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ABSTRACT

On the Picard group of real quadratic number fields
Begiim Giilsah Cakt1
Master of Science in Mathematics
August, 2020

Computing the class group of a number field has always been one of the main prob-
lems of number theory. For this purpose, several algorithms have been introduced
so far, and it turns out that some of the computations underlying these algorithms
can be viewed as ones within the Arakelov class group (or Picard group) of the
number field in question. In this thesis, we first construct the oriented Arakelov
class group of a number field K, Pic’(K), that is analogous to the Picard group
of an algebraic curve using basic notions attached to an oriented Arakelov divisor,
e.g. degree, pairs consisting of fractional K-ideals and units in K ®g R. We then
observe that P;(Yl/() is an extension of the narrow ideal class group of K, which
will be denoted by CI"(K), by a real Lie group. Afterwards, we focus on primitive
integral indefinite binary quadratic forms of fixed discriminant and define an action
of GLy(Z) on the set consisting of these forms. We will notice that the integrality,
primitivity, and discriminant are invariants of this action. To combine these two
main notions, we restrict our attention to real quadratic number fields. We show
that there is a natural bijection between CI* (/) and the set of equivalence classes of
integral binary quadratic forms with fixed discriminant when K is a real quadratic

field and then express Pic”(K) in the language of indefinite binary quadratic forms.

v



OZETCE

Reel kuadratik sayi1 cisimlerinin Picard grubu hakkinda
Begiim Giilsah Cakt1
Matematik, Yiiksek Lisans
Agustos 2020

Bir say1 cisminin sinif sayisini hesaplamak her zaman sayilar kuraminin baglica prob-
lemlerinden biri olmustur. Bu amag dogrultusunda su ana kadar bircok algoritma
ortaya atilmistir ve bu algoritmalarin temelini olusturan hesaplarin bir Arakelov
smif grubu (veya Picard grubu) igerisinde goriilebilecegi fark edilmistir. Bu tezde
ilk olarak, bir cebirsel egrinin Picard grubuna anilgg/ olan, K say1 cisminin yonli
Arakelov smif grubunu insa edecegiz ve bunu Pic’(K) ile gosterecegiz. Bu insa
icin Oncelikle K say1 cisminin yonlii Arakelov bolenlerini ve bu bolenlerin dereceleri
ile bolenlere kargilik gelen ikilileri tanitacagiz. Sonrasinda, Pic’(K) grubunun K
cisminin dar siif grubunun, C1*(K), reel bir Lie grubuyla geniglemesi oldugunu
gozlemleyecegiz. Ardindan, diskriminanti sabit tutarak katsayilari tamsay1 olan
primitif belirsiz ikili kuadratik formlara odaklanacagiz ve GLy(Z) grubunun bu form-
lara etkisini tanimlayacagiz. Tamsay1 katsayili, primitif olmanin ve diskriminantin
bu etki altinda degigsmedigini fark edecegiz. Bu iki temel konsepti baglantilamak
icin, dikkatimizi son olarak reel kuadratik say1 cisimlerine verecegiz. K say1 cismi

reel kuadratik oldugunda C1"(K) ve tamsay1 katsayih kuadratik formlarin denklik

siniflarindan olusan kiime arasinda birebir ve orten bir iligki kuracagiz ve PiCO(K )

grubunu belirsiz ikili kuadratik formlarin dilinde ifade edecegiz.
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Chapter 1

INTRODUCTION

The theory of binary quadratic forms can easily be traced back to antiquity;
frequently in the form of the representation problem, that is integral solutions of
aX?+bXY +cY? = n, where a, b, c and n are integers. The studies of Fermat and
Euler re-popularized the study of binary quadratic forms. In his celebrated work
“Recherhes d’arithmétique”, Lagrange developed the arithmetic of binary quadratic
forms. Even though the terminology is due to Gauss, he showed that equivalent
forms represent the same integers. Also, he is the first mathematician in the written
history that focuses on the discriminant A = b — 4ac (in fact, on —b* + 4ac to be
more precise) of the binary quadratic form aX?+bXY +cY 2. He made contributions
to the reduction theory of binary quadratic forms and gave a constructive solution to
the minimum problem of a form by using continued fractions. The first systematic
treatment of the theory of binary quadratic forms is due to Gauss, [Gauss, 1801].

The works of Dedekind, Dirichlet, Kummer, and others established the standard
notions of algebraic number theory, in which the main object of study is number
fields, that is finite extensions of Q. In this terminology, which is still in use today,
the (narrow) class number of a number field, that is the cardinality of the (narrow)
ideal class group stands out as one of the most important invariants of a number
field. Especially after the false proof of Lamé of Fermat’s last theorem, [Lamé, 1847],
the importance of the class number was underlined.

There were not many algorithms developed in the direction of computation of
class numbers, especially for general number fields. After establishing the one to
one correspondence between the set of primitive indefinite integral binary quadratic

forms and the narrow ideal class group of real quadratic number fields, many al-
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gorithms in the language of binary quadratic forms were used to calculate class
numbers of such number fields. Following the footprints of Lenstra, [Lenstra, 1982,
in [Schoof, 2008], Schoof has given an interpretation of the algorithms for general

—~——

number fields in terms of the Arakelov class group, Pic’(K), of the number field

in question. In the case of real quadratic number fields, the group Pic’(K) is iso-
morphic to CIT(K) x S'; where S! is the unit circle in C. On the other hand,
the algorithms for the general theory and the theory developed for real quadratic
number fields do not seem to overlap.

In this thesis, we address this point. More precisely, we fix a fundamental dis-
criminant A > 0 and define a map from the set of primitive indefinite integral binary
quadratic forms to Pico@/ﬂ)). We then establish properties of this map, and in
particular, show that its image is a dense subset. The thesis is organized as follows:

Chapter 2 contains standard material to define Arakelov divisors and Arakelov
class groups. We first fix a number field K of degree n and define Arakelov divisors of
K, which form an abelian group under componentwise addition. We then introduce
degree notion on prime ideals of Zx and infinite primes of K and extend the notion
linearly to Arakelov divisors. Next, we focus on the divisors that have degree 0
and define the Arakelov class group. With the aim of expressing each Arakelov
divisor multiplicatively, to each Arakelov divisor of K we associate a pair consisting
of fractional ideal of K and a totally positive unit in K ®g R. We then show that
this correspondence is in fact bijective. Hence these two notions can be identified.
Later, we define oriented Arakelov divisors of K and the oriented Arakelov class
group and relate them with important invariants of K such as its fractional ideals,
narrow ideal class group and totally positive units of its ring of integers. The main
reference of this chapter is [Schoof, 2008].

Chapter 3 consists of a detailed summary of the theory of indefinite integral
binary quadratic forms. We start by defining basic notions about binary quadratic
forms such as discriminant, content and their matrix representation. Then, we intro-
duce the famous action of GLo(Z) on the set of primitive integral indefinite binary
quadratic forms and discuss invariants of this action. Next, we relate indefinite bi-

nary quadratic forms with two-dimensional commutative R-algebras. We determine
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its automorphisms and algebraic properties. Later, we discuss the reduction theory
of binary quadratic forms and compute the cycle of forms. Finally, we determine the
automorphism group of a primitive indefinite integral binary quadratic form. The
main reference of this chapter is [Buchmann and Vollmer, 2007].

In Chapter 4, we restrict our attention to real quadratic number fields. First,
we study the embeddings, discriminant, and the ring of integers of a real quadratic
number field and prove one of the main results that shows the one-to-one correspon-
dence between the set of primitive integral indefinite binary quadratic forms and
the narrow ideal class group of a real quadratic number field. We then define the

—_—

map D on .7 (Ag) that allows us to obtain an element of Div’(K). Next, we define

—~——

a metric on Pic’(K) that is induced by the norm on (K ,)°, which can be viewed

as a l-dimensional R-vector space. Under this metric, we prove that the image of

—_—

Z (Ak) under the map D is dense in Pic”(K).
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Chapter 2

ARAKELOV DIVISORS

The main aim of this chapter is to understand the following commutative diagram

with exact rows and columns:

v ~ ~

1l —— Zg y JKCH » K2, —— 1

P g

1 — (K3 )" — Div'(K) — Id(K) x {£1}"" —— 1

1 > 10 > Pic(K) —— CIT(K) ———— 1
1 1 1

Before we start, we fix some notations: From now on, K is a number field of degree
n, r1 is the number of real embeddings of K, ry is the number of complex-conjugate
pairs of embeddings of K so that n = r; + 2r,. We will denote the ring of integers
of K by Zg. Throughout our work, we often use the important fact that the ring
of integers of any number field is a Dedekind domain. The reader may refer to
[Lorenzini, 1996], [Neukirch, 2013], [Jarvis, 2014] or [Milne, 2008] for a proof of this
standard fact.

2.1 The Arakelov class group

Definition 2.1.1. An embedding ¢ of K into C considered up to complex conju-
gation is called an infinite prime of K. We also say that an infinite prime o is

real if o(K) is contained in R and complex otherwise.
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Example 2.1.1. Consider K = Q(+/D) where D is a square-free positive integer.

Then the infinite primes of K are:

o : QWD) — C
t+yVD — z4+yvVD

and

0, : QWD) — C
x+y\/5 > x—y\/ﬁ

In this case, both infinite primes of K are real.

Remark 2.1.1. r; is the number of real infinite primes of the number field K and

ro is the number of complex infinite primes.

Definition 2.1.2. A formal finite sum D of the form > ny,-p+ >, 2, - o where
p runs through all nonzero prime ideals of Zg, o runs through all infinite primes of

K and for integers n, and real numbers z, is called an Arakelov divisor of K.

Example 2.1.2. Consider the real quadratic number field K = Q(v/2). Then
Zx = Z[/2] and < 5 > is a prime ideal of Zy as Z[‘/5}/ >~ 7Zs[v2] and Zs[v/2] is
an integral domain. Let o and o9 denote its real infinite primes as in Example 2.1.1.

Then

<5>

1
D = —<5> + 501 +7T02

is an Arakelov divisor of K.
Notation 2.1.1. The set of all Arakelov divisors of K will be denoted by Div(K).

Proposition 2.1.1. Div(K) is an additive abelian group where the addition is de-

fined component-wise.

Proof. Let
Di:Zn;-p—i—fo,-aforéE {1,2,3}
P o
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be Arakelov divisors of K. We show that the addition is well-defined. Indeed, we

have
RO D DRSS R R GRS DR B WURSTIRES wE e
p o p o P

Since n, 4+ n; € Z for all prime ideals p of Zg and z; + 22 € R for all infinite

primes o of K, we have D; + Dy € Div(K). Now let us show that the addition is

associative:

(Dy + Ds) + D = (Z(n;+n§)~p+2(xi+xi)~o> + (Znﬁ-Hin-a)
o P o
=y +mp ) p+ D (s +ar+ad) o

p
:( né-p+2x},-a>+<Z(N§+N§)-P+Z(x§+$§)'0>
D

p

The identity is the zero Arakelov divisor D° = Zp ny-Pp+> T, -0 where p where
n, = 0 for all prime ideals p of Zx and z, = 0 for all infinite primes o of K as 0 is
the identity of the additive groups Z and R. The inverse of the Arakelov divisor D,
is

—D; = Z(—n;) p+ Z(—xl) o

Indeed,

D1+(—D1):Z(n —n p+2:v —z!

Lastly, we show that this is an abelian group:

D1+D2:Z(n;—i—ni)-p_FZ(m}j—i—wg) o
p o
=> (i+n)-p+ > (224}
p o
= (Zni-erng-J) + (Zn;-erZxé-a)
p o p o

=Dy + Dy
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]

Definition 2.1.3. Let f € K* and consider the principal fractional ideal fZg.
Since Zg is a Dedekind domain, we know that fZxg can be uniquely represented
as a product of prime ideals of Zg, up to the ordering of the factors. We write
fZx =11, pord () For a prime ideal p of Zg, the exponent ord,(f) is called the

p-adic valuation of f on K.

Definition 2.1.4. Let f € K*. The Arakelov divisor

:Zm'dp p—i-z loglo(f)]) o
P

is called the principal Arakelov divisor of K associated to f.

Example 2.1.3. For K = Q(v/2) and 5 € Q(+/2)*, the Arakelov divisor
Zordp [—log|o(5)] - ou] + [~ log|a(5)] - o]
=1-(5) —log|5| - o1 —log|5| - 02

is the principal Arakelov divisor associated to 5.

Lemma 2.1.2. The set of all principal Arakelov divisors of K, PDiv(K), is a sub-

group of Div(K).

Proof. Note that PDiv(K) is a non-empty set as K* = K \ {0} is non-empty. Let
f, g € K*. By the Subgroup Criterion we need to show that (f) — (¢g) € PDiv(K).
We know that

(f) = Zordp p—i-z loglo(f)]) - o

p

g):ZOpo p+z log|o(g)]) - o
P

and that

which implies that

—(g9) = Z ord,(g) - p + Z log |o(g)
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It follows that

= D ordalf) —ordyls) -+ (- log o) + 1o o(9)) -
p

= ord ( ) P+ log ’—‘ -0 by a property of valuation
? o(g) vr 2toe )

p

f
g
= Z ord, (i) p+ Z(— log ‘@‘) - o by a property of logarithmic functions
g > a(9)
= zp:ordp (g) p+ XU:(_ log ‘o(g) ’) -0 as each o is a homomorphism

_(f

=(y)
Since § € K*, we deduce that (f) — (g) = (%) € PDiv(K). Hence PDiv(K) is a
subgroup of Div(K). O

Definition 2.1.5. Let p be a non-zero prime ideal of Zy. The degree of p is

defined as log () /p )

Notation 2.1.2. The degree of a non-zero prime ideal p of Zg will be denoted by
deg(p).

Example 2.1.4. For K = Q(v/2) and p = (5), by Example 2.1.2, we know that
deg((5)) = log(|Z5[v2]|) = log(25) = 2log(5).

VAS

Definition 2.1.6. Let ¢ be an infinite prime of K. The degree of ¢ is

1, if o is real
deg(o) ==
2, if o is complex
Example 2.1.5. Any real quadratic number field has two infinite primes of degree

1.

Definition 2.1.7. If D = > n, - p+ >, 2, - 0 where p is an Arakelov divisor of
K, then the degree of D is defined as

Z ny - deg(p) + Z z, - deg(o)
p o

Example 2.1.6. For K = Q(v/2), by Examples 2.1.4 and 2.1.5, the degree of the

principal Arakelov divisor

(5)=1-(5) ~ log [5] - o1 — log |5] - 2
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is:
deg((5)) = 2log(5) —2log(5) =0
Lemma 2.1.3. Denote the set of all Arakelov divisors of K of degree 0 by Div®(K).

Then, Div(K) is a subgroup of Div(K).

Proof. Div'(K) is a non-empty set as the zero Arakelov divisor D = 0 have degree

0. Let
:Zn; -p+Zx},-a € Div'(K)
p o
and

:Zn;~p+in-J€DiVO(K) € Div’(K)
n o

Then we know that
Zn;-deg +Z:1: ~deg(o Zn - deg( )+Zx§-deg(0) =0
p o

By the Subgroup Criterion it suffices to show that D; — Dy € Div?(K) so we need
to prove that deg(D; — D2) = 0. We have:

deg(D1 — Dsy) = z:(n'lJ - n ) - deg(p) + Z xk —22%) - deg(o)

Hence Div’(K) is a subgroup of Div(K). O
Proposition 2.1.4. The principal Arakelov divisors of K have degree 0.

Proof. Let (f) =3_,ordy(f) p+>_,(—loglo(f)])-o € PDiv(K). We need to show
that

deg((f)) = Z ordy(f) - deg(p) + Z —log|o(f)]) - deg(o) =0

P
Since f € K*, by the Product Formula for the valuations on K, we have :

[Iy@ D I o)l ] o(hHe(f) =
p

o: real o: complex
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where N(p) := ‘ZK/p‘. Note that o(f)o(f) = |o(f)|* for each complex infinite prime
of K. By taking the log of both sides of the equation, we get:

Z—ord - deg(p Z log |o(f Z 2log|o(f)|=0

p o: real o: complex

which implies that

0= Zord -deg(p Z log |o(f)]) - deg(o) = deg((f)).

P

Corollary 2.1.5. PDiv(K) is a subgroup of Div’(K).
Proof. This fact follows from Lemma 2.1.3 and Proposition 2.1.4. m

Definition 2.1.8. The quotient of the group Div’(K) by the subgroup of principal
Arakelov divisors PDiv(K) is called the Arakelov class group of K.

Notation 2.1.3. The Arakelov class group will be denoted by Pic’(K).

2.2 Multiplicative notation of Arakelov divisors

Earlier we showed that Div(K) forms an additive group so one has an additive no-
tation on the notion of Arakelov divisors of K. Now we would like to express each
Arakelov divisor of K in multiplicative notation. This is the reason why we intro-

duce first the following R-algebra:

Let us concentrate on Kg := K ®gR. We will observe that Kr = R"™ xC". Since
K is a number field, we know by the Primitive Element Theorem that K = Q(«)
for some algebraic number «. Let m(z) € Q[z] be the minimal polynomial of o over
Q. We know that K = Q[z]/(m(x)), the polynomial m(z) is irreducible over Q and
of degree deg(m(x)) = n = r; + 2ry. Note that r; represents the number of real
roots of m(x) and 7o represents the number of pairs of complex roots of m(x). We
also know that Q[z] ®g R = R[z] and by the compatibility property of the tensor

product with quotients we get:

K ®q R = Qz]/(m(z)) ®q R = Rlz]/(m(z))
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By definition, m(z) is irreducible over rationals but it might not be an ir-
reducible polynomial over R. Say m(x) factors in the field of real numbers as
m(z) = [[_,mi(z) € R[z] where m;(z) € Rlz] is irreducible over R for all
i €{1,2,...,k} and all distinct. It follows from the Chinese Remainder Theorem
that:

k
K @gR = (QR[z]/ < mi(z) >
i=1
Since irreducible polynomials in R[z] are of degree either 1 or 2 we deduce that

k
K @gR = Q) R[z]/ < mi(z) >2R" x C"
i=1

from which we also see that Ky is an R-algebra where the addition and the multi-

plication are defined component-wise.

Remark 2.2.1. Ky is a ring with unit element 1 := (1,1,...,1) which is not an
integral domain. Indeed, (1,0,...,0),(0,...0,1) € Kg are both non-zero elements
of Kr but

We will now determine the invertible elements of Kp:

Proposition 2.2.1. The invertible elements of Kg are those which do not have 0

as a component.

Proof. Let v = (x1,29,...,%p,,21,...,2r) € Kg. Then z is invertible in Kg if and
only if there exists an element 2’ = (2}, 25,..., . ,2,...,%,,) € Kg such that
/ / / / !/ /
vox = (2, Ty T, 21 2 (T Ty, T 2 2)
/ / / / /
= (212, ToTy, . T Ty 212 s Zry2y)
= (1,1,...,1)

Now observe that
r-x' =1 < zz;=1foralliec{1,2,...,7}and z;z; = 1 forall j € {1,2,...,72}
<= z; is invertible in R for ¢ € {1,2,...,r1} and
z; is invertible in C for j € {1,2,...,73}
< z; #0forie{1,2,...,m}and z; #0 for j € {1,2,...,72}

<= each component of x is non-zero.
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]

From the proof of the Proposition 2.2.1, we directly derive the following result:
Corollary 2.2.2. We have Ky = (R*)™ x (C*)".

Definition 2.2.1. Let x = (x1,29,..., %0, 21,.-.,2,) be an element of Kr. The

sign of x is defined as the ri-tuple (sign(z1), sign(xz), ... sign(z,,)) € {£1}™.

Definition 2.2.2. Let © = (21,29,...,%,21,-.., %) € Kg. The element z is

called totally positive if sign(x;) = +1 for all i € {1,2,...,r}.

Notation 2.2.1. We denote the set of all totally positive elements of Kr by Kg
and the notation Kﬂg + = Kr 4 N Ky represents the set of totally positive elements

in K that are invertible.

Remark 2.2.2. We remark that by Proposition 2.2.1, we have Ky | = (R )™ where
Ry:={reR:r>0}.

On Ky, we define the following function:

NZKR%R

1 o
(X1, T2y ooy Ty 21y ey Zy) <Hl‘2> . <HZ]Z_]>
i=1 =1
Note that the function A is well-defined as 2z = |z|*> € Rxq for any complex

number z and observe that N is a multiplicative function:

Let @ = (21,22, ..., %, 21, Z0)s ¥ = (Y15 Y2 - 2 Yris 215 - - - %) € K 50 that

/ /
Y = (T1Y1, oYz, - - s Ty Yy 21205 - - -5 Zro2yy)

[

T
VR
-

&8
N——
N .
<.
[y e

Q

QY .

— /N

| I | <

Il
=
0
=
S
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Since N is multiplicative, N/ induces the group homomorphism
N Ky — R~
We determine its kernel:

ker(N) = {(@1,. .., @y, 21, 20) € K N (21,00 @0y, 20,000, 20y)) = 1}

T1 T2
= {(wl,...,xrl,zl,...,zw) € Ky : <HI1) : (H:@Z) = 1}
i=1 j=1

=: (K3)"

We also set (KﬁJr)o = (Kﬁ)o NKg 4+

2.2.1 From divisors to fractional ideals and units

We are now ready to describe each Arakelov divisor of K in multiplicative notation:

Let D =3 ny-p+>_, 2, 0 bean Arakelov divisor of K. To the divisor D,
we associate the ideal I = Hp p~"™ of Zk. Note that the description of the ideal [ is
well-defined as we know that each non-zero prime ideal of Zg is invertible. Moreover,
I is a fractional ideal of K. To D, we also associate the unit u = (exp(—z,)),. Note
that by Proposition 2.2.1, u is indeed a unit of Kg. Also, observe that v € [ Ry.
Hence u € Ky ,. To the Arakelov divisor D, we attach the pair (/,u) and write
D = (I,u).

Conversely let (I,u) be a pair such that [ is a fractional ideal of K and u
be a totally positive unit in K. Since [ is a fractional ideal of K, it can be
uniquely written as a product of prime ideals of Zg. Say I = p{™ ...ps*. Then set
ny, = —ap if p € {p1,...,ps} and n, = 0 otherwise. Also, from the totally positive
unit u = (U1, Uz, ..., Upy, Up 41, - - -, U 4, ), We derive the coefficients z,, 1= —log(u;)

for j € {1,2,...r; +r3}. Hence

r1+72
D::an'p—i— Z Ty O
P j=1
is an Arakelov divisor of K. In fact, these maps are inverses of each other which
shows that there is a bijective correspondence between Div(K') and the set of such

pairs.
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Example 2.2.1. e The zero Arakelov divisor D = 0 corresponds to (Zg, 1).
e If f € K*, the principal Arakelov divisor (f) corresponds to (f~'Zg, (|o(f)])o)-

e If D = (I,u) is an Arakelov divisor of K, then —D = (I"!,u™1).

Proposition 2.2.3. Let D = (I, u) be an Arakelov divisor of K. In terms of the pair
(I,u) associated to D, the degree of the Arakelov divisor D is —log(|IN (u)|N(1)).

Proof. Let D =% ny-p+>_, % -0 be an Arakelov divisor. We know that
D= (Lu) = ([ [p~", (exp(—2,)),)
P
and we need to show that
deg(D) = my - deg(p) + Y _ @, - deg(0) = —log(IN (u)|N (1))
P o
We have:

deg(D) = — 3" —ny - deg(p) — 3 —z, - deg(0)

(e

= — Z —ny - log(N(p)) — Z —Zo - deg(o)

(e

= —tog (TT ™) ™) = tog (| [T exp(—z, - deg()])
: ;

= —log(N(I)) — log(|N (u)])
= —log(IN (u)|N(I))

2.3 The oriented Arakelov class group

Definition 2.3.1. An oriented Arakelov divisor of K is a formal finite sum of
the form Zp Ny P+ Y., T, 0 where p runs through all nonzero prime ideals of Z,
o runs through all infinite primes of K and for integers n, and z, € K where

R* if o is real

KX =
C* if 0 is complex
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Example 2.3.1. Consider the real quadratic field K and its infinite primes oy, o9
as in Example 2.1.1. Then D =1-0; + (—1) - 03 is an oriented Arakelov divisor of
K and D' =0-0; 4+ (—1)o3 is not an oriented Arakelov divisor of K as the infinite

prime o is real and 0 ¢ K = R*.

Notation 2.3.1. The set of all oriented Arakelov divisors of K will be denoted by
Div(K).

—_—~—

Proposition 2.3.1. (Div(K),e) is an abelian group where

e : Div(K) x Div(K)
(Zn;-p—I—Zxé-a,Znﬁ-p—l—ng-U)
p o p o

Proof. The associativity property follows from the fact that (Z,+) and (K, -) are

Div(K)
D (mpm) p+ ) (w5-27) 0
p o

%
H

groups. The identity element of this group is D4 := Zp 0-p+>  1-0. Indeed, for

—_—

any D=3 ny-p+, 7,0 € Div(K), we have:
DeDig=Y» (ny+0)-p+ > (z,-1)-0
p o
p o
=D

Similarly, we have D;; ¢ D = D. Now we claim that for D = Zp ny-p+ ZU Ty-0 €

—_—— —_—

Div(K), its inverse is —D =3 (—ny) - p+ >, % - 0. Indeed, —D € Div(K) and
1
De(-D) :Z(”p_”p)‘pﬂLZ(%‘x_)‘U
p o g
=> 0-p+) 10
» o

= Diq

Similar arguments show that (—D) e D = Dy,;. This proves that (D?/?f/()7 o) is a

—_—

group. Now we prove commutativity of (Div(K),e): For D; = Zp n; Py ko,
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—_—

Z P+, 72 -0 € Div(K), we have:
D10D2:Z(n;+ng)-p+2(xi-mg)-a
p o
=D (mp+my) p+ > (@hay) -0

p o

:DQ.Dl
]

Let Pairs be the set of all pairs of the form (I, u) where [ is a fractional ideal of
K and u be a unit in K, not necessarily totally positive. Likely to the story of “ordi

nary” Arakelov divisors, to represent each oriented Arakelov divisor multiplicatively,

we introduce the following maps:

—~—— e/~

¢1: Pairs — Div(K)

(I,u)z(Hp (U U) > Z —ay - p+ZuU o

and
—_ — —_——

¢9 : Div(K) — Pairs
St weo o <Hp”", (ma»)
p o p

Since we have

()
:Zp:np'p—f—zg:xg-a

—~—

forall D=3 ny-p+>, 2, 0 €Div(K) and
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Ga(d1 (1, u)) = ¢2(Z—ap -p+2ug~a>

= (Hp“uua)a)
p

= ([vu)

for all (I,u) = (Hp P, (ug)g> € %, we have a bijection between these two
sets which means that we can (actually may) identify them as we did in Arakelov

divisors.

Remark 2.3.1. If D = (I, u) is an oriented Arakelov divisor of K, then in terms
of the oriented pair associated to 15, its inverse is given by —D= (I"',u™t) where

-1

ut = (u;t

o for u = (uy),.

—_—

Remark 2.3.2. The bijection between the sets Pairs and Div(K) gives rise to the
following isomorphism of groups:

Div(K) 2 Id(K) x K2
Definition 2.3.2. Let f € K*. The principal oriented Arakelov divisor as-
sociated to f is the oriented Arakelov divisor corresponds to (f'Zg, (0(f))s). In

other words, the oriented Arakelov divisor
()= ordy(f)-p+Y_ olf)-o
p o

is called the principal oriented Arakelov divisor associated to f.

—~—

In terms of their corresponding oriented pairs, we have Div(K) C Div(K). The
inverse of this inclusion is given by

e~

Div(K) — Div(K)

(L, (uo)s) = (I, (lusl)o)

and motivates the definition of the degree of an oriented Arakelov divisor of K:



Chapter 2: Arakelov Divisors 18

Definition 2.3.3. Let D = (I, (u,),) € D/n_/?f/() The degree of the oriented

Arakelov divisor D of K, deg(D), is given by the degree of the Arakelov divisor
D = (I, (Juo|)s).

Proposition 2.3.2. Principal oriented Arakelov divisors of K have degree 0.

Proof. This fact follows from the definition of the degree of an oriented Arakelov

divisor of K and Proposition 2.1.4. O

Notation 2.3.2. We will denote the set of principal oriented Arakelov divisors of

K by PDiv(K) and the set of oriented Arakelov divisors of K that have degree 0 by

Div’(K).

P O

Notationally, Proposition 2.3.2 implies that PDiv(K) C Div?(K).

P N

Proposition 2.3.3. Div’(K) is a subgroup of Div(K).

—_——

Proof. By Proposition 2.3.2, we know that the set Div’(K) is non-empty. By the
Subgroup Criterion, it suffices to show that deg(D; e (—D5)) = 0 for any Dy, Dy €

—_— —_—

Div'(K). Let Dy = (I1,u), Dy = (I,v) € Div*(K). Set u = (uy)g, v = (v5)s € Kg.
We know that —D, = (I;!, (v;1),) and in terms of the corresponding oriented pairs,
we have Dy o (—Dy) = (I I, !, (u,v;1),) Define u| := (Juy|)s and |v] := (|vs|)s. By
Proposition 2.2.3, we need to verify that

—log (N(LI; ") - W (Juv™")]) = 0
Note that by assumption, we have:
~log (N (L) - [N ([u])]) = 0

and

—log (N(L) - [N (Jv])]) =0



Chapter 2: Arakelov Divisors 19

Recall that A is a multiplicative function and we compute:
—log (N(IIy ) - N (Juv ™)) = —log (N(I1)N(I5 1)) - N ([ul) [N (Jv ™ ])])
= —log (N(I) NV ([uh] - N(I3 )N (Jo~ "))
1

—log (N (1) |V (Ju])]) — log < (1[2)| (|U|)’>

—log(1) 4 log (N (I2) - IN'(Jv])])
=0

~—— —_——

Proposition 2.3.4. PDiv(K) is a subgroup of Div’(K).

Proof. Let f, g € K* such that (f) = (f'Zk, (0(f))s), (9) = (97'Zk, (0(9))s) €

—_—

PDiv(K). By the Subgroup Criterion and Proposition 2.3.2, it suffices to show that

(f) e (—(g)) is a principal oriented Arakelov divisor of K. First, observe that

—(9) = (9Zx, ([o(9)] "))

= (gZx, (0(g7"))s) as each o is a homomorphism

=(g7")

(f)e(=(9) = (f)e(¢7") = (f'ZrgZx, [0(f)o(g™")]s) = (f T 9Zx, (0(fg™))o)

Hence (f)o(—(9)) = (9f ' Zx, (0(fg7"))s)) = (fg~') is a principal oriented Arakelov
divisor of K. N

We are now ready to define the oriented Arakelov class group of the number field

K:

Definition 2.3.4. The oriented Arakelov class group of K (Picard group of

P e~ —

K) is the quotient of Div’(K) by its subgroup PDiv (k).

—~—

Notation 2.3.3. The oriented Arakelov class group of K will be denoted by Pic®(K).
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2.4 The exactness and the commutativity of the diagram

Recall that the main aim of this chapter is to prove exactness and the commutativity
of the diagram that is introduced at the beginning of this chapter. In order to
understand that the sequence that is in the first row of this diagram is exact, we

start with the following definition:

Definition 2.4.1. Let a be an element in Zy. We say that « is totally positive

if its image under all real infinite primes of K is positive.

Example 2.4.1. Let K = Q(v/2) so that Zx = Z[v/2]. Denote the two real infinite
primes of K as in Example 2.1.1. Then the element o = 2 4+ /2 € Zg is totally
positive as oy (a) = 2+ /2 > 0 and 03(a) = 2 — /2 > 0. On the other hand the
element o = 14 /2 € Z is not totally positive as oo(ad) =1-— V2 < 0.

Remark 2.4.1. For any number field L, the set of totally positive elements in Z,
is non-empty as Z C Zj, and all positive integers are totally positive because the

infinite primes of L fix rational numbers. In particular, they fix integers.

Notation 2.4.1. Denote the set of all totally positive elements in Zg by Zg ;. and

the set of totally positive elements which are invertible in Zg by ZIXQ 4

Note that by definition we have Zy , C Zy and Z is a multiplicative abelian

group. The same fact holds for the set ZIXC . and the usual multiplication:
Proposition 2.4.1. Z;{,-‘r is a subgroup of Zjy under multiplication.

Proof. Let o, B € Zg ., we then have o;(a) > 0 and o;(8) > 0 for all
i € {1,2,...,r1}. Therefore, o;(av)o;(8) = o;(af) > 0. Since the multiplication

of two units generates another unit in Zy, we deduce that this set is closed un-

der multiplication. Observe also that we have o;(a™) = o;(a)™' > 0 for any
i €{1,2,...,r}. Combined with the fact that the inverse a™! of « is again a unit
in Zp, this set is also closed under inversion. O

Observation 2.4.1. By construction, the following sequence is exact:

1 —— Z, —2 K* —2 K*/Z%  —— 1
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where the map inc denotes the natural inclusion and p is the natural projection.

We now introduce the following map with the aim of relating totally positive

units of Zy and Kg:
L ZK — KR
a = (01 (O./), UQ(Q)v R (Oé))

Note that the map ¢ is actually a group homomorphism as the infinite primes
of K are homomorphisms. We will show that ¢+ preserves units and total positivity:
Let o € Zy. Then we know that Ngg(o) = %1 which implies that o;(a) # 0
for all ¢ € {1,2,...,m + ro}. By Proposition 2.2.1, we have that «(a) € K.
Now, let f € Zk . Then, we know that o;(8) > 0 for all i € {1,2,...,r}. It
follows that sign(:(8)) = (1,1...,1) and therefore ¢«(8) € K. This shows that the

homomorphism ¢ induces a homomorphism
X X
ZK7+ = KR,+
Given any « € Zg, observe that:

N(a)) = N((o1(a), 02(a), - .., 0r 1, (@)

- (Haxa)) - (H |aj<a>|2>

= Nijo(@)
In particular, if a € ZIXQF, then we have
N(t(a)) = Ngjola) =1

and therefore «(a) € (Kg )" so ¢ induces the following homomorphism of abelian
groups:
Uil — (K§,+)O
a = (01(a),09(a), .., Or gy (@)

Clearly, 7 is injective as each infinite prime of K is by definition an embedding of K

onto either R or C and therefore an injective homomorphism.
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Proposition 2.4.2. The sequence

1 —— (K3,)" —2= Div’(K) —— Id(K) x {+1}" —— 1

18 split exact where
¢ (Ug)o = (Zi, (Ug)o)

and

Y :D=(I,(25)5) = (I, (5ign(2s))o:reat)

Proof. We need to check that ¢ is well-defined: Let (u,), € (Kg,)°. Then for
each infinite prime o, the coefficient u, is non-zero which implies that u := (u,), €

[1, K and therefore (Zg,u) € Div(K). We also know that AV (u) =1 so

N(Zg)|IN(Ju])] = IN(u)] =1 as N(Zg) =1 and u € K

which shows that (Zg,u) € Div’(K). Clearly, ¢ is a homomorphism as
1:=(1,1,...,1) € (KH§7+)O with

gb(l) = (ZK, 1) - DId
and for u = (uy)y, v = (Vs)o,
P(uv) = ¢((usvs)s)
= (Zg, (ugVs)s)

= (Zk, (Uo)o )(ZK, (V5)s)
= ¢(u)o(v)

Now we prove that ¢ is injective. We have:

u=(Uy)s € ker¢p <= ¢(u) = (Zg, (to)s) = (Zk, 1)
<= u, = 1 for each infinite prime o

— u=1
Now we determine the image of ¢:

Im¢ = {(Zk, (uo)s) : (Us)s € (Kﬁ,—s—)o}
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Note that since (uq), € (K5 )%, we have (u,), € K , but this holds if and only if
sign(u,) > 0 for each real infinite prime o of K and u, # 0 for all infinite primes
o of K. Therefore, (u,), € Kg , if and only if u, € R, for real infinite primes of
K and u, € C*, otherwise. Combining, we deduce that Im¢ = (R,)™ x (C*)".
Now we concentrate on the map ¢ which is clearly well-defined. We show that v is

a homomorphism: We have ¢(Zg,1) = (Zk,,(1,1,...,1)) € Id(K) x {£1}" and
(I, u)(f,v)) = (L2, uv))
= (115, (sign(u,vs)) oireal)
( (32971(“0))U:real(Sign(va))U:real)

= (11, (sign(uy))greal) (12, (5191(V5) ) o:reat)
= P(u)(v)

for all (Iy,u), (I2,v) € Div’(K) with u = (u,), and v = (v4)s. Now we prove that ¢
is surjective. For (I, (u;)it,) € Id(K) x {£1}™, we claim that (I, u) = (I, (u;);L;)

where u = (—% J\/N(I J\/N ...,W,l, 1,...,1). First, we check that (I,u) €

Div?(K). It suffices to show that u € K and deg((I,u)) := deg((I, |u|)) = 0. Since
(u;)it, € {£1}", we have u; # 0 for all i € {1,2,...,r1} and since N(I) # 0 we
have that v € K. Now observe that

|u|:< Lt ,1,1,...,1)
YN ND RN

and
Ol = 50| (T < ) - AT
=N 55
=1

which shows that deg(I,u) = 0 and we have

) ) = (0wt

Y1) = (1. (sign( =

Finally, we determine

—~——

kery = {(I,u) € Div'(K) : ¥(I,u) = (Zg, sign(v)) = (Zg, 1)}
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—_——

Observe that (I,u) € ker if and only if (I,u) € Div’(K) and u, € R, for each real
infinite of K. By definition, we have u, € C* for complex infinite primes. Therefore

kery) = (R, )™ x (C*)™. Since ¢ is injective, v is surjective and
Im¢ = (R;)™ x (C*)™ = ker ¢,

this sequence is exact. Now we prove that this short exact sequence splits. By the

Splitting Lemma, it suffices to find a homomorphism s : Id(K)x {1} — Div’(K)
such that ¢ o s is the identity map on Id(K) x {£1}"". We claim that the map

e~

s:ld(K) x {£1}"* — Div’(K)

Cl CTl
(L, (Gl Cor ooy Cry)) ([<{/W T%/W’le’l))

works. Indeed, for any (7, ((1,Co, ..., () € [d(K) x {£1}", we have:

o Cl Cm
(wos)(l,(ﬁ,@,...,gl))—1/;(I,(Tm,..., Tm,l,l...J))

:<I,<Sign< G ),...,sign( Gy )))
VN(I) YN)

- ([7 (C17<27 .. '7CT1))

Observation 2.4.2. By Proposition 2.4.2, we now know that

—_~—

Div’(K) = (Kg )’ ® (Id(K) x {£1}")
Below we explain a way to decompose any element of Div’(K) into

(Kg )" ® (Id(K) x {£1}™). Let (I,(ai,ag,...,0n4p,)) € Div'(K). We set
a = (ar, a9, ..., 0 1r,). We know that N(I)N(Ja|) = 1. The element

= (laa| VN(), laz| YV N(), ..., |,

VYN, gty Qi) € (KZ,)°



Chapter 2: Arakelov Divisors 25

because

N(B)

(it ¢¥0) - (s
V- H|a|) - <1j|an+j|2>

= NN (|al)

=1,

la;| > 0foralli € {1,2,...,r}and a;,1; # 0forall j € {1,2,...,7r3}. Observe also
that (I, (sign(ay),. .., sign(a,,))) € 1d(K)x{£1}". Therefore (I, «) is decomposed

as:
(‘O‘1| T{/ N(I)a |a2| ’r{/ N(I)v 0ocg |aT1| r{/ N(I)v Qpy41y- .- 7057’1-"-7“2)’ (I7 (Sign(a1)7 CER Sign(aﬁ)))

Lemma 2.4.3. The map

B:K* — Div'(K)

fo= ()

18 an injective group homomorphism.

Proof. The fact that [ is a homomorphism is clear. We prove that [ is injective.

Let f, g € K* such that (f) = (9). Then (f'Zg, (0(f))s) = (97 Zx, (0(9))s)
which implies that o(f) = o(g) for all infinite primes ¢ of K. Therefore f = g as

infinite primes are injective. Hence the map [ is injective. O

Lemma 2.4.4. The map

v KX, = Td(K) x {£1}"

f] = (f_IZKa (sign(o(f)))o: reat)

s an injective group homomorphism.

Proof. First we prove that v is well-defined: Let [f] = [g] in K*/Zj . Then there
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exists a totally positive unit v € Z[XQ 4 such that g = f - u. We have:

v([g]) = v ([f - u])
= (uflfflzK, (sign(o(fu)))o: rear)

(
= (f"Zg, (sign(o(f)o(1)))o: real) as each o is a homomorphism
(

[ Z, (sign(a(f)))e: real) as u is totally positive

Clearly, o is a group homomorphism as:

Y(LA]) = ((fuf2) 2k, (sign(o(fif2)))e: real)
= (fi "fa "Zx, (sign(o(f1)))o: rear(5ign(0(f2)))o: reat)
= (f'Zxk, (sign(o(f1))e: rea) (f3 L, (sign(0(f2)))o: reat)
= (A ([f])

for any [fi],[fs] € K*/Zg , and ~([1]) = (Zk,(1,1,...,1)). Now we prove the
injectivity of 7. Let [f], [g] € K*/Z} , such that y([f]) = ~v([g]). Then

(f "2k, (sign(o(f)))o: veat) = (97 L, (5ig1(0(9)))or veal);

which implies that f~'Zy = ¢ 'Zy in Id(K) and (sign(a(f)))s. = (sign(a(g)))s,-

1

The first one implies that ¢g=' = f~'u for some u € Z} and the latter one implies

that u is a totally positive element of Zy. Combining, we get f = gu for some

u € Zy . and therefore [f] = [g] in K*/Z ,. O

Proposition 2.4.5. The diagram
Z;({ inc KX

+
i

(K7 .) —2— Div'(K)

18 commutative.
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Proof. Given o € Zj ,, we have:
¢(i(a)) = ¢((o1(a), o2(), . . ., O, 1y (@)
= (Zx, (o(a))s)
= (a'Zg, (0(a)),) as o™t € Z}
= B(a)
= f(inc(w)) as inc(a) = «
O
Proposition 2.4.6. The diagram
K* — T K*/75% |
b
DivO(K) —2 Td(K) x {£1}"
18 commutative.
Proof. Let f € K*. Then,
() =)
= (f7'Zx, (sign(o(f)))o: reat)
=4 ((f)
= ¥(B(f))
0

We may now state and prove our main theorem:
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Theorem 2.4.7. The following commutative diagram

y KX P K*/Zj, ——— 1

A v

v

1 —— (K3 ,)" —2= Div’(K) —— Id(K) x {+1}"" —— 1

1 y 70 » Pic’(K) ——— CIT(K) ———— 1
1 1 1
has ezact rows and columns where TO = (Kx )%/ Zy . and CI7(K) denotes the

narrow class group of K.

Proof. By Lemma 2.4.3, Lemma 2.4.4, Observation 2.4.1, Proposition 2.4.2, Propo-
sition 2.4.5, Proposition 2.4.6 and since we explained that ¢ is injective, we have the

following commutative diagram with exact rows and columns:

1

|

L KX)Zf, —— 1

5

1 —— (K2,)° —2 DivO(K) — Td(K) x {£1}" —— 1

A
2<TNX<—H

Then the exactness of the main diagram follows from Snake Lemma and the com-

mutativity of the main diagram follows from Propositions 2.4.5 and 2.4.6 combined

with the fact that commutativity of the diagram is a functorial property. m
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Chapter 3

BINARY QUADRATIC FORMS

In this chapter we first define the fundamental properties of an integral binary
quadratic form such as its discriminant and content. We then observe that the
modular group acts naturally on the set of integral binary quadratic forms, and study
the invariants of the equivalence classes that arise from this action. Next, we restrict
our attention to indefinite binary quadratic forms and discuss their reduction theory.
Finally, we determine the automorphism group of integral primitive indefinite binary

quadratic forms.

3.1 Basic Notions

Definition 3.1.1. A binary quadratic form is a degree two homogeneous polyno-
mial in two variables and with real coefficients. In other words, a binary quadratic

form is a polynomial of the form
f(X,Y) =aX?+ bXY +cY?
where a,b and ¢ are real numbers.

Notation 3.1.1. For simplicity, the binary quadratic form f(X,Y) = aX?+bXY +
cY? will be denoted by f = (a,b,c).

Remark 3.1.1. Observe that a binary quadratic form f = (a,b,c) can be repre-

sented by the following manner:

a b/2 X
f(X,Y)z(X Y) X X
b/2 ¢ Y
. . [ a b2
Notation 3.1.2. For the binary quadratic form f = (a, b, ¢), the matrix
b/2 ¢

will be denoted by M.
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Example 3.1.1. The polynomials f(X,Y) = X? — XY —Y? = (1,—1,—1) and
f(X,Y)=X?—-5Y%=(1,0,—5) are binary quadratic forms.

Definition 3.1.2. Let f = (a, b, ¢) be a binary quadratic form. The quantity b*—4ac
is called the discriminant of f which is denoted by Ay.

Example 3.1.2. For f = (1,-1,-1), Ay =(-1)* -4 x 1 x (-1) =5.

Definition 3.1.3. We say that a binary quadratic form f = (a,b, ¢) is indefinite

if f takes on both positive and negative values.

Example 3.1.3. The binary quadratic form f = (1,—1,—1) is indefinite as
f(1,0) = 1 is positive and f(0,1) = —1 is negative.

Proposition 3.1.1. A binary quadratic form f = (a,b,c) whose discriminant is not

a perfect square is indefinite if and only if its discriminant Ay is positive.

Proof. Let f = (a,b,c) be a binary quadratic form whose discriminant is not a
perfect square. Then a # 0 and f takes on both positive and negative values
so there exists (zg,y0) # (0,0) € R? such that f(xo,v0) = az? + bxroyo + cyz >
0. Similary, we know that there exists a point (z1,y1) # (0,0) € R? such that
f(x1,91) = ax? + bxr1y; + cy? < 0. Observe that

2

T
axg + broyo + cys = ayg [(y_o)
0

2
x b (x c
axi + briy; + cyi = ay; (—1) + - (—1) + -
Y1 a \ a

Set Xg := % and X, := Z—i Completing the square by adding (%)2, we get

and that

[ b\2 b — 4ac-
X —> _r—hae
( 0+t 42

f(x07y0> - ay(2) >0

and

b\2 b®—4dac
f<x17y1>:ay% (X1+—a> ———7 | <0

42

Notice that b* — 4ac = A;. If a is a positive number, then we have that

(X1+£>2—ﬂ<0
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as y7 is always non-negative which implies that (X; + %)2 < 4%. Clearly, the
left hand side of the latter inequality is non-negative, also so is the constant 4a?.
Therefore, Ay is a positive number. Similarly if a is a negative number, then we
have (Xo+ )% — 4% < 0 which is the same as (Xo+£)? < %. Again, we conclude

that Ay > 0. Now, assume that A; = b? — 4ac is positive and not a perfect-square.

Then a and ¢ are nonzero. Observe that
F(1,0)f(b, —2a) = (—a®)(b* — dac) = —aA;

is negative which shows that f(1,0) and f(b, —2a) have opposite sign. Therefore,

we see that the form f is indefinite. O

Definition 3.1.4. The binary quadratic form f = (a,b,c¢) is called integral if the

coefficients a, b and ¢ are integers.

Definition 3.1.5. Let f = (a,b,c¢) be an integral binary quadratic form. The
content of f, cont(f), is defined as ged(a, b, ¢).

Definition 3.1.6. Let f be an integral binary quadratic form. We say that the

form f is primitive if cont(f) = 1.

Example 3.1.4. The form f = (1, —1,—1) is an integral primitive binary quadratic

form.

Proposition 3.1.2. Let f = (a, b, c) be an integral indefinite binary quadratic form.

Then the discriminant of f, Ay, is a perfect square if and only if there exists a point

(wo,y0) € Z*\ {(0,0)} such that f(xq,y) = 0.

Proof. Let f = (a, b, ¢) be an integral indefinite binary quadratic form. First, observe

that if @ = 0, then A; = b? is a perfect square and
f(X,)Y)=bXY +CY? =Y (bX +cY)

which implies that f(1,0) = 0. From now on, we assume that a # 0. Suppose that
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Ay = d? for some integer d. Observe that

4af(X,Y) = 4a*X? + 4abXY + dacY?
= 4a*>X? + 4abXY + dacY? + b*Y? — b*Y?
= 4a*X? + 4abXY + b*Y? — (b* — dac)Y?

= (2aX +bY)? — d?Y?

Therefore, f(X,Y) = (2QX+Y(b_d)iELQaX+Y(b+d)) and we have f(b —d, —2a) = 0. Since
a, b and d are integers and a # 0, we have (b — d,—2a) € Z*\ {(0,0)} and we
are done. Conversely, let (zo,yo) € Z*\ {(0,0)} such that f(zg,yo) = 0. Observe

that f(z0,0) = az? # 0 as a # 0 and zy # 0. Then we obtain that yo # 0

because otherwise it would contradict the fact that f(xg,y0) = f(x0,0) = 0. Since
4af(X,Y) = (2aX +bY)? — A;Y? and f(xo,yo) = 0 we have that A, = (2‘”‘;%)2
Clearly, since f is an integral form, Ay € Z. It follows that 2‘”‘“2/% € Z. Thus Ay

is a perfect square. 0

3.2 Action of GLy(Z)

From now on, we restrict our attention to integral primitive binary quadratic forms
whose discriminants are not perfect squares. Throughout this section, f = (a,b,¢)
is an integral binary quadratic form such that A is not a perfect square, unless

otherwise stated.

Observation 3.2.1. Let U = b be a matrix in GLy(Z). By using the entries

ros
of the matrix U and the form f, we may generate a new binary quadratic form:

f(pX +qV,rX +5sY) = a(pX +qY)* +b(pX +qY)(rX + sY) + c(rX + sY)?

= (f(p,7),2(apq +crs) +b(ps +qr), f(q,5))

Notation 3.2.1. The binary quadratic form f(pX + ¢Y,rX + sY’) will be denoted
by f(U(X,Y)).
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Proposition 3.2.1. Let ¥ be the set of all integral primitive binary quadratic forms.

Then the map

F x GLQ(Z) — F

(f(X,Y),U) = (JU)X,Y) := (det(U)) f(U (X, Y))
defines an action of the group GLy(Z) on the set F.

Proof. Let f = (a,b,c) be any integral primitive binary quadratic form. Denote the

2 % 2 identity matrix by 5. By construction, we have that

(fL)(X,Y) = det(L) f(1X + 0Y,0X + 1Y)

= f(X,Y)
Also, if U = PLAY ond V= P2e®) axé iwo differént elements of GLy(Z),
1 S2 T2 S2

we need to show that ((fU)V)(X,Y) = (f(UV))(X,Y). Note that

+ q1r +q1s
gy = (PP PR TAR 4 det(UV) = det(U) det(V). We know that

P21 + 1281 o1 + 5152

fU :=(d',V, )

= (det(U))(f(p1,71),2(ap1qs + cris1) + b(p1s1 + q1r1), f(q1, 1))
which implies that

a' = det(U)(ap? + bpiry + cr?)
b = det(U)[2(apiqq + cris1) + b(pis1 + qir1)]

¢ = det(U)(ag; + bg1s1 + cs?)
Set (fU)V = (a",b",c") and f(UV) = (A, B,C). Then

a" = det(V)(a'p3 + Vpars +r3)
= det(U) det(V)[p3(api + bpiry + cr?) + pora[2(apigr + cris1) + b(prsy + qir1)]+
r3(agi + bgisy + csi)]
=det(UV) f(p1p2 + 172, par1 + 7251)
=A
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b’ = det(V)[2(a'paga + r255) + U (pasa + qor2)]
= det(U) det(V)[2[(ap] + bpiry + cr?)paqs + (aq? + by sy + 55 )rss]
+ (2(ap1q1 + cris1) + b(p1s1 + qir1)) (p2se + qars)]
= det(UV)[2[a(pip2 + ¢172)(P1g2 + q152) + ¢(par1 + r251)(gar1 + S152)]
+ 0[(p1p2 + qi72)(gar1 + s182) + (P1g2 + q152) (par1 + 1251)]]
=B

¢ =det(V)[d'q3 + b qasa + s3]
= det(U) det(V)[g3(ap? + bpir1 + cr?) + qos2(2(apigr + cris1) + b(p1s1 + qir)]
+ s5(ag; + bays1 + cst)]
=det(UV) f(p1g2 + q152, @21 + 5155)

=C

Thus, (fU)V = f(UV). 0

Corollary 3.2.2. The group SLo(Z) acts on integral primitive binary quadratic

forms.

Proof. The result follows from Proposition 3.2.1 and the fact that SLy(Z) C GLy(Z).

O
p q o
Remark 3.2.1. Let U = be a matrix in SLy(Z) and f = (a,b,c) be an
ros
. e . . . P —q) .
integral primitive binary quadratic form. Clearly, the matrix —U = is
—r —s

also an element of SLy(Z). Observe that

(fU) = (f(p,7), 2(apq + crs) + b(ps + qr), £ (¢, 5))
= (f(=p,=7),2(a(=p)(=q) + c(=7)(=5)) + b((=p)(=5) + (=) (=7)), f(=¢; =)
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Hence the action of the matrix —U on the form f is the same as the action of U
which implies that we can actually identify these two matrices. Therefore, the group

PSLy(7Z) acts more naturally on the set .% than SLy(Z) does.

Observation 3.2.2. Let us find the relation between the matrices My and My

where f = (a, b, c) is an integral primitive binary quadratic form and U = b

r s

be a matrix in GLy(Z). We know that (fU)(X,Y) = det(U) f(pX + ¢Y,rX + sY).
So,

b/2 X +qY
(fU)(X,Y)zdet(U)<pX+qy TXHY)X a b2} (pX+q

b/2 ¢ rX +sY
which is equal to
r a b/2 X
det(U) (X Y) |7 X / « [P 4] x
q s b/2 ¢ ros Y

Therefore, we have My = det(U)UT M, U.

Definition 3.2.1. We say that two binary quadratic forms f and g are equivalent
if g = fU for some U € GLy(Z). The GLgy(Z)-orbit of the form f is called the

equivalence class of f. In other words, the set
{g€ F :g= fU for some U € GLy(Z)}

is called the equivalence class of f.

Definition 3.2.2. We say that two binary quadratic forms f and g are properly
equivalent if ¢ = fU for some U € SLy(Z). The SLy(Z)-orbit of the form f is

called the proper equivalence class of f. In other words, the set
{9 € F :g= fU for some U € SLy(Z)}
is called the proper equivalence class of f.

Now, we will introduce some invariants of the equivalence class of an integral

binary quadratic form.



Chapter 3: Binary Quadratic Forms 36

Proposition 3.2.3. The discriminant of two equivalent forms is the same.

Proof. Let f and g be two integral forms such that g = fU for some U € GLy(Z).
Then

A, = —ddet(M,) = —4det(Mr) = —Adet((det(U)UTM;U) = —4det(U)* det (M) = A;
as det(U) = det(UT) and det(U)? = 1. O

Corollary 3.2.4. All binary quadratic forms in the proper equivalence class of an

indefinite form are indefinite.

Proposition 3.2.5. Two properly equivalent integral binary quadratic forms have

the same content.

Proof. Let f = (a,b,c) be an integral binary quadratic form with content d € Z
and let g be an integral binary quadratic form such that g = fU for some matrix

U= b € GLy(Z). We know that g = (f(p,7), 2(apg+crs)+b(ps+qr), f(q,s))

ros
and ged(p, ) = ged(p, ) = ged(r, s) = ged(g, s) = 1 as det(U) = £1. So, we deduce

that d divides the coefficients of the form ¢ and there is no natural number other
than 1 dividing these coefficients. Hence d divides the content of g. On the other
hand, since we have f = f(UU™!) = (fU)(U™') = gU™!, we see that the content of
g divides d. Thus the content of f is equal to the content of g. O]

As an immediate result, we have:

Corollary 3.2.6. All binary quadratic forms in the proper equivalence class of a

primitive integral binary quadratic forms are primitive.

Definition 3.2.3. Let f = (a,b,c) be a binary quadratic form, U be a matrix in
GL2(Z). We say that the matrix U is an automorphism of f if fU = f.

Definition 3.2.4. Let f = (a,b,c) be a binary quadratic form, U be a matrix in
SLs(Z). We say that the matrix U is a proper automorphism of f if fU = f.

Example 3.2.1. For any binary quadratic form f, matrices I, and —/I5 are proper

automorphisms of f. Indeed, I, —1I5 € SLy(Z) and fI, = f(—1) = f.
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Definition 3.2.5. The set consisting of all automorphisms of a form f is called the

automorphism group of f.

Definition 3.2.6. The set consisting of all proper automorphisms of a form f is

called the proper automorphism group of f.

Notation 3.2.2. The automorphism and the proper automorphism group of f is

denoted by Aut(f) and Aut™(f), respectively.

3.3 Commutative R-algebras

Definition 3.3.1. Let A be a commutative ring with identity. We say that the ring
A is a commutative R-algebra if A is a vector space over R and if A satisfies the

following condition:
(ria1 + roaz)as = r1(aras) + ro(agas)
for all ay,as, a3 € A and for all ri,7r, € R.
Example 3.3.1. R" and C are commutative R-algebras for all n € Z,.

Definition 3.3.2. Let A be a commutative R-algebra and n be a positive inte-
ger. We say that A is an n-dimensional commutative R-algebra if A is an

n-dimensional vector space over R.

Example 3.3.2. For all n € Z-(, R" is an n-dimensional commutative R-algebra

and C is a two-dimensional commutative R-algebra.

In order to understand primitive integral indefinite binary quadratic forms, we
will now construct a specific two-dimensional commutative R-algebra that has an
R-basis of the form {(1, 1), (a1, az)} such that (o, az)* = (1,1). Let a = (a1, a) and
b = (b1, b2) be two points in R?. If we define the multiplication ab component-wise,
R? becomes a two-dimensional commutative R-algebra with identity (1,1). Let us

choose (a1, az) = (1,—1). Then (ay,as)? = (1,1).

Notation 3.3.1. The two dimensional commutative R-algebra which satisfies the

conditions above will be denoted by A;.
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Let us explicitly determine the units and zero-divisors of A;:

Proposition 3.3.1. The units in Ay are exactly the elements of Ay whose compo-

nents are non-zero.

Proof. Let (ay,as) be a unit in A;. We then know that there exists an element
(B1, B2) € Ay such that (ai,a2)(f1,82) = (1,1). Since the multiplication in A; is
componentwise, we have ;37 = 1 and a8 = 1 which shows that a; and as are
units of R so they are non-zero. Conversely, let (aq, ) € Ay such that ajas # 0.

We show that (aj,as) is a unit of A;. Since a; and s are both non-zero, the

elements a% and a% exist and by construction of A;, the element (ail, O%) is in Aj.
Now,
1 1
ap, )| —,— | = (1,1
( 1, 2)<C\{17O[2> (7 )
and hence (a1, as) is a unit. O

Proposition 3.3.2. The zero divisors in Ay are the non-zero elements of Ay whose

exactly one component is 0.

Proof. Let (a1, as) be a zero divisor in A;. We then know that there exists a non-
zero element (1, By) € Ay such that (aq,a2)(81, 52) = (0,0) so we have ay3; = 0
and asfs = 0. Combining with the fact the the elements (ay,as) and (f;, 52) are
both non-zero, we deduce that exactly one of «; and s is zero. Conversely, let
(a1, ag) be a non-zero element of A; such that ajas = 0. Without loss of generality,
we assume that «; = 0 and show that the element (0, s) is a zero divisor in Aj.

We observe that (as,0) is a non-zero element of A; and
(0, a2)(cv2,0) = (0,0).

Thus the element (0, ) is a zero divisor.

O
Corollary 3.3.3. A non-zero element of Ay is either a unit or a zero divisor of A;.

Proof. Let a be a non-zero element of A;. Two possibilities then arise: Either

both of the components of a are non-zero which implies that « is a unit in A; by
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Proposition 3.3.1 or exactly one of the components of « is 0 which shows that « is

a zero divisor of A; by Proposition 3.3.2. [

Our next aim is to determine the automorphisms of the commutative R-algebra
A
Definition 3.3.3. Let A and B be commutative R-algebras. A map o : A — B is

said to be

e a homomorphism between A and B if 0(14) = 15 and

o(r(af +7)) = r(e(@)o(8) + (7))

for all real numbers r and for all elements «, 3, v € A.

e an isomorphism between A and B if ¢ is a bijective homomorphism.

Definition 3.3.4. An isomorphism from a commutative R-algebra A onto itself is

called an automorphism of A.

Proposition 3.3.4. The only automorphisms of the commutative R-algebra A, are

the identity map and

o Al — Al
(1, 00) = (g, 001)
Proof. Clearly, the identity map is an automorphism of A;. Now observe that o is

the reflection map with respect to z-axis, hence a bijection. We show that the map

o is a homomorphism from A; to itself: For any real number r and any («, as),

(B1, B2), (71,72) € Ay, we have:

o(r(ar,a2)(B1, B2) + (31,72) = o(r(anfi + 7, asfhs + 7))
= o((raafy + v, rasfs +172))
= (ragBy +rye, ror By + 1)
= rl(azfz, 1p1) + (72, 1))
= 7r[(az, a1)(B2, B1) + (v2, 1))
= rlo((ar, a2))o((B1; £2)) + o((11,72))]
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Let ¢ be any automorphism of A;, v € A;. Since the set {(1,1), (1,—1)} is an

R-basis of A;, we know that there exist real numbers «, 3 such that

. Since ¢ is an automorphism of A;, we have:

o(7) = a¢((1, 1)) + fo((1, -1)) = a(1,1) + So((1, -1))

and

#((L,—1))* = o((1,—1)%) = ¢((1, 1)) = (1,1)
We now prove that ¢((1,—1)) = £(1,—1) which will imply that ¢ is either the
identity map or the automorphism o. Write ¢((1,—1)) = a(1,1) + b(1, —1) where
a, b € R. Then

(1,1) = ¢((1,-1))* = (a+ b,a = b)* = ((a+b)*, (a — 1)*)

We have that (a +b)? =1 and (a — b)? = 1 which implies that a* + b*> = 1 so either
(a,b) = £(1,0) or (a,b) = £(0,1) but the case where (a,b) = £(1,0) is impossible
since ¢ is injective and ¢((1,1)) = (1,1). Hence (a,b) = (0,+£1), which implies that
o((1,=1)) = £(1, 1), U

Remark 3.3.1. Observe that an element (o, an) € Aj is fixed by the automorphism

o if and only if a; = as. Indeed, for any element (aq,as) € Ay,
o((a1, ag)) = (az, 1) = (a1, ag)
holds if and only if a; = .
Definition 3.3.5. For a € Ay, the functions
N(a) = ac(a)

and

Tr(a) =a+o0(a)

are called the norm and the trace of «, respectively.
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Example 3.3.3. The norm of the element (1, —1) € A is
N((L,-1)) = (1, =D(=1L1) = (=1, -1)
and the trace of the same element is
Tr((1,-1))=(1,-1)+ (—1,1) = (0,0).

Now, let us observe that the norm function is multiplicative and the trace is an

additive function: Let (aq,as), (81, 52) € A;. We compute:

N((o1, a2)(Br, B2)) = N((eufr, a25))
= (aufr, aafa)(2fa, a1 fr)
= (a1, a2)(az, 1) (Br, B2) (B2, B1)
= N((on, a2))N((61, 52))

and

Tr((ar, a2) + (b1, B2)) = Tr((on + b, 02 + B2))
= (a1 + B, a0+ Ba) + (g + Bo, 1 + B1)
= (a1, 2) + (a2, ) + (B, B2) + (B2, f1)
= Tr((ar, a2)) + Tr((Br, B2))

Remark 3.3.2. The norm and the trace of any element in A; are fixed by the

automorphism o. Indeed, for (o, ay) € A;, we have
N((ou, az)) = (a102, a1az)

and

Tr((a1,az2)) = (a1 + az, a1 + az)

so these vectors are fixed by ¢ by Remark 3.3.1
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Definition 3.3.6. Let B = {(a1,a3), (1, 52)} be an R-basis of the commutative
R-algebra A;.The orientation of the basis B, which will be denoted by o(B), is
the sign of the real number a5, — a;18,. If this quantity is positive, we will say
that the basis B is positively oriented and denote it by o(B) = +1. Otherwise,
the basis B will be called negatively oriented and denoted by o(B) = —1. If
0 = (01,05) is a point in A; with 6; # 60, then the orientation of 6, denoted by
0(#), is defined as the orientation of the basis {(1,1), (61, 62)}.

Example 3.3.4. The basis B = {(1,1), (1, —1)} is positively oriented as
1-1-1-(-1)=2>0

Thus, o(B) = +1. From the latter computation, we get o((1,—1)) = +1 which
shows that the point (1, —1) of A; is positively oriented.

Observation 3.3.1. For any matrix M € GLy(R) and any R-basis B of A;, we
have o(BM) = sign(det(M))o(B). Indeed, let B = (o, B) = ((an, ), (B1, B2)) and

a b
let M = € GLy(R). Observe that
c d

BM = (aa+ 8 ba+dB) = ((aay + By a0s + ) (b + dBy, bz + dBy) )
We have
o(BM) = sign((acs + cf2)(bay + dB1) — (acy + ¢f1)(bas + dB2))

(
= sign(ad(azfy — a1 f2) — be(azfi — a1 fz))
sign((ad — be)(azfy — a1 3))
(
gn(

= sign(ad — bc)sign(aefy — a152)

det(M))o(B)
Lemma 3.3.5. Let € be a unit in Ay, and B be any R-basis of Ay. Then,
o(eB) = sign(N(e))o(B)

Proof. Let € = (e1,€63) € AT and B = ((aq,a2), (f1,82)) be an R-basis of A;. Note
that O(B) = sign(agﬁl—alﬂg), N(E) = (6162, 6162) and eB = ((610&1, 62042), <€1ﬁ1, 6252)).
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Now, we have:

o(eB) = sign(esane 1 — €101€2035)

an 6162)529n(0¢2ﬁ1 — a1 52)

n(

sign(erez(azfi — a12))
(
gn(

N(e))o(B)
0

Definition 3.3.7. Let f(X,Y’) be an integral binary quadratic form. The form f
is called irrational if f(X,Y) # 0 for all (X,Y) € Z*\ {(0,0)}.

Example 3.3.5. The binary quadratic form f(X,Y) = X? + Y? is irrational,
whereas the form ¢(X,Y) = X? — Y? is not as g(1,1) = 0.

Remark 3.3.3. By Proposition 3.1.2, we have that an integral indefinite binary
quadratic form f is irrational if and only if its discriminant Ay is not a perfect

square.

Definition 3.3.8. Let L be a two-dimensional lattice in A;. L is called irrational

if L contains no zero divisors.

Definition 3.3.9. Let B = («, ) be an R-basis of A;. B is called irrational if the
corresponding lattice L(B) := Z«a + Z[3 is irrational.

Definition 3.3.10. Let a@ = (a3, ap) be a point in A; such that «; # as. The point

« is called irrational if the corresponding R-basis ((1,1), (aq, az)) is irrational.
Now we will classify irrational lattices, bases and points of Aj:

Proposition 3.3.6. Let o = (o, ) be a point in Ay such that oy # . The point

a is irrational if and only if oy and as are irrational numbers.

Proof. We will prove this by contraposition: Let a = (o, as) be a point in A,
such that a; # as. Assume that « is not irrational. By definition, we then know

that the basis {(1,1), (a1, a2)} is irrational, which implies that the lattice Z(1,1) +
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Z(ou, ap) contains a zero-divisor, say x(1,1) + y(aq, as) where z, y € Z and y #
0. By Proposition 3.3.2, we then know that exactly one coordinates of the point
x(1,1) +y(aq, az) is zero so exactly one of the equalities  +ya; = 0 or 2 +yas =0
holds which implies that either o or «y is a rational number. Conversely, assume
that one of the coordinates of the point « is a rational number. Without loss of
generality, say o is rational. Then there exist z € Z, y € Z\ {0} such that a; = ot
Clearly, the point x(1,1) — y(a1, ae) is contained in the lattice Z(1, 1) + Z(ay, as).

Now, observe that the point

xz

I(la 1) - y(ozl, Oég) = (l‘ -y 57 T — ?/042) — (07 T — ya2)
is a zero-divisor by Proposition 3.3.2. Thus, « is not irrational. O

Proposition 3.3.7. Let B = (a, ) be an R-basis of A;. The basis B is irrational

if and only if o is a unit in A; and g 1s an irrational point.

Proof. Let B = («,8) be an irrational R-basis of A;. By definition, the lattice
Zo+ 7.5 contains no zero divisors. In particular, the non-zero element « is not a
zero divisor of A; so it is a unit in A; by Corollary 3.3.3. Now observe that since
« is a unit in A; and the lattice Za + Zf is irrational by assumption, we have that

the lattice (1)(Za + Z3) = Z + gZ contains no zero divisors. Thus the element

«

ol R

is an irrational point. Conversely, assume that the element « is a unit in A; and
is an irrational point. By definition we know that the corresponding basis (1, g) is
irrational which implies that the lattice Z + Z(g) is irrational. Again, since « is a
unit in A;, we have that the lattice a(Z + Z(g)) = L(B) contains no zero divisors.

Hence the basis B is irrational. OJ

Proposition 3.3.8. Let L be a two dimensional lattice in Ay. Then the lattice L is

wrrational if and only if any two different points in L differ in both coordinates.

Proof. Let L be a two dimensional lattice in A;. To prove the necessary and sufficient
conditions, let us apply contraposition: Suppose that the lattice L is not irrational.
By definition, this implies that L contains a zero-divisor. Let us call that a. By

Proposition 3.3.2, we know that either a = (0,a) or @ = (a,0) for some non-zero
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real number a. Note also that since L is a lattice, it contains the point (0,0) so
either way we have two points in L, namely « and (0,0), that differ in exactly one
coordinate. Conversely, suppose that «; and ay are two different points in L that
differ in exactly one coordinate. Without loss of generality, say oy = (a,a;) and
ay = (a,az) where a, a; and ay € R with a; # as. Note that since L is a lattice,
the point a1 — ay = (0,a; — as) € L but by Proposition 3.3.2, we now know that
the element a1 — «p is a zero-divisor of A; which implies that the lattice L is not

irrational. O

Definition 3.3.11. The oriented norm form of an R-basis B = (a, ) of A; is

the binary quadratic form defined as
fB(X,Y) = o(B)(N(a)X* + Tr(ac(B))XY + N(B)Y?)

Definition 3.3.12. Let o« = (o, a9) be a point in A; such that a3 # ag.The

oriented norm form of the point « is defined as f, := f((1,1),(a1,a2))-

Remark 3.3.4. By Remark 3.3.2, we know that the two components of the norm
and the trace of any element in A; are the same so by the coefficients N(«),

Tr(ac(f)) and N(5) in Definition 3.3.11, we mean their first components.

Example 3.3.6. Choose the R-basis B = ((1,1), (1, —1)). The oriented norm form,
fB(X,Y), of Bis X? —Y?. Indeed, by Example 3.3.4 we know that o(B) = 1 and

N((1,1))=(1,1)-(1,1) = (1,1)
Tr((1,1)(=1,1)) =Tr((-1,1)) = (=1,1) + (1,—=1) = (0,0)
N((17 _1)) = (17 _1) ’ <_17 1) = (_17 _1)
Similarly, the oriented norm form of the point (1, —1) € A; is again the form X2—-Y?2.

The following proposition naturally relates R-bases of A; and the oriented norm

forms:

Proposition 3.3.9. (/Buchmann and Vollmer, 2007], Proposition 4.5.6) If B is an
R-basis of Ay, then the form fg is indefinite.
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Lemma 3.3.10. Let € be a unit in Ay, and B be any R-basis of A;. Then,

feB = |N(€)|fB

Proof. Let € be a unit in Ay, and B = (a, #) be an R-basis of A;. Then eB = (ea, €f3)

and by definition, we have:

faz=o0
Tr(eao(eB)), N(
,Tr(eao(e)a(B)), N
Tr(N(e)ao(B)), N

N

™M

)N(B)) as norm is multiplicative
(€)N(B)) as o is an automorphism
(e)N(B))

(8))

( )

( ()N

= sign(N(€))o(B)N(e)(N(«), Tr(ac(B)), N(B)) by Lemma 3.3.5
)

)
, N(e)Tr(ao(8)),

]

Definition 3.3.13. Let o = (o, 0) and f = (1, f2) be two points in A;.The

discriminant of the pair («, 3) is the real number (a3 — B2cr1)? and denoted by

A, B).

Definition 3.3.14. Let # = (01,05) be a point in A;. The discriminant of 6
is defined as the discriminant of the pair ((1,1), (61,62)) which will be denoted by
A(6).

Example 3.3.7. Choose the pair ((1,1),(1,—1)). Then its discriminant is
(1-1—(=1)-1)*=22=4
Similarly, the discriminant of the point (1, —1) is again 4.

Observation 3.3.2. Let 6 = (6, 05) be a point in A; such that 6; # 0. We claim
that A(fy) = A(#). Indeed, set B = ((1,1), (61,02)) and observe that

fo = fz = o(B)(N(1,1),Tr((1,1)a(0)), N(0))
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By Example 3.3.6, we know that N(1,1) = (1,1) and we have
Tr((1,1)o(8)) =Tr(c(0)) =Tr(0) = (61 + 65,0, + 65)

as the trace is fixed by the automorphism o. We also see that N () = (6,62, 0,05).
Combining, we have fy = o(B)(1, 6, + 04, 0,05) which implies that

A(fo) = (o(B)(01 + 65))* — 4o(B)*0:10
= O(B)Q(G% + 29192 + 9% - 49192)
=07 — 20,0, + 03
= (01 — 02)°
= A(0)
Proposition 3.3.11. Let B = («,) be an irrational R-basis of Ay and let
M e GLQ(Z) Then fBM == fBM

Proof. Let B = (a, ) be an irrational R-basis of A; and M € GlLy(Z). We know
that

f8 = o(B)(N(a), Tr(ac(f)), N(5))
= o(B)(ac(a),ac(B) + fo(a), fo())

We then have:

Y (B) aa(a) ao(ﬁ);ﬂﬂ(a)
fB - 0 [e70n ol
(ﬂ);ﬁ (@) 50(6)

_oB) [a ala)) [ala) o(B)
2 \5 a(p) a B

Since ¢ is a homomorphism of the commutative R-algebra A, we have:

a,, = ABM) @ (@) [ola) oA
o 2 B o))\ a B

:sign(det(M))o(B)MT a ofa) o(a) o(p) M by Observation 3.3.1
2 B a(B)

= (det(M))MT M, M as det(M) € {+1}

= My, m by Observation 3.2.2
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Thus fBM = fBM ]

Our next aim is to associate a basis and an irrational point to a given irrational

indefinite binary quadratic form.

Definition 3.3.15. Let f = (a, b, ¢) be an irrational indefinite binary quadratic form
with discriminant A. The basis ((a, a), (%, %)) is called the basis associated

to the form f and will be denoted by B(f).

Example 3.3.8. Consider the indefinite binary quadratic form f = (1,1, —1) with
discriminant A = 5. Then the basis B(f) = ((1, 1), (%5, %5)) is the basis asso-
ciated to the form (1,1, —1).

Definition 3.3.16. Let f = (a,b,c¢) be an irrational indefinite binary quadratic

VA b—VA
2a 7 2a

point associated to the form f and will be denoted by 6(f).

form with discriminant A. The point ( ) in A; is called the irrational

Remark 3.3.5. We remark that the definition of the irrational point associated to
an irrational indefinite binary quadratic form f = (a,b,c) is well-defined. The fact

that the form f is irrational guarantees that a # 0.

Example 3.3.9. Consider again the form f = (1,1,—1). The irrational point
. . . (145 b=’
associated to f is the point 0(f) = (52, 252).

We now introduce some facts that relates the oriented norm forms, irrational

points and bases.

Proposition 3.3.12. Let B = («, 8) be an irrational basis of Ay, 6 = (64, 05) with
01 # 0y be an irrational point of Ay and f = (a,b,c) be an indefinite irrational

binary quadratic form. We have:
1. 0(fp) =6
2. 0(fp) = §

3. fosy =1 f
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4- I = lalf

Proof. Let B = (a, ) be an irrational basis of Ay, 8 = (0, 0,) with 6; # 05 be an
irrational point of A; and f = (a,b,c) be an indefinite irrational binary quadratic

form of discriminant A.

1. Observation 3.3.2 implies that f, = o(B)(1,6; + 62,6,102) and A(fp) = A(H)
where B = ((1,1), (61,62)). We then have:

8(f,) = o(B) (01 + 02) + /A(fo) o(B)(61 + 6,) — A(f6)>

20(B) ’ 20(B)
_ [ o(B)(01 4 62) + /A(O) o(B)(6:1 +02) — /A(O)
h 20(B) ’ 20(B)

_ (o(B) (01 + 6) + o(B)(6: — 6) o(B) (01 + ) — o(B) (6 — 92))
20(B) ' 20(B)

01+ 0y + 601 — 09 91+92—91+92>
2 ’ 2

- (917 02)
=0

2. First note that since B is an irrational basis of A; we know that « is a unit of

A1 by Proposition 3.3.7. We have:

0(fp) = Q(fa(l,g)) where 1 := (1,1)
= 9(|N(a)\fg) by Lemma 3.3.10

by Proposition 3.3.12-1

3. Recall 6(f) = <b+\/z, b_\/z> and observe that

b+x/Z_b—\/Z>

o(6(f)) = sign(

as A > 0. We also have

Triog) = (YR L DVR DAV DoVEY (0 Dy
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and

a’ a
_ sign(a)
= (a,b,c)
1
=t
lal

ﬂ

4. Recall that B(f) = ((a,a), (222 WA We have:

2 2

fB(r) = fa@n,000)

= a® fop)

2
- |“—| f by Proposition 3.3.12-3
a

= |alf

3.4 Reduction of indefinite binary quadratic forms

In order to understand the automorphism group of an indefinite binary quadratic
form, we need to study on an algorithm which is about the “reduction” of an in-
definite form. From now on, we assume that f = (a,b,c) is an indefinite binary

quadratic form of discriminant Ay = A.

Definition 3.4.1. The indefinite binary quadratic form f is called reduced if it

satisfies the following inequality:
VA = 2]a|| <b< VA

Example 3.4.1. Consider the form f = (1,3,—1). Then f is indefinite. Indeed,
Ap=32—4x1x(=1)=13>0. fis also reduced as |[v/13 —2| < 3 < /13. On the
other hand, the indefinite form f = (1,0, —5) is not reduced as b = 0 is not positive.
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For an indefinite binary quadratic form f = (a,b,c), we set the matrix

0 -1
1 s(f)

U(f) =

sign(c) {ﬁJ : if |c| > VA
sign(c) VEFQZJ , otherwise

Then put p(f) := (¢, —b + 2s(f)c,es(f)* — bs(f) + a) and check whether the

where the integer s(f) is defined as

resulting form is reduced or not. If not, then apply the same algorithm to the
resulting form. Observe that in terms of the group action, the binary quadratic
form p(f) is obtained by p(f) = fU(f), applying the matrix U(f) to the form f.
Observe also that the entries of the matrix U(f) are integers and its determinant is
1. Therefore U(f) € SLy(Z) and the forms f and p(f) are properly equivalent.
The algorithm introduced earlier is called the Reduction Algorithm and Gauss
showed that this algorithm terminates which means that if the Reduction Algorithm
is applied repeatedly to any indefinite integral binary quadratic form, one eventually

obtains a reduced form.

Example 3.4.2. By Example 3.4.1, we know that the form f = (1,0,—5) is not
reduced. Let us apply the Reduction Algorithm on f. We have A = 20 and
lcf =5 > v20s0 s(f) = —|%] = 0 and p(f) = (=5,0,1). Observe that p(f)

10

is not reduced as b = 0. Therefore we again apply the Reduction Algorithm. As
le| =1 < /20, we have s(p(f)) = ]@\ = 2. Therefore,

P(f) = plp(f)) = (1,22 1,1-2° =5) = (1,4, 1)
Observe that (1,4, —1) is a reduced form. Indeed,
VA = 2Ja|| = V20 — 2] < 4 < V20
and the Reduction Algorithm terminates for the form f.

Now, we would like to give a useful equivalent condition on indefinite forms to

show their reducedness. This is the reason why we introduced following theorem:
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Theorem 3.4.1. If an indefinite binary quadratic form f = (a,b,c) of discriminant

A is reduced, then |a| + |c| < VA and the coefficients a and ¢ have opposite sign.

Proof. Let f = (a,b, c) be a reduced indefinite binary quadratic form of discriminant
A. Since f is indefinite, we know that A > 0 and since f is reduced, the following

inequality holds by definition:
VA = 2]a|| <b< VA

From the discriminant of f, we obtain 4ac = b> — A. As f is reduced, 0 < b < VA
which shows that b> — A = 4ac < 0. Therefore, a and ¢ have opposite signs. Now,
for the inequality |a| + |¢|] < VA, let us keep in mind that |2|a] — v/A| < b and

observe:
dlal(la] + |e| = VA) = 4a® — 4]a|VA + 4|a||c] (3.1)
= 4a® — 4la|VA+ A = B (3.2)
= (2a| = VA? —1* <0 (3.3)

Hence, we have |a| 4 |¢| — VA < 0, which is the same as the inequality
la| + |¢| < VA.
[l

Corollary 3.4.2. The number of reduced indefinite integral binary quadratic forms

of a fixed discriminant is finite.

Proof. Fix a positive discriminant A which is not a square. Given any reduced
indefinite integral binary quadratic form f = (a,b,c) of discriminant A, we now
know that |a| + |c| < VA and 0 < b < v/A. This shows that there are only finitely
many possibilities for the coefficients a, b and ¢. Hence the number of reduced

indefinite integral binary quadratic forms of discriminant A is finite. O]

Proposition 3.4.3. The indefinite binary quadratic form f = (a,b,c) is reduced if
and only if |01(f)| > 1, |62(f)] <1 and the signs of 61(f) and 05(f) are opposite.
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Proof. First, assume that the indefinite binary quadratic form f = (a,b,c) is re-
duced. By definition, we know that the coefficients a, b and ¢ satisfy the following

inequality:

VA —2al] < b< VA

From the latter, we derive:

0<b<vVAand —b<VA—2[al <b

Recall that |0;(f)| = ‘bﬂr — YVA e know that 2|a| > b+ /A, which implies

2\a|
|61(f)| > 1. Similarly, |02(f . Since VA — 2|a| < b, we have that

2||

|02(f)| < 1. In order to prove that the signs of 6, (f) and 65( f) are opposite, it suffices
to show that 6,(f)02(f) = £ < 0. Since the form f is reduced, by Theorem 3.4.1
we know that a and ¢ have opposite sign. Thus 6;(f)62(f) < 0. Conversely, let
f = (a,b,c) be an indefinite binary quadratic form such that [0;(f)| > 1, |2(f)] <1
and the signs of 0;(f) and 0y(f) are opposite. We show that f is reduced. By
assumption, 01(f)f2(f) = £ < 0 so the a and ¢ have opposite sign, which implies
that we can describe the discriminant A of f of the form b + 4|a||c|. This shows
that b*> < A and hence |b| < VA. We now know that |0;(f)| = b’;fﬁ > 1 and

162(f)| = % < 1. Thus |V/A — 2|a]| < b. Combining, we observe that the

coefficients a, b and ¢ satisfy [v/A—2|a|| < b < V/A. Thus, the form f is reduced. [

Corollary 3.4.4. If the form (a,b,c) is reduced, then so is the form (c,b,a).

Proof. Let (a,b,c) be a reduced form. We compute

e(cba)_bJr\/Z_ ¥—-A 22 1

PO 2 2eb—VA)  b—VA  ba(a,b,0)
— 2 _

Gg(c,b,a):b VA B -A 2a 1

2¢ 2e(b+VA) T b+ VA Oiabe)

By Proposition 3.4.3, we know that |6;(a,b,c)| > 1, |#2(a,b,c)| <1 and
01(a,b,c)0z(a,b,c) < 0 as (a,b,c) is reduced by assumption. Again by Proposi-
tion 3.4.3, we deduce that the form (¢, b, a) is reduced. ]

Observation 3.4.1. Let f = (a,b,c) be an irrational indefinite integral binary

quadratic form of discriminant A. If f is reduced, then |s(f)| > 1. If f is reduced
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then by definition we know that b < v/A. By Theorem 3.4.1 we know also that
lc| < VA which implies that [s(f)| = || %5%2||. Now,

2|c|
5w )= 57

b+ VA
2|c| 2vA 2VA

We will prove that the Reduction Algorithm terminates. We now introduce the

>

[s(S) = =1

so-called normal forms and relate them with reduced forms to this end.

Definition 3.4.2. Let f = (a,b,c) be an integral indefinite binary quadratic form

of discriminant A. We say that f is a normal form if:

—la| < b < |al if |a| > VA
VA -2l <b< VA if|a < VA
Observation 3.4.2. If f = (a,b,¢) is an indefinite reduced form, then f is normal.

Indeed, if f = (a,b,c) is reduced then |a| < v/A by Theorem 3.4.1 and we know
that

VA —2a|] < b< VA
which implies that VA — 2|a| < b < VA.

Below we will transform a given indefinite binary quadratic form f = (a,b,c)

into a normal form.

11
Set T' = € SL2(Z) and define the following infinite subgroup of SLy(Z)
01

F;:(T):{Tm: bom :mEZ}
0 1

We also set s := and claim that the form

oEr | iflal > VA
—b

sign(a) {
sign(a){\/ﬁl| J, if |a| < VA

fT° = (f(1,0),2as+ b, f(s,1))

= (a,b + 2as,as® + bs + ¢
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is normal. If |a| > v/A, then s = sign(a) V;DbJ and we need to show that

—la| < b+ 2as < |a]

Note that

b+ 2as = b+ 2asign(a) Va‘ — bJ

2|al
la| — b
=b+2
+2a { 2a]
As 0 < |‘;‘|g‘b — L";DbJ < 1, we have
la] — b
0<lal—b—2 { J <9
< |a |al 2] |al

which implies that

| = b
_al < = 92 L B
ol < - (v+201| 52 ]) <1a

Therefore, —|a| < b+ 2as < |a|. If [a| < VA, then s = sign(a) L\/i_'bj and we show

that
VA = 2la| < b+2as < VA

Note that b+ 2as = b+ 2|al {‘/Z_bJ and 0 < YA _ L‘/Z_bJ < 1 Therefore we have

2[al 2Jal 2|al
0<VA—b-2[d {\/QZ|_|bJ < 2|al
a

which implies that

—VA < - <b + 2|al
2|l

\/Z_bD < 2la) — VA

Since |a| < VA, we are done.

Definition 3.4.3. The form fT° is called the normalization of f. Replacing a

form f by its normalization is called normalizing f.

Remark 3.4.1. Applying the reduction operator p to an indefinite form f = (a, b, ¢)
is the same as normalizing the form (¢, —b, a). Therefore p(f) is a normal form for

any indefinite binary quadratic form f.
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Lemma 3.4.5. Let f = (a,b,c) be a normal form such that |a| < ‘/TK. Then f is

reduced.
Proof. Let f = (a,b,c) be a normal form of discriminant A such that |a| < \/TZ.
Since |a| < \/TZ < VA, we have VA — 2la] < b < v/A. We also have 2|a| < VA
which implies that v/A — 2|a| > 0. Therefore,

VA = 2)a| = |[VA = 2]a|| < b< VA
and f is reduced. ]

Lemma 3.4.6. Let f = (a,b,c) be a normal form of discriminant A such that

la| < VA. Then p(f) is reduced.

Proof. Let f = (a,b,c) be a normal form of discriminant A such that |a| < VA.
We will show that
p(f) = (¢, —b+ 2sc,cs* — bs + a)

is reduced where s = s(f). If |¢| < */TZ, then p(f) is reduced by Lemma 3.4.5. Note

that since f is normal and |a| < VA, we have:

—VA < VA -2l <b< VA

It follows then that 0 < VA —b < 2|a|, 0 < b+ VA and [b| < VA. If |¢| > Y2,

then we have
b+VA  2q
2l VA-b
which implies that b + /A > 2|¢|. We also have

>1

—b+2]e] > VA +2|c| = [VA - 2|¢|]

Combining we get

VA = 2| < =b+2|¢] < VA

and s = sign(c). Hence
p(f) = (¢, =b+ 2sc,cs® — bs +a) = (¢, —b + 2|c|,a — sign(c)b+ c)

is reduced. N
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Proposition 3.4.7. If the form f is reduced, then so is p(f).

Proof. Let f = (a,b,c) be a reduced form. Then we know that f is normal and by
Theorem 3.4.1 we know that |a| < v/A. Thus p(f) is reduced by Lemma 3.4.6. [

Lemma 3.4.8. Let f = (a,b,c) be an indefinite normal binary quadratic form of

discriminant A with |a| > VA, Then |c| < ui‘.

Proof. Let f = (a,b,c) be an indefinite normal binary quadratic form of discriminant
A with |a| > v/A. Then a> > A and since f is normal we know that —|a| < b < |a|.
This shows that b* < a®. Write A = b* — 4|a||c| and observe that

A—b2< a? M

=g < 19~ 2

and we are done. O
Theorem 3.4.9. The Reduction Algorithm eventually terminates.

Proof. We know that in order to reduce a given indefinite form (a,b,c) of discrim-
inant A, we normalize the form f = (¢,—b,a) in each reduction step. Say the
resulting normal form is f/ = (a/,0,¢). If a > /A, then by Lemma 3.4.8, we
have a’ = ¢ < § which implies that after at most %1og2(\%) + 1 iterations, the
algorithm ends up with a normal form (A, B, C) such that A < v/A. Therefore, at
most one more step one gets a reduced form as it is guaranteed by Lemma 3.4.6

that p(A, B,C) is a reduced form. O

Corollary 3.4.10. If f is an indefinite binary quadratic form, then the proper

equivalence class of f contains a reduced form.

Proof. This follows from Theorem 3.4.9, p(f) = fU(f) and U(f) € SLy(Z) for any
indefinite form f. O]

By Proposition 3.4.7, we know that p(f) is a reduced form if f is a reduced form.
Moreover, we discussed that the forms f and p(f) are properly equivalent. Below
we will show that the reduction operator actually permutes the set of all reduced

forms that are properly equivalent to a given indefinite form f.
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Theorem 3.4.11. Let §(g) denote the set of all reduced forms that are properly
equivalent to the irrational indefinite integral binary quadratic form g. Then the
map
P:3(9) = F'(9)
o= o))
s a bijection.

Proof. Let g be an irrational indefinite binary quadratic form. We first prove that
P is surjective. Given a reduced form f = (a,b,c) € F(g), we claim that its inverse

image under the map P is:

Pt = p 1(f) = (at® — bt + ¢, —b + 2at,a)

t 1
where t = sign(a)[bgﬁj. Observe that p~'(f) = f . Indeed, set the
-1 0
t 1
matrix V(f) := and
-1 0

fV = (f(t, —1),2(1at + ¢(—1)0) + b(0t — 1), f(—1,0))
= (at® — bt + ¢, —b + 2at, a)
=p '(f)

Clearly, V' € SLy(Z), which shows that the forms f and p~!(f) are properly equiv-
alent. We still need to show that P(p~'(f)) = p(p~*(f)) = f and the form p~'(f)
is reduced. We show that p~!(f) is reduced: Since f is reduced, we know that
la] < VA by Theorem 3.4.1 and the form (c,b,a) is reduced by Corollary 3.4.4.
Then p(c,b,a) = (a,—b + 2at,at®> — bt + c¢) is reduced by Proposition 3.4.7. By
Corollary 3.4.4, we have that p~(f) = (at? — bt + ¢, —b + 2at, a) is reduced. Now,
let us show that rho(p~'(f)) = f. In terms of the matrices it is equivalent to show

that (fV(f)U(p~'(f)) = f but by the group action we know that

SVINTU ™) = FV(HU ()
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so it suffices to verify that V(f)U(p~'(f)) = I,. We have:

t 1\ fo -1 1 —t+s(f)
VINU(f) = =
o)\t sergy) o
We show that t = s(p~'(f)). We have that s(p~(f)) = sign(a)t—’”%“‘érﬂj as
la| < v/A. Then it suffices to show that Lb;r:‘ZJ = L—_b+22‘|lfbr\/xj. We have:
—b+2at + VA —b + 2asign(a) ngl\c{lzj +VA
2|al 2|al
b+ 2lal 52 + VA
- 2|al
b+VA| —b+VA
= +
2al 2|al

Now observe that 0 < _b;{;{z < 1. Indeed, since f is reduced we know that

0 <b < VA and |a| < VA. We have:

—b+\/Z< \/Z< VA <1<
2|a| 2|al WA 2

0< 1

Therefore, {%J = V?QKJ and t = s(p~*(f)). This proves surjectivity.
Now we show that P is injective. Let f = (a,b,c), f' = (a’,V',¢") € F(g) such that

p(f) = p(f'). We prove that f = f’. By assumption, we know that:
(c,—b+2sc,cs®* —bs +a) = (¢, =V +25'c,d(s)* —b's +d)

where s = s(f) and s’ = s(f’). We immediately see that ¢ = ¢. Combined with the
coefficients of the term XY in both forms, the latter implies that
b=t ( mod 2|c|). Now since f and f’" are reduced, we know that p(f) and p(f’)
are reduced by Proposition 3.4.7. We then have b = b'. Since Ay = Ay we deduce
that a = @’. Hence f = f’ and P is a bijection. ]

3.4.1 Minimal points and bases

The aim of this subsection is to introduce necessary geometric tools and prove that

the reduction operator is a transitive permutation.
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Definition 3.4.4. Let L be a two-dimensional irrational lattice in A; and
g = (p1, 12) be a nonzero point in L. The point u is called a minimal point
of L if there is no nonzero point 8 = (61,05) in L which satisfy the inequalities

|61 < [pa] and [6a] < |pal

Definition 3.4.5. Let L be a two-dimensional irrational lattice in A; and
B = ((oq,a2), (61, P2) be a basis of L. The basis B is called a minimal basis
of L if |ay| < |B1|, |aa] > |B2] and if there is no point (6;,62) in L which is nonzero

and satisfies |01| < |f1] and |0s] < |aal.

Observation 3.4.3. If B = ((a1, az), (/1, f2)) is a minimal basis of the two dimen-
sional irrational lattice L, then the point (c, as) is a minimal point of L. Indeed,
say there exists a point 6 = (0,,0,) € L with |0;] < |a;| and |62] < |as|. We need to
show that 6, = 6, = 0. Since B is a minimal basis of L, we know that |a;| < |5
so we have |0;| < |51| and |6;] < |as| which implies that 6; = 6, = 0 again by the

minimality of the basis B.

Lemma 3.4.12. Let € be a unit of Ay, (o, 8) € A2, and L be a two-dimensional
irrational lattice in Ay. Then («, B) is a minimal basis of L if and only if (ea, €f)

1s a minimal basis of €L.

Proof. Let € = (€1, €) be a unit of Ay, B = (o, 8) = ((a1, a2), (81, £2)) € A2, and L
be a two-dimensional irrational lattice in A;. First, note that since € is a unit of A;
we clearly have that B is an R-basis of L if and only if ¢ B is an R-basis of e.. Assume
that B is a minimal basis of L and there exists a point § = (0, 0,) € €L such that
|01 < |e161| and |0s] < |eacva|. We need to show that 6, = 3 = 0. Note that ¢; # 0
and ez # 0 as € € Ay Observe that |ai| < |f1] if and only if |e;a;| < |e;61] and
|aa| > |Bo| if and only if |eaaa| > |€252]. Now, We have |§—i| < |B1] and |§—§| < |agl.
Note that (f—i, g—;) € L and since B is minimal we have that % = Z—; = 0, which
implies that ; = 03 = 0. Thus (e, €f) is a minimal basis of eL. Conversely, assume
that (ea, €f) is a minimal basis of e and there exists a point § = (0, 6;) € L such
that 61| < |B1] and |02| < |az|. We need to show that 6; = 6 = 0. We know that
le101] < |e1f1| and |exfs| < |eaaz|. Again by the minimality of (eq,€f), we have

€101 = €305 = 0. Thus 6; = 0, = 0 and B is a minimal basis of L.
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]

Theorem 3.4.13. Let f = (a,b,c) be an integral indefinite binary quadratic form
with discriminant A and let L = LL(f) = Z(1,1) + Z(%,%). Then f is a
reduced form if and only if the pair ((1,1),0(f)) is a minimal basis of L.

Proof. Let f = (a,b,c) be an integral indefinite binary quadratic form with discrim-

inant A and let L = Z(1,1) + Z(%, b_Q\({Z). Set 6, = %Z and 6y = %Z and

suppose that f is reduced. By Proposition 3.4.3 we know that |0;| > 1, || < 1
and 6,02 < 0. Let (z +yb1,x +yb2) € L such that |x +yb,| < |61| and |z + yby| < 1.
In order to show that ((1,1),6(f)) is a minimal basis of L, it suffices to prove that
r =y = 0. Note that z, y € Z. Now, if y = 0, then by the second inequality we
have that x = 0 since x is an integer. If y # 0, then the first inequality implies that
x # 0 and x and yf; have opposite sign. Since #1065 < 0, we deduce that x and y6,
have the same sign which contradicts the second inequality. Conversely, suppose
that ((1,1),6(f)) is a minimal basis of L. By definition, we know that |0;| > 1
and |02] < 1. By Proposition 3.4.3, if we show that 0105 < 0, then we may deduce
that the form f is reduced. Say 610y > 0. Here we remark that 6,05 # 0 since
the discriminant A is not a perfect square which implies that ¢ # 0. Note that by
construction the point (1 — sign(0;)6:,1 — sign(6,)f2) € L and (1,1) is a minimal
point of L. Since 6105 > 0, we have |1 — sign(0;)61] < |61| and |1 — sign(6;)6s] < 1
which is a contradiction with the minimality of the point (1,1). O

Corollary 3.4.14. Let L be a two-dimensional irrational lattice in Ay and
B = («a,f) be a basis of L. Then fg is a reduced form if and only if B is a

minimal basis of L.

Proof. Let L be a two-dimensional irrational lattice in A; and B = (a, 8) be a basis
of L. By Proposition 3.3.12-2, we know that 0(fg) = g Since L is irrational, we
know that « is a unit of A; by Proposition 3.3.7. So by Lemma 3.4.12 we know that
B is a minimal basis of L if and only if (1, g) is a minimal basis of L(0(fg)). By
Theorem 3.4.13, we have that fp is a reduced form if and only if B is a minimal

basis of L. O
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Now let f = (a, b, ¢) be a primitive indefinite integral binary quadratic form with
discriminant A. Suppose that the form f is reduced and also that a > 0. Let L
denote the lattice

1 <b+2;/37 bh— \/Z> 5.0

SL() =Z(1L,1) + Z o

The aim of the following construction is to determine all reduced forms that are
properly equivalent to the form f.
For any integer i, we set f; = p'(f) so that fo = f. We also set

By = éB(fO) _ ((1, 0, (bzaﬂ, b _2;/Z>> |

Observe that By = ((1,1),(6(f))) so by Proposition 3.3.12-3, we have fp, = éf.

Observe also that By is positively oriented as a basis of L because

o(Byp) = sign (b +2\/Z V' a \/Z> = sign <§> >0

a 2a

For i > 0, we define B, = B;U(f;) and for i < 0, we set B,_y = B;V (f;). Since the
matrices U(f;) € GLy(Z) and V (f;) € GLy(Z) for all integer i by Observation 3.3.1
we see that B; is a positively oriented basis of L for all ¢« € Z. By construction, we
also have fi.1 = f;U(f;) and f;_1 = f;V(f;) for all i € Z. By Proposition 3.3.12, we
have fp, = % fi for all + € Z. Notice that for any integer ¢, the form f; is reduced as
f is reduced. Hence by Corollary 3.4.14 we deduce that B; is a minimal basis of L
for all i € Z. For i € Z, write B; = (p;, it;+1) and by Proposition 3.3.12-2 observe
that 0(f;) = #=. Since p; € Ay, we write p; = (i1, pi2) for i € Z.

i
Proposition 3.4.15. For any integer i, the inequalities |p;v1.1| > |pi1| and |piya1| >

2|,u7;71| hold.

Proof. Let i € Z. Since B; is a minimal basis of the lattice L, we know by definition
that that ;1| < |fi+1,1] which is the same as the first inequality. In order to prove

the second one, we define:

aq = Sign(uz‘+2,1)lli+2,1 - Sign(ﬂi,l)ﬂi,l
Qg 1= Sign(ﬂi+2,1)ﬁbz’+2,2 - Sign(ﬂi,l)ui,2

a = (ag,as)



Chapter 3: Binary Quadratic Forms 63

and assume not and say |pi421]| < 2|pi1]. Then

i) < [pivia| < lpira] < 2fpi

which implies that

lo| = |[pi2]| = il < [pial

N(pit+1)
N(pi)

shows that sign(N(u;)) = sign(N(u42)) which implies that the real numbers

By Proposition 3.4.3 we have that < 0 as f; is a reduced form which
sign(ftiven)five,2 and sign(f,q1)p:1 have the same sign. By the minimality of the

bases B; and B, we have |p;409| < |pi2]. Combining we get

oo | = |sign(pio,1)pivae — sign () iial < |zl

Since B; is a minimal basis of L, we know that u; is a minimal point of L and
clearly « is a non-zero point in L. Combining with the inequalities || < |p; 1| and

|| < |pi2] we derive a contradiction. O

Remark 3.4.2. We remark that by Proposition 3.4.15, we conclude lim;_, , oo|p; 1| =

oo and lim;,_oo|pi1| = 0.

Theorem 3.4.16. The set of all minimal points of L 1is
MP(L) :={£p; i € Z}

and the set of all positively oriented minimal bases of L is
MB(L):={£B;:i €7}

Proof. Let L be as in (3.4). Let us begin with the discussion of the minimal points
of L: Let o = (a1, a2) be a minimal point of L. We will show that o € M P(L). By
Remark 3.4.2 we know that there exists an integer ¢ such that |p; 1] < |a1| < |piz1.1]-
It suffices to show that either o = p; or @ = —p;. Assume not and say a # £pu;.
Then we have |p;1| < |oa| < |piz11]. We know that B; = (4, pi+1) is a minimal
basis of L so by definition we have that ;2| < |as|. The inequalities |p;1] < |
and |/ 2| < |az| contradicts the minimality of the point . Note that y; is a minimal

point of L for all ¢« € Z as B; is a minimal basis of L for all ¢ € Z. Now, about
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the discussion on positively oriented minimal bases of L, we already know that for
all 1 € Z, B; is a minimal basis of the lattice L with positive orientation. It follows
that —B; is a minimal basis of L with positive orientation for all i € Z. Conversely,
let B = (a,8) = ((a1,2), (b1, 52)) be a positively oriented minimal basis of L.
We will show that B € MB(L). Since B is a minimal basis of L, we know that
« is a minimal point of L so by the first part of this theorem we know that there
exists an integer ¢ and j € {£1} such that o = ju;. We will show that jB; = B.
Observe that both jB; and B are positively oriented minimal bases of L with a
common element « which implies that it suffices to show that § = ju; 1. Assume
not and say [ # juir1. Since B is a minimal basis of L by definition we know
that |fa] < |ae| = |pi2|. Now if |51| < |mi+1.1] then we have a contradiction with
the fact that B; is a minimal basis of L. Similarly if [5;| > |ui+1.1] then we have
contradiction with the minimality of the basis B so by Proposition 3.3.8 we have

that 8 = +u;1. Thus B = jB;. O

Corollary 3.4.17. Let f be an integral indefinite reduced form. Then the set of all
reduced forms that are properly equivalent to f is {p'(f) : 1 € Z}.

Proof. Let f be a integral indefinite reduced form and let g be a reduced indefinite
binary quadratic form that is properly equivalent to f. Then we know that there

exists a matrix U € SLy(Z) such that g = fU. We have:

g=1rfu
= afp,U by Proposition 3.3.12

= afc by Proposition 3.3.11

Since g is a reduced form, by Corollary 3.4.14 we have that C' is a minimal basis
of L. It follows from the Theorem 3.4.16 that there exists an integer ¢ such that
B; = C. Hence

g=afp, = fi:= ﬂi(f)
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3.5 The automorphism group of indefinite forms

3.5.1 Clycles of forms

Given any indefinite integral binary quadratic form f = (a,b, ¢), we set the following

operator:

1 0
T(f) = f = <—CL, b7 _C)
0 -1
Observe that the 7 operator commutes with the reduction operator p and 72 is

the identity operator. Indeed,

7p(f) = pr(f) = (=, =b+25(f)c, —(cs(f)* — bs(f) + a))

and

%((a,b,c)) = 7(7(a,b,c)) = 7((—a,b, —¢)) = (a,b,c)

for any binary quadratic form (a,b,c). Notice also that the forms f and 7(f) are

equivalent they are not necessarily properly equivalent. To see this, take

0 —
f=1(-1,1,1) and compute 7(f) = f. We also have that f =(-1,1,1).
1 -1
0 —
In this case f and 7(f) are properly equivalent as € SLy(Z).
1 -1

Definition 3.5.1. Let f be an primitive integral indefinite binary quadratic form.

e The proper cycle of f is the sequence (p'(g))icz where g is a reduced form

with ¢ = fU for some matrix U € SLy(Z).

e The cycle of f is the sequence ((7p)*(g))icz where g = (A, B, C) is a reduced
form with A being positive such that g = fU for some matrix U € GLy(Z).

Remark 3.5.1. Given any primitive integral indefinite binary quadratic form f, its

cycle is an invariant of its equivalence class.

By Corollary 3.4.2, we know that there are finitely many reduced forms in the cy-
cle and the proper cycle of f, so we will denote them by their period (fo, f1, ..., fi-1)

where fy is an arbitrary reduced form that is in the cycle of f.
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Example 3.5.1. Let us find the cycle and the proper cycle of the form f = (1,3, —1)
which is already reduced by Example 3.4.1. Note that s(f) = — {%ﬁj = —3 as
lc| = 1 < /13. Then

(rp)(f) = (1, =3+ 2(=3)(=1), =((=1)(=3)* = 3(=3) + 1)) = (1,3, -1) = f

Therefore | = 1 and (f) is the cycle of f. For the proper cycle of f, we compute:

p(f) = (=1,=-3+2(=3)(=1), (-1)(=3)* = 3(=3) + 1) = (-1,3,1)

and s(p(f)) = {%ﬁj = 3. Then,

p°(f) =p(p(f)) =(1,-3+2-3-1,1-3°=3-3-1)= (1,3, 1) = f
Therefore, ((1,3,—1),(—1,3,1)) is the proper cyle of f.

Proposition 3.5.1. If [ is a primitive integral indefinite binary quadratic form,

then the cycle of f contains all reduced forms (A, B, C) with A > 0 that are equivalent
to f.

Proof. Let f = (a,b,c) be a primitive integral indefinite binary quadratic form. The
equivalence class of the form f contains a reduced form (x,y, z) with positive x.
Indeed, by the Reduction Algorithm the equivalence class of f contains a reduced
form, say (a’,b', ). If @’ is positive, we are done. If not, then by Theorem 3.4.1
we know that ¢ is positive and by Corollary 3.4.4 the form (¢, ¥, a’) is reduced so
without loss of generality, we may assume that a > 0. By the definition of the cycle
of f, any reduced form (A, B,C') with A > 0 which is equivalent to f is in the cycle
of f. Conversely, if (A, B,C) is a reduced form in the equivalence class of f with
A > 0, then either the form (A, B,C) or the form 7(A, B,C) = (—A,B,—C) is
properly equivalent to f. Indeed, (A, B,C) = fU for some matrix U € GLy(Z). If
U € SLy(Z), we have that the form (A, B, C) is properly equivalent to f. Otherwise,
det(U) = —1 and

1 0 1 0 ( 1 0 )
7(A,B,C) = (A, B,C) = (fU) = flU
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1 0
Clearly, the matrix U is in SLy(Z) which implies that (—A, B, —C) is
0 -1

properly equivalent to f. If (A, B, C) is in the proper cycle of f, by Proposition 3.5.2,
(A, B,C) = p'(f) for some i € Z. Moreover, we observe that 7 is even as both the
coefficients A and a are positive and the sign of the coefficient of X? of the form
P’ (f) is determined by (—1)?. We know that 72 is identity and the operators 7 and
p commute. This implies that (A, B,C) = (7p)*(f). Thus the form (A, B,C) is in
the cycle of f. If (—A, B, —C') belongs to the proper cycle of f, then

(A, B,~C) =7(A,B,C) = p'(f)
for some odd integer 7 as —A < 0. Hence

(4,B,C) =1(p'(f)) = (rp")(f) = (1p)'(f)
because i is odd which implies that (A, B, () is in the cycle of f. ]

Proposition 3.5.2. If [ is a primitive integral indefinite binary quadratic form,

then the proper cycle of f consists of all reduced forms which are properly equivalent

to f.
Proof. This proposition directly follows from Corollary 3.4.17. [

Now, we will introduce an algorithm that computes the cycle of a given indefinite
integral binary quadratic form f = (a, b, ¢) with a > 0 of discriminant A:

Set fo = (ag, bo,co) = f and s; := [s(f;)| = {MJ We then have:

2|

firr = (Jail, =bi + 2si|es|, —(a; + bisi + ;7))

= (@Hl, biy1, Ci+1)

0 1
1 Si
. bi Di+1 .
In order to find matrices T; := that satisfies f; = f1;, we set Ty = I
i Git+1

and recursively get p;yo = s;piyv1 + pi and @19 = S;qit1 + ¢ for i € Z>¢. In fact, we
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have
i—1
0 1
T, =] for i € Zsy. (3.5)
i=0 \1 s;

Observation 3.5.1. ([Buchmann and Vollmer, 2007], Lemma 6.10.8)
e Fori e Z23, we have Pi+1 > Pi > 0 and Dito = 2]?1

e For ¢ € Z>s, we have ¢;11 > ¢; > 0 and g;12 > 2g¢;.

3.5.2  Aut(f)

The aim of the following discussion is to determine the automorphism group of a
given irrational integral indefinite binary quadratic form. Let f = (a,b,c) be an
irrational integral indefinite binary quadratic form, U € GLy(Z) such that the form
fo := fU is reduced. Say fo = (A, B,C) and suppose that A > 0. Note that the
existence of such a form f; in the equivalence class of f follows from Corollary 3.4.10
and Proposition 3.5.1. Denote the cycle of f by (fo, f1,--., fi—1) which is of length
[ € Z. Let T; be the matrix as in (3.5). By construction, we know that fy = foT;
which implies that 7; is an automorphism of fy,. Since fy := fU, we have that
fU = fUT; so f = fUT,U!. Therefore we see that the matrix UT;U ™! is an
automorphism of the form f. From now on, we set T := UT;U ! and relate T' with

Aut(f).
Lemma 3.5.3. The cyclic group (T) = {T" : i € Z} is of infinite order.

Proof. Tt suffices to show that the matrices T" and TV are distinct for any i, j € Z>q

0 1
with ¢ # j. By fact (3.5), we know that 7} = Hé;(l) and by Observation 3.5.1
S;

we have that the entries of T" are positive except for the one which is in the (1, 1)-
position. Observe also that for any integer i, we have T° = UT;U~'. Combining, we
see that the entry that is in the (2, 2)-position in the matrix T° is strictly increasing.
Therefore the matrices T are pairwise distinct for ¢ € Zs which implies that (T

is an infinite group. [
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Theorem 3.5.4. The automorhism group of f, Aut(f), is given by
(=1) x (T) ={&T":i € Z}

Proof. By construction, we have (—1) x (T') C Aut(f). Conversely, let us consider
first the case where U = I, which implies that fy = f and T; = T. Recall the
construction that is just before the Proposition 3.4.15: For any i € Z, we have
fB, = % f; where B; denotes the minimal basis of L as in (3.4). Let V € Aut(f). We

have:

fBov = fB,V by Proposition 3.3.11

~ Ly

a
= éfo as V € Aut(f)
~Lras=y

a

Observe that the form fp,y is reduced as f is reduced so by Corollary 3.4.14 we
know that ByV is a minimal basis of L. By Theorem 3.4.16 there exists an integer
i such that ByV € {£B;}. But by construction we know that B, = ByT; hence
V € {£T;}. Again by construction we know that f; = fT; = fV = f, we deduce that
i =0 ( modl) as [ is the length of the cycle of f therefore minimal. Combining,
we get V € {£T/} for some j € Z. Thus, V € (—1) x (T). Now, for the general
case observe first that for V € GLy(Z), we have:

Ve Aut(f) < fV=Ff
— fVU=fU
— fUU'VU = fU
— foU'VU = f,
< U WU € Aut(fy)

which implies that U™'VU € {7} : i € Z} but this holds if and only if
Ve{£T" :ieZ}. O

Definition 3.5.2. The matrix 7 is called the fundamental automorphism of f.
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Example 3.5.2. Let us determine the fundamental automorphism of the form

01
f=(1,3,—1). By Example 3.5.1, we know that U = I, and T} = . There-

1 3
fore T' = I I, =T} is the fundamental automorphism of f and
1
01 _
Aut(f) =< £ LEZ
1 3

Below we state a theorem which is not used in the rest of our work but still worth

mentioning because it beautifully relates Aut(f), Aut™(f) and the cycle of f:

Theorem 3.5.5. ([Buchmann and Vollmer, 2007], Theorem 6.12.4) Let T" be the
fundamental automorphism of f. If the length | of the cycle of f is odd, then
Aut(f) = (=1) x (T?) and if | is even, then Aut™(f) = Aut(f).
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Chapter 4

REAL QUADRATIC NUMBER FIELDS

In this chapter we will concentrate on real quadratic number fields. First, we fix a
real quadratic number field K and to each element of C1*(K), we attach a primitive
integral indefinite binary quadratic form and show that this correspondence is one

to one. We then express each element of Pic’(K) in the language of binary quadratic

forms.

4.1 Forms and fractional ideals

Let us start with some important yet basic facts on real quadratic fields: It is known

that any real quadratic number field is of the form
Q(WVd) = {a+bVd:a,beQ}

where d is a square-free positive integer. For such a number field, its ring of integers
is :
Z[Vd  ifd=2,3 (mod 4)

Z[MHYd) ifd=1 (mod 4)

and its discriminant is :

4d ifd=2,3 (mod 4)
Ay =

d ifd=1 (mod4)
Notice that any real quadratic field can be expressed as Q(v/Ag). Those A € Ry
which are the discriminants of a quadratic number field are called fundamental
discriminants. Throughout this chapter, we fix a real quadratic field K = Q(v/Ak).
Let o1 denote the identity embedding of K and oy denote the embedding of K that
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sends each element of K to its Galois conjugate. Namely, for a + b/ Ak € K:

or(a+ bV Ag) = a+by/Ag
oa(a+by/Ag) = a—by/Ag

Set & := o9(a) for « € K. Let I € Id(K). Then I has a basis of the form {ay, as}

as a Z-module. We have:

Qap Qo

det( o ) — Ay - N(I)? (4.1)

so that

det [ ) = +v/Ar - N(D)

Qy Qg

This motivates the following definition:

Definition 4.1.1. Let I = (o, as) € Id(K). The Z-basis {ay, as} of the fractional

ideal [ is called normalized if

det [ ) = VAR N (4.2)

Q1 Qo

Remark 4.1.1. Given any I = (o, a0) € Id(K), exactly one of the Z-bases

{a1,as}, {ag, a1} is normalized.

Definition 4.1.2. Let [ = (a3, ay) € Id(K) with normalized basis {ay,as}. The

binary quadratic form

NK/Q(Ole + OéQY)
N(I)

P{%oéz}(X, Y) =
is called the form associated to I.
Observation 4.1.1. We have:

NK/Q(OélX + O[QY) L= (OélX + ()[2Y>(071X + ()72Y>

= OélleZ + (Oéldg -+ 071052)XY -+ 062072}/2

_ [ aian aromtaioas  asa _ [ Nijgloa) Trijglaiaz) Ngjglo2)
Therefore, P, a,) = (1\/1(137 N N2(I§) = ( KN%I) ; Kzg(l) ’ KN?I) >
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Proposition 4.1.1. If I = (ay,a2) € Id(K) with normalized basis {ay, as}, then
Pla,,003(X,Y) is a primitive integral indefinite binary quadratic form of discriminant

Ak.

Proof. Let I = (aq,ag) € Id(K) with normalized basis {ay, an}. Since I is a frac-
tional ideal, we know that there exists a non-zero integer o such that al C Zg,
which shows that without loss of generality we may assume that [ is an integral
ideal of K so that a; and ay are algebraic integers. We first show that the form
associated to I is integral: For any integers X and Y, we have b := a1 X + apY €
I which implies that I|(b) as ideals. Therefore, N(I)|N((b)) = Ng/qg(b) in Z.

Set P = Playasy and observe that P(1,0) = 5250 P(0,1) = ~5282 and

P(l, 1) _ Nkyglar) + Trg g(a1a) + Ng jo(a2)

N N N are all integers which implies that P is an

integral form by Observation 4.1.1. Let us compute the discriminant of P:

1 4 - 4 .
AP = N([)2 (OélOéQ == CYlCKQ) — WOQCHO&QOZQ

1

= N(I)2 [(041@2 + 0_61052)2 —4 (OélO_leJQO_éQ)}
1

= N(I)2 [Q%CEQQ =+ 20&10_620_(1052 + d12&g — 4@10_610526_‘42]
1 T

= N(I)2 [0616(2 — 051042]
1

Ny glar) ho— Trg glaic) and

We now show that P is a primitive form: Set a := N b N

Nijolaz)
N(I)

c = . Assume not and say there exists a prime number p such that pla,
plb and plc. Then p?|Ap = Ag. If d =1 (mod 4) we have a contradiction as d is

square-free. If d = 2,3 (mod 4), then p2‘4 which happens if and only if p = 2. We
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then have:
1
1
= Z(bQ — 4ac)
_ (9)2 _ %€
2 22
b2
= (5) (mod 4)
=0,1 (mod 4)
which again leads to a contradiction. O]

Lemma 4.1.2. Let I be a fractional ideal of K. Any two normalized bases of I give

rise to properly equivalent forms associated to I.

Proof. Let I € Id(K) and let a = {ay, s}, 5 = {1, P2} be two normalized bases
of I. We know that there exists a matrix U € GLy(Z), which is in fact the change
of basis matrix, such that 8 = Ua. Since o and [ are both normalized, they both
satisfy the Equation (4.2) which implies that U € SLy(Z). Observe that

BiX + BoY = (51 52) ;( —U <a1 a2) ;( — U (X + apY)

Therefore, N (51X + 82Y) = Nk o(U (a1 X + oY) which implies that

Ps, 5y = Play,anyU-
]

Lemma 4.1.3. Let I1, I, € Id(K) with normalized bases {c, o}, {51, Pa}, respec-
tively. Suppose that I, and Iy are in the same narrow ideal class. Then the forms

associated to Iy and Iy are properly equivalent.

Proof. Let I, I, € Id(K) be two fractional ideals that are in the same narrow ideal
class with normalized bases {a1,as}, {51, B2}, respectively. We then know that

there exists a totally positive element v € K* such that Iy = (y)[;. Clearly, the
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set {yaq,yas} is another Z-basis of the fractional ideal I,. Moreover, this basis is

normalized as:

o Yo o«
det T e = Ngjg(7) det P s

Joa  yam a1 Qy
by the total positivity of the element . We also have:

P _ Nio(yar X + yarY)
frennez) N(()E)
_ Ngo(y(an X + apY))
B N((7)h)
. NK/@(V)NK/Q(OQX + OZQY)
- Nrcso(v)N (1)
B Nk jg(a1 X + apY)
a N(I)
= Plaj,a0)

as Nk /g is multiplicative and () is principal.

Now, the result follows from Lemma 4.1.2. O

Theorem 4.1.4. The map

% :CINK) — F(Ax)/SLa(Z)
[<a17a2>] = [P{OCLOQ}]

is a well-defined bijection, where F (Af) is set of primitive integral indefinite binary
quadratic forms of discriminant Ay and the set {aq,as} is a normalized basis of

the fractional ideal {ay, o).

Proof. The fact that the map % is well-defined follows from Lemma 4.1.3. We show
that ¢ is surjective: Let f = (a,b,¢) € #(Ak). Then, I = (a, %} € Id(K).
Set v := /A if a < 0 and take v := 1 if a > 0. Observe that v/ = <7a,7%ﬂ> €

Id(K). We compute the ideal norm of 1I:

N(I) = [Nk/o(v)IN(I)

1 a b_‘éﬂ
= |N det
| K/@(V)D \/A_K € a b/ Bx

= |aNg/q(7)]
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so the Z-basis of I is always normalized. We also compute:

b—+A bY \/ kY
Nk/q (’YGX+72KY> = Nko(7)Nk/g (aX—i— 5 B) >
w2 A
_NK/Q( ) [<GX+2> —TKY2

a’X?+

2 XbY  b’Y? A KY2>

= Nrjoly > 1 1

Y2 (b2 — b2+ 4ac)>
4

o (
= Ng0(7) <a2X2 +abXY +
() (

= Ngjo(7) (a®X? + abXY + acY?)

We claim that € ([yI]) = P{ boyERy = = f. Indeed,
ayy

Nk/g <fan + A= my)

P _ X,Y) =
oy ifmiy (X 1) N(yI)
_ Ngjo() (@®X? + abXY + acY?)
|aNKk/(7)]
= f(X,Y)

We now show that % is injective: Let I, I, € Id(K) with normalized bases
a = {ag, 0}, B = {B1, B2}, respectively. Assume that Pgg, 5,3 = Play,aU for
some U € SLy(Z). If we replace the Z-basis § of I by U then we deduce that the
forms associated to I; and I are the same so we may assume that Pg, 3,3 = Pla; as}-
We need to find a totally positive element v € K* such that I; = (). Consider

the roots of the polynomial:

P{a1,a2}(17 Y) = (aldl + (051072 + Cflolz)y’ + Oé2072)

1
N()

which are —3—; and —%. Similarly, the roots of the polynomial Pyg, s,3(1,Y") are

52 and — ﬁ Since theseﬁtwo polynomials alie the same, either &t = g; or g; = g—;
First, assume that £ a—2 = % Set \ := ﬁ—j = 2— Then a; = A\f; and ay = A\fB,. We
have:

o« A3 MG b1 B
det [ | =det [T T = —NigjgWdet |

a; Qo ABi ABo B Bo
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Since both bases are normalized, we have Ng/g(A) < 0. On the other hand,
Pis, .83 = Piayaz) implies Ng/g(A) > 0 which shows that this case cannot arise.
Now, we know that al = gl We have: a; = 51 and oy = 52 . Set I' := 6_2 = %
Again, since both bases are normalized, we have:

Qg B B2
\/ AKN(Il) :det = NK/Q(F) det _ _ = NK/@(F)\/ AKN(IQ)
oy oo B B2
Therefore, Ngg(I') > 0. Define
r ifr'>o0
T
-I' if'<0
Clearly, v is a totally positive element of K* and I; = (v)Is. ]

—_—~—

4.2 Forms and Div'(K)

In this section, we combine the theory of indefinite binary quadratic forms and
oriented Arakelov class groups. We first explain a way of representing each element
of Z(Ak) as an element of D;f_o\(;(). Notice first that by Corollary 2.2.2, we know
that K = R* x R*. To this end, given any f = (a,b,c) € F(Ak), we define

Ip = (1, %F) € Id(K) and ooy := (b \/E, b;\/\i) € K;. By Equation (4.1),

we have that N([f) = ﬁ We claim that (If,00;) € Div’ (K) We need to check
that it is of degree 0. It suffices to show that N(I;)N(Jooy|) = 1. We have:

i|b— VAK| b+ VAK|
lal 2/l 2y/]d]

1 4fal|c| 2
= Ag=Ar=b"—14
|a| 4|C| as K f ac

N(I;)N (|ooy]) =

=1

Hence, we showed that the map:

e~

D : .7 (Ag) — Div'(K)

b ({1 2YBEY (b= b VB
f—<,b,>~><<1» 2 >( NEIENT ))
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is well-defined.
By Proposition 2.4.2, we know that Div’(K) 2 (Kg ,)° ® (Id(K) x {£1}?). We
decompose (If,00;) in (Kg )’ ® (Id(K) x {#1}?) as follows: By Observation 2.4.2

we know that from the element (I, 0os), we derive

b VARl [T VAR T Y (e EEL B VERY
2y/Tel lal’ 2y/1dl CIVARAN Sk 2lacl  2y/lac] ) DTS

As K is a real quadratic field, we have

(ng’Jr)O = {(.Tl,fL'Q) € R>0 X R>0 L X1T9 = 1}

b—VER] b+FAK|)

7 24/)ac]

In addition 2=Y2xl b+vAKl _ 1 We conclude that the element (

2+/ |ac] 24/ |ac] 24/ |ac]

is an element of (K, )°.
Let us discuss the two fundamental properties of the map D:

e D is not injective: Let f = (a,b,¢), g = (d,e,f) € F(Ak) such that
D(/) = D(g). Then,

<<1 b—m> <b—m b+m>><<1 e—m> (e—m +\/E>>
S0 /T 2Vl T 2V Lo 21717 2V

which implies that I; = I, and ooy = oo,. Since ooy = o004, we have that

b-VAK — eVAK gnd MVAK . eFVAK o that,

2y/le| 21/171 2y/lel 21/1f1

evlel = VIdV Ak = b/ f] — VIfIVAK (4.3)
evlel+ Ve VAx = 03V1f| + VIfIVAK (4.4)

We then get ey/|c| = by/|f|- By substituting into the Equation (4.3), we
obtain that /|c| = /| f|, which implies that e = b. We also have ¢ = +f. If

c = —f, we have:

Ag = b* — dac = b* — 4df

so ac = df. It follows that d = —a. In this case
f=(a,bc)# (—a,b,—c)=g.

Therefore, D is not injective.
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—_—

e D is not surjective: Consider the element (Zg, (1,1)) € Div’(K) and say there
exists an element f = (a,b,c¢) € #(Ak) such that D(f) = (Zk, (1,1)). We

then have

b—vBx\ (b-VEx b+VEx\) _
<<17 2 >>< 2\/@ ) 2\/H >>_<ZK>(171>>

which implies that b;‘/f = b;\/ﬁ. Therefore, b — VAg = b+ /A so that

—1 =1 which is a contradiction. Hence, D is not surjective.

Given any f = (a,b,¢c) € F(Ak), we set o = ('bv Lrc| [oty AK) and consider the

2¢/lac] 7 2+/lac|

0 —1
matrix S = € SLy(Z) and g :== fS = (¢, —b,a). Then I, = (1,%)
1 0
and oo, = (%, %) The image of the form g under the map D splits in
(K200 ® (Id(K) x {£1}%) as

(5o ) ).

11
Now, consider T' = € SLy(Z) and the form h := fT = (a,b+ 2a,a+ b+ c).
0 1

In (Kg )’ ® (Id(K) x {£1}?), the image of & under D looks like

(('b”a‘”_f(' 'b”“”A_K'> (In sz’gn<ooh>>>

2/]a2 + ab + ac|]  2+/]a? + ab + ac|

where I}, (1, H2a—vAx bt2a—vOy bi2atyvAgk ). We define

2a 2y/lal 7 2¢/la]
L [b+VAK| |b—vVAKk]| d L [b+2a—/A k| |b+2a+AK|

Qg = and qy, 1= , .
2\/\a2+ab+ac| 2\/|a2+ab+ac\

) and oo, = (

2 |ac‘ ’ 2 |ac|
4.3 Topological structure of (Kﬁﬁr)o

In this section, we first identify the multiplicative group (K )" with hyperplane

x4+ 1y = 0 C R? which can be seen as a 1-dimensional R-vector space. This will

0

allow us to define a norm on (Kp ,)”. By the induced metric, we will be able to

—_—

measure the distance between elements of Div’(K).
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Consider the map

Log: (K, — R°

(a1, 9) = (log(a1),log(az))

which is well-defined as a1, a; > 0. We claim that (Kg ,)° maps bijectively onto
z+y = 0 in R? via Log map. The image of (Kg )" under Log is indeed the
hyperplane z 4y = 0 as ayay = 1 50 log(a;) = —log(ag) for all (a1, as) € (K ,)°.
Note that Log is injective as the log map is injective hence Log is a bijection
onto its image. We may now identify the set (Kp L)° with z +y = 0. Given any

a = (a1,2) € (Kg )% we define

lr]l = /log()? +log(a)?

which turns out to be a norm on (Kg ,)°. Indeed,

o Let o = (ay, ) € (K )° such that [|o] = y/log(as)? + log(az)? = 0. Then
log(a) = log(az) =0 and a; = ap = 1.

o Let A€ R, a = (ay,az) € (Kg ,)°. We have:

IAall = v/(Mog(ax))? + (Mog(az))?
= v/ 22(log(a)? + log(az2)?)
= |AlV/log(a1)? + log(az)?

= [Al- flal

o Let o= (a1, 2), f= (b1, 52) € (Kg_)° We need to show that

loe+ B < [leef] + 115]

which is the same as showing [a + B[|* < (|||l + [|8]])? since both sides of the
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inequality are non-negative. We have:

llac + B = (log(a1) +log(£1))* + (log(az) + log(52))

= log(a1)? 4 log(az)? +1og(61)* 4 1og(B2)* + 2(log(ay) log (1) + log(arz) log(B2))
= [lell® + [I8]* + 2(log(c1) log (1) + log(exz) log(B2))

< la|l® + 18]1> + 21/log(a1)? + log(az)? - \/log(B1)2 + log(B2)?
= llell® + 2[|ee]| - 18] + 1811
= (lall +1I1811)?

where the above inequality step follows from Cauchy-Schwarz Inequality.

From the norm || - ||, we induce the following metric on (Kg )

N|=

d(a, B) = [(log<a1>——1og<ﬁl>)24—(log<a2>——1og<52>)2]

for o = (&1,042>7 B = (51752) € (K§,+>O'

Example 4.3.1. Let us find the distance between the images of forms f, fS under

the map D and those of f, fT. First, we compute the distance between the images
of f and fS, which is given by d(ay, a,). We have:

dariag) — | (1og (L=VBELY _ g (15 vAK] (e (1P VERNY (1= VBRI
7t & 24/]ac| & 2¢/|ac| & 24/]ac| & 2y/lac|
5 log<b—FAK>_log<|b+FAK|>’
2v/]ac] 2¢/|ac|

oe (02|

=V2

We now compute d(ay, op):

|ac| 2/|a? + ab + ac|

d(og, ap) = |:<10g<‘b_ml> 710g<m>>2+ <1og<‘b+m|> o <\b+2a+m\ >> F

2y/|ac| |a? + ab + ac
- [(oe () e () (o (i) e () )
b+ 2a — VAK| Vel b+ 2a + /Af| Vel
M \/AK b+20—VAK b+\/AK _ b+26+\/AK .
Since b+2 Une | T | et | N | atvar | T | Sarbre |0 WO have:

N |=

d(ag, o) = |log (

1
2 lc(a+ b+ )| 2 le(a+ b+ )|

2 2
b+ 2c— \/AK|> ‘o (1 _ |b+2c+\/A_K|)
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The norm || - || also induces a norm on (Kg ,)°/Zj b
loc- Zj¢ 15 == min {[|(ecn, €an)[|*}
€Ly |

for o = (a, 2) € (K ).

The above norms, induce a distance on oriented Arakelov divisors:

Definition 4.3.1. Let D = (o, (1, (a1,a2))), D' = (B, (J, (b1, b2))) be two arbitrary
oriented Arakelov divisors such that the fractional ideals I and J belong to the same
narrow ideal class of K. Then distance between D and D’ is defined as d(«, ).
Whenever I and J represent different ideal classes in C1*(K) the distance d(D, D’)
is not defined (or defined to be co).

The above metric induces a metric on the Picard group as well :

Definition 4.3.2. Given any oriented Arakelov divisor of the form D = (Zg, «)

where o € (K{{’JF)O, we set ||D||Pi = ||a-Z5 Jr||PlC

P

The norm defined in Definition 4.3.2 gives rise to a distance on Pic’(K): By
Theorem 2.4.7, we know that the sequence

—_——

1 —— (K3 ,)°/Z; , — Pic®(K) —— CI'(K) —— 1

—_~——

is exact which implies that the class of any oriented divisors D — D’ in Pic’(K)
whose fractional ideals are in the same narrow ideal class can be represented by the

divisor (Zg, a) for some unique « € (K3, )°. The function

d—(D,D') = |ja-Z%

Pic? K+ ||PIC

—_——

defines a distance on Pic”(K).

—_—

Observation 4.3.1. Let D = (I,u) € Div’(K) and let f = (a,b,c) € F(Ak). Set
u = (ug, us) € R* x R*. By Observation 2.4.2 we know that

((Jur| v/ N(I), [ua|/N(I)), (I, sign(u))) € (Kg)° ® (Td(K) x {£1}?).
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Then, the element

D-D <<|u1|\/ |b+\/\/§| |ua|\/ N |b \/@|> (I~If1,sign(u-oof1))>

-1
is in (K3 ,)°® (Td(K) x {£1}?) as (b{—m) = 'b;ﬂ in (K ,)°.

lac]| lac]

Theorem 4.3.1. The class of the image D(.F (Ak)) is dense in (Pic’(K), ds)-

Proof. We need to show that given any D = (I, (u1,u3)) € Div'(K) and given any
e > 0, there exists a binary quadratic form f = (a, b, c) € % (Ak) with the fractional
ideals I and I; are in the same narrow ideal class such that

== = min o uy |b+ Axl o) u Ib Axl :
o (D, D(f)) [gez;+{lg< VN FV 4) +1g<| 2[V/N FV <> }

<e

—_—

Let D = (I, (uy,us)) € Div’(K). Then N(I)|u;||us| = 1. Choose € > 0 sufficiently
small so that the contributions of log(¢) and log({) are negligible for ¢ € Zy. .- Note

-1
that |ug|v/N(I) = (Jui|\/N L and <|l)2— VAK') = |b2+— Vx| Then,

lac] lac]|

1og(|u2|\/ 7yl = e )z—log(wm/zvm%)

which implies that

log <|u1|\/ |b+\/\/§|> + log <|uz|\/ |b \/\LE|> = 2log <u1\/N(I)|b2+\|/C§>

It is enough to find a binary quadratic form f € #(Ak) so that the fractional

ideals I and I; are in the same narrow ideal class with the property that

Ny

| ac| a— 00

For this, choose f = (a,b,c) so that |uy|/N(I)|b+Ag| > 1. Tt is not so hard
to see that such a b exists. Indeed starting from any f = (a,b,c); one can find
f+ = (ay,by,cy) which is equivalent to f and a,,b,,cy € Z-o. By acting on
f+ with powers of element T one secures the mentioned inequality. Now, as was
observed in Example 4.3.1 the rate of growth of the denominator is faster than that
of the nominator in the above equation. This guarantees the existence of such a

form. Therefore, d— (D, D(f)) < € as required, and hence image is dense. O
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