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Yiiksek Lisans Tezi
OZET

REGULER SINIR DEGER PROBLEMININ GREEN FONKSIYONU
Cigdem GEBIC

Karadeniz Teknik Universitesi
Fen Bilimleri Enstitiisti
Matematik Anabilim Dal1
Danisman: Prof. Dr. Haskiz COSKUN
2022,115 Sayfa

Bu ¢alisma esas olarak ii¢ boliimden olusmaktadir.

Birinci boliimde, temel bazi bilgiler yardimiyla sinir deger problemleri ig¢in Green
fonksiyonlarmin elde edilisi incelenmistir.

Ikinci béliimde, q(x) € L'[0, 7] olmak iizere
y'+(A—-q@y=0 0<x<m

Y (0.4 = —tana
y(0,4) '

cosBy'(m, 1) + sinfy(m,A) =0

probleminin Green fonksiyonlar1 asimptotik olarak bulunmustur. Dirichlet ve Neumann
sinir kosullarinin saglanmas1 durumunda da Green fonksiyonu hesaplanmustir.

Ugiincii boliimde ise potansiyel fonksiyonu

q(x) =x"1/2 — \/% olmast durumu ele alinarak bazi 6zel baslangi¢ degerlerini saglayan

¢oziimler i¢cin asimptotik tahminler elde edilmis ve bu tahminler kullanilarak Green
fonksiyonlar1 hesaplanmigtir. Ayrica Dirichlet ve Neumann sinir kosullart durumunda
Green fonksiyonlar1 asimptotik olarak elde edilmistir.

Anahtar Kelimeler: Green fonksiyonu, Asimptotik ¢éziimler, Dirichlet ve Neumann sinir
kosullari
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Master Thesis
SUMMARY
THE GREEN’S FUNCTION OF REGULAR BOUNDARY VALUE PROBLEM

Cigdem GEBIC

Karadeniz Technical University
The Graduate School of Natural and Applied Sciences
Mathematics Graduate Program
Supervisor: Professor. Haskiz COSKUN
2022, 115 Pages

This study basically consists of three sections. In the first section, we formulate Green’s
functions for boundary value problems based on some main theory. In the second section, e
consider the boundary value problem

y'+A—-q@y=0 0<x<m

y (0.4 = —tana
y(0,4) '

cosBy'(m, A) + sinfy(m,A) =0

and compute Green’s functions associuted with it. In addition to these, we also consider
Dirichlet and Neumann boundary conditions.

In the last section, we particularly consider the special integrable potential
q(x) = x71/?2

initial values, and then using these estimates we evaluate Green’s functions.

— and find asymptotic estimates for the solutions satisfying certain

Key Words: Green’s functions, Asymptotic solutions, Dirichlet and Neumann boundary
conditions
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1.GENEL BILGILER
1.1.Giris

Ikinci mertebeden lineer bir diferansiyel denklem genel olarak asagidaki sekilde

ifade edilir.
Ay(0)y" + A1 ()Y + Ag(x)y = F(x), x3 <x<x, (A(x)=+0) (1.1)

Birgok uygulamada, (1.1) denkleminin bazi yardimci kosullart saglamasi istenir.
Bunlarin sayis1 denklemin mertebesi kadardir. Eger verilen kosullar tek noktada tanimli ise
bu kosullara baglangi¢ kosullari, iki noktada tanimli ise bu kosullara sinir kosullar1 denir.

Sinir kosullar1 genel olarak

a11y(x1) + a2y’ (x)+b11y(x2) + bi2y'(x2) = } (12)
az1y (x2) + az2Y" (x2) + bp1y(xz) + baoy'(x2) = B

seklinde ifade edilir. Burada a;j, b;;, @, B sabitlerdir. (1.1) denkleminin (1.2) kosullarini

saglayan ¢Oziimiinii bulma problemine sinir deger problemi denir. Uygulamada kullanilan

bazi sinir kosullart (1.2)’nin bir 6zel durumu olan ayrilmis sinir kosullaridir. Yani birinci

denklem sadece x;’e ve ikinci denklem x,’ye baglidir. Yani

a;1y(x1) + ay'(x) = a, a?, +af, # 0} (1.3)
a1 y(xz) + azy'(x;) = B, ajy +a3, #0

(1.2) kosullar1 bazen ayrilmamis sinir kosullar1 olarak da adlandirilir. Bunlar uygulamada

ayrilmig sinir kosullar1 kadar yaygin degildir.

Ayrica F(x) = 0 ise (1.1) denklemine homojendir denir. Eger a« = f = 0 ise siir

kosullarina da homojen siir kosullar1 ad1 verilir.

Sinir deger problemlerinin 6zel bir sinifa ait olan 6zdeger problemleri uygulamada

Ozellikle insaat, ucak, gemi tasarimlarinda da kullanilmaktadir.

Ay ()y" + A1 ()Y + A (X)y = F(x), x1<x<x, (1.4)



1Y)+ 12y'(x) = q, ai, + f,# 0} (1.5)
21Y(x2) + 229" (x2) = B, a5+ 5, #0

problemini ele alalim.
M := A,(x)D? + A (x)D + Ay (x) (1.6)
olarak tanimlanirsa (1.4) denklemi
M[y] = F(x)
olarak yazilabilir. Benzer sekilde sinir operatorleri B, ve B, asagidaki sekilde tanimlanirsa
Bilyl = 11y(x) + 12" (x1) (1.7)
Bylyl = 21y(x2) + 227" (x2) (1.8)
bu durumda (1.5) esitlikleri
Bilyl=a, B;lyl=8 (1.9)
olarak kisaca kompakt bir formda ifade edilmis olur.
Mleyf + ca9] = et M[f] + c;M[g]
(cq, ¢, sabitler) saglanirsa operatdre lineerdir denir.
Daha genel olarak
Lyl + ar(x)y =0, x; < x < xy

Bilyl = 11y(x1) + 12y (1) = @, aii+ 5 #0 }
Bylyl = 21y(x) + 229" (x3) =B, a5, + 3, #0

L = D[P(x)D] + q(x)
sinifina ait problemler 6zdeger problemleri olarak adlandirilir. Ozel olarak
y(x) = y(x) = 0

durumu Dirichlet sinir kosullari,

y'(x) =y'(x) =0



Neumann sinir kosullari olarak bilinmektedir.

Bilindigi lizere homojen olmayan baslangi¢ deger ve sinir deger problemleri i¢in
Green fonksiyonlar1 yardimiyla 6zel ¢ozliimler bulunabilir. Smir deger problemleri i¢in
Green fonksiyonlar1 baslangi¢c deger problemlerindekine benzer olarak tanimlanmasina
ragmen smir deger problemleri i¢in Green fonksiyonlarinin her zaman mevcut olmadigi
bilinmektedir. Oysa baglangi¢ deger problemleri icin Green fonksiyonlar1 daima

bulunabilir.

1.2. Siir Deger Problemleri icin Green Fonksiyonlar

Oncelikle
M[y] = F(x), X < x <Xy (1.10)
Bilyl = a11y(x1) + a2y’ (1) = a
By[y] = az1y(xz) + azpy'(x;) = B

siir deger problemini ele alalim. Burada M operatorii

M = A,(x)D? + A;(x)D + Ay(x), D = :—x seklindedir. (1.10) problemi i¢in Green

fonksiyonlarmi elde etmeden once (1.10) problemi kendine es forma konulur.

Hatirlanacagi tizere M[y] = F(x) kendine es formda degilse (A’2 (x) # Al(x))

) o

p(x) =e

olmak tlzere,
1 =P

ile denklemin her iki tarafi ¢carpilarak denklem kendine es forma konur. Bu durumda (1.10)

denkleminin operatorii L ile gosterilir ve L kendine estir denilir. Bu durumda ilgili problem

Llyl=f(x), x;<x<x, , Bilyl=a, Bylyl=p (1.11)



flx) = p(x)F(x)/Az )

q(x) = p(x)Ao(x)/A

2(x)

seklinde diizenlenirse
L =D[P(x)D] +q(x)

olarak ifade edilir. Hatirlanacagi lizere (1.11) denkleminin genel ¢oziimii
Y=Yutp

seklindedir. Burada yy

Llyl=0 , Bilyl=a Blyl=p (1.12)
ve Y, ise

denklemin bir 6zel ¢oziimiidiir. (1.12)’ nin genel ¢oziimii

yu = 1Y1(x) + cy,(x)

seklindedir. Burada y; ve y, homojen denklemin lineer bagimsiz ¢oziimleri, c¢; ve c,
homojen olmayan sinir kosullarin1 saglayacak sekilde belirlenen sabitlerdir. Simdi (1.13)

problemini ele alalim. Baslangi¢ deger problemlerindekine benzer olarak

X

Yp = —j Zg(x, s)f(s)ds (1.14)

X

seklinde bir ¢oztiimiin varligi kabul edilir. Burada g(x, s) belirlenecek Green fonksiyonunu
gostermektedir. ( (-) isareti ise g(x, s) nin 6zel bir fiziksel yoruma sahip olmasi igindir.)

Hesaplamalarda Dirac delta fonksiyonundan yararlanacagiz.



1.3. Dirac Delta Fonksiyonu

g(t): (—o0, +00) tizerinde siirekli olmak iizere

t+aicind(t—a) =0,

+ 00
f 6(t—a)dt =1,

[ 9wst - =g,

+00
1, t>a
f 6(u—a)du={0t<a=H(t—a)

ozelliklerini saglar.

(1.14)’tn her iki tarafina L operatorii uygulanirsa ve L operatoriiniin integral ile yer

degistirebilecegi varsayilirsa

L[y,,]=L[— ] Zg(x,s)f(s)dsl=— ] “Llglf(s)ds = £()

1
dir. Son esitligin sag tarafinin f (x)’e esit olabilmesi icin

Llg]l = —6(x —s) , X1 < x < Xy (1.15)
saglanmalidir. ( Burada § (x — s) dirac delta fonksiyonunun
f_t: 6(t—a)f(t)dt = f(a) ozelligi kullamilmustir.) g(x,s)’ yi belirlemek igin ise

(1.15)’den baska baz1 kosullar gereklidir. Bunun i¢in (1.13)’deki sinir kosullar (1.14)’e
uygulanirsa
X2

Bl[yp] = _J Bi[glf(s)ds = 0,

X1

Balw) = - | Bilalf(s)ds =0



bulunur. f fonksiyonu herhangi bir fonksiyon olabileceginden bu son esitliklerin

saglanabilmesi i¢in

Bilg]l =0,  B[lg]=0 (1.16)

saglanmalidir. Sonug olarak aradigimiz Green fonksiyonu
Llg] = —6(x — ), X1 < x < Xy, Bi[g]l =0, B,[g]l =0 (1.17)

probleminin ¢oziimiidiir. Bu problem (1.13)’e benzerdir. Burada x; < s < x, ve s sabittir.
(1.17) problemi (1.13) problemine benzemesine ragmen (1.17)’deki kuvvet fonksiyonu
dirac delta fonksiyonudur. Bunun anlami ise (1.17)’deki g yi bulma problemi (1.13)’deki
(y)’yi bulma probleminden daha basittir. Bdylece L operatorii ve 6zel sinir kosullariyla
ilgili Green fonksiyonu bulunduktan sonra bu Green fonksiyonu (1.13)’ii ¢ézmek ig¢in

kullanilir.

(1.17)’deki delta fonksiyonu, g(x,s)’nin x = s civarinda detayl1 bir bi¢imde incelenmesi

gerekliligini ortaya koyar. Bunun icin de (1.14) g6z Oniine alinirsa
X2
B =367 = - [ Tg%9) = g ()ds
X1

(Burada y(s*) = lim,_ o+ y(s + €), y(s7) =limgo-y(s —¢€))

bulunur. Fakat bir diferansiyel denklemin ¢6ziimii siirekli bir fonksiyon olacagi i¢in son

esitligin sol tarafi sifir olur ve f keyfi oldugundan

g(s™,s) =g(s7,s) (1.18)

bulunur. Bu ise g nin x = s de siirekli olmas1 gerektigini belirtir. Bir adim daha &teye
gidilirse, g(x,s) nin tiirevinin incelenmesi gerekir. Bunun igin L[g] = —&(x —s),

[s~,s*] da x’e gore integre edilirse

st

+ +

N

(L=mmmm+¢ um=f_nquMm+f_w>=—fau—@m

N

S

st

[P(x) g—‘z] |x i+s‘ + fi+q(x)g(x, s)dx = f_ 6(x — s)dx.

S S



q(x) ve g(x, s) nin x = s’de siirekliliginden sol taraftaki integralin

st

J._ q(x)g(x,s)dx =0

oldugu gozlenir. Ayrica § fonksiyonlart i¢in integral 6zellikleri kullanilarak ve p(x)’in

stirekli ve [xq, x,] tizerinde sifirdan farklilig1 da dikkate alinirsa son esitlik

<— fi+6(x — s)dx> =1,

ag| st 1
- =——. 1.19
axlx =5~ = 50 (119)

Bu sonug ise x = s de g(x,s) nin biiytikligi ﬁ olan bir sicrama siireksizligine sahip

oldugunu gosterir. Boylece Green fonksiyonu sdyle tanimlanir.

Tanim 1.1:
Llyl =f(x), x <x<xp, Bilyl=a, B;lyl=p
siir deger problemi icin g(x, s) Green fonksiyonu asagidaki 6zellikleri sahiptir.
(L = D[P(x)D] +q(x)) (%1 <x <xp)
a)Llgl = —6(x —s), x; <x <x, (ssabit)
b) B1[g] =0, B;[g] =0

) g(s*,s) =g(s™,s)

+
d) 2 !

REE
ox

x=s"  pE)

Bu tanima bagl olarak Green fonksiyonu asagidaki sekilde elde edilir. Oncelikle (a)’dan
ya x < s veya x > s oldugu goriiliir. O zaman § fonksiyonu tanimindan L[g] = 0 elde
edilir. Clinkii her ikisinde x # s dir. Sonra, eger z; ve z, L[g] = 0 homojen denkleminin
Bilz1] = 0, B,[z,] = 0"t saglarsa ve ¢6ziimleri ise bu durumda a) ve b) den

u(s)zy(x), x<s
v(5)z,(x), xX>s

g(x,s) = { (1.20)



bulunur. Burada u, v belirlenecek fonksiyonlardir. Tanimdaki (c¢) ve (d) kullanilirsa u ve v

fonksiyonlar1

v(s)zz(s) —u(s)z;(s) =0
0()z(s) — u(s)z,(s) = — ﬁ

ve (1.21)’1 ayn1 anda saglayan u(s) ve v(s)

_ Zy(s)
u) = = W (2,20
‘U(S) — Zl(s)

B p(S)W (z1,23)(s)
bulunur. Burada
W(zy,2,) = 2125 — 212,

Wronskian fonksiyonudur.

(1.21)

(1.22)

Bu arada su onemli noktayr vurgulamak istiyoruz. Eger y; ve y, ayni diferansiyel

denklemin ¢oziimleri iseler,

P(x)W(z1,2,)(s) = p(x)W(z1,2,)(x) = ¢

ve bu durumda (1.21) deki Green fonksiyonu

_(—z1(x)z,(s)/c, X, <x<S
g(xs) = {— z,(s)za(x)/c, s=<x<x
veya denk olarak
_(mz1(8)z,(x)/c,  x <s=<x
g(xs) = {_21(95)22(5)/6, x <s<x,

(x degisken ve s sabit)

(1.23) (x sabit ve s degisken)

elde edilir. ¢ bir sabit oldugundan (1.23)’den Green fonksiyonunun x ve s’ye gore simetrik

oldugu gozlenir. Yani g(x,s) = g(s,x)’dir. Bu ozellik, Green fonksiyonunun diger

yontemlerle elde ediginde 6nemli rol oynar.



1.4. Coziimlii Ahstirmalar

Ornek 1.1:

Y +k*y=f(x), 0<x<1, y(0)=0, y(1)=0, k#0
siir deger problemi i¢in Green fonksiyonunu elde ediniz.
Coziim:

Ilgili homojen denklemin lineer bagimsiz ¢dziimleri y; = coskx, y, = sinkx. z; ve z,

¢Oziimiinii bulmak i¢in dnce z; ve z, nin lineer kombinasyonu oldugu kabul edilir.
Zq = C11€08kx + cq1,5inkx
seklinde kabul edilir. z;(0) = 0 dan ¢;; = 0 ve ¢;, = 1 alinirsa
7z, = sinkx,
benzer sekilde
Z, = Cy1c08kx + cy,sinkx ve z,(1) = 0’dan
cy1c08k + c,,sink = 0.

C11 Ve C25°yi Oyle se¢meliyiz ki son esitlik saglanmali ve ayni1 anda c,; ve c,, ikisi birden

sifir olmamalidir. Diger se¢imler arasinda c,; = sink ve c,, = —cosk,
z, = sinkcoskx — cosksinkx = sink(1 — x)
bulunur. Son olarak c sabitini belirlemeliyiz.
Oncelikle L = D? + k? kendine es bir formda ve P(x) = 1 oldugunu gozleriz. Buradan

sinkx sink(1 —x
¢ =PEW (21, 2,)(x) = kcoskx —kcosgc(l —)x)
ve ¢ = —ksink

bulunur. Green fonksiyonu c ile béliineceginden k # nm (n = 1,2,3,...) olmalhdir. Bu

durumda
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sinks X sink(1 — x)

- , 0<s<x
g(x,s) = ksink
’ sinkx X sink(1 — s)
- , x<s<l1
ksink

Eger k =nm (n=1,2,3,...) izin verilirse ¢ =0 bu durumda Green fonksiyonu elde

edilemez. Bu durumda

Z1 = Zp = sinnmnx
ki bunun anlam1

y"+n*r’y =0, y(0) =0, y(1) =0
probleminin sifirdan farkli ¢o6ziimii oldugu anlasilir.

Bu 6rnekten anlasilacagi lizere sinir deger problemi i¢in Green fonksiyonu her zaman
mevcut degildir. Yani ¢ =0 ise g(x,s) elde edilemez. Bu noktayr vurgulamak ig¢in

asagidaki daha genel problemi ele alalim.

Llyl=f(x) x<x< xz,}
Bilyl=a, Blyl=p

(1.24)
Bilindigi iizere (1.24)’lin ¢6ziimii i¢in asagidaki iki problem olusturulur:

i) L[Y]=0’ B1[}’]=a» Bz[}’]=,3:

i) Llyl=f(), Bily]l=0, Bly]l=0.

(1.24)’lin ¢6ziimii (1) ve (i1) den elde edilen ¢oziimlerin toplamidir.

11) problemini ¢6zmek i¢in Green fonksiyonu arastirilir. Ancak Green fonksiyonun mevcut

olabilmesi i¢in

siir deger problemi sadece trivial ¢oziime sahip olmalidir. Sifirdan farkli ¢6zlime sahipse
z, ve z, lineer bagimhidir ve boylece W(z,,z,) = 0 veya ¢ = 0 dir. Bu durumda Green
fonksiyonlar1 elde edilemez. Eger (2) sadece trivial ¢Oziime sahipse z; ve z, lineer

bagimsiz olacagindan ¢ # 0 ve Green fonksiyonu tek tiirlii bellidir.
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Ornek 1.2:

s
y'" +y = sinx, O<x<E,

y(0) =1, y(g) =-1

problemini Green fonksiyonunu kullanarak ¢oziiniiz.

Coziim:
L 124 T[
D y'+y=0 y0)=1, y(§)=—1
Iy 17 . T
ii) y'"+y=sinx, y(0)=0, y (E) =0

Birinci problem yy = ¢ycosx + c,sinx

y0)=0=>c¢ =1

y(g) =—1=c¢,=-1
Yy = COSX — Sinx.

Homojen denklemin lineer bagimsiz ¢oziimleri ( homojen sinir kosullarini saglayan)
Z; = Sinx, Z, = COSX.

alinabilir. P(x) = 1 oldugundan

sinx cosx
P(X)W(ZLZZ)(X) = |COS~X —sinx =1
c=-1

Sinscosx, 0<s<x
glx,s) = sinxcoss, x<s< 77/2'

Yukaridaki ikinci problem kendine es formdadir. Boylece f(x) = sinx alinirsa

X

T[/Z 7'[/2
Yp = — g(x, s)sinsds = —cosx sin®sds — sinx cosssinsds
0 0 X
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p — = XCOoSX

= g+ p=(1—§)cosx—sinx.

Ornek 1.3:
Green fonksiyon yontemini kullanarak
2x2 "+3x '— =4x%?, 0<x<1, y(0)=0  y(1)=0
problemini ¢oziiniiz.
Coziim:
g=2x*"4+3x '— =0, y0)=0 y(1)=0
probleminin ¢oziimiidiir. Bu bir Cauchy Euler denklemidir. Bu denklemin genel ¢oziimii
u=cxY?+cxt,
y(0) = 0 saglanmasi i¢in ¢, = 0 olmali ve ¢; keyfi olmalidir.
Ikinci smir kosulundan ise y(1) = ¢; = 0’dir. Boylece
g=0.

Bu ise orijinal problemin bir tek ¢6zliimii olabilmesi igin gereklidir. y,,’yi ¢6zmek igin 6nce

denklem kendine es forma konur, P(x) ve f(x) bulunur.

3x
P(x) = efmdx = x3/2

Boylece diferansiyel denklem 2x? ile béliniir ve P(x) = x3/2 ile garpilirsa kendine es
denklem

i(363/2 ") - 1x‘l/2 =2x y(0)=0, y1)=0

dx 2 ’ '

elde edilir. Boylece x/2 ve x~! Green fonksiyonlarini olusturmak i¢in kullamlir. x/2 ve

x~1 in lineer kombinasyonlar1 olusturulursa

Z1 = C11X1/2 + Clzx_l
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Zy = Cp X2 4 cppxt
siir kosullart kullanilirsa
z,(0) = 0’dan ¢;, = 0, c¢q; keyfidir. Diyelim ki ¢;; = 1 olsun ve bdylece z; = x'/2 olur.
2,(1) = 0°dan ¢y 4 Cyp = 0. ¢y = —Cyy = 1 ve z, = xV/2 — x~ 1 olur.

Kolayca gozlenecegi tlizere

3 3
¢ = PCOW (24, 2) (x) = x3/2 (Ex_3/2) ==
ve
2
_§51/2(x1/2 Al x_l), 0<s<x
gx,s) = 5

—§x1/2(51/2—s_1), x<s<1

bulunur. Béylece aranan ¢oziim y = y,,, (yy = 0)
1
y = —f g(x,s)(2s)ds
0

2 x 2 1
=—(x%2 - x‘l)f sY2(2s)ds + —xl/zf (s¥2 —s71)(2s)ds
3 0 3 x
ve gerekli islemler yapilirsa
4
y = gxl/z(x -1)

elde edilir.



2. YAPILAN CALISMALAR

Bu bélumde
y'+A-qy=0 (2.1)
denkleminin
y'(0,2)
= —tana (2.2
y(0,4) )
cosBy'(m,A) + sinfy(m,A) =0 (2.3)

a, B € [0,7] smir kosullarii saglayan, q € L[0,7] ve [ an(t)dt = 0 (ortalama degeri

sifir) olan Green fonksiyonu genel olarak

<p(x,vf'lv)(lf1’)(y' Y 0(A*n(®), 0sx<ys<nm
G(x,y, 1) = 1 A
(p(y,w)(tﬁ)(x, ) d 0(/1_]‘7](/1))' 0<y<x<m

seklinde hesaplanacaktir. Bu amagla ilk olarak ¢,y ve w(A) i¢in asimptotik ¢oziimler elde

edilecektir. Uygulanan yontem [1] ve [2] calismasindaki yontemlere benzerdir.

Bu tiir ¢aligmalardan bazilar1 sinir degerlerinde 6zdeger parametresi icermektedir.
Ozdeger parametresi tek smir kosulunda olabilecegi gibi her iki simir kosulunda da
bulanabilir. [1] ¢alismasinda A —bagimli sol sinir kosulu quadratik, sag simir kosulu ise
sadece bagiml ve tiirevini igermektedir. [2] ¢alismasinda ise A parametresi her iki sinir
kosullarinda da bulunmaktadir. [3] calismasinda da 4 parametresi her iki sinir kosulunda

lineer olarak yer almaktadir.

Oncelikle (2.1) denklemi uygun doniisiimle

v'=—-14+q—-v? (2.4)
dontstiiriliir [4].

S(x,A) = Rev(x,A) ve T(x,A) == Imv(x, 1) olmak iizere
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T

T T
f 20 g (1)de| / f qdtl, [ lg®lde =0
pe pe

b

F(x,A) = -
0, f lq(t)|dt =0

olarak tanimlanirsa

sup
T’(/l) = {0 S X S T[F(x’l)’

n) - 0,4- o [4].

(2.4) i¢in yaklasik ¢coziimler asagidaki gibidir [4] :
v(x,A) =A% + Z v (x, 1)
n=1

v] + 2iAY%p, = q,
vy + 2iAY v, = —v2,

ve n=3,4,... i¢gin

n-2
v+ 2iAY %y, = — (v,%_l + 2v,4 Z vm)

m=1
Teorem 2.1:
y'+@=-qy=0
denkleminin
y(0,1) = cosa, y'(0,4) = —sina, a € [0, ]

baslangi¢ kosullarini saglayan ¢oziimii

@(x,1) = cosa X exp <fx5(t, /'l)dt)
0

cos (fxT(t, A)dt) - [S(O‘;()O-i_lganal s (fxT(t’ Mdt)l
0 ’ 0

X

(2.5).

(2.1)

(2.6)

2.7)
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ile verilir. Burada S(x, 1), T(x, A) onceden tanimlandig1 gibidir.
Ispat:

(2.1) denkleminin sifirdan farkl reel degerli bir ¢ozliimii

Z(x,A) = cyexp (fo(t, A)dt) X COS <c2 + fxT(t, A)dt) (2.8)
0 0

veE

X

Z'(x,1) = ¢, S(x,\)exp (f S(t, A)dt) X €OS <cz + fxT(t, l)dt)
0 0

—C; exp (fo(t, A)dt) X sin <c2 + fxT(t, A)dt) T(x, 1) (2.9)
0 0

seklindedir [4]. (2.6) ile verilen baslangic kosullar1 saglanacak sekilde c; ve c, sabitlerini

belirleyelim. (2.6) ile verilen baslangi¢ kosullarindan Z(0, 1) = cosa yerine yazilirsa

0 0
coSa = C; exp (f S(t, A)dt) X COS <c2 + f T(t, A)dt),
0 0

B _ cosa 210
cosa = ¢,€0S8C,, ] = cosc, (2.10)
Z'(0,1) = —sina kullanilirsa
0 0
—sina = ¢,5(0,1) exp <f S(t, A)dt) X coS (cz + f T(t, A)dt)
0 0
0 0
—C; exp (f S(t, A)dt) X sin <c2 + f T(t, A)dt) T(0,1),
0 0
—sina = ¢,5(0,1)cosc, — c¢;sinc,T(0, 1) (2.11)

bulunur. (2.10) esitliginden bulunan c; degeri (2.11)’de yerine yazilirsa;

) osa
—sina =
co

cosa
5(0,A)cosc, — osc sinc,T(0, 1),

SCy 2

—sina = cosa X S(0,1) — cosa X tanc,T(0, 1),
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—sina = cosa[S(0,1) — tanc,T(0,1)]

. _5(0,2) + tana . P S(0,4) + tana 212
anc, = 70,1 c, = tan T, D (2.12)
(2.10) esitligi kullanilirsa;
_ cosa 213
‘= (t _.[SO0,1) + tana]) (2.13)
cos | tan T,

bulunur. Son olarak (2.12) ve (2.13) (2.7)’de yerine yazilirsa (2.6) ile verilen baslangi¢

kosullarini saglayan ¢oziime ¢(x, A) denilirse

D = cose “s(e, ) de
N cos (tan—l 5(0,4) + tana]) *exp fo i
T(,1)
X tan~! S + tan +ij(t dt 2.14
cos | tan (0, . ) (2.14)
bulunur.

cos(a + f) = cosacosfB — sinasinf kullanilirsa

_,|500,4) + tana x
cos <tan l .0 l +J;) T(t, A)dt)

= cos (tam"1 lS(O,;()O-’I-At)anaD X €S <JOXT(t, /1)dt>

—sin (tam"1 lS(O,;()O-’I-At)anaD X sin <ijT(t, l)dt)

(2.14)’de yerine yazilirsa ve gerekli islemler yapilirsa

@(x,1) = cosa X exp <fx5(t, A)dt)
0
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_1[S(0, ) + tana
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T(0,4)

]) X cos(fOxT(t,/l)dt) ]

sin (tan

cos (wm‘1

S(0,1) + tana

_1[S(0,4) + tana

T(0,2) ])

T(0, 1) ]) x sin( [ T(t,A)dt)

diizenlenirse;

cos (wm‘1

@(x,1) = cosa X exp <fx5(t, A)dt)
0

[eos ([ 7 0ac) - |

elde edilir.

)

S(0,4) + tana

Asagidaki notasyonlar kullanirsak

Ey(x,A) :==exp (fo(t,
0

Co(x, 1) == cos <ij(t,
0

A)dt),

A)dt),

So(x, 1) = sin (ij(t, /1)dt>
0

@(x, 1) esitligimiz ;

@(x,A) = cosaEy(x, 1)

@(x,1) = cosaEy(x,1)Cy(x,A) — cosaEy(x,1)Sy(x, A)

—sinaEy(x,1)Sy(x, 1)

5(0,1) + tana

70D lxsin (fo T(t,/l)dt)l (2.7)

[CO (x,A) — [

(0, 2)

T(O,A) ISO(X,A)l,

S(0, 1)
(0, 1)

(2.15)

seklinde elde edilir. Son esitlikteki E(x, A1), Cy(x, 1), Sy (x, 1), S(0, 1) ve T(0, A)degerleri

daha sonra hesaplanacaktir.
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Teorem 2.2:

y'+(A—-qy=0 (2.1)
denkleminin

y(m, A) = cosp, y'(m,A) = —sinB, B € [0,m] (2.16)

baslangi¢ kosullarini saglayan ¢oziimii

P

X [cos < f I A)dt) + [S(”’T’l ();/Sa"ﬁ ] X sin ( ] I A)dt)l (2.17)

Y(x,A) = cosp exp (— fnS(t, )l)dt)

ile verilir. Burada S(x, 1), T (x, A) 6nceden tanilandig1 gibidir.
ispat:

(2.1) denkleminin sifirdan farkl reel degerli bir ¢oziimii

Z(x,A1) = c, exp (fo(t, A)dt) X c0S <cz + fxT(t, A)dt) (2.8)
0 0

ve

Z'(x,1) = ¢, S(x,\)exp (JXS(t, A)dt) X COS <cz + fxT(t, A)dt)
0 0

—Cy exp (ij(t, A)dt) X sin <cz + fxT(t, l)dt) T(x, 1) (2.9)
0 0

seklindedir [4]. (2.16) ile verilen baslangi¢ kosullar1 saglanacak sekilde c; ve ¢, sabitlerini

belirleyelim. (2.16) ile verilen baglangic kosullarindan

Z(m,A) = cosP ve Z'(m, ) = —sinf yazilirsa

cosP = ¢, exp <jn5(t, A)dt) X cos <cz + fnT(t, /1)dt>, (2.18)
0 0
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—sinf = ¢, S(m, AM)exp (fnS(t, /’l)dt> X COS (cz + fnT(t, l)dt)
0 0

—Cy exXp (fnS(t, A)dt) X sin (cz + JHT(t, A)dt) T(m, )
0 0

(2.18) esitligi (2.19) esitliginde kullanilirsa

o cosBS(m, ) exp(fonS(t, Adt) x cos(c, + fon T(t,A)dt)
sinf = exp(fonS(t, A)dt) x cos(c, + fonT(t, A)dt)

cosp exp(fonS(t, Adt) x sin(c, + fonT(t, A)dt)T (m, 1)
- exp(fonS(t, A)dt) x cos(c, + f: T(t, A)dt)

—sinf = cosBS(m,A) — cosBT(m A)tan (cz + jnT(t, A)dt),
0

T _ cospS(m,A) + sinf
tan (cz +f0 T(t, A)dt) = CosBT(L )

T S(mA) +t
cy +f T(t,A)dt = tan™! [ (m, ) anﬁl,
0

T(m, L)

S(m, A) + tanf
T(m )

c, = tan™! [

l - jnT(t,A)dt
0

bulunur. (2.20) esitligi (2.18)’de yerine yazilirsa

cosf = c; exp <fn5(t, A)dt)
0

X oS (tan‘1 [S(ﬂ',;\()ﬂ-’l_;)anﬁl - JOET(t, Adt + fOnT(t, l)dt>,
“= T - S(m, A) + tanf (221)
exp(f0 S(t,A)dt) cos (tan‘1 [ ’T(n, ) >

elde edilir. Son olarak (2.20) ve (2.21) esitlikleri (2.17)’de yerine yazilirsa (2.16) ile

verilen baslangi¢ kosullarini saglayan ¢6ziime ¥(x, A) denilirse
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cosp exp(foxS(t, A)dt)

exp( [T S(t, Dde) cos (mn_l [S(n, 'I%\()n+7\t)anﬁ )

Y(x, ) =

) S(n,)\)+tanﬁl_ ™ x )
><cos<tan I T .[;T(t,l)dt+f0T(t,/1)dt

sinirlar tizerinde gerekli diizenlemeler yapilirsa

cosf exp(— f: S(t,A)dt)

lp(x; A) =
_.[S(m,A) + tanp
cos (tan 1 T )
X cos <1:an‘1 IS(R,'?()R-,{-}SanB — L nT(t, l)dt) (2.22)
bulunur.

cos(a — B) = cosacosf + sinasinf kullanilirsa

S(m,A) + tanp T
T D l—]x T(t,A)dt)

= cos (1:an_1 [S(nﬁ()ﬂ-;t)anﬁl) X cos <L7TT(t, l)dt)

+sin (1:an‘1 [S(nﬁ()ﬂ-}l—;)anﬁl) X sin (LHT(L“, l)dt)

cos <tan‘1

(2.22)’de yerine yazilirsa ve gerekli islemler yapilirsa

W(x, 1) = cosB X exp (— JES(t, A)dt)

X

[ cos (tan‘1 S(n,y{l()nat)anﬂ ) X cos(fan(t, A)dt) ]
cos (tan‘1 S(n,’ﬁ ()ﬂ+/1§anﬁ )
sin (1:an‘1 S(ﬂ,;()nzganﬁ ) X sin(fan(t, A)dt) ’
S(m, 1) + tanpB
T(m, 1) )

+

cos (tan‘1
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= cosf X exp (— fnS(t, A)dt)

x [cos ( f e A)dt) + ls(n'; ();/S“"ﬁ l sin ( f I A)dt)l (2.17)

X

elde edilir.

Asagidaki notasyonlar1 kullanirsak

E.(x,1) == exp (— f”S(t, /1)dt>,

X

C.(x,A) = cos <fnT(t, A)dt),

S.(x,A) == sin <fnT(t, A)dt)

Y(x, A) esitligimiz ;

S(m, )
Y(x,A) = cosPE,(x,1)Cr(x,A) + cosBE,(x,1)S,(x, 1) T D)

(2.23)

+sinBE,(x,1)S;(x,A) T D

seklinde bulunur. Son esitlikteki E; (x, 1), C,(x, 1), S (x, A1), S(m, A) ve T(m, A) degerleri

daha sonra hesaplanacaktir.

Oncelikle S(x, 1) ve T(x, 1) degerlerini hesaplayalim. Bunun i¢in [4][sayfa 870].

Yeterince biiyiik A i¢in |v,(x, 1)| < k,1(1)? olan bir {k,} reel say1 dizisi vardur.

Dolayisiyla
v(x, ) = iAY2 + v,(x, 1) + k,n(1)?

olur. (2.5)’den

VA
v,(x, 1) = _e—zill/zxf ezml/th(t)dt

X



23

dir. Dilizenlemeler yapilirsa

v, (x, 1) = —[cos(2AY%x) — isin(22%/2x)]

x f [cos(221/2t) + isin(221/2¢)]q(0)dt
X
= —cos(lel/zx)f cos(2AY2t)q(t)dt
X
—icos(ZAl/zx)f sin(2AY2t)q(t)dt
X

T s
+isin(2/11/2x)] cos(2AY2t)q(t)dt — sin(le/Zx)J sin(2AY2t)q(t)dt
X X

elde edilir.

T(x,A) = Imv(x,A) = A2 + Imv, (x, 1) + 0(n(1)?),

V3
Imv,(x,A) = —cos(2/11/2x)f sin(2AY2t)q(t)dt
X
s
+sin(2/11/2x)j cos(24Y/2t)q(t)dt,
X
T
T(x, 1) = AY/2 — cos(Z)ll/Zx)J sin(22Y2t)q(t)dt
X

+sin(24Y2x) jncos(le/zt)q(t)dt +0(n(A)?)

bulunur.

S(x,A) = Rev(x, 1) = Rev,(x,1) + 0(n(1)?),

T
Rev;(x,A) = —cos(ZAl/zx)J cos(2AY%t)q(t)dt
X

s
—sin(24Y/2x) f sin(24Y/2t)q(t)dt,
X



24

s
S(x, 1) = —cos(ZAl/Zx)f cos(2AY/2t)q(t)dt
X

s
—Sin(le/zx)f sin(24Y/2t)q(t)dt + 0(n(1)?)
X
elde edilir. Burada

siné, = J.ncos(Z)ll/zt)q(t)dt, cosé, = fnsin(Z/ll/zt)q(t)dt (2.24)

b

olarak alinirsa

T(x,2) = A% — [cos(24Y/2x)cos&, — sin(24Y/%x)siné, | + 0(n(1)?)
bulunur ve cos(a + B) = cosacosp — sinasinf esitligi kullanilirsa

T(x,2) = A% — cos(22Y2x + &) + 0(n(1)?) (2.25)
olur.

S(x, 1) = —[cos(22Y2x)sin&, + sin(22Y/2x)cosé,] + 0(m(1)?)

bulunur ve sin(a + ) = sinacosf + cosasinf bagmtisi ile

S(x,A) = —sin(22Y2x + &) + 0(n(1)?) (2.26)
elde edilir.
S(x,A) —sin(2AY2x + &) + 0(n(1)?)

T(x,A)  AY2 —cos(2AY2x + &) + 0(n(1)?)

sin(2A4Y2x + &) + 0(n(1)?)
- 21/2

X [1+2A7Y2cos(24Y2x + &) + 0(AY2n(1)?)]
= —A"Y25in(22Y2x + &) — 17 sin(2AY2x + &, )cos (241 %x + &)
+0 (1" Y2(2)?)

= —A"Y%5in(22Y2x + &) + 0(A"Yn(1)?) (2.27)
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bulunur. Burada

sin(2AY2x + &) = 0(n(D),  cos(2AY%x + &) = 0(n(D)) (2.28)
dir[4]. 1k olarak

T(0,2) = T(m, 2) = Y2 + 0(n(2)) (2.29)
ikinci olarak

1 1 1 1
T, T@Ad) A72+0(n@) AV2[1+ 0 72@))]

1
= x [1+0(1/2@)] =272 + 0 (7)), (2.30)
tiglincii olarak

5(0,2) = S(m,A) = 0(n(D)) (2.31)

ve son olarak

SO _S@wd) o) 0(n()
T(0,1) T(md) AY2+0(n() AY2[1+0(A-1/2p(2))]

00 o )] 0 ) o

=0 (/1—1/277(/1)) (2.32)
elde edilir.

Teorem 2.3: 1 — o i¢in

a)

1
S(t, A)dt) =1+ mcos(Zﬂl/Zx + &)

Ey(x,A) = exp <f
0

1 Vs
YTV f sin(22AY2t)q()dt + 0(A"Y?3(2)?), (2.33)
0
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d)
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Co(x,1) = cos <fxT(t, A)dt)

0

f xq(t)dt) +0(A"V2(1)?),
0

_ 1/2.. _
—cos(/l X 712

So(x,4) = sin (fxT(t, A)dt)
0

1 X
= sin (Al/zx - le/zf Q(t)dt> +0(272n(1)?),
0

E (x,1) = exp (— fnS(t, A)dt)

X

1
=1+ mcos(ZAl/zx + &)+ 01 Y()?),

C.(x,A) = cos (jnT(t, /1)dt>

X

= cos ()ll/z (mr—x) — Tll/zjnq(t)dt> +0(1Y2(2)?),

S;(x,A) = sin (fﬂT(t, A)dt)

1 VA
= sin (Al/z(n —x) — fo q(t)dt) +0(1Y2(1)?),

ile verilir.

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)
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ispat:

a) Oncelikle f Ox S(t, A)dt integralini hesaplayalim.

J.xS(t, Adt = — fxcos(Z)ll/zt) (fncos(Z)ll/zs) q(s)ds) dt
0 0 t

— fxsin(z/ll/zt) (fnsin(lel/Zs) q(s)ds) dt + 0(17Y?3(1)?)
0 t

= 11 +12

I; i¢in asagidaki islemler yapilirsa
X s
L = —j cos(21%/2t) (f cos(221/2s) q(s)ds) dt
0 t

1
dv = cos(ZAl/zt)dt V= msm(Z)ll/Zt)

s
u= f cos(24Y2s) q(s)ds  du = 0 — cos(21%/2t)q(t)dt
t

1 TL'
h = =7 sin(2412t) J cos(241/25) q(s)ds [

X

1
—mj sin(24%/2t) cos(224Y/2t)q(t)dt.
0

elde edilir. Benzer sekilde
X s
I, = —f sin(21%/2¢) (f sin(21%/2s) q(s)ds) dt
0 t

cos(ZAl/ 2t)

1
— o 1/2 - -
dv = sm(Z)l t)dt v = i/

V3
u= f sin(24Y2s) q(s)ds  du = 0 —sin(24Y/2t)q(¢t)dt
t

I

1 T X
= cos(2A1/2¢ f sin(21'2s) q(s)ds
2/11/2 ( ) . ( ) |0
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1 X
+mf sin(24Y/2t) cos(224Y/2t)q(t)dt
0

bulunur. I; ve I,’yi [ Ox S(t, A)dt integralinde yerine yazarsak

1 s
ST sin(21%/2t) j; cos(224Y2s) q(s)ds |J(;

X
f S(t, Ddt = —
0
1 X
— m[ sin(24Y/2t) cos(24Y/2t)q(t)dt
0

1 b2
+ g cos(20/7) [ sin(221/%5) a(ds g

1 X
A 7 f sin(24%/2t) cos(24Y2t)q(t)dt + 0(171/2n(1)?)
0

s
cos(2/11/2x)j sin(24/2t) q(t)dt

X

T 2212

1 f”
- sin(21Y2x)q(x) dx
22172 ) ( )

sin(24/2x) fncos(Z/ll/zt)q(t)dt +0(272n(2)?)

X

1
YV

olarak elde edilir ve (2.24) kullanilirsa

cos(22Y2x)cosé, — ;sin(Z/ll/zx)sinEx

22177

x 1
fo S(6A)dt = =7

1 T
— Wf sin(ZAl/zx)q(x) dx + 0(/1‘1/277(/1)2)
0

x 1 1 T
jo S(t, D)dt = mcos(ml/zx +&) — 2/1_1/2fo sin(21Y2x)q(x) dx

+0(2"Y2(2)?)

bulunur ve Taylor seri agilimu ile
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X

1
Eo(x,A) = exp <.f0 S(t, /’l)dt> =1+—— VG cos(2AY%x + &)

- f"sin(z/ll/zx)q(x)dt + 01" (1)?) (2.33)
0

elde edilir.

b) Oncelikle fox T(t, A)dt’y1 hesaplayalim.
X X X s
f T(t,A)dt =f Al/zdt+f sin(21%/2t) (f cos(ZA”%)q(s)ds) dt
0 0 0 t

- fxcos(Z/ll/zt) (fnsin(Z/ll/Zs)q(s)ds> dt + 0(17Y?3(2)?)
0 t

= 11 +12

I; integrali
X A
I =J sin(21%/2t) <] cos(ZAl/Zs)q(s)ds> dt
0 ¢

dv = sin(2AY2t)dt v = cos(21%/2t)

1
/11/2

s
u = j cos(24Y2s) q(s)ds  du = 0 — cos(24%/2t)q(t)dt
t

1 T X
cos(2A1/2¢ j cos(22Y/25)q(s)ds
211/2 ( ) , ( )a |0

Il = -
1 X

— m} cos(2A/2t) cos(22/2t) q(t)dt
0

seklinde hesaplanir. Benzer sekilde I, integrali de
X A
I, = —j cos(24/2t) (J sin(ZAl/Zs)q(s)ds> dt
0 t

sm(2/11/2t)

1
— 1/2
dv = cos(ZA t)dt v = 211/2
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i
u= J. sin(24Y/25) q(s)ds  du = 0 — sin(24'/2t)q(t)dt
t

12:

1 T x
- sin(211/2¢ f sin(212s) q(s)ds
211/2 ( ) . ( ) q |0

1 X
- mf sin(24Y/2t) sin(21/2t) q(t)dt
0

bulunur. Boylece

1
htl=—5p cos(ZAl/Zx)f cos(2142t)q(t)dt

1 V3
+—f cos(22Y2x) q(x)dx

T
sin(21%/2x) j sin(24%2t)q(t)dt

X

1
22172

1 fx )
——— | cos?(22Y2t)q(t)dt
221/2 ) ( )

1 X
— 02(991/2
7172 J;) sin (2/1 t)q(t)dt
elde edilir. (2.24) kullanilirsa ve gerekli diizenlemeler yapilirsa

L+1,= [cos(24Y/2x)sing, + sin(24Y/2x)cosé,|

/11/2

1 T
+—J cos(22Y2x) q(x)dx
22172 ) ( )

YT U [cos?(24Y/2¢t) + st(Z/ll/zt)]q(t)dtl

1
= =5 sin(2AY2x + &) +

1 J‘”
cos(2AY%x) q(x)dx

1 X
-7 | q®dt
2/11/2 J;)
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olur, buradan

sin(2AY2x + &)

X
—_ q1/2..
fo T(t,A)dt = A “x 7172

X

1 T 1
+—f cos(2AY%x) q(x)dx ——f q(t)dt

+0(27Y2n(1)?)

bulunur ve

Co(x, 1) = cos <ij(t, A)dt)
0

. 1/2 —a
—cos()L X 7172

fxq(t)dt> +0(272n(1)?)
0

elde edilir.

o [ Ox T(t, A)dt b)’deki gibi elde edilir. Buradan hareketle

So(x,4) = sin <fxT(t, A)dt)
0

= sin (Al/zx - J xq(t)dt> +0(272n(1)?)
0

2M1/2
bulunur.

d) Oncelikle — fxn S(t, A)dt integralini hesaplayalim.

- fnS(t, Adt = fncos(le/zt) <fncos(211/zs) q(s)ds) dt
t

X X

(2.34)

(2.35)

+ Jnsin(le/zt) (fnsin(le/zs) q(s)ds) dt + 0(172n(1)?)

= Il +12

I, ve I,’y1 bulalim. Ik olarak
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s s
I, = f cos(24/2¢t) <f cos(241/2s) q(s)ds) dt
x t

sin(Z/’ll/Zt)

1
_ 1/2 _
dv = cos(ZA t)dt V= o112

i
u= J. cos(24'/25) q(s)ds  du = 0 — cos(24%/2t)q(t)dt
t

I, = sm(Z)ll/Zt)f cos(ZAl/Zs)q(s)ds|

1
22172

1
211/2 f sin(24Y/2t) cos(224Y/%t)q(t) dt.

elde edilir. Benzer sekilde

Vs Vi
I, = f sin(21%/2¢) (f sin(241/25) q(s)ds> dt
x t

dv = sin(Z)Ll/zt)dt v=— cos(ZAl/Zt)

2/11/2

i
u= f sin(24Y2s) q(s)ds  du = 0 —sin(24Y/2t)q(t)dt
t

cos(ZAl/Zt)f sin(24/25) q(s)dsl

1
=—onn

s
- Wf sin(21%/2¢) cos(24Y2t)q(t) dt
X

bulunur. I; ve I,’yi f: S(t, )dt integralinde yerine yazarsak

s 1 . s
—j St Ddt = -7 sm(ZAl/Zx)Jx cos(2AY2t) q(t)dt

X

1 T
+ YEE cos(24Y/2x) fx sin(24Y/2t) q(©)dt + 0(2"/?n(2)?)

ve (2.24) kullanilirsa
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i
1
—J. S(t,Ddt = 27172 [cos(24Y/2x)cosé, — sin(24Y/2x) sin&, | + 0(2171/?n(2)?)
X
m 1
—J. S(t, Ddt = Y cos(2AY%x + &) + 0(17/2n(1)?)

b

elde edilir. Dolayisiyla
v
E (x,A) = exp (—f S(t, A)dt)
X

=1+

1
YEE cos(2AY%x + &) + 0(17Y/2n(1)?) (2.36)

hesaplanir.

e) Oncelikle f: T(t, A)dt integralini hesaplayalim.

Y T [ [
f T(t, A)dt = j AV2de + f sin(21%/2t) ( J cos(ZAl/Zs)q(s)ds>dt
t

X X X

- fﬂcos(Z)ll/Zt) <j-”sin(2/11/zs)q(s)ds> dt +0(172n(1)?)
t

X
= 11 +12

I; integrali i¢in

s Y
I, = f sin(21%/2t) <f cos(Z/ll/Zs)q(s)ds> dt
X t

kismi integrasyon yontemi ile

dv = sin(2AY2t)dt v = cos(21%/2t)

1
T 2)1/2
V3
u= f cos(24Y2s) q(s)ds  du = 0 — cos(24%/2t)q(t)dt
t

dontisiimleri yerine yazilir, bdylece

1 T /i1
[, =— cos(2A1/2¢ f cos(211/2s) q(s)ds
=~ gpeos@20) [(eos(2a/2) gspas "
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1

s
— m.f cos(24Y/2t) cos(224Y/%t) q(t)dt.
X

elde edilir. Benzer sekilde I, integralinde de
s s
I, = —f cos(21%/2t) <f sin(ZAl/Zs)q(s)ds> dt
X t

dv = cos(ZAl/Zt)dt V=

1
YEE sin(Z/’ll/Zt)

u= f sin(24Y2s) q(s)ds  du = 0 —sin(24Y/2t)q(t)dt
t

doniistimleri ile

1
2= —onm

V3
sin(ZAl/Zt)f sin(le/Zs)q(s)dsr;
t

1 T
YIS ] sin(21%/2t) sin(21%/2t) q(t)dt
X

olarak bulunur. Boylece

1 T[
L+1,= mcos(ZAl/zx)Jx cos(24Y2t)q(t)dt

+

s
sin(21%/2x) j sin(24%2t)q(t)dt

X

1
22172

1

T
TiTe j [cos?(221/2¢) + sin?(221/2¢) g (£) dt]
X

olur. (2.24) kullanilirsa ve gerekli diizenlemeler yapilirsa
1 1/2, )i ; 1/2 1 i
L+, = 7172 [cos(24Y/2x)sin&, + sin(2AY%x)cos&,| — EYEvE) ) q(t) dt,

buldugumuz esitligi f: T(t, A)dt integralinde yerine yazarsak

Vs 1 VA
f T(t,)dt = 1/?(mr — x) + sin(2AY2x + &) — —f q(t) dt
X X

1
2)1/2 221/2
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+0(1"Y23(2)?)

bulunur ve dolayisiyla

C,(x,A) = cos (fnT(t, A)dt)

X

1 V3
= cos (/11/2 (r—x) — fo q(t)dt) +0(2Y2n(1)?) (2.37)
elde edilir.

f) f: T(t, A)dt e)’deki gibidir. Buradan hareketle

Sz(x, 1) = sin (fnT(t, A)dt)

X

= sin (Al/z(n —x) = /111 y: fx nq(t)dt) +0(1"Y2(1)?) (2.38)
elde edilir.
Teorem 2.4: 1 — oo igin
i)
y'+@A—-qy=0 (2.1)
denkleminin
y(0,1) = cosa, y'(0,4) = —sina, «a € [0, ] (2.6)

baslangi¢ kosullarini saglayan ¢6ziimii

1 X
o(x,1) = cosa X cos (Al/zx — 2/11/2]‘ q(t)dt>
0

—cosa X sin| AV ?x — J q(t)dt)
22172 )

X
—A"Y2sina x sin </11/2x ~ S -fo q(t)dt) +0 (/1_1/271(1)) (2.39),
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ii)

y'+(A—-qy=0 (2.1)
denkleminin

y(m, 1) = cosp, y'(m,A) = —sinB, B € [0, ] (2.16)

baslangi¢ kosullarini saglayan ¢oziimii

Y(x,A) = cospf X cos (/11/2 (m—x) — 2/111/2 fnq(t)dt>
+cosp X sin (/11/2 (mr—x) — ﬁfi}(t)dt)

1 s
—1/2¢; - 20 ) &
+A7/%sinf X sin </1 (m—x) 2/11/2L q(t)dt)

+0 (,1—1/ Zn(/l)) (2.40)
ile verilir.
ispat:

i) Buldugumuz (2.30),(2.32),(2.33),(2.34) ve (2.35) esitliklerini (2.15)’de yerine yazalim.

50,4
@(x,A) = cosaEy(x,A)Cy(x,A) — cosaEy(x,A)Sy(x, 1) g
T(0,1)
inaEy(x,1)Sy(x, 1) !
sinaEy(x, 1)Sy(x, T
= 11 - 12 - 13 (lea)

Oncelikle I;’i hesaplayalim.

I, = cosaEy(x,A)Cy(x, 1)

1
= cosa X 1+211/2

1 Vi3
cos(2AY2x + &) — m[ sin(2AY2t)q(t)dt
0
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+0(2"Y2(2)?)] % [cos ()Il/zx ~ S
1 x 1
cos </11/2x - 2/11/2[0 q(t)dt> + YEE
1

1
= cosa X A1/

fo xq(t)dt) —

20172

22172

+0(272n(2))

Boylece

— 1/2.. _
Il—cosaXcos<A X YEE

seklinde hesaplanir. Benzer sekilde

5(0,4)

I, = cosaEy(x,1)Sy(x, 1) T, 1)

= cosa X

: 1/2. _
sm</1 X o112

1
1+——

STz cos(22Y2x + &)

X

. 1/2 _
sm(l X o112

+

= cosa X cos(24Y2x + &) X sin </11/2x

1
27172

1
| 22172
+0 (1727 (2))

islemleri ile

|
1 T . 1/2 -1/2 2
l—m.fo sm(ZA / t)q(t)dt + 0(/1 n(d) )

j:q (t)dt>

s
f sin(222t)q(t)dt x sin </11/2x -
0

fxq(t)dt> + 0(/1‘1/277(/1)2)]

cos(22Y2x + &)

~

j-nsin(ZAl/z t)q(t)d

fo xq(t)dt>

f xq(t)dt) +0(2Y2()).
0

j xq(t)dt) + 0(,1-1/217(/1)2)]
0

]
[<loerw)

fo xq(t)dt)
foxq (t)dt)_

2A1/2

211/2
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I, = cosa X sin </11/2x —

2172 fo q (t)dt> +0 (272 ),

bulunur ve son olarak

1
I3 = sinaEy(x, 1)Sy(x, A)m

1
1+ mcos(le/zx + &)

= sina X 1 n
- mf sin(Z/ll/Zt)q(t)dt + 0(/1_1/27’](/1)2)
0

X [sin </11/2x — 2/111/2 j:q(ﬂdt) + 0(/1‘1/277(/1)2)l

x [A7Y2 + 0(An(D)]

1 X
A1~/ 2gin </11/2x - j q(t)dt)

. A . L
= sina X +7COS(2/11/2)C + &) X sin (Al/zx ~ 717 L q(t)dt)

-1 pm

1 X
-7 sin(2AY2t)q(t)dt x sin </11/2x — 717 JO q(t)dt)_

+0 (A-l/zn(z))

X
Iy = sina x A~Y2sin <11/2x REYIVE Jo Q(t)dt> +0 (/1_1/277(/1))

elde edilir. Bu degerler (2.15a) esitliginde yerine yazilirsa

1 X
o(x,1) = cosa X cos (Al/zx — 2/11/2]‘ q(t)dt>
0

—cosa X sin| AY/?x — f q(t)dt)

X
2 Y2gina X sin <,11/2x ~ 537 fo q(t)dt) +0 (/1‘1/277(/1)) (2.39)

olarak bulunur.
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ii) Buldugumuz (2.30),(2.32),(2.36),(2.37) ve (2.38) esitliklerini (2.23)’de yerine yazalim.

Y(x,A) = cosPE,(x,A)Cr(x,A) + cosBE(x, 1)S;(x,1) ——= S(m4)
T(m, A)
E.(x,1)S A !
+sinBE,(x,1)S,(x, )T( %)
=L +L+1 (2.23a)

Oncelikle I, i hesaplayalim.

I, = cosBE,(x,1)Cr(x, 1)

= cosf X [1 + cos(2AY2x + &) + O(/l_l/zn(/l)z)]

2/11/2

X

1 Y
cos </11/2(7T —x) — WL q(t)dt> + 0(/1_1/277(/1)2)]

[

= cosp x|

l+

/ 1 s
1/2 — — .
cos </1 (m—x) 7172 L q(t)dt)

1
cos(24Y2x + &) X cos (/11/2 (mr—x) — 57172 j q(t)dt)

1
|
|
|
22172 ]

0 (/2 @))

1 s
I, = cosf X cos (Al/z(n —x) — ml q(t)dt) +0(AY2(2)?).
X

seklinde hesaplanir. Benzer sekilde

S(m, )
T(m, A)

I, = cosPBE,(x,A)S;(x,A)

cos(2AY2x + &,) + 0(/1‘1/277(1)2)] X [0 (1_1/277(/1))]

1
=cos,3><[1+211/2

X

sin ()ll/z(ﬂ —x) — 2/111/2J (t)dt) +0(17Y2y (/1)2)]
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1 Vs
i 1/2 — -
sin </1 (mr—x) 2/11/2.[; q(t)dt)

= cosf X 1 .
——cos(22Y2x + &) X sin (/11/2 (m—x) — 712 f q(t)dt>
X

oz

+0 (12 (2))

I, = cosf X sin <Al/2(n x) — Al1/z fnq(t)dt> +0 (1_1/277(/1)),

elde edilir ve son olarak

I3 = sinBE; (x,1)S;(x, 1)

1
T(m, A)

cos(22Y2x + &) + 0(A"Y?3(2)? )]

1
= sinf X [1 + o o112

X

sin ()Ll/z(rt —x) — 2/111/2f (t)dt) +0(271/2n(2)? )]
x [172 + 0(2n ()]

1 s
A~/ 2gin </11/2 (r—x) — m[ q(t)dt)
=sinB x| __, x

. |
l+ %cos(le/Zx + &) X sin </11/2 (r—x) — Tluzf q(t)dt)J
0 (/@)

1 A
I; = 17/2sinB X sin (/11/2 (r =)~ 575 f q(t)dt) +0(22(2))
X

bulunur. Bu degerler (2.23a) esitliginde yerine yazilirsa

1 7T
Y(x,1) = cosf X cos (/11/2 (m—x) — WJ q(t)dt)

1 T
+cosp X sin (/11/2 (m—x) — WJ q(t)dt)
X
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1 T
+A"Y25inB x sin <Al/2(n —x) — mf q(t)dt)
X

+0 (17/29(2)) (2.40)

olarak hesaplanir.
Simdi G (x, y, 1) Green fonksiyonunu elde etmek i¢in gerekli olan
w(A) = wy(p, ) = e(x, DYP'(x, 1) — ¢"(x, DP(x, 1)
degerini hesaplayalim.
Teorem 2.5: 1 — oo i¢in (2.6) ve (2.16) kosullar1 altinda
w() = we(@, ) = e, DY’ (x, 1) — @' (x, Vp(x, 1)
= 2AY2cosa x cosp x sin(A/?n) + A~ 2sina x sinf x sin(A/?x)
+cosa X sinf X [sin(A1/?m) — cos(2/?r)]
+sina x cosp x [sin(AY?w) + cos(2Y2m)| + 0(A71n(1)) (2.41)
ile verilir.
Ispat:
¢’ (x,1)’y1 bulmak i¢in (2.12) ve (2.13) degerlerini (2.9) esitliginde yerine yazalim.
cosa.S(x,7A).exp (fox S(t,A)dt)

[S(0,4) + tana')

Z'(x, 1) =
-1
cos(tan ERIOn)

[5(0,2) + tanal] x
TN | +f0 T(t,/l)dtl

X COS Itan‘1

cosa.exp (fox S(t, )dt)

S(O'ﬁgojrat)ana])

cos (tan‘1

S5(0,1) + tana
T(0,1)

X sin [tan‘1 I

l + f xT(t, A)dtl T(x, )
0
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cosa.S(x, ). Ey(x, 1)
S0,1) + tana])
T(0,2)

cos (tan—1

X

cos [ tan- S(0,4) + tana
T(,4)

) X cos <fxT(t, l)dt)
0

S5(0,1) + tana ] x
T D X sin <L T(t, A)dt)l

cosaEy(x, )
S(0,1) + tana])

T(0,4)
T(t,)d
) X coS <j; (t,A) t>

_,[500,2) + tana
+cos <tan [ T(0, D D

X sin (]XT(t, A)dt)
0

Notasyonlarla ifade edersek

—sin (tom‘1

cos (tan‘1

b <tan‘1 lS(O, A) + tana

% T(0, 1)

X T(x,A)

Z'(x,A) = cosa X S(x, ))Ey(x,1)Cy(x, 1)

—cosa X S(x, D) Ey(x, 1)So(x, 1) X lS(O, )+ tana:l

T(0, 1)

S(0,1) + tana
T(0,1)

—cosa X Ey(x,1)Cy(x, 1) X [ l T(x, 1)

+cosa X Ey(x,1)Sy(x, )T (x, 1)

5(0,2)

Z'(x,1) = cosa X S(x, ))Ey(x, 1)Cy(x,1) — cosa X S(x, ))Ey(x, 1)Sy(x, 1) m

1
—sina X S(x, )Ey(x,1)Sy(x, A) m

5(0,4)

—cosaEy(x,A)Cy(x, 1) TN

T(x, 1)
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—sinaEy(x,A)Cy(x, 1) ﬁT(x, A) — cosaEy(x,1)Sy(x, )T (x, A)

= 11_12_13_14_15_16 (29a)
seklinde olur. Oncelikle I; esitliginde S(x,1), Ey(x,1) ve Co(x,1) esitlikleri yerine

yazilirsa

1 1 (T
I, = cosa x ll + mcos(zﬂ/zx +&) = WJO sin(24Y/2t)q (D) dt

-1/
+0(172n(1)?)] x 7172

cos (Al/zx - fo(t)dt> + 0(’1_1/277(1)2)]
0

X [=sin(24Y2x + &) + 0(n(1)?)]

olur ve gerekli hesaplamalardan sonra

1 X
I, = —cosa x lsin(le/zx + &) X cos </11/2x - 2/11/2}0 q(t)dt)

+

1
Ve cos(22Y2x + &) x sin(2AY2x + &)

1 x 1 T
X cos </11/2X - 2/11/2J0 Q(t)dt> - mj(; SlTl(Z/’ll/zt)Q(t)dt

X
X cos <Al/2x — f q(t)dt) X sin(24Y2x + &,)]
0

211/2
+0(1"2n(2)?)
L =012 (1)?).

s(0,1)
T(0,1)

olarak elde edilir. I, esitliginde S(x, 1), Ey(x, 1), So(x, 1) ve yerine yazilir, boylece

1 T
cos(2AY2x + &) — ml sin(2AY/2t)q(t)dt
0

1
I, = cosa><l1+m1/2

+0(1"2n(2)?)] x

sin (Al/zx ~ 57172 fo q(t)dt> +o(x Zn(ﬂ)z)l
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x [~sin(2472x + &) + 0(()D)] x [0 (172 )]

1 X
= cosa X [—sin(24Y/2x + &) X sin </11/2x SEYIVE f q(t)dt)
0

1 1 x
- cos(2AY%x 4+ &,) x sin </11/2x - J q(t)dt)
2/11/2 ( x) 2/11/2 0

. 1 (.
X sin(2AY%x + &) + mfo sin(2AY/2t)q(t)dt

X

j Q(t)dt> X Sin(Z/ll/Zx + fx)l +0 (/1—1/277(/1))
0

hesaplamalarindan sonra

L=0 (;1-1/217(,1))

seklinde hesaplanir. I3 esitligi i¢in

1
I3 = sinaS(x, 1) Ey(x,1)Sy(x, 1) T.D

1
L+ 7

= sina X

1 s
cos(2AY2x + &) — m[ sin(2AY2t)q(t)dt
0

+0 (A Y2(1)?)] x

sin (Al/zx — 2/11/2[0 Q(t)dt> + 0(1_1/277(/1)2)]

X [=sin(24Y2x + &) + 0(D)H)] x [AY2 + 0(A"1n(D)]

gerekli hesaplamalardan sonra

= sina X

1 X
—A"Y2sin(22Y2x + &) X sin </11/2X T oz J Q(t)dt>
0

ﬂ._l
— Tcos(le/zx + &) x sin(2AY%x + &)

. 1/2..
><5m</1 X YEE

fxCI(t)dt) + A—_lfnsin(z/ll/zt)q(t)dt
0 2 0
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1 X
X sin(2AY%x + &) X sin </11/2x ~ 577 f q(t)dt)l +0 (A‘l/zn(l))
0

I =0 (27/2n())
bulunur. Benzer sekilde I, esitligi i¢in

S5(0,1)

I, = cosaEy(x,1)Co(x, 1) T

T(x, 1)

1 1
+ 2/11/2

= cosa X

1 7T
cos(2AY2x + &) — m[ sin(22Y/2t)q(t)dt
0

+0(272n(1)?)] x

cos (/11/29( — JxCI(t)dt) + 0(/1_1/2U(A)2)l
0

2172

X [AY2 — cos(24Y2x + &) + 0(n(D)H)] x [0 (/1_1/277(/1))]

= cosa X

1 X
A/2¢cos </’11/2x - f q(t)dt)
2)1/2 0

1 X
+ cos </’11/2x ~ i f CI(t)dt> X cos(2AY2x + &)
0

1 A 1 X
— ; 1/2 1/2..
ZJO sm(ZA t)q(t)dt X coS <A X 2/11/2}0 q(t)dt)

X
—cos ()ll/zx — j q(t)dt) X cos(24Y2x + &)
0

2A1/2

RETIVE cos(22Y2x + &) x cos(2AY%x + &)

1 (% 1 (7
X cOS </11/2x — 2/11/2}0 q(t)dt> + le/zfo sin(2AY%t)q(t)dt

fo(t)dt) X COS(Z/ll/Zx + fx)l +0 (/1—1/277(/1))
0

yapilan iglemlerden sonra
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1 X
1, = —AY2cosa x cos (Al/zx ~ i f CI(t)dt> +0 (1_1/277(/1))
0
seklinde elde edilir ve I esitliginde

1
Is = sinaEy(x,1)Cy(x, A) m T(x, 1)

1 Vs
= sina X |1 + cos(2AY2x + &) — mf sin(24Y2t)q(t)dt
0

1
2172

+0 (2 Y2(1)?)] x

cos ()Il/zx — 2/111/2 j;xQ(t)dt> + 0(&‘1/277(1)2)]

X [21% = cos(2M?x + &) + 0((DD)] x [271/2 + 0(A (V)]

= sina X

X
1
cos </11/2x — ]o q(t)dt) + mcos(ml/zx + &)

22172

1 X 1 s
1/2 ; 1/2
X coS </1 X 2/11/2[0 q(t)dt> 2/11/2]0 sm(2/1 t)q(t)dt

1/2
Xcos(l X AL/

X
f q(t)dt) — X1 Y2c0s(22Y2x + &)
0

/1—1
— TCOS(le/Zx + &) x cos(2AY%x + &)

27172

X A2y —
CcoS < X 2

X -1
J q(t)dt) + Lcos(le/zx + &)
0

X cos <Al/2x - fo(t)dt> X fnsin(Z/ll/zt)Q(t)dtl +0 (/1_1/2,7(1))
0 0

20177

Is = —sina X cos (Al/zx —

7 | 4t ) +0 (1)

olarak bulunur. Son olarak I hesaplanirsa

I = cosaEy(x,A)Sy(x, )T (x, 1)
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= cosa X

1 1 m
1/2 :
1+ 27172 cos(2AY2x + &) — 27172 fo sin(22Y/2t)q(t)dt

+0 (A Y2(1)?)] x

sin (Al/zx - 2/111/2 qu(t)dt> + 0(/1"1/27](/1)2)]

X [A1/2 = cos(24Y2x + &) + 0(n(1)?)]

gerekli islemlerden sonra

Ig = cosa X

X
1
1/2 o 1/2. _ = 1/2
y) sm()l x 2/,11/2.[; Q(t)dt>+2cos(2/1 x+ &)

1 x 1r™
X sin </11/2x — 57173 j q(t)dt> — —f sin(22Y2t)q(t)dt
22172 | 2 ),

jxq(t)dt> — cos(2AY%x + &)
0

_ 1 (x 1
X sin (/’ll/zx REYIVE .I; Q(t)dt> SETIV cos(22Y2x + &)

1 X
X cos(2AY2x + &) X sin <Al/2x ~ 5717 f q(t)dt>
0

1 T
+2/,17f0 sin(zzl/zt)q(t)dt X cos(zp/zx n fx)

X sin </’11/2x STV j:ﬂﬂdt) +0 (/1_1/277(/1))]

X
Ig = AY?cosa x sin </11/2x REYIVE jo Q(t)dt> +0 (/1_1/277(/1))

seklinde elde edilir. Buldugumuz bu degerler (2.9a) esitliginde yerine yazilirsa

1 X
@' (x,1) = —AY2cosa x cos </11/2x - 2/,11/2.[ q(t)dt>
0

—sina X cos | A/2x — f q(t)dt)
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f xq(t)dt) +0 (1720 (242)

_1/2 ; 1/2.,. _
A cosaxgln<ﬂ X o112

bulunur. Simdi ¥’ (x, A)’y1 bulmak i¢in (2.20) ve (2.21) degerlerini (2.9)’da yerine yazilir.

cosBS(x, ) exp(f(f S(t,A)dt)

exp( f: S(t, A)dt) x cos (tan—l [S (m, 7{1()R+A§anﬁ )

Z'(x,A) =

S(m,A) + tan,Bl _ f"

T D) T(t, l)dtl

T(t,D)dt +f

X cos ltan‘1 I
0

cosPexp([; S(t, A)dt)

e o [T

S(m, A) + tanp
T(m, 1)

- j “T(e At + J xT(t, A)dtl T(x,2)
0 0

X sin [tan‘1 l

Sinirlar tizerinde diizenlemeler ve gerekli islemler yapilirsa

Z'(x,1) = cosB X S(x, ) E(x,A)Cr(x, A)

S(m, 1)
T(m, A1)

+cosf X S(x, )E(x,1)S;(x, 1)

+sinf X S(x, A)Er(x, 1) Sy (x, 1) T(m, A)

S(m, A1)
T(m, A)

—cosfB X E(x,1)Cr(x, 1) T(x,A)

—sinf X E;(x,1)C(x, 1) ﬁ T(x, A1)

+cosf X E;(x,1)S;(x, )T (x, 1)
= 11+12+I3—I4—15+I6 (ng)
olarak bulunur. I; i¢in

I; = cosBS(x, )E (x,1)Cr(x, 1)
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= cosp X [1 +———~cos(2AY2x + &) + 0(/1‘1/217(/1)2)]

2/11/2

X

cos (Al/z(n —x) — Tll/zfnq(t)dt> + 0(&‘1/277(&)2)]

X [=sin(24Y2x + &) + 0(n(D)D)]

gerekli hesaplamalardan sonra
1 Tl.'
I, = cosf X l—sin(Z/ll/zx + &) X cos </11/2 (r—x) — m[ q(t)dt)
X

1
STV ——cos(2AY%x + &) x sin(2AY%x + &)

1
1/2 — _d
X cOS </’l (r—x) 7172

f q(t)dt) +0(1Y2n(1)?)]

L =022 (1)?).
seklinde bulunur. Benzer sekilde

S(m, )

I, = 0SB (x, (6, DS (6 D 55

cos(2AY2x + &) + 0(/1"1/277(/1)2)]

1
=cos,8><[1+211/2

1 s
x |sin <Al/2(rr —x)— WL q(t)dt> + 0(/1‘1/277(/1)2)]

X [=sin(22Y2x + &) + 0(n(D)?)] x [0 (’1_1/277(/1))]

= cosf X

1 s
—sin(2AY2x + &) X sin (Al/z(n —-x)— Wf q(t)dt)
X

1
~ iz cos(22Y2x + &) x sin(22Y2x + &)

X sin </’ll/2(ﬂ -Xx)— m%fi](t)dt) +0 (A’l/zn(l))]
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L=0 (/1-1/217(,1))

seklinde hesaplanir. I3 hesaplanirsa

I3 = sinf8S(x, ) E,(x,A)S;(x, A)

T(m, 1)

1
STz cos(2AY2x + &) + 0(2~ 1/277(&)2)]

= sinf X [1 +—F
1
X lsin </11/2(7t— x) — 2,11/2f (t)dt) +0(a7/? (,1)2)]
X [=sin(22Y2x + &) + 0(D)D)] x [A7Y2 + 0(2 1n(D)]

1 V3
= sinf} X l—l‘l/zsin(Z/ll/Zx + &) X sin </11/2 (r—x) — mjx q(t)dt)

-1

A
— Tcos(Z/ll/zx + &) x sin(2AY%x + &)

X sin <21/2(n —x) — 2/111/2 j-nq(t)dt> +0 (/1_1/211(/1))]

=0 (22()
olur. I, i¢in

S(m, 1)

I, = cosPE,(x,A)Cr(x, 1) T D)

T(x, 1)

;1/2 cos(2AY2x + &) + 0(171/2(1)? )]

= cosf X [1 +
1/2 1 -1/2 2)2
X |cos | AY3(m —x) — Al/ZJ q(®)dt | +0(A7*n(2)?)

X [11/2 - cos(ZAl/Zx +&)+ 0(7](/1)2)] X [0 (1_1/271(1))]

islemler yapilirsa
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= cosf X

1 T 1
A2¢os <Al/2(n —x)— m.’; q(t)dt) + ECOS(ZAI/Zx + &)

1 s
X COS </11/2 (m—x) — mf q(t)dt) — cos(2AY%x + &)
X

1 T 1
X COS (Al/z(n —x) — 717 f q(t)dt) ~ 717 cos(2AY2x + &)
X

1 s
X cos(2AY%x + &) X cos (Al/z(n —x)— mfx q(t)dt)

+0 (127 ())]

1 T
1, = 2Y2cospB x cos </11/2(7T —x) — mj; q(t)dt) +0 (/1_1/277(/1))

bulunur. I esitliginde

Is = sinfBE,(x,A)Cr(x, 1)

1
T L&A

1
= sinf} X [1 + mcos(le/zx +&)+ O(/l_l/zn(/l)z)]

X [cos (Al/z(n —x) = /111 7 Jx nq(t)dt) + 0(/1-1/217(/1)2)]

X [11/2 - cos(ZAl/Zx + fx) + 0(71(/1)2)] x [’1_1/2 + 0(/1_177(/1))]

= sinf X

1 T 1
cos <Al/2(rr —-x) — YEE f q(t)dt> ~ 577 cos(2AY%x + &)
X

1 s
X coS <Al/2 (r—x) — mf q(t)dt> — A Y2c0s(22Y2x + &)
X

-1

1 T A
X €OS <Al/2 (r—x) — mfx q(t)dt) - Tcos(le/zx + &)

1 VA
X cos(24Y2x + &) X cos (Al/z(ﬂ —-x)— ST/ L q(t)dt>



52

+0 (1729 ())]

1 Vs
Is = sinf X cos (/11/2(71 —x) — mf q(t)dt) +0 (/1‘1/217(/1)),
X

olarak bulunur ve son olarak

I = cosPBE(x,1)S;(x, )T (x, 1)

= cosp X [1 +———~cos(2AY2x + &) + 0(/1‘1/217(/1)2)]

/11/2

X

1
sin </11/2(n—x) 7 f (t)dt> +0(27Y/2n(1)? )l
X [1Y2 — cos(2AY2x + &) + 0(n(D)D)]

= cosf X

1 T 1
A/ 2sin </11/2 (mr—x) — WL q(t)dt) + Ecos(le/zx +&)

X sin </11/2 (m—x) — jnq(t)dt> — cos(2AY%x + &)

1
24172 |,

1 T 1
X sin </’ll/2(7t —-x) — 2/1_1/2L q(t)dt) ~ 5712 cos(2AY2x + &)

1 s
X cos(2AY2x + &) X sin <Al/2(n —-x) — YEE L q(t)dt>

o 1)

1 s
Is = A?cosB x sin </11/2(7T —-x) — YEE j q(t)dt) +0 (/1"1/271(/1))
X

elde edilir. Bulunan esitlikler (2.9b)’de yerine yazilirsa

1 T
Y'(x,1) = —AY2cosp X cos </11/2 (r—x) — WJ q(t)dt)
X

/ 1 s
: 1/2
—sinf X cos <A (m—x) — 7172 L q(t)dt>
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1 Vs
+AY2¢cospB x sin </11/2 (r—x) — mf q(t)dt)
X

+0 (17/27(2)) (2.43)
olarak bulunur.
Bulunan (2.39),(2.40) ve (2.42),(2.43) esitlikleri w(A1)’da yerine yazilirsa

W(A) = Wx((p' Itb) = (P(x» A)lp,(x; A) - ‘P’(x' /1)1/)(95, A)

cosa 1 —1*2cosp
s cos (1725 = [Tqoat)| | cos (172 - 1)~ = ["q0at
cos X =7 . q cos T=X) = o xq
—cosa —sinf
« sin(21/2x — — x(t)dt L ("
_ sin X 211/ . q « | X cos ,11/2(1-[—36) —mf q(t)dt
X
—1"2sina g +AY2cosp
x sin | AY/2x — ! f q(t)dt 1 ("
22172 ), X sin </11/2(7r —x) — m[ q(t)dt>
-1/2 g
+0 (1) I +0 (V@)
—AY2cosa cosp
x 1 m
1/2 1 x cos | AY2(r — x) — —— (t)at
X cos|A x_le/Z ) q(t)dt 22172 | q
—sina +cosf
1/2 1 * i 1/2 _1 "
_|Xcos| AV x — 24172 ), q(t)dt [ X sin{4 (m—x) — le/zfx q(t)dt
—AY2cosa +1"12sinB
. 1/2 1 X 1 A
x sin| AY%x — 272 ) q(t)dt sin AY2(m —x) — 2/11/2J q(t)dt
X
+0 (1729 () || +0 (1727 (2))

olur, carpma islemleri yapilirsa

1 X
w(A) = —AY2cosp X cosa X cos </11/2x - 2/11/2.[0 Q(t)dt>

/ 1 s
1/2 — -
X cOS <A (mr—x) ST172 fx q(t)dt)
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1 X
—cosa X sinf X cos (Al/zx — 211/2[ q(t)dt)
0

1 T
1/2 — -
X coS (A (r—x) le/zfx q(t)dt)

1 X
+AY2cosa x cosp X cos (Al/zx ~ 57172 f q(t)dt)
0

1 Vs
i 1/2 — -
X sin </1 (mr—x) 2/11/2.[; q(t)dt)

1 X
+A2cosB X cosa X sin </11/2x ~ 5772 j q(t)dt)
0

/ 1 4
1/2( _ o\ _
X coS (A (m—x) le/zfx q(t)dt)

1 X
+cosa X sinf X sin </11/2x ~ 5772 JO q(t)dt)

/ 1 V(3
1/2 — — i
X cOS </1 (m—x) le/zjx q(t)dt)

1 X
—A2cosB X cosa X sin </11/2x ~ 577z j q(t)dt)
0

/ 1 s
i 1/2 — -
X sin </'l (mr—x) 2/11/2fx q(t)dt)

1 X
+sina X cosf X sin <11/2x ~ S Jo q(t)dt)

/ 1 i
/20 )
X cOS (A (m—x) 2/11/2Jx q(t)dt)

1 X
+A72sina X sinf x sin </11/2x - 2/11/2J Q(t)dt>
0

/ 1 T
1/2 — -
X cOS (A (m—x) le/zjx q(t)dt)
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1 X
—sina X cosf X sin <Al/2x ~ 5717 f q(t)dt)
0

1 Vs
i 1/2 — -
X sin </1 (mr—x) 2/11/2.[; q(t)dt)

1 X
+AY2¢c0sB % cosa X cos (Al/zx ~ 5717 f q(t)dt)
0

1 T
1/2 — -
X cOS (A (r—x) le/zfx q(t)dt)

1 X
+2A2cosB X cosa X cos </11/2x ~ 5772 J q(t)dt)
0

/ 1 4
. 1/2( _ Y\ _
X sin ()1 (r—x) 2/11/2]; q(t)dt>

1 X
+cosa X sinf X cos (Al/zx — 2/11/2}0 q(t)dt)

/ ! i
: /200 _ )
X sin </1 (mr—x) 2/11/2L q(t)dt)

1 X
+sina X cosf X cos </11/2x — 2/11/2}0 q(t)dt)

/ 1 [
1/2 — -
X cOS (A (m—x) 2/11/2Jx q(t)dt)

1 X
+sina X cosf X cos <11/2x — 2/11/2}0 q(t)dt)

/ 1 s
i 1/2 — -
X sin </1 (mr—x) 2/11/2fx q(t)dt)

1 X
+A7Y2sina x sinf X cos </11/2x REYIE f Q(t)dt>
0

/ 1 s
i 1/2 — -
X sin <A (mr—x) 2/11/2.[6 q(t)dt)
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1 X
+AY2¢c0sB X cosa X sin </11/2x ~ 57172 f q(t)dt)
0

1 T
1/2 — -
X coS (A (r—x) le/zfx q(t)dt)

1 X
+AY2¢c0sB % cosa X sin </11/2x ~ 57172 f q(t)dt)
0

1 Vs
i 1/2 — -
X sin </1 (mr—x) 2/11/2.[; q(t)dt)

1 X
+cosa X sinf X sin </11/2x SETIVE J q(t)dt)
0

/ 1 4
. /20 _ Y\ _
X sin ()1 (mr—x) 2/11/2]; q(t)dt>

+0(2 (D)
seklinde elde edilir. Son esitlikteki terimleri sirasi ile 1,2, ...,18 olarak isimlendirerek
1-17),(2—-18),(3—-4),(5—-12),(6 —10),(7 —14),(8—15),(9 —13),(11 - 16)
eslestirirsek kosiniis ve siniis acilimlarini kullanirsak

w(l) = —A2cosB x cosa

< 1/2 L 1/2 L ("
x cos | AY?x — j q(®)dt + A12(mr — x) — J q(t)dt)
2412 J 2212 ),

+AY2cosa x cosf

1 x 1 T
x sin | AY/2x — J q(Odt + 21V2(m —x) — —f q(t)dt)
( 211/2 0 2/11/2 .

+cosa X sinf

1 x 1 T
x sin | AY/2x — f q(Odt + 1V2(m — x) — —f q(t)dt)
( 22172 | 22172 |

—cosa X sinf
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A

x 1
X cOoS </11/2x - f q(Odt + A2 (m — x) — 27172 f q(t)dt)

22177

+sina X cosf

fx (t)dt + 12(r — x) — 2/111/2[” (t)dt)

+1"12sina x sinf

T

1 [ 1
><sin</11/2x—2/11/2f q(Odt + A1V?(m —x) — /11/2f q(t)dt>

+2A2c0sB x cosa

< 1/2 1 ¥ 1/2 1 "
X cos | A ex — j q®)dt + A “(m — x) — j q(t)dt)
211/2 g 2)1/2 .

+AY2¢cosB x cosa

X 1 Vi
fo q(t)dt + AV2( — x) — 2/11/2L q(t)dt)

+sina X cosf

X 1 s
X cos </’11/2x— f qg(Odt + 12 (1 — x) _2/11/2f q(t)dt)
X

2/11/2 0

+0(2 (1)

elde edilir, integral sinirlar1 iizerinde de diizenlemeler yapilirsa

1 A
w(A) = A2cosa X cosf X sin <Al/2n REYIvE f Q(t)dt>
0

1 s
+cosa X sinf X sin <11/2n ~ 57172 f q(t)dt)
0

1 s
—cosa X sinf3 X cos (Al/zn ~ 5717 f q(t)dt)
0
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1 s
+sina X cosf X sin <Al/2n SETIV f q(t)dt)
0

1 s
+A72sina X sinf X sin (/11/271 REYIVE J Q(t)dt>
0

1 s
+2A2cosB x cosa X sin </11/27r SEYIVE f q(t)dt)
0

+sina X cosf X cos (Al/zn —

le/zf q(t)dt> +0(17 (D)
0

olarak bulunur. [ On q(t)dt = 0 oldugu kullanilirsa
w(d) = 2AY%cosa x cosf X sin(A/?w) + 1Y 2sina x sinf X sin(1Y/?r)
+cosa x sinf X [sin(AY?r) — cos(1'/?n)]
+sina x cosp x [sin(AY?w) + cos(2Y2m)]| + 0(A"1n(A)) (2.41)
seklinde elde edilir.

Teorem 2. 6: 1 > o ve 0 < x <y < migin

G(x,y,A) =
cosa 1| cosp
1 1
ceos (50 o) o100~ a0
_Cosla +cosp
: 1/2, _ _— (% X ) 1
X sin (l X =372 fo Q(t)dt) X sin (/11/2(71. —-y) — H—l/zf;qu)dt)
—A‘l/zslina +17125inB
: 1/2, _ x 1
| X sin (/'l X = 5372 Jy Q(t)dt)_ | x sin (,11/2(7[ —y) - Wf;q(t)dt)_

2AY2cosa X cosf X sin(AY/2m) + 1~/ 2sina X sinf X sin(11/2m)
+cosa X sinf X [sin(AY/2m) — cos(A1/2m)]
+sina x cosf x [sin(A1/2m) + cos(A1/2m)]

+0 (A2 ). (2.44)
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ispat:
e(x, DYy, 4)
w(4)
e, DP(x, 1)
w(d)

+0(2 (), 0sx<y<n
G(x,y,A) =

+0(2 kD), 0<y<x<m

seklinde idi. Buldugumuz (2.39),(2.40) ve (2.41) esitliklerini G (x,y, 1)'da yerine yazarsak
0<x<y<micin

_ 9 Y, D)

G(x,y,4) D
cosa 1| cosp
1
W cos (/’ll/zx _ Tll/zfoxq(t)dt) X cos (/11/2(71 -y)— EYEVE] f;CI(t)dt)
_COS{Z +COSﬂ
- (21/2.. _ x . 1
X sin (/1 X — 5372 fo Q(t)dt) « | X sin (Al/z(n —y) — ny”q(t)dt)
—/1‘1/2511'na +27Y25inp
. 1/2, _ _— (% 1
X sin (/1 X = 7 Js Q(t)dt) % sin (,11/2(n —y) - Wf;q(t)dt)
-1/2
+0 (17/29(2)) I +0 (12 (2))

2AY2cosa X cosf X sin(AY/2m) + 1~/ 2sina X sinf x sin(11/2m)
+cosa X sinf X [sin(A1/2w) — cos(A1/2m)]
+sina X cosf X [sin(A1/2m) + cos(AV/2m)] + 0(1~1n(R))

(2.45) elde edilir.

1 X
F,(x, 1) :== cosa X cos (Al/zx - 2,11/2f q(t)dt>
0

—cosa X sin| AY?%x — f q(t)dt>

1 X
—A1"Y2sina x sin <11/2x - J q(t)dt)
211/2 0

ve

1 Vs
F,(y, ) := cosf X cos (Al/z(n —y) — 211/2‘[] q(t)dt)
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+cosp x sin| AY%(n — )—; i (t)dt
y 211/2 y q

1 s
+A"Y25inB x sin (Al/z (mr—y)— mf q(t)dt)
y

ve son olarak
F3(a, B) = 2AY2%cosa x cosf x sin(AY/21) + Y 2sina x sinf X sin(1Y/?x)
+cosa x sinf x [sin(A/?m) — cos(1/?7)]
+sina X cosf X [sin(AY?r) + cos(1'/?n)]

olarak tanimlarsak

(@2 +0 (1)) (RO +0 (3779®))
F(@f) + 0 @)

G(x,y,A) =

Fy(6, 1) X Fy (5, 2) + Fy(x,2) x 0 (17/23(2) )
RO x0 (,1—1/2;7(/1)) +0 (/1‘1/277(/1)) x 0 (/1—1/277(,1))
- Fa(a, ) + 0(A"1n (D)

CRED X B +0 (17 ®)
BB x[1+0o( W)

Fy(x,2) X Fy(,2) + 0 (2727 (2))

D) x [1+0(273/29(1))]

Fy(x,2) X Fy(,2) + 0 (2727 (2))
B F3 (a, ﬁ)

_FGoA) X F(,4)
B F3((Z,ﬁ)

+0 (/1-1/277(1))

elde ederiz ve (2.45) esitligi
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G(x,y,4) =
cosa -l cospp
% cos (Al/zx _ 2/111/2 IN q(t)dt) X coS (/11/2(71 -y) - Tll/zf;q(t)dt)
—cosa +cosp
X sin (/’ll/zx - ﬁf;c Q(t)dt) X% sin (/11/2(7t —y) — ﬁf:q(t)dt)
X sin (/’11/ z_j il/zi.naf " o
i 221172 Jo Q(t)dt)_ | X sin (/11/2(7T —-y) - ﬁf;q(t)dt)_

2AY2cosa X cosf X sin(AY/2m) + A~/ 2sina X sinf x sin(A11/2m)
+cosa X sinf X [sin(A1/2m) — cos(A1/2m)]
+sina X cosf X [sin(A1/2m) + cos(A1/2m)]

+0 (1/2(2)) (2.44)

bulunur. Benzer sekilde 0 < y < x < m iginde

_ 90 @ D)

G(x,y,4) WD)

hesaplanir.

Asagidaki teoremlerde Dirichlet kosullar altinda Green fonksiyonu elde edilecektir.

Teorem 2.7: y" + (1 —q)y =0 (2.1)
denkleminin
T
y(0,1) = cosa, y'(0,4) = —sina, a = > (2.46)

baslangi¢ kosullarini saglayan ¢oziimii

a)

o(x, 1) = —1"Y2sin </11/2x — f xQ(t)dt> +0 (/1—1/ 277(/1)) (2.47)
0

27172

b)

1 1 x
p(x,n) =— m+ D X sin ((n + 1x — mfo q(t)dt)
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+0(n"n(n)) (2.48)
olarak hesaplanir.
Ispat:

a) (2.1) denkleminin sifirdan farkl reel degerli bir ¢6ziimii

Z(x,A) = cyexp (fo(t, A)dt) X COS <c2 + fxT(t, A)dt) (2.8)
0 0

veE

Z'(x,A) = ¢, S(x,A\)exp (fo(t, A)dt) X c0S <cz + fxT(t, A)dt)
0 0

—C; exp <fx5(t, A)dt) X sin (cz + fxT(t, /'l)dt) T(x,A) (2.9)
0 0

seklindedir [4]. (2.46) ile verilen baslangi¢ kosullart saglanacak sekilde c; ve c, sabitlerini

belirleyelim. (2.46) ile verilen baslangi¢ kosullarindan Z(0,1) = cosa yerine yazilirsa

0 0
coSa = C1 exp (f S(t, A)dt) X cos <c2 + f T(t, A)dt)

0 0
COSa = C1C0SCy (2.49)

Vs .
a=-, cosa= 0 ve cosc, # 0 ise bu durumda

0 =cycosc,, ¢4 =0
olur ki bu asikar ¢éziimdiir.

a= %, cosa = 0 ve ¢; # 0 ise bu durumda c,’yi bulalim.

T
0 = c;cosc,, cosc, =0 = ¢, = 0 (2.50)

olur.

Z'(0,1) = —sina kullanilirsa
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0 0
—sina = ¢,;5(0, 1) exp <f S(t, A)dt) X coS (cz + f T(t, l)dt)
0 0

0 0
—Cy €xXp (f S(t, A)dt) X sin (cz + f T(t, A)dt) T(0,2),
0 0

—sina = ¢,5(0,A)cosc, — c¢;sinc,T(0, 1)
olur. (2.50) kullanilirsa

1

1= ClT(O,A) = (= m

(2.51)

elde edilir. Son olarak (2.50) ve (2.51) degerleri (2.8)’de yerine yazilirsa ve (2.46) ile

verilen baslangi¢ kosullarini saglayan ¢oziime ¢@(x, A1) denilirse

p(x,A) = T((i, D exp (foxS(t, A)dt) X cOS (g + LxT(t, A)dt),

elde edilir ve cos (g + ,8) = —sinf kullanilirsa

1 X X
JA) = — S(t,)d J T(t,A)d 2.52
o(x, 1) T(O,/l)exl)(J;) (t, 1) t)x.sm(j; (t,A) t> ( )

bulunur.

Notasyonlarla ifade edecek olursak (2.52) esitligi

1
@(x, ) =~ ODES (x, 1)So(x, 1)

seklinde diizenlenir ve buldugumuz (2.30),(2.33) ve (2.35) esitliklerini ¢ (x, A)’da yerine

yazarsak

1 T
cos(2AY2x + &) — WJ sin(2AY2t)q(t)dt
0

1

+ 027V 2n()?) | x [ Y2+ 0(A 1n(D)]

X

sin </11/2x REYIVE j;) Cl(t)dt) + 0(/1_1/277(/1)2)]
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ve gerekli islemler yapilirsa

1 X
o(x,2) = —1"Y2sin </11/2x — 211/2.[_ Q(t)dt>
0

-1

A 1 *
——cos(2AY2x + &) x sin (Al/zx — f q(t)dt)
2 ( x) 2)1/2 0

-1 ,m

A 1 x
- 1/2 - a1/2. _
= o sin(22Y2t)q(t)dt x sin (A x 2/11/2]0 q(t)dt)

+0 (1/2(2))

o(x, 1) = —2"2sin </11/2x — f xCI(t)dt) +0 (/1-1/ 277(/1)) (2.47)
0

22172
elde edilir.

b) Burada Dirichlet sinir kosullar1 altinda (2.1) — (2.3) 6zdegerleri

B =m+1) - ﬁ/‘z(nm + 0™ n(m)?) + 0(n~*n(m)) (2.53)

kullanilacaktir [4]. Boylece
2% =+ 1)+ 0(nm),

v _ 1 _ 1
" (n+1)+ O(W(n)) (n+ 1)[1 + O(n‘ln(n))]

x[1+0(n1n(n)] = +0(n"n(n)) (2.54)

1
"+ 1) m+ 1)

elde edilir. O halde

1 1 x
p(x,n) =— m+ D X sin ((n + 1x — mfo q(t)dt)

+0(n"2n(n)) (2.48)

bulunur.
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Teorem2.8: y" +(1—q)y =0 (2.1)
denkleminin
is
y(m, 1) = cosp, y'(m,A) = —sinB, B = > (2.55)

baslangi¢ kosullarini saglayan ¢6ziimii

a)
1 T
W(x, 1) = A~Y2sin (Al/z(n —x) — fo q(t)dt) +0 (1) (256)

b)

1 1 T
Y(x,n) = m+ D sin ((n + 1) (T —x) — mfx q(t)dt)

+0(n™2n(n)) (2.57)
ile verilir.
ispat:

a) (2.1) denkleminin sifirdan farkli reel degerli bir ¢6ziimii

Z(x,A) = cyexp (JXS(t, A)dt) X COS <cz + fxT(t, A)dt) (2.8)
0 0

ve

Z'(x,1) = ¢, S(x,\)exp (JXS(t, A)dt) X COS <cz + fxT(t, l)dt)
0 0

—C; exp <fx5(t, A)dt) X sin (cz + fxT(t, A)dt) T(x,A) (2.9)
0 0

seklindedir [4]. (2.55) ile verilen baslangi¢ kosullar1 saglanacak sekilde c¢; ve c, sabitlerini
belirleyelim. (2.55) ile verilen baglangic kosullarindan

Z(m,A) = cosp ve Z'(m, A1) = —sinf yazilirsa
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T s
cosP = ¢y exp <f S(t, ﬂ)dt> X cos <Cz + f T(t, A)dt> (2.58)
0 0
T s
ﬁ = E, COSﬁ = 0, coSs <C2 +f T(trl)dt> #0
0
ise (2.58) esitligi

0=cyexp (f S(t,/l)dt) X coS <c2 +f T(t,/l)dt) =2 ¢ =0
0 0

olur ki bu asikar ¢oziimdiir.

T A
B = > cosfp =0, ¢; #0 = cos (cz +f T(t,)l)dt) =0
0
olur buradan
Y T T A
Cy +f T(t,D)dt = > = ¢, = E_f T(t,A)dt (2.59)
0 0

elde edilir.

T s

S(t, A)dt) X cOS (cz + f T(t, A)dt)
0

—Cy exp (jnS(t, /1)dt> X sin (cz + JET(t, A)dt) T(m, A)
0 0

—sinf = ¢, S(m, A)exp (f
0

(2.59) kullanilirsa

—1 = ¢; S(m, A)exp <j:TS(t, A)dt) cos (g) — ¢y exp <Ln5(t, A)dt) sin (g) T(m, 1)

1
exp( [ S(t,A)dt)T(m, 1)

1=rc exp <jn5(t, A)dt) T(m,A) = ¢, = (2.60)
0

elde edilir. Son olarak (2.59) ve (2.60) degerleri (2.8)’de yerine yazilirsa ve (2.55) ile

verilen baslangi¢ kosullarini saglayan ¢oziime (x, 1) denilirse
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Y(x, ) =

exp(f;CS(t, A)dt) <n
2

exp(f:S(t,/’l)dt)T(n’,’D cos __Jo T(t,l)dt+j; T(t,,l)dt>

seklinde bulunur. Sinirlar tizerinde gerekli diizenlemeler yapilirsa

Y(x,A) = T(;, D exp (— f:S(t, A)dt) cos (g — fnT(t, l)dt)

X

olur ve cos (g — ﬁ) = sinf kullanilirsa

Y(x,A) = T(i D exp (— fnS(t, A)dt) X sin <f”T(t, A)dt) (2.61)

X X

elde edilir.

Notasyonlarla ifade edecek olursak

1
Y(x,2) = T m (x, ) Sz (%, 4)

seklindedir. Buldugumuz (2.30), (2.36) ve (2.38) degerleri Y (x, A)’da yerine yazilirsa

1
77 cos(2AY2x + &) + 0(/1‘1/271(/1)2)]

W, 1) = [1 4

X [sin </11/2 (r—x) — z/l%jnq(t)dt> + 0(/1‘1/277(/1)2)]

x [A7Y2 + 0(A1n ()]

gerekli hesaplamalardan sonra

Y(x, 1) = 1"2sin (Al/z(n —x) — 2;1/2 fnq(t)dt>

1

A~ 1 T
+ TCOS(ZAl/Zx + &) X sin (Al/z(n —-x)— m[ q(t)dt)
X

+0 (17/29(2))
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W(x, 1) = A~Y2sin (Al/z(n —x) — Tll/z f nq(t)dt) +0 (172 (@)  (256)

bulunur.

b) (2.54)’ten

1 1 T
Y(x,n) = TS sin ((n +1)(r—x) — mfx q(t)dt)

+0(n"2n(n)) (2.57)
elde edilir.
Teorem 2.9: Dirichlet sinir sartlar altinda A = oo i¢in
w(dD) = wx(@,¥) = o(x, DYP'(x, ) — @' (x, D P(x, )
= 17Y25in(221) + 0(2"'n(D)) (2.62)
ile verilir.
Ispat:

@' (x,1)’y1 bulmak i¢in (2.50) ve (2.51)’i (2.9)’da yerine yazalim. Boylece

Z'(x,A) = YS,?(;");) exp <jox5(t, /1)dt> X COS <% + foxT(t, l)dt)

_ T((:, D exp (JOXS(t, l)dt) X sin <% + JOxT(t, A)dt) T(x,A)

olur. Ayrica

T X X
- T(t,A)dt | = — si T(t,A)d
cos <2+f0 (t, 1) t> Sm<j;) (t,1) t)

ve

T X X
in|— T(t,)dt | = T(t,)d
sm<2+j0 (t, 1) t) cos(fo (t, ) t>
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oldugu kullanilirsa

Z'(x,A) = —

S(x,AM)Ey(x,1)Se(x,A) = =——=<Eo(x,1)Co(x, )T(x,A)

1 1
T(0,1) T(0,4)
= 11 + 12

seklinde olur.

I, = ———=S(xX,)Ey(x,1)Sy(x, 1)

" T(0,2)

1 1 (T
|1+ eost@rtix s £ - o [ sz aae

; 0(/1-1/217(/1)2)] < 112 + 0(- (D))

1 X
x |sin (Al/zx - 2/11/21- CI(t)dt> + 0(/1_1/277(/1)2)]
0

X [=sin(24Y2x + &) + 0(n(1)?)]

gerekli hesaplamalardan sonra

1 X
= 17Y25in(22Y2x + &) x sin </11/2X T o172 f Q(t)dt>
0

A—l
+—sin(2AY%x + &) X sin <11/2x -

27172

5 qu(t)dt> X cos(2AY2x + &)
0

A1 1 (7

o 1/2 i 1/2, _
> sin(2AY%x + &) X sin <A x 2/11/2[0 q(t)dt>

s

X ] sin(2AY2t)q(t)dt + 0 (/’1‘1/277(/1))

0
IL=0 (/1-1/217(,1))
bulunur.

I, = ————=Ey(x,1)Coy(x, ) T(x,2)

1
" T(0,2)
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1 1 T
— 1/2 : 1/2
= — [1 + 7172 cos(2AY2x + &) — 2/11/2.’; sin(2AY/2t)q(t)dt

N 0(/1-1/277(/1)2)] X 1712 + 02~y ()]

X

cos (Al/zx - fxCI(t)dt> + 0(1_1/277(1)2)]
0

27172
X [A1/2 = cos(24Y2x + &) + 0(n(1)?)]

gerekli hesaplamalardan yapilirsa

X 1 X
I, = —cos (Al/zx - f q(t)dt> 4+ 1™ Y2¢0s (/11/296 SETIVE j q(t)dt)
0 0

-1/2

20172

X cos(2AY%x + &) — cos(22Y2x + &)

X /1—1
1/2 1/2
X cos <)L 12x — 2,’11/2j; Q(t)dt> +Tcos(2/1 2% + &)

1 X
X cos(2AY2x + &) X cos </11/2x — 717 j q(t)dt)
0

1—1/2
+

s 1 X
f sin(2A2t)q(t)dt x cos (Al/zx ~ 57172 f q(t)dt)
0 0

A—l T 1 X
_T_f sin(2A2t)q(t)dt x cos (Al/zx - 2/11/2f q(t)dt>
0 0

x cos(22/%x + &) + 0 (1729 (1))

- _ 1/2, _
I, = cos(A X o112

JO q(t)dt) +0 (1729 (D))

elde edilir. I; ve I,’yi ¢'(x, 1)’da yerine yazarsak

/ 1 ¥
@' (x,1) = —cos (/11 2x — f q(t)dt)

+0 (1729 (D)) (2.63)
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seklinde olur.

Simdi Y’ (x, 1) y1 bulmak i¢in (2.59) ve (2.60)’1 (2.9)’da yerine yazalim.

S(x,A) exp(f(fS(t, A)dt) <TL’
co

Z'(x4) = exp(fonS(t, A)dt)T(m, A) “eos\z _fo T Ade +f0 e, Ddt)

2

exp(f:S(t, A)dt)
~exp(JTS(e, Hde)T(w, )

] T T X
X sin <§_f0 T(t,)t)dt+f0 T(t,/l)dt)T(x,/l)

siirlar tizerinde gerekli diizenlemeler yapilirsa

Z'(x,A) = S& M) exp <— jnS(t, /1)dt> X COS <% — jnT(t, A)dt)

T(m, 1)
- T(; D exp (— f:S(t, A)dt) X sin <% = f:T(t, A)dt) T(x, 1),
olur.
cos <% - fnT(t, A)dt) = sin <fnT(t, A)dt>,
ve

sin <g — f:T(t, /’l)dt) = cos <L1TT(t, A)dt),

oldugu kullanilirsa

Z'(x, ) = T(i D S(x,\)exp (— JES(t, A)dt) sin <JET(t, A)dt)

X

_ T(;, D exp (— J:S(t, A)dt) cos <f:T(t, l)dt)

elde edilir ve notasyonlarla ifade edersek
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1
Z'(x,A) = T S(X,MNE;(x,1)S;(x, 1) — T D E (x,A)Cr(x, )T(x,1A)
=L -1
seklinde olur.
I = T( ) ———S(X, V)E(x,1)S;(x, 1)

= [1 2/111/2 cos(2AY2x + &) + 0(A17/2n(2)? )]

X [=sin(2AY2x + &) + 0(n(M)H)] x [A72 + 0(A1n(D)]
1 T
X lsin </11/2(7T —x) — mj- q(t)dt> + 0(/1_1/277(/1)2)]

1 s
= —A"Y2sin(20Y2x + &) X sin </11/2(7t —x) — mjx q(t)dt)

-1

A 1 T
——sin(2A2x + &) x sin (/11/2(7'[ —x)— 2/11/2f q(t)dt)
X

2

X cos(2A2x + &)+ 0 (A‘l/zn(l))

=0 (A-l/znu))

seklinde hesaplanir.

I, =— ! exp <— fnS(t, A)dt) cos <fnT(t, A)dt)
T(m, ) X X

cos(2AY2x + &) + O(A"l/zn(/l)z)]

[1 + 2/11/2

X

1 VA
cos (Al/z(n —-x) — WL q(t)dt) + O(A‘l/zn(l)z)l

X [A7Y2 + 0(A ()] % [AY2 + cos(24Y2x + &) + 0(n(1)?)]

gerekli hesaplamalardan sonra
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-1/2

1 s
= —cos (/11/2(71 —-x) — mf q(t)dt) + cos(22Y2x + &)
X

-1/2

1 s
X €O0S </11/2 (r—x)— mf q(t)dt) + cos(22Y2x + &)
X

1 s
X cos(2AY%x + &) X cos (Al/z(n —x)— mfx q(t)dt)

+0 (1727 (1))

I, = —cos (/11/2 (r—x) — j”q(t)dt> +0 (/1‘1/277(/1))

1
20172

bulunur. I; ve I;’yi ' (x, A)’da yerine yazarsak

1 V[
Y'(x,1) = —cos (Al/z(n —-x) — m[ q(t)dt> +0 (/1_1/277(/1))

elde edilir.
Buldugumuz (2.47), (2.56), (2.63) ve (2.64) esitlikleri w,. (¢, ) da yerine yazilirsa
wy (@, ¥) =

1—1/2

_|xsin (Al/zx —

X 1 n-
Jq(t)dt) y cos(ll/z(n—x)——zll/zjx Q(t)dt>
0

/
2)1/2 o (/1_1/277(/1))

+0 (12 (2))

+0 (12 (2)) +0 (1/29(2))

seklinde olur. Boylece

1 X
w(d) = 17 V2sin (Al/zx — f q(t)dt)
211/2 0

/ 1 V3
1/2 _ -
X oS (A (mr—x) 7172 L q(t)dt>

(2.64)

' 1 o 1 (7
cos </’11/2x—211/2j; CI(t)dt> y 11 2gin </11/2(7T—x) —WL CI(t)dt>
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1 X
+1"2¢0s (Al/zx - f q(t)dt)

X sin (/11/2 (m—x) — ﬁf%(t)dt) +0(27 (D)

= )"1/2 lsin (Al/zn - 2/111/2 —an(t)dtﬂ +0(27 (D))
bulunur. fon q(t)dt = 0 (ortalama deger) oldugundan
w(d) = 17Y2sin(AY21) + 0(A"1n(1)) (2.62)
elde edilir.
Teorem 2.10:

i) Dirichlet sinir sartlari altinda A - cove 0 < x < y < m igin

G(x,y,A) =

[sin (Al/zx — ﬁ f(jc Q(t)dt)] X [sin (/11/2 (m—x) — ﬁ fxn Q(t)dt)]
AY/25in(AY/21r)

+0 (127 (2)) (2.65),

1 1 x
G(x,y,n) = m+D sin ((n + 1)x —mj; q(t)dt)

1 s
X sin (n+1)(n—y)—mf q(t)dt
y

+0(n3n(n)) (2.66)

ile verilir.
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ispat:
i)
‘p(x’jv)(lﬁ)(y’ D, 0(/’1—"17(/1)), 0O<x<y<sm
G(X, Y, /1) = /1 /1
% 'W)(‘é’)(x’ dio(ik@), 0sysxsn

seklinde idi. Buldugumuz (2.62), (2.63) ve (2.64)’i G(x,y,A)'da yerine yazarsak
0<x<y<migin

_ 9 Y, D)

G(x,y,4) WD

[sin (Al/zx — 2/111/2 f(jc q(t)dt)] X [sin (/11/2 (m—x) — ﬁf: q(t)dt)]
AY/25in(AY/21r)

+0 (1727 (2)) (2.65)
bulunur. Benzer sekilde 0 < y < x < m igin de

_ 90 @ D)

G(x,y,4) WD

elde edilir.
ii) Buldugumuz G (x, y, 4) esitliginde reversion uygularsak

G(x,y,A) =

A~/ 2gin (/11/2x — 2/111/2 f;cq(t)dt)

X sin (/11/2 (m—x) — ﬁf:q(t)dt) +0 (l‘l/zn(/l))
sin(A21) + 0(2171n (1))

A1~ Y2in ()ll/zx — 2111/2 foxq(t)dt)

x sin (421 = x) — 517> [T q(©)de) + 0 (172 ()
sin(A2m) x [1+ 0(271n(1))]
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_ . 1
[ 2 1/251n()ll/2x—Wf;CCI(t)dt) ]

. 1 s
X sin (Al/z(n —x) — fo q(t)dt)

+0 (17/29(2))

- peaT R x[1+0(1 )]

I A 2gin (/11/296 - Tll/zfoxfﬂt)dt) ‘

. 1 i
X sin (/’11/2 (m—x) — fo q(t)dt)

N sin(AY/21) +0 (1—1/277(1))

elde edilir. (2.54)’ten

G(x,y,n) =

1
(n+1) +o(n(n))

1 x
; - d
X sin <(n + Dx - ((n 7, A o(n(n))) fo q(t) t)

X

1 Vs
, 1 — - ’
Ism ((n + D(r—y) 7 ((n +1)+ 0(77("))) fy q(t) t)‘

+O(n‘3n(n))
sin ((n + D+ O(n(n)))

dir, burada sin ((n + 1+ 0(77 (n))) degerini hesaplayalim.
sin ((n + D+ O(n(n))) =
= cos((n + 1)7r)sin (O(n(n)))

+sin((n + 1)7t)cos (O(n(n))) = O(n(n))

Buldugumuz degeri G (x, y, n)’de yerine yazarsak



77

1 1 x
G(x,y,n) = D sin ((n + 1x — m.’; q(t)dt)

xsin|(n+1)(T—y)— fnq(t)dt
y

2(n+1)

+0(n"3n(n)) (2.66)
olarak bulunur.

Asagidaki teoremlerde Neumann kosullar1 altinda Green fonksiyonu elde edilecektir.

Teorem 2.11:y" + (A —q)y =0 (2.1)
denkleminin
y(0,1) = cosa, y'(0,4) = —sina, a=0 (2.67)

baslangi¢ kosullarini saglayan ¢oziimii

i)
o(x,A) = cos </11/2x — 2;1/2 Joxq(t)dt> — sin </11/2x — 2/111/2 foxq(t)dt>
+0 (/1-1/277(,1)) (2.68)
ii)
1 X
p(x,n) = cos <(n + Dx — mj q(t)dt)
0
1 X
—sin ((Tl + 1x — mj Q(t)dt> + O(H_zn(n)) (2.69)
0
seklindedir.
Ispat:

i) (1) denkleminin sifirdan farkli reel degerli bir ¢oziimii
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X

Z(x,A) =cyexp (f S(t, A)dt) X €OS <cz + fxT(t, l)dt) (2.8)
0 0

Ve

Z'(x,1) = ¢; S(x,\)exp (fo(t, A)dt) X COS <c2 + fxT(t, A)dt)
0 0

—Cq exXp <fx5(t, A)dt) X sin (cz + JXT(t, A)dt) T(x,A1) (2.9)
0 0

seklindedir [4]. (2.67) ile verilen baslangi¢ kosullar1 saglanacak sekilde c; ve ¢, sabitlerini

belirleyelim. (2.67) ile verilen baslangi¢ kosullarindan

0

0
Z(0,4) = cosa = cosa = c; exp (f S(t, A)dt) X coS <cz + f T(t, /'l)dt)
0 0

cosa = cycosc; = 1 = ¢ cosc,

1
= 2.70
za coSc, (270)
Z'(0,1) = —sina kullanilirsa
0 0
—sina = ¢,;5(0, 1) exp <j S(t, A)dt) X cOS <cz + J T(t, A)dt)
0 0
0 0
—Cy exp (j S(¢, A)dt) X sin (cz + f T(t, A)dt) T(0,2),
0 0
—sina = ¢,5(0,1)cosc, — c¢;sinc,T(0, A),
0= S5(0,A)cosc, — sinc,T(0, 1),
cosc, coSsc,
5(0,4) = tanc,T(0, 1),
5(0,1)
_ -1
c, = tan [T(O, D (2.71)

olur. (2.71) esitligi (2.70)’de yerine yazilirsa
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1
(2.72)

1 =

S(0,1) )

-1
cos (tan T(O, A)

bulunur. Son olarak (2.71) ve (2.72) degerleri Z(x, A)’da yerine yazilirsa ve (2.67) ile

verilen baslangi¢ kosullarini saglayan ¢6ziime ¢ (x, A1) denilirse

1 X
px,A) = NSO exp (f S(t,/l)dt)
cos (tan T(0, 1) ) 0

S5(0,1) x
T, /’Dl + fo T(t, A)dt)

h exp(f S(t, Ddt) ) I <tan‘1 lS(O’ A )cos <fxT(t, A)dt>
0

cos (tan‘1 [S(O A)] r©,4

- sin e g in (| e )|
sm(tan [T(O,A) smjo (t, Ddt

seklinde elde edilir ve diizenlemeler yapilirsa

@(x,A) = exp (fo(t, A)dt) cos (fxT(t, A)dt)
0 0

—exp <fx5(t, A)dt) [;Eg gl sin <f T(t, A)dt) (2.73)
0

X CoS <tan‘1

olarak bulunur.

Natosyonlarla ifade edecek olursak

0,1

@(x,2) = Eo(x, )Co(x,2) — %“D%&Dbm@

=0L -1
seklinde olur.

11 = Eo(x, A)Co(x, A)

1 1 T
=1+ o112 cos(2,11/2x+§x) _2/11/2];) Sin(le/zt)q(t)dt+0(/1‘1/277(1)2)
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X

cos </11/2x — 2;1/2 .[:Cl(t)dt> + 0(/1_1/277(/1)2)]

1 * 1
= cos (Al/zx - 2/11/2]; q(t)dt) + 5 cos(22Y2x + &)

1 x 1 T
1/2., _ [ 1/2
X oS (/1 X =57 L q(t)dt) 2/11/2[0 sin(22Y2t)q(t)dt

X oS </11/2x — fo(t)dt> +0 (/1_1/277(1))

2/’[1/2

— 1/2.. _
Il—cos<)l X 172

j; q(t)dt) +0 (229 ())

veE

I, = Eq(x,1)S,(x, 1) lS(O' A)l

(0, 2)

~ 1
=1+ 5557

1 s
cos(2AY2x + &) — mf sin(24Y/2t)q(t)dt
0

+0(17Y2n(2)?)

«[o ()

X lsin </11/2x — 2/111/2 joxq(t)dt> + 0(/1‘1/277(/1)2)]

X
1
= sin (Al/zx SEYIVE Jo q(t)dt> + mcos(le/zx +&,)

1 x 1 m
X sin </’11/2x — 211/21) CI(t)dt) — 2/11/2[0 sin(22AY2t)q(t)dt

. 1/2..
><5m</1 X SA1/Z

fo q(t)dt) +0 (22 (D)

X
I, = sin ()ll/zx ~ 57 fo Q(t)dt> +0 (1—1/277(1))

elde edilir. I; ve I, esitliklerini ¢ (x, A1) ’da yerine yazarsak
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1 x 1 x
¢(x,1) = cos <Al/2x - f q(t)dt> —sin </11/2x - f q(t)dt>

+0 (17/29(2)) (2.68)
bulunur.

ii) (2.54)’ten

1 X
p(x,n) = cos <(n + Dx — mfo q(t)dt)

—sin <(n + 1x — ﬁfoxq(t)dt> +0(n"2n(n)) (2.66)
elde edilir.
Teorem 2.12: y" + (A —q)y =0 (2.1)
denkleminin
y(m, 1) = cosp, y'(m,A) = —sinB, B =0 (2.74)

baslangi¢ kosullarini saglayan ¢oziimii
i)

1 s
Y(x, 1) = cos <Al/2(rr —x) — mf q(t)dt>

1 T
+sin <,11/2(n ~X) =5 fx q(t)dt> +0 (,1-1/277(/1)) (2.75),

ii)

1 s
Y(x,n) = cos <(n +1)(m—x) — Tt 1)f q(t)dt>

1 VA
+sin <(n +1D(mr—x) — m[ q(t)dt) +0(n"2n(n)) (2.76)

ile verilir.
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ispat:

i) (2.1) denkleminin sifirdan farkli reel degerli bir ¢oziimii

Z(x,A) = cyexp (fo(t, A)dt) X COS <c2 + fxT(t, A)dt) (2.8)
0 0

veE

Z'(x,1) = ¢; S(x,\)exp (fo(t, A)dt) X COS <c2 + fxT(t, A)dt)
0 0

—C; exp <fx5(t, A)dt) X sin (cz + fxT(t, A)dt) T(x,A) (2.9)
0 0

seklindedir [4]. (2.74) ile verilen baslangi¢ kosullar1 saglanacak sekilde c¢; ve ¢, sabitlerini
belirleyelim. (2.74) ile verilen baslangi¢ kosullarindan

Z(m, A) = cosP
1=c exp (fnS(t, A)dt) X cOS (cz + JnT(t, /1)dt> (2.77)
0 0

Z'(m, A) = —sinf kullanilirsa

S(t, A)dt) X coS <c2 + f
0

—Cy exp (jnS(t, /1)dt> X sin <cz + JET(t, A)dt) T(m, A) (2.78)
0 0

s v

0 =1c;S(m, 1) exp <f T(t, A)dt)
0

(2.77) esitligini (2.78)’de yerine yazarsak

_ S(m, 2) exp([; S(t, Ddt) -
" exp([7 S(&, Ddt) x cos(e, + [, (e, de) <C2 + fo T(t, A)dt)

exp(fon S(t, A)dt)
- T T X
exp(fO S(t, 1)dt) x cos(c, + J, T, A)dt)

sin <cz + fnT(t, A)dt) T(m, A)
0

sin(c, + f: T(t,A)dt)

= SmA) - cos(c, + fonT(t, A)dt)

T(m, A),
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S(m ) = tan <c2 + f nT(t, /’I)dt>
0

T(m, 1)
bulunur ve
S( )
c, =tan” e /Dl fT(t/l)dt (2.79)

olarak elde edilir. (2.79) esitligini (2.77)’de yerine yazarsak

1=cyexp <J.n5(t, A)dt) X COS <tan_1 I;E: gl — fnT(t, ADdt + fnT(t, A)dt)

1

eXp(fon S(t, A)dt)cos (tan-l 7518;: ;13 )

¢ = (2.80)

bulunur. Son olarak (2.79) ve (2.80) degerleri Z(x, A)’da yerine yazilirsa ve (2.74) ile

verilen baslangi¢ kosullarini saglayan ¢oziime ¥(x, 1) denilirse

exp(foxS(t, A)dt)

e st p)eoston [ 5

L[S D) T *
X cOSs <tan lT(”"Ul —j; T(t,/l)dt+j; T(t,/’l)dt)

Y(x, 1) =

olur, smirlar tizerinde gerekli diizenlemeler yapilirsa

Y(x,A) = exp (- f St dt) 0s (tan"1 lml - fnT(t, /1)dt>

cos (tan~1 [7 A)D T(m )
3 exp(— f:S(t,A)dt) | M )
= cos (tan—l ;Eﬂ, A) ) X lcos (tan [T(n, /DD cos <fx T(t, l)dt)
m,A)

+ sin <tan‘1 l,IS,E:’ //3 )sin <LHT(t, ﬂ)dt)l

Y(x, 1) = exp (— fnS(t, A)dt)
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cos< f nT(t,/’l)dt) [ign’gl < f T(t, A)dt)l (2.81)

X

elde ederiz.

Natosyonlarla ifade edecek olursak

Y(x,A) = E;(x, 1) Crr(x, 1) + E;;(x,A1)S;(x, A) lS(TC, /1)]

T(m, 1)

seklinde olur. Buradan

Il = ETL'(x! A)Cﬂ:(xt /1)

——cos(2AY2x + &) + 0(2~ 1/217(/1)2)]

— f nq(t)dt) i 0(,1-1/277(,1)2)]

1 T 1
= cos (/’11/2(7'[ —-x) — YEE L q(t)dt) + YEE cos(2Y2x + &)
1 s
X coS <Al/2 (m—x) — mf q(t)dt> +0 </1‘3/2n(/1))
X

1 Y
I, = cos <21/2(r[ —-x) — Wf q(t)dt) +0 (/1‘1/277(/1))

seklindedir ve

(, A)
T(m, A)

I, = E;(x,1)S;(x /1)[

- [1 /’lll/z C05(211/2x+§ )+ 0(/1 1/2,](1)2)] [0 1—1/2,7(/1))]

X [sin <Al/2 (r—x) — ﬁf:ﬂt)dt) + 0(/1‘1/277(1)2)]
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1 m 1
= sin (Al/z(n —x) — mfx q(t)dt> 27172 ——cos(22Y2x + &)

X sin (/11/2 (r—x) — ﬁf”q(t)dg +0 (/1_3/277(/1))

I, = sin (/11/2(11 —x) — 2/111/2 fnq(t)dt) +0 (/1"1/271(/1))

seklinde elde edilir. I; ve I, esitlikleri ¥(x, 1)’da yerine yazilirsa

1 s
Y(x,A) = cos </11/2(7T —x) — Al/zf q(t)dt)

+sin </11/2(7t — %) — ] nq(t)dt) +0 (2729 (D)) (2.75)

2/11/2 .
bulunur.

ii) (2.54)’ten

1 s
Y(x,n) = cos <(n +1D(mr—x) — mj q(t)dt)

A

+sin <(n +1D(mr—x) — q(t)dt) +0(n"n(n)) (2.76)

2(n+1) J
elde edilir.
Teorem 2.13: Neumann sinir sartlar1 altinda A = oo igin
w(d) = wx(@, ) = o(x, DYP'(x, 1) — @' (x, VP (x, 1)
= 22Y2sin(AY?1) + 0(171n(1)) (2.82)
ile verilir.

Ispat: ¢’ (x, 1)’y1 bulmak icin (2.71) ve (2.72)’yi Z'(x, 1) da yerine yazalim.

, S(x, Dexp([] S(t, )dt) C[sOD] [
Z'(x,A) = _105(0,1) X cos (tan [T(O l)l f T(t, A)dt)
cos (tan O )
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exp(foxS(t, A)dt) 5(0,1)

— 500 X sin (tan_1 [T(O, D
cos (tan [—T(O, ) )

l + fxT(t, A)dt) T(x,A)

[ cos (wm‘1 [‘;Eg,g ) X cos(fOxT(t, A)dt) |

—sin (tan_1 ;Eg:% ) X sin(fox T(t,A)dt)
S(0,4) )
T(0,1)

= S(x,1)Ey(x, 1)

coSs (tan—l

[ sin (tan‘1 75128118 ) x cos ([ T(t, A)dt) |

+cos (tan‘1 75,28”% > X Sin(fox T(t, A)dt)

cos (tan‘1 % )

—Ey(x, 1) T(x,A)

seklinde olur ve notasyonlar yardimiyla

* SOD| . ([F
=S(x,)Ey(x, 1) Icos (f T(t, A)dt) — IT(O D sin <f T(t, A)dt)l
0 ) 0

—Eo(x, 1) “;Eg: gl cos <J:T(t, A)dt) + sin <j:T(t, A)dt)

S0, 1)
(0, 1)

T(x, 1)

Z' (6, A) = S (e, D) Eo(x, ) Co (x, ) — S, D) Eg (%, 1) So (x, 1) I

S0, 1)

—Eo(x, ) Co(x, VT (x, 1) Im

— Ey(x,1)So(x, )T (x,A)

gosterilir.
Z,(X,A) = 11 - 12 - 13 - 14_
olarak tanimlarsak

I, = S(x,A)Ey(x,A)Co(x, )
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1 1 (T
= [1 2712 ——cos(2AY2x + &) — W-l;) sin(24Y/2t)q(t)dt

; 0(/1-1/277(/1)2)] « [=sin(2412x + &) + 0((D)?)]

X

cos (Al/zx - fxCI(t)dt> + 0(1_1/277(1)2)]

2)1/2 0

1 X
= —sin(242x + &) X cos </11/2x ~ 577 f q(t)dt)
0

1 1 *
sin(2AY%x + &,) X cos (Al/zx - f q(t)dt)
2212 * 22172 ),

X cos(2AY%x + &) + —— ] sin(2AY2t)q(t)dt

2/11/2

(9 1/2 7
x sin(22 x+fx)><cos</1/x Ve

L q(t)dt) +0 (1729 (D)

=0 (;1—1/217(,1))
olarak bulunur. ikinci olarak

$(0,2)

I, = S(x, DEg(x, 1)So(x, 1) [m

1 1 (" _
= [1 + 7172 cos(2AY2x + &) — WJO sin(24Y/2t)q(0)dt + 0(A~/2n(1)?)

X

1 X
sin (/’ll/zx SEYIE L CI(t)dt) + 0(/1_1/277(/1)2)]

X [~sin(221/2x + &) + 0D x | 0 (12 D)]

1 X
= —sin(24Y2x + &) X sin </11/2x ~ S f q(t)dt)
0

1
~ iz cos(22Y2x + &) x sin(2AY%x + &)
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1 x 1 T
X sin (Al/zx - 2,11/2f Q(t)dt> + Wf sin(22Y/2t)q(t)dt x
0 0

X
X sin(24Y2x + &) X sin </11/2x — 2/11/2J q(t)dt> +0 (/1_1/271(/1))
0

L= 0(1@)
elde edilir. Ugiincii olarak

S0, 1)
T(0,4)

I3 = Eo(x, 1) Co(x, )T (x, 1) I

1 [
cos(2A/2x + &) — EYEV) f sin(2AY2t)q(t)dt + 0(/1-1/277(/1)2)]
0

L

X

cos ()Ll/zx — fo(t)dt> +0(1"Y?n(2)?)
0

2/11/2 X [ 0 (/1_1/277(/1))]

X [AY2 = cos(24Y2x + &) + 0(n(1)?)]

1 x 1 1 x
— q1/2 1/2, _ Z 1/2, _
A2¢os </’l X =5 L q(ﬂdt) + 5 cos (/1 X =5 L q(t)dt)

1 s
X cos(2AY2x + &) — Ej sin(2AY2t)q(t)dt
0

1/2.. _
xcos()l X o112

jxq(t)dt> — cos(2AY%x + &)
0

1 x 1
X cos </’ll/2x SEYIVE jo q(t)dt> SETIVE cos(2AY2x + &)

1 X
X cos(2AY%x + &) X cos </11/2x ~ 577 f q(t)dt)
0

+

1 T
2/11/2'/;) sin(ZAl/Zt)q(t)dt X COS(Z)Ll/zx +fx)

X coS </11/2x — fxCI(t)dt) +0 (/1_1/277(1))
0

2/11/2
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1 X
I; = 2Y2cos (Al/zx - 2,11/2f Q(t)dt> +0 (/1_1/277(/1))
0

hesaplanir ve son olarak

I, = Eq(x, 1)Sy(x, )T (x, 1)

1 1 (. _
= [1 + mcos(Z)ll/Zx +&) - mfo sin(22Y2t)q(t)dt + 0(A17/2n(2)?)

X

sin (Al/zx SEYEVE J:q(t)dt) + 0(/1"1/277(/1)2)]

X [21/2 — cos(2AY2x + Ex) + O(n(/l)z)]

1 x 1 1 x
— 91/2; 1/2.,. _ & 1/2, _
= A/ %sin ()l X 2/,11/2};) Q(t)dt> + 5 Sin (A X 2/11/2[0 CI(t)dt>

1 s
X cos(2AY%x + &) — Ef sin(2AY%t)q(t)dt
0

X
X sin (Al/zx — 2,11/2f Q(t)dt> — cos(2AY%x + &)
0

1 x 1
X sin (Al/zx — 2/11/2};) CI(t)dt) ~ 57172 cos(22Y2x + &)

1 X
X cos(24Y2x + &) X sin </11/2x SETIVE f q(t)dt)
0

1 b4
+_2/11/2j0 sin(2AY2t)q(t)dt x cos(2AY%x + &)

: 1/2.
xsm(l X o112

JO q(t)dt) +0(172()

X
I, = 2Y2sin (Al/zx — 2/11/2}0 q(t)dt> +0 (/1‘1/277(/1))

elde edilir. I, I,, I3 ve I, degerleri ¢'(x, 1)’da yerine yazilirsa
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fo xq(t)dt>

’ _ _1/2 1/2. _
@' (x, A1) = -2 cos()l X 7172

—1/24; 1/2, _
A sm(l X 2/11/20

bulunur.

f xq(t)dt) +0 (17329 (D))

(2.83)

Y'(x, 1)’y1 elde etmek i¢in (2.79) ve (2.80)’i Z'(x,A)’da yerine yazalim.

S(x, A)exp(fox S(t, )dt)

Z'(x,A) =
exp([ S(t, A)dt)cos (mn_l S(m, A)

T(m, A)
X COS (tan‘1 l l - fn
0

exp(foxS(t, A)dt)

S(m, )
T(m, 1)

T(t,A)d

)

t+ ij(t, A)dt)
0

S(m,

exp(fon S(t,A)dt)cos (1:an‘1 Tr

X sin <1:an‘1 I

olur ve sinirlar tizerinde gerekli diizenlemeler yapilirsa

S(m, 1)
T(m, 1)

A)
A

)

l - "I, Dde + [ I, A)dt) T(x, )
0 0

Z'(x, 1) = St )l)(exP(— f’;,gftif);t) X cos (tan‘1 [%l — fnT(t, A)dt)
cos |tan~1 T(n: D ’ x
exp(— [ S(t, dt) _ < B Is(n,/l) ™ )
- . x sin|tan ! |——=|— | T(t,A)dt|T(x, 1)
cos (1:an‘1 ?,8;’ ;13 ) T(m2) Jx
[ cos (1:0Ln‘1 ;g’ j% ) cos(f:T(t, A)dt) -
. — S(n, ﬂ) . T
T +sin(tan™! sm(fx T(t, A)dt)
= S(x,)exp (—J S(t, )l)dt) ( I'(m, 4) ?S'(n D
x cos (tan‘1 T(n: ) >
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sin (tan‘

L [SCr, 2) )cos( [TT( D) |
)sin(fxn T(t, A)dt)

T(m, 1)
_1[S(m, A)
T(m, 1)

—exp (— f”S(t, A)dt) 7 (mn

= S(x,exp (— fnS(t, )l)dt)

P

X

—exp (— fnS(t, A)dt)

elde edilir. Notasyonlarla ifade edecek olursak

Z'(x,A) = S(x, )E;(x,1)Crr(x, ) + S(x, ) E(x,1)S(x, 1) I

—En(x, ) Cr(x, )T (x, ) IT( D

seklinde buluruz.
Z’(X,A) = Il - 12 - 13 - 14
olarak tanimlarsak, I; degerimiz

L =S, )E;(x,1)Cr(x, 1)

B [ 21172

X [—sin(le/zx + fx) + 0(77(1)2)]

cos (tan‘1

S(m, A) W , T
X lT(n, D cos (L T(t, A)dt) — sin <fx T(t,A)dt

+ E.(x, 1)S;(x, )T (x, 1)

cos(ZAl/Zx + &, ) + 0(/1 Y2p(2)? )]

S(m, )
T(m, )

)

S(m, 1)
T(m, 1)

)

cos <fnT(t, /’l)dt> [’IS"?T /gl sin <f T(t, A)dt)l

T(x, 1)
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X

cos (Al/z(n —x) — Tll/zfnq(t)dt> + 0(&‘1/277(&)2)]

1 Vs
= —sin(2AY2x + &,) X cos </11/2 (m—x) — WL q(t)dt)

1
~ 2z ——cos(22Y2x + &) x sin(2AY%x + &)

X COS </11/2 (r—x)— ﬁf@(ﬂdt) +0 (/1_1/27](1))

=0 (/1—1/217(,1))

seklinde hesaplanir. ikinci olarak I, degerimiz

S(m, 1)
zfﬂmm&mﬂ%@”bwﬂl

= [1 2/111/2 cos(22Y2x + &) + 0(A" Y23 (2)? )]

X [—sin(ZAl/zx +&)+ O(n(/l)z)] X [0 (/1_1/277(/1))]

X [sin </11/2 (m—x)— #LZ(t)dt) + 0(/1‘1/277(/1)2)]

1 Y
= —sin(242x + &,) X sin (/11/2 (m—x) — YEE f q(t)dt)
X
1
YTV cos(22Y2x + &) x sin(22Y2x + &)

X sin </’11/2 (mr—x) — ﬁf%(t)dt) +0 (/1‘1/277(/1))

L =0 (),

ticiincii olarak I3 degerimiz
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Iy = E. (o ) Co (o DTG 1) | A)l

T(m, 1)
1
= [1 27172 ——cos(22Y%x + &) + 0(1~ 1/277(1)2)] [0 1/271(/1))]
1
X lcos (/11/2(71 —x) — 211/2[ q(t)dt) + 0(/1"1/217(/1)2)]
X [A/2 = cos(24Y2x + &) + 0(n(1)?)]

1 n 1
= A2cos | AY2(m — x) — iz f q(®)dt | +=cos(22Y%x + &)

22172 ) 2
1 s

X cos (Al/z(n —x) — mf q(t)dt) — cos(2AY%x + &)

X
1/2 1 " 1 1/2
X cos|A (n—x)—mj; q(t)dt | — CYEvE 605(2/1 x+€x)

X €OS </11/2(7r -—x) — 2/111/2j q(t)dt) X cos(2AY2x + &)
+0 (1/2()

1 A
I = 1M2cos ()11/2 (v ~x) ~ 57573 fx q(t)dt) +0(272(2))

ve son olarak I, esitligimiz
I, = E;(x,1)S;(x, )T (x, 1)
=1+ 1 21/2 1/2 2
= |1+ 37z c0s(24Y%x + &) + 0(A72n(2)?)

X [sin <Al/2 (r—x) — ﬁf:ﬂt)dt) + 0(/1‘1/277(1)2)]

X [AY/2 — cos(2AY2x + &) + 0(n(1)?)]

1 1
= AV2sin </11/2(7T —-x) — VI f q(t)dt> + = cos(le/Zx + &)
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1 Vi
X sin (Al/z (m—x) — Wf q(t)dt> — cos(22Y2x + &)
X

, 1 (7 1
X sin (/11/2(71 —x) — mfx q(t)dt> BETIVE cos(2AY2x + &)
1 VA
X sin (/11/2 (m—x) — m[ q(t)dt> X cos(2AY2x + &) + 0 (/1‘1/277(/1))
X

1 s
I, = A/?sin (Al/z(n - x) — mfx q(t)dt) +0 (/1_1/277(/1))

seklinde hesaplanmus olur. I, I, I3 ve I, degerleri ¥’ (x, 1)’da yerine yazilirsa

P'(x, 1) = —AY2cos </11/2(7r —x) — 2/111/2 jnq(t)dt>

+A2sin </11/2(7r —x) - f nq(t)dt) +0(1732()  (2.84)

21 /2
elde edilir.

Buldugumuz (2.68),(2.75),(2.80) ve (2.84) esitlikleri w, (@, y)’da yerine yazilirsa

Wx((p! ll)) = (p(x! A)lp’(x: /1) - ‘P,(x' A)lp(x' /1)

- 1 x 1 r 1 - i
cos </’ll/2x SEYIVE jo q(t)dt> —AY2¢0s </11/2 (m—x) — mjx q(t)dt>
= . 1/2 1 x X 1/2 s 1/2 1 i
—sin| AV “x — le/zj;) q(t)dt +AYcsin| A4 (m —x) — WL q(t)dt
+0 (27/77(2) |1 +0 (1/29(1))

B 1 X B - 1 s -
—AY2¢0s (/’ll/zx - f q(t)dt) cos </11/2 (r—x) — —f q(t)dt)
2)1/2 0 2)1/2 .

1 (% 1 ("
| =AY2sin ()ll/zx — J q(t)dt> X | +sin <ll/2 (m—x) — —f Cl(t)dt>
211/2 0 2)'1/2 X

+0 (17/27(2)) | [ +0 (17/2())

gerekli hesaplamalardan sonra
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—/’ll/zcos (A”Z (m—x) — All/z fﬂ (t)dt> X oS </11/2x — 2/11/2 (t)dt> (1a) _
Q(t)dt) X coS </11/2 2/11/2 q(t)dt> (1b)

Q(t)dt X sin (/11/236— o112 Q(t)dt> (1b)

+12¢0s (/11/2 (r—x)—

1 1 x
1/2 1/2 (0 _ _ 1/2, _
—AY4%sin (A (m—x) Al/zfx q(t)dt> X sin (l X 2/11/2[0 q(t)dt) (1a) |

+1Y2sin ()ll/zx— /111/2j q(t)dt> X COS </11/2(7t x) — /111/2 jnq(t)dt> (1d)

1 s
211/2[ q(t)dt) x sin| A2 (r - x) — Al/zf q(t)dt
0 x

+1Y2sin (Al/zx —

+0(271n (1))

elde edilir ve kosiniis ve siniis toplam fark formiilleri kullanirsa w(A) esitligi

1 Vs
w(d) = —1Y2¢os <11/2(n —x) — mjx q(Odt + 11/%x

1 Jx
~ 5312 Q(t)dt> (1a)
22172 )
1 V3
+A12sin </11/2 (mr—x) — WJ q(O)dt + 11/2x
X

1 jx
-—— q(t)dt) (1b)

2212 J,

1 X
+AY2¢cos <Al/2x EEYIVE f q(t)dt + 2V%(m — x)
0

1 s
- g | awat) (10
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1 X
+AY2sin </11/2x BEYIVE f q(t)dt + 1Y% (1 — x)
0

1 3

+0(271n (1))

ve gerekli diizenlemeler yapilirsa w(4) esitligimiz

1 s
w(d) = —1Y2¢cos <Al/2n - f q(t)dt)

+AY2sin </11/27T REYIvE J:Q(t)dt> +AY2¢cos <)11/27T - 2/111/2 fOnCI(t)dt>
n
A1/ 25in </11/27T - i), CI(t)dt> +0( ()
w(d) = 2AY2sin(AY%1) + 0(A" (D)) (2.82)
elde edilir.
Teorem 2.14:

i) Neumann sinir sartlart altinda A - cove 0 < x < y < m igin

G(x,y,A) =
1 1
cos (Al/zx — 57172 fox q(t)dt) y cos ()11/2 (m—y)— Wf; q(t)dt)
, 1 . 1
_\~sin (Al/zx ~ 57172 fox q(t)dt) +sin ()11/2 (m—y) — Wf; q(t)dt)
h 2A1/2sin(A1Y/21r)

+0 (12 (2)) (2.85)
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G(x,y,n) =

n+Dr+(n +x1)(x -y) n
ZCOS (‘ 2((n+ 1)1+ 0(n(m) (f des fy qwdt))
(n+1)(7‘t—y);(n+1)x i}
o <+ 2((n+ 1>1+ 0(n(m) U de= fy "(t)dt>>

+0(n3n(n)) (2.86)

ile verilir.

ispat:
i)
( <p(x,vzv>(tﬁ)<y,1) +o(1*D), 0sx<y<n
G(x,y, 1) = 3 .
i(p(y’w)(l/;)(x’ ) + O(A—kn(l))’ 0< y <x<m

seklinde idi. Buldugumuz (2.82), (2.83) ve (2.84)’li Green fonksiyonunda yerine yazarsak
0<x<y<mign

_ e )Y, 4)
v

< cos (/11/29( — 2/111/2 foxq(t)dt) > . ( cos (/11/2(71 -y) - ﬁf;q(t)dt) )

) 1 . 1
—sin (/11/29( ~ 57172 fox q(t)dt) +sin (/11/2 (m—y)— Wf; q(t)dt)
2AY/25in(A1/21)

G(x,y,A)

+0 (1729 (2)) (2.85)

buluruz. Benzer sekilde 0 < y < x < m iginde



G(x,y,A)

elde edilir.
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o, DYP(x, )
B w(h)

ii) Buldugumuz G (x, y, 1) ya reversion uygularsak

G(x,y,A) =
— 1 1 —_
cos (Al/zx 21172 fox Q(t)dt) X coS (/11/2 (m—y)— Wf; q(t)dt)
1 . 1 T
+cos (Al/zx — 5717 foxq(t)dt) X sin (Al/z(rt —-y) — ny q(t)dt)

. 1 1
—sin (/’ll/zx — 5717 foxq(t)dt) X cos (/11/2(7'[ —y) — Wf;q(t)dt)

, 1 . 1
—sin ()ll/zx — 5717 fqu(t)dt) X sin ()11/2 (m—y)— Wf;q(t)dt)

+0 (17/2(2))

221/25in(A1/2m) x [1 + 0(A-1n(1))]

_ cos </11/27t +AV2(x —y) — Tll/z (foxq(t)dt + f;q(t)dt)> |

+sin </11/2(7T —y) —AY2x + 2/111/2 (foxq(t)dt - f;q(t)dt)>

+0 (/1—1/277(,1))

2AY/25in(AY/21r)
X [1+ 01 )]
cos <Al/2n + A2 (x —y) — Tluz (fox q(t)dt + f; q(t)dt))

+sin </11/2(7r —y) = AY2x + Tluz (f;cq(t)dt - f;q(t)dt)>

2AY/25in(AY/21r)

X 0 (,1-1/277(1))

elde edilir ve (2.54)’ten
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G(x,y,n) =

_ (n+ D+ n+Dx -y) :
cos 1 B} n
2(m+ D) +0@mm) (S5 a@ade + [ q()dt)

n+DT—-y)—(+Dx
+sin 1 . -
<+ 2((n+ 1D +0mm) (J awade - J, q(t)dt)>

+0(n"°n(n))
2(n+1) x sin((n + 1)71)

bulunur. Burada sin ((n +Dr+0(n (n))) degerini hesaplayip G (x,y,n) ‘de yerine

yazalim.
sin ((n + m+ O(r](n))) -
4 cos((n + 1)7r)sin (0(77(")))

+sin((n + 1))cos (0(77(71)))

=0(n(n))
olarak elde edilir.
6(x,y,m) =
n+Dr+Mn+1D(x—y)
- <_ 2((n+ 1)1+ 0(n(m) (Jo ade fy qwdt))

nm+DmT—-—y)—(n+ Dx
+sin 1 x 4
<+NMA4)+omm»<Lq“”“_Lq“”Q>
+0(n"3n(n)) (2.86)

bulunur.



3. POTANSIYEL FONKSiYONUN q(x)= x"1/2 — % OLMASI DURUMU

Teorem 3.1: 1 >

2
yII + (A _ (x—l/z _ ﬁ)>y =0 (31)
denkleminin
y(0,1) = cosa, y'(0,A) = —sina «a € [0, ] (3.2)

baslangi¢ kosullarini saglayan ¢oziimii

p(x,A) = cosa x cos( : [(Aﬁ\/; Dx - \/ED

/11/2
—cosa X sin (/111/2 [(A\/E\/; 1)x — \/ED

-1 Y25ina x sin <

1 [(/1\/% +1)x

T —\/ED+0(,1—1/277(,1)) (33)

ile verilir.

Ispat: Bir 6nceki boliimde,

A

fq(t)dt =0

0
olmak kosuluyla

y'"+A—-q)y=0 x€l0,r]

y(0,1) = cosa, y'(0,1) = —sina, a € [0,7]
probleminin ¢ézimiinii

P

1
2/szq(t)dt

0

@(x,1) = cosa x cos | AV/?x —



101

P

1
22172 f B

0

—cosa X sin| A1/2x —

X

fq(t)dt +0(/1—1/2n(/1)) (2.39)

0

A1 Y2sina x sin| 11/2x —

2/11/2

olarak bulmustuk. Oncelikle
i
f ‘1/ z2— dx =0
0

saglanir. f;c q(t)dt degeri hesaplanirsa

X X

fq(t)dt = j (72 —%) dx = (22172 _%) F— N}_Z_\/;

0 0

elde ederiz. Buldugumuz degeri (2.39)’da yerine yazarsak

o(x,1) = cosa X cos (Al/zx ~ Sz (2\/— \/E>>

1 2x
—cosa X sin (Al/zx ~ 577 (2\5 — ﬁ)>

_91=1/2; . 1/2. _ -1/2
A"Y2sina x sin <A X 2/11/2 (2\/_ \/_>) +0 (/1 n(A))

gerekli diizenlemeler yapilirsa

- [(/1\/_ ™+ 1)x \/;D

[(/1\/_ ™+ 1)x \/}D

@(x,A) = cosa X cos(

—cosa X sin <ﬂ.1/2

(AWm + 1)x
/11/2 [ \/E

-1 Y25ina x sin <

- \/ED +0(1V) (33
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olarak bulunur.

Teorem 3.3: 1 >

2
" _ -1/2 _ = —
y +</1 (x 1/2 \/E)>y—0 3.1
denkleminin
y(m,A) =cosB, y'(m,A)=—-sinf p€0,m] (3.4)

baslangi¢ kosullarini saglayan ¢oziimii

Y(x, 1) = cosp x cos (Al/zﬂ n Jr— (Wm + 1)xD

w5

e l o (Wr \/-lE‘ 1)xD

R (A\/E\/;- 1)x]>

+0 (1729 (D) (3.5)

+cosp X sin (/11/271 +—

1

+1"12sinB x sin </11/27t +— 1172

ile hesaplanir.
Ispat: Bir onceki boliimde

T

Y(x, 1) = cosp x cos | A2 (w — x) — #[ q(t)dt

X

T

+cosB x sin| AY2(wr — x) — 1 (t)dt
2/11/2 q

X

T

12 . 1
+2"Y25inB x sin| AV?(wr — x) — ml q(t)dt

X

0 (/1—1/ Zn(A)) (2.40)
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olarak bulmustuk. Buradaki fxn q(t)dt degerini hesaplayalim.

71' 71'

JQ(t)dt=J<x_1/2—\/%) dx = (le/z—\z/—;) |7;
) o) 2o

elde ederiz. Buldugumuz degeri (2.40)’da yerine yazarsak

Y(x,A) = cosp X cos (Al/z(n —x) — Tluz (2\/—)1 - 2\/§>>
I

: /11/2 1
+cosf X sin (m—x) — EYEvE) A

F 4 2&))

1 (Zx

+A72sinp X sin (al/z (m=x) =77 NG

= 2&)) +0 (1)

gerekli diizenlemeler yapilirsa

¥(x, 1) = cosB x cos (Al/zn L L l Jr— (Wm+ 1)xl>

11/2 \/E

+cosp X sin (/11/271 +—

(Wm +1)x
1172 Vx - N D

e (Am + 1)xl>

1/2 1/2
+A7“sinf X sin <A T+ —= 11/2 N

+0 (A‘l/zn(/l)) (3.5)
elde ederiz.

Teorem 3.4: 1 — oo i¢in, (3.2) ve (3.4) kosullar1 altinda

w(A) = wi(@, ) = (x, DY’ (x, 1) — @' (x, V(x, 1)

= 2AY2cosa X cosf % sin(AY?m) + A=Y 2sina X sinf x sin(A*/%x)
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+cosa X sinf X [sin(1*/?m) — cos(1Y/?r)|
+sina x cosf X [sin(1*?m) + cos(1*?w)| + 0(171n(1)) (3.6)
ile verilir.

Ispat: (3.3) ve (3.5) de bulunan ¢ (x, 1) ve ¥ (x, 1) kullanilirsa

W(A) = Wx((p' Itb) = (P(x» A)lp,(x; A) - ‘P’(x' /1)1/)(95: A)

oldugundan
w(d) = 2AY2cosa x cosf X sin(AY?1) + 171/ 2sina x sinf x sin(A*/?x)
+cosa X sinf X [sin(A*?m) — cos(1Y/?r)|
+sina x cosp X [sin(1¥2) + cos(A+/?w)] + 0(2"1n (D)) (3.6)

elde edilir. Dikkat edilirse w(A4) esitligimiz q(t) fonksiyonuna bagh degildir.

Teorem 3.5:
" +(21- -1/2 _ i =0 3.1
y x N y (3.1)
denkleminin

y(0,1) = cosa, y'(0,A) = —sina «a € [0, 7]
ve

y(m,A) =cosB, y'(m,A)=—-sinf p €[0,mr]
icin Green fonksiyonu (4 — o0)

G(x,y,A) =
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cosa . cosp
1 [(AVm+ 1)x ] 1 [ (Wm + 1)y
><c05</11/2 ( N ) —\/§> Xcos(ll/2n+m_\/§—T
_(—COSCZ ) ) +cospf
) 1 A\/E'i' 1)x [ 2 1)v]
><5'”1(/11/2_ N _\/;_> X ><sin</11/2rt+/11—1/2 ﬁ—%)
—A"Y2sina +A~V -Zsinﬁ’ _
(1 [(Wr+1)x ] i .
X - . 1 MWr+1)y
Sm(xll/z BRG Vx xsm</11/27r+m ﬁ—%)

+cosa X sinf X [sin(AY/2m) — cos(A1/2m)]

r/’ll/zcosa x cosf X sin(AY/2m) + A~1/2sina X sinf X sin(A1/21)
+sina X cosf X [sin(AY/2m) + cos(A1/2m)]

+0 (2729 (D)) (3.7)

olarak bulunur.

Ispat:
(
J(p(x,j/)(lﬁ)(y, A) 40 (/1_1/217(/1)), 0<x<y<nm
Gx,y,A) =
<p(y,:l)(tﬁ)(x: Do (@), o<y<x<n

dir. 0 <x <y <m i¢in buldugumuz @(x,1),P(x,A) ve w(d)’y1 G(x,y,A)’da yerine

yazarsak
Gx,y,A) =
cosa . cosf
1 [(AWr+1)x ] 1 | (AWm + 1)y
><cos</11/2 ( e ) —\/§> XCOS(ll/zﬂ‘l‘m_\/;—T_
_(—cosa ) ) +cosp
{1 [(AWr+1)x y LT AT+ 1)y
XSln()Ll/Z G \/E> ><sm</11/2n+m ﬁ-%)
—_A(")ll\//isina) ] +A~V _Zsinﬁ _
1 T+ 1)x ) i
X si - . 1 MWmr+1)y
St (Al/z | Vr ﬁ) X sin </11/2n+—/11/2 \/;——( 7 ) )

+cosa X sinf X [sin(A1/27) — cos(A1/2m)]

rll/zcosa X cosp X sin(A1/21) + A~/2sina X sinf X sin(2'/?m)
+sina X cosf X [sin(AY/2m) + cos(A11/2m)]
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+0 (2729 (D) (3.7)
elde ederiz. 0 < y < x < mi¢in de ayni1 islemler yapilir.

Asagidaki teoremlerde Dirichlet kosullar altinda Green fonksiyonu elde edilecektir.

Teorem 3.6:
S 2o 2 =0 (3.1
y X N y .
denkleminin

y(0,4) = cosa, y'(0,1) = —sina a = (3.8)

N

baslangi¢ kosullarini saglayan ¢oziimii (1 — o0)

i)

o(x, 1) =-21"12x sin< ! I(A\/ﬁ L

vz - \/ED +0 (2729 ()) (3.9)

p(x,n) = — Xsin( ! [((n+ D+ Qx—&l)
N

(n+1) n+1)
+0(n"2n(n)) (3.10)
ile hesaplanir.

Ispat:

i)Daha once

_ _1-1/2 - 1/2.,. _
p(x, 1) =-1 ><sm</1 X AL/

f xq(t)dt) +0 (/1-1/277(,1)) (2.49)
0

olarak bulmustuk.

) Ox q(t)dt hesaplanir ve ¢ (x,1)’da yerine yazilirsa
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o(x, 1) = —1"Y2sina x sin< I(A\/_ T+ 1)x

=7 \/ED +0 (1) (3.9)

elde ederiz.

ii) Onceki boliimde

1 1 x
p(x,n) =— n+ D X sin ((n + 1x — m.’; q(t)dt)

+0(n"2n(n)) (2.46)
olarak hesaplamistik.

[ Ox q(t)dt hesaplanir ve @(x,n)’de yerine yazilirsa

B 1 ((n+1)2\/_+ 1)x
Pl = =~y X sin (( +1>[ WD

+0(n"2n(n)) (3.10)
elde ederiz.
Teorem 3.7:
y" + (,1 - (x-1/2 - i));; =0 (3.1)
Vr
denkleminin
T
y(m,A) = cosB, y'(m,A) =—sinf p = 5 (3.11)

baslangi¢ kosullarini saglayan ¢oziimii (4 — o0)
i)

Jr— (Wm + 1)x

Y(x, 1) = 17Y2sin (Al/zn + )ll/zl 7

D +0(1 V() (312)
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m+D|" N

1
Yoom) =5

X sin <(n + D+ ! Jx — ((n+ D3+ 1)xl>

+0(n"2n(n)) (3.13)
ile bulunur.
Ispat:
i) Bir 6nceki boliimde

W(x, A) = A~2sin (al/z (r—x) — ﬁ j q(t)dt> +0(1 V() (253)

X

olarak bulmustuk. fxn q(t)dt hesaplanir ve ¥ (x, A)’da yerine yazilirsa

W(x, ) = A~ V2sin (/11% [\/E - @D +0 (/1—1/2;7(1)) (3.12)

elde ederiz.

ii) Daha once

1 1 T
Y(x,n) = o+ D X sin <(n+ 1)(m —x) —mfx q(t)dt)

+0(n"2n(n)) (2.54)
olarak hesaplamistik.

f: q(t)dt hesaplanir ve ¥ (x, n)’de yerine yazilirsa

m+D | v

1
Yoon) = (n+1)

X sin ((n + D+ 1 N ((n+ D*Vm + 1)xl>

+0(n"2n(n)) (3.13)
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elde ederiz.
Teorem 3.8: 1 — oo, (3.8) ve (3.11) kosullar altinda
w(d) = wyx(@, ) = o, DYP'(x, 1) — @' (x, VP (x, 1)
= 2"Y2sin(A121) + 0(2" 0 (D))
olarak bulunur.

Ispat: (3.9) ve (3.12)’de bulunan ¢(x, 1) ve Y (x, 1) kullanilirsa

W(A) = Wx((p' 110) = QD(X, A)d},(-xi A) - Qal(x: A)lp(xr A)
oldugundan

w(d) = Y2 sin(2%1) + 0(A (D))

elde edilir. Dikkat edilirse w(A) esitligimiz q(t) fonksiyonuna bagli degildir.

Teorem 3.9:

y'+ (/1 — (x_l/z — %))y =0

denkleminin
y(0,1) =0, y(mA1)=0
siir deger problemi i¢in Green fonksiyonu (4 — o)

i)

Sin</11/2 l(/lx/_ T+ 1)x \/_D

[ 1
| |
| |
Ilsin (Al/zn 7 [\/— (AWm + 1)}’l>J|

AY/2sin(A1/21)

G(x,y,4) =

)

(3.14)

(3.14)

(3.1)

(3.15)
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~ _ 1 ((n+D3m+1)x
G(x,y,n) = (n+1)sm<(n+1)n+(n+1) [\/;— N l)
. ((n+DAT+ 1)y
><sm<(n+1)n+(n+1) \/;— Nz l
+0(n‘3n(n)) (3.16)
ile verilir.
Ispat:
i)
(
Jfﬂ(x i)(lﬁ)(y A) o(x@), osxsysn
G(x,y,4) =
‘p(y’i)(f)(x D 4o (/1-1/217(/1)), 0O<y<x<m

dir. 0 < x <y <m i¢in buldugumuz @(x,1),P(x,A) ve w(A)’y1 G(x,y,A)’da yerine

yazarsak

Sin</11/2 l(/lx/_ ™+ 1)x \/}D

[ ]
| |
| |
I[Sl (Al/zn + 1‘1/2 l\/— (A ¢ 1)yl>J|

AY/2sin(AY/2m)

/1-1/277(,1) (3.15)

elde ederiz. 0 < y < x < m igin de ayn1 islemler yapilir.

ii) Buldugumuz G (x, y, 1) ya reversion uygularsak

G(x,y,n) =

sin <(n + D+ Vx — ((n + DN+ 1)xl>

(n+1) (n +1) N
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. (n+ DAWr+1)y
xsin| (n+ Dm + +1)\/_ =

+0(n"3n(n)) (3.16)
elde ederiz.

Asagidaki teoremlerde Neumann kosullar1 altinda Green fonksiyonu elde edilecektir.

Teorem 3.10:
"+ A- 22 2))y =0 (3.1)
y X N y .
denkleminin
y(0,1) = cosa, y'(0,A) = —sina a=0 (3.17)

baslangi¢ kosullarini saglayan ¢oziimii

i)
PR CIT I WY (= Ty
+0 (,1-1/277(1)) (3.18)
ii)
P N (CED 1
ein <(n - [((n + 1)2\/_ +1)x ‘ED + 0(nn(). 319
Ispat:

i) Daha once

1/2 1 ¥ 1/2 1 *
¢(x,1) = cos <A X — J q(t)dt> — sin </1 X — f q(t)dt)
2012 ), 2012 )
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+0 (12 (2)) (2.65)
olarak bulmustuk.

) Ox q(t)dt hesaplanir ve ¢ (x, 1)’da yerine yazilirsa

@(x,2) = cos (/111/2 l(/’l\/E\/; Dx \/}D _sin </11/2 l(l\/—\/i 1)x \/_D

+0 (129 (2)) (3.18)

elde ederiz.

ii) Onceki boliimde

1 X
@(x,n) = cos <(n + 1Dx — mfo q(t)dt)

. 1 & 5
—sin <(n + 1x — m}; q(t)dt> + O(n n(n)) (2.66)

olarak hesaplamistik.

) Ox q(t)dt hesaplanir ve ¢ (x,n)’de yerine yazilirsa

~ 1 [((n+DWr+1)x
@(x,n) = cos <(n+ D NF _\/;D
sin (( L l((n DY it x s ) Fo(rm)  (3.19)
elde ederiz.
Teorem 3.11: 1 —» o
2
yr/ + (ﬂ. _ (x—l/Z _ \/_E)>y =0 (31)

denkleminin
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y(m,A) =cosB, y'(m,A)=—-sinf, B=0

baslangi¢ kosullarini saglayan ¢6ziimii

i)

Y(x,A) = cos (Al/zn +— 1172 I\/_ (A\/—\/; 1)XD

+sin (/11/27'[ +— 1172 [\/— (/1\/_\/; 1)xD ( _1/277(/1))
ii)

Y(x,n) = cos <(n +Dr + l\/— ((n+D)Ar+ 1)xl>

n+1) Vi
+sin <(n + Drn o l\/— ((n+ 1)\2/_;:% i 1)xD

+0 (n‘zn (n))
ile bulunur.
ispat:

i) Bir 6nceki boliimde

1 77:
Y(x, 1) = cos (/’11/2(7'[ —x) — 712 f q(t)dt)

X

T

+sin (/’11/2 (m—x) — ;1/2 f q(t)dt) +0 (l‘l/zn(/l))

X

olarak bulmustuk. fxn q(t)dt hesaplanir ve ¥ (x, A)’da yerine yazilirsa

)

P(x, 1) = cos </11/2T[ +— N=

11/2

(3.20)

(3.21)

(3.22)

(2.72)
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+sin <Al/2n + Al% I\/} — @D +0 (/1_1/277(/1)) (3.21)

elde ederiz.

ii) Daha once

1 T
Y(x,n) = cos <(n +1)(r—x) — mf q(t)dt>

1 T

olarak hesaplamistik. fxn q(t)dt hesaplanir ve ¥(x, n)’de yerine yazilirsa

|

1 A ((n+ D3m+ l)xD

1 Jr— ((n+ D3m+1)x

Y(x,n) = cos ((n + D + CFE) -

+sin ((n + D+ i D N

+0(n"2n(n)) (3.22)

elde ederiz.
Teorem 3.12: 1 — oo, (3.17) ve (3.20) kosullar1 altinda

w(dD) = wx(@, ) = o(x, DYP'(x, 1) — @' (x, VP (x, )

= 22Y%sin(2Y21) + 0(A71n(1)) (3.23)

olarak bulunur.
Ispat: (3.18) ve (3.21)’de bulunan ¢(x, 1) ve (x, 1) kullanilirsa

w(A) = wi(@, ) = (x, DY’ (x, 1) — @' (x, V(x, 1)
oldugundan

w(2) = 222 sin(2Y%m) + 0(2"n(1)) (2.79)
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seklinde hesaplariz. Dikkat edilirse w(A) esitligimiz q(t) fonksiyonuna bagli degildir.

Teorem 3.13:
" -1/2 2
y'+ A—(x _ﬁ) y=0 (3.1)
denkleminin

y'(0,) =0, y'(m,1) =0

siir deger problemi i¢in Green fonksiyonu (A4 — o)

i)

G(x,y,4) =

MWr+1 /2 MWr+1
o5 e s
l_sm</11/2 [(/1\/—+1)x x)J [+5m</11/2n+/11/2 [\/— (W + 1)yl>J
2A1/2 sin(A1/27)
+0 ()1—1/217(/1)) (3.24)

iif)

1 _
G(x,y,n) = cos((n+ Dr+n+1Dx—y)— Y [ﬁ_ﬁ_l_yﬁx])

Xsm((n-l'l)(ﬂ' y)—(n+1x+ +1)[\/_+\/—_3’+x]>

+0(n"3n(n)) (3.25)

olarak hesaplanir.
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ispat:
i)
(p(x,j/)(lﬁ)(% ) +0 (/1_1/2,7(,1)), 0<x<y<nm
G(x,y,A) =
e, j})(l/;)(x A ( —1/2,7()1)), 0<y<x<m

dir. 0 < x <y <m i¢in buldugumuz ¢@(x,1),P(x,4) ve w(1)’y1 G(x,y,A)’da yerine
yazarsak

G(x,y,A) =

[cos (Wz [(,1\/— 7+ 1)x \/ED | cos (ll/zn - [ - \/J_; 1)31]) |

X
—sin </11/2 [(/1\/_ i l)x ﬁl)‘ +sin (ll/zn + FEve) [\/_ (A\/_\/t 1))}])}
2A1/2sin(A1/21)

+0 (17/29(2)) (3.24)
elde ederiz. 0 < y < x < m i¢in de ayni1 islemler yapilir.

ii) Buldugumuz G (x, y, 1)’ya reversion uygularsak

1 —
= COS<(n+ Dt Ve 65 [\5—\/5+yﬁx])

Xsm((n-l'l)(ﬂ' y)—(n+1x+ +1)[\/_+\/—_3’+x]>

+0(n"3n(n)) (3.26)

elde ederiz.



4.SONUCLAR

) y"+A—-q)y =0 (1) probleminin y(0,1) = cosa, y'(0,1) = —sina,

a € [0, ] baslangi¢ deger kosullarini saglayan ¢oziimii Teorem 2.1 ile verildi. Uygun

notasyonlar yardimiyla
(p(x, A) = GO(EOi CO; SOr T(Ol A)r S(Ol A))
olarak ifade edildi.

2) (1) probleminin y(7, A) = cosB, y'(mw,A) = —sinf, B € [0, ] baslangic deger

kosullarini saglayan ¢oziimii Teorem 2.2 ile verildi. Notasyonlar yardimiyla
Y(x,A) = E(Ep, Co, S, T (1, 1), S(1, 1))

ifade edildi.

3) 1) ve 2)’de gerekli Ey, Cy, Sg ve E, C, Sy degerleri Teorem 2.3’te hesaplandi.

4) 3)’de hesaplanan degerler yardimiyla ¢ (x, A1) ve Y (x, A) ¢oziimleri A’ya bagh

asimptotik olarak Teorem 2.4’de elde edildi.
5) Green fonksiyonu i¢in gerekli olan Wronskian w(A4) Teorem 2.5’te hesaplandi ve
G(x,y,A) degeri Teorem 2.6’a verildi.

6) Ozel olarak Dirichlet kosullarinin saglanmasi durumu (a = g) durumu ele alinarak

¢ (x, 1) i¢in asimptotik ¢6ziim bulundu, daha sonra A,, i¢in asimptotik tahminler

kullanilarak ¢ (x, n) ¢oziimii Teorem 2.7’de elde edildi.

7) Benzer sekilde f = g icin Y (x, 1) ve daha sonra ¥ (x,n) ¢6ztimleri Teorem 2.8’de

verildi.

8) Dirichlet sinir kosullar1 i¢in Wronskian w(A) Teorem 2.9’da hesaplandi.
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9) Wronskian kullanilarak Dirichlet sinir kosullart durumunda G (x, y, A) asimptotik olarak

Teorem 2.10°da verildi.

10) (6-9)’da elde edilen sonuglara benzer olarak @ = 0 ve f§ = 0 i¢in Neumann sinir

kosullar1 durumu incelenerek G (x,y, A) Green fonksiyonu Teorem 2.14’de ifade edildi.

11) Son olarak yukaridaki sonuglar q(x) = x~/2 — \/% potansiyel fonksiyonuna

uygulandi.



5.ONERILER

1) Elde edilen asimptotik sonuglarda q(x) potansiyel fonksiyonu integrallenebilen bir

fonksiyon olarak kabul edildi. Potansiyel fonksiyonunun singiiler nokta icermesi durumu

icin de asimptotik ¢ozlimler arastirilabilir.

2) Sinir kosullari her iki u¢ noktada ya da bir ucta A’ya bagl farkli formlarda kabul

edilerek ¢ozlimler arastirilabilir.

3) Potansiyel fonksiyonunun sinirli salinimli bir fonksiyon olmast durumu incelenebilir.

4) Asimptotik ¢coziimler i¢in hata terimi gelistirilebilir.
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