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ABSTRACT

RIEMANN BOUNDARY VALUE PROBLEM

Ayse Mutlu Derya
M.S. in Mathematics
Supervisor: Prof. Dr. lossif V. Ostrovskii
September, 2000

We study the Riemann boundary value problem with finite and infinite

index.

The basis of the solution of the problem with the finite index is the Plemelj-
Sokhotski formula. The solution of the problem with infinite index depends not
only on the Plemelj-Sokhotski formnla but also on some results of the entire

functions theory.

Keywords: Cauchy type integral, Holder condition, Singular integral, Indez,
Verticity, Homogeneous Riemann boundary value problem, Non-homogeneous

Riemann boundary value problem.
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OZET
RIEMANN’IN SINIR DEGER PROBLEMI

Ayse Mutlu Derya
Matematik Bolumi Ytiksek Lisans
Tez Yoneticisi: Profesor Doktor Tossif V. Ostrovskii
September, 2000

Sonlu ve sonsuz indeksli Riemann sinir deger problemini ¢alisiyoruz.

Sonlu indeksli problemin ¢oziimiiniin esasi Plemelj-Sokhotski formiiliine
haghdir. Sonsuz indeksli problemin ¢ézimu sadece Plemelj-Sokhotski

formuline degil ayrica tiim fonksiyonlar teorisinden bazi sonuglara da baghdir.

Anahtar kelimeler: Cauchy tipi integral, Holder kogulu. Tekil integral,
Indeks, Vertisiti, Homojen Riemann sinar defer problemi, Homnojen olmayan

Riemann sinir deder problems.
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Chapter 1

Introduction ;

Theory of boundary value problems for analytic functions is one of the most
important branches of complex analysis. It has wide applications, because
many practical problems in mechanics, physics and engineering may be trans-
formed to such problems or singular integral equations which are closely re-
lated to the boundary value problems.

The classic statement of the Riemann boundary value problem consists
of finding a function ®(2) which is analytic and bounded in two domains
D*, D—, with a common boundary - a smooth closed contour L. The function
®(z) must admit continuous extension ®*(t), ®~(¢) onto L both from D* and

D~ satisfying on L the boundary condition,
¥ (t) = G(£)27 () + (1),

where G(t) and g(t) are considered to be known'functions satisfying the
Holder condition on L, G(t) # 0 for t € L. When g(t) = 0, the problem is
called homogeneous and non-homogeneous, otherwise. .

The main characteristic of the Riemann boundary value problem is the




indez,

& = Ind; G(2),

defined as the increment of arg G(t) along L divided by 27. In the classic
statement of the Riemann boundary value problem the index = is always
finite. In the 1960’s N.V. Govorov investigated the Riemann boundary value
problem with infinite index. He obtained rather complete results under some
special assumptions.

The content of this work includes both the classic Riemann boundary
value problem (with finite index) and Riemann boundary value problem with
infinite index. The work also includes some basic and necessary material for
the problem.

The presented work is organized in the following way. In Chapter 2 we
recall the necessary definitions and state (some of them with proofs) known
results which we will use in the sequel. More specifically, we first explain
the definition and some properties of Cauchy type integral. Then we give
the definition of the Holder condition and study some properties of functions
satisfying the condition.

In Chapter 3, we prove the existence of boundary values of Cauchy type
integrals under some suitable conditions and prove the Plemelj-Sokhotski
formula. In this chapter, we also prove an important property of the limiting
values, namely, if L is a smooth closed contour and the density of Cauchy
type integral satisfies the Holder condition, then its limiting values also satisfy
Holder condition.-

Chapter 4 is devoted to the formulation and solution of the classic Rie-

mann boundary value problem. After introducing the definition of index, we




give solutions to the homogeneous and the non-homogeneous problems.

In Chapter 5, we deal with the Riemann problem with an infinite index
when the verticity index is less than 1/2. For the solution of the problem we
first give the definition of canonical function and prove some properties of the
canonical function. Then using these properties we solve the homogeneous
problem. Finally, to solve the non-homogeneous Riemann boundary value
problem with an infinite index when the verticity index is less than 1y2, we
first give an approach to the solution where we see the necessary conditions
on ¢g(t) and G(¢). Then in the last section, we solve the non-homogeneous

problem with infinite index.




Chapter 2 :

Integrals of Cauchy type

2.1 Definition of Cauchy type integral -

Let L be a smooth ! closed contour in the plane of complex variable z. Denote
the domain within the contour L, i.e., the interior domain, with D* and the

domain outside the contour L, i.e., exterior domain with D~.

DEFINITION: Let L be a smooth closed (or non-closed) contour and let

f(t) be a complex continuous function defined on L, then

_ 1o f@
F(z) = 2m./Lt_zdt, 2¢ L, (2.1)
is called the Cauchy type integral. The function f(t) is called its density and
t_% its kernel.

The Cauchy type integral is analytic in the variable z in DY UD~ = C\L.

The proof consists in establishing the possibility of differentiation w.r.t. the -

1By a smooth contour we understand here and hereafter a simple (i.e., without points of
intersection with itself), closed (or non-closed) contour with continuously varying tangent,

having no cusps.



variable z in the integrand. We shall prove the corresponding result in a more
general case and this implies the analyticity of the Cauchy type integral as

a particular case.

THEOREM 2.1 Let L be a smooth contour (closed or non-closed) and let
G be a domain. Let f(r,z) be a function continuous w.r.t. (1,2) € L x G
and analytic in z € G for all values T and the derivative of f(7,2) w.r.t. 2,

i.e., f(7,2) is continuous w.r.t. (7,2). Then the function )

F(z) = /L f(r,2)dr, z€G,

is analytic in z and moreover

F(2)= [ fin2)dr, z€G.

Proof: Observe that since f,(7, z) is continuous w.r.t. =,

Pzt AAzi —F() - sz(T, z)dr \
= /L (f(T’ g AAzi —fne) Ja(m, z)) dr (2.2)
= (& [ ttne - £ onde) ér 23
Let
M =gz [ 0 - tmae| (2:4)
Then

Jo (& [ ) - o) ar

< M - length of L. (2.5)

Since f,(r, 2) is continuous w.r.t. (,2) , i.e., Ve > 0, 36 > 0 s.t.

| fa(7,€) — f.(7,2)| < € whenever |§ — z| < § V7 € L. For |Az| < §, since

5



|€ — z| <|Az| < §, we have

|
~ [ (- filr )dgl aaelael=c

Turning back to (2.5), we get

<e- length of L. (2.6)

/Az/ (fz (7,&) — fu(7,2))dédr

So as |Az| — 0; LHS of (2.6) goes to 0 as well.:But then LHS of (2.2) goes
to F'(z)— [, f.(7, 2)dT as Az — 0, which gives us that F'(2) = [} fu(1,2)dr
Hence F(z) is analytic w.rt. 2. O

Thus, F(z) is a function analytic in z everywhere in the domain of ana-
lyticity of f(7,z2).

If L is a non-closed contour, then the Cauchy type integral, F(z), is a
function analytic in the whole plane, whose possible singularities may lie on
L. If L is a closed contour, then by definition F(2) splits into two independent
functions; F'*(z) defined in D* and F~(z) defined in D~. These functions
are not generally analytic continuation of each.other.

An analytic function F'(z) defined in two disjoint domains D*, D™, by two.
expressions F'*(z), F~(z), is generally called a-sectionally analytic function.

We now note an important property of the Cauchy type integral: the
function F'(z) represented by the Cauchy typeintegral vanishes at infinity.

In fact, let us expand F(z) in the neighborhood of infinity into series
w.r.t. the powers of 1/z. Noting that

1 1 7 1 +
T—2z z 227 e 7

and multiplying the series by ;= f(7) and integrating term by term, we get

o0
- Ck
F (Z)=k§:-z-,;, for |2| > max|r|,
=1



where

Cp = ——1—--/L7'k_1F(1')dT.

2w

Since in the series the zero power is absent, F'~(co0) = 0.

2.2 Holder condition

Before dealing with the problem of the behavior of the Cauchy type integral,
we consider a very important class of functions for our problem: functions

satisfying Holder condition.

DEFINITION: Let f(t) be defined on a smooth curve L. If
|f(t2) — ft)] S Ata — 11 (0< A <1,

for arbitrary points t1, t, on L, where A and )\ are positive constants, then
f(t) is said to satisfy Holder condition with the Hélder index A and the Holder
constant A. The class of all such functions is denoted by H\(L) (Sometimes
we will denote it just with Hy or with H(L) or with H.).

The reason for the restriction 0 < A < 1 in the above definition is: if
A =0, then f(¢) is a bounded function, which is too general for.us; if A > 1,
then f(t) is constant.

Indeed, if A > 1, then

f(t2) — f(t1)

< Alty —
tz—t1 —_— I2 1| J

where A is a constant, (A — 1) > 0. As ¢; — %; in both sides, we obtain
f'(t1) =0, Vt, € L, which implies that f(t) is constant.
Also, specifically, if f(¢) € Hi, we say that f(t) satisfy Lipschitz condition.

Now let us list some properties of functions in class H:



1) If f(t) € H, then f(t) is continuous.

2) If f(t) € Hy(L) and 0 < B < a <1, then f(t) € Hp(L), i.e., H, C Hpg
if<La.

3) If f(2) is differentiable and has a finite derivative, i.e., f (t) is bounded,

then it satisfies Lipschitz condition.

4) If f1(t) and f,(t) satisfy Holder condition in L with indices A1, Ay re-
spectively, then their sum, product and quotient ( under the condition
that the denominator does not vanish ) satisfy the Holder condition

with the index A = min(\y, Az).

5) If fi(t) and fa(t) satisfy Holder condition with indices M, A, respec-
tively, then their composition satisfies Holder. condition with the indez

)\:Al'/\2-

6) If L = X%, L; with L;’s (finite in number) non-intersecting to each
other and f(t) € Hy(L;), then f(t) € Hx(L).

7) If f(t) is defined on L which may be separated into a finite number of
arcs L; such that L = 3°7_; L; and if f(t) € H\(L), then f(t) € Hy(L;)
forallj=1,..,n.

We will just give the proofs of the second, fourth and fifth properties and
the rest are easy to derive from the definition.

For the proof of property 2), assume f(t) € Hy(L) and 0 < 8 < a < 1.
Then for any t1,t; € L, |t; — 13| < 1, we have

|f(t1) — f(22)] < Alts — t3]* < Alty — t5f%,



where A is the Holder constant. If |t; — t5] > 1, then

[F(t1) = F(E2)] < (IF ()] + |F(E2))ltr — 2] < 2Kt — 15,

where K = sup |f(¢)|. So f(t) € Hg(L).

To prove property 4), first observe that if fi(t) € H), (L) and
f2(t) € Hy,(L), then by property 2) both fi(t) and f2(¢) satisfy Holder
condition with the index A = min(A;, Az). Then for any ¢4, € L

[fi(t) + fa(t) — filts) + fa(ta)l < [fi(t) = filt2)| + | fa(ta) — fa(ta)]
< Al — t|* + Blt: — ta)?

< (A+ B)|t; — ta),

where A, B are Holder constants. Hence we proved the property for the sum.

For the preduct, observe again since fy(t), f2(t) € H\(L), for any 1,43 € L,

|fi(t) fa(tr) — At fa(t2)l < |fa(tn)fa(ta) — fu(ta) fa(ta)]
+f1(t1) fa(t2) — fi(t2) fa(t2)]
< A f(t) — fa(te)l
+]fa(t2)l| f1(t1) — fi(22)]
< Adfa(h) = fa(t2)l + Azl fi(t1) — f2(22)]
< Ai1Blty —ty* + A3 Bt — to)* < Clty — ta]?,

where A; and A; are upper bounds and A and B are Holder constants of
|f1(t)| and |fa(t)| on L respectively and C = A;B + AyA. Hence we proved
the property for the product as well.

The proof of the property for the quotient is similar to the proof for: the

product.



For the proof of 5), for any t1,t3 € L, we have

|fi(fa(t1)) — fi(fa(22))] £ Alfe(tr) — fz(t2)|’\1
< ABM(Jt —to ) = ABM [ty — 1]

where A = A;- Az and A and B are Holder constants of f; and fs respectively.
Hence we proved that f; o f5(t) € Hy. Similarly, f; o fi(t) € Hy as well.

2.3 Principal value of the Cauchy type inte-
gral a

2.3.1 Principal value of singular integral on straight
line 1

The integral
b
—f—(—ﬂd:c (a < c<b),
a r—C
is called a singular integral.

It can be defined in the following way:

/:—Mdmz lim [— [ 1) gy [° i(—”’;)—dz}. 2.7)

T—c €1,62—0 cC—zT ctea C— I
It is evident (e.g. for f(z) = 1) that the limit of the expression may
depend on the manner in which ¢; and e; tend to zero. Consequently, the
integral as improper integral does not exist. It can be given a meaning if
a dependence between €; and e; be established. Assuming that the internal

cut out is situated symmetrically w.r.t. the point ¢, i.e.,

€ = € =E¢, (2.8)

10



we are led to the concept of the Cauchy principal value of the improper
integral.
DEFINITION: The Cauchy principal value of the singular integral

b f(z)

] x__cd:c (a<e<b),

is the ezpression

e—0 r—c c+e T —C

lim[ L@ gy [ Mdz].

For example, taking into account formula (2.7) and the condition (2.8)

we have

b —_— .
/ @ _pi=e (2.9)

r—c c—a

Now consider the integral

/bmdx
e T—C ’

where f(z) € H((a,b)). By representing the integral in the form

/" dezf" f(z) - f(c)

r—c

we see that in the view of Holder condition

f(2) = £0)]

r—cC

A

|z — ¢[t-*’

the first integral exists as improper and the second is same with (2.9). So,

in fact what we have is the following:

[

11

The singular integral




where f(z) € H((a,b)), ezists in the sense of the Cauchy principal value, and

it is equal to

/:i(ﬂdm=/:&i_"—£(—c)dz+f(c)1ncﬁ-}§.

r—cC

2.3.2 Principal value of singular curvilinear integral

Let L be a smooth contour and 7, ¢ be complex coordinates of its points.

We would like to define the singular integral

——(p(T) dr.
L T—1

If o, s are the lengths of the arcs from a fixed origin of integration to
the points 7, ¢ respectively and 7 = 7(¢) is the equation of the contour
in the complex form, then substituting in the integral 7 = 7(0), t = t(s),
dr = 7'(0)do we would reduce it to singular integrals along straight line.
Subsequently, we could make full use of the results of the preceding section,
without resorting to new considerations. However, it is useful to consider the
curvilinear singular integral independently.

Let us describe a circle around the point ¢ of Z, ¢ as center and p as the
radius of the circle. Let the radius be sufficiently small, so that the circle has

only two points of intersection with the curve L, say ¢, and i, i.e.,
b —t| = [ta—t| = 0. (2.10)

Denote by [, the part of the contour L cut out by the circle. Then we have

the following definition.
DEFINITION: The limit of the integral

/ 2(7) 4

1, T—1

12



as ¢ — 0 is called the principal value of the singular integral

mclr

LT—t

if it exists.

For the existence we first consider the simplest case
/ dr
LT~—1

In(7 —t) =In|7 — t| + i arg(r — ¢),

Define

where the plane cut is made on the right of the curve, i.e., taken along the
straight line parallel to the x-axis and connecting the point ¢ and co. Then

together with (2.10),

[ = -y

1, T — 1
b—t 4
= In (a — t) +i{arg(t; — t) —arg(t2 — t)}.

4 In(r —-t)

b
t2

Since {arg(t1 — t) — arg(ta —t)} — 7 as p — 0, then we have

/‘ dr . dr (b—t) )
:hm[ =In + .
LT—t 1=0JpiT—1 a—t

If the contour is closed, in this case ¢ = b, and we have

/ dr .
= 7.
LT—t

Now let us examine the singular integral

o(7) dr,
LT—1

where ¢(7) satisfies the Holder condition on L. Representing it in the form

L %‘h - /I: wdr + ?(t)L Td_ft, (2.11)

13



and repeating the reasoning of the preceding section we find that the singular

integral

(1) 4.

LT—t
where the function ¢(7) satisfies the Holder condition, ezists in the sense of
Cauchy principal value.

The integral can be represented in the following form:

L;gg_g'_ldT :/L‘P_(TTl_“_‘_f@dr+<p(t) [lnz:i +i7r] ,

When we have a closed contour, then setting @ = b in the above equation

we get

From now on by a singular integral, we will uriderstand its principal value.

2.3.3 Properties of the singular integral

It is quite obvious that a singular integral possesses some of the properties
of the ordinary integral, namely integral of a sum is equal to the sum of
integrals and a constant factor may be taken outside integral sign. Moreover
we have the following important remarks. i

In introducing the concept of the principal value it was emphasized as
the most significient fact the vicinity cut out is taken symmetrically w.r.t.
the point under investigation. In fact, in Section (2.3.1) the significant re-

quirement was not that ¢; = €; (2.8), but that

exactly as in section(2.3.2) where the significant assumption is not that the

points ¢;, ¢, lie on the same circle centered at ¢, but that the following

14



condition is satisfied:
i —1
11—t

m
t1,t2—1

1
We also have the following results for the singular integral.

THEOREM:( The rule of change of variable ) If the function 7 = a(()
has a continuous first derivative o (¢) which does not vanish anywhere, and

constitutes a one to one mapping of the contour L onto a contour L', then

o), _ [ ele(Qle(©)

Lr—t  Ju a(()—a(f)dc’

where t = a(£).

THEOREM:( Integration by parts ) If ¢(7) is a continuously differen-
tiable function and the point t does not coincide with an end of the contour

L (a or b), then the following formula of the integration by parts is valid:

/L ;‘o(_i)tdf = %imp(t) + ¢(b) In(b — t) — p(a) In(a — t) — /L ¢ (7)In(r — t)dr.

For the proofs, we refer Gakhov’s book [1], chapter 3, section 4.

15



Chapter 3

Plemelj-Sokhotski Formula

3.1 Preliminary facts

In this chapter we will consider the existence problem of the boundary values
for the Cauchy type integral. We shall prove that they: actually exist when
f(t) € H and are closely related to the Cauchy principal value integral. In
detail, we will have the following theorem, which is one of the basic.
THEOREM:( Plemelj-Sokhotski Formula ) If-L is an arcwise smooth
curve and f(t) € H(L), then, for any point to € L (%o is not an end when
L is non-closed), the boundary values of the Cauchy type integral (2.1) exist
and the following formula holds:

Ft(to) = (l—g%)f(to)+ g f(t) el  (3.1)

/ (t) to€ L, (3.2)

Fo(te) = =52 f(to) + 5 [ L1

where F*(to) and F~(to) represent the limit values of F(t) in (2.1) when

z — tg from the positive and the negative sides of L respectively, while .0

16



is the angle spanned by the two one-sided tangents of L at ty towards the
positive sides of L (0 < 6y <27 ).
Observe that by adding and subtracting (3.1) and (3.2), we have the

following two formulae:

F*(to) — F~(to) = f(to),
PHi) + F () = (1= 2)f0)+ [ Lhai

In particular, if ¢ is a smooth point on L, or L is smooth everywhere,

then (3.1) and (3.2) are simplified to
1 1 1 f@)
i = — —
F2(t) = £57(00) + 2m'/Lt—todt’ iy o 83

From (3.3) we have the following formulae :

F*(to) - F~(to) = f(to), (3.4)
F*(to) + F~(to) = ;1; /L t-’:ﬁz—odt. (3.5)

Formula (3.3) is the basic tool for studying Riemann boundary value
problems.

The classical proof of this theorem is rather complicated. The simpler
proof given below has been taken from J.Lu’s book [4], chapter 1, section 2.

We introduce a symbol beforehand. Let L be a continuous curve on the
complex plane. For an arbitrary point z in the plane, denote the point on
L pearest to z by z1, (if such points are more then one in number, z;, may
be any one of them). In particular, if 2 = ¢t € L, then ¢t = t. Obviously,
zp, — tg as z — tg € L. Moreover, for an arbitrary point ¢ € L, we always

have
[t —zp| S|t — 2|+ |z — 21| L 2|t — 2| (3.6)

17



If f(t) € Hy(L), then it follows at once from (3.6)

|F(£) = f(zu)| < Alt — 2L|* <2 Alt — 2[°. (3.7)

3.2 Proof of Plemelj-Sokhotski formula

For the proof of the Plemelj-Sokhotski formula, we need the following lem-

mas.

LEMMA 3.1 ( see, e.g.,[4], p.11 )Assume L is a smooth curve. For two
arbitrary points

t =t(s) and to = t(so), we have
|t — tol/fto] = [t — tol/Is — so] — 1 ' (3.8)
uniformly as s — sq (|tto| denotes the length of arc ity of L).

This lemma means that the length of the arc and the chord between two
neighboring points on a smooth curve are uniformly equivalent infinitesimals.

With the help of this lemma, we can get the following important fact.

LEMMA 3.2 Assume L is a smooth curve. There ezists a positive constant
C (0 < C < 1) such that the following inequalities are valid for any two points
to and t on L:

Cliot| < [t — tol < [fot- (3.9)

Proof: The inequality on the RHS of (3.9) is trivial. Let us prove the-
LHS of it.

18



First assume L is a non-closed arc. Then [f| = |s — so|. By the previous

lemma there exists § > 0 such that

[~ tol/ o] = It ~ tol/Is — 5ol 2 1/2, (3:10)
when |t — to| < §. On the other hand,

|t — tol/[Etol = It — tol/|s — sof 2 §/L, (3.11)

when [t — tg| > 8. Therefore for C = min(1/2,6/L), we have RHS of (3.9).
Next assume that L is closed. Remembering that #, in (3.9) is always
regarded as the shortest arc on L, we have |fot| = |s — so| when |t —o| < 6
for sufficiently small 6 so that (3.10) is valid for such §. Moreover, (3.11) is
also valid when |t —t,| > § provided that the denominator L in it is replaced
by L/2. O
The following lemma is the main lemma for the proof of Plemelj-Sokhotski

formula.

LEMMA 3.3 Assume L is an arc-wise smooth curve and f(t) € H,(L)
(0 <a<1). Ifl is a subarc of L (its length is denoted by [ also), then, for

any point z in C\l, we have

l /; f) - f(z) (t)t__f (L) gl < pe, (3.12)

z

where M is a constant independent of L and z.

Proof: Let [ = ab. Denote the arc length parameter of any point ¢ on L
by s;. We may assume s, < sj.
First assume [ is a smooth arc. As L consists of a finite number of smooth

arcs, (3.12) is valid on all such arcs and C, that will be used now, may be

19



taken as the same, i.e., C' is independent of L. By (3.6) and (3.7),

HO=Setdy| o g [
< rAf;

1 t—z —z|t-e

2A/ |dt]
It—-ZLII o
C1- °’/|s——szL|1 -

_ 24 /"ZL Sy ds
B Clﬁa Sa (321. - s)l—a 3zg, (s - SZL)I;Q

2A o [+ 4 o
;51_—0{(5% —84)" + (86— 85,)} S MUI°,

IA

IA

where [t — zz| > Cls — s,, | follows from lemma 3.2. Here, M = 24~ and

= (85, — $a)* + (86 — 55, )*. Hence, we have the lemma. 0O

Proof of Plemelj-Sokhotski Formula: First assume I is closed, ori-
ented counter clockwisely. Denote the interior and the exterior regions by
D% and D~ respectively.

Rewrite (2.1) as

£) = flzn) ,, , flen) [t

(2) = omi JrL t—z 2wt JLt—z
=: Ii(z)+ I)(z), =z¢ L.

Since f(t) € H(L), so

z—*io 27!'2

d
lim I(2) = f(to) lim 1 jﬁt—fz'

By the Residue theorem,
1 dt 1, z€ DY,
%»/1; t—2z - 0, z € D—,

from which it follows at once

I (to) = f(to), I3 (to) =0.
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Now let us prove

lim h(z) = é% /. wdt. (3.13)
Note that
ey - [ {01y,
<o, e T e
o]l e oz
=: 51-7;(A1 + Ag + A3),

where 7 is a sufficiently small positive number. Assume f(t) € H,(L). By
the lemma (3.1),
Ay < Mn®, Az < Min®.

Hence for arbitrary given € > 0,  may be taken so small that A,, Az < ¢/3.
Fix such an 7 and restrict |z — to| < /2.
When t € L\ L, we have |t — ¢{5] > n and hence |t — z| > 5/2. Therefore

A =
f(t) — f(to) f(t) = f(er) f(t) — f(to)
/LL,, t—=z @t + L-L, t——zLdt_/LL,, t—1g dt
|f(t) — f(to)llz — tol tO) f(zz)]
= /LL,, =l = "”H/_L,, 7

8M1

|2 — to| + —lf(to) f(z)l;

where M; = max|f(t)|. Since f(zr) — f(to) as z — to, RHS of the above
inequality is less then ¢/3, when z is sufficiently close to t5. Thus (3.13) is

proved. Therefore,

L [ f) , flo) [ dt
gy — — [ JN) 4
L (t°)_2m' Lt—todt 2rs JLt—tg
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Formulas (3.1) and (3.2) are obtained by using the result about I3 (%o).
Next, assume L = ab is an arcwise smooth non-closed arc. We may add
a smooth arc L' to L such that L U L' becomes an arcwise smooth closed
contour. At the same time, we extend f(t) on L' s.t. f(t) € H(L U L").
Hence, by the result already proved, we have the theorem also for the case

when L is non-closed. O

THEOREM 3.1 Assume L is an arcwise smooth curve and f(t) € H(L).
Then for any to € L (including its ends),

lim / .f(t) tO) 27”/ f(t) f(tO)dt z ¢ L. (3.14)

z—tp 273 t—z t—1o

Proof: Since

27rz./ VR Mdt'l'(f(ZL)—f(to))/L dt

t—z 27rz t—z 27 t—2’

the second term on the RHS tends to zero as z — t and the first one tends to
the RHS of (3.14), by (3.13) (the proof of which is effective also for nen-closed
L), so (3.14) follows. O

3.3 An important property of the boundary
values of Cauchy type Integral

Having proved the existence of the limiting values, now we can give an im-

portant property of them which will be very useful later on.

THEOREM 3.2 If L is a smooth closed contour and f(t) € Hx(L), then
F*(t),F~(t) € Hy(L) when A < 1 and F*(t),F~(t) € Uyc1 Ho(L) when
A=1.
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Proof: It follows from the relation (2.11) that it is sufficient to prove the

theorem stated above for the function

A= L [ 10210,

T—1

For this let us estimate the expression

|F1(t2)—F1(t2)|—l — (f () =7t) _f(D)=] (t‘)) df‘, (3.15)

T—1 T—-tl

for two arbitrary, sufficiently close points #; and %,.

We describe a circle of radius § centered at ¢; such that it intersects L
at two points @ and b. The part of the contour L lying within this circle is
denoted by I. Let ¢; be an arbitrary fixed point on the arc [ other then points
a and b. We set § = k|t; — ¢;| where k& > 1.

Denote by s = s(¢,7) the length of the smallest of the two arcs of the
contour L, with the ends ¢ and 7.

From the smoothness of the contour L, for any two points ¢; and ¢, we

can write
S(tl,tz) S m]t1 et tzl, (316)

where m is a positive constant.

Let us cut off an arc [ of the contour L, taking on both sides of the point
t; equal arcs of lengths 2s(%1,t;). The ends of this arc will be denoted by a
and b. The integral (3.15), that we are interested in, can be represented as

follows:

Fi(t:) — Fi(t2) = L Md’r _ %/li(—:).:—{l@dT

2m1 i T —19

L {f(T) — () fr)- f(tl)} °
L\!

271 T—'tz T—tl
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f(7) = f(t2) 1 rfr)=flt),
wmih =t b oo O
f(t) — f(tz)dT
L\l T—1
[f(7) = f(ta2)] (22 — tl)
L\l (tz — tl)(T — tz)
= Lh+DL+4+ L+ 1,

We can estimate I, in the following way:
|dr|

< [ <o

T — tl
Clta—t1] (g
Cz/o o S Css™(t1, t2) < At — 1,

where A; and C;, ¢ = 1,2, 3, are positive constants.

In an similar way

|| < Cslta — 1],

where Cj5 is a positive constant.

For the integral I3 we have
|I3| < I (tl) f(t2)] / dr S
INT — 1

27
where A is the Holder constant.

Altg — 4
2r

/ dr
INT — 1]’

The last integral can be directly computed, namely

/ dr _lna—tl
NT—t  b—tl

Consequently, it is bounded for any ¢; on L. Therefore, we have the

estimate

II3| S A3|t2 - tlll\, A3 = constant.
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Let us now estimate the most complicated integral I,. Again, making use

of the Hélder condition and the smoothness condition, we obtain

Itz _tll ldTI
Ll < A '
M < 2r  Jou|r — bl — £t
ez |T =t P
S Blltz—tllﬁ\l IT—tll T__ Id‘T".

But |7 —t1]| — |[t1 — ta] < |7 — t2] and |7 — t5] > § = k|ta — #1], so that

k —

Lr — 1)
k 2l

|T—t1l S

It follows that

_ 1\ 5
I4 S B2 (k % 1) Itl —3 tzlh/l.2 TA~2dT,

where

R = max |1 — t].
TeL\!

If A < 1, computing the latter integral we find
L] < Aufts — ta|*
If X =1, in an analogous way we obtain the estimate
14| < Aylts — ta] [log Jt2 — .

! »; e . . . .
We have By, By, A4, A, positive constants again. Since, log z increases slower

as ¢ — 0 than any negative power |z|™¢ (e > 0), we obtain
|| < Aglta — ta]*~-.

Putting together all the estimates, we see that the theorem is valid. O
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Chapter 4

Riemann Boundary Value

Problem with finite index

4.1 Formulation of the problem, homogene-
ous and non-homogeneous problems

Let L be a simple smooth positively oriented closed contour. Let L divide C
into three regions: interior domain D™, exterior domain D~ and L. Assume
G(t), g(t) be two functions defined on L satisfying the Holder condition. Let
G(t) #£0,Vt € L. It is required to find two functions (®+(z), @~ (z)) satisfying

the following conditions :
1) ®*(z) analytic in D', continuous in D* U L,
2) ®7(z) analytic and bounded in D~ and continuous in D~ U L,
3) On the contour, the relation
®t(t)=G@)®d~(t) +g(t), tel, (4.1)
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is satisfied.

The problems of existence, uniqueness and finding the explicit e;cpressions
of such two functions (®*(z), ®~(z)) are the subject of Riemann boundary
value problem .

When g¢(t) = 0, the problem is called the homogeneous Riemann boundary
value problem . So for the homogeneous Riemann boundary value problem,

the boundary condition (4.1) becomes
o+ (¢) = G(t)® (), te L. (4.2)

The function G(t) is called the coefficient of the Riemann boundary value

problem, g(t) is called the free term of the Riemann boundary value problem.

4.2 The Index

DEFINITION: By the index of the function G(t) w.r.t. the contour L we
call the dived by 2w increment of its argument, in traversing the curve in the

positive direction.

If the increment of the quantity w in traversing the contour L be denoted

by [w]z, the index of G(¢) can be written in the form
e = Ind G(¢) = 51; [arg G(£)]1. (4.3)

The index can easily be expressed in terms of logarithm of the function:

Indeed we have

log G(t) = log |G(¢)| + 1 arg G(2).
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After having traversed the contour L, |G(t)| returns to its original value, so

that

o = 5%[101; G(H)]s. (4.4)

We have the following evident assertions:

1)

2)

)

For a function which is conitinuous on a closed contour and does not

vanish anywhere on it, the indez is either an integer or zero.

The indez of a product of functions is equal to the sum of the indices
of the factors. The index of a quotient is equal to the difference those
of the dividend and the divisor.

If G(t) is the boundary value of a function analytic inside (or outside)
the contour, then its indez is equal to the number of zeros inside (or to

minus the number of zeros outside ) the contour.

If the function G(z) is analytic inside the contour except at a finite
number of points where it may have poles, then the number of zeros
is to be replaced by the difference between the number of zeros and the

number of poles!.

4.3 Solution of the homogeneous problem

Assume that the homogeneous Riemann boundary value problem is solvable,

and let (®%(z),®(z)) be its solution. Denote the number of zeros of the
functions (®*(z),®~(z)) in the domains of definition D*,D~, by N*,N~,

1The number of poles should be counted the number of times equal to their multiplicity.
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respectively. Computing the index of both sides of the relation

ot(t) =G(t)d(t), tel, {
and using the properties 2) and 3) of index in section 2, we get

N* + N~ =IndG(t) = .

The index & of the coefficient of the Riemann problem will be called the
index of the problem.

A very important property of the homogeneous problem is that it is linear.
Let (®7(2), ®1(2)) and (®F(2), ®; (2)) be two different solutions,then both
of them satisfy (4.2), which implies (a®] (2) + B®F(2), a®; (2) + 8®; (2)) is
a solution as well, for any a, 8 € C. This property shows us that if a problem
has a solution, different from the trivial one, then its not unique.

Without loss of generality, from now on we will assume 0 € D*.

MAIN THEOREM: Let G(t) satisfy Holder condition on L. Then

i) If & < 0, then the homogeneous problem has only the trivial solution.

ii) If & > 0, then the homogeneous problem has &+ 1 linearly independent
solutions.

We will give a useful definition and prove a theorem before the proof of

the main Theorem.

DEFINITION: The canonical function of the homogeneous problem is :

X i { exp{f(z)}  zeD*
z = exp{f(z)} z€ D~

where

T 2mi £ -z
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THEOREM 4.1 The function X(z) is analytic in D¥ Y D™, and moreover

for each & € L, there exists
X*(&) = lim X(), 2 € DY,
2=

and
X~(6) = lim X(z), ze€ D,
z—&o
where both Xt and X~ are continuous on L and satisfy the following condi-

tion on the boundary
X*(&o) = G(éo) - X~ (&), V&€ L.

Observe that it is exactly the same condition with our main functions
(®*(z), @~ (z)) just the only boundedness condition for outside (i.e., for
z € D7) is not necessarily satisfied.

Proof: Clearly log(G(£)-£=) is continuous. Moreover it is single-valued.

Indeed,
log(G(§) - £7%) =log |G(£) - €| + 2Arg (G(E) - %),

and we have by definition that the increment of Arg.G({) is 2ree. Clearly,
increment of Arg(£7=) is —&27. Hence the increment of Arg (G(€) - =)
is equal to the sum of the increment of Arg(G(¢)).and the increment of
Arg (£7%), so its zero. Therefore, log(G(£) - £7=) is single-valued.

Since G(¢) satisfies Holder condition on L, log(G(¢) - £~%) satisfies Holder

condition as well. Consider the Cauchy type integral

i) = #/Llog(i(f_)f"&)d{.
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By Plemelj-Sokhotski formula there exist its continuous boundary values on

L, f*(é), f~(&o), such that
fH (%) — £ (&) =1og(G(bo) - &™), & € L.
It follows that both X*(¢) and X~ (¢) exists and, moreover,
X*(6o) = exp{f* (&)} and X~ (&) = & exp{f~(é0)},

which gives us that they are continuous on L and satisfy

X* (%)
X (&)

= {Fexp{f* (&) — f (&%)}
= {FlG(&) - &1 = G(&o)-

Since f(z) is analytic in D* U D, the function X(z) is also analytic in
D* U D~ by Theorem 2.1. O

Proof of the main Theorem: ‘
Case 1: Assume & < 0. Let (®%(2), 2~ (2)) be a solution of the homoge-
neous problem different from the trivial one (# 0). Set

o+ (z) +
Pz)={ x> Z€D
%f)l, ze D™,
Then

_97(%) _ G(6)2 (&%) _ 27 (&)
X*(&)  Go)X~ (&) X~ (bo)

So P(z) is analytic in Dt and D™, and by (4.5) its boundary values coincide

P* (&) = P (%) (4.5)

on L. Then P(z) is continuous on L and by Painlevé theorem P(z) is an

entire function.
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Since ®~(z) is assumed to be a solution, then it is bounded. By definition
| X (2)] = o0, as z — co. Then P(z) is bounded as well. Moreover, P(z) is
constant by Liouville theorem, since P(z) is both bounded and entire. But
then since P(0o0) = 0, P(z) is zero identically, so are ®+(z) and ®~(z), which
contradicts with our assumption. Hence when & < 0 we have only the trivial
solution.

Case 2: Assume & > 0. Let (®+(z), ®~(2)) be a solution of the homoge-
neous problem different from the trivial one. Set again

ot (2) +
P(z)={ X €D

& (z -
XJ(z_)l7 ZED .

In the same way as in Case 1, we conclude that P(z) is an entire function.
Since for large enough z,
®(2)
X(2)

by the well-known generalization of the Liouville theorem P(z) is a polyno-

|P(2)| =

< Clzf%,

mial with degP < e.
Sc what we have proved is that if (®*(z), ®~(z)) is a solution then it can

be represented in the form
®t(2) = P(2)X*(2), @ (2)= P(2)X (2),

where P(z) is a polynomial with degP < .
But the converse is also true, for any polynomial P(z) with degP < &, any
function of the form (P(z)X*(z), P(2)X~(z)) is a solution of the problem.
In fact, letting ®*(2) = P(2)X*(2), @& (z) = P(z)X(z), where P(z)
is any polynomial with degP < @, we have by Theorem 4.1,

o*(&) _ XH(E)
o-(&) X ()
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Moreover, ®¥(z) is analytic in D* and continuous in D* U L, by the
Theorem 4.1 together with the fact that P(z) is a polynomial. Similarly -

®~(z) is analytic in D~ and continuous in D~ U L. Also, .
|P(2)X~(2)] < Cl2|*| X~ (2)| < Clz|%|2|™ < C,

hence P(z)X~(z) is bounded in D~ as well.

Therefore

O(z) = P(2)X(2) = (ao+ar1z+ ... + a=2")X(2)

= aoX(2) + a1(2X(2)) + ... + aa(2X(2)),

is a solution of the problem.
Hence for & > 0 there exists & + 1 linearly independent solutions where
{X(2),2X(z),2*X(2), ...,z X (2)} is one of the basis for the space of solu-

tions. O

4.4 Solution of the non-homogeneous prob-
lem

THEOREM 4.2 In the case & > 0 the non-homogeneous problem has so-

lution and the general solution can be represented in the form

X(2) 9(é)
2mi JL G X ()€ — 2)

where X (z) is the canonical function and P(z) is a polynomial with degP <

¢ + P(2)X(2),

U(z) =

xt.

Proof: In addition to the conditions of the homogeneous case, now we are

assuming that g(£) # 0 satisfies Holder condition as well.
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First assume there exists a solution of the non-homogeneous: problem,
denote it by ¥(z). Consider ¥(z)/Q(z) where Q(z) is a non trivial solution

of the homogeneous problem. Then ;

() _ (G +9(6) _27(E)  _ 9(d) ccl
Q*(¢) Q- (G(¢) Q&) Q@ (OG(E)’ ’

which means that

O 2@ __ 9
36 - la6) = t<* (40
Now remembering Plemelj-Sokhotski formula, if we set

¥(z) = <) ) s Q) @)

2ri Je GE)Q(6)(¢ - 2)
we see that (4.6) is valid.

Moreover, since Q(z) = X(z)P(z), where P(z) is a polynomial, by The-
orem 4.1, we see that @(z) is analytic in D* U D~ and Q*(¢),Q(£) are
continuous on L.

For fi(z) in (4.7) observe that since g(2)/(G(2)Q~(z)) € H by the prop-
erties of Holder condition in Chapter 2, then ¥(z) satisfies the following three
conditions:

U*(2) is analytic in D*, continuous in D* U L, -
U~ (z) is analytic in D™, continuous in D~ U L,
on the contour the relation Q*(¢) = G(£)Q~ (&) + g(¢), € € L, is valid.

Setting P(z) = 1 in the equation of (}(2), i.e. setting Q(z) = X(z) and
then defining ¥(z) := ¥(z) + P(2z)X(z) the above conditions are still valid,
because of the fact that P(2)X(z) is the general solution of the homogeneous
problem. Now, to complete the proof of the theorem, all we must prove is
that ¥~(z) is bounded in D~, which gives us the boundedness of ¥ (z) in
D-.
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The equality (4.6) with @(z) = X(z) remains in force also in the case

& < 0. Hence the function

¥ 1 g(£)d¢
(2= %1 2m'L* GOX- (O - 2)’

is analytic both in D* and D~ and its boundary values on L coincide. Hence
f2(2) is an entire function. Since for a < 0 the function ¥(z)/X(z) vanishes

at infinity, we conclude that f5(z) £ 0. Hence

X(2) / g(£)d¢
2mi Jo G(E) X~ ()€ - 2)

U(z) = =: X(2)fs(z). - (4.8)

In the expression for the function ¥(z), the first factor has a pole of order
—a at infinity, whereas the second term, as an integral of the Cauchy type
has in the general case a zero of order not bigger than one at infinity. Hence
U~ (2) has at infinity a pole of order not exceeding —a — 1. Thus, (4.8 is a
solution if &2 = —1, but if & < —1, the non-homogeneous problem in general
does not have a solution. It has solutions only when there are some additional
conditions. To derive the latter, let us expand the Cauchy type integral f3(z)

into a series in the neighborhood of infinity
e o]
fi;(z) = chz_ka
k=1

where

oL [ 96
BT T om Ju XH(E)

For analyticity of ¥(z) at infinity it is necessary that the first —a — 1 co-

£1de.

efficients of the expansion of fi(z) vanish. This implies that additionally to
our theorem to have a solution of the non-homogeneous problem in the case

of a negative index (& < —1) it is necessary and sufficient that the following
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—z — 1 conditions are satisfied:

9(€) e _ .
X+(£)§ dE=0 (k=1,2,. 1).

For the case & > 0 since f(z) is bounded and since

1 10g(G’(§)€‘*’
2mi / £—

then W~(z) is bounded in D~. Hence ¥;(z) is bounded in D™, which com-

X ()] = o dsl 0, 200

pletes the proof. O
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Chapter 5

Riemann Boundary Value
Problem with an infinite index

when the verticity index is less

than 1/2

5.1 Statement of the homogeneous problem

Let D be a domain in the complex z-plane such that the boundary 9D is a
ray L = {z : tg < z < 00} =: [tg, 00) where! 0 < {5 < 1, and D = C\[tp, o0).
In what follows the letters ¢t and 7 will denote the points of L.

Let G(t) be a continuous function on L non vanishing at all points

t € L, t # co. We say that the index of the function G(¢) equals to +oo

1Choosing to € (0,1] does not restrict the generality since by an appropriate rotation

and shifting one can get it.
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(respectively —oo) if lims,o0 arg G(t) = +o0. In this case we write
Ind;G(t) = 400 (—00),

and say that the point ¢ = oo is a point of positive (negative) verticity of -

the function G(t). ¢

DEFINITION: We say that a function f(t) on L satisfies the Holder con-
dition with the ezponent p, 0 < p < 1, if the following inequality holds

£t - fel < 0| - (5.1)

for any t;, t3 € L, and some positive constant C depending on f. Note that

for a bounded part of L this definition is equivalent to the traditional one:

|f(t1) = f(t2)| < Clty ~ ta|*. (5.2)

We will again denote the class of all functions satisfying Holder condition
on L (where L is unbounded now) with H,(L) or with H(L) or with H or
with H,.

In future we will use the following property of functions of H(L). If
f(t) € H(L), then there exists the limit

Lim f(£) =\, (5.3)

For the proof of this let first F1(1/t) =: f(t). Since f(t) € H(L) where
L = [tg, ), then denoting Fy(1/t) =: F(t), we get that F(t) € H(I) where
! = (0,1/t0]. To show that limit of f(¢) exists as t — oo, we must show that
the limit of F(t) exists as ¢ — 0. Firstly observe that by fixing ¢; € [, for
any t € [, since |F(t) — F(t1)| S At —t1|* 0 < e < 1, we get

|F@)] < [F(t)] + Alt — t]*
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Assume limy_,o, F(t) does not exist. Let {¢,}2, and {¢1,,}5_; be two se-

quences both tending to zero, where

liminf F(2) = lim F(t.) =a#b= lim F(t,) = limsup F(t).

t—0
Let la — bl =p>0.

Then for n > ng and m > myg, It,,1,,, such that
m—an<§ w_mmm<§
Then
p=la—bl = la—F(tn) + F(tn) — F(t1,)) + F(t1,) — 8|
< 24 |F(t) ~ Pt
which implies
|F(tn) - F(ta)] > &. (5.4)
But since F'(t) € H(l), we have
F(tn) — F(ty,)| < Altn — ., 0<a<1. (5.5)
Then by (5.4) and (5.5), we have
Alty —t1,|* > g. (5.6)

1/o
Since both sequences tends to zero, then we can find |t,| < (é) / and

1
|t1,.| < (6”7) /* But this gives us

m%—hJa<§, (5.7)

for some n > ny and m > m;. Then choosing N = max{ng,n:} and
A = max{mg, m1}, both (5.6) and (5.7) holds for n > N,m > M, which is a

contradiction to the assumption. Hence lim;—,q F(t) = lim;_,o f(t) exists.
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Let a function G(t) on the curve L = [tp, 00) satisfy the conditions

1)
arg G(t) = 2mp(2)t’, (5.8)

where
p>0, ()€ H(L), p(c0)=A2>0, =1 <9(to) <0, [t <1, (5.9)
2)
log |G(t)| € H(L). (5.10) -

Denote I = L\{to,00}. By the homogeneous Riemann boundary value :
problem with index +oo, wverticity order p, and verticity coefficient A\ we
mean the following problem:

Find a function U(z) analytic and bounded in D whose boundary values

on L satisfy the relation

UH(t) = G(t)¥(t), te L. (5.11)

The verticity order of the problem is p in (5.8). In this chapter we consider

this problem in the case 0 < p < 1/2.

5.2 Canonical function .

Let us study the problem posed in the previous section. Denote

X(2) = exp { z / ” MdT} . (5.12)

omi Jiy (T — 2)

Let us show that the integral in the right hand side is convergent.
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For the proof of this, observe that |log G(¢)] = O(#*),t — oo. Indeed
since log G(t) = log |G(t)| + ¢ arg G(t), then by (5.8) log G(t) = log |G(¢)| +
2rip(t)t°. By (5.3), both log |G(2)| and (t) are bounded as ¢ — oo; say
|log |G(2)]| < M and [(2)] < My. Then

[log G(t)] = ((log |G()])* + 4x’(2)*t*)'/? ;
< (M} +an? M2,

So for large enough t, |log G(¢)| < Mt?, i.e., |log G(t)] = O(t*),t — oc.
Using this and the fact that 0 ¢ L, we see that the integral is convergent.

We shall prove that the function X (z) possesses the following properties:

1) X(2) is analytic in D, continuous up to L and does not vanish- in

DUIL,
2) X(z) satisfies the boundary condition (5.11), i.e.,

X*(t) = G)X(¢), tel,

3) X(z) is normalized by the condition X(0) =1,

4) In a sufficiently small neighborhood of the beginning to of the curve L,

the following estimate holds

C'1|z - tola < lX(Z)l <C; 0<Lacx<l, (513)

5) X(t) is bounded in D.
Note that 2 for Vt;,t, € L' where L' is any finite subarc of L we have

ta]|” — [t2l?| < [t — 227, (5.14)

?Proof follows from the fact that for any 2,0 <A< 1, A+ (1-2)?>1for0<p<1.
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since p < 1/2. Then since the sum and the product of functions satisfying
Holder condition also satisfy Holder conditien, by (5.8), (5.10) and (5.14)
log G(t) € H:, on any finite arc L' C L.

Now we divide the integral representing log X(2) into two parts as

z / logG(T)d 4.2 / logG(T)dT

2mi Ju' (1 — ) ori

L-r' (T — 2)
=: log Xi(z) + log X2(2).

log X (z)

By Plemelj-Sokhotski formula and by Theorem 3.2 we get that the first inte-
gral, log X;(z) satisfies Holder condition and so is analytic in C\Z', contin-
uous up to L. Moreover the second integral, log X»(z) is analytic on L' and
property 1) follows.

To prove property 2), observe that log X3 (t) = log X; (¢) and log X (t) =
log X; (t) + log G(t) for t € L' by (3.5). This gives us X*(t) = G(t)X(¢)
for t € L.

Property 3) follows directly from the definition of X(z).

To prove property 4), we divide the curve L into two parts as L = [U L*

where [ is a finite curve as [ = [tg,t;) and L* = L\l = [t;,00). We obtain

1 rlogG(T) 1t log G(7)
log X(2) = 27t ./to T—2 dr 271 /to T dr
__zz_/°° log G(T)d‘T
2ri Jy T(T — 2)
=: I(2) + L(2) + I5(2).

First we will show that I3(z) = O(1), z — t.

Note that since |log G(7)| = O(7?) as 7 — oo, we have
|2 oo |log G(7)|
271' t T|T —_ tl

ol =
—_ dr. 5.15
21 Jy T|T — 2| T (5.15)

|[Is(2)] < dr
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Since we can choose z in a sufficiently small neighborhood of ¢ and since
to < t1 and T € [t,00), we can find an € > 0 such that
|z — to] < € < (1/2)|7 — to| holds. Then

—t
|[r =zl 2|1 —to| — |z —to]| 2 |7 —to| —€> I_T___ol.
The inequality (5.15) becomes
ol o
I < — d
B(2)] < mJy |t —t !
t [oed
g lolte [ =toy2ar
T iy
t t1 —to)P?!
= I OI te . ( ! 0) := constant.

T p—1

Here the second inequality follows from |z| < |z —to| + |to| < |to| + € and
from 7177 > (7 — tp)'~*, which is valid since 0 < p < 1/2.
Hence, |I3(2)] < C = I3 = 0(1), z — to.

Observe that I(z) = O(1), z — to, as well, because I does not depend
on z.

Now, we will examine I1(2). First of all let z be in the neighborhood of
to, where |t; — to| > |2 — to|.

Case 1. Assume Re z € [to, ], and denote Re z = z. Let

1 rtlogG(r) — log G(z) logG(z) 1 dr
L(z) = 27t /;0 T — 2 dr + 271 to T—2
= IH(Z) + Ilz(Z).

Let us first estimate I1;(z). Observe that

1t |log G(r) — log G(z)]|
[51(2)] 2 /7;, |7 — 2| dr
A T — ¥
< === :
< o /to T (5.16)
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< ;;‘r [t = sl (5.17)
= 5 [/to (z — )" dr /:1 (r— .'l?)"'_ldT]
= 2:_1# (z —to)* + (t1 — z)¥]. (5.18)

Here, (5.16) follows from the fact that log G(7) € H,((to,t1)); (5.17) does
from the fact that |7 — z| > |7 — z|. Hence I11(2) = O(1), as z — to, since in

(5.18) the last term tends to a constant as z — tp (i.e., z — fp).

Observe that,
log G(z) — log G(to) [ dr log G(2o) [
Ilz(z) - ( )27ri ( 2 to T—2 + 271'5' ) o T—2 (5 19)
We claim that
log |t
In(z) = 0(1) ~ 210~ 205 |G + iarg Olta)  (5:20)
lOg |t0

= O(1) + Zl( log |G(%0)| — arg G(to)),

as z — tg. Let us explain how we get (5.20) from (5.19). Since log G(z) € H;»

on any finite arc L' C L, the first integral in (5.19) can be estimated as

log G(z) —log G(te) 2 dr

271 to T—2

Alz — to|*
A2~ bl og(1, — )~ log(to )

0(1), z—to. (5.21)

]

Moreover the second integral in (5.19) can be evaluated as

lOg G(to) 1 dr _ log G(to)
2 /;o T—z 27 —omi Log(t —2) — log(to — 2)]
_ log G(to) |t1 el ZI _ _ _
- 271 [log |t0 _ Zl + a’rg{(tl z) (to Z)}]
_ IOg G(to)
= 0(1) — 222 1oglt — 2]
= 0(1) - I—(Eg—lzt%—-z—l-(log G(to) + ¢ arg G(to)), (5.22)
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as z — to. Hence from (5.21) and (5.22), we have (5.20).
Therefore, in this case we have

log |to

Ii(z) =0(Q1)+ d (tlog |G(to)| — arg G(to)), 2z te. (5.23)

Case 2. For the case Re z € L\(to, 1), we have

_ 1 rtlogG(r) —log G(to) logG('r) t1
h(z) = 2m/ T—2 dr 2m to T— 2
= I11(2)+112(Z).
Further,
A (4|7 —tof#
|111(Z)| < 5;/% ll_r—_(.]zll_dT (5.24)
A ru
< = — b
< 27l'/to |7 — to|*~'dr
A
= _ p=1
= / (r — to)*~1dr
_ A . (t1 — to)*
o 7

We utilized the fact that log G(z) € H,, and the inequality
|7 — 4o} < |7 — 2|, which we have in this case. Hence f1;(z) = O(1), as z — ¢.
The integral I12(2) can be estimated as in case 1. So, we have the same

result as in (5.23) for I;(z).

Therefore,
log X(z) = loglé;zl(z log |G(t0)| — arg G(to)) + O(1), z — to.
Setting

1
a = —g arg G(to),

and taking into account (5.8), (5.9), we obtain
log | X(2)] = alog|z —to| + O(1), 0<a <1, z—to,
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which yields property 4).
We will prove a statement which is stronger than property 5), using the

following theorem.

THEOREM 5.1 Let a function ¢(t) € H,(L) on the ray L = [tg,00) be
such that 1(00) = A # 0. Let z = re?. Consider the function

f(z)zexp{z ”Md—r}, 0<p<l

o T(r—2)

This function is of order p in the domain D and

hg(0) := limr~"log | f(re'®)]

cos p(f — ), 0<0<2r.

sin T p

Here the convergence is uniform w.r.t. 8, 0 < § < 2x.

LEMMA 5.1 !

tg A1

I(z):zz/o 7-—sz=0(1) as |z| — oo;

i.e. I(z) is bounded.

Proof: Let |2| = r and observe that for large enough z,

IT_zIZlT——rI.:T—TZT—tQ. Then,

t -1 t 1
II(z)IS"/olT dr < — /07"'147=_°. r
0 [b]

T — 2| r—to p r—ty

which gives |I(z)] < C = const. as |z| = r — o0, Le., I(z) = O(1) as

|z2| = 0. O

LEMMA 5.2




Proof: Consider the following contour integral

I(z) := z/ &

cl—=z

d¢

where C' is the contour consisting of the real axis from { = R; to £ = Ry, say
[, where 0 < R; < Ry; a circle Cr, of radius Ry above the real axis, large
enough that z is inside the contour; the real axis again from R; to R;, say
l5; and finally a circle Chg, of radius R;. We take R; small and R, large. The
small circle is necessary to avoid the singularity of the integrand at ¢ = 0,
and the large circle is necessary to close up the contour.

The multivalued function £~ is taken to be real, say 7°~! on /; and at
all other points it has the form £7~1 = |¢|P~1elrT1)8% | e., complex valued so
that on Iy, it takes the value (7€2™)?~!.Then by:the Residue theorem,

p—1

= 2mwiz”. (5.25)

I(z) = 22miRes¢=,) ¢

p—z

u@=z(L+L&+L+A%)§T;w (5.26)

Since |{| = R; on Cg, and [€ — z| > ||| — |z|| = r = Ry,

£t Re? 2w RY
d€| < < . ;
Z-/;'Rlﬁ—zg_ 27rrR1|€_z|_ r—Rl_)O as Ry — 0,
which is valid since p > 0. Hence .
¢!
d¢| = 0(1 R 0. 27
[ 5% =00) a o (5.27)

Similarly, since [€| = R; on Cr, and | — 2| 2 ||| — ||| = Rz — T,
Ep—l p—1 p
zﬂ%g—z&

< r27rR2R22_r = r27rR2Rir —0 as HR; — oo,
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since p < 1. Hence

o—1
z/ ¢ =0(l) as Ry — oo. (5.28)
Cr, € — 2
Moreover,
p—1 R p—1 R 2n¢\p—1
z</+ )£ d¢ = 2/27' dr — z 2(7-6—)d’r
o o Ji) E—=z R, T—2 B T—2z

Ry Tpl

= 21rz(p—1) /
#( ) T — z

p—1
— 21mp)/ 2T
Ry, T— Z

2miei™ s R”pld 5.29
= —22mie’™sinmwp G (5.29)
And (5.29) tends to
. oo pp—1
—227ie"™ sinwp - sz, as Ry — 0, R; — oo. (5.30)
o T— .

Then, by using (5.27), (5.28) and (5.30) in the formula (5.26) and then
taking the two formulas of I(z) in (5.25) and (5.26) as Ry — 0 and R; — oo,

we get
. oo Tp_l
—22ie™"? sin 7rp/ dr = 2mi2’,
0o T—2z
which means
oo p-1 P .
Li(z) = z/ T dr = — ,ﬂ-z exp "
0o T—2 sin p7r
a
LEMMA 5.3
oo +p~-1
I(z) := z/ L dr= ——K- —T 4+ O(1) . |z] — 0.
t T—2 sin p7
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Proof: Since I;(z) = I (2) — I(z) where I(2z) and. I;(z) are taken exactly
as in lemma 5.1 and as in lemma 5.2, respectively; then the proof follows ..

from these two lemmas. [ '

Proof of Theorem 5.1: Denote

log f(z) :=1(z) = 2" Md’r. 4

2 Jyy T —2
Case 1. Assume that a < argz < 27 — a where 0 < a < 7/2, i.e., 2z is
outside of the angle A, := {z: |argz| < a}. .
STEP1.1: Note that for 2 ¢ A,, T > tp, we have |z — 7| > 7Tsina
(because 7sina is the shortest distance from 7 to sides of A,). Moreover,

for z ¢ A,, T > to, we have also
|z — 7| > |z|sin .

Indeed, if Rez > 0, then |z — 7| > |Imz| = |z||sin(arg z)| > |z|sina. If
Rez < 0, then |z — 7| > |z] > |2|sina.

Hence, for any f, 0 < f < 1, we have
|z—7| = |z—7flz—= 77" > (rsin@)’(|2z|sina)'# = 7P|z' Psina. (5.31)

Now, we have

oz () =) , z [Tt
I(z) = 27t Jig T—2z T dr +¢(Oo)27ri to T — zT dr

= I]_(Z) + I2(2)
STEP 1.2: We will consider now [1(z). By the Holder condition, we have
[ (1) — ¥(o0)| < C77#, therefore

—ptp—1 8
|z| fe Cr dr < Clzl
27 Jio |7 — 2| 27 sina

|4 ()] < [ reeitar,
0
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where the last inequality above follows from (5.31).

Choose f such that max(—p+p,0) < < p. Then —p+p-1-8< -1

and therefore the last integral converges. Hence
1L(2)] < Cilzl’, e, [L(2)] =of|2l"), 2| — oco.
STEP 1.3: By lemma 5.3 and with the fact that »(co) = A, we have

A7 z? .
h(z) = =g me ™ £ 0), 12l - oo

STEP 1.4: By using the results of step 1.2 and step 1.3 in step 1.1, we
get

AmzP .
I(z) = log f(z) = ~rme™ Hollzl"), el = oo

Since log [f(2)| = Re(log f(z)) and z = re®, we have

A

log | £(2)] = —axr

— & <9<
S1n7r)‘cosp(a ) +o(r’), 0<L6< 2,

and this implies that, we have
hi(0) = lim r~*log]|f(re”)|

A

sinmp

cosp(f — ), 00 <2r.

Case 2. Assume z € A,, Rez =z > . g

STEP2.1: Note that in this case K
< Rez 2 (5.32)
Cos @ Cos o

(because |z| = z/ cos(arg z) < z/ cos @).

Write

oz oep(r) —¢(o0) ,_ z [P 1ldr
Iz2) = 2me Jig T—2z m 1d’7‘+¢(00)§;r€/t.0 T—2

=: I3(z) + I4(2).
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STEP 2.2: Now we will consider I3(z). We have
2l [ ) = 9@y

27 Jig |7 — 2|
1|#

Alz) = C 23

2 iy |7 — 2|

— AIZl o CIT — xl#Tp—u,—ldT

2rzh Jy, T — 2]

AC|z| fo°

2k Jiy

|I5(2)| <

1_
-

< P ldr

< |7 — z|#~ 1P dr,

where the last inequality follows from the fact that |r — 2| > |7 — z|.” By

change of variable 7 = uz first and then by (5.32) , we have

2|C [ W
[I:(z)| < W/to/zll —ul* 1,p~=1
Cmp_/“ oo
a1, p—u—1 -
o /@'1 w1 . (5.33)
If0<p<p<l,then

Ci :=/ |1 — uf*'u"#*duy < oo. (5.34)

0

Indeed,
1 oo
C'1 = / (1 - u)u—lup—u—ldu ‘[‘/ (U — l)”"lu"_”"ldu = .[31 + 132.’
0 1

For 0 < u < 1/2 we have (1 — u)#~! < 2!7# =: A;, and for u > 1/2 we have

up—u—l < 2#+1"P = A2. Hence for 131, we have

1/2 1
o= [ Q-wpr e et [0
] 1/2

1/2 1

Al / u”"“_ldu + Az/ (1 el u)“—ldu
0 1/2

1

< 00.
1/2

up—’-l’

p—p

1/2 Y
+A2(l v)

= A

0

o1



For I3; we have the following

2 0
I3, = '/1‘ (u— 1)“_1u”“““1du +/ (u — 1)“"1up_”_1du
2

2 00
1yl _1\p—2
< j{(u 1) du+/2 (u — 1)P~2du
(w— 1" (u—1)p71%
£l p—1

< 0.
2

Therefore (5.34) is valid. Hence

CzxP+

2T cos o

|Iz(2)] < -Cy e, I3(z) = o(z”) = o(|z]?), |z| — oo.

If 0 < p < p < 1, then we have (for z large enough, s.t. (to/z) < 1/2)

oo 1/2
/ |1 —uf w1y = |1 — ul*” lu” w1 dy
. tO/z to/.’l:

+/ |1 — | ur~#"1duy
1/2
1/2 oo

< 9l=byP=t=ldy + // 11— u|* tur~#1du
1/2

to/z

1-p (Y2 i
== “/;/ u’"F  du + C,.
ofx

Substituting this into (5.33), we get

p—u 1/2
I(2)] < 22 {21-# / / u”_“‘ldu+01}. (5.35)
to/z

27 cosa

Evidently,

(to/=)"% forp—pu<0

1/2 ,
(g |
to/a: - z

log %, forp—p=0.
Substituting this into (5.35), we get

Cth~Ha1-~s CzP~H v

+ Ca2 = o(z”) = o(|2}*), forp—u<0
|Is(z)|5{2"°°““‘“ '+ EECy = ofa?) = of2I") o

21~ log 5t + 528 = o(z*) = o(|2|?), for p—p=0.

2T cos o
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STEP 2.3: Similarly to step 1.3, by lemma 5.3 and with the fact that
P(z) = A,
Amz?

sin 7p

Li(2) = - e~™ 4+ 0(1).

STEP 2.4: By using the results of step 2.2 and step 2.3 in step 2.1, we

get
1(2) = log f(2) = =2 e=vip 4 o([2]?), |2 — oo
=8 " sinwp ’ SR
Then similarly to step 1.4,
log |/(2)] = — 2™ cos p(0— 1) + o(r*) 0 <0 <2
g1f(2)| = ———cosp ) + o(r <0<2n.

This implies that,

hi(0) = limrlog|(re”)
TA

= — 0 — <8< 2r.
g cosp(f —7m), 0<0<2r

a

THEOREM 5.2 Let conditions (5.8)-(5.10) be fulfilled and X(2) be the
Junction defined by (5.12). Then X(z) is bounded in D and has the order of
decrease p and

hx(0) = Tllr{.})r""log|X(rei€)|

TA '
= - ' - <0 < 2. .
- cosp(d —7), 0<0<2r (5.36)

Here the convergence is uniform w.r.t. 6.

Proof: STEP 1: Represent X(z) in the form
X(z) = exp{—f——/oo wdr} X

2mi Jyy, T(T —2)

X exp {z oo Md’r} =: X1(2)Xz2(2). (5.37)

to T(T—2)
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STEP 2: After changing the variables 7 = 1/u, z = 1/{ we pass to a finite
curve [ = (0,1/t0]. Denote G*(u) = G(1/u). In the neighborhood:of { = 0,.

i.e.; in the neighborhood oo of z,

log | X1(z)| = Re(log Xi(2)) = 2iWIm ( / e Eg;'g*é—“)-’du) . (5.38)

STEP 3:

/1/to log |G*(u)|du < /1/to log |G*(u)| — log IG”‘(C)ld'u
0 u — C - 0 U — C
to du
+og &)1 [ =

=: Ii(2) + (). (5.39)

Since log |G*(u)| € H,(l), we have |log |G*(u)| — log |G*({)|] < Alu — {|*.
Hence by denoting |{| = 6,

I/to 1
B@Ol < A[" =Pt
5 1/to
= — q)# 1 — &1
A/é(& u) du+A/6 (u — 6)*'du
A 1 A
= — # —_—— # —_
M(6 +(t0 5))—)”#‘ as 6 — 0,

0
ie, |[1(2z)| = OQ1) as |z| — oo. ‘
Hence Im(I;(z)) = O(1) as |z| — oo.

Also since
B(1/¢) = ~log|6°(0) [log (¢ - 1) ~os(]

we have Im(I(2)) = — log IG*({)lfarg (¢ — 1/t0) — arg (]. -
Hence Im/I,(1/¢) = O(1) as |(] — 0 i.e.,

Im(L(z)) = O(1) as z — oo.
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So by (5.38) and (5.39) we have
log |X1(2)| = p-Tm(ly(2) + o(2) = O(1) a8 z—o00,  (5.40)

which implies that & < X;(2) < C for |z| > ro.

STEP 4: Since log|X(2z)| = log|X1(2)| + log | X2(z)| and - X3(z) is the
same as the function f(z) in Theorem 5.1, we see that (5.36) follows from
Theorem 5.1 and (5.37).

STEP 5: Since A > 0 and 0 < p < 1/2, we have

o2 hx(0) = —wAcot pr < 0.

Therefore

117 __7[ p
oTax | X (re”)| < exp ( 2)\7' cot pmw), 1 > rp.

This implies the statement of the theorem and in particular, property 5)

of the function X(z). 0O

DEFINITION: A function X(z) satisfying conditions 1)-5) is called the

canonical function of the Riemann boundary value problem (5.11).

5.3 Solution of the homogeneous problem.

Description of solutions of order p

DEFINITION: Denote by Bg the class of functions analytic in D and
bounded in any disk |z| < R and by By, the class of functions analytic and
bounded in D.

First consider the homogeneous problem in the class By.
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THEOREM 5.3 General solution of the homogeneous problem in the class

By, can be expressed by the relation
®(z) = F(2)X(2) (5.41)
where X (z) is the canonical function and F(z) is an.arbitrary entire function.

Proof: Let ®(z) € By, be a solution. Then the function
F(z) = ®(z)/X(2) is analytic in D and satisfies the condition F'*(¢) = F~(t)
on L. It follows from (5.13) that near the point z = tg this function can be
estimated as F(2) = O(jz — to|™®), 0 < a < 1. By.the Cauchy estimation
and Painlevé theorem F(2) is an entire function. On the other hand, we get

that for any entire function F'(2) the relation
D(2) = F(2)X(2)

defines a solution of the problem (5.11) belonging te the class By. O

Let us see what additional conditions on the function F(z) provide the

inclusion ®(z) € By, where ®(z) is obtained from (5.41).

THEOREM 5.4 If ®(z) € By, then the order of growth pr of the corre-

J

sponding function F(z) does not exceed p.

Proof: Let the contrary be true, i.e., let pr > p. Then there exists a

sequence z, — oo such that
log |F(zn)| > |2a]?F > ,znl(P+PF)/2.
Also by (5.36) we have

log lX(zn)l > —Clzl?,
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where C is a positive constant. Then
log |®(2)| = log | X(2n)| + log |F(2a)| > =Clan|® + |2 |+F)/2,

where the last term tends to infinity as 2z, — oo. But this means that

|®(z,)| — oo as z, — oo which contradicts to ®(z) € Br. O

THEOREM 5.5 For a solution ®(z) € By, to belong to the class By, it is
necessary and sufficient that the order pr of the corresponding entire function

F(z) does not exceed p and also

 p(7)|r|’
1 < —Reit | ————r 5.
og |F(t)] < Re{ f T(T—t)dT + O(1), (5.42)
forallte L, t — oo.

Proof: Necessity. Let ®(z) € Br, then ®(z) is bounded in D. Then

log | F'(t)| = log |2 (t)] — log | X*(t)] < O(1) — log | X*(t)].  (5.43)

Relation (5.37) taking into account the Sokhotski formulas (3.3) yields

log [X(£)| = :t%log IG(£)] + Re {t /t°° f((:)fl;dr} FT@),  (5.44)

where

r(t) =1m{—t—/°° lo—gmdr}.

2 Jiy T(T —1)

Since log |G(t)| € H(L), we have |log|G(t)|| < C and, by (5.40) [T'(¢)] < C.
Now (5.42) follows from (5.43) and (5.44). The necessity of pr < p is proved

in the previous theorem.
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Sufficiency. Let pr < p and also relation (5.42) holds. Then

log|®*(t)] = log|X*(t)| +log |F(2)]

< Re {t s :;((g){—%d'r} + log |F(t)| + O(1)
p(r)lrl” p(r)lrl?
S Re{t A T(T-—t)dT} —Re{t/llm(h‘} +0(1)
- 0O1) (5.45)

We utilized first (5.44) and then (5.42). So by (5.45), we have |®*(¢)| < C.

For some p1, p < p1 < 1/2, we have

max |9(z)|

|zf=r

max | F(2)X(2)]

IN

anl (il e

< Ce’<e™ (5.46)
for all sufficiently large r, ( we used the facts that | X(z)| is bounded and -

max |F(2)] < Cexp(r’) <exp(r™), for pr<p<pr.

Then, we have ®(z) € By, |0%(t)| < C for t € L, and

max |®(2)| <exp(r”), r>r, 0<p <1/2

[zl=r

By Phragmén-Lindelof principle, we get ®(z) € By. O

THEOREM 5.6 Let conditions (5.8)-(5.10) be fulfilled. Then the homoge-
neous Riemann boundary problem (5.11) has infinitely many solutions and

the general form of solution is as follows

®(z) = F(2)X(2)

= Q" ﬁ (1 - zi) - exp {LL log G(T)dT}, (5.47)

i n 2mi JL (T — 2)
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@ = constant, np< oo, 0<|zn|<|2| <. .., 2z, — o0,

where F(z) is an entire function satisfying (5.42) and having the order

pr < p.

Proof: Due to the inequality pr < 1/2 and the Hadamard factorization
theorem the function F(z) admits the representation s
o
F(z)=Qz"] (l—zi), 0<m< oo, 0<ne<oo,
n=1 n

(for np = 0 we assume F(z) = Qz™). Then assertion of the theorem follows

directly from Theorem 5.5. [

COROLLARY: The homogeneous Riemann boundary value problem has
infinitely many linearly independent solutions.

Proof: In fact, there are infinitely many linearly independent functions
of order less than p. Every such function F(z) generates a solution because

Theorem 5.1 yields,

©p(r)rlP . | _ , ] ,
Re{t/to [ = il eotpr o), oo, (548)

and, hence, F'(z) satisfies condition (5.42). O
COROLLARY: The canonical function is unique.

Proof: Assume there exist two canonical functions, X(z), X;(2) say.
Then by Theorem 5.6, ®(z) = X(z) = X1(2)F(z) where F(z) is entire.

Then
X(=)
X] (Z) !

implies that both X(z) and X;i(z) have the same zeros and they can be the

F(z)=

zeros of F(z). Since canonical function does not vanish in D U L, they can

59



only have zeros either at #p or at co. At infinity F(z) does not have a zero,
thus the canonical functions can not have as well. By (5.13) at £, they can
not have a zero as well. This gives us that F(z) have no zeros, hence it is
constant. But we know that by the properties of the canonical function that
X(0) = X1(0) = 1. Hence F(z) =1 and X(2) = X3(2). O

Denote by «r the exponent of convergence of the zeros of the function

F(2).

THEOREM 5.7 The general form of a solution ®(z) of the homogeneous
problem in the class of functions having the order of decrease p and hy(8) < 0

is given by the relation (5.47) where F(z) is an entire function s.t., either

Dpr <p (r <p), (5-49)

or
2pr=p (yr=p), and hp(0) < wAcotpr. (5.50)

We have the representation

A
he(0) = — sy cos p(6 — ), pr < p,
hi(0) — G2 cos p(8 — 7), pr=p.

To prove theorem we need the following lemma, which can be easily

obtained from general properties of trigonometrically convex functions. (see,

e.g., [3], Ch.8)

LEMMA 5.4 If a function h(8) is trigonometrically p-convez on the seg-
ment [01,0;), and |6; — 0,] < 7/p and h(0:) < 0,k = 1,2, then h(8) < 0 for
all § € [91, 02].
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Proof of Theorem 5.7: Let either (5.49) or (5.50) be {ulfilled. By Theorems
5.2 and 5.3 we have

hx(0) = — TA

sinzp

and ®(z) = F(2)X(z). (5.52)

cos p(6 — =), (5.51)

In the case pr < p we have hp(f) = 0 and hence the representation in
the theorem follows. Consider the case pr = p. The function hp(f) is
trigonometrically p-convex on [0,27]. Since hg(f) is trigonometrically p-
convex and by (5.50) and (5.51) he(0) = he(27) < 0. Since p < 1/2, Lemma
5.4 provides hg(f) < 0,0 € [0,27], and so ®(z) has the order of decrease p.
From (5.52) and (5.51) we derive the representation in the theorem.
Conversely, let ®(z) have the order of decrease p and hg(8) < 0,0 €
[0,27]. By Theorem 5.4 we have pr < p. If pr = p, then, setting § = 0
in to the representation given in the theorem and taking into account that
ha(f) < 0, we get hp(0) < wAcot p. If pr < p, then Ap(f) =0 and theorem

follows from the representation given in the theorem. [

5.4 Formulation of the non-homogeneous
problem and an approach to its solution

The non-homogeneous problem has the form
ot (t) = G(t)@(t) +g(t), tel. (5.53)

We will assume that ¢ = 1,ie., L = {t:1 <t < c0}. We also suppose
that the functions G(t) and g(t) satisfy the following conditions

1) arg G(t) = 2mp(t)t?, 0<p<1/2, (5.54)
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where ¢(t) € Hy(L), p<po <1, (5.55)

p(0)=A>0, —-1<¢(1)<0, : (5.56)
2) log|G(t)| € H,, g(t) € H,, - (5.57)
3) g(o0) =10, (5.58)
4) either G(1) =1 and g(1) =0, or G(1) # 1. A (5.59)

Denote D = C\L. Let B be the class of functions bounded and: analytic
in D (This is a special case of the class By, for to = 1 ). We will study the
problem (5.53) in the class B. Similarly to the the problem with finite index
case, it suffices to construct a special solution ®(2), then the general solution
has the form ®(z) = ®o(z) + ¥(z), where ¥(z) is the general solution of the
corresponding homogeneous problem ¥*(t) = U~(2)G(t), 1 <t < co. -

Let Wo(z) € B be a special solution of the homogeneous problem, which
does not vanish on L. Then dividing (5.53) by ¥*(), and taking into account

the formula (5.11) we can represent the boundary condition (5.53) in the form

@) @°() _ 9() !
TS(t)  Wo(t) ()

Then a special solution is supposed to be in the form

®o(2) = ‘I’z"g) A ” T f)(é:)_z)dw, (5.60)

and what remains is to choose the function ¥o(z) to provide the convergence
of the integral in the RHS of (5.60) and also the inclusion of the obtained
solution into the class B.

Note that, generally speaking, the canonical function X(z) can not be

chosen as the function ¥y(2), since (5.36) yields

| X*(t)] < exp(—at®), 0<a<wAcotpr, t>to, (5.61)
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then to make the integral convergent when Wo(z) = X(z) we must add the

condition
lg(2)| < exp(—bt?), b6>0, t>tp (5.62)

According to Theorem 5.5 the function ¥p(z) must be constructed in the
form Wo(z) = X(2)Fo(z), where Fy(z) is an entire funttion satisfying some
special conditions. These functions have to admit some non uniqueness of
the desired function Fy(z). We will show that this non uniqueness may be
controlled in such a way that the obtained function Wo(z) will possess the

following properties:

1) Uo(2) € B, 2)1/|¥¢(t)|<C, c<t< oo, (5.63)
3) 9(t)/ 9§ (t) € H(le,00)),  lim g(8)/TF(ty=0. = (5.64)

(From now on ¢ will be an arbitrary fixed number bigger than 1.)

Observe that pg, = p where pp, is the order of the function Fp(z), because
we know that by Theorem 5.4 the order pg, < p, but if pr, < p, then by
virtue of Theorem 5.7, the function ¥*(t) would satisfy an inequality of the
form (5.61), which means that we need to intraduce condition (5.62) again.
Thus pg, = p.

By Theorem 5.2

A
by, (0) = -si;p cos p(0 — ) + kg, (8), 0<6<2r.

Since the function Wo(z2) satisfies (5.63), hy,(0) = 0 and hence

hr,(0) = Am cot pr. (5.65)

Further 1) in (5.63) yields hg,(0) < 0 and, hence,

hr,(0) < sim\ cosp(d —7) = —hx(8), 0<0<2m. (5.66)
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This means geometrically that the curve hg,(0) lies below the curve —hx ()
and touches it at the points 8 = 27n, n € Z.

There are many functions satisfying (5.65) and (5.66). The simplest ones
are those having zeros located on one ray. By virtue of (5.63) the function
Fy(z) does not vanish on the ray arg z = 0. Let us choose the ray argz'= =

and construct the desired function in the form

o0

Fo(z)=]:[(].+ri), O<m<r<..,

n=1i

for some still unspecified values r,,n € Z%.
Let n(r) be the counting function of zeros of the function Fp(z). We

demand the existence of the limit L

lim r’n(r) = A, 0<A<oco.

The value of this limit is called the density of zeros, and will be determined -
later.

Taking into account the identity that we proved in Lemma 5.2.

oo dz rzf
z/ —_— = e —e " 0 <argz < 2w,
0o zl7P(z —2) sinwp

together with the Riemann-Stieltjes integral, we obtain

log Fo(t) = /Ooo log (1 + é) dn(z)

TA oo p(x) — Az?
—_ e 4P
ol /O 1T dz. (5.67)

LEMMA 5.5 The function X*(t) admits the representation
log X*(t) = i(nlogt + Ant?) — Ar cot (wp)t? + q(2), (5.68)

where q(t) € Hy([c,00)),0 = min{uo — p,u} and p < 1 is the ezponent in
the Holder condition in (5.57) and n is a real constant.
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Proof: STEP 1: By Plemelj-Sokhotski formula we have, :

1 t log G(7)
() = =
log X*+(t) = 2logG(t)+2m,/ e L

Now by changing the variables 7 = 1/u, t = 1/v , then by (5.:42) and by the
fact that log G(t) = log |G(t)| + 7 arg G(t) = log |G(2)| + 2mip(t)t?, we have
log G(1/u) i

Uu—v

log Xt(1/v) = ilogG(l/U) m./
= Llog|G(1/0)] + mig(L/v) 5
i /1log|G 1/u) / w(l/“) Ll (569

2mi U —v u?(u —

Letting log |G(1/u)| = ¥(u) and ¢.(u) = ¢(1/u), and then ladding and sub-

tracting the term

" )
/ A du + wIA
0

u?(u — v) vP
to (5.69), we get :
YY) g res(u) = A
log X (1/v) 27rz 0 u—'v 0 m\du
a0, 2y
—A o up(u — ’U) + 2 (‘P*(v} - )‘) + (5 70)

for 0 < v < 1. Using relations (5.55)-(5.57), we obtain ¥(u) € H,([c, 00)).
Also observe that by definition ¢.(u) € H,([c,00)) and ¢.(0) = A. Taking
into account the properties of a singular integral in a neighborhood of point

of discontinuity of the density ( see [5], Ch. 3), we find

T ori _/1 ¢(U) ¢( ) logv +to(v), tolv) € H

U—’U

STEP 2: We claim that
(50*('“) - )\)u—p € HMO—P([la oo)) (5'71)
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Hence we have limy,_,(«(v) — A)u™ = 0 and by Theorem 3.2 the second
integral in (5.70) satisfies Holder condition as well, i.e.,
_[ go_*(_u)_—/ldu € H. (5.72) -
o u(u—v) :
Now let us prove the claim. In fact what we have in general is the following
claim:

If o(t) € H,(L) and if 0 < p < p < 1, then the function

\If(t) — (P(t) — ‘P(tO)

|t — to|?
where tg is a fized point on L, satisfies Holder condition on L with the index
g — p-
For the proof, without loss in generality let |t — to| = r. Define
w(r) = p(t) — p(to), i-e., w(r + b) = p{t + h) —p(to), where b > 0 (this does.
not effect the generality as well).Then
w(r+h) w(r)

(r+ h)? Y

b o)

lw(r + k) — w(r)] (r+h) —r°
by o(r)] { ro(r + h)? }

= Al + Az.

[¥(r+ ) —O(r)]

For estimation of A,, we note
lw(r + k) —w(r)| = |t + k) — ¢(to)| < AR¥,

therefore

ne B\
< — — Hw=p
M= Ry A(r+h)h ’

which gives us that A; satisfies the required condition.
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For estimation of A,, we observe that |w(r)| = |¢(t) — ¢(to)| < Ar* and

S0
(r+h)P—r°
(r+h)

Now we will consider two possible cases r < h and r > h.

Ay < Artm?

In the first case r < h. Using the inequality -
(r+h)f—r* <h*

we see that

Ay <A s <A h ph"‘"’/Ah“"J
N (m)— (r+h) " 2

In the second case r > h, using the inequality
h P
(r+h) —r°=r° [(1+;) —1] < phr*t,

we see that

h

14+p—mu
Ay < Aphr*=P=1 = Ap (;) - hEP < AphEee,

Thus the statement is verified.
Therefore we have (5.71) and so (5.72).
STEP 3: For the third integral in (5.70), we claim that

1 du AT
__,\/0 m == cot pm + Q(v), Q(v) € Hy. (5.73)

The proof of this is similar to the proof of the identity in Lemma 5.2.

Consider the integral

d§
0=t =y

where C is the contour consisting of the real axis from £ = r to { =t —¢, say

[, where 0 < r < t — e and € > 0 being a sufficiently small number; and then
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a semi circle C,, of radius € above the real axis around £, joining £ =t — €
and £ = t + ¢; then the real axis from £ = t + ¢ to £ = R, say ly; a circle
Cr of radius R above the real axis; then from £ = Rto { =1+ ¢, say ly; a
semi circle C,, of radius € under the real axis around {, joining £ =t + € and
€ =t — ¢€; then the real axis from { =t — € to £ = r, say [;/; and finally a
circle C, of radius r around 0.

The multivalued function {17 is taken to be real, say 7'~*, on Iy, C,,, l2
and at all other points complex valued. Then on I+, C,,, [, it takes the value

T1-re?mi(1=+) By the Residue theorem I(t) = 0, and -

I(t)=t(/1+ c¢1+ A z,+ Cez+‘/l‘ /')fl_péf’“t)

Now observe that

p

R
i Cr 61_,,(5 - t)l < 27rt_R—t

—0 as R — oo,

since p < 1/2 and [£| = R here.

Also since p < 0 and ¢ =7 on C,,

rP
5 |« - .
_(f—t) _27rtr_t——>0 as r—0

By the above consideration '

(/ +/12 /1 Tt ,,) gl—o(g—t) = (1—e7m 0y (J{Jr/z) TP?TTTZS'

Moreover by using the Laurent series expansion around %, we get

c, E177(€ —t) - Cey TIP(T — 1)
. dr
= ¢ o =1) + L(t),
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where I;(t) is analytic. Then since 7 =1¢ + ee, 0 < 8 < 2,
Y L i "id0 + L(t) = —mit? + L,(2).
Cqy E1-P(T — 1) 0
Similarly, since £17° = 717P¢2m(1=0) on C,, and using Laurent series ex--
pansion around ¢ again, we get

. de t°
t Cey .fl-P( E—t) —  emili-p) /(,'62 +h(t)

. 0 .
= —tPe2mill=r) / idd = —mit?e?™? + L(t),

—1

where I3(t) is analytic.
Hence using all these calculations and letting € — 0 where, we get »

o0 dr

e (D7 &) 27, 2 ; 2,
I(t) = (—2isinmpe ”)tA TTo(r = )+7rzt”(1+e ",

as r — 0 and R — oco. Moreover, I(t) is equal to 0 by the Residue theorem.

Hence we get

oo dr
t — = —gxtP cot p7. h.74
/0 T nt? cot pr (5.74)
Therefore
/1 du _ t/°° dr ;
o u?(u—v) - 1 Tie(r —1) -

1 dr o dr
= -t ——Tx—p(T_t)“/o T — 1)

0o dr
=: I;;(t)+t/0 pr g 4

But I5(t) satisfies Lipschitz condition. For the proof of this, observe for some

(5.75)

t,11, we have

1 dr dr
t T =ty o T )
/1 TP(t — 1) I |
0o (t=t)(r—1)
< Clt—t],

[13(t) — Is(t1)| =
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where C is a constant. So, I3(t) € H;. Hence by (5.74) and (5.75) we get
(5.73).
STEP 4: Using step 1, step 2 and step 3 in the formul;m.(5.70),‘ we get

log X*(1/v) =i (—%logv + ”—)‘) - 7{}% cot pr + Q(v),

VP
where Q(v) € H,. Turning back to initial variables 7 and ¢, we get the
lemma. O
Comparing relations (5.67) and (5.68), define A = Acos pr. Then we

have

+ _ P n((ﬂ 49:
log ¥*(t) =i(nlogt + Irt?) + q(t) + t/ ozt t) dz. (5.76)

Now n(z) must be chosen ”close enough” to Az” in such a way that

( / n(f()xﬂ) df”) € H,([c, 00)). (5.77)

Letting
n(z) = [Aazp + %]

we have (5.77), which we will prove later on.And this gives us that

1

on 1

Y kT L
2) cos pw

So this completes the construction of the functions Fy{z) and ¥e(z).

5.5 Solution of the non-homogeneous prob-
lem

THEOREM 5.8 Let

o0

z 2n —1 ,
Fo(z) = I1 (1 + ;7:) » = (2)\cos pw)

n=1
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Then both the solutions of the homogeneous problem
Yo(z) = X(2)Fo(2),
and the solution of the non-homogeneous problem

_ Yo(2) 9(=)
T 2m f \Il"'(a:)(w—z)d (5.78)

belong to the class B.

We need several auxiliary statements.

LEMMA 5.6 If a function f(t) has continuous derivative on the segment
[c,00) which satisfies |f'(t)] < Ct=*~*, for some p, 0 < p < 1, then.
f(t) € Hpy([c, 00)).

Proof: Since

o

1 1

ty  tal

1 1

<C
&t
1 L2

|f(t1) — f(t2)l = p

2, C
L7 <~

it follows that f € H,([¢,00)). O

LEMMA 5.7 Let f(z) and ¢(z) be real-valued functions on the segment
[c,00). Suppose that the function f(t) is Riemann integrable on every finite

segment [c,t] and

<C, i

and also the function ¢(z) is continuous, and has at most n extremal points

on [c,00) and p(c0) = 0. Then

[ f@)e(a)ds

<C(2n +2) max |p(z)|

for any t € [¢, 00).
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Proof: Take b > c¢ sufficiently large and find # + 2 points a =z < z; <
+ < Zpy1 = b such that the function ¢(z) is monotonic on each interval

[Zk, Tk+1]. The second mean value theorem gives

k-O {90(5%)/ f(=z) dﬂ’+‘P(~’Ek+l)/ f(if)ﬂ.lm}
< (@n+2)C max |o(z)l.

[ f(e)o(a)ds

In the case b = oo the convergence of the integral follows from the fact

that ¢(z) approaches zero monotonically as £ — +00, = € [Tpir,00). O

LEMMA 5.8 If n(z) = [Az” + 1/2], then ‘

10 (=1 [ ME=E ) € (o0

Proof: Let s = tAY? and let u = Az”. Denote
i = n(A~/Pul/?), we have

_ s [ fi(u)— _ L0
un_pA Mmh+gd To(s)

It suffices to prove that Io(s) € H,. We have

l/p-l

For a fixed p > 0 denote
Flu) = w) — v, p(u) = W/ 4 5) 2,

The function ¢(u) has the only extremal point in [0,00). This is-the point

of maximum. We have

1 —l—p 1-p 1+p 1 ~1-p
omax o(u) = (L =p) (L +p)™ < 5877,
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¢(00) = 0.
Since .
’/t f(u)dul < L
0 -8
for any ¢ > 0, Lemma 5.7 yields [Ij(s)] < Zs7'* and, by Lemma 5.6,
Io(s) € Hy([e,00)). O

LEMMA 5.9 Let f(t) € Hy([c,)), f(oo) = 0, and o be a real number.
Then

Bt) = FO € H(le,00))
bat) = [ € Hp([e,00))

Proof: We restrict ourselves to the consideration of the function ¢,(t).
The function ¢;(¢) may be studied in the same way and even a little simpler.
To have a finite segment [0,1/c| let us change the variables by setting t = 1/u
and denote g(u) = p2(1/u), h(u) = f(1/u). For 0 < u; < uz < 1/c we have

lg(u1) —g(u2)l < |A(ur) — h(uz)| + [A(w1)|] exp(—iou;”) — exp(—iou; *)|

< Cug —w)* + Ciuy min{2,0p(uz — ul)ul—l—p}'

If 2 < op(ug — u1)uy'™”, then uf < (0p/2)*(PH)(uy — uy)#/ P+ and
min{2, op(us — u1)u;' ?} = 2, thai which implies g(u) € H,(o+1)([0,1/c]).

If 2 > op(ug — ug)uy %, then

u‘l"”‘l < (op /2)(14—p-1)/(p+1)(u2 - ul)(u-p—l)/(p+1)

and

min{2, op(uz — w)u; "} = 6p(us — ur)uy’ 7,
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s0 we again obtain the desired conclusion. [

Proof of Theorem 5.8: First we will prove that Uo(z) € B. If a function
is in the class H([c,00)) then it is bounded; hence ¢(t) in (5.76) is bounded. .
Therefore, taking the real part of (5.76) and using: the Lemma 5.8, we.get
U (t)] < C < o0,¢ <t < 00. Remember that 0 < C; < |G(t)] < C; <
00,¢ < t < 00, by (5.10), and [¥{(t)] < C,c £ t < oo by (5.11)." Since
Uo(z) = X(2)Fo(z) where Fy(z) is an entire function, the functions: U*(t)
are bounded on [1, ¢] and, hence, on [1,00). Since pg, = p < 1/2, by applying
the Phragmén-Lindeldf principle, we obtain Uy(z) € B.

Now, we will prove that ®o(z) € B. Using (5.76) and Lemma 5.8 we see

that
1

U3 (t)
where Q(t) € H([c,0)). Since g(t) € H and g(co) = 0, Lemma 5.9 gives

= Q(t)exp{—i(nlogt + Axt*)}, ¢ <t < oo,

9(8)/5(1) € H(le,00)), Jim g(t)/W3(t) = 0. (5.79)

Now, rewrite equality (5.78) in the form

o) =32 [+ [Tarde o

It follows from (5.79) that the second integral is bounded in ‘any domain

|z — c| > €. In the neighborhood of [1,¢] the first integral can be estimated
as
[ wree = (Izl) T
This is because g(z)/®¢(z) is bounded and |z — z| > |z| — |z| 2 |z| — ¢ in
the neighborhood of [1, ¢].
Since ¥y(z) € B and ¢ can be chosen arbitrary close to 1, the function

®o(2) is bounded in |z — 1| > e.
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It remains to study the behavior of ®y(z) near the point ¢ = 1.
Since Fy(z) # 0 in the neighborhood of point z ='1, we may represent the

function log ¥y(z) in the form

log Uo(2) —B—)ng—z,(l)log(z ~1)
1 clogG(z) —log G(1)
o /1 — dz + fo(2), (5.80)

for all z from a sufficiently domain D N {z : |z — 1| < ¢}, where fo(2) is

analytic in |z — 1| < ¢. Denote
—log G(1)/(2mi) = a + pi. ‘

By (5.56) we have 0 < a < 1. Using the properties of boundary values of
the Cauchy-type integrals ( see, e.g. [5], Sec.22) we have

log O () = (¢ + Bi)log(t — 1) + P(t), 1<t<1+36,
for sufficiently small § > 0, where P(t) € H([1,1 + é]). Then

S = v )P, 1<t

where ¥(t) € H, and also, by (5.59), we have if a + 8: = 0, then (1) = 0.
Therefore, ( see, e.g. [5], Ch. 4), we have
_ 9= 9(z)
/ U (z)(z — 2) z) B / -/+6 Ui (z)(z — z)d
Q

= (ZT)“'H’“ + ©o(2), (5.81)

for sufficiently small |z — 1|. Here @ = 0 if a+ 8¢ = 0 and the function wp(z)

is either bounded.if o = 0, or admits the estimate |p(2)] = O(|z — 1|~2),
0<ap<a,z—1if a>0. Now (5.80) and (5.81) yields the boundedness of
the function ®o(z) in the neighborhood of the point z = 1. This completes

the proof.
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THEOREM 5.9 Let conditions (5.54)-(5.59) be fulfilled. Then the non-
homogeneous Riemann boundary value problem (5.53) has infinitely many

solutions in the class B. The general formula of the solution is as follows:

Fo(z) e 9(z)
o(z) = X(z ){ oni ), XD h@)E )t (””)}’ (582)

where

Fo(2) =1 (1+2), = (ﬂ)w,

fovir? n 2) cos pm

and F(z) is an entire function, whose order does not exceed p, and such that
log |[F(t)] £ (wAcotmp)t? + O(1), t— oo. (5.83)

Proof: By Theorem 5.6 we know the explicit expression of the general
form of the homogeneous Riemann boundary value problem. Together with
the explanation in section 5.4 and the Theorem 5.8 we get that the non-
homogeneous Riemann boundary value problem (5.53) has infinitely many
solutions in the class B and the general form is as in (5.82), together with the
relation (5.42) instead of (5.83). But under the condition (5.55) and {5.56)
relations (5.42) and (5.83) are equivalent. Actually the arguments that are
used when proving Lemma 5.5 imply that, under the assumption (5.55), we

have

t/ 20 4o = —(Am cot mp)t? + p(t), p(t) € H([c,00)).

z1-*(z — t)

Hence together with (5.42) we have (5.83). O
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