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ABSTRACT

On the Picard group of real quadratic number fields

Begüm Gülşah Çaktı

Master of Science in Mathematics

August, 2020

Computing the class group of a number field has always been one of the main prob-

lems of number theory. For this purpose, several algorithms have been introduced

so far, and it turns out that some of the computations underlying these algorithms

can be viewed as ones within the Arakelov class group (or Picard group) of the

number field in question. In this thesis, we first construct the oriented Arakelov

class group of a number field K, P̃ic0(K), that is analogous to the Picard group

of an algebraic curve using basic notions attached to an oriented Arakelov divisor,

e.g. degree, pairs consisting of fractional K-ideals and units in K ⊗Q R. We then

observe that P̃ic0(K) is an extension of the narrow ideal class group of K, which

will be denoted by Cl+(K), by a real Lie group. Afterwards, we focus on primitive

integral indefinite binary quadratic forms of fixed discriminant and define an action

of GL2(Z) on the set consisting of these forms. We will notice that the integrality,

primitivity, and discriminant are invariants of this action. To combine these two

main notions, we restrict our attention to real quadratic number fields. We show

that there is a natural bijection between Cl+(K) and the set of equivalence classes of

integral binary quadratic forms with fixed discriminant when K is a real quadratic

field and then express P̃ic0(K) in the language of indefinite binary quadratic forms.
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ÖZETÇE

Reel kuadratik sayı cisimlerinin Picard grubu hakkında

Begüm Gülşah Çaktı

Matematik, Yüksek Lisans

Ağustos 2020

Bir sayı cisminin sınıf sayısını hesaplamak her zaman sayılar kuramının başlıca prob-

lemlerinden biri olmuştur. Bu amaç doğrultusunda şu ana kadar birçok algoritma

ortaya atılmıştır ve bu algoritmaların temelini oluşturan hesapların bir Arakelov

sınıf grubu (veya Picard grubu) içerisinde görülebileceği fark edilmiştir. Bu tezde

ilk olarak, bir cebirsel eğrinin Picard grubuna analog olan, K sayı cisminin yönlü

Arakelov sınıf grubunu inşa edeceğiz ve bunu P̃ic0(K) ile göstereceğiz. Bu inşa

için öncelikle K sayı cisminin yönlü Arakelov bölenlerini ve bu bölenlerin dereceleri

ile bölenlere karşılık gelen ikilileri tanıtacağız. Sonrasında, P̃ic0(K) grubunun K

cisminin dar sınıf grubunun, Cl+(K), reel bir Lie grubuyla genişlemesi olduğunu

gözlemleyeceğiz. Ardından, diskriminantı sabit tutarak katsayıları tamsayı olan

primitif belirsiz ikili kuadratik formlara odaklanacağız ve GL2(Z) grubunun bu form-

lara etkisini tanımlayacağız. Tamsayı katsayılı, primitif olmanın ve diskriminantın

bu etki altında değişmediğini fark edeceğiz. Bu iki temel konsepti bağlantılamak

için, dikkatimizi son olarak reel kuadratik sayı cisimlerine vereceğiz. K sayı cismi

reel kuadratik olduğunda Cl+(K) ve tamsayı katsayılı kuadratik formların denklik

sınıflarından oluşan küme arasında birebir ve örten bir ilişki kuracağız ve P̃ic0(K)

grubunu belirsiz ikili kuadratik formların dilinde ifade edeceğiz.
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Ruhat. I feel extremely lucky to be surrounded by true friends.

I am deeply grateful to my parents Serdar Çaktı and Lamia Çaktı and my brother
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Chapter 1: Introduction 1

Chapter 1

INTRODUCTION

The theory of binary quadratic forms can easily be traced back to antiquity;

frequently in the form of the representation problem, that is integral solutions of

aX2 + bXY + cY 2 = n, where a, b, c and n are integers. The studies of Fermat and

Euler re-popularized the study of binary quadratic forms. In his celebrated work

“Recherhes d’arithmétique”, Lagrange developed the arithmetic of binary quadratic

forms. Even though the terminology is due to Gauss, he showed that equivalent

forms represent the same integers. Also, he is the first mathematician in the written

history that focuses on the discriminant ∆ = b2 − 4ac (in fact, on −b2 + 4ac to be

more precise) of the binary quadratic form aX2+bXY +cY 2. He made contributions

to the reduction theory of binary quadratic forms and gave a constructive solution to

the minimum problem of a form by using continued fractions. The first systematic

treatment of the theory of binary quadratic forms is due to Gauss, [Gauss, 1801].

The works of Dedekind, Dirichlet, Kummer, and others established the standard

notions of algebraic number theory, in which the main object of study is number

fields, that is finite extensions of Q. In this terminology, which is still in use today,

the (narrow) class number of a number field, that is the cardinality of the (narrow)

ideal class group stands out as one of the most important invariants of a number

field. Especially after the false proof of Lamé of Fermat’s last theorem, [Lamé, 1847],

the importance of the class number was underlined.

There were not many algorithms developed in the direction of computation of

class numbers, especially for general number fields. After establishing the one to

one correspondence between the set of primitive indefinite integral binary quadratic

forms and the narrow ideal class group of real quadratic number fields, many al-
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gorithms in the language of binary quadratic forms were used to calculate class

numbers of such number fields. Following the footprints of Lenstra, [Lenstra, 1982],

in [Schoof, 2008], Schoof has given an interpretation of the algorithms for general

number fields in terms of the Arakelov class group, P̃ic0(K), of the number field

in question. In the case of real quadratic number fields, the group P̃ic0(K) is iso-

morphic to Cl+(K) × S1; where S1 is the unit circle in C. On the other hand,

the algorithms for the general theory and the theory developed for real quadratic

number fields do not seem to overlap.

In this thesis, we address this point. More precisely, we fix a fundamental dis-

criminant ∆ > 0 and define a map from the set of primitive indefinite integral binary

quadratic forms to ˜Pic0(Q(
√

∆)). We then establish properties of this map, and in

particular, show that its image is a dense subset. The thesis is organized as follows:

Chapter 2 contains standard material to define Arakelov divisors and Arakelov

class groups. We first fix a number field K of degree n and define Arakelov divisors of

K, which form an abelian group under componentwise addition. We then introduce

degree notion on prime ideals of ZK and infinite primes of K and extend the notion

linearly to Arakelov divisors. Next, we focus on the divisors that have degree 0

and define the Arakelov class group. With the aim of expressing each Arakelov

divisor multiplicatively, to each Arakelov divisor of K we associate a pair consisting

of fractional ideal of K and a totally positive unit in K ⊗Q R. We then show that

this correspondence is in fact bijective. Hence these two notions can be identified.

Later, we define oriented Arakelov divisors of K and the oriented Arakelov class

group and relate them with important invariants of K such as its fractional ideals,

narrow ideal class group and totally positive units of its ring of integers. The main

reference of this chapter is [Schoof, 2008].

Chapter 3 consists of a detailed summary of the theory of indefinite integral

binary quadratic forms. We start by defining basic notions about binary quadratic

forms such as discriminant, content and their matrix representation. Then, we intro-

duce the famous action of GL2(Z) on the set of primitive integral indefinite binary

quadratic forms and discuss invariants of this action. Next, we relate indefinite bi-

nary quadratic forms with two-dimensional commutative R-algebras. We determine
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its automorphisms and algebraic properties. Later, we discuss the reduction theory

of binary quadratic forms and compute the cycle of forms. Finally, we determine the

automorphism group of a primitive indefinite integral binary quadratic form. The

main reference of this chapter is [Buchmann and Vollmer, 2007].

In Chapter 4, we restrict our attention to real quadratic number fields. First,

we study the embeddings, discriminant, and the ring of integers of a real quadratic

number field and prove one of the main results that shows the one-to-one correspon-

dence between the set of primitive integral indefinite binary quadratic forms and

the narrow ideal class group of a real quadratic number field. We then define the

map D on F (∆K) that allows us to obtain an element of ˜Div0(K). Next, we define

a metric on P̃ic0(K) that is induced by the norm on (K×R,+)0, which can be viewed

as a 1-dimensional R-vector space. Under this metric, we prove that the image of

F (∆K) under the map D is dense in P̃ic0(K).
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Chapter 2

ARAKELOV DIVISORS

The main aim of this chapter is to understand the following commutative diagram

with exact rows and columns:

1 1 1

1 Z×K,+ K× K×/Z×K,+ 1

1 (K×R,+)0 ˜Div0(K) Id(K)× {±1}r1 1

1 T̃ 0 P̃ic0(K) Cl+(K) 1

1 1 1

Before we start, we fix some notations: From now on, K is a number field of degree

n, r1 is the number of real embeddings of K, r2 is the number of complex-conjugate

pairs of embeddings of K so that n = r1 + 2r2. We will denote the ring of integers

of K by ZK . Throughout our work, we often use the important fact that the ring

of integers of any number field is a Dedekind domain. The reader may refer to

[Lorenzini, 1996], [Neukirch, 2013], [Jarvis, 2014] or [Milne, 2008] for a proof of this

standard fact.

2.1 The Arakelov class group

Definition 2.1.1. An embedding σ of K into C considered up to complex conju-

gation is called an infinite prime of K. We also say that an infinite prime σ is

real if σ(K) is contained in R and complex otherwise.
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Example 2.1.1. Consider K = Q(
√
D) where D is a square-free positive integer.

Then the infinite primes of K are:

σ1 : Q(
√
D) → C

x+ y
√
D 7→ x+ y

√
D

and

σ2 : Q(
√
D) → C

x+ y
√
D 7→ x− y

√
D

In this case, both infinite primes of K are real.

Remark 2.1.1. r1 is the number of real infinite primes of the number field K and

r2 is the number of complex infinite primes.

Definition 2.1.2. A formal finite sum D of the form
∑

p np · p +
∑

σ xσ · σ where

p runs through all nonzero prime ideals of ZK , σ runs through all infinite primes of

K and for integers np and real numbers xσ is called an Arakelov divisor of K.

Example 2.1.2. Consider the real quadratic number field K = Q(
√

2). Then

ZK = Z[
√

2] and < 5 > is a prime ideal of ZK as Z[
√

2]
/
<5>
∼= Z5[

√
2] and Z5[

√
2] is

an integral domain. Let σ1 and σ2 denote its real infinite primes as in Example 2.1.1.

Then

D = −〈5〉+
1

2
σ1 + πσ2

is an Arakelov divisor of K.

Notation 2.1.1. The set of all Arakelov divisors of K will be denoted by Div(K).

Proposition 2.1.1. Div(K) is an additive abelian group where the addition is de-

fined component-wise.

Proof. Let

Di =
∑
p

nip · p +
∑
σ

xiσ · σ for i ∈ {1, 2, 3}
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be Arakelov divisors of K. We show that the addition is well-defined. Indeed, we

have

D1 +D2 =

(∑
p

n1p · p+
∑
σ

x1σ ·σ

)
+

(∑
p

n2p · p+
∑
σ

x2σ ·σ

)
=
∑
p

(n1p +n2p) · p+
∑
σ

(x1σ +x2σ) ·σ

Since n1
p + n2

p ∈ Z for all prime ideals p of ZK and x1
σ + x2

σ ∈ R for all infinite

primes σ of K, we have D1 + D2 ∈ Div(K). Now let us show that the addition is

associative:

(D1 +D2) +D3 =

(∑
p

(n1p + n2p) · p +
∑
σ

(x1σ + x2σ) · σ

)
+

(∑
p

n3p · p +
∑
σ

x3σ · σ

)

=
∑
p

(n1p + n2p + n3p) · p +
∑
σ

(x1σ + x2σ + x3σ) · σ

=

(∑
p

n1p · p +
∑
σ

x1σ · σ

)
+

(∑
p

(n2p + n3p) · p +
∑
σ

(x2σ + x3σ) · σ

)

= D1 + (D2 +D3)

The identity is the zero Arakelov divisor D0 =
∑

p np · p +
∑

σ xσ · σ where p where

np = 0 for all prime ideals p of ZK and xσ = 0 for all infinite primes σ of K as 0 is

the identity of the additive groups Z and R. The inverse of the Arakelov divisor D1

is

−D1 :=
∑
p

(−n1
p) · p +

∑
σ

(−x1
σ) · σ

Indeed,

D1 + (−D1) =
∑
p

(n1
p − n1

p) · p +
∑
σ

(x1
σ − x1

σ) · σ

=
∑
p

0 · p +
∑
σ

0 · σ

= D0

Lastly, we show that this is an abelian group:

D1 +D2 =
∑
p

(n1
p + n2

p) · p +
∑
σ

(x1
σ + x2

σ) · σ

=
∑
p

(n2
p + n1

p) · p +
∑
σ

(x2
σ + x1

σ) · σ

=

(∑
p

n2
p · p +

∑
σ

x2
σ · σ

)
+

(∑
p

n1
p · p +

∑
σ

x1
σ · σ

)

= D2 +D1
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Definition 2.1.3. Let f ∈ K× and consider the principal fractional ideal fZK .

Since ZK is a Dedekind domain, we know that fZK can be uniquely represented

as a product of prime ideals of ZK , up to the ordering of the factors. We write

fZK =
∏

p p
ordp(f). For a prime ideal p of ZK , the exponent ordp(f) is called the

p-adic valuation of f on K.

Definition 2.1.4. Let f ∈ K×. The Arakelov divisor

(f) :=
∑
p

ordp(f) · p +
∑
σ

(− log |σ(f)|) · σ

is called the principal Arakelov divisor of K associated to f .

Example 2.1.3. For K = Q(
√

2) and 5 ∈ Q(
√

2)×, the Arakelov divisor

(5) =
∑
p

ordp(5) · p + [− log |σ(5)| · σ1] + [− log |σ(5)| · σ2]

= 1 · 〈5〉 − log |5| · σ1 − log |5| · σ2

is the principal Arakelov divisor associated to 5.

Lemma 2.1.2. The set of all principal Arakelov divisors of K, PDiv(K), is a sub-

group of Div(K).

Proof. Note that PDiv(K) is a non-empty set as K× = K \ {0} is non-empty. Let

f , g ∈ K×. By the Subgroup Criterion we need to show that (f)− (g) ∈ PDiv(K).

We know that

(f) =
∑
p

ordp(f) · p +
∑
σ

(− log |σ(f)|) · σ

and that

(g) =
∑
p

ordp(g) · p +
∑
σ

(− log |σ(g)|) · σ

which implies that

−(g) =
∑
p

−ordp(g) · p +
∑
σ

(log |σ(g)|) · σ
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It follows that

(f)− (g) =
∑
p

ordp(f)− ordp(g) · p +
∑
σ

(− log |σ(f)|+ log |σ(g)|) · σ

=
∑
p

ordp

(f
g

)
· p +

∑
σ

log
∣∣∣σ(g)

σ(f)

∣∣∣ · σ by a property of valuation

=
∑
p

ordp

(f
g

)
· p +

∑
σ

(− log
∣∣∣σ(f)

σ(g)

∣∣∣) · σ by a property of logarithmic functions

=
∑
p

ordp

(f
g

)
· p +

∑
σ

(− log
∣∣∣σ(f

g

)∣∣∣) · σ as each σ is a homomorphism

=
(f
g

)
Since f

g
∈ K×, we deduce that (f) − (g) =

(
f
g

)
∈ PDiv(K). Hence PDiv(K) is a

subgroup of Div(K).

Definition 2.1.5. Let p be a non-zero prime ideal of ZK . The degree of p is

defined as log

(∣∣∣ZK/
p

∣∣∣).

Notation 2.1.2. The degree of a non-zero prime ideal p of ZK will be denoted by

deg(p).

Example 2.1.4. For K = Q(
√

2) and p = 〈5〉, by Example 2.1.2, we know that

deg(〈5〉) = log(|Z5[
√

2]|) = log(25) = 2 log(5).

Definition 2.1.6. Let σ be an infinite prime of K. The degree of σ is

deg(σ) :=

1, if σ is real

2, if σ is complex

Example 2.1.5. Any real quadratic number field has two infinite primes of degree

1.

Definition 2.1.7. If D =
∑

p np · p +
∑

σ xσ · σ where p is an Arakelov divisor of

K, then the degree of D is defined as∑
p

np · deg(p) +
∑
σ

xσ · deg(σ)

Example 2.1.6. For K = Q(
√

2), by Examples 2.1.4 and 2.1.5, the degree of the

principal Arakelov divisor

(5) = 1 · 〈5〉 − log |5| · σ1 − log |5| · σ2
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is:

deg((5)) = 2 log(5)− 2 log(5) = 0

Lemma 2.1.3. Denote the set of all Arakelov divisors of K of degree 0 by Div0(K).

Then, Div0(K) is a subgroup of Div(K).

Proof. Div0(K) is a non-empty set as the zero Arakelov divisor D = 0 have degree

0. Let

D1 =
∑
p

n1
p · p +

∑
σ

x1
σ · σ ∈ Div0(K)

and

D1 =
∑
p

n1
p · p +

∑
σ

x1
σ · σ ∈ Div0(K) ∈ Div0(K)

Then we know that∑
p

n1
p · deg(p) +

∑
σ

x1
σ · deg(σ) =

∑
p

n2
p · deg(p) +

∑
σ

x2
σ · deg(σ) = 0

By the Subgroup Criterion it suffices to show that D1 −D2 ∈ Div0(K) so we need

to prove that deg(D1 −D2) = 0. We have:

deg(D1 −D2) =
∑
p

(n1p − n2p) · deg(p) +
∑
σ

(x1σ − x2σ) · deg(σ)

=
∑
p

n1p · deg(p) +
∑
σ

x1σ · deg(σ)−

(∑
p

n2p · deg(p) +
∑
σ

x2σ · deg(σ)

)

= 0

Hence Div0(K) is a subgroup of Div(K).

Proposition 2.1.4. The principal Arakelov divisors of K have degree 0.

Proof. Let (f) =
∑

p ordp(f) ·p+
∑

σ(− log |σ(f)|) ·σ ∈ PDiv(K). We need to show

that

deg((f)) =
∑
p

ordp(f) · deg(p) +
∑
σ

(− log |σ(f)|) · deg(σ) = 0

Since f ∈ K×, by the Product Formula for the valuations on K, we have :∏
p

N(p)−ordp(f) ·
∏
σ: real

|σ(f)| ·
∏

σ: complex

σ(f)σ(f) = 1
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where N(p) :=
∣∣∣ZK/

p

∣∣∣. Note that σ(f)σ(f) = |σ(f)|2 for each complex infinite prime

of K. By taking the log of both sides of the equation, we get:∑
p

−ordp(f) · deg(p) +
∑
σ: real

log |σ(f)|+
∑

σ: complex

2 log |σ(f)| = 0

which implies that

0 =
∑
p

ordp(f) · deg(p) +
∑
σ

(− log |σ(f)|) · deg(σ) = deg((f)).

Corollary 2.1.5. PDiv(K) is a subgroup of Div0(K).

Proof. This fact follows from Lemma 2.1.3 and Proposition 2.1.4.

Definition 2.1.8. The quotient of the group Div0(K) by the subgroup of principal

Arakelov divisors PDiv(K) is called the Arakelov class group of K.

Notation 2.1.3. The Arakelov class group will be denoted by Pic0(K).

2.2 Multiplicative notation of Arakelov divisors

Earlier we showed that Div(K) forms an additive group so one has an additive no-

tation on the notion of Arakelov divisors of K. Now we would like to express each

Arakelov divisor of K in multiplicative notation. This is the reason why we intro-

duce first the following R-algebra:

Let us concentrate on KR := K⊗QR. We will observe that KR ∼= Rr1×Cr2 . Since

K is a number field, we know by the Primitive Element Theorem that K = Q(α)

for some algebraic number α. Let m(x) ∈ Q[x] be the minimal polynomial of α over

Q. We know that K ∼= Q[x]/〈m(x)〉, the polynomial m(x) is irreducible over Q and

of degree deg(m(x)) = n = r1 + 2r2. Note that r1 represents the number of real

roots of m(x) and r2 represents the number of pairs of complex roots of m(x). We

also know that Q[x] ⊗Q R = R[x] and by the compatibility property of the tensor

product with quotients we get:

K ⊗Q R ∼= Q[x]/〈m(x)〉 ⊗Q R = R[x]/〈m(x)〉
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By definition, m(x) is irreducible over rationals but it might not be an ir-

reducible polynomial over R. Say m(x) factors in the field of real numbers as

m(x) =
∏k

i=1mi(x) ∈ R[x] where mi(x) ∈ R[x] is irreducible over R for all

i ∈ {1, 2, . . . , k} and all distinct. It follows from the Chinese Remainder Theorem

that:

K ⊗Q R ∼=
k⊗
i=1

R[x]/ < mi(x) >

Since irreducible polynomials in R[x] are of degree either 1 or 2 we deduce that

K ⊗Q R ∼=
k⊗
i=1

R[x]/ < mi(x) >∼= Rr1 × Cr2

from which we also see that KR is an R-algebra where the addition and the multi-

plication are defined component-wise.

Remark 2.2.1. KR is a ring with unit element 1 := (1, 1, . . . , 1) which is not an

integral domain. Indeed, (1, 0, . . . , 0), (0, . . . 0, 1) ∈ KR are both non-zero elements

of KR but

(1, 0, . . . , 0)(0, . . . 0, 1) = (0, 0, . . . , 0)

We will now determine the invertible elements of KR:

Proposition 2.2.1. The invertible elements of KR are those which do not have 0

as a component.

Proof. Let x = (x1, x2, . . . , xr1 , z1, . . . , zr2) ∈ KR. Then x is invertible in KR if and

only if there exists an element x′ = (x′1, x
′
2, . . . , x

′
r1
, z′1, . . . , z

′
r2

) ∈ KR such that

x · x′ = (x1, x2, . . . , xr1 , z1, . . . , zr2)(x′1, x
′
2, . . . , x

′
r1
, z′1, . . . , z

′
r2

)

= (x1x
′
1, x2x

′
2, . . . , xr1x

′
r1
, z1z

′
1, . . . , zr2z

′
r2

)

= (1, 1, . . . , 1)

Now observe that

x · x′ = 1 ⇐⇒ xix
′
i = 1 for all i ∈ {1, 2, . . . , r1} and zjz

′
j = 1 for all j ∈ {1, 2, . . . , r2}

⇐⇒ xi is invertible in R for i ∈ {1, 2, . . . , r1} and

zj is invertible in C for j ∈ {1, 2, . . . , r2}

⇐⇒ xi 6= 0 for i ∈ {1, 2, . . . , r1} and zj 6= 0 for j ∈ {1, 2, . . . , r2}

⇐⇒ each component of x is non-zero.
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From the proof of the Proposition 2.2.1, we directly derive the following result:

Corollary 2.2.2. We have K×R
∼= (R×)r1 × (C×)r2.

Definition 2.2.1. Let x = (x1, x2, . . . , xr1 , z1, . . . , zr2) be an element of KR. The

sign of x is defined as the r1-tuple (sign(x1), sign(x2), . . . sign(xr1)) ∈ {±1}r1 .

Definition 2.2.2. Let x = (x1, x2, . . . , xr1 , z1, . . . , zr2) ∈ KR. The element x is

called totally positive if sign(xi) = +1 for all i ∈ {1, 2, . . . , r1}.

Notation 2.2.1. We denote the set of all totally positive elements of KR by KR,+

and the notation K×R,+ := KR,+ ∩K×R represents the set of totally positive elements

in KR that are invertible.

Remark 2.2.2. We remark that by Proposition 2.2.1, we have K×R,+
∼= (R+)r1 where

R+ := {r ∈ R : r > 0}.

On KR, we define the following function:

N : KR → R

(x1, x2, . . . , xr1 , z1, . . . , zr2) 7→

(
r1∏
i=1

xi

)
·

(
r2∏
j=1

zjzj

)
Note that the function N is well-defined as zz = |z|2 ∈ R≥0 for any complex

number z and observe that N is a multiplicative function:

Let x = (x1, x2, . . . , xr1 , z1, . . . , zr2), y = (y1, y2, . . . , yr1 , z
′
1, . . . , z

′
r2

) ∈ KR so that

xy = (x1y1, x2y2, . . . , xr1yr1 , z1z
′
1, . . . , zr2z

′
r2

)

Then,

N (xy) =

(
r1∏
i=1

xiyi

)
·

(
r2∏
j=1

zjzjz
′
jz
′
j

)

=

(
r1∏
i=1

xi

)
·

(
r1∏
i=1

yi

)
·

(
r2∏
j=1

zjzj

)
·

(
r2∏
j=1

z′jz
′
j

)

=

[(
r1∏
i=1

xi

)
·

(
r2∏
j=1

zjzj

)]
·

[(
r1∏
i=1

yi

)
·

(
r2∏
j=1

z′jz
′
j

)]

= N (x)N (y)
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Since N is multiplicative, N induces the group homomorphism

N : K×R → R×

We determine its kernel:

ker(N ) =
{

(x1, . . . , xr1 , z1, . . . , zr2) ∈ K×R : N ((x1, . . . , xr1 , z1, . . . , zr2)) = 1
}

=

{
(x1, . . . , xr1 , z1, . . . , zr2) ∈ K×R :

(
r1∏
i=1

xi

)
·

(
r2∏
j=1

zjzj

)
= 1

}

=:
(
K×R
)0

We also set
(
K×R,+

)0
:=
(
K×R
)0 ∩KR,+

2.2.1 From divisors to fractional ideals and units

We are now ready to describe each Arakelov divisor of K in multiplicative notation:

Let D =
∑

p np · p +
∑

σ xσ · σ be an Arakelov divisor of K. To the divisor D,

we associate the ideal I =
∏

p p
−np of ZK . Note that the description of the ideal I is

well-defined as we know that each non-zero prime ideal of ZK is invertible. Moreover,

I is a fractional ideal of K. To D, we also associate the unit u = (exp(−xσ))σ. Note

that by Proposition 2.2.1, u is indeed a unit of KR. Also, observe that u ∈
∏

σ R+.

Hence u ∈ K×R,+. To the Arakelov divisor D, we attach the pair (I, u) and write

D = (I, u).

Conversely let (I, u) be a pair such that I is a fractional ideal of K and u

be a totally positive unit in KR. Since I is a fractional ideal of K, it can be

uniquely written as a product of prime ideals of ZK . Say I = p
ap1
1 . . . p

aps
s . Then set

np = −ap if p ∈ {p1, . . . , ps} and np = 0 otherwise. Also, from the totally positive

unit u = (u1, u2, . . . , ur1 , ur1+1, . . . , ur1+r2), we derive the coefficients xσj := − log(uj)

for j ∈ {1, 2, . . . r1 + r2}. Hence

D :=
∑
p

np · p +

r1+r2∑
j=1

xσj · σj

is an Arakelov divisor of K. In fact, these maps are inverses of each other which

shows that there is a bijective correspondence between Div(K) and the set of such

pairs.
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Example 2.2.1. • The zero Arakelov divisor D = 0 corresponds to (ZK , 1).

• If f ∈ K×, the principal Arakelov divisor (f) corresponds to (f−1ZK , (|σ(f)|)σ).

• If D = (I, u) is an Arakelov divisor of K, then −D = (I−1, u−1).

Proposition 2.2.3. Let D = (I, u) be an Arakelov divisor of K. In terms of the pair

(I, u) associated to D, the degree of the Arakelov divisor D is − log(|N (u)|N(I)).

Proof. Let D =
∑

p np · p +
∑

σ xσ · σ be an Arakelov divisor. We know that

D = (I, u) = (
∏
p

p−np , (exp(−xσ))σ)

and we need to show that

deg(D) =
∑
p

np · deg(p) +
∑
σ

xσ · deg(σ) = − log(|N (u)|N(I))

We have:

deg(D) = −
∑
p

−np · deg(p)−
∑
σ

−xσ · deg(σ)

= −
∑
p

−np · log(N(p))−
∑
σ

−xσ · deg(σ)

= − log
(∏

p

N(p)−np

)
− log

(∣∣∏
σ

exp(−xσ · deg(σ))
∣∣)

= − log(N(I))− log(|N (u)|)

= − log(|N (u)|N(I))

2.3 The oriented Arakelov class group

Definition 2.3.1. An oriented Arakelov divisor of K is a formal finite sum of

the form
∑

p np · p+
∑

σ xσ · σ where p runs through all nonzero prime ideals of ZK ,

σ runs through all infinite primes of K and for integers np and xσ ∈ K×σ where

K×σ :=

R× if σ is real

C× if σ is complex
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Example 2.3.1. Consider the real quadratic field K and its infinite primes σ1, σ2

as in Example 2.1.1. Then D = 1 · σ1 + (−1) · σ2 is an oriented Arakelov divisor of

K and D′ = 0 · σ1 + (−1)σ2 is not an oriented Arakelov divisor of K as the infinite

prime σ1 is real and 0 /∈ K×σ = R×.

Notation 2.3.1. The set of all oriented Arakelov divisors of K will be denoted by

D̃iv(K).

Proposition 2.3.1. (D̃iv(K), •) is an abelian group where

• : D̃iv(K)× D̃iv(K) → D̃iv(K)(∑
p

n1
p · p +

∑
σ

x1
σ · σ,

∑
p

n2
p · p +

∑
σ

x2
σ · σ

)
7→

∑
p

(n1
p + n2

p) · p +
∑
σ

(x1
σ · x2

σ) · σ

Proof. The associativity property follows from the fact that (Z,+) and (K×σ , ·) are

groups. The identity element of this group is DId :=
∑

p 0 · p+
∑

σ 1 · σ. Indeed, for

any D =
∑

p np · p +
∑

σ xσ · σ ∈ D̃iv(K), we have:

D •DId =
∑
p

(np + 0) · p +
∑
σ

(xσ · 1) · σ

=
∑
p

np · p +
∑
σ

xσ · σ

= D

Similarly, we have DId •D = D. Now we claim that for D =
∑

p np · p+
∑

σ xσ ·σ ∈

D̃iv(K), its inverse is −D :=
∑

p(−np) · p +
∑

σ
1
xσ
· σ. Indeed, −D ∈ D̃iv(K) and

D • (−D) =
∑
p

(np − np) · p +
∑
σ

(xσ ·
1

xσ
) · σ

=
∑
p

0 · p +
∑
σ

1 · σ

= DId

Similar arguments show that (−D) • D = DId. This proves that (D̃iv(K), •) is a

group. Now we prove commutativity of (D̃iv(K), •): For D1 =
∑

p n
1
p ·p+

∑
σ x

1
σ ·σ,
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D2 =
∑

p n
2
p · p +

∑
σ x

2
σ · σ ∈ D̃iv(K), we have:

D1 •D2 =
∑
p

(n1
p + n2

p) · p +
∑
σ

(x1
σ · x2

σ) · σ

=
∑
p

(n2
p + n1

p) · p +
∑
σ

(x2
σ · x1

σ) · σ

= D2 •D1

Let P̃ airs be the set of all pairs of the form (I, u) where I is a fractional ideal of

K and u be a unit in KR, not necessarily totally positive. Likely to the story of “ordi-

nary” Arakelov divisors, to represent each oriented Arakelov divisor multiplicatively,

we introduce the following maps:

φ1 : P̃ airs → D̃iv(K)

(I, u) =

(∏
p

pap , (uσ)σ

)
7→

∑
p

−ap · p +
∑
σ

uσ · σ

and

φ2 : D̃iv(K) → P̃ airs∑
p

np · p +
∑
σ

xσ · σ 7→

(∏
p

p−np , (xσ)σ

)

Since we have

φ1(φ2(D)) = φ1

((∏
p

p−np , (xσ)σ

))

=
∑
p

np · p +
∑
σ

xσ · σ

= D

for all D =
∑

p np · p +
∑

σ xσ · σ ∈ D̃iv(K) and
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φ2(φ1(I, u)) = φ2

(∑
p

−ap · p +
∑
σ

uσ · σ
)

=

(∏
p

pap , (uσ)σ

)

= (I, u)

for all (I, u) =
(∏

p p
ap , (uσ)σ

)
∈ P̃ airs, we have a bijection between these two

sets which means that we can (actually may) identify them as we did in Arakelov

divisors.

Remark 2.3.1. If D̃ = (I, u) is an oriented Arakelov divisor of K, then in terms

of the oriented pair associated to D̃, its inverse is given by −D̃ = (I−1, u−1) where

u−1 = (u−1
σ )σ for u = (uσ)σ.

Remark 2.3.2. The bijection between the sets P̃ airs and D̃iv(K) gives rise to the

following isomorphism of groups:

D̃iv(K) ∼= Id(K)×K×R

Definition 2.3.2. Let f ∈ K×. The principal oriented Arakelov divisor as-

sociated to f is the oriented Arakelov divisor corresponds to (f−1ZK , (σ(f))σ). In

other words, the oriented Arakelov divisor

˜(f) :=
∑
p

ordp(f) · p +
∑
σ

σ(f) · σ

is called the principal oriented Arakelov divisor associated to f .

In terms of their corresponding oriented pairs, we have Div(K) ⊂ D̃iv(K). The

inverse of this inclusion is given by

D̃iv(K) → Div(K)

(I, (uσ)σ) 7→ (I, (|uσ|)σ)

and motivates the definition of the degree of an oriented Arakelov divisor of K:
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Definition 2.3.3. Let D̃ = (I, (uσ)σ) ∈ D̃iv(K). The degree of the oriented

Arakelov divisor D of K, deg(D̃), is given by the degree of the Arakelov divisor

D = (I, (|uσ|)σ).

Proposition 2.3.2. Principal oriented Arakelov divisors of K have degree 0.

Proof. This fact follows from the definition of the degree of an oriented Arakelov

divisor of K and Proposition 2.1.4.

Notation 2.3.2. We will denote the set of principal oriented Arakelov divisors of

K by ˜PDiv(K) and the set of oriented Arakelov divisors of K that have degree 0 by

˜Div0(K).

Notationally, Proposition 2.3.2 implies that ˜PDiv(K) ⊆ ˜Div0(K).

Proposition 2.3.3. ˜Div0(K) is a subgroup of D̃iv(K).

Proof. By Proposition 2.3.2, we know that the set ˜Div0(K) is non-empty. By the

Subgroup Criterion, it suffices to show that deg(D1 • (−D2)) = 0 for any D1, D2 ∈
˜Div0(K). Let D1 = (I1, u), D2 = (I2, v) ∈ ˜Div0(K). Set u = (uσ)σ, v = (vσ)σ ∈ K×R .

We know that −D2 = (I−1
2 , (v−1

σ )σ) and in terms of the corresponding oriented pairs,

we have D1 • (−D2) = (I1I
−1
2 , (uσv

−1
σ )σ) Define |u| := (|uσ|)σ and |v| := (|vσ|)σ. By

Proposition 2.2.3, we need to verify that

− log
(
N(I1I

−1
2 ) · |N (|uv−1|)|

)
= 0

Note that by assumption, we have:

− log
(
N(I1) · |N (|u|)|

)
= 0

and

− log
(
N(I2) · |N (|v|)|

)
= 0



Chapter 2: Arakelov Divisors 19

Recall that N is a multiplicative function and we compute:

− log
(
N(I1I

−1
2 ) · |N (|uv−1|)|

)
= − log

(
N(I1)N(I−1

2 )) · |N (|u|)|N (|v−1|)|
)

= − log
(
N(I1)|N (|u|)| ·N(I−1

2 )|N (|v−1|)|
)

= − log
(
N(I1)|N (|u|)|

)
− log

(
1

N(I2)

1

|N (|v|)|

)
= − log(1) + log

(
N(I2) · |N (|v|)|

)
= 0

Proposition 2.3.4. ˜PDiv(K) is a subgroup of ˜Div0(K).

Proof. Let f , g ∈ K× such that (f) = (f−1ZK , (σ(f))σ), (g) = (g−1ZK , (σ(g))σ) ∈
˜PDiv(K). By the Subgroup Criterion and Proposition 2.3.2, it suffices to show that

(f) • (−(g)) is a principal oriented Arakelov divisor of K. First, observe that

−(g) = (gZK , ([σ(g)]−1)σ)

= (gZK , (σ(g−1))σ) as each σ is a homomorphism

= (g−1)

Then,

(f) • (−(g)) = (f) • (g−1) = (f−1ZKgZK , [σ(f)σ(g−1)]σ) = (f−1gZK , (σ(fg−1))σ)

Hence (f)•(−(g)) = (gf−1ZK , (σ(fg−1))σ)) = (fg−1) is a principal oriented Arakelov

divisor of K.

We are now ready to define the oriented Arakelov class group of the number field

K:

Definition 2.3.4. The oriented Arakelov class group of K (Picard group of

K) is the quotient of ˜Div0(K) by its subgroup ˜PDiv(K).

Notation 2.3.3. The oriented Arakelov class group ofK will be denoted by P̃ic0(K).
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2.4 The exactness and the commutativity of the diagram

Recall that the main aim of this chapter is to prove exactness and the commutativity

of the diagram that is introduced at the beginning of this chapter. In order to

understand that the sequence that is in the first row of this diagram is exact, we

start with the following definition:

Definition 2.4.1. Let α be an element in ZK . We say that α is totally positive

if its image under all real infinite primes of K is positive.

Example 2.4.1. Let K = Q(
√

2) so that ZK = Z[
√

2]. Denote the two real infinite

primes of K as in Example 2.1.1. Then the element α = 2 +
√

2 ∈ ZK is totally

positive as σ1(α) = 2 +
√

2 > 0 and σ2(α) = 2 −
√

2 > 0. On the other hand the

element α′ = 1 +
√

2 ∈ ZK is not totally positive as σ2(α′) = 1−
√

2 < 0.

Remark 2.4.1. For any number field L, the set of totally positive elements in ZL
is non-empty as Z ⊆ ZL and all positive integers are totally positive because the

infinite primes of L fix rational numbers. In particular, they fix integers.

Notation 2.4.1. Denote the set of all totally positive elements in ZK by ZK,+ and

the set of totally positive elements which are invertible in ZK by Z×K,+.

Note that by definition we have Z×K,+ ⊆ Z×K and Z×K is a multiplicative abelian

group. The same fact holds for the set Z×K,+ and the usual multiplication:

Proposition 2.4.1. Z×K,+ is a subgroup of Z×K under multiplication.

Proof. Let α, β ∈ Z×K,+, we then have σi(α) > 0 and σi(β) > 0 for all

i ∈ {1, 2, . . . , r1}. Therefore, σi(α)σi(β) = σi(αβ) > 0. Since the multiplication

of two units generates another unit in ZK , we deduce that this set is closed un-

der multiplication. Observe also that we have σi(α
−1) = σi(α)−1 > 0 for any

i ∈ {1, 2, . . . , r1}. Combined with the fact that the inverse α−1 of α is again a unit

in ZK , this set is also closed under inversion.

Observation 2.4.1. By construction, the following sequence is exact:

1 Z×K,+ K× K×/Z×K,+ 1inc p
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where the map inc denotes the natural inclusion and p is the natural projection.

We now introduce the following map with the aim of relating totally positive

units of ZK and KR:

ι : ZK → KR

α 7→ (σ1(α), σ2(α), . . . , σr1+r2(α))

Note that the map ι is actually a group homomorphism as the infinite primes

of K are homomorphisms. We will show that ι preserves units and total positivity:

Let α ∈ Z×K . Then we know that NK/Q(α) = ±1 which implies that σi(α) 6= 0

for all i ∈ {1, 2, . . . , r1 + r2}. By Proposition 2.2.1, we have that ι(α) ∈ K×R .

Now, let β ∈ ZK,+. Then, we know that σi(β) > 0 for all i ∈ {1, 2, . . . , r1}. It

follows that sign(ι(β)) = (1, 1 . . . , 1) and therefore ι(β) ∈ K×R . This shows that the

homomorphism ι induces a homomorphism

Z×K,+ → K×R,+

Given any α ∈ ZK , observe that:

N (ι(α)) = N ((σ1(α), σ2(α), . . . , σr1+r2(α)))

=

(
r1∏
i=1

σi(α)

)
·

(
r2∏

j=r1+1

|σj(α)|2
)

= NK/Q(α)

In particular, if α ∈ Z×K,+, then we have

N (ι(α)) = NK/Q(α) = 1

and therefore ι(α) ∈ (K×R,+)0 so ι induces the following homomorphism of abelian

groups:

ι̃ : Z×K,+ → (K×R,+)0

α 7→ (σ1(α), σ2(α), . . . , σr1+r2(α))

Clearly, ι̃ is injective as each infinite prime of K is by definition an embedding of K

onto either R or C and therefore an injective homomorphism.
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Proposition 2.4.2. The sequence

1 (K×R,+)0 ˜Div0(K) Id(K)× {±1}r1 1
φ ψ

is split exact where

φ : (uσ)σ 7→ (ZK , (uσ)σ)

and

ψ : D = (I, (xσ)σ) 7→ (I, (sign(xσ))σ:real)

Proof. We need to check that φ is well-defined: Let (uσ)σ ∈ (K×R,+)0. Then for

each infinite prime σ, the coefficient uσ is non-zero which implies that u := (uσ)σ ∈∏
σK

×
σ and therefore (ZK , u) ∈ D̃iv(K). We also know that N (u) = 1 so

N(ZK)|N (|u|)| = |N (u)| = 1 as N(ZK) = 1 and u ∈ KR,+

which shows that (ZK , u) ∈ ˜Div0(K). Clearly, φ is a homomorphism as

1 := (1, 1, . . . , 1) ∈ (K×R,+)0 with

φ(1) = (ZK ,1) = DId

and for u = (uσ)σ, v = (vσ)σ,

φ(uv) = φ((uσvσ)σ)

= (ZK , (uσvσ)σ)

= (ZK , (uσ)σ)(ZK , (vσ)σ)

= φ(u)φ(v)

Now we prove that φ is injective. We have:

u = (uσ)σ ∈ kerφ ⇐⇒ φ(u) = (ZK , (uσ)σ) = (ZK , 1)

⇐⇒ uσ = 1 for each infinite prime σ

⇐⇒ u = 1

Now we determine the image of φ:

Imφ = {(ZK , (uσ)σ) : (uσ)σ ∈ (K×R,+)0}



Chapter 2: Arakelov Divisors 23

Note that since (uσ)σ ∈ (K×R,+)0, we have (uσ)σ ∈ K×R,+ but this holds if and only if

sign(uσ) > 0 for each real infinite prime σ of K and uσ 6= 0 for all infinite primes

σ of K. Therefore, (uσ)σ ∈ K×R,+ if and only if uσ ∈ R+ for real infinite primes of

K and uσ ∈ C×, otherwise. Combining, we deduce that Imφ ∼= (R+)r1 × (C×)r2 .

Now we concentrate on the map ψ which is clearly well-defined. We show that ψ is

a homomorphism: We have ψ(ZK , 1) = (ZK , , (1, 1, . . . , 1)) ∈ Id(K)× {±1}r1 and

ψ((I1, u)(I2, v)) = ψ((I1I2, uv))

= (I1I2, (sign(uσvσ))σ:real)

= (I1I2, (sign(uσ))σ:real(sign(vσ))σ:real)

= (I1, (sign(uσ))σ:real)(I2, (sign(vσ))σ:real)

= ψ(u)ψ(v)

for all (I1, u), (I2, v) ∈ ˜Div0(K) with u = (uσ)σ and v = (vσ)σ. Now we prove that ψ

is surjective. For (I, (ui)
r1
i=1) ∈ Id(K)× {±1}r1 , we claim that ψ(I, u) = (I, (ui)

r1
i=1)

where u =
(

u1
r1
√
N(I)

, u2
r1
√
N(I)

, . . . ,
ur1

r1
√
N(I)

, 1, 1, . . . , 1
)
. First, we check that (I, u) ∈

˜Div0(K). It suffices to show that u ∈ K×R and deg((I, u)) := deg((I, |u|)) = 0. Since

(ui)
r1
i=1 ∈ {±1}r1 , we have ui 6= 0 for all i ∈ {1, 2, . . . , r1} and since N(I) 6= 0 we

have that u ∈ K×R . Now observe that

|u| =
(

1
r1

√
N(I)

,
1

r1

√
N(I)

, . . . ,
1

r1

√
N(I)

, 1, 1, . . . , 1

)
and

N(I)|N (|u|)| = N(I)

∣∣∣∣∣
( r1∏

i=1

1
r1

√
N(I)

)
· (

r2∏
j=1

1)

∣∣∣∣∣
= N(I) · 1

N(I)

= 1

which shows that deg(I, u) = 0 and we have

ψ(I, u) = (I, (sign
( ui

r1

√
N(I)

)
)r1i=1) = (I, (ui)

r1
i=1)

Finally, we determine

kerψ = {(I, u) ∈ ˜Div0(K) : ψ(I, u) = (ZK , sign(u)) = (ZK , 1)}
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Observe that (I, u) ∈ kerψ if and only if (I, u) ∈ ˜Div0(K) and uσ ∈ R+ for each real

infinite of K. By definition, we have uσ ∈ C× for complex infinite primes. Therefore

kerψ ∼= (R+)r1 × (C×)r2 . Since φ is injective, ψ is surjective and

Imφ ∼= (R+)r1 × (C×)r2 ∼= kerψ,

this sequence is exact. Now we prove that this short exact sequence splits. By the

Splitting Lemma, it suffices to find a homomorphism s : Id(K)×{±1}r1 → ˜Div0(K)

such that ψ ◦ s is the identity map on Id(K)× {±1}r1 . We claim that the map

s : Id(K)× {±1}r1 → ˜Div0(K)

(I, (ζ1, ζ2, . . . , ζr1)) 7→

(
I,

(
ζ1

r1

√
N(I)

, . . . ,
ζr1

r1

√
N(I)

, 1, 1 . . . , 1

))

works. Indeed, for any (I, (ζ1, ζ2, . . . , ζr1)) ∈ Id(K)× {±1}r1 , we have:

(ψ ◦ s)(I, (ζ1, ζ2, . . . , ζr1)) = ψ

(
I,

(
ζ1

r1
√
N(I)

, . . . ,
ζr1

r1
√
N(I)

, 1, 1 . . . , 1

))

=

(
I,

(
sign

(
ζ1

r1
√
N(I)

)
, . . . , sign

(
ζr1

r1
√
N(I)

)))
= (I, (ζ1, ζ2, . . . , ζr1))

Observation 2.4.2. By Proposition 2.4.2, we now know that

˜Div0(K) ∼= (K×R,+)0 ⊗ (Id(K)× {±1}r1)

Below we explain a way to decompose any element of ˜Div0(K) into

(K×R,+)0 ⊗ (Id(K) × {±1}r1). Let (I, (α1, α2, . . . , αr1+r2)) ∈ ˜Div0(K). We set

α := (α1, α2, . . . , αr1+r2). We know that N(I)N (|α|) = 1. The element

β := (|α1| r1
√
N(I), |α2| r1

√
N(I), . . . , |αr1| r1

√
N(I), αr1+1, . . . , αr1+r2) ∈ (K×R,+)0
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because

N (β) =

( r1∏
i=1

|αi| r1
√
N(I)

)
· (

r2∏
j=1

|αr1+j|2)

= N(I) ·
( r1∏

i=1

|αi|
)
· (

r2∏
j=1

|αr1+j|2)

= N(I)N (|α|)

= 1,

|αi| > 0 for all i ∈ {1, 2, . . . , r1} and αr1+j 6= 0 for all j ∈ {1, 2, . . . , r2}. Observe also

that (I, (sign(α1), . . . , sign(αr1))) ∈ Id(K)×{±1}r1 . Therefore (I, α) is decomposed

as:[
(|α1| r1

√
N(I), |α2| r1

√
N(I), . . . , |αr1 |

r1
√
N(I), αr1+1, . . . , αr1+r2), (I, (sign(α1), . . . , sign(αr1)))

]

Lemma 2.4.3. The map

β : K× → ˜Div0(K)

f 7→ ˜(f)

is an injective group homomorphism.

Proof. The fact that β is a homomorphism is clear. We prove that β is injective.

Let f , g ∈ K× such that ˜(f) = ˜(g). Then (f−1ZK , (σ(f))σ) = (g−1ZK , (σ(g))σ)

which implies that σ(f) = σ(g) for all infinite primes σ of K. Therefore f = g as

infinite primes are injective. Hence the map β is injective.

Lemma 2.4.4. The map

γ : K×/Z×K,+ → Id(K)× {±1}r1

[f ] 7→ (f−1ZK , (sign(σ(f)))σ: real)

is an injective group homomorphism.

Proof. First we prove that γ is well-defined: Let [f ] = [g] in K×/Z×K,+. Then there
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exists a totally positive unit u ∈ Z×K,+ such that g = f · u. We have:

γ([g]) = γ([f · u])

= (u−1f−1ZK , (sign(σ(fu)))σ: real)

= (f−1ZK , (sign(σ(fu)))σ: real) as u ∈ Z×K

= (f−1ZK , (sign(σ(f)σ(u)))σ: real) as each σ is a homomorphism

= (f−1ZK , (sign(σ(f)))σ: real) as u is totally positive

= γ([f ])

Clearly, σ is a group homomorphism as:

γ([f1][f2]) = ((f1f2)−1ZK , (sign(σ(f1f2)))σ: real)

= (f−1
1 f−1

2 ZK , (sign(σ(f1)))σ: real(sign(σ(f2)))σ: real)

= (f−1
1 ZK , (sign(σ(f1)))σ: real)(f

−1
2 ZK , (sign(σ(f2)))σ: real)

= γ([f1])γ([f2])

for any [f1], [f2] ∈ K×/Z×K,+ and γ([1]) = (ZK , (1, 1, . . . , 1)). Now we prove the

injectivity of γ. Let [f ], [g] ∈ K×/Z×K,+ such that γ([f ]) = γ([g]). Then

(f−1ZK , (sign(σ(f)))σ: real) = (g−1ZK , (sign(σ(g)))σ: real),

which implies that f−1ZK = g−1ZK in Id(K) and (sign(σ(f)))σ = (sign(σ(g)))σ.

The first one implies that g−1 = f−1u for some u ∈ Z×K and the latter one implies

that u is a totally positive element of ZK . Combining, we get f = gu for some

u ∈ Z×K,+ and therefore [f ] = [g] in K×/Z×K,+.

Proposition 2.4.5. The diagram

Z×K,+ K×

(K×R,+)0 ˜Div0(K)

inc

ι̃
β

φ

is commutative.
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Proof. Given α ∈ Z×K,+, we have:

φ(ι̃(α)) = φ((σ1(α), σ2(α), . . . , σr1+r2(α)))

= (ZK , (σ(α))σ)

= (α−1ZK , (σ(α))σ) as α−1 ∈ Z×K

= β(α)

= β(inc(α)) as inc(α) = α

Proposition 2.4.6. The diagram

K× K×/Z×K,+

˜Div0(K) Id(K)× {±1}r1

p

β
γ

ψ

is commutative.

Proof. Let f ∈ K×. Then,

γ(p(f))) = γ([f ])

= (f−1ZK , (sign(σ(f)))σ: real)

= ψ
( ˜(f)

)
= ψ(β(f))

We may now state and prove our main theorem:
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Theorem 2.4.7. The following commutative diagram

1 1 1

1 Z×K,+ K× K×/Z×K,+ 1

1 (K×R,+)0 ˜Div0(K) Id(K)× {±1}r1 1

1 T̃ 0 P̃ic0(K) Cl+(K) 1

1 1 1

inc

ι̃

p

β
γ

φ ψ

has exact rows and columns where T̃ 0 := (K×R,+)0/Z×K,+ and Cl+(K) denotes the

narrow class group of K.

Proof. By Lemma 2.4.3, Lemma 2.4.4, Observation 2.4.1, Proposition 2.4.2, Propo-

sition 2.4.5, Proposition 2.4.6 and since we explained that ι̃ is injective, we have the

following commutative diagram with exact rows and columns:

1 1 1

1 Z×K,+ K× K×/Z×K,+ 1

1 (K×R,+)0 ˜Div0(K) Id(K)× {±1}r1 1

inc

ι̃

p

β
γ

φ ψ

Then the exactness of the main diagram follows from Snake Lemma and the com-

mutativity of the main diagram follows from Propositions 2.4.5 and 2.4.6 combined

with the fact that commutativity of the diagram is a functorial property.
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Chapter 3

BINARY QUADRATIC FORMS

In this chapter we first define the fundamental properties of an integral binary

quadratic form such as its discriminant and content. We then observe that the

modular group acts naturally on the set of integral binary quadratic forms, and study

the invariants of the equivalence classes that arise from this action. Next, we restrict

our attention to indefinite binary quadratic forms and discuss their reduction theory.

Finally, we determine the automorphism group of integral primitive indefinite binary

quadratic forms.

3.1 Basic Notions

Definition 3.1.1. A binary quadratic form is a degree two homogeneous polyno-

mial in two variables and with real coefficients. In other words, a binary quadratic

form is a polynomial of the form

f(X, Y ) = aX2 + bXY + cY 2

where a, b and c are real numbers.

Notation 3.1.1. For simplicity, the binary quadratic form f(X, Y ) = aX2 +bXY +

cY 2 will be denoted by f = (a, b, c).

Remark 3.1.1. Observe that a binary quadratic form f = (a, b, c) can be repre-

sented by the following manner:

f(X, Y ) =
(
X Y

)
×

 a b/2

b/2 c

×
X
Y


Notation 3.1.2. For the binary quadratic form f = (a, b, c), the matrix

 a b/2

b/2 c


will be denoted by Mf .
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Example 3.1.1. The polynomials f(X, Y ) = X2 − XY − Y 2 = (1,−1,−1) and

f(X, Y ) = X2 − 5Y 2 = (1, 0,−5) are binary quadratic forms.

Definition 3.1.2. Let f = (a, b, c) be a binary quadratic form. The quantity b2−4ac

is called the discriminant of f which is denoted by ∆f .

Example 3.1.2. For f = (1,−1,−1), ∆f = (−1)2 − 4× 1× (−1) = 5.

Definition 3.1.3. We say that a binary quadratic form f = (a, b, c) is indefinite

if f takes on both positive and negative values.

Example 3.1.3. The binary quadratic form f = (1,−1,−1) is indefinite as

f(1, 0) = 1 is positive and f(0, 1) = −1 is negative.

Proposition 3.1.1. A binary quadratic form f = (a, b, c) whose discriminant is not

a perfect square is indefinite if and only if its discriminant ∆f is positive.

Proof. Let f = (a, b, c) be a binary quadratic form whose discriminant is not a

perfect square. Then a 6= 0 and f takes on both positive and negative values

so there exists (x0, y0) 6= (0, 0) ∈ R2 such that f(x0, y0) = ax2
0 + bx0y0 + cy2

0 >

0. Similary, we know that there exists a point (x1, y1) 6= (0, 0) ∈ R2 such that

f(x1, y1) = ax2
1 + bx1y1 + cy2

1 < 0. Observe that

ax2
0 + bx0y0 + cy2

0 = ay2
0

[(
x0

y0

)2

+
b

a

(
x0

y0

)
+
c

a

]
and that

ax2
1 + bx1y1 + cy2

1 = ay2
1

[(
x1

y1

)2

+
b

a

(
x1

y1

)
+
c

a

]
.

Set X0 := x0

y0
and X1 := x1

y1
. Completing the square by adding ( b

2a
)2, we get

f(x0, y0) = ay2
0

[(
X0 +

b

2a

)2

− b2 − 4ac

4a2

]
> 0

and

f(x1, y1) = ay2
1

[(
X1 +

b

2a

)2

− b2 − 4ac

4a2

]
< 0

Notice that b2 − 4ac = ∆f . If a is a positive number, then we have that(
X1 +

b

2a

)2

− ∆f

4a2
< 0
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as y2
1 is always non-negative which implies that (X1 + b

2a
)2 <

∆f

4a2 . Clearly, the

left hand side of the latter inequality is non-negative, also so is the constant 4a2.

Therefore, ∆f is a positive number. Similarly if a is a negative number, then we

have (X0 + b
2a

)2− ∆f

4a2 < 0 which is the same as (X0 + b
2a

)2 <
∆f

4a2 . Again, we conclude

that ∆f > 0. Now, assume that ∆f = b2 − 4ac is positive and not a perfect-square.

Then a and c are nonzero. Observe that

f(1, 0)ḟ(b,−2a) = (−a2)(̇b2 − 4ac) = −a2∆f

is negative which shows that f(1, 0) and f(b,−2a) have opposite sign. Therefore,

we see that the form f is indefinite.

Definition 3.1.4. The binary quadratic form f = (a, b, c) is called integral if the

coefficients a, b and c are integers.

Definition 3.1.5. Let f = (a, b, c) be an integral binary quadratic form. The

content of f , cont(f), is defined as gcd(a, b, c).

Definition 3.1.6. Let f be an integral binary quadratic form. We say that the

form f is primitive if cont(f) = 1.

Example 3.1.4. The form f = (1,−1,−1) is an integral primitive binary quadratic

form.

Proposition 3.1.2. Let f = (a, b, c) be an integral indefinite binary quadratic form.

Then the discriminant of f , ∆f , is a perfect square if and only if there exists a point

(x0, y0) ∈ Z2 \ {(0, 0)} such that f(x0, y0) = 0.

Proof. Let f = (a, b, c) be an integral indefinite binary quadratic form. First, observe

that if a = 0, then ∆f = b2 is a perfect square and

f(X, Y ) = bXY + CY 2 = Y (bX + cY )

which implies that f(1, 0) = 0. From now on, we assume that a 6= 0. Suppose that
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∆f = d2 for some integer d. Observe that

4af(X, Y ) = 4a2X2 + 4abXY + 4acY 2

= 4a2X2 + 4abXY + 4acY 2 + b2Y 2 − b2Y 2

= 4a2X2 + 4abXY + b2Y 2 − (b2 − 4ac)Y 2

= (2aX + bY )2 − d2Y 2

Therefore, f(X, Y ) = (2aX+Y (b−d))(2aX+Y (b+d))
4a

and we have f(b− d,−2a) = 0. Since

a, b and d are integers and a 6= 0, we have (b − d,−2a) ∈ Z2 \ {(0, 0)} and we

are done. Conversely, let (x0, y0) ∈ Z2 \ {(0, 0)} such that f(x0, y0) = 0. Observe

that f(x0, 0) = ax2
0 6= 0 as a 6= 0 and x0 6= 0. Then we obtain that y0 6= 0

because otherwise it would contradict the fact that f(x0, y0) = f(x0, 0) = 0. Since

4af(X, Y ) = (2aX + bY )2−∆fY
2 and f(x0, y0) = 0 we have that ∆f = (2ax0+by0

y0
)2.

Clearly, since f is an integral form, ∆f ∈ Z. It follows that 2ax0+by0

y0
∈ Z. Thus ∆f

is a perfect square.

3.2 Action of GL2(Z)

From now on, we restrict our attention to integral primitive binary quadratic forms

whose discriminants are not perfect squares. Throughout this section, f = (a, b, c)

is an integral binary quadratic form such that ∆f is not a perfect square, unless

otherwise stated.

Observation 3.2.1. Let U =

p q

r s

 be a matrix in GL2(Z). By using the entries

of the matrix U and the form f , we may generate a new binary quadratic form:

f(pX + qY, rX + sY ) = a(pX + qY )2 + b(pX + qY )(rX + sY ) + c(rX + sY )2

= (f(p, r), 2(apq + crs) + b(ps+ qr), f(q, s))

Notation 3.2.1. The binary quadratic form f(pX + qY, rX + sY ) will be denoted

by f(U(X, Y )).



Chapter 3: Binary Quadratic Forms 33

Proposition 3.2.1. Let F be the set of all integral primitive binary quadratic forms.

Then the map

F ×GL2(Z)→ F

(f(X, Y ), U) 7→ (fU)(X, Y ) := (det(U))f(U(X, Y ))

defines an action of the group GL2(Z) on the set F .

Proof. Let f = (a, b, c) be any integral primitive binary quadratic form. Denote the

2× 2 identity matrix by I2. By construction, we have that

(fI2)(X, Y ) = det(I2)f(1X + 0Y, 0X + 1Y )

= f(X, Y )

Also, if U =

p1 q1

r1 s2

 and V =

p2 q2

r2 s2

 are two different elements of GL2(Z),

we need to show that ((fU)V )(X, Y ) = (f(UV ))(X, Y ). Note that

UV =

p1p2 + q1r2 p1q2 + q1s2

p2r1 + r2s1 q2r1 + s1s2

 and det(UV ) = det(U) det(V ). We know that

fU := (a′, b′, c′)

= (det(U))(f(p1, r1), 2(ap1q1 + cr1s1) + b(p1s1 + q1r1), f(q1, s1))

which implies that

a′ = det(U)(ap2
1 + bp1r1 + cr2

1)

b′ = det(U)[2(ap1q1 + cr1s1) + b(p1s1 + q1r1)]

c′ = det(U)(aq2
1 + bq1s1 + cs2

1)

Set (fU)V = (a
′′
, b
′′
, c
′′
) and f(UV ) = (A,B,C). Then

a
′′

= det(V )(a′p22 + b′p2r2 + c′r22)

= det(U) det(V )[p22(ap21 + bp1r1 + cr21) + p2r2[2(ap1q1 + cr1s1) + b(p1s1 + q1r1)]+

r22(aq21 + bq1s1 + cs21)]

= det(UV )f(p1p2 + q1r2, p2r1 + r2s1)

= A
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b
′′

= det(V )[2(a′p2q2 + c′r2s2) + b′(p2s2 + q2r2)]

= det(U) det(V )[2[(ap2
1 + bp1r1 + cr2

1)p2q2 + (aq2
1 + bq1s1 + cs2

1)r2s2]

+ (2(ap1q1 + cr1s1) + b(p1s1 + q1r1))(p2s2 + q2r2)]

= det(UV )[2[a(p1p2 + q1r2)(p1q2 + q1s2) + c(p2r1 + r2s1)(q2r1 + s1s2)]

+ b[(p1p2 + q1r2)(q2r1 + s1s2) + (p1q2 + q1s2)(p2r1 + r2s1)]]

= B

c
′′

= det(V )[a′q2
2 + b′q2s2 + c′s2

2]

= det(U) det(V )[q2
2(ap2

1 + bp1r1 + cr2
1) + q2s2[2(ap1q1 + cr1s1) + b(p1s1 + q1r1)]

+ s2
2(aq2

1 + bq1s1 + cs2
1)]

= det(UV )f(p1q2 + q1s2, q2r1 + s1ss)

= C

Thus, (fU)V = f(UV ).

Corollary 3.2.2. The group SL2(Z) acts on integral primitive binary quadratic

forms.

Proof. The result follows from Proposition 3.2.1 and the fact that SL2(Z) ⊆ GL2(Z).

Remark 3.2.1. Let U =

p q

r s

 be a matrix in SL2(Z) and f = (a, b, c) be an

integral primitive binary quadratic form. Clearly, the matrix −U =

−p −q
−r −s

 is

also an element of SL2(Z). Observe that

(fU) = (f(p, r), 2(apq + crs) + b(ps+ qr), f(q, s))

= (f(−p,−r), 2(a(−p)(−q) + c(−r)(−s)) + b((−p)(−s) + (−q)(−r)), f(−q,−s))

= (f(−U))
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Hence the action of the matrix −U on the form f is the same as the action of U

which implies that we can actually identify these two matrices. Therefore, the group

PSL2(Z) acts more naturally on the set F than SL2(Z) does.

Observation 3.2.2. Let us find the relation between the matrices MfU and Mf

where f = (a, b, c) is an integral primitive binary quadratic form and U =

p q

r s


be a matrix in GL2(Z). We know that (fU)(X, Y ) = det(U)f(pX + qY, rX + sY ).

So,

(fU)(X, Y ) = det(U)
(
pX + qY rX + sY

)
×

 a b/2

b/2 c

×
pX + qY

rX + sY


which is equal to

det(U)
(
X Y

)
×

p r

q s

×
 a b/2

b/2 c

×
p q

r s

×
X
Y


Therefore, we have MfU = det(U)UTMfU .

Definition 3.2.1. We say that two binary quadratic forms f and g are equivalent

if g = fU for some U ∈ GL2(Z). The GL2(Z)-orbit of the form f is called the

equivalence class of f . In other words, the set

{g ∈ F : g = fU for some U ∈ GL2(Z)}

is called the equivalence class of f .

Definition 3.2.2. We say that two binary quadratic forms f and g are properly

equivalent if g = fU for some U ∈ SL2(Z). The SL2(Z)-orbit of the form f is

called the proper equivalence class of f . In other words, the set

{g ∈ F : g = fU for some U ∈ SL2(Z)}

is called the proper equivalence class of f .

Now, we will introduce some invariants of the equivalence class of an integral

binary quadratic form.
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Proposition 3.2.3. The discriminant of two equivalent forms is the same.

Proof. Let f and g be two integral forms such that g = fU for some U ∈ GL2(Z).

Then

∆g = −4 det(Mg) = −4 det(MfU ) = −4 det((det(U))UTMfU) = −4 det(U)4 det(Mf ) = ∆f

as det(U) = det(UT ) and det(U)2 = 1.

Corollary 3.2.4. All binary quadratic forms in the proper equivalence class of an

indefinite form are indefinite.

Proposition 3.2.5. Two properly equivalent integral binary quadratic forms have

the same content.

Proof. Let f = (a, b, c) be an integral binary quadratic form with content d ∈ Z

and let g be an integral binary quadratic form such that g = fU for some matrix

U =

p q

r s

 ∈ GL2(Z). We know that g = (f(p, r), 2(apq+crs)+b(ps+qr), f(q, s))

and gcd(p, q) = gcd(p, r) = gcd(r, s) = gcd(q, s) = 1 as det(U) = ±1. So, we deduce

that d divides the coefficients of the form g and there is no natural number other

than 1 dividing these coefficients. Hence d divides the content of g. On the other

hand, since we have f = f(UU−1) = (fU)(U−1) = gU−1, we see that the content of

g divides d. Thus the content of f is equal to the content of g.

As an immediate result, we have:

Corollary 3.2.6. All binary quadratic forms in the proper equivalence class of a

primitive integral binary quadratic forms are primitive.

Definition 3.2.3. Let f = (a, b, c) be a binary quadratic form, U be a matrix in

GL2(Z). We say that the matrix U is an automorphism of f if fU = f .

Definition 3.2.4. Let f = (a, b, c) be a binary quadratic form, U be a matrix in

SL2(Z). We say that the matrix U is a proper automorphism of f if fU = f .

Example 3.2.1. For any binary quadratic form f , matrices I2 and −I2 are proper

automorphisms of f . Indeed, I2,−I2 ∈ SL2(Z) and fI2 = f(−I2) = f .
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Definition 3.2.5. The set consisting of all automorphisms of a form f is called the

automorphism group of f .

Definition 3.2.6. The set consisting of all proper automorphisms of a form f is

called the proper automorphism group of f .

Notation 3.2.2. The automorphism and the proper automorphism group of f is

denoted by Aut(f) and Aut+(f), respectively.

3.3 Commutative R-algebras

Definition 3.3.1. Let A be a commutative ring with identity. We say that the ring

A is a commutative R-algebra if A is a vector space over R and if A satisfies the

following condition:

(r1a1 + r2a2)a3 = r1(a1a3) + r2(a2a3)

for all a1, a2, a3 ∈ A and for all r1, r2 ∈ R.

Example 3.3.1. Rn and C are commutative R-algebras for all n ∈ Z>0.

Definition 3.3.2. Let A be a commutative R-algebra and n be a positive inte-

ger. We say that A is an n-dimensional commutative R-algebra if A is an

n-dimensional vector space over R.

Example 3.3.2. For all n ∈ Z>0, Rn is an n-dimensional commutative R-algebra

and C is a two-dimensional commutative R-algebra.

In order to understand primitive integral indefinite binary quadratic forms, we

will now construct a specific two-dimensional commutative R-algebra that has an

R-basis of the form {(1, 1), (α1, α2)} such that (α1, α2)2 = (1, 1). Let a = (a1, a2) and

b = (b1, b2) be two points in R2. If we define the multiplication ab component-wise,

R2 becomes a two-dimensional commutative R-algebra with identity (1, 1). Let us

choose (α1, α2) = (1,−1). Then (α1, α2)2 = (1, 1).

Notation 3.3.1. The two dimensional commutative R-algebra which satisfies the

conditions above will be denoted by A1.



Chapter 3: Binary Quadratic Forms 38

Let us explicitly determine the units and zero-divisors of A1:

Proposition 3.3.1. The units in A1 are exactly the elements of A1 whose compo-

nents are non-zero.

Proof. Let (α1, α2) be a unit in A1. We then know that there exists an element

(β1, β2) ∈ A1 such that (α1, α2)(β1, β2) = (1, 1). Since the multiplication in A1 is

componentwise, we have α1β1 = 1 and α2β2 = 1 which shows that α1 and α2 are

units of R so they are non-zero. Conversely, let (α1, α2) ∈ A1 such that α1α2 6= 0.

We show that (α1, α2) is a unit of A1. Since α1 and α2 are both non-zero, the

elements 1
α1

and 1
α2

exist and by construction of A1, the element
(

1
α1
, 1
α2

)
is in A1.

Now,

(α1, α2)

(
1

α1

,
1

α2

)
= (1, 1)

and hence (α1, α2) is a unit.

Proposition 3.3.2. The zero divisors in A1 are the non-zero elements of A1 whose

exactly one component is 0.

Proof. Let (α1, α2) be a zero divisor in A1. We then know that there exists a non-

zero element (β1, β2) ∈ A1 such that (α1, α2)(β1, β2) = (0, 0) so we have α1β1 = 0

and α2β2 = 0. Combining with the fact the the elements (α1, α2) and (β1, β2) are

both non-zero, we deduce that exactly one of α1 and α2 is zero. Conversely, let

(α1, α2) be a non-zero element of A1 such that α1α2 = 0. Without loss of generality,

we assume that α1 = 0 and show that the element (0, α2) is a zero divisor in A1.

We observe that (α2, 0) is a non-zero element of A1 and

(0, α2)(α2, 0) = (0, 0).

Thus the element (0, α2) is a zero divisor.

Corollary 3.3.3. A non-zero element of A1 is either a unit or a zero divisor of A1.

Proof. Let α be a non-zero element of A1. Two possibilities then arise: Either

both of the components of α are non-zero which implies that α is a unit in A1 by
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Proposition 3.3.1 or exactly one of the components of α is 0 which shows that α is

a zero divisor of A1 by Proposition 3.3.2.

Our next aim is to determine the automorphisms of the commutative R-algebra

A1.

Definition 3.3.3. Let A and B be commutative R-algebras. A map σ : A → B is

said to be

• a homomorphism between A and B if σ(1A) = 1B and

σ(r(αβ + γ)) = r(σ(α)σ(β) + σ(γ))

for all real numbers r and for all elements α, β, γ ∈ A.

• an isomorphism between A and B if σ is a bijective homomorphism.

Definition 3.3.4. An isomorphism from a commutative R-algebra A onto itself is

called an automorphism of A.

Proposition 3.3.4. The only automorphisms of the commutative R-algebra A1 are

the identity map and

σ : A1 → A1

(α1, α2) 7→ (α2, α1)

Proof. Clearly, the identity map is an automorphism of A1. Now observe that σ is

the reflection map with respect to x-axis, hence a bijection. We show that the map

σ is a homomorphism from A1 to itself: For any real number r and any (α1, α2),

(β1, β2), (γ1, γ2) ∈ A1, we have:

σ(r(α1, α2)(β1, β2) + (γ1, γ2)) = σ(r(α1β1 + γ1, α2β2 + γ2))

= σ((rα1β1 + rγ1, rα2β2 + rγ2))

= (rα2β2 + rγ2, rα1β1 + rγ1)

= r[(α2β2, α1β1) + (γ2, γ1)]

= r[(α2, α1)(β2, β1) + (γ2, γ1)]

= r[σ((α1, α2))σ((β1, β2)) + σ((γ1, γ2))]
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Let φ be any automorphism of A1, γ ∈ A1. Since the set {(1, 1), (1,−1)} is an

R-basis of A1, we know that there exist real numbers α, β such that

γ = α(1, 1) + β(1,−1)

. Since φ is an automorphism of A1, we have:

φ(γ) = αφ((1, 1)) + βφ((1,−1)) = α(1, 1) + βφ((1,−1))

and

φ((1,−1))2 = φ((1,−1)2) = φ((1, 1)) = (1, 1)

We now prove that φ((1,−1)) = ±(1,−1) which will imply that φ is either the

identity map or the automorphism σ. Write φ((1,−1)) = a(1, 1) + b(1,−1) where

a, b ∈ R. Then

(1, 1) = φ((1,−1))2 = (a+ b, a− b)2 = ((a+ b)2, (a− b)2)

We have that (a+ b)2 = 1 and (a− b)2 = 1 which implies that a2 + b2 = 1 so either

(a, b) = ±(1, 0) or (a, b) = ±(0, 1) but the case where (a, b) = ±(1, 0) is impossible

since φ is injective and φ((1, 1)) = (1, 1). Hence (a, b) = (0,±1), which implies that

φ((1,−1)) = ±(1,−1).

Remark 3.3.1. Observe that an element (α1, α2) ∈ A1 is fixed by the automorphism

σ if and only if α1 = α2. Indeed, for any element (α1, α2) ∈ A1,

σ((α1, α2)) = (α2, α1) = (α1, α2)

holds if and only if α1 = α2.

Definition 3.3.5. For α ∈ A1, the functions

N(α) = ασ(α)

and

Tr(α) = α + σ(α)

are called the norm and the trace of α, respectively.
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Example 3.3.3. The norm of the element (1,−1) ∈ A1 is

N((1,−1)) = (1,−1)(−1, 1) = (−1,−1)

and the trace of the same element is

Tr((1,−1)) = (1,−1) + (−1, 1) = (0, 0).

Now, let us observe that the norm function is multiplicative and the trace is an

additive function: Let (α1, α2), (β1, β2) ∈ A1. We compute:

N((α1, α2)(β1, β2)) = N((α1β1, α2β2))

= (α1β1, α2β2)(α2β2, α1β1)

= (α1, α2)(α2, α1)(β1, β2)(β2, β1)

= N((α1, α2))N((β1, β2))

and

Tr((α1, α2) + (β1, β2)) = Tr((α1 + β1, α2 + β2))

= (α1 + β1, α2 + β2) + (α2 + β2, α1 + β1)

= (α1, α2) + (α2, α1) + (β1, β2) + (β2, β1)

= Tr((α1, α2)) + Tr((β1, β2))

Remark 3.3.2. The norm and the trace of any element in A1 are fixed by the

automorphism σ. Indeed, for (α1, α2) ∈ A1, we have

N((α1, α2)) = (α1α2, α1α2)

and

Tr((α1, α2)) = (α1 + α2, α1 + α2)

so these vectors are fixed by σ by Remark 3.3.1
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Definition 3.3.6. Let B = {(α1, α2), (β1, β2)} be an R-basis of the commutative

R-algebra A1.The orientation of the basis B, which will be denoted by o(B), is

the sign of the real number α2β1 − α1β2. If this quantity is positive, we will say

that the basis B is positively oriented and denote it by o(B) = +1. Otherwise,

the basis B will be called negatively oriented and denoted by o(B) = −1. If

θ = (θ1, θ2) is a point in A1 with θ1 6= θ2, then the orientation of θ, denoted by

o(θ), is defined as the orientation of the basis {(1, 1), (θ1, θ2)}.

Example 3.3.4. The basis B = {(1, 1), (1,−1)} is positively oriented as

1 · 1− 1 · (−1) = 2 > 0

Thus, o(B) = +1. From the latter computation, we get o((1,−1)) = +1 which

shows that the point (1,−1) of A1 is positively oriented.

Observation 3.3.1. For any matrix M ∈ GL2(R) and any R-basis B of A1, we

have o(BM) = sign(det(M))o(B). Indeed, let B = (α, β) = ((α1, α2), (β1, β2)) and

let M =

a b

c d

 ∈ GL2(R). Observe that

BM =
(
aα + cβ bα + dβ

)
=
(

(aα1 + cβ1, aα2 + cβ2) (bα1 + dβ1, bα2 + dβ2)
)

We have

o(BM) = sign((aα2 + cβ2)(bα1 + dβ1)− (aα1 + cβ1)(bα2 + dβ2))

= sign(ad(α2β1 − α1β2)− bc(α2β1 − α1β2))

= sign((ad− bc)(α2β1 − α1β2))

= sign(ad− bc)sign(α2β1 − α1β2)

= sign(det(M))o(B)

Lemma 3.3.5. Let ε be a unit in A1, and B be any R-basis of A1. Then,

o(εB) = sign(N(ε))o(B)

Proof. Let ε = (ε1, ε2) ∈ A×1 and B = ((α1, α2), (β1, β2)) be an R-basis of A1. Note

that o(B) = sign(α2β1−α1β2), N(ε) = (ε1ε2, ε1ε2) and εB := ((ε1α1, ε2α2), (ε1β1, ε2β2)).
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Now, we have:

o(εB) = sign(ε2α2ε1β1 − ε1α1ε2β2)

= sign(ε1ε2(α2β1 − α1β2))

= sign(ε1ε2)sign(α2β1 − α1β2)

= sign(N(ε))o(B)

Definition 3.3.7. Let f(X, Y ) be an integral binary quadratic form. The form f

is called irrational if f(X, Y ) 6= 0 for all (X, Y ) ∈ Z2 \ {(0, 0)}.

Example 3.3.5. The binary quadratic form f(X, Y ) = X2 + Y 2 is irrational,

whereas the form g(X, Y ) = X2 − Y 2 is not as g(1, 1) = 0.

Remark 3.3.3. By Proposition 3.1.2, we have that an integral indefinite binary

quadratic form f is irrational if and only if its discriminant ∆f is not a perfect

square.

Definition 3.3.8. Let L be a two-dimensional lattice in A1. L is called irrational

if L contains no zero divisors.

Definition 3.3.9. Let B = (α, β) be an R-basis of A1. B is called irrational if the

corresponding lattice L(B) := Zα + Zβ is irrational.

Definition 3.3.10. Let α = (α1, α2) be a point in A1 such that α1 6= α2. The point

α is called irrational if the corresponding R-basis ((1, 1), (α1, α2)) is irrational.

Now we will classify irrational lattices, bases and points of A1:

Proposition 3.3.6. Let α = (α1, α2) be a point in A1 such that α1 6= α2. The point

α is irrational if and only if α1 and α2 are irrational numbers.

Proof. We will prove this by contraposition: Let α = (α1, α2) be a point in A1

such that α1 6= α2. Assume that α is not irrational. By definition, we then know

that the basis {(1, 1), (α1, α2)} is irrational, which implies that the lattice Z(1, 1) +
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Z(α1, α2) contains a zero-divisor, say x(1, 1) + y(α1, α2) where x, y ∈ Z and y 6=

0. By Proposition 3.3.2, we then know that exactly one coordinates of the point

x(1, 1) + y(α1, α2) is zero so exactly one of the equalities x+ yα1 = 0 or x+ yα2 = 0

holds which implies that either α1 or α2 is a rational number. Conversely, assume

that one of the coordinates of the point α is a rational number. Without loss of

generality, say α1 is rational. Then there exist x ∈ Z, y ∈ Z \ {0} such that α1 = x
y
.

Clearly, the point x(1, 1) − y(α1, α2) is contained in the lattice Z(1, 1) + Z(α1, α2).

Now, observe that the point

x(1, 1)− y(α1, α2) =

(
x− y · x

y
, x− yα2

)
= (0, x− yα2)

is a zero-divisor by Proposition 3.3.2. Thus, α is not irrational.

Proposition 3.3.7. Let B = (α, β) be an R-basis of A1. The basis B is irrational

if and only if α is a unit in A1 and β
α

is an irrational point.

Proof. Let B = (α, β) be an irrational R-basis of A1. By definition, the lattice

Zα + Zβ contains no zero divisors. In particular, the non-zero element α is not a

zero divisor of A1 so it is a unit in A1 by Corollary 3.3.3. Now observe that since

α is a unit in A1 and the lattice Zα+ Zβ is irrational by assumption, we have that

the lattice ( 1
α

)(Zα + Zβ) = Z + β
α
Z contains no zero divisors. Thus the element β

α

is an irrational point. Conversely, assume that the element α is a unit in A1 and β
α

is an irrational point. By definition we know that the corresponding basis (1, β
α

) is

irrational which implies that the lattice Z + Z(β
α

) is irrational. Again, since α is a

unit in A1, we have that the lattice α(Z + Z(β
α

)) = L(B) contains no zero divisors.

Hence the basis B is irrational.

Proposition 3.3.8. Let L be a two dimensional lattice in A1. Then the lattice L is

irrational if and only if any two different points in L differ in both coordinates.

Proof. Let L be a two dimensional lattice in A1. To prove the necessary and sufficient

conditions, let us apply contraposition: Suppose that the lattice L is not irrational.

By definition, this implies that L contains a zero-divisor. Let us call that α. By

Proposition 3.3.2, we know that either α = (0, a) or α = (a, 0) for some non-zero
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real number a. Note also that since L is a lattice, it contains the point (0, 0) so

either way we have two points in L, namely α and (0, 0), that differ in exactly one

coordinate. Conversely, suppose that α1 and α2 are two different points in L that

differ in exactly one coordinate. Without loss of generality, say α1 = (a, a1) and

α2 = (a, a2) where a, a1 and a2 ∈ R with a1 6= a2. Note that since L is a lattice,

the point α1 − α2 = (0, a1 − a2) ∈ L but by Proposition 3.3.2, we now know that

the element α1 − α2 is a zero-divisor of A1 which implies that the lattice L is not

irrational.

Definition 3.3.11. The oriented norm form of an R-basis B = (α, β) of A1 is

the binary quadratic form defined as

fB(X, Y ) = o(B)(N(α)X2 + Tr(ασ(β))XY +N(β)Y 2)

Definition 3.3.12. Let α = (α1, α2) be a point in A1 such that α1 6= α2.The

oriented norm form of the point α is defined as fα := f((1,1),(α1,α2)).

Remark 3.3.4. By Remark 3.3.2, we know that the two components of the norm

and the trace of any element in A1 are the same so by the coefficients N(α),

Tr(ασ(β)) and N(β) in Definition 3.3.11, we mean their first components.

Example 3.3.6. Choose the R-basis B = ((1, 1), (1,−1)). The oriented norm form,

fB(X, Y ), of B is X2 − Y 2. Indeed, by Example 3.3.4 we know that o(B) = 1 and

N((1, 1)) = (1, 1) · (1, 1) = (1, 1)

Tr((1, 1)(−1, 1)) = Tr((−1, 1)) = (−1, 1) + (1,−1) = (0, 0)

N((1,−1)) = (1,−1) · (−1, 1) = (−1,−1)

Similarly, the oriented norm form of the point (1,−1) ∈ A1 is again the form X2−Y 2.

The following proposition naturally relates R-bases of A1 and the oriented norm

forms:

Proposition 3.3.9. ([Buchmann and Vollmer, 2007], Proposition 4.3.6) If B is an

R-basis of A1, then the form fB is indefinite.
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Lemma 3.3.10. Let ε be a unit in A1, and B be any R-basis of A1. Then,

fεB = |N(ε)|fB

Proof. Let ε be a unit in A1, and B = (α, β) be an R-basis of A1. Then εB = (εα, εβ)

and by definition, we have:

fεB = o(εB)(N(εα), T r(εασ(εβ)), N(εβ))

= o(εB)(N(ε)N(α), T r(εασ(εβ)), N(ε)N(β)) as norm is multiplicative

= o(εB)(N(ε)N(α), T r(εασ(ε)σ(β)), N(ε)N(β)) as σ is an automorphism

= o(εB)(N(ε)N(α), T r(N(ε)ασ(β)), N(ε)N(β))

= o(εB)(N(ε)N(α), N(ε)Tr(ασ(β)), N(ε)N(β))

= sign(N(ε))o(B)N(ε)(N(α), T r(ασ(β)), N(β)) by Lemma 3.3.5

= |N(ε)|o(B)(N(α), T r(ασ(β)), N(β))

= |N(ε)|fB

Definition 3.3.13. Let α = (α1, α2) and β = (β1, β2) be two points in A1.The

discriminant of the pair (α, β) is the real number (α2β1−β2α1)2 and denoted by

∆(α, β).

Definition 3.3.14. Let θ = (θ1, θ2) be a point in A1. The discriminant of θ

is defined as the discriminant of the pair ((1, 1), (θ1, θ2)) which will be denoted by

∆(θ).

Example 3.3.7. Choose the pair ((1, 1), (1,−1)). Then its discriminant is

(1 · 1− (−1) · 1)2 = 22 = 4

Similarly, the discriminant of the point (1,−1) is again 4.

Observation 3.3.2. Let θ = (θ1, θ2) be a point in A1 such that θ1 6= θ2. We claim

that ∆(fθ) = ∆(θ). Indeed, set B = ((1, 1), (θ1, θ2)) and observe that

fθ := fB = o(B)(N(1, 1), T r((1, 1)σ(θ)), N(θ))
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By Example 3.3.6, we know that N(1, 1) = (1, 1) and we have

Tr((1, 1)σ(θ)) = Tr(σ(θ)) = Tr(θ) = (θ1 + θ2, θ1 + θ2)

as the trace is fixed by the automorphism σ. We also see that N(θ) = (θ1θ2, θ1θ2).

Combining, we have fθ = o(B)(1, θ1 + θ2, θ1θ2) which implies that

∆(fθ) = (o(B)(θ1 + θ2))2 − 4o(B)2θ1θ2

= o(B)2(θ2
1 + 2θ1θ2 + θ2

2 − 4θ1θ2)

= θ2
1 − 2θ1θ2 + θ2

2

= (θ1 − θ2)2

= ∆(θ)

Proposition 3.3.11. Let B = (α, β) be an irrational R-basis of A1 and let

M ∈ GL2(Z). Then fBM = fBM .

Proof. Let B = (α, β) be an irrational R-basis of A1 and M ∈ GL2(Z). We know

that

fB = o(B)(N(α), T r(ασ(β)), N(β))

= o(B)(ασ(α), ασ(β) + βσ(α), βσ(β))

We then have:

MfB = o(B)

 ασ(α) ασ(β)+βσ(α)
2

ασ(β)+βσ(α)
2

βσ(β)


=
o(B)

2

α σ(α)

β σ(β)

σ(α) σ(β)

α β


Since σ is a homomorphism of the commutative R-algebra A1, we have:

MfBM
=
o(BM)

2
MT

α σ(α)

β σ(β)

σ(α) σ(β)

α β

M

=
sign(det(M))o(B)

2
MT

α σ(α)

β σ(β)

σ(α) σ(β)

α β

M by Observation 3.3.1

= (det(M))MTMfBM as det(M) ∈ {±1}

= MfBM by Observation 3.2.2
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Thus fBM = fBM .

Our next aim is to associate a basis and an irrational point to a given irrational

indefinite binary quadratic form.

Definition 3.3.15. Let f = (a, b, c) be an irrational indefinite binary quadratic form

with discriminant ∆. The basis ((a, a), ( b+
√

∆
2

, b−
√

∆
2

)) is called the basis associated

to the form f and will be denoted by B(f).

Example 3.3.8. Consider the indefinite binary quadratic form f = (1, 1,−1) with

discriminant ∆ = 5. Then the basis B(f) = ((1, 1), (1+
√

5
2
, b−
√

5
2

)) is the basis asso-

ciated to the form (1, 1,−1).

Definition 3.3.16. Let f = (a, b, c) be an irrational indefinite binary quadratic

form with discriminant ∆. The point ( b+
√

∆
2a

, b−
√

∆
2a

) in A1 is called the irrational

point associated to the form f and will be denoted by θ(f).

Remark 3.3.5. We remark that the definition of the irrational point associated to

an irrational indefinite binary quadratic form f = (a, b, c) is well-defined. The fact

that the form f is irrational guarantees that a 6= 0.

Example 3.3.9. Consider again the form f = (1, 1,−1). The irrational point

associated to f is the point θ(f) = (1+
√

5
2
, b−
√

5
2

).

We now introduce some facts that relates the oriented norm forms, irrational

points and bases.

Proposition 3.3.12. Let B = (α, β) be an irrational basis of A1, θ = (θ1, θ2) with

θ1 6= θ2 be an irrational point of A1 and f = (a, b, c) be an indefinite irrational

binary quadratic form. We have:

1. θ(fθ) = θ

2. θ(fB) = β
α

3. fθ(f) = 1
|a|f
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4. fB(f) = |a|f

Proof. Let B = (α, β) be an irrational basis of A1, θ = (θ1, θ2) with θ1 6= θ2 be an

irrational point of A1 and f = (a, b, c) be an indefinite irrational binary quadratic

form of discriminant ∆.

1. Observation 3.3.2 implies that fθ = o(B)(1, θ1 + θ2, θ1θ2) and ∆(fθ) = ∆(θ)

where B = ((1, 1), (θ1, θ2)). We then have:

θ(fθ) =

(
o(B)(θ1 + θ2) +

√
∆(fθ)

2o(B)
,
o(B)(θ1 + θ2)−

√
∆(fθ)

2o(B)

)

=

(
o(B)(θ1 + θ2) +

√
∆(θ)

2o(B)
,
o(B)(θ1 + θ2)−

√
∆(θ)

2o(B)

)

=

(
o(B)(θ1 + θ2) + o(B)(θ1 − θ2)

2o(B)
,
o(B)(θ1 + θ2)− o(B)(θ1 − θ2)

2o(B)

)

=

(
θ1 + θ2 + θ1 − θ2

2
,
θ1 + θ2 − θ1 + θ2

2

)
= (θ1, θ2)

= θ

2. First note that since B is an irrational basis of A1 we know that α is a unit of

A1 by Proposition 3.3.7. We have:

θ(fB) = θ(fα(1, β
α

)) where 1 := (1, 1)

= θ(|N(α)|f β
α
) by Lemma 3.3.10

=
β

α
by Proposition 3.3.12-1

3. Recall θ(f) =
(
b+
√

∆
2a

, b−
√

∆
2a

)
and observe that

o(θ(f)) = sign
(b+

√
∆

2a
− b−

√
∆

2a

)
= sign

(√∆

2a

)
= sign(a)

as ∆ > 0. We also have

Tr(θ(f)) =
(b+

√
∆

2a
+
b−
√

∆

2a
,
b+
√

∆

2a
+
b−
√

∆

2a

)
=
( b
a
,
b

a

)



Chapter 3: Binary Quadratic Forms 50

and

N(θ(f)) =
(b2 −∆

4a2
,
b2 −∆

4a2

)
=
( c
a
,
c

a

)
Now, we have:

fθ(f) = sign(a)
(

1,
b

a
,
c

a

)
=
sign(a)

a
(a, b, c)

=
1

|a|
f

4. Recall that B(f) = ((a, a), ( b+
√

∆
2

, b
√

∆
2

)). We have:

fB(f) = fa((1,1),θ(f))

= a2fθ(f)

=
a2

|a|
f by Proposition 3.3.12-3

= |a|f

3.4 Reduction of indefinite binary quadratic forms

In order to understand the automorphism group of an indefinite binary quadratic

form, we need to study on an algorithm which is about the “reduction” of an in-

definite form. From now on, we assume that f = (a, b, c) is an indefinite binary

quadratic form of discriminant ∆f = ∆.

Definition 3.4.1. The indefinite binary quadratic form f is called reduced if it

satisfies the following inequality:

|
√

∆− 2|a|| < b <
√

∆

Example 3.4.1. Consider the form f = (1, 3,−1). Then f is indefinite. Indeed,

∆f = 32− 4× 1× (−1) = 13 > 0. f is also reduced as |
√

13− 2| < 3 <
√

13. On the

other hand, the indefinite form f = (1, 0,−5) is not reduced as b = 0 is not positive.
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For an indefinite binary quadratic form f = (a, b, c), we set the matrix

U(f) :=

0 −1

1 s(f)



where the integer s(f) is defined as

sign(c)
⌊

b
2|c|

⌋
, if |c| ≥

√
∆

sign(c)
⌊
b+
√

∆
2|c|

⌋
, otherwise

Then put ρ(f) := (c,−b + 2s(f)c, cs(f)2 − bs(f) + a) and check whether the

resulting form is reduced or not. If not, then apply the same algorithm to the

resulting form. Observe that in terms of the group action, the binary quadratic

form ρ(f) is obtained by ρ(f) = fU(f), applying the matrix U(f) to the form f .

Observe also that the entries of the matrix U(f) are integers and its determinant is

1. Therefore U(f) ∈ SL2(Z) and the forms f and ρ(f) are properly equivalent.

The algorithm introduced earlier is called the Reduction Algorithm and Gauss

showed that this algorithm terminates which means that if the Reduction Algorithm

is applied repeatedly to any indefinite integral binary quadratic form, one eventually

obtains a reduced form.

Example 3.4.2. By Example 3.4.1, we know that the form f = (1, 0,−5) is not

reduced. Let us apply the Reduction Algorithm on f . We have ∆ = 20 and

|c| = 5 >
√

20 so s(f) = −b 0
10
c = 0 and ρ(f) = (−5, 0, 1). Observe that ρ(f)

is not reduced as b = 0. Therefore we again apply the Reduction Algorithm. As

|c| = 1 <
√

20, we have s(ρ(f)) = |
√

20+0
2
| = 2. Therefore,

ρ2(f) = ρ(ρ(f)) = (1, 2 · 2 · 1, 1 · 22 − 5) = (1, 4,−1)

Observe that (1, 4,−1) is a reduced form. Indeed,

|
√

∆− 2|a|| = |
√

20− 2| < 4 <
√

20

and the Reduction Algorithm terminates for the form f .

Now, we would like to give a useful equivalent condition on indefinite forms to

show their reducedness. This is the reason why we introduced following theorem:
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Theorem 3.4.1. If an indefinite binary quadratic form f = (a, b, c) of discriminant

∆ is reduced, then |a|+ |c| <
√

∆ and the coefficients a and c have opposite sign.

Proof. Let f = (a, b, c) be a reduced indefinite binary quadratic form of discriminant

∆. Since f is indefinite, we know that ∆ > 0 and since f is reduced, the following

inequality holds by definition:

|
√

∆− 2|a|| < b <
√

∆

From the discriminant of f , we obtain 4ac = b2 −∆. As f is reduced, 0 < b <
√

∆

which shows that b2 −∆ = 4ac < 0. Therefore, a and c have opposite signs. Now,

for the inequality |a| + |c| <
√

∆, let us keep in mind that |2|a| −
√

∆| < b and

observe:

4|a|(|a|+ |c| −
√

∆) = 4a2 − 4|a|
√

∆ + 4|a||c| (3.1)

= 4a2 − 4|a|
√

∆ + ∆− b2 (3.2)

= (2|a| −
√

∆)2 − b2 < 0 (3.3)

Hence, we have |a|+ |c| −
√

∆ < 0, which is the same as the inequality

|a|+ |c| <
√

∆.

Corollary 3.4.2. The number of reduced indefinite integral binary quadratic forms

of a fixed discriminant is finite.

Proof. Fix a positive discriminant ∆ which is not a square. Given any reduced

indefinite integral binary quadratic form f = (a, b, c) of discriminant ∆, we now

know that |a|+ |c| <
√

∆ and 0 < b <
√

∆. This shows that there are only finitely

many possibilities for the coefficients a, b and c. Hence the number of reduced

indefinite integral binary quadratic forms of discriminant ∆ is finite.

Proposition 3.4.3. The indefinite binary quadratic form f = (a, b, c) is reduced if

and only if |θ1(f)| > 1, |θ2(f)| < 1 and the signs of θ1(f) and θ2(f) are opposite.
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Proof. First, assume that the indefinite binary quadratic form f = (a, b, c) is re-

duced. By definition, we know that the coefficients a, b and c satisfy the following

inequality:

|
√

∆− 2|a|| < b <
√

∆

From the latter, we derive:

0 < b <
√

∆ and − b <
√

∆− 2|a| < b

Recall that |θ1(f)| =
∣∣∣ b+√∆

2a

∣∣∣ = b+
√

∆
2|a| . We know that 2|a| > b +

√
∆, which implies

|θ1(f)| > 1. Similarly, |θ2(f)| =
∣∣∣ b−√∆

2a

∣∣∣ =
√

∆−b
2|a| . Since

√
∆− 2|a| < b, we have that

|θ2(f)| < 1. In order to prove that the signs of θ1(f) and θ2(f) are opposite, it suffices

to show that θ1(f)θ2(f) = c
a
< 0. Since the form f is reduced, by Theorem 3.4.1

we know that a and c have opposite sign. Thus θ1(f)θ2(f) < 0. Conversely, let

f = (a, b, c) be an indefinite binary quadratic form such that |θ1(f)| > 1, |θ2(f)| < 1

and the signs of θ1(f) and θ2(f) are opposite. We show that f is reduced. By

assumption, θ1(f)θ2(f) = c
a
< 0 so the a and c have opposite sign, which implies

that we can describe the discriminant ∆ of f of the form b2 + 4|a||c|. This shows

that b2 < ∆ and hence |b| <
√

∆. We now know that |θ1(f)| = b+
√

∆
2|a| > 1 and

|θ2(f)| =
√

∆−b
2|a| < 1. Thus |

√
∆ − 2|a|| < b. Combining, we observe that the

coefficients a, b and c satisfy |
√

∆−2|a|| < b <
√

∆. Thus, the form f is reduced.

Corollary 3.4.4. If the form (a, b, c) is reduced, then so is the form (c, b, a).

Proof. Let (a, b, c) be a reduced form. We compute

θ1(c, b, a) =
b+
√

∆

2c
=

b2 −∆

2c(b−
√

∆)
=

2a

b−
√

∆
=

1

θ2(a, b, c)

θ2(c, b, a) =
b−
√

∆

2c
=

b2 −∆

2c(b+
√

∆)
=

2a

b+
√

∆
=

1

θ1(a, b, c)

By Proposition 3.4.3, we know that |θ1(a, b, c)| > 1, |θ2(a, b, c)| < 1 and

θ1(a, b, c)θ2(a, b, c) < 0 as (a, b, c) is reduced by assumption. Again by Proposi-

tion 3.4.3, we deduce that the form (c, b, a) is reduced.

Observation 3.4.1. Let f = (a, b, c) be an irrational indefinite integral binary

quadratic form of discriminant ∆. If f is reduced, then |s(f)| ≥ 1. If f is reduced
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then by definition we know that b <
√

∆. By Theorem 3.4.1 we know also that

|c| <
√

∆ which implies that |s(f)| = |b b+
√

∆
2|c| c|. Now,

|s(f)| =

∣∣∣∣∣
⌊
b+
√

∆

2|c|

⌋∣∣∣∣∣ ≥
∣∣∣∣∣
⌊
b+
√

∆

2
√

∆

⌋∣∣∣∣∣ ≥
∣∣∣∣∣
⌊√

∆ +
√

∆

2
√

∆

⌋∣∣∣∣∣ = 1

We will prove that the Reduction Algorithm terminates. We now introduce the

so-called normal forms and relate them with reduced forms to this end.

Definition 3.4.2. Let f = (a, b, c) be an integral indefinite binary quadratic form

of discriminant ∆. We say that f is a normal form if:−|a| < b ≤ |a| if |a| ≥
√

∆

√
∆− 2|a| < b <

√
∆ if |a| <

√
∆

Observation 3.4.2. If f = (a, b, c) is an indefinite reduced form, then f is normal.

Indeed, if f = (a, b, c) is reduced then |a| <
√

∆ by Theorem 3.4.1 and we know

that

|
√

∆− 2|a|| < b <
√

∆

which implies that
√

∆− 2|a| < b <
√

∆.

Below we will transform a given indefinite binary quadratic form f = (a, b, c)

into a normal form.

Set T =

1 1

0 1

 ∈ SL2(Z) and define the following infinite subgroup of SL2(Z)

Γ := 〈T 〉 =

{
Tm =

1 m

0 1

 : m ∈ Z

}

We also set s :=

sign(a)
⌊
|a|−b
2|a|

⌋
, if |a| ≥

√
∆

sign(a)
⌊√

∆−b
2|a|

⌋
, if |a| <

√
∆

and claim that the form

fT s = (f(1, 0), 2as+ b, f(s, 1))

= (a, b+ 2as, as2 + bs+ c)
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is normal. If |a| ≥
√

∆, then s = sign(a)
⌊
|a|−b
2|a|

⌋
and we need to show that

−|a| < b+ 2as ≤ |a|

Note that

b+ 2as = b+ 2asign(a)

⌊
|a| − b

2|a|

⌋
= b+ 2|a|

⌊
|a| − b

2|a|

⌋
As 0 ≤ |a|−b

2|a| −
⌊
|a|−b
2|a|

⌋
< 1, we have

0 ≤ |a| − b− 2|a|
⌊ |a| − b

2|a|

⌋
< 2|a|

which implies that

−|a| ≤ −
(
b+ 2|a|

⌊
|a| − b

2|a|

⌋)
< |a|

Therefore, −|a| < b+ 2as ≤ |a|. If |a| <
√

∆, then s = sign(a)
⌊√

∆−b
2|a|

⌋
and we show

that
√

∆− 2|a| < b+ 2as <
√

∆

Note that b+ 2as = b+ 2|a|
⌊√

∆−b
2|a|

⌋
and 0 ≤

√
∆−b
2|a| −

⌊√
∆−b
2|a|

⌋
< 1 Therefore we have

0 ≤
√

∆− b− 2|a|

⌊√
∆− b
2|a|

⌋
< 2|a|

which implies that

−
√

∆ ≤ −

(
b+ 2|a|

⌊√
∆− b
2|a|

⌋)
< 2|a| −

√
∆

Since |a| <
√

∆, we are done.

Definition 3.4.3. The form fT s is called the normalization of f . Replacing a

form f by its normalization is called normalizing f .

Remark 3.4.1. Applying the reduction operator ρ to an indefinite form f = (a, b, c)

is the same as normalizing the form (c,−b, a). Therefore ρ(f) is a normal form for

any indefinite binary quadratic form f .
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Lemma 3.4.5. Let f = (a, b, c) be a normal form such that |a| ≤
√

∆
2

. Then f is

reduced.

Proof. Let f = (a, b, c) be a normal form of discriminant ∆ such that |a| ≤
√

∆
2

.

Since |a| ≤
√

∆
2
<
√

∆, we have
√

∆ − 2|a| < b <
√

∆. We also have 2|a| ≤
√

∆

which implies that
√

∆− 2|a| ≥ 0. Therefore,

√
∆− 2|a| = |

√
∆− 2|a|| < b <

√
∆

and f is reduced.

Lemma 3.4.6. Let f = (a, b, c) be a normal form of discriminant ∆ such that

|a| <
√

∆. Then ρ(f) is reduced.

Proof. Let f = (a, b, c) be a normal form of discriminant ∆ such that |a| <
√

∆.

We will show that

ρ(f) = (c,−b+ 2sc, cs2 − bs+ a)

is reduced where s = s(f). If |c| ≤
√

∆
2

, then ρ(f) is reduced by Lemma 3.4.5. Note

that since f is normal and |a| <
√

∆, we have:

−
√

∆ <
√

∆− 2|a| < b <
√

∆

It follows then that 0 <
√

∆ − b < 2|a|, 0 < b +
√

∆ and |b| <
√

∆. If |c| >
√

∆
2

,

then we have
b+
√

∆

2|c|
=

2|a|√
∆− b

> 1

which implies that b+
√

∆ > 2|c|. We also have

−b+ 2|c| > −
√

∆ + 2|c| = |
√

∆− 2|c||

Combining we get

|
√

∆− 2|c|| < −b+ 2|c| <
√

∆

and s = sign(c). Hence

ρ(f) = (c,−b+ 2sc, cs2 − bs+ a) = (c,−b+ 2|c|, a− sign(c)b+ c)

is reduced.
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Proposition 3.4.7. If the form f is reduced, then so is ρ(f).

Proof. Let f = (a, b, c) be a reduced form. Then we know that f is normal and by

Theorem 3.4.1 we know that |a| <
√

∆. Thus ρ(f) is reduced by Lemma 3.4.6.

Lemma 3.4.8. Let f = (a, b, c) be an indefinite normal binary quadratic form of

discriminant ∆ with |a| ≥
√

∆. Then |c| ≤ |a|
4

.

Proof. Let f = (a, b, c) be an indefinite normal binary quadratic form of discriminant

∆ with |a| ≥
√

∆. Then a2 ≥ ∆ and since f is normal we know that −|a| < b ≤ |a|.

This shows that b2 ≤ a2. Write ∆ = b2 − 4|a||c| and observe that

|c| = ∆− b2

4|a|
≤ a2

4|a|
=
|a|
4

and we are done.

Theorem 3.4.9. The Reduction Algorithm eventually terminates.

Proof. We know that in order to reduce a given indefinite form (a, b, c) of discrim-

inant ∆, we normalize the form f = (c,−b, a) in each reduction step. Say the

resulting normal form is f ′ = (a′, b′, c′). If a ≥
√

∆, then by Lemma 3.4.8, we

have a′ = c ≤ a
4

which implies that after at most 1
2

log2( a√
∆

) + 1 iterations, the

algorithm ends up with a normal form (A,B,C) such that A <
√

∆. Therefore, at

most one more step one gets a reduced form as it is guaranteed by Lemma 3.4.6

that ρ(A,B,C) is a reduced form.

Corollary 3.4.10. If f is an indefinite binary quadratic form, then the proper

equivalence class of f contains a reduced form.

Proof. This follows from Theorem 3.4.9, ρ(f) = fU(f) and U(f) ∈ SL2(Z) for any

indefinite form f .

By Proposition 3.4.7, we know that ρ(f) is a reduced form if f is a reduced form.

Moreover, we discussed that the forms f and ρ(f) are properly equivalent. Below

we will show that the reduction operator actually permutes the set of all reduced

forms that are properly equivalent to a given indefinite form f .
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Theorem 3.4.11. Let F+(g) denote the set of all reduced forms that are properly

equivalent to the irrational indefinite integral binary quadratic form g. Then the

map

P : F+(g) → F+(g)

f 7→ ρ(f)

is a bijection.

Proof. Let g be an irrational indefinite binary quadratic form. We first prove that

P is surjective. Given a reduced form f = (a, b, c) ∈ F+(g), we claim that its inverse

image under the map P is:

P−1 =: ρ−1(f) = (at2 − bt+ c,−b+ 2at, a)

where t = sign(a)b b+
√

∆
2|a| c. Observe that ρ−1(f) = f

 t 1

−1 0

. Indeed, set the

matrix V (f) :=

 t 1

−1 0

 and

fV = (f(t,−1), 2(1at+ c(−1)0) + b(0t− 1), f(−1, 0))

= (at2 − bt+ c,−b+ 2at, a)

= ρ−1(f)

Clearly, V ∈ SL2(Z), which shows that the forms f and ρ−1(f) are properly equiv-

alent. We still need to show that P(ρ−1(f)) = ρ(ρ−1(f)) = f and the form ρ−1(f)

is reduced. We show that ρ−1(f) is reduced: Since f is reduced, we know that

|a| <
√

∆ by Theorem 3.4.1 and the form (c, b, a) is reduced by Corollary 3.4.4.

Then ρ(c, b, a) = (a,−b + 2at, at2 − bt + c) is reduced by Proposition 3.4.7. By

Corollary 3.4.4, we have that ρ−1(f) = (at2 − bt + c,−b + 2at, a) is reduced. Now,

let us show that rho(ρ−1(f)) = f . In terms of the matrices it is equivalent to show

that (fV (f))U(ρ−1(f)) = f but by the group action we know that

(fV (f))U(ρ−1(f)) = f(V (f)U(ρ−1(f)))
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so it suffices to verify that V (f)U(ρ−1(f)) = I2. We have:

V (f)U(f) =

 t 1

−1 0

0 −1

1 s(ρ−1(f))

 =

1 −t+ s(f)

0 1


We show that t = s(ρ−1(f)). We have that s(ρ−1(f)) = sign(a)b−b+2at+

√
∆

2|a| c as

|a| <
√

∆. Then it suffices to show that b b+
√

∆
2|a| c = b−b+2at+

√
∆

2|a| c. We have:⌊
−b+ 2at+

√
∆

2|a|

⌋
=

⌊
−b+ 2asign(a)b b+

√
∆

2|a| c+
√

∆

2|a|

⌋

=

⌊
−b+ 2|a|b b+

√
∆

2|a| c+
√

∆

2|a|

⌋

=

⌊⌊
b+
√

∆

2|a|

⌋
+
−b+

√
∆

2|a|

⌋

Now observe that 0 < −b+
√

∆
2|a| < 1. Indeed, since f is reduced we know that

0 < b <
√

∆ and |a| <
√

∆. We have:

0 <
−b+

√
∆

2|a|
<

√
∆

2|a|
<

√
∆

2
√

∆
<

1

2
< 1

Therefore,
⌊
−b+2at+

√
∆

2|a|

⌋
=
⌊
b+
√

∆
2|a|

⌋
and t = s(ρ−1(f)). This proves surjectivity.

Now we show that P is injective. Let f = (a, b, c), f ′ = (a′, b′, c′) ∈ F+(g) such that

ρ(f) = ρ(f ′). We prove that f = f ′. By assumption, we know that:

(c,−b+ 2sc, cs2 − bs+ a) = (c′,−b′ + 2s′c′, c′(s′)2 − b′s′ + a′)

where s = s(f) and s′ = s(f ′). We immediately see that c = c′. Combined with the

coefficients of the term XY in both forms, the latter implies that

b ≡ b′ ( mod 2|c|). Now since f and f ′ are reduced, we know that ρ(f) and ρ(f ′)

are reduced by Proposition 3.4.7. We then have b = b′. Since ∆f = ∆f ′ we deduce

that a = a′. Hence f = f ′ and P is a bijection.

3.4.1 Minimal points and bases

The aim of this subsection is to introduce necessary geometric tools and prove that

the reduction operator is a transitive permutation.
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Definition 3.4.4. Let L be a two-dimensional irrational lattice in A1 and

µ = (µ1, µ2) be a nonzero point in L. The point µ is called a minimal point

of L if there is no nonzero point θ = (θ1, θ2) in L which satisfy the inequalities

|θ1| < |µ1| and |θ2| < |µ2|.

Definition 3.4.5. Let L be a two-dimensional irrational lattice in A1 and

B = ((α1, α2), (β1, β2) be a basis of L. The basis B is called a minimal basis

of L if |α1| < |β1|, |α2| > |β2| and if there is no point (θ1, θ2) in L which is nonzero

and satisfies |θ1| < |β1| and |θ2| < |α2|.

Observation 3.4.3. If B = ((α1, α2), (β1, β2)) is a minimal basis of the two dimen-

sional irrational lattice L, then the point (α1, α2) is a minimal point of L. Indeed,

say there exists a point θ = (θ1, θ2) ∈ L with |θ1| < |α1| and |θ2| < |α2|. We need to

show that θ1 = θ2 = 0. Since B is a minimal basis of L, we know that |α1| < |β1|

so we have |θ1| < |β1| and |θ2| < |α2| which implies that θ1 = θ2 = 0 again by the

minimality of the basis B.

Lemma 3.4.12. Let ε be a unit of A1, (α, β) ∈ A2
1, and L be a two-dimensional

irrational lattice in A1. Then (α, β) is a minimal basis of L if and only if (εα, εβ)

is a minimal basis of εL.

Proof. Let ε = (ε1, ε2) be a unit of A1, B = (α, β) = ((α1, α2), (β1, β2)) ∈ A2
1, and L

be a two-dimensional irrational lattice in A1. First, note that since ε is a unit of A1

we clearly have that B is an R-basis of L if and only if εB is an R-basis of εL. Assume

that B is a minimal basis of L and there exists a point θ = (θ1, θ2) ∈ εL such that

|θ1| < |ε1β1| and |θ2| < |ε2α2|. We need to show that θ1 = θ2 = 0. Note that ε1 6= 0

and ε2 6= 0 as ε ∈ A×1 . Observe that |α1| < |β1| if and only if |ε1α1| < |ε1β1| and

|α2| > |β2| if and only if |ε2α2| > |ε2β2|. Now, We have | θ1
ε1
| < |β1| and | θ2

ε2
| < |α2|.

Note that ( θ1
ε1
, θ2
ε2

) ∈ L and since B is minimal we have that θ1
ε1

= θ2
ε2

= 0, which

implies that θ1 = θ2 = 0. Thus (εα, εβ) is a minimal basis of εL. Conversely, assume

that (εα, εβ) is a minimal basis of εL and there exists a point θ = (θ1, θ2) ∈ L such

that |θ1| < |β1| and |θ2| < |α2|. We need to show that θ1 = θ2 = 0. We know that

|ε1θ1| < |ε1β1| and |ε2θ2| < |ε2α2|. Again by the minimality of (εα, εβ), we have

ε1θ1 = ε2θ2 = 0. Thus θ1 = θ2 = 0 and B is a minimal basis of L.
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Theorem 3.4.13. Let f = (a, b, c) be an integral indefinite binary quadratic form

with discriminant ∆ and let L = 1
a
L(f) = Z(1, 1) + Z( b+

√
∆

2a
, b−
√

∆
2a

). Then f is a

reduced form if and only if the pair ((1, 1), θ(f)) is a minimal basis of L.

Proof. Let f = (a, b, c) be an integral indefinite binary quadratic form with discrim-

inant ∆ and let L = Z(1, 1) + Z( b+
√

∆
2a

, b−
√

∆
2a

). Set θ1 := b+
√

∆
2a

and θ2 := b−
√

∆
2a

and

suppose that f is reduced. By Proposition 3.4.3 we know that |θ1| > 1, |θ2| < 1

and θ1θ2 < 0. Let (x+ yθ1, x+ yθ2) ∈ L such that |x+ yθ1| < |θ1| and |x+ yθ2| < 1.

In order to show that ((1, 1), θ(f)) is a minimal basis of L, it suffices to prove that

x = y = 0. Note that x, y ∈ Z. Now, if y = 0, then by the second inequality we

have that x = 0 since x is an integer. If y 6= 0, then the first inequality implies that

x 6= 0 and x and yθ1 have opposite sign. Since θ1θ2 < 0, we deduce that x and yθ2

have the same sign which contradicts the second inequality. Conversely, suppose

that ((1, 1), θ(f)) is a minimal basis of L. By definition, we know that |θ1| > 1

and |θ2| < 1. By Proposition 3.4.3, if we show that θ1θ2 < 0, then we may deduce

that the form f is reduced. Say θ1θ2 > 0. Here we remark that θ1θ2 6= 0 since

the discriminant ∆ is not a perfect square which implies that c 6= 0. Note that by

construction the point (1 − sign(θ1)θ1, 1 − sign(θ1)θ2) ∈ L and (1, 1) is a minimal

point of L. Since θ1θ2 > 0, we have |1− sign(θ1)θ1| < |θ1| and |1− sign(θ1)θ2| < 1

which is a contradiction with the minimality of the point (1, 1).

Corollary 3.4.14. Let L be a two-dimensional irrational lattice in A1 and

B = (α, β) be a basis of L. Then fB is a reduced form if and only if B is a

minimal basis of L.

Proof. Let L be a two-dimensional irrational lattice in A1 and B = (α, β) be a basis

of L. By Proposition 3.3.12-2, we know that θ(fB) = β
α

. Since L is irrational, we

know that α is a unit of A1 by Proposition 3.3.7. So by Lemma 3.4.12 we know that

B is a minimal basis of L if and only if (1, β
α

) is a minimal basis of L(θ(fB)). By

Theorem 3.4.13, we have that fB is a reduced form if and only if B is a minimal

basis of L.
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Now let f = (a, b, c) be a primitive indefinite integral binary quadratic form with

discriminant ∆. Suppose that the form f is reduced and also that a > 0. Let L

denote the lattice

1

a
L(f) = Z(1, 1) + Z

(
b+
√

∆

2a
,
b−
√

∆

2a

)
(3.4)

The aim of the following construction is to determine all reduced forms that are

properly equivalent to the form f .

For any integer i, we set fi = ρi(f) so that f0 = f . We also set

B0 :=
1

a
B(f0) =

(
(1, 1),

(
b+
√

∆

2a
,
b−
√

∆

2a

))
.

Observe that B0 = ((1, 1), (θ(f))) so by Proposition 3.3.12-3, we have fB0 = 1
a
f .

Observe also that B0 is positively oriented as a basis of L because

o(B0) = sign

(
b+
√

∆

2a
− b−

√
∆

2a

)
= sign

(√
∆

a

)
> 0

For i ≥ 0, we define Bi+1 = BiU(fi) and for i < 0, we set Bi−1 = BiV (fi). Since the

matrices U(fi) ∈ GL2(Z) and V (fi) ∈ GL2(Z) for all integer i by Observation 3.3.1

we see that Bi is a positively oriented basis of L for all i ∈ Z. By construction, we

also have fi+1 = fiU(fi) and fi−1 = fiV (fi) for all i ∈ Z. By Proposition 3.3.12, we

have fBi = 1
a
fi for all i ∈ Z. Notice that for any integer i, the form fi is reduced as

f is reduced. Hence by Corollary 3.4.14 we deduce that Bi is a minimal basis of L

for all i ∈ Z. For i ∈ Z, write Bi = (µi, µi+1) and by Proposition 3.3.12-2 observe

that θ(fi) = µi+1

µi
. Since µi ∈ A1, we write µi = (µi,1, µi,2) for i ∈ Z.

Proposition 3.4.15. For any integer i, the inequalities |µi+1,1| > |µi,1| and |µi+2,1| >

2|µi,1| hold.

Proof. Let i ∈ Z. Since Bi is a minimal basis of the lattice L, we know by definition

that that |µi,1| < |µi+1,1| which is the same as the first inequality. In order to prove

the second one, we define:

α1 := sign(µi+2,1)µi+2,1 − sign(µi,1)µi,1

α2 := sign(µi+2,1)µi+2,2 − sign(µi,1)µi,2

α := (α1, α2)
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and assume not and say |µi+2,1| ≤ 2|µi,1|. Then

|µi,1| < |µi+1,1| < |µi+2,1| ≤ 2|µi,1|

which implies that

|α1| = ||µi+2,1| − |µi,1|| ≤ |µi,1|

By Proposition 3.4.3 we have that N(µi+1)
N(µi)

< 0 as fi is a reduced form which

shows that sign(N(µi)) = sign(N(µi+2)) which implies that the real numbers

sign(µi+2,1)µi+2,2 and sign(µi,1)µi,1 have the same sign. By the minimality of the

bases Bi and Bi+1 we have |µi+2,2| < |µi,2|. Combining we get

|α2| = |sign(µi+2,1)µi+2,2 − sign(µi,1)µi,2| < |µi,2|

Since Bi is a minimal basis of L, we know that µi is a minimal point of L and

clearly α is a non-zero point in L. Combining with the inequalities |α1| ≤ |µi,1| and

|α2| < |µi,2| we derive a contradiction.

Remark 3.4.2. We remark that by Proposition 3.4.15, we conclude limi→+∞|µi,1| =

∞ and limi→−∞|µi,1| = 0.

Theorem 3.4.16. The set of all minimal points of L is

MP (L) := {±µi : i ∈ Z}

and the set of all positively oriented minimal bases of L is

MB(L) := {±Bi : i ∈ Z}

Proof. Let L be as in (3.4). Let us begin with the discussion of the minimal points

of L: Let α = (α1, α2) be a minimal point of L. We will show that α ∈MP (L). By

Remark 3.4.2 we know that there exists an integer i such that |µi,1| ≤ |α1| < |µi+1,1|.

It suffices to show that either α = µi or α = −µi. Assume not and say α 6= ±µi.

Then we have |µi,1| < |α1| < |µi+1,1|. We know that Bi = (µi, µi+1) is a minimal

basis of L so by definition we have that |µi,2| < |α2|. The inequalities |µi,1| < |α1|

and |µi,2| < |α2| contradicts the minimality of the point α. Note that µi is a minimal

point of L for all i ∈ Z as Bi is a minimal basis of L for all i ∈ Z. Now, about
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the discussion on positively oriented minimal bases of L, we already know that for

all i ∈ Z, Bi is a minimal basis of the lattice L with positive orientation. It follows

that −Bi is a minimal basis of L with positive orientation for all i ∈ Z. Conversely,

let B = (α, β) = ((α1, α2), (β1, β2)) be a positively oriented minimal basis of L.

We will show that B ∈ MB(L). Since B is a minimal basis of L, we know that

α is a minimal point of L so by the first part of this theorem we know that there

exists an integer i and j ∈ {±1} such that α = jµi. We will show that jBi = B.

Observe that both jBi and B are positively oriented minimal bases of L with a

common element α which implies that it suffices to show that β = jµi+1. Assume

not and say β 6= jµi+1. Since B is a minimal basis of L by definition we know

that |β2| < |α2| = |µi,2|. Now if |β1| < |µi+1,1| then we have a contradiction with

the fact that Bi is a minimal basis of L. Similarly if |β1| > |µi+1,1| then we have

contradiction with the minimality of the basis B so by Proposition 3.3.8 we have

that β = ±µi+1. Thus B = jBi.

Corollary 3.4.17. Let f be an integral indefinite reduced form. Then the set of all

reduced forms that are properly equivalent to f is {ρi(f) : i ∈ Z}.

Proof. Let f be a integral indefinite reduced form and let g be a reduced indefinite

binary quadratic form that is properly equivalent to f . Then we know that there

exists a matrix U ∈ SL2(Z) such that g = fU . We have:

g = fU

= afB0U by Proposition 3.3.12

= afC by Proposition 3.3.11

Since g is a reduced form, by Corollary 3.4.14 we have that C is a minimal basis

of L. It follows from the Theorem 3.4.16 that there exists an integer i such that

Bi = C. Hence

g = afBi = fi := ρi(f)
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3.5 The automorphism group of indefinite forms

3.5.1 Cycles of forms

Given any indefinite integral binary quadratic form f = (a, b, c), we set the following

operator:

τ(f) := f

1 0

0 −1

 = (−a, b,−c)

Observe that the τ operator commutes with the reduction operator ρ and τ 2 is

the identity operator. Indeed,

τρ(f) = ρτ(f) = (−c,−b+ 2s(f)c,−(cs(f)2 − bs(f) + a))

and

τ 2((a, b, c)) = τ(τ(a, b, c)) = τ((−a, b,−c)) = (a, b, c)

for any binary quadratic form (a, b, c). Notice also that the forms f and τ(f) are

equivalent they are not necessarily properly equivalent. To see this, take

f = (−1, 1, 1) and compute τ(f) = f . We also have that f

0 −1

1 −1

 = (−1, 1, 1).

In this case f and τ(f) are properly equivalent as

0 −1

1 −1

 ∈ SL2(Z).

Definition 3.5.1. Let f be an primitive integral indefinite binary quadratic form.

• The proper cycle of f is the sequence (ρi(g))i∈Z where g is a reduced form

with g = fU for some matrix U ∈ SL2(Z).

• The cycle of f is the sequence ((τρ)i(g))i∈Z where g = (A,B,C) is a reduced

form with A being positive such that g = fU for some matrix U ∈ GL2(Z).

Remark 3.5.1. Given any primitive integral indefinite binary quadratic form f , its

cycle is an invariant of its equivalence class.

By Corollary 3.4.2, we know that there are finitely many reduced forms in the cy-

cle and the proper cycle of f , so we will denote them by their period (f0, f1, . . . , fl−1)

where f0 is an arbitrary reduced form that is in the cycle of f .
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Example 3.5.1. Let us find the cycle and the proper cycle of the form f = (1, 3,−1)

which is already reduced by Example 3.4.1. Note that s(f) = −
⌊

3+
√

13
2

⌋
= −3 as

|c| = 1 <
√

13. Then

(τρ)(f) = (1,−3 + 2(−3)(−1),−((−1)(−3)2 − 3(−3) + 1)) = (1, 3,−1) = f

Therefore l = 1 and (f) is the cycle of f . For the proper cycle of f , we compute:

ρ(f) = (−1,−3 + 2(−3)(−1), (−1)(−3)2 − 3(−3) + 1) = (−1, 3, 1)

and s(ρ(f)) =
⌊

3+
√

13
2

⌋
= 3. Then,

ρ2(f) = ρ(ρ(f)) = (1,−3 + 2 · 3 · 1, 1 · 32 − 3 · 3− 1) = (1, 3,−1) = f

Therefore, ((1, 3,−1), (−1, 3, 1)) is the proper cyle of f .

Proposition 3.5.1. If f is a primitive integral indefinite binary quadratic form,

then the cycle of f contains all reduced forms (A,B,C) with A > 0 that are equivalent

to f .

Proof. Let f = (a, b, c) be a primitive integral indefinite binary quadratic form. The

equivalence class of the form f contains a reduced form (x, y, z) with positive x.

Indeed, by the Reduction Algorithm the equivalence class of f contains a reduced

form, say (a′, b′, c′). If a′ is positive, we are done. If not, then by Theorem 3.4.1

we know that c′ is positive and by Corollary 3.4.4 the form (c′, b′, a′) is reduced so

without loss of generality, we may assume that a > 0. By the definition of the cycle

of f , any reduced form (A,B,C) with A > 0 which is equivalent to f is in the cycle

of f . Conversely, if (A,B,C) is a reduced form in the equivalence class of f with

A > 0, then either the form (A,B,C) or the form τ(A,B,C) = (−A,B,−C) is

properly equivalent to f . Indeed, (A,B,C) = fU for some matrix U ∈ GL2(Z). If

U ∈ SL2(Z), we have that the form (A,B,C) is properly equivalent to f . Otherwise,

det(U) = −1 and

τ(A,B,C) = (A,B,C)

1 0

0 −1

 = (fU)

1 0

0 −1

 = f

(
U

1 0

0 −1

)
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Clearly, the matrix U

1 0

0 −1

 is in SL2(Z) which implies that (−A,B,−C) is

properly equivalent to f . If (A,B,C) is in the proper cycle of f , by Proposition 3.5.2,

(A,B,C) = ρi(f) for some i ∈ Z. Moreover, we observe that i is even as both the

coefficients A and a are positive and the sign of the coefficient of X2 of the form

ρj(f) is determined by (−1)j. We know that τ 2 is identity and the operators τ and

ρ commute. This implies that (A,B,C) = (τρ)i(f). Thus the form (A,B,C) is in

the cycle of f . If (−A,B,−C) belongs to the proper cycle of f , then

(−A,B,−C) = τ(A,B,C) = ρi(f)

for some odd integer i as −A < 0. Hence

(A,B,C) = τ(ρi(f)) = (τρi)(f) = (τρ)i(f)

because i is odd which implies that (A,B,C) is in the cycle of f .

Proposition 3.5.2. If f is a primitive integral indefinite binary quadratic form,

then the proper cycle of f consists of all reduced forms which are properly equivalent

to f .

Proof. This proposition directly follows from Corollary 3.4.17.

Now, we will introduce an algorithm that computes the cycle of a given indefinite

integral binary quadratic form f = (a, b, c) with a > 0 of discriminant ∆:

Set f0 = (a0, b0, c0) = f and si := |s(fi)| =
⌊
bi+b

√
∆c

2|ci|

⌋
We then have:

fi+1 = (|ci|,−bi + 2si|ci|,−(ai + bisi + cis
2
i ))

:= (ai+1, bi+1, ci+1)

= fi

0 1

1 si



In order to find matrices Ti :=

pi pi+1

qi qi+1

 that satisfies fi = fTi, we set T0 = I2

and recursively get pi+2 = sipi+1 + pi and qi+2 = siqi+1 + qi for i ∈ Z≥0. In fact, we
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have

Ti =
i−1∏
j=0

0 1

1 sj

 for i ∈ Z≥0. (3.5)

Observation 3.5.1. ([Buchmann and Vollmer, 2007], Lemma 6.10.8)

• For i ∈ Z≥3, we have pi+1 > pi > 0 and pi+2 ≥ 2pi.

• For i ∈ Z≥2, we have qi+1 > qi > 0 and qi+2 ≥ 2qi.

3.5.2 Aut(f)

The aim of the following discussion is to determine the automorphism group of a

given irrational integral indefinite binary quadratic form. Let f = (a, b, c) be an

irrational integral indefinite binary quadratic form, U ∈ GL2(Z) such that the form

f0 := fU is reduced. Say f0 = (A,B,C) and suppose that A > 0. Note that the

existence of such a form f0 in the equivalence class of f follows from Corollary 3.4.10

and Proposition 3.5.1. Denote the cycle of f by (f0, f1, . . . , fl−1) which is of length

l ∈ Z. Let Tl be the matrix as in (3.5). By construction, we know that f0 = f0Tl

which implies that Tl is an automorphism of f0. Since f0 := fU , we have that

fU = fUTl so f = fUTlU
−1. Therefore we see that the matrix UTlU

−1 is an

automorphism of the form f . From now on, we set T := UTlU
−1 and relate T with

Aut(f).

Lemma 3.5.3. The cyclic group 〈T 〉 = {T i : i ∈ Z} is of infinite order.

Proof. It suffices to show that the matrices T i and T j are distinct for any i, j ∈ Z≥0

with i 6= j. By fact (3.5), we know that Tl =
∏l−1

i=0

0 1

1 si

 and by Observation 3.5.1

we have that the entries of T are positive except for the one which is in the (1, 1)-

position. Observe also that for any integer i, we have T i = UT il U
−1. Combining, we

see that the entry that is in the (2, 2)-position in the matrix T i is strictly increasing.

Therefore the matrices T i are pairwise distinct for i ∈ Z≥0 which implies that 〈T 〉

is an infinite group.
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Theorem 3.5.4. The automorhism group of f , Aut(f), is given by

〈−1〉 × 〈T 〉 = {±T i : i ∈ Z}

Proof. By construction, we have 〈−1〉 × 〈T 〉 ⊂ Aut(f). Conversely, let us consider

first the case where U = I2 which implies that f0 = f and Tl = T . Recall the

construction that is just before the Proposition 3.4.15: For any i ∈ Z, we have

fBi = 1
a
fi where Bi denotes the minimal basis of L as in (3.4). Let V ∈ Aut(f). We

have:

fB0V = fB0V by Proposition 3.3.11

=
1

a
f0V

=
1

a
f0 as V ∈ Aut(f)

=
1

a
f as f0 = f

Observe that the form fB0V is reduced as f is reduced so by Corollary 3.4.14 we

know that B0V is a minimal basis of L. By Theorem 3.4.16 there exists an integer

i such that B0V ∈ {±Bi}. But by construction we know that Bi = B0Ti hence

V ∈ {±Ti}. Again by construction we know that fi = fTi = fV = f , we deduce that

i ≡ 0 ( mod l) as l is the length of the cycle of f therefore minimal. Combining,

we get V ∈ {±T jl } for some j ∈ Z. Thus, V ∈ 〈−1〉 × 〈T 〉. Now, for the general

case observe first that for V ∈ GL2(Z), we have:

V ∈ Aut(f) ⇐⇒ fV = f

⇐⇒ fV U = fU

⇐⇒ fUU−1V U = fU

⇐⇒ f0U
−1V U = f0

⇐⇒ U−1V U ∈ Aut(f0)

which implies that U−1V U ∈ {±T il : i ∈ Z} but this holds if and only if

V ∈ {±T i : i ∈ Z}.

Definition 3.5.2. The matrix T is called the fundamental automorphism of f .
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Example 3.5.2. Let us determine the fundamental automorphism of the form

f = (1, 3,−1). By Example 3.5.1, we know that U = I2 and Tl =

0 1

1 3

. There-

fore T = I2

0 1

1 3

 I2 = Tl is the fundamental automorphism of f and

Aut(f) =

±
0 1

1 3

i

: i ∈ Z


Below we state a theorem which is not used in the rest of our work but still worth

mentioning because it beautifully relates Aut(f), Aut+(f) and the cycle of f :

Theorem 3.5.5. ([Buchmann and Vollmer, 2007], Theorem 6.12.4) Let T be the

fundamental automorphism of f . If the length l of the cycle of f is odd, then

Aut(f) = 〈−1〉 × 〈T 2〉 and if l is even, then Aut+(f) = Aut(f).
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Chapter 4

REAL QUADRATIC NUMBER FIELDS

In this chapter we will concentrate on real quadratic number fields. First, we fix a

real quadratic number field K and to each element of Cl+(K), we attach a primitive

integral indefinite binary quadratic form and show that this correspondence is one

to one. We then express each element of P̃ic0(K) in the language of binary quadratic

forms.

4.1 Forms and fractional ideals

Let us start with some important yet basic facts on real quadratic fields: It is known

that any real quadratic number field is of the form

Q(
√
d) = {a+ b

√
d : a, b ∈ Q}

where d is a square-free positive integer. For such a number field, its ring of integers

is :

ZK =

Z[
√
d] if d ≡ 2, 3 (mod 4)

Z[1+
√
d

2
] if d ≡ 1 (mod 4)

and its discriminant is :

∆K =

4d if d ≡ 2, 3 (mod 4)

d if d ≡ 1 (mod 4)

Notice that any real quadratic field can be expressed as Q(
√

∆K). Those ∆ ∈ R>0

which are the discriminants of a quadratic number field are called fundamental

discriminants. Throughout this chapter, we fix a real quadratic field K = Q(
√

∆K).

Let σ1 denote the identity embedding of K and σ2 denote the embedding of K that
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sends each element of K to its Galois conjugate. Namely, for a+ b
√

∆K ∈ K:

σ1(a+ b
√

∆K) = a+ b
√

∆K

σ2(a+ b
√

∆K) = a− b
√

∆K

Set ᾱ := σ2(α) for α ∈ K. Let I ∈ Id(K). Then I has a basis of the form {α1, α2}

as a Z-module. We have:

det

(α1 α2

ᾱ1 ᾱ2

)2

= ∆K ·N(I)2 (4.1)

so that

det

α1 α2

ᾱ1 ᾱ2

 = ±
√

∆K ·N(I)

This motivates the following definition:

Definition 4.1.1. Let I = 〈α1, α2〉 ∈ Id(K). The Z-basis {α1, α2} of the fractional

ideal I is called normalized if

det

α1 α2

ᾱ1 ᾱ2

 =
√

∆K ·N(I) (4.2)

Remark 4.1.1. Given any I = 〈α1, α2〉 ∈ Id(K), exactly one of the Z-bases

{α1, α2}, {α2, α1} is normalized.

Definition 4.1.2. Let I = 〈α1, α2〉 ∈ Id(K) with normalized basis {α1, α2}. The

binary quadratic form

P{α1,α2}(X, Y ) :=
NK/Q(α1X + α2Y )

N(I)

is called the form associated to I.

Observation 4.1.1. We have:

NK/Q(α1X + α2Y ) : = (α1X + α2Y )(ᾱ1X + ᾱ2Y )

= α1ᾱ1X
2 + (α1ᾱ2 + ᾱ1α2)XY + α2ᾱ2Y

2

Therefore, P{α1,α2} =
(
α1ᾱ1

N(I)
, α1ᾱ2+ᾱ1α2

N(I)
, α2ᾱ2

N(I)

)
=
(
NK/Q(α1)

N(I)
,
TrK/Q(α1ᾱ2)

N(I)
,
NK/Q(α2)

N(I)

)
.
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Proposition 4.1.1. If I = 〈α1, α2〉 ∈ Id(K) with normalized basis {α1, α2}, then

P{α1,α2}(X, Y ) is a primitive integral indefinite binary quadratic form of discriminant

∆K.

Proof. Let I = 〈α1, α2〉 ∈ Id(K) with normalized basis {α1, α2}. Since I is a frac-

tional ideal, we know that there exists a non-zero integer α such that αI ⊂ ZK ,

which shows that without loss of generality we may assume that I is an integral

ideal of K so that α1 and α2 are algebraic integers. We first show that the form

associated to I is integral: For any integers X and Y , we have b := α1X + α2Y ∈

I which implies that I
∣∣(b) as ideals. Therefore, N(I)

∣∣N((b)) = NK/Q(b) in Z.

Set P := P{α1,α2} and observe that P (1, 0) =
NK/Q(α1)

N(I)
, P (0, 1) =

NK/Q(α2)

N(I)
and

P (1, 1) =
NK/Q(α1)

N(I)
+

TrK/Q(α1ᾱ2)

N(I)
+

NK/Q(α2)

N(I)
are all integers which implies that P is an

integral form by Observation 4.1.1. Let us compute the discriminant of P :

∆P =
1

N(I)2
(α1ᾱ2 + ᾱ1α2)2 − 4

N(I)2
α1ᾱ1α2ᾱ2

=
1

N(I)2

[
(α1ᾱ2 + ᾱ1α2)2 − 4 (α1ᾱ1α2ᾱ2)

]
=

1

N(I)2

[
α2

1ᾱ2
2 + 2α1ᾱ2ᾱ1α2 + ᾱ1

2α2
2 − 4α1ᾱ1α2ᾱ2

]
=

1

N(I)2
[α1ᾱ2 − ᾱ1α2]2

=
1

N(I)2
·N(I)2 ·∆K by (4.1)

= ∆K

We now show that P is a primitive form: Set a :=
NK/Q(α1)

N(I)
, b :=

TrK/Q(α1ᾱ2)

N(I)
and

c :=
NK/Q(α2)

N(I)
. Assume not and say there exists a prime number p such that p|a,

p|b and p|c. Then p2
∣∣∆P = ∆K . If d ≡ 1 (mod 4) we have a contradiction as d is

square-free. If d ≡ 2, 3 (mod 4), then p2
∣∣4 which happens if and only if p = 2. We
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then have:

d =
1

4
DK

=
1

4
(b2 − 4ac)

=
( b

2

)2 − 4
a

2

c

2

≡
( b

2

)2
(mod 4)

≡ 0, 1 (mod 4)

which again leads to a contradiction.

Lemma 4.1.2. Let I be a fractional ideal of K. Any two normalized bases of I give

rise to properly equivalent forms associated to I.

Proof. Let I ∈ Id(K) and let α = {α1, α2}, β = {β1, β2} be two normalized bases

of I. We know that there exists a matrix U ∈ GL2(Z), which is in fact the change

of basis matrix, such that β = Uα. Since α and β are both normalized, they both

satisfy the Equation (4.2) which implies that U ∈ SL2(Z). Observe that

β1X + β2Y =
(
β1 β2

) X

Y

 = U
(
α1 α2

) X

Y

 = U (α1X + α2Y )

Therefore, NK/Q(β1X + β2Y ) = NK/Q(U (α1X + α2Y )) which implies that

P{β1,β2} = P{α1,α2}U .

Lemma 4.1.3. Let I1, I2 ∈ Id(K) with normalized bases {α1, α2}, {β1, β2}, respec-

tively. Suppose that I1 and I2 are in the same narrow ideal class. Then the forms

associated to I1 and I2 are properly equivalent.

Proof. Let I1, I2 ∈ Id(K) be two fractional ideals that are in the same narrow ideal

class with normalized bases {α1, α2}, {β1, β2}, respectively. We then know that

there exists a totally positive element γ ∈ K× such that I2 = (γ)I1. Clearly, the
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set {γα1, γα2} is another Z-basis of the fractional ideal I2. Moreover, this basis is

normalized as:

det

γα1 γα2

γ̄ᾱ1 γ̄ᾱ2

 = NK/Q(γ) det

α1 α2

ᾱ1 ᾱ2

 > 0

by the total positivity of the element γ. We also have:

P{γα1,γα2} =
NK/Q(γα1X + γα2Y )

N((γ)I1)

=
NK/Q(γ(α1X + α2Y ))

N((γ)I1)

=
NK/Q(γ)NK/Q(α1X + α2Y )

NK/Q(γ)N(I1)
as NK/Q is multiplicative and (γ) is principal.

=
NK/Q(α1X + α2Y )

N(I1)

= P{α1,α2}

Now, the result follows from Lemma 4.1.2.

Theorem 4.1.4. The map

C : Cl+(K) → F (∆K)/SL2(Z)

[〈α1, α2〉] 7→
[
P{α1,α2}

]
is a well-defined bijection, where F (∆K) is set of primitive integral indefinite binary

quadratic forms of discriminant ∆K and the set {α1, α2} is a normalized basis of

the fractional ideal 〈α1, α2〉.

Proof. The fact that the map C is well-defined follows from Lemma 4.1.3. We show

that C is surjective: Let f = (a, b, c) ∈ F (∆K). Then, I = 〈a, b−
√

∆K

2
〉 ∈ Id(K).

Set γ :=
√

∆K if a < 0 and take γ := 1 if a > 0. Observe that γI = 〈γa, γ b−
√

∆K

2
〉 ∈

Id(K). We compute the ideal norm of γI:

N(γI) = |NK/Q(γ)|N(I)

= |NK/Q(γ)|)

∣∣∣∣∣ 1√
∆K

det

a b−
√

∆K

2

a b+
√

∆K

2

∣∣∣∣∣
= |aNK/Q(γ)|
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so the Z-basis of γI is always normalized. We also compute:

NK/Q

(
γaX + γ

b−
√

∆K

2
Y

)
= NK/Q(γ)NK/Q

(
aX +

bY

2
−
√

∆KY

2

)

= NK/Q(γ)

[(
aX +

bY

2

)2

− ∆K

4
Y 2

]

= NK/Q(γ)

(
a2X2 +

2aXbY

2
+
b2Y 2

4
− ∆KY

2

4

)
= NK/Q(γ)

(
a2X2 + abXY +

Y 2
(
b2 − b2 + 4ac

)
4

)
= NK/Q(γ)

(
a2X2 + abXY + acY 2

)

We claim that C ([γI]) = P
{γa,γ b−

√
∆K

2
}

= f . Indeed,

P
{γa,γ b−

√
∆K

2
}
(X, Y ) =

NK/Q

(
γaX + γ b−

√
∆K

2
Y

)
N(γI)

=
NK/Q(γ) (a2X2 + abXY + acY 2)

|aNK/Q(γ)|

= f(X, Y )

We now show that C is injective: Let I1, I2 ∈ Id(K) with normalized bases

α = {α1, α2}, β = {β1, β2}, respectively. Assume that P{β1,β2} = P{α1,α2}U for

some U ∈ SL2(Z). If we replace the Z-basis β of I2 by βU then we deduce that the

forms associated to I1 and I2 are the same so we may assume that P{β1,β2} = P{α1,α2}.

We need to find a totally positive element γ ∈ K× such that I1 = (γ)I2. Consider

the roots of the polynomial:

P{α1,α2}(1, Y ) =
1

N(I1)
(α1ᾱ1 + (α1ᾱ2 + ᾱ1α2)Y + α2ᾱ2)

which are −α1

α2
and − ᾱ1

ᾱ2
. Similarly, the roots of the polynomial P{β1,β2}(1, Y ) are

− β1

β2
and − β̄1

β̄2
. Since these two polynomials are the same, either α1

α2
= β1

β2
or α1

α2
= β̄1

β̄2
.

First, assume that α1

α2
= β̄1

β̄2
. Set λ := α2

β̄2
= β̄1

ᾱ1
. Then α1 = λβ̄1 and α2 = λβ̄2. We

have:

det

α1 α2

ᾱ1 ᾱ2

 = det

λβ̄1 λβ̄2

λ̄β1 λ̄β2

 = −NK/Q(λ) det

β1 β2

β̄1 β̄2


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Since both bases are normalized, we have NK/Q(λ) < 0. On the other hand,

P{β1,β2} = P{α1,α2} implies NK/Q(λ) > 0 which shows that this case cannot arise.

Now, we know that α1

α2
= β1

β2
. We have: α1 = β1

α2

β2
and α2 = β2

α1

β1
. Set Γ := α2

β2
= α1

β1
.

Again, since both bases are normalized, we have:

√
∆KN(I1) = det

α1 α2

ᾱ1 ᾱ2

 = NK/Q(Γ) det

β1 β2

β̄1 β̄2

 = NK/Q(Γ)
√

∆KN(I2)

Therefore, NK/Q(Γ) > 0. Define

γ :=

Γ if Γ > 0

−Γ if Γ < 0

Clearly, γ is a totally positive element of K× and I1 = (γ)I2.

4.2 Forms and ˜Div0(K)

In this section, we combine the theory of indefinite binary quadratic forms and

oriented Arakelov class groups. We first explain a way of representing each element

of F (∆K) as an element of ˜Div0(K). Notice first that by Corollary 2.2.2, we know

that K×R
∼= R× × R×. To this end, given any f = (a, b, c) ∈ F (∆K), we define

If := 〈1, b−
√

∆K

2a
〉 ∈ Id(K) and ∞f :=

(
b−
√

∆K

2
√
|c|
, b+
√

∆K

2
√
|c|

)
∈ K×R . By Equation (4.1),

we have that N(If ) = 1
|a| . We claim that (If ,∞f ) ∈ ˜Div0(K). We need to check

that it is of degree 0. It suffices to show that N(If )N (|∞f |) = 1. We have:

N(If )N (|∞f |) =
1

|a|
|b−
√

∆K |
2
√
|c|

|b+
√

∆K |
2
√
|c|

=
1

|a|
4|a||c|
4|c|

as ∆K = ∆f = b2 − 4ac

= 1

Hence, we showed that the map:

D : F (∆K)→ ˜Div0(K)

f = (a, b, c) 7→

(〈
1,
b−
√

∆K

2a

〉
,

(
b−
√

∆K

2
√
|c|

,
b+
√

∆K

2
√
|c|

))
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is well-defined.

By Proposition 2.4.2, we know that ˜Div0(K) ∼= (K×R,+)0⊗ (Id(K)×{±1}2). We

decompose (If ,∞f ) in (K×R,+)0⊗ (Id(K)×{±1}2) as follows: By Observation 2.4.2

we know that from the element (If ,∞f ), we derive

((
|b−

√
∆K |

2
√
|c|

·

√
1

|a|
,
|b +

√
∆K |

2
√
|c|

·

√
1

|a|

)
, (If , sign(∞f ))

)
=

((
|b−

√
∆K |

2
√
|ac|

,
|b +

√
∆K |

2
√
|ac|

)
, (If , sign(∞f ))

)

As K is a real quadratic field, we have

(K×R,+)0 = {(x1, x2) ∈ R>0 × R>0 : x1x2 = 1}

In addition |b−
√

∆K |
2
√
|ac|
· |b+

√
∆K |

2
√
|ac|

= 1. We conclude that the element

(
|b−
√

∆K |
2
√
|ac|

, |b+
√

∆K |
2
√
|ac|

)
is an element of (K×R,+)0.

Let us discuss the two fundamental properties of the map D:

• D is not injective: Let f = (a, b, c), g = (d, e, f) ∈ F (∆K) such that
D(f) = D(g). Then,

(〈
1,
b−
√

∆K

2a

〉
,

(
b−
√

∆K

2
√
|c|

,
b+
√

∆K

2
√
|c|

))
=

(〈
1,
e−
√

∆K

2d

〉
,

(
e−
√

∆K

2
√
|f |

,
e+
√

∆K

2
√
|f |

))

which implies that If = Ig and ∞f = ∞g. Since ∞f = ∞g, we have that

b−
√

∆K

2
√
|c|

= e−
√

∆K

2
√
|f |

and b+
√

∆K

2
√
|c|

= e+
√

∆K

2
√
|f |

so that

e
√
|c| −

√
|c|
√

∆K = b
√
|f | −

√
|f |
√

∆K (4.3)

e
√
|c|+

√
|c|
√

∆K = b
√
|f |+

√
|f |
√

∆K (4.4)

We then get e
√
|c| = b

√
|f |. By substituting into the Equation (4.3), we

obtain that
√
|c| =

√
|f |, which implies that e = b. We also have c = ±f . If

c = −f , we have:

∆K = b2 − 4ac = b2 − 4df

so ac = df . It follows that d = −a. In this case

f = (a, b, c) 6= (−a, b,−c) = g.

Therefore, D is not injective.
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• D is not surjective: Consider the element (ZK , (1, 1)) ∈ ˜Div0(K) and say there

exists an element f = (a, b, c) ∈ F (∆K) such that D(f) = (ZK , (1, 1)). We

then have(〈
1,
b−
√

∆K

2a

〉
,

(
b−
√

∆K

2
√
|c|

,
b+
√

∆K

2
√
|c|

))
= (ZK , (1, 1))

which implies that b−
√

∆K

2
√
|c|

= b+
√

∆K

2
√
|c|

. Therefore, b−
√

∆K = b+
√

∆K so that

−1 = 1 which is a contradiction. Hence, D is not surjective.

Given any f = (a, b, c) ∈ F (∆K), we set αf =

(
|b−
√

∆K |
2
√
|ac|

, |b+
√

∆K |
2
√
|ac|

)
and consider the

matrix S =

0 −1

1 0

 ∈ SL2(Z) and g := fS = (c,−b, a). Then Ig = 〈1, b−
√

∆K

2c
〉

and ∞g =
(
b−
√

∆K

2
√
|a|
, b+
√

∆K

2
√
|a|

)
. The image of the form g under the map D splits in

(K×R,+)0 ⊗ (Id(K)× {±1}2) as((
|b+
√

∆K |
2
√
|ac|

,
|b−
√

∆K |
2
√
|ac|

)
, (Ig, sign(∞g))

)
.

Now, consider T =

1 1

0 1

 ∈ SL2(Z) and the form h := fT = (a, b+ 2a, a+ b+ c).

In (K×R,+)0 ⊗ (Id(K)× {±1}2), the image of h under D looks like((
|b+ 2a−

√
∆K |

2
√
|a2 + ab+ ac|

,
|b+ 2a+

√
∆K |

2
√
|a2 + ab+ ac|

)
, (Ih, sign(∞h))

)

where Ih = 〈1, b+2a−
√

∆K

2a
〉 and ∞g =

(
b+2a−

√
∆K

2
√
|a|

, b+2a+
√

∆K

2
√
|a|

)
. We define

αg :=

(
|b+
√

∆K |
2
√
|ac|

, |b−
√

∆K |
2
√
|ac|

)
and αh :=

(
|b+2a−

√
∆K |

2
√
|a2+ab+ac|

, |b+2a+
√

∆K |
2
√
|a2+ab+ac|

)
.

4.3 Topological structure of (K×R,+)0

In this section, we first identify the multiplicative group (K×R,+)0 with hyperplane

x + y = 0 ⊆ R2, which can be seen as a 1-dimensional R-vector space. This will

allow us to define a norm on (K×R,+)0. By the induced metric, we will be able to

measure the distance between elements of ˜Div0(K).
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Consider the map

Log : (K×R,+)0 → R2

(α1, α2) 7→ (log(α1), log(α2))

which is well-defined as α1, α2 > 0. We claim that (K×R,+)0 maps bijectively onto

x + y = 0 in R2 via Log map. The image of (K×R,+)0 under Log is indeed the

hyperplane x+ y = 0 as α1α2 = 1 so log(α1) = − log(α2) for all (α1, α2) ∈ (K×R,+)0.

Note that Log is injective as the log map is injective hence Log is a bijection

onto its image. We may now identify the set (K×R,+)0 with x + y = 0. Given any

α = (α1, α2) ∈ (K×R,+)0, we define

‖α‖ :=
√

log(α1)2 + log(α2)2

which turns out to be a norm on (K×R,+)0. Indeed,

• Let α = (α1, α2) ∈ (K×R,+)0 such that ‖α‖ =
√

log(α1)2 + log(α2)2 = 0. Then

log(α1) = log(α2) = 0 and α1 = α2 = 1.

• Let λ ∈ R, α = (α1, α2) ∈ (K×R,+)0. We have:

‖λα‖ =
√

(λ log(α1))2 + (λ log(α2))2

=
√
λ2(log(α1)2 + log(α2)2)

= |λ|
√

log(α1)2 + log(α2)2

= |λ| · ‖α‖

• Let α = (α1, α2), β = (β1, β2) ∈ (K×R,+)0. We need to show that

‖α + β‖ ≤ ‖α‖+ ‖β‖

which is the same as showing ‖α+ β‖2 ≤ (‖α‖+ ‖β‖)2 since both sides of the
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inequality are non-negative. We have:

‖α+ β‖2 = (log(α1) + log(β1))2 + (log(α2) + log(β2))2

= log(α1)2 + log(α2)2 + log(β1)2 + log(β2)2 + 2(log(α1) log(β1) + log(α2) log(β2))

= ‖α‖2 + ‖β‖2 + 2(log(α1) log(β1) + log(α2) log(β2))

≤ ‖α‖2 + ‖β‖2 + 2
√

log(α1)2 + log(α2)2 ·
√

log(β1)2 + log(β2)2

= ‖α‖2 + 2‖α‖ · ‖β‖+ ‖β‖2

= (‖α‖+ ‖β‖)2

where the above inequality step follows from Cauchy-Schwarz Inequality.

From the norm ‖ · ‖, we induce the following metric on (K×R,+)0:

d(α, β) :=

[(
log(α1)− log(β1)

)2
+
(

log(α2)− log(β2)
)2

] 1
2

for α = (α1, α2), β = (β1, β2) ∈ (K×R,+)0.

Example 4.3.1. Let us find the distance between the images of forms f , fS under
the map D and those of f , fT . First, we compute the distance between the images
of f and fS, which is given by d(αf , αg). We have:

d(αf , αg) =

(log

(
|b−
√

∆K |
2
√
|ac|

)
− log

(
|b+
√

∆K |
2
√
|ac|

))2

+

(
log

(
|b+
√

∆K |
2
√
|ac|

)
− log

(
|b−
√

∆K |
2
√
|ac|

))2
 1

2

=
√

2

∣∣∣∣∣log

(
|b−
√

∆K |
2
√
|ac|

)
− log

(
|b+
√

∆K |
2
√
|ac|

)∣∣∣∣∣
=
√

2

∣∣∣∣∣ log

(
|b−
√

∆|
|b+
√

∆|

)∣∣∣∣∣

We now compute d(αf , αh):

d(αf , αh) =

[(
log

(
|b−

√
∆K |

2
√
|ac|

)
− log

(
|b + 2a−

√
∆K |

2
√
|a2 + ab + ac|

))2

+

(
log

(
|b +

√
∆K |

2
√
|ac|

)
− log

(
|b + 2a +

√
∆K |

2
√
|a2 + ab + ac|

))2] 1
2

=

[(
log

(
|b−

√
∆K |

|b + 2a−
√

∆K |

)
+ log

(√
|a + b + c|√
|c|

))2

+

(
log

(
|b +

√
∆K |

|b + 2a +
√

∆K |

)
+ log

(√
|a + b + c|√
|c|

))2] 1
2

Since

∣∣∣∣ b−
√

∆K

b+2a−
√

∆K

∣∣∣∣ =

∣∣∣∣ b+2c−
√

∆K

2(a+b+c)

∣∣∣∣ and

∣∣∣∣ b+
√

∆K

b+2a+
√

∆K

∣∣∣∣ =

∣∣∣∣ b+2c+
√

∆K

2(a+b+c)

∣∣∣∣, we have:

d(αf , αh) =

log

(
1

2
· |b+ 2c−

√
∆K |√

|c(a+ b+ c)|

)2

+ log

(
1

2
· |b+ 2c+

√
∆K |√

|c(a+ b+ c)|

)2
 1

2
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The norm ‖ · ‖ also induces a norm on (K×R,+)0/Z×K,+ by:

‖α · Z×K,+‖
2

P̃ic0
:= min

ε∈Z×K,+
{‖(εα1, ε̄α2)‖2}

for α = (α1, α2) ∈ (K×R,+)0.

The above norms, induce a distance on oriented Arakelov divisors:

Definition 4.3.1. Let D = (α, (I, (a1, a2))), D′ = (β, (J, (b1, b2))) be two arbitrary

oriented Arakelov divisors such that the fractional ideals I and J belong to the same

narrow ideal class of K. Then distance between D and D′ is defined as d(α, β).

Whenever I and J represent different ideal classes in Cl+(K) the distance d(D,D′)

is not defined (or defined to be ∞).

The above metric induces a metric on the Picard group as well :

Definition 4.3.2. Given any oriented Arakelov divisor of the form D = (ZK , α)

where α ∈ (K×R,+)0, we set ‖D‖
P̃ic0 := ‖α · Z×K,+‖P̃ic0 .

The norm defined in Definition 4.3.2 gives rise to a distance on P̃ic0(K): By

Theorem 2.4.7, we know that the sequence

1 (K×R,+)0/Z×K,+ P̃ic0(K) Cl+(K) 1

is exact which implies that the class of any oriented divisors D − D′ in P̃ic0(K)

whose fractional ideals are in the same narrow ideal class can be represented by the

divisor (ZK , α) for some unique α ∈ (K×R,+)0. The function

d
P̃ic0(D,D′) := ‖α · Z×K,+‖P̃ic0

defines a distance on P̃ic0(K).

Observation 4.3.1. Let D = (I, u) ∈ ˜Div0(K) and let f = (a, b, c) ∈ F (∆K). Set

u := (u1, u2) ∈ R× × R×. By Observation 2.4.2 we know that

(
(|u1|

√
N(I), |u2|

√
N(I)), (I, sign(u))

)
∈ (K×R,+)0 ⊗ (Id(K)× {±1}2).
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Then, the element

D −D(f) =

((
|u1|
√
N(I)

|b+
√

∆K |
2
√
|ac|

, |u2|
√
N(I)

|b−
√

∆K |
2
√
|ac|

)
, (I · I−1f , sign(u · ∞−1f ))

)

is in (K×R,+)0 ⊗ (Id(K)× {±1}2) as

(
|b−
√

∆K |
2
√
|ac|

)−1

= |b+
√

∆K |
2
√
|ac|

in (K×R,+)0.

Theorem 4.3.1. The class of the image D(F (∆K)) is dense in (P̃ic0(K), d
P̃ic0).

Proof. We need to show that given any D = (I, (u1, u2)) ∈ ˜Div0(K) and given any
ε > 0, there exists a binary quadratic form f = (a, b, c) ∈ F (∆K) with the fractional
ideals I and If are in the same narrow ideal class such that

d
P̃ic0

(D,D(f)) =

[
min

ζ∈Z×
K,+

{
log

(
|u1|

√
N(I)

|b+
√

∆K |
2
√
|ac|

ζ

)2

+ log

(
|u2|

√
N(I)

|b−
√

∆K |
2
√
|ac|

ζ̄

)2}] 1
2

< ε

Let D = (I, (u1, u2)) ∈ ˜Div0(K). Then N(I)|u1||u2| = 1. Choose ε > 0 sufficiently

small so that the contributions of log(ζ) and log(ζ̄) are negligible for ζ ∈ Z×K,+. Note

that |u2|
√
N(I) = (|u1|

√
N(I))−1 and

(
|b−
√

∆K |
2
√
|ac|

)−1

= |b+
√

∆K |
2
√
|ac|

. Then,

log

(
|u2|
√
N(I)

|b−
√

∆K |
2
√
|ac|

)
= − log

(
|u1|
√
N(I)

|b+
√

∆K |
2
√
|ac|

)
which implies that

log

(
|u1|
√
N(I)

|b+
√

∆K |
2
√
|ac|

)2

+ log

(
|u2|
√
N(I)

|b−
√

∆K |
2
√
|ac|

)2

= 2 log

(
|u1|
√
N(I)

|b+
√

∆K |
2
√
|ac|

)2

It is enough to find a binary quadratic form f ∈ F (∆K) so that the fractional

ideals I and If are in the same narrow ideal class with the property that

|u1|
√
N(I)

|b+
√

∆K |
2
√
|ac|

−−−→
a→∞

1

For this, choose f = (a, b, c) so that |u1|
√
N(I)|b+

√
∆K | > 1. It is not so hard

to see that such a b exists. Indeed starting from any f = (a, b, c); one can find

f+ = (a+, b+, c+) which is equivalent to f and a+, b+, c+ ∈ Z>0. By acting on

f+ with powers of element T one secures the mentioned inequality. Now, as was

observed in Example 4.3.1 the rate of growth of the denominator is faster than that

of the nominator in the above equation. This guarantees the existence of such a

form. Therefore, d
P̃ic0(D,D(f)) < ε as required, and hence image is dense.
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