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STRUCTURAL ANALYSIS AND FATIGUE LIFE EVALUATION OF 

BRACKET TYPE COMPONENTS SUBJECTED TO RANDOM 

EXCITATIONS 

 

ABSTRACT 

 

Fatigue is a significant issue when structures are subjected to dynamic and 

fluctuating loads, as encountered in commercial applications like automotive, military 

vehicles, defense, and aircraft. When the form of the loading is dynamic, the structure's 

dynamics will have an influence on fatigue. Furthermore, if the frequency spectrum of 

the loading is wide band, the potential for driving the structure's resonant frequencies 

becomes considerable. The assessment of fatigue damage in aeronautical structures, 

those exposed to unpredictable and random loading, is of major interest, and designs 

are improved according to those calculations. This thesis aims to demonstrate a 

methodology and improvement study that includes the fatigue life estimation of 

hydraulic reservoir tank system components with a modal stress approach and the 

natural vibration modes of the system. First, modal stress analysis of the hydraulic 

reservoir tank system is conducted to figure out the system behavior in a dynamic 

structure and to obtain fatigue hotspots. The time signal is represented by its power 

spectral density (PSD) in the frequency domain, and fatigue analyses are realized at 

these hotspots to shorten the total analysis time. The Dirlik method was chosen to 

compute the fatigue life directly from the PSD of stress.  

 

In this thesis, structural random-vibration fatigue evaluation of hydraulic reservoir 

tank system components with a modal stress approach is performed in the frequency 

domain by using Altair HyperWorks software with the OptiStruct solver. By 

performing optimization analyses for the system components, an optimized design that 

meets the system targets is obtained.  

 

Keywords: Dirlik method, modal stress approach, power spectral density (PSD), 

random-vibration fatigue, size/parameter optimization, topology optimization  
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RASTGELE UYARIMA MARUZ BRAKET TİPİ BİLEŞENLERİN YAPISAL 

ANALİZİ VE YORULMA ÖMÜRLERİNİN DEĞERLENDİRİLMESİ 

 

ÖZ 

 

Yorulma, otomotiv, askeri araç, savunma ve uçak gibi ticari uygulamalarda 

karşılaşılan dinamik ve değişken yüklere maruz kalan yapılarda önemli bir sorundur. 

Yüklemenin formu dinamik olduğunda, yapının dinamikleri yorulma üzerinde etkili 

olacaktır. Ayrıca, yüklemenin frekans spektrumu geniş bant ise, yapının rezonans 

frekanslarını uyarma potansiyeli oldukça fazladır. Öngörülemeyen ve rastgele 

yüklemeye maruz kalan havacılık yapılarında yorulma hasarının değerlendirilmesi 

önemli bir ilgi alanıdır ve tasarımlar bu hesaplamalara göre geliştirilmektedir. Bu tez, 

hidrolik rezervuar tank sistemi bileşenlerinin modal gerilme yaklaşımı ile yorulma 

ömrü tahminini ve sistemin doğal titreşim modlarını içeren bir metodoloji ve 

iyileştirme çalışmasını ortaya koymayı amaçlamaktadır. İlk olarak, dinamik bir 

yapıdaki sistem davranışını anlamak ve yorulma kritik noktaları elde etmek için 

hidrolik rezervuar tank sisteminin modal gerilme analizi yapılır. Zaman sinyali, 

frekans alanındaki güç spektral yoğunluğu (PSD) ile temsil edilir ve toplam analiz 

süresini kısaltmak için bu kritik noktalarda yorulma analizleri gerçekleştirilir. Dirlik 

yöntemi, yorulma ömrünü doğrudan stresin PSD'sinden hesaplamak için seçilmiştir.  

 

Bu tezde, OptiStruct çözücü ile Altair HyperWorks yazılımı kullanılarak frekans 

alanında modal gerilme yaklaşımıyla hidrolik rezervuar tank sistemi bileşenlerinin 

yapısal rastgele titreşimli yorulma değerlendirmesi yapılmıştır. Sistem bileşenleri için 

optimizasyon analizleri yapılarak sistem hedeflerini karşılayan optimize edilmiş bir 

tasarım elde edilir.  

 

Anahtar kelimeler: Dirlik metodu, modal gerilme yaklaşımı, güç spektral yoğunluğu 

(PSD), rastgele-titreşim yorulması, boyut/parametre optimizasyonu, topoloji 

optimizasyonu  
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CHAPTER 1 

- INTRODUCTION 

 

1.1 Fatigue 

 

Fatigue is considered as the deterioration or eventual failure of a material under 

time-dependent and cyclic loads that are lower than the material's static strength 

(Dowling, 2013). Fatigue is critical in engineering applications because it can cause 

unpredictably sudden damage to load-bearing components. In addition, repair or 

replacement of damaged parts causes a loss of time and increases the cost. 

 

1.2 Fatigue Mechanism 

 

Fatigue damage is defined as the progressive, localized, and permanent 

microstructural change in a structure caused by variable stresses or strains. These 

microstructural changes could lead to cracks forming and growing, finally leading 

to fracture, with enough stress and strain repetitions (Schijve, 2009). 

 

The initiation and propagation of a crack are the fatigue periods that represent 

a structure’s total fatigue life (Figure 1.1). A small amount of crack propagation 

also happens during the crack initiation stage, but fatigue cracks do not reach the 

size to be visible. During the propagation period, the crack broadens under the 

cyclic load, and when the crack size reaches a critical value, it collapses. This 

means that it's a crucial issue in engineering to distinguish between the ini tiation 

and propagation stages of cracks to manage crack propagation. In addition, the 

component's surface conditions have a major effect on crack nucleation. Stress 

concentrators, such as surface burrs and scratches, behave like cracks on the 

component surface and promote crack initiation (Schijve, 2009). 
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Figure 1.1 Fatigue failure process from crack nucleation to final failure (Schijve, 2009) 

Cycle slips, also known as cyclic plastic deformation, that is what induces the 

initiation and progress of fatigue cracks in the component. 

 

Components may sustain fatigue damage under cyclic loads and at stress amplitudes 

below the material yield strength. At such low stress levels, it is limited plastic 

deformation to a small number of grains, and due to the low slip resistance, 

microplasticity develops in the grains on the surface of the material. The material's 

free surface will be open to the external environment, such as air or liquid, and the 

surrounding material is only present in one direction. As a result, surface grains are 

less restricted to plastic deformation by neighboring grains than subsurface grains, the 

crack may initiate at a lower stress level (Schijve, 2009). 

 

Nonuniform stress distribution driven by a notch, hole, or other geometric 

discontinuity is another reason for crack initiation on the surface. The stress on the 

surface increases because of this distribution. Surface roughness also contributes to the 

formation of surface cracks. Wear or corrosion cavities increase the possibility of crack 

initiation. 

 

For there to be cyclic slip on the material, it requires cyclic shear stress, and this 

stress is not uniformly distributed throughout the material on a micro-scale. According 

to the grain's size, shape, orientation, and elastic anisotropy of the material, the shear 

stress on shear planes differs from grain to grain. Some grains on the material surface 

are more favorable to these situations than others. A slip step appears on the material 

surface when grain slip occurs. It is shown in Figure 1.2. This slip step means that a 

new fresh surface will be exposed to the external environment. This slip causes strain 
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hardening on the slip band as the load increases. During unloading, the same slip band 

will encounter a higher shear stress in the opposite direction. As a result, opposing slip 

will happen on adjacent parallel slip planes even if it happens on the identical slip band 

(Schijve, 2009). 

 

 

Figure 1.2 Crack nucleation due to successive slip (Schijve, 2009) 

Fatigue is a fundamental surface phenomenon of materials during the crack 

initiation phase. In summary about crack initiation: 

 

I. Applying a single cycle is all that is required to develop a microcrack or 

intrusion into the material.  

II. The first cycle's process is performed in the second cycle and all succeeding 

cycles.  The crack grows with each cycle.  

III. The formation of the first microcrack occurs along the slip plane. This slip 

band is actually a microcrack.  

IV. The slip plane grows in forward slip (intrusion) and backward slip 

(extrusion). 

V. The bonds between atoms weaken as a result of slipping. This also applies 

to the tip of a growing fatigue crack. 

 

A microcrack drives a non-uniform distribution of stress at the micro level. The 

stress is concentrated at the microcrack's tip. It is therefore attainable that more than 

one slip system will be stimulated. Additionally, when the crack propagates through 
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neighboring grains into the material, because of the existence of these adjacent grains, 

shear displacement resistance will improve. Similarly, constraining slip displacements 

with a single slip plane will become progressively challenging, the number of slip 

planes will gradually increase. The growth direction of the microcrack in this case 

differs from the orientation of the first slip band. In general, it tends to expand 

perpendicular to the direction of loading as shown in Figure 1.3 (Schijve, 2009). 

 

 

Figure 1.3 Microcrack cross section (Schijve, 2009) 

Shear resistant barriers could specify a crack propagation threshold since 

microcrack propagation is dependent on cyclic plasticity. It is shown in Figure 1.4 that 

the effect of grain boundary on crack growth. When the crack approaches the first 

grain barrier, the growth rate, which is expressed as the length of the crack extended 

each cycle, diminishes. Growth is accelerated as the crack enters the second grain and 

slows when it reaches the boundary of the second grain. The crack grows at an 

increasing pace after crossing the third grain (Schijve, 2009). 
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Figure 1.4 The influence of grain boundaries on crack propagation in an Al-alloy (Schijve, 2009) 

In various studies, it has been observed that the growth rate of a microcrack that 

initially grows inhomogeneously decreases or even is over because of structural 

obstacles in the material. When the crack passes a large number of grains and generates 

a certain crack front, the situation changes. Because the crack front must grow as a 

whole, the crack cannot grow in various directions or at different rates in each grain. 

It is shown in Figure 1.5 that the crack front passes through many grains. Crack growth 

occurs in an almost continuous process throughout the whole crack front when the 

crack front is sufficiently wide to encompass a significant number of grains. The two 

major surface features from the initial stages have now lost their significance. The 

material's low resistance to cyclic slip on the surface has risen in the interior portions. 

Secondly, crack propagation is unaffected by characteristics of surface roughness or 

another surface. As a result, as the crack propagates inside the material, the material's 

resistance to the crack is decided by the material's characteristics as a whole. Crack 

growth is no longer a surface phenomenon (Schijve, 2009). 
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Figure 1.5 Top view of a crack illustrating how many grains the crack front passes through (Schijve, 

2009) 

A continuous line with a semi-elliptical form might be considered to be the crack 

front. The rate at which the crack progresses is determined by the material's resistance 

to crack propagation. 

 

For fatigue life, surface and environmental factors might be quite significant. These 

factors cover any situation that might shorten the crack initiation phase. They include 

the occurrences that strengthen the crack initiation mechanism, in other words. Well-

known effects are listed in Figure 1.6 for crack initiation and crack growth periods. 

 

 

Figure 1.6 Summary table of factors that may affect crack initiation and growth processes (Schijve, 

2009) 
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1.3 Major Fatigue Damage Accidents During in Service 

 

For many years, metallic material fatigue has been a point of interest. This interest 

extends from the invention of the steam engine to the more extensive application of 

mechanical technologies. Numerous components are subjected to fatigue loads, and 

with these advances, fatigue failure assessment is becoming more commonplace.  

 

According to experience, fractures of structures or machine parts during operational 

life are mostly due to fatigue. Industrial progress has always been limited by structural 

integrity. Its effects have become obvious with the growth of the machinery sector in 

the nineteenth century. Several catastrophic incidents that occurred throughout the 

industrial revolution have influenced the development of rail transportation. A train 

disaster at Versailles in 1842, for example, resulted in a huge number of deaths due to 

an axle fracture (Smith, 1990). This type of failure on railway transportation has 

tended to make scientists do extensive research into the causes of metal fatigue. 

 

In 1919, a large tank filled with molasses exploded in Boston’s North End 

neighborhood owing to mechanical fatigue. In history, this event is known as "The 

Boston Molasses Disaster." The rivets of the 50-foot-tall tank were shot out because 

of the explosion, and that collapse caused a molasses wave that reached a height of 25 

feet and had a peak speed of 35 mph. An elevated railway track's steel girders were 

destroyed by the severe wave, which also lifted many buildings off their foundations 

and swamped numerous city blocks. The suspected reason is that a fatigue crack starts 

near to the manhole cover and grows to a dangerous size (Five disasters caused by 

material fatigue and what we learned from them, 2022). 

 

The first production commercial airliner in the history of Great Britain was the De 

Havilland Comet, which was constructed by De Havilland. This aircraft had a 

catastrophic decompression over the Mediterranean Sea on its way from Rome to 

London in January 1954. In investigators' reports, it was stated that the major cause of 

catastrophic decompression was an engine turbine explosion. After a while, this 

aircraft encountered another catastrophic decompression over the Mediterranean on its 
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way from Rome to Johannesburg, only weeks after being authorized for flight. 

Investigators came to the conclusion that decompression was the main reason for 

crashes. After careful consideration, it has been realized that squared window designs 

cause fatigue failure due to high stress concentration and sharp corners, causing fatigue 

failure where repeated pressurization cycles take crucial place. Due to the fact that 

investigators reached a consensus that in order to reduce catastrophic events in aircraft, 

fatigue failures must be avoided by taking into account sharp corners in the designs. 

 

In the Norwegian Seas of the North Sea, the oil drilling rig Alexander L. Kielland 

sank in 1980. There were six anchor cables on the rig, but five of them had snapped, 

leaving only one wire to endure the extreme stress. The cause of the collapse was 

determined to be fatigue cracking in one of the rig's structural braces (Naess, 1982). 

 

In 1998, the failure of a single train wheel caused the derailment of a high-speed 

train, setting off a cascading effect that resulted in a bridge collapsing and more than 

a dozen train carriages misdirecting. Mechanical fatigue was caused by a single-cast 

mono-block train wheel. Following the accident, the wheel was altered to add a 20 mm 

thick rubber dampening ring between the metal wheel rim and the wheel's main body 

(Five disasters caused by material fatigue and what we learned from them, 2022). 

 

1.4 Scope of the Thesis  

 

Aviation structures are exposed to extremely high dynamic loads as a result of 

operational circumstances. The components exposed to these stresses may sustain 

severe damage. This subject is addressed in engineering under the category of random 

vibration fatigue. The objective of this thesis is to demonstrate the implementation of 

the random-vibration fatigue technique on bracket-type components subjected to 

dynamic loads. It is also focused on design improvements by using optimization 

techniques to meet frequency and fatigue targets. The studies performed in this thesis 

are given below. 

 

• Examining/researching studies on random-vibration fatigue estimation.  
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• Determining the types of loading to which the structure is exposed and obtaining 

the loads. 

• Preparing a finite element model of the structure and identifying boundary 

conditions. 

• Performing modal analysis of the hydraulic reservoir tank system and examining 

fundamental modes of the system. 

• Obtaining a unit frequency response of the structure. 

• Defining random loads on the structure in the frequency domain, obtaining stress 

response at the exciting frequency and calculating RMS (root mean square) stresses.  

• Conducting random-vibration fatigue analysis. 

• To review the results of the analyses of random-vibration fatigue and natural 

frequency.  

• To propose a methodology and improvement study to meet the system's targets 

• Performing optimization analyses after defining appropriate constraints and 

objectives using Altair HyperWorks software and the OptiStruct solver. 

• To obtain a feasible design for production by using the optimization results. 

• Analyzing the final design to determine the suitability of the generated design for 

the target 

 

1.5 Outline of the Thesis  

 

Chapter 1 starts with an overview of the fatigue term, the fatigue mechanism, and 

the major fatigue accidents and their root causes during service.  

 

In Chapter 2, there is a mention of a literature review about the vibration fatigue 

approach.  

 

Chapter 3 is dedicated to fatigue theory. It includes discussion of both time-domain 

and frequency-domain approaches. The stress-based approach is extensively 

researched, and the effects of mean stress and counting techniques are described. The 

approaches of strain-based approach and the fracture mechanics are briefly explained. 
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The frequency domain vibration fatigue theory is thoroughly examined, including 

narrow band, Steinberg, and Dirlik (wide band) solutions. 

 

Chapter 4 includes the methodology used in the thesis. It begins with the 

preparation of a finite element model of the hydraulic reservoir tank system, and then 

material information and boundary conditions are defined. The analyses of modal, 

frequency-response, random-response, and random-vibration fatigue and their inputs 

and outputs are explained in this chapter. Also, optimization techniques used are 

mentioned briefly. 

 

In Chapter 5, the methodology described in Chapter 4 is applied to the hydraulic 

reservoir tank system and its components. The fundamental frequencies and mode 

shapes of the existing design are evaluated, as well as random-vibration fatigue life 

under multiaxial PSD (power spectral density) loading. The aim of this chapter is to 

perform optimization studies for the system and its components, including topology 

and size/parameter optimization, and then to obtain a design providing the system's 

targets. 

 

Chapter 6 summarizes the results of the performed study for the hydraulic reservoir 

tank system. Also, the finite element analysis results and improvements to the system 

components are discussed. 
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CHAPTER 2 

- LITERATURE SURVEY 

 

2.1 Background of Vibration Fatigue 

 

The vibration-induced fatigue problem is an active research topic that is still being 

discussed in the literature. Halfpenny (1999) investigated appropriate techniques for 

performing frequency domain fatigue analysis. Evaluation of fatigue life determined 

from time domain approach is the traditional method, and it requires very large stress 

or strain time records. The frequency domain is another way to characterize a time 

signal. It is usually represented by power spectral density (PSD). In this study, fatigue 

life results are carried out in the frequency domain for several methods like Wirsching, 

Steinberg, Tunna, and Dirlik, and the fatigue life results of these methods are compared 

to those in the time domain. It is observed that Dirlik's method has been found to be 

widely applicable compared to other available methods. It is also illustrated how to 

perform finite element-based vibration analysis in frequency domain. 

 

Benasciutti & Tovo (2005) proposed a new frequency domain fatigue damage 

evaluation. The effects of spectral moments and bandwidth parameters on rainflow 

damage are examined in this research. Using narrow and broad band frequency 

approaches, the advantages of the new method are demonstrated. It is a well-known 

fact that compared to wide band evaluation, called the Dirlik method, the narrow band 

approach generates results that are on the safer side. They also confirmed that result in 

their study. The benefit of the new method over Dirlik's approach is the ability to obtain 

the whole cycle distribution, including both amplitudes and mean of stresses. It is 

determined that the new technique appears to be a satisfactory solution to the rainflow 

damage assessment problem. 

 

Demirel & Kayran (2019) performed frequency domain fatigue estimation with the 

Dirlik method. This study covers both fatigue evaluation numerically and 

experimentally on a notched beam. Vibration fatigue analyses were realized by using 

nCode Design Life. There are standard stress life curves of materials in this software, 
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and two consecutive UTS values were chosen to realize fatigue analyses due to the 

lack of appropriate SN curves in the nCode material library according to real tensile 

values. Also, tensile tests were conducted in this study to extract the ultimate tensile 

strength (UTS) values of aluminum and steel materials. The experimentally acquired 

fatigue lives and UTS values are found to be in between the fatigue lives of these two 

consecutive UTS and their strength values, and the fatigue results are not found to have 

a linear relationship. This discrepancy is thought to be due to the fact that the crack 

initiation phase is terminated by eye examination. In addition, modal damping ratios 

at each natural frequency were extracted from modal testing using the half power 

bandwidth method. Vibration fatigue analyses were repeated with different modal 

damping ratios, and it was found that stress amplitudes are sensitive to changing 

damping ratios. Thus, it is concluded that an accurate correlation between fatigue 

analysis and testing also depends on accurate damping ratios. 

 

Zigo & Arslan (2019) have suggested an effective methodology for estimating 

damage on spot welds in automotive parts. First, modal analysis of the structure was 

performed with coarse mesh to obtain actual forces and moments. The spotwelds are 

represented by hexahedron elements with beam elements in the coarse mesh model. In 

the meantime, stress tensors of spotwelds were extracted from the fine mesh analysis 

model under predetermined unit load cases. Using the FEMSITE database, the nodal 

forces of the coarse model are transformed to nodal forces of the fine mesh model of 

spot welds. The actual stresses on a spotweld are obtained by superposing these forces 

with unit stress tensors. They applied this method to obtain the fatigue lives on 

spotwelds and bracket surfaces of an expansion tank in a passenger car in the frequency 

and time domain. It was observed that the discrepancy between the damages is about 

11%. It is well known that the frequency domain technique outperforms the time 

domain method when calculation time is compared. Also, the calculation time of 

fatigue analysis is reduced using both the proposed and the frequency domain 

approaches. It was concluded that the proposed method is a more efficient solution for 

a large number of spotwelds in the automotive industry. 
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Quigley & Lee (2016) evaluated the change of mean and standard deviation errors 

for several fatigue damage models in the frequency domain, considering fatigue slope 

exponent change. These fatigue damage models are Narrow Band (NB), Wirsching 

and Light (WL), Ortiz and Chen (OC), Larsen and Lutes (SM), Benascuitti and Tovo 

(BT), Benascuitti and Tovo with α.75 (α.75), Dirlik, Zhao and Baker (ZB), and 

Lalanne (LaL). For wideband random loading, the narrowband method overestimates 

the damage. So, there are fatigue damage models calculated from the formulation of 

NB multiplied with a correction factor for wideband applications like WL, OC, SM, 

BT, and α.75. These correction factors are a function of the fatigue slope exponent and 

spectral width parameter. Other methods use the probability density function formula 

to estimate fatigue damage. They demonstrated with test results that the approaches of 

OC, α.75, SM, Dirlik, and BT give considerably more precise fatigue damage than the 

LaL, NB, and ZB methods by using seventy power spectrum densities taken from 

Dirlik's dissertation.  Dirlik's method is a well-known method, and it is known to give 

more accurate results. On the other hand, test results showed that approaches of SM, 

α.75, and OC have more realistic mean errors in common than Dirlik’s. Compared to 

Dirlik, BT has a relatively small standard deviation error. They deduced that ranking 

the methods is complicated considering mean errors, standard deviations of the error, 

and slope exponents. 

 

Zhou, Fei, & Wu (2017) performed random-vibration fatigue analysis of a plate 

structure that included holes with modal stress approach. They verified that the highly 

stressed elements in modal stress analysis become the critical regions of fatigue 

damage. Fatigue analysis was performed on global and local mesh models. They 

demonstrated that the global mesh model is time-consuming and not computationally 

efficient because of the requirement for refined mesh at stress concentrators. With a 

local mesh model, fatigue damage calculations were conducted only at fatigue critical 

hotspots, which are extracted from stress mode shapes. They compared analysis 

models in terms of memory requirement and output database size. It is concluded that 

the local mesh model gives accurate results and needs less computation and storage 

burden.  
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An ideal narrow-band process includes a single peak in the frequency spectrum. 

Some systems in offshore engineering could be excited at multiple frequency peaks. 

Gao & Moan (2008) proposed a method to evaluate fatigue damage in wideband 

processes. With this method, the wideband spectrum is separated into three segments, 

each having the same variance. It means that the area under the spectral density 

function is the same at each segment. Also, these segments have three different central 

frequencies: high, intermediate, and low. From the combined effects of the high 

frequency (HF), intermediate frequency (MF), and low frequency (LF) regions, total 

damage is calculated. The envelopes of these frequency regions should also be 

considered. The results of the proposed approach are compared to rainflow counting 

(RFC) results obtained using MATLAB, and also Dirlik's and Benasciutti & Tovo's 

results. It is also demonstrated that fatigue damage varies with bandwidth parameter. 

When the bandwidth parameter is ranged from 0.5 to 0.8, the proposed approach 

accurately estimates damage close to RFC. The fatigue damage is overestimated when 

the bandwidth parameter exceeds 0.85. It is indicated that for each spectral form and 

bandwidth parameters taken into consideration in the research, the Dirlik and 

Benasciutti & Tovo methods assess fatigue damage accurately. 
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CHAPTER 3 

- FATIGUE THEORY 

 

Engineering component failures due to fatigue are a widespread issue. To analyze 

and design for fatigue failures in engineering components, there are three main fatigue 

approaches, and the stress-based approach employed in this study is one of them. 

Others are the strain-based approach and the fracture mechanics approach. 

Additionally, there are two approaches as time domain and frequency domain to 

predict fatigue failure according to load categorization (Benasciutti & Tovo, 2005). In 

this thesis, it is carried out frequency domain fatigue analysis, called the vibration 

fatigue method. 

 

3.1 Stress-Based Approach 

 

The stress-based approach is the first approach employed to understand and 

measure fatigue in metal materials. It is assumed that deformations are in elastic 

regions in this approach. Material strength parameters are significant and stress 

concentrations of the geometry should be considered. This approach performs the 

fatigue calculation by using stress-life (S-N) curves, also called Wöhler curves, of the 

material. It is well-known that this approach does not give accurate results in low cycle, 

below 1000 fatigue cycles, fatigue applications, where the stresses are in the plastic 

region. 

 

To estimate fatigue life according to the stress-based approach, the cyclic loading 

definitions, stress-life curves of the material, empirical relationships that take into 

account the influence of mean stress on fatigue life, and definition of cumulative 

damage calculation under variable amplitude loading should be known. 

 

3.1.1 Description of Cyclic Loading 

 

The characteristics of cyclic loading are represented by the maximum, σmax, and 

minimum, σmin, stress levels. Other terms are derived from these stresses. Stress 
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amplitude, σa, is equal to half of the stress range, Δσ, which is the discrepancy between 

the maximum and minimum values. There is significant effect of mean stress, σm, on 

fatigue life, and it is calculated by averaging the maximum and minimum values 

(Dowling, 2013).  

 

∆𝜎 = 𝜎𝑚𝑎𝑥 − 𝜎𝑚𝑖𝑛 (3.1) 

  

𝜎𝑎 =
∆𝜎

2
=

𝜎𝑚𝑎𝑥−𝜎𝑚𝑖𝑛

2
,     𝜎𝑚 =

𝜎𝑚𝑎𝑥+𝜎𝑚𝑖𝑛

2
 (3.2) 

  

Three different stress cycles are illustrated in Figure 3.1 according to mean stresses 

and R-ratios.  

 

 

Figure 3.1 Constant amplitude loading (a) fully reversed stress cycle (b) alternating stress between 

minimum and maximum (c) zero to tension stress (Dowling, 2013) 

3.1.2 Stress-Life (S-N) Curve or Wöhler Curve 

 

The stress-life approach calculation is determined by considering the S-N or 

Wöhler curve (Dowling, 2013). To obtain the S-N curve of a material, fatigue tests of 

samples are performed under a number of different stress cycles, and the tests are 

continued until the samples fail. On the S-N curve, each stress amplitude, σa or Sa, is 

indicated against the number of failure cycles, Nf. For instance, the S-N curve of an 

aluminum alloy is illustrated in Figure 3.2.  
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Figure 3.2 Aluminum alloy's S-N curves for unnotched samples (a) plotted on a linear scale (b) plotted 

on a logarithmic scale (Dowling, 2013) 

When S-N data are observed to approximate a straight line on a log-linear scale, the 

curve can be mathematically described by matching it with the following equation. 

 

𝜎𝑎 = 𝐶 + 𝐷 log 𝑁𝑓 (3.3) 

 

Fitting constants are expressed by C and D. On a log-log scale, when the S-N curve 

may be observed to approximate a straight line, the curve can be represented as the 

following equation. 

 

𝜎𝑎 = 𝜎𝑓
′(2𝑁𝑓)𝑏 (3.4) 

 

The terms of high-cycle fatigue and low-cycle fatigue are mentioned with the S-N 

curve. When the stress is relatively low, high-cycle fatigue indicates a long life that is 

not controlled by the yielding effects. On the other hand, local plasticity is relevant to 

low-cycle fatigue. These terms vary with material, and the cycles below the range of 

102 to 104 cycles are accepted as a low-cycle fatigue region (Dowling, 2013). 
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3.1.3 Mean Stress’ Effect on Fatigue Life 

 

It is necessary to take into consideration the influence of mean stress on the 

material's S-N curve. Increasing mean stress results in decreasing fatigue life. 

Considering the influence of mean stress, empirical relationships have been proposed, 

which are aimed at obtaining a realistic fatigue life. These are called constant life 

diagrams: Goodman relation (Bishop & Sherratt, 2000), Gerber relation, Soderberg 

relation. These relations modify stress amplitude or alternating stress according to 

mean stress. 

 

3.1.4 Variable Amplitude Loading and Cumulative Damage Rule 

 

Fatigue loadings in real life involve stress amplitudes that fluctuate irregularly. 

These types of loadings are called variable amplitude loadings (Dowling, 2013). The 

applied stress cycles number, Ni, at a certain amplitude, σai, is extracted from the cyclic 

loading. Using the S-N curve, the number of stress cycles to failure, Nfi, is taken at that 

stress amplitude. Ratios of the applied stress cycle number to the failure stress cycle 

number are found for each stress amplitude. The expected damage, E[D], equals the 

sum of these ratios linearly. If expected damage is below 1, parts will not fail. This 

method is known as the Palmgren-Miner cumulative damage rule and is illustrated in 

Figure 3.3. 

 

 

Figure 3.3 Fatigue estimation under varying stresses by Palmgren–Miner rule (Dowling, 2013) 
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𝐸[𝐷] = ∑
𝑁𝑖

𝑁𝑓𝑖
=

𝑁1

𝑁𝑓1
+

𝑁2

𝑁𝑓2
+ ⋯ +

𝑁𝑗

𝑁𝑓𝑗
= 1

𝑗

𝑖=1

 (3.5) 

 

In this method, it is considered that the order in which the loads are imposed has no 

discernible effect on the part's lifetime. In fact, the sequence of the loads may affect 

the lifetime significantly. 

 

3.1.5 Cycle Counting Method 

 

The Palmgren-Miner rule may be implemented together with the cycle counting 

method to evaluate the total damage of a part exposed to variable loading. The rainflow 

cycle counting technique was proposed by Matsuishi and Endo (Matsuishi & Endo, 

1968). Peak counting, zero-crossing, and level-crossing are further cycle counting 

techniques. All the parameters required for fatigue assessments under fluctuating loads 

are provided by imposing the rainflow cycle counting technique. 

 

A histogram data depicting the association between amplitude, averaged stress, and 

the number of repeats might be provided by the rain flow cycle counting method. It is 

mentioned below this technique in detail (Dowling, 2013). 

 

When counting rainflow cycles, a cycle is completed when it follows the 

requirement demonstrated in the Figure 3.4. If the next stress range, σYZ, is higher than 

or equal to the previous stress range, σXY, then the loading history of interest is 

assumed to include a cycle. For this cycle, the stress range and mean stress are 

calculated from Δσ=σX-σY, and σm=(σX+σY)/2, respectively. 
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Figure 3.4 Procedures for employing the rainflow technique (Dowling, 2013) 

The stress time signal is assumed to be repeatedly applied, and the rainflow cycle 

counting method starts with defining points of peak or valley. It is suitable to shift a 

portion of the time signal to the end in order to generate a sequence that initiates and 

terminates with the greatest peak or lowest valley. The shifting portion of the time 

signal is demonstrated in Figure 3.5 (a) and (b). The rearranged stress time signal is 

separated into cycles using the counting method that is demonstrated in Figure 3.4. 

When a cycle is counted, the statistical values of this cycle are recorded. The peak and 

trough of the recorded cycle are removed for the purpose of counting subsequent 

cycles, cycle E-F as demonstrated in Figure 3.5 (c). It is progressed until a count can 

be made if the specified location's cycles do not count. As illustrated in Figure 3.5 (d), 

the counting condition is then accomplished for A-B after E-F have been counted. The 

stress range between the greatest peak and the lowest trough, in this case, D-G, is the 

one that is always the biggest. 
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Figure 3.5 Example of rainflow cycle counting (Dowling, 2013) 

3.2 Strain-Based Approach 

 

The strain-based approach considers cyclic plastic deformation occurring in 

localized regions under cyclic loading. Cyclic plastic deformation through the entire 

volume of the material causes changes in the mechanical properties of the material and 

is a prerequisite for the formation of microcracks. Fatigue cracks initiate in these 

microcrack regions where stress concentrators, which are like surface scratches, 

machining marks, holes, and also corrosion attacks, which roughen the surface. This 

approach performs the fatigue calculation by using strain-life (E-N) curves of the 

material. It considers fatigue analysis in detail, involving local yielding in parts having 

relatively short lifetimes. It can also be employed for applications including little 

plasticity at long lives, as it is a comprehensive approach compared to the stress-based 

approach. 
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3.3 Fracture Mechanics Approach 

 

Approaches based on stress and strain are viable until the crack is initiated. When 

a crack initiates, it is a major issue to predict how long the propagation time of the 

crack will last until the fracture. The Linear Elastic Fracture Mechanics theory is used 

for estimating the propagation time. 

 

3.4 Vibration Fatigue Approach 

 

Fatigue occurs as a result of damage accumulation under cyclic loading. Loadings 

are categorized as deterministic cyclic loading and random loading, shown in Figure 

3.6. When cyclic loading characteristics depend on time, the loading is called 

deterministic cyclic loading. However, every load might not be defined as a time-

dependent function due to random characteristics of the loading. It is called 

nondeterministic or random loading (Singiresu, 2011).  

 

 

Figure 3.6 Deterministic and random loadings/excitations, respectively (Singiresu, 2011)  

There are two approaches as time domain and frequency domain to evaluate fatigue 

failure according to load categorization. Fatigue is conventionally estimated using 

time-dependent signals, which are generally in the form of stress or strain. It is called 

the time domain approach. This approach works well for deterministic or periodic 

loading but requires a large number of time recordings and test results to adequately 

represent random loading processes. 
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The time domain approach is more time-consuming compared to the frequency 

domain approach due to the requirement for large time recordings. When the system’s 

transfer function in the frequency domain is obtained once, fatigue assessment can be 

performed repeatedly under different loads (Bishop & Sherratt, 2000). 

 

The frequency domain is another way to characterize a time signal. Methods of 

Fourier series expansion and Fourier transform are used to express a periodic function 

and a nonperiodic function in the frequency domain, respectively. These techniques 

allow for the acquisition of the frequency spectrum of temporal signals. It depicts mean 

square values of time signals versus frequency content, multiples of the fundamental 

frequency.  

 

Random loadings in the time domain are usually represented by a power spectral 

density (PSD) in the frequency domain. The frequency content of the time signal can 

be demonstrated by the PSD derived by the Fourier transform (Singiresu, 2011). 

 

3.4.1 Frequency Spectrum of a Periodic Function (Fourier Series Expansion) 

 

A complex (exponential) Fourier series can be used to represent a periodic function 

x(t): 

 

𝑥(𝑡) = ∑ 𝑐𝑛𝑒𝑖𝑛𝜔0𝑡

+∞

𝑛=−∞

 (3.6) 

 

where ω0 is the fundamental frequency given by; 

 

𝜔0 =
2𝜋

𝜏
 (3.7) 

 

and cn represents the complex Fourier coefficients that may be obtained by multiplying 

both sides of Equation (3.6) with 𝑒−𝑖𝑛𝜔0𝑡 and integrating over one period. 
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𝑐𝑛 =
1

𝜏
∫ 𝑥(𝑡)𝑒−𝑖𝑛𝜔0𝑡𝑑𝑡

+𝜏
2⁄

−𝜏
2⁄

 (3.8) 

 

Equation (3.6) indicates that the x(t) function can be specified as a combination of 

harmonics, including various sines and cosines. The amplitudes of harmonics are 

found by Equation (3.8). As an example, the complex Fourier series representation of 

a triangular periodic function is demonstrated in Figure 3.7. 

 

 

Figure 3.7 A triangular periodic function in (a), the frequency spectrum in (b) (Singiresu, 2011) 

Equation (3.9) , referred to as Parseval's formula, can be used to get the mean square 

value of x(t). The following equation can be employed to calculate the mean square 

value of a function. 

 

𝑥2(𝑡)̅̅ ̅̅ ̅̅ ̅ =
1

𝜏
∫ 𝑥2(𝑡)𝑑𝑡 =

+𝜏
2⁄

−𝜏
2⁄

1

𝜏
∫ ( ∑ 𝑐𝑛𝑒𝑖𝑛𝜔0𝑡

+∞

𝑛=−∞

)

2

𝑑𝑡
+𝜏

2⁄

−𝜏
2⁄

 

 

𝑥2(𝑡)̅̅ ̅̅ ̅̅ ̅ = ∑ |𝑐𝑛|2

+∞

𝑛=−∞

 

(3.9) 

 

3.4.2 Frequency Spectrum of a Nonperiodic Function 

 

Nonperiodic functions could be stated as deterministic functions with infinite 

periods (τ→∞). The Fourier series expansion of a periodic function is represented by 

Equation (3.6), (3.7), and (3.8). As τ→∞, the frequency spectrum is no longer discrete 
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and the fundamental frequency approaches infinitesimal. The fundamental frequency, 

ω0 being extremely low, the following equation is derived from Equation (3.8). 

 

lim
𝜏→∞

𝜏𝑐𝑛 = lim
𝜏→∞

∫ 𝑥(𝑡)𝑒−𝑖𝜔𝑡𝑑𝑡 = ∫ 𝑥(𝑡)𝑒−𝑖𝜔𝑡𝑑𝑡
+∞

−∞

+𝜏
2⁄

−𝜏
2⁄

 (3.10) 

 

By defining X(ω) as 

 

𝑋(𝜔) = lim
𝜏→∞

𝜏𝑐𝑛 = ∫ 𝑥(𝑡)𝑒−𝑖𝜔𝑡𝑑𝑡
+∞

−∞

 (3.11) 

 

It can be expressed x(t) by from  

 

𝑥(𝑡) =
1

2𝜋
∫ 𝑋(𝜔)𝑒𝑖𝜔𝑡𝑑𝜔

+∞

−∞

 (3.12) 

 

The Fourier integral pair for nonperiodic and periodic functions is defined by 

equations (3.11) and (3.12). The frequency spectrum of a nonperiodic function is 

continuous, as opposed to the discrete frequency domain of the periodic function. As 

an example, the Fourier integral of a triangular pulse is demonstrated in Figure 3.8. 

 

 

Figure 3.8 A triangular pulse (a), Fourier integral of pulse (b) (Singiresu, 2011) 

Equation (3.13), referred to as Parseval's formula, can be employed to calculate the 

nonperiodic function’ mean square. 
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𝑥2(𝑡)̅̅ ̅̅ ̅̅ ̅ =
1

𝜏
∫ 𝑥2(𝑡)𝑑𝑡 =

+𝜏
2⁄

−𝜏
2⁄

1

𝜏
∫

|𝑋(𝜔)|2

2𝜋𝜏
𝑑𝜔

+∞

−∞

 (3.13) 

 

3.4.3 Power Spectral Density (PSD) 

 

In practice, time signals are collected in the form of discrete data. Since the Fourier 

integral is employed for continuous temporal signals, a discrete Fourier integral pair 

that may be performed on data stored digitally is required. Cooley & Tukey (1965) 

developed a discrete Fourier integral methodology called the fast Fourier transform 

(FFT). This transform pair functions similarly to the Fourier transform pair, but on 

data stored digitally. 

 

𝑥(𝑓𝑛) =
𝑇𝑝

𝑁
∑ 𝑥(𝑡𝑘)𝑒𝑖(

2𝜋𝑛
𝑁

)𝑘

𝑘

 (3.14) 

 

𝑥(𝑡𝑘) =
1

𝑇𝑝
∑ 𝑥(𝑓𝑛)𝑒𝑖(

2𝜋𝑘
𝑁

)𝑛

𝑛

 (3.15) 

 

where Tp is the x(tk) function’s period and N is the data points for Fourier integral. 

 

Under some circumstances, time varying histories can be characterized in the 

frequency domain. Time varying histories cannot be characterized as deterministic, 

but if generated from a stationary random process, it could be described in the 

frequency domain. A time signal whose statistics are unaffected by a move in time 

origin is said to have a stationary time history. Put differently, for any values of, the 

statistics that apply to time history x(t) are also applicable to time history x(t+τ). The 

statistics derived from a sampling time history are reflective of the statistics of the 

entire random process. 

 

The PSD is generated by squaring the amplitude of the FFT and reducing it by twice 

the period. While obtaining PSD, phase information is not contained, but each 

harmonic’s frequency and amplitude are preserved (Bishop & Sherratt, 2000). 
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𝑃𝑆𝐷 =
1

2𝑇𝑝

|𝑥(𝑓𝑛)|2 (3.16) 

 

The entire area of the PSD curve indicates the mean square of the time history, and 

the harmonic wave's mean square at each peak in Figure 3.9 is expressed by the area 

underneath each peak. The PSD has non-negative values and can be identified in terms 

of x2/unit of frequency. 

 

 

Figure 3.9 FFT to PSD transformation (Bishop & Sherratt, 2000) 

In a linear system, the response of the structure is associated with the input 

excitation by a linear transfer function. Frequency response analysis is employed to 

calculate the linear systems’ transfer functions at each frequency. 

 

𝑌(𝑓) = 𝐻(𝑓) ×  𝑋(𝑓) (3.17) 

 

Here, Y(f) is the system’s FFT response, H(f) is the system’s transfer function in 

the frequency domain, and X(f) is the excitation of the system. In this thesis, units of 

input excitation and the response of the system are defined as acceleration and stress, 

respectively. When the input excitation is specified as a PSD, the response PSD is 

derived by using a linear transfer function, H(f), its conjugate, H*(f), and the excitation 

PSD. 

 

𝐺𝑟(𝑓) = 𝐻(𝑓)  × 𝐻∗(𝑓) × 𝐺𝑖(𝑓) (3.18) 

 

where the response PSD, Gr(f), the excitation PSD, Gi(f).  



 

28 

 

 

𝐺𝑟(𝑓) = |𝐻(𝑓)|2 ×  𝐺𝑖(𝑓) (3.19) 

 

Equation (3.18) can be reinterpreted in the form of Equation (3.19). Gr(f) is equal 

to the product of the modulus square of the transfer function with Gi(f). Predictions of 

the vibration fatigue life utilize PSD of stress directly. 

 

3.4.4 Characterization of Engineering Processes Using Statistical Measures 

 

It is possible to categorize engineering processes in a variety of ways. A general 

summary of these processes is shown in Figure 3.10. 

 

The PSD spectrum of a sinus wave time history, as shown in Figure 3.10 (a), 

includes one peak amplitude centered at the frequency, and the area under this peak 

defines the mean square amplitude of the wave. Theoretically, for a pure sine wave, 

this peak should be infinitely tall and infinitely narrow. The peak, however, has a finite 

height and a finite width since any sinus wave utilized is finite in length. The area 

below the PSD plot is of significance, not the height. A broad band process consists of 

sine waves at various frequencies, as demonstrated in Figure 3.10 (b). In the PSD plot, 

they are displayed as either many distinct response peaks or a single wide peak 

including numerous frequencies. Figure 3.10 (c) shows a narrow-band process made 

of sine waves that only includes a narrow range of frequencies. Figure 3.10 (d) depicts 

a process of white noise. This time history is unique, composed of sine waves spanning 

the whole frequency range. 
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Figure 3.10 Equivalent time histories and PSDs (Bishop & Sherratt, 2000) 

3.4.5 Spectral Moment Calculation of a PSD 

 

The frequency content of the stresses is considered in vibration fatigue calculations 

using the stress range’s probability density function (PDF). The PSD of stresses can 

be employed to directly extract the PDF. The spectral moments of the PSD function 

are the PSD characteristics utilized to generate PDF. In theory, all computed spectral 

moments are required for PSD's overall characteristics. However, in practical 

applications, the calculation of four moments (𝑚0, 𝑚1, 𝑚2, 𝑚4) is sufficient for fatigue 

damage (Bishop & Sherratt). These spectral moments provide all the information 

necessary for fatigue damage estimation. 

 

Some definitions should be explained before proceeding with the fatigue analysis. 

When G(f) is defined as the PSD, the nth spectral moment of the PSD may also be 

determined. Figure 3.11 illustrates this, and the relevant formula is stated in Equation 

(3.20).  

 

𝑚𝑛 = ∫ 𝐺(𝑓)𝑑𝑓
∞

0

= ∑ 𝑓𝑘
𝑛𝐺𝑘(𝑓𝑘)𝛿𝑓

𝑚

𝑘=1

 (3.20) 
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where the frequency increments, δf. The root mean square value (RMS) of the PSD 

curve equals the square root of the first spectral moment. 

 

 

Figure 3.11 Determination of a PSD's spectral moment (Bishop & Sherratt, 2000) 

3.4.6 Expected Zeros, Peaks and Irregularity Factor 

 

The initial attempt to provide a solution for calculating damage from PSDs was 

offered by Rice in 1954. It is defined by two major terms: the number of upward zero 

crossings, E[0] or ν0, and the number of peak crossings, E[P] or νp, for a random 

process (Rice, 1954). These terms are expressed in terms of spectral moments. 

 

𝐸[𝑃] = √
𝑚4

𝑚2
 (3.21) 

 

𝐸[0] = √
𝑚2

𝑚0
 (3.22) 

 

Another significant term, called the irregularity factor, is derived from spectral 

moments. This parameter takes values from 0 to 1. As the irregularity factor comes 

closer to 1, the random process reduces into a narrow spectrum. The random process 

turns into a broad band process as it nears to 0.  
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𝛾 =
𝐸[0]

𝐸[𝑃]
= √

𝑚2
2

𝑚0𝑚4
 (3.23) 

 

3.4.7 Cumulative Fatigue Damage in the Frequency Domain 

 

Fatigue damage due to fluctuating amplitudes is estimated using the Palmgren-

Miner rule, as given in Equation (3.5), in the time domain approach. This equation can 

be modified to be used for the frequency domain (Wijker, 2018). 

 

The association between the occurring stress, s, and the relevant allowable number 

of cycles, N, can be expressed by the Basquin equation. 

 

𝑠𝑘𝑁 = 𝐶 (3.24) 

 

where k and C are the material constants. Figure 3.12 demonstrates the Basquin 

equation. 

 

 

Figure 3.12 Standard Wöhler curve of a material (Wijker, 2018) 

The expected damage, 𝐷, per second as dependent on the Palmgren-Miner rule can 

be predicted by the following formulation (Wicker, 2018). 
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𝐷 =
𝑣𝑝

𝐶
∫ 𝑠𝑘𝑝𝑎(𝑠)𝑑𝑠

∞

0

 (3.25) 

 

where the expected peak occurrence frequency, νp, the amplitude probability density, 

pa(s). The estimation of fatigue life is given by 

 

𝑇 =
1

𝐷
 (3.26) 

 

Several empirical solutions are proposed by researchers to ascertain the probability 

density function. The aim of these empirical solutions is to acquire the PDF from the 

output PSD and evaluate fatigue life in the frequency domain. 

 

3.4.8 Narrow Band Approach 

 

Bendat (1964) showed the theoretical basis of the narrow band approach that is the 

first approach to estimate fatigue damage from PSD of stress. The spectral moments 

up to m4 are sufficient to express this process. It is assumed that each peak coincides 

with a stress cycle. The cycle amplitudes in this process follow the Rayleigh 

distribution. The formula for the narrow band approach is given below (Mrsnick & 

Slavic, 2013). 

 

𝐷
𝑁𝐵

=
𝑣0

𝐶
(√2𝑚0)

𝑘
Γ (1 +

𝑘

2
) (3.27) 

 

For a narrow band process, the expected zero crossing intensity is very close to the 

peak intensity. Γ(.) is the Euler gamma function, which is expressed as, 

 

Γ(𝑧) = ∫ 𝑡𝑧−1𝑒−𝑡𝑑𝑡
∞

0

 (3.28) 
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For wide band random loading, the narrow band approach overestimates fatigue 

damage. There are various approaches that use a correction factor in the narrow band 

approach to obtain a more accurate result. 

 

3.4.9 Steinberg Approach 

 

Steinberg (2000) suggests a three-band method as an approximate estimate for the 

fatigue damage evaluation. In this method, the PDF of a random stress response is 

assumed to follow a Gaussian distribution. Certain probability levels constrain the 

expected values of the stress response amplitudes. The expected fatigue damage is 

indicated by (Wicker, 2018). 

 

𝐷
𝑆𝐵

=
𝑣0

𝐶
[0.683(√𝑚0)

𝑘
+ 0.271(2√𝑚0)

𝑘
+ 0.043(3√𝑚0)

𝑘
] (3.29) 

 

68.27%, 27.1%, and 4.3% are the probabilities that the stress amplitude cycles will 

not surpass the peak of one, two, and three times the RMS of the stress response signal, 

respectively. This method is widely utilized in the field of electronics testing. 

 

3.4.10 Dirlik Approach 

 

Dirlik (1985) offered an empirical formula for the probability density function, 

which is derived from extensive computer simulations using the Monte Carlo approach 

to represent the signals. A weighted summation of one exponential and two Rayleigh 

probability densities is used in the Dirlik approach, which was developed in 1985, to 

approximate the cycle-amplitude distribution. Estimates of the rainflow cycle 

amplitude probability density are as follows: 

 

𝑝𝑎(𝑠) =
1

√𝑚0

[
𝐺1

𝑄
𝑒

−𝑍
𝑄 +

𝐺2𝑍

𝑅2
𝑒

−𝑍2

2𝑅2 + 𝐺3𝑍𝑒
−𝑍2

2 ] (3.30) 

 

The probability density function is defined by the normalized amplitude, Z, the mean 

frequency, xm, and the parameters G1, G2, G3, R and Q. 
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𝑍 =
𝑠

√𝑚0

,      𝑥𝑚 =
𝑚1

𝑚0
√

𝑚2

𝑚4
 (3.31) 

 

𝐺1 =
2. (𝑥𝑚 − 𝛾2)

1 + 𝛾2
, 𝐺2 =

1 − 𝛾 − 𝐺1 + 𝐺1
2

1 − 𝑅
, 𝐺3 = 1 − 𝐺1 − 𝐺2, 

𝑅 =
𝛾 − 𝑥𝑚 − 𝐺1

2

1 − 𝛾 − 𝐺1 + 𝐺1
2 , 𝑄 =

1.25. (𝛾 − 𝐺3 − 𝐺2. 𝑅)

𝐺1
 

(3.32) 

 

The closed-form expression for estimating fatigue life is as follows (Mrsnick & Slavic, 

2013). 

 

𝐷
𝐷𝐾

=
1

𝐶
𝑣𝑝𝑚0

𝑘
2 [𝐺1𝑄𝑘Γ(1 + 𝑘) + √2

𝑘
Γ (1 +

𝑘

2
) (𝐺2|𝑅|𝑘 + 𝐺3)] (3.33) 

 

Dirlik's empirical formula is demonstrated to be significantly superior for the PDF 

of rainflow stress ranges (Rahman & Ariffin, 2008). This method is more generally 

applicable to a wide range of problems, especially where frequency content is not 

narrow band. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

35 

 

 

CHAPTER 4 

- MODEL AND METHOD 

 

The hydraulic reservoir tank provides the fluid required to fulfill system 

requirements. It also serves as an additional system to compensate for spillage or 

vaporization losses. The reservoir can be intended to allow for fluid expansion, to let 

trapped air out, and to enable the fluid to cool. The hydraulic reservoir tank is 

connected to the structure using four brackets. The general components of the 

hydraulic reservoir tank are shown in Figure 4.1. 

 

 

Figure 4.1 The general component of the hydraulic reservoir tank system 

There is a hydraulic pump in the connection area of the hydraulic reservoir tank 

system to the aircraft structures. The hydraulic reservoir tank system is affected by the 

operating frequency range of the hydraulic pump, and the natural frequency values of 

the reservoir and connection brackets should be examined. The angular rotation speed 

of the hydraulic pump is assumed to be 3000 rpm. Thus, the target natural frequency 

value is 50Hz, and with the analysis studies, it is expected that the hydraulic reservoir 

tank system will meet the target frequency and the target fatigue life of 2000 flight 

cycles. PSD's exposure duration was determined to be 4 hours. 

 



 

36 

 

 

Structural random-vibration fatigue evaluation of the hydraulic reservoir tank 

system components with modal stress approach (Yeşilçimen & Kıral, 2022) is 

examined in this thesis, and the methodologies employed are outlined in Figure 4.2. 

 

 

Figure 4.2 Methodology (Yeşilçimen & Kıral, 2022) 

4.1 Finite Element (FE) Model Preparation 

 

The FE model and analysis of hydraulic reservoir system brackets are carried out 

using Altair HyperMesh software. The linear quadrilateral plate elements of type 

CQUAD4 and linear triangular plate elements of type CTRIA3 are employed in the 

FE model. These plate elements feature six degrees of freedom per node formulation. 

The model has a total of 42600 elements and 37086 nodes. RBE2 rigid elements for 

fasteners are defined. The mesh model of tank geometry is created to account for 

inertial effects and stiffness. For modeling the overall tank mass, the concentrated mass 

element type of CONM2 is employed. Figure 4.3 illustrates the bracket's FE model in 

detail. 
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Figure 4.3 Finite element model of brackets 

The structure's boundary conditions are restricted by the x and z axes of the nodes 

at the front-rear edges of spars, as well as the x and y axes of the nodes at the up-down 

edges of spars in Figure 4.4. 

 

 

Figure 4.4 Boundary conditions 

4.2 Materials Information in General 

 

The materials used in the aerospace industry are classified as metallic or non-

metallic. Metallic materials include aluminum, titanium, nickel, magnesium, and their 

alloys, and steel. Non-metal materials, on the other hand, are composite materials that 

continue to evolve.  
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Materials of the hydraulic reservoir system brackets and connected spars are chosen 

Aluminum and Titanium material respectively. The following headings describe the 

materials that will be used in the design of the components as well as their mechanical 

properties. 

 

4.2.1 Aluminum and Its Alloys 

 

Aluminum and aluminum-based alloys are widely used in the aircraft industry due 

to their high corrosion resistance and high specific strength. Aluminum UTS400 

material mechanical properties and SN curve parameters are obtained from nCode 

Materials Manager Library, and then used as input in Altair HyperMesh. These 

mechanical properties are listed in Table 4.1, and the material's SN curve is depicted 

in Figure 4.5. 

Table 4.1 Mechanical properties of aluminum UTS400 material (nCode 11.0: Material Library 

Documentation., 2022) 

Elastic Modulus 7.0e4 MPa 

Poisson Ratio 0.33 

Yield Strength 307.692 MPa 

Ultimate Tensile Strength 400 MPa 

Stress Range Intercept 947 MPa 

First Fatigue Strength Exponent -0.07606 

Fatigue Transition Point 5E8 Cycles 
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Figure 4.5 SN curve of aluminum UTS400 material (nCode 11.0: Material Library Documentation., 

2022) 

4.2.2 Titanium and Its Alloys 

 

Titanium and its alloys are noted for their thermal strength, light weight, and 

corrosion resistance. Due to this reason, it is used in the aircraft industry, the 

manufacture of firearms in the war industry, and in the alloying of many industrial 

materials it also acts a significant role. Titanium UTS500 material mechanical 

properties and SN curve parameters are obtained from nCode Materials Manager 

Library, and then used as input in Altair HyperMesh. These mechanical properties are 

listed in Table 4.2, and the material's SN curve is depicted in Figure 4.6.  
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Table 4.2 Mechanical properties of titanium UTS500 material (nCode 11.0: Material Library 

Documentation., 2022) 

Elastic Modulus 1.1E5 MPa 

Poisson Ratio 0.4 

Yield Strength 384.615 MPa 

Ultimate Tensile Strength 500 MPa 

Stress Range Intercept 2084 MPa 

First Fatigue Strength Exponent -0.1387 

Fatigue Transition Point 1E6 Cycles 

 

 

Figure 4.6 SN curve of titanium UTS500 material (nCode 11.0: Material Library Documentation., 

2022) 

4.3 Modal Analysis 

 

The purpose of modal analysis is to evaluate the dynamic behavior of the system 

and to determine the fundamental free vibration frequencies and mode shapes of the 

system. 
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In OptiStruct, normal mode analysis may be conducted employing either the 

Lanczos or the AMSES optimization algorithms. The EIGRL and EIGRA card 

definitions are available for the Lanczos and AMSES (automated multi-level sub-

structuring eigenvalue solution) algorithms, respectively. The Lanczos approach has 

the benefit of precisely calculating the eigenvalues and related mode shapes. This 

approach is effective for computations involving a small number of modes and the 

entire geometry of each mode. For complex problems requiring hundreds of modes 

and millions of degrees of freedom, the disadvantage of the Lanczos technique is that 

it is slow. For these sorts of problems, it might easily take more than a day for analysis 

time. The AMSES technique must be utilized in these circumstances (Altair 2021 

Student Edition: OptiStruct., 2022). 

 

In this study, the modal analysis of the hydraulic reservoir tank system is evaluated 

in the range of 0 to 2000 Hz using the Lanczos method.  

 

4.4 Frequency Response Analysis 

 

To begin with the vibration fatigue analysis under random loads, the transfer 

function for a structural model must be established/derived. The output and input of a 

system are affiliated with each other by the transfer function. The frequency transfer 

function of a structure is obtained from the structural response per unit input at each 

frequency of interest. 

 

The frequency response analysis based on the modal stress approach was carried 

out to obtain the frequency transfer function of the structure. A sinusoidal loading with 

an acceleration amplitude of 1g mm/s2 is employed to the structure as a base excitation, 

and output stresses are obtained at each frequency increment up to 2000 Hz in this 

study. In the entire frequency range, the structural damping is defined as 2%. 
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4.5 Vibration Fatigue Analysis 

 

The inputs of the random-vibration fatigue analysis are transfer functions of the 

structure under acceleration excitation of 1g derived from frequency response analysis 

and the excitation loading that is PSD curve in the frequency domain. The y-axis of 

the PSD curve is in G2/Hz and it is called the acceleration spectral density. By using 

the random response analysis, the stress value of each frequency is multiplied with the 

value of the acceleration spectral density of the relevant frequency. The output of the 

random response analysis is the PSD of stress, and it is used for determining the 

number of cycles to failure (Altair 2021 Student Edition: OptiStruct., 2022). 

 

In this study, random response analyses were conducted by employing an excitation 

on the x, y, and z axes separately. The structure is driven by the same PSD data at all 

three axes. The general exposure PSD curve is taken from a military standard (MIL-

STD 810F, 2000) and is demonstrated in Figure 4.7 and Table 4.3. The PSD data, 

whose frequency range is between 15 and 2000Hz, depicts a zero-averaged stationary 

Gaussian process. The range of frequencies of interest has been determined for 

eigenvalue analysis, and it is intended that more than one structural mode will be 

contained. The average value of the PSD employed in the analysis is 4.02 g RMS 

acceleration. 
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Figure 4.7 Input PSD for jet aircraft vibration exposure from MIL-STD 810G (MIL-STD 810F, 2000) 

Table 4.3 Break points for input PSD from MIL-STD 810G (MIL-STD 810F, 2000) 

 

 

After that, the fatigue parameters of the material are defined for the stress life 

method. It was mentioned before that aluminum and titanium materials were chosen 
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for the hydraulic reservoir system brackets and connected spar, respectively. In this 

study, since the fatigue life of the brackets was solely examined, the fatigue parameters 

of the material were defined for those components, and also outputs for vibration 

fatigue analysis were demanded. These parameters are taken from the nCode material 

library. 

 

4.6 Fatigue Damage Calculation 

 

Stress levels were obtained from the analysis of random response, which is the 

result of multiplying the transfer function with PSD. The modified Palmgren-Miner 

rule is employed to determine the accumulation of damage in the frequency domain. 

In this study, the cumulative damage of the hydraulic reservoir system brackets was 

calculated by using the density function of probability of the Dirlik approach in the 

frequency domain. 

 

4.7 Structural Optimization 

 

The process of selecting the appropriate material distribution is referred to as 

structural optimization. The aim of that is to find a design that can safely carry or 

withstand the imposed loading conditions within a volume domain. It is also defined 

as the best selection in general terms. Manufacturing and eventual use limitations must 

also be considered during the structural optimization process (Querin & Victoria, 

2017). 

 

In optimization problems, there is an output variable with a varying value according 

to the input variables. The process of achieving the output variable's minimum or 

maximum value is defined as optimization. There are three distinct sorts of 

optimization approaches under structural optimization: size, shape, and topology. 

Three different models used in structural optimization are shown in Figure 4.8. 
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Figure 4.8 Three different models of structural optimization (a) size, (b) shape, (c) topology 

optimization (Bendsoe, 2003) 

In size optimization, the components to be employed in the structure, such as 

cantilever beams, are the predefined design space. Considering the optimization 

results, detailed design parameters such as the cross-sectional size and area of the beam 

are acquired. They are shown in Figure 4.9 (a) and (b).  

 

 

Figure 4.9 Structures where size optimization could be implemented: (a) cross-sectional measures of 

cantilever beam, (b) cross-sectional areas of bars in truss structure (Querin & Victoria, 2017) 

In shape optimization, some sections' form of a structural design's boundary is 

unknown. The analysis result extracts the optimization boundaries or forms that might 

be expressed by equations or portrayed by a point cloud, Figure 4.10. 
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Figure 4.10 Design space that can be expressed by boundary's equation or control points moving 

perpendicular to boundary (Querin & Victoria, 2017) 

The most general type of structural optimization is topology optimization. By 

allowing the design variables to have a value between the size of the minimum and the 

maximum, topology optimization is accomplished. It can be possible that some trusses 

are removed in truss structures (Figure 4.11) and the number and form of the holes are 

determined for continuum structures when the design variables have a zero value, for 

instance. 

 

 

Figure 4.11 Truss structure’s optimization: (a) topology design space; (b) optimized design that 

proposed to decrease the number of truss (Querin & Victoria, 2017) 

While optimization processes can also be done by hand calculations, nowadays 

many conveniences are provided with the help of computer programs. Optimization 

problems involving more than one variable are easier to solve with computer-aided 

programs. 

 

Within the scope of this thesis, optimization problems are performed by Altair 

HyperWorks software with the OptiStruct solver. It is an attested, contemporary 

structural solver that offers solutions that are thorough, precise, and scalable for linear 
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and nonlinear studies across a variety of disciplines. It has an interface that specializes 

in creating and optimizing detailed “mesh” models. Since the controls on the model 

can be applied directly through the "mesh", it is suitable for topological optimization. 

In today's industry, optimization studies and various software for it are supported 

globally to optimize the design and increase the structural performance. 

 

There are three basic terms in optimization: objective function, design variable, and 

design constraint. An objective function is a function that converts into a value that 

may describe the comparison of different designs and the degree of quality of the 

design. This function expresses the minimization or maximization. An optimal design 

is one in which the objective function is minimized or maximized. Design variables 

are parameters that must be altered for the design to achieve its objective. Design 

constraints are the limitations that the design must fulfill in an optimization problem. 

The objective function's mathematical formulation is as follows: 

 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝑓(𝑥) = 𝑓(𝑥1, 𝑥2, 𝑥3, … , 𝑥𝑛) 

 

𝑔𝑗(𝑥) ≤ 0 𝑤ℎ𝑒𝑟𝑒 𝑗 = 0,1, … , 𝑚    

 

𝑥𝑖
𝐿 ≤ 𝑥𝑖 ≤ 𝑥𝑖

𝑈  𝑤ℎ𝑒𝑟𝑒 𝑖 = 0,1, … , 𝑛 

(4.1) 

 

where x is a vector of design variables with lower (L) and upper (U) bounds, g(x) are 

constraint functions, and f(x) is the objective function (Altair 2021 Student Edition: 

OptiStruct., 2022). An ideal design is obtained depending on a user-defined design 

space, performance objectives, and manufacturing restrictions. In this thesis, 

optimization techniques are used to obtain the optimal design of the hydraulic reservoir 

system components according to design limitations and objective function. 

 

4.7.1 Topology Optimization 

 

Topology optimization, a mathematical technique, constructs, within a particular 

package space, an optimal form and material distribution for a structure. In topology 
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optimization, the density method is employed. The design parameter in this method is 

each element's density, which has a value ranging from 0 to 1. The element density is 

set to zero if a decrease in the design volume is required. It is presumed that the density 

has a direct proportionality with the material's stiffness. According to what we know 

about conventional materials, this material formulation provides consistency. For 

instance, titanium, which has a higher density than aluminum, has a higher stiffness.  

 

 OptiStruct employs the SIMP (Solid Isotropic Material with Penalty) method. 

Because a density of pseudo material is considered as the design parameter, it is also 

referred to as the density technique. The stiffness-density association is expressed by 

a penalization factor in the SIMP approach. This approach seeks to determine if a 

material is distributed as a solid or a void by using a value of 0 or 1 (Altair 2021 Student 

Edition: OptiStruct., 2022). 

 

𝐾̃(𝜌) = 𝜌𝑝𝐾 (4.2) 

 

Where, Ǩ and K are the stiffness matrices of the penalized and original, 

respectively. By combining the density ρ, and the factor of penalization p, a relation 

between the rigidities is established. 

 

4.7.2 Size/Parameter Optimization 

 

When optimizing for size or parameter, component characteristics like thickness, 

beam sections, and stiffness can be improved. A function among the design variables 

is implemented in optimization to achieve an optimum design. The simplest 

relationship between design variables and properties is the linear combination of 

design variables (Altair 2021 Student Edition: OptiStruct., 2022). 

 

𝑝 = 𝐶0 + ∑ 𝑑𝑖𝐶𝑖 (4.3) 

 

Where, p is the property to be optimized, Ci is the linear factors associated to the 

design variable di.  
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CHAPTER 5 

- ANALYSIS RESULTS 

 

The FE model of the hydraulic reservoir tank system is modeled using Altair 

HyperMesh software and then analyses of modal, frequency response, fatigue, and 

optimization are performed using the OptiStruct solver. 

 

5.1 The Existing Hydraulic Reservoir Tank System  

 

Figure 5.1 shows the thickness map of the existing hydraulic reservoir tank system 

components. The current brackets and spars have 2mm and 3mm thickness values, 

respectively. 

 

 

Figure 5.1 Thickness map [mm] of the existing hydraulic reservoir tank system components 

5.1.1 Modal Analysis of the Existing Hydraulic Reservoir Tank System 

 

A technique for determining a structure's vibration shapes and associated 

frequencies is modal analysis, commonly referred to as eigenvalue extraction. 

Stimulating the structure at its natural frequencies indicates that the structure is in a 
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state of resonance. The amplitude of the system's response reaches its maximum value 

in the event of resonance and thus triggers destructive damage. Consequently, it is 

preferable to operate the system at a frequency higher than these excitations in order 

to eliminate conflicts with the structure's inherent frequencies. 

 

The modal analysis of the existing hydraulic reservoir tank system is restricted by 

the x, y, and z axes of the nodes at the front-rear edges of spars as well as the x and y 

axes of the nodes at the up-down edges. The same frequency range is defined in the 

modal analysis since the PSD data that will be employed for the random-vibration 

fatigue evaluation is up to 2000Hz. Utilizing the Lanczos eigenvalue extraction 

technique, analysis was carried out in the OptiStruct solver. In figures between Figure 

5.2 and Figure 5.6, the system's mode shapes, lower than 50Hz, are demonstrated. 

 

 

Figure 5.2 The first mode shape of the existing hydraulic reservoir tank system (Mode-1 f=30.38 Hz) 
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Figure 5.3 The second mode shape of the existing hydraulic reservoir tank system (Mode-2 f=30.77 Hz) 

 

Figure 5.4 The third mode shape of the existing hydraulic reservoir tank system (Mode-3 f=35.95 Hz) 
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Figure 5.5 The fourth mode shape of the existing hydraulic reservoir tank system (Mode-4 f=44.64 Hz) 

 

Figure 5.6 The fifth mode shape of the existing hydraulic reservoir tank system (Mode-5 f=50.62 Hz) 

A numerical modal analysis was performed to determine the natural frequencies of 

the hydraulic reservoir tank system. Until 1000Hz, the natural frequencies are 

indicated in Table 5.1. 
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Table 5.1 The existing hydraulic reservoir tank system’s natural frequencies until 1000 Hz 

 

 

When the modal participation factor ratios of the existing design are examined 

(Table 5.2), it is observed that the z-axis at the first and second modes, the x-axis at 

the third and fourth modes, and the y axis at the fifth mode are dominant. This means 

that stress results at the dominant axis are higher than those at other axes. 

Table 5.2 Modal participation factors ratios of the existing hydraulic reservoir tank system from modal 

analysis up to 1000 Hz 
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5.1.2 Frequency Response Analysis of the Existing Hydraulic Reservoir Tank 

System under Unit Acceleration 

 

The transfer function between the inputs and outputs required for fatigue 

calculations are obtained using frequency response analysis. The input and output in 

this study are acceleration and stress, respectively. The analysis of frequency response 

under 1g mm/s2 unit acceleration is performed after the modal analysis of the existing 

hydraulic reservoir tank system. The ratio of structural damping is considered to be 

2%.  

 

The structure is subjected to a sinusoidally fluctuating 1g unit loading excitation, 

which is defined separately for each axis. The stress response under 1g sinusoidal 

excitation in the z-axis is demonstrated in Figure 5.7. 

 

 

Figure 5.7 Stress response at 30 Hz under 1g sinusoidal excitation in the z-axis for frequency response 

analysis 

From the numerical analysis, the transfer functions of the hydraulic reservoir tank 

system are extracted at each node. The frequency increment is set to 1 Hz and the stress 

values at each frequency are written to the output file. Figures from Figure 5.8 to 

Figure 5.10, respectively, represent the stress plot versus frequency obtained from the 

frequency response analysis under unit acceleration loading applied separately on the 

x, y, and z axes. 
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Figure 5.8 Maximum principal stress plot of the existing design versus frequency obtained from the 

frequency response analysis under x axis unit loading (logarithmic scale) 

 

Figure 5.9 Maximum principal stress plot of the existing design versus frequency obtained from the 

frequency response analysis under y axis unit loading (logarithmic scale) 
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Figure 5.10 Maximum principal stress plot of the existing design versus frequency obtained from the 

frequency response analysis under z axis unit loading (logarithmic scale) 

5.1.3 Random Response Analysis of the Existing Hydraulic Reservoir Tank System 

under Unit Acceleration 

 

The inputs for random response analysis are the transfer functions derived from 

frequency response analysis and the PSD, which is taken from military standards.  

 

The RANDPS (random case control) definition is employed in Altair HyperMesh 

to define a load case of random response analysis. It combines the frequency response 

analyses of the x, y, and z directions with PSD excitation. The maximum RMS stress 

value is 119.03 MPa on the system brackets obtained from the random response 

analysis and it is illustrated in Figure 5.11. The frequency-dependent PSD stress curve 

in element number 48106, where the maximum RMS stress occurs, is depicted in 

Figure 5.12. 
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Figure 5.11 The maximum RMS stress value on the existing system brackets obtained from the random 

response analysis 

 

Figure 5.12 The frequency-dependent PSD stress curve in element number 48106 
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5.1.4 Random-Vibration Fatigue Analysis of the Existing Hydraulic Reservoir Tank 

System under Unit Acceleration 

 

After the frequency-dependent PSD stress curves are obtained from random 

response analysis, Dirlik's approach is used for assessing the random-vibration fatigue 

life of the existing hydraulic reservoir tank system. In the numerical model, the effects 

of mean stress on fatigue are not taken into account. The absolute maximum principal 

stress value is preferred as the input of the analysis, and the total fatigue life is 

predicted from the stress ranges calculated by considering these stresses. The 

minimum fatigue life of the existing hydraulic reservoir tank system brackets is 

calculated as 242 cycles, as depicted in Figure 5.13. 

 

 

Figure 5.13 Fatigue life of the hydraulic reservoir tank system brackets 

The rainflow cycle count history might be extracted from the analysis. Its extension 

file is the RNF file, as shown in Table 5.3. It contains stress amplitudes, the probability 

of the corresponding stress amplitude occurring, the number of cycles of the specific 

stress amplitude, and the cumulative damage value of all cycles at the current stress 

amplitude. In the last row, total damage is given for the exposure duration of PSD.  
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The rainflow cycle count history of element number 48106 is demonstrated in Table 

5.3. For a PSD exposure duration of 60 seconds, the total damage is 0.171833E-04. 

For a total exposure duration of 4 hours, total life could be calculated as 242 cycles. 

Table 5.3 Fatigue damage result table of random response fatigue analysis in element number 48106 

for 60 second exposure duration 

 

 

5.2 Optimization Studies of the Hydraulic Reservoir Tank System 

 

According to the analysis results of the existing hydraulic reservoir tank system, 

the first natural frequency is lower than the target frequency value, and the fatigue life 

of the brackets is unsatisfactory. Optimization studies were performed for the 

hydraulic reservoir tank system's first natural frequency and fatigue life targets. 

 

The first step in an optimization study is to define design space. In this section, the 

hydraulic reservoir tank system brackets and spars are assessed to obtain an optimum 

design. 
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5.2.1 Topology Optimization for Brackets 

 

At first, topology optimization is performed for brackets. The ribs were added 

inside the brackets and then, it is separated into design and non-design regions. Figure 

5.14 depicts the design space of the bracket design 1. The density of each element in 

the design region is defined as a design variable. Region of connection holes is defined 

as the non-design region and extracted from design variable component. 

 

 

Figure 5.14 Design space of the bracket design 1 

Volume fraction and the first natural frequency were defined as optimization 

responses. The natural frequency of the first normal mode was chosen as the topology 

lower bound constraint. The objective is to minimize volume fraction to identify 

locations for ribs in the designable region. 

 

According to the current design, topology optimization yielded the optimal bracket 

design with reduced mass and higher frequency. The topology optimization result for 

bracket design 1 is illustrated in Figure 5.15.  
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Figure 5.15 Topology optimization result for bracket design 1 

The optimal design is exported in the form of an STL data format from HyperView. 

The FE model of bracket design 1 is illustrated in Figure 5.16. Modal and random-

vibration fatigue analyses are repeated for the bracket design 1. 

 

 

Figure 5.16 FE model of bracket design 1 

The first natural frequency of bracket design 1 is compared to the existing design, 

and it is observed that the first mode increased by 23%, as shown in Table 5.4.  In 

bracket design 1, there are three modes below 50Hz. The minimum fatigue life of 

bracket design 1 is calculated as 2525 cycles as depicted in Figure 5.17. The bracket’s 

fatigue life increased from 242 cycles to 2525 cycles. 
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Table 5.4 Comparison of the natural frequencies of the existing design and bracket design 1 

 

 

 

Figure 5.17 Fatigue life of the bracket design 1 

A second design space is created in terms of access to the bolts during assembly, as 

shown in Figure 5.18. The density of each element in the design region is defined as a 

design variable. The design responses, constraints, and objective are the same as in the 

previous design. 
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Figure 5.18 Design space of the bracket design 2 

The topology optimization result for bracket design 2 is illustrated in Figure 5.19. 

The optimal design is exported in the form of an STL data format from HyperView. 

The FE model of bracket design 2 is illustrated in Figure 5.20. Modal and random-

vibration fatigue analyses are repeated for the bracket design 2. 

 

 

Figure 5.19 Topology optimization result for bracket design 2 
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Figure 5.20 FE model of bracket design 2 

The first natural frequency of bracket design 2 is compared to the existing design, 

and it is observed that the first mode increased by 22%, as shown in Table 5.5.  In 

bracket design 2, there are three modes below 50Hz. The minimum fatigue life of 

bracket design 2 is calculated as 1123 cycles as shown in Figure 5.21Figure 5.17. The 

fatigue life of the bracket increased from 242 cycles to 1123 cycles. 

Table 5.5 Comparison of the natural modes of the current bracket design and bracket design 2 
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Figure 5.21 Fatigue life of the bracket design 2 

Figure 5.22 demonstrates the first natural frequency change versus optimization 

iterations for bracket designs 1 and 2. When the modal analyses are conducted with 

the generated FE models again, it is apparent that the results are consistent with 

optimization results. The bracket's mass decreased by 18-20% and the first and second 

natural frequency values of bracket designs increased by 22-23% compared to the 

existing design. Table 5.6 illustrates that both bracket designs 1 and 2 are not superior 

to each other in terms of the first natural frequency. Also, there are three modes below 

50Hz. The fatigue life on the brackets, on the other hand, have altered dramatically, as 

shown in Table 5.7. 
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Figure 5.22 The first natural frequency change versus iterations for bracket designs 1 and 2 

Table 5.6 Comparison of the frequencies of the existing design and optimization results 

 

Table 5.7 Fatigue life evaluation on existing design and bracket optimization designs 

 

 

5.2.2 Topology Optimization for Spars 

 

The FE model of bracket design 1 is preferred in spar topology optimization due to 

its high fatigue life. Figure 5.23 demonstrates the design space of the spars that are 

separated into design and non-design regions. The density of each element in the 

design region is defined as a design variable. The region of connection holes is defined 

as the non-design region and extracted from the design variable component. 
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Figure 5.23 Design space of the spars 

Volume fraction and compliance index were defined as optimization responses. The 

volume fraction of the design region of the spars was chosen as the topology upper 

bound constraint. The objective is to minimize the compliance index and, therefore, 

increase the rigidity and natural frequency values of the components of the hydraulic 

reservoir tank system. 

 

The element densities of the spars are weighted 0 to 1 in the topology 

optimization. A weighted ratio of 1 means that material must be put into that region, 

while a weighted ratio of 0 indicates that the material does not need to be added to that 

region. The topology optimization result for spars is illustrated in Figure 5.24. 

According to the topology optimization results, it is concluded that regions with an 

element density of less than 0.3 are not needed. In the FE model, these regions 

represent the base thickness of the spars, and element densities greater than 0.3 indicate 

the regions that more material should be added. Also, the thickness of the minimum 

size of three elements around the non-design space of the spars is assigned an element 

density of 1. The purpose here is to make the bracket contact the spar surface and avoid 

the sharp thickness change in the connection regions. 
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Figure 5.24 Topology optimization result for spars 

The optimized design of the spars is exported in the form of an STL data format 

from HyperView. The FE model of spars is illustrated in Figure 5.25. The base 

thickness of the spars is defined as 3mm. The thickness of the optimized regions with 

element densities greater than 0.3 is taken as 5 mm. The thickness transition between 

the base thickness and the reinforcement regions is defined as 4 mm.  

 

 

Figure 5.25 FE model of spars 
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Modal and random-vibration fatigue analyses are repeated for the optimized design 

of the spars and the results are compared to the current model (bracket design 1). When 

the natural frequencies of the optimized spar design are compared to the current model 

(bracket design 1), it is found that there are two modes under the target frequency value 

of 50 Hz, as indicated in Table 5.8.  

Table 5.8 Assessment of the current model’s natural frequencies (bracket design 1) with the optimized 

spar design’s 

 

 

The minimum fatigue life of the optimized spar design is calculated as 179 cycles 

as depicted in Figure 5.26. 

 

 

Figure 5.26 The optimized spar design’s fatigue life result 
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5.2.3 Size Optimization for Brackets and Spars 

 

The first natural frequency of the optimized spar design is still below the target 

frequency and is 46.95Hz. Size optimization has been conducted on brackets and spars 

to achieve the goals. Figure 5.27 shows the thickness map of the optimized spar design 

before size optimization. 

 

 

Figure 5.27 Thickness map of brackets and spars before size optimization 

The property of the components is specified as a function of design variables rather 

than being the design variable in size (parameter) optimization. Accordingly, it could 

be possible to establish numerous parameters that rely on each other.  

 

The thickness of the components was chosen as the property in size/parameter 

optimization. A linear combination of design variables is the most basic description of 

the design-variable-to-property association. The thickness property of each component 

was associated with a separate design variable as a linear function in this optimization 

study.  

 

The thicknesses of L-sections and ribs, the thicknesses of the spars, and the 

reinforcement regions on them were specified as design variables in the size/parameter 

optimization. The thicknesses of L-sections and ribs were defined as parameters 
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ranging from 2 to 2.5 mm and 2 to 3 mm, respectively. Also, the base thickness of the 

spars and the reinforcement regions on the spar were predetermined as parameters 

changing between 2 and 4 mm and 2 to 6 mm. The lower and upper limitations of the 

design variables are given in Table 5.9. 

Table 5.9 Lower and upper limits of the design variables 

 

 

The mass and the first natural frequency value were defined as optimization 

responses. The first natural frequency of the hydraulic reservoir tank system is 

restricted between the lower bound of 50Hz and the upper bound of 55Hz. The purpose 

is to minimize the total mass of the design space components. 

 

The initial thickness map of brackets and spars is illustrated in Figure 5.28 and the 

components of the hydraulic reservoir tank system are assigned a 2 mm thickness as 

an initial value. 

 

 

Figure 5.28 Initial thickness map of brackets and spars in size/parameter optimization 
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The first natural frequency constraint exceeds the lower bound of the design 

response after eleven iterations of size/parameter optimization and is obtained as 

50.52Hz. Figure 5.29 and Figure 5.30 demonstrate changes in the first natural 

frequency and the mass during the iterations of size/parameter optimization, 

respectively. 

 

 

Figure 5.29 The first natural frequency change during the size/parameter optimization 

 

Figure 5.30 Objective function change during the size/parameter optimization 
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The thickness map of brackets and spars after size/parameter optimization is 

illustrated in Figure 5.31. The thicknesses of L-sections and ribs were obtained from 

the optimization result as 2.5 mm and 3 mm, respectively. As a consequence of the 

optimization analysis, it is concluded that the thickness of the spar's base is at 3.5 mm 

and the thickness of the spar's reinforcing regions is at 4.7 mm. 

 

 

Figure 5.31 Thickness map of brackets and spars after size/parameter optimization 

5.3 The Optimized Hydraulic Reservoir Tank System Components 

 

Topology and size/parameter optimizations were performed to reach the target of 

the first natural frequency and fatigue life. The thickness values of the optimized 

hydraulic reservoir tank system components are listed in Table 5.10, and illustrated in 

Figure 5.32.  

Table 5.10 Thickness map [mm] of the optimized hydraulic reservoir tank system components 
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Figure 5.32 Thickness map [mm] of the optimized hydraulic reservoir tank system components 

5.3.1 Modal Analysis of the Optimized Hydraulic Reservoir Tank System 

 

The purpose of the topology and size optimization study to determine efficient 

design space is to improve the first natural frequency of the hydraulic reservoir tank 

system as well as the fatigue life. The optimization study for the brackets was 

completed first, followed by the optimization of the thickness map for the spars. 

Finally, in order to increase the first natural frequency and fatigue life, the thickness 

properties of both brackets and spars were defined as design parameters in 

size/parameter optimization.  

 

The first natural mode of the optimized design is higher than the target frequency. 

As a result of the optimization study, a percent improvement of 78 according to the 

existing design was obtained. The first natural frequency increased from 30.39 Hz to 

54.07 Hz compared to the existing design. The natural frequencies of the existing and 

optimized designs of the hydraulic reservoir tank system are examined in Table 5.11. 

In addition, the total mass change is also given in the table. Compared to the existing 

model, the total mass has been increased by 11%. 
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Table 5.11 Comparison of the natural modes and the total mass changes of the existing and optimized 

designs 

 

 

The modal analysis of the optimized hydraulic reservoir tank system is restricted 

by the x, y, and z axes of the nodes at the front-rear edges of spars as well as the x and 

y axes of the nodes at the up-down edges. The same frequency range is defined in the 

modal analysis since the PSD data that will be employed for the random-vibration 

fatigue evaluation is up to 2000Hz. Utilizing the Lanczos eigenvalue extraction 

technique, analysis was carried out in the OptiStruct solver. In figures between Figure 

5.33 and Figure 5.38, the system's free vibration mode shapes are illustrated. 

 

 

Figure 5.33 The first mode shape of the optimized hydraulic reservoir tank system components (Mode-

1 f=54.07 Hz) 
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Figure 5.34 The second mode shape of the optimized hydraulic reservoir tank system components 

(Mode-2 f=55.07 Hz) 

 

Figure 5.35 The third mode shape of the optimized hydraulic reservoir tank system components (Mode-

3 f=56.37 Hz) 
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Figure 5.36 The fourth mode shape of the optimized hydraulic reservoir tank system components 

(Mode-4 f=73.53 Hz) 

 

Figure 5.37 The fifth mode shape of the optimized hydraulic reservoir tank system components (Mode-

5 f=80.86 Hz) 
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Figure 5.38 The sixth mode shape of the optimized hydraulic reservoir tank system components (Mode-

6 f=103.34 Hz) 

A numerical modal analysis was performed to determine the natural frequencies of 

the hydraulic reservoir tank system. Until 1000Hz, the natural frequencies are 

indicated in Table 5.12. 

Table 5.12 The optimized hydraulic reservoir tank system’s natural frequencies until 1000 Hz 
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When the modal participation factor ratios of the optimized design are examined 

(Table 5.13), it is observed that the z-axis at the first and second modes, the x-axis at 

the third and fourth modes, and the y-axis at the fifth mode are dominant. This means 

that stress results at the dominant axis are higher than at other axes. 

Table 5.13 Modal participation factors ratios of the optimized hydraulic reservoir tank system from 

modal analysis up to 1000 Hz 

 

 

5.3.2 Frequency Response Analysis of the Optimized Hydraulic Reservoir Tank 

System under Unit Acceleration 

 

Frequency response analysis is conducted to examine the transfer function 

relations of input acceleration with output stresses required for fatigue calculations. 

The analysis of frequency response under 1g mm/s2 unit acceleration is performed 

after the modal analysis of the hydraulic reservoir tank system. The ratio of structural 

damping is considered to be 2%. 

 

The structure is subjected to a sinusoidally fluctuating 1g unit loading excitation, 

which is defined separately for each axis. The stress response under 1g sinusoidal 

excitation in the z-axis is illustrated in Figure 5.39. 
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Figure 5.39 Stress response at 54 Hz under 1g sinusoidal excitation in the z-axis for frequency response 

analysis 

From the numerical analysis, the transfer functions of the hydraulic reservoir tank 

system are extracted at each node. The frequency increment is set to 1 Hz and the stress 

values at each frequency are written to the output file. Figures from Figure 5.40 to 

Figure 5.42, respectively, represent the stress plot versus frequency obtained from the 

frequency response analysis under unit acceleration loading applied separately on the 

x, y, and z axes. 

 

 

Figure 5.40 Maximum principal stress plot of the optimized design versus frequency obtained from the 

frequency response analysis under x axis unit loading (logarithmic scale) 
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Figure 5.41 Maximum principal stress plot of the optimized design versus frequency obtained from the 

frequency response analysis under y axis unit loading (logarithmic scale) 

 

Figure 5.42 Maximum principal stress plot of the optimized design versus frequency obtained from the 

frequency response analysis under z axis unit loading (logarithmic scale) 

5.3.3 Random Response Analysis of the Optimized Hydraulic Reservoir Tank System 

under Unit Acceleration 

 

The inputs for random response analysis are the transfer functions derived from 

frequency response analysis and the PSD, which is taken from military standards.  
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The RANDPS definition is employed in Altair HyperMesh to define a load case of 

random response analysis. It combines the frequency response analyses of the x, y, and 

z directions with PSD excitation. The maximum RMS stress value is 93.46 MPa on 

the system brackets obtained from the random response analysis and it is illustrated in 

Figure 5.43. The frequency-dependent PSD stress curve in element number 96639, 

where the maximum RMS stress occurs, is depicted in Figure 5.44. 

 

 

Figure 5.43 The maximum RMS stress value on the system brackets obtained from the random response 

analysis 
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Figure 5.44 The frequency-dependent PSD stress curve in element number 96639 

Evaluating the frequency dependent PSD stress graph of the existing and optimized 

designs in the range of 15Hz to 105Hz, including the first six natural frequencies, it is 

clearly seen that the natural frequencies of the optimized design are shifted above 

50Hz. Also, the PSD stresses at each frequency of the optimized design were decreased 

compared to the existing design, as shown in Figure 5.45.  

 

 

Figure 5.45 Comparison of the frequency dependent PSD stress plot of the existing and optimized 

designs 
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5.3.4 Random-Vibration Fatigue Analysis of the Optimized Hydraulic Reservoir 

Tank System under Unit Acceleration 

 

After the frequency-dependent PSD stress curves are obtained from random 

response analysis, Dirlik's approach is used for assessing the random-vibration fatigue 

life of the optimized hydraulic reservoir tank system. In the numerical model, the 

effects of mean stress on fatigue are not taken into account. The absolute maximum 

principal stress value is preferred as the input of the analysis, and the total fatigue life 

is predicted from the stress ranges calculated by considering these stresses. The 

minimum fatigue life of the optimized hydraulic reservoir tank system brackets is 

calculated as 2297 cycles as depicted in Figure 5.46. 

 

 

Figure 5.46 Fatigue life of the optimized hydraulic reservoir tank system brackets 

The rainflow cycle count history might be extracted from the analysis. Its extension 

file is the RNF file, as shown in Table 5.14. It contains stress amplitudes, the 

probability of the corresponding stress amplitude occurring, the number of cycles of 

the specific stress amplitude, and the cumulative damage value of all cycles at the 
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current stress amplitude. In the last row, total damage is given for the exposure 

duration of PSD.  

 

The rainflow cycle count history of element number 96639 is demonstrated in Table 

5.14. For a PSD exposure duration of 60 seconds, the total damage is 0.181412E-05. 

For a total exposure duration of 4 hours, total life could be calculated as 2297 cycles. 

Table 5.14 Fatigue damage result table of random response fatigue analysis in element number 96639 

for 60 second exposure duration 
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CHAPTER 6 

- CONCLUSIONS  

 

Random-vibration fatigue is a typical source of damage to aerospace structures due 

to severe dynamic loads under operating conditions. If the load has dynamic 

characteristics and a broadband spectrum, the response of the structure probably 

proceeds at resonance frequencies, and the resonance effects cause rapid progression 

of the process from crack formation to fatigue failure in the structure. Accounting for 

dynamic effects, the random-vibration fatigue of the structure should be examined in 

the frequency domain; otherwise, it becomes unavoidable to have catastrophic failure 

due to random cyclic load and the operating frequency range of the structure.  

 

For the calculation of random-vibration fatigue where loading is applied in the 

frequency domain, the result of the frequency response analysis of the structure under 

unit load and the PSD data of the dynamic loading to be applied are needed. For this 

purpose, first a modal analysis of the structure is carried out to find natural frequencies. 

It is preferred that the natural frequencies of the structure should be higher than the 

operating frequency to avoid resonance effects. Second, the frequency response 

analyses based on the modal stress approach are performed under unit acceleration 

loading at each axis. The structure's transfer functions are the outputs of the frequency 

response analyses that were performed at three axes separately. The random response 

analysis inputs are the transfer functions of the structure and random dynamic loading 

in the frequency domain. Dynamic load is represented by PSD data in the frequency 

domain. In this study, it is taken from military standards. Stress levels are obtained 

from the random response analysis, which is the result of multiplying the transfer 

function with PSD. The accumulation of vibration-fatigue damage is estimated using 

the Palmgren-Miner rule. The Dirlik method is preferred for calculating fatigue life 

since it is a well-known approach and provides accurate results over a wide band 

spectrum. 

 

In this thesis, structural random-vibration fatigue evaluation of hydraulic reservoir 

system brackets with a modal stress approach is performed in the frequency domain 
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by using Altair HyperWorks software with OptiStruct solver. The system is expected 

to meet the natural frequency and random vibration fatigue life targets. The target 

minimum natural frequency of the hydraulic reservoir tank system should be higher 

than 50 Hz due to being stimulated by the hydraulic pump at a maximum of 3000 rpm. 

For evaluating random-vibration fatigue life, the random response analysis is repeated 

240 times and then total damage is calculated. The target fatigue life is determined to 

be at least 2000 cycles. Another aim of this research is to discuss and show how the 

optimization study may be implemented to enhance fatigue life in the frequency 

domain. 

 

The existing hydraulic reservoir tank system's analysis results do not meet the 

targets for both natural frequency and fatigue life. Thus, optimization studies are 

performed to provide the system's targets. The components of the hydraulic reservoir 

tank system are connection brackets and spars. The optimization study is divided into 

two steps. First, the topology optimization is conducted for brackets and then for spars.  

 

Two different topology optimization studies were performed for bracket design. 

The first natural frequencies of the designs are almost the same. On the other hand, 

there is almost a 2-times difference for fatigue life. It is preferred that the bracket 

design 1 model that has both a high natural frequency and a high fatigue life. As a 

result, the system's first natural frequency is raised from 30.39 Hz to 37.27 Hz, and 

bracket fatigue life is increased from 242 to 2525 cycles. Bracket optimization study 

has been completed. Then the optimization study for spar is passed. The regions that 

need to be thickened on the spar are obtained from the topology optimization. It is 

called the reinforcement regions of the spar. As a result of the topology optimization, 

the first natural frequency of the system reaches 46.95 Hz, and the fatigue life of the 

brackets is obtained as 179 cycles. With this study, the system still does not provide 

the targets. After that, size/parameter optimization studies are conducted on brackets 

and spars to achieve the system targets. The size/parameter optimization is performed 

to increase the first natural frequency of the system and brackets fatigue life. 

Optimized thickness map of brackets and spars is obtained from that study.  
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The system's first natural frequency is increased from 30.39 Hz to 54.07 Hz after 

topology and size/parameter optimizations, and bracket fatigue life is enhanced from 

242 to 2297 cycles. Considering the numerical results obtained, it can be said that the 

targeted values for the system have been achieved. 
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