadM/J(R)M = 0. Therefore RadM = J(R)M.

(ii) Since R is Artinian, J(R) = mnil(R). Then by the first part,
RadM = J(R)M = nil(R)M C rady(0) C RadM. Hence RadM = rady/(0). O

Definition 2.5 Let N be a submodule of an R-module M. A prime submodule
P of M is called a minimal prime submodule of N if N C P and there is no
smaller prime submodule with this property.

A minimal prime submodule of (0) is a minimal prime submodule of M.

Lemma 2.6 [[5], Lemma 1] Let {P; : i € I} be a non-empty family of prime
submodules of an R-module M and suppose that the family is totally ordered by
inclusion. Then () P; is a prime submodule of M. Similarly, \J P; is a prime

iel i€l
submodule of M if M is finitely generated.
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Proof. Say (P, : M) = P; for every i € I. Then {P; : ¢ € I} is totally

ordered family of prime ideals of R. Thus, P = (| P; and P’ = |J P; are prime
iel i€l
ideals of R. Let r € R, m € M and rm € (| P,. Then rm € P, for every
i€l
¢ € I. Since P; is a prime submodule, m € P; or rM C P, for every i € I.

Also (NP, : M) =N(P,: M) =P, =P, by Lemma 1.9. Hence [} P, is a

iel i€l iel i€l

P-prime submodule of M. Also J P; is a P’-prime submodule of M. For, let
i€l

r'm € J P;.. Then r'm € P, for some i € I. Since P; is a prime submodule,

i€l

meP,or"MCP, Hnceme JP,or M C|JPand (P :M)=P by
i€l i€l i€l

Lemma 1.10. O

Proposition 2.7 [[5], Proposition 1] Let M be an R-module. If a submodule N
of M is contained in o prime submodule P, then P contains a minimal prime

submodule of N.

Proof. Let A= {K : K is a prime submodule of M and NC K C P}. A#0
since P € A. If K', K" € A, then let us define a relation < such that K’ < K" if
K" C K'. This gives a partial order on A. Let A’ be a non-empty subset of A. By
Lemma 2.6, intersection of all members of A’ is a prime submodule; say K. Then
NC K CP. Hence K € Aand K C K' for all K’ € A’. We have K’ < K. Thus
K is an upper bound for A’. By Zorn’s lemma, A contains a maximal element
K*. Since K* € A we have N C K* C P and K* is a prime submodule of M.
To complete the proof we will show that K* is a minimal prime submodule of
N. Now suppose K; is a prime submodule of M such that N C K; C P and
K; C K*. Then K; € A and K* < K;. Thus, K* = K; since K* is maximal in

A. Therefore K* is a minimal prime submodule of N. []

Corollary 2.8 [[5], Corollary 1] Every proper submodule of a finitely generated

module possesses at least one minimal prime submodule.
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Proof. Let M be a finitely generated module and N be a proper submodule
of M. Then there exists a maximal submodule N of M such that N C N'.
Since N’ is maximal, N' is a prime submodule by Proposition 1.21. Then by
Proposition 2.7, N' contains a minimal prime submodule of N. Hence N has at

least one minimal prime submodule. [J

Corollary 2.9 [[5], Corollary 2] Every prime submodule of a module M contains

at least one minimal prime submodule of M.

Proof. Let P be a prime submodule of M. In Proposition 2.7 take N = 0, then
apply Proposition 2.7 to P. [
The above facts are summarized in the following theorem which gives another

characterization of the prime radical of a submodule.

Theorem 2.10 [[5], Theorem 2] Let M be a finitely generated R-module. Then
the prime radical of a proper submodule N of M is the intersection of its minimal

prime submodules.

Proof. Let N be a proper submodule of M. Then by Corollary 2.8 N has
at least one minimal prime submodule, say P,. Let L be the intersection of all
minimal prime submodules of N. Since rady(N) is the intersection of all prime
submodules of M containing N, rady(N) C ﬂ P, = L. On the other hand, let
P be any prime submodule containing N. Th;IP contains some minimal prime

submodule @; of N by Proposition 2.7. Hence L = (| P; C rady(N) C L.
i€l

Lemma 2.11 [f2], Corollary 1.8] Let M and M' be R-modules with
¢: M — M' an R-module epimorphism and N be a submodule of M such that
N D K = Kery. Then

(i) p(radu(N)) = radu (p(N)).

(ii) If N' is a submodule of M', then ¢~ (radpr(N')) = rady (¢~ (N)).

21



Proof. (i) Let z € p(rady(N)). Then z = ¢(y) for some y € rady(N). So
that y € P; where P, is a prime submodule of M containing N for all 7. Then
©(y) € ¢(P;). By Lemma 1.14, ¢(P;) is a prime submodule of M’ containing
@(N). Hence ¢(y) € () ¢(F:) = radu (¢(N)). Hence z € rada (p(N)).

Let m' € radM'(c;?.};V)). Then m' € @Q; for all prime submodules Q; of M’
containing ¢(N). There exists m € M such that (m) = m’ € Q;. Then
m € p~1(Q;) such that ¢~'(Q;) is a prime submodule of M containing N by
Lemma 1.14. Hence m € rady(N). So that m' = ¢o(m) € ¢(rady(N)).

(ii) Let n’' € o~ (radyr(N')). Then ¢(n') € radyy(N'), that is, p(n') € P for
all prime submodule of M’ containing N’. Hence n' € ¢ 1(P) and
n' € rady (¢~ (N")). Let i € rady (o ' (N')). Then fi € P’ for all prime sub-
modules P’ of M containing p~!(N') and ¢(7i) € ¢(P'). Since p(P') is a prime
submodule of M’ containing N', p(A) € radyr(N'). Then 7 € ¢~ (radyy(N')).
Hence radp (@ Y (N")) = ¢ (radp (N')). O

Proposition 2.12 [[6], Proposition 1] Let N be a submodule of an R-module M
and I be an ideal of R. Then Irady(N) C rady(IN).

Proof. Let Ay = {P : P is a prime submodule of M containing N},
Ay = {P’' : P’ is a prime submodule of M such that I C (P’ : M)}, and
A; = {P*: P* is a prime submodule of M containing IN}. Since each P* € A3 is
prime, IN C P* if and only if N C P* or I C (P* : M). Therefore A3 = A; UA,
and rady(IN) = () P =(N P)N\( N P') =radu(N)Nrady(IM). It
P*eAs PeAy P'eAs

is clear that Iradpy(N) C rady(N) and Irady(N) C IM C rady(IM). Then
Iradpy(N) C rady(N) Nrady (IM) = rady (IN). O

In the following proposition we will give some basic rules concerning rady (V).

Proposition 2.13 [[5], Proposition 2 and [6], Corollary 1] Let M be an R-
module, J be an indez set and let N, L and N; for j € J be submodules of
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M and I be an ideal of R. Then
(i) N C radu(N),
(ii) radp(radpy (N)) = rady(N),
(iii) radu( ﬂ N;) C ﬂ rady(N;) = radM(ﬂ radu (N;)),

(iv) JngdM(N) C ra,dM(Z N;) = 'radM(E radu(Nj)),

(v) radp(IM) = mdM(\/_M) Jor every zdeal I of R,

(vi) /(N : M) C (rady(N) : M),

(vii) if M is finitely generated, then rady(N) = M if and only if N = M,
(viii) (radpy(N) : rady (L)) = (rady(N) : L),

(iz) rady (N 2y 1) C (radm(N) iy 1) = radu((radu(N) :m 1)),

(z) radpy (IN) = radpy (Iradpy(N)).

Proof. (i) Let z € N. Then z € P for all prime submodules P of M containing
N. Hence z € rady(N).
(ii) rady (N) C rady(raday(N)) is clear by (¢). Since N C rady(N) C Q; for

all prime submodules Q; containing rady(IN), we have ﬂ Qi C P; for all prime
submodules P; containing N. Hence rady (rads(N)) =Z.€rl] Q; C rady(N).
(iil) radu( ﬂ N;) = ﬂ P; for all prime submodules }jIcontaining ﬂ Nj and
let {Qi;} be élelé set ofzzl prime submodules containing N;. Sincejeh N; C
N; C @y for all ¢ and j, mdM(QJN,-) C radp(N;). Hence mdM(F]EJNj) C
i

jel T
N radu(N;).
< Since () rady(N;) C rady(N;) for all j € J, rady (N radm(N;)) C
mdM(md];J(N ) = rady(N;) for all j € J. HencejiidM(ﬂ rady(N;)) C
N rady(N;). By (i), ﬂ rady(N;) = rady () radum(N;)) is cljeeaJr
< (iv) Since N; C Z N; for all j, ra,]dEAJl(N) c mdM(Z N;).  Then
3 rady(N;) C radM(XJ?{N) Let us show that rady (D N;) = mdM(Z rada(N;)).

jeJ jeJ

It is clear that ) N; C Z radp(N;). Then mdM(Z N;) C radM(Z mdM(N ))-

jeJ jedJ
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Let {Q;} be the set of all prime submodules of M containing Y rady(NN;) and let

P, be any prime submodule of M such that Z N;EJ c BP. Since
N; C Z Nj, rady(N;) C P for all j. Hence Z Tad;;(JNj) C P, for all prime
submo]c;iles P, of M containing E N;. Then F]GJQz C B, for all P;. Therefore
radap () radu(N;)) C radpu (> ﬁ;f) ZGI

jeJ jeJ

(v) This is trivially true if rady (IM) = M. If there exists a p-prime submod-
ule P such that /M C P, then I C (IM : M) C (P : M) = P. Then /I C P.
For; if z € /I, then there exists a positive integer n such that z* € I C P.
Hence z € P. So that vIM C PM C P. It follows that rady(vVIM) C P,
for every prime submodule P containing IM. Thus rady (vTM ) € radp (IM).
Since I C VI, IM C vIM and radp(IM) C rady(vVIM).

(vi) Let z € 4/(IV: M). Then there exists a positive integer n such that
z" € (N : M). So that "M C N C P for all prime submodules P containing N.
Since P is a prime submodule, z € (rady(N) : M).

(vii) Let N = M, then rady(N) = rady(M) = M. Conversely assume
rady(N) = M and N # M. Since M is finitely generated, N has at least
one minimal prime submodule P; such that N C P; by Corollary 2.8. Hence
M = rady(N) = ﬂ P; by Theorem 2.10 and M C P;. This contradicts the fact
that P, is a primezglllbmodule. Therefore N = M.

(viii) Let z € (radm(N) : rady(L)). Then zradm(L) C rady(N) and
zL C rady(N). Hence z € (rady(N) : L). Let r € (rady(N) : L). Then
rL C rady(N) and rM C P or L C P for all prime submodule of M containing
N. If rM C P, then rrady (L) C rady(N). Hence r € (radpu(N) : radu(L)).
If L C P, then rady(L) C rady(N) and r € (rady(N) : radp(L)). Hence

(radp(N) : L) C (rady(N) : radpm(L)).
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(ix) Since (N :p I) is a submodule of M, we can write Irady (N :pr I) C
rady(I(N :p I)) by Proposition 2.12. Then Irady (N :p I) C radpy(N) and
rady(N :pr I) C (radp(N) :pr I). Let P be any prime submodule of M contain-
ing N. Then rady(rady(N) :p I) C rady (P iy I) C (radpy(P) :a I). This
gives that rady ((rady(N) :pr 1)) = (radp(N) :ar I).

(x) By Proposition 2.12, Irady(N) C rady(IN) and then radas(Irady (N)) C
rady(rady(IN)) = rady(IN). Now IN C Irady(N) gives that rady (IN) C
rady(Irady(N)). O

Corollary 2.14 [[5], Corollary 1] Let M be a finitely generated module and let
N and L be submodules of M. Then rady(N) + rady(L) = M if and only if
N+L=M.

Proof. Assume that rady(N) + rady(L) = M. Then by Proposition 2.13,
rady(rady(N) + rady (L)) = rady (N) + rady (L) = M. By the same proposi-
tion rady(N+L)=M and N+L =M.

Conversely suppose N + L = M. By Proposition 2.13, we get M =
rady(N + L) = radp(raduy(N) + rady(L)). Hence rady(N) + rady(L) = M.
O

Corollary 2.15 [[5], Corollary 2] Let M be an R-module and I be an ideal of

R. Then radpy(I"M) = radpy (IM) for every positive integer n.

Proof. Since vI" = v/ we have rady (I"M) = rady (VI"M) = rady (VIM) =
rady (I M) by Proposition 2.13. O

Lemma 2.16 [[1], Lemma 4] Let R be a ring and M an R-module. If N is a
submodule of M, then rady(0) C rad(0).

Proof. Let K be any prime submodule of M. If N C K, then rady(0) C K.
IfN g K, then N N K is a prime submodule of N. For,let r € R, m € N
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and rm € NNK C K. Since K is a prime submodule, m € K or TM C K.
Ifme K,thenme NNK. f rM C K, then tTN C K. ThusrN C NNnK
and hence rady(0) C NN K C K. In any case rady(0) C K. This implies that
rady(0) C rady(0). O

Lemma 2.17 [[1], Lemma 6] Let R be a ring and M be an R-module such that
M = GA}MA is a direct sum of submodules My for all X\ € A. Then radp(0) =
61\9 radyy, (0).

Proof. Since M) is a submodule of M, by Lemma 2.16 radys, (0) C rad(0)
for all A € A, so that @ rady, (0) C radp(0). Let m € M and m ¢ @ rady, (0).
Then there exists u GAA such that m,(m) ¢ rady, (0), where m, :j;\/_f — M,
denotes the canonical projection. Since m,(m) ¢ rada, (0), there exists a prime
submodule N, of M, such that 7,(m) ¢ N,. Let K = N, @(,@ M,). By Lemma,

p

1.11, K is a prime submodule of M and m ¢ K since m,(m) ¢ N,. This implies
that m ¢ radp(0). Therefore rady(0) C @ raday, (0). O
X

Lemma 2.18 [[1], Lemma 8] Let R be a domain of dimension one and let M be
an R-module. Then rady(0) = T'(M) N [N{MM : M is a mazimal ideal of R}],
where T(M) denotes the torsion submodule of M.

Proof. By Corollary 1.7, radp(0) C T(M)N[N{MM : M is maximal }]. Now
let N be any prime submodule of M and let P’ = (N : M). By Lemma 1.6, P’ isa
prime ideal of R. Since R is a domain of dimension one, P’ = 0 or P’ is a maximal
ideal. If P' = 0, then M/N is a torsion free R-module and hence T(M) C N. For
let m € T(M). Then there exists 0 # r € R such that rm =0 € N. Since M/N is
torsion free, m € N. Hence T(M)N[N{MM}| CT(M) C N. If P' #0, then P’
is a maximal ideal and P’M C N. So that T(M)N[N{MM}] C P'M C N. Hence
in any case, T(M) N [N{MM}] C N. Therefore T(M) N [N{MM}] C rad(0).
(]
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Proposition 2.19 Let R be a Noetherian domain of dimension one and r be any
element of R. Then there ezist finite number of mazimal ideals of R containing

T.

Proof. Let ® = {I : I is an ideal of R and I = iMz where M, is a
maximal ideal containing 7}. Since R is Noetherian, fl;; a maximal element
say, J = Mi+Ms+---+M,. Assume that M is a maximal ideal of R containing
rand M # M;foralli=1,...,n. Since J is maximal, M+ M;+---+ M, =
Mi+---+M,. Hence M; = M for all i =1,...,n. Therefore there exist only
a finite number of maximal ideals containing r. [l

The following lemma states that for Noetherian domains of dimension one, the

study of prime radicals of general modules reduces to that for finitely generated

modules.

Lemma 2.20 [[1], Lemma 5] Let R be a Noetherian domain of dimension one
and let M be any R-module. Then rady(0) = | Jrady(0), where the union is

taken over all finitely generated submodules L of M.

Proof. By Lemma 2.16, rad;(0) C rada(0) and |Jrady(0) C rady(0) for
any finitely generated submodule L of M. On the other hand, let m € rad(0).
By Lemma 2.18, m € T(M) N [N{MM}]. Hence there exists 0 # r € R such
that rm = 0. By Proposition 2.19, there exists a positive integer n such that
M;i, M,, ..., M,, are maximal ideals containing r. By Lemma 2.18, m € M;M for
each i =1,...,n. Let L; be a finitely generated submodule of M, say L; = Rm,.
Then M;L; = M;Rm;. Sincem € M;M, m = z1mi+zama+- - -+TnMMin such that
z; € M; and m; € M. Hence m € M;L;. Let L =L+ Ly+---+L,. Then Lisa
finitely generated submodule of M and m € M;L since M;L; C M;L. Now let M
be any maximal ideal of R. Suppose that M # P; for all i. Then Rr+M = R and
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Rm = Rrm + Mm. Thus Rm = Mm and m € Rm = Mm C MM;L C ML.
By Lemma 2.18, m € rad(0). It gives us that rady(0) C Urady(0). O

Lemma 2.21 [[7], Corollary 2.8] Let M be an R-module and S be a multiplica-
tively closed subset of R which contains 1 but not 0. Suppose M is a Noetherian
R-module and N is an R-submodule of M. Then (rady(N))s = radp,(Ns).

Proof. Suppose Mg = Ng. Then (rady(N))s = (ﬂ P)s = ﬂ P, where P,
is a prime submodule of M containing N for all 3. Wlthout loss of generality,
we may assume each P, # Mg. By Corollary 1.34, P, are all minimal prime
Rg-submodule of Mg which contains Ng for all 4 = 1,....,I. Then rady,(Ns) =
_(l]l P, Ms = (rady(N))s. Now assume Mg # Ns. By using the preceding

argument equality occurs. O

2.2 The Prime Radical of an Intersection

It is not always true for submodules N and L that redy(N N L) =
radu(N) Nrady(L). Vector spaces and multiplication modules (see, Definition
3.13) satisfy this property. In particular every cyclic module enjoys this property.

Now we will investigate under what conditions this property holds.

Proposition 2.22 [[6], Proposition 2] Let M be a finitely generated R-module,
M be a mazimal ideal of R, and Q be an M-primary submodule of M. Then
radpy(Q) 1s an M-prime submodule and rady(Q) = rady(Q + MM) =
Q+MM.

Proof. By Proposition 2.13, M = /(Q: M (rady(Q) : M). Since
M is a maximal ideal, (rady(Q) : M) = R or M. If (mdM(Q) : M) =R
then M = RM C radpy(Q). By Proposition 2.13, @ = M and this gives a
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contradiction. Hence (radu(Q) : M) = M. Thus by Proposition 1.19, rady(Q)
is an M-prime submodule.

Every prime submodule containing @ + MM also contains @. Hence
rady(Q) C rady(Q + MM). Now put rady(Q) = ﬂ P; for every P;-prime
submodule P; of M containing Q). Then M = \/ﬁ C (rady(Q) : M) C
(P, : M) = P; for every i by Proposition 2.13. Hence MM C P;M, so that
Q+MM C P+P;M = P, for every i. Thus rady (Q+MM) C ﬂ P; = radpy(Q).
In order to complete the proof it is enough to show that rasz(GCIZ) =@+ MM.
Q+ MM C rady(Q + MM) = rady(Q) is clear by Proposition 2.13. Since
MM C Q+ MM, we have M C ((Q + MM) : M) C (rady(Q) : M) = M.
Thus ((Q + MM) : M) = M, so that @ + MM is a prime submodule of M by
Proposition 1.19. Then radpy(Q) € Q@ + MM since Q C Q + MM. Therefore

rady(Q) = Q+ MM. O

Lemma 2.23 [[5], Lemma 2] Let N and L be submodules of an R-module M,
and P be a P-prime submodule of M such that NNL C P. If (N : M) € P,
then L C P.

Proof. Suppose NNLCP,(N:M)¢Pand L ¢ P. Since NNL C P,
(NNL): M) C (P: M)sothat (N: M)n (L : M) C (P : M). Then
(N:M)C(P:M)or(L:M)C (P: M)since (P : M) is a prime ideal. This
gives us that (N : M) C (P : M) since L ¢ P. Hence (N : M) C P. This is a

contradiction. Therefore . C P. O

Proposition 2.24 [[5], Proposition 5] Let I be an ideal of R and N be a submod-
ule of an R-module M. If P is a P-prime submodule of M such that IMNN C P,
then IM C P or N C P.

Proof. Since IMNN C P, (IM : M)N(N : M) C P. Since P is a prime
ideal of R, either (IM : M) CPor (N: M) CP. If IM: M) C P, then
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IC(IM: M) CP. This gives that IM C PM C P. If (IM : M) ¢ P, then
N C P by Lemma 2.23. [

Proposition 2.25 [[5/, Proposition 6] Let N and L be submodules of an R-
module M such that whenever NN L C P we have N C P or L C P for any

prime submodule P of M. Then rady(N N L) = rady (N) Nrady(L).

Proof. If rady(N N L) = M, then rady(N) = rady(L) = M and
rady(N N L) = rady(N) N rady(L). If rady (N N L) # M, then there
exists a prime submodule P such that NN L C P. By the hypothesis, N C P or
L C P. So that rady(N) C P or rady (L) C P. Since this is true for all prime
submodules P containing NN L, rady(N)Nrady (L) C rady (NN L). Therefore
rady (N N L) = rady(N) Nrady(L). O

Combining Proposition 2.24 and Proposition 2.25 we have the following result.

Corollary 2.26 [[6], Corollary 2] For any ideal I of a ring R and a submodule
N of an R-module M, rady(IM N N) = rady(IM) Nrady(N) = radpy (IN).

Corollary 2.27 [[6], Corollary 3] For any ideal I of a ring R and a submodule
N of an R-module M, rady (IN) = rady (VIN) = rady (Irady (N)).

Proof. By Corollary 2.26 and Proposition 2.13, rady(IN) = rady(IM) N
rady(N) = rady(VIM) N rady(N) = rady(VIN) . Also we know that
rady(IN) = rady(Iradpy(N)) by Proposition 2.13. O

Proposition 2.28 [[6], Proposition 8] If N and L are submodules of an R-
module M such that /(N : M)++/(L : M) = R, thenrady(NNL) = rady(N)N
rady (L).

Proof. Suppose P is a P-prime submodule containing N N L, then
(N:M)N(L:M)CPsothat (N:M)CPor (L: M)CP.If(N: M)CP,
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then (L : M) ¢ P. Otherwise /(N : M)+ +/(L: M) = R C P which gives
a contradiction. Hence N C P by Lemma 2.23. Therefore we have N C P or

L C P. By Proposition 2.25, rady (N N L) = rady (N) Nrady(L). O

Corollary 2.29 [[6], Corollary] Let R be a ring in which every non-zero prime
ideal is mazimal and M be an R-module. If N and L are primary submodules of
M such that /(N : M) & /(L : M) and that (L : M) # (0), then rady (NNL) =
rady (N) Nrady(L).

Proof. Say P; = /(N : M) and P, = \/(L: M). Since Py € P,, P; and

P, are both distinct non-zero prime ideals. Hence P; + P; = R and we have

rady (N N L) = radpy (N) Nrady (L) by Proposition 2.28. 0

Proposition 2.30 [[5], Proposition 7] If V is a wvector space, then
rady (W1 N Wa) = rady(W)) N rady (W) for every pair of subspaces W, and
W,.

Proof. Since every proper subspace of a vector space is (0)-prime, W;, W, and
Wi N W, are prime submodules of V. Then rady(W;) = Wi, rady(W,) = W,
and rady (W) NWy) = Wy NW,. Hence, rady (W, NWa) = rady (W) Nrady (Ws).
O

The converse of Proposition 2.25 is not necessarily true in view of Proposition

2.30 and the following remark.

Remark 2.31 Let V be the Euclidean 3—space R®. If W, and W, are non-
identical one dimensional subspaces (lines), then Wiy N Wy = (0) C U for every

subspace U of V, even though Wy € U and W € U.

Now we will give an example of a module which does not satisfy the property

rady (N N L) = rady(N) Nradpy(L).
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Example 2.32 ([6], Example) Let M = Z x Z, a free Z-module, N = (2, 3)Z,
a cyclic module of M generated by (2,3) and L = (4,0)Z + (0,1)Z. Then
rady(N N L) is not equal to radpy(N) Nradp(L).

Proof.  Firstly, we show that N is a (0)-prime submodule of M. Clearly,
(N : M) =/{(0). Let r € Z and (a,b) € M such that r(a,b) € N. Then r(a,b) =
(2,3)x for some x € Z. If r =0, then rM C N. Assume that r #0. Ifa = b =0,
then (a,b) = (0,0) € N. If a # 0 (or b # 0), then ra = 2z # 0 so that £ # 0
and rb = 3z # 0. Then r = 2z/a = 3z/b and hence (a,b) = (2,3)c € N for some
¢ € Z. Therefore N is a (0)-prime submodule of M and hence rady(N) = N.
Similarly, we can verify that L is a (2)-primary submodule and that 2M is a
(2)-prime submodule. Let n € Z, (2,t) € M such that n(z,t) € L and (z,t) ¢ L.
Since (2,t) ¢ L, z # 4u for some integer u. Hence n is even or 4 | n. Therefore L is
primary submodule. It is clear that /(L : M) = (2). Since (2) is a maximal ideal
of Z, it is enough to show that (2M : M) = (2) for 2M is a prime submodule. It
is clear that 2M = 2(Z x Z) = 2Z x 2Z. Since (2)M C 2M, (2) C (2M : M). Let
y € (2M : M). Then y(e, f) = (2g,2h) for some g, h € Z and for all (e, f) € M.
ye = 2g and yf = 2h. Then we have (2 |y or 2 |e) and (2 | y or 2 | f). Since
this is true for all (e, f) € M, we have 2 | y. Hence y € (2) = 2Z. Therefore 2M
is a (2)-prime submodule.

Applying Proposition 2.22, we have
rady(L) = L +2M = (4Z x Z) + (2Z x 2Z) = (2,0)Z + (0,1)Z.
Consequently rady (N) N rady (L) = (2,3)Z N (2Z x Z) = (2,3)Z because
(2,3)Z C (2Z x Z). On the other hand, NN L = (2,3)ZN (4Z x Z) = (4,6)Z.
For; (u,v) € NN L, (u,v) = (2k,3k) and (u,v) = (4¢,1) for some k,t,l € Z.
Since (2k, 3k) = (4t,1), (u,v) = (4t, 6t) = (4, 6)¢t. Since (2,3)Z and 2M are prime
submodules of M containing (4, 6)Z,
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(4,6)Z C radp (N N L) = rady((4, 6)Z) C (4, 6)Z
which means that (4,6)Z is a radical submodule. Thus

rady (N N L) = rady((4,6)Z) = (4,6)Z G (2,3)Z = radun(N) Nrady(L).
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CHAPTER 3
THE RADICAL FORMULA

3.1 The Envelope of a Module

Let M be an R-module, I be an ideal of R and N be a submodule of M. As is well-
known, the radical of I defined as the intersection of all prime ideals containing
I, has the characterization vT = {r € R: r™ € I, for some n € Z*}. A natural
question arises as to whether there is a similar characterization for the prime
radical of a submodule, in particular, a characterization in which knowledge of
prime submodules (indeed even prime ideals) is not necessary. We will show that
under certain conditions such a characterization is provided by the concept of the

envelope of a submodule.

Definition 3.1 Let M be an R-module and N a submodule of M. The envelope
of N in M which is denoted by Ep(N) is defined to be the set

{rm:r € R,m € M such that r"m € N for somen € Z*}.

The envelope of a submodule is not a submodule in general. It is clear that
(Eam(N)), the submodule generated by Ex(N), is always contained in radp (N).
In Lemma, 2.11, we showed that prime radical of a submodule is linear but the
envelope is not linear in the sense that if ¢ is an R-module homomorphism on M
and N is a submodule of M, it is not necessary that ¢(En(N)) = Epr(p(N)).
As the following examples show the results in Lemma 2.11 are not true for the

envelope if N 2 Kery or ¢ is not onto.
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Example 3.2 ([2], Remark) Let ¢ : Z — Z/4AZ be the natural Z-module epi-
morphism and N = (0). Then ¢(Ep(N)) is not equal to Epy(p(N)).

Proof. We know that Ep((0)) = {rz : r,z € Z such that r"z € (0) for some
n € Z}. Let rx € Ej((0)) where 0 # r € Z and z € Z. Then r"z = 0. This gives
that r = 0 or rz = 0. Since r # 0, Ey(N) = (0) and ¢(En(N)) = (0)+4Z = (0).
On the other hand, ¢(N) = ¢({0)) = (0) and

Ey (p(N)) = Epe({0)) = {rZ : r € Z, T € Z/AZ and r"% = 0 for some n € Z*}.
It is clear that Epv(p(N)) = (2). Hence Ep(¢(N)) # o(Exn(N)). O

Example 3.3 ([2], Remark) Let ¢ : Z — Z/AZ be a homomorphism such that
@(z) = 2z for some z € Z and N = (2) = Kerp. Then p(Ey(N)) is not equal
to Epp(p(N)).

Proof. Note that Ey(N) = Ey((2)) = {ra: 1,06 € Z, r"a = 2t, n,t € Z*}. If
either r or a is even, then r"a = 2t for some n € Z*. Now suppose r = 2m + 1
and a = 2k + 1 for some m, k € Z. Then r"a is not even. If any of r and a is odd,

then the number r"a is even; so ra is an even number. Hence ra € (2). Therefore

En((2)) = (2). Also p(Em(N)) = ¢((2)) = (0). Conversely, En(9((2))) =
Epr((0)) = (2). Therefore p(Ey(N)) # En((N)). O

Lemma 3.4 [[2], Lemma 1.4] Assume the hypothesis given in Lemma 1.13. Then
(i) o(Em(N)) = By (0(N));
(i) (o~ (Enr (V")) = (Em(o™ (N')))-
Proof. (i) Let z € p(Ey(N)). Then z = ¢(y) for some y € Ey(N). So
y = rm such that r € R, m € M and r™m € N for some positive integer n.
Then z = p(rm) = rp(m). Since r"m € N we have p(r"m) = r"p(m) € ¢(N)
and rp(m) € Ey(o(N)). Hence z = ro(m) € Em(p(N)). Now assume that
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z € Eyx(p(N)). Then z = sm' such that s € R, m' € M' and s'm’ € ¢(N)
for some positive integer ¢. Since ¢ is onto, there exists m € M such that
p(m) = m'. Then z = sp(m) = ¢(sm) and s'p(m) = p(s'm) € ¢(N). This
implies that s*m € N, that is, sm € Ep(N). Hence z € p(Ep(N)).

(ii) Assume that z € Ep (¢~ '(N')). Then there exist r € R, m € M such
that £ = rm and r"m € ¢ '(N’). This gives that p(r"m) = r"p(m) € N’
and so ro(m) = @(rm) € Ep(N'). Hence z = rm € ¢~} (Ep(N')) and thus
(Em(e™Y(N")) € (¢ (Emr(N'))). Now assume ' € ¢ '(Eps(N')). Then
o(z') € Ep(N'), so there exist s € R, m' € M' and k € Z* such that
p(z') = sm’ and s*m’ € N’ and also p(y) = m' for some y € M. We get
s*o(y) = p(sky) € N'. Then sty € ¢~ (N') and sy € Ep (¢ *(N')). Since
o(z') = sp(y), ' — sy € kerp C ™ (N') C En(p™*(N")) C (Eu(p™'(N'))) and
z' € (En(p™'(N'))). Hence (¢~ (Epr(N')) C (Em(p™(N')). O

Corollary 3.5 Assume the hypothesis given in Lemma 1.13. Let S be any subset
of M' containing 0. Then p~=1((S)) = (p1(S)).

Proof. Let z € ¢7'((S)). Then ¢(z) € (S) and thus p(z) € N for all
submodules N of M’ containing S and z € ¢™!(IN). Hence z € (p1(S)). Now
let y € (¢~'(S)). Then y = rymy + - - - + r,m,, for some r; € R and m; € ¢~ (S)
(1 <i < n). Hence p(y) = @(rimy + -+ + rpmy) = rip(my) + - + rpp(my,)
such that ¢(m;) € S. Then ¢(y) € (S) and y € ~1((S)). O

Now using the above facts we will give the relationship between the submodule
generated by the envelope of a given submodule and the prime radical of that

submodule.

Theorem 3.6 [[2], Lemma 1.5] Assume the hypothesis given in Lemma 1.13.
(i) If rady(N) = (Ep(N)), then raday (o(N)) = (Em (0(N))),
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(is) If N' is o submodule of M' and rady(N') = (Em(N')), then
rady (0~ (V') = (En (™' (N)))-

Proof. (i) Suppose that rady(N) = (Em(N)). We know that
rady (9(N)) = p(raduy(N)). So we must show that p((Epy(N))) = (Em(p(N)))-
Let £ € o({Epm(N))). Then there exist y € (Ey(N)), r; € R (1 < i < n) and
z; € Ep(N) such that z = ¢(y) and y = mz + -+ + rpzy,. Also we have
z; = a;b; such that a; € R, b; € M and aﬁ" b; € N for some positive integer £; and
for all . Then z = p(y) = @(r1Z1 + + * + To®n) = r1p(a1b1) + - - - + Tap(anbn) =
r1a10(b1) + - -+ + Tnane(by). T € (Ep(p(N))) since each a;p(b;) € Epr(@(N)).
Now let ' € (Euyr(@(N))). Then ' = symy + - -+ 4 spmy, for some s; € R and
m; € Ey(p(N)) (1 €4 < k). Then m; = diy; such that d; € R, y; € M’
and d%y; € @(N) for some m; € Z*. Since y; € M’, there exist y; € M
such that y; = o(y)) for all i. Hence we get 2’ = sidiyy + --+ + spdel =
sidip(yl) + -+ + sedeo(vi) = @(s1dayy + - -+ + swdiyy). Since di¥y; € @(N),
d™y! € N and hence d;y, € Ey(N). Therefore z' € o({(Ey(N))).

(ii) Suppose that radps(N') = (Em(N"). By Lemma 2.11,
radpy (o~ (N") = ¢ (rady (N')) = ¢~ ({(Emr(N'))). It is enough to show that
o (Ew(N) = (Bulg (W), Let = € ¢ I(Ew(N)). Then
p(z) € (Emr(N'")), so p(z) = 1121 + + - + Tny for some r; € R, 2; € Ear(N')
(1 < i < n). Since z; € Epr(N'), there exist a; € R and b; € M' such that
z; = a;b; and aﬁ" b; € N' for some positive integer ¢;. Then z; = a;p(c;) for some
¢; € M and afp(c;) € N'. Hence a¥c; € ¢~ (N') and s0 aic; € Ep(p7' (V')

Then () = 1121+ + rpZn = P(riaicy + -+ + TrnlnCn). Hence
T — (riagcs + - + TnanCy) € kerp C (Exm(p™Y(N"))).

Thus z € (Ep(p~Y(N'))). Now let y € (Ep(¢™(N'))). Then y = s1y1+- - -+5k¥s

for some s; € R, y; € Ex(¢ 1(N")) (1 <4 < k). Then y; = u;m; for some u; € R,.
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m; € M such that ulm; € ¢~'(N') for some positive integer ;. This gives that
uip(m;) € Epp(N'). Then y = syuymy + - - + spupmy and ¢(y) = sjuip(my) +
-+ + spugpp(mg). Since u;p(m;) € Epp(N') for all 4, o(y) € (Ep(N')). Hence
y € ¢ ({(Epr(N'))). O

Lemma 3.7 Let M be an R-module and S be a multiplicatively closed subset of
R. Then (Eym(N))s = (Emg(Ns))

Proof. Let z € Ep;(Ng). Then z = rm for some r € Rg, m € Mg and r"m €
Ng for some positive integer n. Then z = (r1/s1)(m1/s2) and (rfm;/sts;) € Ng
for some r; € R, m; € M and s;,52 € S. There exist v € N and s3 € S such that
(rPmy/stss) = v/ss. Then there exists u € S such that (ustsy)v = (us3)rim; €
N. This implies that (ussr1)"m; € N and hence usgrim; € Ep(N). Thus
(ussrimi/us3s182) = (rimy/s182) = ¢ € (Ep(N))s. Therefore (Ep(Ns)) C
(Em(N))s. Now let y € (Ey(N))s. Then y = a/s for some a € (Ep(N))
and s € S. There exist r; € R, m; € M such that ¢ = rim} +--- + r,m;,
with (r))™m; € N (1 <4 < k). Then (r))™mj/s"™ = (rj/s)™m; € Ng for all i.
Hence (r}/s)m; € Epg(Ns) C (Emg(Ng)) and y = a/s € (Epg(Ng)). Therefore
(Bm(N))s = (Eums(Ns)). O

3.2 Modules Which Satisfy The Radical Formula

Definition 3.8 A module M satisfies the radical formula (M s.t.r.f.), if for every
submodule N of M, the prime radical of N is the submodule generated by ils
envelope, that is, radpy(N) = (Eym(N)). A ring R s.t.r.f. provided that for every
R-module M, M s.t.r.f.

Lemma 3.9 Let M be an R-module which s.t.r.f. and I be an ideal of R such
that I C Anng(M). Then M s.t.r.f. as an R/I-module.
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Proof. Since M s.t.rf, rady(N) = (Ep(N)) for all submodules N of M.
By Lemma 1.12, every prime submodule P of M as an R-module is a prime
submodule of M as an R/I-module. Similarly we can show that if P’ is a prime
submodule of the R/I-module M, then P’ is a prime submodule of M as an
R-module. Therefore the prime radical of N in M as an R-module is the same
as the prime radical of N in M as an R/I-module. Now by the definition of
envelope we can conclude that (Ey(N))r = (Epm(N))r/r. Therefore M s.t.r.f.
as an R/I-module. O

Lemma 3.10 Let M be an R-module which s.t.r.f.. Then every homomorphic

image of M s.t.r.f. as an R-module.

Proof. Suppose M s.tr.f.. Let N be any submodule of M. Consider the
canonical epimorphism 7 : M — M/N. Let K be any submodule of M con-
taining N. Then by Theorem 3.6, radyyn(7(K)) = (Epmn(7(K))). Hence
radpy/n(K/N) = (Eyyn(K/N)). Therefore M/N s.t.r.f. as an R-module. O

Proposition 3.11 [[8], Proposition 2.1] Let R be a ring, M be an R-module
which s.t.r.f. and I be an ideal of R. Then M/IM s.t.r.f. as an R/I-module.
Consequently, if R s.t.r.f., then the quotient ring R/I s.t.r.f., for any ideal I of
R.

Proof. Suppose that M s.t.r.f. as an R-module. By Lemma 3.10, M/IM s.t.r.f.
as an R-module. Since I C Anng(M/IM), M/IM s.t.rf. as an R/I-module by
Lemma 3.9. O

In the following theorem we will give some equivalent conditions for a ring to

s.t.r.f..

Theorem 3.12 [[2], Theorem 1] Let R be a ring. Then R s.t.r.f. provided that

any one of the following is satisfied.
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(i) For every free R-module F, F s.t.r.f.,
(i) For every faithful R-module M, M s.t.r.f.,
(iii) For every R-module M, rady(0) = (Ep(0)),

(iv) R i3 a Ting homomorphic image of S, where S s.t.r.f.

Proof. It is evident that (i) and (it) are true since every module M is the
homomorphic image of both a free R-module and a faithful R-module and by
Theorem 3.10.

(iii) Let N be a submodule of M and apply Theorem 3.6, letting M’ = M/N,
N' = N and ¢ = 7 where 7 : M — M/N is the canonical epimorphism.

(iv) Let ¢ : S — R be an epimorphism. Suppose S s.t.r.f.. An R-module
M is realized as an S-module by the standard pullback along ¢. Since ¢ is
an epimorphism, every S-submodule of M is also an R-submodule, and vice-
versa. Indeed, in this case, a submodule of M is prime as an S-submodule if
and only if it is prime as an R-submodule. Furthermore, it is easily shown that
for any submodule N of M, Ey(sN) = Euy(rN). Hence we have rady(rN) =
rady(sN) = (Em(sN)) = (Epm(grN)), since S-linear combinations coincide with

R-linear combinations. Therefore R s.t.r.f.. O

Definition 3.13 An R-module M is called a multiplication module if for every
submodule N there exists an ideal I of R such that N = IM.

It is clear that every cyclic module is a multiplication module.

Lemma 3.14 Let M be a multiplication module. Then rady(N) = VN : MM
for all submodules N of M.

Proof. Let P, be a prime submodule of M containing N. Then (N : M) C
(P; : M) and this gives that \/(N: M) C /(P,: M) = (P, : M). Hence
V(N : M) C rady/(N). Now let K denotes the collection of all prime ideals P of
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R containing (N : M). Then /(N: M) = (| Pand /(N: MM = | PM
PeK Pek
by [[22], Theorem 1.6]. If M = PM, then rady(N) C PM. If M # PM, then

N =(N:M)M C PM. Hence in any case rady(N) C /(N : M)M. O
Proposition 3.15 Every multiplication module satisfies the radical formula.

Proof. Let M be a multiplication module and N be a submodule of M. Let
z € rady(N). By Lemma 3.14, z € \/(N—M—)M Then z = aymy + - + a,m,
for some a; € \/m, m; € M. Since a; € \/(N_:]\T), a;m; € (Ep(N)) for
all ¢. Hence z € (Ey(N)). Therefore M s.t.r.f.. O

Prior to [2] the only rings known to s.t.r.f. were fields and the only modules
(other than vector spaces) known to s.t.r.f. were multiplication modules. Later
Jenkins and Smith showed that Dedekind domains also s.t.r.f.. In [1], Jenkins
and Smith give a conjuncture that Dedekind domains are the only Noetherian
domains which satisfy the radical formula. Then in [7], Man tried to tackle this

problem. Now we will give some results about modules which s.t.r.f..

Proposition 3.16 [[23], Corollary 1.2.] Any cyclic module satisfies the radical

formula.

Proof. Let M be a cyclic module. Then M = Rm for some m € M. We know
that Rm = R/Anng(m) and gR s.t.r.f.. Hence by Lemma 3.10, M s.t.r.f.. O

Lemma 3.17 [[1], Lemma 7] Let R be a ring and M be an R-module such that
rady(0) = (Em(0)). Then rady(0) = (En(0)) for any direct summand N of M.

Proof. Suppose that M = N @ N' for some submodule N’ of M. We have
already remarked that (Ex(0)) C rady(0). Let us suppose that m € rady(0).
By Lemma 2.16, m € rady(0) = (Ex(0)). Then there exist positive integers 7,

k; and elements r; € R, m; € M (1 < i < n) such that m = rymy+- - -+r,m, and
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kim; = 0. For each 1 < i < n, there exist elements z; € N , ¥i € N' such that

Ti

m; = xz+yz Then m = 7‘1($1 +y1)+' * '+7'n($n+yn) and m— (Tlxl’l" : ‘+7”n37n) =
riyi+-+7ry, € NON' =0. Hence m = ryz1 +- - - + 7,2, and since rf’"mi =0,

r¥ig; = 0. Thus m € (Ex(0)). It follows that rady(0) C (Ex(0)). O

Corollary 3.18 [[1], Lemma 8] Let R be any ring and M any projective R-
module then rady(0) = (En(0)).

Proof. Let M be a projective R-module. Then there exists a free R-module
F such that M is a direct summand of F. There exist an index set A and
cyclic submodules Fy, (A € A) of F such that FF = @®,F). By Lemma 2.17,
radr(0) = @aradr, (0). By Proposition 3.16, radg, (0) = (Er, (0)) C (EF(0)) for
each A € A. Then radr(0) = @aradp, (0) € ©A(EF, (0)) C (Er(0)) for all X € A.
Since (Er(0)) C radp(0) always holds, radr(0) = (Er(0)). Hence by Lemma
3.17, radp(0) = (Ep(0)). O

The following theorem shows that Dedekind domains satisfy the radical for-

mula.

Theorem 3.19 [[1], Lemma 9] Let R be a Dedekind domain and M be any R-
module. Then radp(0) = (Fa(0)).

Proof. As we have already remarked (E(0)) C radp(0). Let m € radp(0).
By Lemma 2.20, m € rady(0) for some finitely generated submodule L of M. Now
L = L ® -+ ® L, for some positive integer k¥ and submodules L;
(1 < i < k) of L such that L; is either projective or cyclic for each ¢ [see, [18]].
By Lemma 2.17, Proposition 3.16 and Corollary 3.18, m € rady, (0) ® radr,(0) ®
-+ @rady, (0) C (B, (0)) ©(EL,(0))®- - -®(EL,(0)) C (EL(0)) C (En(0)). Thus
rada(0) C (E(0)). It follows that rady (0) = (Ep(0)). O
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Proposition 3.20 [[7], Proposition 2.4] Suppose M is a Noetherian R-module.
The following are equivalent.
(i) M s.t.r.f.

(ii) M s.t.r.f. as an Ra-module for every mazimal ideal M in R.

Proof. Let M be a maximal ideal of B. By Lemma 2.21 and Lemma 3.7,
radM(N) = (EM(N)> if and only IfTadMM(NM) = (T‘(I,dM(N))M = ((EM(N)))M =
(Emp (Nag)) for any submodule N of M. O

Proposition 3.21 [[7], Proposition 3.1] Suppose (R, M) is a commutative Noethe-
rian local domain of dimension one. Let z,y € R such that x € M — Ry
and y € M — Rx. Then the prime radical of R(z,y) in R2 = R® R is

Az, y) = {(r1,72) € R? : riy = roz}.

Proof. Let us first show that A(z,y) is a prime submodule of R? containing
R(x,y). It is clear that R(z,y) C A(z,y). Suppose R? = A(z,y). Then (a,b) €
A(z,y) for all (a,b) € R? and ay = bz. Hence it gives a contradiction that
y = a”'bz € Rz. Thus A(z,y) G R?. Therefore A(z,y) is a proper submodule
of R?. Let r € R, (a,b) € R? such that r(a,b) € A(z,y). Then r(ay — bz) = 0.
Since R is a domain, r = 0 or ay — bz = 0. If r = 0, then 7R? C A(z,y). If
ay — bz = 0, then (a,b) € A(z,y). Hence A(z,y) is a prime submodule of R?
containing R(z,y).

Now suppose that N is a prime submodule of R? containing R(z,y) with
N C A(z,y). Since z # 0, we have zA(z,y) C N and zR* € A(z,y). For let
(s1,52) € A(z,y). Then z(s1, 52) = (512, $22) = (512, 81y) = s1(z, ) € R(z,y) C
N. Hence tR? ¢ N since N C A(z,y) and then A(z,y) € N. Therefore A(z,y) is
a minimal prime submodule of R? containing R(z,y). It sufficies to show A(z,y)
is the only minimal prime submodule. Let P be a prime R-submodule in R?

which contains R(z,y). Put P = Anng(R?/P) = (P : R?). As P is a prime
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submodule of R2, P is a prime ideal. We now show A(z,y) C P. Since R is a
local ring, P =M or P = 0.

Suppose P = M. Then M(R®R) = MM C P. Asy € M — Rz and
z € M — Ry, we have A(z,y) C M @& M. To see that let (r,72) € A(z,y).
If ry ¢ M, then r; is a unit. This implies that y € Rz since ry = ryz. Thus
ry € M. Similarly if r, ¢ M, then £ € Ry. Hence r; € M. Therefore
Az, y) CMaeMCP.

Suppose P = 0. Since P # R?, we may assume (1,0) ¢ P. Let (r1,73) € P be
given. Then (yr; —raz)(1,0) = y(r1, r2) — r2(z,y) € P. Since (1,0) ¢ P, we have
(yr1 —rox)R% C P. Then (yr; —rz) € (P : R?) =P = 0. Hence (yr; —raz) = 0.
Then (r1,73) € A(z,y) and P C A(z,y). Since A(z,y) is minimal, A(z,y) = P.

Therefore the prime radical of R(z,y) is A(z,y). O

Theorem 3.22 [[7], Theorem 3.2 and Theorem 3.3/ Suppose R is a Noetherian
domain of dimension one and R? s.t.r.f. as an R-module. Then R is a Dedekind

domain.

Proof. It sufficies to show that R, is a discrete valuation ring for each maximal
ideal M. Since R? s.t.r.f. as an R-module, R}, s.t.r.f. as an Ry-module for all
maximal ideal M of R by Proposition 3.20.

Let us suppose that P is the unique maximal ideal of the local ring R.
Choose z € P — P?. If we can show that P = Rpz, then the proof will be
completed. As Ra has dimension one and x # 0, P is the only associated prime
ideal of Rpq/(Rpmz). Hence every element of P is a zero divisor in Ru/(Rmz).
Now we must show that P C Ry + P2 Let s € P be given. By the above
discussion, there exist y € By — Ry and 7 € Ry with s(y + Ryz) = 0. This
gives that sy = zr. If s € Ryz, then s € Ry + P2 From now on, we assume

s € P — Rpz. Then y is not a unit. For if y is a unit, then sy = zr would give
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a contradiction that s € Ryx. Hence y € P — Rumz.

Asz € P—P?and y € P—Rpx, we have x € P— Rpy. Sincez € P — Ry
we have y € P — Ryz and sy = rz, (s,7) € A(z,y). We also have that A(z,y) =
(Egz, (Rpm(z,y))) since R}y s.t.rf.. By the definition of Epz (Rm(z,y)), there
exist

(a) r1,72,...,7% € Rp — {0},

(b) (c1,dy), (cz,d2), - - ., (cx,di) '€ R%, — {(0,0)}, and

(c) non-negative integers ni, ng, ..., Nk

such that

() (5,7) = 3" ra(ci, i), and

(i) for eac}:_l <i<k, r(c;,d;) = fi(z,y) for some f; € Rum.

Since each r; # 0 and Ry, is a domain, (ii) gives that ¢;y = zd; for each 3.
Also since y € P — Rpz, every ¢; € P. If r; is a unit, then (ii) gives r;c; € Ry,
If not 7, € P and then r;c; € P2 Hence s = irzc,, € Rpyz + P2 Hence
P C Ruz + P2 Since P is a maximal ideal of R;:,l’P = Rpmz + P?. Therefore
P = Rpx by Nakayama's Lemma. Hence Ry, is a discrete valuation ring for all

maximal ideal M of R and thus R is a Dedekind domain. OJ

Theorem 3.23 Let R be a Noetherian domain of dimension one. Then R s.t.r.f.

if and only if R is a Dedekind domain.

Proof. Sufficiency follows from Theorem 3.19. Now suppose R s.t.r.f. Then R?
s.t.r.f. as an R-module. Then R is a Dedekind domain by Theorem 3.22. OJ

In [8], Man have gives an answer or the following question (see, Theorem
3.40).

Does there exist a Noetherian ring of dimension greater than one which s.t.r.f.?

Theorem 3.24 [[8], Theorem 2.2] Suppose that (R, M) is a local Noetherian
ring and R? s.t.r.f. as an R-module. Let a,b € M and I be an ideal of R such
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that
b ¢ Ra+ Anng(z™) N (Ra + Rb)

for anyx € VRa—I,n€N. Thena €I+ M2

Proof. Let J = Ra+ Rb. It is easy to verify that a prime submodule of R? con-
tains J(a, b) if and only if it contains (a, b). Thus radga(J(a, b)) = radg:(R(a, b)).
Since R? s.t.r.f., radg:(R(a,b)) = (Er2(J(a,b))). Hence (a,b) € (Er:(J(a,b))).
By the definition of Eg2(J(a,b)), there exist

(a) r1,73,...,7x € R— {0},

(b) (c1,dr), (c2,d2), - - -, (¢, di) € R? — {(0,0)}, and

(c) non-negative integers ny,na, ..., N,

such that
k

(i) (,8) = - ri(cs, i), and

(ii) for ea,chle1 <i <k, (e, d;) = fi(a,b), for some f; € J.
By (i), we have a = ’k r;c;. If we can show that ryc; € I + M?, then it is
done. If r; is a unit, thenz?som (ii) ric; € Ja C M2 If r; € I, then ric; € 1. Now
suppose that r; € M — I. We must show that ¢; € M. Suppose not. From (ii),
we have r; € vVRa and r%(ad; —bc;) = 0. Hence ad; —bc; € Anng(ri*)N(Ra+ Rb)
and this gives the contradiction that b € Ra + Anng(r;*) N (Ra+ Rb). Therefore

¢; € M and hence r;c; € M?2. This implies that a € M? + 1. O

Theorem 3.25 [[8], Corollary 2.3] Suppose that R is a Noetherian ring, R?
s.t.r.f. as an R-module, dim R > 1 and P is a minimal prime ideal of R. Then
P is the only P-primary ideal of R and R/P is a Dedekind domain. In particular,

R is a Dedekind domain if R is a domain.

Proof. Let us first assume that R is local with maximal ideal M and V0 =7P.

We only need to prove R is a discrete valuation ring. As dim R > 1, M # P.
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Then we can choose a € M — (M? + P). Suppose that M # Ra. Then there

exists b € M — Ra. Let I = P. Since P is the set of all zero divisors of R, we get
b ¢ Ra+ Anng(z"™) N (Ra + Rb)

for any z € vVRa — P and n € N. By Theorem 3.24, o € M? + P, which is a
contradiction. Hence M = Ra and hence R is a discrete valuation ring.

In general case let J be a P-primary ideal of R. By Proposition 3.11, R?/.J R?
s.t.r.f. as an R/J-module. Hence R/J & R/J s.t.r.f. as an R/J-module. By
Proposition 3.20, (R/J®R/J) sy s s.t.r.f. as an (R/J)p/s-module. As (R/J)pys
is a discrete valuation ring, R/J is a Dedekind domain and J is a prime ideal with
J = v/J = P. Hence P is the only P-primary ideal. Then R/P is a Dedekind
domain and thus dim(R/P) = 1 = dimR.

If R is a domain, then P = 0. Hence R/P = R is a Dedekind domain. O

This theorem shows that Dedekind domains are the only Noetherian domains
which s.t.r.f..

The next result is immediate from Theorem 3.25.

Corollary 3.26 [[8], Corollary 2.4] Suppose that R is a Noetherian ring and R?

s.t.r.f. as an R-module. Then dimR < 1.
Proof. Assume that dimR > 1. Then Theorem 3.25 shows that dimR =1. [

Proposition 3.27 [[8], Proposition 2.5] Let R be a Noetherian ring. Suppose
that
(i) R/V0 s.t.r.f. as a ring,

(ii) there ezist mazimal ideals My, My, ..., My, and natural numbers k1, ks, . - ., kx,

with
VoinMinMEbno.nmbs =0,
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Then R s.t.r.f.

Proof. We may assume that all the k;’s are equal to a common value k,
say k = maxz{ki,...,k,}. Let M be an R-module. To show that R s.t.r.f.
it suffices to prove rady(0) C (Ex(0)). Clearly vOM C (Ep(0)). Let m €
rady(0). Then m € K for all prime submodules of M. Since v/OM C K, we have
m + vVO0M € K//OM. Hence m + vOM € rady/o1(0) over the ring R/V0.
Since R/v/0 s.t.r.f., we have m 4+ vOM € (Eryvom(0)). Then

m+ VM = Zrimi+\/6M,

where r; € R, m; € M and r}"m; € VOM , for some natural number n;. Hence
m=y+ Zr,-mi for some y € v/OM. If we can show that each r;m; € (Ep(0)),
then proofz is completed.

Ifre MyNn---NM, and m € M with r*m € v/OM for some natural number
t, then r***m = 0 by condition (i7). Hence rm € Ey(0).

Thus if r;, € M;N---N M,, then r;m; € Ep(0). Suppose that r; ¢
M; for some 1 < j < n. Without loss of generality, we may assume r; €
MiNnM,N---NM; and r; ¢ MU UM, Then R = Rrgli+Ml+1ﬂ- <NM,.
Hence there exist s € R and £ € My, N ---N M, such that 1 = sr* + z. Then
rim; = sritimdremg. sr™tm; and (r;x)™m; are in +/OM since ri#m; € v/OM.
Hence sr?i"'lmi € (Ep(0)) and since r;z € M;N---NM,, we have r;zm; € Ep(0)

by the earlier observation. Therefore r;m; € (Ep(0)) for each i. O

Proposition 3.28 [[8], Proposition 2.6] Suppose that R is Noetherian, dimR =1 .
and every minimal prime ideal P of R is the only P-primary ideal in R. Then

condition (1) of Proposition 8.27 is satisfied.
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Proof. Let P;,P,,...,P, be all the minimal prime ideals of R. Since R is
Noetherian, a reduced primary decomposition of the zero ideal can be written as
follows.

O=Jinhn---0nJ.NnLNLN---N1,

where each J; is a P;-primary ideal and I; is an M;-primary ideal for some

maximal ideal M;. By assumption, J; = P;. Then
0:\/60.[10]20"'0[”

since VO=JiNJoN---NJ,. As I is M;-primary, we have Mf’ C I; for some

large enough natural number k;. Therefore
vonMEaMbzn...qn Mk =0,

a

The following corollary generalize the last statement of Corollary 3.25.

Corollary 3.29 [/8], Corollary 2.7] Suppose that R is Noetherian, dimR = 1
and there ezxists a unique minimal prime ideal P in R. Then R s.t.r.f. if and

only if R/P is a Dedekind domain and P is the only P-primary ideal in R.

Proof. Necessity is clear by Corollary 3.25. Conversely suppose that R/P is a
Dedekind domain and P is the only P-primary ideal in R. Then condition (ii)
of Proposition 3.27 is satisfied by Proposition 3.28. If we can show R/v/0 s.t.r.f.,
then the proof is completed. Since P is the unique minimal prime ideal of R,
v0 = P. Hence R/P = R/ v/0 is a Dedekind domain and s.t.r.f.. Therefore R
s.t.r.f. by Proposition 3.27. [J
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Let¢ P be a prime ideal of R, M be an R-module, and
M(P)={me M:sm e PM for some s € R — P}. Then clearly M(P) is
a submodule of M containing PM and P C (PM : M) C (M(P) : M).

Proposition 3.30 [[9], Proposition 1.1] Let M be an R-module and P be a prime
ideal of R such that M(P) # M. Then M(P) is a P-prime submodule of M and
M (P) is the intersection of all P-prime submodules of M.

Proof. Letr € R, m € M with rm € M(P) and rM ¢ M(P). Then
s(rm) € PM for some s € R — P. Since sr € R — P, we have m € M(P).
Hence M(P) is a prime submodule of M. Let z € (M(P) : M) and z ¢ P. Then
zy € M(P) for all y € M. Hence t(zy) € PM for some t € R — P. This gives
the contradiction that M = M(P). Thus (M(P) : M) = P.

Let N be a P-prime submodule of M and n € M(P). Then kn € PM for
some k € R — P. Since (N : M) = P we have kn € N. Thusn € N as N is

prime submodule. Hence M(P) C N. The reverse inclusion always holds. O

Proposition 3.31 Let M be a finitely generated R-module. Then M(P) is a
prime submodule of M for every prime ideal P D Ann(M). If P is a prime ideal
such that Ann(M) is not contained in P, then M = M(P).

Proof. By Proposition 3.30, it sufficies to show that M # M(P) in the case M
is finitely generated. Suppose.that M = M(P). Then there exist 1,2...,%, €
M(P) and s1, 89, ...,8, € R—P such that M = Rz, +---+ Rz, and s;z; € PM
for each i. By the usual determinant argument, we get a contradiction that s; € P
for some j. Hence M # M(P).

Assume P is a prime ideal of R such that P 2 Ann(M). Then there exists
an element z € Ann(M) — P and hence zM =0 € PM. Thus M = M(P). O
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Lemma 3.32 [[8], Lemma 3.1] Let M be an R-module. Then rady(0) = M(P),
where the intersection is taken over all the prime ideals of R.

Furthermore, if M is finitely generated,then the above intersection can be taken

over {P : P is a prime ideal of R and AnnM C P}.
Proof. By Proposition 3.30 and 3.31. (]

Corollary 3.33 //8], Corollary 3.2] Suppose R is Noetherian, dimR < 1 and
M is an R-module. Let P; and M; be minimal prime and mazimal ideals of R

respectively. Then rady(0) = ("M (P;)) N(NM;M).

Proof. It is clear that M (M;) = M;M for every maximal ideal M; of R. The
result follows from Lemma 3.32. O

The next lemma is a generalization of Lemma 2.20.

Lemma 3.34 [[8], Lemma 3.3] Suppose R is Noetherian, dimR < 1, M is an R-
module and N is a submodule of M such that N # M. Then
rady(N) = Urad(N) where the union is taken over all submodules of L of

M which contains N and L/N is finitely generated.

Proof. Without loss of generality we may assume that N = 0. By Lemma
2.16, radr,(0) C rady(0) for any finitely generated submodule L of M. Let m €
rady(0) and Py, Ps, ..., P, be all the minimal prime ideals of R. By Corollary
3.33, there exist s; € R — P; with s;m € P;M for each 1 < ¢ < n. Since R is
Noetherian, for each ¢ = 1,2,...,n there are only finitely many maximal ideals
of R which contains both s; and P;, say M;;, My, ..., M;,,. By Corollary 3.33,
m € MM foreach 1 <4 < nand for 1 < j < n;. Since s;m € P;M and

m € M;;M, there exist p;; € P;, a; € M;; and m;;, m; € M such that

8$im = PjiMg1 + + + + + Pik; Mk
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and
m=aiymi+---+a;my

for each 4,7, (1 <4 < mn, 1< j <mn;). Hence there exists a finitely generated
submodule L = :Vi Rmy, + i Rm,, of M such that

(i) sim € Pili:fi)r i=1, ;D,:l .M,

(i) me ML foreach1<i<mand j=1,2,...,n,.

Let Q be a maximal ideal of R such that Q@ ¢ {M,,..., M;,.} for all i =
1,2,...,n. We may assume P; C Q. Since @ is maximal, Rs; + @ = R. Then
Bm = Rsym + Om. We have m € QL since sym € PiL C QL and m € L. By

Corollary 3.33, m € radr,(0). Hence rady(0) C |Jradr(0). O

Theorem 3.35 [[8], Theorem 3.4] Suppose that R is a Noetherian ring. Then
the following statements are equivalent.

(i) R s.t.r.f.,

(1) Rpq s.t.1.f. for any mazimal ideal M of R,

(iit) every finitely generated Raq-module s.t.r.f., for any mazimal ideal M of
R,

(iv) every finitely generated R-module s.t.r.f..

Proof. (i) = (iv) It is clear.

(iv) = (i) Suppose that every finitely generated R-module s.t.r.f.. Hence R?
s.t.r.f. and dimR < 1 by Corollary 3.26. By Lemma 3.34, radp(0) = |J rady(0)
for every finitely generated submodule L of M. Hence rady(0) = (J(EL(0)) C
(Eum(0)). Therefore R s.t.r.f..

(#1) = (i13) Clear.

(411) = (1) The proof is similar with (iv) = (4).

(#17) < (iv) By Proposition 3.20. O
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Theorem 3.36 [[8], Theorem 3.5] Any Artinian ring s.t.r.f..

Proof. Let us first assume that R is a local Artinian ring with maximal ideal
M. Then M™ = 0 and M"M = 0 C N for every submodule IV of M. Hence
M = ((Ey(N)) : M). Then (Eyn(N)) is a prime submodule of M. Thus R
s.t.r.f..

Now let R be an Artinian ring. Then R4 is a local Artinian ring for any
maximal ideal M of R. Hence by the first part of the proof, Ry, s.t.r.f. and by
Theorem 3.35, R s.t.r.f.. [

By Corollary 3.26, we know that if R is a Noetherian ring and s.t.r.f., then
dimR < 1. We shall assume that R is one dimensional, Noetherian, local ring by
Theorem 3.35 and 3.36. In this case we shall give a necessary condition for R to
s.t.r.f..

We shall fix the following notation. Let M be the maximal ideal of R and
Pi,Pa,...,Pp be all the minimal prime ideals of R. We have already dealt
with the case n = 1 in Corollary 3.29. We define I; = (n] Py, for n > 2,

k=1
ki
n
i=1,2,...,n. If n > 3, we also define I;; = () P, foralll <i,j < n with
k=1
k#i
ey

i

Lemma 3.37 [[8], Lemma 4.1] Suppose that n > 3 and M = I;; + P;, for all
1<14,5 <n withi# j. Then the following conditions are equivalent.

(i) M =I,+P;, for somel <i<mn,

(it) M = I; + P;, for each i =1,2,...,n,

(i) L;; = I; + I, for all 1 <4,5 < n with i # j,

(iv) Iij = I + Ij, for some 1 <1,j <n withi# j.
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Proof. (i) = (i¢) Suppose that M = I;;+P;, for all 1 < 4,j < n with ¢ # j and
M = I; + P;, for some 1 < 4 < n. Then I;; + P; = I; + P;. Let a;; € I;;. Then
aij = a; + p; for some a; € I; and p; € P;. Hence p; = a;; — a; € P;N I;; = I; and
aij € I; + I;. Therefore I;; = I; + I;. By assumption, M = I;; +P; = ; + I[; + P;.
Since I; C P; we have M = I; + P; for all i.

(41) = (411) It was shown in the proof of (¢) = (i).

(#31) = (iv) Clear.

(iv) = (7) Suppose that M = I;; +P; and I;; = I; + I, for some 1 < 4,5 < n
with 4 # j. Then M = I;+ I; + P; C I; + P; since I; C P; and M = I; + P; for

somel<:i1<n O

Theorem 3.38 [/8], Theorem 4.2] Suppose (R, M) is a one dimensional local
Noetherian ring and n > 2. If R? s.t.r.f. as an R-module, then there ezist
Ti,...,Tn € R such that fori =1,2,...,n, I; = Rx; + /0, P; = Y, I and

k=1
k#1

M='Pi+fi=ZIk.
k=1

Proof. Clearly we may assume v/0 = 0. Hence R is reduced and F] P; = 0.
By Theorem 3.25, R/P; is a Dedekind domain for ¢ = 1,2,...,n. Hente1 R/P; is
a discrete valuation ring.

Let 1 < i < n be given. Since R/P; is a discrete valuation ring, M/P; is
principal in R/P;. Hence M = Ry + P; for some y € M — P;. Since P; is a
minimal prime ideal, I; # 0 and I; € P;. As R/P; is a discrete valuation ring,
(I; + P;)/P: = (M/P;)* for some [ > 1. Hence I; + P; = Ry’ + P;. Then there
exist z; € I;, p; € P; with z; = y' + p;. We must show that z; generates I;.
Let a € I;. Then ¢ = ry' + ¢; for some r € R and ¢; € P;. It follows that

rx; —a =rp; — ¢; € I; N P; = 0. Hence a = rz; and therefore I; = Rx;.
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Suppose n = 2. Then I; = P, and I, = P;. It remains to show that
M = Py + P,. Since R/P, is a discrete valuation ring, M = Ra + P, where
a € M—"P, Asn > 2, Ris not a discrete valuation ring and M # Ra. Let us
choose b € M — Ra and let z € VRa — (Py + P,). Since R is reduced, P; U P,
contains all zero divisors of R. Hence Anngz™ = 0 for all n € N. By Theorem
3.24, a € M? + Py + P,. Thus M = M? + P, + P, and by Nakayama’s Lemma,
M =P +P,.

Now suppose that n > 3. For each ¢ = 1,2,...,n, R/I; is a one dimensional
reduced local ring. By Proposition 3.11, R/I; & R/I; s.t.r.f. as an R/I;-module
for each i. By applying induction hypothesis to each R/I; & R/I;, we get

(i) M= i Ly fori=1,2,...,n,

k=1
Py
(i) P; = I; + > Ij and I;; = Rz + I; for some z;; € M and for all
k=1
k£d

1<14,7 <nwithi#j.

Clearly, I;x C P; if 4, j, k are all distinct. Then (z) gives
M =1 + P; = Rz + I; +P;, forallid#j. (3.1)

Suppose that M # I, + P,. By Theorem 3.37,

M 7é Ii + Pi, for all i, (3.2)

Iz’j 7é Iz + Ij, for all i ;é J (33)

By (i) and (3.3), 212 € I1is — (I1 + I,). Let z € /Rz12 — (I1 + ). Since
R is reduced, Anngp(z™) = Anng(z) for any n € N. Let r € v/Rzi3. Then
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rk ¢ Rzy5 for some k € Z+. Hence r € Iis. As vVRzs C Lo, InNPy = I,
and I1 NPy = I, € I1j3 — (Py UP,). Therefore Anng(z) C P, N P,. Clearly
Rz + Rzes CPyNPsN...NP,. Hence

Rziy + AnnR(a:) M (Rxlz + R.’I)za) C Rryy+ I3

Suppose £33 € Rr12+Anng(z)N(Rx12+Rxe3). Then 193 € Rx19+1;. By (3.1),
M = Rz +I34+P3 C Rx13+13+Ps C I1y+13+P3 C I3+P3. Hence M = I;4+P;
which contradicts with (3.2). Therefore £33 ¢ Rz15 + Anng(z) N (Rx1g + Rzs3).
Then 13 € M?+ I, + I, by Theorem 3.24. By (3.1),

M=Rzppu+L+P, CM?>+ L+ L +P, C M2+ I, + Ps.

Hence M = M? + I, + P,. By Nakayama’s lemma, M = I, + P, which is a
contradiction. Therefore M = I,, + P, and I;; = I; + I; for all i # j by Lemma
3.37. Then by () and (if),

M= 3 Ip= ) (Ii+Ik)=kZIk
=1

k=1 k=1
B E#i
and
n n L
k=1 k=1 k=1
ki B kst
O

Theorem 3.39 [[19], Theorem 5.1] Let n > 2, Jy,...,J, be prime ideals in a
Noetherian ring R and R is not neseccarily local. Suppose that

(i) indn...NnJ, =0,

(it) R/ J; is a Dedekind domain for all i,

56



k k
(#ii) Jkr1 + ) Ji = N (Jewr + ),

i=1 i=1
(v) R = J;+J; or R/(J;+J;) is semi-simple Artinian, for any1 <i < j <n.
Then R s.t.r.f.

By using the above results we can prove the following:

Theorem 3.40 [[8], Theorem 1.1] Let R be a commutative Noetherian ring and
P1,Pa, ..., Py be all the minimal prime ideals of R. Then R s.t.r.f. if and only
if R is Artinian or the following conditions are satisfied.

(i) dimR =1 and R/P; is a Dedekind domain and P; is the only P;-primary
ideal, for eachi=1,2,...,n.

(ii) fork=1,2,...,mn—1, (ﬁ Pi) + Pryr = ’rk](’Pi—l—’PkH) ifn > 2,

(iii) for all 1 < i < j < 7:,=1R =P;+P; V:; R/(P; + P;) is semi-simple

Artinian, if n > 2.

Proof. Suppose that R? s.t.r.f. as an R-module and R is not Artinian. Hence
we may assume dimR = 1, by Corollary 3.26. In view of Corollary 3.29, we may
also assume n > 2. By Corollary 3.25, (4) is satisfied. Under localization at
any maximal ideal M of R, PiRym = Ry if P; € M and P;Rpq remains prime
otherwise. We can apply Theorem 3.38 to Raq. Hence (i4i) holds in Ras and
both sides of the condition (ii) become MRy if M contains P,y and P; for
some 1 < i < k. Otherwise, both sides will be equal to Rxs. Hence (i¢) and (4it)
holds globally.

Conversely, suppose that (7), (4) and (i%7) hold. By Proposition 3.27 and
3.28, we may assume /0 = 0. Hence all the conditions required in Theorem 3.39

are satisfied. Therefore R s.t.r.f.. O

Corollary 3.41 [[8], Corollary 5.2] A Noetherian ring R s.t.r.f. if and only if

R? s.t.r.f. as an R-module.
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Proof. Suppose that R? s.t.r.f.. By Corollary 3.26, dimR < 1. If dimR = 0,
then R is Artinian and by Theorem 3.36 R s.t.r.f.. If dimR = 1, then by Theorem
3.40 we get R s.t.x.f.. O

Definition 3.42 Let M be an R-module. Then a proper submodule N of M is
called semiprime if whenever r*m € N for somer € R, m € M and positive

integer k, then rm € N.

If N is a submodule of M such that NV is an intersection of prime submodules of
M, then N is semiprime. The converse of the statement is not true in general. In
particular the following theorem shows that if a ring R s.t.r.f., then this property

is satisfied for any semiprime submodule of the R-module M.

Theorem 3.43 [[1], Lemma 10] Let R be any ring. Then the following state-
ments are equivalent for an R-module M.

(i) M s.t.r.f.

(ii) Every semiprime submodule of M is an intersection of prime submodules

of M, and (Ep((Enm(0)))) = (En(0))-

Proof. (i) = (ii) Let N be a semiprime submodule of M. Then (Ep(N)) = N.
By (i), radpy(N) = N. Hence N is an intersection of prime submodules of M.
On the other hand (Fp(0)) = radpy(0) means that (Ej(0)) is semiprime and
hence (En((Em(0)))) = (Em(0)).

(1) = (¢) Note that (Em({(Em(0)))) = (Em(0)) implies that (Ex(0)) is
semiprime. Thus rady (0) C (Ey(0)). Hence M s.t.r.f.. O

Definition 3.44 Let R be a domain. R is called a Bezout domain if every finitely

generated ideal is principal.
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Theorem 3.45 [[1], Theorem 11] Let R be a UFD such that every semiprime
submodule of the R-module R @ R is an intersection of prime submodules. Then

R is a Bezout domain.

Proof. Suppose that R is not a Bezout domain. Then there exist non-zero
elements a,b € R such that the ideal Ra 4+ Rb is not principal. Let c denote
the greatest common divisor of a and b. There exist elements a;,b; € R such
that @ = cay, b = cby, a; and b; are coprime, and I = Ra; + Rb; # R. For if
Ra; + Rb; = R, then Ra + Rb would be principal.

Let J = v/I. Note that since I # R we have J # R. Let f = (a;,b) € F =
R& R. Let N = J(a1,b ). We claim that N is a semiprime submodule of R® R
which is not an intersection of prime submodules of R & R.

Let K = R(a;,b1). Then K is a prime submodule of R® R and N C K. For if
K = R®R, then 15 = (1,1) € K, that is, (1,1) = r(ay, b;) for some r € R. Then
ra; = 1 = rb; and a; = b;. This gives us a contradiction. Hence K # R® R. Let
(z,y) € R® R and r(z,y) € K for all r € R. Then (rz,ry) = z(a;,b;) for some
z € R. We have rxz = za; and ry = zb;. Suppose that r # 0. Then any prime
p which divides r must divide z since a; and b; are coprime. Since R is a UFD,
= p’f‘ ...pk» where py,...,p, are irreducible. Since every prime which divides
r must divide z, p* ... pf» divides z. Hence r divides z. Then z = (z/r)a; and
y = (2/7)b. So that (z,y) = ((z/r)a1, (z/7)b1) = (2/r)(a1,b1) = (2/r)f. Hence
(z,y) € Rf = K. Thus K is a prime submodule of F. Since N = Jf and
K =Rf we have N C K.

Let L be any prime submodule of R & R such that N = Jf C L. Since
Lisprime f € Lor JJROR) C L If JROR) C L, then f = (a3,b) =
0:(1,0) + 5(0,1) € J(R® R) C L. Hence in any case f = (a1,b) € L and
K = Rf C L. Thus K is the intersection of all prime submodules of R ® R
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containing N. Let us show that N is semiprime. Let s € R, g € R® R and
skg € N for some positive integer k. Then s*g € N C K and s*(R® R) C K
org € K. If s*(R® R) C K, then s = 0. Suppose s # 0. Then g € K. Since
K = Rf we have g = tf for some t € R. Then s*g € N gives s*tf € Jf, and
hence s*t € J. So st € J. This implies that sg = stf € N. It follows that N is
semiprime. Since J # R we have N # K and hence N is not an intersection of

prime submodules. [J

Theorem 3.46 [[1], Corollary 12] Let R be a Noetherian UFD. Then the
following statements are equivalent.

(1) R is a principal ideal domain,

(ii) R s.t.r.f.,

(111) every finitely generated R-module s.t.1.f.,

(iv) the free R-module R® R s.t.r.f.,

(v) for every R-module M, every semiprime submodule is an intersection of
prime submodules of M,

(vi) for every finitely generated R-module M, every semiprime submodule is
an intersection of prime submodules of M,

(vii) every semiprime submodule of the free R-module F = R® R is an inter-

section of prime submodules of F'

Proof. (i) = (i) Since every principal ideal domain is a Dedekind domain, it
follows from Theorem 3.19.

(i1) = (i11) = (iv) and (v) = (vi) = (vis) are clear.

(i1) = (v), (#1%) = (vi), () = (vii) by Lemma 3.43.

(vii) = (i) Since R is Noetherian, every ideal of R is finitely generated. By

Lemma 3.45, R is a Bezout domain. Hence R is a principal ideal domain. [
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The following corollary gives a partial characterization of Noetherian domains

which s.t.r.f..

Corollary 3.47 [[1], Corollary 18] Let R be a Noetherian domain of finite global
dimension. Then the following statements are equivalent.

(i) R is a Dedekind domain,

(i1) R s.t.r.f.,

(1i1) for every R-module M, every semiprime submodule is an intersection of
prime submodules of M,

(iv) every semiprime submodule of the free R-module F = R® R is an inter-

section of prime submodules of F'.

Proof. (i) = (i1) By Theorem 3.19.

(%) = (i1%) By Lemma 3.43.

(791) = (iv) Clear.

(2v) = (i) Suppose that every semiprime submodule of F' is an intersection of
prime submodules of F. Let M be any maximal ideal of R. Then the local ring
R4 is a unique factorization domain by Auslander-Buchsbaum-Serre Theorem
(see, for example, [[20],Theorems 45 and 48]).

Now we check that every semiprime submodule of Fy = Rp @ Rpaq is an
intersection of prime submodules of Firq. Let N be semiprime submodule of Fj,.
Then N N F is a semiprime submodule of F. By [[21], Theorem 4.2], there exist

a positive integer n and prime submodules K; (1 < i < n) of F such that
NNnF=K,Nn---NK,.

Suppose that (K; : F) € M. Then (K; : F)(K,N---NK,) C NN F and
this gives that NN F = K, N ---N K,. Hence without loss of generality we can
assume (K; : F) C M (1 <i < n). Now it is easy to check that R Kj is a prime

submodule of Fiy and N = Ry K 1N+ N Ry K, foreach 1 < i < n.
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By Theorem 3.45, R is a Bezout domain and so Ry, is a principal ideal

domain since R4 is Noetherian. Hence Ry, is a discrete valuation ring and thus

R is a Dedekind domain. OJ
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CHAPTER 4
GENERALIZATION OF COHEN’S THEOREM

4.1 Cohen’s Theorem

Throughout R will denote a commutative ring and M be a unitary module. In

this section we will give a generalization of Cohen’s Theorem to modules.

Proposition 4.1 (Cohen’s Theorem) R is a Noetherian ring if and only if

every prime ideal of R is finitely generated.

Proof. Suppose every prime ideal of R is finitely generated and R is not
Noetherian. Let A be the set of all ideals I of R which is not finitely generated.
Since R is not Noetherian, there exists an ideal of R such that it is not finitely
generated. Hence A # ) and A is partially ordered by inclusion. Let B be a
non-empty totally ordered subset of A. Define J = |J I;. Suppose that J is

I;eB
finitely generated, say

J=Ra;+Rag+---+Ray, a;€R, 1<i<t

Since J = |J I;, there exists I € B such that a; € I; for some i. Then there
L,eB
exists h € N such that a; € I}, for all i since B is totally ordered. Then

J=Ray+Rag+:-++ Ra; C I, C J.

Thus I, is finitely generated, a contradiction. Hence J is not finitely generated
and is an upper bound for B. By Zorn's Lemma, there exists a maximal element

P e A.
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Our aim is to show that P is a prime ideal. Let a,b € R — P and suppose
that ab € P. Since P is maximal, P 4+ Ra is finitely generated. Say P + Ra
is generated by p; + ma,ps + 72a,...,p, + Tha, Where py,ps,...,p, € P and
T1,72,.--,Tn € R. Let K ={r € R:ra € P}. Since K DP+Rb2 P, K is
finitely generated. Therefore the ideal aK is also finitely generated. We claim
now, P = Rpy + Rpa +---+ Rp, + aK. Let r € P C P + Ra. Then there exist

€1,C2,-..,Cy € R such that
r=ci(p1+ra)+ -+ cu(Pn + Tna).
n n n n
Hence (3 cri)a =71 — Y. cip; € P, so that > ¢r; € K. Then r = ) ¢p; +
i=1 i=1 i=1 i=1
ki3 n
Y er)a € Y. Rp; + aK. Thus P C Rpy + Rps + -+ + Rp, + aK and
=1 i=1
P = Rp, + Rps + - -+ + Rp, + aK, as claimed. Hence P is finitely generated, a
contradiction. Therefore ab ¢ P and so P is prime. Thus we have found a prime

ideal of R which is not finitely generated. This contradiction shows that R must

be Noetherian. [

Proposition 4.2 Let M and K be two modules. If K is a homomorphic image
of M, then K = M/N for any submodule N of M or there exists an epimorphism
from M to K.

Lemma 4.3 [[4], Lemma] Let N be a submodule of an R-module M. Then N is
finitely generated if any of the following two conditions are satisfied.

(i) If there exists an element r € R such that both N +rM and (N :p (1))
are finitely generated,

(#) If there ezists an element m € M such that both N+ Rm and (N : (Rm))

are finitely generated.

Proof. Let ¢ : (N i (r)) > NNrM and ¢ : (N : Rm) = N N Rm. Since ¢

and ¢ are epimorphisms, N N rM and N N Rm are homomorphic images of
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(N :pm (r)) and (N : Rm), respectively. Then by the second isomorphism
theorem, (N + rM)/rM = N/(N NrM). Since N + rM is finitely generated,
(N +rM)/rM and hence N/(N NrM) is finitely generated. Thus N is finitely

generated since N NrM is finitely generated. Similarly,
(N + Rm)/Rm = N/(N N Rm).
Then N is finitely generated. [J

Proposition 4.4 [[{], Proposition 9, [12], Theorem 1] Let N be a proper sub-
module of an R-module M. Suppose that N is not finitely generated and is
mazimal among all submodules that are not finitely generated. Then N is a prime

submodule.

Proof. Ifr € R— (N : M), then NC (N :y (r)) and N G N +rM.
Assume that N # (N :pr (r})). Then both (N :j (r)) and N + rM are finitely
generated by the maximality of N. By Lemma 4.3, N is finitely generated which
is a contradiction. Therefore N = (N 37 (r)) for every r € R — (N : M) and by
Theorem 1.18, Nisa prime submodule. (]

The following theorem gives a generalization of Cohen’s Theorem.

Theorem 4.5 [[4], Theorem 6] A finitely generated R-module M is Noetherian

if and only if every prime submodule of M is finitely generated.

Proof. Since M is Noetherian, necessity is obvious. Conversely suppose that
every prime submodule of M is finitely generated and M is not Noetherian. Let
N be a submodule of M which is not finitely generated. Then there exists a
submodule K of M which is maximal with respect to this property. Hence by
Proposition 4.4, K is a prime submodule of M and ﬁnitely generated by our
assumption. This contradicts with the fact that K is not finitely generated.

Therefore M is Noetherian. [
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Independently, Karakag [12] and Lu [4] have proved that a finitely generated
R-module M is Noetherian if and only if every prime submodule of M is finitely
generated. In case M = R, this result reduces to Cohen’s Theorem. Then Smith

[11] gave an alternative generalization of Cohen’s Theorem to modules.

Lemma 4.6 [[11], Lemma 6] Let R be a commautative ring and let P be a prime
tdeal of R. Let M be a non - zero finitely generated R-module such that P contains
the annihilator of M. Then M # PM and M/PM is a faithful R/P-module. In
particular, M/PM is not a torsion R/P-module.

Proof. Suppose M = PM. By Proposition 1.35, we get a contradiction that
P = R. Hence M # PM. Since P C Ann(M/PM), M/PM is an (R/P)-
module. Let z +P € Ann(M/PM). Then zM C PM. Proposition 1.35 gives
Ann(M/PM) = P.

Now suppose that M/PM is a torsion (R/P)-module. Let r+7P be a non-zero
element of Ann(m + PM) for some m + PM € M/PM. Then rm € PM and
since M/PM is faithful r € P, a contradiction. [

Lemma 4.7 [[11], Lemma 7] Let R be an infinite commutative domain and let
M be an R-module of torsion-free rank at least 2. Then M contains an infinite

number of 0-primes.

Proof. Let z,y € M such that Rz + Ry is a free submodule of M with basis
{z,y}. For each element r € R, let L, = R(z + ry) and K, be the submodule of
M containing L, such that K, /L, is the torsion submodule of M/L,. Let m € M,
r € R with rm € K, and m ¢ K,. Then there exists a non-zero ¢ € R such that
t(rm) € L,. Since m ¢ K, and ¢t is non-zero we have r = 0. Hence rM C K,.

Thus K, is a prime submodule of M. Now let a € (K, : M). Then oM C K,
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and by the above argument o = 0. Therefore K, is a 0-prime submodule of M
for each element r € R.

Suppose that K, = K, for some r,s € R. By the choice of K, and K, for
kn € K,, kn = k'n’ for some n' € K,, k' € R. Then there exist a,b € R with
a(z +ry) = b(z + sy) and a # 0. Thus (a — b)z = (sb — ra)y and since {z,y} is
a basis a = b and sb = ra. It follows that r = s. Thus {K, : r € R} is an infinite
collection of 0-prime submodules of M. [J

If one regards the Karakag- Lu result as giving a test for a finitely generated
module to be Noetherian, it is not very efficient since a module can have a large
number of prime submodules. In fact, in most situations for every prime ideal P
of R a finitely generated R-module M will contain an infinite number of P-prime

submodules, as the next result shows.

Proposition 4.8 [[11], Lemma 8] Let R be a commutative ring, P be a prime
ideal of R and let M be o finitely generated R-module such that P contains the
annthilator of M. Then M contains only a finite number of P-prime submodules
if and only if the domain R/P is finite or the R/P-module M/PM has torsion-

free rank at most one.

Proof. Suppose first that R/P is finite. Since M/PM is finitely generated, it
is finite. Hence M contains only a finite number of 0-primes. Now suppose that
R/P is infinite, M # 0 and the torsion-free rank of the R/P-module M/PM
is at most one. Let K denote the submodule of M containing PM such that
K/PM is the R/P-torsion submodule of M/PM. By Lemma 4.6, K # M. Let
us show that K is a P-prime submodule of M. Let m + K € T(M/K). Then
there exist elements z € R — P and z € R — P such that zzm € PM. Since
zx € R—P and T(M/PM) = K/PM we have m € K. Hence T(M/K) = K.
Let kK € (K : M) and k ¢ P. Then km € K for all m € M. There exists an
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element y € R — P such that y(km) € PM. Since yk ¢ P we have m € K. This
gives a contradiction that K = M. Thus (K : M) = P. Let H be any P-prime
submodule of M. Let t € K = T(M/K). Then there exist elements a,b € R—P
such that (ab)t € PM. Since PM C H we have (ab)t € H. Then t € H since H
is a prime submodule of M and ab ¢ P. Hence K C H. Since M/PM has rank
one, H = K. Thus K is the only P-prime submodule of M.

Conversely suppose that the R/P-module M/PM has torsion-free rank at
least two. By Lemma 4.7, we get a contradiction that M contains an infinite

number of P-prime submodules. [

Lemma 4.9 [[11], Lemma 9] Let M be a finitely generated module and I be an
ideal of R such that IM is finitely generated. Then there exists a finitely generated
ideal J of R such that J C I and IM = JM.

Proof. Suppose that IM = Rz; + Rzy + ... + Rz for some positive integer
k and z; € IM (1 € i < k). Then there exist a;; € I (1 € j < n) such that
ZT; = aimy +ame+- - -+ a;,my, for each 4. Let J denote the ideal of R generated
by the finite elements a;; for 1 < ¢ < kand 1 < j < n. Then J C I and

IM=JM. ]

Corollary 4.10 [[11], Corollary 10] Let M be a finitely generated module, I and
J be ideals of R such that IM and JM are both finitely generated. Then IJM is

finitely generated.

Proof. By Lemma 4.9, there exist finitely generated ideals I* and J* such that
rcr,JcCJand M =IM, J*M = JM. Then

IJM =1J*M = J*(IM) = J*I*M
is finitely generated since M and J*I* are both finitely generated. [
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We need one final lemma to prove the generalization of Cohen’s Theorem to
modules. The following lemma is called Eakin- Nagata Theorem([15], [16]), as

generalized by Formanek [17].

Lemma 4.11 [[11], Lemma 11] Let R be a ring and let M be o finitely generated
R-module such that M satisfies ACC on submodules of the form IM, where I is
an ideal of R. Then M is Noetherian.

Theorem 4.12 [[11], Theorem 5] Let R be a ring and M be a finitely generated
R-module. Then M is Noetherian if and only if the submodule PM is finitely

generated for every prime ideal P of R.

Proof. Let R be a ring and M be a finitely generated R-module such that
MP is finitely generated for every prime ideal P of R. Suppose that M is not

Noetherian. By Lemma 4.11, there exists a proper ascending chain
AlMCAgMCA;;MC cty,

where A; is an ideal of R for every 7 > 1. Let A = z A;. Then AM is not finitely
generated. For if AM is finitely generated, then A]z\/?f 1= Ray+ Raz+- - -+ Ray, such
that a; € AM for j = 1,2,...n. Then there exist Ay; M such that a; € Ay, M
for all j. Let k& = max{k;, ks,...,k,}. Hence a; € AxM for all j, that is,
AM = AyM. Then A;M C ApM for all i. This gives the contradiction that the
ascending chain A;M C A;M C AsM C --- must terminate.

Let A denote the collection of all ideals B of R such that BM is not finitely
generated. A # 0 since A € A. By Zorn’s Lemma, A contains a maximal
member, say I. By hypothesis, I is not a prime ideal and hence there exist ideals
C and D properly containing I such that CD C I. Since I is maximal, CM and
DM are finitely generated and by Lemma 4.11, both M/CM and M/DM are

Noetherian. Let C' = (CM : M). Then CM = C'M and M/CM is a faithful
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R/C'-module. Hence R/C’ is a Noetherian ring. It follows that DM/CDM =
DM /C'DM is Noetherian and hence M/CDM is Noetherian. But CDM C IM
and CDM is finitely generated by Corollary 4.10. Thus I M is finitely generated,

which is a contradiction. Therefore M is Noetherian. [J

Corollary 4.13 [[11], Corollary 12] Let R be a ring and let M be a projective
R-module such that PM is finitely generated for every prime ideal P of R. Then

M is Noetherian.

Proof. If R is not local, then it contains distinct maximal ideals P and O.
Since PM and QM are both finitely generated and M = PM + QM, M is
finitely generated. Then by Theorem 4.12, M is Noetherian. If R is local, then
M is free and it is clear that M is finitely generated. Hence again by Theorem
4.12, M is Noetherian. []

We prove the following stronger version of the Karakag-Lu Theorem.

Theorem 4.14 [[11], Theorem 13] Let R be a ring. Then a finitely generated R-
module M is Noetherian if and only if the submodule M (P) is finitely generated

for every prime ideal P of R containing Anng(M).

Proof. Let M be a finitely generated R-module such that M(P) is finitely
generated for every prime ideal P containing Anng(M). Suppose that M is
not Noetherian. We adapt the proof of Theorem 4.12. There exists an ideal
of R such that IM is not finitely generated. We can choose P to be maximal
among such ideals. If P is not prime, then the proof of Theorem 4.12 gives a
contradiction. Suppose that P is prime. If P does not contain Anng(M), then
M(P) = M by Proposition 3.31. If P contains Anng(M), then by the hypothesis
M(P) is finitely generated. Thus in any case M(P) is finitely generated.

Let K = M(P). Since K is finitely generated, K = Rz + Rzo + -+ + Rz,

such that z; € M(P) for all 1 < ¢ < n. Then there exist ¢; € R — P such that
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ciz; € PM. Define ¢ = ¢1¢3...c,. Hence cK C PM. By the choice of P, the
submodule (P + Rc)M is finitely generated. Hence PM C N + cM for some

finitely generated submodule N of PM. Since
N+cKCPMCKN(N+cM)=N+(KnNncM) =N +cK,

we have PM = N + cK which is a finitely generated submodule of M, a contra-
diction. Therefore M is Noetherian. [
By Theorem 4.14, we get the following corollary which is the Karakag - Lu

Theorem.

Corollary 4.15 [[11], Corollary 14] Let R be a commutative ring. Then a finitely
generated R-module M is Noetherian if and only if every prime submodule of M

18 finitely generated.
Now suppose that R is not a commutative ring for the rest of this section.

Definition 4.16 A ring R is said to be prime ring if the zero ideal is a prime

ideal.

Definition 4.17 A prime ring R is called right bounded if every essential right
ideal contains a non-zero (two sided) ideal.
R is a right fully bounded ring if every prime homomorphic image of R is

right bounded.

Now we will show the generalization of Cohen’s Theorem for the right fully

bounded rings.

Lemma 4.18 [[11], Lemma 2] Let R be a ring such that every ideal is finitely
generated as a right ideal. Let I be any proper ideal of R. Then there exist a
positive integer n and prime ideals P; (1 < i < n) of R such that P;... P, CIC

Pin...NP,.
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Proof. Suppose the result is false and let II denote the set of all proper ideals
of R which do not satisfy the result. Let {A) : A € A} be any chain in II and
let A= |J Ay. If A ¢1I, then A contains a product JJ of prime ideals. Since J
is a ﬁnit/(\;; generated as a right ideal, J C A, for some A € A, a contradiction.
Hence A € II. By Zorn’s Lemma, II contains a maximal member B. If B is
prime, then B contains a product of prime ideals. Thus B is not prime and there
exist ideals C and D, each properly containing B such that CD C B. Since B

is the maximal member, there exist prime ideals Py, Ps,..., Py, @1,92,.-., Dm

such that
P...P,CCCPiN...0P,
Q1..9,CDCON...NOy,.
Then we get a contradiction (Py...Pp)(Q1...2m) € CD C B. Hence the result
is true for any proper ideal of R. []

Lemma 4.19 [[11], Lemma 3] Let R be a ring such that every prime ideal is

finitely generated as a right ideal. Then R satisfies ACC on prime ideals.

Proof. Let P; C P, C P3 C --- be any ascending chain of prime ideals of R

and let I = {J P;. Clearly I is a proper ideal of R. Hence by Lemma, 4.18, there
i>1

exist a positive integer n and prime ideals Q; (1 < j < n) such that

Ql---QngIggln"'nQn-

Since Q; ... Q, is finitely generated right ideal, Q; ... @, C Py for some positive

integer k. This gives Q; C Py for some 1 < j < n and since I = J P; we have
i>1

I = P,. Thus R satisfies ACC on prime ideals. [J

Lemma 4.20 [[11], Lemma 4] Let R be a ring such that every prime ideal is

finitely generated as a right ideal. Suppose further that R/P is right Noetherian

for every prime ideal P of R. Then R is Noetherian.
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Proof. Let P be a prime ideal of R. Since every ideal of R/P is finitely
generated, every ideal I of R which is containing P is finitely generated. By
Lemma 4.18, there exist a positive integer n and prime ideals P;/P (1 < i < n)
such that (P1/P)...(P./P) = 0. Consider the chain P; D PyP, O ... D
P1...Pn = 0. By hypothesis, each factor in this chain is a Noetherian right R-
module. This implies that P; is right Noetherian. Hence R is right Noetherian.
O

Theorem 4.21 [[11], Theorem 1] A right fully bounded ring is right Noetherian

if and only if every prime ideal is finitely generated as a right ideal.

Proof. Let R be a right fully bounded ring such that every prime ideal is
finitely generated as a right ideal. Suppose that R is not right Noetherian. By
Lemma 4.20, there exists a prime ideal P such that R/P is not right Noetherian
and by Lemma 4.19, we can choose P maximal with respect to this property. Say

R' = R/P. Since
R'/Q' = (R/P)/(Q/P) = R/Q,

every ideal of R'/Q' is finitely generated as a right ideal.
Let I/Q be any non-zero proper ideal of R/Q. By Lemma 4.18, there exist a

positive integer n and prime ideals P;/Q (1 < i < n) such that
QCP... P, CICPiN---NPhy.

Let us say J = P;...P, and take R = R/J in Lemma 4.20. Since all axioms of
Lemma, 4.20 are satisfied, R/J is right Noetherian. Hence R/ is right Noetherian.
It follows that I/J and hence I is finitely generated right ideal. Now let E/Q be
any essential right ideal of R/Q. Then there exists a non-zero ideal K/Q such
that K/Q C E/Q. By the earlier observation, R/K is right Noetherian and K is
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finitely generated right ideal. Thus F is finitely generated right ideal. Therefore
every essential right ideal of R is finitely generated. Since any right ideal of R is
a direct summand of an essential right ideal, it follows that every ideal of R is

finitely generated and hence R is right Noetherian, a contradiction. [J

4.2 ACC for Radical Submodules of Modules

Definition 4.22 Let M be an R-module and N its submodule. Then N is a
radical submodule if rady(N) = N.

In this section we consider the relationships between the following five state-
ments for any R-module M.

(i) M satisfies the ACC for radical submodules,

(i1) M satisfies the ACC for prime submodules and each radical submodule
is an intersection of a finite number of prime submodules,

(i19) every radical submodule is the radical of a finitely generated submodule,

(iv) every prime submodule is the radical of a finitely generated submodule,

(v) M satisfies the ACC for prime submodules.

Theorem 4.23 [[6], Theorem 5] For any R-module M, we have (i) = (ii) and
() = (413) = (). If M is finitely generated, then (iv) = (v).

Proof. (i) = (it) Since every prime submodule is a radical submodule, it
is clear that M satisfies the ACC for prime submodules. Let N be a radical
submodule of M and put N = ﬂ P;, where P; is a prime submodule for each ¢
and this expression is reduced. zX{ssume that I is an infinite index set. Without

loss of generality, we may assume that I is countable. Then

o0 o0 00
N=ARcNBRCNRC-
i

=1 i=2 =3
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is an ascending chain of radical submodules which must terminate by our as-

o0 o0
sumption. Hence there exists j € Nsuch that (P, = (] P forallt=1,2,...
i=j i=j+t

This implies that ‘ ﬁ F; C P;, which contradicts that the expression N = .oo P,
is reduced. Theref?(;i;r tI is a finite index set. =

(¢) = (ii1) Assume that there exists a radical submodule N which is not the
radical of a finitely generated submodule. Let z; € N and let N; = rady(Rz1).
Then N; g N, so that there exists o € N — N;. Let Ny = rady/(Rz, + Rzs).
Then N; g N, g N, so that there exists z3 € N — N,. Continuing by this way
we get an ascending chain of radical submodules Nl G Na G N3 G --- which
contradicts with (z).

(#43) = (iv) This is clear.

(iv) = (v) Assume that M is finitely generated. Let P, C P, C P3; C ---bean
ascending chain of prime submodules of M. Then P = G P, is a prime submodule
by Lemma 2.6. By our assumption, P is a radical :):flsome finitely generated
submodule L, say L = Re; + Rey + - - + Rey,. Since L C rady (L) =P = Ej P,
there exists P; for some j > 1 such that L = Re; + Rey; + --- + Re, glPJ
Then P = rady (L) C radp(P;) = P; and hence the chain of prime submodules

terminates. [

Proposition 4.24 [[6], Proposition 6] Let M be an R-module such that R/ Anng(M)
satisfies the ACC for prime ideals. Then M satisfies the ACC for prime
submodules if and only if it satisfies the ACC for P-prime submodules for

every prime ideal P containing Anng(M).

Proof. Let K; C K3 C K3 C --- be an ascendig chain of prime submodules of
M. Then (K;: M) C (Ky: M) C (K3: M) C --- and Anng(M) C (K; : M) for
all <. By our assumption, there exist positive integers ¢, k such that

(Ki: M) = (K M) forall k2>1.

7



Hence the chain K; C Ky C K3 C - - - must terminate. [

Lemma 4.25 Let M be an R-module which satisfies the ACC for prime sub-
modules and suppose that each finitely generated submodule of M has only finitely
many minimal prime submodules. Then M satisfies the ACC for radicals rady(N)

of finitely generated submodules N.

Proof. Let rady(N1) C rady(Nz) C radpy(N3) C - - - be an ascending chain of
radicals of finitely generated submodules N; of M for all ¢ > 1. Let
H;, = {Pl(i),Péi), - ,P,E?} be the set of all minimal prime submodules of N;

for each 7. Then we have

By Proposition 2.7, each Pj(i“) € H;.; must contain some P,fi) € H; for
every ¢ > 1. By applying the same way, we can construct an ascending chain of
prime submodules since each n; is a finite number. If rady (V) C rady(Ns) C
rady(N3) C - - - does not terminate, then we will get a non-terminating ascending

chain of prime submodules, which is a contradiction. [J

Lemma 4.26 [[6], Lemma 2] Assume the hypothesis in Lemma 4.25. If P is any
prime submodule of M, then P = rady(N) for some finitely generated submodule

N of M.

Proof. We can prove the lemma in almost the same way as the proof of
(#) = (4i%) in Theorem 4.23 and the result follows from Lemma 4.25. O

In Theorem 4.5, we gave the generalization of Cohen’s Theorem. Now in the
following theorem we see its application to modules satisfying the ACC for prime

submodules.

Theorem 4.27 [[6], Theorem 6] Let M be a finitely generated R-module which
satisfies the ACC for prime submodules. Then M is Noetherian if and only if
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every finitely generated submodule N of M has only finitely many minimal prime

submodules and radpy(N) is finitely generated.

Proof. (<) Let P be any prime submodule of M. Then P = rady(N) for some
finitely generated submodule N of M by Lemma 4.26. Hence M is Noetherian
by 4.5.

(=) Let M be a Noetherian module and let N be a finitely generated
submodule of M. Then rady(N) = ﬂ P;, where each P; is a minimal prime
submodules of N by Theorem 2.10. A;::lme I is an infinite index set. Then we

have an ascending chain of minimal prime submodules of NV

8

P, C....

8

i
W

8

FCNFC

1 2

i
i

Since M satisfies ACC for prime submodules there exists ;7 € N such that

NP = () P foral k =1,2,.... Hence (| F, = P;. This contradicts
i=j i=j+k i=j+k

with the fact that P; is a minimal prime submodule of N. Therefore N has
finitely many minimal prime submodules. By Lemma 4.26, rady(N) = P for
some prime submodule of M. Then rady;(N) is finitely generated since M is

Noetherian. []
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