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ABSTRACT

MSc THESIS

‘ RIDGE REGRESSION ESTIMATOR AND RELATED ESTIMATORS ‘

Selma TOKER

CUKUROVA UNIVERSITY
INSTITUTE OF NATURAL AND APPLIED SCIENCES
DEPARTMENT OF STATISTICS

Supervisor : Prof. Dr. Selahattin KACIRANLAR
Year: 2011, Pages: 117
Jury : Prof. Dr. Selahattin KACIRANLAR
: Prof. Dr. Sadullah SAKALLIOGLU
: Asst. Prof. Dr. Giilsen KIRAL

To cope with the multicollinearity problem several biased estimators are
proposed as an alternative to the ordinary least squares (OLS) estimator. One of the
biased estimators is ridge estimator (RE) of Hoerl and Kennard (1970). In this study,
RE and many kinds of estimator related with RE are examined. RE in different
regression models are also examined. Besides this, two parameter ridge estimator
proposed by Lipovetsky and Conklin (2005) is compared with OLS estimator, RE,
Stein type estimator under the mean square error matrix criterion. A real data set is
analyzed to evaluate the performance of mentioned estimators.

Keywords: Multicollinearity, Ordinary Least Squares Estimator, Ridge Estimator,
Two Parameter Ridge Estimator.
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YUKSEK LiSANS TEZi

RIDGE REGRESYON TAHMIN EDICi VE ILiSKiLi TAHMIN EDiCiLER

Selma TOKER

CUKUROVA UNIiVERSITESI
FEN BILIMLERI ENSTITUSU
ISTATISTIK ANABILiM DALI

Danigman : Prof.Dr. Selahattin KACIRANLAR
Yil: 2011, Sayfa: 117
Jiiri : Prof. Dr. Selahattin KACIRANLAR
: Prof. Dr. Sadullah SAKALLIOGLU
: Yrd. Dog. Dr. Giilsen KIRAL

Coklu ic 1iliski problemini gidermek i¢in en kiiciik kareler (EKK) tahmin
ediciye alternatif olarak bir¢cok yanli tahmin edici 6nerilmistir. Bunlardan birtanesi
Hoerl and Kennard (1970)’in ridge tahmin edicisidir. Bu ¢aligmada ridge tahmin
edici ve ridge tahmin edici ile iligkili bircok tahmin edici incelenmistir. Ayrica farkl
regresyon modellerindeki ridge tahmin ediciler de incelenmistir. Bunun yaninda
Lipovetsky ve Conklin (2005) tarafindan tanimlanan iki parametreli ridge tahmin
edici; EKK tahmin edici, ridge tahmin edici ve Stein tipi tahmin edici ile hata kareler
ortalamas1 matrisi kriteri altinda karsilagtirilmistir. Belirtilen tahmin edicilerin
performanslarimi degerlendirnmek i¢in gergek bir veri seti analiz edilmistir.

Anahtar Kelimeler: Coklu I¢ Iliski, En Kiigiik Kareler Tahmin Edici, Ridge Tahmin
Edici, Iki Parametreli Ridge Tahmin Edici.
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1. INTRODUCTION Selma TOKER

1. INTRODUCTION
1.1. Basic Definitions
Definition 1.1. A multiple linear regression model is
y=XB+e (1.1)

where y is a n X 1 vector of observable random variables; X is a n X p matrix of
non-stochastic regressors;  is a p X 1 vector of unknown regression coefficients; &
is a n X 1 vector of disturbances. The following conventional assumptions are often
used: the rank of X is p (full rank); the vector of errors is normally distributed with
e~N(0,02]).

Definition 1.2. A = diag(/ll, ...,lp), is a diagonal matrix whose diagonal elements
are eigenvalues of X'X. T is a p X p matrix whose elements are eigenvectors of X'X

and T'X'XT = A, TT'=T'T =1,

Y=Za+e¢e, e~N(0,02%I) (1.2)

is called canonical model where Z = XT,a =T'fand Z'Z = T'X'XT = A.
Definition 1.3. Let A be a symmetric matrix and Q = x'Ax is a quadratic form. If
Q > 0 for all x # 0, A is positive definite (pd). If Q = 0 for at least one x # 0, A is
positive semi definite (psd). A is nonnegative definite (nnd) if and only if A is pd or
psd.

Definition 1.4. y is a random vector. Let C and d be respectively a matrix and a

vector of the relevant size, the vector
B=Cy+d (1.3.)

may be called a linear estimator of 8. f is called homogeneous estimator if d = 0;

otherwise f3 is called a heterogeneous estimator.
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Definition 1.5. (MSE) Mean square error of an estimator f3 is

MsE(B) =E(B - B) (8- B) (14
= Tr[var(B)] + [Bias(B)] [Bias(B)].

Definition 1.6. (WMSE) Weighted mean square error of an estimator f3 is
WMSE(B) =E(B—B) W (B~ B) (15.)

where W is psd weight matrix.

Definition 1.7. (PMSE) Predictive mean square error of an estimator § is

PMSE(B) = E(y — XB) (v — Xp)
=E(B-B)Xx'x(8 - B). (1.6.)

Definition 1.8. (MMSE) Mean square error matrix of an estimator § is

MMSE(B) = E(f - B)(B - B) (1.7)
= Var(ﬁ) + [Bias(ﬁ)][Bias(B)] .
Definition 1.9. (MMSE Criterion) Let $; and f, be two estimators of . Then S, is
called MMSE superior to f3; if the difference of their MMSE matrices is ndd, that is,
if

A(By, ;) = MMSE(B,) — MMSE(B,) = 0.

Definition 1.10. The quadratic loss function for 3 is

L(B,A) = (B - B) A(B - B) (18)
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where A is a symmetric, (p X p) matrix and pd.
The loss depends on the sample, thus the average or expected loss over all
possible samples, called risk, is considered.

Definition 1.11. The quadratic risk of an estimator 8 of f is defined as

R(B.4) = E[L(B.4)]
= E(B - B)'A(B - B). (19)

To find an estimator § that minimizes the quadratic risk function over a class

of appropriate functions, a criterion to compare estimators is defined.
Definition 1. 12. ( R(A) superiority ) An estimator 3, of § is called R(A) superiority

over another estimator f; of § if

R(B1,A) —R(B,,A) = 0.

Definition 1.13. The quadratic risk function is just a scalar-valued version of the

MMSE
R(B,A) = Tr{A[MMSE(B)]}. (1.10.)

One important connection between R(A) superiority and MMSE superiority
has been given by Trenkler (1974).
Theorem 1.1: (Trenkler 1974) Consider two estimators f; and S, of B. The

following two statements are then equivalent

A(.Blf.BZ) = 0
R(B1,A) — R(B,,A) = Tr{A[A(By, B)]} = 0 forall A > 0

where A(B, — f,) = MMSE(B,) — MMSE(f,).
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Definition 1.14. An estimator fB; is said to dominate an estimator f, under the

quadratic loss L(ﬁ,A) if

R(B,, A) — R(B;, A) = 0 for all B
R(B,, A) — R(B;,A) > 0 for some B.

The concept of dominating defines a relation between two given estimators.
To find out which estimator is best in some sense leads to the concept of
admissibility.
Definition 1.15. An estimator is said to be admissible with respect to the risk

R(ﬁ, A) if no estimator exists which dominates it.

1.2. Historical Survey

Hoerl (1959) explains ridge analysis in terms of finding the maximum values of a
quadratic function on n dimensional sphere. Hoerl (1962) explains what ridge
estimator (RE) is and how it can be used to solve problems involving ill conditioned
data. In the paper of Draper and Smith (1969) ridge trace is included as a procedure
for choosing a best subset of predictor variables from a larger set. Hoerl and Kennard
(1970a) is the seminal paper on ridge regression most often cited in the literature. An
estimation procedure based on adding small, positive quantities to the diagonal of
X'X is proposed. The ridge trace, a method for showing in two dimensions the
effects of nonorthogonality is introduced. They also show the mean square error
(MSE) optimality over ordinary least squares (OLS) estimators. Hoerl and Kennard
(1970b) is the exposition of the use of ridge regression methods. Two examples from
the literature are used as a base. Recommendations are made for obtaining a better
regression equation than that given by OLS estimators. Marquardt (1970) gives some
properties of the OLS for the nonfull rank model where the generalized inverse is
employed. He also shows theoretical properties shared by generalized inverse

estimators, RE and the corresponding nonlinear estimation procedures. Banerjee and
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Carr (1971) comment on the Hoerl and Kennard (1970a). An alternative
characterization of the form of biased estimator has been presented in this note.
Bibby (1972) proposes estimators for the parameters of a general linear model which
minimizes the expected value of quadratic loss function. The admissibility of ridge
regression estimators is proved. In Hocking (1972) ridge regression is one of the
criteria for selecting a subset of predictor variables and it is noted that ridge trace is
used to identify variables which do not hold their predicting power. Lindley and
Smith (1972) develop an estimator very similar to the simple RE by Bayesian
methods. Coniffe and Stone (1973) examine the ridge regression procedure and
contains some critical comments on the usefulness of the method. Dempster (1973)
explains how various ridge and contraction estimators are special cases of Bayesian
estimators. In the paper of Mayer and Wilkie (1973), the ridge estimators are viewed
as a subclass of the class of linear transform of the OLS estimator. An alternative
class of estimator, contraction estimator, is considered which satisfy the optimality
condition proposed by Hoerl and Kennard (1970a). Furthermore, ridge estimators
and contraction estimator are derived as minimum norm estimators in the class of
linear transform of the OLS estimator. It is shown in Bacon and Hausman (1974) that
ridge regression and Chipman’s method of estimation have something to offer the
econometrician when the data are highly collinear. A class of shrinkage estimators is
defined by Goldstein and Smith (1974). Comparision is made with the James Stein
estimator and with the generalized inverse estimator proposed by Marquardt (1970).
A bayesian formulation of ridge estimators is presented. Conditions for the MSE of
ridge type estimators to be smaller than that of the OLS estimators are given in
Lowerre (1974). Both the full and the non-full rank case are considered. Results on
ridge regression in weighing designs are presented in Sihota and Banerjee (1974).
Swindel (1974) gives an elementary geometrical portrayal of the instabilities of OLS
regression coefficients including the possibilities of incorrect signs. In the paper of
Theobald (1974), using a generalization of MSE a sufficient condition for the RE to
have a smaller MSE than the OLS estimator is given. The article of Churchill (1975)
reviews briefly the ridge estimation procedure and discuss some of the theoretical

reasons as to why ridge regression analysis might be expected to provide improved
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estimates of the B’s. Ellingsen (1975) applies ridge regression to sequential
estimation to improve estimation when the X'X matrix is ill conditioned. The
similarity between the minimum mean square error estimator and ridge regression is
studied by Farebrother (1975). Guilkey and Murphey (1975) suggest a directed RE
that alters only diagonal elements corresponding to relatively small eigenvalues. The
method has the advantage of giving estimates that may be less biased than those of
other ridge regression methods that alter all diagonal elements. Hoerl, Kennard and
Baldwin (1975) give an algorithm for selecting the biasing parameter, k, in ridge
regression. By means of simulation it is shown that the algorithm has a number of
desirable properties. Hsiang (1975) stresses a Bayesian view of ridge regression.
Smith and Goldstein (1975) do not accept the conclusions propounded by Coniffe
and Stone (1973) that ridge estimators are unlikely to be of practical use to the
researcher. A limited bibliography of papers on the theory and application of ridge
regression was presented by Alldredge and Gilb (1976). A general Bayesian
formulation of regression problem is considered and the resulting estimators are
related to the LS and ridge estimators of the regression coefficients. Gunst and
Mason (1976) compare the principal components estimator (PCR), OLS estimator
and RE by using generalized mean square error criterion. Subset selection problem
and variable analysis in linear regression is examined in Hocking (1976). Hoerl and
Kennard (1976) give an iterative method for selecting the biasing parameter. In the
simulation study of Lawless and Wang (1976), two ordinary ridge estimators (Hoerl,
Kennard and Baldwin (1975) and the other introduced here) have better performance
than OLS and other estimators considered. Admissible linear estimators are
presented in Rao (1976) and it is indicated that admissible linear estimators are
Bayes linear estimators (BLE) or limits of BLE’s. Biased estimators like ridge and
shrunken estimators are marked as a special cases of BLE’s. It is shown that ridge
regression is a special case of the class of mixed estimators in the paper of Smith
(1976). Swindel (1976) proposes a modified ridge estimator (MRE) depend upon a
prior information. Vinod (1976) makes a simulation study which supports Stein’s
estimators and his fixed point solution over OLS and Farebrother’s estimator.

Comparisions to the simulation of Hoerl, Kennard and Baldwin (1975) are made. In
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the simulation study of Dempster, Schatzoff and Wermuth (1977), estimated
regression coefficients and error in these estimates are computed for 160 artificial
data sets drawn from 160 normal linear models with respect to factorial designs.
Ridge regression established upon stochastic prior information is examined by
Fomby and Johnson (1977). Gunst and Mason (1977) use a MSE or criterion to
compare five estimators of the coefficients in a linear regression model which are
OLS, principal components, ridge regression, latent root and shrunken estimator. In
the paper of Kasarda and Shin (1977), a technique of selecting the optimal k value
for minimizing the mean square error of estimation is given. Classical F-tests and
confidence regions for non-stochastically shrunken ridge regression estimators are
discussed in Obenchain (1977). Equality is shown of the g-inverse and Moore-
Penrose inverse representation of the BLUE in general linear model in the paper of
Pukelsheim (1977). Snee (1977) use ridge regression as one of the estimation
methods to designate the validity of regression models. Alam and Hawkes (1978)
show that a class of ridge estimators is dominant over OLS estimator if the matrix
X'X is properly conditioned. Baldwin and Hoerl (1978) prove that minimum MSE is
bounded. Browne and Rock (1978) provide Newton algorithms for ordinary ridge
regression to estimate single additive constant while they are giving the additive
constants in closed form for the generalized ridge regression. Farebrother (1978a)
describes a class of shrinkage estimators members having a MMSE which is less
than that of the OLS estimator. Lamotte (1978) improve Bayes linear estimators by
finding the estimators having least average total MSE, averaged over parameter
points. The paper of Lawless (1978) examines mean square error properties for a
number of biased regression estimators and certain types of ridge estimators seem to
have good MSE properties. Strawderman (1978) considers the problem of estimating
the vector of regression coefficients of a linear model using generalized ridge
regression estimators where the ridge constant is chosen on the basis of the data.
Swamy, Mehta, Rappoport (1978) formulate an adjusted version of Hoerl-Kennard
ridge regression technique in estimating coefficients in economic relationships.
Trenkler (1978) defines a biased estimator called iterative estimator. Ridge and

James Stein estimators are expressed from the Bayesian point of view in a review
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article of Vinod (1978). Wichern and Churchill (1978) consider the performance of
mechanical rules, the ridge trace and the OLS procedure for selecting k by using
simulation. Coutsourides and Troskie (1979) indicate that ridge regression, principal
components and shrunken estimators provide the same central t and F statistics as the
OLS estimator. Draper and Nostrand (1979) review the literature of ridge regression
and James Stein estimation and make critical comments. Hoerl and Kennard (1979)
present a summary of the advances in the theory. Kadiyala (1979) studies the MSE
and conditional mean forecasting of operational ridge regression estimators. Mitra
and Ling (1979) compare the performance of some ridge estimators, biased
estimators and OLS estimator by Monte Carlo experiment. Moulaert (1979) suggests
an estimator, conservative estimator which is an alternative to the ordinary RE.
Askin and Montgomery (1980) propose a method for combining biased and robust
regression techniques. Brown and Zidek (1980) describe a multivariate version of
Hoerl-Kennard ridge regression rule. In the paper of Casella (1980), conditions that
are necessary and sufficient for minimaxity of a large class of ridge regression
estimators are derived. A critique of some ridge regression methods is made by
Smith and Campbell (1980). Thisted, Marquardt, Van Nostrand, Lindley, Obenchain,
Peele and Ryan, Vinod and Gunst make comments about this critique. Trenkler
(1980) compares the iteration estimator with least squares, principal components,
simple shrinkage and ridge. The book of Vinod and Ullah (1981) contains
introductory material on ridge regression from both the Bayesian and frequentist
point of view. They mention how to choose k and how to select the correct ridge
solution. Vinod, Ullah and Kadiyala (1981) show ridge estimators of Hoerl and
Kennard (1970) as special cases of double f class estimators. Wang (1982) represents
ridge regression estimators as special cases of Bayesian estimators. Peele and Ryan
(1982) express how ridge estimators are special cases of minimax estimators and
show that minimax estimator have smaller MSE than OLS. Price (1982) beholds
possibility of comparing the ridge estimators with the OLS but impossibility of
comparing parametric functions of ridge estimators with each other. Toutenberg
(1982) displays the relationship between ridge, minimax and mixed estimators. He

thinks a different prior information from the Bayesians. Ullah, Srivastava and
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Chandra (1983) defines a general class of shrinkage estimators of which a Stein and
a ridge type estimator is a special case. Farebrother (1984) enlarges the result of
Farebrother (1976, 1978) for the purpose of comparing MSE of a generalized RE
with a restricted least squares estimator. Kadiyala (1984) studies the jack-knifing
method and the properties of jack-knifed RE. Baye and Parker (1984) propose a
general r-k class estimator that includes the OLS estimator, the ridge regression
estimator and principal component estimator as a special case. Precht and Rao (1985)
evaluate the performance of MSE of different kinds of James Stein and ridge type
estimators in comparison with the OLS. Necessary and sufficient conditions for the
MRE in order to have smaller risk than the ordinary RE of Hoerl and Kennard (1970)
is given by Pliskin (1987). Liski (1988) develops a criteria for linear admissible
estimators including ridge estimators. He also develops a test procedure for choosing
a linear estimator instead of an OLS. Chawla (1988) obtains necessary and sufficient
condition for the matrix MSE of a generalized ridge regression estimator to be
smaller than OLS. Nyquist (1988), Nomura (1988) also study the properties of jack-
knifed RE. Peddada et al. (1989) consider three criteria which are Pitmann nearness,
the MSE averaging over a quadratic loss function and the MSE averaging over a
Mahalanobis loss function to compare OLS and ridge estimators. Noor and Mehta
(1989) study four different type shrinkage estimators which are Hoerl and Kennard
(1970), Hemmerle (1975), Obenchain (1975) and the authors. Firinguetti (1989) does
some simulation studies on different kinds of ridge regression estimators and
concludes that ridge estimators performance improves as the degree of
multicollinearity increases. Hoerl and Kennard (1990) assert that obtaining the sum
of squares decomposition and finding degrees of freedom for ridge regression as it is
done in OLS is wrong. Miller (1990) mentions ridge and James Stein estimators from
the standpoint of choosing an appropriate subset of the independent variables in
fitting a linear regression model. Srivastava and Giles (1991) obtain an exact
unbiased estimator for the MSE of an operational RE. Silvapulle (1991) illustrates
that the ordinary RE is sensitive to the outliers in the y variable so he proposes a
class of ridge-type M estimators. Chalton and Troskie (1992) carry out a simulation

study with ridge regression and fractional rank estimators. Hadzivukovic (1992)
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compares the performance of methods of choosing k based on ridge trace and
variance inflation factors with methods dependent upon functions of sample
estimates. Le Cessie and Van Houwenling (1992) use ridge estimators to estimate the
parameters of a logistic regression model. Sarkar (1992) considers that his new
proposed estimator combines the restricted least squares (RLS) method and the ridge
regression method. Kejian (1993) considers a modification of the RE where a
constant multiple d between zero and one of the LS is added to X'y. Sundberg (1993)
shows the close relationship between first-factor continuum regression and standard
ridge regression. Singh et al. (1994) propose a class of shrinkage estimators that
includes the James Stein and ridge regression estimators as a special cases. Crouse,
Jin and Hanumara (1995) develop an unbiased ridge estimator (URE) using a random
vector of empirical prior information. Fule (1995) applies ridge regression to a
problem of ecological inference. Sarkar (1996) compares the performance of the
OLS, RE and PCR estimator with respect to their MMSE. He obtains necessary and
sufficient conditions for the r-k class estimator to have a smaller MMSE than the
OLS, RE and the PCR estimator. Kibria (1996) estimates the coefficients of a general
linear regression model when the error term follows a Student t distribution. Three
estimators are considered the unrestricted RE, the restricted ridge regression
estimator and the preliminary test ridge regression estimator. Schipp and Toutenburg
(1996) derive approximate minimax estimator based on partial constraints on the
structural parameters in a single equation of a simultaneous equation model. The
form of these estimators is similar to ridge type estimators. Markiewicz (1996)
characterizes the general ridge estimators as linear sufficient and admissible among
the set of all linear estimators for a non-singular linear model. Gross (2003)
introduces a RE, restricted RE, for the vector of parameters in a linear regression
model under linear restrictions. Lipovetsky and Conklin (2005) obtain a
generalization of the ridge regression to two parameter model by minimizing model
errors, devitions from orthogonality between regressors and errors and deviations
from other desired properties of the solution. Lipovetsky (2006) considers another
generalization of the one parameter ridge regression to two parameter model and its

asymptotic behaviors. Clark and Troskie (2006) assess the suitability of two new

10
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ridge estimators by means of a simulation study in their article. They compare these
estimators with well known ridge estimators. Ozkale and Kaciranlar (2007) propose
a new two parameter estimator and under restrictions on the parameter values they
also define a new restricted two parameter estimator. In the paper of Druilhet and
Mom (2008) the geometrical structure of the shrinkage factors of biased estimators
are examined. They also compare shrinkage factors of ridge regression, principal
component regression and partial least squares (PLS) regression in the orthogonal
directions obtained by the signal to noise ratio algorithm. Sakallioglu and Kaciranlar
(2008) introduce a new biased estimator for the vector of parameters in a linear
regression model and discuss its properties. They show that their new biased

estimator is superior to the OLS estimator, RE and the Liu estimator.
1.3. Multicollinearity

In the multiple linear regression model (1.1.) the matrix X is said to have
orthogonal regressors when it is such that X'X =1 and nonorthogonality of
regressors implies that X'X # I. Multicollinearity (or collinearity) mean linear
dependence among the columns of X. A distinction is often made between exact
multicollinearity and near multicollinearity defined as follows:

Exact multicollinearity exists when the rank of X is less than p, namely the

columns of X denoted by xy, x5, ..., x, are linearly dependent. In other words, there

exist nonzero constants a;, j = 1....p such that
P axi=0 (1.11.)
Jj=1"1 7] o
Near multicollinearity exists when there are nonzero constants a; such that
-1a;x; =0

where =~ denotes approximate equality.

11
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When the matrix product X'X is singular, its inverse does not exist. Exact
multicollinearity implies that X'X is singular, i.e. the smallest eigenvalue 1, = 0.
Near multicollinearity means that X'X is nearly singular and the smallest eigenvalue
is close to =zero. When eigenvalues are different from unity, we have
nonorthogonality. In particular, the smallest eigenvalue A, # 1 does not imply that
Ap =0 or A, ~0. Thus nonorthogonality does not imply singularity or
multicollinearity. However, multicollinearity (4, = 0) does imply nonorthogonality
(4, # 1).

The numbers of observations are sometimes limited, variables do not vary
over a very wide range and thus the samples often do not provide enough
information. This lack of sufficient information and the corresponding loss of
precision of statistical results based on such data leads to what is commonly called
the multicollinearity problem. In this section either the methods proposed for
detecting the presence of multicollinearity and mitigating the effects of collinearity

or the statistical consequences of multicollinearity are discussed.
1.3.1. The Statistical Consequences of Collinearity

The consequences of collinear relationships among explanatory variables in a
statistical model may be summarized as follows:
1. When there are one or more exact linear relationships among the explanatory
variables the condition of exact multicollinearity exists, then the X'X matrix is
singular and the OLS estimator S = (X'X)"'X’y is not defined. Thus we can not
obtain estimates of [ using the least squares estimation rule. When the variables
exhibit near linear dependencies or collinearity, the following consequences result:
2. When near linear dependencies among explanatory variables exist, some elements
of (X'X )™ may be large. The variance-covariance matrix of the OLS estimator is
Var(ﬁ) =02 (X'X)™! so this means that the sampling variances, standard errors
and covariances of the OLS estimator may be large. Large standard errors for the

OLS estimators imply that sampling variability is high, interval estimates are wide

12
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and the information provided by the sample data about the unknown parameters is

relatively imprecise. To explain high variance of f clearly, let us define the MSE

which is the trace of variance-covariance matrix of the OLS estimator:
MSE(B) = a?Tr(X'X )1
In terms of the eigenvalues of X'X we have
MSE(B) = 02 X0_ 47" > 022, . (1.12))

For near multicollinearity Ap — 0 and (1.12.) implies that MSE — oo which

means that £ is subject to very large variance. Often this is revealed by the low
values of the usual t ratios whose denominator has the variance inflation factors.
High variance of regression coefficients would generally mean that the null
hypothesis Hy: §; = 0 will be more likely to be accepted.
3. When estimator standard errors are large, it is likely that the usual t-tests will lead
to the conclusion that parameter values are not significantly different from zero. This
outcome occurs despite possibly high R? or F-values indicating significant
explanatory power of the model for this combination of variables. The problem is
that collinear variables do not provide enough information to estimate their separate
effects.

Multicollinearity can result the estimated regression coefficients appearing to
have the wrong sign (Farrar and Glauber (1967), Mullet (1976)) i.e. opposite to be a
prior expectations of the researcher. Wrong sign may be due to incorrect
specification, outliers, serial correlation, etc. Extreme caution is needed in relying
heavily on the appearance of wrong signs because wrong sign may not even be
wrong.

Visco (1978) and Leamer (1975) have shown by algebraic methods that
omitting a variable with relatively low t value cannot correct the wrong sign of a

regressor having a higher t value. However, replacing a less significant regressor by

13
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another can indeed remove the wrong sign problem in certain cases. Also omission
of two collinear regressors at the same time can change the signs of significant
regressors and even make them insignificant.

When important practical decisions are based on the results of regression
analysis, the researcher needs a stable or robust result. The concept of stability of
regression coefficient values can be rigorously defined by using some classical
concepts in perturbation theory. The conventional tests of significance do not provide
adequate information about this kind of stability. In fact, Vinod (1981) shows that
Student’s t values are themselves quite unstable.

4. Estimators may be very sensitive to the addition or deletion of a few observations,

or deletion of an apparently insignificant variable.
1.3.2. Identifying Multicollinearity

In this section, methods that have been proposed for detecting the presence

and nature of multicollinearity are discussed.

Examination of Correlation Matrix: Sample correlation coefficients between pairs
of explanatory variables can indicate linear associations between them. If the
regressors x; and x; are nearly dependent, then |rij| , off-diagonal elements in
X'X, will be near unity. However this way does not give any insights into collinear
relationships involving three or more variables.

Variance Inflation Factors: Diagonals of (X'X)™! are called variance inflation
factors (VIF) by Marquardt (1970). For the standardized data, X'X is the correlation
matrix and the (i,j)th element of the inverse (X'X)~! may be denoted by a
superscript notation as r% . Farrar and Glauber (1967) were the first to suggest
looking at the values of 7// to diagnose multicollinearity. Marquardt (1970) suggests
a rule of thumb that VIF; = r// > 5 indicates harmful multicollinearity. Theil (1971)
shows that

7 R
(1=R;?)|lxjll

14



1. INTRODUCTION Selma TOKER

where ||xj||2 = x;'x; and where Rjz represents the squared multiple correlation
coefficient when x; (j-th column of X) is regressed on the remaining p —1
regressors. When multicollinearity is present, there is a linear relation among the
regressors. Since multiple correlation measures the explanatory strength of such a
linear relationship, R;* will be large (close to 1), the denominator of 7/ will be

close to zero, and hence 7// will be large.

Eigensystem Analysis of X'X: An analysis of the characteristics roots and vectors of
X'X can reveal the presence and perhaps the nature of multicollinearity. The

condition number of X'X is

Amax
K="=
Amin

There is no serious problem with multicollinearity if the condition number is
less than 100. However condition number between 100 and 1000 imply moderate to

strong multicollinearity and if k exceeds 1000, severe multicollinearity is indicated.

Amax

The condition indices of the X'X matrix are ;- A

j , ] = 1,2, ...p. Eigensystem
analysis can also be used to identify the nature of the near-linear dependencies in
data. The X'X matrix may be decomposed as X'X = TAT' where Ais a pXp
diagonal matrix whose main diagonal elements are the eigenvalues
A (G=12,..,p) of X'X and T is a p X p orthogonal matrix whose columns are
the eigenvectors of X'X. If the eigenvalue 4; is close to zero, indicating a near linear
dependence in the data, the elements of the associated eigenvector a; describe the
nature of this linear dependence. Specifically the elements of the vector a; are the
coefficients aq, a,...,a, i (1.11.).

Belsley, Kuh and Welsch (1980) propose a similar approach for diagnosing
multicollinearity. The n X p X matrix may be decomposed as X = UDT' where U
is nXxp, Tis pxp,UU=I1,TT=1and Disa pXp diagonal matrix with

nonnegative diagonal elements u; , j=1,2,..,p. These are called the singular
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values of X and X = UDT' is called the singular value decomposition of X. The
singular value decomposition is closely related to the concepts of eigenvalues and
eigenvectors, since X'X = (UDT')'UDT’ = TD?T’' = TAT'. So that the squares of
the singular values of X are the eigenvalues of X'X defined earlier and U is a matrix
whose columns are the eigenvectors associated with p nonzero eigenvalues of X'X.

Belsley, Kuh and Welsch (1980) define the condition indicies of the X matrix as

Hmax -
=—,j=12,...,p.
H} r] 14 rp

The variance-covariance matrix of £ is Var(f) = c2(X'X )~! = a?TA'T'

n;

and the variance of the j-th regression coefficient is the jth diagonal element of this

matrix:

~ ti:2 t::2
Var(;) = o? 7, L5 = a? B, 2.
Hi Ai
Note also apart from o2, the jth diagonal elements of TAIT’ is the jth variance
p ] g ]

inflation factor, so

VIF: = p tjiz — VP tjiz
J i=1 ui? i=1 A
Clearly one or more small singular values (or small eigenvalues) can dramatically

inflate the variance of ﬁj. Belsley, Kuh and Welsch suggest using variance-

decomposition proportions, defined as

_ it e

)
VIF]'

T[ij ] = 1,2,...,p

as measures of multicollinearity. Condition indices greater than 30 and

variance-decomposition proportions greater than 0.5 are recommended guidelines.
The advantages of the spectral and singular value decompositions are that not

only can they isolate which explanatory variables are interrelated, but they also deal
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with the issues of what constitutes a small characteristic root, or singular value and

whether collinearity is harmful from the point of view of a particular application.

1.3.3. Solutions to the Multicollinearity Problem

Several techniques have been proposed for dealing with the problems caused

by multicollinearity.

1.3.3.1. Traditional Solutions to the Multicollinearity Problem

Additional Sample Information: The problem of multicollinearity is that the data
do not contain enough information about the individual effects of control variables to
permit us to estimate the parameters of the statistical model precisely. One solution is
to obtain more information and include it in the analysis. One form the new
information can take is more, and better, sample data. Unfortunately collecting data
is not always possible because of economic constraints or because the process being
studied is no longer available for sampling. The new observations may suffer the
same collinear relationships and provide little in the way of new, independent
information. An alternative to introducing new sample information is to add structure
by introducing non-sample information in the form of restrictions on the parameters.
Exact linear Constraints: One effect of using exact parameter restrictions is to
reduce the sampling variability of the estimators, a desirable and given multicollinear
data. The imposition of binding constraints, even if incorrect restrictions produce
biased parameter estimators. Exact linear restrictions may be employed in case of
both extreme and near-extreme multicollinearity.

Stochastic Linear Restrictions: Stochastic linear restrictions arise from prior
statistical information, usually in the form of previous estimates of parameters that
are also included in a current model. For the purposes of this section these linear
stochastic restrictions act just like additional observations, if the statistical
information is unbiased, and this they may serve to aid in both situations of extreme

and near extreme multicollinearity.

17



1. INTRODUCTION Selma TOKER

Linear Inequality Restrictions: Their use can improve the precision of estimation
when near-extreme multicollinearity is present, but cannot, in the extreme
multicollinearity situation, make it possible to estimate a function that cannot be
estimated because inexact restrictions may not effect the dimensionality of the

parameter space.
1.3.3.2. Ad Hoc Solutions to the Multicollinearity Problem

It is noted that conventional procedures for combining sample and non
sample information can be used in an attempt to reduce the ill effects of

multicollinearity. One of the ad hoc solution is the RE because the information it

introduce is specific to sample in hand.
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2. RIDGE REGRESSION

2.1. The Need for Alternatives to the Ordinary Least Squares Estimator
Statistician often use the method of least squares to estimate the parameters of

a linear regression model. The OLS estimator is obtained by minimizing the sum of

squares of the error terms or equivalently the sum of squares of the differences

between the observed and the fitted values. Thus

F(B) =y —XB)(y —XB)

is minimized by differentiation and setting the result to zero. Thus normal equation
X'XB =Xy

is solved to obtain the OLS estimator
g =&X)Xy. 2.1)
The squared distance from f to the true parameter vector S is
L*=(B-p)(B-5)

and the expected squared distance, E (le), is
E(L,®) = o?Tr(X' X)L

Since the trace of a matrix is also equal to the sum of its eigenvalues, E (le)

is equal to:
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2 1
E(L?) = o2 z;’zu—j (2.2)
where A; >0, j =1, ...,p are the eigenvalues of X'X.
If the X'X matrix is ill-conditioned because of multicollinearity, at least one
of the A; will be small and (2.2.) implies that the distance from the least squares

estimate f§ to the true parameter 8 may be large. Namely the vector f is generally
longer than the vector f. This implies that the method of least squares produces
estimated regression coefficients that are too large in absolute value.

OLS estimator is an unbiased estimator so
E(B)=p

and its variance-covariance matrix is :
Var(f ) = o2(X'X)~1.

The Gauss — Markov theorem establishes that the OLS estimator of  is best
linear unbiased estimator (BLUE). Namely, £ has the smallest variance among the
class of all unbiased estimators. However this theorem does not ensures that this
variance will be small.

Multicollinearity results in large variances for the OLS estimators of the
regression coefficients implying that confidence intervals on f would be wide and
the point estimate f§ is very unstable. A biased estimator f* which has a smaller

variance than the unbiased estimator § can be found to ease this problem. MMSE of

B is

MMSE(B*) =E(f*— B)(B" - B)’ = Var(g*) + Bias(ﬁ*)Bias(B*)’.
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Decrease in variance will be more than the increase in bias of £* so MMSE
of f* will be less than the variance of  implying that 8* is a more stable estimator
of B. Besides this, confidence intervals on f will be much narrower using the biased

estimator. One of the procedures of obtaining biased estimators is ridge regression.
2.2. Ridge Estimator

The RE
B=(X'X+kI,) X'y, k=0 2.3)

is a biased linear estimator introduced by Hoerl and Kennard (1970a). In the
presence of collinearity this estimator can yield better estimates than the OLS
estimator 3. The use of this estimator is motivated from the fact that the matrix X'X
is stabilized when a positive number k is added to each of its main diagonal
elements. By increasing k, the ridge of matrix X'X + kI is raised so that X'X + kI
resembles more and more a diagonal matrix, which has an optimal condition. The
ultimate goal is to find some k which is large enough to reduce the variance
compared to the OLS estimator, but which is small enough to produce some
acceptable low bias.

Originally Hoerl and Kennard (1970) obtained the RE by finding the point on
the ellipsoid centered at the OLS estimator f3 that is closest to the origin. This consist
of minimizing the distance ' of a vector of parameters 8 from the origin subject to

the side condition:

(B-B)x'x(B - B) = @,.

The optimization problem is solved using Lagrange multipliers. Differentiate
, 1 PO A
L=pB+1[(B-B)XX(B-B) - @
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to obtain
1., 5
B+-X xX(B-p)=0. (2.4.)
The RE in (2.3.) is obtained by solving (2.4.) for £.
When the squared length of the regression vector 8 is fixed at R?, in order to

make the sum of squares minimum, the Lagrange multipliers is used to solve the

problem:

L= —XB) +;(B'p—R?).

Contours of constant

/ residual sum of

cnmareaQ

B Br

=

v

B
Figure 2.1. A geometrical interpretation of ridge regression (Montgomery (2001))

Figure 2.1. is given to display the geometry of ridge regression in a regression

model with two regressors. The residual sum of squares is minimum at the point at
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the center of the ellipses. The ridge estimate 3 is the shortest vector from the origin
that produces a residual sum of squares equal to the value represented by the small
ellipse where the residual sum of squares is constant at some value greater than the
minimum.
2.2.1. Properties of Ridge Estimator
The RE S can be written in the form
Br=XX+kDX'y=WX'y, k>0
and also in an alternative form
B =T+kX' X)) =28, k=0. (2.5)
By writing Z = W X'X the relationship between Z and W is
Z=1—-k(X'X+kD)™t=1-kW.
Since E(ﬁk) = E(Zﬁ) = 7B, By is a biased estimator and k is the biasing
parameter.

Using (2.5.) in the equation the MSE of RE which is just the expected

squared distance from 3, to § is obtained as

E(L*0)) = E[(Be ~ B) (B~ B)]
=E[(B-p)72(p - B)| + (2B - B)' (2B - p)
=o2Tr(X'X)"2'Z+ B (Z-D'"(Z-DP
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= o2[Tr(X'X + k)™t — kTr(X'X + kD)~2] + k2B'(X'X + k)28

A.
2 VP J
=0 .
Z]_l ()Lj+k)

=y, (k) + v, (k). (2.6.)

s+ k2B (X'X + k)72

The second term y, (k) in (2.6.) is the squared distance from ZpB to B. If
k = 0, namely Z is equal to /, the second term will be zero. k = 0 means that RE is
equal to OLS estimator. The first term y; (k) in (2.6.) is the sum of the variances at

the parameter estimates since
B =2Zp =Z(X'X)"1 X'y
and then

Var(fy) = ZX' X)X Var(MX(X'X)™1Z" = 6?Z(X'X)~1Z'

Tr (Var(ﬁ”k)) = G2Tr[(X'X + kD)71X'X(X'X + kI)™1]

14
= g2 Z—Aj .
= (4 +k)°

Jj=1

The total variance decreases as k increases, while the squared bias increases
with k.There are values of k for which the mean square error is less for f, than it is
for the usual solution . The function y; (k) is a monotonic decreasing function of k,
while y, (k) is monotonic increasing.
Theorem 2.1: The total variance y, (k) is a continuous, monotonically decreasing
function of k.
Corollary 2.1: The first derivative with respect to k of the total variance y,'(k),
approaches —oas k - 0" and 4, — 0.

Both the theorem and the corollary are proved by use of y;(k) and its

derivative:
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. dy, 2 1
lim (—) = -2 —.
ke=0" gk ? lez

Thus, y; (k) has a negative derivative which approaches —20?2 as k — 0% for
an orthogonal X'X and approaches —oo as X'X becomes ill-conditioned and A,, - 0.
Theorem 2.2: The squared bias y,(k) is a continuous, monotonically increasing
function of k.
Proof: If A is the matrix of eigenvalues of X'X and P is the orthogonal
transformation such that X'X = P'AP, then y,(k) = k?B'(X'X + kI)™2p is equal to

—_ ,2VP a;?
Vz(k) - k j=1 (lj+k)2

(2.7.)

where a = Pf. Since 4; > 0 for all j and k = 0, each element (/1]- + k) is positive
and there are no singularities in the sum. Clearly, y,(0) = 0. Then y,(k) is a

continuous function for k = 0. For > 0, y, (k) can be written as

— VP a;’
el = 2y or

(2.8.)
Since A; > 0 for all j, the functions A;/k are clearly monotone decreasing for

increasing k and each term of, y, (k) is monotone increasing. So y, (k) is monotone

increasing.

Corollary 2.2: The squared bias y, (k) approaches B'B as an upper limit.

Proof: From (2.8.) limy_ y,(k) = ?21 ai* =a'a=p'P'PB=pP.

Corollary 2.3: The derivative y; (k) approches zero as k - 07.

Proof: From (2.7.) it is readily established that

ay (k) _ p A’
U =2k s 2.9)
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3 . . .
Each term in the sum 2k A;a;?/ (/1]- + k)~ is a continuous function and the

limit of each term as k — 0% is zero.

Theorem 2.3: (Existence Theorem) There always exists a k > 0 such that

E[L,*(K)] < E[L,*(0)] = o2 Z?:l%j

Proof: From (2.7.) and (2.9.)

dE[L*(0)] _ dra(l) | dra(l)
dk d d

A Aia?

= —20g°2 Zp J p 1]
=1 3 =1 3
J ()Lj+k) J ()Lj+k)

(2.10.)

First note that y;(0) = o2 Z?zl (%) and y,(0) = 0. In Theorem 2.1 and
]

Theorem 2.2 it was established that y; (k) and y,(k) are monotonically decreasing
and increasing, respectively. Their first derivatives are always non-positive and non-
negative, respectively. Thus to prove the theorem, it is only necessary to show that

E[L;2 ()]

. d " .
there always exists a k > 0 such that < 0. The condition for this is shown
k

by (2.10.) to be:

0.2

k < (2.11)

> .
Xmax

2.2.2. The Choice of the Ridge Parameter

There exist several ways to determine k. For determining an appropriate k,

two methodical approaches are subjective and objective methods.
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2.2.2.1. The Ridge Trace (Subjective Method)

Hoerl and Kennard (1970a) suggested the ridge trace method which considers
the p elements of the RE f,, as functions of k, all of them plotted into one figure.
Theil (1963) seems to have independently suggested a similar plot. When data is
collinear the regression coefficients appear to change very rapidly as k varies for
small values. At some value of k they stabilize; the rate of change slows down to
almost zero. This value of k is picked from examining the plot. The user then
chooses the value of k at which the functions begin to stabilize. This methods of
choosing k is subjective because two people examining the plot might have different
opinions as to where the regression coefficients stabilize. The judgment of the ridge
trace depends on the user, but also on the range of values k for which the functions
are drawn. The impression of stability will be quite different when the ridge trace is
considered for different ranges.

Hoerl and Kennard (1970b) recommended standardizing the data before
plotting on a ridge trace, so as to retain numerical comparability of regression
coefficients. Vinod (1981) points out that the appearance of a ridge trace that does
not plot standardized regression coefficients may be dramatically changed by a
simple translation of the origin and scale transformation of the variables.

There are also approaches for finding an objective judgment of the ridge

trace. For this the function i1s considered as

2

@) = (B —B) (B — B) = 1B — B

The derivative d¢(k)/dk can be seen as the velocity of change in ¢ under
variation of k. If the maximum of dgp(k)/dk is unique and attained for k* (position
of maximum instability of the ridge trace), the first inflection point k** of
de(k)/dk greater than k* is defined to be the position of the beginning of a stabilize

ridge trace.
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2.2.2.2. Estimation of k (Objective Method)

The ridge trace, the subjective method, doesn’t only depend on the actual
value of y, besides this, it depends on the user’s judgement. An estimator k, as a
choice of k, can be seen as an objective method in the sense that the choice of k does
only depend on y.

For any given parameter values (8 # 0, ¢2) there exists some optimal kope

for which

MMSE (B, fr,,.) < MMSE(S, f.)

for any k = 0. Generally finding a closed form formula for k,,; is not possible,
however, considering X'X = I, to be true, k,,, can be determined as a function of

B # 0 and o2 as it is shown in the theorem:

Theorem 2.4: Under the linear regression model with assumptions, the inequality
MMSE (B, B, ) < MMSE(,f), V k 20

is true for k,,; = pa®/B'B.
Proof: If X'X = I, is true than

Tr |MMSE (B, i, )| = (f’f;Z + (ﬁ)z B'B.

First, the derivative of this function with respect to k is determined. Then
putting the derivative equal to zero and solving for k, k = po?/B'B is obtained.
Based on this theorem, some ad-hoc possibilities for determining an estimator
for k can be considered.
Estimator from Hoerl and Kennard (1970a): As it is shown in Theorem 2.3, Hoerl

and Kennard (1970a) suggested an estimator for k as in (2.11.). Estimator for k can
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be determined for general linear regression problem. It is always possible to reduce
the general linear regression problem as defined in the introduction to a canonical
form (1.2.).

By defining (L,;")? = (@* — a)'(@* — a) , it can be shown that the optimal
52

2 ~
values for k; will be k; = % . Namely estimators for k are k; = = .

Estimator from Theobald (1974): Hoerl and Kennard (1970a) has the justification
that there is always a positive value of k for which the mean square error is less than
the least squares value. Nelder (1972) criticized this for its use of mean square errors
of the components of S, are put together in an unweighted sum of coefficient mean

square errors or to compare the values of

E(B—p)B(B-B) 2.12.)

where B is nnd matrix, for different estimators 5. Theobald aims to established a
relationship between mean square error function in (2.12.) and the second-order
moment matrix E(f — B)(F — B)".
Theorem 2.5: The following conditions are equivalent
(a) M; — M, is non - negative definite ( nnd )
(b) my —m, = 0 for all nnd B
where f; and 3, are two estimators and M; = E(E] - ﬁ)(ﬁj - ﬁ)’, j=1,2
are the second order moment matrices and m; = E(E] - ﬁ)’B(ﬁj - ﬁ), j=1,2
are the overall measure of the mean square error. So using M (k) for 8, and M(0) for

£ the following theorem shows that S}, and f satisfy condition (a) of Theorem 2.5
Theorem 2.6: There exists K > 0 such that M(0) — M(k) is positive definite

2

whenever 0 < k < K. In here, k < f; 7 is a sufficient condition.
That is to say, Theobald (1974) suggested an estimator for k which is
= 262
kr ===
T BB
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Estimator from Hoerl, Kennard and Baldwin (1975): Hoerl, Kennard and
Baldwin (1975) used the two results in improving an algorithm for selecting k. First,

considering X'X = I, to be true as it is indicated in Theorem 2.4 k is obtained as

2
g
k p

2
=55 Secondly, in general form optimal values for k; is k; = % For combining

J

these individual k; in some way to obtain a single value of k, Hoerl, Kennard and
Baldwin (1975) proposed the use of harmonic mean of the k; values. The arithmetic
mean will not be a good choice because very small «; that have no predicting power
would generate a very large k resulting in too much bias. The harmonic mean is

calculated using the following formula:

_ 1 _ 1 _ po® _ po? _ pa?

“1lop 1 2 T ¢P 2= 1., " pr
O I p % L@ a'a BB
TRl i

) . . . &
So, an estimator of k for automatic selection of choice is kyxg = Ly

B'B

As a result of simulation study, using the biasing parameter Kkyyp, ridge

N

estimator produces estimates with smaller MSE than OLS with a probability greater
than 0,5.

po*
B'B
which is proposed by Hoerl, Kennard and Baldwin (1975) often produces small value

Estimator from Hoerl, Kennard and Baldwin (1976): The estimator kyxp =

of k. In presence of multicollinearity, the squared length §'8 of f§ is often greater
than the squared length B’'f of Bleading to the use of a very small k value. An
iteration of estimation process is proposed to remedy this problem. Considering a

sequence of estimates of § and k:

ik, = B2
.B 0 ,8’,8
~2
3.tk _P7
ﬁko 1 ,BIO,BkO
" ~2
k, = L2
ﬁkl 2 ,1,8k1
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~2

A pé

Breikevr = zr7—-
t 'Bkt'Bkt

A condition must be given in order to end the sequence. The sequence is

f kj+1_

. . kj . .. . 5. .
continued 1 . > § otherwise it is terminated and ,Bkj is used. 6 > 0 since

J
An equivalent condition is ,BA,’(jﬁAkj < ﬁ ,BA,’(j_l,BAkj_l. If the condition is not

true, the sequence is terminated and ﬁkj is used. § should be choosen providing the

estimate to have good properties. When X'X is orthogonal or close to it, the one
iteration k estimate will be sufficient. However, as the degree of ill conditioning of
X'X increases, the probability of B(k) being closed to B decreases and further
iterations are required. Viz, 6 should decreases as the ill-conditioning increases. As a
consequences of few simulations § = AT~?,b > 0 will provide a § for ending the
estimation sequence. T is defined as T = Tr (X'X)~1/p. Specifically it is suggested
to be § = 20T 130,

Simulation study is required to evaluate the properties of the iterative
estimation procedure. The simulation procedure, given in Hoerl, Kennard and
Baldwin (1975), about the performance of an algorithm is adapted. As a
consequences, § — criterion makes important decreases in MSE comparing to least
squares or a single iteration. Besides this, an error distribution with a smaller
standard deviation is produced.

Estimator from McDonald Galarneau (1975): Existence of k values for which the
RE have smaller MSE than OLS is showed in Hoerl and Kennard (1970a). The ridge
parameter k depends on the unkown coefficient vector § and 2. There is no
guarantee that a constant value of k produces RE better than OLS for all unkown
coefficient vectors. Several rules for selecting k is suggested so as to help researcher
in a way to reach an acceptable choice of k. First rule is choosing k = 0 which

corresponds to least squares estimation. In second and third rule, the choice of k is
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made in such a way that the squared length of the corresponding RE equals an

estimated squared length of 8. An unbiased estimator of ' can be obtained as
Q=pp—-6*30_ 47"

62 is obtained by 62 = ¢(0)/(n —p — 1), where ¢(0) is the residual sum of
squares for the OLS estimate. Then the second rule is choosing k such that
BB = Q, if Q > 0 otherwise choosing k = 0. The third rule is choosing k such that
BB = Q,if Q > 0 otherwise choosing k = oo.

If Q is positive the second and the third rules are same but the second rule
defines OLS estimate and the third rule specifies that the zero vector estimates [
when @ is negative or zero.

In the simulations described in here the performance of the estimators can be
observed as one the factors-variance of random error, the correlations among
explanatory variables and the unknown coefficient vector is changed while the
remaining two are fixed. Evaluated ridge-type-estimators reduce MSE in some cases
and increase in others.

Estimator from Lawless and Wang (1976): Let (X'X)Y2 be the uniquely
determined symmetric pd matrix such that (X'X)Y2(X'X)Y/? =X'X and
(X'X)71/2 = [(X'X)1/2] . Defining v = (X'X)¥/2B and Z = X(X'X)~1/? lincar
regression model y = X + € can be written as y = Zv + ¢ under which Z'Z = I, is
satisfied. In this model the corresponding estimator & is given by

52

R L pa?
Lw ' EIXIXE .

Lawless and Wang (1976) give a different, Bayesian oriented motivation for

this estimator.
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3. ESTIMATORS RELATED WITH RIDGE ESTIMATOR
3.1. Generalized Ridge Estimator

Hoerl and Kennard (1970a) proposed the general form of the ridge regression.

From the canonical model (1.2.) the generalized ridge estimator (GRE) is defined as
a*=[Z'Z+K] 7y (3.1)

where K is a diagonal matrix with non negative diagonal elements ky, ..., k.

Optimal values for the k;'s in @* can be considered to be those k;'s that
minimize

E(L,®) = E[(@ — o)’ (@ — o)].

E(L,?) is minimized when

ki=02/0(i2 l=1,,p

An alternative procedure is described by the formula

Kigy = 32/(’0?1(]-)*)2 i=1,..,p

where j denotes the j-th iterate. ’di(o)* =q;, i =1,..,p where @; is the OLS estimate
of a;. The K;(j) values are used in equation @" to obtain the next ’di(j+1)* values for
use in K;gj.

Hemmerle (1975) showed that an explicit solution is available for the limiting
Q) values so that it is not necessary to iterate in order to obtain these values. This

solution will depend upon certain convergence/divergence conditions. Let
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zyl, 0 0 Ifal(j)* 0 0 1|
NN N R
| o 0 [Z'yl, | o 0 o

be in a diagonal form. As a consequence A, = A™'B and the iterative procedure can

be described by the matrix formula

Ajpr = [A+82A,72] B = [A +82A,72] ' AA,. (3.2)
(3.2.) can be written as

Apr = (1+82A71A,7%) A, . (3.3)

A

6'2

Letting D ==, (3.3.) becomes A, = (I+D714;72 _1A0 and an
j j

expression for Aj+1_2 is given by
Ay 2 = A2 (1 +D714,7%)", (3.4.)
Multiplying both sides of (3.4.) by D~ then yields
D1A,, "2 = D714, 72(1 + D~14;72)° (3.5.)

so that putting E; = D‘lAj_2 in (3.5.) the iterative procedure is reduced to the

simple formula

Ejp1 = Eo(1+E). (3.6.)
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Then assume that @; # 0 for all i and that the iterative procedure is convergent such

that

From (3.6.) and (3.7.) the relationship is obtained as E* = Ey(I + E*)2. From this
_ (1—2e0)i1)1—4e0

relationship e is obtained as e* = - . The matrix formula (3.6.) also
0

consists of p separate iterative expression of the form
2
€j+1 = eo(l + ej) (3.8.)

where ey, e and ej,, scalars and the subscript j is used to denote the j-th iterate. A
lemma is given that the iterative procedure defined by (3.8.) converges for

e, = 1/4. An explicit solution for all of the optimum GRE @;", i = 1,...,p is

0 ,foreygy > 1/4
' =j 1z _
Ai+Aie* (1+e;")

,for 0 < ey < 1/4.

Finally it was suggested that the iterative estimation may lead to the
introduction of too much bias and an unacceptable loss in R?. Consequently possible
ways of constraining the increase in the residual sum of squares is considered.

Hocking, Speed and Lynn (1976) proposed a general class of biased
estimators. They define new vectors 8; = (&, @, ..., 0;, 0, ...,0)" where @ is the OLS
estimator of the canonical model (1.2.). The class of estimators of a is defined by
o= Zleyiéi where y; are to be determined. An alternative to @ is & = Ba. B is

diagonal matrix with diagonal components given by b; = ij=i Yj- Note that the vector

A~

6;,i = 1,...p are linearly independent and hence p-space.
Two  criteria for determining the y; are considered as

E(le) =E@—a)'(@—a) and E(Lzz) = E(@ — o)’ A(@ — a). Minimization of
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.2 2.
E(L;®) and E(L,?) yields b; =——,i=1,..,p where 1?2 = a;le’ i=1,..,p.

1+‘Ifi2 !

2
Comparing this result with the GRE, with k; = %, it is found that this unconstrained
l

estimator is identical for GRE with relation b; = (1 + k;/A;)~1. All of the biased
estimators containing ridge and generalized ridge are seen to be special cases of the
general class of estimators. Using either the criteria of E (Liz) i =1,2, it is found
that the unconstrained case leads to the GRE which is thus, in theory, superior to any
of the estimators obtained by constraining the a;.

The estimation of the coefficients b; is obtained as

. 0 , if §° <4
b los 025 - (1/22)], if %2> 4.

In the paper of Hemmerle (1975), the possibility of constraining the iteration
is considered. His recommendation was that a limit be placed on the total loss in R?
and this recommendation leads to values for b; given by by =1 —+v/m(1 —b;")
where b;" is the limiting value from the iterative procedure. The objection of using
b; is that it forces all of the b; to be non-zero. By setting some of the b;” to zero, the
strong influence of a small eigenvalue on variance inflation was eliminated. Using b;
allows the influence of that eigenvalue to return.

In the paper of Hemmerle and Brantle (1978) the aim was to explore and
develop methods for selecting the k; in general ridge regression. They considered
constructing estimators of the two criterion E(le) and E(Lzz) and then minimizing
these estimators using optimization methods. They presented an unbiased estimator
for each criterion, which will be minimized by the same @&;" in each case and

admitted an explicit closed form solution for the minimizing &;" values.
E@ —a)'@ —a) =3, (ho? + ka;2) /(A + k;)?

and
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E@ —a)' @ — @) = X, ki’ (0%/A + %)/ (A + k;)?
results
E@-a)/@ —a) =E@ —®)' @ —a&) + 02X, \ — k) /A0 + k).
Consequently
L,” =@ —a) @ — ) + 62Tr{(A — KA~1(A + K)~1} (3.9.)
is an unbiased estimator of E (le). In a similar manner,
E@ —a)A@ —a) =E@ —a)'A@ — Q) +6°Tr{(A— K)(A + K)71}.

So that f.zz =@ —-a)'A@ —a) +°Tr{{A—K)(A+K)"'} is an unbiased

estimator of the criterion E(L,%). Let v; = A;/(4; + k;) and @&;" = &;v;, then the

ith component, M;, of (3.9 may be written as
Mi = &iz(vi - 1)2 + (6’2/11')(2171' - 1), where Elz = Z?zl Mi and
f.zz = le AM;. With some further algebra we may also represent M; as

2
M; = @;° {(Vi —1+ei0) — ei(o)z} where e;y = @2/A@;%. The problem resolves

~ 2
to minimization of M; = @;” {(Vi -1+ ei(o)) } for i =1,.....,p, where the v; are

constrained as 0 < v; <1 with v; = 0 corresponding to k; infinite. The solution to

this problem is easily seen to be

o {1 — €i0) €i(0) <1
Vi= 0 v €i(o) >1

which corresponds to
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a4 = ’o?l(l - ei(o)), ei(o) <1
' 0 , ei(o) > 1.

Lawless (1981) derived mean squared errors and examined for a number of
generalized ridge estimators and the estimators are compared in a number of specific

regression models. The potential of generalized ridge estimators is discussed.

According to the canonical model (1.2.) RE @ is @y = (}\}‘ﬁ) a i=1,..,p

~ i A AN s . .
and more generally @ is @y = (m) a; i=1,..,p. The estimators considered

are all of the same basic form with @, ;) = z(t;)®; where t; = \/Ti’o\(i /G.

Farebrother (1984) proposed the class of statistics specified by
B(k) = (X'X + kR'R)"*(X'XB + kR'RB,), k > 0. (3.10.)
In linear regression model (1.1.) suppose that the parameters almost satisfy

the constraints Rf = r where R and r are m X p and m X 1 matrices of fixed

numbers and R has rank m. If r were random,

r=RB+n Em =0 E@m')=(c*/K)I, (3.11)

and the best linear unbiased estimator of § from the combination of the models (1.1.)

and (3.11.) is
Bk) = (X'X+KkR'r)'(X'y + kR'T).
But rand B are fixed so that this derivation of (k) and the equivalent

bayesian derivation are invalid. However (3.10.) is a weighted average of OLS and

restricted least squares (RLS) estimator

Br =B — XX)'R'[RX'X)"*R]* (3.12.)
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with limits $(0) = B and B(c0) = B, since

Bao =B —kX'X+kR'R)R'(RB—r)
= B~ KX'X) 'R (I, + kRX'X)R)(RB — 1)

and
X'X+ kR'R)(X’X)"*R™! = R'(I,, + kR(X'X)"IR").

This estimator (3.10.) may be viewed as a GRE, due to the fact that in the particular
case where m = p, R = [, and r = 0, it simplifies to RE (2.3.).

Chawla (1988) obtained necessary and sufficient conditions such that general
ridge estimator of Hoerl and Kennard (1970) supersede the OLS estimator relative to
the MMSE. Using canonical model (1.2.), the MMSE of the OLS estimator @ is
MMSE (@) = 0?A~! and the MMSE of the GRE, @* is

MMSE(@*) = 6?2(A+ K)"'AA+ K)™! + (A + K)"*Kaa'K(A + K)~L.

A necessary and sufficient condition that GRE excels OLS is given by
o' (2Kt + A" 1a < 62 with a theorem. Chawla (1988) also defined two corollary.
In the first one a sufficient condition that GRE is better than the OLS for all K's is
given as a’Aa < o2. In the second one a sufficient condition o'Ka < 202 is given
that GRE excels the OLS. According to the second theorem a necessary and
sufficient condition for the MMSE (&) — MMSE(@*) to be pdis iy > —1,i =1,..,p;
where 1] s are the roots of the equation [A™! — (aa’/0?) — 2uK~1| = 0.

Baksalary, Pordzik and Trenkler (1990) briefly discussed some properties of
the estimators B(k) defined by Farebrother (1984). (3.10) can be written as

B(k) = (XX + kR'R)" X'y + k(X'X + kR'R)'R'r. (3.13))
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Firstly (3.13.) can be represented as Fy + f with F = (X’X + kR'R)"1X and
f =k(X'X+KkR'R)"!R'r. This representation is useful in verifying that all the
statistics form of B(k) are admissible among the class of linear estimators with
respect to the MSE criterion.

Secondly, (3.13.) comprises all admissible general ridge estimators of the

form
X'X+H) ™ X'y+h (3.14)

where H is any nnd matrix and according to the admissibility condition, h is any

vector such that h = (X'X + H)"'Hg for some g. This follows by observing that if
H = L'L for some L, then substituting R = (1/vk)L and r = (1/Vk)Lg into (3.13.)
yields (3.14.).

3.2. Modified Ridge Estimator

Ridge regression estimate shrinks the OLS estimate toward the zero vector in
the sense that the Euclidean distance between By and 0 is smaller than the distance
between B and 0 for k > 0. Swindel (1976) proposed shrinking f toward b, a
nonstochastic p dimensional vector, which should be chosen to represent the prior

information on f. For expository purposes, b will be referred to as the prior mean.
Bk,b) = (X'X + kD)™ (X'y + kb), k>0 (3.15.)
is called as modified ridge estimator (MRE). 8 (k, b) can be written as
Lk,b) = (X'X + kDX’ X(X' X)X (X'y + kb)

=+ kX' X)™™ (B —b+b+k(X'X)71h)
=T +kX'X)™) (B -Db)+b. (3.16.)
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If =0, f(k,b) =b.If § #b then £(0,b) = f and limy_,,o B(k,b) = b.
The Euclidean distance between £ (k, b) and b is monotonically decreasing as

k increases.
f(k,b) is closest to b in an equivalence class of estimators of 8 with the

same residual sum of squares. Clearly, £ (k, b) minimizes (E — b)’(ﬁ — b) such that

(y - XB)’(y — XE) = c. The objective function is
p=(F-b)(B-b)+-[(y—xB) (y—XB) -l

where i is a Lagrangian multiplier.

Besides this, 5 (k, b) has minimum residual sum of squares in an equivalence

class of estimators of B which are equal distance from b. f(k,b) minimizes

(v — xB)'(y — XB) such that (8 — b) (B — b) = c, with the objective function
¥ =(y—XB) (y - XB) + k[(B - b) (B—b) —cl.
Swindel and Chapman (1973) showed that
E(Lf—LB) <E(E-LB) VL0

if and only if (iff) k is in the never empty open interval

(0, +00) Jf[(X'X)™Y —o072BB"] is nnd

K= -2
) therwise .
(O' min root[(X'X)~ — 0—233']) otherwise

Thus, B, provides strictly smaller mean square error estimators of every nonnull

linear combination of the parameters than does /3 iff k is in K.
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Following Swindel and Champman (1973) a necessary and sufficient
condition is given for MRE to yield estimators with smaller MSE than that of OLS

estimator. A necessary and sufficient condition for
E(LAU,b) —LB) <E(LB—-LB) VL0

is that k is in the open interval:

{(0, +00) JfIX'X)™ = (b = B)(b — B) o] isnnd
K =

(O’min root[(X'X)" 1 — (b - B)(b — 3)10—2])' otherwise .

Generalizing the formulation by taking b to be realized value of p-

dimensional random variable, B, new formula is
f(k,B) = (X'X +kI)™*(X'y + kB) ,k > 0.

L' (k, B) is the family of estimators L'S where L # 0 is arbitrary.
For defining B (k, B) to be a good RE of B based on prior information, B,

namely a necessary and sufficient condition for

MMSE (L'B(k,B)) < MMSE(L'B) VL #0 is that k is in

(0, +) Lif[(X'X)™Y — 672MMSE(B)] is nnd
K= ( otherwise

-2
OJ . ) )
minroot[(X'X)™1 — 6 2MMSE (B)]

Swindel (1976) did not compare the mean square error properties of his
estimator to that of the RE. Pliskin (1987) examines the set of prior means for which

Swindel's estimator has lower risk than RE. A necessary and sufficient condition for
MMSE(B,) — MMSE (ﬁ (k, b)) to be psd when both estimators are computed using

the same value of k. A comparison of the MMSE of S, and f(k,b) is difficult
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because differences between the two estimators can arise from two sources. These
are the point toward which the OLS estimate is shrunk and the degree of shrinkage
determined by the value of k, the ridge parameter. The analysis will be limited to the
case where the same value of k is used to compute B, and B (k, b) in order to focus
on the value of the prior information. In addition, k will be assumed to be

nonstochastic to make the problem mathematically tractable.
A prior mean b is said to be good if MMSE(f;) — MMSE (ﬁ(k, b)) is psd

for all positive values of k when both S, and B(k,b) are computed using the same

value of k. A theorem is given for the goodness of b as:

Theorem 3.1: Let B = BB’ — (B — b)(B — b)'. A prior mean b is good iff B is psd.
Kacrranlar et all. (1998) compared MMSE of MRE and restricted ridge

estimator (RRE) introduced by Sarkar (1992). Following the definition of RE such as

B = (I, + k(X'X)™1) " = WP, Sarkar (1992) defined RRE as f,(k) = W,

where B, is the RLS estimator (3.12). In this paper a sufficient condition for

MMSE (ﬁ(k, b)) — MMSE(f,(k)) to be psd whe both estimators are computed

using the same value of k and linear restrictions are indeed true. The conditions for
MMSE superiority of this estimator when the restrictions are not true is also derived.
Li and Yang (2010a) showed that MRE is a convex combination of the prior

information b and the OLS estimator. Let T}, be:

T = (X'X + kD)7IX'X
=1 —k(X'X + k)™,

They define the MRE as

Lk, b) = (X'X + kI)~*(X'y + kb)
=X'X+kD X'y +k(X'X + kI)™b
=TS+ —Tb (3.17)
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Following the Linear combination (3.17.) Li and Yang (2010b) introduced a
new restricted MRE (RMRE) as:

By (k, b) = Ty + (I — Ty)b. (3.18.)

RMRE is a convex combination of the prior information b and the RLS
estimator. They also made comparisons between RMRE, MRE and RRE of Sarkar
(1992). Firstly they showed that RMRE is superior to the MRE in the MMSE sense.
Secondly it is shown that RMRE is superior to the RRE in the MMSE sense iff

BB — (B —b)(B—Db) =0.
3.3. r-k Class Estimator

Baye and Parker (1984) proposed a class of estimators which includes OLS,
RR and principal components regression (PCR). It is demonstrated that theoretical
gains exist from jointly utilizing the PCR and RR. Meanly, r-k class estimators
provides an alternative method of dealing with multicollinearity. They also examined
a money demand example, the problem of collinearity of interest rates in estimating
money demand, to apply the above techniques to illustrate the relationships between
various estimators. Instead of using model misspecification by deleting theoretically
relevant interest rates, utilizing the RR technique to reduce MSE of PCR is
suggested.

In linear regression model (1.1), define T = (tl, e tp) to be p X p matrix

which puts X'X in a diagonal form. That is

A 0
T'X'XT=A=|: ~ |, T'T=TT = L.
0 - A
Let T, = (ty, ....., t,) be the remaining eigenvectors of (X'X ) after having deleted

(p — r) of the columns of T. Thus, T,' X'XT, = A,, where A, is defined analogous to
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A above. Also define @ = T'f. So, r-k class of estimator, which combines the RR

and PCR techniques into a single estimator, is defined as:
B(r,k) = T.(T,'X'XT, + kI.)"'T,'X'y (3.19.)

where r < p and k > 0.

Some properties of r-k class estimator is given with this theorem :

Theorem 3.2:

L.E(B(r k) = B) = [T, (A, + k1) AT, — L]

2.Var (B(r,k)) = 0T, (Ar + k1) A, (A, + K1) 7T,

3. B(T; 0) = .BPCR ) BPCR = T,(T,'X'XT, + klr)_lTr’XIJ’-

4. f(p, k) = B (RE), B(p,0) = B(OLS).

5. MSE (.B(T, k)) =246 — D%a® + 02 8.2 /0] + 20, a2
where §; = A;/(A; + k).

6. Plimf (r, k) = PlimPpcr -

So, for appropriate choices of the r and k S (r, k) assumes the form of RE,
PCR and OLS estimators.

The generalization of the existence theorem proved by Hoerl and Kennard
(1970) is presented in a theorem as
Theorem 3.3: Let 62 > 0. Then 3k > 0 such that MSE(ﬁ(r, k)) < MSE(,BPCR),
VO<r<p.

Theorem 3.3 generalizes the original ridge results to the case r < p. Namely
there exist a k bounded away from zero such that a PCR estimator may be shrunk to
yield an estimator with lower MSE. Also in the RR, the optimal k depends upon the
unknown parameters a and g2.

Baye and Parker (1984) only compared the r-k class estimator and the PCR
estimator, they didn’t compare the r-k class estimator with RE and OLS estimator.

Nomura and Ohkuba (1985) deal with this comparisons in terms of MSE criterion.
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Let N,={1,..,7} and N,={r+1,..,p}. The MSE is given by
MSE(B(r,k)) = E(B(r,k) — B) W(B(r,k) — B). When W = I the MSE (B (r,k))
represents the MSE of the estimator of the regression coefficients and when
W = X'X, the MSE(f(r, k)) represents the MSE of the predictor of E[y|X]. From
the definition of W, T.'WT, = diag(uy, ..., 1u,); p; >0 for all i € N, where
(g, e tty) =@, ....,0) for W =Tand (uq, ..., tiy) = (A4, ..., 4,) for W =X'X.

According to

MSE(B(r,k)) = X i n, [ (8: — D2a® + 02 6.2 [ 4] + Tie v, s @i

where 6; = 1;/(4; + k) the MSE of 8(r, k) and with that of RE is compared with a
theorem as:
Theorem 3.4: Letr € N;. Thus,
1. a,%A, < a?iff
MSE(B(r,k)) > MSE(B(r — 1,k)) for 0 < k < (0? — a,%4,)/2a,? and
MSE(B(r,k)) < MSE(B(r — 1,k)) for (62 — a,%4,)/2a,% < k.
2. a,%}, = o?iff
MSE(B(r,k)) < MSE(B(r — 1,k)) for 0 < k < oo.
So, the following corollary is obtained by using Theorem 3.4.
Corollary 3.1: Forr € N,_4,
1.Ifa;?A; < 0? foralli € N,, then there exists a strictly positive K; such that
MSE(By) > MSE(B(p — 1,k)) > - > MSE(B(r,k)) for 0 < k < K; .
2.Ifa;?4; < 0% forsome i € N, , then there exists a nonnegative K, such that
MSE(By) < MSE(B(p — 1,k)) < - < MSE(B(r,k)) for K, < k
Following the Corollary 3.1 the MSE’s of the S(r,k) and the OLS can be
compared by the theorem:
Theorem 3.5: Letr € N,,. Then,
LIfYen mi(a* —0%/A;) <0and 0%/A; — a;* = 0 forall i € N, then

MSE(B(r,k)) < MSE(p) for 0 < k < o.
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2. 1f Y ey, ui(a;* —0%/A) < 0and 0%/A; — a;* < 0 for some i € N, then
MSE (ﬁ(r, k)) < MSE(B) for0 <k < ZGZ/ZZI%f(aiZ —a?/2).

Baye and Parker (1984), Nomura and Ohkuba (1985), Sarkar (1989)
compared the performance of r-k class estimator with RE, PCR and OLS estimator
by the criterion of MSE. While the MSE is often used to gauge the performance of an
estimator, the MMSE is also widely accepted and stronger criterion. Sarkar (1996)
derived the conditions under which the r-k class estimator is superior to the RE, PCR
and OLS estimators by the criterion of MMSE.

Firstly consider comparing r-k class estimator with the OLS.
MMSE(B) — MMSE(B(r,k)) = T(S*()) [02A* (k)™ — T'BR'TI(S*(K)) ' T"
where S*(K) = (i (A +kL) 0 )and (-1 (% L+A"" 0 )
0 Ly 0 Ayt
MMSE(B) — MMSE(f(r,k)) is nnd matrix iff o2A*(k)™* —T'BB'T is so
0?N (k)™ = T'BB’'T is nnd iff B'TA*(k)T'B < 0? (Rao,1974). By substituting the
expression for A*(k) the following theorem is defined as:

Theorem 3.6: A necessary and sufficient condition for the r-k class estimator of §§ to

the superior to the OLS estimator by MMSE 1is

2 N ,
lﬁ’TT <EIT + A, 1) T.'B+B' Ty Ay, Ty ' B|/0? < 1.

Secondly to compare r-k class estimator and PCR estimator, differences

between the MMSE of estimators are:

MMSE (Bpca) — MMSE (B(r,)) = 02T, (A, = S, () 72A, S, (k) )T,

+(T,T,' = 1,)8B' (T, T, — I,,)
—(T.8, (KA T — L) BB (T, A S, (kK)7'T," — I,,)

where S, (k) = A, + kI,.. Note that to do this comparison
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T, (A = S0 ™)AS, () ™) T, = K2T,S, (k)™ (% I + Afl) S, ()T,

is a nnd matrix for all k > 0 and hence obtaining a necessary and sufficient condition
for the dominance of r-k class estimator over the PCR estimator becomes difficult.

Following the result by Baksalary and Trenkler (1991) the condition simplifies to:

B'Tr (% I+ A;l) "Trg =0

which hold iff Tr'g = 0.
Theorem 3.7: The r-k class estimator of f dominates the PCR estimator by the
MMSE criterion iff Tr'f = 0.

To compare the r-k class estimator and RE the MMSE differences are

MMSE(f,.) — MMSE (ﬁ“(r, k)) = 02Ty Sy (K) " Ay Sy (K) 71T,
+(TS(K)T*AT' — 1,) BB (TAS(K)1T' — I,,)
_(TrSr(k)_lArTrl - p).B.B’(Tr)ArSr(k)_lTTI - Ip

where S,,_,.(k)~! is the inverse of the matrix S,,_, (k) = A,_, + kI, _,.

As in the previous case, Baksalary and Trenkler (1991) is used to obtain the
condition. The condition finally reduces to f'T,_,.A,_, T,_f = 0, which holds iff
Ty—rf = 0. This result is stated in the following theorem.

Theorem 3.8: A necessary and sufficient condition for the r-k class estimator of §§ to

dominate the RE by MMSE criterion is given by T,_,.8 = 0.
3.4. Almost Unbiased Ridge Estimator

The Jack-knife procedure is usually applied where an unbiased estimator is
not available but there is a reasonable estimator which is biased. An unbiased

estimator, namely, the OLS is available but may not be computationally feasible
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because of multicollinearity. The RE offers a great computational advantage. So,
Singh, Chaubey and Dwivedi (1986) used the Jack-knife procedure to reduce the bias
of the RE. The resulting estimator is similar in form as that of the RE, hence both
have the same asymptotic properties.

Considering the canonical model (1.2.) the GRE demonstrated with (3.1.) can

be written as:

a*=N+K)1Z'y=A"17"y. (3.20.)
The relationship between @* and £ is;

f=Ta =A""X'y

where A, = X'X + K, and K, = TKT'. Further since @ = A"1Z'y (3.20.) may be

written as:

a*=A"1Aad = (I - AK)a. (3.21)
It 1s easy to see that

Bias(&@*) = —A"'Ka.

which is order (1/n) under the condition that (X’X)~! and hence (Z'Z)~! is of order
(1/n). Bias(f) = TBias(@*) = —TA™*Ka = —TA KT’ which is also of order
1/n.

Hinkley (1977) proposed a Jack-knife form of @* and hence that of §. Let y_;
denote the vector y with its i-th coordinate deleted and Z_; denote the matrix Z with
its i-th column deleted. @~; is obtained replacing Z and y with Z_; and y_; in (3.20.).
Thus,
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&ii = (Z—i, Z—i + K)‘lZ_i ,y—i .
Let z; be the i-th column vector of Z and y; the i-th coordinate of y. Then

ax; =Q'Z —ziz;' + K)"Y(Z'y — z;yp).

The above can be further simplified as:

where u; = (y; —z;'@*) and w; = z;(Z'Z")1z; .

Following Miller (1974) the pseudo-values are defined as:

from which the Jack-knife estimator is obtained as:

This is in line with the Jack-knife method originally developed by Quenouille
(1956) and Tukey (1958). But as noted by Hinkley, the pseudo-values in (3.22.) are
defined symmetrically with respect to the observations, whereas the model is
generally unbalanced. The lack of balance is reflected in the “distances” w;. Further,
since variance of (@* — @&Z;) is an increasing function of w;, the pseudo-values are

defined as:

Q=a"+n(1-w)@ —a:,;)

and the corresponding Jack-knifed estimator is given by
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It . _
a'=Q =", 0 =a+A LYz

which can be simplified to yield
a=U+ATK)a* =[I — (A"1K)?]a.
It 1s clear that
Bias(a@*) = —(A7'K)?«a

is of order (1/n?). Reduction in bias is clear when |Bias(&@*)|; is compared with
|Bias(@*)|; where |.|; denotes the absolute value of the i-th component. It is seen

that

Aiki

|Bias(@*)|; — |Bias(@")|; = (Ai+k;)?

|05i|

is positive. This type of bias reduction may not hold between each component of
|Bias(f)| and | Bias(B)| even though Bias(f) may be of smaller order in

magnitude than Bias (ﬁ ) However,
A= Z{|Bias(ﬁ)|i - |Bias(ﬁ)|i}2
is always positive. This can be easily seen because,
A= B{T[(A"1K)? — (A"1K)*]T'}B.
Since the matrix in braces is pd A > 0.
Nomura (1988) compared the almost unbiased generalized ridge (AUGR)
estimator proposed by Singh, Chaubey and Dwivedi (1986) with the GRE and the

OLS estimator in terms of the MSE criterion. Under the assumption that the ridge

parameter is nonstochastic.
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The MSE of @&;, the i-th component of the OLS estimator of « is:
MSE(&J = E(&l —(Zi)z = O'Z/Ai i= 1,..,p. (323)

From (3.23.) the MSE of & is given by

MSE(@) =E(@—-o)'(@ —a) = Zle a2/
and the predictive MSE (PMSE) of the & is given by

PMSE(®) = E(@ —a)'X'X(@ — a) = po?.

Similarly the MSE of &;" from (3.21.) is

MSE(@;") = ((@)%k* +0%4,)/ A+ kD?, i=1,..,p.

Furthermore by using the following Lemma the MSE of AUGR estimator
with that of the RE is compared by a theorem

Lemma 3.1: MSE(&;") is given by

MSE(&;") = 022; 2k; + 1)/ + kD)* + ki*a;*/ (4 + k;)*
= ((Zizki4 + 40'211'1(1'2 + 40'211'21(1' + O'zli3)/(li + ki)4'

Theorem 3.9:

1. MSE(&) > MSE(&;") for 0 < k; < K1,

2. MSE(@;") < MSE(@;") for K1; < k; < oo where

K1; = [30%-2;a® + [(B02+4,2;2)? + 402 2;;21Y?]/4a;? >0

Secondly the MSE of AUGR estimator with that of the OLS estimator is

compared by a theorem.

Theorem 3.10:
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1.If A;a;2 — 02 < 0 then
MSE(@;") < MSE(&;") for 0 < k; < oo,

2.If A;a;2 — 02 > 0 then there exists a strictly positive K2; such that
MSE(@;") < MSE(&;") for 0 < k; < K2,

and
MSE(@;") > MSE(&;") for K2; < k; < o,

where

KZi = [20’211' + (20’411'2 + 20'211'3(11'2)1/2]/(11'(11'2 - 0'2) > 0.
3.5. Unbiased Ridge Estimator

Crouse and Hanumara (1995) defined unbiased ridge estimator (URE) with
prior information and proposed robust estimate of the ridge parameter k.

Swindel (1976) defined MRE (3.15.) and showed the existence of k value that
results in a smaller MSE than the OLS estimator for any fixed prior information b.
Such on existence of a k value is also noted when b is a random vector independent
of 8 . Pliskin (1987) compared the MRE and RE using the same value of k. A robust
user-oriented non-iterative method for estimating k which corporates a random
vector of empirical prior information b will be developed by Crouse and Hanumara
(1995). The proposed ridge estimation provides unbiased estimates of 3.
Theorem 3.11: Consider the standard linear regression model (1.1.), the OLS, £, is
normally distributed N(B8,52(X'X)~1). The prior information b is independent of
and b is normally distributed N(B,V). Also assume that V is a full rank covariance

matrix and the convex estimator is S(C,b) = CB + (I — C)b, where C is p X p
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matrix but otherwise is unrestricted. Then the optimal C in terms of minimum MSE
isC=V(@*X'X)"1+V) L

Corollary 3.2: Suppose that £ is an estimator of 8 and covariance matrix £ and b is
prior information with mean f and covariance matrix V. Further, assume b is
uncorrelated with ﬁ and V and X are of full rank. Then the convex estimator B(C, b)
has minimum MSE for optimal value of C = V(V + X)L

Theorem 3.12: Let ﬁ have a distribution with mean B and covariance o2(X'X)™1,
denoted by M(B,a?(X'X)~1)™1, as in the linear model. Similarly, let b be distributed
M(B, (62/k)I) for k > 0 and define S(C,b) = CB + (I — C)b. Then for the optimal
value of C in terms of minimum MSE, B(C,b) = f(k,b) = (X'X + k)™ (X'y +
kb) and B(C, b) is an unbiased estimate of .

The optimal convex estimator stated in Theorem 3.11 can be seen as a
Swindel type RE. However empirical prior information in (3.15.) is a fixed vector
while b in Theorem 3.11 is a random vector with specified mean and covariance. In
fact, the optimal convex estimator ﬁ(k, b) in Theorem 3.11 is not an estimator in the
usual sense because it depends on an unknown ridge parameter k that needs to be
estimated.

Swindel (1976) didn’t proposed a method to estimate k. Crouse and
Hanumara (1995) considered the problem of estimating the ridge parameter k. They
propose a procedure to estimate 1/k rather than k as follows.

It is assumed that empirical prior information b as in Theorem 3.11 is
uncorrelated with the OLS . Note that § — b has a distribution with mean 0 and
covariance (62/k)I + a?(X'X)™!, denoted by

u(0, (c2/k)I + c2(X'X)™Y) (3.24))

and E [(ﬁ —])’(ﬁ —])] = (po?/k) + 02T.(X'X)~1. An unbiased estimate of 1/k

1S

L () @i

: = (3.25.)
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If 02 is known. The more common situation is when g2 is unknown. Then a2 can be

estimated by an unbiased estimator s? = (y - xﬁ)’(y - xﬁ) /(n—p) and an

estimate of 1/k is

1 _ (B-b) (B-b)-s’Ty(x'x)”"
Kk ps? )

(3.26.)

There are other estimates of o2 which may be used as well. The proposed
estimate of 1/k in (3.25.) and (3.26.) provides an URE of 8 under certain conditions
on the distribution u(.,.) while all of other available ridge estimators are biased. The
unbiased estimation results are summarized as follows.

Theorem 3.13: Given that § — b is distributed as (3.24.) and the distribution u(.,.)
is symmetric about 0. If o2 is known, then the proposed RE, (E,b), is unbiased
where k is given by (3.26.).

Theorem 3.14: Given that § — b is distributed as N(0, (¢%/k)I + o2(X'X)™1). If
02 is unknown, then the proposed RE ,BA(I:’,,b) is unbiased where k is given by
(3.26.).

3.6. Restricted Ridge Estimator

The problem of multicollinearity and its statistical consequences on OLS
method, such as producing large sampling variances, leads to two estimation
procedures the restricted least squares (RLS) method and the method of ridge
regression. In the paper of Sarkar (1992) a new estimator by combining the two
approaches followed by the RE and RLS estimator is suggested. When the
restrictions on the parameters are true, often a reparameterization in terms of linear
combinations of the original parameters is obtained. If multicollinearity still remains
a problem with reparameterized model, it becomes necessary to modify the usual
RLS estimator in the line of RE. Namely a new estimator is suggested by grafting

ridge regression philosophy into the RLS estimator.
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Consider the standard linear regression model (1.1.). The set of a prior

restrictions on the parameters are represented by
R =r1 (3.27))

where r is a g X 1 vector of known elements and R is a g X p known prior
information design matrix that expresses the structure of information on the
individual parameters or some linear combinations of these parameters. Both of the
case that restrictions are true or not true is considered. The RLS estimator of § is
obtained by minimizing (y — XB)'(y — XB) subject to the restrictions given in

(3.27.) can be written as:

Br =P +STR'(RSTIR)™(r — Rp)
where S = X'X. E (ﬁr) # [§ unless (3.27.) holds. The variance covariance matrix of
By is Var(B,) = a2(S™* — S7'R'(RS™*R")"'RS™") and Var(B) — Var(B,) is psd

matrix and hence it is concluded that the RLS estimator has a smaller sampling

variance than the OLS estimator. Further,

MSE(B,) = o?Tr(A) + §'(RS~'R')"'RS~2R'(RS™'R")1§
where A =St — S71R'(RS™IR')"*RS™ 1 and § = r — Rp.

Since B, = WS, W = (I + kS™1)~1, Sarkar (1992) defines a restricted ridge
regression estimator (RRE) as

B (k) =Wg, , k =0. (3.28.)

Obviously f£,(k) = 8, when k = 0. The proposed RRE can be obtained by

minimizing B'f subject to a fixed value ¢ for (ﬁ—ﬁr)’X’X(ﬁ—ﬁr).
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E (ﬁr(k)) =WpB + WS IR'(RS™IR')"1S5. Thus, the RRE is always a biased
estimator unless k = 0 and § = 0. Further Var (Br(k)) = g?WAW' and the MSE

of B, (k) is

MSE (ﬁ“r(k)) = o2 Tr(WAW")
HWS™18* — kS(k)~1B) [WS~16* — kS(k)~1B].

where 6* = R'(RS™'R')™1§. If § = 0, namely the restrictions are true, then
MSE reduces to

MSE (ﬁ“r(k)) = o?Tr(WAW") + k?8'S(k)~28.

Sarkar (1992) also studied the properties of this estimator and MSE
superiority of the proposed estimator over both the RE and RLS estimator when
parametric restrictions are indeed true or not true.

Gross (2003) introduced a new estimator which is a generalization of the
restricted least squares estimator and is confined to the (affine) subspace which is
generated by the restrictions. Gross (2003) claimed that £,(k) does not satisfy
Rp, (k) = r for every outcome of y and therefore is not a restricted estimator with
respect to R = r. Since Sarkar (1992) didn’t assume that R = r must always be
true when ﬁr 1s used, it is reasonable to allow the estimator ﬁr(k) to take values
outside the (affine) subspace which is generated by the equation R = r. In the paper
of Gross (2003) a new ridge-like estimator for 8, which is a restricted estimator with
respect to a given equation Rff = r.

Consider that there is no prior knowledge about an appropriate vector b in
MRE, £(k,b). Then shrinking towards b = 0 results in RE. If linear restrictions
Rp = r are assumed to hold, then it is no longer appropriate to shrink towards the
zero vector but towards the shortest vector 5, which satisfies the restrictions. This

vector is given by B, = R'(RR’)~1r, but the resulting estimator
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Bk, Bo) = (X'X +kI,) " (X'y + kR'(RR")™'r) .k = 0 (3.29)
is of course not a restricted estimator with respect to RS = r. Gross (2003) proposed

B (k) = Bk, Bo) — ST R'[RSFIRTY(RA(K, Bo) — 1),k = 0

with S, = X'X + kI, that this estimator is restricted with respect to Rf = 7.
It is also clear that for k = 0, ﬁr*(O) = ﬁr, but it is not immediately seen whether
this estimator moves towards 8, = R'(RR’)~1r when k becomes larger.

Gross (2003) indicates a theorem that limy_ e B, (k) = B,, where
Bo = R'(RR')"'r. Therefore this new estimator ﬁr*(k) satisfies Rﬁr*(k) =71 and
can be regarded as a movement from the RLS estimator f, into the direction of f3,,
which is the shortest vector satisfying the restrictions. Gross (2003) also gave

necessary and sufficient conditions for the superiority of the now estimator over the

RLS estimator.
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4. RIDGE ESTIMATORS FROM DIFFERENT POINTS OF VIEW
4.1. . Ridge Estimators in Seemingly Unrelated Regression Equations Model
A multiple linear regression model is
y=XB+e (4.1

where y is an (n X q) matrix of q responses, X is an (n X p) matrix of regressors,
whose elements are treated as fixed constants, B = (fy,..,,) isa (p X q) matrix of
unknown coefficients and € = (ey,..,e4) is an (n X q) error matrix, such that
E(e;)) =0, E(eje)/) = ail,, j,l=1,..q.

Within each equation the disturbance vector is assumed to be homoscedastic,
but the disturbances are permitted to be correlated across equations.

The system of linear regression equations (4.1.) can be rewritten in a form
y=2ZB+e 4.2)

where y is stringed out into a (qgn X 1) vector y, and the error matrix € is stringed out
into a (gn X 1) vector e. The unknown parameters 8 form a (pg X 1) vector and Z is
a q(n X p) block matrix with the original X; matrices, j = 1, ...q, on the diagonal,
Z =1, ® X;, where ® denotes Kronecker product of matrices. The disturbance

vector e has zero mean and the dispersion matrix
E(ee')=YQI,=T

where ) = {aizj} is a (g X q) pd symmetric matrix. In this form, the regression

model (4.2.) is called seemingly unrelated regression equations (SURE) model. Even
though the equations in model (4.1.) appear to be structurally unrelated (the

dependent variable in one equation does not appear as a regressor in other equation),
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the fact that the disturbances are correlated across equations constitutes a link among
them.
Such a system was first considered by Zellner (1962) and clearly the

generalized least squares (GLS) estimator is
Bers = Z'T12)71Z'T 1y

and it is minimum variance unbiased with
Var(Bes) = (Z'T71Z)71.

However there are numbers of conditions under which the OLS estimator of
B is fully efficient and there is no gain in efficiency from the use of the GLS
estimator. Brinkley (1982) and Brinkley and Nelson (1988) discussed the problem of
collinearity in the context of SURE. Considering a two equation system of SURE,
Brinkley (1982) concludes that correlation between a variable in one equation and
those in the other will adversely affect the efficiency of ;¢ if this correlation is not
already reflected by existing multicollinearity between the wvariable and the
remaining ones in its own equation. However Brinkley and Nelson (1988) point out
that even if there is correlation among variables across equations, gains in efficiency
can still be made through the use of ;s when there is multicollinearity among the
variables within an equation. Clearly, the discussion of multicollinearity in a system
of SURE is much more complex than in classical linear regression model and
multicollinearity can produce ;.5 estimates with larger variance than expected.

Since multicollinearity can have damaging effects on the GLS estimator and
under certain conditions the estimator will not produce any gains in efficiency over
OLS, it is appropriate to consider biased estimators as means of reducing the
variance of parameter estimates. One such possibility is provided by the ridge
regression. The ordinary RE of f in the SURE model (4.2.) is defined by Srivastava
and Giles (1987) as
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Pre = (Z'T~YZ + kI)™1Z'T1y.

This estimator is obtained as a solution to a minimization of g'f for a given level of
weighted squared errors (y —ZB)'T~1(y — ZB) or as a solution to a constrained
regression problem. Considering first the minimization approach, on the basis of
prior information, more weight can be given to some variables than others. Having a
prior information on f in the form of a nonstochastic vector b might be preferable to
minimize the distance to a given point, other than origin. So instead of minimizing
B'B, the squared weighted distance (8 — b)'@(B — b) is minimized subject to the
constant 1 = (y — ZB)'T~*(y — ZB). The weights given to distance (8 — b) are the
diagonal elements of ©~1. Differentiating a Lagrangian expression with multiplier
1/k and with respect to 8 leads to the modified ridge estimator in the SURE model
which is defined by Fiile (1995) as

Bur = Z'TZ+k0" ) Y(Z'T 1y + kO~1b). 4.3)
In the second approach, both sources of information the basic model (4.2.)
and the prior information given in the form of stochastic restrictions = f + v , with

stochastic component v, E(v) =0, E(vv') = k™10 and a constant k > 0, are

combined into a model

v=B=Lls+=rs e w0

It 1s assumed that e and v are independent, and a transformation matrix P is

used such that

r 0]‘1

PP'=Q_1=[0 k=10
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and P'QP = 1. Using P, (4.4.) can be transformed into P'y* = P'Z* + P'e* and
applying the OLS estimation technique to this transformed model leads to the
estimator (4.3.).

Ifal X; =X,j=1,..,q, Z =1, &® X, there will be no gain in efficiency in
estimating the equation system (4.1.) simultaneously over estimating each equation

separately. Moreover, assuming ¥ = diag{c}

1, the expression Z'T'~1Z will be equal
to Z'ZT; ! for Iyt a (pg X pq) diagonal matrix and also Z'T~1y can be written as
[51Z'y. According to this, the modified ridge estimator (4.3.) can be simplified by

replacing kO™, by a (pq X pq) diagonal matrix K, to
Bucr = (Z'Z+K)"H(Z'y + Kb) = (Z'Z + K)"*(Z'Zp + Kb) (4.5)

which is called modified generalized ridge estimator by Fule (1995).

The estimator (4.5.) is a form of a generalized ridge estimator allowing
different shrinkage parameters connected with each ﬁ =(Z'Z2)'Z'y, ie. different
shrinkage within every equation but also be between equations. The estimator (4.5.)
can also regarded as a modified ridge estimator, because of shrinking the OLS
estimated parameters towards predetermined target values b.

Shrinking the parameter values toward predetermined b values leads to a lost
of an important property of the original model. Therefore, further restrictions on the
parameter values have to be imposed on the parameter values. The linear equality

restrictions on the parameter vector S is

R =1 (4.6.)
where R is a (p X pq) matrix and r is a (p X 1) vector. The restriction (4.6.) imposed
on combined model (4.4.). Applying the RLS estimation technique to model (4.4.),

namely minimizing (y* — Z*B)'Q~1(y* — Z*B), subject to restrictions (4.6.), leads

to the estimator
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A,(VER = Bucr + W_lR'(RW_lR')_l(T — R.BMGR)

where W =Z'Z + K.
This restricted modified generalized ridge estimator, defined by Fule (1995),
presents a restricted solution for [, providing a correction of the OLS estimated

parameter values through the shrinkage procedure.
4.2. Minimax Ridge Estimator

Minimax estimation is based on the idea that the quadratic risk function for
the estimate 3 is not minimized over the entire parameter space R, but only over an
area B(B) that is restricted by a prior knowledge. If all restrictions define a convex

area, this area can often be enclosed in an ellipsoid of the following form

B(B) = {B:B'TB < k} (4.7

with the origin as center point or in

B(B, Bo) = {B: (B=Bo)TB —Bo) < k}

with the center point vector 3.

Considering the quadratic risk R, (ﬁ,A) =Tr{A [MMSE(B)]}, a class {f} of
estimators and a convex region of prior restrictions for 8, B(B), the criterion of the
minimax estimator is given in the following definition.

Definition 4.1. An estimator b, € {§} is called a minimax estimator of f if

min supR, (B, A) = supR,(b,, A).
{B} BeB BeB

Linear Minimax Estimators: In linear homogeneous estimators {f = Cy} the

estimation error in [ is expressed as
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f—pB=(CX—-DpB+Ce
from which R, (ﬁ, A) 1s derived as

R,(B,A) = E[(CX — DB + Ce]'A[(CX — DB + Ce]
=pB'(X'C' —DA(CX — DB + o*Tr{ACC"}
= B'TY2ATY?B + 62Tr(ACC")

where A = T~Y2(CX —1)'A(CX —DDT"Y? and T > 0 is the matrix of the prior
restriction (4.7.).

Theorem 4.1: Let A: n X n be symmetric with eigenvalues 4; = --- > A,,. Then

'A x' Ax

X AX .

sgp = = A, 191(1f — = Y

Using Theorem 4.1,
ﬁ’Tl/ZATl/Zﬁ -

S%pW = Amax(A)

and hence
sup R,(Cy,A) = a?Tr(ACC") + kAmay(A). (4.8.)
B'TB<k

Since the matrix A is dependent on the matrix C, the maximum eigenvalue
Amax (/T) is dependent on C. But it doesn’t have an explicit form that could be used
for differentiation. Kuks (1972), Kuks and Olman (1971,1972) suggested iterative
solutions. Besides this, Trenkler and Stahlecker (1987) proposed the inequality

Amax(A) < Tr(4) to find an upper limit of R;(Cy, A) that is differentiable with

respect to C. So a substitute problem with an explicit solution is found. This solution
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can be achieved if the weight matrices are confined to matrices of the form A = aa’
of rank 1, so that the R; (ﬁ, A) risk equals the weaker R, (ﬁ, a) risk.

Linear Minimax Estimates for Matrices = aa’ : In the case of A = aa’,

A=[T7Y%(cX - D'a][la'(CX —DT~?]| = aa'.
According to a theorem that A = aa’ with a as nonnull vector has all
eigenvalues 0 expect one, with 4 =a’a and the corresponding eigenvector a,

Amax(A) = @'@. Therefore (4.8.) becomes

sup R,(Cy,a) =c%d’'CC’'a+ ka'(CX—-DT™Y(CX —1)'a.
B'TB<k

Differentiation with respect to C leads to

o sup R,(Cy,a)¢ = (¢ + kXT™1X')C'aa’ — kXT 'aa’. (4.9)

Since a is any fixed vector, (4.9.) equals zero for all matrices aa’ if and only

if
C!=k(o?l + kXT 1X")"1XT™ . (4.10.)
After transposing and multiplying from the left with (62T + kX'X), (4.10.)
becomes

(02T + kX'X)C. = kX'[02] + kXT~1X'|[02] + kXT~1X']"! = kX’

which leads to the solution

C.=(+kte?T) X’
where S = X'X. Using the abbreviation D, = (S + k™102T) the theorems are:
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Theorem 4.2: (Kuks (1972)) In linear regression model with restriction f'Tf < k

with T > 0 and the risk function R, (ﬁ, a), the linear minimax estimator is

b, = (X'X + k™102T) 71Xy
=D X'y

with Bias(b,) = —k™ 162D 'TB and Var(b,) = 02D;1SD;*. The minimax risk is

sup R,(b,,a) = o%a’D1a.
B'TB<k

Theorem 4.3: If the restriction in Theorem 4.2 is (8 — By)'T(B — By) < k with

center point S, # 0, the linear minimax estimator is

b.(Bo) = Bo + D7 X' (y — XBo).

with Bias(b.(By)) = —k~'a?D7'T(B — B,) and Var(b.(B,)) = Var(b,). The

minimax risk is

sup R,(b.(By),a) = d?a’D;a .
(B=Bo)'T(B—Bo)<k

A change of the center point of a prior ellipsoid has an influence only on the
estimator itself and its bias. The minimax estimator is not operational, because of the
unknown ¢2. The smaller the value of k, the stricter is the prior restriction for fixed
T. Analogously, the larger the value of k, the smaller is the influence of f'TS < k on

the minimax estimator.

B(B) = IR? as k — oo and limy,o b, = B = (X'X)"1X'y.
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Comparison of b, and B:

(i) Minimax Risk: The minimax risk of OLS estimator is

sup R,(f,a) =R,(f,a) =0c?a'S7ta.
B'TB<k

The linear minimax estimator b, has a smaller minimax risk than the OLS

estimator. Therefore,

R,(B,a) — sup R,(b, a) =c%a' (S *—(k™'0?T + S)™Na >0
B'TBp<k

since S™! — (k™1a?T + S)"1 > 0.
(ii) MMSE superiority : The MMSE of b, is

MMSE(b,) = Var(b,) + Bias(b,)Bias(b,)’
= 02D;Y(S + k™20?TBB'T")D; .

b, is superior to £ if
A(B,b.) = MMSE(B) — MMSE (b.)
= 02D Y[D,S7ID, — S — k™ 2aTBB'T'|D;* = 0.
A(ﬁ, b*) > 0 if and only if
B=D,S'D, —S—k™2a2TBB'T’
=k 20*T[{S™ 4+ 2ko™ 2T 1} — 07 2BB'IT = 0

= k=26*TCY*[1 - 672C~'/2BB'C™Y/?1C/*T 2 0

with € =S + 2k 2T 1.
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[—072C~Y2BB'C™"/2 > 0 if and only if 6728'(S™! + 2ko 2T~ )18 < 1.
Since (ko 2T V)1 — (S '+2kc™?T1)>0, k1< ﬁ is the sufficient

condition for MMSE superiority of the minimax estimator b, compared to . This

2
condition corresponds to the condition k < ;(’Tﬁ

RE, S, compared to . The linear minimax estimator b, is a ridge estimate when the

for the MMSE superiority of the

ridge parameter is k~1o2. Hence the restriction B'TS < k has a stabilizing effect on
the variance. The minimax estimator is operational if g2 can be included in the

restriction B'TS < o2k = k:
b, = (X'X +k71T) ' x'y.
4.3. Bayes Ridge Estimator

Bayesian Analysis of Regression: Since [ is any scalar unknown parameter, its
values are uncertain and therefore it can be treated as a random variable. Some
subjective information or belief about § can be obtained to have information about
B. Then sample evidence y about  can be looked for and combined with prior
knowledge to obtain a revised information or opinion. Bayesian analysis involves
this process. The prior possibilities about the values of 5 are formulated in terms of a
probability density, called a prior probability density. The random sample vector y is
expressed in terms of probability of sample data and called a likelihood function.

From the definition of conditional probabilities

_p.B) — p(y.B) — p(B)p(y|B)
p(ylﬁ)——p(ﬁ) , p(Bly) = =75 and thus p(Bly) == ===

The unconditional probability of observing the data, p(y), is equal to
2 p(B)p(y|B) in discrete case and equal to fﬁp(ﬁ)p(ylﬁ) dp in the continuous

case, and therefore it is considered as the reciprocal of the normalizing constant for

the p(Bly). So,
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p(Bly) = Ep(ﬁ)p(ylﬁ)

< p(BrIp)
< p(B)L(B)

where P(B|y) is the posterior probability density for the parameter 8 given the data
vector y, p(B) is the prior probability density for  and p(y|B), viewed as a function
of B, is the familiar likelihood function L(S).

As a summary by using Bayes theorem an alternative way of combining the
prior and sample information is given. For discussion of the Bayesian analysis of the
linear regression model y = X8 + ¢ (1.1.) two different kinds of priors are defined
as conjugate priors and diffuse priors. A conjugate prior is a prior that, when
combined with the likelihood function, provides a posterior distribution that has the
same functional form as the prior. When nothing about the parameters was known
noninformative or diffuse prior is used.

Conjugate Priors: Since e~N(0,02I) and y~N(Xp,02I) the density function of y

can be written as

fO18,0,X) = G exp | = 1 (v = XB) (v = XB)) (4.11)

for a given data set on y and X this is regarded as the likelihood function for f and o,

namely,

L(B,0) = L(B,oly) = f(y|B,0,X).

Then substituting

b —-XB)'(y—XB) = (v —%xB) (y — XB) + (B - B) x'x(B — B)

in (4.11.)
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L(B,0) = Gmiragmexpl— 50z (v — XB) (v — XB) + (B — B) x'x(B — B)}]
o< o mexp[— s {(y - XB) (v — XB) + (8 — B) X' x(8 — B)}]

where « denotes proportionality and permits a simplification by omitting the
constants.

Case 1. (6 known): L() can be written as
L(B) o exp[—5= (B — B) X'X (B — B)]

because (y - X ﬁ)’(y - X ﬁ) doesn’t involve f. This form of likelihood suggest that

one may use the normal distribution as a prior for £5.

p(ﬁ) = mexp[ﬁ (.B - .BO)’-Q_I(.B - .BO)]
x exp[—%(ﬁ — Bo)' Q7 (B — Bo)]

which is multivariate normal with the prior mean vector S, and prior variance

covariance o2().

Using Bayes theorem the posterior density is

p(Bly) « p(BIL(B)

1

o exp[——{(B — B) X'X(B — B) + (B — Bo)' 2™ (B — Bo)}.

Then,
(B=B)x'X(B=B)+ (B =By (B — By)

=B X'X+Q DB -2 (X'XB+Q71By) +¢ (4.12.)
=@ -b)'@Q)B-b)+c",
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where ¢ = b'X'Xb + ,'Q~1f3, does not involve . Further,
b= XX+0 ) (X'XB+Q71B,)
O =Xx+Q 11 (4.13.)

and ¢* = ¢ — (b*)'(Q*)~1b* does not contain f3.

Using (4.12.) the posterior density is
p(Bly) « exp[— 55 (B — b ()71 (B = b)]

where the normalizing constant is (2m)™™/2|02Q*|~1/2. This density is again a
multivariate normal with mean vector b* and variance covariance matrix (", namely
the posterior density of B~N(b*, 62Q*). Since both the prior and posterior are
normal, the prior for § given above is called a conjugate prior.

Diffuse (Improper) Priors: When nothing was known about the parameters  and o

the joint prior of B and o is considered.

p(B,0) = p(Blo)p(o)
o = (4.14.)

g

where p(Blo) is a constant and p(o) is proportional to 1/0. The prior (4.14.) is

referred to as a diffuse prior. Using the diffuse prior the posterior is obtained as

p(B,01y) < o~ Dexp[— 1 (SSE(B) + (8 - B) X'X(B - F)}]

Thus given ¢ the posterior of f~N (ﬁ, a?(X'X )‘1). Integrating with respect to o the

marginal posterior distribution of § is

p(Bly) o« [(y —XB) (v — XB) + (B — B) x'x(B — )1/
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This is multivariate t with mean vector f and variance covariance matrix
(y_XE)’(y_XE) (Xlx)—l
n-p )

Bayesian Regression Estimator: In both case, conjugate and diffuse priors, the
marginal posterior distribution of £ is multivariate t distribution. Thus the parameter
B can be analyzed by using the well known properties of the multivariate t density

function. In case of conjugate priors, bayes estimator of f from (4.13.) is

b*=X'X+Q D) (X'XE+Q715) (4.15))
=X'X+ Q" D)TXXB + (XX +Q7)701B,.

The estimator b* is a weighted matrix combination of the estimator §3, based
on data and the prior mean f,. b* can also be written from (4.15.) by adding and

substracting X' X3, inside the second parentheses as:

b= XX+ 0 D)XX(B—Bo) + (XX +07DB]
=Bo+ X'X+Q )X X(B - B).

Bayesian Interpretations of Ridge Methods: Consider the prior distribution of 8 as
a multivariate normal with mean vector zero and variance covariance matrix 02K 1,
that is B~N(By, 02K ~1). The posterior density of f is also a multivariate normal

with the posterior mean

b*=X'X+K)'(X'y + KB,) (4.16.)
= (XX +K)'XXB +KB,.

If the prior of B is N(0,62K™1), then b* = (X'X + K)"'X'y, which is
identical with the GRE. The ordinary RE implies that the prior of 8 is N(0,02k™11).
Some Bayesians feel that this prior is unrealistic, and a prior mean other than the null

vector should be used. In the absence of specific prior knowledge it is often
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conservative to shrink toward zero vector. In cases when such prior knowledge about
By is available, the modification of RE or GRE is that one shrinks toward this known
prior, as in (4.16.). There is no difficulty in subjectively specifying a non-zero f3,.
The problem is that the others may prefer a different f, and the solution can be
sensitive to this choice, that almost any solution can be obtained.

The bayesian analysis of the linear regression model (1.1.) when the
parameter vector [ itself has a structure which would influence the choice of a prior.
Consider a simple case where this structure on 8 is given by E(8) = AB,, where A
is a p X py known matrix and S, is a p, X 1 vector of hyperparameters. Let f have a
multivariate normal distribution with known variance covariance matrix ;. Then
the structure implies the following normal prior distribution of B~N(Af,, 028Q).
According to Lindley and Smith (1972) if the prior of f~N(By, a?K~1) and further,
the prior on the hyperparameter of £ is a diffuse prior, then the resulting mean of the
posterior density of S is the GRE.

4.4. Robust Ridge Regression Estimators

Multicollinearity and nonnormal error distributions often plague researchers
to use regression techniques. When the explanatory variables in a regression equation
are highly correlated, the OLS coefficient estimates will be imprecise. Adding or
deleting variables may change the estimated regression coefficient values,
coefficients may have signs that are opposite of what would be expected. Important
variables may have statistically insignificant coefficients because of inflated standard
errors when traditional hypothesis testing procedures are used.

One of the remedial measures suggested for the multicollinearity problem is
ridge regression. The RE of the regression coefficients is biased but has smaller
sampling variability. Thus the ridge regression might be useful in providing
estimates which are more precise and stable than OLS estimates in the presence of

multicollinearity.
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The OLS estimator possesses minimum variance among all unbiased
estimators when the disturbances of the regression equation are independent,
identically distributed, normal random variables.

If the disturbances are not normally distributed, the OLS estimator can be
shown to possess minimum variance among all linear unbiased estimators provided
the variance of the disturbance distribution is finite. However, OLS estimator may
produce extremely poor estimates in the presence of nonnormal disturbance
distributions. Koenker (1982) pointed out that the power of conventional tests may
be low when disturbances are nonnormal even though the tests may have the correct
level of significance asymptotically. It is also noted that the class of linear estimators
is very restrictive and may exclude estimators which outperform least squares in
cases of nonnormal disturbances (Koenker, 1982). Estimators which are not as
strongly affected by nonnormal disturbances are robust regression estimators. Such
robust estimators are intended to be more efficient estimators than OLS estimator
when disturbances are nonnormal. The term nonnormal disturbances will indicate
disturbance distributions which have fatter tails than normal distributions. These fat
tailed distributions are more prone to produce outliers. The adverse effect of outliers
on OLS fitted regression line is well known and it is protection against the effect of
outliers that is being sought through the use of robust estimators. Several different
classifications of robust methods exist. Three of the most commonly considered
groups are R-estimators, L-estimators and M-estimators.

R-estimators are estimators based on ranking of the residuals from the
regression. To obtain R-estimates of the regression coefficients, the function to be

minimized can be written

2 a(R)é;

where é; = y; — X;[ is the regression residual, R; is the rank of é; and a(.) is some

monotone scores function satisfying

r,a()=0.
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L-estimators are linear combinations of the order statistics. As measures of
location the construction of L-estimators is fairly straightforward. For example the
sample quantiles are L-estimators and any linear combination of the sample quantiles
would also be an L-estimator. Koenker and Bassett (1978) developed estimators
called the regression quantiles that generalize the L-estimators to linear models. They

define Oth regression quantile as the solution to minimization problem

min X Oly; —x;'Bl + ) 1-0)|y: —x;' 4.17.
B {ilyizx;'B} |yl l‘Bl {i|3’i<xi',3}( )lyl l.Bl ( )

where 0 < 6 < 1, y; is the ith observation on the dependent variable, x; isthe p X 1
vector of independent variable values for the ith observation and f is the p X 1
vector of unknown regression coefficients to be estimated. When p = 1 and the x
values are identically one, the solution to the problem in the equation (4.17.) reduces
to the Oth sample quantiles. When 6 = 1/2, the minimization problem in equation

(4.17.) becomes

mﬁinZ?ﬂWi —x;/'B| (4.18.)

or minimizing the sum of the absolute values of regression residuals. The solution to
this problem is called the least absolute value (LAV) estimator. The LAV estimator
is one of the class of regression L-estimators. Rather than minimizing the sum of
squared residuals as in OLS estimation, the sum of the absolute values of the
residuals is minimized. Thus the effect of outliers on the LAV estimates will be less
than that on OLS estimates. The LAV estimator is also a special class of the M-
estimators.

M-estimators for linear regression are defined as solutions to the following

minimization problem

rnﬁin Yicaryi —xi'B)
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where p(.) is a strictly convex function of the regression residuals. Alternatively, M-

estimators can be defined as the solution to the equations

Yicaxi (i —x'B) =0

where the derivative of p(.) is the function ¥ (.). The terms y;, x; and £ are as
defined for equation (4.17.). The OLS estimator can be defined as an M—estimator by
defining

p(y; —xi'B) = 1/2 (y; — x;/ B)?

and

Y —x'B) =y —x;'PB.

When both outliers and multicollinearity occur a data set, it would be
beneficial to combine methods designed to deal with these problems individually. RE
and some robust estimation technique can be combined to produce a robust ridge
regression estimator and it is hoped that the resulting robust ridge regression
estimators will be resistant to multicollinearity problems and less affected by extreme
observations. Askin and Montgomery (1980) discuss augmented robust estimators as
a way of combining biased and robust regression techniques. The procedure
suggested by Askin and Montgomery (1980) is based on the fact that M-estimates
can be computed using weighted least squares procedures. The weighted least

squares estimator can be written as

.BWLS = (X'WX)"'X'Wy

where W is a diagonal matrix with diagonal elements W;;. The W;; are weights

applied to the observations and are intended to downweight the extreme
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observations. The weights can be determined using any M-estimate ¥ function.

Askin and Montgomery (1980) suggest using weights

_ Y(i—xi'B)
W, = B (4.19.)
The weighted least squares estimates can be computed by applying least
squares to the transformed observations ./W;;y; and /W;;x;. This produces an

estimate equivalent to By, ¢ in equation (4.19.).

To compute robust ridge estimates the formula
BWRidge = (X'WX + kl)_1X'Wy

can be used. Askin and Montgomery compute the value of k from the untransformed
observations, although the transformed observations could be used. The estimator
ﬁWRidge with the biasing parameter k and the weights W;; determined from the data
will be referred to as the weighted ridge estimator. Lawrence and Marsh (1984) gave
the applications of the weighted ridge estimator using various weighting schemes.
Pfaffenberger and Dielman (1984,1985) suggested another robust ridge

estimator which combines properties of the LAV estimator and RE
Briav = X'X + k" D71X"y.

The value of k* is determined from the data using

ke = Dobav (4.20.)
BLavBrav ke
where
2 _ (y_XELAV),(y_XELAV)
Spav = n—p
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and B, 4y is the LAV estimator defined as the solution to equation (4.18.). The value
of k* is the estimator of k suggested by Hoerl et al. (1975) with two important
exceptions. First, the LAV estimator of f is used rather than the OLS estimator.
Second, the estimator of o2 used in formula (4.20.) is modified by using the LAV
coefficient estimates rather than OLS estimates. These two changes are intended to

reduce the effect of outliers on the value chosen for the biasing parameter.

4.5. Continuum Regression and Ridge Regression

For multiple linear regression with non-orthogonal regressors there are

several alternatives to the OLS method such as PCR, RR and partial least squares
(PLS) regression. Continuum regression (CR), introduced by Stone and Brooks
(1990), ties together these more classical regression methods PCR, RR and PLS. Let
the regression to be fitted y = Xf, in centered x and y variables. When
multicollinearity exists the regression coefficients are likely to be quite unstable or
possibly even non-unique and they cannot be interpreted individually. In this sense
identification of a true regression will be impossible. However, satisfactory
prediction may still be quite feasible. Cross-validation and related validation
techniques will play an important role in the construction of a linear predictor for
future y-values. Exact collinearities are evidently unavoidable if there are more x
variables than observations. However, even if there are sufficiently many
observations to guarantee a full rank design matrix, most variability in x is likely to
concentrate in a relatively small-dimensional space.
OLS, PCR and PLS: OLS may be characterized as maximizing correlation. The
multiple correlation coefficient R is the maximum overall direction vectors ¢ of the
correlation R(t,y) between y and a regressor t = Xc. The desired direction ¢ of
course satisfies OLS estimator 3. Regression of y on t, by simple one-dimensional
least squares, yields the OLS multiple regression of y on X.

The PCR and PLS methods depend on other maximization criteria for
construction of regressors from X. In a standard PCR the first regressor is the first

principal component, formed by letting c¢; be the direction of highest variability in x,
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that maximizes the variance Var(t,) for t; = Xc;, |c;| = 1. Successive regressors
t, = Xc, and etc. are obtained by repeating the procedure on the residuals from the
preceding step, and the now principal components will be uncorrelated with the
preceding ones. The number of principal components to be used jointly as regressors
will typically be optimized by cross-validation. PLS selects regressors t;, t, etc. by
maximizing covariance cov(t,y), rather than the variance. Although this fact PLS
and PCR are analogous. Typically, PLS requires fewer PLS factors than PCR needs
principal components. This is because principal components needs not necessarily be
correlated with y, where as all PLS-factors must be. The reason that PCR may
provide a useful regression equation at all, is that it avoids direction ¢ with small
variation, and those are the ones which may cause the collinearity problems. PLS
may be regarded as a compromise between OLS and PCR, cov?(t,y) being
proportional to the product R%(¢t, y)Var(t).

Continuum Regression (CR): In continuum regression the construction rule for
new regressors encompasses the three constructions discussed which correspond to
special values of a control parameter ¥y selected within a continuum of possible

values. The construction rule can be expressed as follows maximize the function.

g,(R%(t,y),Var(D)) = R*(t,y)Var(t)". (4.21.)

Over directions ¢, with |c| = 1, where t = Xc and y = 0. y = 0 yield OLS and
y = 1 yields PLS, PCR is obtained as y — oo in the limit. As is the case with PLS
and PCR, the construction rule is applied first on the centered x data and next
successively regression on the residuals from the regression in each step, such that
the regressors tq,t, etc. are uncorrelated. For each set of regressors, y is then
regressed on it, using least squares method. Continuum regression is scale-
dependent, a property it shares with other shrinkage regressions, such as PLS, PCR
and RR.

Continuum Regression and Ridge Regression: Examining more closely the
construction rule (4.21.), it is observed that it yields a regressor t = Xc which is

proportional to the ridge regression of y on x, for some ridge constant k dependent on

79



4. RIDGE ESTIMATORS FROM DIFFERENT POINTS OF VIEW
SELMA TOKER

y. Hence, CR is closely related to ridge regression. First factor (first regressor)

continuum regression, CR(1), is interpreted as a an upscaled ridge regression, with

% as the scale factor, i.e fer(y) = (ﬁ) B For any function g(R?(t,y),Var(t))

of correlation and variance, satisfying the natural condition of being increasing in
each one of its two arguments, the maximizing regressor ¢ = Xc is of the ridge type
for some ridge constant k that depends on the particular function g. The OLS is
obtained for k = 0 and PLS is arrived for k — oo while PCR appears in the limit of
k approaches the minus of the largest eigenvalue of X'X. Ridge regression is
regarded as bringing in two shrinkage effects: one two compensate for near
collinearity in the regressors and the other to reduce the MSE by replacing variance
by squared bias without any connection with collinearity or regression. On the other

hand CR(1) shrinks only to compensate for collinearity. This motivates a

. . . . . . 1
modification of conventional ridge regression by the scalar compensation factor Pt

so that it will correspond to the special case of CR. This modification will be
preferable to conventional ridge regression for statisticians who do not like shrinkage

estimators as a principle.
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5. TWO PARAMETER RIDGE ESTIMATOR AND SOME COMPARISONS

5.1. Two Parameter Ridge Estimator

Lipovetsky and Conklin (2005) proposed two parameter ridge regression
estimator as an alternative to OLS estimator in the presence of multicollinearity.
Lipovetsky (2006) improved the two parameter model and examined the properties
of the parameters like efficiency numbers, the residual error variance, variance,
generalized cross validation criterion and asymptotic behaviors.

OLS: Consider the multiple linear regression model (1.1.). For the standardized
variables y'y = 1, C = X'X is the correlation matrix of the regressors and r = X'y is
the vector of correlations of the dependent variable with the regressors. The least
squares objective for the regression corresponds to minimizing the sum of squared

deviations is

s?=llel* =0 —-XB)'(y—XB) =1-2B'r+B'CH. (5.1,

The normal system equations with the corresponding solution is

CB=r B=C1r. (5.2)

The quality of the model is estimated by the residual sum of squares (5.1.)

or by the coefficient of multiple determination defined from (5.1.) as

R?=1-S2=28'r—B'CB = B’ (2r — CP). (5.3.)

If the objective (5.1.) is minimum, R? reaches its maximum. Substituting

CPB = r, R? can be presented in equivalent form

R = p'r = B'CB. (5.4.)
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The items of the scalar product in (5.4.) are called the net effects Rjz used

to estimate the contribution of the regressors into the model

R* = z:5')=1ﬁ1'rj = 5')=1 R (5.5.)

There are some properties of solution for the OLS. Relation Cf = r can be

represented as
Xe=0 (5.6.)
that expresses orthogonality of each regressor to the error vector
e=y—Xp=y—-J (5.7.)

where y denotes the theoretical, predicted by the model values of the dependent

variable

y=Xp. (5.8.)
Using (5.7.), (5.6.) can be rewritten as

Xy=Xy (5.9.)
so the vector of pair correlations r of regressors with the empirical y coincides with
such a vector of correlations with the theoretical y. The relation of orthogonality in
(5.6.) is also true for the theoretical y,

y'e=0. (5.10.)

Using € = y — ¥ in equation (5.10.)

82



5. TWO PARAMETER RIDGE ESTIMATOR AND SOME COMPARISONS
Selma TOKER

y'y =3y =pXXB = R? (5.11.)

is obtained. Projection of the empirical vector y on the vector of errors, taking into

account the equation (5.11.), produces the relation

ye=yy-y'y=1-y'y=1-R% (5.12)

Substituting equation (5.8.)iny = X + ¢

yVy=GF+e)F+e)=3J+2y'ete'e (5.13.)

is obtained. Using the property of orthogonality (5.10.), relation (5.11.) for the
coefficient of multiple determination and (5.1.) for the residual sum of squares, the

equality is obtained as

1=R%+S52 (5.14.)

which is a Pythagorean relation between the sum of squares explained (R?) and non-
explained (S?) by the regression.

This decomposition of the empirical standardized squared norm of the
dependent variable is very convenient for estimating the model quality by the total F-
statistics defined by the ratio of variances for the regression related and the residual
portions in (5.14.).

If any regressors are highly correlated or multicollinear, matrix C becomes
ill-conditioned, so its determinant is close to zero, and the inverse matrix produces a
solution with highly inflated values of coefficients of regression. The values of these
coefficients have signs opposite to corresponding pair correlations of regressor with
dependent variable, important variables become statistically insignificant and some
of the net effects become negative. The model can be applied for prediction but it

becomes practically useless for the analysis and interpretation of the predictors' role
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in the model. Overcoming the difficulties of multicollinearity ridge regression is
suggested.

Ridge Regression (Ridge-1): For the standardized variables, adding to the least
squares objective (5.1.) a penalizing function of the squared norm of the vector of

regression coefficients yields a conditional objective

§2 = lell” + kllBll* = 1 = 2B,r + BrCPhi + kPP (5.15.)

where S denotes a vector of ridge regression estimates for the coefficients and k is a
positive parameter. From maximizing the objective function by vector [ the system

of equations and the solution of this system is
(C+kDB =71, B =(C +kD'r, k>0. (5.16.)
The ridge regression proved to be very helpful in applied regression
modelling, although its results lack the quality of fit of a regular regression, and
cannot always be clearly interpreted because one-parameter or Ridge-1 properties are

more similar to a non-linear regression. For instance the multiple determination

coefficient is

Ri = Bp(2r — CBy)
=2r'(C+kD™r—=7r'"(C+ kD)™1C(C + kD)™ 'r. (5.17)

But

r'(C+kDr+#r'(C+kD)Cc(C+ kD) 'r

or in other notation

Bir # BrCPBr (5.18.)
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so the coefficient of multiple determination (5.17.) of Ridge-1 cannot be reduced to
an expression similar to (5.4.) for the OLS model. With the theoretical vector
Vx = XP from the Ridge-1 solution, the relation (5.18.) can be represented as
Y'$x # Fx' Fx» so Ridge-1 does not satisfy the relation (5.4.) and (5.14.) holding for
the OLS regression.

The eigenproblem Ca = Aa for the matrix of correlations among the
regressors yields the spectral decomposition C =Adiag(/1j)A’, where A is the
matrix containing the eigenvectors a; in its columns and diag(/lj) is a diagonal
matrix of the eigenvalues 4;.

Some other characteristics of Ridge-1 model include effective numbers of
parameters, residual error variance and generalized cross-validation (GCV) of

prediction quality. Using the spectral decomposition of C, the effective number of

parameters is:

A

* __ -1 N o
p*=Tr((C+kI)™IC) = =174k (5.19.)
The residual error variance is
Sfes = (1= R;%)/(Tl -p— 1. (5.20.)

The variance of the parameter estimates is

Var(Be) v = IBx — EB)II?
= Brbrx — 2BE(By) + EBE (Br)- (5.21.)

The generalized cross-validation criterion widely used for choosing k value

1s defined as

_ U=yl
GCV =n—mns (5.22)
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where the hat matrix H corresponds to § = XS, = X(C + kI)™*X'y = Hy. Note
that Tr(H) = Tr(X'X(C + kI)™1) so it equals the effective number of parameters
(5.19.). Then (5.22.) can be represented explicitly as follows

ly—3I1% 1 Y yi-v)?
GCV = = L&l )
n(n—p*)2 1-p*/n n—p*

Two Parameter Ridge Regression (Ridge-2): Consider a generalization of the

regularization (5.15.) with two additional items

§2 = |ly = XBail” + keallBaell” + keallX'y = Baill” + kally' (v = X8|I
=(1- 2Bgrr + .Bt,]kC.qu) + k1(.5¢';kﬁqk) + ko (r'r — 2Bgir + .Bz’]k.qu)
+k3(1 — 281 + Boir™ Bar)- (5.23))

The first two items in (5.23.) coincide with those in the Ridge-1 objective
in (5.15.). The next item with k, pushes the estimates B, closer to the paired
correlations r with the dependent variable, which helps to get a solution with
interpretable coefficients. The last item with k; expresses the relation
ye=y'y—y'$=1—5'y=1—R? due to (5.11.), so its minimizing corresponds
to obtaining the maximum coefficient of multiple determination. Minimization of
(5.23.) yields a matrix equation Cfgx + kiBgr + kafqk + k37 Bor = 17 + kor +
ksr. The scalar product 'y, can be considered as another constant and combined
with the parameter k3, so this item on the left hand side is proportional to vector r
and can be transferred to the right hand side of this equation. Then combining
constant on each side of this equation, it is easy to reduce it to the following system

with corresponding solution

(C + kD By = qr, Bax = q(C + kD™ (5.24.)
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where k and q are two new constant parameters. It is a Ridge-2 model that differs
from the Ridge-1 only in the parameter q, so the solution of Ridge-2 is proportional
to the Ridge-1 solution.

For a current value of the free ridge parameter k, the value of the second
parameter q can be found using a criterion of maximum quality of the regression fit.
For such a criterion, firstly coefficient of multiple determination can be considered

for the Ridge-2 model

Rz, = 2q[r'(C + kD)™ r] — q*[r'(C + kD)7'C(C + kD)7r]
= 2qQ; — q*Q; (525

where Q; and Q, denote two quadratic forms. The value of q where this concave

function reaches its maximum is

Q1 _ r'(C+kD)™r
Q5 r’'(C+kD~1c(C+kD)~1r"

q= (5.26.)

So the second parameter in the solution (5.24.) is uniquely defined as a
quotient of two quadratic forms dependent on one parameter k. Substituting q from

(5.26.) into (5.25.) yields the maximum coefficient of multiple determination as

2 _ [r'(c+kD)~r]? o — !

which is presented similarly to the OLS regression (5.4.).

Using the theoretical vector § = Xf it is easy to see that the right hand
side equality in (5.27.) presents the property y'y = §'y for Ridge-2 similar to (5.11.)
for OLS. This equality leads to ¥'e = 0, so (5.10.) and all relations (5.11.) - (5.14.)
are true for Ridge-2. Conditions of orthogonality of the predictors with errors (5.6.)
are not fulfilled exactly but numerical evaluations show that the deviations from
orthogonality for Ridge-2 are always close to zero. Instead of orthogonality for each

predictor (5.6.) there exists orthogonality of their linear combination with the weights

87



5. TWO PARAMETER RIDGE ESTIMATOR AND SOME COMPARISONS
Selma TOKER

of the coefficients of Ridge-2. Indeed rewriting y'e = 0 as f,;, X'e = 0 shows that
the scalar product of the vector of solution S, with the vector X'e of deviations
from orthogonality equals zero.

Thus in the Ridge-2 solution the term k serves for regularization of an ill-
conditioned matrix and the term q is used for tuning the fit quality. The coefficient
of multiple determination for Ridge-2 model with the additional parameter is always
bigger than that of Ridge-1 model. Using the term (5.26.) in (5.24.) yields the Ridge-

2 solution in the explicit form

B = r'(C+kD)~1r
ak = yr(c+kD)-lc(C+kl)~ir

(C + kD 1r. (5.28.)

Considering the behavior of this solution with the increasing parameter k,
namely in the limit of big k, the matrix C + kI gets a dominant diagonal so the

=2 in the

inverse matrix (C + kI)~! reduces to the scalar matrix k~1I. The terms k
numerator and denominator of (5.28.) are mutually cancelled and the Ridge-2

solution eventually converges to an asymptote independent of k

k= 2r'r (r'r

ﬁqk = = )r =yr (5.29.)

r'cr
where the constant y is defined as the always positive ratio of two quadratic forms.
Thus, unlike for the Ridge-1 solution (5.16.) diminishing to zero, the coefficients of
the Ridge-2 solution become proportional to the elements of the vector r (5.29.) of
the pairwise regression with beta coefficients equal the pair correlations of y with
each regressor. The signs of the Ridge-2 coefficients B, coincide with the signs of
the pair correlations r. This guarantees clear interpretability of the eventual Ridge-2
solution and the positive net effect contributions B )17 = yri? (5.4.) of the
regressors to the coefficient of multiple determination (5.27.).

Behaviors of the tuning parameter q (5.26.) and of the coefficient of

multiple determination (5.27.) with k increasing are as follows, respectively
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kK r'r _ k_z(r'r)z

= —vk. R%2 =
q k=2r'cr YK, Kk k=2r'cr

=y(r'r) (5.30.)

with the same constant y as in (5.29.). Thus, eventually q is linearly proportional to
k, but the coefficient of multiple determination with k increasing goes to a constant
independent of k, so the quality of fit is not decreasing. The constant of
proportionality in (5.29.) and (5.30.) can be estimated using the squared norm

defined by the maximum eigenvalue of the eigenproblem Ca = Aa so

e > _ 1

r'er T ITIPIC] Amax

For increasing parameter k, the Ridge-2 coefficient of multiple

determination Rék (5.27.) stays consistently, (5.30.), close to the maximum R? value,

(5.4.), of the OLS model, while the Ridge-1 coefficient R;%, (5.17.), quickly
diminshes to zero. This means that in Ridge-2 modelling, k can be increased without
losing the quality of regression until the asymptotic solution (5.29.) is reached, with
the interpretable coefficients of multiple regression proportional to the pair
correlations of y with the x's.

The effective number of parameters p; for Ridge-2 regression is

pi = qTr((C+kD)™1C) =2 .THO_ P

Amax k - Amax ’
The residual error variance for Ridge-2 can be found as

T’T

2 _ " Amax
Sres = D .
n—
Amax

The variance of the parameter estimates is
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Var(Ba) "0 = BipBax — 2aB (C + kD) T1CBy
+q%Boi (C + k) 72C? By (5.31.)

The tuning parameter q can not only be found from the criterion (5.25.) of
the maximum for the coefficient of multiple determination. Consider a criterion of a

minimum variance of coefficient estimates, (5.31.), with By, (5.24.), when (5.31.)

reduces to

Var(Bge) - p = ¢2[r'(C + kD) 72r] = 2¢3[r'(C + kI)3Cr]
+q*[r'(C + kI)™*C?r](5.32.)
=q°Qs — 2q°Q4 + q*Qs (5.32)

where Q3, Q, and Qs denote the corresponding quadratic forms in the brackets.

(5.32.) is minimized by

q = (3Q04+,/9Q4—8Q3Qs)

4Qs

The tuning parameter q can also be found by minimization of the GCV

criterion (5.22) applied to Ridge-2

1—2q[r'(C+ kD] + q?[r'(C + kI)7XC(C + kI)~r]
(n — qTr((C + kD=1C))’

GCV =n

1-29Q4 +9°Q;
=n—m—————. 5.33.
n (n—-qp*)? ( )

Q1 and Q, denote the same quadratic forms as in (5.25.). Minimizing (5.33.) using

the parameter q yields the expression

n
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The fraction p*/n is usually small and diminishing with k increase; this
expression is actually close to g = Q,/Q,, that is the same q parameter as in (5.26.).
This guarantees the predictive optimum due to GCV criterion (5.33.).

All regular statistical characteristics of a multiple regression can be
constructed for the Ridge-2 model as well, including the variance-covariance matrix
for the coefficient estimates and their t-statistics. The F-statistic for Ridge-2
regression with the property of regular decomposition (5.14.) can be defined

similarly to OLS regression via the coefficient of multiple determination.
5.2. The Comparisons of the Estimators

Biased estimators are revealed and examined to cope with the
multicollinearity problem. There are many type of biased estimators and comparison
methods to compare these estimators. One of the comparison methods is the MMSE

criterion. In this section the OLS estimator, Ridge-1 estimator, Ridge-2 estimator and

Bs =sf, 0 <s <1 (Mayer and Wilke (1973), Stein type estimator) are compared.
The MMSE for these estimators are

MMSE(B) = a%C™*

MMSE(By) = 02Gy + k2(C + kI)'BB'(C + kD)7t

MMSE(By) = q%0%Gy + [q(C + kD7XC = 118B" [q(C + kD7IC — 1T
MMSE(B,) = s20%C™' + (s — 1)?BB'.

where G, = (C + kI)™*C(C + kI)™1.
The estimators can be rewritten by using the spectral decomposition of
C = PAP' where A is a diagonal matrix whose diagonal elements are eigenvalues of

X'X and P is a p X p matrix whose elements are the eigenvectors of X'X

B = (PAT*P)r (5.34.)
Bx = (PAP' + kD)™'r (5.35.)
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Bk = q(PAP" + kD)7 r (5.36.)

Bs = s(PA*P)r. (5.37.)
MMSE of the estimators can be rewritten as

MMSE(B) = a?PA~'P’ (5.38.)

MMSE(By) = 0?Hy + k?(PAP' + kI)"'BB'(PAP' + kI)™* (5.39.)

MMSE(By) = q*%Hy
+[g(PAP' + kI)™PAP’ — I1BB'[q(PAP’ + kI)"'PAP' — I]" (5.40.)
MMSE () = s202 PA'P' + (s — 1)? BB’ (5.41)

where H,, = (PAP’ + kI)"*PAP’(PAP’ + kI)™1.

Comparisons of MMSE are done by using the quality of fit ¢ > 1 which is
obtained from maximizing the multiple correlation coefficient (5.26.). The theorems
of Farebrother (1976) and Trenkler and Toutenberg (1990) are used as o reference
while doing the comparisons.

Lemma 5.1: (Farebrother (1976) ) Let A is pd matrix and a is a column vector. The
necessary and sufficient condition for A — aa’ > 0isa’A™ta < 1.

Lemma 5.2: ( Trenkler and Toutenberg (1990) ) 8, and B, is two estimator of 8. Let
D =Var(B, ) —Var(B,) be pd and d; = Bias(f,) and d, = Bias(B,). The
necessary and sufficient condition for MMSE (ﬁl ) — MMSE (ﬁz) >0 is
d,'(D +d,d,)'d, < 1.

5.2.1. The Comparison of OLS estimator and Ridge-2 Estimator
A criterion to compare the OLS estimator and Ridge-2 estimator for a fixed

value of q is given in theorem (5.1.).

Theorem 5.1: Let k > k;;. Necessary and sufficient condition for

MMSE(B) — MMSE(By.) > 01is b3[(C™* — q2G})]7tb, < 0 where
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ky =2(q~1), j = 1,..,pand b, = Bias(By).

Proof: The difference of variance covariance matrix estimators (5.34.) and (5.36.) is

Var(ﬁ) — Var(ﬁqk) =0d%(C™1 - q%Gy)
= g2[C~1 — q2(PAP’ + kI)~'PAP' (PAP’ + kI)~1]

. 1 qz}‘j P ’

=0'2

j=1

(C™1 = q%Gy) is pd if k? + 2A)k + (1 — g?)A? > 0.
The condition of being pd is achieved when k > klj. From Lemma 5.1 the

theorem is proved.
5.2.2. The Comparison of Ridge-1 Estimator and Ridge-2 Estimator

Theorems below are given to compare Ridge-1 estimator and Ridge-2
estimator. Let b, = Bias(ﬁqk) and b; = Bias(ﬁk).
Theorem 5.2: If biG'b; < 62(q% — 1) then MMSE (B ) — MMSE(By) > 0.
Proof: The difference of variance covariance matrix between the estimator (5.35.)
and (5.36.) is (Bg) — Var(Bx) = 02(q? — 1)Gy . This difference is always pd for
k > 0and q > 1 and from Lemma 5.1 the proof is terminated.

Theorem 5.3: The necessary and sufficient condition for
MMSE (By) — MMSE(By) > 0 is b4(62(q? — 1)Gy + byby)'hs < 1.
Proof: Var(ﬁqk) - Var(ﬁk) > 0 is indicated in the proof of Theorem 5.2 so form

Lemma 5.2 the theorem is proved.
5.2.3. The Comparison of Stein Type Estimator and Ridge-2 Estimator

As f; = sf3 shrinks OLS estimator, Ridge-2 estimator changes the Ridge-1

estimator with a q factor. Because of the similarity in their structure we can compare
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these two estimator. Let b, = Bias(ﬁqk) and b, = Bias(ﬁs). For fixed values of q
and s the theorems are given as.
Theorem 5.4:
a) Letk >ky;.If by(s*C™' — q*Gy)™'b, < 02 then
MMSE(Bs) — MMSE(By) > 0
b) Let k < ky;. If by(s?C™" — q*Gy)7'hy < 0 then
MMSE(By) — MMSE(Bs) > 0

Aj(g-s) .
klj =]T ] = 1,..,p .
Proof: For the part (a)

Var(fs) — Var(By) = s?a2C~1—q%0%Gy

2 P
= g?(PAP' + kI)~! | Pdiag (sz @ - q2/1j> P'| (PAP' + k1)1
] .
j=1

If s2k? + 2524k + 4;*(s? — q?) is pd then s202C~1—q%02G, i is pd. For
0 <s < 1andq > 1, this condition is ensured in the case of k > ky;. In the part (b)
of the theorem q®0?Gy —s*0*C~" is p.d when k <ky;. The proof is completed
from Lemma 5.1.

Theorem 5.5:

a) Let k>Kk;. The necessary and sufficient condition for
MMSE(Bs) — MMSE(Byi) > 0 is by[a2(s2C~1 — q2Gy) + byby]™th, < 1.

b) Let k<ky. The necessary and sufficient condition for
MMSE (By) — MMSE(Bs) > 0 is bi[o2(s2C™t — q%Gy ) + byby] 71, < 1.
Proof: In the proof of Theorem (5.4) and for the part (a), it is indicated that
Var(ﬁs) - Var(ﬁqk) is pd and for the part (b) it 1s indicated that

Var(ﬁqk) - Var(ﬁs) is pd. Thus the theorem is proved from Lemma 5.2.
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5.2.4. The Comparison of Two Different Ridge-2 Estimator

Liski (1982) compares two estimators ,8}1 =1, and ,BAAZ = 1, when
0 <A, < A;. According to this idea, two Ridge-2 estimator with two different
estimate of q can be compared. Let Bias(ﬁqlk) = by and Bias(ﬁqzk) = by.
Theorem 5.6:

a) Let 1 < g, < qq. If biGr bg < 0%(q,% — q2) then
MMSE(Bq,x) — MMSE(Bq,x) > 0.

b) Let1 < q; < qy. If biGi bs < 02(q,% — q42) then
MMSE (Bq,x) — MMSE(Bq,x) > 0.

Proof: In the part (a) of the theorem Var(f o) — Var(By,i) = 02(q:% — q22)Gy
is pd for 1<g,<q;. In the part (b) of the theorem
Var(Bq,x) — Var(Bq,x) = 02(q22 — q;2)Gy ispd for 1< gy < g,. The proof is
completed from Lemma 5.1.

Theorem 5.7:

a) Let 1< g,<(q;. The necessary and sufficient condition for
MMSE(Bq,x) — MMSE(By,x) > 0is bi[62(q,2 — q,2) Gy + bsb 171he < 1.

b) Let 1< g <qy. The necessary and sufficient condition for
MMSE (Bq,x) — MMSE(Bq,x) > 0is bi[62(q12 — 422Gy +beby 171hs < 1.
Proof: In the part (a) and part (b) of the theorem it is showed that
Var(ﬁqlk) - Var(ﬁqzk) >0 and Var(ﬁqzk) - Var(ﬁqlk) is pd respectively.

Therefore from Lemma 5.2 the theorem is proved.
5.3. A numerical Example for Two Parameter Ridge Estimator
The theoretical results are examined on a data set called Portland Cement

(Woods, Steinou and Starke, 1932). For the canonical model = Za + ¢ , the

estimators are
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a@a=A"1Z"y (5.42.)
a,=U+kDZ'y (5.43.)
o?qk =qA+kD)™Z'y (5.44.)
@, =A"1Z'y. (5.45.)

The relationship between the estimators from the original model and canonical model
is § = P&, ﬁqk = Pay, Bs = P&, (a« = P'B) and the MSE values are the same. The
following results are obtained by examining the data set.

a) The eigenvalue of X'X :2.2357, 1.5761, 0.1866, 0.0016

b) OLS estimate of a : (&)' = (0.6570, —0.0083, 0.3028, 0.3880)

c) OLS estimate of 02 : 2 = 0.00196

Substituting the @ and &2, values of the estimates for (5.43.)-(5.45.) and

MSE are obtained. Numerical results are given in Table 5.1.-5.3. These results are
inferred from Table 5.1. - 5.3.
(1) Let g =1,2285. The values of kyj, obtained by using Theorem 1, are

ky; =(0.0003,0.0426,0.3600,0.5107). From Table 1, for q = 1.2285 and
k =0.5117, MSE(@q) = 0.19386 and it is smaller than MSE(&) = 1.2186.
(2) For k =0.01 and g = 1.0053, MSE(’qu) = 0.1469 and MSE(Qy) = 0.14677
so MSE (@) is smaller than MSE(’qu) as it is indicated in Theorem 2. Examine the
values in the Table 2. The values of MSE(Gy) is smaller than MSE(’qu) for
k < 0.017 and the values of MSE(’qu) is smaller than MSE(@y) for k > 0.017.

3) Let s =05 and q=1.2285. Using Theorem 4, Kk;; values are
ky; = (0.00237,0.27186,2.29619,3.25723). As it is indicated in Theorem 4(a)
(k > ky;), choose k =3.2582 from Table 3. The MSE value of Qgks
MSE(@qy) = 0.33869, is smaller than the MSE value of @, MSE(@) = 0.4731. As
it is indicated in Theorem 4(b) (k < klj) choose k = 0.00137 from Table 3. The
MSE value of @, MSE(@;) = 0.4731, is smaller than the MSE value of @,
MSE(@qy) = 0.59923.
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(4) As it is indicated in Theorem 6(a) choose 1 < g, = 1.0053 < q; = 1.2285
from Table 2. Thus, MSE(@,) = 0.1469 is smaller than MSE(@,,) = 0.19321.
As it is indicated in Theorem 6(b) choose 1 < q; = 1.2285 < g, = 1.8992 from
Table 2. Thus, MSE (@) = 0.19321 is smaller than MSE(@,_) = 0.2165.

Table 5.1. MSE(’qu) values for different k and q values

q k MSE (@)
1.0000 0.0010 0.49627
1.0027 0.0070 0.15402
1.0252 0.0572 0.15595
1.1167 0.2620 0.17913
1.2285 0.5117 0.19386
1.4518 1.0111 0.20715
1.6754 1.5110 0.21319
1.8992 2.0112 0.21662
2.1230 2.5116 0.21883
2.3468 3.0121 0.22036
2.5707 3.5126 0.22149
2.7946 4.0131 0.22236
3.0185 4.5137 0.22305
3.2424 5.0143 0.22361
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Table 5.2. MSE (o?qk) and MSE(&,,) values for different k and q values

k q MSE(@,) | MSE(&)
0.001 1.0006 0.49679 0.49627
0.005 1.0027 0.17069 0.17040
0.010 1.0053 0.14690 0.14677
0.015 1.0078 0.14574 0.14570
0.016 1.0084 0.14594 0.14592
0.017 1.0089 0.14619 0.14619
0.018 1.0094 0.14647 0.14648
0.025 1.0129 0.14868 0.14881
0.05 1.0252 0.15460 0.15528
0.1 1.0487 0.16212 0.16441
0.5 1.2285 0.19321 0.21472
1 1.4518 0.20687 0.25757
1.5 1.6754 0.21303 0.29312
2 1.8992 0.21650 0.32383
2.5 2.1230 0.21874 0.35049
3 2.3468 0.22029 0.37373
3.5 2.5707 0.22143 0.39408
4 2.7946 0.22231 0.41199
4.5 3.0185 0.22300 0.42785
5 3.2424 0.22356 0.44196

Table 5.3. s = 0.5, MSE (’qu) and MSE (&) values for different k and q values

q k> ki MSE (&) | k < kyj MSE(@y)
1 2.2367 0.33691 0.00062 0.65364
1.0027 2.2487 0.33694 0.00063 0.65228
1.0053 2.2603 0.33697 0.00064 0.65099
1.2285 3.2582 0.33869 0.00137 0.59923
1.4518 4.2569 0.33964 0.00209 0.63686
1.6754 5.2568 0.34025 0.00282 0.74417
1.8992 6.2572 0.34067 0.00354 0.91309
2.1230 7.2579 0.34098 0.00427 1.13960
2.3468 8.2588 0.34121 0.00499 1.14210
2.5707 9.2599 0.34140 0.00573 1.75710
2.7946 1.0261 0.34155 0.00645 2.14570
3.0185 1.1262 0.34167 0.00718 2.58650
3.2424 1.2263 0.34177 0.00791 3.07870
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Figure 5.2. MSE values for Ridge-1 and Ridge-2
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6. CONCLUSIONS

Multicollinearity often produces poor results. The parameter estimates
fluctuate wildly with a negligible change in the sample, signs are opposite to the
signs of pair correlations and theoretically important variables with insignificant
coefficients are produced in the presence of multicollinearity.

Biased regression is an alternative to the OLS regression especially when
explanatory variables are highly correlated. One of the biased regression methods is
ridge regression. In this study the RE and related estimators, i.e. generalized,
modified, r-k class, almost unbiased, unbiased and restricted ridge estimators are
examined. Besides this, minimax, bayes, continuum, robust ridge estimators and
ridge estimators in SURE model are examined too.

One parameter, ordinary RE 1is the most widely used technique for
overcoming the deficiencies of multicollinearity. However in comparison with OLS
regression ordinary RE is a worse quality of fit, doesn’t satisfy the relations of
orthogonality, so interpretation of its result is more difficult. Therefore, Lipovetsky
and Conklin (2005) proposed two parameter ridge estimator which corresponds to a
regularized objective that produces a consistent solution not prone to
multicollinearity.

In this study, the performance of the two parameter ridge estimator over OLS
estimator, ordinary RE and Stein type estimator is compared. The superiority of the
two parameter ridge estimator is examined in the mean square error matrix sense.
Necessary and sufficient conditions or only necessary conditions for superiority of
the estimators over each other are given by the theorems.

A numerical example is done to illustrate the findings. Widely analyzed
dataset on Portland cement is used as an example. Furthermore, simulation studies
can be done to gauge the performance of the estimators to be compared. Thus, the
results which are obtained with a numerical example can be examined by a stronger

and trustworthy way.
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