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ABSTRACT
RANDOM CODES AND MATRICES

Ibrahim Ozen
Ph.D. in Mathematics

Supervisor: Prof. Dr. Alexander A. Klyachko
May, 2009

Results of our study are two fold. From the code theoretical point of view our
study yields the expectations and the covariances of the coefficients of the weight
enumerator of a random code. Particularly interesting is that, the coefficients of
the weight enumerator of a code with random parity check matrix are uncorre-
lated. We give conjectures for the triple correlations of the coefficients of weight
enumerator of random codes. From the random matrix theory point of view we
obtain results in the rank distribution of column submatrices. We give the ex-
pectations and the covariances between the ranks (¢~™%%) of such submatrices
over [F,. We conjecture the counterparts of these results for arbitrary subma-
trices. The case of higher correlations gets drastically complicated even in the
case of three submatrices. We give a formula for the correlation of ranks of three
submatrices and a conjecture for its closed form.

Keywords: random codes, random matrices, rank, weight enumerator of a random
code.



OZET
RASTSAL KODLAR VE MATRISLER

Ibrahim Ozen
Matematik, Doktora
Tez Yoneticisi: Prof. Dr. Alexander A. Klyachko
May1s, 2009

Caligmamizin sonuglar1 iki yonliidiir. Kodlama teorisi agisindan, rastsal kodun
agirlik polinomunun katsayilarinin matematiksel beklentileri ve kovaryanslar: elde
edilmistir. Elde edilen 6nemli bir sonug, rastsal parite kontrol ile olugturulan kod
polinomunun katsayilarinin korelasyonunun sifir olusudur. Rastsal kod polinomu-
nun katsayilari arasinda iiglii korelasyonlar i¢in varsayim one siiriilmiustiir. Rast-
sal matrisler agisindan bakildiginda, rastsal matrisin altmatrislerinin rank beklen-
tisi ve aralarindaki kovaryanslar elde edilmigtir. Bu sonuglarin siitun matrislerine
sinirlandirilmamig sonuglart i¢in varsayim ileri siirtilmiigtiir. Daha yiliksek dere-
celere bakildiginda, korelasyonlarin iigiincii derecede ¢ok daha karmagiklastig:
gozlenmistir.  Uciineii derece korelasyon icin bir toplam formiilii elde edilmis,

kapali formu i¢in sav ileri stirtilmiigtiir.

Anahtar sozcikler: rastsal kodlar, rastsal matrisler, rank, rastsal kodun agirlik

dagilimi.
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Chapter 1

Introduction

1.1 A Brief Overview of Random Matrices

Study of random matrices has been an efficient way of understanding the average

behavior of both mathematical and physical objects.

1.1.1 Complex Random Matrices

Over zero characteristic, the theory of random matrices is mainly developed on
eigenvalue statistics. Three basic random matrix ensembles are the Gaussian

Orthogonal, Unitary and Symplectic ensembles.

They consist of the sets of n x n

e real symmetric matrices invariant under transformations H — WIT HWq,
e Hermitian matrices invariant under transformations H — Wy HWj,

e self dual quaternion real matrices invariant under H — WEHW;

respectively, where W is an orthogonal, W5 is a unitary and W3 is a symplectic

1



CHAPTER 1. INTRODUCTION 2

matrix. W* (resp. W%) is complex (resp. quaternion) conjugation followed by
transposition. Recall that a real quaternion ¢ is of the form ¢ = ro+1rie; + 1960+
rsez, with conjugate ¢ = ro — r1eq — roes — r3e3, where r;’s are real. They form
an algebra over real numbers by the multiplication rules e? = €3 = €3 = —1,
e1eg = e3, ege3 = €1, €361 = €2. A matrix Q) = [¢;;] with real quaternion elements
has the dual matrix Qf = [g;;] and @ is self dual when we have Q = QF.

Symplectic group is the set of real quaternion matrices W such that W= = W£.

In these ensembles, probabilities to have eigenvalues within unit intervals cen-
tered at (A1, Ag,..., \,) are known. Correlations of eigenvalues of such matrices

are extensively studied ([20, 6]).

While the initial aim was to understand the energy levels of complex nuclear
systems, later developments indicated that eigenvalues of random matrices have
similar statistics as the nontrivial zeros of Riemann zeta function ([22, 25]). So,
the study of correlations of characteristic polynomials became important to un-
derstand the value distribution of this function([15, 5]).

Assuming Riemann Hypothesis Montgomery showed that the two point cor-
relation function of Riemann zeta function in the zero mean scaling is similar to
two point correlation function for eigenvalues of Circular unitary ensemble in the

limit of large matrix size.

Assuming Riemann hypothesis let 1/24iv; be the nontrivial zeros in the upper
half plane and write 7; = 7; log(v,/27). Montgomery conjectured that distances
v; — ¥ have the same distribution as arguments of eigenvalues of a large unitary

matrix. He proved a weak version of this in ([22]).

Katz and Sarnak ([14]) proved Montgomery’s conjecture for L functions of
algebraic curves over finite fields. The three classical ensembles above appear as

the monodromy groups of families of algebraic curves.

Monodromy groups also control the number of rational points. Curves with
many rational points are essential for constructing algebaraic geometric codes. It

turns out that the families of curves with irreducible monodromy group have big
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number of rational points ([13]).

1.1.2 Random matrices over finite fields

Over positive characteristic, random matrix theory switches from the eigenvalue
statistics to the conjugacy class properties of square matrices Mat(n, ¢) over F,
GL(n, q) and the classical groups O(n, q), U(n,q) and Sp(2m,q). The problems
studied include the proportion of matrices that have equal minimal and character-
istic polynomials (cyclic matrices), that have characteristic polynomial free from
multiple roots (separable matrices), the same property for minimal polynomial

(semisimple matrices).(See ([7]) for example.)

Stong ([26]) showed that the expectation and the variance of the number of
different irreducible factors in the characteristic polynomial of a random matrix

in GL(n, q) are asymptotically
log(n) + O(1).

Goh and Schmutz ([11]) proved that the distribution is asymptotically normal.

Borodin ([2]) studied the distribution of sizes s; > sy > ... of the Jordan
blocks of upper triangular matrices over F, . He showed that asymptotically as
n — oo any finite initial segment of the random vector (sq, So,...) is normally

distributed with mean (p1, ps, . . .) and covariance matrix with entries ¢;; = 6;;p; —

pip; where p; = 1/¢""1 —1/¢".

1.2 Random codes

Random codes are closely related with the random matrices over finite fields.
Specifically, parameters of random codes depend on the distribution and the

correlations between the ranks of submatrices.

A linear code C'is a linear subspace of Fy where I, is a finite field of ¢ elements.

The number n is called the length and the dimension k of C' is called the number
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of information symbols of the code. The number of nonzero coordinates of a code
vector e is said to be the weight |e| of e. Minimum of the weights of nonzero code
vectors in C' is the minimum distance of the code and it is usually denoted by d.

We call a code with parameters n, k, d over F, an [n, k, d], code.

If we consider F} as a linear space with the standard scalar product (u,v) =
> uv;, then the orthogonal complement C* of C is called the dual code to C.

Let C be an [n, k], code and fix a basis {b;} of C. Let G be a k x n matrix
whose rows consist of the basis vectors b; of C. Then any element e € C' is a
linear combination of row-vectors of G. We call G a generator matriz of C. G
is also an important matrix for the dual code C*. Since any vector ¢/ € Ot is
orthogonal to the basis vectors of C, the product G x (¢/)7 is the zero vector and

this is the criterion for lying in C*. G is called a parity check matriz of the code
C+.

Let C C Iy be a code and let A; be the number of code vectors with exactly

7 nonzero coordinates

A =HeeC:le] =i}

Then we define the weight enumerator We(t) of the code C' as the polynomial

Welt) =) A" (1.1)

We find the following form of the weight enumerator vital for our purposes
(see [27])
We(l+t)= > ¢, (1.2)

I1c{1,2,....,n}
where 7 is rank of the column submatrix of GG, spanned by the columns indexed
by I.

All the parameters of codes can be extracted from the weight enumerator
We(t) which is given by the rank function ¢7"', I C {1,2,...,n}, of the generator
matrix. A code can be considered as a configuration of points (columns of the
generator matrix) in the projective space. Then existence of a code with given

weights turns out to be equivalent to existence of a configuration with given
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rank function as we see in Equations (1.1) and (1.2). But this is a classical wild
problem and it can be arbitrarily complicated ([21]). So we pass to the statistical

approach rather than trying to determine the explicit structure.

Existence of a code with parameters n, k, d over F, amounts to simultaneous

vanishing of the coefficients
A=A =...=A41=0.

This involves the joint distribution of the coefficients of the weight enumerator.
Given the relation between the rank functions and the code weights, it is a natural
course of action to study the statistics of the rank functions. The main results
of this work are the explicit formulas for the expectation and the covariances
between the rank functions of random matrices. They provide the answers to the
counterpart problems for the code weights. In particular we find out that the
coefficients of weight enumerator of a code constructed by random parity check

matrix are uncorrelated.

For a matrix G, we take randomness in the sense that the entries are inde-
pendent and they are uniformly distributed along the field F,. One can easily
deduce from Equation (3.5) that probability of a square n x n matrix over F,
to be singular is positive even when n — oo, while for a k£ x n matrix with
R = k/n < 1 the matrix is almost sure to have maximal rank k. Hence we will
tacitly assume maximality of the rank when fixing a random k& x n matrix with
k/n < 1. One must keep in mind that there are two ways that a random matrix
gives rise to a code. Once we are given a k x n matrix G there is the [n, k],
code which assumes G as its generator matrix; and the second, the code which
assumes G as its parity check matrix. Both codes will be referred as random code.
We denote the random code in the first sense by C' and the code in the second
sense by C*. Their weight enumerators will be referred as We(t) = >, A"
and Weui (t) = >, A" respectively.

Throughout the text G is a random k X n matrix over the finite field F,.
We denote its rank, considered as a random quantity, by r¢x,. When we deal
with column sub-matrices we refer to the matrix as G; and its rank by r;, where

I c{1,2,,...,n} is the index set of columns in Gj.
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1.3 Statement of Results

Results in this thesis have been published online with the DOI reference
10.1016/j.fa.2009.03.002 ([18]).

Our main results are as follows. The sth moment of the rank function ¢~ "x»

of a k x n random matrix is given by

,us<q7rk><n) _ qfkn Z qr(nfs) llj:| H (1 . q7n+i)’

0<r<k 0<i<r

plg) = ] (" +q* =g,
0<i<k

where the product in the second formula is noncommutative in x = ¢ and y =
q~° with the commutation rule yz = gzy. The moment ps(¢ ") is symmetric
in n and k. Furthermore if s is a nonnegative integer then it is also symmetric in

s. For example the expectation of ¢~ "xn is given by

E(q—’/‘kxn) — q—n + q—k o q—n—k‘

The covariance between the rank functions ¢~ and ¢~"’ of two column sub-

matrices is given by

N C B Y e V[ U )

cov(g™,q7") = 2RI :
One may ask about the covariance between the rank functions ¢~ "%’ where 7
denotes rank of the submatrix spanned by the row set K and the column set I.

We conjecture that

(g — 1) (¢ — 1) (g!=" M1 — D)

—TrrLI —TMJ) —
cov(g™™, ) = THITHIEHM]

(1.3)

Next we show that the covariances between the coefficients of weight enumer-

ator of the random code C* are given by

cov(Wo (2), Wor(y)) = D cov(Af, Af)a"y"™
ij

O = oy 0 -1 = ).
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An important corollary of this theorem is that the coefficients of weight enumera-
tor of the code C* with random parity check matrix are uncorrelated. This result

is not valid for the code C given by random generator matrix.

We also studied the triple correlations between the ranks of three submatri-
ces. Using the classification of triplets of subspaces we managed to deduce an
extremely complicated formula. To our surprise computer experiments show be-
yond reasonable doubt that the formula is equivalent to a simple closed one. It is
even simpler when we switch from the correlations to the cumulants. We conjec-
ture that the closed formula of the joint cumulant of ranks of three submatrices

is given by

—r —r —r (q - 1>2(qk - ]-) —
a(q I,q J’q K) — q3k+I+J+K ( IJ+JK+KI-1JK <qIJ+qJK+qKI)

+24 (" —q) (""" - 1)),

where on the right hand side of the equation the multiplicative notation for sets
like IJ means the cardinality of their intersection |/ N J|. We remind that the

joint cumulant of a triplet of random variables is

o(X,Y,Z) = E(XYZ)—-E(X)cov(Y,Z) —E(Y)cov(Z, X)
CE(Z)cov(X,Y) — E(X)E(Y)E(Z).

This conjecture is equivalent to the following formula for joint cumulants of
the coeflicients of W (1),

O-(VVC'L ([E), VVC’l (y)a VVC’l (Z)> = Z O-(Aila AJL7 AlL)xn—iyn—jzn—l

= ¢ (g —1)*(¢" " - 1){ (zyz+ (g =D +y+2+q-2)" = (zy2)"
—((@y+q—-1)" = (2y)")2" = ((yz + ¢ —1)" — (y2)")2"

~((zz+ g = 1)" = (a))y" + (" — ) [(eyz + = 1" = (ay2)"] }



CHAPTER 1. INTRODUCTION 8

For the random code C' the corresponding equation is

o (Wel), Wely), We(2)) = (4 = 1*(¢" = D{a " (zyz + g - 1)"
— " ((ey+q—)"z+q-1)"+ @z +q—)(x+q—1)"
(zz+q—1)"(y+q—-1)") +2¢ " (@ +q-1)"(y+qg—1)"(z+g—-1)"
(" =) (@yz+ (a- D@ +y+z+q-2)"
— ¢ ™M+ q-1D)"(y+q—1)"(z+q—1)"] }

There exists a classification of quadruples of subspaces due to Gelfand and
Ponomarev ([10]). For further study of this subject, one may wonder whether it

may lead to a closed formula for the quadruple correlations.

The above results on correlations imply, for example, that the roots of weight
enumerator We (1 + 2) of a selfdual code C' = C* are almost sure to be on the
circle z = |,/q|, provided ¢ > 9. Here by almost sure we mean that the probability
to have a root off the circle tends to 0 as n — oo. Similar but less sharp results

hold for all [n, k], codes where ¢ > qo(R), R = k/n ([17]).

The thesis is organized as follows. Chapter 2 is a survey to summarize the
well known results over finite fields. Results mentioned in this chapter are not

used nor needed to proceed to the rest of the thesis.

In Chapter 3 we evaluate the moments and the covariances between the rank
functions. Moments are given by Theorem (3.3). We derive the covariance be-
tween the ranks of two submatrices in Theorem (3.6). Using this, we show that
the coefficients of the weight enumerator of the random code C* are uncorrelated
by Theorem (3.10) and Corollary (3.11).

In Chapter 4 we study the triple correlations between the coefficients of the
weight enumerators. To proceed in this direction we need the triple correlations
between the ranks of three submatrices. A triplet of submatrices gives a triplet
of subspaces. We review the classification of triplets of subspaces and obtain the
number of triplets with given invariants. This enables us to obtain a formula for
the triple correlations between the ranks of three submatrices which is given by

Theorem (4.7). The main Conjecture (4.8) provides the closed form of the joint
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cumulant of three ranks. Equivalent to this conjecture we give Corollaries (4.10)

and (4.11) on the joint cumulant of coefficients of W (t) and W (t) respectively.



Chapter 2

Known Results Over Finite
Fields

Random matrix theory over finite fields focuses on conjugacy classes of random
elements of the classical groups. Some of the properties that are invariant for
the same class are separability, semisimplicity, being cyclic, number of Jordan
blocks and so on. Similarity classes of matrices in Mat(n,q) and GL(n,q) are
well known, conjugacy classes in O(n,q),U(n,q) and Sp(2n,q) are studied by
Wall ([30]).

We remind the reader that our purpose is to provide a survey. Results of this

chapter won’t be used in the rest of the thesis.

2.1 Results for Mat(n, q) and GL(n,q)

2.1.1 Similarity Classes

Similarity classes of matrices in Mat(n,q) are given by the rational canonical

form. For a monic polynomial ¢(z) = 2™ + a,,_12™ ' + ...+ a1z + ao define the

10
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companion matrix C'(¢) to be

—ap

—a;

—as

1

_am—l_

11

(2.1)

A matrix A € Mat(n, q) is said to be in rational canonical form if it is the

direct sum of companion matrices of nonscalar monic polynomials ¢;

()
0

0

0 0
C(¢2) 0
0 0

0
0

C()

(2.2)

such that ¢;11 | ¢;. Any matriz is similar to a unique matriz in rational form.

This form follows from the fact that the space on which A acts decomposes

as direct sum of cyclic subspaces. So A is cyclic if and only if its rational form is

companion matrix C'(¢) of a polynomial ¢.

One can parameterize a similarity class by a collection of monic irreducible

polynomials {p;} with corresponding partitions of natural numbers \; = \;; >

Ai2 > ... satistying

> il deg(pi) = n.

Rational form of such a class is given by the matrix

C(IT, v 0
0 C(IL ) o
0 0 0

C(ILpi)]

Characteristic polynomial of any matrix in the class is given by [[, p

[ il

7

(2.3)

(2.4)

For the conjugacy classes of GL(n, ¢) the only restriction is that characteristic

polynomial can not have z as a factor, so |A,| = 0.
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Let A € Mat(n, ¢) with characteristic polynomial ¢(z). If ¢ completely factors

in F, then similarity the class of A is given by the Jordan form. To describe it

define J. to be the elementary Jordan matrix with characteristic value ¢

c 0
1 ¢

00

c 0
1 ¢

Now let p be an irreducible polynomial over [F, with roots in the closure of the

field 8,84, 87, ..., %P1 For any natural number \ we define the companion

matrix Jp » as

Jp,/\ =

0

0 Jﬁdegpfl

, (2.6)

where each J is a A x A Jordan matrix with the corresponding characteristic value.

Suppose the similarity class of A has data p; and \;. Then A is similar to a

matrix

Jpl AL
0

2.1.2 Cycle Indices

0

‘]P1,)\1,2

in)\m

(2.7)

Cycle indices for Mat(n, q) and GL(n, q) are first introduced by Kung and Stong.

These are polynomials that the cycle structures are encoded in their coefficients.

Let x,,, be variables corresponding to pairs of monic irreducible polynomials p
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and corresponding partitions of natural numbers |A,|. Then one defines the cycle

index generating function of GL(n q) as the power series
1+ 2 G g oan o oo
a€GL(n,q) p#=z

where the product is over all monic irreducible polynomials over F,. Cycle index

for Mat differs only in including the polynomial z in the product.

Stong gives a factorization for the cycle index, using a quantity car,p (). For

a partition \ with m; parts of size 7, define

For empty partition A set car,pq(A) = 0, otherwise

caLpa(A HH (gles gleE@) (di=D)), (2.8)

i [=1
Then the cycle index generating functions of GL(n,q) and Mat(n,q) have the

following factorizations respectively

1+Z|Gan Z pr’\p(o‘ Hle’/\

ocEGL(nq ) pF#=z pEz A

X deg(p)
" (2.9)

CGLq)

uuwdeg( »)

1+ zn: m S Tone = H Z Ty (2.10)

C
aEMat(n,q) P GL.p, q

We need a few lemmas that will be useful in deriving results from the cycle
indices. In the following we use the notation [u"]f(u) to denote the coefficient of

u™ in the Taylor expansion of f(u) around 0.

Lemma 2.1 If f(1) < oo and the Taylor series of f around 0 converges at u =1,
then

tim [ L f(1). (2.11)

n—oo 1—u

Proof. Let f(u) = ZZO:O a,u™. Then

1 —u (Z“> @; anU") = i:;(i Qi Ju"

=0

The lemma is clear from the last equality. m
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Lemma 2.2

deg(p)

U U

H(l—m) :1—F, (212)
p

where the product is over all monic irreducible polynomials over .

Proof. Assume that t =1 and let v = %. Then using

o)

1 e %
1 — pdes(®) Z(Ud g(p))
i=0
we get
H vdeg Z ,Udeg H p

p
So coefficient of v? is the number of monic polynomlals of degree d, which is equal

to ¢?. Hence when we pass to u notation we get

de u
1— T ydes(n) z :

deg(p)

So for t = 1 we get the result and the general case follows by changing u to
u_ O
—1

qt

Lemma 2.3

11 H ( d:g(p) ) =1-—u, (2.13)

pF#zr=1

where p runs through monic irreducible polynomials not equal to z.

Proof. By the previous lemma we get
deg o) _u
H H ( deg p)r) H ( )
p#z r=1 r=1

and the cancelations bring the result. O]

Gordon’s generalization of Rogers-Ramanujan identities [cite] gives the fol-

lowing corollary that will be used later

11~ sV [ l————]. (214
1 ( qrdeg(”)) o CaLpa(M) < qrdeg(p)> (2.14)

r=1
r=0,%tk(mod2k+1)
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Now we are ready to show how the cycle index machinery is used. For large
matrices probability of being semi-simple, cyclic and separable matrices will be

obtained.

Theorem 2.4 As n — oo, probability that a random element of Mat(n,q) is

semi-simple tends to

11 (1 - qu_l) . (2.15)

r=1
r=0,£2(mod5)

Proof. Semi-simplicity of a matrix in Mat(n, q) is equivalent that Jordan form
has no block of size greater than 1. So that partitions of the similarity class

satisfy A\; < 2. Cycle index for Mat and its factorization is

HZK}an 2 e HZ%

aEGL(n q) P

M dea(p)

CGLq)

where the products are over all monic irreducible polynomials over F,. If we
set 5, = 1 for those pairs with the partition satisfying A; < 2 and x,, = 0

otherwise, we get

Z ., | (semisimple matrices in Mat(n, q))|
u =
[GL(n, q)]

n

on the left hand side. Hence limiting probability becomes

P oAA<2
00 udes(p) wl > deg(p)
= . |GL(n,q)|, , Hp <Hr=1 (1 - vdeg(p)) DA <2 cGqu()\))
lim ———[u"]
noee g (1—u) [T (1——)

u|)‘|deg j2)

Gqu

=0, (mod5)
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Probability to get semi-simple element in GL(n, q) is given by the next theo-

rem.

Theorem 2.5 As n — oo, probability that a random element of GL(n,q) is

semi-simple tends to

S
I —= (2.16)
LD
r=1 r
r=0,£2(mod5) a
Proof. In the cycle index of GL(n, q) we set x,,, = 1 if \ satisfies \; < 2 and

Tp, = 0 otherwise. This gives the desired probability on the right hand side and

it is equal to

i [ [] 3
1m
n—oo CGL D, q
pFz A1 <2
= 1 s udee(P) ul? des(p)
£¢2.13  lim [u"] 1T (H (1 - d—) > —
e 1-u p#z \r=1 q §®) A <2 CGL,p,q()\)
san (T (- ) ¥ o)
pF#z \r=1 A <2 CGLp q
— 0 1
£q.2.14 H H (1 _ 7)
p#z r=1 1

r=0,£2 (mod5)

o] oo 1
- o 1 (-3
r:0,£2:1(mod5) < ) - :I:Q 1(mod5)

- 0 o=
1 (1-2)
(mod5) a

00
2

T

r=0,

Next, we give probabilities that the random element is cyclic.

Theorem 2.6 As n — oo, probability that a random element in Mat(n,q) is

(-PI(-7)

cyclic tends to
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Proof. A matrix is cyclic if and only if all the partitions in its rational canonical
form have at most one part. Once again manipulating cycle index accordingly,

we obtain the probability as

. |GL(n,q)[, , ul 4°8)
nlggo g’ ("] 1;[ 1+ Z @i des(p)—deg(p) (gdes(p) — 1)
de w deg(p)
= d 1 . Hp <1 - de:(m) (1 + Z] 1 ¢ dea(p)— dig(pg)(pdeg(p)_l)>
5212 J[(1- =) lim [u"]
ey q" ) n—oo 1—u
Fe2.11 ﬁ(1 1)H(1+ L )
g _
e qr i, qdeg( )(qdeg( ) 1)
= 1

]

Theorem 2.7 Asn — oo, probability that a random element of GL(n, q) is cyclic

tends to
1-— 1
q5
1+ 5
Proof. Proof is similar to the previous case. m

Now we give the probabilities that a random element is separable.
Theorem 2.8 As n — oo, probability that a random element of Mat(n,q) is

(-2

r=1

separable tends to

Proof. A matrix is separable if and only if the partitions in its Jordan form have
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size 1. So we get the probability from the cycle index as
. |GL(n, q)[ ude)
nlggo [w"] H 1+ qdes®) — 1

2
1 p
wdes(p) udeg(®)
_ GL I, (1+ ey (1 )
R D T Ak U e M e

n—00 q 1—u

= a 1
2211 ] (1 - 7) .
r=1 q

]

Theorem 2.9 As n — oo, probability that a random element of GL(n,q) is
separable tends to

1—-Z=
q

Proof. Cycle index of GL(n, ¢) and the condition on the partitions give the prob-
ability

. . udes(®)
Jim [u T (1 T e — 1)

pF£z
_ (1= 2) I (1+ 5575)
5212 lim [u"]~— "7 o
n—oo 1—u
- 1
pe211 1— -
q

2.2 Results for Other Classical Groups

Unitary Groups: Unitary group U(n, q) is defined as the subgroup of GL(n, ¢?)
that preserves a nondegenerate skew linear form. A skew linear form on an
n dimensional vector space V over Fp is a bilinear map (,) : V x V — Fp
satisfying (z,y) = (y,z)?. One such form is given by (z,y) = > z;y!. Any two
nondegenerate skew linear forms are equivalent ([4, page 7]), so U(n, ¢) is unique

up to isomorphism. Cardinality of the unitary group is given by |U(n,q)| =

¢TI (¢ = (1)),
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Description of conjugacy classes in the classical groups requires combinatorial
properties of polynomials. For a polynomial ¢(z) € F2[2| with nonzero constant

term, define
- 2180 ( 1)
o) = 2
(¢(0))
where ¢7 raises each coefficient of ¢ to the gth power. A conjugacy class in U(n, q)
is given by a collection of monic irreducible polynomials p and corresponding

partitions A, of nonnegative integers. This collection gives a conjugacy class if

and only if
L. A =0,
2. 0 = A,

3. 22, Al deg(p) =
Let N(q,d) be the number of monic, irreducible polynomials p(z) € Fp2(2) of
degree d such that p = p. The number N(q, d) is given by

if d is even,

0
{ézzummmﬁ+m if d is odd.

Furthermore, let M (g, d) be the number of unordered pairs of monic, irreducible,

N(q,d) = (2.17)

degree d polynomials over F,2, where p # p. This number is given by

30> —q—2) ifd=1,
M(g,d) = § 35 Xy (1) ¥—-g)ifd>1amjdEod¢ (2.18)
z_ld Zﬂd /L(’f‘)q if d is even.

Symplectic Groups: Symplectic group is defined as as the subgroup of GL that
preserves a non-degenerate alternating form. An alternating form on a vector
space V over F, is a bilinear map (,) : V x V' — F, such that (z,y) = —(y, z).
Alternating forms exist only on vector spaces of even dimension and they are all
equivalent, so the Symplectic group Sp(2n, ¢) is unique up to isomorphism. An

example to such forms is (z,y) = > (2192 — Z2y2i—1). Order of the group
Sp(2n, ) is given by ¢"" [7(¢* — 1).
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Given a polynomial ¢(z) € F,[z] with non-vanishing constant term, define the

polynomial
z3e8(@) pa (1)

@) = 55

Conjugacy classes in the Symplectic group Sp(2n,q) are defined by the fol-
lowing data on the monic,non-constant irreducible polynomials p € F,[z] and
corresponding partitions A, of non-negative integers. For p(z) = z = 1, the cor-
responding partition )\;f must have an even number of odd parts; and to each

non-zero even part a sign is associated. This data gives a conjugacy class if and

only if
1. A =0,
2. Ap = A

3. Zp:z:l:l |/\;7t| + Zpiz:tl |)‘P| deg(p) = 2n.

Combinatorial properties of polynomials for Sp(2n,q) depends on the parity

of characteristic. So define

2 if ¢ is odd,
e(q) = o
1 if ¢ is even.

We also need the number N (g, d) of monic, irreducible polynomials of degree

d over F,. This number is given by

g—1 ifd=1

2.19
LY gt d > 1 (219

N@d%z{

Now let N*(¢,d) be the number of monic, irreducible, degree d polynomials
p over [F, such that p = p; and let M*(¢q,d) be the number of un-ordered pairs
{p,p} of monic, irreducible, degree d polynomials over F, where p # p. These
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numbers are given by

(

e(q) ifd=1,
N*(q,d) = ¢ 0 if d is odd and d > (.20)
\ d~! D orld, r odd M(T)(C]% +1—e(q)) ifdis even,
(
s(a—elg) —1) if d =1,
M*(q,d) = § iN(q,d) if d is odd and d > 1, (2.21)
\ %(N(q, d) — N*(q, d)) if d is even.

Orthogonal Groups: Orthogonal groups can be defined as subgroups of
GL(n, q) that preserves a non-degenerate symmetric bilinear form. We assume
that the characteristic is not equal to 2. For n = 2] 4+ 1 odd, there are two
such forms up to isomorphism. Their corresponding groups O* (2] 4+ 1,¢) and
O~ (20 + 1,q) are isomorphic, with inner product matrices A and dA, where § is

a non-square in F, and A is given by

1 0 0
A=10 0,
0 I, O

Order of these groups is given by 2¢" Hﬁzl(qzi —1).

For n = 2[ even, there are again two forms up to isomorphism with inner

product matrices

01 L1 0 O

Liy 00—y 0 O
0 0 1 ’
0 0 0 —o

where 0 is a non-square in IF,,. If we denote the two orthogonal groups by O* (21, q)

and O (21, ), their cardinalities are given by 2¢" " (¢' F 1) [T._, (¢* — 1).
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2.2.1 Separable Matrices

Let sg (00, ) denote limiting probability that a random element in G is separable

as n — oo where G is one of the classical groups. Fulman et. al. give the
following table of these probabilities ([7]).
Group G q | Limiting separability probability sq (oo, q)
T
GL(n,q) any | 1—- )
L 9 N(q,d)
U(n,q) | any <1 + 5) I oaa <1 - m) ]
2 _ (Q7d) M(de)
any 324& I1i oua ( - d}rl) ) [Lis1 (1 + q4d+1)
N*(g,2d)
SP(2m,q) | odd (1 - 5) . <1 — )
even <1_1>Hd>1(1_—q(d+1)( | .
N*(q,2d M*(q,d
1
odd | M Ty (1- rbe) st (14 )
N*(q,2d) M*(q,d)
1)
even 232—1 d>1 ( (qdi1)2> HdZI <1 + (qul__l))
O(2m+1,q) | any | ssp(00,q)
O*(2m,q) | odd | ssp(00,q)
O%(2m,q) | even %ssp(oo, q)

Table 2.1: Separable matrix limiting probabilities.

They also give the following Table (2.2) of lower and upper bounds for the

complicated limiting probabilities sg (00, q).

Group G q | ssp(00,q) lower bound sgp (00, ¢) upper bound
GL(n,q) any | 1—q! 1—q!
U(n, q) any | 1—q ' —2¢7°+2¢" 1—q ' =2¢2%+6¢"
2 0.4147 0.4157
3 0.6283 0.6286
Sp(2m,q) | odd |1 —2¢7 ' +2¢72—4q 3 +4q¢* 1—2¢'+2¢2—4¢3+9¢*
even | 1 =3¢ ' +5¢2—-10¢3+12¢7* | 1 =3¢~ ' +5¢7%2 —10¢3 +23¢~*
2 0.2833 0.2881
3 0.3487 0.3493
O(2m +1,q) | any | same as for sg,(00,q) same as for sg,(00, q)
O*(2m,q) | odd | same as for sg,(o0, q) same as for sg,(00, q)
even | £ bound for sg, (o0, q) £ bound for sg, (00, )
Table 2.2: Explicit bounds for separable matrix limiting probabilities.
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One can find table of convergence rates for the separability limiting probabil-
ities in ([7]).

2.2.2 Cyclic and Regular Matrices

Let cg (o0, q) denote the limiting probability of cyclicness in G as n — oo. For
the classical groups, the probabilities are given in ([7]) and we take the Table
(2.3) of results from there.

Group G g | Limiting probability cg(c0, q)

GL(n,q) | any | (1-¢7)/(1+¢7°)
U(n.q) any <1 + l) I1i oaa (1 - m Hd>1 (1 + ﬁd})

v M (q,d)
any (1 ) I14 oaa (1 + W) Hd>1 ( )

) N(q,d)

> N*(g,2d) > M*(gq,d)

Hd>1 (1 + m

Sp(2m,q) | any | []4, (1 — ﬁ
N*(g,2d)

3-1)
odd wfff— Mot (14 m)
N*(q,2d)
even q(q2+1 Hd>1 ( + (qd+1)( 2d 1))

O(2m+1,q) | any | (1— %) csp(00, q)
O*(2m,q) | odd | (1—_+ #) csp (00, q)

even | (1 — )csp( ,q)

2-1)(¢3-1) N(ad
any | DT, <1 + WIQM_Q Hle (1 + W@m)

1
Hle (1 T (q7-1)(q>?+1)

1
s (14 st

) M (q,d)

M (q,d)

)M*(q,d)
)M*(%d)

Table 2.3: Cyclic matrix limiting probabilities.

Upper and lower bounds for the limiting probabilities are given in Table (2.4).
In that table, the constants ki, ks, k3 are given by
1 1

ky=1—q", kzzl—q_1+§q_2, k3:1—§q_1

One can find tables of convergence rates and limiting probabilities expanded

in ¢! modO(g~'°) in ([7]).

An element of a finite classical group G of characteristic p is called regular if

its centralizer in the corresponding group over I, has minimal possible dimension,
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Group G q | cg(oo,q) lower bound | c¢g(o0,q) upper bound
GL(n,q) | any | (1-¢7°)/(1+4¢7°) (1—¢)/(1+q7)
U(n,q) | any | (1—¢°)/(1+q7") 1—q°

Sp(2m, q) odd |1 -3¢ 3 +q¢*—q° 1-3¢3+2¢*+q¢°

even | 1 —2¢ 3 —¢q7° 1-2¢g3+q*+q°

O(2m +1,q) | any | k; bound for cg, (00, q) | k1 bound for cg, (00, q)
O%(2m,q) | odd | kg bound for cs,(00,q) | ko bound for csp, (00, q)

even | ks bound for cg,(00,q) | ks bound for cg, (00, q)

Table 2.4: Explicit bounds for cyclic matrix limiting probabilities.

which is equal to rank of G. For the general linear, unitary and symplectic groups,
notions of cyclic and regular elements coincide. For the orthogonal groups, the
two concepts are different. Table (2.5) from ([7]) shows the limiting probabilities

ra(o00, q) of regular elements in the corresponding orthogonal groups.

Group G ¢ | Limiting probability rq(o0, q)
O(2m+1,q) | odd (1 + (q+1)> csp(00, Q)

even cSp(oo q)
O*(2m,q) | odd 1+ (q+1) + 2q4(ql+1)2) csp(00, )

even | (14 2q2(q+1)> csp(00, q)

Table 2.5: Regular orthogonal matrix limiting probabilities.

Cyclic matrices in a more general range of groups are investigated for design
and analysis of algorithms for efficient computation in matrix groups ([23, 24]).
Authors give estimations for the probabilities of random element to be non-cyclic

in the groups

Here general unitary group GU(n,q) and general symplectic group GSp(2m, q)
consist of matrices in GL(n, ¢*) and GL(2m, ¢) that preserve the corresponding
form up to a scalar multiplication. The group §2(n, ¢) is defined as the commutator

subgroup of the orthogonal group O(n, ¢). The authors denote the probability for
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the random element in G to be non-cyclic by vg. Their results are summarized
in Table (2.6).

Group G n,m q Upper bound for vg
SL(n,q) < G < GL(n,q) n >3 | any ( 1)
SU(n,q) < G < GU(n,q) n= any ( 271)
n>4 | any 12

(q( 1)(¢%+1)

Sp(2m,q) < G < GSp(2m,q) | m>2 | any E 7 Gl) + e+ q“q—tﬁ?ﬁ_
Qf(2m,q) < G < GO°(2m,q) | m >3 odd | 1) 4 bt
s(G 2
even (Q—q) + @1
Q@2m+1,¢) <G<0@m+1,q) | m>2]| odd | L+ s

Table 2.6: Bounds for probability of non-cyclicity.

In this table, the quantity ¢(G) is 1 or 2 depending on the group. Similarly,
s(G) takes values 1,2,4 when ¢ is odd and 1 or 2 when ¢ is even.

2.2.3 Semisimple Matrices

In this subsection let ssg(oo,q) denote the limiting probability of semisimple
matrices as n — 0o. We give the Table (2.7) of probabilities from ([7]). In this

table results are expressed in terms of the following quantities

In Table (2.8) we quote the lower and upper bounds for the limiting probability
ssg (00, q) from ([7]). The reader can also find convergence rates for the limiting

probabilities and power series expansions in ¢~ modO(q~1°) there.
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Group G g | Limiting probability ssq (oo, q)
1-—ig
GL(n, q) ay Hr=07:i:2(mod 5) %
U(n,q) any <1 + %) 1, oug Aga(1)N @D [Tis1 B 4(1)M@d
2
Sp(2m, q) odd 1- % F(1)? Hd21 Aq,d(l)N (0:24) Hd21 Bq,d(l)M (@d)
even | (1 — 5 F(1) Hdzl Aq,d(l)N*(q’Qd) HdZI Bq,d(l)M*(q’d)
2
0@m+1,q) | odd | (1= 1) Fe()P() [Ty Aga(D)™ @20 [y Bya(1) 0
even Ssp(oqq)
2
Oi(2m7 Q) odd %(F+(1>2 + F(l)z) (1 - %) Hd21 Aq,d(l)N (a,2d) Hd21 Bq,d(l)M (a.d)
even %FJr(l) (1 B %) [Tis Aga(1)N(@20) [Tos1 Bga(1)M @
Table 2.7: Semisimple matrix limiting probabilities.
Group G q | ssg(o0,q) lower bound ssa (00, ¢) upper bound
GL(n,q) | any |1—¢'+q¢°—2¢" l—qg 44
U(n, q) any | 1—¢ ' —q°—2¢"" 1—q ' —q?+3¢7"
2 0.4698 0.4724
3 0.6498 0.6501
Sp(2m,q) | odd |1 -3¢ 1 +5¢2-7¢3+6¢7*|1—-3¢+5¢g2%—Tq¢3+13¢*
even | 1 —2¢7 1 4+2¢2—-2¢34+q¢* | 1—-2¢t+2¢72-2¢3+5¢
2 0.3476 0.3481
3 0.3819 0.3821
O@2m+1,q) | odd |1 —2¢7t+2¢2—2¢3—2¢* | 1—-2¢7+2¢2—2¢3+7¢*
3 0.5046 0.5053
O=(2m,q) | odd | 1-2¢7"+3¢7% = 5¢7° 1-2¢"'+3¢ 2 =307 +5q"
3 0.5244 0.5252
even | 1(1—¢ ' =3¢ (1 —qg ' +5¢7%)
2 0.2513 0.2515

Table 2.8: Explicit bounds for semisimple matrix limiting probabilities.




Chapter 3

Random Codes

This section is devoted to calculation of expectations and covariances between

the coefficients of weight enumerator of random codes.

3.1 Expectations of Coefficients of Weight Enu-

merator

We will start with the moments of the random variable ¢~"*x» where 1., is the
rank of a k xn matrix. The basic tool for evaluation of moments is the probability

P(n, k,r) of the random k x n matrix to have rank r.

We need g-analogues [n], of positive integers n and the g-factorials to express
this probability. Instead of the usual definition [n], = (¢" —1)/(¢ — 1) we use the
following form

n], :==q¢" — 1.

27
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These functions extend the Binomial coeflicients as follows

[O]Q! = 1

[n]q! = [n]gln —1q... [

nl [n],! 31
rl, ] =], (3:1)

The quantum Binomial coefficient in Eq. (3.1) gives the number of r dimensional
subspaces of an n dimensional linear space over F,. Cardinality of the group

GL(k, q) is given by the factorial

k(k—1)

IGL(k, @) = ¢ > [K],! (3.2)

In the following part, we drop the subscript ¢ in the notation. We will need

two classical formulas in the sequel

q-Binomial Theorem (Commutative)

[T (- = 3 -1 7] (3.3

0<j<d 0<i<d

q-Binomial Theorem (Noncommutative)

d| . )
d __ i d—1i
= ¥ [t (3.4
0<i<d
where the power on the left hand side is noncommutative in x and y. The power is

to be expanded so that every monomial is in the form x'y’ by the relation yr=qry.

Note that the g-Binomial identities are expressed in g-Binomial coefficients
and our convention on [n], doesn’t change them. See ([12]) for the theory of the

subject and proofs of the items above.

Proposition 3.1 The probability P(n,k,r) of a k X n matriz to have rank r is

given by - W1
P(n,k,r) = gt m i 'T]! = 'r]! Gl (3.5)

Proof. This is a standard formula, see for example ([28]). O
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In the next theorem we will use the following simple lemma.

Lemma 3.2

k]! _d(d-1) i =y [d| L
[k[—]d]l =q¢ 7 ) (-)q Hq’“(d ) (3.6)
' 0<i<d

Proof.
|

[k:[ﬁ]d]' _ H (qk:—z‘ _ 1) _ qkd—@ H (1 _ qi—k)

0<i<d 0<i<d

When we replace the last product with the corresponding sum by Eq. (3.3) we
get the result. O]

The following theorem gives the moments of the rank function of a random

matrix.

Theorem 3.3 The st moment p,(q~" ") of the rank function q~"**» is given by

() = S e m T (—a) (37)

0<r<k 0<i<r

: (3.8)

r=q~ ", y=q~°

M8<q—rk><71) — H (:L. +y _ q—n—s-f—z)

0<i<k

where the product in the second formula is noncommutative in x and y. Ev-
ery term should be put in the form z'y’ before substituting ¢~ and q—° using
the commutation rule yr = qry. Moment ps(q~ ") is symmetric in n and k.
Furthermore if s is a nonnegative integer then the formula is also symmetric in

S.
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Proof. We use the formula in Equation (3.5) for probability.

plg™™) = > g P(nk,r)

—rll[r]! n —r]!

]

= g™ Z g m ITa-qam

0<i<r

- —kn s k PRRIGEEON N ol IV
£a.3.6) g " Zq L}(—l)q 2 {}q( ) (3.10)

(3.11)

To get the second formula of moments we proceed from Equation (3.10) as follows

pslg) = qk"Zq”m Z(—l)iqwm(q”)”

i

= —kn —s(k—r k PP CmiD] k—r n(k—r—i
et et [ g [ e

= ;(—Uiqm’?l) m ') [k . 1 (") (g )"

]

= T e e

(3.12)
The last equation follows from the noncommutative g-Binomial formula (Eq.
(3.4)). Finally by the commutative g-Binomial formula given in Eq. (3.3) we get
ps(g ) = T[ (@ +q7 ="
0<i<k
where we remind that the product is noncommutative. It should be expanded
inz = ¢ y = ¢ ° so that every monomial is put in the form z‘y’ by the

commutation relation yxr = gqxy and then substitute for  and .

The probability formula P(n,k,r) is symmetric in n and k hence the same
holds for the moment formulas. This can be proven by expanding [k]!/[k — ]!
instead of [n]!/[n —r]! in Eq. (3.9). If s is nonnegative integer the formula is
completely symmetric in n,k and s. This follows from the symmetry of the

noncommutative g-Binomial formula (3.4). O
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Example 3.1 An easy calculation gives the expectation & and the second moment

W of g7k as follows

E(g ™) = ¢ "+q " —q ", (3.13)
MQ(Q_Tkxn) — q—2n + q—2k + q—2n—2k+1 + q—n—k(q+ 1)(1 . q—n o q—k) (314)

The following examples give the expectations of coefficients of weight enumer-
ators of the random codes C' and C*. In the following example and henceforth

C'is an [n, k| code given by a k x n random generator matrix.

Example 3.2 FExpectation of weight enumerator of the random code C' is given

by
(¢" —1)

n

E(We(t) =Y E(A)" " =t"+ (t+q—1)" (3.15)

Let G be a random k x n matrix and let C' be the code with generator matrix
G. Weight enumerator We(t) is expressed via rank function by
Welty= > ¢ mre—nM,

Ic{1,2,..n}
where r; is rank of the column submatrix spanned by the column set I. Expec-
tation of the weight enumerator is given by

EWe(t) = > ¢Eg)t—-1"
Ic{1,2,..n}

The result follows when we substitute E(¢~") = E(¢~"xI1l) given by Equation
(3.13).

We will obtain an analogous result for the random code C* by Mac-Williams

duality ([19]) ;

Wei (141) = ¢~ "W (1 + g) . (3.16)
Recall that C* is considered to be an [n,n — k] code given by a random k x n

parity check matrix.

Example 3.3 Ezpectation of weight enumerator of the random code C* is given
by
EWer(t) =Y EAN =q ((t+q-1)"+ (¢" — Dt"). (3.17)
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Let G be the random k x n parity check matrix of C*. We know expectation
of weight enumerator of the code C' which assumes G as its generator matrix
(Example 3.2). Taking expectations of both sides of Eq. (3.16) and using Eq.

(3.15) we obtain the assertion.

Expectations and the second moments of the code weights are not new results.

One can find them in ([9, page 10]) and ([1, page 44]) for example.

3.2 Covariances Between the Coeflicients of

Weight Enumerators

We will obtain the covariances between the coefficients of weight enumerators
from the covariance of rank functions. The covariance between two rank functions
is given by

cov(g™,q ™) = B(g™"") — E(q " )E(g™). (3.18)

The new ingredient E(¢~""~"7) requires the joint probability P(ry, ;) of ranks
of sub-matrices GG; and G; spanned by the column sets I and J respectively. In
order to express P(ry,r;) we need an auxiliary function. Let G be a k x n matrix
and let M fixed columns of G span a matrix of rank m. Denote by P(n, k, M, m, 1)
the probability that G has rank r.

Lemma 3.4
P(n,k,M,m,r) = P(n— M,k —m,r —m). (3.19)

Proof. Let V; be the column space of given M vectors. We have to find n — M
column vectors of rank » —m in the space IF’; /Vo and then lift them up to F’;. So

the number N(n, k, M, m,r) of complementary matrices is given by

N(n,k,M,m,r) = q(nfM)(kfm)p(n — M, k—m,r— m)q(nfM)m‘

n—M

To find the probability we multiply by ¢~ ¥ and the exponents cancel. Il
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The following proposition gives the moments of this partial probability func-

tion.

Proposition 3.5 Moments of the partial rank function is given by

Z q_TSP<n7 ka r— m) - q_smlu’s(q_rkxn) (320)
T ;
0<r<k 0<i<r
_ qfsm H (q*n + q*S _ q7n73+i) (322)
0<i<k

where in the last formula the product is noncommutative in the variables x = ¢~
and y = q~°. Moment formula is symmetric in n and k. Moreover when m = 0

and s 1s a nonnegative integer the formula is completely symmetric in n, k and s.

Proof. Proof of this proposition repeats the same steps as Theorem (3.3) so we

skip the proof. Il

Theorem 3.6 Let G be a random k x n matriz, I,J C {1,2,...,n} be two sets

of columns. Then covariance between the rank functions ¢~ and q~"7 is given

by

ey (=D =)™ 1)
cov(qg ", ¢ = perEy] . (3.23)

Proof. Covariance is given by
cov(g™",q) =E(¢g") —E(¢")E(q"). (3.24)

So we need the expectation of ¢~/ hence the joint probability P(rr,r;) of

ranks r; and r;. This probability is given by the following sum

P(r;,ry) =Y _ P(ILkr)P(I k1] rr)P(Jk LLr 1)),

where I.J is the shortcut notation for |[I N J|. The sum runs over the rank of the
intersection. We extend the intersection to the sets I and J with ranks r; and

7. Substituting for the auxiliary probabilities by Equation (3.19) we get

E(qufr‘]) — Z q*TI*TJP(IJ’]{;’T)P(_ik—7”77’]—T)P(:,k_rarJ_,r)

Ty
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where I = |I'\ J| and J = |.J \ I|. We can sum up over r; and r; by Equations
(3.13) and (3.20)

E(g™ ™) =Y Pk (" =g )+ g7 ) (g 0 —q7) +¢77).

Finally summation over r gives

E(g ™) = ¢*1—q D1 —q7)+ ¢ palg1) + (q‘f 1 —g7)

g7 (1= gT) ) E(g ).

We have expressed E(¢~""7) in terms of the first and the second moments of the
rank function and they are given by Equations (3.13) and (3.14). If we substitute
this with the product E(¢~"")E(¢~"”) in Equation (3.24) we get the assertion. [

While the covariances between the rank functions of column submatrices are
enough for code theoretical purposes the same question about arbitrary subma-
trices is still an interesting problem. Let G be a random k X n matrix. Let
I c{1,2,...,n} be acolumn set and L C {1,2,...,k} be a row set. We denote

by rr; rank of the submatrix spanned by the rows in L and the columns in I.

Conjecture 3.7 Covariance between the rank functions q="“1, q~"™™7 of two sub-

matrices is given by

(g —1)(g" = 1)(g!*"MI — 1)
T L] :

COV(qiT“, q*TMJ> —
Before we proceed with the covariance of code weights, we need the following

lemma.

Lemma 3.8 Let

Si= Y ¢ (3.25)

I,Jc{1,2,...n}
[I=i,|J|=j

We have the following generating function for S;;

> Sya'y’ = (1+z+y+ qry)". (3.26)
(2]
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Proof. 1f we fix the cardinality |I N J| by m, we can choose the elements in the
symmetric difference and then split this set to I and J. This gives

n
Sij = : : R I/
J Z(m,]—m,z—m,n+m—z—j>q

m

The sum above shows that S;; is the coefficient of 2'y’ in (1+ 2 +y + qzy)". O

We have developed the necessary tools for the covariance between the code
weights. The following theorem gives the covariance of coefficients of a code with

random generator matrix.

Theorem 3.9 Covariances between the coefficients of the weight enumerator of

a random code C' are given by

corWe(e). We(w) = LD (g

n (z+g=1)"(y+g—1)"
) q ) '

(3.27)

Proof. Let S; be the coefficient of 2* in W (1 + z) given by Equation (1.2)
Si = Z qk_”.
=

The covariance of the coefficients .S; and S; is obtained by Equation (3.23)

COV(SZ', S]) _ (q - 1)(qk — 1) Z (q|IﬂJ| . 1)

qi+j

[T]=1,]J|=j

- =206 ()().

where S;; was defined by Equation (3.25). For the covariance of weight enumer-

ators we substitute this

cov(We(1+z), We(1+y)) = Z cov(S;, S;)z'y’

]

<ot () (2)) - (42 (42

_ (q—l)q(:l’“—l) ((xy+x+y+q>n_ (I+Q)Z£Q+Q)n)_

When we substitute  — 1 for z and y — 1 for y we get the assertion. O]
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When we transform this theorem to the case of random code C* the result is
more interesting. We see in the covariance formula (3.27) that the coefficients A;
and A; are correlated as the coefficients of %y’ for i # j can be nonzero. However

this is not the case for C*.

Theorem 3.10 Covariances of coefficients of weight enumerator of the random

code C+ are given by

_ k _
cov(We (), Wes (4)) = & 12123 Diaytq-10 - @), (3.298)

Proof. By Mac-Williams duality we have
cov(Wei(1+ ), Wei (14 y)) = cov <q_kx”WC (1 + %) ¢y We <1 + %)) ,

When we substitute the covariance of weight enumerators from Equation (3.27)

the assertion follows from a simple calculation. n

Note that there are only diagonal terms in the covariance of weight enumerator
of a random code in this sense. The following corollary is for emphasizing the

fact that the coefficients are uncorrelated.

Corollary 3.11 Coefficients of weight enumerator of the random code C* are

uncorrelated
cov(A, A7) =0. (3.29)

Proof. We see in Equation (3.28) that there is no x'y’ for ¢ # j. Hence the

coefficients are uncorrelated. O

Wadayama obtains the same result independently in his preprint ([29]).



Chapter 4

Triple Correlations

In this chapter we will study triple correlations between the coefficients of weight
enumerators. The key ingredient is the triple correlations between the rank func-

tions of column submatrices.

A triplet of submatrices gives a triplet of subspaces. So we will start with
the classification of the triplets of subspaces. The classification enables us to
evaluate the triple correlations of the rank functions. The formula for the rank
correlations turns out to be highly complicated. We made numerous evaluations
with computer and we observed that the formula simplifies to a closed form. We
give the closed form of this formula as a conjecture. We will give triple correlation
formulas for the coefficients of weight enumerators as equivalent forms of this

conjecture.

4.1 Classification of Triplets of Subspaces

We will obtain the classification of triplets from the quiver representations. After
reviewing the basic definitions and the finiteness theorem of the representations

of quivers we will get the classification.

37
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4.1.1 Quiver Representations

A quiver @ is a set of vertices some of which are connected by arrows. Set of
vertices of () is denoted by @), and set of arrows by ),. The maps t,h: Q, — @Q,

map an arrow to its tail and to its head respectively.

Definition 4.1. Let @ be a finite quiver and k be an algebraically closed field.
A representation of @) is a collection of linear spaces V (z) for each vertex x and
linear maps V(a) : V(t(a)) — V(h(«)) for each arrow « in Q). Alternatively, a

representation of () is a left module over k category of paths kQ).

A morphism f : V; — V5 between two representations V; and V5 of a quiver
@ is a collection of linear maps f(x) : Vi(z) — Va(z) such that Vo(a)f(z) =
f(y)Vi(a) for each arrow x — y in Q.

The classification of indecomposable representations of a quiver () is connected

with the positive roots of the following quadratic form

ro(d) =Y d(a)’ = ) d(ta)d(ha)
a€Qy a€Qq
where d(z) is the value of the dimension function dimV : z — dim V' (z) at vertex
x. A root of the form r is an integral vector z € Z!Q,| such that r(x) = 1. Note
that the canonical basis elements of Z" are roots of the form, they are called the
simple roots. When z is a root and x; > 0 for every position ¢ then we call z a

positive Toot.

The following theorem gives the finiteness condition and classification of in-
decomposable representations of a quiver. ( See [8][Theorems (6.2) and (7.1)] for

proof.)

Theorem 4.2 The number of isomorphism classes of indecomposable represen-
tations of a quiver Q) is finite if and only if Q) is disjoint union of the simply-laced
Dynkin diagrams A, D,, Fg, E7 and Eg with arbitrary orientation. If this is the
case, the map V — dimV provides a bijection between the set of isomorphism

classes of indecomposable representations and the set of positive roots of rq.
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e
I, I_

Figure 4.1: Simply Laced Dynkin Graphs

Example 4.1 Consider the Dynkin diagram FEg with the following orientation

T1 — X3 — Ty < Ty < Tg

t
X2

Let us call the simple roots e;. Let a = (a1,a2,as,a4,a5,a5) = >, ae; be a
positive root. We will denote the dimension vector of the corresponding inde-

composable by

1 — a3z — Q4 < A5 < Gg
. . (4.1)
a2

4.1.2 Triplets of Subspaces

A triplet U, V,W C F is a representation of the Dynkin diagram D, with the

following orientation

V

!
U—FE—W

where each arrow is an inclusion. By Theorem (4.2) indecomposable representa-
tions of D, are those configurations with the dimension vector coming from the

positive roots of the form rp,. We take the positive roots of the form from ([3]).

Proposition 4.3 Dimension vectors of the indecomposables of the Dynkin dia-

gram Dy are given below.
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I (4.2)
1

0
l (4.3)
0

O« O
O — =

—
—_
=)

! | | (4.4)
1 - 1 « 0, 0 — 1 « 1, 1 - 1 « 1
1 0 0
l | | (4.5)
0 — 1 «— 0, 1 — 1 « 0, 0 — 1 «— 1
1
! (4.6)
1 — 2 « 1

Since we are interested in the triplets of subspaces we don’t take the roots in
Equation (4.3) into account. The 1 dimensional subspace can not be embedded

into 0 subspace without kernel so they don’t correspond to a triplet of subspaces.
We denote a 1 dimensional indecomposable with dimension vector

J
11k
by [ijk] and the number of them by my ;. Also we fix our notation for the two
dimensional indecomposable as [111], and for its multiplicity as h. So the triplet

U,V,W C F has the following decomposition

(E; U, V, W) = mnl[lll] + mooo[OOO] + mno[llO] + m011[011] + m101[101]
—|—TTL100[100] + mow[OlO] + m001[001] + h[lll]g (47)

Multlphcltles mi11, Mooo, M110, Mo11, 101, 100, 1010, M001 h of the indecompos—

ables are called the natural invariants of the triplet and they have the following
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interpretations

unv
unvnw

VoW
unvnw

wnu
unvnw

mii0 = dim mo11 = dim mior = dim

: U
Moo = dim Un(

— %
VW) Mmoo = dimgz

— Jd; W
vaorroy Moot = dimgegas

U+V)

myn =dim(UNVAW)  mey = codimU+V +W)

and
b o= dim unyV+w) — dim Vn(W+U)
B UnV)+Wnu) — (VaW)+UnNV)
di wWnU+V) _1d. U+V)Nn(V+W)n(W+U)
wany rwawy 2 UV F (VAW - (WANU)

(4.8)

4.2 Number of Triplets with Given Invariants

For the triple correlation problem we need the number of triplets of subspaces with
given invariants. Since GL acts transitively on the triplets with fixed invariants,
the number of triplets is the index of the automorphism group. Thus as the first
attempt we calculate the order of the automorphism group of a triplet. Following

that we can obtain the number of triplets.

4.2.1 Automorphism Group of a Triplet

A morphism M between the triplets (E;U,V, W) and (E";U", V', W’) is a linear
map M : E — E’ such that M(U) CcU' M(V) C V" and M(W) C W'.

The triplet U, V,W C E has a direct sum decomposition given in Equation
(4.7). This decomposition gives

End(E) =)  Hom(T;, T))

where 73,7} runs through the indecomposables. Automorphisms of the triplet

are the invertible elements of the endomorphisms. It turns out that the matrices
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M = {M]Ji,j] = Hom(7},T;)} of the endomorphisms are block triangular for a
particular ordering of the isotypical components in the decomposition. So after
finding the form of the endomorphisms it is easy to find the order of the stabilizer

group and hence the number of triplets.

It is easy to see that the dimensions of spaces of morphisms Hom(7},7})
between the indecomposables of U, V., W C E are as given in the following table.
The [ij] entry of the table is dimension of Hom(7j, T;).

[111][110][101][011][111]5[010][100][001][000]
11112 |1]1]1]1

111
110
101
011
[111],
010
100
001
(000

[111]
[110]
[101]
[011]

1
1
2
1
1
1
1

(el el Nev Nl en Nl Hen ll Heo Bl Hen Bl N an}
[l el Nl Nl ol Nal Nal
oo~ O
[l Nl Nl NN NoRN S )
(el Nen il Nen il Ne BN NN S
ool o|lRr|IRr|IRr|O
o|lo|lrRr|O|lRr O~
ol |lo|lo|R]|F|—

]
]
]
]

Proposition 4.4 Let U, V, W be a triplet in a k dimensional space E, with given
muvariants mi11, M110, Mo11, ™M101, h, mM100, Mo10, 001, 000 - Then the order Of au-

tomorphism group A of the triplet is given by

[AJ = ¢ mun)!fmaso) fmonmao![R)! [mioo])! [moso] ! [moot ]! fmono]! (4.10)
where
k—h
EA = ) + h(mi11 + Mmooo) — M110Mo11 — Mo11M101 — M101M110

—MmM110Moo1 — Mo117100 — MM1017M010 — 11007010 — MMo1077001

—Moo17M100- (4.11)

Proof. Endomorphisms of the triplet splits into direct sum

End(U,V,W C E) =Y _Hom(m,T;,m;T})
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where T;’s are the indecomposables and m;’s are the number of 7;’s in the de-
composition. The nonzero entries in the Table (4.9) form a triangular matrix.
This shows that nonsingularity is obtained if we choose the diagonal entries
Hom(m;T;, m;T;) in GL(m;). The other summands are completely free. Hence

we have

Al = ¢""|GL(m111)||GL(m110)||GL(mo11)||GL(m101) ||GL(R)||GL(m100)]
|GL(m010)||GL(m001)||GL(m000)|

where F'S is the number of free summands and it is given by

FS = (minn + h+ mooo)(mi1o + mo11 + mio1 + Moo + Mo1o + Moo1)
+ma10(mi00 + Mo10) + Mo11(Mo10 + Moo1) + M1 (Moo1 + Migo)
+ma11mooo + 2h(mi11 + Mooo)

Substituting cardinalities of GLs and collecting the exponents we obtain the re-
sult. O

4.2.2 The Number of Triplets

In this part we will obtain the number of triplets with given dimensions and
dimensions of intersections. We denote dimension of a space U by u and dimension
of intersections by the product notation, e.g. dim(UNV) = uv. Correspondences

between the natural invariants and the dimensions are as follows

Milg = UV — UVW, Migp = U — UV — WU + uvw — h, (4.12)
Mol = VW — UVW, Mo10 = U — VW — uv + uvw — h, (4.13)
M1 = WU — UVW, Mool = W — WU — vw + uvw — h, (4.14)
My = uvw, Mmoo = k — d, (4.15)

d=dim(U+V+W)=u+v+w—uv —vw — wu + vow — h. (4.16)

Proposition 4.5 The number Ny yw of triplets U, V, W in a k dimensional space

with given dimensions u, v, w, uv, vw, wu, uvw and h is given by

k!
N, S L 4.1
uv,w =( D(U, V. W) ( 7)
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where

DUV, W) = [ww]uv —uvw]!vw — www|fwu — vow]![h]![k — d]!
[u — uv — wu + vvw — hllfv — vw — wv + vvw — hl!

[w — wu — vw + wvw — h!,
d = u+v+w—u —vw—wu+ uvw — h,

EXP = (w +vw+ wu)wo+vw+wu—u+v+w)+2h— 3uvw)
+uxXv+vXw+wxu+ (vww —h)(u+v+w+ 3uvw)
h(3h —1
+%

Proof. The group GL(k) has transitive action on triplets, hence the number of
triplets Ny y.w is the index of the automorphism group. We know the order of the
automorphism group by Equation (4.10). An easy calculation gives the number

of triplets with given natural invariants

(]!

N, = ¢&¢ 4.18
vrw [ma11]![maso]! o] meaor )[R 100! [mo10] 1001 ] [m2000]! ( )
where
EC = kh+ myiomorr + mo1nmior + mio1Mi1o + Mi10Moo1 + Mo11M100
h(h+1)
+mM101Mo10 + M100M010 + M010MM001 + Mo01M100 — Y
—h(ma11 + mooo)- (4.19)

When we substitute dimensions and dimensions of intersections of the spaces by
Equations (4.12) through (4.16) into the previous formula we get the number of

triplets in desired form. O

4.3 Triple Correlation Between Ranks

Joint cumulants are generalizations of the covariance to the case of more than

two variables. Let & = (&1,&2,...,&,) be a random vector. The joint cumulant of
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the random variables &; is given by
an
7 = Tnan . on

Correlations are expressed via joint cumulants in a simple way

E(éléQ .- 571) = Z H U(éfz‘)v (4'21)

log(E(eXp(/\lél + )\252 + ...+ )\ngn)))b\:(] (420)

where the summation is over all the disjoint partitions I of {1,2,...,n} into

nonempty subsets ;.
Example 4.2 First three joint cumulants are given as follows
o(X) = E(X),
o(X,)Y) = cov(X,Y),
o(X,Y,Z) = E(XYZ)—cov(X,Y)E(Z)—cov(Y, Z)E(X)—cov(Z, X)E(Y)
—E(X)E(Y)E(Z).

In this section we give the formula of the cumulant o(¢~"7,¢™ "7, ¢~ "%) of the

random variables ¢, q¢~"7, ¢~ "%. We remind that

o(g T = E(gTT ) =E(g " )eov (g T) —E(g T )eov(gTE )
—E(g)cov(g ") — E(g~)E(g " )E(g"). (4.22)

Through the calculations we use the following abbreviations for column sets

and their cardinalities

IJ=1nNn1J, IJ=(INnJ)\ K, I=1\(JUK), (4.23)
JK=JNK, JK=(JNK)\I, J=J\(KUI), (4.24)
KI=KnI, KI=(KnI)\J/J, K=K\ (IuJ), (4.25)

IJK =INJNK.

The column submatrix spanned for example by I N J = [J will be denoted by
Gry.

Recall that we made use of the joint probability distribution of ranks of sub-

matrices for the covariance between rank functions. For the triple correlations we
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need the joint probability distribution of ranks of three submatrices. Analogous
to the previous case we will introduce an auxiliary probability which gives the

joint distribution after summation over its parameters.

Let us consider a kxn matrix G, let I, J, K C {1,2,...,n} be column sets such
that the column sub-matrices G, G, G span the matrix, i.e. |IUJ U K| = n.
Let U V,W C IF’; be the column spaces of the sub-matrices Gy, G jx and Gg;.
Let r7, 75,7k, 17K be the ranks of the column sub-matrices Gr, G;, Gk and G i
respectively. To keep the notation short we will refer to invariants of the triplet
as U, V,W as well. Let P(ry,r;,ri, U, V,W,r;5) be the probability that G has
the described properties.

Proposition 4.6 The probability P(ry,ry,ri, U, V,W, r1;x) is given by
P(r,ry.ri, UV, W,rk) = ¢ PP Ny yw P (4.26)
where Nyyw is given in Equation (4.17), EP and P are defined as follows

EP = IJKuww+ IJu+ JKv+ Klw+k(I+J+K), (4.27)
P = PIJK,uwww,rix)PIJ, u—rrgu—rr8)P(JK, 0 — 1155, v — T155)
P(KI,w—rrx,w—rrx) Pk —w—u+wu, 7 —w — u + wu)
P(J,k—u—v+uv,r;—u—uv+uv)
P(K,k—v—w+vw,rg —v—w+ vw). (4.28)

Proof. We will find the the number N(ry, vy, rg, U, V, W, r;;5) of matrices with

given properties so that we will have

P(TI,TJ,TK, U, V,VV,TIJK) = qflmN(TI,TJ,TK, UV, VV,TIJK)- (4-29)

The triplet of subspaces that G, G i, Gk form can be fixed among Ny vw

triplets.

Columns in IJK must be chosen from uvw dimensional space with rank r; .
The number of column submatrices G i is given by the factor

qIJKuva(IJK, uvw, T‘IJK)-
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We will extend this construction to the column sets I.J, JK and KI. Columns
in I.J must be chosen in U and they must extend the IJK vectors to the matrix
of rank u. Number of such vector sets is equal to qﬁ“P(ﬁ, U—TrjK, U — TIJK)
in notation of (3.19). Extending the column set IJK to JK and KI brings

qﬁvP(J_K, V="K,V — rryx) and qme(m, w — rrjK, W — TryK ) respectively.

Finally we will extend the construction to the column sets I,J and K. For
the set I, we have the given IJ U KI columns with rank dim(W + U) = w +
u — wu. Generators this time will be chosen in IF’;, they will extend the column
set IJ U KI to I to have rank r;. So, the number of choices for the column
set Tis ¢! P(I,k — (w +u — wu),r; — (w + v — wu)). Similarly the number of
column sets for J and K are ¢*/P(J, k — (u+ v — wv),r; — (u+ v — uv)) and
¢"FP(K, k—(v+w—wvw),rg — (v+w—vw)) respectively. Bringing these factors
we get

N(ri,ry,ri, UV, W,rsk) = ¢"" NyywP

where P is product of all the probabilities mentioned and EP comes from the

exponents appearing before them. The probability follows from Eq. (4.29). O

We will obtain the correlation between the ranks of a triplet of submatrices

by the auxiliary probability.

Theorem 4.7 Let G be a random k x n matriz. Let I,J K C {1,2,...,n} be
three column subsets with |I U J U K| = n. The triple correlation E(q~"1~"/7"K)

between the ranks is given by
]E(q—mfmfrx> = Z qfknJrEP—nfmerNU’V’Wp (4_30)

where EP and P are given in Equations (4.27) and (4.28) respectively. The sum
runs over ry, vy, Ti, all the invariants u, v, w,uv, vw, wu, uvw, h of triplets with

Tk that are subject to the constraints (4.33) trough (4.45) .

Proof. The triple correlation is given by

E(g~"17"77"x) = Z q T TEP(r, Ty TR ),

TL,TJTK
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where P(r;,7,7k) is the joint probability of the ranks r;, r; and rgx. We get
this probability by summing up over the rest of the parameters from
P(rr,ry,ri, UV, W, rrk) given in Eq. (4.26). So the correlation becomes
E(qirlirJ*TK) = Z qiT[iTJ*TK Z P(T[, r;, Tk, U, ‘/, W, T]JK) (431)
T "I TK
with the inner sum running over parameters rr;x,h, uvw, uv, vw, wWu, u, v, w.

When we substitute P(r;, 7,75, U, V,W,rr5K) given in (4.26) we obtain
E<q—r1—rJ—TK) _ Z q_kn+EP_TI_TJ_TKNU7X/,WP, (432)
where Ny yw, EP and P are given in Equations (4.17), (4.27) and (4.28) respec-

tively.

The constraints for the parameters are natural bounds so that no negative

g-factorial appears in the formula

0< ryx <min(lJK,uvw), (4.33)
0< ww < min(uv,vw,wu), (4.34)
max(u+v—7ry,0) < w < min(u,v), (4.35)
max(v +w —rg,0) < ovw < min(v,w), (4.36)
max(w +u—7r7,0) < wu < min(w,u), (4.37)
0< wu <min(r;,ry,IJ k), (4.38)
0< v <min(ry,rg, JK, k), (4.39)
0< w <min(rg,r, K1, k), (4.40)
0< r; <min(/l,k), (4.41)
0< ry; < min(J k), (4.42)
0< rg < min(K, k), (4.43)

and finally for A we have

h < min(u — uv — wu + vow, v — VW — UV + UVW, W — wu — vw + uvl,44)

h > max(u+v+w—uv —vw — wu + www — k,0). (4.45)
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4.4 Main Conjecture

Although the triple correlation formula (4.30) is extremely complicated modern
computers with algebra packages can easily handle it. We provide a Maple pro-
cedure for evaluation at the web address ([16]). Numerous computer experiments
suggest that there exists a closed formula for the triple correlations. The formula
becomes simpler for the cumulant (4.22). We give the formula for the cumulant
suggested by experiments as a conjecture. Triple correlations can be obtained
using the conjecture below and Eq. (4.22). The formula extends the previous
results. When we set for example K = () in the triple correlation formula, we get

the pair correlations.

Conjecture 4.8 Let G be a k x n matriz and let I, J, K C {1,2,...n} be three

column sets. Then the cumulant o(q~",q"7,q %) is given by

—ry T —r (q — 1>2(qk — ]') -
U(q I’q J)q K) — q3k+[+J+K ( I1J+JK+KI-IJK <qIJ + qJK 4 qKI)

+2+ (" = @) (¢""" - 1))

We give an other conjecture for the joint cumulant of rank functions of three
arbitrary sub-matrices. We remind the reader that when L is a row set and [ is
a column set rr; denotes rank of the matrix spanned by the row set L and the

column set 1.

Conjecture 4.9 Let G be a random k x n matriz, let I, J, K C {1,2,...,n} be
column sets and L, M, N C {1,2,...,k} be row sets. Then the joint cumulant of

the rank functions ¢~ ,q~"™7 and ¢”"NK s

—r —rarg T (¢*-1) IJK LM+MN+NL—LMN
olg ", q ™, g7 = T R LM+ ] (@ =g -1

+(qLMN _ 1)(qIJ+JK+KI—IJK _ 1) _ <qIJ _ 1)<(]LM _ 1) _ <qJK _ 1)((]MN _ 1)
—(¢"" = 1" = 1) = (g + (""" = D" - 1)).

Using similar arguments as in proof of Theorem (3.9) one gets the correspond-

ing conjectures for the coefficients of weight enumerators. Let G be a random
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k x n matrix and C' be the code assuming GG as a generator matrix. Let

Si = Z qk_rl7

[I|=i
so that
We(l+z)=> S’
and
o(We(l+ ), We(l+y), We(l+2)) =Y _a(Si, S, S)a'y’ 2. (4.46)

i\,
For o(S;,5;,5)) we will calculate generating functions. For this we will put the

third correlation function in the following form

20k
o(q, g, g ) = (¢—1) 3(;1 —1) (q—(IUJUK) . (q—(IUJ)—K + q—(JUK)—I
q

+q—(KuI)—J) + QQ_I_J_K + (qk . q)(q—I—J—J+IJK _ q—I—J—K))‘

This gives the correlation for the coefficients S;’s as follows

0(5;,9;,8) = (¢—1)2(¢" —1) Z (qf(IUJUK) _ g TUD-K _ m(JUK) -1

[1|=i,|71=4,| K| =1
— q—(KUI)—J + 2q—I—J—K + (qk _ q)(q—I—J—J+IJK _ q—I—J—K)) '

(4.47)

Let us introduce more notations now and let [x'y/2!|M (z,y, ) be the coeffi-

cient of 2'y’2! in the polynomial M (x,v, 2). It is easy to check that

Yoa " = (@ D+ DEF D) -1
S U = (e Dy + D)+ g — Dz + @) g
ST = iy (g + 1)(2 + 1) + g — 1)@+ q)"g
D g EODT = (24 D)@+ 1) 4 g — D)y + @) g
doaTTE = WY+ )" v+ )"+ 9"

S g IR — [y (e D)y + D(z+ 1)
+Hg—-D(z+y+z+q+1) ¢,
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where all the summations are over I, J, K C {1,2,...n} with |I| = i,|J| = j
and |K| = [. This set of sums once put in Eq.(4.47) gives the triple correlation
o(S;, S;,5). Then summation over i, j, [ gives the joint cumulant of coefficients
of weight enumerator given in Eq.(4.46). When we substitute z — 1 for x, y — 1

for y and z — 1 for z we get the joint cumulant of triplet of the coefficients A;s
oc(We(x), Wely), We(z)) = Z o(Ay, Aj, A"~ i Y j -t
2,7,

We give the joint cumulants of triplets of coefficients of weight enumerator as

corollary to Conjecture (4.8).

Corollary 4.10 Triple correlations between the coefficients of We(t) are given
by

o (Wole), We(y), Wo(2)) = (a = D*(¢" = D{a " (eyz + - 1)"

¢ ((ry+q—1D)"+qg—=1)"+(yz+qg—1)"(x+g—1)"
+ (rtg—1D)"y+q—1)") +2¢"(@+q—1)"(y+q—D)"(z+qg—1)"
+ (q"”—Q)[ Mayz (- )(@Hy+z+q-2)"
Mrtg-1)"(y+a-1)"(z+q- 1)"]}~

Given G we can consider the code C* which assumes G as parity check matrix
with the weight enumerator Weu () = >, A" ", Once again Mac-Williams

Duality transforms the previous coorollary to this case.

Corollary 4.11 Triple correlations between the coefficients of We i (t) are given

by

o(Wer(x), Wer(y), Wer (2)) = Z (A A7 AR ey 72!

=q (g —1)7%(¢" - 1){ (zyz+ (¢ —D(x+y+2+q—2)" — (zy2)"
—((ry +q—1)" = (zy)")z" — ((yz + ¢ —1)" — (y2)")z"

—((zz +q=1)" = (z2)")y" + (¢" — @) | (xyz + ¢ = 1)" = (fvyZ)”} }
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