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ABSTRACT

ALGORITHMS IN REAL ALGEBRAIC GEOMETRY

Akyar, Alaattin
M.Sc. Department of Mathematics
Supervisor: Assist. Prof. Dr. Ali Oztiirk
February 2011, 104 Page.

In this work, properties of Grobner bases and Homogeneous bases are given.
In this context, we give explicit calculations for solving polynomial equation and try

to decide which thechnique is the most efficient one.

Keywords: Polynomials ideals, Multivariate polynomials, Grobner bases, Homoge-

neous bases, systems of polynomial equations.
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OZET

REEL CEBIRSEL GEOMETRIDE ALGORITMALAR

Akyar, Alaattin
Master, Matematik Bolimii
Yoénetici: Yrd. Dog. Dr. Ali Oztiirk
February 2011, 104 Sayfa.

Bu ¢alismada Grébner tabanlariin ve Homogeneous tabanlarmin 6zellikleri
verilmistir. Bu baglamda, polinom denklem sistemlerini ¢ozmek i¢in farkli yontemler

verdik ve hangi teknigin daha etkili olduguna karar vermeye calistik.

Anahtar Kelimeler: Polinom idealleri, Cok degiskenli polinomlar, Grobner tabanlari,

Homogeneous tabanlari, Polinon denklem sistemler.
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CHAPTER 1
INRODUCTION

1.1 Introduction
A polynomial equation corresponds to a polynomial function f(x) which is
set to zero. It is so called a zero function which means that f(x)=0 forall xek, &
is any infinite field. The solutions to the equation are called the roots of the polyno-
mial and they are the zeros of the function. If x=a is a root of a polynomial, then
(x—a) 1s a factor of that polynomial, which gives the zero function on the affine

space k.
Solving a polynomial equation in one variable is easily done on computer by
some well known root-finding algorithms. Formulas for the roots of polynomials up

to a degree of 2 have been known since ancient times and up to a degree of 4 since

th
the 16 century. But formulas for degree 5 eluded researchers. In 1824, Niels Henrik

Abel proved that there is no general formula for the roots of a polynomial of degree 5
or greater in terms of its coefficients.

A system of polynomial equations is a set of n polynomials with coefficients
over an arbitrary field. Solving systems of polynomial equations is a fundamental
problem in geometric computations. In particular, it is a crucial or most challenging
problem in algorithmic algebra and the computational complexity makes it very dif-
ficult to solve for some problems in practice. In 1981, Yun and Pohst study the diffi-
culties in computational methods for ideal bases which is useful for solving a system

of polynomial equations. However, the problems of finding the common zeros of



polynomial equations are far from satisfactorily solved. The investigations also re-
veal that polynomial systems often result in large number of solutions [1].

The theory on systems of multivariate polynomial equations also involves
field and ideal theory. The search for efficient algorithms for solving systems of
polynomial equations has received renewed attention due to their importance to a
variety of problems of both practical and theoretical interests. The need to count real
solutions or to find exact or approximate solutions to such systems has arisen in a
wide range of practical areas, including robotics and kinematics, computational
number theory, solid modeling, quantifier elimination and geometric reasoning prob-
lems.

The currently known techniques for solving polynomial systems can be clas-
sified into symbolic, numeric and geometric. In the context of finding exact solu-
tions, symbolic method based on Grobner bases and resultants originate from alge-
braic geometry and can be used for eliminating variables, which reduces the problem
to finding roots of univariate polynomials. However, if the reduced equation is of
degree 5 or more, there are no radical formulas that can solve the equation. In such
cases, combining the techniques of Grobner bases with other numerical techniques,
elimination ideal and extension theorem may be desirable.

New methods for Grobner bases conversion such as the well known FGLM
algorithm [2] and the Grobner Walk algorithm [2] can be applied to address the ques-
tion of an efficient elimination methods using a suitable order by using basis conver-
sion. While the main ideas of the Grobner Walk is simple, the actual implementation

of the algorithm is less understood.



Later improvement of Buchberger algorithm is the F4 algorithm which was

first described in [3] and is claimed to be the fastest routines for computing Grobner

bases in current implementation by Farr and Pearce in 2005 [4]. The routines have

been tested under Magma and the time results are presented on Steel’s web page [5].
Algebraic geometry relates to the study of geometric objects defined by poly-

nomial equations using algebraic tools and is also called a symbolic method. In gen-
eral, the basic problem of algebraic geometry is to study the set of points in k" satis-

fying a system of equations f (x,,...,x,)=0,..., f, (x,...,x,) =0 where k is a field
and f,..., f, belongs to the polynomial ring k[x,,...,x,].The solution set of
fi=...= f,, =0 is called the algebraic set, referred also as algebraic or affine variety
of f,,.... f,, and is denoted as V' =V (f,,..., f,)) .The geometry of interest is the affine

varieties of curves and surfaces defined by polynomial equations. In finding effective
solutions of the affine varieties, the relation between algebra and geometry can be
investigated by considering the algebraic and geometric objects such as fields, ideals,
affine varieties and propositions, theorems or corollaries involving them.

This work consists of three Chapters. In Chapter 2, we will give some basic
concept and definitions. In Chapter 3, we do the computations for solving polyno-

mial equation by using Grobner bases and Homogeneous bases.



CHAPTER 2

PRELIMINARY CONCEPTS AND DEFINITIONS

In this chapter we give a number of definitions and theorems used in subse-

quent parts of the thesis. More detail information can be found in [6], [7] and [8].

2.1 Polynomials and Ideals
Let k[x,,...,x,] be the ring of the polynomials over a field.

Definition 2.1 A monomial in a collection of variables x,,...,x, is a product of the

n
form x" -x3? -...-x.", where the ¢, are non-negative integers. The total degree of this
monomial is the sum o, +a, +...+ ¢, .

For brevity, let x=(x,,...,x,) and « :(a,,az,...,an). Then the monomial can be

written as x”. We also let |a| =a, +a, +...+a, denote the total degree of monomial

a

x*.
For example; let x“ =x-x] -x, . Then |a| =3+2+0+1=6 since a =(3,2,0,1).
Definition 2.2 A polynomial f is a finite linear combination of monomials with

coefficients in a field k. A polynomial f* will be written in the form f = ZCax“ ,

where the sum is over a finite number of n-tuples o = (a, ,0ysenns A, ) and c, € k—{0}.

The total degree of £, denoted deg(f), is the maximum |a| =a,+a,+..+a,in the
expression of f. For example; taking k£ to be the filed Q of rational numbers, and

denoting the variables by x,y,z. Then, f=x"+2)y’z+xz—z+1 is a polynomial
containing five terms and deg(f)=0+3+1=4.

4



In our examples, the field of coefficients will be either the field of rational

numbers Q, the field of real numbers R, or the field of complex numbers C. Poly-
nomials in k[x,,...,x,] can be added and multiplied, so k[x,,...,x,| has the structure

of a commutative ring (with identity).

However, only nonzero constant polynomials have multiplicative inverses in

k[x,...x,], so k[x,...x,] is not a field, but the set of rational functions
{f|g:f,gek[x],...,xn],g;tO} is a field, denote by k(x,,...,x, ).

Given a collection of polynomials, f,,..., f, € k[xl,...,xn], we can consider all

polynomials which can be written as a linear combination of these polynomials.

Definition 2.3 Let / < k[x,,...,x, ] be a nonempty subset. / is said to be an ideal if
(i) f+ge€l where feland gel, and

(ii) pf el whenever f €I and, p €k[x,,...,x,] is an arbitrary polynomial.

Definition 2.4 Let f,,..., f, e k[x,,...,x,]. We let <f,,...,fs> denote the collection

<f,,...,fs>={c,fl +..+c f, i eklx,...,x,],1<i<s}.

It 1s easy to show that < i £, > 1s an ideal of k[x,,...,xn] and called ideal gener-

ated by f,.... f..

Example 2.5 Show that x° € <x—y2,xy> n k[x,y] (k any field).
We can write x” = xf; + yf, . This shows x* € <x—y2,xy>.
Example 2.6 Show that <x —yz,xy,y2> = <x,y2> . Consider p,q,r € k[x, y].

Let fe<x—y2,xy,y2>:>f:p(x—y2)+qu+ry2
5



= f=(p+qy)x+(-p+r)y’.
Thus, f e <x,y2> . Then,
(x=y% 3.7 ) < (x.07) (1)
Let fe<x,y2>:>f:px+qy2

=p(x=y)+py’ +q°
=p(x=y)+(p+q)y°

Thus, f € (x—’,xy,y"). Then,
(x.0%) = (x=r%0,07) 2)
From (1) and (2), (x -7, xp,")=(x.)").
Example 2.7 Show that (y—x",z—x*)=(z-xp,y-x") in Q[x,.z].
Let a,.a, € Q[x,y] and f €(y—x’,z=x"). Then

f=a(y-x")+a,(z-x")
=a,(y-x")+a,[l(z—xy+x(y —x%)]

=(q, +a2x)(y_x2) +a,(z—xp).

We have fe<z—xy,y—x2>.Thus, <y—x2,z—x3>g<z—xy,y—x2> (1)
Let fe<z—xy,y—x2>. Then

f:a,(z—xy)+a2(y—x2)
=aq, [—x(y—x2)+l(z—x3)]+a2(y—x2)

= (—a]x+az)(y—xz)+a1 (z—x).

We havefe<y—x2,z—x3>. Thus,



(z-xp.y-x")c(z—xp,y-x*). 2)
From (1) and (2):

(y=x’z=x")=(z-xp.y-").
Example 2.8 Show that (f,..., f,) is closed under sums in k[x,,...,x,]. Also show

thatif /€ (f,,...f,),and pek[x,..,x,] is an arbitrary, then p.f (f,,.... f.).

For first case:

Let f,gelz(f,,...,fs>. Then szpl.fl.and gZZ%fi’ D;»q; € k[x,,....x,].

i=l1 i=l1

Thus
fre=2pfi+2 4./
i=1 i=1
ZZ(Pi +q,)f, , ,=p,+q, €klx,...x,]
i=l

S
=2 1t
i=l1

Finally, (f,,.... f,) is closed under sums in k[x,,...,x,].

For second case:

Suppose that /=) g,/ and let p € k[x,,....x,] . Then

i=1
pf=2(pa)f s a=pg ck[x...x,]
i=1
= Zai.fl.
i=1

Thus p.f €(f, ... f,).



The two properties in above example are the defining properties of ideals in the ring

k[x,,...,xn].

Example 2.9 The subset / of k[x, y,z] consisting of all polynomials of the form
P63, 2)x" + p(x,,2)y,

where p,and p,are arbitrary polynomials, is an ideal of k[x, y,z]. The ideal [ is

generated by {x°, y}, that {x°,y} is a basis for / , and we write [ = <x2, y>.

Given an ideal, or several ideals in k[x, yees X, ], there are a number of algebraic con-

structions that yield other ideals. One of the most important of these for geometry is

the following.

Definition 2.10 Let / < k[x,,...,x, ] be an ideal. The radical of / is the set
ﬁ:{gek[x],...,xn]:g’” eI for somemzl}. An ideal [ is said to be a radical
ideal if VT =1.

Example 2.11 Let / :<x2 +3xy,3xy+y2> in Q[x,y]. What is JI?

For m=3, (x+y)’ = x(x* +3xy)+ y(3xy+y*). Then (x+ y)’ € . Thus,

VI ={g(x,y)=x+yeQ[x,y]:g’ eI}
=(x+y).

Example 2.12 Let / :<x2,y3> in Q[x,y]. What is JI?
It is clear that x¢ 7and y ¢/ but xe~/T and ye~I. Also, (xy)> =x*)* eI . Fi-
nally, x+y e JI. Thus, we have (x + )* = x* +4x’y + 6x%y° +4x)” + y*.

Then(x+ y)* € I, therefore (x + y) € NIg Finally, JI = <x, y> .

8



Although it is not obviously from definition, we have the following property of the

radical.
Property 2.13 [Radical Ideal Property] For every ideal / < k[x,,...,x,], JI s an
ideal containing / .

One of the most important general facts about ideal in k[x, ,...,xn] is know as
the Hilbert Basis Theorem. In this thesis a basis is another name for a generating set
for an ideal. The well-know Hilbert Basis Theorem states that every ideal of

k[x,,...,xn] is finitely generated. In other words, given an ideal 7, there exists a fi-

nite collection of polynomials {f,,..., f,} < k[x,,...,x, ] such that / = <f,,...,fs> .
For polynomials in one variable, this is a standard consequence of the one variable
polynomial division algorithm. Given two polynomials f,g € k[x], we can divide
f by g, producing a unique quotient q an remainder » such that

f=ag+r,
and either » =0, or r has degree strictly smaller than degree of g.

For polynomials in several variables, the Hilbert Basis Theorem can be

proved either as a byproduct of the theory of Grobner bases to be reviewed in the
next section, or inductively by showing that if every ideal in a ring k[x,,...,xn] 1s

finitely generated.

Definition 2.14 Let a field £ and a positive integer n, we will call the set
k" ={(a,,...,a,):a,,..,a, €k}

the affine n-dimensional space over % .



Each polynomial f €k[x,,...,x,] defines a function f:k" — k. The value of f at
(a,,....,a,) € k" 1s obtained by the resulting expression in £ .

For Example; Let f € k[x,y,z] and f(x,y,z)=xp’z’. Then k> —L—k . Thus,

since (1,3,2)ek’, £(1,3,2) =132’ =72 ¢k.

Definition 2.15 If £ is an infinite field, then f:k" — k is zero function if and only
if f=0ek[x,...,x,].

The notion of a variety is therefore inevitable. The set of all solutions to a
system of equations f,(x,,...,x,)=...= f.(x,....x,)=0 1s called an affine variety,
explicitly defined as follows.

Definition 2.16

(i)  Let I=(f,,...f,) be ideal in k[x,,...,x,]. The set of zero locus of
polynomials of 7, V(I)={(a,,...,a,)ek": f(a,....,a,)=0, for all 1<i<s} is called
variety of ideal 7 .

(i)  Let V' < k" be a variety. The collection of polynomials

I(V)={f €k[x,...,x,]: f(a,,...,a,)=0,Y(a,,..,a,) €V} is called ideal of variety V.
Example 2.17 For f =x"+z* —1eR[x, y,z] we will write

V(f)= {(x,y,z) eR|f(x,y.2)=x"+2" ~1= 0} .
Note that V'( f) is a circular cylinder of radius 1 along the y-axis.

Any finite intersection of affine varieties is also an affine variety. Any finite union of

affine varieties is also an affine variety.

10



Lemma 218 If V=V (f,,....f,), W=V(g,,...8,) k" are affine varieties, then so

are

VOOW=V({f,s [os 815 8)s
VYUW=V(fg :1<i<s,1<j<t).

Example 2.19 V =V (x> +2z° —1) in R’is the cylinder. W=V (x> +y* +(z—-1)* —4)
in R’ is the sphere of radius 2 centred at (0,0,1).Thus,

The variety VAW =V (x> +z> —1,x* + y* +(z—1)* —4) is the curve of intersection
of the cylinder and the sphere.

The variety VUW =V ((x* +z° —1)(x* + y*> +(z—1)> —4)) is the union of the sphere
and cylinder.

Definition 2.20 Ideal / is zero-dimensional if the associated variety V' (/) is a finite

set.

Property 2.21[Equal Ideals Have Equal Varieties]

If (fi,. f.)=(g1,-rg,) In k[x,..ox, ], then V (f,..., £)=V (g, 8,) -
Proof. Every f € < Jioeer ], > 1s also in < Zisees g,> and can therefore be expressed as
hg +..+hg, . Hence, every a=(a,,..,a,)eV(g,...g ) satisfies f(a)=0 and vice
versa for all g e < Zisees g,> . This shows that both varieties consist of the same points.

N
Grobner bases are very useful for solving systems of polynomial equations.
The variety does not change if we replace F' by another set of polynomials that gen-

erates the same ideal in A[x,,...,x, ].

11



In particular, Grobner basis G for the ideal <F > specifies the same variety:
V(IF)=V({(F)=V({G))=V(G).
The advantage of G is that it reveals geometric properties of the variety that are not

visible from F .

Theorem 2.22 [Strong Nullstellensatz] If k& is an algebraically closed field and 1

is an ideal in k[x,,...,.x, ], then 1(V'(I)) =1 .

Definition 2.23 An ideal / < k[x,,...,x,] is amonomial ideal if / :<x“ = A> for
some AcCZ’,.

For example; [ = <x2 ¥, xty X y> is a monomaial ideal.

Lemma 2.24 Let [ = <x“ ‘e A> be a monomial ideal. Then a monomial x” eI if

and only if x“divides x” for some « .
Proof. First, if x”is a multiple of x*for somea € 4 then x” eI because I is an

ideal. Conversely, if x” € then we can write as a linear combination of x* with

polynomial coefficients. Then expanding each polynomial as a sum of monomials we

B

have x” as a sum of monomials each divisible by some x“. But this is a polynomial

identity so in fact x” must be exactly one of these monomials and thus has the same

monomials. []

Lemma 2.25 Let / be a monomial ideal and f €k[x,,..,x,|. Then f el if and
only if f'is a k — linear combination of monomials in 7 .

Proof. Clearly, if fis a k—linear combination of monomials in / then f e/. For

the other direction, if f €/ then f is a k—linear combination of monomials of /.
12



So expanding this out we see that f is a k — linear combination of monomials which

are in / by Lemma 2.24.1]

Example 2.26 Let/ = <x2,xy3,y4z,xyz> c k[x,y,z]and

f=3x"+Txy’ +2y*z + xp*z”.

Then fisin I, since x’' = (x*)(x°),xy’z = (xy°)(2), xp°z" = (xyz)(»2) .

Lemma 2.27 [Dickson, 1913] Every monomial ideal / < k[x,,...,x, | is generated by

a finite number of monomials.

Proof. By induction on the number of variables.
If n=1,thenlet f =min{a:x” € 4}.
Inductive step. The result is valid for k[x,..,x,_,]. We need to deduce it for

k[x,...x,,»]. Let Ick[x,..,x,,,y] be a monomial ideal with n variables. We

write a monomial in k[x,,...,xn_,, y] as x“y". Consider the following set of mono-

mials

I, ck[x,..x,]
I, ={x* ek[x],...,xn_]]:x“ym el}

satisfying the ascending sequence
I,cl c..
Each 7, is finitely generated. This sequence terminates. Then the ideal [ is a set of all
monomials from the sequence. [
For example; Let k[x,y], and consider <x2,x2y,x2y2,...>. The catch: we must

elimininate redundant generators <x2,x2 y,x° yz,...> = <x2> :

13



2.2 Monomial Orders
In general, it can be difficult to determine by inspection or by trial and error

whether a given polynomial f ek[x,,...,xn] is a element of a given ideal

1 :<f,,...,fs>, or whether two ideals / :<f,,...,fs> and Jz(f,,...,f,> are equal. In

this section and next one, we will consider a collection of algorithms that can be used
to solve problems such as deciding ideal membership, computing ideal intersection
and quotients, and computing elimination ideals.

The starting point for these algorithms is, in a sense, the polynomial division

algorithm in k[x], we saw that the division algorithm implies that every I < k[x] has
the form /I = <g> for some g . Hence, if f €k[x,...,x,], we can also use division to

determine whether fe /.

Given the usefulness of division for polynomials in one variable, we may ask:
Is there a corresponding notion for polynomials in several variables? The answer is
yes, and to describe it, we need to being by considering different ways to order the

monomials appearing within a polynomial.

Definition 2.28 A monomial order on k[x,,...,x,] is any relation > on the set of
monomials x“ in k[x,,...,xn](or equivalently on the exponent vector o € Z’,, satis-

fying:

(1) > 1s a total(linear) ordering on Z7,,.
(i) > is compatible with multiplication in k[x,,...,x,], in the sense that if

x* =x” and x” is any monomial, then x*x” = x**" = x""7 = xPx" .

14



(1) > 1s a well-ordering. That is, every nonempty collection of monomials

has a smallest element under > .
The division algorithm in k[x] makes use of a monomial order implicitly:
when we divide g into / by hand, we always compare the leading term (the term of

heights degree) in g with the leading term of the intermediate dividend. In fact there

i1s no choice in the matter in this case.

For polynomials rings in several variables, there are many choices monomial
orders. In writing the exponent vectors o and 8 in monomials x*and x” as ordered
n-tuples, we implicitly set up an ordering on the variables x, in k[x, yees X, ] :

X, =X, == X

With this choice, there are still many ways to define monomials orders. Three of the
most important are given in the following definitions.

Definition 2.29 [Lexicographic Order (lex)]

Let x“and x” be monomials ink[x,...x,]. We say x*>_ x”if in the differ-

encea— f €Z", the left-most nonzero entry is positive. Lexicographic order is
analogous to the ordering of words wused in dictionaries. For instance,
arrow >, arson .

Definition 2.30 [Graded Lexicographic Order (grlex)]

Let x“and x” be monomials in k[x,,...,x, |.

We say x* >, xPif |06|=Zn:051- >|ﬁ|:Zn:ﬁi ,or x =, x7 if |0‘|:|ﬂ|'
i=1 1

i=

15



Definition 2.31 [Graded Reverse Lexicographic Order (grevlex)]
Let x“and x” be monomials in k[x,,....x,]. We say x* > x" if D a,>> B,
i=l1 i=l1

or if Zai = z p; and in the difference a —f €Z", the right-most nonzero entry is
i=l1

P
negative.

Example 2.32 x’y’z>_ xy°z*, since a—-B=(3,2,1)-(1,2,4)=(2,0,-3) the left-
most nonzero entry is positive, andx’y*z > . xy°, since 2+4+1=1+6+0 but
a—-p=(2,4,1)-(1,6,0)=(1,-2,1) the left-most nonzero entry is positive. However

X2 X127 since 143 +1=142+2 but o —f=(1,3,1)~(1,2,2) =(0,1,-1) the

right-most nonzero entry is negative.
Example 2.33 Show that the monomials of a fixed total degree d in two variables

x> y are ordered in the same sequence by >, and >

greviex *
Let x* =x{"x;>,x” =x/"x}> and || =|B| = d .Thus,

By

X% - xP e xix = xPx!

lex lex

S o> f.
Then, o, — B, >0.Since

|a|:|ﬂ|:d:>a,+a2:ﬂ]+ﬁ2
=o-p=p-a,>0

=a,—f,<0.

B

Thus x* > x”.

grevlex
Now fixing a monomial order we can write a multivariate polynomial with the terms

in decreasing order.

16



Definition 2.34 Let /=) a,x” be a nonzero polynomial in k[x,,...,x,] and let >

a=l1

be monomial order.
(1) The multi-degree of f is multideg(f)=max(a € Z’, :a, #0)

(1) The leading monomial coefficient of f is LC(f)=a ek

multi deg( f)
(iii)  The leading monomial of f is LM (f)= x""¢/)
(iv)  The leading term of f is LT(f)=LC(f)-LM(f)
(v) The polynomial f is called monic if LC(f)=1.

Example 2.35 Let f(x,y,z)=2x"y" -3x"yz* + xyz° —xp* in k[x,y,z]. Then, with

respect to the lex order, f is reordered in decreasing order as:
f(x,,2)==-3x"yz* +2x*y" — xp* + xp2°
multideg(f)=(5,1,4),LC(f)=-3,LM(f)=x"yz*,LT(f)=-3x"yz".

With respect to the grlex order, f is reordered in decreasing order as:
f(x,,2)==-3x"yz* +2x*y" — xp* + xp2°
multideg(f)=(5,1,4),LC(f)=-3,LM(f)=x"yz*,LT(f)=-3x"yz".

With respect to the grevlex order, f is reordered in decreasing order as:
f(x,v,2)=2x"y* =3x°yz* —xp* + xp2°

multideg(f) =(2,8,0), LC(f)=2,LM (f)=x*y*,LT(f)=2x")".
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2.3 Division Algorithm
Choosing any monomial order in k[x, ,...,xn] gives all the information neces-
sary to establish a generalized division algorithm. The following is the well-known
division algorithm on &[x,,...,x, |.
Theorem 2.36 Fix a monomial order >, and let F ={,,..., /,} be an ordered s-tuple

of polynomials in k[x,,...,x,]. Then every f €k[x,,...,x,]| can be written as
f=afi+..+af +r,
where a,,r € k[x,,...,x,], and either »=0 or r is a k -linear combination of mono-
mials, none of which is divisible by any LT'(f)),...,LT(f,). r 1s called remainder of
f ondivision by F . This can be written using reduction notation
f—Ltsror ff=r.
Furthermore, if a, f, # 0, then multideg( ) > multideg(a, f;).
Proof: The existence of a,,...,a and r is proved by the following constructive algo-
rithm.
INPUT: f, f,.... /. ek[xl,...,xn]with [,20(1<i<ys)
OUTPUT:a,,...,a,,r suchthat f =a f +..+a f +r and
ris reduce with respect to F={f,.,f,} and
max {LM (a))LM (f,),....LM (a,)LM (f,),LM(r)} =LM(f).
INITIALIZATION: g, =0,a, =0,...,a,=0,r =0,h:= f

WHILE %= 0DO

18



IF there exists isuch that LM (f;) divides LM (h) THEN

Choose ileast such that LM (f;) divides LM (h)

ma 2L

L LTS
LT(h)

—h— ,
LT(fl-)fl

ELSE
r=r+LT(h)
h=h—-LT(h)

Algorithm 2.36 Multivariable Division Algorithm. [
In some situations, permutations of the set {f,,..., f,} do lead to different remainders.

This situation can see in the following examples. As we shall see in section 2.4, this

1s not the case when the set is a Grobner Basis.

Example 2.37 Let us consider dividing f, =x’y* —x and f, =xy’ +yinto
f=x"y*+2xy*. Using the lex order on k[x, y] with x>y and
F :{xzy2 —x, Xy’ +y} . What is f7?

Lets divide /' =x’y*+2xp* by f, =x’y* —x and f, =x)’ +y using lex order.
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a,:2y
2.2
=x"y —-x
/ J: x’y* +2xp*t
L=ty IR
x2+2w4 JE > X2
2xy*
2xp* +2y°
_2y2 e >
0

Thus, f© =x*-2)".

Using the steps of Multivariable Division Algorithm are:
INITIALIZATION: a, :=0,7:=0,h=x"y* + 2xp*
First pass through the WHILE loop:
LM(f)=x"y" divides LM (h) = x"y’

3.2

a, ::a,+xzy2 =X
X
x3y2
h=h——— (x*y* —x) = x> +2xp*
Xy

Second pass through the WHILE loop:

LM(f;)=x"y*and LM (f,) = xy’ does not divide LM (h) = x’

20



7‘::7‘+X2:X2

hi=h-x"=2x"
Third pass through the WHILE loop:
LM (f,)=xy’ divides LM (h) = xy"*

2 4
a, :=a2+x—J;:x+2y
Xy

2 4
h=h- XJ; (xy’ +y)=-2y"
Xy

Third pass through the WHILE loop:

LM (f,)and LM (f,) does not divide LM (h)
ri=x"+(=2y")=x" -2y’
hi=-2y"—(-2y")=0

The WHILE loop stops,and we have f© =x?—2)”.

Most computer algebra system that have implementations of the division al-
gorithm. For instance, the Mathematica and Maple computes a remainder on division
of a polynomial by any collection of polynomials. The Mathematica commands for
our example:

In[1]:= PolynomialReduce[x"3*y"2+2*x*y 4 {x"2*y"2-x,x*y"3+y},{X,y}]
Out[1]= {{x,2y},x’-2y"}
This mean f = x(x*y* —x)+2y(xy* + y)+ x> —=2y*. Thus, f© = x* =2)?.
When we change the order of divisors we see that this affects the output of

the division algorithm.
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Example 2.38 Let f =x’y+xy’+y’and f,=xy-1, f, =y’ —1ek[x,y]. Using lex
order with x>y and F ={f,, f,}. Whatis f*?

Lets divide f =x"y+xy°+)* by f,=xy—1 and f, = y* —1 using lex order:

a:x+y

a,:1

fi=xy—-1

2 2 2
xy+xy +y
fi=y"-1

2
Xy—x

Xyt +x+y°

xy' -y

We have f=(x+y)f,+f,+x+y+1.
Using the steps of Multivariable Division Algorithm are:
INITIALIZATION: @, :=0,7 =0,h=x"y+xy" + )’

First pass through the WHILE loop:

LM (f,)divides LM (h)
2

a, =a, + IR
Xy

3
hi=(x*y+xy° +yz)—ﬂ(xy—l):xy2 +x+°
xy
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Second pass through the WHILE loop:

LM(f)divides LM (h)
2
4= a2 =x+y
Xy

2
h;:h—ﬂ(xy—l)=x+y2+y
Xy

Third pass through the WHILE loop:
LM (f,) and LM ( f,)does not divide LM (h)

r=r+x=Xx

h=h-x=y"+y
Fourth pass through the WHILE loop:
LM (f,)divides LM (h)

2
i Y
a=a;+—=x+ty+1

2

hi=h—2(xy-1)=y+1
y

Fifth pass through the WHILE loop
LM (f,)and LM ( f,)does not divide LM (h)

r=r+y=x+y
h=h-y=1

Sixth pass through the WHILE loop

LM (f,)and LM ( f,)does not divide LM (h)

r=r+l=x+y+l
h=h-1=0

The WHILE loop stops, and we have f =x+ y+1.
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Let consider we change the order of f, and f,. Namely, let F ={f,, f;}.

Using the steps of Multivariable Division Algorithm are:

First pass through the WHILE loop:

LM (f,) divides LM (h)
2

a, =a, + IR
Xy

3
h=(x +xyz+yz)—ﬂ(xy—l):xyz+x+y2
Y xy

Second pass through the WHILE loop:
LM ( f,)divides LM (h)

2
Xy
a,=a, +—2:2X

2
hi=h=22_ (3 —1) = 2x+y?
y

Third pass through the WHILE loop:

LM (f,)and LM ( f,)does not divide LM (h)

r=r+2x=2x
h=h-2x=y"

Fourth pass through the WHILE loop:
LM ( f,)divides LM (h)

2
a, ::a3+y—2:2x+1

2
h=h-2 (" -1=1
y
Fifth pass through the WHILE loop:

24



r=r+1=2x+1
h=h-1=0

The WHILE loop stops, and we have f© =2x+1.

The Mathematica commands for our example:
In[1]:= PolynomialReduce[x"2*y + x*y"2 + y"2, {x*y- 1, y*2 - 1}, {X, y}]
Out[1]= {{x+y, 1}, +x+y}

This mean f =(x+y)(xy—1)+1.(3° =1)+x+y+1.
In[2]:= PolynomialReduce[x"2*y + x*y"2 + y"2, {y"2 - 1, x*y - 1}, {X, y}]
Out[2]= {{1 +x,x}, 1 +2x}

This mean f =(x+1)(y> =D +x.(xy—=1)+2x+1.

We have, f=(x+1)f, +xf +2x+1.Thus, /" =2x+1.

When we change the order of divisors, we see that this affects the output of the divi-

sion algorithm. Namely, in the first case, we get x+ y+1 as the remainder and when

we changed the order, the remainder became 2x+1. So for the ideal / = < fis f2> we

see that {f,, f,} 1s not a nice basis.

One natural question one might ask is that does there always exist a nice basis
for polynomial ideals and if so how can we find it. In 1965, Buchberger gave a com-
plete answer to this question as a result of his Phd studies. He named such bases as
Grobner bases to honor his advisor W. Grobner. He also introduced an algorithm
which outputs a Grobner basis. Finally, if F'is a Grobner basis then this is not the

above case.
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2.4 Grobner Basis for Polynomials Ideals

Since we now have a division algorithm in A[x,,...,x,] that seems to have
many of the same features as the one-variable version, it is natural to ask if deciding
whether a given f €k[x,,...,x,] is a member of a given ideal / :<f,,...,fs> can be
done along the lines of above examples, by computing the remainder on division.
One direction is easy. Namely, it follows that if r=f"=0 on dividing
by F ={/f,,... .}, then f=af,+..+af,. By definition then, f e(f,...f,). On
the other hand, the above examples shows that we are not guaranteed to get f* =0
for every f € < Jioeer ], > if we use an arbitrary basis F for /.
Definition 2.39 Fix a monomial ordering. A finite subset G = {g,,..., g, } of an ideal
I is said to be a Grobner Basis if for every nonzero f eI, LT(f) is divisible by
LT(g;) for some i.

A Grobner basis for / is indeed a generating set for / . Existence of Grobner
basis for an arbitrary ideal is an easy consequence of Hilbert Basis theorem. More-
over, remainders computed by division with respect to a Grobner basis are much
better behaved than those computed with respect to arbitrary sets of divisors.

Theorem 2.40 Let G ={g,,....,g,} be a Grobner basis for an ideal / c k[x,,...,x,].

Then any f € k[x,,...,x,] has a unique remainder on division by G .
11 11 11
Proof. Suppose [ = z ag +r :z alg,+r'. Then r—r'= z (aj—a,)g, €1. Hence

i=l1 i=l1 i=l1

LT(r—r"Ye(LT(g,),...LT(g,)) i.e., LT(r—7") is divisible by some LT(g,). But
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this is impossible since no term of r, r' is divisible by any of LT(g,),...,LT(g,).
Thus »—7" =0 and uniqueness is proved. ]

Theorem 2.41 [Hilbert Basis Theorem] Every ideal I c k[x,,...,x,] is finitely gen-
erating set.

Proof. If 7 ={0} then we are done. Assume [ # {0}. Clearly the ideal <LT 04 )> isa
monomial ideal. We have that there exists a finite generating set f,,..., f, €/ such
that (LT(1))=(LT(f}),...LT(f,)). We claim that [I=(f,..,f,). Clearly
< Jiseeor ], > c I . In the direction, consider any f € /. We can apply the Division Al-
gorithm to obtain f =a,f, +...4+a _f, +r, where no term of ris divisible by any of
LT(f),...LT(f,). Clearly rel, and if r+0 then
LT(r)e(LT(I))=(LT(f)),...LT(f,)). By Theorem 2.36 we have that (LT(r))
must be divisible by one of the <LT (f; )> . This is contradiction. Hence » =0 and so
fe(f,-... f,) . The result follows. ]

Theorem 2.42 Let G ={g,,...,g,} is a Grobner basis for ideal / < k[x,,...,x,] and let

f e€klx,,...x,]. Then f €I if and only if the remainder of f on division by G is
Zero.

Proof. If the remainder is zero then f e/l. Conversely, if fel then f=f+0
which satisfies the conditions above and thus by uniqueness any remainder » must
be zero. [

Crollary 2.43 Every none-zero ideal / c k[x,,...,x,] has a Grobner basis.

Proof. It follows directly from the the proof of Hilbert’s basis theorem.
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More useful for many purposes than the existence proof for Grobner bases in an al-
gorithm, due to Buchberger, that takes an arbitrary generating set {f,,..., f,} for [/
and produce a Grobner basis G for / from it. This algorithm works by forming new

elements of / using expression guaranteed to cancel leading terms and uncover

other possible leading terms.

Definition 2.44 Let f, g € k[x,,...,x,] be nonzero polynomials.
(1) If multideg(f)=a andmultideg(g)=p, then y={y,,....y,} where
v, =max(a,B,) for eachi. x” is called the least common multiple of
LM (f) and LM (g), written as x” = LCM (LM (f),LM(g)).

(11) The S — polynomial of f and g is combination

'

X x’
Oy e

Example 2.45 Let f=x"y’ +xp*—x and g=x"y+)’in k[x, y]with the grlex or-
der.

Then, y =(4,3)and

x4y3 x4y3
S(f’g): P) 3f_ 4 g

Xy Xy

=x'f-y'g

4 4
=xy'—x’ -y

Maple can calculate the S — polynomial for we:
With(Groebner):
spoly(y-x"2,z-x"3,plex(X,y,z));

oyt ==yt
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The next theorem gives a criterion for when a basis of an ideal is a Grobner basis.
Theorem 2.46 Let / be a polynomial ideal. Then a basis G ={g,,...,g,} for I Grob-
ner basis if and only if for all pairs 7 # j, the remainder on division of S(g;,g;) by

G (listed in some order) is zero.
Using this criteria above, Buchberger’s Algorithm computes a Grobner basis

for an 1deal /.
Algorithm 2.47 Let F = ( Jiseeor ], > be a polynomial ideal. Then a Grobner basis
for I can be constructed in finite steps by the following algorithm:
INPUT: F =(f,,.... f,) Ck[x,,...x,]with f; #0(1<i<s)
OUTPUT: G ={g,,...,g,} a Grobner basis for F = (f,,...,fs>
INITIALIZATION: G =F,G" = {(jf,fj)‘jf # [, € G}

Fix a monomial order.

WHILE G'# ¢ DO

Choose any (f,g)e G’

G'=G'—{(f,)}
h=5g.f)
IF h# O THEN

G':=G'U{(u,h)| for all ueG'}
G=GuUih

Where S(g, f )G is remainder on division of S(f,g) by G .

Algorithm 2.47 Bucberger’s Algorithm for computing Grobner Basis.
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Buchberger’s Algrotihm is the oldest and most well-known method of transforming a

given set of generators for a polynomial ideal into a Grobner basis.

Example 2.48 Consider k[x, y]with lex order, x> yand let / = <xy —x,x° —y>. We

will calculate a Grobner bases for 7 .

Let G={xy—x,x’—ytand f=xy—x, g=x"—y.

2

S(f,g)= ’; yy (xy—x)—fc—zy(xz ~y)

— x4
Thus S(f,g)G:yz—y,then h=y"—y.

We have G = {f,g,h}. Then, S(f,g) =0.Next pair:

S(f,h)=%(xy—X)—%(y2—y)

=y(xy—x)—x(3° - y)
:xy2 —xy—xyz +xy
—0.

Thus, S(f,h)G = 0 and next pair:

2.2 2.2

X X
S(g.h)= xf (X —y)- yf (' —)

=y (X =y)=x'(y’ - )
:xzyz_y3_x2y2+x2y
=xy=)
—G
Then S(g,h) =0.

Finally, G = {xy —X, X =,y - y} is a Grobner basis for 1 .

The Mathematica code:
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In[l]:==f=x*y—x;

In[2]:=g=x"2-y;

In[3]:=Sfg =x* f —y*g// Simplify

Out[3]=—x* +y*

In[4]:= Polynomial Re duce[ Sfg,{f,g},{x, y}]
Out[41={{0,~1},—y + *}

In[5]=h=-y+y?%

In[6]:=Sfh=y* f —x*h// Simplify

Out[6]=0

In[7]:= Sth=y"2*g—x"2*h// Simplify
Out[7]=y(x* - y*)

In[8]:= Polynomial Re duce[ Sgh,{ f, g, h},{x, v}]
Out[8]={{x,1,-1-y},0}

Then G = {xy—x,x* —y,y" —y} is a Grobner bases for I .
Or we can use the following command in a briefly:
In[9]:= GroebnerBasis[{f,g},{x,y}]
Out[10]={—y + y*,—x +xy,x* — y}

Example 2.49 Consider k[x,y] with lex order x> y >z and let [ = <x2y +2z,x2 +y> .

We will calculate a Grobner bases for 1 .
In[1]:=f1=x"2*y+z;
In[2]:=f2=x*z+y;
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In[3]:=S12=z* f1—x*y* f2// Simplify
Out[3]=—xy* +z°;

In[4]:= Polynomial Re duce[ S12,{ f1, f2},{x, y,z}]
Out[4]={{0,0},—xy* +z°}

In[5]:= f3=—xy" +2°;

In[6]:=S13=y* f1—(—x)* f3// Simplify

Out[6]=z(y + x2)

In[7]:= Polynomial Reduce[S13,{f1, f2, f3},{x,y,2}]
Out[7]={{0,z,0},0}

In[8]:=823=y"2* f2—(=2)* f3// Simplify
Out[8]=y’ + 2’

In[9]:=f4=y"+2°;

In[10]:=814 =y~ 2* f1—-x"2* f4// Simplify
Out[10]=—xz* + y°z

In[11]:= Polynomial Reduce[S14,{f1, f2, 3, f4},{x, y,z}]
Out[11]={{0, yz — xz°0,0},0}

In[11]:=824=y"3* f2—x*z* f4// Simplify
Out[11]=y* - xz*

In[12]:= Polynomial Re duce[ S24,{ f1, 2, /3, f4},{x,y,z}]
Out[12]={{0,-z",0, y},0}

In[13]:=834=(—y)* f3—x* f4// Siplify
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Out[13]=—z*(y + x2)

In[14]:= Polynomial Reduce[S34,{f1, f2, 3, f4},{x,v,z}]
Out[[14]={{0,—z%,0,0},0}

Thus,

G={x"y+z,xz2+y,-xy° +z°,y’ +2°} is Grobner basis for the ideal I .
Or we can use the following command in a briefly:
In[16]:=GroebnerBasis[{ f 1, {2} ,{x, y,z}]

Out[16]={y’ + 2, y + xz,xy*> = 2>, x’y + z}

Example 2.50 Consider 4[x, y] with lex order y > x and let

I= < Y Axy+xT,y+x, y> . We will calculate a Grobner bases for 7 .

Grobner basis of I can be as G={f,, f,, fy» fir fs} =1V +xy+ X,y +x,9,x°,x} .

Since LT(f,)=x" is divisible by LT(f;)=x, G'={/., f,, fs,»fs} is also a Grobner
basis for / . Thus we can give following lemma and definition.

Lemma 2.51 Let G be a Grobner basis for the polynomial ideal /. Let g€ G be a

polynomial such that LT(g) € (G —{g}). Then G—{g} is still a Grobner basis for I .

Poof. Note that (LT(G —{g}))=(LT(G))=(LT(I)). Hence G—{g} is still a Grob-

ner basis for 7 .[]
Definition 2.52 A minimal Grobner basis for / is a Grobner basis G for / such
that

(i) LC(g) =1 forall ge G, and

(ii) forallg e G, LT(g) ¢ (LT(G)\{g})).
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How to obtained a minimal basis? We must eliminiate all g, for which there exists
i# j suchthat LM (g,) divides LM(g,).

Example 2.53 Consider / =(F), where F = {x+2xy",xy+2y" —1} with lex order
and x>y in k[x, y].

Grobner basis of I can be as G = {x* +2xp,xy+2y" —1,x,2)y° =1} . We can elimi-
nate g, and g, since their leading terms are both multiplies of the leading term of
g,. This leads to basis G = {x,y’—1/2}. Thus a minimal Grobner basis of the / is
G={x,y" -1/2}.

Definition 2.54 A reduced Grobner basis for / is a Grobner basis G for / such that

(i) LC(g)=1 forallge G, and

(ii) for all g € G, no monomial of g lies in LT(g) ¢ (LT(G)\{g}))-
Example 2.55 Consider the ideal / = <xy —Z,YZ—X,ZX — y> < Q[x, y, z] with lex or-
der and x < y < z. We obtain the Grobner basis as follows:

G={x—x,x* =y, =x*,z—xp}.
We can directly deduce from Definition 2.54 that G is a reduced Grobner basis for
I.
From the above theorme and definitions, we can give following theorem.
Theorem 2.56 Let / be a non-zero ideal of A[x,,...,x,]. The following are equiva-
lent for a set of non-zero polynomials G ={g,,....g,} = I :

(1) G 1s a Grobner basis for 7,

(i) f el ifand onlyif f°=0,
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(i) LT(G)=LT(I),

(iv) f eI ifand only if LM (f)=max {LM(h),LM(g,)}.

I1<i<m

Multivariate division requires a monomial ordering, the basis depends on the
monomial ordering chosen, and different orderings can give rise to radically different
Grobner bases. Two of the commonly used orderings are lexicographic ordering, and
degree reverse lexicographic ordering. Lexicographic order eliminates variables,
however the resulting Grobner bases are often very large and expensive to compute.
Degree reverse lexicographic order typicall provides for the fastest Grobner basis
compuatation.

What is a Grobner basis? A Grobner basis is a set of multivariate polynomials
that has desirable algorithmic properties. Every set of polynomials can be trans-
formed into a Grobner basis. This process generalizes three familiar techniques:

(1) Gaussian elimination for solving linear system of equations,

(11) The Euclidean Algorithm for computing the greatest common divisor of
two univariate polynomials,

(111) The Simplex Algorithm for linear programing.

2.5 Syzygy Modules

Definition 2.57 A module over a ring R (or R—module) is set M together with a
binary operation, usually written as addition of Ron M , and an operation of R on
M , called scalar multiplication, satisfying properties.

(1) M is an Abelian group under addition.

(i) ForallaeR andall f,geM,a(f+g)=af +ag.
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(i) Forall a,beR and all feM,(a+b)f =af +bf .

(iv) Forall a,be R and all f e M,(ab)f =a(bf).

(v)  Ifis multiplicative identity in R, 1./ = f forall feM .
Definition 2.58 Let M be a module over a ring R. M is said to be free module if
M has a module basis (that is, a generating set which is R —linearly independent).

For instance, the R —module M = R™ is a free module. The standard vectors
e, =(1,0,0,...,0)",e, =(0,1,0,...,0)",....,e, =(0,0,0,...,1)" form one basis for M as
R—module.

One obtains other examples of R—modules by considering submodules of

R™, that is, subset of R” which are closed under addition and scalar multiplication
by elements of R and which are, therefore, modules in their own right.

We might, for example, choose a finite set of vectors f,..., f, and consider
the set of all vectors which can be written as an R —linear combination of these vec-
tors: {a, f,+...+a,f, € R",a,..,a, € R}.

We denote this set < Jiseeor £, >, and we can easily show that it is a submodule of R".

These kind of submodules are called finitely generated submodules.
In this section, we consider finitely generated submodules of free module R” where

R =k[x,,...,x,] is the polynomial ring over some field k. In particular, we will con-

sider what we call syzygy submodules of R".

Definition 2.59 Let R=k[x,,...,x,], and let (f,,..., ;) be an ordered ¢ —tuple of

elements f; € R. The setofall (a,,...,a,)" € R' suchthat a,f, +...+a,f, =0 is an
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R —submodule of R', called the (first) syzygy module of (f,,..., /), and denoted

SYz(fses i) -

The syzygy modules are finitely generated R —modules, and a set of genera-
tors for them can be computed. If the starting point is a Grobner basis, then finding a
set of generators for the syzygy module is accomplished using Buchberger’s algo-
rithm. While computing a Grobner basis G ={g,,...,g,} for an ideal / < R with re-
spect to some fixed monomial ordering, a slight modification of the algorithm would

actually compute a set of generators for the syzygy module syz(g,,...,g,) as well as
the g,’s themselves.
Let S(g,,g,) be the S —polynomial of g;and g;:

Vij Vij

Y g -—g
LT(g)"" LT(g)°""

S(g,8,)=

where x'’ is the least common multiple of LM (g,) and LM ( g,). Since G is a Grob-
ner basis, the remainder of S(g,,g;) on division by G is zero, and division algo-

rithm gives an expression
S(gi’gj) = zaijkgk >
k=1
where g, € R, and LT (a,)<LT(S(g,g,) forall i,/,k.
Let a; € R" denote the column vector

a; =age +..+a,e =(a;,....a;)

ijs s > s

and define s, € R by setting
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S. = e — e. +a. *
YOLT(g) " LT(g) ' 7 ®

in R’. Then the next theorem shows how to find a basis for the syzygy module.
Theorem 2.60 Let G ={g,,...,g,} be a Grobner basis of an ideal / in R with re-
spect to some fixed monomial order, and let M =syz(g,,....,g,). The collection
{s;,1<1i,j <s} from (*) generates M as an R—module.

The next step is to compute syz(f,,..., f,) for a collection {f,..., f,} of non-
zero polynomial is R which may not from a Grdébner basis. First compute a Grobner
basis {g,,...g,} for (f,,...f,). Set F=(f,...f,) and G=(g,,...g,). Since the
elements of F and G generator the same ideal, there are a txs matrix 4 and sxt
matrix B, both with entries in R, such that G=FA4 and F = GB . The matrix B can
be compute by applying the division algorithm with respect to G . The matrix 4 can

be obtained by keeping track of reductions of S — polynomials on the division proc-
ess during Buchberger’s Algorithm.
A generating set {s,,...,s } for syz(G)(thes,’s are column vectors in R") can
be computed using Theorem 2.60. Let 7,...,7, be the column of the matrix /, — 4B .
Theorem 2.61 With the notation above,
{As,,Asz,...,Asp,iq,rz,...,r,}

1s a generating set for syz(f,,..., f,).

Example 2.62 Let M =(f,, f,) in R=k[x, y] where
fi=xy+x, f,=y"+1.
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Using the lex monomial order, the reduced Grobner basis for M consist of

g =x, g =y"+1.
Then it is easy to check that

fl = (y+1)g1

g =—Cr=Df+ Q.

so that
-(y-1)/2 0
Gz(g],ga:(f],fz){ v 1]:“
and
y+1 0
F=(/,/)=(858) /2 1 =GB.
Since

S(gl’gz):yzg] —Xg, =—X=-4),

by Theorem 2.60 we have that

_(yz +1]
Sp = .

generates syz(g,,g,). Multiplying by 4 we get

-(y-1)/2 0 y2+1
As,, =
x/2 1 —Xx

(' =y +y-1/2
(xy° =x)/2 .

The columns of 7, — AB are
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5 :( (Y +1)/2 ] s, :(0]_
—(xy+x)/2 0
So by the Theorem 2.61,
svz(f;, f,) =(4s,,,5,).
Example 2.63 Let M = <f],f2> in R=k[x,y,z] where
fi=x’y+z, fi=xz+y.
Using the lex monomial order and x > y > z, the reduced Grobner basis for M :

In[1]:= GroebnerBasis[{x"2* y+z,x*z+ y},{x,y,z}]
Oout[1]= {(’ +2°, y+xz,x° =22, X’y + 2}

Thusg, =x’y+z, g, =y+xz, gs=xy°—z°, g,=y’+2 .Then

In[2]:= Polynomial Re duce[g,,{f,, f,},1x, ¥, z}]
Out[2]= {{1,0},0}

This mean
g =1./,+0.1,.

In[3]:= Polynomial Re duce| g,,{f,, f,},1x, v, z}]
Out[3]= {{0,1},0}

This mean
g, =0.1,+1.1,
Soas g, =(-z2)- f,+(xy)- f, and g, =2+ f,+(—xyz+y°)- f,.

1 0 —z Z2°
g & & g&l=[/ 1] |=F4
0 1 xy —xyz+y

and
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[/ f£]=lg 2 & gl ~GB.

o o o =
oS o = O

Since

2 2

X VZ X VZ
S(g8,) =22 (P y+2) -2 (y+x2)

Xy Xz

=z(x’y +2) + (—xy)(y +x2)
2 2
=—xy +z

= (-D(xp* ~z*)
=(-D.g;

by Theorem 2.60

s, =(z,—x,1,0). And

2 2 2 2
X X
S(g,,8,) =2 (*y+2) -2 (% - 2%)
Xy Xy
=y(X’y+z)+(-x)(xp* —2%)
=z(xz+y)
:Z.g2

So by the Theorem 2.61,
S;=,—z,—x,0).
Similarly s, =(0,y*,—z,—1)and s, = (0,2%,y,—x).
We can use a computer algebra system for polynomial computations to find

S15583,5,; and s,, . Using singular [9]:
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>ring r=0, (x,y,2), dp;

> ideal i=x2y+z, y+xz, xy2—2z2, y3+2z3;
> Syz(i);

[1]=x*gen(3)— y* gen(l)+ z* gen(2)
[2]=z2*gen(2) —x* gen(4)+ y* gen(3)
[3]1=y2* gen(2) —z* gen(3) — gen(4)
[4]=xy* gen(2)—z* gen(l)— gen(3)

We have syz(g,,2,,8:.8,) = <512,513a523a534>-

Multiplying by 4 we get

z
1 0 - 2 -X 0
s, = z z 2 V| _
I 0 xp —-xyz+y 1 0
| 0
]
1 0 —z z? -z xXz+y
As;3 = 2 - 2
1 0 xy —xyz+y ||—x -1.(x"y+2)
— 0 -
10 - ? 1[0
As,, = z z 5 Y =
I 0 xyp —xyz+y || -2z 0
__1_
and
0
4 I 0 —z z’ z* —xz’—yz -z.g,
KY = = = .
L0 oxy -z |y x’yz+z° 2.8,
-X

0 0
Other hand 7, — 4B = .
0 0

Therefore syz(f,, f,) = <s13,s34> .
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2.6 Homogeneous Bases for Polynomial Ideals
More detail information can be found in [10] and [11] .

Definition 2.64 A polynomial f €k|x,,...,x,| is homogeneous of total degree d
provided that every term appearing in f* has total degree d .
For example; f =2x*-5x"y*+z*, g =2x"-5x’y* +z* € Q[x,,z]. Then,
f is a homogeneous polynomial of degree 4, g is not a homogenous polynomial.
An important fact is that every polynomial can be written uniquely as a sum
of homogeneous polynomials. Namely, given f € k[x,,...,xn], let f, be the sum of
all terms of f of'total degree k. Then each f, is homogeneous and f = z . Ji - Each
f, is called the k£ —th homogeneous component of /.
For instance, let f =x’y*z—xyz+x’y’z* —y*z’ € Q[x, y,z]. Then
f=xyz+x"y*2" -’z —xyz.
Definition 2.65 Let g(x,,...,x,) € k[x,,...,x,] be a polynomial of total degree d and
f= ijo g, be the decomposition of g as the sum of its homogeneous components,
where g, has total degree 7, then
2" (XysX,sen X,) = Zj:o 2.(%,500s %)X,
is called the homogenization of g with respect to x, .

The next theorem states some facts regarding the process of the homogenization.

Proposition 2.66 [7] Let g(x,,...,x,) € k[x,,...,x,] be a polynomial of total degree d .

43



(1) The homogenization of g,g", is a homogeneous polynomial of total

degree d .
(11) The homogenization of gcan be computed using the formula

X X
g"= xodg(—‘,...,—") )
Xo Xo

(i)  De homogenizing g" yields g.Thatis g"(1,x,,...,x,) = g(x,,...,X,) .
(iv)  Let F(x,,x,,....,x,) be a homogeneous polynomial and let x; be the
highest power x,dividing F . If f=F(l,x,...,x,)1is the de homog-
enization of F, then F =x{f".
v flg =)
For instance, let above example f =x’y’z+x°y’z" =z’ —xyz.
The homogenization of f* with respect to x,:
fh =y 2)x + (7Y’ 2?)x) — (»°2)x, — (xvz)x; and de homogenizing f”: let x,=1
then f"(Lx,y,2)=xyz+x*y’z* —y*2° —xyz = f(x,,2).
Definition 2.67 An ideal / in k[x,,x,,...,x,] is said to be homogeneous if for each
f €1, the homogeneous components f; of f arein [ as well.
Proposition 2.68 [7] Let I < k[x,,x,,...x,] be an ideal. Then the following are
equivalent:
(i) I is a homogeneous ideal of k[x,,x,,...,x, .

(1))  There exists some homogeneous polynomial f,..., 1., such that

I=(fs /)
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The next lemma gives a property of homogeneous ideal which will be used to
find a criterion for the homogeneous bases.

Lemma 2.69 Let f,..,f, be homogeneous polynomials of total degree
d<d,<..<d_ andlet [ = <f,,...,fs>. If g is another homogeneous polynomial of

degree d in /. Thengmust be element of /, = <f1 :deg(f;) < d> c I. Moreover,

11
with g= Zqi f; such that each ¢, is homogeneous of total de-

i=l1

there exist ¢,,...,q,

gree d—d,.
Proof. Assume there exist ¢ such that deg(f,)>d for i>¢. Let
g=pfit..+pf+p.f
since deg(g)=dand deg(p,f,)>d for i>j, pf +..+p,f.=0. Sincef, #0,
p; =0 for i >t . Therefore,
g=pfi+..+pf.
If p, written as sum of two polynomials p, = ¢, +7 where g, is a homogeneous
polynomial of total degree d —d, and 7, is the other part p,, then the multiplication
1, x f; produces monomials which have total degree different from d . Since gis a
homogeneous polynomial of total degree d, . f, =0 for all i. Hence
g=pfit..+pf,+p.f, L
Definition 2.70 Let / be an ideal in k[x,...,x,|. The homogenization of / is de-
fined to be the ideal,

I :<fh :f€[>ck[xo,x],...,xn],
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where f" is homogenization of f* with respect to x,.
Proposition 2.71 For any ideal /  k[x,,...,x, |, homogenization /" is homogeneous
ideal in A[x,,x,,...,x,].
Proof. By the Hilbert Basis Theorem, there exists polynomials g,,...,g, € I"such
that 1" = <g,,...,gs> . By the definition of 1",
g =291
h

where f, € I .Since fi;’ ’s are homogeneous and [ :< fi >, I"is a homogeneous

ideal by Proposition 2.68.[

Definition 2.70 is not entirely satisfactory because it does not give us a finite

generating set for the ideal I". Given a particular finite generating set f;,..., f, for
I c k[x,,...,xn], it always true that < f]h,..., fsh> is a homogeneous ideal contained in
I". As the next example shows, however, 1" can be strictly larger than < .. fsh>
Example 2.72 Let 1 =(,. f,)=(y—x",z-x’), the ideal of the twisted cubic in R’.
The homogenization of f, and f, gives J:<yt—x2,zt2 —x3> in R[t,x,,z]. To
prove J # I", consider the polynomial
fi=fi—xfi=z-xX—x(y-x")=z—xyel.
Then f " =tz — xy is a homogeneous polynomial of degree 2 in/". Since the genera-

tors of J are also homogeneous, of degree 2 and 3 respectively, if f "eI", then
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A " should be constant multiple of S " by Lemma 2.69. Since this is clearly false,
f}h ¢ J and, thus, J = I".

Definition 2.73 Let [ = <f,,...,f,> be an ideal in [x,,...,x,]. If the homogenization
of I,1" :<f]h,...,ﬁh> ,then {f,,..., f,} is said to be a homogeneous basis for / .

Proposition 2.74 [7] Assume {g,,...,g,} 1s a Grobner basis for an ideal / with re-

spect to a graded monomial order >~ m k[x,,...,x, ]. Then {g,,....,g,} 1s a homogene-
ous basis for /. Note that grlex and grevlex are graded monomial orders, whereas
lex is not.

Example 2.75 Let us once again take the ideal of the twisted cubic in R’,
1=(f.f,)= <z—x3,y—x2> . Using the graded lexicographic order with x>y >z, a

Grobner basis of / can be as follows:

Let G={x’—z,x’—yland f,=x" -z, f,=x" -y

S(ﬁ,mz%(f—z)—%(f—y)

=Xy—z.

—G

Thus S(f,,f,) =xy—z,then f,=xy—z.

G

We have G ={f,, f,, f;} . Then, S(f,,f,) =0.Next pair:

3

S(ﬁ,m:’;—f(f—z)—%uy—z)

=z.f,.

G

Thus, S(f,,f;) =0and next pair:
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2
X

Y (y-2)
Xy

S(fz,mz’;—f(xz—w—

2
=xz—)".

Thus S(f,, /,) =xz—’, then f, = xz— 1.

We have G ={f1,, 1., f;, f,}. Then, S(fz,f3)c =0. Next pair:

S(fpﬂ)=%z(xy—z)—%(xz—y2)

3 2
:y —Z

Thus S(f3’f4)G:y3—zz,thenf5=y3—22.

We have G ={f,, f,, f;, f4, fs} . Then, S(f3,f4)c =0

The other remainders of S — polynomials are zero. Therefore, G ={f,, 15, f3. f1. /5}
is a Grobner basis for /. Since LT(f)=x" is divisible by LT(f,)=x",

G ={x*-y,xy—z,xz2—y*,y’ —z*} is a minimal Grobner basis, and it also a homo-

geneous basis for /.
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CHAPTER 3

SOLVING POLYNOMIAL EQUATIONS

In this chapter we will discuss several approaches to solving systems of poly-
nomial equations. First, we will discuss a straightforward approach based on the

eliminiation properties of lexicographic Grobner bases.
3.1 Solving Equations via Grobner Bases
The central problem of this chapter, finding the solutions of system of poly-
nomial equations f,(x,,....x,)=...= f,(x,,....x,) =0 over C or R, rephrases in fan-
cier language to find the points of the variety V' (/), where [ is the ideal generated
by f,..., f,.We assume that the systems of equations we are dealing with are in the
variables x,,...,x, with lexicographic order x, >...>x, . We begin by this definition:

Definition 3.1 Given / :<f,,...,fs>c k[x,,...,x,] the ith elimination ideal /, is the

ideal of k[x,,,,....,x,] defined by I, =1 Nk[x,,,,....x,].

+12°°
For example; let / :<x2 +y°,x° —z3> ck[x,y,z], show that y’+2z* is in the first
elimination ideal /.

L=(x"+)y")-(x" =2

=y*+ 7.
Thus, I, consists of all consequences of f (x,,....x,)=...= f (x,...,x,) =0 which
eliminate the variables x,,...,x;. We see that eliminating x,,...,x;, means finding non-
zero polynomials in the ith elimination ideal /, and significance of Grobner Bases
for solving system of equations stems from the fact that, for Grobner bases, it is sim-
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ple to construct all of the elimination ideals. During the construction of Grébner
bases, variables are eliminated successively. Also, the order of elimination corre-

sponds to the ordering of variables: x, is eliminated first, then x, is eliminated, and
SO on.

Definition 3.2 A point (a,,,,...,a,) €V (I,) < k" is called a partial solution. Any so-
lution (a,,...,a,) €V (I) C k" truncates to a partial solutions, but the converse may

fail-not all partial solutions extend to solutions.
This is where the Extension Theorem comes in. To prepare for the statement, note

that each f in /, , can be written as a polynomial in x,, whose coefficients are poly-

nomials in x,,,...,x,:
S =, (e X)X ot G (X500 X,) -

We call ¢, the leading coefficient polynomial of f* if x/ is the highest power of x,

apperring in f .

Theorem 3.3 [The Extension Theorem] If % is algebraically closed , then a partial

solutions (a,,,,...,a,) in V(I,) extends to (a,,q,,,,...,a,) in V (I, ;) provided that the
leading coefficient polynomials of the elements of a lex Grobner basis for /, , do not
all vanish at (q,,,,...,a,).

To solve a system F of polynomial equations (Which determines the ideal

I = <F>). We proceed as follows:

(1) Compute the Gobner basis, G, of / with respect to the lex order.

(11) Find the roots of generator in x, by applying one-variable techniques.

50



(111)  Apply back substitution to find the roots of all generators in G .
(iv)  Roots of generators in G are extended to solutions of the original equa-
tions.

First let us decide whether the system F has any solutions in A[x,,...,x, ].
Theorem 3.4 Let G be a reduced Grobner basis of /. F'is solvable in A[x,,...,x, ]

if and only if 1¢ G .(1e G implies that the equation 1=0 has a solution whch is a

contradiction).

For example; let 7 = <F> = <xy2,x -Ly —1> . F' is not solvable since G = {1} .

Andlet 1 =(F)=(x",y-1). F is solvable since G = {x—1,y~1}.

Now suppose that the system F' is solvable. We want to determine whether there are
finitely or infinitely many solution of the system F . In the other words, whether or
not the ideal / is zero-dimensional.

We now show how Grobner bases can be applied to solving system of polynomial
equations. Consider the polynomial equations

xy—=2y=0
2y° —x* =0.

To solve these equations, we first compute a Grobner basis for the ideal they gener-
ate using Mathematica:

In[1]:= GroebnerBasis[ {x*y - 2*y, 2*y"2 - x"2}, {y, x}]

Out[l]={-2x* +x°,-2y+xy,-x +2y}

By the fact that /' and G generate the same ideal, /' and G have the same solution.
The elimination property of Grobner basis guarantees, that, in case G as only

finitely many solutions, G contains a univarete polynomial in x. Note that, here we
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use the lexicographic order with y > x . In our example, the univarete polynomial in
x contained in G is
“2x* +x°.
We now can solve this polynomial for x:
In[2]:= Solve[-2*x"2 + x"3 == 0, X]
Out[2]= {{x >0}, {x -> 0}, {x->2}}
This mean: x, =0,x, =0,x; =2.
If we now plug in, say x,,x, and x, in the second and third polynomial of G, we

obtained:

In[3]:=x=0;

In[4]:= Solve[-2*y + x*y == 0, y]

Out[4]= {{y -> 0}}

In[5]:= Solve[-x"2 + 2*y*2 == 0, y]

Out[5]= {{y -> 0}, {y -> 0}}

In[6]:=x=2;

In[7]:= Solve[-2*y + x*y == 0, y]

Out[7]= {{}}

In[8]:= Solve[-x"2 + 2*y*2 == 0, y]

Out[8]= {{y -> -Sqrt[2]}, {y -> Sqrt[2]} }

We have the three points as following:
(0,0),(2,v2),(2.,+2) .

In this way, we can obtain all the solutions of G and, hence, of F .

Example 3.5 Consider the system of equations
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¥ +y +z =4
X' +2y° =5

xz=1.
How many solutions are there in R*?
In[1]:= GroebnerBasis[ {x"2 + y"2 + z"2 - 4, x"2 + 2*y"2 - 5, x*z - 1}, {X, Y, z}]
Out[1|={1-32" +22",-1+y* -2*,x-3z+27}
In[2]:= Factor[1 - 3*z"2 + 2*z"4]
Out2l=(-1+2)(1+2) (-1+27")
In[3]:= Solve[l - 3*z"2 + 2*z"4 == (), z]
Out[3]= {{z > -1}, {z-> 1}, {z->-1/Sqrt[2]}, {z-> 1/Sqrt[2]}
Where by the Elimination Thoerem, the first elimination ideal /, =/ " C[y,z] is
y' -z -1
2z =3z° +1.
Since the coefficient of y*in the first polynomial is a nonzero constant, every partial

solution in V' (/). There are eight such points in all. Now we will these solutions:
Inf4]:=z=1;

In[S5]:={-1 +y"2 -2z"2, x - 3*z+ 2%2"3}

Out[5]= {-2 +¥*, -1 + x}

In[6]:= Solve[-2 + y*2 ==10, y]

Out[6]= {{y -> -Sqrt[2]}, {y -> Sqrt[2]} }

In[7]:= Solve[-1 + x == 0, x]

Out[7]= {{x->1}}

In[8]:=z=-1;

In[9]:= {-1 +y"2 - 22, x - 3*z + 2%2"3}
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Out[9]= {-2 +y*, 1 + x}

In[10]:= Solve[-2 + y*2 == 0, y]

Out[10]= {{y -> -Sqrt[2]}, {y -> Sqrt[2]}}
In[11]:= Solve[-1 + x == 0, X]

Out[11]= {{x -> 1}}

In[12]:=z = 1/Sqrt[2];

In[13]:= {-1 +y*2 - 2°2, x - 3%z + 2%z"3}
Out[13]= {-(3/2) +y*, -Sqrt[2] + x}

In[14]:= Solve[(-3/2) + y"2 == 0,y]

Out[14]= {{y -> -Sqrt[3/2]}, {y -> Sqrt[3/2]}}
In[15]:= Solve[-Sqrt[2] + x == 0, x]

Out[15]= {{x -> Sqrt[2]}}

In[16]:=z = -1/Sqrt[2];

In[17]:= Solve[(-3/2) + y*2 == 0, y]

Out[18]= {{y -> -Sqrt[3/2]}, {y -> Sqrt[3/2]}}
In[19]:= Solve[-Sqrt[2] + x == 0, x]

Out[20]= {{x -> Sqrt[2]}}

Finally we have
(LE32,0), (=1L, 442,-1),(v/2,44372,1/2), (=2, 443/2,-1/~/2) .

The system of polynomial equations in above example is relatively simple because
the coordinates of the solutions can all be expressed in terms of square roots of ra-

tional numbers. Unfortunately, general systems of polynomial equations are rarely
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this nice. We will see this case by taking the system of equations given in Example

3.4 and change the first term in the fist polynomial from x* to x°.

Example 3.6 Consider the system of equations
X4y +z7 =4

x’+2y° =5

xz=1
How many solutions are there in R*; how many are there in C’?
In[1]:=fl = x5+ y"2 + 22 - 4;
In[2]:= 2 = x"2 +2*y"2 - 5;
In[3]:=3=x*z-1;
In[4]:= GroebnerBasis[ {1, 2, 3}, {X, vy, z}]
Out[4]={2-2" -32°+27 ,-10+4y*+z+327 -22 ,2x-7 -37" +27%
In[5]:= Solve[(-1 + z)(-2 - 2*7z - 2%2"2 - 23 - /"4 + 2*Z"5 + 2%77°6) == 0, 7]
Out[5]= {{z-> 1}, {z->Root[-2 - 2 #1 -2 #1> - #1° -#1* +2#1° +2#1° &, 1]},
> {z->Root[-2- 2#1 - 2#1% -#1° -#1* +2#1° +2#1° &, 2]},
> {z->Root[-2- 2 #1 -2 #1% -#1° -#1* +2#1° +2#1° &, 3]},
> {z->Root[-2 - 2#1 -2 #1% -#1° -#1* +2#1° +2#1° &, 4]},
> {z->Root[-2- 2#1 - 2#1% -#1° -#1* +2#1° +2#1° &, 5]},
> {z->Root[-2- 2 #1 -2 #1% -#1° -#1* +2#1° +2#1° &, 6]},
In[6]:= NSolve[(-1 + z)(-2 - 2*7z - 2%2"2 - 23 - 24 + 2*Z"5 + 2%77°6) == 0, 7]
Out[6]={{z ->-1.39505},{z -> -0.61526 - 0.608323 1},{z ->-0.61526 + 0.608323 I},
> {z->0.210764 - 0.866518 1}, {z -> 0.210764 + 0.866518 1}, {z -> 1.}, {z ->
1.20404}}

In[7]:=z=-1.39505;
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In[8]:= {2 - 23 - 3 *2/\5 + 2%2/7, -10 + 4 *y 2 + 7 + 3 *¥2°3 - 2 %7215,
2% x-7"2 - 3% 2 + 2 *776}
Out[8]= {0.0000816876, -8.97238 + 4y* , 1.43358 + 2 x}
In[9]:= Solve[-8.97238 + 4*y"2 == 0, y]|
Out[9]= {{y ->-1.4977}, {y -> 1.4977}}
In[10]:= Solve[1.43358 + 2*x == 0, x]
Out[10]= {{x ->-0.71679}}
In[11]:=z=-0.61526 - 0.608323 I;
In[12]:= {2 - 23 - 3 %275 + 2%277, <10 + 4 *y*2 + 2 + 3 *2/3 - 2 *215,
2% x-z"2-3* 72/ + 2 *776}
Out[12]= {-3.50085 .10° + 3.31944. 10° I, (-9.96971 - 2.67148 I) + 4 y 2,
(1.64376 - 1.62523 1) + 2 x}
In[13]:= Solve[(-9.96971 - 2.67148 I) + 4* y*2 == 0, y]
Out[13]= {{y ->-1.59261 - 0.209678 I}, {y -> 1.59261 + 0.209678 1} }
In[14]:= Solve[(1.64376 - 1.62523 I) + 2 *x == 0, x]
Out[14]= {{x ->-0.82188 + 0.812615 I} }
In[15]:=z=-0.61526 + 0.608323 I;
In[16]:= {2 - 23 - 3 *275 + 2%277, <10 + 4 *y"2 + 2 + 3 *2/3 - 2 *215,
2% x-z"2-3* 72/ + 2 *7°6}
Out[16]= {-3.50085 .10° -3.31944.10° I, (-9.96971 +2.67148 1) +4 y*, (1.64376
+1.62523 1) + 2 x}
In[17]:= Solve[(-9.96971 - 2.67148 I) + 4* y*2 == 0, y]

Out[17]= {{y -> -1.59261 - 0.209678 I}, {y -> 1.59261 + 0.209678 I}}
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In[18]:= Solve[(1.64376 - 1.62523 I) + 2 *x == 0, x]

Out[18]= {{x ->-0.82188 + 0.8126151}}

In[19]:=z=0.210764 - 0.866518 I;

In[20]:= {2 - 23 - 3 *2/\5 + 2%z77, =10 + 4 *y"2 + 2 + 3 *2/\3 - 2 *25,
2% x -7"2 - 3% zM + 2 *776}

Out[20]= {3.59222.10° +5.51216.10° 1, (-12.2339 + 1.15505 1) + 4 y*,

(-0.530047 - 2.17916 ) + 2 x}

In[21]:= Solve[(-12.2339 + 1.15505 I) + 4* y*2 == 0, y]

Out[21]= {{y ->-1.75079 + 0.0824662 1}, {y -> 1.75079 - 0.0824662 1}}

In[22]:= Solve[(-0.530047 - 2.17916 T) + 2* x == 0, x]

Out[22]= {{x -> 0.265024 + 1.08958 1} }

In[23]:=z=0.210764 + 0.866518 I;

In[24]:= {2 - 23 - 3 *2/\5 + 2%z, <10 + 4 *y"2 + 2 + 3 *2/\3 - 2 *25,
2% x -7"2 - 3% 74 + 2 *776}

Out[24]= {3.59222 .10° -5.51216.10° 1, (-12.2339 - 1.15505 1) + 4 y*,

(-0.530047 +2.17916 T) + 2 x}

In[25]:= Solve[(-12.2339 - 1.15505 I) + 4* y*2 =0, y]

Out[25]= {{y ->-1.75079 - 0.0824662 I}, {y -> 1.75079 + 0.0824662 1}}

In[26]:= Solve[(-0.530047 +2.17916 I) + 2 *x == 0, x]

Out[26]= {{x -> 0.265024 - 1.08958 1}}

In[27]:=z=1.;

In[28]:= {2 - 23 - 3 *2/\5 + 2%z, <10 + 4 *y"2 + z + 3 *2/\3 - 2 *25,

2% x-z"2-3* 72/ + 2 *7°6}
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Out[28]= {0., -8. + 4 y*, -2. + 2 x}

In[29]:= Solve[-8. + 4* y"2 == 0, y]

Out[29]= {{y -> -1.41421}, {y -> 1.41421}}

In[30]:= Solve[-2. + 2 x == 0, x]

Out[30]= {{x > 1.}}

In[31]:=z=1.20404;

In[32]:= {2 - z"3 - 3 *z"5 + 2*z"7, -10 + 4 *y"2 + z + 3 *2""3 - 2 *25,
2% x -z"2 - 3%z + 2 *776}

Out[32]= {-0.000016529, -8.6204 + 4 y* , -1.66109 + 2 x}

In[33]:= Solve[-8.6204 + 4 *y"2 == 0, y]

Out[33]= {{y -> -1.46803}, {y -> 1.46803}}

In[34]:= Solve[-1.66109 + 2 *x == 0]

Out[34]= {{x -> 0.830545}}

Finally, we have

> x> 1,y->-141421,z-> 1.}, {x -> -0.821879 - 0.812613 I, y -> 1.59261 -
0.209678 1,

> 7 ->-0.61526 + 0.608323 T}, {x -> -0.821879 + 0.812613 I, y -> 1.59261 +
0.209678 1,

> 7> -0.61526 - 0.608323 T}, {x -> 0.265021 + 1.08958 I, y > -1.75079 +
0.0824661 1,

> 7 ->0210764 - 0.866518 I}, {x -> 0.265021 - 1.08958 I, y -> -1.75079 -
0.0824661 1,

> 7 ->0210764 + 0.866518 1}, {x -> 0.265021 + 1.08958 I, y -> 1.75079 -
0.0824661 1,

> 7->0210764 - 0.866518 1}, {x > 0.265021 - 1.08958 I, y -> 1.75079 +
0.0824661 1,
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> 7->0210764 + 0.866518 T}, {x -> -0.821879 + 0.812613 I, y -> -1.59261 -
0.209678 1,

> 7 ->-0.61526 - 0.608323 1}, {x -> -0.821879 - 0.812613 I, y -> -1.59261 +
0.209678 1,

> 7->-0.61526+0.608323 I}, {x ->-0.716819, y -> -1.49769, z -> -1.39505},

> fx->1,y->1.41421,z-> 1.}, {x ->0.830536, y -> 1.46803, z -> 1.20404} }

There are six solutions in R’and eight solutions in C’.

The solution of problem for G can often be easily translated back into a solu-
tion of the problem for F . Hence, the worst-case complexity of any algorithm that
computes Grobner bases in fully generality must be high. Thus, examples in three or
four may already fail to terminate in reasonable time or exceed available memory
even on very fast machines. For example, trying to find a Grobner basis, w.r.t to a
lexicographic ordering, for the set

(x)° =2yz—z>+13,y* = x’z+x2" +3,2°x = y’x* +xp+y° +12}
may already exhaust your computer resources.

3.2 Solving Equations via Eigenvalues and Eigenvectors

In this section, we lay out a path from solving a set of polynomial equations
problems to eigenvalue problems. The main tool we need are the Finiteness Thorem.
Theorem 3.7 [Finiteness Theorem] Let £ € C be a field, and 7 c k[x,,...x,] be an
ideal. Then the following conditions are equivalent:

(1) The algebra A4 = k[x,,...,x,]/1 1s finite-dimensional over & .
(i1) The variety V' (I) c C" is a finite set.
(1) If G 1s a Grobner basis for /, then for each i,1<i<n, there is an

m, >0 such that x;" = LT (g) for some geG.
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Thus,

A is a finite-dimensional algebra <> [/ is a zero-dimansional ideal.

When the system has only finitely many solutions, i.e, when V' (/) is a finite set, the
Finiteness Theorem says that / 1is a zero-dimensional ideal and algebra

A=C[x,,...,x,]/I is a finite-dimensional vector space over C. The structure of 4
in this case to evaluate an arbitrary polynomial f at the point of V' (/); in particular
evaluating the polynomials /= x, gives the coordinates of V(/) turn out to be ei-

genvalues of certain linear mappings on A4, and the remainder of the section dis-
cusses techniques for evaluating them. We begin with the easy observation that given

a polynomial f € ([x,,...,x,], we can use multiplication to define a linear map m,
from 4=C[x,,...,x,]/1 to itself. More precisely, f gives the Coset[f]e A, and we

define m, : 4 — A by the rule: if [g]e A4, then

m,([gD)=[f1lg]l=[/ele 4.
Then m, has the following basic properties:
Proposition 3.8 Let /' € C[x,,...,x,]. Then,
(1) The map m;, is linear mapping from 4 to 4.
(i1) We have m, =m, exactly when f—-gel.
Thus two polynomials give the same liner map if and only if they different by an

element of / . In particular, m, is the zero map exactly when fe[.

Proof. The proof of part (i) is just the distrubutive law for multiplication over addi-

tioninring A.If [g],[#]€ 4 and c €k, then
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m (c[g+[h1) =[f1.(clg]+[M])
= d /gl +[ /1A
= em, ([g])+m , ([A).

Part (ii) is equally easy. Since [l]€ 4 is amultiplicative identity, if m, =m,, then
LA1=0/10]=m, (0D =[g]l]=[g],

so f—gel.Conversely, if f—gel,then
[f1=[g] in 4,50 m,=m,.L]

Since A4 is a finite-dimensional vector space over C, we can represent m, by its

matrix with respect to a basis. On the other hand an important observation is the re-

mainders are linear combinations of the monomials x* ¢ <LT 04 )> in this vector space

structure. Thise set of monomials is linearly independet in A4, it can be regarded as a

basis of 4. In other words, the monomials B = {x* : x“ ¢<LT (I)> form a basis of

A (more precisely, their cosets are a basis). We will refer to elements of B a basis
monomials. In the literature, basis monomials are often called standart monomials.

The following example illustrate how to compute in 4 using basis monomials.
Example 3.9 Let G={x"+3xy/2+y*/2-3x/2-3y/2,xp* —x,y’ —y} using the
grevllex order with x > y. G is a Grobner basis for the ideal 7 = <G> c C[x, y] gen-
erated by G .

We have <LT (I)>:<x2,xy2, y3>. The only monomials not lying in this ideal are
those in

B= {l,x,y,xy,yz}.
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so that by the above observation, these five monomials form a vector space basis for
A=C[x,y]/I over C.

The multiplication table for the elements of the basis B is:

1 X y xy y2

1 1 X y Xy y 2

X X o Xy B X

y y Xy y2 X y

Xy Xy Joj X a Xy

y 2 y 2 X y xy y 2
Where

xx=x"—%>-3xy/2-y"/2+3x/2+3y/2=«a
and
xxy=x"y—953xy/2-3x/2+3y*/2-y/2=p.
Similarly, x.)° —%>x,y.y—%>* and y.)’ —%>y.
Then A is finite-dimensional as a vector space over C. We have a 5x5 matrix

whose jth column is the vector of coefficients in the expansion in terms of B of the

image under m  of the jth basis monomial. With f =x;
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m (1)=x1 =0.1+1x+0.y+0xy+0.5°
= 3003 03 1

G
m.(x)=x> =0.1+=x+=y—=—xy——.)*
L (x) SEt SV

m.(y) :EG =0.1+0x+0.y+1.xy+0.y’

—5 G 3 1 3 3,
m(xy)=x"y =01l-—x——y+—xy+—.
() y REER AT A

G
m,(y’)=xy> =0.1+1x+0.y+0.xy+0.y°

We obtained
o o0 o0 o0 O
1 3/2 0 -3/2 1
m =0 3/2 0 -1/2 0].
0 -3/2 1 3/2 0
0 -1/2 0 3/2 0
For f=y;
m, )=y =0.1+0.x+1y+0xy+0.y’
my(x):yjcc:0.1+O.x+0.y+1.xy+0.y2
—G
my(y):y2 =0.1+0x+0.y+0.xy +1.°
G
my(xy):x.y2 =0.1+1.x+0.y+0.xy+0.)*
—G
my(yz):y3 =0.1+0x+1.y+0.xp+0.)°
We obtained

S = O O O
- o O O O
S O o = O
S O = O O

3
I
o o~ o o

Proposition 3.10 Let f,g be elements of the algebra A . Then
(1) Mg, =m,+m,
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(11) m, , =m m,(where the product on right means composition

of linear operators or matrix multiplication).

This proposition says that the map sending f € C[x,,...,x,] to the matrix m  defines

a ring homomorphism from f eC[x,,...,x,] to the ring M, (C)of dxd matrices,
where d is the dimension of 4 as a C —vector space. Furthermore, part(i) of proposi-

tion 3.8 and Fundamental Theorem of Homomorphisms show that [ f ] — m, induces

a one-to-one homomorphism 4 - M, ,(C).

For use later, we also point out a corollary of proposition 3.10. Let

h(t) = iclﬂ' e C[t]

be a polynomial. The expression A( f)chl. f'makes sense as an element of
i=0

feClx,...,x,]. Similarly i(m,)= ZCi(m y ) is a well-defined matrix.
i=0

Corollary 3.11 In the situation of above proposition 3.10, let /4 € C[x,,...,x,]. Then
My py = h(m ).
Recall that a polynomial f € C[x,,...,x,] gives the Cosetf[f]e A. Since A is finite-

dimensional, as we noted above for f =x,, the set {I,[f],[fT’,...} must be linearly

dependent in vector space structure of 4. In other words, there is a linear combina-

tion

> cl/1=00]
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in 4, where ¢, € C are not all zero. By the definition of the quotient ring, this is

equivalent to stay that
ZCI- flel.
i=0

Hence ZCI- f' vanishes at every point of V' (I). We are looking for the points in

i=0
V(I), I azero-dimensional ideal. Let A(¢) € C[¢], and let f € C[x,,...,x,]. By corol-
lary 3.11,
h(m,)=0< h([f])=1[0]

in 4. The polynomials & such that i(m,)=0 form an ideal in C[¢]. The nonzero
monic generator A, of the ideal /,, called the minimal polynomial of M . By the
basic properties of ideals in [¢], if 4 is any polynomial with #(M) =0, the mini-
mal polynomial 4, divides /. In particular, the Cayley-Hamilton Theorem from
linear algebra tell us that 4,, divides the characteristic polynomial of M . As a con-
sequence if k =C, the roots of 7/, are eigenvalues of M . Furthermore, all eigen-
values of M occur as roots of the minimial polynomial.

Let A, denote the minimal polynomial of the mutiplication operator m, on
A . Then we have three interesting sets of numbers:

(1) the roots of the equation /(1) =0,

(11) the eigenvalues of the matrix m,, and

(iii)  the values of the function f on V' (/), the set of points we are looking

for.
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Theorem 3.12 Let / < C[x,,...,x,] be zero-dimensional, let f € C[x,,...,x,], and let
hf be the minimal polynomial of m,on A=[x,...x,]/I. Then, forA e C, the fol-
lowing are equivalent:

(1) A 1s a root of the equation /(1) =0,

(i1) A 1s an eigenvalue of the matrix m ., and

(i)  Ais an value of the function fon V([/).
Crollary 3.13 Let / c C[x,,...,x,] be zero-dimensional ideal. Then the eigenvalues
of the multiplication operator m, on A coincide with the x, -coordinates of the points
of V(I). Moreover, substituting ¢=x, in the minimal polynomial A yields the

unique monic generator of the elimination ideal 7/ N C[x,].

Corollary 3.13 indicates that it is possible to solve equations by computing eigenval-

ues of the multiplication operators m, .

In elementary linear algebra, eigenvalues of a matrix M are usually deter-

mined by solving the characteristic polynomial equation:
det(M —t)=0.

The degree of the polynomial on the left hand side is the size of matrix M . But com-
puting det(M —tI) for large matrices is large job itself. Exact solutions of polyno-
mial equations of high degree over R or C can be hard to come by, so characteristic
polynomials is almost never used in practice. So other metods are needed.We will
apply the ideas sketched above to find approximations to the complex solutions of

the system in Example 3.9;
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> with(Groebner):
> gh:=gbasis({x"2+3*x*y/2+y*2/2-3%x/2-3*y/2, x*y"2-X,y"3-y} tdeg(x,y));
gb=[2x +3xy +37 =3x = 33,)° —y,x)" —x]

> (ns,rv):=SetBasis(gb,tdeg(x,y)):

> ns;

[y, 2% xy]
> nops(ns);

5

> Mx:=MulMatrix(x,ns,rv,gb,tdeg(x,y));

(o0 1 0 o0
0 0 0 1
03 3 13
Mx = 2 2 2 2
0 0 1 0 0
1 3 3 3
"7 2 7 2
> with(linalg):
> eigenvalues(Mx);
0,2,-1,1,1
> evalf((%));
0.,2,-1,1,1.
> with(LinearAlgebra):

> mp:=MinimalPolynomial(Mx,t);

mp=2t—¢£—208+4

> solve(mp);

0,-1,1,2
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> evalf((%));
0,-1,1,2.
> My:=MulMatrix(y,ns,rv,gb,tdeg(x,y));

01000 |
00010
My ={00001
01000
00100

> with(linalg):
> eigenvalues(My);
0,1, -1, 1, -1
> evalf((%));
0,1.,-1,1,-1.
> mp:=MinimalPolynomial(My,t);
mp=—t+ 1
> solve(mp);
0,1, -1
> evalf((%));
0,1, -1.
We have (0,0),(-1,1),(1,1),(1,-1),(2,-1).
Example 3.14 Let the system of equations

¥’ =2xz+5=0
xp’ +yz+1=0
3y* —8xz =0.

How many solutions are there in R*; How many are there in C’.
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First, compute a Grobner basis to determine the monomial basis for the quotient al-
gebra. We can use the grewlex (Maple tdeg) monomial order.

> with(Groebner):

gb:=gbasis({x"2-2*x*z+5, x*y"2+y*z+1,3*y"2-8*x*z} tdeg(X,y,2));

gb=[31% —8xz,x> —2xz+5415yz —30y — 224z + 15
+1602° 4+ 12x — 160x z, -9x y 4+ 18y z 4+ 1202 — 120x
+ 1600x z + 240y 2> + 240z, 3 yz + 3 4 16x 2> — 40z,
-3xy+40xyz+ 6yz—|—4022]

> (ns,rv):=SetBasis(gb,tdeg(x,y,z)):
> ns;
[l,z,y,x, 22,y Z,X z,xy]

> nops(ns);

> Mx:=MulMatrix(x,ns,rv,gb,tdeg(x,y,z));

0 0 010 0 0 0
0 0 00O 0 1 0
0 0 0 0O 0 1
-5 0 000 0 0
_1i6 % 000 _li6 0 0
Mx =
3 3
0 0 0-1-—0-—-—7
0 20 0 40
3 3
g 0 0 0O 2 0 0
3 3
0 0 -50 -2 0 0 20
> with(linalg):
eigenvalues(Mx);
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RootOf (16 7% + 157 78 + 24 7° 4+ 355 z* + 120 7°

— 216 7% — 375, index = 1), RootOf (16 7% + 157 _2°

+24 7° 4355 7% + 120 7 — 216_7% — 375, index =2),
RootOf (16 Z% + 157 28+ 24 7° +355 z* + 120 Z°
—216_Z* — 375, index =3), RootOf (16 _Z% + 157 _z°

+24 7° 4355 7% + 120 7 — 216_7% — 375, index = 4),
Rootof (16 2z + 157 26 +24 75+ 355 7z* + 120 Z°
—216_Z* — 375, index =5), RootOf (16 7% + 157 _7°
+24 7° 4355 7% + 120 7> — 216 7% — 375, index = 6),
RootOf (16 7%+ 157 7%+ 24 7° + 355 7% + 120 7°
—216_Z* — 375, index =7), RootOf (16 7% + 157 _Z°
+24 7° 4355 7% + 120 7> — 216 7% — 375, index = 8)

> evalf({%});

{0.9657124563 -1.1009877150.07664889706+ 2.243123348I,
0.0724908113 1+ 2.2369990531, -0.08150207886
+ 0.9310707226I, —0.08150207886— 0.9310707226l,
0.07249081131— 2.236999053I, 0.07664889706— 2.243123348] }

> with(LinearAlgebra):
> mp := MinimalPolynomial(Mx,t);

P 157 6
"6 2 2 16 2 16

L+8

> solve(mp);
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RootOf (16 7% + 157 78 + 24 7° 4+ 355 z* + 120 7°

— 216 7% — 375, index = 1), RootOf (16 7% + 157 _2°

+24 7° 4355 7% + 120 7 — 216_7% — 375, index =2),
RootOf (16 Z% + 157 28+ 24 7° +355 z* + 120 Z°
—216_Z* — 375, index =3), RootOf (16 _Z% + 157 _z°

+24 7° 4355 7% + 120 7 — 216_7% — 375, index = 4),
Rootof (16 2z + 157 26 +24 75+ 355 7z* + 120 Z°
—216_Z* — 375, index =5), RootOf (16 7% + 157 _7°
+24 7° 4355 7% + 120 7> — 216 7% — 375, index = 6),
RootOf (16 7%+ 157 7%+ 24 7° + 355 7% + 120 7°
—216_Z* — 375, index =7), RootOf (16 7% + 157 _Z°
+24 7° 4355 7% + 120 7> — 216 7% — 375, index = 8)

> evalf({%});

{0.9657124563 -1.1009877150.07664889706+ 2.243123348I,
0.0724908113 1+ 2.2369990531, -0.08150207886
+ 0.9310707226I, —0.08150207886— 0.9310707226l,
0.07249081131— 2.236999053I, 0.07664889706— 2.243123348] }

> My:=MulMatrix(y,ns,rv,gb,tdeg(x,y,z));

0 10 0 0 o

000 0 1 0 0

0 000 0 0 % 0

o 000 0 0 0 1

1 1 3 20 3

My = 10 = - -2 Y

4 0 105 "7 "% "3 %0
1 20 1

> 5300 0 > 0 0

3 3

0 000 -1 -5+ 0 -5

-1 000 0 -1 0 0

> with(linalg):
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eigenvalues(My);

RootOf (36 z8 +36 77 — 471 7% —240 Z° + 1600 Z*
— 48 7% + 320, index = 1), RootOf (36 7% + 36 7’
— 471 7% — 240 Z° 4+ 1600_Z* — 48 7% + 320, index =2),
RootOf (36 z8 +36 7" — 471 7% — 240 Z° + 1600 Z*
— 48 7% 4 320, index =3), RootOf (36 7% + 36 7’
— 471 7% =240 7% 4+ 1600_Z* — 48 7% + 320, index = 4),
RootOf (36 78+ 36 727 — 471 7% —240 Z° + 1600 z*
— 48 7% 4 320, index =5), RootOf (36 _Z% + 36 7’
— 471 _7° =240 7° 4+ 1600 Z* — 48 7% + 320, index = 6),
RootOf (36 7%+ 36 7" — 471 7% — 240 75 + 1600_Z*
— 48 7% 4 320, index =7), RootOf (36 7% + 36 7’
— 471 7% —240 Z° + 1600 Zz* — 48 7 + 320, index = 8)

> evalf({%});

{0.4612299831— 0.49702733101, 2.349791604— 0.0430586833 3L,
0.4612299831+ 0.49702733101, —0.4657722908
+ 0.4642093126I, —2.812496056 —2.878002536 —0.4657722908
— 0.4642093126l, 2.349791604+ 0.04305868335[ }

> mp := MinimalPolynomial(My,t);

.8 4>, 400 4 20 5 157 6, 7, %
mp : 9 3t+9t 3t lzt—l—t—l—t

> solve(mp);
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RootOf (36 z8 +36 77 — 471 7% —240 Z° + 1600 Z*
— 48 7% + 320, index = 1), RootOf (36 7% + 36 7’
— 471 7% — 240 Z° 4+ 1600_Z* — 48 7% + 320, index =2),
RootOf (36 Z8 +36 7" — 471 7% — 240 Z° + 1600 Z*
— 48 7% 4 320, index =3), RootOf (36 7% + 36 7’
— 471 7% =240 7% 4+ 1600 Z* — 48 7% + 320, index = 4),
RootOf (36 28+ 36 727 — 471 7% —240 Z° + 1600 z*
— 48 7% 4 320, index =5), RootOf (36 7% + 36 7’
— 471 _7° =240 7° 4+ 1600 Z* — 48 7% + 320, index = 6),
RootOf (36 7%+ 36 7" — 471 7% — 240 75 + 1600 _Z*
— 48 7% 4 320, index =7), RootOf (36 7% + 36 7’
— 471 7% —240 Z° + 1600 Zz* — 48 7 + 320, index = 8)

> evalf({%});

{0.4612299831— 0.49702733101, 2.349791604— 0.0430586833 3L,
0.4612299831+ 0.49702733101, —0.4657722908
+ 0.4642093126I, —2.812496056 —2.878002536 —0.4657722908
— 0.4642093126l, 2.349791604+ 0.04305868335[ }

> Mz:=MulMatrix(z,ns,rv,gb,tdeg(x,y,z));

o 1 0 0 0 0 0 0
o 0 0 0 1 0 0 0
0O 0 0 0 0 1 0 0
O 0 0 0 0 0 1 0

3 7 3 3 83
= L = = 0 -= 1 0

Meo—| 325 16 40 32
1 1 3 20 3
0 Lo 3 2 40 3 80

3 5 3
6 2 00 6 00
3 3
0 0 0 0 -1 -25 0 -5

> with(linalg):
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eigenvalues(Mz);

% RootOf (240 7% — 3789 7% — 9240 7° — 157093 z*

+ 95784 73 — 21600 Z* + 2160 Z — 81, index = 1),
% RootOf (240 z8 — 3789 7% — 9240 Z° — 157093 z*
+ 95784 7> — 21600 _Z* + 2160 Z — 81, index =2),
% RootOf (240 78 — 3789 7% — 9240 Z° — 157093 z*
+ 95784 73 — 21600 7% + 2160 7 — 81, index =3),

% RootOf (240 7% — 3789 7% — 9240 7° — 157093_7*

+ 95784 73 — 21600 7% + 2160 Z — 81, index =4),

% RootOf (240 7% — 3789 7% — 9240 Z° — 157093 z*

+ 95784 73 — 21600 7% + 2160 Z — 81, index =5),
% RootOf (240 7% — 3789 7% — 9240 7° — 157093 7*
+ 95784 73 — 21600 7> + 2160_Z — 81, index =6),
% RootOf (240 7% — 3789 7% — 9240 Z° — 157093 z*
+ 95784 73 — 21600 Z* + 2160 Z — 81, index =7),
% RootOf (240 78 — 3789 7% — 9240 Z° — 157093 z*
+ 95784 7> — 21600 Z> 4 2160 Z — 81, index =8)

> evalf({%});

{3.071618528 0.07242265570+ 0.002103219128&, 0.07636377400
+ 0.008344102200, 0.07636377400— 0.008344102200,
0.07242265570— 0.002103219128, -0.2740045805
— 2.1991272591, -0.2740045805+ 2.1991272591, -2.821182227

> mp := MinimalPolynomial(Mz,t);
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27 9 45 5

== —— - =1
MP 750480 128 20T 30 3840
1263 ¢ ]
—320 t +t

> solve(mp);

% RootOf (240 7% — 3789 7% — 9240 7° — 157093 z*

+ 95784 73 — 21600 Z* + 2160 Z — 81, index = 1),
% RootOf (240 z% — 3789 7% — 9240 Z° — 157093 z*
+ 95784 7> — 21600 _Z* + 2160 Z — 81, index =2),
% RootOf (240 78 — 3789 7% — 9240 Z° — 157093 z*
+ 95784 73 — 21600 7% + 2160 7 — 81, index =3),

% RootOf (240 7% — 3789 7% — 9240 7° — 157093_z*

+ 95784 73 — 21600 7% + 2160 7 — 81, index =4),

% RootOf (240 7% — 3789 7% — 9240 Z° — 157093 z*

+ 95784 73 — 21600 7% + 2160 Z — 81, index =5),
% RootOf (240 7% — 3789 7% — 9240 7° — 157093 7*
+ 95784 73 — 21600 7> + 2160_Z — 81, index =6),
% RootOf (240 7% — 3789 7% — 9240 Z° — 157093 z*
+ 95784 73 — 21600 Z* + 2160 Z — 81, index =7),
% RootOf (240 78 — 3789 7% — 9240 Z° — 157093 z*
+ 95784 7> — 21600 Z> 4 2160 Z — 81, index =8)

> evalf({%});
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{3.071618528 0.07242265570+ 0.002103219128&, 0.07636377400
+ 0.008344102200, 0.07636377400— 0.008344102200,
0.07242265570— 0.002103219128, -0.2740045805
— 2.1991272591, -0.2740045805+ 2.1991272591, -2.821182227

We have :

> {x ->-0.0815021 - 0.931071 I, y -> 2.34979 + 0.0430587 1, z -> -0.274005 +
2.19913 1},

> {x ->-0.0815021 + 0.931071 I, y -> 2.34979 - 0.0430587 I, z -> -0.274005 -
2.19913 1},

> {x ->0.0724908 - 2.237 1, y -=> -0.465772 + 0.464209 1, z -> 0.0724227 -
0.00210322 1},

> {x ->0.0724908 + 2.237 1, y -=> -0.465772 - 0.464209 1, z -> 0.0724227 +
0.00210322 1},

> {x -> 0.0766489 - 2.24312 1, y -=> 0.46123 - 0.497027 1, z -> 0.0763638 -
0.0083441 1},

> {x ->0.0766489 + 2.24312 1, y -> 0.46123 + 0.497027 1, z -> 0.0763638 +
0.0083441 1},

> {x->0.965712,y->-2.8125,z->3.07162}}

There are two solutions in R*and six solutions in C>.

3.3 Solving Equations via Homogeneous Bases

We apply H-bases to the solving of polynomial systems by the Eigenmethod.

More detail can be found in [12] and [13].

We consider polynomials in n variables x,,...,x, with coefficients from a

field k. For short, we write

P =k[x,....x,].

76



Given a set F < P, the set

I:={> h,f|h, €P,only finitely many &, =0}
feF

is the ideal generated by F .

Let I' denote an ordered monoid, i.e. an abelian semigroup under an operation +,

equipped with a total ordering < such that, forall ., 8,y €',
a<pf=a+y<pB+y. (*)
Definition 3.15 A direct sum

P=0 P>

yel

is called a grading (induced by I') or briefly a I' — grading if for all a, 5 €T

feRM ge PP = fgePT).

Since the decomposition above is a direct sum, each polynomial f # 0 has a unique

representation
f=2.1, 0%, Bl
i=l1

Assuming that y <..<y, the I'-homogeneous term f, is called the
max imal part of f, denote by M (f):=f,, and f-M"(f) is called the

reductum of f .
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Example 3.16 Let /' =x"y+xy° +x’ +y* +xp—y € k[x, y]. Then
fo =01, =" +xy and f, =xX"y+xy +x.
Thus, M V(f):=x>y+xp> +x°. Other hand, The reductum of f is
[=-MP ()= +xy-y.
There are two major examples of gradings. The first one is the grading by degrees,

P" = {p e P| p homogeneous of degree d} VdeN,.

Here, I' = N with natural total ordering. This grading is called the H — grading be-

cause of the homogeneous polynomials. Therefore we also write H in place of this

I' . The space of all polynomials of degree at most d can now be written as
S D
P =8R".

The maximal part of a polynomial f #0 is its homogeneous form of highest degree,

MYV (). For simplicity, let M"(0):=0.

Definition 3.17 A finite set G:={g,,...,g,} < P\ {0} is called an H —basis of the

ideal / =<g,,....,g, > if, forall 0= pel,

3hy,...hy:p=Q hg and deg(h)+deg(g,) < deg(p), i=1,...,s.(*%)
1 s iSi i i

i=l1
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The representation for pin (**) is also called

H —representation with respect to G .
Example 3.18 Let / = <y2 —X, Xy —x2> . Easy to check that {y* —x,xy—x"}
isan H —basis of I .
Obviously, for all 0# p € I of the form
Iy (x, )(7* = x) + by (x, )y = %)
such that
deg(h,)+deg(g,) <deg(p), i=12.

To obtain more insigth into H — basis , we will give equivalent definitions.

its

Definition 3.19 For given f, f,,...,f, € Pwe say that f reduces tof modulo

Fi={fiyr o} if

fzf—igifi, deg(f)<d,

holds with polynomials g, satisfying deg(g,) <deg(f)—deg(f,),i=1,...,m. In this

case we write /' ———> j~r .

Theorem 3.20 Let F :={f,,...f.} and [ =<ZF >. Then the following conditions

are equivalent
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(1) F isan H —basisof I.
i) (M) ML) =(IM ()| feT}).
(i)  Every f el reduces modulo F to 0.

Note that Hilbert Basis Theorem says that any ideal in P has a finite basis,

hence, by (i1), any ideal in P has an H —basis .

The second major example of gradings leads to the Grobner basis concept.

Here I' =N’ with componentwise addition and equipped with a total ordering <
satisfaying (*) and in addition 0<y Vy e€I'. For arbitrary y =(y,,...,y,) €T, the

space ’Py(r) is then a vector space of dimension 1, namely
’Py(r) ={cx]'.x"|cek}.

The maximal part of a polynomial is now a product of a ledaing coefficient and a

leading power product, MV (f)=LC(f)-LT(f), LC(f)ek,LT(f) a power prod-

uct. The reduction f—;— f is defined if there exists a polynomial g € G such that

LM (g) divides LM (f) and then we set f = f—%ifi g.
g

A Grobner basis G is a finite set of polynomials, say { giren 8 }, generating

N

the ideal / and satisfying one of the following equivalent conditions
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(1) Every f €1 has a representation

£=3 hg,. maxLT(h)LT(g)<LT(f).

il

()  (MT(g)..MV(g))=(MV ()| fel}).

(i)  Every f €1 reduces modulo G to 0.

If an admissible ordering is compatible with the semi-ordering by degrees,
deg(x") <deg(x )=y <y, 7,7" €Ny,

then any Grobner-representation as given in (1) is an H-representation, in other
words, a Grobner basis with respect to a degree compatible ordering is an

H —basis as well. The converse is false as the following examples shows.

Example 3.21 Let £ =x"+2x’y*+y*~1 and f, :=xp(x’ —y?). Then these poly-
nomials constitute already an H —basis . If we order the power products first by de-

gree and same degrees by lower powers in x first, then we get a degree compatible

ordering called “total degree ordering” in MAPLE. Since then
(MDD f el)=(xy.x" 2y 0% 57),

every Grobner basis G w.r.t. this ordering contains at least 5 elements, for instance

MAPLE computes G = {g,,....,g,} with
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g =xy-xy'=f,,

g, =x"+2xy*+y' —1=f,
g =3y +y -y,

g, =4y —x,

gs = 4y7 —4y3 +3x2y.

Obviously, this G —basis is an H —basis as well.

The definition of H —bases shows that having an H —basis g,,....,g, of an
ideal 7, the finite dimensional vector space of all p € I with degree at most d, i.e.
the space/ NP,, is generated by all power product multiplies x;....x” .g; with
i +...+1i, +deg(g;) <d . Hence, problems like the membership problem p € I can be

displayed as a problem in a finite dimensional vector space and solved by linear al-
gebra techniques if an H —basis of I is known. In this section we consider some

finite dimensional vector spaces in connection with ideals.

Set, for given polynomials f,..., f, and d e N,

Vi(firer f)) = {Zhl.M(H’ (f)h e Pl )i :1,...,5}
i=1

where as a convention, P ={0}if k< 0. Clearly, V,(f,,..., /) is a linear subspace

of P! . For convenience, we also define for ideals

V(D={M"(f)| f e1.deg(f)=d orf =0}.

This is a linear subspace of P as well.
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Fix an inner product (.,.) in P, for instance the scalar product of the coefi-

cient vectors or an inner product (f,g):=L(fg), where L is a strictly positive func-
tional. Then, the orthogonal complements of V,(f,,..., f,)and V,(I) in P\"” are use-

ful tools. To fix notations, let

P =V (fryees LIOW,(frseees 1),
P =v,(Hew,).

We will also use the shorthand notation ©, for example W,(I)=P" oV,(I), to
express this relationship.

Definition 3.22 For given polynomials g,,...,g, € P let

SyZ(g],..., gm) = {(h’l""’hm) € ’Pm | zhigi = 0}
i=1

be the module of syzygies with respect to g,,...,g,, . Forevery d e N let

Sd (g] 9000 gm) = {(h]""’hm) € ®’P(1(f([12g(gi) | zth(H)(gl) = O} .
i=1

Lemma 3.23 Let F :={f,,..., f.} P be given. Then the following four statements

hold.

D MOF)= @ V().
i) M) ML) = S, (S )

i)y dimV,(f,... ) =dim P —dimW,(f,,..., f.),Vd € N,.

V) dimS,(fen f) = 2 dm P —dimV, (f,ee ),V €N,

i=1
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For a givenset F :={f,,..., f,}, with defined linear spaces V,(f,,..., f,), and,
after having fixed an inner product in P, their orthogonal complements are defined

as W,(f;,..., £.) =P OV, (f;,.... f.) . Then the reduction
f—>[=1-2 gf.deg(/)<d,
i=1

can be performed if and only if M"Y’ (f)eV,(f,,....f.), because exactly then the

homogeneous part of degree d on the right hand side can cancel.

We generalize this reduction in two ways. We weaken the condition that the com-
plete maximal part M“”(f) has to vanish and we admit that reductions are per-
formed also for homogeneous components of lower degree.

Theorem 3.24 Let F :={f,....f.} P . If the leading homogeneous polynomials

M (p),...M"(p,) have only the point (0,...,0) as common zero, then Fis a
H —basis .

Definition 3.25 Let F ={f,,...,f,} cPand ¢, =¢,(f,,.... f,) denote the orthogonal
projection of P! onto W,(f,,...,f.),d e N,. We define recursively a reduction.
We say f e Preduces fully to f modulo F, if either there are polynomials
g € ’ng;})_deg(ﬁ),i =1,...,s, such that

f:f_ﬁgiﬁ’ M(H)(f):qodeg(f)(f)a

or if M (f)=M"(f)and f-M"D(f), the reductum of f, reduces fully

modulo Fto f—M"(f), the reductum of .
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Each polynomial f =: fo of degree d can be fully reduced modulo an arbi-
trary finite polynomial set J . At a first step, we reduce fo fully modulo Fto a
polynomial w, + f, with w, :(pd(fo)e %(ﬁ,...ﬁ)andfl € P,_,. Then we reduce fi

to w, +f2 with w,  eW, (f,...f,) and fz € P, , etc. This procedure terminates
after d reduction steps. The result is as follows.

Lemma 3.26 Let F :={f,...,f.} cPand f € P,. Then there are polynomials g,
with deg(g,) <deg(f)—deg(f,), i=1,...,s, and homogeneous w, e W, (f,,..., f,) for

k=0,...,d, such that

f:wd+wd_,+....+wo+2gifi. *)

i=1
If Fis an H —basis, the w,,...,w, are uniquely determimed by f (and by F and
inner product) for every f e P.

Definition 3.27 Let F ={f,,....f.} cP. For feP of degree d let w,,...,w, be

d
obtained as in (*). Then z w, is called a completely reduced form of f* with respect
k=0

to F (and the inner product (.,.) in P).
If Fis anH —basis, then the completly reduced form of f 1is also called

normal form of f, NF(f,JF) for short, and for arbitrary f P the polynomial

RRFE(f,F)=f—-NF(f-M"(f),F) is called the reductum reduced form of f

(with respect to the H —basis F ).
The normal form and the reductum reduced form are both well defined,

since the completely reduced form is unique by lemma 3.26 if F is an H —basis .
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By theorem 3.20 (i), F is an H —basisof [ if and only if
V,d)=V,(f,-...f,) holds for every d € N . This means that V,(/) is generated by
all tMY"(f), t a power product (or monomial) of degree d —deg(f), i=1,...,s.
Let f,...,f, be H —basis elements of degree less than d and f,..., f, those of de-
gree at most d; clearly, k</.Then V,({)=V,(f,,....f,) holds if and only if
V. .(D=V, (f,...f,)and the degree d polynomials M (f,,),.... M (f,) gen-
erate, together with a basis of V,(f,,..., f,) the space V, (/). Hence, f,,,,..., f, may
be chosen such that M (f,.)),.... M (f,) are mutually orthogonal and also or-
thogonal to V,(f,,...,f,). The orthogonalization of the maximal parts against
V,(f-.,f;) may introduce homogeneous componenets which do belong to a
V.(I),j<d,andnotto W,(I). Therefore, an additioanal transition to reduced forms

1S necessary.

Consider a set of polynomials {f,..., f,,} with only finitely many common
zeros. Let I be the ideal generated by f,,..., f, . Then its variety V'(I) consists of
these finitely many common zeros. We fix an f e 7P\ 7. Denoting by [g] the
equivalence class

[gl={theP|g-hel},
the map
v, :gl—1rgl
is an endomorphisim of P\ 7. Its eigenvalues are {f(z)|zeV(I)}. For arbitrary

S heP the identities v, , =y, +y, and v, =y oy, =y, oy hold.
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If p,,...py are polynomials such that [p],....,[p,] constitute a basis of
P/I, then the matrix associated to v, with respect this basis is called the
multiplication table and denoted by M ,. An Eigenvector for the Eigenvalue f(z)
of M, is given by

2(2)=(p(2),s Py (2)"
Remark that this Eigenvector is independent of the chosen f! If the degree 1 poly-
nomials x,,...,x, are among p,,..., p, , then we can read off all n coordinates of the
common zero z €V (I) from y(z).

The construction of a basis [p,],...,[p,] 1s done in [14] by Grobner bases tec-
niques. The set of all power products x;',...,x” which are not divisible by leading
terms of the polynomials of a Grdobner basis G of [ constitute the so called
normal set N'(G). The elements of this normal set are taken as p,,..., p,. The
(Grobner) normal form NF(.,G) maps onto the linear space spanned by N (G).

Hence, the entries m;of M  can easily been computed by reducing p,f to

N
NE(p.f,G)=) myp,i=1..,N.
j=l

With an H —basis F of I at hand, one can proceed similarly. Every reduction

modulo F remains within an equivalence class [g]. Hence the ( H —basis ) normal
form NF(g,F) is a minimal total degree polynomial in [g] and we may take this

polynomial as the standard representer of the equivalence class [g].
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Here, NF maps onto sz (7). Since the variety V(I) is finite, the ideal / has di-

d=0
mension 0. Therefore the affine Hilbert polynomial of 7 is a degree 0 polynomial,

1.e. a constant. Hence, thereisa T =7(/) € N such that H,(¢f) =dimW,(/)=0 for all

T
t >T . This means that NF maps onto ZWd (1), a finite dimensional vector space.
d=0

Its dimension equals the constant N:=° H,(T). Let p,,...,p, denote a basis of

T
ZWd (I). Then {[p,],....[py]} is a basis of P/I and the entries m,; of a multiplica-
d=0

tion table M, can be computed as before by reducing p,f to

N
NF(p.f,.F)=> m;p,,i=1,.,N.
j=1
The Eigenvector y(z) for ze V' (Il) as given above all n coordinates of zif
X,,...,x, are among the p,. This holds if and only if dimW,(/)=n. Otherwise, [
contains some linear polynomials /€ P, such that by /(z) =0 the missing coordi-

nates values of z can be reconstructed.

Example 3.28 Let the system of equations

xt+2x%y* +y*-1=0
xp(x* —y*) =0.

Let f=x"+2x’y"+y*~1 and f,:=xy(x*—y*) constitute an H —basis of

1=(f,,f,) forall deN.
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If we take as inner product in P the scalar product of the coefficient vectors, then,

easy computation shows, three dimensional space  W,(f,,f,) orthogonal to

V,(f,, f,) 1s generated by ¢,,¢, and ¢;. Now we can compute these:
Let LT(f)=x*+2x"y*+y*and LT(f,))=x"y—x".

For  d=0; W,(I)=W,=(1)
d=1; W,(I)=W,=(x,)
d=2; Wy(1) =W, = (x*,x,5")
d=3 W(D)=W, =(x' . ¥y.0% ")

d=4;, W,()=W, :<x4,x3y,x2y2,xy3,y4>

X4 Xy X2y2 Xy y4
LF(f) 1 0 2 0 1
LF(f,) 0 1 0 -1 0

I/:1(1) = {(1’0’2’091)9(0:1:0:_1,0)}
W, (1) ={(x,%,,X;,X,,X5) <(x1,xz,x3,x4,x5),(1,0,2,0,1)> =0,
(%5 %5 %5, %4, %5),(0,1,0,~1,0)) = 0}

We have x, +2x;+x,=0 and x, —x, =0. MAPLE command to solve this equations:
> With(Algebra):
> gb:={x1+2*x3+x5=0,x2-x4=0} ;
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gh ={xI+2x3+x5=0,x2-x4=0}
> solve(gb, {x1,x2,x3,x4,x5});

{x2=x4,x5=x5,x1 =-2x3 —x5,x3=x3,x4 =x4}

(1,0,0,0,1) = ¢, = x* —y*
(1,0,-1,0,1) > ¢, =x! —x2y2 +y4
(0,1,0,1,0) > ¢, =x’y+x°.

The two dimensional space W.(f,, f,) has as basis:
g =x(x"+2x*y* +y") =x" +2x°y" + 0

g, =y +2x°y  +yH) =xty+2x7y +°

g =x(xy-xy)=x"y-x’y’

g =r(xy-x)=xy -x*

For d =5; Ws(l)=<x5,x4y,x3y2,x2y3,xy4,y5>'

X’ x'y x'y? x’y’ xy' )y’
1 0 2 0 1 0
0 1 0 2 0 1
0 1 0 1 0 0
0 0 1 0 1 0
X, X, X, X, X, X,

We obtained x, +2x; +x, =0,x, +2x, +x, =0,x, —x, =0 and x; —x;,=0.
> With(Algebra):

> gb:={x1+2*x3+x5=0,x2+2*x4+x6=0,x2-x4=0,x3-x5=0} ;
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gh ={xI+2x3+x5=0,x3-x5=0,x2-x4=0,x2+2x4+x6=0}

> solve(gb, {x1,x2,x3,x4,x5});

6
{xI =-3x3,x3 =x3,x2=—x36,x5=x3,x4=—x3}
X, X, X, X, Xs Yo
-3 0 1 0 1 0
0 1 0 1 0 -3

(-3,0,1,0,1,0) > @, = -3x" +x’y* + xp*

(0,1,0,1,0,-3) > o, = x*y + x7y* =3)°.

And similarly the one dimensional space W,(f,, f,) is generated by
@, =—3x° +x*y* +x*y* =3y°. Other hand W,(1)=(0).

Then we have as (p,,....p, ) the vector

(L, 337,20, Y7550, 70,007, 150, 0,, 05504, 050,)
where we used a semicolon in place of the usual separating comma in order to sepa-
rate homogeneous polynomials of different degrees. If we consider the endomorph-

ism v then its matrix M corresponding to the given basis has entries m, , where

16
NF(x.p,) = Zml.jpj, 1=1,...,16.
Jj=1

Computation gives
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Where

B 3(x4 —y4)+2(x4 —xzy2 +y4)+1

NF (x.x)

1 1
gq)z +O'¢3 +g

1
5@1 +

and
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4 4

I-x" -y
2
2x2y2 :1_x4 _y4 +x2y2 _x2y2

f]:0:x2y2:

3x°y? =1-(x" = x*y* +p*).
1 1 . .
Thuse NF(x*y*)= 3t (_5)% . Similarly, we can find other elements of matrix M .

Mathematica code for Characteristic Polynomial of M :
In[1]:= CharacteristicPolynomial[ M _];

-t 9 3,
Out[l]= gh=—+—-"—+1¢
ull]= g 16 16 2

In[2]:= NSolve[gb == 0, t]
Out[2]={{t > -1.},{t -=>0},{t -> 0},{t ->0},{t -=>0.707107},{t ->1},{t -> 0.707107

I} {t-> 13},

Similarly, we can find the matrix M .We have six solutions: {{x=-1,y=0}, {x=0,y=-

1}, {x=0,y=1}, {x=0,y=1.1}, {x=0.707107,y=0.707107.1}, {x=1,y=01, {x=0.707107.1

,y=0.707107}, {x=1.Ly=01}}.
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CONCLUSIONS

The H —basis were introduced first by Macaulay [15]. His original
motivation was the transformation of systems of polynomial equations into simpler
ones. The power of this concept was not really understood presumaly because of the
lack of facilities for symbolic computations. When ComputerAlgebra Systems came
up, Grobner bases (G —bases for short) were used instead of H —bases . These
bases, originally invented by Buchberger [16] for computing multiplication tables for

factor rings.

We consider 7P, the ring of polynomials in x,,...,x, with coefficients from an
infinite field &, ie. P =k[x,,...,x,], and the subsets P, of all polynomials of degree
at most d. The G —basis give generating systems to /(1F , where F c Pis a
linear vector space of dimension i, and F, c F,, forall i,and P=U_ F . Having

an H —basis {f,,..., f,} for I, then the set of all p,..f, with p, e P, =1..s,

i deg(f;)? L

generates /(1P, as a linear vector space. Then every set of polynomials can be

transformed into G —basis or H —basis. Other hand , G —basis, foundation of
computer algebra and H —basis, a “bridge” between computer algebra in

polynomials rings and linear algebra.

Many of the problems in applications which can be solved by Grdébner
techniques can also be treated successfully with H —bases .G —bases are now a
standart tool in Computer Algebra. They are covered by nearly all textboks and

contained in almost all computer Algebra System. On the other hand, the
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construction of G —bases 1is often difficult or even impossible because of the high
complexity of Buchberger’s algorithm for computing, and by the, in many
applications, artificial term ordering the G —bases allows often only a few insight
into the structure of a solution. In the theory of G —bases, we need to consider a
monomial ordering, but we don’t need in the theory of H —bases. In the case,

H —bases are the most efficient for solving systems of polynomial equations than

G —bases .
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