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ABSTRACT
SYSTEMIC RISK MEASURES BASED ON VALUE-AT-RISK

Wissam Al-Ali
M.S. in Industrial Engineering
Advisor: Cagin Ararat
July 2023

This thesis addresses the problem of computing systemic set-valued risk measures. The
proposed method incorporates the clearing mechanism of the Eisenberg-Noe model, used as
an aggregation function, with the value-at-risk, used as the underlying risk measure. The
sample-average approximation (SAA) of the corresponding set-valued systemic risk measure
can be calculated by solving a vector optimization problem. For this purpose, we propose a
variation of the so-called grid algorithm in which grid points are evaluated by solving cer-
tain scalar mixed-integer programming problems, namely, the Pascoletti Serafini and norm-
minimizing scalarizations. At the initialization step, we solve weighted sum scalarizations
to establish a compact region for the algorithm to work on. We prove the convergence of
the SAA optimal values of the scalarization problems to their respective true values. More-
over, we prove the convergence of the approximated set-valued risk measure to the true
set-valued risk measure in both the Wijsman and Hausdorff senses. In order to demonstrate
the applicability of our findings, we construct a financial network based on the Bollobas
preferential attachment model. In addition, we model the economic disruptions using identi-
cally distributed random variables with a Pareto distribution. We conduct a comprehensive
sensitivity analysis to investigate the effect of the number of scenarios, correlation coefficient,
and Bollobéas network parameters on the systemic risk measure. The results highlight the
minimal influence of the number of scenarios and correlation coefficient on the risk measure,
demonstrating its stability and robustness, while shedding light on the profound significance
of Bollobés network parameters in determining the network dynamics and the overall level
of systemic risk.

Keywords: Systemic risk measure, aggregation function, value-at-risk, sensitive set-valued
systemic risk measures, non-convex vector optimization, two-stage stochastic programming,
chance constraint, weighted sum scalarizations, Pascoletti Serafini scalirizations, norm-

minimizing scalarization, Wijsman topology, Hausdorff convergence.
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OZET
RISKE MARUZ DEGER TEMELLI SISTEMIK RISK OLCULERI

Wissam Al-Ali
Endiistri Miihendisligi, Yiiksek Lisans
Tez Danmigmani: Cagin Ararat
Temmuz 2023

Bu tezde sistemik risk olgiilerinin hesaplanmasi problemi incelenmistir. Onerilen yontem,
birlestirici fonksiyon olarak Eisenberg-Noe modelinin takas mekanizmasini, temel risk
olctisii olarak da riske maruz degeri kullanmaktadir. Buna karsilik gelen sistemik risk
Olciistinlin 6rneklem ortalamasi yaklagiklamasi, bir vektor eniyileme problemi ¢ozerek hesa-
planabilmektedir. Bu amacla, bilimsel yazinda yer alan izgara algoritmasinin bir varyasy-
onu oOnerilmistir; buna gore, 1zgara noktalar1 degerlendirilirken Pascoletti Serafini ve norm
enkii¢iikleme skalerizasyonlar: olarak iki tiir karigik tamsayili eniyileme problemi ¢oziilmek-
tedir. Algoritmanin baslangic asamasindaysa, agirlikli toplam skalerizasyonu c¢oziilerek
algoritmanin iizerinde caligacagl bir tikiz kiime elde edilmektedir. Tezde skalerizasyon
problemlerinin 6rnekleme ortalamasi yaklagiklamalarinin bu problemlerin gercek degerlerine
yakinsadigr gosterilmistir. Ayrica, yaklagiklama ile hesaplanan kiime degerli risk Ol¢iisiintin
gercek kiime degerli risk olciisiine yakinsadigit Wijsman ve Hausdorff topolojilerine gore
gosterilmigtir. Bulgularin uygulanabilirligini gostermek i¢in Bollobas tercihli ilistirme mode-
line gore bir finansal ag insa edilmis; ayrica, ekonomik bozulmalar ayni1 dagilima sahip Pareto
rassal degiskenleri olarak modellenmistir. Hesaplanan sistemik risk ol¢iilerine senaryo sayisi,
korelasyon katsayis1 ve Bollobéds ag parametrelerinin etkisini incelemek icin kapsamli bir du-
yarlilik analizi yapilmigtir. Elde edilen sonuglar, senaryo sayisi ve korelasyon katsayilarinin
sistemik risk olclisiine en az diizeyde etkisi oldugunu diisiindiiriirken Bollobas ag paramet-
lerinin ag dinamiklerini ve sistemik risk diizeyini belirlemede biiyiik oneme sahip oldugunu
ortaya koymaktadir.

Anahtar sozcikler: Sistemik risk olgiileri, birlegtirici fonksiyon, riske maruz deger, hassas
kiime degerli sistemik risk olgiileri, digbiikey olmayan vektor optimizasyonu, iki asamali
stokastik programlama, olasilik kisiti, toplam skalerizasyonu, Pascoletti Serafini skalerizasy-
onu, norm enkii¢iikleme skalerizasyonu, Wijsman topolojisi, Hausdorff yakinsamasi.
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Chapter 1

Introduction

The concepts of systemic risk and financial contagion hold significant importance within
the domain of global economics. Systemic risk is a term used to describe the possibility of
a disturbance occurring within the financial system, which has the potential to propagate
throughout various institutions, markets, and economies, resulting in substantial adverse
outcomes. When systemic risk emerges, it frequently initiates a cascading sequence of events,
leading to the spreading of financial contagion. Hence, it is important to acknowledge that
the potential ramifications of systemic risk and financial contagion emphasize the necessity

for proactive measures and risk management strategies.

The field of risk management has garnered significant attention over an extended period,
with heightened interest following the rapid onset of the 2008 financial crisis. This crisis was
characterized by the swift devaluation of mortgage-related securities that had permeated
both the United States and global financial systems, resulting in the erosion of numerous
prominent financial institutions in the United States and other countries [I]. Moreover,
this financial crisis served as a clear demonstration of the significant interconnectedness of
global financial systems, highlighting how even minor shocks have the potential to generate

substantial disruptions within the economy [2].

In recent research, there have been various new ideas about systemic risk measures and
allocation methods. Systemic risk measures that can be broken down into an aggregation
function and a linear measure of risk have gotten considerable focus, see [3], [4] and the

references therein. In this framework, the aggregation function captures the societal impact
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of the system, while capital allocations are added after aggregation to represent prospective
bailout costs. Recently, a framework has emerged in which capital allocations are assigned
to institutions prior to aggregation. As discussed in [5], [6] and [7], this interpretation proves
particularly useful for regulatory purposes and the prevention of financial crises. In each of

these models, the set of all feasible capital allocations results in a multivariate risk measure.

The association between systemic risk and complex interconnections among organiza-
tions—rather than with individual entities themselves—is what sparks interest in this con-
cept. Traditional risk measures like value-at-risk, conditional value-at-risk, and negative
expectation would often be sufficient if the risk was purely based on the performance of a
single firm, regardless of how interconnected it may be. Systemic risk requires a broader
perspective, necessitating an analysis of the distribution of total profits and losses across all

firms in the economy, as demonstrated in [8], [9], and [10].

Recent research has examined the measurement of systemic risk within the context of
traditional monetary risk measures [11]. The literature defines systemic risk measures as a
three-step structure (see [12] and [13]).

In this study, we concentrate on financial networks, whose members are linked by con-
tractual obligations and whose interbank payments are decided by a clearing process based
on their uncertain operating cash flows. The model put forth by Eisenberg and Noe portrays
a financial system as a static directed network of banks with interbank liabilities specified
along the edges [I4]. Their paper presents two methods for calculating a clearing vector,
which represents the payments necessary to satisfy interbank obligations, assuming positive
operating cash flows for each bank. The first approach is a simple algorithm known as the
fictitious default algorithm, which computes the clearing vector iteratively using a finite
number of updates. The second strategy formulates a concise mathematical programming
problem with linear constraints based on liabilities, operating cash flows, and an arbitrary
objective function that is strictly increasing. By selecting a linear objective function, the

optimal solution to a linear programming problem gives a clearing vector [14].

The fictitious default algorithm is favored by the vast majority of researchers working
with network models of systemic risk. In [15], Suzuki presents an analogous method for
evaluating clearing vectors, expanding on the work of Eisenberg and Noe [14]. Additionally,

Suzuki considers cross-shareholdings among members of a financial system. In [16], Cifuentes



et al., examine systemic risk in terms of institution liquidity and asset price instability.
In [I7], Elsinger extends the Eisenberg-Noe (EN) model in by integrating a cross-holdings
structure similar to Suzuki [15]. Elsinger relaxes the assumption of positive operating cash
flows and examines the model under certain assumptions regarding seniority. In [I8], Rogers
and Veraart introduce default costs to the Eisenberg-Noe model and investigate the necessity
of bailing out delinquent institutions. They demonstrate that solvent institutions may find
it advantageous to acquire insolvent institutions under rigorous positive default costs. In
their work, Weber and Weske [19] develop a comprehensive network model that integrates
multiple factors that contribute to systemic risk. The model consists of cross-holdings (refer
to [15] and [17]), fire sales (refer to [16]), and bankruptcy costs (refer to [17] and [18]). They
also extend the Eisenberg-Noe model by incorporating all of these factors simultaneously,
resulting in a more realistic and intricate framework. For a comprehensive overview of
network models of systemic risk, we refer readers to the survey by Kabanov et al. [20], which
investigates the existence and uniqueness of clearing vectors in the aforementioned models
and their calculation using various variants of the fictitious default algorithm introduced by
Eisenberg and Noe [14]. However, none of those works have utilized the second approach of

mathematical programming proposed by Eisenberg and Noe [14].

The operating cash flows of a network’s members are typically subject to uncertainty due
to correlated risk factors. These cash flows can therefore be represented as a realization of
a random vector with possibly correlated components. The resultant clearing vector is a
deterministic function of the random operating cash flow vector, with the precise form of
the function being determined by the clearing mechanism. Building on this idea, a recent
line of research initiated by Chen et al. in [3] centers on defining systemic risk measures
that capture the necessary capital allocations for network members to control certain (non-
linear) averages across various scenarios. Using the clearing mechanism, a random aggregate
quantity associated with the clearing vector, such as the total debt paid in the system or the
total equity generated by all participants during clearing, is defined. This sum functions as
a deterministic and scalar function, referred to as the aggregation function, of the operating
cash flow vector. In [3], a systemic risk measure is defined as a scalar functional of the
operating cash flow vector that quantifies the risk of the random aggregate quantity using
convex risk measures such as negative expected value, average value-at-risk, or entropic risk

measures.

The systemic risk measure in [3], represents the total capital requirement for the system



in order to maintain an acceptable level of risk for the aggregate quantity. Due to the fact
that the total capital is only utilized after the shock has been aggregated, the allocation of
this capital back to the members of the system remains an unresolved question that will
require a separate procedure. To tackle this, Feinstein et al. and Biagini et al. in [5] and
[6], respectively, propose set-valued and scalar systemic risk measures that are “sensitive”
to capital levels to address this issue. The objective of these measures is to identify deter-
ministic capital allocation vectors that can directly supplement the random operating cash
flow vector. Therefore, the augmented cash flow vector is aggregated, and the risk of the
resulting random aggregate quantity is controlled using a convex risk measure, similar to [3].
The set-valued systemic risk measure in [5] represents the set of all feasible capital allocation

vectors, considering the measurement and allocation of systemic risk as a joint problem.

When the underlying aggregation function is suitably simple, the sensitive systemic risk
measures studied in [5] and [0] exhibit advantageous theoretical properties. Ararat and
Rudloff demonstrate in [21] that, assuming a monotone and concave aggregation function
and a convex base risk measure, the set-valued sensitive systemic risk measure becomes
a convex set-valued risk measure according to the definition of Hamel et al. in [22], and
dual representations can be obtained in terms of the conjugate function of the aggregation

function.

In this thesis, similar to the study conducted by Ararat and Meimanjan in [23], our
primary objective is to calculate a systemic risk measure by establishing its connection to
a vector (multiobjective) optimization problem. The vector optimization problem involves
a risk constraint that is expressed in terms of the aggregation function and the underlying
univariate risk measure. The primary obstacle in addressing this issue lies in the requirement
to assess the aggregation function for each scenario within the underlying probability space,
as well as for every potential selection of the capital allocation vector, which serves as the

decision variable in the optimization problem.

In contrast, our selection of the aggregation function and the underlying risk measure
serves as a complement to the research conducted in [23]. Specifically, while their aggregation
function encompasses models that extend beyond the standard Eisenberg-Noe framework,
incorporating a singular characteristic expressed through binary variables, our aggregation
function focuses on the standard Eisenberg-Noe model, which can be expressed in terms

of a linear programming problem parameterized by the scenario and the capital allocation



vector. On the other hand, in [23], Ararat and Meimanjan examine the negative expectation
(and also polyhedral convex risk measures) as the underlying risk measure. In contrast,
our research focuses on value-at-risk (V@QR) as the underlying risk measure. Therefore, the
overarching vector optimization problem can still be conceptualized as a nested optimization
problem. In order to compute the set-valued systemic risk measure, we employ mixed-binary
linear programming scalarizations for non-convex vector optimization problems, given the
inherent nature of the underlying risk measure VQR. As a result, the sensitive systemic
risk measures in both our and their models lack the desirable theoretical properties, such as
convexity and dual representations, that have been examined in previous studies on systemic
risk measures. In fact, the convexity property is not satisfied by the values of these systemic
risk measures, in general. Hence, a key finding of their study is that binary variables and the
associated absence of concavity/convexity arise when employing more advanced aggregation
mechanisms beyond the standard Eisenberg-Noe framework. However, our own fundamen-
tal observation is that binary variables and the accompanying lack of concavity/convexity

manifest naturally when utilizing a more sophisticated underlying risk measure.

In [23], the authors utilize the Benson-type algorithm, as introduced in [24], to compute
the set-valued sensitive risk measure. Given that the non-trivial boundary of our systemic
risk measure is contained within a compact region, we propose a variation of the so-called
grid algorithm introduced in [5], where grid points are evaluated by solving certain scalar
mixed-integer programming problems, namely, the Pascoletti-Serafini and norm-minimizing

scalarizations.

In order to implement the grid algorithm, we first solve the weighted-sum scalarization
problem in order to construct the grid compact region. Using the upper set property of
sensitive risk measures, we determine that if a grid point is acceptable, all grid points within
the point’s positive orthant are also acceptable and should be included in the set-valued risk
measure, and vice versa. Using the Pascoletti-Serafini and norm-minimizing scalarization

problems, the grid algorithm evaluates the acceptability of grid points.

As the grid algorithm requires solving finite-dimensional optimization problems (or fea-
sibility checks in general), it relies on the assumption that the underlying probability space
is finite. This potentially brings an obstacle for the applicability of our methods in cases

where the random shock has a continuous distribution. For this reason, we also study the



sample-average approximations (SAA) of set-valued systemic risk measures hosted by a gen-
eral probability space. We employ the SAA framework proposed in [25], [26], and [27]. This
approximation entails sampling independent random variables with identical distributions
from the underlying probability space. By employing the previously mentioned scalarization
techniques, we show that the sample-average approximated set-valued risk measure con-
verges to its true set-valued risk measure, taking into account the Wijsman and Hausdorff

topologies discussed in [28] and [29].

In the final phase of our research, we conduct a comprehensive computational study to
validate the methodologies we have proposed. After reviewing the literature on preferential
attachment models in [30, Chapter 8], we generate data for a network using the preferential
attachment model described in [31]. To represent the inherent unpredictability of financial
systems, we generate scenarios characterized by independent random vectors with identical
distributions. In accordance with empirical findings in [32], we model the distributions of
these vectors using the Pareto distribution, which depicts heavy-tailed behavior effectively.
In addition, sensitivity analyses are performed to assess the impact of scenarios, correlation

coefficients, and Bollobas network parameters on systemic risk measures.

The subsequent chapters of this thesis are structured as follows. In Chapter [2| we discuss
the preliminary concepts and notations that are utilized throughout the remainder of the
thesis. In Chapter [3, we thoroughly examine the Eisenberg-Noe network model and its math-
ematical programming characterizations of the set of all clearing vectors. In Chapter [4, we
examine the sensitive systemic risk measures and the corresponding mixed-integer scalariza-
tions. In Chapter [5 we study the sample-average approximation and show the convergence
of the set-valued sample-average approximated risk measure to its true counterpart in the

Wijsman and Hausdorff senses. The computational results are presented in Chapter [6]



Chapter 2

Preliminaries

In this chapter, we will introduce some fundamental concepts and notations that will be
utilized throughout the remainder of the discussion. To that end, given a, b € R, we define
a A b as the minimum of a and b, and a V b as the maximum of a and b. We also denote

at=0Vaand a” =0V (—a).

Similarly, let n € N, we denote by R", the n-dimensional Euclidean space. For vectors a =
(ai,...,a,)", b= (by,...,b,)" € R", we define the element-wise minimum and maximum

as follows:

aANb=(ayAby,...,a, AD,)", aVb= (a1 Vby,... a,Vb,)".

Moreover, we denote 1 = (1,...,1)T € R", 0 = (0,...,0)" € R", where the dimension
n of the vector is understood from the context. Additionally, we define a™ = 0 V a and

a =0V (—a).

The notations a < b and a < b indicate that a; < b; and a; < b; respectively, for each
ie{l,...,n}. We also introduce R} = {x € R" | 0 < x}, where the elements are referred
to as non-negative. Similarly, we define R}, = { € R" | 0 < x}, where the elements are

referred to as positive.

We say that a function f : R" — R is strictly increasing if @ < b and a # b imply
f(a) < f(b) for every a, b € R".



The (> norm of a vector a, denoted as ||al|, is defined as the maximum absolute value

of its elements. In other words,

Consider a matrix A € R™*" where m, n € N. We define ||A||» as the maximum of the

¢ norms of each row of A. Mathematically,

[Allec = max [[Ail,

1<i<m
where, A; denotes the i-th row of matrix A.
For every y € R™, the distance from a point y to a set A C R™ is defined as d(y, A) :=

infzea ||y — x||,, with the convention inf{()} = +o00. Let B C R". The Hausdorfl distance
between A and B, denoted as H(A, B), is given by [33, Theorem 7.3.1]

H(A, B) = max{D(A, B),D(B, A)},

where D(A, B) = supd(x, B).

xrEA

The indicator function of set A, denoted as 14(:) : R — R, is defined as

1, ifzeA
La(z) =
0, otherwise,

where x € A denotes that x belongs to the set A.



Chapter 3

The Eisenberg-Noe Model

In the realm of financial networks, the concept of systemic risk pertains to the possibility of
a shock or disruption spreading across interlinked financial institutions, specifically banks,
resulting in the collapse or distress of numerous institutions and potentially triggering exten-
sive financial instability [3]. Furthermore, in the context of financial networks, aggregation
functions assume a critical role in establishing measures of systemic risk. The function A is

defined as a mapping from the vector space R™ to the scalar field R [5] 3].

The field of financial networks has experienced notable progress, primarily due to the
pioneering contributions made by the Eisenberg-Noe network model. The model proposed
in [14] has provided a foundational framework for conducting a comprehensive analysis of
interbank payment systems. This model has yielded valuable insights into the complex inter-
connections between financial institutions, shedding light on the transmission of shocks and
the possibility of contagion [I4]. This chapter extensively examines the profound implications

of the Eisenberg-Noe model.

To begin, we establish the conceptual framework of an Eisenberg-Noe network, which

serves as a representation of a financial system comprising interconnected institutions:

Definition 3.0.1. [1j, Section 2.2] A quadruple (N, m,p,x) is called an FEisenberg-Noe

network if it satisfies the following conditions:

o N ={1,...,n} is the index set of nodes in a network representing a financial system



of n institutions.

o For everyi € N, p; > 0 denotes the total amount of liabilities of node i. We refer to

P as the total obligation vector.

o = (m;)ijen € RY™ is the relative liability matriz with m; = 0 and Z?Zl mi; < n for
each i € N.

o x=(11,...,1,) € R? denotes the operating cash flow vector.

The matrix 7 represents the relative liability distribution among nodes, indicating the
proportion of liabilities that a node owes to other nodes. The adoption of the assumption
of zero diagonal entries serves to prevent nodes from having liabilities towards themselves.
The inequality Z?:l m;; < n ensures that no node in the network possesses all the claims.
By utilizing the total obligation vector p and the relative liability matrix 7r, it is possible to

calculate the nominal liability /;; of node i to node j as l;; = m;;p;.

Next, we proceed to introduce the notion of a clearing payment vector, which adheres to

the principles of limited liability and absolute priority within an EN network.

Definition 3.0.2. [7], Definition 1] A vector p € [0, D] is called a clearing payment vector

for the Eisenberg-Noe network if it satisfies the following two properties:

e Limited liability: For each i € N, p; < Y77 mjip; + x4, indicating that each node

cannot pay more than it possesses.

e Absolute priority: For eachi € N, p; = p; or p; = Z?Zl TP + i, tmplying that each

node meets its obligations in full or defaults by paying as much as it has.

In the context of the EN network, consider the function ¢ : [0,p] — [0, p] defined as

follows:
Y(p) = (r'p+x)Ap.

Eisenberg and Noe in [14] show that a clearing vector p in an EN network is a fixed point

of the function 1), meaning that ¥ (p) = p.
We now state the main results of Eisenberg-Noe model.

10



Theorem 3.0.3. [1], Theorem 1] For every EN network (m,p,x), the following statements
hold:

a. There exist a greatest clearing payment vector p* and a least clearing payment vector p~.

b. Given two arbitrary clearing payment vectors p' and p”, the net equities after clearing are
the same, 1i.e.,

(7TTp’—|—zc—15)+: (WTp"+a:—ﬁ)+

In addition to the theoretical analysis of clearing payment vectors in the Eisenberg-Noe
model, a mathematical programming characterization exists that offers a computational
methodology for identifying these vectors. The formulation takes into account the constraints

of limited liability and absolute priority in order to ascertain the clearing payment vector.

T

We denote a payment vector as p = (p1,...,pn) - The model for finding a clearing

payment vector can be defined in the following lemma.

Lemma 3.0.4. [1j, Lemma 6] For EN network, let f : R™ — R be a strictly increasing

function. Consider the following mathematical programming problem:

max f(p)
st. p<w p+4+wx (3.0.1)
p€[0,p].

If p* € R} is an optimal solution to (3.0.1)), then it is a clearing payment vector for the

network.

Lemma [3.0.4] establishes the correlation between the optimization problem denoted as
and the process of determining clearing payment vectors. The statement asserts that
any optimal solution of the given equation, denoted as , is a valid clearing payment
vector that adheres to both the limited liability and absolute priority conditions.

Based on the formulation in (3.0.1)), an aggregation function A®N : R — R U {—oc} for

the Eisenberg-Noe model can be defined as:

sup{1" <w'p+x,pec|0,p]}, ifxecR"?
AP () - p{l'plp<m'p+z,pec|0,p]} n (3.02)
—00, if ¢ RQL_,
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that is, A" (x) represents the optimal value of the mathematical programming problem
(3.0.1) when f(p) =1Tp.

Furthermore, an important property of the aggregation function A®N can be observed in

the following lemma

Lemma 3.0.5. A®N is a continuous, concave and increasing function on R7 .

Proof. We will prove the continuity and concavity parts of AN (x) by taking its dual formu-

lation as follows:
min A p+p'x
st. A+ -—m)'p>1 (3.0.3)
A>0
pn =0,

where I is the n X n identity matrix.

Based on the fact that the objective function in (3.0.3]) is composed of pointwise affine
functions, it can be inferred that exhibits concavity in relation to € R”. Further-
more, it can be observed that the objective function in (3.0.3)) is bounded from below. As a
result, the optimal value of the dual problem demonstrates continuity in relation to the vari-
able . Given that the formulation presented in equation represents a feasible linear
programming (LP) formulation, it can be concluded that the principle of strong duality is
applicable. As a result, the function AN exhibits continuity and concavity with respect to

the variable .

To show that A®N is increasing in @, we fix p and 7 as the liability vector and relative
liability matrix, respectively. Furthermore, let p(x) be a feasible solution to A®N(x), and
assume that z > . Then, p(x) < w'p(x) + z < 7' p(x) + z, which implies that p(z) is a

feasible solution to A®N(z). Therefore, A®N(z) > AEN(z). Thus, AN is increasing in . [

Expanding upon the aforementioned outcome, we hereby present a lemma that offers a

comprehensive depiction of the set of the collection of all clearing payment vectors.

Lemma 3.0.6. Given an operating cash flow vector x, a relative liability matriz 7, and a

liability vector p, the set of all clearing payment vectors of the EN network can be represented
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as follows:
Clx) := {P el0,p] |l p<w'p+x,Iyec{0,1}":p>pyp>7'p+ta— yQ}, (3.0.4)

where ) > 121%}; (Z?Zl TjiDi + xz> 1$ a constant.
Remark 3.0.7. Note that for each node i and p € [0,p|, it holds that Z?Zl Tp; <

max 2?21 mipi- Thus, Q > max (Z?Zl T;ipi + x;) ensures that when y; = 1, the constraint

p>m'p+ax—yQ is trivial.

Proof.
Claim 1: If p is a clearing payment vector, then p € C.

Proof of Claim 1: Since p is a clearing payment vector, it satisfies the limited liability
axiom, which is represented by the constraint p < m'p + . To show that the other

constraints in (3.0.4) also hold, let us set y as follows:

0, if ;< Di
Yi = pesr (3.0.5)
]-7 if Di = Dis

and consider the following two cases:

e Case 1: For a particular node i, assume that p; = p;. Then, by (3.0.5)), y; = 1. Thus,
the constraint p; > p;y; is satisfied and the constraint p; > Z?zl Tiip; + x; — yQ is
trivially satisfied by Remark|3.0.7, Hence, (p;, y;) satisfies all the constraints in ((3.0.4)).

e Case 2: For a particular node 7, assume that p; = Z;.Lzl myip; + x; < p;. Then, by
(3.0.5), y; = 0. Thus, the constraint p; > p;y; is trivially satisfied and the constraint
pi > Y iy Tip; + @ — yQ yields that p; = Y77 mip; + x;. Hence, (pi,y;) satisfies all
the constraints in ((3.0.4)).

Hence, Claim 1 holds.
Claim 2: If p € C, then p is a clearing payment vector.

Proof of Claim 2: Assume that p € C. Then, there exists y such that (p, y) satisfies all
the constraints in (3.0.4)). In order to show that p is a clearing payment vector, we need to
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demonstrate that p satisfies two conditions: limited liability and absolute priority. The fact
that p € C enforces p to satisfy the limited liability condition by the constraint p < 7' p+x.
To show that p must also satisfy the absolute priority condition, we consider the following

two cases:

e Case 1: For a particular node i, if y; = 1, then p; = p; < 2?21 mi;p; + x; by the
constraints p; < p;, pi > piyi and p; < Y7 mjipj+x;. Therefore, p; = piA(Y T, mijpj+
x;), and thus the absolute priority condition holds.

e Case 2: For a particular node 4, if y; = 0, then p;, = Z;L:1 Tiip; + v < p; by the
constraints p; > Z?Zl TP + T — yQ, pi < Z?Zl m;ip; + x; and p; < p;. Therefore,
pi = Pi A (Z?Zl mi;pj + 2;), and thus the absolute priority condition holds.

Hence, Claim 2 holds. O
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Chapter 4

Sensitive Set-Valued Systemic Risk

Measures

In the framework of systemic risk analysis, we take into account a set-valued systemic risk
measure, R, which represents the set of disturbances to the cash flows of individual firms that
preserve the measure’s acceptance criteria. This metric depicts the joint behavior and related
risks of a group of firms’ operating cash flow. It is built by combining the EN aggregation
function structure with the value-at-risk base risk measure. Allowable amounts of aggregate

risk are specified by the acceptance set of VQR.

We look at the concept of bank grouping in order to apply the sensitive set-valued systemic
risk measure to a network of banks. This helps us keep the dimensions of the risk measure
under control. Then, to regulate the total clearing payments in the network, we create a
set-valued grouped sensitive systemic risk measure. The metric accounts for equal capital
injections among bank groupings. The risk measure sensitively combines the Eisenberg-Noe

aggregation function with VQR, with capital requirements applied before aggregation.

To that aim, consider €) to be a set of scenarios. A random vector X : {2 — R"™ describes
an operating cash flow, where X (w?®) represents the operating cash flow across the firms if
the scenario w* is realized, where s € N. We have X € X C L°(R") containing all constants,

e.g., X = L>*°(R") the linear space of all bounded measurable random vectors on (£2, F).

To begin, we provide a definition of VQR, a widely used monetary risk measure. It
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calculates the least capital amount z necessary to maintain the probability of a negative
outcome below a certain threshold A [34] Section 4.4]. V@R can be defined using the notion

of acceptance set as follows:

Definition 4.0.1. [3], Section 4.4] The function VQR is a mapping from the space of

univariate measurable functions including all constants, denoted as L?, to R, defined as:
V@R\(Y) =inf{z € R | Y + z € A)9"}, (4.0.1)
where Y € LY and the acceptance set of V@R is defined as:

AV =Ly ¢ LV | VaR,\(Y) <0} ={Y € LY | P(Y < 0) < \}. (4.0.2)

The VAR function meets the properties in the following proposition:

Proposition 4.0.2. [3], Section 4.4] V@R : LY — R is a univariate function satisfying the

following properties:

1. Monotonicity: For any X,Y € LY, if X > Y, then VAQR(Y) > VOR(X).
2. Translativity: For any X € LY and k € R, VAR(X + k) = VAR(X) — k.

3. Positive Homogeneity: For any X € LY and v > 0, VAR(yX) = yVQR(X).

Let A : R"” — R be an aggregation function, and take into account the following assump-

tion before continuing with the discussion of the systemic set-valued risk measure.

Assumption 4.0.3. The aggregation function A\ satisfies the monotonicity property. That
is, for any x,y € R™ such that > vy, it holds that A(x) > A(y).

When applied to the base risk measure VQR, the set-valued systemic risk measure intro-

duced in [5] is defined as follows:

Definition 4.0.4. The set-valued sensitive systemic risk measure is a function mapping from

LY to 28" the power set of R™ including the empty set, defined by the following:
R(X)={zcR"|A(X +2) € A)"}
={zeR"|P(A(X +2)) <o <A} (4.0.3)
={z e R"| VAR\(A(X + z)) < a},
where a > 0, A € (0,1), X € L% and AY9" ={Y € LY | V@R,\(Y) < a}.
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The operating cash flow of a group of n banks is denoted here by the expression X € L2.
Potential systemic hazards posed by the coordinated actions of these firms are quantified
by R, a set-valued sensitive systemic risk measure. Set-valued systemic risk measures are
characterized by the capital injections z € R™ to the cash flows X of individual firms that

satisfy the measure’s acceptance criteria.

Incorporating the single-firm risk measure V@R into the framework for systemic risk
yields the sensitive systemic risk measure. The A function maps the cash flow profiles of
the n firms X to a singular aggregate risk measure. The acceptance set AY°R defines the

acceptable aggregate risk levels at a predefined threshold .

Now, we present a demonstration of certain properties pertaining to set-valued systemic
risk measures, as outlined in the work of [5]. We commence our analysis by considering the

subsequent lemma:

Lemma 4.0.5. The set-valued sensitive risk measure R : L% — 28" in Definition

satisfies the following properties:

i. Monotonicity: For any X, Y € L, if X > Y, then R(X) 2 R(Y).

n’

i. Translativity: For any X € L2 and k e R", R(X + k) = R(X) — k.
Proof.

i. For any X,Y € L% let z be an element of R(Y') so that VAR, (A(Y + 2z)) < a. By
assuming X >Y, we have X + z > Y + z. Utilizing the monotonicity properties of A
and VAR, we find A(X + z) > A(Y + z) and VAR, (A(X + z)) < VAR, (A(Y + 2)).
As VAR, (A(Y + 2)) < a, it follows that VAR (A(X + z)) < a. Therefore, z € R(X),
establishing R(X) 2 R(Y).

ii. Let X € LY k € R" and 2 € R(X). This means that VQR)(A(X + 2)) < .
Now, we need to show that VQR,(A((X + k) + (z — k))) < a. Therefore, we have
V@R, (A(X + z)) < a. Hence, we have shown that z — k € R(X + k). Now, let
z' € R(X +k). This means that V@R, (A((X +k)+2’)) < a. Therefore, VAR, (A(X +
(2’ +k))) < a. Hence, we have shown that 2’ + k € R(X). Therefore, we can conclude
that R(X + k) = R(X) — k.
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In the subsequent analysis, we will examine the concept of bank grouping, which involves
the partitioning of banks into distinct groups denoted by J = {1,...,i}, where i € N. Let
n; denote the cardinality of the set of banks in group j, where j belongs to the set J. The
banks within each group will possess an identical designated capital level. The categorization
of banks into these distinct groups enables us to effectively manage the dimension of the risk

measure [5].

For example, let us consider a network comprising a total of n banks. Let us consider a
case where 7 is equal to 2, indicating the presence of two distinct bank groups: core banks
and peripheral banks. The partition of N is denoted as C and P, where C corresponds to
the set of core banks and P corresponds to the set of peripheral banks in the given network.
Let Be € Rl be a matrix with a row of 1’s in the first row and a row of 0’s in the second
row. Similarly, let Bp € R**/PI be a matrix with a row of 1’s in the second row and a row

of 0’s in the first row. The grouping matrix B € R*" is defined as
B = [BC Bp]

Example 4.0.6. Assume that there is a network of 5 banks. Therefore, IN'| = 5, namely,
banks 1 to 5. Let C = {1,2} and P = {3,4,5}. Then:

11 0 00
B = ’ Bp = )
0 0 111

11000
B = .
00111

Next, our objective is to alter the predefined variable R in Definition [£.0.4] so that it

becomes a set-valued grouped sensitive systemic risk measure that is constructed using an

therefore,

aggregation function of the underlying network model and the V@R base risk measure. In

this modification, the capital injections are distributed equally among each bank group, and
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the resulting measure is defined as follows:

R(X)={zcR'|ANX + B'z) € A\°"}
={2cR|PAX +B'2)<a) <A} (4.0.4)
={z ¢ R"|VAR,(A(X + B"2)) < a},

where o >0, A € (0,1), X € L2 and AY*® = {Y € LY | VAR, (Y) < a}.
Remark 4.0.7. The set-valued insensitive systemic risk measure can be described as follows:

Rmsensitive(X) — {Z c Rz’A(X) + ZTB]_ c A)‘\/@R}
={zeR|PA(X)+2z'Bl<a) <A} (4.0.5)
= {2z € R| V@R\(A(X)) < 2" B1 +a}.

Rinsensitive s g monotonic set-valued function such that if X, Y € L° and X >Y, then
Rinsensitive(x) 2 Rinsensitive(Y)' MO?"@O’U@T’, Rinsensitive(x) is a halfspace.

Lemma 4.0.8. For X € L%, R satisfies the upper set property such that:

R(X) = R(X) + R

Proof. R(X) C R(X)+ R’ is obvious. To prove the other subset, assume that z € R(X),
i.e., VQR\(A(X+B'z)) < «, and assume that k € R’.. We need to show that z+k € R(X),
that is, V@R, (A(X + BT (z + k))) < a. Since A is a monotonic aggregation function,

AMX +B'(z+k)>ANX +B'2).
Since V@R is a monotonic risk measure,
V@RA(A(X + BT (2 + k))) < VAR, (A(X + B'2)) < o
Therefore, z + k € R(X). Hence, R(X) O R(X) + R’,. O

Remark 4.0.9. Since AEYN possesses the monotonicity property as shown in Lemma m
when A is specifically APN, R satisfies the monotonicity, translativity and upper set proper-

ties.

Remark 4.0.10. When A = APN in the definition of R(X), (3.0.2) implies the implicit
condition X + BTz > 0.

19



Proposition 4.0.11. When A = APN | as defined in (3.0.2)), we have R(X) # 0 if and only
ifa <17p.

Proof. Assume that a < 1'p. Let z = ||p||,1 € R. We claim that z € R(X). To prove
the claim, it is enough to show that PP (A"™N(X + BT (||p|l,1)) < 17p) < A. To that end, for

any scenario w® € €, s € N,
AN(xs + BT (||pll, 1)) =sup{1"p |p <7 "p+a,+B'(|pll,1),p € [0,p]}. (4.0.6)

It is clear that p = p is a feasible solution to as s > 0 and B'(||p|l,1) > p.
Indeed, the optimal solution to is p* = p as p € [0,p]. Therefore, A®N(x, +
B'(||pll,1)) = 1"p and P{w*}1(_ 175 (A™ (s + B (||pll, 1))) = 0 for each w® € 2, s € N.
Thus, P (A®™N(X + B"(||p[l,1)) <1"p) =0 < X as X € (0,1). Hence, z € R(X).

Conversely, if a > 1"p, since p € [0,p], A¥N(x, + BT2) < 17p, for each w® € Q, s € N
and z € R%. Therefore, P(APN(X +B'2z) <a)=1> Xas A € (0,1). Hence, R(X)=0. O

4.1 Weighted-Sum Scalarizations

In this section, our objective is to address the weighted-sum scalarization problem of R(X) as
discussed in [35]. Solving the weighted-sum scalarization of R(X) will serve as the initial step
in order to compute R(X). To achieve this, we assume € to be a finite fixed set of scenarios,
with each w® € Q = {w!,...,w%} such that S € N, P{w*} = 1/S,s € S = {1,...,S}.
Note that when the sample space € is finite then the L° and L® spaces are equivalent.
Subsequently, we propose the utilization of a mixed-integer linear programming (MILP)
formulation. We control the total amount of clearing payments to ensure that it does not
fall below a specified threshold, denoted as «. Specifically, we focus on the evaluation of
clearing payments using the aggregation function denoted as A¥YN. In order to achieve this

objective, let (N, 7, p, X) be an Eisenberg-Noe network.
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Lemma 4.1.1. Consider the following optimization problems:

P (w) =inf {w'z|P (A"M(X + BT2) <a) <\, z € R}, (4.1.1)
S

ZW(w) = inf {w 'z | Z]P’{ws}ys >1-\p <7 p,+x,+B 'z 0<p, <p,
s=1

1'ps > ays, ys € {0,1}, z € R', Vs € S}, (4.1.2)

where a > 0, A € (0,1), w € R\ {0} is a fized direction, and A*N(¢) as defined in (3.0.2)).
Then, PWS(w) = ZW5(w). If either problem has a finite optimal value, then the other

problem also has a finite optimal value, and the optimal values are the same.

The aforementioned lemma considers a two-stage stochastic programming problem with
a chance constraint, denoted by . In order to solve this problem, a linearization
approach is employed by incorporating binary variables. This transformation converts the
problem into a mixed-integer optimization problem, denoted as .

Proof. Let (z, (ps,ys)ses) be a feasible solution for (4.1.2). Then, for each s € S, p, is a
feasible solution to A™N(z, + BT z). Hence, for each s € S:

AN(z, + BT2) > 17p,.
Thus, for each s € S,

P{ws}l[am)(AEN(ms + BTZ)) Z P{ws}l[a,m)(lTps).

Then,
S S S
D P H o) (AN (@, + BT2)) 2> P{w Hjnm(17p) 2> Plw'ly, >1- A
s=1 s=1 s=1

Hence, z is a feasible solution to (4.1.1]).

Now, let z be a feasible solution to (4.1.1). For each s € S, there exists an optimal
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solution ps to A®N(x, + BT 2z) such that:

P(A™N(X +B'2z) > a) =) P{w' }H{gu)(A™N (@, + B 2))

s=1
s
= P{w e (17 p)
s=1
s
=>_Plwy,
s=1
Z]- - )‘)
where the third equality is reached by setting y, as follows:

1, if1’p,>a

Ys =
0, if 17p, < a.
Hence, (kz, (ps, ys)seg) is a feasible solution to (4.1.2]). ]

Remark 4.1.2. Let j € J, and let € be the corresponding standard unit vector in R*. It
is worth noting that the weighted sum scalarization problem P"5(e’) reduces to a single-
objective optimization problem. According to Lemma we have PV5(el) = ZW5(e7).

Remark 4.1.3. The ideal point of the vector optimization problem in (4.1.1)), denoted by
zideal ¢ R s defined as:

zideal — (PWS(el), o ,’PWS(ei))T.

Proposition 4.1.4. Let j € J. When w = €%, if the problem in ([4.1.2) has an optimal
solution, then we have:
PWi(e!) = 2"5(e’) < ||pl|oo-

Proof. Let (z, (ps, ys)seg) be an optimal solution for the problem in (4.1.2) when w = e7.
To get a contradiction, suppose that z; > ||p||... Let 2/ € R’ be the vector such that
2 = ||pll,, and z; = z; for each j € J\ {j}. We claim that (2/, (ps,ys)ses) is a feasible
solution of the problem in (4.1.2). To prove the claim, for each bank r in group j, s € S

such that (B'2")" = ||p||.., consider the following constraints:

n
0<py <Y muph+al+ Pl <7
t=1
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Since Y, mpl +2 > 0 and ||p||,, > P, the constraints reduced to 0 < p? < p". Moreover,

the rest of the constraints hold as they are independent of z.

Now for each bank 7 in group j € J \ {j}, s € S such that (BTz’)" = z;, all the
constraints hold by the feasibility of (z, (ps, ys)seg). Hence, the claim follows, which yields

2= 2" (e) < 2 = |Ipll -

As this is a contradiction, the result follows. n

Proposition 4.1.5. Let j € J. When w = €, if the problem in (4.1.2) has a feasible

solution, then it has a finite optimal value, i.e., ZV5(e?) € R.

Proof. To get a contradiction, when w = €7, suppose that the problem in has a
feasible solution but ZV5(ef) = —oco. Since ZV5(ed) = —oo, there exists ¢ > 0 and
(z, (ps, ys)seg) such that z"e? = —(n|p| + ||X'Hoo) and (z —eed | (ps, ys)seg) is a feasible
solution to the problem in (4.1.2). For each bank r in group j, s € S such that (B'z)" =
—(n|pll + HX”OO), consider the following constraint:

ph <Y mapl+al+ (B'2),
t=1

which reduces to

t=1

As Yo mph < n|pll, 2 < HXHOO and —e < 0, we reach the following:
ps <0,

which contradicts with the constraint 0 < pi < p". Therefore, (z — eed, (ps,ys)seg) is
infeasible, which is a contradiction to the assumption. Thus, Z¥%(e?) > —oco. The existence

of a feasible solution implies that ZV5(e?) < 400 and ZV5(e?) € R. O

4.2 Pascoletti-Serafini Scalarizations

In this section, our objective is to address the Pascoletti-Serafini scalarizations of R(X)

as presented in [36]. The Pascoletti-Serafini scalarization of R(X) will serve as a crucial
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tool in order to compute R(X). To achieve this, we assume 2 to be a finite fixed set of
scenarios, with each w® € Q = {w!,...,w"} such that S € N, P{w*} = 1/S,s € S =
{1,...,S}. Subsequently we propose a formulation based on MILP. We control the amount
of clearing payments to ensure that it does not fall below a specified threshold, denoted as a.
Specifically, we consider the aggregation function, A¥Y, to evaluate the clearing payments.
The Pascoletti-Serafini scalarizations problem aims to determine the minimum distance z
required to reach a given set from a point k € R?. In order to achieve this objective, let

(N, 7, p, X) be an Eisenberg-Noe network.

Lemma 4.2.1. Consider the following optimization problems:

P (k) = inf{z ¢ R|P(A*N(X + BT(k +21)) < a) < A}, (4.2.1)
S
Z"(k) = inf {Z ER|Y Plw'ly.>1- A\ p,<n'p,+a,+B (k+21),0<p, <p

s=1

17p, > ay,, ys € {0,1}, Vs € S}, (4.2.2)

where o > 0, A € (0,1), k € R is a fived point, and APV is defined by (3.0.2]). Then,
PFPS(k) = ZP5(k). If either problem has a finite optimal value, then the other problem also

has a finite optimal value and the optimal values are the same.

Note that, (4.2.1) is a two-stage stochastic programming with a chance constraint. In
order to solve this problem, we were able to linearize it by introducing binary variables,

which transformed the problem into a mixed-integer optimization programming, namely,
[@2.9).

Proof. Let (u, (ps,ys)seg) be a feasible solution for . Then, for each s € {1,...,5},
ps is a feasible solution to A™N(xs + BT (k + 21)). Hence, for each s € S,
ANz, + B (k +21)) > 1" p,.
Thus, for each s € S,
P{w* H g.o0) (AN (s + BT (k + 21))) > P{w* H n.00) (17 Ps).

Then,

S
> P{w o) (AN (@, + BT (k + 21))) > L) (17py).

s=1
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S S
PANX + BT (k+21)) > a) > ) P{w'Hae(1'p) > ) P{w'ly, > 1\
s=1 s=1

Hence, z is a feasible solution to (4.2.1]).

Now, let z be a feasible solution to (4.2.1). For each s € &, there exists an optimal

solution ps to ABN(x, + BT (k + 21)) such that:

S
(PA™(X + B (k+21)) = a) = 3" Pl Hjo ) (A™ (@, + B (k + 21)))
S
:ZP{ws}l[apo)(lTps)

S

= P{w'ly,
s=1

>1— A,

where the third equality is reached by setting y, as follows:

Et if 1Tp, >«

d 0, if 17p, < a.
Hence, (z, (ps, ys)seg) is a feasible solution to (4.2.2). ]
Proposition 4.2.2. Let k € R®. If the problem in has an optimal solution, then we

have:
P(k) = Z7(k) < [Pl + 1K lo-

Proof. Let (z, (ps, ys)seg) be an optimal solution for the problem in . To get a con-
tradiction, suppose that z > ||p|| + ||k|.. Let 2’ = ||p|l + k|l We claim that
(z’ , (Ds, ys)seg) is a feasible solution of the problem in (4.2.2). To prove the claim, for each
bank r € N, s € S such that (BT (k + 2'1))" > ||p||., consider the following constraints:

n
0<py <Y muph+al+ Pl <7
t=1

Since Y i | mpl +2 > 0 and ||p||,, > P, the constraints reduced to 0 < p? < p". Moreover,
the rest of the constraints hold as they are independent of z. Hence, the claim follows, which
yields

z=2"(k) <2 =l + 1kl -

As this is a contradiction, the result follows. O
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Proposition 4.2.3. Let k € R". If the problem in (4.2.2) has a feasible solution, then it has
a finite optimal value, i.e., ZP(k) € R.

Proof. To get a contradiction, suppose that the problem in has a feasible solution
but Z"5(k) = —oo. Since Z"(k) = —oo, there exists € > 0 and (z, (ps, Ys)ses) such that
z=—(n|pl+| X +]|k||..) and (z—¢, (ps, Ys)ses) is a feasible solution to the problem
in ([£2.2). For each bank r € N, s € S such that (BT (k + 21))" < —(n|p| + || X]_).

consider the following constraint:

vy <) mupl 42+ (BT (k+21)),

=1
which reduces to

n
o <> mpk+al—nlpll, — || X[|, —<
t=1

T

As Yo wepl <nplly, 2% < || X|| and —e < 0, we reach the following:
P <0,

which contradicts with the constraint 0 < p’ < p". Therefore, (z—e, (ps, ys)seg) is infeasible,
which is a contradiction to the assumption. Thus, Z¥5(k) > —oco. The existence of a feasible
solution implies that ZF5(k) < 400 and ZP5(k) € R. O

4.3 Norm-Minimizing Scalarizations

The purpose of this section is to address the problem of norm-minimizing scalarizations of
R(X), as discussed in [37]. The norm-minimizing scalarization of R(X) will serve as a
crucial tool in order to compute R(X). To achieve this, we assume 2 to be a finite fixed
set of scenarios, with each w® € Q = {w!,...,w"} such that S € N, P{w*} =1/S,s€ S =
{1,...,S}. Subsequently, we propose a formulation based on MILP. We control the amount
of clearing payments and the number of defaulting nodes to ensure that they do not fall
below a specified threshold, denoted as «. Specifically, we consider the aggregation function,
AFN to evaluate the clearing payments. In order to accomplish this objective, the problem
of norm-minimizing scalarizations, from a given point k € R?, seeks to find the minimum

Euclidean distance ||k — z||2 to a predefined set and identify the corresponding point z € R!
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where the minimum distance is attained. In order to achieve this objective, let (N, p, X)

be an Eisenberg-Noe network.

Lemma 4.3.1. Consider the following optimization problems:

PY™M(Ek) = inf{||k — z||s | PA"N(X + B"2) < a) <\, z € R}, (4.3.1)
S
2"(k) = inf { |k = 2l | Y Plwtys 21— Ap, <7 'p+ @+ Bz,
s=1
0<p.<p.1'p, > ays,ys €{0,1}, z € R, Vs € S}, (4.3.2)

where a > 0, A € (0,1), k € R® is a fived point, and APV is defined by (3.0.2). Then,
PNM () = ZNM (k). If either problem has a finite optimal value, then the other problem also

has a finite optimal value and the optimal values are the same.

It should be noted that the equation (4.3.1)) corresponds to a two-stage stochastic pro-
gramming problem with a chance constraint. In order to address this issue, we successfully
linearize it by introducing binary variables. This transformation effectively converted the

problem into a mixed-integer optimization programming model, denoted as .
Proof. Fix k € R and let (z, (ps, ys)ses) be a feasible solution for (4.3.2)). Then, for each
s € S, ps is a feasible solution to A¥N(x, + BT 2). Hence, for each s € {1,...,S}:
AN (2, + BTz) >17p,.
Thus, for each s € S,
P{w 00 (AN (25 + B 2)) > P{w Hia,0) (1 py).

Then,

S S
D P{o g (AN (@, + BT2)) > ) P{w Mo (17Dy).
s=1

s=1
S S
PA™(X +B'z) > a) > ) P{o Mg (1'p) > Y Plw'}y, > 1 -\
s=1 s=1

Hence, z is a feasible solution to (4.3.1]).
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Now, let z be a feasible solution to (4.3.1). For each s € S, there exists an optimal
solution ps to AN(x, + BT 2) such that:

P(A™N(X +B'2) > a) =) P{w' }H{ge)(A™N (@, + B 2))

s=1

S
= Z ]P’{o.}s}l[a,oo) (1Tps)
s=1

S
= P{w’}y
s=1
>1— ),
where the third equality is reached by setting y, as follows:

1, if1’p,>a

Ys =
0, if 17p, < a.
Hence, (z, (ps, ys)seg) is a feasible solution to (4.3.2)). O]
Proposition 4.3.2. Let k € R'. If the problem in ([£.2.2) has an optimal solution, then we

have:
PYM(k) = Z2M(k) < ||k — ||l 112

Proof. Let (z, (ps,ys)seg) be an optimal solution for the problem in . To get a
contradiction, suppose that Z"(k) > ||k — ||p|| 1|l2. Let 2’ = ||p||, 1. We claim that
(z’ , (ps, ys)ses) is a feasible solution of the problem in . To prove the claim, for each
bank r € N, s € S such that (B'2’)" = ||p|.., consider the following constraints:

n
0<py <Y muph+ i+ Pl <7
t=1

Since Y i mpl +2a > 0 and ||p||, > P, the constraints reduced to 0 < p? < p". Moreover,
the rest of the constraints hold as they are independent of z. Hence, the claim follows, which
yields

Ik — z[lo = 2™ (k) < [|k — 2[|2 = ||k — [[Dl|. 1]>-

As this is a contradiction, the result follows. O

Proposition 4.3.3. Let k € R". If the problem in (4.3.2) has a feasible solution, then it has
a finite optimal value, i.e., Z¥(k) € R.
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Proof. To get a contradiction, suppose that the problem in has a feasible solution
but Z""(k) = —oo. Since Z"(k) = —oo, there exists € > 0 and (257(1?5,:1/5)565) such
that z'el = —(n|p|, + HXHOO) and (z — ee?, (ps, ys)ses) is a feasible solution to the
problem in (4.1.2)), where j € J. For each bank 7 in group j, s € S such that (B'z)" =
—(n Pl + HXHOO), consider the following constraint:

ph <Y mapl+al+ (B 2),
t=1

which reduces to N
t=1

As Yo mpl < n|pll, 2 < HX”OO and —e < 0, we reach the following:
p; <0,

which contradicts with the constraint 0 < pi < p". Therefore, (z — eed, (ps,ys)seg) is
infeasible, which is a contradiction to the assumption. Thus, Z"™ (k) > —oo. The existence
of a feasible solution implies that Z™™ (k) < 400 and Z""(k) € R. O

4.4 Algorithms for Calculating Systemic Risk Mea-

sures

In this section, we will examine techniques for approximating the set-valued sensitive sys-
temic risk measure R(X), with the aggregation function chosen as A = AEN. To achieve
this, we assume €2 to be a finite fixed set of scenarios, with each w® € Q = {w!,... w5}
such that S € N, P{w*} =1/S, s € S = {1,...,S}. Subsequently, the set R(X) will be ap-
proximated through the utilization of a variation of the so-called grid algorithm introduced
in [5], where grid points are evaluated by solving certain scalar mixed-integer programming
problems, namely, the Pascoletti Serafini and norm-minimizing scalarizations. It should be
noted that value-at-risk is non-convex in nature. Consequently, the sensetive systemic risk

measures generally do not possess the convexity property.

In order to implement the grid algorithm, it is necessary to divide a grid across a compact

region of interest. The level of accuracy achieved by the algorithm is determined by the
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distance between grid points, denoted as € [5]. By approximating the boundary of the set
R(X) within a specified compact region, we are able to approximate the entirety of R(X).
This can be achieved by representing R(X) as the union of sets formed by each acceptable

grid point within the compact region of interest, in addition to the positive orthant Ri.

To illustrate, given i groups of banks, each grid point corresponds to k € R?, representing
the capital injections to ¢ groups of banks. The compact region of interest is determined
by solving the weighted sum scalarization problem for i different w € R’ vectors, where
k3, ..., kF are the optimal solutions to the weighted sum scalarization problems, given e',

.., €, respectively. In other words, we are solving a single-objective optimization problem
for each bank group j € J. Then, we construct the compact set formed by the combinations
of © k*’s. For instance, if ¢ = 2, i.e., there exist core and peripheral groups of banks,
we solve the weighted sum scalarization problem for e! and e?. Let k}'T = (kf, kL),
k3T = (k3,, k3,) be optimal solutions to the weighted sum scalarization problem when w = el
2 respectively. The grid region of interest is formed by four points, namely,
(Kt k)T, (K, ko) T, (KT, kS.) T, and (K%, k%) T, The point (kfy, k3,) " is called the ideal
point, which serves as the starting point to check its acceptability. To illustrate, refer to
Figure . The green region, labeled as “Acceptable” belongs to R(X) due to the upper

set property that R(X) possesses, as the points (kj;, k%) " and (k3,, k3,)" are acceptable.

and w = e

However, the red region, labeled as “Not Acceptable,” does not belong to R(X) because
it would contradict the optimality of (k%,, k},)" and (k3;, k3,) " in their respective weighted
sum scalarizations. Therefore, the interested part of R(X) lies within the box labeled as
“The Grid Region.” Thus, approximating the boundary of R(X) within the grid region of

interest allows us to approximate the whole set R(X).

Once the weighted sum scalarization problem is addressed to define the grid region, the
next step involves establishing a grid within this specified region. The arrangement of the
grid is such that the distance between neighboring grid points is either equal to or less than a
user-specified approximation error denoted by €. Figure illustrates a graphical depiction
of a grid points construction in a grid region when epsilon is 100 and ¢ = 2, which indicates
the presence of two groups of banks, which we will refer to as the “core” and “peripheral”
groups. Following this, grid points evaluation is undertaken to assess their acceptability,
as illustrated in Figure [1.3] Figure [£.4] and Figure [4.5 when Algorithm [I} Algorithm [2]
and Algorithm [3| are applied, respectively. At each iteration, certain points are classified

as acceptable, indicated by green markers, while others are classified as not acceptable,
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The Grid Region

Capital Injections to Peripheral Banks

Capital Injections to Core Banks

Figure 4.1: Hlustration of the Grid Region.

indicated by red markers. The process of evaluating acceptability persists until all grid
points have been classified as either acceptable or not acceptable, as depicted in Figure [4.6]
The final step involves the approximation of R(X). This process requires taking the union

of the sets formed by each acceptable grid point, plus the positive orthant, as depicted in

Figure [4.7]

Remark 4.4.1. If there are 3 or more groups, i.e., i > 3, several distinct arrangements
of grid points can be considered. One notable approach involves arranging the grid points
according to their respective Fuclidean distances from the ideal point. Specifically, prioritizing
grid points with shorter Euclidean distances to the ideal point, thereby establishing an ordered

set of grid points.

To finalize the discussion of this section, it is crucial to clarify the methodology utilized
for evaluating the acceptability of the grid points. This task is achieved by employing three

algorithms, which are utilized to assess the acceptability of the aforementioned grid points.

1. Acceptability check without any scalarization, which will be used as a benchmark for
comparison. Let GG denote the set of grid points within the grid region, subject to a
specified approximation error €. The first step involves assessing the acceptability of
the ideal point k'9°a! by verifying whether P(A(X + BTk!dal) < o) < ) is satisfied
by checking a “computable” condition. If it is satisfied, then the set k'd° + R, is
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* Grid points ’—

Capital Injections to Peripheral Banks

Capital Injections to Core Banks

Figure 4.2: Tllustration of the Initial Step in the Grid Algorithm: Construction of the Grid
with e = 100.
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deemed acceptable. Conversely, if it is not satisfied, then the the set k9l + R? is
deemed unacceptable. Subsequently, we proceed to the subsequent grid point along
the diagonal trajectory. The termination of the algorithm occurs when all grid points
have been classified as either acceptable or not acceptable. Ultimately, the algorithm

provides an approximation of the set R(X). Please consult the pseudocode provided
in Algorithm [I}

Algorithm 1 Acceptability Check Without Any Scalarization

Require: X, 7w, p,B,G, S, \, a.
Ensure: AS {The set of acceptable grid points}.
1: Initialize counter < 0.
2: Initialize AS + {}.
3: Initialize NA <— {} {The set of not acceptable grid points}.
4: while |G| > 0 do

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:

k<« G(1);
for s < 1 to S do
Solve ABN(z, + BTk) ;
if APN(z, + BTk) < a then
counter <— counter + %;
end if
end for
if counter < )\ then
Add the grid points in k + R, to AS;
Remove the grid points in k + R, from G;
else
Add the grid points in k +R% to NA;
Remove the grid points in k + R% from G;
end if
counter < 0;

20: end while
21: return R(X):=AS+R/.

2. Acceptability check using the Pascoletti Serafini scalarization method. Let G denote

the set of grid points within the grid region, subject to a specified approximation error
€. The acceptability of the grid points is assessed by solving the Pascoletti Serafini
scalarizations problem as described in Section 4.2l In order to accomplish this, we
initially examine the minimum distance z* € R between the ideal point k' and
the set R(X). Upon evaluating the minimum distance z* from the ideal point, we
designate m = 2*1 as the point at which it intersects the acceptance set. Consequently,

we classify the grid points within m + R, as acceptable, while the grid points within
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m + R are deemed unacceptable. Next, we proceed to the subsequent grid point in
a diagonal direction. The termination of the algorithm occurs when all grid points
have been classified as either acceptable or not acceptable. In essence, the algorithm

offers an approximation of the set R(X). Please consult the pseudocode provided in
Algorithm [2|

Algorithm 2 Acceptability Check Using the Pascoletti Serafini Scalarization

Require: X, 7w, p, B,G, S, \, a.
Ensure: AS {The set of acceptable grid points}.
1: Initialize AS < {}.

2:

10:
11:
12:

Initialize NA < {} {The set of not acceptable grid points}.
while |G| > 0 do

k+— G(1);

Get z* by solving the Pascoletti Serafini scalarization;
m = z*1;

Add the grid points in m + R’ to AS;

Remove the grid points in m + R, from G;

Add the grid points in m + R? to NA;

Remove the grid points in m + R® from G;

end while
return R(X):=AS+R.

3. Acceptability check using the norm-minimizing scalarization method. Let G denote

the set of grid points within the grid region, where the grid region is determined by
a specified approximation error €. The acceptability of the grid points is assessed by
solving the problem of norm-minimizing scalarizations, as described in Section [4.3] In
order to assess the acceptability of the grid points, the first step involves computing
the minimum Euclidean distance between the ideal point k'9®a! and the set R(X). Let
m represent the Euclidean norm of the difference between the ideal vector k9 and
the vector z* in R?, which is the optimal solution to the norm-minimizing scalarization
problem. Determine the point z* in R’ that lies within the acceptance set and achieves
the minimum distance m := ||k — 2*||2. Consequently, we classify the grid points
within z* + Ri as acceptable, while grid points are considered not acceptable if their
distance from k'9° is less than m. The algorithm follows a systematic approach by
sequentially advancing to the subsequent grid point in a diagonal direction until all
points have been categorized as either acceptable or not acceptable. Please consult the

pseudocode provided in Algorithm [3]

Theorem 4.4.2. Let an approzimation error € > 0 be given. If any of Algorithms[1], [9 or
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Algorithm 3 Acceptability Check Using the Norm-Minimizing Scalarization
Require: X, 7, p,B,G, S, \, a.
Ensure: AS {The set of acceptable grid points}.
1: Initialize AS < {}.
2: Initialize NA <— {} {The set of not acceptable grid points}.
while |G| > 0 do

k + G(1);

Get z* by solving the norm-minimizing scalarization;

m =k — 2* |

Add the grid points in 2* + R’ to AS;

Remove the grid points in z* + R, from G;

Add the grid points, whose Euclidean distance from k less than m to NA;
10:  Remove the grid points, whose Euclidean distance from k less than m from G
11: end while
12: return R(X):=AS+R’.

[3 is run, then R(X) C R(X) and H(R(X), R(X)) < & where R(X) and R(X) are the

set-valued systemic risk measures when € = € and € = 0, respectively.

Proof. Let k € R(X). Then, VA@R\(A®N(X + BTk)) < a. By the definition of R(X) in
Chapter |4} we have k € R(X).

Now to show that H(R(X), R(X)) < €, we first show that for any point k € R(X),

_inf ||k — I_c||2 <e€
keR(X)

by considering the following two cases:

e If k is not in the grid region, as R(X) and R(X) coincide outside the grid region,
then,

inf ||k — k[, = 0.
keR(X)

e If k is in the grid region, then, by the construction of the grid region, the distance
between neighbor grid points is less than or equal to €. Then, there exists a grid point
k such that k < k < k + él1. We claim that k is an acceptable grid point. To show

our claim, we know that since k € R(X),

P(A*™N(X + B'k) <a) <\
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In other words,

S
S P{w ooy (AN (@, + BTE)) < A

s=1
Since k < k, by the monotonicity property of AEN, for any w*® € Q,
ANz, + BTk) > A™(z, + B"k).
Therefore,

P{w* (o) (AN (25 + BTE)) < P{w*} (oo a) (AN (s + BTE)).

Then,
s : s
Y P{o H a0y (AN (s + BTk)) <Y P{w } (o) (AN (@, + BTK)) < \.
s=1 s=1

Therefore, k is an acceptable grid point by Algorithm [1| Thus, k € R(X). Hence,

inf [k — k[l < |k - K[, <e
keR(X)

Moreover, since R(X) C R(X), for any point k € R(X),
inf ||k — k|, =0.

kER(X)

Then, supgep(x) infrerx) |k — kll; = 0. Thus, H(R(X), R(X)) < max(¢,0) = €.
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Chapter 5

Sample-Average Approximation
(SAA)

In this chapter, our objective is to provide a justification for the assumption regarding the
finiteness of the sample space made in Chapter [df This will be achieved by introducing
the concept of sample-average approximation as discussed in [25] for chance-constrained
problems. In particular, under specific assumptions, we establish that the SAA solutions
of the scalarizations of set-valued systemic risk measures converge to the solutions of their

respective true problems as the sample size N goes to infinity.

The true scalarization problems we aimed to address, namely the weighted sum scalariza-
tion, Pascoletti-Serafini scalarization, and norm-minimizing scalarization problems, where
we do not assume the finiteness of the sample space, are presented in the following format:

P =min p(z)

ze2 (5.0.1)
st. P(z) =Pu(z,X) <a) <)\,

where Z C R™ X € L°°, which is a random vector measurable with respect to (€2, F)

supported with P on the set £ C R", a« € R, A € (0,1), ¢ : R™ — R is a real-valued

function, and u : R™ x R} — R is a bivariate real-valued function.

We assume that Z is a nonempty closed set and wu is a Carathéodory function, that is,
u(z, ) is measurable for each z € R™ and u(-, ) is continuous for almost every & € £. Note

that we do not have any convexity assumptions on Z and £.
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Now, we fix N € N and let X!,..., X" be independent copies of X, i.e., X', ..., XV

are independent random vectors with the same distribution as X . For each z € Z, define
LN
PN(Z) = N Z 1(—oo,a)<u(z7 Xj))a
j=1
note that PN(z) is a random variable. Then, the problem associated with the generated

sample X!, ..., X" is given by

Py = min ©(z)

st Py(z) <\ (5.0.2)

Note that Py is also a random variable, its measurability is shown in [25, Proposition 2.1]

using [38, Proposition 14.45].

Next, we will examine the convergence of a solution of the SAA problem in (5.0.2) to the
solution of the true problem in ([5.0.1)) with respect to the sample size N.

Definition 5.0.1. [2], Section 2] A sequence (pn)nen of extended real-valued functions on
Z is said to epiconverge to a function ¢: Z — R, written as on — @, if for every z € Z,

the following conditions hold:

i. For every sequence (zn)nen in Z converging to z, one has
liNnLiOIif on(zN) > ¢(2).

ii. There exists a sequence (zZn)nen in Z converging to z such that
limsup pn(zn) < @(2).

N—oo

Lemma 5.0.2. For each z € Z, (Py(z))nen converges to P(z) almost surely.

Proof. This is a direct application of the strong law of large numbers. O]

Proposition 5.0.3. [25, Proposition 2.1] Letu be a Carathéodory function. Then, the func-

tions P, Py, P, ... are lower semicontinuous and (Py)yen epiconverges to P almost surely.
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Remark 5.0.4. Let V denote the set of optimal solutions for the problem stated in (5.0.1),
and let Vy denote the set of optimal solutions for its sample-average approximation as stated
in (5.0.2). The lower semicontinuity property demonstrated by P and Py implies that the

feasible sets corresponding to (5.0.1) and (5.0.2) are closed sets. Therefore, if the set Z is

compact, it can be inferred that both V and Vy are nonempty, provided that these problems

have nonempty feasible sets.

Proposition demonstrates that, given mild regularity assumptions, the estimators

Vy and Py converge to the true values V and P, respectively, as N — oo.

Assumption 5.0.5. [25, Condition (A)] There exists an optimal solution Z of the true
problem (5.0.1)) such that for each € > 0, there exists z € Z satisfying ||z — Z|l2 < € and
P(z) < \.

This assumption guarantees the existence of a sequence (z,)neny in Z that converges to
an optimal solution Z € V while satisfying the strict feasibility condition P(z,) < A for each
n € N. In particular, Assumption [5.0.5] guarantees that the set V is nonempty and there is
z € Z such that P(z) < \.

Proposition 5.0.6. [25, Proposition 2.2] Suppose that Z is compact, ¢ is continuous, u is
a Carathéodory function, and Assumption[5.0.5 holds. Then, as N — oo,

D(Vy, V) — 0,
75]\7 — P.

almost surely.

5.1 Sample-Average Approximation for Weighted Sum

Scalarization

Within this section, we shall delve into the topic of the sample-average approximation of the
weighted sum scalarization problem. We begin by introducing the true problem formulation,
followed by the presentation of the SAA formulation. To that end, let (N, w,p, X) be an

Eisenberg-Noe network.
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Let Z C R’ be a nonempty closed set and fix a weight vector w € R% \ {0}. The true

weighted sum scalarization problem can be written as

PYS(w) =minw' 2
zeZ

st. PIN™N(X +B'2) <a) <), (5.1.1)

where AFN is defined by ([3.0.2)). Then, the corresponding SAA formulation for each sample

size N € N can be written as

PYS(w) = Izrélg w'z
LN
Z EN( yj T
S.t. N < 1(—oo,a)(A (X] +B Z)) < A. (512)

Note that according to the formulations in (5.0.1) and (5.0.2)), in this section, we take
o(z) =w'z, u(z,z) = u™N(z,z) = A¥N(x + B'2), P(z) = P(A®N(X + B"2) < a) and
Py(2) = § Y0 Lo (A™N(X7 + BT2)).

We now assume that X € L°, and define the set Z as follows:
Z = {z ER'| — || X||ol1 <2< ||13||001}.
Note that Z is a compact set.
We now present a lemma related to the nature of the function u®:

N

Lemma 5.1.1. u®N is a Carathéodory function on R? x R .

Proof. Since u™N(z,x) = A™N(x + BT z) for each (z,x) € R x R? and A®N is a continuous
function by Lemma [3.0.5, u®N is a continuous function, hence it is also a Carathéodory

function. O

Proposition 5.1.2. For each N € N, the functions P and Py are lower semicontinuous.

Moreover, the sequence (Py)nen epiconverges to P a.s.

Proof. Since u"N is a Carathéodory function by Lemma [5.1.1] the result is a direct conse-
quence of Proposition [5.0.3] ]
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Finally, we present a corollary that demonstrates the convergence of the sample-average

approximation problem in (5.1.2)), to its corresponding true problem in ([5.1.1]).

Corollary 5.1.3. Suppose that a < 17p and Assumption holds for u = u®N. Then,
for a fited w € R, \ {0}, we have

PYS(w) — P (w) a.s.

as N — 0.

Proof. This is a direct consequence of Proposition [5.0.6] as Z is compact, ¢ is continuous,
and u"N is a Carathéodory function by Lemma [5.1.1] O

5.2 Sample-Average Approximation for Pascoletti-

Serafini Scalarization

In this section, we shall delve into the topic of the sample-average approximation of the
Pascoletti Serafini scalarization Problem. We begin by introducing the true problem formu-
lation, followed by the presentation of the SAA formulation. To that end, let (N, 7w, p, X)

be an Eisenberg-Noe network.

Let Z C R be a nonempty closed set and fix k € R’. The true problem of Pascoletti

Serafini scalarization can be written as

PP (k) = min 2

ZEZ

st. PINPN(X +BT(k+21)) <a) <A (5.2.1)

To approximate the true problem, we introduce the SAA formulation, which can be written

as

PYS(k) = Irélg z

N
1 EN j T
st % D Loy AN(X7 + BT (k + 21))) < A, (5.2.2)

j=1

where AFN is defined by (3.0.2).
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Note that according to the formulations in (5.0.1) and (5.0.2)), in this section, we take
o(z) = zand u(z, z) = u™N(z,2) == A"N(z+B" (k+21)), P(z) = PAEN(X+BT(k+21)) <
@) and Py(2) = 3§ 501 Loom (ANX + BT (k + 21))).

We now assume that X € L° and define the compact set

Z = [ (1 Xloo + [Flloo), 1P]loo + [[Felloo]-

N

Lemma 5.2.1. v is a Carathéodory function on R x R™..

Proof. Since u™(z,z) = A™(x + BT (k + 21)) for each (z,2) € R x R? and A®N is
a continuous function by Lemma uPN is a continuous function, hence it is also a

Carathéodory function. O

Proposition 5.2.2. For each N € N, the functions P and Py are lower semicontinuous.

Moreover, the sequence (Py)nen epiconverges to P a.s.

Proof. Since u®N is a Carathéodory function by Lemma |5.2.1] this is a direct implication of
Proposition [5.0.3] [

Finally, we present a corollary that establishes the convergence of the SAA problem in

(5.2.2)) to its true problem in ([5.2.1).

Corollary 5.2.3. Suppose that o < 1Tp and Assumption holds. Then, for a fixed
k € RY, we have
PP (k) — PP(k) a.s.

as N — 0.

Proof. This is a direct consequence of Proposition as Z is compact, ¢ is continuous,
and u®N is a Carathéodory function by Lemma m m
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5.3 Sample-Average Approximation for Norm-Minimizing

Scalarization

In this section, we shall delve into the topic of the sample-average approximation of the norm-
minimizing scalarization Problem. We begin by introducing the true problem formulation,
followed by the presentation of the SAA formulation. To that end, let (N, 7w, p, X) be an

Eisenberg-Noe network.

Let Z C R? be a nonempty closed set, and fix k € R*. The true problem of the norm-

minimizing scalarization can be written as

PMM (k) = min ||k — 2|5
zEZ

st. PA™N(X +B'2) <a) <)\, (5.3.1)

where AEN is defined by (3.0.2).

To approximate the true problem, we introduce the SAA formulation as
ANM 1\ _ oo _
P (k) =min Ik — =]l

N
1 ,
st > ooy AN(X7 + BT2)) <. (5.3.2)

j=1

Note that according to the formulations in ((5.0.1) and (5.0.2)), in this section, we take
o(z) = ||k — 2|2, u(z,z) = u*N(z,z) = A®N(x + B"2), P(2) = P(APN(X + B'2) < a)
and Py(z) = ~ Zyﬂ Lo,y (A"N(X7 + BT 2)). By Lemma [5.1.1} «"™¥ is a Carathéodory

function on R’ x R.

We now assume that X € L°, and define
Z .= {z ER'| — | Xl <2< ||13H001}.
Note that Z is a compact set.

Proposition 5.3.1. For each N € N, the functions P and Py are lower semicontinuous.

Moreover, the sequence (Py)yen epiconverges to P a.s.
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Proof. Since uPN is a Carathéodory function, this is a direct consequence of Proposition|5.0.3]
[

Finally, we present a corollary that establishes the convergence of the SAA problem in

(5.3.2)) to its true problem in ((5.3.1]).

Corollary 5.3.2. Suppose that o < 1Tp and Assumption holds. Then, for a fixed
k € RY, we have
PNM(k) — PY™M(k) a.s.

as N — 0.

Proof. This is a direct consequence of Proposition as Z is compact, ¢ is continuous,

and u®N is a Carathéodory function. O

5.4 Convergence of Set-Valued Risk Measures

The purpose of this section is to show the convergence of the sample-average approximated
set-valued risk measure to its true counterpart. In order to achieve this objective, we firstly,
study two notions of convergence for sets, namely Hausdorff and Wijsman, and subsequently
mention the correlation between these two concepts. To that end, let (N, 7, p, X) be an

Eisenberg-Noe network.

Let £ C R™ be a nonempty closed set and denote by C(E) the set of non-empty closed

subsets of EJ. We proceed by providing formal definitions of the convergence notions:

Definition 5.4.1. [28, Section 3.17] A sequence of sets (Ry)nen in C(E) is said to Haus-
dorff converge to a set R € C(E) if the sequence (d(-, RN))NeN of real functions converges

uniformly to d(-, R). In this case, we write Ry 2R as N — .

Definition 5.4.2. [28, Section 3.17] A sequence of sets (R )nen in C(E) is said to Wijsman
converge to a set R € C(E) if (d(z, Ry))nen converges to d(zx, R) for each x € E. In this

L5 W
case, we write Ry — R as N — oo.

The aforementioned definitions encompass distinct concepts of convergence pertaining

to sets situated within the metric space denoted as E. It is important to note that the
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convergence in the Hausdorff metric typically implies the convergence in the Wijsman metric.
Nevertheless, given the assumption of complete boundedness of the space, we examine a
theorem that establishes a correlation between Hausdorff and Wijsman convergence in the

converse direction.

Theorem 5.4.3. [29, Theorem 2.5] The Hausdorff and Wijsman convergences coincide if

and only if E is compact.

Subsequently, we leverage the aforementioned convergence outcome to gain additional
understanding regarding the dynamics exhibited by our set-valued risk measures. We first
examine the Wijsman convergence of the sample-average approximated set-valued risk mea-

sure to its true set-valued risk measure. In order to achieve this objective, let us set

E={z R | —(| X1+ [Bllxl) < 2 < [|Dllc1}.

Independent of the sample size N, the efficient frontier of our set-valued risk measure lies

within set E thanks to the following lemma.

Lemma 5.4.4. It holds R(X) = R(X)NE +R’,.

Proof. 1t is clear that R(X) D R(X)NE + R’ as R(X) = R(X) + R’ by Lemma m
Now to show that R(X) C R(X)NE+R%, let z € R(X). It is enough to show that there
exists 2 € EN R(X) such that z € {2} + R’,. To that end, let 2 as follows:

1Pllocs i 2 > [IPllo

Zj, otherwise.

We claim that 2 € R(X). To prove the claim, it is enough to show that for each bank r in
group j, scenario w® € 2, s € N such that (B"z)" > ||p|., P5(z) = p%(2), where, pl(2z) and
ph(2) represent the optimal clearing of bank 7 in scenario w® given the capital injection z
and 2, respectively. We know that pl(2),p.(2) < p" < ||p||.. Since z;,2; > ||p||,, then for
bank r in scenario w®, pi(z) = p" satisfies 0 < pl(2z) < > | 7, pt + 2 + ||pl|, < 7', and
pL(2) = " satisfies 0 < pl(2) < Y7, mpt + a7 + [pll.. < 77, then pl(2) = pi(2) = " and
the result follows. Thus, z € R(X).

Note that as mentioned in Remark [4.0.10} z; > —(|| X || + 1"p) for all j € {1,...,3}.
Therefore, z € E.
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Hence and 2 € ENR(X) and z € {2} + R, O

We now define the true and sample-average approximated set-valued risk measure re-

stricted to the set E in the following sense:
Rrestricted (XY — 2 ¢ B |P(A™N(X +B72) <a) < \},

which represents the true set-valued risk measure restricted to E, and

N
~ . 1 .
restricted [N]y _ EN T
Ry (X)) ={av e E| d 1sea(A™N(X7+ BT 2)) < A},

Jj=1

which represents the sample-average approximated set-valued risk measure restricted to F.
Here, XM = (X1, ..., XM).

Theorem 5.4.5. Assume that « < 17p and Assumption holds. Then, the SAA set-
valued restricted risk measure R]T\?StTiCtEd(X INI) conwverges to its true set-valued risk measure
Rrestricted( X') g5 N — oo in the Wijsman sense a.s., i.e., Rigstricted( X IN) 1Yy prestricted X

as N — oo a.s.

Proof. Let k € R be a point in E. Since a < 1'p and by Assumption Prm(k) =
|k — z*||2 is the optimal value of the true norm-minimizing scalarization problem, where
z* € Rrestricted(X0) exists. By Proposition , as N — oo, PNM(k) = |k — 2%]2
converges to PNM(k), where PXM(k) is the optimal value of the SAA norm-minimizing
scalarization problem given k, which exists since @ < 17p by Proposition , where

2% € Rigstricted( X INT) - Therefore, as N — 00,
d(k, Rﬁstricted(X[Nb . d(k, Rrestricted(X)) _ ﬁ%M(k) . PNM(IC) > 0a.s.

Hence, for every point k € B, (d(k, Be (X)) ey converges to d(is, R (X))
a.s. Consequently, the sequence (Rigstricted( XINI)) o Wijsman converges to Rrestricted( X))
a.s. -

In addition to examining the Wijsman convergence, we also explore the Hausdorff con-
vergence of our restricted sample-average approximation set-valued risk measure to its true
set-valued risk measure. The convergence property can be established in the following corol-

lary, owing to the compactness of the set E.
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Corollary 5.4.6. Suppose that o < 1'p and Assumption holds for the morm-
minimizing scalarizations. Then, the SAA set-valued restricted risk measure Riygsricted( X NIy

converges to its true set-valued risk measure R™"d( X) in the Hausdorff sense as N — oo

a.s., i.e., }?ijr\?smc’fed(X[N]) A, Rrestricted( XY qs N — 00 a.s.
Proof. This is a direct result of Theorem [5.4.3| as the set E is a compact set. O]

Next we will show that the sample-average approximated risk set-valued risk measure
Ry(XIV) = {z € R | %Zj\; L(—oo)(A®N(x; + BT2z)) < A} converges to its true set-
valued risk measure R(X) = {z € R* | P(A®N(X + B'2) < a) < A} in the Wijsman and

Hausorff senses as N — oo.

Proposition 5.4.7. Suppose that o« < 1Tp and Assumption holds for the norm-
minimizing scalarizations. Then, the SAA set-valued risk measure RN(X IN) converges to

the true set-valued risk measure R(X) in the Wijsman and Hausdorff senses a.s.

Proof. For each N € N, we have

D(Rﬁstricted(X[N}) + RZJH Rrestricted(x) + Ri) (541)

zGRg\efS”iCted (X[N] ) ,yERQ_

= sup f ozt y -z -9l
ZER(XN),yERi zeRrestrlcte (X)’ye]Rz»

< sup inf [z — 2|
zERﬁStriCted(X[N]) EGRrestrlcted(X)

— sup d(z, Rrestricted (X ))

ze}fi?\erstricted (X[N] )
=D (Rﬁ\(;stricted (X [N] ) ’ Rrestricted (X ))
< H(Rﬁstricted (X [N] )’ Rrestricted (X)) )

In the same way, we can also establish,
D(Rrestricted(X> + R’:_, Rﬁstricted(X[N}) + R:_) < H(RrEStriCtEd(XN)7 Rrestricted (X))
Thus, by Corollary [5.4.6

H(éﬁStriCted(X[N}) + Ri, Rrestricted(X) + Ri) < H(él}\efstricted (X[N]), Rrestricted (X)) 0
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as N — oo. Hence, Ry (XM) A, R(X) as N — oo a.s. Since Hausdorff convergence implies

Wijsman convergence, we also have RN(X[N}) w, R(X) as N — oo a.s. ]
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Chapter 6

Computational Results

In this chapter, we present computational results regarding the sample average approxi-
mations of set-valued systemic risk measures based on value-at-risk. The objective of this
chapter is twofold: First we assess the efficacy of the grid algorithm in estimating this risk
measure through the utilization of the three algorithms discussed in Section using three
scalarization functions, namely weighted sum scalarization, Pascoleti Serafini scalarization,
and norm-minimizing scalarization functions. Second, we do sensetivity analysis with respect

to the network parameters, banks correlation factor and the number of scenarios.

In order to ascertain the reliability of our findings, we conduct a comparative analysis
between the three algorithms mentioned in Section [£.4] The first algorithm, namely Algo-
rithm [I] serves as a benchmark for assessing the acceptability of each grid point, taking into
account the upper set property outlined in Lemma [4.0.8, which is an inherent characteristic

of the set-valued risk measure of interest.

The computational implementation of our approach is conducted using the Matlab pro-
gramming language, with the utilization of the CVX bundle and the incorporation of the
Gurobi interface. The calculations are performed on a system that possesses the follow-
ing specifications:

e Processor: Intel(R) Core(TM) i7-6500U CPU @2.50GHz 2.59GHz.

e Installed RAM: 8.00 GB.
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The primary objective of our analysis is to calculate the systemic set-valued risk measure

within a core-periphery framework.

In order to provide a framework for analysis, we will investigate a financial system com-
prising a set N' = {1,...,n} of n institutions, typically banks. These institutions can be
divided into two separate groups: the core group, represented by C, and the peripheral group,
represented by P. The total number of core banks is represented by the symbol n¢, while
the total number of peripheral banks is represented by np. Furthermore, to account for a
diverse range of potential scenarios, we integrate a finite set () of .S scenarios that encompass

the nature of the financial system.

6.1 Data Generation

In this section, we outline the procedure for generating data to construct an Eisenberg-Noe
network (N, 7, p, X) within a core-periphery framework. The network comprises a total of
20 banks such that N'=CUP.

In order to establish the network, we utilize the directed preferential attachment model
as suggested by Bollobas et al. in [31]. The presented model depicts a directed scale-free
graph that demonstrates growth through the mechanism of preferential attachment, wherein
the degree vertex progressively increases as time elapses [39, Chapter 8]. As a result, it is
observed that the vertices with the longest existence tend to have the highest degrees, a
phenomenon commonly known as the “rich-get-richer” effect [40], 41l [31) [42] 43]. In order to
ensure comprehensiveness, we will present a concise explanation of the Bollobds model that

has been incorporated into our framework.

Let 0, n, (, 6;n, and d,,; denote non-negative real numbers, subject to the constraint
0 +n+ ¢ =1. We begin with an initial directed graph G(0), which consists of two nodes
and two edges directed reciprocally between the two nodes. At time ¢, the graph G(¢) is
characterized by t + 2 edges and a random variable n(t) representing the number of nodes.
Denote by G(t) C N as the set of nodes in graph G(t). For all values of ¢, the graph G(t+1)
is derived from the graph G(t) by adhering to the subsequent set of rules:

1. With probability 6, a new vertex v is added along with an edge from v to an existing
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vertex w, where w is chosen with respect to the distribution,

din(w;) + i,

Plw =w;) = L+ Snl(l)

, W; € g(t)
2. With probability 7, an edge is added from an existing vertex v to an existing vertex

w. The selection of v and w is independent and follows the distribution,

daut (Uz> + 50ut

]P) = V;) =
('U U7,> t"—(soutn(t) 3

Vi € g(t)

din(W;) + 0in,

Plo =wi) = <5

, W; € Q(t)

3. With probability ¢, a new vertex w is added along with an edge from an existing vertex

v to w, where v is chosen with respect to the distribution,

dout (U’L) + 5out

]P _— . P—
(v =) £+ O (1)

, U € g(t)

It is worth noting that the model allows for loops and multiple edges, although their
presence does not significantly affect the conclusions drawn. The paper showed that the

in-degree and out-degree distribution follow a power law distribution [31, Theorem 3.1].

By constructing the network using the preferential attachment model, we can carry on
the estimation of the set-valued systemic risk measure using the grid algorithm as outlined
in Chapter

The matrix 7 and vector p were generated based on the aforementioned model. This
involved generating the adjacency matrix A € {0, 1}"*™ of the network using the preferential
attachment algorithm as discussed in [31]. In this algorithm, a value of 1 in A;; indicates
that node ¢ is connected to node j, while a value of 0 indicates no connection between the
two nodes. The core banks set C is determined from matrix A, comprising the four banks
with the highest degree nodes. Thus, the cardinality of C, denoted as n¢, is equal to 4. The

set P consists of the remaining 16 banks, thus indicating that np = 16.

Next, we define the intergroup liability matrix M € R2%? as follows:
cCc CP
M = .
(PC PP>
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Here, the block labeled as CC, which stands for “core to core,” represents the mean liability
observed among the core banks. Conversely, the block labeled as PP, which stands for
“periphery to periphery,” denotes the average liability observed among the periphery banks.
The terms CP (“core to periphery”) and PC (“periphery to core”) denote the mean exposure

between banks in the core and periphery, and periphery and core, respectively.

The interbank nominal liability matrix I € R™*" is constructed based on the generated
adjacency matrix A and the intergroup liability matrix M. In the event that banks ¢ and j
are classified as core banks and the adjacency matrix element A;; is equal to 1, it follows that
the link strength [;; is equivalent to the core-core link strength denoted as C'C. In contrast,
when 7 and j represent core banks but the value of A;; is zero, it follows that /;; is also zero.
In a similar manner, the entries of the matrix I are populated based on the classification of

banks ¢ and 7, as well as the presence of a connection between them in the adjacency matrix

A.

After the computation of the matrix I, the total liability vector p € R is obtained by
summing the rows of matrix I. The relative liability matrix 7 is derived by normalizing the

matrix I in such a way that the sum of each row equals one.

Subsequently, the operating cash flow vector X belongs to the set L(R’) and represents
a multivariate random vector. Additionally, {2 is a finite set consisting of S scenarios, where
S is a natural number. It is assumed that all scenarios within the sample space {2 have
equal probabilities, and there exists a shared correlation coefficient, denoted as p, among
the banks. This coefficient represents the degree of interdependence and interconnectedness
within the financial system. The generation of random operating cash flow X occurs through

the assignment of a Pareto-distributed shock to each bank.

In order to generate X, a shared shape parameter denoted as v is employed for all banks.
Nonetheless, it is important to note that the scale parameter, represented by the symbol
B, is shared only within each group. However, it does vary between the banks in the core
group, denoted as (¢, and the banks in the periphery group, denoted as Sp. In other words,
X = [X¢ Xp]. By Chapter 5 of [44], for v > 3, the expected value and the variance of the

operating cash income of a core and a periphery bank are defined as follows:

E[Xc] = Z;ﬁi7 E[Xp] = I;._ﬁ?
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v- 3%
(v—12-(v—-2)

v- B3

Var[X¢] = -1 (=2

Var[Xp| =

This distinction in the scale parameter takes into consideration the varying sizes of cash

flows observed between the core and peripheral banks.

As a result, the random vector X is formed by integrating S occurrences of Pareto shock
random vectors, denoted as x; = (x4, ..., T,s), where each x4 signifies the influence of a
particular scenario w® € €2, s € § on the operating cash flow. The Pareto shocks are derived
by randomly selecting values from a Pareto distribution characterized by parameters v and

B, while considering the distinct grouping and correlation structure of the banks.

6.2 Grid Algorithm Performance Analysis with Differ-
ent Approaches

In this section, we assess the efficacy of the grid algorithm by employing two scalarization
functions, specifically Pascoletti Serafini as in Algorithm [2] and norm-minimizing functions
as in Algorithm [3| on the grid region derived from solving the weighted sum scalarization
problem outlined in Chapter 4l We compare these two algorithms with Algorithm [I}, where
the acceptability check of the grid points is done by solving the optimization formulation
outlined in Chapter [3] The grid region denotes the specific location of the efficient frontier
within the set-valued risk measure. In order to construct the network for this analysis, we
utilize the Bollobds algorithm as described in Section [6.I] The algorithm is implemented
with the parameter values specified as follows: § = 0.2, n = 0.6, ( = 0.2, §;,, = 0.5, and
Oout = 0.5.

To provide a brief recap, we examine a network proposed by Eisenberg and Noe consisting
of two groups. This network comprises a total of 20 banks, with 4 core banks denoted as
ne possessing the highest degree nodes, and 16 periphery banks denoted as np having nodes
with relatively lower degrees. In order to generate operating cash flow, we assign the values
of S =50, p=0.3, and 8 = [100,50]. Here, the scale parameter of 100 corresponds to core
banks, while the scale parameter of 50 corresponds to periphery banks. The value of the

shape parameter is specified as v = 3.
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Furthermore, we utilize the interbank matrix M with the following values:
400 200
M = .
300 150

Lastly, the parameters for the set-valued risk measure are defined as a = (0.8) x 1" p and
A=0.2.

The grid algorithm is implemented using six distinct values of the approximation error €
in order to showcase different degrees of approximation. The performance of the algorithm,
as measured by Algorithms[I] 2]and [3] is presented in Table for various values of € ranging
from 200 to 1. The number of grid points in the grid region for each respective € is presented
in Table [6.2

Table 6.1: Time Performance of Grid Algorithm in Seconds: A Comparative Analysis of
Different Algorithms for Varying Approximation Error Levels (e).

. Algorithms
1 2 3

200 7.7 11.34 13.86
100 13.1 20.46 25.25
50 24.72 38.7 50.04
25 45.68 4.7 99.96
10 114.19 187.77 505.83

1 | 13846.72 | 29259.59 | 163242.83

Table 6.2: Number of Grid Points for Varying Approximation Error Levels (e).

¢ | Number of Grid Points
200 40
100 152
50 570
25 2175
10 13464
1 1328148

The visualization of the corresponding approximation sets can be observed in Figure [6.1]
Based on the information depicted in Figure[6.1], it is apparent that a decrease in the value of
€ corresponds to an improvement in the algorithm’s ability to provide a precise estimation of
the set-valued systemic risk measure. Moreover, the findings from Table indicate that the
algorithm demonstrates the best performance when employing Algorithm [, This algorithm
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Figure 6.1: Set-Valued Risk Measure Approximation Using Different e.

evaluates the acceptability of each grid point based on the optimization formulation outlined
in Chapter The anticipated outcome of this result can be attributed to the fact that
the scalarization problems in Algorithms [2] and [3] namely Pascoletti Serafini and norm-

minimizing, necessitate the inclusion of a binary variable for each scenario.

Note that in Figure [6.1] the x-axis and y-axis of each subplot represent the capital injection

to core and peripheral banks, respectively.

6.3 Sensitivity of the Risk Measure

The main objective of this section is to investigate the sensitivity of the set-valued systemic
risk measure to the Bollobds network when the parameters are kept constant. Although
the network is operated with identical parameter values, it produces a range of network
configurations due to its inherent stochastic nature. Consequently, this leads to disparities
in network architectures across multiple iterations. It is important to highlight that the
network, operating cash flow, and set-valued risk measure parameters remain consistent
with those used in Section [6.2] By ensuring consistency in these factors, we can successfully
isolate and assess the influence of network structure on the set-valued systemic risk measure.

This allows us to obtain more profound insights into the measure’s sensitivity to changes in
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the network.

In order to account for the observed variability, a comprehensive analysis is conducted
by quantifying the set-valued systemic risk through 10 independently simulated networks.
Every iteration generates a unique network, enabling us to encompass the various network

configurations that can arise using the identical Bollobas parameters.
1000
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200 -
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-1500 -1000 -500 0 500 1000
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Figure 6.2: Overlapping Regions of 10 Runs with Identical Bollobas Parameters.

The sensitivity of our set-valued risk measure to the network shape resulting from identical
Bollobas parameters is clearly illustrated in Figure when the approximation error is set
to e = 1. The observed sensitivity suggests that even minor alterations in the network’s

structure can have a substantial impact on the computed measure of systemic risk.

Following this, a comprehensive examination is conducted to evaluate the systemic risk
with set-valued characteristics across 100 independently simulated networks with the similar
Bollobéas parameters. The methodology employed consisted of computing the mean value of
10 unique sets located within the designated grid area. The vertex set of each distinct run
was identified, and the average of these vertices was calculated, subsequently including the
positive orthant. In the end, this procedure resulted in the generation of 10 distinct sets,

each of which represents the mean value derived from 10 separate and independent runs.

The results obtained, as shown in Figure demonstrate the convergence of set-valued
sensitive risk measures when the average of 10 independent runs is used. The 10 sets,

which are derived from the average of 10 iterations, demonstrate a notable degree of overlap,
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Figure 6.3: Overlapping Regions of 10 Runs with Identical Bollobas Parameters.

indicating a substantial level of consistency.

In the remaining part of this chapter, we perform sensitivity analysis on this network
by exploring different numbers of scenarios, correlation coefficients, and Bollobas network

parameters.

6.4 Impact of the Number of Scenarios

In this section, we examine the impact of varying the number of scenarios, denoted as S, on
both computational performance and systemic risk measures. All parameters mentioned in
Section [0.2] are held constant, with the exception of the scenarios count S, enabling us to
conduct a sensitivity analysis using this particular parameter. This analysis offers valuable

insights into the convergence behavior observed with an increasing number of scenarios.

We examine a set of values for the variable S, which are defined as follows: S takes
on the values of 5, 10, 20, 50, 100, 120, 140, 160, 180, and 200. Although the network
structure remains consistent, it is anticipated that the systemic risk measures will display
slight fluctuations. Nevertheless, it is expected that the computation time will increase as
the number of scenarios increases, primarily because each scenario involves n continuous

variables.
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Figure 6.4: Overlapping Regions for Different Scenario Counts.

Table 6.3: Time Performance in Seconds for Algorithm (1| with Different Scenario Counts.

Scenario Count | Number of Grid Points (x10°) | Time Performance
5 6.21 2908.67
10 5.13 2020.09
20 5.68 2515.88
50 5.08 2244.23

100 5.12 2677.92
120 5.63 3403.30
140 5.84 3553.30
160 6.30 4314.21
180 5.13 3361.87
200 5.40 3821.29
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Figure 6.5: Time Performance in Seconds for Algorithm (1| with Different Scenario Counts.

The resulting approximations of the set-valued systemic risk measures for the specific case
of approximation error ¢ = 1 are depicted in Figure 6.4l This figure illustrates the relative
stability of these approximations across different values of S. The results of this study
are consistent with our initial hypotheses and provide evidence supporting the expected
association between the set-valued risk measure and the number of scenarios. In contrast,
Table displays the computational performance and the number of grid points for the
algorithm, while maintaining consistent scenario counts and approximation error. The grid
algorithm using Algorithm [I}is implemented. This algorithm has been recognized as the most
efficient function in Section[6.2] Table[6.3 and Figure [6.5]illustrate that the overall algorithm
performance time exhibits inconsistent variations as the number of scenarios increases. This
can be ascribed to the irregular fluctuation in the quantity of grid points as the number of

scenarios increases (see Table [6.3)).

6.5 Impact of the Correlation Coefficient

This section focuses on analyzing the influence of the correlation coefficient p on the mea-
sures of systemic risk. All parameters mentioned in Section [6.2] are held constant, with the
exception of p, in order to perform a sensitivity analysis that specifically examines the impact

of this parameter.
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We examine a set of values for the parameter p, specifically p € {0.05,0.1,0.3,0.5,0.8}.
While the fundamental network structure remains unaltered, it is expected that there will

be slight fluctuations in the risk measures.
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Figure 6.6: Overlapping Regions for Different Correlation coefficients p.

The visual representation in Figure depicts the approximations of the systemic risk
measures with an approximation error of e = 1. It demonstrates the relative stability of these
measures across various values of p. The results of this study are consistent with our initial
hypotheses, suggesting that the correlation coefficient has a minimal effect on the measures

of systemic risk.

6.6 Network Parameters

In this section, our objective is to conduct a sensitivity analysis by examining variations in
the probabilities of the Bollobas network parameter. These variations have a substantial
influence on the network’s topology as they determine the presence of liabilities between
banks. In order to perform a sensitivity analysis, our attention is directed towards the
parameters 6, 1, and (, while maintaining the remaining parameters discussed in Section [6.2

at constant values.
It should be noted that the visual representations of the resulting approximations of the
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systemic risk measures can be observed in Figures|[6.7] and [6.8) when the approximation error
€ is set to 1. The x-axis and y-axis of each subplot correspond to the capital injection directed
towards core banks and peripheral banks, respectively. In addition, the subplot adjacent to

each set-valued risk measure depicts the corresponding network graph.

We examine the following network statistics for each combination of Bollobas network

parameter probabilities:

e Average Degree (AD): The mean value of the number of connections per node within

the network, given by the following formula:

4 E?:l 2?21 A
T ’

n

AD

where n is the total number of nodes in the graph, and A represents the adjacency

matrix of the network.

e Network Density (ND): The ratio between the total number of connections and the total
number of possible connections within the network, given by the following formula:

_ Z?:l Z?:l Aij

n(n —1)

ND

e Total Clustering Coefficient (TCC): The Total Clustering Coefficient is a metric that
quantifies the degree to which nodes within a network exhibit a tendency to form
clusters [45] [46]. The clustering coefficient (CC) of node 7 is defined as:

2 2o Ay A Al

CC; o1
> (%)

Here, k; represents the degree of node j. Therefore, the Total Clustering Coefficient

can be computed by summing up the clustering coefficients of all nodes in the network:

TCC =) CC:.
i=1
e Core-Periphery Error (CPE): The Core-Periphery Error (CPE) is a quantitative
measure utilized to assess the disparity between the observed and anticipated core-
periphery configuration within a network. This concept is explored in the work of

Craig et al. in [47], wherein core banks are anticipated to exhibit interconnections
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amongst themselves. Consequently, the absence of a link within the core-core block
signifies a deviation from the core-periphery model. In a similar vein, it is deemed
erroneous for peripheral banks to establish direct connections with one another, as
such transactions are not considered appropriate. The presence of errors in the core-
periphery (and periphery-core) blocks results in the imposition of penalties on zero
rows (columns, respectively), which signifies that a core bank is unable to provide
loans to (or borrow from) any periphery bank. The cumulative error score combines
the errors observed in all four blocks. The Core-Periphery Index (CPE) is a metric
that falls within the range of zero to one, where values closer to zero signify a more

pronounced core-periphery structure.

e Core-Periphery Index (CPI): The Core-Periphery Index (CPI) is a robust measure
used to evaluate the level of strength exhibited by the core-periphery structure within
a network. This offers significant observations regarding the density and cohesiveness
of the core, alongside the sparsity and absence of connections in the periphery [4§].
CPI values range from zero to one, with higher values indicating a more pronounced
and well-defined core-periphery structure. The CPI formula is as follows:
Z?:l Z?:1 Aij - ZiGP ZjeP Aij
D imr D1 Aij ’

where C and P represent the core and periphery sets of banks, respectively.

CPI =

The network statistics presented offer significant insights into the structural characteristics
of Bollobas networks across various parameter combinations. The Core-Periphery Error
(CPE) and Core-Periphery Index (CPI) are valuable tools for evaluating the degree of core-
periphery structure within a network. A lower CPE value and a higher CPI value signify a

more prominent core-periphery arrangement.

First, we aim to examine the impact of variations in the parameter n on the sensi-
tivity of the systemic risk measure. Specifically, we keep the parameter 6 constant at
a value of 0.1, and manipulate the parameter { to be equal to 1 minus the sum of 0.1
and 7. The computational statistics for various values of the n parameter, specifically
n € {0.1,0.3,0.4,0.5,0.6,0.8}, are presented in Table The corresponding approxima-
tions are displayed in Figure [6.7]

Based on the data presented in Table [6.4] it can be observed that there is a positive

correlation between the variable 1 and the average degree of each node, network density,

64



9=0.1,7=0.1,({=0.8 0=0.1,7=05,(=04

1000 1000
. I‘19 p 19
"0
4 n17
=17 . .54»4515" K@M\‘u A ®
500 'ﬁf"!ﬁwmwz 500 '11(}*37’*fiq‘4 -
e kg 7 :(wsaifgéz w o "
L R16 w13
L7 =18
0 0
41500 -1000 -500 O 500 1000 1500 -1000 -500 O 500 1000
1000 6=0.41,1=03,(= 06 1000 6=0.1,7=06,(=03
2 18 w5 w1z 218
2 w47 .{10‘ y% /-a: Va9
w7 i, "0 A5 o =18 “ a
500 g 500 =14 f’1
% Yerag <"1 >
1643 \
0 =iy 0 =16
41500 -1000 500 O 500 1000 41500 -1000 500 O 500 1000
1000 0=0.1,7=04,{=05 1000 6=0.1,7=08, (=01
810 n g7 8" nis P
o .4-7v: B e RN N Y oy
L
500 IR 500 S 3
o s Sy
.1547-4% J* =12 T =15
(V4" % ‘f'ﬂ
0 5 w2 o LATRIN
4500 -1000 -500 O 500 1000 4500 -1000 -500 O 500 1000

Figure 6.7: Set-Valued Risk Measure along with its Corresponding Network Graph by Chang-
ing the Parameter 7.

Table 6.4: Network Statistics for Different Bollobas Parameter Probabilities by Changing
the Parameter 7.

0, 1, C Network Statistics

> AD | ND TCC | CPE | CPI
0.1, 0.1, 0.8 | 1.7 | 0.0895 | 0.3333 0.67 | 0.6471
0.1, 0.3, 0.6 | 1.95 | 0.1026 | 1.6333 | 0.4103 | 0.7179
0.1, 0.4,0.5| 2 |0.1053 | 4.4111 | 0.375 | 0.7251
0.1, 0.5, 0.4 | 2.45 | 0.1289 | 7.1659 | 0.1837 | 0.8367
0.1, 0.6, 0.3 | 2.8 | 0.1474 | 11.293 | 0.1786 | 0.8393
0.1, 0.8, 0.1 | 3.55 | 0.1868 | 14.5913 | 0.1672 | 0.8528
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and total clustering coefficient. As the value of 7 increases, these network characteristics
consistently increase. Furthermore, the observed rise in the 1 value signifies a heightened
presence of a core-periphery structure within the network. This finding is substantiated by

the core-periphery index and core-periphery error measures discussed in [47].

The impact of different values of n on the systemic set-valued risk measure is further
illustrated in Figure[6.7} As the parameter 7 increases, there is a noticeable downward trend
in the measure, indicating that higher values of n are associated with a reduction in systemic
risk. The correlation between the statistical variations presented in Table highlights the

significant impact of 7 on both network dynamics and systemic risk.

In the subsequent analysis, we investigate the impact on the systemic risk measure when
the parameters 6 and ( are reversed, while maintaining the 1 parameter fixed. The following

parameter pairs are taken into consideration:

e (0=0.1,7=0.1,( =0.8) and (# = 0.8, =0.1,¢ = 0.1).
e (0=0.1,7=0.3,(=0.6) and (# =0.6,n=0.3,( =0.1).

e (0=0.1,7=0.6,(=0.3) and (# =0.3,7=0.6, =0.1).

Table[6.5 presents the computational statistics for these different network parameter com-

binations, and Figure provides the corresponding approximations.

Table 6.5: Network Statistics for Different Bollobas Parameter Probabilities by Reversing
the Values of the Parameters 6 and (.

0,1, ¢ Network Statistics

> AD| ND | TCC | CPE | CPI
0.1, 0.1, 0.8 | 1.7 | 0.0895 | 0.3333 | 0.6765 | 0.6471
0.8, 0.1, 0.1 | 1.3 | 0.0684 2 0.5385 | 0.8462
0.1, 0.3, 0.6 | 1.95 | 0.1026 | 1.633 | 0.4103 | 0.7179
0.6, 0.3, 0.1 | 1.65 | 0.0868 6.3 0.4042 | 0.8485
0.1, 0.6, 0.3 | 2.8 | 0.1474 | 11.293 | 0.1786 | 0.8493
0.3, 0.6, 0.1 | 3.2 | 0.1684 | 15.419 | 0.1744 | 0.8656

Upon examination of Table [6.5] it is observed that the reversing of parameters # and (

does not yield a consistent increase or decrease in both the average degree of each node
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Figure 6.8: Set-Valued Risk Measure Along with its Corresponding Network Graph by Re-
versing the Values of the Parameters 6 and (.

and the network density. Nevertheless, the overall clustering coefficient, as well as the core-
periphery index and core-periphery error measures, suggest a more evident core-periphery

structure in the network when the value of 6 exceeds (.

The results presented in Figure support the conclusions drawn from Table[6.5] indicat-
ing that the systemic set-valued risk measure exhibits a decrease in risk as 6 is greater than (.
The observed behavior can be ascribed to the emergence of a core-periphery configuration
within the network, which has implications for the interconnectivity and dissemination of

risks.

Through the implementation of this sensitivity analysis, we are able to acquire significant
insights regarding the impact of various network parameters on the measure of systemic risk.
It is worth noting that the presence of a core-periphery structure within the network has a
significant impact on decreasing the systemic set-valued risk measure. This suggests that

there may be opportunities to develop risk mitigation strategies based on this observation.
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Chapter 7

Conclusion

In this thesis, we study a set-valued systemic risk based on Eisenberg-Noe network, which
defines the aggregation function and value-at-risk, which served as the underlying risk mea-
sure. We have demonstrated that this risk measure can be approximated using the grid
algorithm outlined in [5] by three different approaches, all of which employ the weighted
sum scalarization in order to find the grid region. After specifying the grid region, we con-
structed a grid, where the distance between grid points is less that or equal to a prespecified
approximation error € > 0. Each grid point was checked in three different approaches; the
first approach implemented in Algorithm [I, where no scalarization is used and the rest of
the approaches, namely Algorithms [2] and [3] where Pascoletti Serafini and norm-minimizing

scalarizations are employed respectively.

In addition to showing the convergence of the optimal solution of the SAA scalarization
problems to its true counterpart, we have proved that, under specific conditions, the SAA
set-valued risk measure also converges to its true risk measure in the Wijsman and Hausorft

Senses.

We performed a thorough analysis of algorithm performance and the sensitivity of systemic
risk measures in interbank networks. In approximating systemic set-valued risk measures,
our evaluation of the grid algorithm with multiple scalarization functions has demonstrated
its efficacy. By analyzing various approximation errors, we have determined that approx-
imation error reduction results in a more accurate estimation of systemic risk. Notably,

Algorithm [1| without any scalarizations has demonstrated superior performance, primarily
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due to its optimization formulation.

Moreover, our sensitivity analysis has provided valuable insight into the effect of im-
portant parameters on measures of systemic risk. The effects of the number of scenarios,
correlation coefficients, and Bollobas network parameters on the computational performance
and stability of risk measures have been extensively investigated. Changes in Bollobés net-
work parameters, particularly n and the reversal of # and (, resulted in significant shifts
in systemic risk, whereas the number of scenarios and correlation coefficients demonstrated
only minor variations in risk measures. Notably, the network’s core-periphery structure led

to a reduction in systemic risk.

This study contributes to the comprehension of systemic risk assessment and the sensi-
tivity of risk measures to important parameters in interbank networks. This study’s findings
have important implications for policymakers and practitioners in the financial industry’s de-
velopment of effective risk mitigation strategies. By advancing our understanding of systemic
risk in interbank networks and providing convergence guarantees for the SAA set-valued risk
measure, this study hopes to contribute to the development of more robust risk management

strategies and policies in the banking industry.
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