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ABSTRACT

RESULTS OF WELL-POSEDNESS FOR MIXED EQUILIBRIUM
PROBLEMS

Ayat Montadhar Safaa AL-TAMEMY
Master of Science in Mathematics
Advisor: Prof. Dr. Faruk POLAT

Co-Advisor: Assist. Prof. Dr. Ayed E. HASHOOSH
February 2023

This thesis is an attempt to study in a rigorous manner some specific cases of well
posedness (w-p) in applied sciences. More precisely, the thesis looks at mixed
hemiequilibrium in Banach space, all with the aim of obtaining results on the well
posedness of equilibrium problems in the case of convex subsets in B.S, compactness,
and convex function. All this is done through three tasks. Task one presents a host of
essential definitions along with some theorems. The aim of this task is to help the reader
to get some understanding of main results grounded in this thesis. Task two is designed
to establish a new kind of Mixed-hemi-equilibrium problem (abbreviation for
(MHEP)) involving a novel type of monotonicity called - monotone in the setting of
B.S. This will demonstrate that the idea of w-p for(MHEP) is equivalent to well
posedness for - monotone. Task three deals with the optimization of solution for
Mixed-hemiequilibrium with parametric characters. In so aiming, the results in this

thesis help us develop and improve some corresponding solutions of several authors.

2023, 55 pages

Keywords: Hemiequilibrium problems, Approximating sequence, Optimization

problems, Metric characterizations, Well-posed, Monotone bifunction



OZET

KARISIK DENGE PROBLEMLERI ICIN 1YI POZLULUK SONUCLARI

Ayat Montadhar Safaa AL-TAMEMY
Matematik, Yiiksek Lisans
Tez Danigmant: Prof. Dr. Faruk POLAT
Es Danisman: Dr. Ogr. Uyesi Ayed E. HASHOOSH
Subat 2023

Bu tez, uygulamali bilimlerdeki bazi 6zel iyi konumluluk durumlarin titiz bir sekilde
inceleme girisimidir. Daha kesin olarak, tez, Banach uzayindaki digbiikey altkiimeler,
kompaktlik ve disbiikey fonksiyon durumundaki denge problemlerinin iyi konumlulugu
hakkinda sonuglar elde etmek amaciyla Banach uzayindaki karma hemi-dengeye bakar.
Biitiin bunlar {i¢ gérevle yapilir. Birinci gorev, bazi teoremlerle birlikte bir dizi temel
tanim sunar. Bu gorevin amaci, okuyucunun bu tezde temellenen ana sonuglari biraz
anlamasma yardimei olmaktir. Ikinci gérev, yeni bir tiir Karma-hemi-denge problemi
olusturmak i¢in tasarlanmistir (kisaca KHDP) Banach uzay1 ortaminda 1-tekdiizelik adi
verilen yeni bir monotonluk tiiriinii igerir. Bu, iyi pozlama fikrinin KHDP-iyi
pozlamaya esdeger oldugunu gosterecektir. Gorev ii¢, parametrik karakterli Karma-
hemiequilibrium i¢in ¢ézlimiin optimizasyonu ile ilgilidir. Boyle bir amagla, bu tezdeki
sonuclar, birkac yazarin karsiik gelen baz1 c¢oziimlerini gelistirmemize ve

tyilestirmemize yardimei olur.
2022, 55 sayfa

Anahtar Kelimeler: Hemidenge problemleri, Yakinsama dizisi, Optimizasyon
problemleri, Metrik karakterizasyonlari, Iyi pozluluk, Monoton

bifunction
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1. INTRODUCTION

Bla Within the realms of optimization and nonlinear operator problems, the idea of w-p
holds a significant place in the hierarchy of priorities. There is no doubt that the presence of
a solution to a w-p problem and the fact that this solution is the only one possible have
proven to be any valuable of optimization theory and non-linear operator theory, which
form related particular examples of (EP). It is common knowledge that the French
mathematician (Hadamard 1923) of the 20th century was the one who originally conceived

of and made widespread use of the mathematical term "well-posedness".

According to Hadamard, the primary concept of w-p is intended to meet three essential
features, and the implementations of these conditions inspired a substantial chunk of the
succeeding decades' worth of effort. These conditions include the existence of the solution,
the solution's uniqueness, and the solution's stability. It is claimed that a issue is w-p if it
falls within the parameters of the definition that came before it. In the body of published
work in mathematics, a number of approaches have been suggested for discussing varying
degrees of w-p in relation to optimization problems and variational inequalities; one such
approach is attributed to Bednarczuk in (1994). Mathematicians such as (Levitin and
Polyak 1966), as well as (Tykhonov 1966), and others have labored to generate and
examine problems that are considered to be w-p. They were able to provide a precise
mathematical formulation of an approximate solution of w-p for optimization issues and

variational inequalities, which was a successful accomplishment.

These issues currently offer a very fruitful foundation upon which to build study. Several
examples of w-p that originated from issues (such as optimization and variational
inequality) have since been extended to scalar issues, saddle point issues, fixed-point
issues, Nash equilibrium issues, and other types of issues. For more details on dealing with
the issues surrounding w-p, (Chen et al. 2014) and (Huang 2001) extended w-p of set-valued
optimization issues. S. Reich and A.J. Zaslavski (2005), studied w-p and fixed point issues.



(Xiao et al. 2011) extended w-p of hemi-variational inequalities and inclusion issues.
(Zhang et al. 2009) extended w-p of quasi-variational inequalities. (Zhanga and Chen

2016) tended to generalize w-p of Nash-type games issues with set payoff.

One kind of w-p has originated in (Bianchi et al. 2009), who presented and formulated two
kinds of w-p for vector equilibrium issues. (Chifu and Petru 2008) presented w-p of fixed
point. (Lignola and Morgan 2000), tended to generalize w-p by focusing on generalizations
for variational inequality issues. With a new w-p concept, a parametric form of an
equilibrium issue has been used to show another case of w-p. Salamon suggested this
method which has already been used by (Miglierina et al. 2005). A new w-p formulation
has been used to vector equilibrium issues, (Kimura et al. 2008) gave us a way to start
thinking about a new w-p issue. Also, J. Peng, Y. Wang, and S. Wu (2011) used the case to
study several kinds of Levitin-Polyak w-p in generalized vector equilibrium issues. (Long
et al. 2008) and (Zaslavski 2008) give cases for Levitin-Polyak w-p for explicitly
constrained EPs and generic w-p of EPs. J. P. Revalski looked at w-p in terms of
optimization and optimal control issues in 1997. We advise the reader to read the research
(Fang et al. 2008), (Fang et al. 2008) and (Zhang et al. 2009).

This thesis is composed of four chapters. Chapter one presents a host of essential
definitions along with some Theorems. The aim of this chapter is to help the reader to get
some understanding of main results grounded in this thesis. The chapter starts with a
section on primary definitions of normed space before it ends up with a brief introduction
to w-p. We can state all of the aims of this chapter at once by saying that we are trying to
ground the investigation in some concepts of convex analysis required for the upcoming
chapters. This being said, the chapter appeals to some concept derived from topological

spaces and M. bi.f.



Chapter two is divided into five sections including the introduction. Section two recalls
relevant definitions that are important to our investigations. Section three introduce w-p of
(MHEP) and i — monotonicity.

W-p is discussed in this section for a type of mixed-hemiequilibrium issues involving ¥ -
M. bi.fs. Section 4 provides metric characterizations of (MHEP) for w-p. This section
idealizes various characterizations for the issue's w-p (MHEP). Finally, section five

discusses Characterizations of the w-p for (MHEP) in generalized sense.

The purpose of this section is to develop w-p and its characterizations and offer some
conceptions under which (MHEP) is strongly w-p or strongly ¥ — w-p in the

generalized sense.

Chapter three is taken to be the conclusive investigation in our thesis in which the essential
definitions are presented, and some recent findings in the subject are referred to. In the third
section, we provide a novel concept of w-p for optimization issues that have constraints
described by a parametric form of Mixed Hemiequilibrium issue constraint and a relevant
w-p. This idea applies to issues that have limits on how they can be optimized. Finally, in

the fourth chapter, we mention the important conclusions of the thesis and future work.



2. PRELIMINARIES

2.1 Introduction

In the following chapter, we introduce a family of basic definitions as well as primary
theorems. The essential goal of introducing these definitions and theorems is to help us
derive main results obtained in this work that would be given in the upcoming chapters.
With this goal in mind, the chapter begins with the very basic definitions of normed space

before we end with a brief introduction to well posedness.

By doing so, we base our investigation upon some notions of convex analysis that are
necessary for our next chapters. Furthermore, we refer to a number of concepts derived
from topological spaces. Additionally, we present basic definitions and notions of M. bi.f.

2.2 Some Concepts Relating to Metric and Normed Spaces

Definition 1.1. (Fréchet 1906) Consider that a set X # @. A Function d: X X X = R is

called metric onXif for every x, y, z € X satisfy this following conditions:

(D;)d(x,y) = 0,and d(x,y) = 0ifand only if x = y.

(DR)d(x,y) = d(y, x).

(D3)d(x,y) <d(x,z) +d(z,y).

The setXwhich equipped by metric is called metric space, and denoted by (X, d).



Definition 1.2. (Fréchet 1906) Consider that X is metric space and point x, € Xand a real

number r > 0, types sets as defined by:

(a)B(xg;7) = {x € X:d(x,x,) < r}is called an open ball.

(b)B(xy;1) = {x € X:d(x,x,) < r}is called a closed ball.

In both instances, x, is referred to as the center and r as the radius. An open ball of radius r

is defined as the set of all points in X whose distance from the ball's center is less than r.

Definition 1.3. (Fréchet 1906) Consider that X be a metric space and S < X. S is bounded

if there is x, € Sand r € R such that d(x,x,) < r, forall x € S.

Definition 1.4. (Fréchet 1906) A sequence {x,},n = 10of real numbers is named to be

bounded if, there is a real number M > 0 in which

| x,| < M foralln € N.

Proposition 1.5. (Fréchet 1906) A monotone sequence of a real numbers is convergent if, it

is bounded.

Definition 1.6. (Yosida 1980) Consider that S be a vector space on field F (where F is either
the field of real or complex number). The function ||.||: S — F is called norm on V, if the

following conditions are hold

i. llull=0Vues,
ii. fNull=0ifandonlyifu=0,vues,
. Nrull=|r|llul,Yu€eSreF,

iv. lu+tvisliull+lvIi,Vuve€ES.



Then the pair (S, ||. ||) is called a normed space.

Example 1.7. (Yosida 1980) Consider that M = C[0,1] where M is a space of real

continuous on [0,1] and |[Il: M — R defined as follow:
1
Il hll= f V h(t) v dt.
0

It is easy to prove |I-]l norm on M, then Mis a normed space.

Definition 1.8. (Yosida 1980) Consider that {u,} be a sequence in normed space S, then

{u,, } is told to be bounded sequence, if, there is a real positive number r > 0, in which
lu,ll <r,vnezt

Definition 1.9. (Yosida 1980) Consider that S be a normed space, u, € S and r is real
positive number, then the set K = {u € V, |luy — ul|| < r} is said to be open ball by center

a, and radius r, denoted B, (ug).

Definition 1.10. (Yosida 1980) Consider that {u,,} be a sequence in normed space S, then

{u,,} is named to be converge sequence, if, there is a € V in which
v86>0,3rezZt |lu, —ul|<é, foralln >r.
And u the a convergent point to sequence {u,} and form write,

limu, =u,vu, - a.

n—-oo



Definition 1.11. (Yosida 1980) Consider that {u,,} be a sequence in a normed spaceV/, then

{u,,} is said to be Cauchy sequence in S, if for every § > 0,3r € Z* such that
lu, — unll < 8,vn,m>r.

Theorem 1.12. (Yosida 1980) Any convergent sequence in a normed space is Cauchy

sequence.

Definition 1.13. (Yosida 1980) The sequence {u,}in a normed space S is said to be weakly

converge if 3 u € S, such that

ii_t?oﬁ(u”) =9(u).

Definition 1.14. (Yosida 1980) The normed space S is said to be Banach space (B.S) if

every Cauchy sequence in S convergent sequence to an element of S.

Definition 1.15. (Yosida (1980) Consider that S be a B.S. A mapping I': K — R is said to
be

I. Lower semicontinuouse (abbreviation for, Isc) at u, € K if

I'(ug) < liminf I'(uy).

ii. Upper Semi Continuous (abbreviation for, usc) at u, € Kif

I'(up) = limsup I'(uy).

For any sequence { u,, } of K such that u,, — u,.



Example 1.16. (Yosida (1980) Consider that A be a nonempty and I': K — R such that for

every u € K then

0 u<i1
ru)=4{2 u=1
1/2 u>1

Then, I' is upper semicontinuous at u = 1,because its value is higher than its neighbor-

hood value.

Definition 1.17. (Yosida (1980) Consider that K and Tare two normed spaces. A mapping

9: K — T is named continuous at u € Kif for all r > 0, there is § > 0 in which
[9(uw) —I9(W)|| < rforall v e K satisfyingllu—v lI<§.
Moreover, 9 is called continuous if it continuous at every point in K.

Definition 1.18. (Clarke 1983) A function A: S — R is termed locally Lipschitz if for every

u € S, there is a neighborhood U of u and a constant L,, > 0 in which
|A(w) — A(v)| < Ly|lw — v||s; for each v,w € U.

Definition 1.19. (Clarke 1983) The functional locally Lipschitz J: S — R is assumed. Then
the generalized derivative of J at u € S in the direction of v € S, indicate by J°(u; v), and

as expressed by

9w v) = lim sup W) W)
w-u,Al0 A




Lemma 1.20 (Clarke 1983). Consider the function J:S — R to be a locally Lipschitz

function with rank L,, near to the pointu € S.Then

I. The function v » J%(u;v) has the properties of being positively, finite,

homogeneous, subadditive, and satisfying the condition that

Vo v)| < Ly v llg;

ii. J°(w; v) is u.s.c;
. Jo°(uw;—v) = (=)°(w; v).

2.3 Some Concepts Relating to Convex Analysis

In this section, we discuss fundamental notions and terminology of convex analysis that are

relevant to our work.

Definition 1.21. (Zeidler 1986) Consider that A be a nonempty subset of a vector space S.
Then, A is called termed set if

ru+ (1 —r)veArel01],Vuv € A.

Lemma 1.22. (Zeidler 1986) Assume that K and T are two convex sets in vector space

Swith a norm ||. [[.Then

i.  i. Both the empty sets and the singleton sets are convex sets.
ii. o+4+o0={u+w;uc€pwea}isconvex.
iii. &K is convex for any scaler § .
iv.  The intersection of any collection of convex sets is convex.

v.  Every convex set's closure is also a convex set.



Definition 1.23. (Zeidler 1986) Consider that K be a subset of B.S S, then the smallest

convex set in S contained K is said to be convex hull denoted by conv(K).
Proposition 1.24. (Zeidler 1986) On convexity, the following facts are true:

I. K < conv(K),
ii. conv (K) = the intersection of all convex sets that contain K,

lii. If K is convex set then K = conv(K).
Definition 1.25. (Zeidler 1986) Consider that K be subset of a vector space S, and
Uy, Uy ... Uy € K, the combination for all uy,u,---u, € K,r; =0 in which Y ;=1 the
combination Yi-;r;u; € K is said to be convex combination.
Definition 1.26 (Zeidler 1986). A function 9: K — R is said to be convex function if
dru+ (A —-r)v) <rd(w)+ (1 —-r)Iw),Vu,v € K,r € [0,1].

The following illustration should clarify the previous definition.

Example 1.27. (Zeidler 1986) Consider that K = C[u, v], where A space of real continuous

function on [u, v] and 9: K — R such that for every h € K we have
v
19(h(x)) = f |h(x)|dx
u

If we take h(x),k(x) € Aand r € [0,1] then

10



I(rh(x) + (1 — r)k(x))

= fv |[rh(x) + (1 —r)k(x)|dx

u

v

< rf |h(0)|dx + (1 —r)f k() |dx

=r9(h(x)) + (1 — I(k(x)).

Definition 1.28. (Browder 1963) Consider that 9 be a real-valued function defined on subset

K of S that is convex. If

tliror}r I(tx+ (1 —-1t)y) =9(y)Vx,y € K,t € [0,1],

Then, A is said to be hemicontinuous (H.C).
2.4 Some Concepts Relating to Topological Spaces

The results presented in this section are collection of the related ideas from topological

spaces that will be used in subsequent chapters.

Definition 1.29. (Schaefer 1999) A topological space S is called Hausdorff space, if for any
two disjoint points u and v in K, there are two disjoint open sets, K and T in S such that

u EK,ve T.Then

KNnT =0.

11



Definition 1.30. (Schaefer 1999) Consider that S be a B.S with norm ||. ||. The topology on S

induces by norm |I. || is said be norm topology or strong topology.

Definition 1.31. (Schaefer 1999) Suppose that S is a B.S and K € S. Then, we say that K is

weakly closed if it is closed in the weak topology of S.

Definition 1.32 (I-Liang Chern 2013). A subset K of a space S, is said to be compact if
every open covering of K by open set of S has a finite subcovering.

Definition 1.33 (I-Liang Chern 2013). If K is a set in R™ and has one of the following

properties. Then it has the other two.

i.  Kisclosed and bounded,
ii. Kiscompact,
lii.  Every infinite subset of K has a limit point in K.

Definition 1.34 (Kuratowski 1968) Assume that N, M are two nonempty subsets of S. The
Hausdorff metric H(:,-) between N, M expressed by

H(N,M) = max{e(N,M),e(M,N)} where

e(N,M) = 3% d(a, M) with d(a,M) =7 Il a — b .

Note that {N,,} is a sequence of nonempty subset of S.The sequence N,, is convergent to N

by Hausdorff metric if H(N,,, N) converges to zero. It is easy to see that e(N,, N) — 0, if
and only if d(a,, N) - 0,Va, € N.

12



Definition 1.35. (Kuratowski 1968) The measure to which a nonempty subset A can be

described as being non-compact, as defined by
U(4) = inf{e > 0: A CUL, A;, diam(4;) <e,j = 1,n},
where the diameter of a set A;is denoted by the notation diam 4;.

Proposition 1.36. (Liu et al. 2016). Consider the set-valued mapping G:S — 25. If the
following statements are interchangeable:
I. Gisls.c.

ii. Ifa € X; {axlag © SisanetinSinwhicha, —» aanda” € G(a), then for each

A € Jwe can find a) € G(u,) in which ay = a*inE.

Let us recall the a Mosco convergence presented in (Mosco 1969).

Definition 1.37. (Mosco 1969) Consider that {N,,} be a sequence of nonempty subset of S.

The sequence N,, is said to be Mosco convergentto N, if N = lim inf Npsuch that

n—-oo

lim inf N, means the Painleve-Kuratowski stronge limit and define as

n—-oo

liminfN,, ={a € S;foralln € N, 3 a, € N,such that ay — a}.
n—>oo

So, the sequence{N,} is lower semi—Mosco converges to N, if N = lim infN, . Also, if

n—-oo

lower semi—Mosco converges {N,, }to N, implies that the closedness of a set N.

13



Remark 1.38 (Mosco 1969) A subset sequence{N,} of S Mosco converges to N implies
that the sequence {N,} also lower semi-Mosco converges to N, On the other hand, the

opposite is not always the case.

2.5 Some Concepts Relating to Monotone function

In this section, we recall some definition and notions about monotone operator.

1. E.Blum, W. Oettli (1994), presented M. bi.f and defined it as the following: A
bifunctiond: K x K — R is called M. bi.f if

Id(u,v) +9(v,u) <0 Vu,v € K.

2. W. Oettli and H. Riahi (1998), presented a new type of M. bi.f and calledit as ¥—M. bi.f.

According to him, it is defined as the following:

Assume that ¥, 9: K X K — R are two bifunctions. Then 9 is said to be ¥-M. bi.f if

I(w,v)+9(v,u) <¥P,v) + ¥(v,u)vVu,v € K.

1. A E. Hashoosh, M. Alimohammadi and K. Kalleji (2016), introduced a new type of M.

bi.f and called it a-M. bi.f. It can be defined as below:

Assume that a,9: K X K — R are two bifunctions. Then, 9 is said to be a -M. bi. f, if

I(u,v) +9(v,u) + a(u,v) < 0Vu,v € K.

Example 1.39 (Oettli and Riahi 1998) Consider that X = [P be a reflexive B.S, 1 < p < oo,

where

14



1

X=xx={x,JSR:xI= (2 |xn|p)p

n=1

Define a set called {K = x € [P: || x I< 1} that is nonempty closed and convex subset of

[P.9:K X K - R inwhich 9(x;y) =ll y — x |I?. Thus,
IGy) +9(;x) =21y —x I°> 0, forx # y,
in which 9 is not M. bi. f. However, one can use i: K X K = R, in which
Ylsy) =21y —x I
Therefore, 9 is ¢ - M. bi.f.

Here, we will recall some cases for definition of well posedness and some Theorems

presented by previous researchers in this field.
2.6 Some Concepts Relating to W-p

In this section we recalled some concepts of w-p by parametric for novel class of
equilibrium issues E Py and for optimization issues with perturbations which includes the
classical equilibrium issue as a special case. The application of these ideas demonstrates
that the w-p of the generalized equilibrium issue is equivalent to the existence and
uniqueness of the results of the issue in (Hashoosh and Alimohammady 2016). Related to
this, An explanation of how optimization problems can be formulated using equilibrium

constraints is provided below.
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Considering h: T XK > Rand F: T X K X K - R are two functions in whichT c E is a
nonempty set, where E is a B.S. The optimization issue abreast of generalized equilibrium

constraint, the organization indicated by (OPGPEC) is structured as follows:

min h(t,u)s.t,(t,u) €T X Kandu € S(t),

where S(t) represents the solution set of the parametric generalized equilibrium issue

(EP ) and is defined by u € S(¢) if and only if the following condition is satisfied:

F(t,u,v) +yY(u,v) =0,Vv €K

In what follows, several ideas of w-p of generalized equilibrium issues (EPy) and some
circumstances under which equilibrium issues are substantially w-p in a generalized sense

are recalled.

Definition 1.40 (Hashoosh 2016) It is claimed that a sequence {(t,,x,)} € T X K is an
approximation sequence for (EPw) if, there is a nonnegative sequence {¢,,} abreast of ¢,, -

0 as n — oo such that it satisfies the following condition:

F(t'xnﬁy) +l/)(xn'y) = _En“y_xn” Vne N,y EK.

Definition 1.41 (Hashoosh 2016) The issue (EPy) is expressed to be strongly w-p (or
strongly (or weakly) w-p in the generalized sense) if (EPy,) has only one solution x, and for
every sequence {x,} with x,, - x, every App.seq for (EPw) converges strongly to only one
solution. If (EPw) has a nonempty solution set S(t), then every approximate solution

sequence has a subsequence which strongly (or weakly) converges to the point of S(t).
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In what comes next, we will review some descriptions of w-p that apply to (EPy). For any

e>0.

The author identify two sets:

re):={(t,x) eTxXK,F(t,x,y) +¥(x,y)=—€lly—xIlVy€K}

And

A(e):={(t,x) ET XK,F(t,y,x) + alx,y) <¥(x,y)+elly—x |l Vy € K}.

Lemma 1.42. (Hashoosh 2016) Considering K be a nonempty convex, closed subset of a
B.S X. Suppose that F:T x K X K - R and ¥,a: K X K — Rare three functions satisfy

under these circumstances:

i. F(t,x,x)=0VteT,x€K,
ii. F(t-)isa-M.bi.fandH.C,forallteT,
iii. F(tx,)isconvex forallt € T,x € K,

iv.  ¥(x,)and a(x,") are convex forall x € K.

Then, I'(e) = A(e) forall e > 0.

Lemmal.43. (Hashoosh 2016) Consider that K be a nonempty convex and closed subset of
a B.SX. Consider that F:T XK XK - R and ¥,a: K X K - R satisfy under these

circumstances:

i. F(,v),a(,y)arelscforally € K,

ii. Y(,y) isuscforally € K.
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Then, A(e) isclosed in T x K forany € > 0.

Theorem 1.44. (Hashoosh 2016) Consider that K is a nonempty convex, closed subset of a
B.S X. Considerthat F: T X K X K » Rand ¥, a: K X K — R are three functions. If (EPy)

is strongly w-p, then
I'e) # @ Ve > 0,lim,._, diam(F(e)) = 0.
In addition to this, if provided the following conditions are correct:
I.  F(,x,)IslscVx € K,
ii.  F(tx,)isconvex V(t,x) €T XK,
iii.  F(t,,)is a -M. bi.f, hemicontinuous, vt € T,
iv. F(t,x,x)=0VteT,x€K,

V. a(,y)and ¥(.,y) are uscVy € K,

vi.  ¥(x,)and a(x,) are convex Vx € K.

Then the converse holds.

Theorem 1.45 (Hashoosh 2016) Consider that T and K are nonempty, closed and convex

subsets of real B.S E and X resp., If (EPy) is strongly w-p in the generalized sense, then
I'(e) + Ve > 0, lir{)w (F(e)) = 0.
€E—

In addition to this, if provided the following conditions are correct:

i. F(,x,)islsc forallx € K,

ii. F(tx,)isconvex forall (t,x) € T XK,
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ii.  F(t,,)isa-M.bi.f,and H.C forallt e T,
iv. F(t,x,x)=0forallteTx€eK,
V. a(,y)and ¥(-,y) are usc for all y € K,

vi.  W¥(x,)and a(x,) are convex for all x € K.

Then, the converse holds.

Theorem 1.46 (Hashoosh 2016) Consider that T and K be nonempty, closed and convex
subsets of finite dimensional B.Ss E and X resp., If F:- TXK XK > R, ¥, a:K XK - R

and h: T x K - R are four functions under these circumstances:

i. F(,x,) s lsc and convex for all x € K,
ii. F(t)isa-M.bi.fand H.Cforallt €T,
iii. F(t,x,x)=0,forallteT,x €K,
iv. a(,y)and ¥ (,,y) are uscforall y € K,
V. W(x,)and a(x,") are convex for all x € K,

vi. hisconvex and Isc.

Therefore, (OPGPEC) is strongly w-p if, and only if, it possesses only one solution to the

issue.

Now, we recall further results and theorems as referred by K. Kimura, Y. Liou, S. Wu and J.

Yao (2008), that are useful in our work.

Consider that V be a real H.T.L.S and X a nonempty subset of V, let Z be a real topological
vector space abreast of a solid pointed convex cone € c Z and 6, zero vector in Z.
Additionally, let I' be a nonempty subset of H.T.L.S. Then the issue for any € I' , find x €
X in which

f(p,x,y)& —[ C,foranyy € X,
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is said to be parametric vector equilibrium issue and denoted by VEP,.

Theorem 1.47. (2008) Consider that X be a nonempty compact convex subset of a real
H.T.L.S V, and Z a real topological vector space abreast of a solid pointed convex cone
C c Z. Assume that I" be a topological space. Consider that f is a vector-valued function
from I' X X x X to Z abreast of f(p,x,x) = 6, for all p € I' and x € X. In addition to this,

the following presumptions are constructed:

i.  f(,,y)is (=C) -continuous on I" x X for each y € X;
ii. f(p,,y) isstrictly (—C) -properly quasi-convex on X foreachp e ' and y € X;
ii.  f(p,x,) is C -continuous and C-quasi-convex on X for each p € I' and x € X.

Therefore, {VEP,:p € I'} is parametrically uniquely w-p.

Theorem 1.48. (Kimura 2008) Consider that X be a nonempty compact convex subset of a
real H.T.L.S V, and Z a real topological vector space abreast of a solid pointed convex
cone C < Z. Assume that I' be a topological space. Consider that f is a vector-valued

function from I' X X x X to Z abreast of f(p,x,x) &€ —[ Cforallp e and x € X. . In

addition to this, the following presumptions are constructed:

i.  f(C,,y)is(=C) -continuous on I x X for each y € X;

ii. S(p)# o foreachp e I. Then {VEPR,:p € I'} is parametrically w-p .

Then, {VEP,:p € I'} is parametrically w-p.
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3. WELL POSED-NESS FOR MIXED HEMIEQUILIBRIUM ISSUES

3.1 Introduction

Nowadays, w-p is worth noting that plays important role in the field of optimization and

nonlinear operator issues.

The aim of this chapter is to establish a new class of mixed hemi-equilibrium issues
denoted by (MHEP) with 1y- monotone. In order to accomplish this goal, we will be
focusing on a subset, K, of B.S. S. We derive a relevant characterisation of metric
projection as well as sufficient requirements for these different sorts of w-p. In conclusion,
the discussion that has been presented throughout this chapter may be utilized to
demonstrate that the idea of w-p for (MHEP) is equal to the concept of w-p for -

monotonous.

3.2 Preliminaries

In this chapter, unless stated otherwise assume that two B.Ss E and S and K is a nonempty
subset of S. Let S* be a topological dual space and its norm is denoted by ||. |l. In order to
make things easier for the reader, we are going to go over a a few prerequisites, such as
definitions and outcomes, that have to be imposed before we can show our

fundamental results.

Now, we consider the Mixed-hemiequilibrium issue (abbreviation for (MHEP)):
Find u, € I1(uy), Vv € I (uy) such that

(o, v) + p(v) — p(utg) +J°(Quig; 28 (uo, v)) = 0 (3.1)
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such that 9 is a bifunction from K X K in to R, in which 9(u,u) = 0Vu € K,and II: K —
K set valued. 2:S — S is a linear compact operator, §:S X S — S single-valued function

p:S - RU {+}and J: S - R locally Lipschitz functional.

Remark 2.1. As a result of the convexity of J°(u, v) and the linearity of §(wu,-) for every

u € S. One can determine that the function v - J°(u, §(u, v)) is convex.

Remark 2.2. Because 2 is a linear compact operator, it is obvious that Qu, strongly
converges to some 2,, € K. Therefore, , 26(u,, v) converges strongly to Qu when v € K.

By applying this observation and Lemma (1.16), one can conclude that
lim sup J°(Qu,; Q8 (upn, v)) < J°(Qu; Q8 (w, v)). (3.2)
n

In the sequel, we give the formulation of optimization issue with Mixed-Hemiequilibrium
constraint which is denoted shortly by (OPMHEPC). Let Q:T XK - Rand 9:T X K X
K — R be two functions in which T is a nonempty subset of E and I1: K X K — K be set
valued Then (OPMHEPC) is formulated as follows:

minQ(t,u) such that (t,u) € T X K and u € n(t),

where (t) is solution set of the parametric Mixed hemiequilibrium issue (MHEP(t))

which is satisfies (t,u) € I1(t,u) iff
I(t,u,v) + p(v) — p(u) +]°(.(2u; N6 (u, v)) >0,v(t,v) € II(t,u) (3.3)

Instead of writing {MHEP(t);t € T} for the family of Mixed-Hemiequilibrium issue i.e.,

the parametric issue, we will simply write (MHEP) in this work. The Mixed

22



hemiequilibrium issue (MHEP) which containing many issues as special case been studied

intensively. Some special cases of (MHEP) are as below:

(i) If J=0,II(t,uy)=TxK and p=0, then issue (MHEP) is shrink to the
parametric equilibrium issue (abbreviation for, EP(t)). The following form:
Find u € k such that 9(¢,u, v) = 0,vv € K (Fang et al. 2008).

(i) If]=0,p=0,11(t,u) =T x K and 9(t,u,v) = —h(t,u,u — v)Vv € K, then issue
MHEP(t) is shrink to the parametric quasivariational inequality (abbreviation
for QVI(t) ) (Zhang, et al. 2009).

i) MHéwv)=u—v,p=09tuv)=(A,—f,v—u),lt,u)=TxKand 2 =id,
then issue MHEP is shrink to the parametric hemivariational inequality (Verma
1997).
If p=0and I1(t,u) =T x K, then issue (MHEP) is shrink to the parametric
Hemi-equilibrium issue (abbreviation for, HEP (t)).(Hashoosh and Jebur 2021).
The following form: Find u € K such that
I9(t,u,v) +]°(.(2u;.(25(u, v)) >0,V(t,v) €l(t,u).,Vv EK

Remark 2.3. Throughout this work, in addition to investigate some characterizations of

wellposedness for (MHEP) we consider, VA € (0,1)

li ll)(x, xl)
11m

im—— +¥y) = 0. (3.4)

3.3  W-pof (MHEP) and ¥ — monotonicity

In this section, we give ideas of w-p for a class of Mixed hemiequilibrium issues involving

of ¢ - M. bi.f. For this reason, the following definitions will be given.

23



Definition 2.4. A sequence{(t,,u,)} ST X K is an approximating sequence for Mixed
hemiequilibrium issue (MHEP) if there is {€,} is positive sequence which {¢,} - 0 asn |

oo inwhich d((tn, upn), ((tn, un)) < €, and for all (¢, v) € (¢, uy) foralln € N,

l9(t, Uy, U) + ,0(17) - p(un) +]0(-Qun; -Q(S(unfv)) = _Enllv - un”- (35)

Definition 2.5. The issue (MHEP) is called strongly (resp., weakly) w-p if (MHEP) has
only one solution u, and for every App.seq for (MHEP) convergent strongly (resp., weakly)

to only one solution wu.

Definition 2.6. The issue (MHEP) is said to be strongly (resp., weakly) w-p in the
generalized sense if the solution set w(t) for (MHEP) is a nonempty set and every App.seq

{t,,, u,} has subsequence that strongly (resp., weakly) converges to some point of 7 (t).

It is known that the strongly w-p (in the generalized sense) implies the weak w-p (in the

generalized sense ), but the converse is not generally true.
Next, we give the concepts of y-App.seq, Y -w-p and -w-p in the generalized sense.
Definition 2.7. Consider that {(t,,u,)} ST XK is an Y -App. seq for Mixed

hemiequilibrium issue (MHEP) if there is {¢,} is positive sequence which {¢€,,} > 0asn |

oo in which d((tn, upn), ((tn, un)) < €, and for all (t,v) € M(t,, u,) foralln € N,

I, v,u) —yY,v) <elv—ul —]O(Qu;.(26(u, v)) —p() +p(u,) + Y, u).
Definition 2.8. The Mixed hemiequilibrium issue (MHEP) is called strongly (resp.,
weakly) i - well posedness if (MHEP) has only one solution u, and for every -App.seq

for (MHEP) convergent strongly (resp., weakly ) to only one solution w.

24



Definition 2.9. (MHEP) is said to be strongly (resp. , weakly) y-w-p in the generalized
sense if the solution set m(t) for (MHEP) is a nonempty set (t) and every b App.seq

{u,,} has subsequence that strongly (resp., weakly) converges to some point of 7(t).

Remark 2.10. If 9 is ¥ - M. bi.f, one can get

. An App.seq for (MHEP) is an y-App.seq for (MHEP);

ii. If (MHEP) is strongly (resp., weakly) y-w-p, then it is strongly (resp., weakly)
W-p ;

iii. (MHEP) is strongly (resp., weakly) y-w-p in the generalized sense, then it is

strongly (resp., weakly) w-p in the generalized sense.

In order to solve issue (2.3), we impose the following hypotheses:

Hai: The mapping 6(:;-): S X S — S, it satisfies the following hypotheses:

I. S(u;u) =0forall u €S,
ii. &(u;-) is linear operator for all u € S;

iii. forany v € S,5§(u™; v) - &(u; v), whenever u™ - u.
H2: 9: T x K X K — R is a function, it satisfies the following hypotheses:
I I9(t,u,u) =0forallt e T,u € K,
ii. 9(t,,) isy - M. bi.f;
iii. I(t,,v) iSH.C forallt € T;

Iv. 9(t,u,’) isconvex forallt € T,u € K;

V. 9(,u,) is Isc forall u € K.

Hs: y¥: K X K = R is a function, satisfies the following hypotheses
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I. Y(,v)are H.Cforallt € T;
ii. Y(u,”) isconvex forallt € T,u € K;

iii. Y(-,) IS usc.
Hs: p: S - R U {+o0} is a function on K, satisfies the following hypotheses, where K N
domH # H,dom p = {x € S: p(x) < +o0} is the effective domain of p.
. p IS convex;
ii. pisls.c.
Hs: Q: T x K — R is a function, satisfies the following hypotheses
I. Q(:,") is convex ;
ii. P(-,) is l.s.c.
34 W-p of (MHEP) with metric characterizations
This section ideals with some characterizations for w-p of the issue (MHEP). The analysis

of our results cannot be obtained straight forwardly from the previeos papers. For each € >

0, we consider that the next sets

I'e) ={(t,Lu) eT xXK: d((t, w), I1(t, u)) < € such that
I(t,u,v) + p(v) — p(u) +]0(.(2u; N6 (u, v)) >—€ellv—ul,v(tv) €I(t, u)}.

and

A(e) ={(t,u) eT X K: d((t, w), I (¢, u)) < € such that
It v,uw) —Ywv)<ellv—ull +]°((2u;(26(u, v)) +p() — p(uw) +Y(v,u),v(t,v) € I(t, u)}.

The following Lemma plays an important role in the sequel.
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Lemma 2.11. Consider that K, € K is a nonempty convex subset of a real B.S S, if
hypotheses H,, H,(i — iv), H3(i — ii) and H,(i) be satisfied. Then, for each u, € K, the
statements (i) and ii are equivalent:
(i) Find (t,uy) € T x K, such that for all (t,v) € T x K,
I(t, ug,v) + p(v) — p(uy) +]0(-QU;-Q5(UO:U)) > —€llv — ull.

(i) Find (t,uy) € T x K, such that for all (¢,v) € T x K,

ﬁ(t' v, uO) - lp(uOJv)
< €llv —ugll +]0(.(2u0;.(26(u0,v)) +p() — p(up) + Y (W, up).

Proof. Let the inequality (i) holds. Then, (t,u,) € T X K,, V(t,v) € T X K,,such that

I(t,ug, v,) + p() — p(ug) +J%(Qug; 26 (ug, v)) = —€llv — . (3.6)

According to H, (ii) and (2.6) we have

ﬂ(t! v, uO) - lp(uo: 17) - IIJ(V: uO) < _ﬁ(t' Uy, 17)

< €llv —upll + p(v) — p(ug) + J°(Qug; 26 (ug, v)). (3.7)

It means that, inequality (ii) holds. Conversely, suppose that inequality (ii) holds. Let
uy; =uy — A(uy —v),A€(0,1), and since K, is convex. Then u; € K,. Now, from

Remark 2.1 and H,(i)we get

9(t, up, uo) < €llug — uoll + p(un) — p(uo) +]0(_(2u0; -(25(1‘0'”1)) + P (up, uy)

+l/) (u)u uO)
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Alellv —uoll + p() = p(ug) + J°(Qug; 26 (uo, )] + ¥(uo, un) + Py, up) (3.8)
By virtue convexity of 9(t, u,,.) and H, (i) one can obtain
0 =9(t,uy, uy) <9t uy,up) — A[I(E, uy, up) — 9(t, uy, v)].

Then,

A9t uy, up) — I9(t, uy, v)] < 9(t, uy, up) (3.9)
At similarity from convexity of ¥ (u,,.) all uy, € K, we have

AP (up, uo) — P (wy, v)] < P(up, uo). (3.10)
Thus, it follows from (2.7) - (2.10), one can get

/1[19 (t, Uy, uO) - 19(t' Uy, 17) + l/}(ul, uO) - l/)(U.A, U)]
< 9(t, up, ug) + Y (uy, up)
< Aelly = uoll + p(v) = pluo) +J°(Quo; 28 (o, v))] + P (uto, 13) + 2 (11, o)

The hemicontinuously of 9(t,., v) and H5(i)implies that

A[—ﬁ(t, Up, V) — PY(up, v) — €llv — upll — p(v) + p(uy) —]O(Quo; 06 (uy, U))]

< lp(uO' u)l)-

Then,
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9(t, up, v) + p(v) — p(ug) + J° (Quo; 26(up, v)) + €llv — uyl

> POy v)(211)

Now, from (2.4) and (2.11), we get for all (t,v) € T X K.
I(t, ug, v) + p(v) — p(ug) +J°(Qug; 26 (ug, v)) = —€llv — uyll.
Therefore, inequality (i) holds. This completes the proof.

Lemma 2.12. Consider that K, € K is a nonempty convex subset of a real B.S S, if we
suppose hypotheses H,, H,(v), H iii and H, ii. Then, the set of all (t,uy) € T X K, and

satisfied inequality ii is closed.

Proof. Suppose that A(e) = the set of all (t,uy) € T X K, and satisfied inequality (ii),

{(tn,un,)} € A(e) is asequence in which (t,, u,,) = (t,up) € T X Ko, V(t,v) € T X Ky,

19(1:11' v, uno) - l)lj(uno’ ‘U)
< €l[v = tng ||+ P@) = P +J° (Dt 8 ity v) )

+ (v, un,) (2.12)
By Remark 2.2 and assumptions H, (v), H5(iii) and H,(ii) we have

I(t,v,uy) <lim infﬁ(tn, v, uno)
n

< lirrrllsup [e||v — Uy, | + (W) = p(tn,) +7° (Quno; Q6 (up,, v)) + (v, un, ) + P (ung, v)]
< ellv —uoll + p(v) — p(uo) +]O(Quoi Q6 (uy, 17)) + P, up) + P(uo, v).
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Therefore, A(e)is closed in T x K, for e > 0. This completes the proof.
Next, the result is a consequence of Lemmas 2.11 and 2.12.

Corollary 2.13. Consider that I[I: K X K — K be a closed, convex valued mapping. If
hypotheses H, — H, be satisfied. Then, (t,u) € T x K is a solution of (MHEP) if and only

if it solves the next inequality:
Find (t,u) € I1(t,u) forall (t,v) € I1(t,u) such that
I, v,u) —yY(u,v) <€llv—ull+p) —pu) +]°(.(2u;.(26(u, v)) + 1/)(v,u)}.
Moreover, I'(e) = A(e).
Here, the fundamental result in this work is given.

Theorem 2.14 Consider that I1: K X K — K be set-valued mapping, and let IT be a closed
convex valued-mapping. So, (MHEP) is s-w-p iff the solution set = # @ of (MHEP) and

lirrol dimTI(e) = 0. (3.13)
(d

Proof. Consider that (MHEP) be s-w-p, then from it is definition (MHEP) admit a unique
solution (ty, uy) € T X K. Therefore m # @. Use the contradiction, assume that diam I'(€)
does not tend to 0 as € —» 0. Then 3 a constant p > 0 and €,, > 0 asn — 0 such that vn €

N 3 two sequences (t,,, u,)and (t,, v,) € I'(€) satisfing

”(tn: un) - (tn, Un)” > p: Vn E N (314)
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But {(t,,, u,)} and {(t,, v,,)} are both App.seq for (MHEP). Hence,
Lim (b, un) = Lim (£, v1) = (to, o) (3.15)
Using the two equations (2.14)and (2.15), we can get
0 <p <I(tn un) = (tn, )l

< Ctn un) = (Eo, uod Il + [1(tn, vn) = (Lo, uo)ll = 0. (3.16)

we reach a contradiction.

Conversely, let us the equation (2.14) and = # @ are hold. It means that = is singltion point
set. Set m(t) = uy. Suppose that {(t,,u,)} is App.seq for (MHEP). Then, there is a

sequence {e,,} is positive with {e,} - 0 as n | oo in which d((t,, un), (£, u,)) < €, and
O (tn, Un, V) + p(0) = p(un) +J°(Qun; 28 (un, 1)) 2 —€xllv — uyl (3.17)

Foralln € N, (t,v) € II1(t,, uy).

Therefore, {(t,, u,)} € I'(e,,)¥Vn € N. Since u, € n(t), then u, € I'(¢,,) and

Lim || (tn, un) = (to, uo)ll < Lim I (€5)
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Which implies that (t,,, u,,) strongly converges to (t,, u,). Therefore (MHEP) is strongly
w-p . This completes the proof.

Remark 2.15. If H,(ii) satisfies, one can have that (MHEP) strongly y-w-p .

Theorem 2.16. Assume that I1: K X K — K be set-valued mapping. If 9 is ¢ - M. bi.f, then
(MHEP) is strongly -w-p iff the solution set m # @ of (MHEP) and

lirrol dim A(e) = 0. (3.18)
€

Proof the Theorems 2.14 and 2.16 are similar, so we omit it.

Remark 2.17. One can note, the solution set 7 # @ of (MHEP) in the Theorems 2.14 and

2.16 are assuming. In the following the authors remove this assumption.

Theorem 2.18. Consider that I1: K X K — K be a nonempty convex closed valued
mapping, and let I1(t,,u,) be lower semi-Mosco convergent to II(ty, u,) whenever
(t,, uy) — (to,up) such that (ty,u,) €T X K and n —» . If the conditions (H; — H,)
hold. Then (MHEP) is s-w-p iff

lirrol dimI'(e) =0and I'(e) # @Ve > 0 (3.19)
€E—

Proof. It is enough to proof the sufficiency part. Let the condition (2.19) holds and
{(t,, uy)}InT X K is an App.seq for (MHEP). Then 3 ¢, > 0,¢,, = 0 as n — oo such that
d((tn, uy), I (t,, un)) < e, and

ﬁ(tn'un'v) + p(v) - p(un) +]0(~Qun;ﬂ6(un' U)) = _en”v - un”r
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v(t,, v) € lI1(t,, u,) andn € N.

It means that (t,,,u,,) € I'(e,,)Vn € N from condition (2.19). We have that {t,,, u,,} Cauchy
sequence. So it converges strongly to some point (ty,uy) € T X K. To proof (ty, u,) €

T % K is a solution of (MHEP), we choose (t), uy) € n(tn,un)) such that

1t tn) = (t6, ubdl < €n + At ), T (b 1)) < 26

Since (t,, u,) — (to,up) and €, - 0 as n - oo we get that (¢4, uy) = (to, up) as n — oo,

Then, by our assumptions I1(t,, u,) be lower semi-Mosco convergent to I1(t,, uy). That is

lim inf II(t,, u,) = I(ty, uy).
n—>oo

So, (to,ug) € M (ty,uy) . Then, there exists {v,} be a sequence in K with (t,, v,) €
M(t,, u,) for all (t,,v) € [1(ty,uy) in which v, > v as n - o. According to ¥ —

monotonicity of 6, we have

O (tn, v, Un) = Y(n, v) = P(0,uy) — p(0) + p(uy) — J°(2uy; 26 (uy, v))
< =0ty U, v) = p(©) + pn) = J°(Quty; Q8 (i, )
< eyllv —u,| forall (¢,v) € II(t,u) andn € N.

We have

9 (tn, 1, Un) = P, v) = P, ) = p(0) + p(uy) = J* (Qy; 28 (un, V) < Enllv — -
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Since,
9 (to, v, up) — Y (U, v) — Y (w,uy) — p(v) + p(uo) —]0(-(2“0; 06 (uy, U))

< lim inf {=9(tn, un, v) = () + p(tn) = Y(un, ) =Y, up) = J°(Qun; 28 (un, v))}
< liminf €,|lv — u,|l

< €llv — u,ll.
Hence, V(t,, v) € I1(t,uy). This fact together with Lemma 2.11, then

I(to, up, ) + p(v) — p(ug) +J°(Qu; 26 (up, v)) = —€llv — uy|l.
V(ty, v) € I1(t,uy).Then, (ty,up) € T X K is solve (MHEP).

To proof the uniqueness of the solution. We suppose that 3 another solution (t¥#,u*) €

T X K in which (to,u,) and (t#,u*) € T(¢e) Ve > 0, and
0 < || (to, up) — (t*,u™)|| < diamI'(e) - 0ase — 0.
Which is a contraction. This completes the proof.

Corollary 2.19. Suppose that the same assumptions as Theorem 2.18. Then (MHEP) is
-S-w-p iff
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lin(} dim A(e) = 0 and A(e) # @Ve > 0. (3.20)
€E—

3.5 Characterizations of the w-p for (MHEP) in the generalized sense

The goal of this section is to establish the characterizations of the w-p, and present some

notions under which (MHEP) is strongly w-p or strongly ¥ - w-p in the generalized sense.

Theorem 2.20. Consider that the hypothesis H; — H, hold. Then (MHEP) is strongly w-p

in the generalized sense iff the solution set w # @ compact of (MHEP) and

El_i)rglJre(F(e), m) = 0. (3.21)

Proof. Consider that (MHEP) be strongly w-p in the generalized sense, then 7 is nonempty
setand T c I'(e) # @,Ve > 0.

Claim 1. Proof that 7 is compact.

Let {t,, u,} € m c I'(¢) be a sequence Ve > 0, then {t,,, u,} is an App.seq for (MHEP)).

Thus, it has a subsequence converging to some point of 7. It means that 7 is compact.
Claim 2. We show that (2.21) holds.

According by contradiction, we suppose that e(I'(¢€), ) does not tend to 0 as € — 0. Then,

J €, > 0withe, - 0asn — o so, there is a constant p > 0 and {t3,u3} € I'(¢) satisfing

p <d{td,ud}, m),vn € N.
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Since {t2,ud} is an App.seq of (MHEP). Thus, there is a subsequence {t2,,ud,} of

{t9,ul} converging to some point of 7. Then, we get

0 <p < d({tpk unk}, ), as ny > o,
we reach to contradiction.
Conversely, if (2.21) hold, and let (t,, u,) be an App.seq for (MHEP) inT X K. Then, 3
€, >0 with €, > 0 as n—> oo and d((tn, up), M(ty, up) < €, such that V(t,,v) €
(tn, uy)

I(tp Un, v) + p(v) — p(uy) +J%(Qup; 26 (up, v)) = —€ 1 v —uy |,

Therefore, (t,,, u,) € I'(e,) forall n € N. So, by (2.21) 3 a sequence {l,,} in &, in which

[ (tn, un) — (tn, L)l = 0 as n — oo,

By compactness of i, 3 a subsequence (t2, 13,) of {t3,19} strongly converging to some

point of (t,, uy) € m. Therefore, (MHEP)

”(tO'uO) - (tn'un)” < "(tn'un) - (tnk' lnk)" + ”(tnk' lnk) - (tO:uO)" -0 as ny — .

Therefore, (MHEP) is strongly ¥ — w-p in the generalized sense.

Remark 2.21. If H,(ii) satisfies, one can have that (MHEP) strongly y-w-p in generalized

sense.

36



Theorem 2.22. Consider that the hypothesis H; — H, hold. If 9 is iy - monotone, then
(MHEP) is strongly ¥-w-p in the generalized sense if and only, if the solution setm + @
compact of (MHEP) and

elirgke(A(e),n) = 0. (3.22)

Proof the Theorems 2.20 and 2.22 are similar, so we omit it. In above Theorems, the
compactness of r plays a importante role, in future work one can remove this condition and

get the following results.

Theorem 2.23. Consider that II: K X K — K be a nonempty convex closed valued
mapping, and let I1(t,, u,) be lower semi-Mosco convergent to I1(t,, u,) Whenever
(t,, uy) — (to,up) such that (t,, u,) € T X K and n - oo. If the conditions H; — H, hold.
Then (MHEP) is strongly w-p iff

I'(e) # 0, forall € > 0 and Lim 2 (re)=o. (3.23)
€E—

Proof. Consider that (MHEP) be strongly w-p in the generalized sense. From Theorem

2.20 then m is nonempty compact setand = c I'(e) # @, Ve > 0. Thus, one can get
Q) =0, (3.24)
H(T(e),m) = max{e(F(e),n),e(n, F(e))} = e(I'(e), m)Ve > 0. (3.25)

From (2.24) and (2.25), we have
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Q) < H((e),m) + Qm)
= H(I'(e), m)
= e(T'(e),m).

By using condition (2.21), we have
lim.,,Q(T(e)) = 0.

Conversely, suppose that the issue (2.23) holds Ve > 0, cl(F(e)) is nonemty closed, non-

decreasing and

im0 (cl(r(e)) = lima (1 (e)

It follows that from generalized cantor theorem (see (Kuratowski 1966)) we obtain
lim H (cI(I'(e)),I") = 0.
[Sd

and @ # I' is compact, in which

Neso cl(T(e)) =T.

Our claim ' = m. It is clear that w c I'. To prove I' c «, for any (t,,uy) € I', we have

d ((to,uo),cl(F(en))) =0,Ve, > 0.
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Therefore, 3 (t,,,u,) € I'(e,)Vn € N such that ||(t,, u,) — (ty, up)|| < €, It means that
(t,, uy) — (to,up), and I (t,, u,) be lower semi-Mosco convergent sequence to IT(tg, ug).

Therefore, (to, uo) € M (to, ug) and d((tn, up), M (tn, uy)) < 0, such that
19(tnr Un, U) + ,0(17) - p(un) +]0(-Qun; -(26(un' U)) = _6”77 - un”: V(tn, U) € n(tn: un)
andn € N

Therefore, (ty, uy) € (ty, uy). Evidently, according to Il(t,,u,) is lower semi-Mosco
convergent sequence to I1(t,, uy) for all (¢t,v) € I(ty, uy), We perhaps choose a sequence
(tp, ) €T X K with (t,, v, € I(t,, u,) in which (t,,v,) = (ty,,vy) a8 n — oo .

According to ¥ — monotonicity of 9 we have
0 =liminfe,llv — u,ll
n
2 hm 1nf{_19(tn: un: V) - p(v) + p(un) - ]O(Qunl 96(un; U))}
n
= 1111;1’1 i {19 (tn; v, un) - lp(un: V) - 1/J(V, un) - p(v) + p(un) _Io(ﬂun; Qg(un: U))
>9(t,v,u) —yYw,v) —yYu) —p) + p(u,) —]O(Qu; Q5 (u, v)).
This fact together with Corollary 2.13 then (¢, u) is solve (MHEP). Therefore, I' = m and
lirréH(cl(F(e)),n) = lir%e((F(e)),n) =0.
[Snd [Sd

Due to Theorem 2.20 and compactness of 7, then (MHEP) is w-p in the generalized sense.

Theorem 2.24. Consider that the same assumptions as in Theorem 2.23 hold. Then

(MHEP) is strongly y-w-p in the generalized sense iff
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A(e) # 0, forall € > 0 and Lim 0 (Ae)) = 0. (3.26)
(= d

Proof. Consider that (MHEP) be strongly y-w-p in the generalized sense. From Theorem
2.22 and due to 8 being ¥y — monotonicity, then 1t is nonempty compact set, 1 ¢ A(e) # 0,

Ve > 0. Thus, one can get
Qm) =0, (3.27)
H(A(e),m) = max{e(A(e), ), e(m, A(e))} = e(A(e),m) V>0, (3.28)
From (2.27) and (2.28), we have

Q(A(e)) < H(A(e),m) + Q(m)
= H(A(e),m)
= e(A(e), m).

By using condition (2.21), we have lim._,Q(I'(¢)) = 0. Conversely, suppose that the
problem (2.26) holds Ve > 0, T'(¢) is nonemty closed set and

limQ(A(e)) = 0.
€e—0
It follows that from generalized cantor theorem (see (Kuratowski 1966)), we obtain

limH ((A(€), A) = 0.

and @ # A is compact, in which
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(] @aen=a

The other evidence is similar to those found of Theorem 2.23, so we omit it here.
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4. OPTIMIZATION ISSUES WITH MIXED ISSUE CONSTRAINT

4.1 Introduction

Various approaches to discussing various w-p in the context of optimization issues have
been offered in the mathematical literature. Using a parametric form of generalized Mixed
Hemi-equilibrium issues, this chapter introduces the idea of w-p for optimization issues

with constraints.

4.2 W-p for Optimization issues with Mixed Hemiequilibrium issues Constraints

Let's dive into how optimization issues by a Mixed Hemiequilibrium issue constraint are
formulated. Denoted by the acronym OPMHEPC, the following constitutes a formulation

of the optimization issue including the Mixed Hemiequilibrium issue constraint:

minQ(t,u) such that (t,u) € T X K Au € n(t),

where u € 7(t), T is a nonempty closed subset of a parametric spaces, Q: T X K — R, and
m(t) is the solution set of the parametric Mixed Hemiequilibrium issue (MHEP(t))

definedby, u € m(t) if and only if:

I(t,u,v) + p(v) — p(u) +]°(Qu; Q5 (u, v)) >0,V(t,v) ET XK

Definition 3.1. A sequence {(t,,u,)} € T X K is said to be App.seq for (OPMHEPC) if
V(t,v) ET X K,n € N.

i.  There is a nonnegative sequence {e,} by €, » 0asn - oo,
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ﬁ(tnf Unp, 17) + ,0(17) - p(un) + ]0 (-Qun; Q6(”n' 17)) = _En”v - un”

. lim,Lesup Q(t,, u,) < inf Q(m,v).
MEeT,ver(m)

Definition 3.2. (OPMHEPC) is called to be strongly w-p (resp., strongly (or weakly) w-p in
the generalized sense) if (OPMHEPC) has only one solution and for each App.seq of
(OPMHEPC) converges strongly (or weakly) to only one solution. If m # ¢ and Every
approximation solution sequence has a subsequence that strongly (or weakly) converges to

.

An approximation solution set for (OPMHEPC) is defined as follows:

(t,u) e TXK; Q(t,u) < inf Q(m,v)+c and
l/J(E, C) — mEeT,ver(m)
It u,v) + p(v) — plw) + J° (Qu; Q5 (u, v)) > —e¢l|lv—ull

V(t,v) ET XK.

Theorem 3.3. Assume that K is a nonempty convex, closed subset of a B.S S. If
(OPMHEPC) is strongly w-p. Then

Y(e,c)#= @ Vc,e>0,diamy(e c) - 0. (4.1)

where (g,¢) — (0,0). Moreover, if the assumptions (H; — H,) and Hs(ii) hold. Then the

converse hold.

Proof. Consider that (OPMHEPC) is strongly w-p. Then (OPMHEPC) admits only one

solution (t,u) € T x K such that
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Qit,tw) < inf Q(m,v) and

meT,ver(m)

It u,v)+ p(v) — pw) + J° (Qu; QS(u,v)) > 0.

Obviously, ¥(e,c) # ¢ for any c,e >0, since (t,u) € Y(¢,¢c) for each c,e > 0. If
diam ¥(c,e) » 0 as ¢ — 0,e — 0 then, there is a constant p > 0 and a nonnegative
sequences {c,} and {e,} accompanied by c, -0 and €, - 0 where n—- 0 and

(tn, un), (tn, ) € Y(€, c) in which
I(t,, uy) — (t, vl >p Vn €N, (4.2)

Since (t,, uy), (t,, v,) € Y(e,c) VneN . Then, both {(t,,u,)} and {(t,, e,)} are
approximating sequence for (OPMHEPC). By the w-p of (OPMHEPC), they have to
converge strongly to the unique solution of (OPMHEPC) a contradiction to (3.2).

On the other hand, let's assume that (3.1) is correct. Consider that {(t,,u,)} be an
approximating sequence for (OPMHEPC). Then, there is a nonnegative sequence {€,}

accompanied by €, — 0 as n —» oo where

lim sup Q(t,,, u,) < inf Q(m,v) and
n—oo meT, ven(m)

ﬂ(tn'unfv) + p(U) - p(un) + ]0 (Qun; Qa(un: U)) = _En”v - un”- (43)

This yields that (t,, u,) € Y(€,, cy). It follows from (3.1), that {(t,, u,)} is a Cauchy
sequence and so it converge strongly to a point (t,u) € T x K. It follows from (3.3) and

assumptions H, (ii — v), H5(iii) and H,(ii) that
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0 = lirr}qinfenllv — Uyl
> limninf{—ﬁ(tn,un,v) —p) + p(uy) — J°(Quy; Q5 (uy, v))}
> liminf{9 (tn, v, up) — P(Un, v) = YV, up) — p(v) + p(uy) = JO(Quy; Q8 (up, v))
2 1972'5» v,u) =P, v) =P, u) — p(v) + p(w) — J°(Quw; Q5 (w, v))

Furthermore, it is clear from (3.3) and the underlying assumption Hs(ii) that

inf Q(m,v) =lim sup Q(t, uy,)
meT,ven(m) n-oo

> lim infQ(t,, uy)
n—->oo

> Q(t,u).

So, by using Corollary 2.13, then (t, u) solves (OPMHEPC), the uniqueness is a direct

result of the fact that (3.1). As a result, the argument is now complete.

Theorem 3.4. Let T and K be two non-empty, closed subsets of real B.S. E and S, resp.,
and let us assume that they are convex. If (OPMHEPC) is strongly w-p in the generalized

sense, then:

Y(e,c) =0 Vc,e >0, (C'El)L_r)r(lOIO)u[w(e, c)] =0. (4.4)

Moreover, if the assumptions H; — H, and H< (i) hold. Then the converse holds.

By the same method and technique with which we proved the Theorem (2.21), it is possible

to prove the validity of the Theorem (3.4).

We will prove that under appropriate conditions, in the next finding, the w-p of
(OPMHEPC) is equivalent to the existence and uniqueness of solution. This is something

that we need to do in order to study the uniqueness of solutions to (OPMHEPC).
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Theorem 3.5. Consider that T and K be a nonempty, closed and convex subsets of finte
dimensional B.Ss E and S resp., Suppose that H; — H, are hold. Then (OPMHEPC) is a

strongly w-p if and only if it has only one solution.

Proof. The necessity is very evident. Assume for the purpose of the sufficiency that the
issue (OPMHEPC) has a single solution (t*,u*). That being the case,

meT,ver(m) (4_5)
I uw,v) + p(w) — pw) + J° (Qu'; Q8(u,v)) = 0. VvV (t5u") ETXK

{Q(t*,u*) = inf Q(mv)
Let {(t,, u,)} © T X K be approximating sequence for (OPMHEPC). Then, there is €, > 0

accompanied by €,, = 0 as n — oo such that:

meT,e€n(m) 4.6)

limy, o sup Q(tn, up) = inf Q(m,e)
{ﬁ(tw Un, U) + ,D(U) - p(un) + ]0 (‘Qun; 'Qd(unr U)) = _En”v - un”

Our claim that {(t,, u,)} is bounded. One can assume that, if not without losing generality,

1

”(tm uTL)” - +OO . Let r‘l’l = II(tn,un)—(t*.u*)II

, and

(Sn: Zn) = Tn(tn; un) + (1 - Tn)(t*r u*)
= [r,t, + (1 = n)t*, nu, + (1 —r)u*].

Without loss of generality, we assume that 7, € (0,1) and (s,, z,) — (s, z) accompanied
by (s,2) # (t*,u*) since E x S is finite-dimensional, when the closedness and convexity of

T and K are taken into consideration, one has (s,, z,) € T X K.

Consequently, assuming Hg (i) and (3.5), (3.6) for any (s,z) € T X K, we have
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Q(t*,u*) = lim sup r,Q(t,, uy) + lim sup(1 — ) Q(t*, u")
n—oo n—oo
> lim sup[ Qb un)+(1 = 1)Q(E, u) ]
> lim sup Q(s,, z,)
n—-oo

> lim inf Q(sp, z,)
n—->oo

= Q(s, 2). (4.7)
Moreover, following from conditions H, (i, iv and v) , H,(ii) (3.5) and (3.6), we have

0 = lim inf rye,llv — uy|
n—oo
> lim inf —1,[9(tn, un, v) + p(V) — p(un) + J° (Qup; Q8 (uy, v))]
n—oo

— A =-m)[E,uw,v)+ p() —p) + J° (Qu'; Q85U v))]

= lim inf[-1,9(ty, un, v) — (1 —15)9(", u", v)] — 1, p(v) + 10 (Up)

n—-oo

_(1 - Tn)p(v) + (1 - rn)p(U*) —Th ]0 (‘Qun; Q(S(un: U)) - (1 - rn)

JO (Qu*; Q5 (w”,v))
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> lim inf [-9(tn, 20, v) — p(v) + p(2,) — J° (Qzp; Q5(2,,v))]

2 Um inf [9(tn, v,2n) = YP(2n, V) = Y(v,2,) — p(V) + p(2,)]
—J° (Qzp; Q6(z,v))
> 9(t,v,2) — Y(z,v) —p@,2) — p(v) + p(2) — J° (Qz; Q5(z,v)).
Then,
9(t,v,2) —P(z,v) <Pp,2) +pW) —p(2) + J° (Qz; 08(z,v)) (4.8)
Now by Corollary (2.13), one can have
It u,v) + p() — p(w) + J° (Qu; Q5(u,v)) = 0. (4.9)
Hence, from (3.8), (3.9), that (s, z) solves (OPMHEPC) which is a contradiction, so
{(tn,un)} is bounded. Let {(t,,un,)} be any subsequence of {(t,,u,)} in which

(tn, un,) — (to, up) asi — oo. It follows that

0 = lim infeni”v - uni”
1—>00
> lim inf [—9(tn, un,v) — p(W) + p(un,) — J° (Quni; Q8 (up,, v))]

>0

> llirginf [ﬁ(tni, v, uni) - w(uni,v) —¥(v, uni) - p(v) + p(uni) (4.10)
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—J° (Quty; 08(uy,, ) )]
= 9(to, v, up) — P(uo, v) =P, up) — p(v) + p(uo)
—J° (Qug; Q8 (ug, v)).
Again by Corollary (2.15) we have V(t,v) € T X K
I(to, o, v) + p(v) — pug) + J° (Qug; Q8(up,v)) = 0. (4.11)
It follows from (3.6) and H (ii) that

e 0100 ) 2 f 51 0 )

> lim inf Q(ty, un,)
1—>00

> Q(to, up). (4.12)

From (3.11) and (3.12), (t,,uy) solves (OPMHEPC). Given the solution's uniqueness,
(to,up) = (t*,u*) and hence (t,,u,) converges to (t*,u*).Therefore, (OPMHEPC) is

strong w-p.

Theorem 3.6. Consider that T and K are a nonempty, closed and convex subsets of finite

dimensional Banach space E and K, respectively. If 3 some ¢ > 0 in which y¥(c,c) is a

nonempty and bounded and assuming H; — H¢ hold. Then (OPMHEPC) is strongly w-p in

the generalized sense.
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Proof. Consider that {(t,, u,)} S T X K be an approximating sequence of (OPMHEPC).

Therefore, there is a nonnegative sequence {e,} by €, = 0 where n — o in which

lim sup Q(tpuw,) < inf  Q(m,e)
n—-oo meT,een(m) (413)

19(tn: un,v) + p(U) - p(un) + ]0 (Qun; 96(unﬂv)) = _en”U - un”-

Since Y(c, c) is a nonempty and bounded. So, there is n, such that (¢t,, u,) € ¥(c,c) for
each n > n,. Consider that the boundedness of 1(c, ¢), there is a subsequence {(t,, un,)}
of {(tp,un)} in which (tn,u,,) - (to,ug) as i > co. As a consequence of this, as
demonstrated in Theorem 3.5,(t,, u,) solves (OPMHEPC). Then (OPMHEPC) is strongly
W-p in the generalized sense.
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5. CONCLUSION AND FUTURE WORKS

5.1 Concluding Remarks

In this thesis, inspired by the previous works, we investigate the w-p for MHEP. Under
relatively weak conditions for the data 9,2 and § involving class of y-monotonicity
(see Theorems 2.14 and 2.21), some metric characterizations of w-p of (OPMHEPC)
are given. Our results generalize and improve many known results and can be applied to

many other issues.

5.2 Future Works

There is no inclusive study whatever. Each study left out something and need further
elaboration. Throughout our study in this thesis, we come up with the fact that there is
much to say about well posedness in B.S and, particularly, monotonicity of bifunction.
Throughout our study above, we have noticed that two we would like to further study in

the future and these are as follows:

Establish the existence of results w-p of a system of (MHEP) and ¢ — monotonicity.
It is possible to study applications of the equation in differential equations or in the

fixed point theory.
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