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In this thesis, we consider three different forms of the generalized t
distributions defined as the alternatives to the normal and the Student’s t distributions
in modeling data, which may have longer than normal tails, skewness, or
multimodality. We investigate the existence, the uniqueness, and the robustness
properties of the maximum likelihood estimators for the parameters of these
distributions. We show that the maximum likelihood estimators for the parameters of
the generalized t distributions can be alternative robust estimators for the location
and scale estimates of a dataset. We also show that the likelihood estimating
equations cannot be explicitly solved to obtain the estimates; a numerical
computation method should be used to compute the estimates. To overcome the
computation problem of the estimates we propose a simple iterative reweighting
algorithm, and show that this algorithm is an EM algorithm. As the natural extension
of the location and scale problem, the GT distribution is used as an alternative model

for the error term in regression.

Key Words: influence function, breakdown point, maximum likelihood, regression,

EM algorithm.
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Bu ¢aligmada gozlemleri modellemede normal ve t dagilimina birer alternatif
olarak tamimlanmis normalden daha kalin, ¢arpik ve hatta -¢ok modlu olabilen {ig
farkli genellestirilmis t dagilimmun her birinin konum ve &lgek parametrelerinin
maksimum olabilirlik tahmin edicilerinin parametre uzayinda varligi, tekligi ve
dayaniklilik (robustness) 6zellikleri incelenmistir. Bir genellestirilmig t dagilimi olan
GT dagilm i¢in bulunan tahmin edicilerin kapali formda olmasi nedeniyle
kestirimlerin hesaplanmasi igin sayisal yontem olarak tekrar agirliklandirmali en
kii¢tik kareler algoritmas: 6nerilmis ve bu yontemin EM algoritmasina denk oldugu
gosterilmistir. Son olarak regresyonda hata terimini modellemede GT dagiliminin
kullanilabilirligi incelenmistir.

Anahtar Kelimeler: etki fonksiyonu, bozulma noktasi, maksimum olabilirlik,
regresyon, EM algoritmasi.
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1. INTRODUCTION

The classical approach in deriving statistical theories (estimation and
inference) usually assumes the existence of some exact parametric model, and
derives statistical procedures based on it. The most widely used model is the normal
model probably due to the belief that measurement errors often follow the normal
distribution. However, in real life we often observe the violation of the normality
assumption. The data may come from a longer-tailed, skewed, or multimodal
distribution and the procedures based on the normality assumption will be
inoperative.

An important point for the normal distribution is its mathematical tractability.
This property of the normal distribution facilitated the development of the procedures
based on normality assumption. For example, consider the location estimation
problem of a univariate dataset. The sample mean is no doubt the most widely known
estimator to solve this problem. The sample mean can be easily obtained under the
assumption that the dataset is normally distributed with unknown location parameter.
By the Gauss-Markov Theorem, the mean is the best estimator in the case of
independent and identically distributed normal observations. However, since all
observations enter with the same weight into the computation of the mean, its value
is adversely affected by outliers, i.e. points whose position is unusually far from the
majority of the data. It is also well-known that (see e.g. Lye and Martin, 1993a)
outliers may produce heavier tailed distributions than normal, and the mean remains
a poor estimate of location for heavy-tailed distributions. Therefore, since the
statistical inference based on the normal distribution is very sensitive to outliers
and/or departure from the normality assumptions the possible misleading results
reveals the need for resistant procedures in case of the violation of the assumptions.

As an alternative to the statistical procedure based on the normal distribution
the robust procedures, which are insensitive to the outliers and/or departures from
_model assumptions, have been introduced by Huber (1964). They enable to obtain
valid conclusions for the data even in the presence of outliers and/or departure from

the normality assumptions.
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Since the mathematical derivation and justification of a statistical procedure
requires the beauty of certain distribution assumption, a statistician has been looking
for some alternative robust distributions to the normal distribution to model data
which may have different tails structure, such as longer or sorter tails than the normal
distribution, or may contain some unusual points or clusters. A number of symmetric
long tailed distributions were introduced as alternatives to the normal distributions.
The Student’s t distribution is one of the first distributions that is used as an
alternative to the normal. It provides a useful extension of the normal distribution for
statistical modeling of data sets which have longer tails than normal (see e.g. Lange
et al. 1989 and Arslan, 1992). However, it has been argued by Hoek et al. (1995) that
the use of the t distribution provides some protection against outliers but if there are
many outliers the other robust methods should be used. Some other robust
distributions used in the literature are the double exponential distribution (see e.g.
Bloomfield and Steiger, 1983), the Box-Tiao ( BT ) (see e.g. Klein and Spady, 1984),
power exponential distribution (see e.g. Zeckhauser and Thompson, 1970) and some
generalized version of the known distributions. A distribution is usually generalized
by mixing different distributions. The resulting generalized distribution is reach in
having shape parameters and has the property that it nests the ordinary distribution as
well as some other important non-normal distributions for special or limiting cases of
the shape parameters.

One of the distributions that is generalized is the Student’s t distribution. We
come across three variants of the generalized t distributions in the literature. The first
one was introduced by McDonald and Newey (1988). They called it as the
generalized t (G7) distribution and used it to develop a robust partially adaptive
estimation method in regression problem. The second one is considered by Tiku and
Suresh (1992) and Vaughan (1992) to estimate the location and scale of a univariate
data set. Johnson, Kotz and Balakrishnan (1995) also mention this distribution as the
generalized Student family, for short we will use the notation GST for this family.
The multivariate version of this distribution was intruduced by Arellano-Valle and
Bolfarine (1995). The third version of the generalized t distributions is in fact a
subfamily of the generalized exponential distributions. Lye and Martin (1993a)
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pointed out that outliers can produce not only fat-tailed distributions but also skewed
and even multimodal distributions, and they suggest using this subfamily which is
called the GET distributions family to stand these effects of outliers (see also Cobb et
al., 1983). Theodossiou (1998) developed a skewed extension of the GT distribution
and called it the skewed GT distribution. He used the skewed GT distribution as the
model for some financial data. Recently, Arslan (2002c¢) defined a multivariate
version of the generalized t distributions family, which includes the multivariate t
distribution, the multivariate version of GS7, and the multivariate version of GT.

Although the generalized t (GT, GET and GST) distributions have been
widely used as an alternative robust modeling distribution in econometrics, they have
not been handled much in statistical literature. The main bulk of this thesis will be
devoted to the generalized t distributions in general. We will try to make a unifying
approach to the generalized t distributions and investigate the properties of these
distributions in details. We will use these families as robust alternative distributions,
and investigate the robustness properties of the estimators obtained from the
maximum likelihood estimation of the parameters of the generalized t distributions.

The thesis is organized as follows. In Chapter 2 we introduce and explore the
properties of the generalized t distributions. In particular, we show that the GT
distribution introduced by McDonald and Newey (1988) can be defined as the
distribution of the ratio of two different distributions. Suppose we have two
independent random variables distributed as a BT, and an inverse generalized
gamma (/GG) distributions, respectively, then we show that the distribution of the
ratio of these two random variables is the generalized t (or GT') distribution.

In Chapter 3, we model our data with each of the generalized t distributions
and find the maximum likelihood estimators of location and scale parameters. We
show that, when the shape parameters of the GT distribution are kept fixed and finite,
the maximum likelihood estimators for the location and scale parameters of the GT
distribution can be considered as the M estimators with bounded influence functions
so that the effect of outlying observations on the estimates will be reduced. Since the
shape parameters will control the robustness of the estimators, we will treat the shape

parameters as the robustness tuning constants. Another example for a shape
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parameter that has been treated as a robustness tuning constant is the degrees of
freedom parameter of a Student’s t distribution, (see, e.g., Yuh and Hogg, 1988,
Lange et al., 1989 and Lucas, 1997). Similar considerations also hold for others.
Next, we turn our attention to the existence and the uniqueness of the maximum
likelihood estimators for the location and the scale parameters of the generalized t
distributions with known shape parameters. We give some conditions under which
the maximum likelihood estimates of the location and scale parameters exist and are
unique in the parameter space. We also show that for some values of the shape
parameters the likelihood function cannot have any maximum points in the parameter
space, and for some values of the shape parameters it may have many local
maximum points in the parameter space.

In Chapter 4 we investigate the robustness properties of the M estimators
based on the generalized t distributions in detail. We mainly deal with the local and
global robustness of the estimators. That is; we obtain the breakdown points and the
influence functions for each case. We show that when the shape parameters are
estimated along with the location and scale parameters, the estimators have
unbounded influence functions, and hence poor local robustness properties.
Therefore, to obtain estimators with good local robustness properties we have to hold
the shape parameters fixed and treat them as the robustness tuning constants. We also
show that we can have high breakdown point estimators if the density function of the
GT distribution properly tuned; that is, if the shape parameters are properly chosen.
Further, we show that the M estimators based on the generalized t distributions may
have multiple solutions, in other words, the likelihood functions of the generalized t
distributions may have multiple local maximum. This behavior of the GT likelihood
function is very useful in recent robustness studies. This behavior will help us to
identify the multiple structure in the data if the dataset has some multiple structures
such as clusters.

In Chapter 5 we tackle the computation problem of the estimates based on the
GT distributions. We show that we can obtain the maximum likelihood estimators
but because of the adaptive future of the estimating equations we cannot explicitly

solve the estimating equations. Therefore, we have to use some numerical algorithms
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to compute the estimates. Many different algorithms can be proposed to compute the
estimators, but we observe that the estimating equations can be easily reformulated to
define an iteratively reweighting algorithm (IR) to calculate the estimates. We show
that this iteratively reweighting (IR) algorithm can be identified as an EM algorithm,
which is widely used in computational statistics. In this chapter comparative
examples to determine the performance of the estimators on some problematic data
sets are also presented.

For the complementary purposes we consider the regression setting, which is
the natural extension to the location scale problem, in Chapter 6. We assume that the
error term in the linear regression model is G7-distributed and find the estimators of
the regression parameters. Some comparative examples are given.

Finally, the concluding remarks, open problems and the future studies and

projects are given in Chapter 7.
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2. GENERALIZED T DISTRIBUTIONS

This chapter introduces the three different generalized t distributions as well
as their skewed versions. It is our goal in this chapter to collect and highlight some
properties of each of the three different generalized t distributions. These
distributions are commonly used in statistical economics to model financial data and

error term in regression.
2.1. The Generalized T (GT ) Distribution

McDonald and Newey (1988) introduced the GT distribution as an alternative
to the normal and Student’s t distribution for modeling errors in the regression. They
used the GT distribution to develop robust partially adaptive estimation procedure.
This procedure includes least squares, LAD (Least Absolute Deviation), L, and
several other estimators as special cases.

Statistical distributions of returns on financial instruments such as stocks,
bonds or options play a central role in much of the financial literature. The GT family
applies to symmetric, fat-tailed distributions and therefore adjusts for the
leptokurtosis of the non-normal security returns. McDonald and Nelson (1989) and
Butler, McDonald, Nelson and White (1990) applied the GT-based partially adaptive
estimation procedure for the robust estimation of the market model. McDonald and
Nelson (1993) compared the GT distributibn with their new estimating procedure of
the market model. Partially adaptive estimates of ARMA time series models based
on the GT distribution were given in McDonald (1989), and applications of the GT to
U.S. stock index returns were presented in Bollerslev, Engle and Nelson (1994, pp.
3017-3027).

In this section, we will show that the GT distribution can be redefined as a
scale mixture of a Box-Tiao (BT) (Box and Tiao, 1962) and the generalized gamma
(GG) distributions (McDonald and Butler, 1987). A Bayesian approach was also
given by (Butler et al.,1990). They considered the BT distribution and assumed that
its scale parameter is a random variable that has an inverse generalized gamma

distributed (IGG). Here we show that the GT distribution can be obtained as the
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ratio of two independent random variables. Theorem 2.1 states the main result of this
chapter.
The density function of the GT distribution is

fsu,0,p,9)= P . : (2.1.1)
1 |x—:u g+llp

20" B(1/ p,q)(1+——=—)"""

qo'

(McDonald and Newey , 1988), where —oco<x<oo, 0>0 is a scale parameter,
~oco< [l <eo is a location parameter and p >0 and ¢ >0 are shape parameters that
control the shape of the density. Larger values of p and ¢ are associated with
thinner tails of the density. Similarly, smaller values of p and g correspond to
thicker tails. Figure 2.1 displays some of the density functions of the GT
distributions. In this figure we can see the tail behavior of the density from thicker to
thinner with different choices of the values of the shape parameters. Note also that

we have cusps at the center of the symmetry of the distribution for p=1 and p=.6.
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Figure 2.1. Density functions of the GT distributions for different
values of the shape parameters.
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Theorem 2.1. Let the random variable U have a BT(u; p) distribution with the shape
parameter p >0 and let the random variable T have a GG(t; p/2,1, q) distribution

with the shape parameters p/2, 1 and g > 0. Assume that U and T are independent.

Then the random variable

X=p+q"PouT™V? (2.1.2)

has a GT(x;u,0,p,q) distribution with the density function given (2.1.1) where
>0 and —o0 < 1 <o,

Proof. The density function of U is

g(u; p)=p/2rQ/ p))e 2.1.3)
where — o < u < o, and the density function of T is

h(t;p/2,1,) = /T (g™ e, 2.1.4)
where ¢ 2 0. Since U and T are independent the joint density function will be

fu,t)=p* (AT (U] p)T(q)tr > et 2.1.5)

From equation (2.1.2) we have u =(x— ) /(q]/ Pt=Y25), and using this the right
hand side of (2.1.5) reduces to

/2 p
P2 (4T(L/ p)T(g)q" Py PaDI2g~" ((x-nl” HaaP)+1) 2.1.6)

Integrating (2.1.6) with respect to scale random variable ¢ gives the marginal density

of X as follows.

[ 1,0,p.9)= p/Qayg" P BA! p,g))+|x - yff NigaP)™VP,  @.1.7)
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which is the probability density function of the GT distribution. m|

2.1.1. Properties of the GT Distribution

a) The GT family includes several important distributions as special or limiting

cases (McDonald and Newey, 1988). For example,

i) When p=2 we get the usual t distribution with E—:a scale
V2
parameter and r = 2g degrees of freedom.
ii) Since as g — oo,
~lp
q =m/”“f/f1) L, (2.1.8)
B(l/p,q) T(qq'" T(/p) T(/p)
and
X
iy e
(1+-T e ¢ 0 (2.1.9)
q

Thus the GT becomes the BT .
iii) When p=1 and as g approaches O we get the Laplace (double

exponential) distribution with density function
o

—e 9. 2.1.10
y ( )

9
V2

distribution with mean 0 and variance &”.

iv) When p=2, =¢,and as g approaches 0, we get the normal

V) In (i), for g =1/2 we get the Cauchy distribution.

10
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4
'/ p)

probability density function 1/(20) when |x| <o and 0 otherwise.

vi) Since —1 as p — o, we get the uniform distribution with

b) When p<1 we have cuspidate distributions (i.e. distributions with densities
having a corner on which they are not differentiable).
¢) Since the GT has a symmetric probability density function, its odd ordered

moments are equal to zero. When# is even, the n th moment of this distribution is

a"q""’r(f;—l)r(q—?
X" =Ty (<P 2.1.11)

(McDonald and Newey,1988). This follows immediately from the formula

® _rel
jx'(1+qu)‘”' dx=lq “ r(f—;ci)r(m—“rl
0

P ) L (2.1.12)

k ' T(m)

where O<r—;—1<m, m#0.
d) The variance of the GT distribution is

o*¢? TG/ pT(g-2)

- p
Var(X) = Fae (pg>2). (2.1.13)

2.2. The Generalized Student Family (GST)

In this section we will consider the Pearson Type VI distributions family that
is also known as the generalized student family (GST). This family of distributions
has been widely studied. Some of the references are Tiku and Suresh (1992),
Johnson, Kotz, and Balakrishnan (1995) and Vaughan (1992).

The density function of the GST distribution is

1 -p)
Fs 0,y =1+ Ay, @2
O'kUZB('z—,p—E) o

11
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where p>1/2, k>0, o >0. Tiku and Suresh (1992) especially chose the values of
p and k so that

2p-3 if p22,
k={ p-3 ifp (2.2.2)

1 if 1<p<2’

Arellano-Valle and Bolfarine (1995) discuss three different characterizations
of a multivariate generalized t distribution within the class of the elliptical
distributions. In the univariate case they used the GST with p=(v+1)/2.

It is true that the GST is a scale mixture of a normal distribution. Andrews

and Mallows (1974) gave the proof of it for the usual Pearson Type VII distributions.

Theorem 2.2. (Andrews and Mallows, 1974) Let the random variable U have a
standard normal N(0, 1) distribution and let the random variable O have a gamma
distribution GA(p-1/2, 1/2) with the shape parameters p-1/2, 1/2. Assume that U and

Q are independent. Then the random variable

X=p+k"?cUQ™V? (2.2.3)

has a GST (x; 4,0, p,k) distribution.
Proof. The joint density of Uand Q is

1 )

h(u,q) = P32 224
(u.9) T -1/ q (2.2.4)

With the transformation u = ;17’2‘—2—‘37 from (2.2.3), the density in (2.2.4) becomes
oq
1 4 (ZHp 9

ek o 2477 225
2°T(p-1/2Wrko 1 22.5)

f(x,q)=

and integrating (2.2.5) with respect to g we get the GST density:

12
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1 x-u) .

[ fx.qdg = I+ ( ka‘z‘) 7. (2.2.6)

k" "B(=,p——

ok B(Z.P=3)

The inverse gamma (/G4) distribution has the density
g(x;a,b) = —b—u—e"’” 1/ x)“*! 2.2.7
;a, r@ . 2.

where x>0, a>0. Note that when V is inverse gamma, IGA(p-1/2,k/2),
distributed and Z is normal, N(0,0?), distributed and they are independent then the

random variable X = u+V"*Z is GST(u,o, p,k) distributed.

An interesting derivation of the inverse gamma distribution is resulted from

the reciprocal of another —chi-square- distribution; that is, the random variable

k/ ;5;,,_1 is IGA(z; p—%,g) distributed.

2.2.1 Properties of the GST Distribution

a) When p =1 we get the Cauchy distribution.
b) When p =(k+1)/2 we get the usual t distribution with k& degrees of freedom.
c) With the choice of (2.2.2), as p approaches « we have

1
1 r(y + 5) 1
lim ~ lim - (2.2.8)
p—)w y—)ao s
k1/2B(%,p——;—) 22y -pV2r(y) 2

where y=!£ﬁ, by using the formula lim,_,, L+ =1 for 0<x<w. And
2 C(nn*
also
1 x—p
— )2 —(=5)
lim e [1+ ("k ‘;) | P=e2 o . (2.2.9)
o

13
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Thus we get the normal distribution with mean u and variance o as p approaches
.,
d) In (2.2.3) the expected value of U is zero by symmetry and thus the expected
value of the GST distribution is .
The density of the random variable R=1/Q is
1

1 SRR
f(r;p)= T -17%) e (;)” ", (2.2.10)

and its expected value is

[o0) i
1 re 2 (l)p’“l/zdr

E(R) =
2°7Y20(p-1/2) § r

b __THEN (2.2.11)

Thus the variance of Xis
Var(Xy= E(X*)~[E(X)]?
= 14° + ko *E(U*)E(R) - 1°

ko?
2p-3

(2:2.12)

With the choice (2.2.2), the expected value and the variance of the GST distribution

is u and o, respectively.

d) The » th moment about u is 0 if » is odd and is

,, +1 +1
KT (p-"20)

2
NPT (2.2.13)

E[X"]=

if n is even and if n+1 <2p . With the choice of (2.2.2) we have

14



2. GENERALIZED T DISTRIBUTIONS Ali Thsan GENC

G A YL
JzT(p)

(2.2.14)

e) With the choice of (2.2.2), if X is the GST distributed then (v/ k)2 Z is

Student t distributed with v=2p —1 degrees of freedom where Z = ﬂ
o
In Figure 2.2 some GST densities are plotted. From this figure we see that for

small values of p and & the density has thinner tails.

\;To(iﬁ "TU DIEIF
J“é@%%@f% ke g
& “;:g?k‘# L@: RS RAFT e L
LA TASver BELe
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GST
]
1
S ]
k=1
GST
oo oo
(ID.OCJOOO
\\\\\1
k=10

-4 -2 0 2 -4 -2 0 2 4
X X
p=.6 p=1
.11~~~ 1 0.4
e 0L = e 0.3 10
n 0.09 1 0.2 I
O 0.08 1. O O l M
0.07 \ 5
-1-0.50 0.5 1 -4 2 0 2 4
X X
: p:6
2 0.8 A
I .
U 0.50 ._\4 U 0.20 LY
-1-0.5 O 0.5 l -4 2 0 2 4
X

Figure 2.2. Density functions of the GST distributions for different
values of the shape parameters.
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2.3. The Generalized Student t (GET ) Distribution

The GET represents a generalization of the standard unimodal, symmetric
Student t distribution. The GET distributions family is a subclass of the generalized
exponential distributions family.

The generalized exponential family provides an extension of the exponential
family to the case where distributions can exhibit multimodality (Lye and Martin,

1993a).
The generalized exponential family can be derived by extending the Pearson

differential equation as follows:

% __ g(zg)(u) (2.3.1)
where g(u) and A(u) are polynomials in the random variable in U and f(u) is the
density function of U. In the standard Pearson system deg[g(x)]<1 and
deg[h(u)]<2.

The general solution of (2.3.1) is

(&) g5y
fw)=e ") ,(ueD), (2.3.2)

where the normalizing constant is given by

et

h(s)

n=log [e du (23.3)

and the domain D of f(u) in (2.3.2) is the open interval where A(u) is positive.
The differential equation given by (2.3.1) can be extended in two ways. First,
deg[ g(#)] and deg[A(u)] can be greater than 1 or 2. Second, instead of using

polynomials, g(u) and A(u) can be allowed to include more general functions such

as logarithms, trigonometric expressions, and so forth.

17
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The GET distributions family are obtained with the following choices of the

functions gand 4 :
M-l
gy =Y au', (2.3.42)
i=0
h(u) =y* +u?, (2.3.4b)

where ¥ is referred to as the “degrees of freedom” parameter. Substituting (2.3.3)

into (2.3.2) yields the GET . For the case M =6, the GET is
6
Btan” (u/y )+ logly” +u Y ) 6
Sfy,0)=e = ,— 0 < U < 0 (2.3.5)

where the normalizing constant is

® g tan"l(u/7)+02 10g(;f2+u2)+§:¢9,-1:"'2
n=log Ie = dy, (2.3.6)

—00

2 4
—Qpty ay—y Qs 2
,93 =—Qy ty 0y,

and 6, =—-a—°+ya2 —}/3014, 6, =
/4

-3+ y2a5

6, =
4 2

N 95 =—a4/3, 96,'-:—&5/4.

Fong (1997) used data on monthly returns of twenty-two stocks listed on the
Singapore Stock Exchange and found that the GET provides a significantly better fit
to the data than the normal distribution or the symmetric Student’s t distribution.
Based on a small out-of-sample experiment the GET was also found to outperform
ordinary least squares and Student’s t betas in forecasting ability.

A form of the GET distribution which represents both normal and the

Student’s t distributions is given as

1+7z 1 x—u

f(x;u,a,y)=Cl[yz+(ﬂ'~)2]_2—e 207, 23.7)
(o) o

18



2. GENERALIZED T DISTRIBUTIONS Ali Thsan GENC

where —o < x <0, location parameter —oo < £ <0, scale parameter o >0, the
shape parameter y >0, and the normalizing constant C. The density function in
(2.3.7) is symmetric.

We note that the normalizing constants involving the GET distributions
family are difficult to obtain analytically. This drawback of the family makes it
difficult to do further analysis about the family (see Chapter 3).

2.3.1. Properties of the GET Distribution
a) The GET distribution includes several important distributions as special cases of

its parameter values (Lye and Martin,1993a). For example,

i) The unimodal Student t distribution with y?> degrees of freedom is

2
obtained when 6, = —”27 , 0,=0,=0,=0,=0,=0. This is true

because if we put the parameter values in (2.3.4) above, then

l+}'2

2 2\ 2
fsry=2 *”)I,z

j(y +u%) 2 du

1 1

i+ 1*‘7

)"+ E;)T(y YU [0 ) du

1 1

7, 2 ?

P r
(}/ )1/2(1 _Ii? 2 j 2 (l_}, li-uz)(},Z_'__uZ)—l/Zdu
0

(2.3.8)

2

change the variable u into the variable v by letting v = —Tu—7 , then we have
u +y

19
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1 ! -
= I(l—v) 2y gy
V]

2 i+l

(yz)"2(1+i—2) :

2
1 1_(}/ 2+1)
2 2 A/ 12) 239)
)" A+5) 2
/4

ii) When y =1 the Cauchy distribution occurs.
iii) The GET also contains the unimodal normal distribution as a special

case when 6§, =6, =6, =g, = 0. For these parameter values we have

f(u; 03,94) = e93u+94u2_'7

a3 2
—QU————U
= —azu-—23u2
Ie du
—00
—¢;tzz¢—g3—u2 1
=e 2 5 , (2.3.10)
0 _al_. _ﬁ u+a_2)2
I P 20 e 2 @G
—0
. . . a,
changing the variable # into y by y =u+-—, we get
a,
a3 2
—~HyU—=U
=e 2 2 l
®© Qs 2
2 =Y
Ieaz /2a3e 3 aj’
—00
1 2y
=———p a3 (2.3.11)

20
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iv) The generalized normal distribution (GEN) is obtained when
0] = 92 =0.

V) The Pearson Type IV (PIV) distribution is obtained when
03 =0, =05 =04 =0 (See, Section 2.3.2).

2.2.2. Moment Recursion Formula For the GET Distribution

Lye and Martin (1993b) gave the moment recursion formula for the GET
distribution by following the steps below:

Multiply both sides of A(u)df = —g(u) f(u)du by u* and then integrate:

[u* hwydf == [g(u) f (wyu*du. (2.3.12)

The right hand side of (2.3.12) can be written as
. M-l
- [efupntdu==7 aipy (23.13)
=0

where ,u'j represents the j th moment around zero. Using integration by parts, the

left hand side of (2.3.12) can be written as

b
Jut s =uthaf@) | - [t nwlsdu

=— ji [u* h(u)]f (w)du . (2.3.14)
du

Thus the general expression for the recurrence formula is

[t G = Sa. (23.15)

i=0

For the GET distribution, the moment recursion formula is

d k.2, .2 Mt
| G GRTE {OL T W 23.16)
“ i=0
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or

M-l

S aipig =ky upn + k42D 5 (k=012 M ~1). (2.3.17)
i=0

In Figure 2.3 some GET densities are plotted. We see from this figure that

the GET densities can have different shapes for various choices of functions, from

symmetric unimodal to skewed and multimodal.
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Figure 2.3. Density functions of the GET distributions for different values
of the shape parameters.

@ (/1 +x3)"?)exp(~tan' x + x + 6x% — x> ~6x* —7);
(b) exp(x + 6x% —x3 —6x* - n);

© (L/(1+ x?))exp(—.1x +.998x2 — 9x3 — .874x* —n);

@ (1/Q+x%))exp(-.5x—.5x% —7);

(@) (1/(1+ x2))exp(=.1x% + tan~! x —77);

(f) exp(—.5x> —3.3tan"" (1.67x) +.0810g(.36 + x*) — 7).
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2.4. Skewed Generalized T Distributions

In the previous sections we have seen that the generalized t distributions have
symmetric densities except for the GET distributions family which can be more
flexible, from symmetric to skewed and from unimodal to multimodal. However, the
data in economics are usually skewed and some skewed distribution is needed to
model them. In the literature we see a new skewed distribution, the skewed GT

distribution, which is alternatively defined to others.
2.4.1. Skewed GT Distribution

Theodossiou (1998) developed a skewed version of the GT distribution and

used it to model some financial data. The density of the skewed GT is

n+l1

= [l + (k=200 1=K |xsof] & 0
Flaknag?y= 1 T Al Eln=2)00=4) iz 1 " =P 04
fo=cl+(kin=-20* A+ 0¥ x/al1 ¥ x20

where k>0, n>2,-1<A<1,and ¢ and € are normalizing constants ensuring that
f(.) is a proper density and k,n,A are scaling parameters and ¢ is the variance of

X . The parameters k and n control the height and tails of the density. The
skewness parameter A controls the rate of descent of the density around x = 0. For

example, in the case of positive skewness, A >0, the random variable X in f, is
weighted by a value greater than unity and in f, is weighted by a value less than a

unity. The parameter n has the degrees of freedom interpretation in case A =0 and

k=2.

Theorem 2.3. (Theodossiou, 1998) For (2.4.1) we have
i) c=5kB32(1/k,n/k)BY23B/k,(n-2) 1 )S(A)o L, (2.4.2)

0=U/n-20"Y BY 2/ k,n/ )BTV 2@ 1k, (n-2)/k)STI(A),  (2.4.3)
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S(A) =[14+3A% —4A2B%2(2/k,(n—-1)/K)B™ 1/ k,n/ k)B~ 31k, (n—=2)1 k)] 2,

(2.4.4)
where B (.) is the beta function.
ii) The r th noncentered moments of X is
EX™)=5[=D" 1=+ 0+ UST WBWr+ )/ k,(n—r) k)
B2 k,nl k)BT Bk, (n-2)1k)o"
B~ 21/l ni k)BT 231k, (n-2)1k)o" (2.4.5)

and hence the expected value of X is

EX)=u=228""WBQ/k,(n-171k)B 21 1k,n1 k)B~V2(3/k,(n-2)/ k)o
(2.4.6)

1ii) The expected value of IX | 1s

E(X)=0+2)ST(ABQ/k,(n=)/K)B"*(11k,n/ K)B"* 3/ k,(n—2)/ k)o

(2.4.7)
iv)  The probabilities
]
P(X <0)= j fdx=(1-1)/2, (2.4.8)
P(X>0)= j fodx=Q1+0)12. (2.4.9)
0

25 Tt TURSEXBERETIN &
BoslmaaTasyon mEn



2. GENERALIZED T DISTRIBUTIONS Ali fhsan GENC

Now one can easily find the skewness and kurtosis measures from the

following formulas

3 3 2 3
E[(X—su) 1_EX)-3uc" —p" _m; (2.4.10)

o o’ o’

Skewness=

(2.4.11)

— e 4y _ _ 2 24
Kurtosis= 21X 411) | _EX")—4pm, -6u"c” —p

o c*
Note that for A =0, the skewed GT will be the symmetric GT" distribution.
2.4.2. Skewed GET Distributions

Lye and Martin (1993a) used this form to model nonnormalities in the
Martin-Marietta data set, which is given in Butler et al. (1990). They assumed that
the disturbances are distributed as GET and they also compared the results with

previous methods. They used

-1 ﬂ ’}/2+1 u? -
Brtan (=5 log(yz?) n

fu0,7.6)=¢ (2.4.12)

where —co<u<oo, >0, 7>0.
The density allows for leptokurtosis through the Student t distribution and for

skewness through the arctan term.

The location-scale form of (2.4.12) is

gy tan™" =) 1

f(l/l, Y1 91,.11,0') =Ce 7 7,2_'_1 ’ (2413)
[Yo +u-p)y] %

where C is normalizing constant, 4 is the location parameter and o is the scale

parameter (See Figure 2.2 for the graph of the density function).

Theorem 2.4. If the random variable U has a density given in (2.4.13), then
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i) the normalizing constant is

2, . 2 .
I,(y +161+1)r(y i0;+1
C= 2 2

r<7—’211>r(y2’2)w?

)oy)!

where i indicates an imaginary unit.

1) the expected value is

E(U):/.t+—6—,‘£%,(y2>l).
’y"_.

ii1) the variance is

Vary =11+ B2y (42 52y,
Yy -2 Y- -1

1v) skewness and kurtosis are given respectively by

E([U -EU)} _ (r*-2)"6,4

(7 >3)

3/2 9 1/2

VO g -

and
+72+5( 6, 2
E{[lU-EW)'} _3(y*-2) ¢y*’-3y’-1 2
Var@) — y*-4 6 N
4 [1"'(;51_—1)2]

(2.4.14)

(2.4.15)

(2.4.16)

(2.4.17)

(2.4.18)

Proof: The proof can be found in Nagahara (1999) for the general Pearson IV

distributions.

O

Lim et al. (1998) formulated an empirical model of the distribution of

exchange rate returns based on a combination of the GET and conditional variance
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specifications. They applied this model to four daily bilateral exchange rates over the

period 1984 to 1991. They used the form

= §
F7,0,0,) = +uP) 2 (2.4.19)

where 6, <0. The Student’s t distribution is represented by the power term, the first
term and the normal distribution is represented by the exponential term, the second
term. It is the power term that gives the distribution its fat tails as it results in the
distribution decaying relatively more slowly for larger absolute values of u than the
exponential decay of the normal distribution. When 6, =0, the distribution is
symmetric, with the degrees of freedom parameter y*, controlling the degree of

fatness in the tails of the distribution. For values of 6, # 0, the distribution exhibits

skewness.
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3. MAXIMUM LIKELIHOOD ESTIMATION FOR THE PARAMETERS OF
THE GENERALIZED T DISTRIBUTION FAMILIES

In this chapter we will use the generalized t distributions as the alternative
distributions to the normal and the standard t distribution to find alternative robust
estimates for the location and scale parameters of a one-dimensional data set. We
will model our sample by a generalized t distribution and try to find the maximum
likelihood estimates for the parameters.

We will also investigate the existence and the uniqueness of the local
maximum of the likelihood functions obtained from three different cases; i.e.,
location only, scale only and location-scale only cases. This will lead us to the
conditions which ensure the existence and uniqueness of the solutions to a set of
redescending M-estimating equations obtained from the generalized t distributions.

As we have seen in Chapter 2, normalizing constants concerning the GET
distributions are difficult to find and even if we accomplish it they can be in a very
complex form (See, Theorem 2.4). Therefore we will mainly focus on the GT and the
GST distributions from this chapter on. However, we considered an important sub
distribution of the GET family that includes both normal and the Student’s t
distribution through their terms. A form including these terms and an additional term
is also used by Fong (1997) (See Section 2.2). Also, we will not consider the
maximum likelihood estimation for the skewed generalized t distributions since they
require a special .treatment and thus it is not scope of the thesis (See Chapter 7).

We will close this chapter with some examples which show the behaviors of

the generalized t based likelihood functions on some data sets.

3.1. The GT Distribution Case

Consider fitting a GT(x; 1,0, p,q) distribution to the data x;,x,,....,x, in R
with the log-likelihood function

I(u,0,p,q) = nllog p+logI'(g+1/ p)~logo ~log2 ~(1/ p)logg
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~logT(1/ p) - logI'(g)] - (!’-‘ﬂ)iloga + ""'—‘”Vi) . (3.1
P o go?

We will refer to a maximum likelihood estimate as any point in the parameter
space at which the likelihood function has a maximum. Taking the derivatives of

(3.1.1) with respect to u, o, p and ¢, and setting to zero yield the following

likelihood equations

n 1w — 1PV sign(x, —
lll(lu,o_,p’q)z(pq-*-l)z:'xl lul Slgn(x, :u) =0 ifp>1, (3.1.2)
P & o P
qo i=] 1+|x1 /II
qo”
n +1& | x;—ul?
Lo (o, pg) = -2+ RS TR (3.13)
qo”

11 1 1
1, (4,0, p,q) = l—=—y(q+1/ p)+—y(l/ p) + —logq]
P p

P p
n . —ylP n ol —ul? 1 .
+_17210g(1+lxl #l )__(pq+l) lxl Iul og(l xl ﬂ|/0’) =0, (3.1.4)
j s qo” pqe? o 1+Ix,~-#l”
qo”

| , o
1,0, p,9) = rlv(g +1/ p)~7(@)~1/(pa)] - Y Jlog + £,

i=1 qo
n P
=N L
go®

where y(.) is the digamma function y(.) = 1"'(.)/ Q).

The maximum likelihood estimates simultaneously solve the four estimating
equations given in (3.1.2)-(3.1.5). Since the estimating equations cannot be obtained
in an explicit form of the parameters, an iterative method such as Newton-Raphson is

needed to find the solutions to the likelihood equations.
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The maximum likelihood equations given above can be considered as the M-
estimating equations. It is known that bounded influence function M-estimators are
considered as the estimators that have good local robustness properties (see, e.g.

Hampel et al., 1986). For our estimation problem, let 0 =(u,0,p,q) be the
parameter vector, and 6 be the maximum likelihood estimator of 6. The influence
function for § is IF (x;é,F y=—(E(y'(x))) ' w(x), where wx )=5%(—logf £) is

the score function, and the expectations are taken over the underlying distribution of

the data (e.g., Hampel et al., 1986, p. 86). Thus, one can easily see that the influence
function of 6 is proportional to the score function y(x) = ;%(— log f(x)). Since the

score functions for ¢ and o are both bounded functions of the residuals for fixed,

finite values of p and g, it is clear that the influence functions for the location and
scale estimators are bounded. However, it can be easily seen from the likelihood
equations (3.1.2) and (3.1.5) that the score functions for the shape parameters p and ¢
are unbounded functions of the residuals. Thus, the influence functions for the
estimators of the shape parameters will be unbounded, and hence will distort the
robustness of the location and scale estimators when they are simultaneously
estimated with the location and the scale parameters. Therefore, for the sake of
robustness, we will assume that the shape parameters are fixed and finite, and we
will only focus on the estimation problem for the location and scale parameters of the
data. A similér diséﬁssioﬁ é.bout the Student’s t distribution is given in the paper by
Lucas (1997). It is given in that paper that the M-estimators based on the Student’s t
distribution for the location and the scale parameters of a data set have bounded
influence function if the degrees of freedom parameter is kept fixed. We will treat the
shape parameters as the user specified robustness tuning constants.

If we assume that the shape parameters p and g are known, then the

estimating equations (3.1.2) and (3.1.3) can be rewritten as

n n
ﬁ=Zwixi/Zwi, (3.1.6)

i=1 i=1

31



3. MAXIMUM LIKELIHOOD ESTIMATION FOR THE PARAMETERS OF THE
GENERALIZED T DISTRIBUTION FAMILIES Ali Thsan GENC

&2 =(1/n)zn:w,-(x,- -2, (3.1.7)

i=l

where

L _ (a4 - 4/ 6)7

(3.1.8)
q+(]xi —[ll/&)p

Here the weight function w(s)=(pq+ DsP2/(g+sP) with s= }x - /3|/6’ is a

nonnegative, decreasing function of s so that the outlying observations will receive

very small weights and the effect of outlying observations on the estimators will be

reduced. Further, since lim,_ w(s)s =0 the equation given in (3.1.6) gives a

redescending M-estimator for 4. Also, since lim_,_ w(s)s’> = pg+1 the influence

function for the scale parameter o is bounded. Some properties of this function are

as follows:
i) limg_,, w(s)=0.

© if p<2
i) limg_ o w(s) =40 if p>2.

(2q+D)/q i p=2

iii) w(s) has a local maximum at s* =[(p—2)q/ 2]1/ P and this maximum value

2/P | Therefore, the observations in the neighborhood
p (p-2)q

ot &[(—p——z—-z)i]” P takes the greatest weights.

Note that the equations (3.1.6) and (3.1.7) can be viewed as an adaptively
weighted sample mean and sample covariance where the weights are adaptively
dependent on the estimates j and &. A simple iteratively reweighting algorithm,
which can also be identified as an EM (expectation-maximization) algorithm, can be

used to find the solutions of these estimating equations (See Chapter 5).
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3.1.1. Existence and Uniqueness of the Maximum Likelihood Estimators With
Known Shape Parameters

In this section we will focus on the existence and the uniqueness of the
solutions to the estimating equations for the location and the scale parameters,
assuming that the shape parameters are known. We will consider the existence and
the uniqueness of a maximum of the G7-likelihood function for location-only case,
scale-only case and location-scale case separately because the existence and the
uniqueness of a maximum of the likelihood function will be different in these three
cases.

In McDonald and Newey’s paper (1988) asymptotic properties of the
regression estimators based on the GT distributed errors were given after fixing the
shape and scale parameters at some finite values with some constraints. We clarify
that if those constraints are not imposed on the shape parameters p and g the
likelihood function may have multiple local maxima in the parameter space.

The following two lemmas are useful when studying the existence and
uniqueness of the maximum of the likelithood and log-likelihood functions. These

lemmas have been given by Mékeldinan et al. (1981).

Lemma 3.1. Let L(¢§) be a twice continuously differentiable function with ¢
varying in a connected open subset Q  R? .

ii) if the Hessian matrix of second partial derivatives is negative definite at every

point ¢ € Q for which the gradient vector VL ={L;} vanishes

then there is a unique maximum likelihood estimate ¢ € Q, and the likelihood

function attains no other maxima, no minima or other stationary points in Q.

Furthermore, its infimum value 0 is on the boundary Q2 and nowhere else.

The next lemma which is especially useful when working with log-likelihood

functions is
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Lemma 3.2. Let /(@) be a twice continuously differentiable log-likelihood function

with ¢ varying in a connected open subset Q < R? .
i) If limy_, 5 {(#) = c where c is either a real number or —, and,

ii) if the Hessian matrix of the second derivatives is negative definite at every

point ¢ € Q for which the gradient vector vanishes,
then /(¢) has a unique maximum and no other stationary points. Furthermore,

I(§)>c forevery g € Q.

In these lemmas, condition (i) ensures the existence of the solutions to the
likelihood equations in the parameter space, and condition (ii) ensures that the

solution is a maximum and it is unique.

3.1.1.1. Location-only Case

We first discuss the existence and uniqueness problem when only x is the
parameter of interest. Note that the results obtained for the location only case will
hold for the regression case when the shape and the scale parameters are kept fixed.
The results we obtained here will help us to understand why the constraints are
imposed on the shape parameters in (McDonald and Newey, 1988).

. We assume, without loss of generality, that o=1. Then the log-likelihood
function is

(1) =—((pg+1)/ p)Y_log(q +|x; — 47), (3.1.9)

i=1
where — oo < 2 <. First, since lim ,_,.o, /(#) =0, the likelihood function always

has a local maximum in the parameter space R according to the Lemma 3.2. The first

two derivatives of (3.1.9) are

Vo 2 x; — 1 sign(x; - )
I(w)=(pg+1)Y, ——, p1 (3.1.10)
i=1 q+x; — 4
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.- n (p-glx; — 7% —|x; — 7
I () =~(pg +1)
par (g +|x; ~ 1")?

(3.1.11)

We can easily see that the second derivative of the likelihood function given
in (3.1.11) may be negative, positive or zero at a solution of the equation /' () =0.
Therefore the likelihood function may have local maxima, local minima and
inflection points.

In the following theorem we give the properties of the likelihood function for

the location-only case.

Theorem 3.1. Let x;,x,,...,x, be a data set in R, modeled by the GT(x;u, p,q)
distribution with known shape parameters p,q and unknown location parameter x .
i) If the shape parameter g is chosen small enough then the likelihood function given

in (3.1.9) has »n local maxima, each close to one sample point, and »—1 local
minima.
ii) When p <1, the likelihood function given in (3.1.9) has a local maximum at each

observation for any values of g, and at these maximum points the likelihood

function has cusps.

Proof. i) Suppose that the observations are ordered as x; <x; <...<Xx,. When
u<x then I'(1) >0 and when > x, then /' (1) <0. So the estimating equation
I'(1£)=0 has at least one root between x; and x,,. This root is a local maximum.
Now let us form the intervals I; = (x; —-q”p,xj + q”p) , J=123,...,n, and choose
g in such a way that I; " 1I;,; =G, i=1,2,..,n~1; that is, choose g small to make

the intervals disjoint. Note that at the end points of /,, j=1,2,3,...,n we have

"~

1/ 1/
x;—x;+q Pl (x;-x;+q"'P)

1 n

I'(x;—q"7)= . (3.112)

o~ p
i#] q+lx,~—xj+q””'
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p-2 1/
‘ (x;j=x;—q"'")

1/p|P

I/p

\ 1 n
[y +q! Py =t 3 (3.1.13)
2q i#j

g+\x;,—x;—¢q

Since g is chosen small enough, the term 1/(2q” Py will be large so that

l'(x.

~g"P)>0 and I'(x; +q"/P)<0. Thus /'(x)=0 will have a root in the
J J

interval / s for j=1,2.3,...,n and this root will be a local maximum. Similarly, we
can show that the likelihood function will have a local minimum in each interval

(x;+q"P x, —q"P), for i=12,.,n-1.

iif) Let x, < u<x4,y, k=12,.,n—1. We have

k n
z(y)=—(£1i1>{210g[q+<u—-x,~>”]+Zlog[q+(x,-—u>"]}, G.1.14)
i=1

i=k+1

and

, k 1
I'() = ~(pq + )] _
=g

- 1
e qCe — )P + (x;— 1)

1. (3.1.15)

It can be easily seen that as u approaches x; from the right / '(4) will be —0 and

as u approaches x;,; from the left I'() will be o so that I'(4) has a root
between x; and x;,;. This means that /(x) will have a critical point in the interval

(xg>Xxt41) - Since

" & (-p)glu—x)P +1
I () = (pg +1){
SRR Y S

L (A-p)glx;—p) 7 +1 >0
iralgCe; = )P + (o - )1

(3.1.16)
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for p <1, that critical point should be a local minimum. It can be shown that as u
approaches x; from the left, the likelihood function is increasing and it is decreasing
as u approaches x;, from the right. So it should have a local maximum at p=1x, .
Since the likelihood function is continuous but it is not differentiable at each x;,
i=12,..,n, this maximum should be a cusp. The likelihood function is also
increasing for x4 < x; and decreasing for x, < u. As a result, the likelihood function
has a cusp at each x;, i=1,2,...,n. O

Arslan (1992) also obtained the same result as in (i) for the Student’s t

distribution. For the triangular distribution Oliver (1972) obtained the same result as

in (ii) (see also Rohatgi, 1976, p.380).

3.1.1.2. Scale-only Case

Next the existence and uniqueness of the solutions to the likelihood function

are discussed when the location parameter x is known. We assume, without loss of

generality, that 4 = 0. Then the likelihood function is

n
Lio)=c"]]lgo? +|x,| 17Pa*V'P (.1.17)

i=l

where o > 0. In the following theorem we show that this likelihood function always

has a unique maximum.

Theorem 3.2. Let x,x;,...,x, be a data set in R which is modeled by the
GT(x;0,p,q) distribution with known shape parameters p,q and unknown scale
parameterc , and let m =#{i : x; = 0}. If m/n < pq/(pgq +1), the likelihood function

for the scale parameter given in (3.1.17) has a unique maximum in the parameter

space (0,).
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Proof. To show the existence of a local maximum in the parameter space (0,)
according to Lemma 3.1, we have to show that limL(c)=0 as ¢ -0 and as
o — o (0 and « are the boundaries of the parameter space).

Since L(c) <o (qoP) " PItD" P \we have limL(c)=0as o —> . Now
let m=#{i:x, =0} and assume x, = x, =...=x,,=0. Then

o "Pa—m(pg+l)
L(o)= R (3.1.18)

ﬁ[qo-p +1xi|l’](pq+l)/p

i=m+1

and we will have the following three cases as o — 0:
1) If npg—m(pg+1)>0;ie m/n< pql/(pq+1), lim,_,q L(c)=0,
i1) If npg—~m(pg+1)<0;ie. m/n>pg/(pg+1), lim,_,o L(c)=c0,
iit) If npg—m(pg+1)=0;ie. m/n= pq/(pg+1),
n
limg_yo L(o) = x| 77".
i=m+1

Thus when m/n< pg/(pg+1) the likelihood function L(c) has a local
maximum in the parameter space (0,¢). From the case (ii), when
m/n> pq/(pq+1), the likelihood function increases and it tends to o on the
boundary. Thus it does not have any local maximum in the parameter space but it
reaches its global maximum on the boundary of the parameter space. Case (iii) gives
that the likelihood function is finite on the boundary. It reaches its global maximum
on the boundary.

Now we will turn our attention to the uniqueness of the maximum in the
parameter space. For the scale-only case taking the first derivative of the log-
likelihood function we get

\ 1& p-1
I(o)=TPL _PA* 5 PIT (3.1.19)
o P idgof +|x|
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and at the solution of / '(o-) =0 we have

pao? x|’

I'(6) =—(pg+1), (3.1.20)

P (qO.P +lxilp)2 H

which is always negative. Thus if the likelihood function has a local maximum it

must be unique. a

3.1.1.3. Location-scale Case

Finally, we will focus on the location and scale parameter case and jointly
estimate these two parameters. Location-only case and scale-only case will be
impotent to investigate the behavior of location-scale likelihood.

The following theorem summarizes the behavior of the likelihood function
when the location and scale parameters are unknown and the shape parameters are

known.

Theorem 3.3. Let x;,x,,...,x, be a data set in R which is modeled by the
GT(x;u,0,p,q) distribution with known shape parameters p,q and unknown
location and scale parameters u,0. Let m/n < pq/(pq +1), where m is the number
of coincident observations. If p>2 and pg =1, then the likelihood function for the

location and the scale parameters of the GT distribution always has a unique

maximum in the parameter space RxR" .

Proof. The location-scale likelihood function up to a scalar constant is

L(1,0) = 1™ [lg-+ (e — /)P TP (.121)

i=1

and the boundary of the parameter space is the line 0 =0 and g =2 . To show the

existence of a local maximum according to Lemma 3.1, we will show that when
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0 =(u,0)e RxR" tends to the boundary of the parameter space, the likelihood

tends to zero. There are three cases:

1) If oisfixed then L(u,0) > 0as y — too.

2) Since L(i,0) <o g~ PI*V'P then we have L(i,0) = 0as o —> o
3) Let 0 —>0. If g — o then clearly L(u,0)— 0. Suppose now that 4 is
bounded and there are m coincident observations, say x, = x, =...=x, . Then at

u = x, the likelihood function becomes

n
L(x,0) = o™ P0D T [go? +|x; —x |P PP, (3.1.22)
i=m+1
We obtain the following cases as o — 0:

i) When m/n < pg/(pq +1) the likelihood function has a local maximum in the

parameter space.

it) When there are exactly npq/(pq +1) coincident observations, the likelihood

function will be bounded on the boundary. Further it will not have any local

maximum in the parameter space, but its global maximum will appear on the

boundary of the parameter space.

ili) ~ When m/n> pq/(pg+1) the likelihood function will be arbitrarily large as
o tends to zero along the path x4 =x,. Thus the point (x,,0=0) can be
taken as global maximum.

To show the uniqueness of the maximum according to Lemma 3.2 we should
look at the second derivative matrix of the log-likelihood function. The second
derivatives will be as follows:

n —(p-1)goPfx; =" +[x; -y

1, (1,0)=(pg+1
1 (:0) (pqr+)i‘=;l @o? 2y

) (3.1.23)

n n q(p—l)ap_z X _ﬂP _q20_2p—2
laa(ﬂaa)=—%q-—(pq+l)2 =4 , (3.124)
(o)

i (go? +[x; - 4")*
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B
P ﬂlp sign(x; — p)

Lo (1,0) =—~(pg +D)pgo?™" Y i

2 (3.1.25)
= (qo? +r—4")
When /_(u,0) =0, we have
n x. —ul?
loe =~(pg +Dpgo 3, i R (3.1.26)
i1 (go? +|x; —4")
which is always negative. When 7, (u,0) =0, we have
n |x, — P2 (x; — wilx; - 4” - (p-1go?
la=<”"“>z|' AP -l -4 —(p=Dgo?] G.127)
H p P2
i=1 (qo +lxi—ﬂl )
Further, /,,,(#,0) can be rewritten as
=5
g b =i i = (p=Dgo Y
. pgo? o (go? +|x; —,u|”)2
n |y, — wP 2 lx; — 4 —(p—1)go?
+(pq+1)2|, AP e -4 —(p=Dgo”1 (3.1.28)

pgo’ o qo? +|x; - ff

Now let D? denote the second derivative matrix of the log-likelihood

function. From above we have the following determinant of D?/ at a solution of the

éstimating equations :
det(D21) = 1,y (14,0 ory (4, 0) = o (1,01

= (£_q_+_1)2{i |xi _'ulp—z[lxi —lulp -(p "l)qo'p]z L lxi —ylp
= (qoP +[x; — ")’ S (qo? +]x; - 1P)?

S b, — P2 (x; = ), — 4 = (p—=1)go?]
=1 (go? +|x; - 4")?

123

_(pq+1)2ilxi ~ i - —(p-DgoP1E -4’

=1 goP +x; — 4" =t (qo® +|x; = P)?

. (3.1.29)
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The term
-2
n x; ~ p? = 4 —(p-Dgo P & b, = 4”

)

i=1 (qo'p+|xi—#lp)2 i=1 (qo'p+|xi“ﬂ|p)2

1%, (3.1.30)

-2
s i =" (i = )l = 4” ~(p=Dgo ]
i=l (go? +[x; - ")’
is always positive from the Cauchy-Schwarz inequality. Since /,, (u#,0) is always

negative at the solutions of the estimating equations the behavior of the det(D?/)

depends on the behavior of /,,(u,0). The first term of /,,(u,0) is always
negative, therefore the behavior of 1, (u4,0) at a solution of the estimating

equations will depend only on the last term

NZEAR: R I e Ll

(3.1.31)
pgo? 5 qo® +lx; - 4’

If the above term (3.1.31) is negative, /,,, (4,0) will be negative, and hence

det(D*]) will be positive. Thus the critical point (the solution of the estimating

equations at which we computed D?/) of the likelihood function will be a local
maximum.

Note that if [ (u,0) =0, we have

L -4 - pa”?

(3.1.32
i=1 !xi—ﬂlp'*'qap )
When p =2, we have
n |y _ p-2 P _ P
Z|x, A" k- -0 )" (3.133)

=1 [x; —4” +q0”

42



3. MAXIMUM LIKELIHOOD ESTIMATION FOR THE PARAMETERS OF THE
GENERALIZED T DISTRIBUTION FAMILIES Ali Ihsan GENC

from the Theorem 22 of Hardy, Littlewood and Polya (1997), and when pg >1 we
get the following inequality

fﬂ%—wrﬁh—#V—ur4maﬂs

i1 x; =4’ +qo?

n | p-2 R
zﬂn M7 M = ) 1/ p)o’]_

= e = u|” +q0”

0. (3.1.34)

This result tells us that when p>2 and pg=>1 then [/ uu(4,0) is always

negative. Therefore when p>2 and pg=>1, det(D’l) is positive and so the

uniqueness of the maximum is obtained from the Lemma 3.2. m]

Theorem 3.4. If p>2 or pg=1 does not hold, then the likelihood function may

have local maxima or saddle points, but it cannot have any local minima in the

parameter space.

Proof. If p>2 or pg>1 does not hold, det(D*/) may not be positive any longer.

Therefore the uniqueness of the maximum cannot be guaranteed, and the likelihood

function may have other critical points : local maxima or saddle points. However, we

will never get any local minima since [, (u,0) is always negative at the solutions

of the estimating equations. O

3.2. The GST Distribution Case

Let x,x%,,..,x, be modeled with the GST distribution. Then the log-
likelihood function is

(u,o0,p,k)= —nloga—glogk+nlogI‘(p)—nlogl"(p-1/2)—

n N2
pEﬁ%U+9;§L+ (3.2.1)

i=1
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The likelihood equations are

n PRY
2p F=#)" _o.

n
lo‘ (ﬂa o,p, k) =——+ 3 ) (322)
o ko =1y, ()
2
ko
2 & x—
Lo, pk)=L3 "L __q, (3.2.3)
ko i=11+(x——1u)
2
ko
4 (x—p)?
lp(,u,O',p,k)=nl//(p)—m//(p—l/Z)—Zlog[l+——k~——2———]=0, (3.2.4)
i=1 o
L (o, p) = —T- i P (=)’ =0 (3.2.5)
k [AORY 25 2k O-2k2 i=l1+(x_#)2 4 L.

ko?

The maximum likelihood estimates are obtained by computing (3.2.2)-(3.2.5)
simultaneously. However, for the same reason in the GT distribution case we will
treat the shape parameters being fixed and concentrate on the location and scale
parameters.

The equations given in (3.2.2) and (3.2.3) can be rewritten as follows:

b= Zw,.x,. 1> w,, (3.2.6)
i=| i=1
and
&2 =U/m)Y w(x, - )*, (3.2.7)
i=]
where
W, =——5L_——. (3.2.8)
k+ (i*'”_)z
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The weight function w(d) =k2—pa" where d = (u)z, is a positive function.
+ o

Some properties of this function are

1) At the solutions of (3.2.6) and (3.2.7) we have Z w,/n=Q2p-1)/k.

i=I
ii) w(d) is a decreasing function of & so that the outlying observations are

downweighted. Thus, the estimators given in equations (3.2.6) and (3.2.7)

exhibit resistance to the outliers in the dataset.

3.2.1. Existence and Uniqueness of the Maximum Likelihood Estimators With
Known Shape Parameters

In this section we investigate under which conditions the maximum

likelihood estimates exist and are unique.

3.2.1.1. Location-Only Case

Let x,,X,,...,x, be modeled with the GST distribution with known pand k.

For the location parameter u, the log-likelihood function up to a scalar constant is

1) =~p. Joglk +(x, ~ 1)°]. - (29)

The boundary of the parameter space is F . Since lim,_,,,, /() =—c0, by
Lemma 3. 2 I(u) always has a local maximum in R.

Now the second derivative is

n —_ 2 _
rw=2p3 B =

(
S, - ) +k (3.2.10)

This equation (3.2.10) may be negative or positive at a solution of the estimating

equation. So the likelihood function may have local maxima and local minima.

Y8 VOUSERGSRET® .
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A similar result as in Theorem 3.1(i) can be obtained for the GST distribution.

The proof is similar to that of Theorem 3.1 and therefore is omitted. We have

Theorem 3.5. Let pbe given. If £ is chosen small enough then the estimating

equation will have 2»n—1 solutions consisting » local maxima, each close to one

sample point, and »—1 local minima.

3.2.1.2. Scale-Only Case

Let x,,x,,...,x, be modeled with the GST distribution with known pand k.
Without loss of generality, we may assume u = 0. For the scale parameter we have

the following likelihood function up to a scalar constant :

n
L(o)=c® "] ka* +x})7, (3.2.11)
=1
where o > 0.
Since L(o) <o "k™P", we have lim,_,,, L(c) =0.

Now let m=#{i:x; =0}. Suppose that x; =x, =..=x,=0. So the

likelihood function becomes,

n
o (2p—Dn=2pm H(kaz +xi2)—p , 3.2.12)

i=m+l1

giving three cases to investigate as o — 0:

i) % < 22’;1 then lim_,y L(c) =0.
i I % > 22’;1 then lim,_,q L(c) = .
- n
i) = 2’2’ L then lim, o L(o)= [[G:2) 7 .
n p i=m+1
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Thus, when LA 2p-1 the scale likelihood function has a local maximum in

n 2p

the parameter space (0,%), by Lemma 3.1. By the case (ii), the likelihood function
does not have any local maximum in the parameter space (0,o) but it tends to <o,

and the case (iii) gives that the likelihood function is finite at the boundary, and it

reaches its global maximum at the boundary. So — 7 < 212) -1 is a necessary and
n p
sufficient condition for getting a local maximum in the parameter space (0, ).

Now the log-likelihood function is

n
I(6)=(@2p-1nlogo - p log(ko? +x7). (3.2.13)
i=1

Its first derivative is

I'(e)=(@2p-Dnlo)- 2pk0'Z—1—7. (3.2.14)
i=1 ko +X;

If I'(c) =0 then

2
I'(0)= —4ka———— (3.2.15)

i1 (kO’ +x; )
which is always negative. Thus, if the likelihood function has a local maximum it

must be unique.

As a result, we can say that if LU 2p-1 the likelihood function has a

n 2p

unique maximum in the parameter space (0,) .

3.2.1.3. Location-scale case

The likelihood function up to a scalar constant is
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L(u,0) = aZ”P‘"ﬁ[kaz +(x; - 217", (3.2.16)

i=1

where 0 =(u,0)€ RxR*and the boundary of the parameter space is the line
o=0and u=+c0.

For the existence of a local maximum in the parameter space, it is enough to
show that when @ tends to the boundary, the likelihood tends to zero.

i) Let 1 — too. When o is bounded L(u,o) tends to zero.

ii) Let o — . Since L(u,0) <o "k™", L(u,o) tends to zero.
iii) Let 0 — 0. If g — *oo then clearly L(u,0) — 0. Suppose now that

4 is bounded and there are m coincident observations, say

X| =Xy =...=X,,. Then at u = x; the likelihood function becomes,
n
L(x,0) =02 2P" TT{ko® +(x; —x)°} 7 . (3.2.17)
i=m+l

For the limit

n
limg_yo L(t,0) =lim g0 {o>P ™" 2P" []lka® +(x; —x)*177}, (3.2.18)

i=m+l

we obtain the same cases (i),(ii),and (iii) which we obtained in the scale-only case.

That is, when L 212’ -1 the likelihood function has a local maximum in the
n p

m_ 2p-1

parameter space (0,0), by Lemma 3.1. If —>

n 2p

, the likelihood function will

be arbitrarily large as o tends to zero along the path 4 =x,. Thus the point
(x;,0 =0) can be taken as global maximum.

Vaughan (1992) also studied the uniqueness of the maximum likelihood

estimates for the location-scale case with the special choice of the parameters p and

k mentioned in Chapter 2. Here we search for the uniqueness condition removing

this restriction
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The log-likelihood function is

H(u,0) = @p~Dnlogo - pY loglko? + (x, — 1)’]. (3.2.19)

Then we have the following partial derivatives.

1,(u,0) = 2p§ko_ +(x" — (3.2.20)
I (,0)=02p— 1)——2pk0'§k0_ +(1 e (3.2.21)

o (1:0) = 2p§_]:[k(; 1(1 u!k:] : (3.2.22)
Lo (1,0) = —4pka§[ko_ +x(x“”ﬂ)2]2, | (3.2.23)
Ly (1:0) =~(2p - 1)——2@2[;; ;‘(‘i ‘f:] (3.2.24)

When /_(u,0) =0 we have

Ly (,0) = —4kpy — L i (3.2.25)
S ko? + (- 1))

which is always negative.

If1,(u,0)=0 we have

2 X —p 1 & — ol - 1) —ko?]
= . 3.2.26
gtka%(xi—u)z]z 2ko Zl [ko? +(x; — )T (3:2:26)
and hence,
2p & (5 = W0 = ) ~ka’]
!, (u,0)=—— 3.2.27
)= 2 - T 220
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Finally /,,, (4,0) can be rewritten as

p i[(xi—u>2—kazlz+ p < (x,-—y)z-kGZ_
ko? Flho® + (i =’ ko T ko? +(x; — )
(3.2.28)

l/_zy (ﬂsa) =-

Let D denote the second derivative matrix of the log-likelihood function.

From above we have the following determinant of D?/ at a solution of the

estimating equations,

det(D?1) = 1y, (4,0 gy (4,0) = [y (11,0

_4p° 5 L —) -k’ P& -
o Glke? +(x - ) Slho® +(x - )’ T
2 (x; — ) ((x; = )% —ko?) 5
[,.; [ko? +(x; — ) 12 I
_4pP & (x,—p)’ —ko? Z (x, - p)° _
o’ i ko +(x —,u)2 =l [kO'2 +(x; "/1)2]2

(3.2.29)

Since [, (14,0) is negative at the solutions of the estimating equations so the

behavior of the det(Dzl) depends on the behavior of /,,,(x,0). The first term of
!y (1, 0) is always Vnegative, therefore the behavior of /,,, (u,0) ata solution of the
estimating equations will depend on the last term of it. So if the last term is negative
Ly (u,0) will be negative and hence det(D?1) will be positive, and the solutions

will be local maxima of the likelihood function.
From the Cauchy-Schwarz inequality,

i[(xi—u)z—kazl“ O

S ko +(x; - )1 Slka? +(x; - )°F
2 (x; — p)(x; = )% —ko?)
[Zl [ko? +(x; — w)* T :

(3.2.30)
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is positive. So the first part of det(D?]) is positive.

Now for the second part if /_(x,0) =0 then we have

(x; - ) —ka®i2p-1)
=0, 3.2.31
Z, (x; — p)* +ko? (231

When p >1 then

n 1 2 2
Z(x —p)—ko? (-’ —ko’2p-b) _ o (3.2.32)

S -t rke® S (- ko

giving 1, (u,0) negative. Therefore, when p=>1 and LD 212) = the likelihood
n p

function for location and scale parameters of the GST distribution always has a
unique maximum in the parameter space RxR™.
However, when p>1 is not satisfied, det(D’/) may not be positive any

longer. Therefore the uniqueness of the maximum cannot be guaranteed, and the

likelihood function may have other stationary points. Clearly they must be local

maxima and saddle points (no local minima) since [, (4,0) is always negative at

the solutions of the estimating equations.

3.3. The GET Distribution Case

Let x{,%;,...,X, be modeled with the GET distribution which is given by the
probability density function

]+7 l(ﬂ

Fs7.p0)=C~ ~ +E£ “)} (.3.1)

This is the form of the GET distribution which represents both normal by its
second term and the Student’s t distribution by its first term.
The log-likelihood function except for a scalar constant is
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= nlog(—)——z{(xoﬂ) +(77 +Dlogly? + =5} (3.32)

=1

The maximum likelihood estimating equations are

1472
Lwo)=3 Eh+ 1=0, (333)
A 7+(’ﬁ
o) =TS o (2 +1) T T g g 3
o)==t Dl — o 4y +)y2+(xi_#)2] (334)
(e

So the ML estimators are

n

2w,

P — (3.3.5)

and
57 =%Zwi(x,. iy (3.3.6)
i=l
where
2
W, =1+-——L (3.3.7)
/4 +( 5y
2 A

Y

The weight function w(d)=1+2*1 %~ Hy2
v +d

is a decreasing function of d = (==
é

And thus the outlying observations downweighted by the corresponding weights.

3.3.1. Existence and Uniqueness of the Maximum Likelihood Estimators With
Known Shape Parameters

In this section we will try to obtain a solution for the existence and

uniqueness problem for the GET distribution under consideration.
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3.3.1.1. Location-only case

Let x,,X,,....,x, be modeled with the GET distribution with known y. For

the location parameter u, the log-likelihood function up to a scalar constant is

== 340k~ + (1477 ogly + (5, - ' (338)

where —o < 1 < 0.

Then
[ =30 -l — 30 (33.9)
=7 x,—p)l+yt o
implies that
S
e — (3.3.10)
S
i=1
where
2
w=lb—2 (3.3.11)
| (x,—p) +y |

Since lim 1, [(#) = - I(u) alwayshasa local maximum in R by Lemma 3. 2.

The second derivative is

O ) W

n 1 n (x—,u)"
=-2 4 _ i
g Iy +(x, - )P Zl:[;/2+(xi—,u)2]2
_ 2 < 1 _ 9 n (xi_#)Z
y §[72+(x,~—ﬂ)2]2 (N )§U2+(x,~—ﬂ)2]2 (3.3.12)
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Note that when y*>>1, I will always be negative. Thus when »*>>1 any critical
point is a relative maximum for /().

A similar result as in Theorem 3.1(i) can be obtained for the GET distribution.

The proof is similar to that of Theorem 3.1 and therefore is omitted. We have

Theorem 3.6. If the shape parameter y is chosen small enough then the estimating

equation will have 2n -1 solutions consisting » local maxima, each close to one

observation, and #—1 local minima.

3.3.1.2. Scale-only Case

Let x,x,,..,x, be our dataset modeled with the GET distribution with
known y. Without loss of generality, we may assume that g =0. For the scale

parameter we have the following likelihood function up to a scalar constant

no 1) i
Le)=c"T[e?" (Po>+x2) 2, (3.3.13)
i=
where 0 > 0.
Since
1 n
R o
L(o) <y "M gme 2 (3.3.14)
we have lim__ L(o)=0.
Next let m=#{i:x, =0} and suppose that x;, = x, =...=x,,=0. For this case

the likelihood function becomes

Lie)= :

no 1)’ 7
H e (yo? +x7) 2

i=m+1
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nyz—m(y2+1)
= (3.3.15)
—5 le n I+}'
2‘7 i=m+! 1—[(},20- + x ) 2
i=m+1
m }/2 m_ y?
When —< we have lim,_,(L(c)=0.If —> we can still have
n i+l nooy?il

lim,_,o L(c) = 0. Thus without imposing any condition on the data set we will

always have a local maximum point of the likelihood function in the parameter space
(Lemma 3.1).
Next we will turn our attention to the uniqueness of the maximum point for

the scale only case. The scale only log-likelihood function can be obtained as

xa)nykga——zm;9+0/+nmgya+m)] (3.3.16)

i=]

The first and the second derivatives of the log-likelihood function are

2
I(0)=" +Z[ (72““1),3—1;7? (3.3.17)
zwyzzw-4lll%4 (3.3.18)
i=1 (xi +7 ) o

We can observe that the second derivative of the log-likelihood function is always
negative. Thus the likelihood function has a unique maximum in the parameter space

(0,0).

3.3.1.3. Location-Scale Case

Now we can explore the location-scale case. In this case the likelihood

function up to a scalar constant is
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n 1 1 xi—#yp _l+}’2
Lu,o)=c"" He 20 ot (x,-pw)?] 2. (3.3.19)

i=1

where (u,0) € RxR™.

For the existence of a local maximum in the parameter space it is enough to
show that when (x,0) tends to the boundary of the parameter space the likelihood
function tends to zero.

There are three cases:

1) Let u — 0. When o is bounded, L(x,0) tends to zero.

1 & b
22("1—#)

ii) Let 0 — . Since L(u,0) <y (47?5 ng =

, we have
L(y,0) >0 as 0 > .

iil) Let o — 0. Then clearly lim, 5, L(x#,0)=0. Suppose that x is bounded

and there are m coincident observations, say x, =x, =...=x,,. Thenat y=x,

the likelihood function becomes

1+}' 1 ox-x.2

L(x,,0)=0" Fom(r? +l)l—[[}/20'2+(x -x)*] % e 20 (3.3.20)

i=m+1

and taking the limit as o —>0 we always have lim, , L(x,,0)=0. Thus the

likelihood function for location and scale has always a local maximum in the

parameter space by Lemma 3.1.

To investigate the uniqueness of the maximum we need the second partial

derivatives of the log likelihood function given below:

Z(}’ DI —p)’ =ay’] (3.321)

A M

___ ~ 2 4 +77°1, u) —-07]
lo(u,0)= +§{ 3(x,—p) o [~ 1) 10T } (3.3.22)
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s (Yo (x - p)
Lo (1,0)= 2§{(x, e +[(x,—y)2+azy2]2}’ (3.3.23)

We will now evaluate these partial derivatives at a solution of the estimating

2 2 2
. ny - 2 -4 (1+7)y
tions. If /_=0 h - = - ,and h
equations. If [, =0 we have ~=> ;[(x, wo (xi_#)2+0272] and hence
L+ D/t ,U)
Lo (1,0) = =2 {(x, — i)’ ™ (3.3.24)
Z [( x,—p) +o’y’P’

which is always negative. When /_ =0 we can also obtain the following inequality:

(o =) = (x;, ~
,Z: G 1o Z:, (3.3.25)

Using above inequality we can easily see that /,, is always negative for yi>1.

Thus when y? =1 the second derivative of the likelihood function will both

negative at the solution of the likelihood equations. This condition will ensure the
uniqueness of the maximum under the condition that the determined of the second
derivative matrix is positive at the solution of the likelihood equations. However,
proving that the determinant is positive at the solutions of the likelihood equations is

not an easy problem for this case and we leave it as an open problem.

3.4. Examples

In the following examples we will use some data sets to demonstrate the
generalized t based likelihood functions’ behavior for different values of the shape

parameters.

Example 3.1. The first one is Cushny and Peebles (1905) data set. This is a
commonly used real data set in the literature (e.g. Hampel et al. (1986)). The data
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represent the prolongation of sleep by means of two drugs. The differences between
drug effects for ten objects are 0.0, 0.8, 1.0, 1.2, 1.3, 1.3, 1.4, 1.8, 2.4, 4.6.

Figures 3.1(a)-3.1(d) show the plots of the location-only likelihood functions
for the different values of the shape parameters. For the values of p=1.8 and ¢g=1 the
likelihood function has a unique maximum point occurring at 2 =1.29 (See Chapter
5 and Figure 3.1(a)).

For the same data set if we keep the p=1.8 and set ¢=0.001 we can see that
the likelihood function has multiple maximum points in the parameter space (See

Figure 3.1(b)). When we set p=0.8 (the case p <1) the likelihood function has cusps
at each observation (See Figure 3.1(c)). If m/n< pq/(pg+1) is hold,(where n=

sample size=10, m= number of coincident observations =2) regardless of the values
of the shape parameter we can see that the scale likelihood function is unimodal (See
Figure 3.1(d)). One can easily verify that when p=1.8 and ¢=1, we have
m/n=0.2< pq/(pq+1)=0.6. The maximum is attained at 6 =2.18 (See Chapter

5 and Figure 3.1(d)).
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Figure 3.1.Behaviors of the GT likelihood functions for
Cushny and Peebles Data.

Example 3.2. In this example we use the Derby Data from Petruccelli et al. (1999).
The data set consists of Kentucky Derby winning times (in seconds) between the
years 1875 and 1980. In this data set the existence of two densely scattered
observations groups at different locations catches one’s eye.

When p=2.5 and g=1 the likelihood function has a unique maximum at
(&, 6) = (125.69, 7.42) (See Chapter 5 and Figure 3.2(a)). However when we choose

smaller values of the shape parameters, for example when p=1.2, ¢=.05, the
likelihood function has two local maximum points in the parameter space (See

Figure 3.2(b)). The maximum points occur at (g, 6)=(125,.70) and
(i, 6) = (157.50, 3.69), respectively (See Chapter 5).
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Figure 3.2. Contour plots of the GT likelihood function for the location and
scale parameters on Derby Data.

Example 3.3 In this example we investigate the behavior of the likelihood functions
for the GST distribution on the Rosner Data (1975), {90, 93, 86, 92, 95, 83, 75, 40,
88, 80} (See Chap. 5). The graphs of the likelihood function for the location
parameter are in the following Figure 3.3 (a). The upper graph is for p=1 and 4#=2 and
the lower one is for p=1, k=.05. Note that we get multimodality of the likelihood
function choosing k sufficiently small. In Figure 3.3 (b) we see a graph of unimodal
scale likelihood function for p=k=1.

To see the behavior of the likelihood function well for location and scale we
use a simple artificial data set containing two subgroups, i.e. {2, 4, 4, 27, 29, 30}. In
Figure 3.4 (a) the likelihood surface is unimodal for p=5 and #=3. However, when
we choose p less than 1 we can catch the multimodality, as in Figure 3.4 (b). In that
plot we chose p=.7 and £=3.
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Figure 3.3: Location-only and scale-only GST likelihood functions for
the dataset given in Example 3.3.

Figure 3.4: Location-Scale GST likelihood surfaces for the dataset
given in Example 3.3.
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4. ROBUSTNESS PROPERTIES OF THE M ESTIMATORS BASED ON THE
GENERALIZED T DISTRIBUTIONS

In Chapter 3 we obtained and investigated the maximum likelihood
estimators for the parameters of the generalized t distributions holding the shape
parameters fixed. We have shown that these estimators can be regarded as the M
estimators for the location and scale parameters of a univariate dataset. In this
chapter we will explore the robustness properties of these M estimators in details.
We will give the influence functions and finite sample breakdown points for the M
estimators obtained from the three different generalized t distributions. Here we will

use the log-density functions of the generalized t distributions as alternative p
functions used in robust statistical analysis. It should be noted that p functions play

a key role at the robustness properties of an estimator and they always has a tuning
constant to tune the robustness of the estimators.

Our p functions, the log-density functions of the generalized t distributions,

here have distributional shape parameters and we will show that these parameters can
serve as the tuning parameters. We can therefore tune them to obtain estimators with
good robustness properties. One may think that the shape parameters should be
estimated simultaneously with the location and scale parameters from the data.
However, we have shown in Chapter 3 that estimating the shape parameters
simultaneously will challenge the robustness of the location and the scale estimators.
Therefore, we will hold the shape parameters fixed. In Chapter 5 we will explain
how we can find the estimates for the shape parameters alone with the location and
the scale parameters in case we want to estimate them from the data. This procedure
is called adaptive estimation in general and the literature on the GT distribution
usually deals with the adaptive estimation for the parameters of the GT distribution
(See e.g. McDonald and Newey, 1988).

4. 1, Basic Definitions

We will start with the definition of an M estimator introduced by Huber
(1964).
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Definition 4.1.1. Any estimate 7,(x;,x5,...,x,) defined by minimization

1 n
mian(xl-;Tn) or by an implicit equation Zw(xi;Tn)=O, where p is an

i=l i=1

arbitrary function and !//(x,@)zé% p(x;0), is called an M-estimate (maximum

likelihood type estimate).
Note that p(x;0)=-log f(x;8) gives the ordinary maximum likelihood

estimate. So the maximum likelihood estimators can be regarded as the M-estimators

for the parameters of the generalized t distributions.

Definition 4.1.2. Let x,x,,..,x, be observed values of the random sample

X,,X,,....X, from distribution F. Then the function
l n
F,(x)==) I{X;<x}, xeR, 4.1.1)
=1

where [ is an indicator function, is called the empirical distribution function.
The empirical distribution function assigns a probability 1/n to each

observation. The function F,(.) is a distribution function when considered as a

function of x for fixed sample X;,X,,...,X,. On the other hand F, (.) is a random

variable when considered as a function of the sample for fixed x.

Since we never know the underlying distribution from which our data come,
the theoretical construction of robustness concepts ascends on the functionals. A
functional is a function from the space of distribution functions, including empirical
distribution function, to real numbers. We represent estimators as functionals which

are applied to empirical distribution function. For example, the mean functional is

defined as T(F) =J.xdF (x). Here the integral is of Riemann-Stieltjes type (See

Staudte and Sheater, 1990). At the empirical distribution function F, the mean

functional becomes
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T(F,)= [+dF,(0) = ¥ aps, ()= 3 X, In=X, “.12)

i=|

Definition 4.1.3. A mixture model G is a weighted average of two different models;
thatis, G=(1-p)F + pH ,where 0< p<1.

Now consider the mixture model F, . = (1-&)F +&A,, where a large amount
of the observations comes from F with probability 1—¢ and the small amount from

x with probability €. Here A, is the distribution of x.

Definition 4.1.4. The influence function of the estimator T at the distribution F is

defined as

T(Fx,g) r T(F)

IF(x)=lim__.
&

(4.1.3)

The local robustness property of an estimator is measured with the influence
function. An estimator which has a bounded influence function is regarded as locally

robust.

A useful equivalent expression to (4.1.3) is given as follows. Let

g(&)=T(F, ). Suppose that the function g(£) has a continuous derivative on

[0,£,) for some &, > 0. Then IF(x)= limg_)o,, g (e).

For example the influence function of the mean can be obtained as follows:

T(Fyz)-T(F)

lim(;—)o+ £

B (1-&)T(F) +x —T(F)

- llmb‘—)0+ c s

=x-T(F), xeR (4.14)
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As we can see from (4.1.4) the influence function for the mean is unbounded.
Thus the mean is a non-robust estimator of location.

A sample can be contaminated in many different ways. But in robust
statistical analysis the & -replacement type contamination is often used. Replacing
any arbitrary m observations in the sample by m arbitrary values (m outliers)

produces the &-replacement contamination. New sample will have a fraction of

m .
& =— outliers.
n

Definition 4.1.5. The maximum bias is defined by b(&; X,T) =sup|T(X ')—T(X ),
%

where X denotes the contaminated sample.

Definition 4.1.6. The breakdown point of an estimator T is defined by

£ (X,T) =inf{e: b(&; X, T) = 0}

The breakdown point is the smallest fraction of contamination that can render
the estimator meaningless. We require an estimator to have as high as possible
breakdown point. The theoretically reachable highest breakdown point is .5.

The breakdown point property is global in the sense that it is independent of
the model (distribution) F. The breakdown point property is therefore considered as
the global robustness property of an estimator.

4.2. Influence Functions of the Generalized t based M-Estimators

In this section we will derive the influence functions of the generalized t

based M-estimators.

4.2.1. The GT Distribution Case

n n n
The estimating equations /= Zw,-x,-/ > w; and &2 =D w;(x; - i)? can

i=1 i=1 i=1

be rewritten as

T4 TORSPIRRETI T
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iv/(x,-,f?)/n =0 4.2.1)

i=]

w1(x,0)

] is the function of w(x,0) = w(s)(x— ) and
v (x,0)

where 0 =(u,0). ¥ =(

Wy (x,0) = w(s)(x - u)? — o2, s=|x-py/c and w(s) = (pg+D)sP~2 (g +sP) is

the weight function.
The functional form of the equation given in (4.2.1) at a distribution function

F is given as
fpsT(F)dF(x) =0 (4.22)

where T(F) will be the parameters of the underlying distribution F . Now if we

insert the & -contaminated model (1-&)F +¢&6, into (4.2.2) we get the following

equation.

[ T((1-8)F +85,)d((1-&)F +£5,))(x) = 0 (4.2.3)

1 ifx2y

s the distribution function of point mass 1 at y.
0 otherwise

where &, (x) = {

(1-¢) j w(x,T((1-&)F +6),))dF (x)+ ey (y,T((1-&)F +£)) =0 (4.2.4)
Taking derivative of (4.2.4) with respect to & we get

&) j;u(x, T((1-&)F +&5,))dF (x) +(1- 8)3—68 [ j w(x,T((1-&)F +&5, ))dF(x)]

+y(y,T(1-&)F +&)+ ggag-;y(y, T(1-&)F+¢)=0 (4.2.5)

Setting & = 0, (4.2.5) becomes
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OJp e TEMF @+ [y (- )F + 88y WF ]+ 0,7 =0

(4.2.6)
Since jy/(x, T(F))dF(x) =0, (4.2.6) reduces
d dr
[Cg¥ @O )l om0 dF (0) +w (3. 7)) =0 (42.7)
IF@;T,F)=§—Z—]€=O =— —v 0. T(F) (4.2.8)
JC GOz dr ()
Let Q= j (iq/(x e))] mdF(x)=E [i (x,0)]. Then
dag VT Flag V' ot
JCA @O rmdF 6 [y dF ()
Q= % # (4.2.9)

e d d
JenENredF®) [0 rumdF ()

4.2.2. The GST Distribution Case

Since the estimating equations involving the GST distribution are

n n n
A=Y wx; /> w and &% = (1/n) S w;(x; — )% , they can be rewritten similarly as
=1 .=l

i=1

2 x-—
p2 ,where s = Loy
+5 o

in (4.2.1). In this case we have the weight function w(s) = P

As a result, we have the same form of the influence function as in (4.2.8).

4.2.3. The GET Distribution Case

67



4. ROBUSTNESS PROPERTIES OF THE M-ESTIMATORS BASED ON THE
GENERALIZED T DISTRIBUTIONS Ali Ihsan GENC

The form of the GET distribution we have used in Chapter 3 has the

n n n
estimating equations i = Zw,-x,- / Zw,- and 62 = A/ m) > wi(x; — ﬁ)z , Where the
i=] i=1 i=1

2

P4

weight function is w(s) :1+12+—y2—, in which s =2 —#  Thus we will have the

¥ +s o

same form of influence function as in (4.2.8).

4.3. Influence Functions of the Generalized t Based M-Estimators When the
Underlying Distribution Belongs to the Spherical Family

Definition 4.3.1. If a random vector X has the density of the form g(|| x ||) for some

function g(#)>0, u >0, where || x|= (x'x)” 2 then X is said to have a spherical

distribution.

Spherical family is a subfamily of the elliptically contoured family of

distributions. The density of the elliptically contoured family has the form
12172 g~ 7 (x - ), 43.1)

for some function g(u) >0, u >0 where x € R”, 11 is the location vector and X is a

positive definite dispersion matrix. The multivariate normal and Student’s t and the
contaminated normal distributions are typical examples of the spherical distributions.
Spherical distributions are obtained for =0 and = I in (4.3.1), where I is the
identity matrix and « is a constant. So for a spherical distributed random variable X
we have E(X )=0 and Cov(X )=a I. The contours of a spherical distribution consist
of hyperspheres.

Theorem 4.3.1. The influence function of the G7-based M-estimators at the
spherical distribution F is given by
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_i(pq+1)|y|”_2y

IF(y;u,F) = > (4.3.2)
@ g+l
1 14
IF(y;0,F,) = —l[w—ll, (4.3.3)
b q+]yl
where
) p—2_2 2p-2 1 p=2
a=Ey ((pg+ P72 - 2"" 1}~ Ep, (i"—f—)lx,l,—], (4.3.4)
(g+[q") g+
y P 2p
b=y ((pg + (L2 2T, 435)
(g+|x")?
Proof. We will first compute the matrix €2 in (4.2.9) at F.
Wi _ ) ds
T ﬁ,‘f?_[ » a,u(x 1) —w(s)] gz?
~2)g" — 24" +1)|"
—— (pg P24 - 2|x| -2 )lﬂ . (436)
(g+[x") q+|x
aw1(~x§.u’6)
(L2 dF,=
I w |53
~ 2" = 2?P? +1)|x?
I ROOREy Gl . M R i Y
(g+]4") g+|A
Wy | _ W) ds 2
do K2 7" os 30 26]@:?
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(p=2gl” -2 -
(g+]4")?

=—(pg+1) 2, (4.3.8)

]

I[allfz (X;‘U,O')

-2 p___2 2p
oo peodF,=Ep, (~(pg-+p P2 2Ty

. 2 (439
o=l (g + lxlp)

ow(s) ﬁ(x — 1) = 2w(s)(x— )]

Wal
o ds  Ou

ou

H=0
o=l

_ p=2 _ 2p-2 p-2
(P—2)qq" —2/4 J——(pg+1) 214" x

(g+}")? g+

=—(pg+1[ , (4.3.10)

]

is an odd function of x. Thus J‘[M

u=0dF; =0. Also,

o=l

ow ds

| _ e
B " 35 9o

. (x— )]

H=0
o=l

p- 2)q|x| P2 _ 2|x|2p—2

(g+[4")?

=—-(pq+1)[( 1x, 4.3.11)

is an odd function of x and thus in I[g_Vﬁ(Tx”lﬂ
(o}

]#=0dFs =0.

o=1

0
Therefore the matrix € has the form Q =l:g bj| , where

(p=2gd"" 2"

(g+]4")?

(pg+ D"
g+

a=E, (~(pg+DI 1}-Eg,[

s

1, (4.3.12)

(p=2)afx|” ~ 2
(q+[d")?

b=Eg {~(pq+DI 11-2. (4.3.13)
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The influence function, therefore, becomes

IF(y;T,F,) ==Q 'y (y;0,))

[(pg+ 1)y |

__[l/a 0} g+[y"

0 VPl (pg+il”
g+’
gty
a P
_ a+) . (4.3.14)
_1 et
b g+’
O

We note that the first component of (4.3.14) is a constant times the function

v (,0). Similarly, the second component is a constant times y/,(y,6). We also

note that
+Dlyl?
i) The influence function for the scale IF(y;02,F,) =~ l[M_ 1 is
b g+y”

bounded.

1(pg+ D"y <
a+]|"

ii) The influence function for the location IF(y;u,F;)=—

redescending, i.e. limb’l oo IF (Y3 14, F)=0.
iii) |IF (y; U, Fs)l has a maximum at y* :[q(p—l)]l/ P p>1 and is increasing

over (0,y") and is decreasing over (y",o0).

The following Theorems 4.3.2 and 4.3.3 give the influence functions for the
GST and GET -based M-estimators of location and scale in the spherical family of
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distributions. Their proofs are similar to that of Theorem 4.3.1 and are therefore

omitted.

Theorem 4.3.2. The influence function of the GST-based M-estimators at the

spherical distribution F; is given by

12
IF(y; . Fy)=———F2 (4.3.15)
ak+y
| 2py2
IF(y;0,F) =——[——~1], (4.3.16)
bk+y
where
2—
a=Eg[2p= L, (4.3.17)
! x“+k
x4
b=E, [Ap——]-2. (4.3.18)
Fy (X2+k)2

Remark 4.3.1. Note that the influence function for the scale is bounded and the
influence function for the location is redescending. Thus the GST distribution has

good local robustness properties.

Theorem 4.3.3. The influence function of the GET-based M-estimators at the

spherical distribution F; is given by

1 14792

F(yipFy) =-=(1+— =)y, (43.19)
a Yy +y
2

IF(3;0,Fy) = —[(1+ =132 1y, (4.3.20)
by +y
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where

A+7%)2x? i 1+72

a=Ep| 1, 4321
F; (y2+x2)2 y2+x2 )
2\ 4
b=Ep [%1 -2. (4.3.22)
@yt

Remark 4.3.2. We note that the influence functions for both location and scale are
unbounded. Thus the location and scale estimators found from the GET distribution

do not have good local robustness properties.

4.4. Breakdown Point Properties of the Generalized T Based M-Estimators
4.4.1. The GT Distribution Case

Huber (1984) gave sufficient conditions for an M-estimator of location to
have a breakdown point .5. We verified these conditions for the GT-based M-
estimator of location:

We have
p(x) =(q+1/ p)log(g+}x"), (4.4.1)

and thus the y -function is

_(pg+ D}x|? ! sign(x)
q -+’

v(x) (4.4.2)
1) Since p(—x)= p(x) p is a symmetric function.

2) Since liml x|—see p(x) =00 p is an unbounded function.

PG g

3) limlxl")” lxl =Y.
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4) 1 is an odd continuous function.
5) lim,_,ow(x) =0 for finite p>1 and g.

6) Since liml 3o ¥ (x) =0 y redescends.

7) The y -function has a maximum at x = [(p—l)q]”p , p>1 and this maximum is

: +1/ p)(p—DPDIP
wix) = (¢ p)(zl)/p ) .
q

Thus the GT-based M-estimator of location has breakdown point .5 by
Theorem 4.1. of Huber (1984).

We can also find the breakdown point for the scale estimator. If the
contamination takes the value of the estimator to the boundaries of the parameter
space, i.e. to oo or to 0, then the estimator breaks down. These kinds of breakdown
are called explosion and implosion respectively (Huber, 1981).

We showed in Chapter 3 that a necessary and sufficient condition for the

existence of GT-based M-estimator for scale in the parameter space is — < _pZ_l
n pqg+

This means that the fraction of contamination must not greater than

Pq .Otherwise, the explosion will occur when m > Pq .
pq+1 n  pqg+1

Tyler (1986) showed that the breakdown point of a scatter M-estimator is

g =min{—1—,]——p—} , where K, =sup{w(s')s'} and p' is the dimension of the
2 2

sample space. In the wunivariate GT case we have p'=1 and

P
K, =sup{w(s)s2} = sup{(—pq—-ﬂ—} = pg+1. Thus,
q+s?
if pg>1
pq+1
¢ =minf——, 24y | PL_ i pocl (4.4.3)
pg+1 pg+1 pq+1
/2 ,if pg=1
|
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When pg=1 the joint breakdown point for the location-scale estimator is .5.

When pg>1 since the breakdown point for the scale i.e.1/(pg 4 1), is less than that of

the location, i.e. .5, so the scale estimator first breaks down. Thus the joint

. 1 .
breakdown point is . When pg<1 the breakdown value for the scale is _Pq_
+1 pq+1
and it is less than that of the location. Therefore in this case the joint breakdown
point is L/
pg+1

4.4.2. The GST Distribution Case

For the GST distribution we have

p(x) = plog(k +x?), (4.4.4)
and so the y -function is

2
w(x)=—2_ (4.4.5)

k +x?

It is easily verified that the functions (4.4.4) and (4.4.5) satisfy all the
sufficient conditions given in Theorem 4.1 of Huber (1984). Thus the GS7-based M-

estimator of location has breakdown point .5.

In this case the explosion will occur when LA 212) -1 for the scale estimator.
n p
We have
K, =sup{w(s)s’} (4.4.6)
2ps?
=sup{-—2"} (4.4.7)
k+s
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=2p, (4.4.8)
and the breakdown for the scale estimator is

e = min{——, 2P =1 (4.4.9)
2p 2p

(1
_, I > 1
> if p

_12r=l e o (4.4.10)
2p
1/2, if p=1

When p=1 the joint breakdown point for the location-scale estimator is .5.

When p>1 since the breakdown point for the scale, —2—]—, is less than that of location,
p

i.e. .5, in this case the scale estimator first breaks down. Thus the joint breakdown

point isal——. When p<1 the breakdown value for the scale is 2; ;1 and it is less
than that of the location. Therefore in this case the joint breakdown point is 22 ;1 .
Note that we should not have p <1/2.
4.4.3. The GET Distribution Case

For the GET distribution we have

p(x) = (Hz”2 )log(y> +x2)+%x2, 4.4.11)

and so the ¥ -function is
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(1+y2)x
l//(X) = B +Xx. (4412)
ye+x

The functions (4.4.11) and (4.4.12) do not satisfy all the sufficient conditions

to have breakdown point of .5 for location estimator by Theorem 4.1 of Huber

p(x)

(1984). For example, limy,;_,., T #0 and lim,_,,, Y (x) =o. Also, we can show
x

that the location estimators obtained from the GET distribution is a function of the
sample mean, so we cannot expect that the location estimator can have high
breakdown point. In fact, theoretical breakdown point will be zero because of the
sample mean (Chapter 3, Equation 3.3.5).

For the scale case we have

K, = sup{w(s)s*} (4.4.13)
l+72 '
=sup{(l+ S )s”} (4.4.14)
Yo +s
=oo, (4.4.15)

and thus & =0, from which it follows that the scale estimator from the GET
distribution is not robust. Also, we can show that the scale estimator for the GET
distribution is a function of the sample variance, and it is well known that the
breakdown point of the sample variance is zero, and hence the scale estimators based
on the GET distribution is inheriting the breakdown point of the sample variance.
This is the result of the GET density having a term associated with the normal
distribution.

As we have seen in Section 4.3 the influence functions for both location and
scale estimators are unbounded. Thus the use of the GET distribution as a robust
alternative is skeptical. However, it is known that (See e.g. Fong, 1997) the GET

distribution can be used as an alternative model for the financial datasets.
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5. ALGORITHMS TO COMPUTE THE ESTIMATES FOR THE
PARAMETERS OF THE GENERALIZED T DISTRIBUTIONS

In this chapter we will give an iteratively reweighting algorithm to compute
the estimates for the parameters of the generalized t distributions. We will establish
the connection between the iterative reweighting algorithm and EM (Expectation and
Maximization) algorithm. We will first start with the iteratively reweighting
algorithm to compute the G7-based M-estimates. In literature it is often stated that an
iterative reweighting algorithm can be used to compute the estimates for the
parameters of the G7 distribution (e.g., McDonald and Newey, 1988) but connection
between the suggested iterative reweighting algorithm and the EM algorithm is not
known. The main aim of this chapter is to show that this iteratively reweighting

algorithm is in fact an EM algorithm.

5.1. Iteratively Reweighting (IR) Algorithm for the G7 Distribution

Recall that the estimating equations for the location and the scale parameters

of the GT distribution with known shape parameters are

n n n
B o=Swix > w and 62 = w(x; - ) /n, (5.1.1)
i=1 i=1 i=1
where
g+ Eh
w,; = (5.1.2)
(I ﬂl

Since the weights depend on the parameters to be estimated the estimating
equations cannot be solved explicitly. Therefore, some numerical methods such as
Newton-Raphson, are needed to find an approximate solution to the estimating
equations. However, the nature of the estimating equations suggest an updating
equation that leads us for using an iteratively reweighting algorithm. The estimating

equations given above suggest the following IR algorithm.
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n n
‘a(m+1) — wam)xi /Zwi(m) (5.1.3)
=1 j=1
I n
(5_2(171'1" ) =Zwt(m) (xi _ﬁ(m+1))2 /n (5.1.4)
=1
where,
Ix,a— g m
(pg+ D"
(m) _ o —
w™ = — , m=0,12,... (5.1.5)
X —H »
q+( = )

At each iteration we substitute the current estimates for 4 and o into the weight

function (5.1.5) to find the new weights. Then we keep these weights fixed, and

compute a new estimate for f from the updating equation (5.1.3). Next, substituting

the present weights and the new estimate for g into the updating equation (5.1.4) we

find a new estimate for o2.

5.2. Relation Between the IR and EM Algorithms for the GT Distribution

The EM algorithm is an iterative procedure for maximizing a likelihood
function. Dempster, Laird and Rubin (1977) introduced this algorithm for computing
maximum likelihood estimates from incomplete data. (The data which we observe is
called incomplete data and they together with missing data is called the complete
data). They termed EM because each iteration in this algorithm consists of two steps
called the expectation step (E-step) and the maximization step (M-step).

The main concept in the theory of the EM algorithm is missing data. Data can
be missing in the ordinary sense of a failure to record certain observations on certain
cases. Data can also be missing in a theoretical sense.

In the E-step of the algorithm the conditional expectations of the missing data
are found given the observed data and the current estimates of the parameters. These

expectations are then substituted for the missing data and used to complete the data.
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In the M-step, maximum likelihood estimation of the parameters is performed in the
usual manner using the completed data. The estimated parameters are then used to
reestimate the missing data, which in turn lead to new parameter estimates. The

procedure can be carried out until convergence is achieved.

Theorem 5.1. The iterative reweighting algorithm to compute the GT based M-

estimates

n n n
n 9 (m+]) n
‘u(m+1) — Zwl(m)xi /Zwlgm) , O_2 — Zwi(m) (xi _H(m+l))2 /n, where

i=l i=l i=

‘X,' _‘ﬁ(m)l p—2
(pg +1X o )
wf'") = g o , m=0,1,2,...can be identified as an EM algorithm.
X =
])
a ( 6_(/11) )

Proof. Since we observe X directly, the random variable T in X=p + q” PoUTV?
can be regarded as missing information. Thus the observations x;,x,,...,x,, can be
viewed as incomplete data with the missing components #,f,,...,z,,. The combined

data (x;,t;) will be regarded as the complete data with the joint density function

| p’ —tg(l-l-lr[p) P
fext,1,0,p,9) = —e t 2, (5.2.1)
4L/ (g ' Fo
where r = xl/—pu . To perform the E-step of the algorithm we need the complete data
qg'vo

log-likelihood function which is

n
lc(,u'ao-) =10ngC('xi’ti;u’o—’ p’Q)

i=1
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z ra-1v
:_nloga—zzip’2(1+|;;.|”)+——2-21ogti

i=l i=l

:—nlogc—it{”zlrilp+zn:{£512———]logti—t,-"/z} (5.2.2)

i=} =l

(m) 2(m)

Now the conditional expectation of (5.2.2) given x, """ and © will give the E-

step of the EM algorithm. Further, to find the conditional expectation we need the
conditional density function of ¢ given r. After some straightforward calculation the

conditional density of ¢ given r can be obtained as follows:

fo(otm,02, p.q)

h(tlr)= 5
fsu,0%,p,q)

pg-1 Pyt

P2 (141P ) 2 PN P
t
_pe +Sllﬂ—l ri’) (5.2.3)

P

Now we can find the conditional expectation of the complete data log

_likelihood function. Since the last term does not involve u and o it can be ignored.

Then the conditional expectation is

n _ p
Ell (u,0)1 p™, o™ ]=-nlogo - ZE[t{”Z I rr‘—“i—t— , (5.2.4)
i=l oq
where E(tP'? 15y = 231D
17 1P

To perform the M step of the algorithm we have to maximize this function

with respect to 4 and o, but we can see that finding the maximum points of this

function is not an easy task. To perform the M step of the algorithm we will use the
method given in Lange and Sinsheimer (1993) and Arslan (2002b). Let us construct

the following function:
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1 x;,— U >
o, ol u'™ c"y=—logo ——2 (m) 2(7) (5.2.5)
=
where w(™ are given in (5.1.5), and they are computed at the current estimate of
u

and o . This function is a quadratic function and it has a unique maximum point.
Now we can perform the M-step. It can be easily seen that this function and the
conditional expectation of the complete data likelihood function will have the same
stationary points.

In the M-step of the algorithm, we maximize Q(;L,O'2 I,u('”),cz(’")) with

respect to 4 and o . The solution of the equations

aQ ! (m) =0

a‘u - 121 w; o (x = ,u)O' =0 (5.2.6)
aQ 1 (m) =0

Y y —+— E (x— ,u) o =0 (5.2.7)

z—l

are

Lo (m+)
fm D _zw(m) %, /zw(m) and 62" ZW(”’) (x; = A2 /n, respectively.

i=1 i=l i=1
These solutions are the same equations given in (5.1.3) and (5.1.4), Therefore we
have obtained that the IR algorithm derived from the GT estimating equations is an

EM algorithm.

5.3. Adaptive Robust Estimation for the GT Distribution

In this section we will consider the estimation problem of the GT distribution
under the assumption that the shape parameters are unknown. This estimation
problem will lead us to the adaptive estimation procedure in which the shape
parameter, mainly the distribution, will also be estimated from the data.

A number of procedures can be proposed to obtain estimates, but a general

approach to estimate the four parameters can be described as fallows: First estimate
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the shape parameters p and g, and then use the estimates for p and ¢ to find the
estimates for ¢ and o .

One can use the maximum likelihood estimating equations for the four
parameters of the GT distribution. This procedure will be an iterative procedure. To
start the procedure we have to start some initial estimates for the parameters. These
initial estimates will be inserted in the maximum likelihood estimating equations to
obtain new estimates for the shape parameters. Then using the new estimates for the
shape parameters one can find the new estimates for the location and scale
parameters from the maximum likelihood equations given in (3.1.2) and (3.1.3). This
procedure will be repeated until convergence.

Another procedure to find the estimates for the shape parameter is to use the
moments of the GT distribution. Recall the even central moments of the GT

distribution

; Tg" PO+ 1)1 p)T(g—jl p)
—ENX —w)i1=24 ST DIP)ITIP) 5.3.1
Hj (X -] (17 2T ( )

for j even. The population kurtosis is given by

14 _T(5/ p)T(g—4/ p)T(1/ p)T(g)
‘ 2 ! (5.3.2)
u3 r2@3/ p)ri(g-2/p)

A moment estimator of p and of g can be obtained by solving the following equations

simultaneously for p and g :

n

ny (x;~%)*
2 20 n e
r“@/p)I“(g—-2/p) e? — 3272
=1
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% 8
ny (x; —%)
LS/ p)(q=8/p)I' A/ p)I(q) _ _i=I (5.3.4)
25/ p)T2(g—4/ L _ o
(5/p)I'“(g—4/p) 1Y _3)4p2
i=1

where the right hand sides of (5.3.3) and (5.3.4) involve the sample moments. Now
we can choose the values of p and g which are solutions to (5.3.3) and (5.3.4), and

use them in the likelihood equations (3.1.4) and (3.1.5) to find the estimates for u

and o .

5.4. IR Algorithm for the GST Distribution and Its Relation with the EM
Algorithm

In this section we will give the IR algorithm for the GST distribution and its
relation with the EM algorithm which have already been given in the literature (e.g.,
see Dempster, Laird and Rubin, 1980). From the estimating equations we can

formulate the following IR algorithm

n n
‘a(m+1) A Zwi(m)xi /Z wi(m) 54.1)
i:l i=1
1 n
62"V 23w (x, - pm Y2 (5.4.2)
i=1
W 2p (5.4.3)
l . _nim
X ﬂ 2
k+( )
ém
for m=0,,2,....

Let x;,%,,...,X, be a data set modeled by the GST distribution. Suppose that

1/2

we observe X directly but Q is assumed missing in X = g +k"?cUQ™"?, where U

has a standard normal distribution and Q has gamma GA(p-1/2,1/2) distribution.

Thus the data x;,x,,..,x, can be viewed as missing. So the complete data is

y =(x,q) (see Dempster, Laird, Rubin, 1980).
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Let R= /IY;Z—’U . So the joint density function of the random variables of R
k' ‘o

(orX)and Qis

L1 g?!

Jelx.q 1,0k, p) = : (5.4.4)
¢ JaT(p -1/2)ckV/22P
The complete data log-likelihood function is
lo(u,0)=log [ | fo(x;.q;; 1,0k, p)
i=1
=—nlogo —(1/2)Y.q;(1+r7)+(p-1)> logg; (5.4.5)

i=1 i=1

except for an additive constant.

The conditional expectation of /, (x, o) given x and u=u™, 6 =0" is

O, o | p"™, 6"y = Bl (1, 0) | ™, 6™

=-nlogo - (1/2)2"3 A+r)E(g; | ;) (5.4.6)

i=]

We have clearly E(q|7)=2p/(1+r?). Now letting w™ = E(q, | ;)= 2p/(1+7?),

we obtain

n
0,0 | 4™,0™) = —nlogo - (1/2)3 W™ (1+17)

i=1

=—nlogs—(1/2) fw,.('”) 1 +%(’i1‘)2 ] (5.4.7)

i=1 o
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In the M-step we maximize Q(i,0 | 1™ ,c"™) with respect to u and o .

) 00

The equations —a——:O, 5——:0 yields the same estimates as in the (5.4.1) and
u (o}

(5.4.2). Therefore the IR and the EM algorithms are equivalent.

5.5. Examples

In this section we will study the real data sets whose likelihood functions
were sketched in Chapter 3. These data sets are useful in demonstrating the
performance of the generalized t distributions for finding the robust location and
scale estimates of some data sets containing possible outliers and subgroups. In
Example 5.1 we use the Cushny and Peebles Data. This data set is widely used in
robust statistical analysis to evaluate the performance of the proposed method. In
Example 5.2 we use a data set that has two subgroups. We can see in the example
that for some values of the shape parameters the likelihood function has two local
maximum points one for each group. This behavior of the GT and GST likelihood
functions is a desirable behavior in robust statistical analysis to identify the different
structures in the data. In Example 5.3 we compare the GT-based M-estimators with
other robust location and scale estimators on two real data sets.

The estimates for the GT and GST distributions have been calculated using

the IR algorithm given above Sections 5.1 and 5.4.

Example 5.1. (Cushny and Peebles Data) Hampei et al. (1986) used some robust
methods to compute the location of the data since the observation 4.6 is clearly an
outlier. Their results are summarized as follows: Median is 1.3, %10 trimmed mean
is 1.4, %20 trimmed mean is 1.33 and mean of data set without the observation 4.6 is
1.24 (Hampel et al., 1986).

Figures 3.1(a)-3.1(d) show the plots of the location-only likelihood functions
for the different values of the shape parameters. For the values of p=1.8 and g=1 the

likelihood function has a unique maximum point occurs at [1=1.29 (See Figure

3.1(a)). We can see that unlike the sample mean, 1.58, the location estimate obtained

from the GT distribution is very close to the median.
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If m/n< pgl(pg+1) is hold,(where n= sample size=10, m= number of

coincident observations =2) regardless of the values of the shape parameter we can
see that the scale likelihood function is unimodal (See Figure 3.1(d)). One can easily

verify that when p=1.8 and g=1, we have m/n=02< pg/(pg+1)=0.6. The

maximum is attained at & = 2.18 (See Figure 3.1(d)).

Example 5.2. (Derby Data) The sample mean and the sample standard deviation for
this data set are 131.87 and 14.25, respectively. The median is 125.2, and the robust
scale estimate MAD (Median Absolute Deviation) is 4.74. The differences between
the median and the sample mean, and also sample standard deviation and MAD
suggest that the sample mean and the sample standard deviation are affected from the
observations belonging to the interval 1875-1895 which are far from the main bulk of
the data. We can also find the univariate version of MVE (Minimum Volume
Ellipsoid) location estimate as 124.72 with the corresponding scale estimate 8.68.
Further, the sample mean and the standard deviation of the observations without the
points between 1875 and 1895 are 125.02 and 3.32, respectively.

Similar robust estimates for the location and scale parameters of the data set
can also be obtained by the M-estimators based on the GT distribution. For example,
when p=2.5 and g¢g=1 the likelihood function has a unique maximum at

(&, ) =(125.69, 7.42) (See Figure 3.2(a)). One can see that the maximum point

occurs very close to the median and the robust estimates. Also, the maximum point is
very close to the sample mean without the subgroup.

We treated above the observations between the years 1875-1895 as an outlier
group in the data. However, one can think that these points come from a different
distribution, and may want to find the estimates for this subgroup of the data. The
sample mean and the sample standard deviation of this small group (without the main
bulk of the data) are 159.60 and 3.74, respectively. The robust location estimates for
this group are median=158.25 and MVE=158.40 with the scale MAD =1. 85 and
3.11, respectively.

We can use the multimodality property of the GT likelihood function to detect
these two groups in the data. For example, when p=1.2, g=.05 the likelihood function
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has two local maximum points in the parameter space (See Figure 3.2(b)). We can
further observe that each maximum point corresponds to a group in the data. The
maximum points occur at (g, 6)=(125,.70) and (i, 6)=(157.50, 3.69),
respectively.

The multimodality of the likelihood function is also caught by the estimators
from the GST distribution. When we choose p less than 1 we may obtain multiple
roots of the GST based likelihood function. For example, for p=.55, k=.6 we have
(&, 6)=(124.06, 31) and (&, &) =(157.49, 1.37).

Example 5.3. In this example we use two real data sets to compare the generalized t
based M-estimators with other robust location-scale estimators. They are Cushney
and Peebles and Rosner (1975) data sets, which are often used in the literature to
illustrate various robust estimators of location. Cushny and Peebles data were given
in Example 3.1 (See also Figure 5.1). Rosner data consist of 10 monthly diastolic

blood pressure measurements (Figure 5.2).

Table 5.1. Location and scale estimates of two real data sets
(mve= minimum volume ellipsoid estimate for the univariate data).

Cushny & Peebles Rosner
Distribution o &2 Jr &2
Normal 1.5800 | 1.3616 | 82.2000 | 232.3600
Cauchy 1.2628 | 0.1089 | 88.2266 | 23.1408

T(v=2) | 1.2806 | 0.2380 | 87.4224 | 37.3632

H(v=.5) 12834 | 0.0254 | 88.8448 | 13.7284
GT(p=1.6,g=1) | 1.2820 | 0.2924 | 87.9741 | 55.4380
GT(p=1.6,g=3) | 1.2971 | 0.0406 | 88.3984 | 25.2477
GT(p=2.6,q=4) | 1.2433 | 0.2151 | 83.0170 | 51.2241
GT(p=2.8,9=.3) | 1.2387 | 0.1499 | 88.3003 | 43.2078
GT(p=2.9,4=.1) | 1.2800 | 0.0147 | 89.1015 | 16.2000
GST(p=5,=1) | 142 | 751 | 85.12 | 1034.13
GST(p=5=3) | 142 | 250 | 85.12 | 344.77

GST(p=1,=.2) 1.26 46 88.23 115.70
GST(p=1,k=1) 1.26 .09 88.23 23.14
mve 1.2571 | 0.0995 | 88.3750 | 26.5536

88



5. ALGORITHMS TO COMPUTE THE ESTIMATES FOR THE PARAMETERS
OF THE GENERALIZED T DISTRIBUTIONS Ali Thsan GENC

1F

o s B Basdn 4k F Y o
-—r —ry L T

.

median

Cauchy

myve
GT{p=2.8.g=0.3)

Figure 5.1. Cushny & Peebles Data and location estimates.
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Figure 5.2. Rosner Data x; ={90,93,86,92,95,83,75,40,88,80} and location estimates.

As we can see from Table 5.1 and Figs. 5.1 and 5.2 above, the location and
scale estimates based on the GT distribution may be more robust than the other
robust estimators. From the Table 5.1 we can observe that for some values of p and ¢
we can obtain very robust estimates of the location and scale parameters of a
univariate data set. If p and g are properly chosen the location estimate based on the
GT distribution can be better than the median which is known as the most robust
location estimate and than the Cauchy.

Rosner data set has only one outlier. In this case the location and scale
estimates based on the GT distribution can be as good as the mve estimates for
location and scale, which are known as the most robust estimates (Fig. 5.2).

We observe that the estimates of the GST distribution become poor as we

increase the value of p. Especially, for small k the scale estimate gets large for fixed
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p. For the Rosner data Figure 3.3(a) shows the plots of the location-only likelihood
functions for the different values of the shape parameters. For the values of p=1 and
k=2 the likelihood function has a unique maximum point occurs at [1=89.54 (See
Figure 3.3(a)). This estimate is very close to the median. Also Figure 3.3(b) shows

the plot of the scale likelihood function for p=1=k. The estimate is & =80.97.

90



6. REGRESSION ESTIMATION BASED ON THE GT DISTRIBUTION
Ali [hsan GENC

6. REGRESSION ESTIMATION BASED ON THE GT DISTRIBUTION

In this chapter we will explore the robust regression estimation based on the
GT distribution with known shape parameters. We will assume that the error term u

in the regression model y =XB+u has a GT distribution with known shape

parameters. Then we will use the maximum likelihood estimation method to estimate
the regression and scale parameters. We show that the estimation problem can be
reduced to the weighted least squares case with the weights adjusted iteratively, and
the regression estimate is the M-estimate with a redescending influence function.
Because of the redescending property of the estimate the outliers will be
downweighted, and hence the estimates is little affected by the outlying observations.

The performance of the robust regression estimators based on the GT
distribution will be compared with other robust regression estimators that are well-
known and widely used in regression analysis. The performance will be compared
via the examples. The datasets used in examples are widely used in robust statistical
analysis to assess the robustness of the estimators. Some of the data sets are real, and
some of them are artificially generated data sets. In the examples our intention is to
illustrate the ability of the GT based regression M estimators to handle the outliers in
the regression setting. We show in the examples that the GT based regression M
estimating equations often have a solution which gives good fit to the data, ignoring
the outlying observations, if they are properly tuned (that is, if the shape parameters
are properly chosen). Also, we observe from the examples that if the data set has
multiple structure, such as different clusters, then the GT based M estimators can
have multiple solutions for the smaller values of the shape parameters. Using this
property we can find one fit to each cluster in the data. This behavior of the GT M
estimators is desirable in recent robustness studies. Mainly, we want to identify the
different structures in the data if there are some (see Arslan, 2002a).

Before we move on the regression estimation via the GT distribution it
should be noted that in this chapter we only discuss the GT based regression M
estimators, since the regression estimation methods based on the GST distributions

have already given in the literature (see, e.g. Dempster, Laird, Rubin, 1980).
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6.1. Parameter Estimation
Consider the following regression model,
y=Xp+u, (6.1.1)

where, y is the nx1 response variable, X is the nxp matrix containing p
explanatory variables including an intercept as the first column, B is the px1
unknown regression parameters, and u is the #x1 vector of random errors.

Assume that the errors #; in model (6.1.1) are independently and identically
GT-distributed with zero mean, unknown scale parameter o and known shape

parameters p and ¢. If x; denote the ith row of the matrix X then the density of

the ith observation y; is given by

rq? | yi = xiB I —g-1/p
) = q-+ , —0 < Y; <©
Ji) 5 B(]/p,q)u "y ) y
.2,...,0. (6.1.2)

After taking the derivatives of the log likelihood function

n . —x:B1?
I(B,0)=—-nlogo — (q+l)z Iog(q+]—y’—a%ﬂ~—l——) (6.1.3)
i=1

with respect to B and o, and setting to zero yield the following estimating equations

for p and o
n P v —x.RIPT ¢ L X.
Ay T xR i 2B o ey (614
o P jq | yi —xiB|”
g+t
o?
n -p-1 . —x.B |7
_61_:_11_+(q+L)ZpO' ly' X‘B[ =0. . (615)
oo o P iq |y, - xB1”
g+
o
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These equations can be rewritten in the following forms:

L 1 A
> wixi(xiB-y,)=0 (6.1.6)
i=1

n I~ )
> wi(y; —xiP)> —né? =0 6.1.7)
i=1

+D)1y; ~x; 172 627
where Wi:(pq ARJ x,AB .
g+ly;—x;B1” 67°

These estimating equations can be viewed as the M estimating equations for

the regression parameters B and the scale parameter ¢ with the corresponding

function for the regression parameter

_(pq+ l)lr/0'|p—2r

w(r) , (6.1.8)

g+|riol’
where r = y—xp is the residual.

To investigate the local robustness of the regression estimator obtained from
the GT distribution we will first give the influence function. One can easily obtain
the joint influence function of the regression and scale parameters under the
assumption that the errors and the carriers are independent and the error distribution
is symmetric about origin. Since our main interest is the regression parameter rather
than the scale, we will only give the influence function of the regression parameter

B. The influence function for the regression M estimator for B given in equation

(6.1.6) can be obtained as (see, e.g., Hampel et al. 1986)

IF(x,y,B)=w(r)Mx, (6.1.9)
where
M = (E(y’(r).(E(x X)), (6.1.10)

RNk I ataltalu el
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and the expectations are taken with respect to the error and the carrier distributions.

One can easily see that the influence function has two factors, the first factor w(r) is

only the function of the residual, and the second factor M~ 'x is only the function of
the carrirers. In general, the influence function seems unbounded in the carrier space

but because of the redescending nature of y(r) function (see Figure (6.1)) the

outlying observations in x-direction will be downweighted as well. These regression
estimators can be regarded as the redescending regression M estimators. Since the
y -function depends on the shape parameters p and g the amount of the points to take
small (or large) weights will increase or decrease for different values of these
parameters. Therefore, since the shape parameters p and g will also play an important
role in regression estimation problem we will treat them as the robustness tuning

constants.

10 20

Figure 6.1. y -function (p=3, g=10)(McDonald and Newey, 1988)

Further, after rearranging the estimating equations (6.1.6) and (6.1.7) the

estimators for B and ¢ can be obtained as the iteratively reweighted least squares

form as follows

B= (iw,.x;xi)‘l(i W, Y.X,) (6.1.11)

i=1 i=1
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R 1 n ~
é* =.n_2w,.(y,.—xi3)2. (6.1.12)
i=1

Since the weight function is a decreasing function of the residuals it will give
small weights to points which are far from the bulk of the observations, i.e. outliers.
So our estimators are not affected much from outliers. Note that the weights assigned
to observations are not fixed and they change for each iteration in the estimation
process. Since the weights depend on the estimators the estimators can not be
explicitly stated and, therefore, some numerical algorithms should be used to
compute the estimates. Again, many different algorithms can be proposed to
calculate the estimates, but the equations (6.1.11) and (6.1.12) can be easily modified
to obtain a simple iteratively reweighting algorithm. In the example given below this
iterative reweighting algorithm will be used to compute the regression M estimates

based on the GT distribution.

6.2. Examples

In this section we will present some examples to display the performance of
the GT based M regression estimators by handling the outliers and/or the clusters or
different structures in the data. In the examples we will use some of the widely used
datasets in robust statistical analysis. We will mainly consider the following
problems and the examples will help us to see how well the GT based regression M
estimators can handle these problems: (i) Can we find a ﬁt to the data ‘tvhat fits to the
majority of the data and ignores the outliers? (ii) Can we use the IR algorithm to get
that fit or fits? (iii) Do the convergence of the IR algorithm sensitive to the starting
points? (iv) Can we find a fit to each cluster in the data if some clusters are present?

From our limited experiences based on the examples we can say that the GT
based regression M estimators can produce a good fit to the data ignoring the
outliers. The IR algorithm formulated from the estimating equations can be used to
compute the estimates. Different starting points for the algorithm can produce
different convergence points if the likelihood function has multiple maximum points

in the parameter space. If the data contain clusters or subgroups (or a group of
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outliers) we can be able to find these subgroups using the GT based M estimators.
Each local maximum of the likelihood function may correspond to a cluster in the
data, and produce a different fit to the data. Thus, one can consider all the fits to
illustrate the complete structure of the data. Finding the multiple fits to the data is

particularly very important in applied sciences such as computer vision.

Example 6.1. Pilot-Plant Data (Rousseeuw and Leroy, 1987).

In this data set the response variable corresponds to the acid content
determined by titration, and the explanatory variable is the organic acid content
determined by extraction and weighing. This data set has no outliers and there is a
strong linear relationship between variables. So the least squares (LS) fit
y =35.46+0.32x accords with the other robust fits. If the x-value of the 6™
observation is recorded as 370, this error produces an outlier in the x-direction,i.e. a
leverage point. Now the LS estimate is no longer a good fit. Because the LS fit is

pulled by the outlier. To remedy this problem a robust method is needed.

Table 6.1. Regression estimates for Pilot-Plant Data.
(standard errors are in parentheses)

Method ﬁo ,81 o Log-lik
LS 58.94 .08 14.80 -82.27
(6.61) (.05)
GT(p=2.1,g=1)  35.50 32 1.55 -13.86
(.64) {.00)
GT(p=2.4, g=1) 35.37 32 1.65 -13.86
(.58) (.00)
GT(p=4, =.25) 35.26 32 1.37 -33.14
(.55) (.00)
GT(p=1.8, ¢=2) 35.54 32 1.69 22.70
(.65) (.00)
t 35.78 32 .84 -45.63
(92) (01)
t, 35.55 32 1.07 -46.73
(73) (01)
LMS 36.34 31 1.33
Huber 54.34 13
Tukey 35.32 32
LS* 35.32 32 1.22 -30.81
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We use the iteratively reweighting least squares (IRLS) method to estimate
the regression parameters. For a comparison we consider several robust methods
(Table 6.1). We see that the LS and Huber fits are influenced by the outlier.
However, the redescending M-estimators Tukey, t-estimators and GT estimators stay
resistant to outlier (Figure 6.2). These fits are similar. If we delete the outlier and

perform the LS, the resulting line LS*, will be the same as the robust fit (Table 6.1).

Titration

150
robust
140+

129 F

00}
LS

80 h

50 F

< .

50 100 150 200 250 300 350

Ext:rack

Figure 6.2. Regression lines for Pilot-Plant Data

Scatter plots of the observations can be used to detect outliers in simple linear
regression. However, the robust procedures easily and automatically identify the
outliers. In this example the identification of the 6" observation as an outlier is

resulted from having the smallest weight. For example, the weights given by the

estimator GT(p=4, g=.25) are ranges from 3.3x107™* to 2 and the 6™ observation has

the smallest weight.
Example 6.2. Star Data (Rousseeuw and Leroy, 1987).

This example comes from astronomy. The independent variable log
temperature is the logarithm of the effective temperature at the surface of the star,
and the logarithm of its light intensity corresponds to the dependent variable. In the
scatter plot we see two groups of points: a major group in the center and a group of

four observations in y-space (Figure 6.3.)
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Table 6.2. Regression estimates for Star Data.
(standard errors are in parentheses)
Method ﬁo 'él G Log-lik
LS 6.79 -41 .55 -38.81
(1.24) (29)
GT(p=1.5, g=1) 8.00 -.65 .50 -32.58
(1.06) (.25)
GT(p=13, g=1.5) 8.04 -.66 A8 11.81
(2.30) (.53)
GT(p=1.8, ¢=2) 7.07 -.46 .66 53.34
(1.91) (.44)
GT(p=1.8, g=4) 6.88 -42 .70 268.32
(1.64) (38)
GT(p=3.1,¢=1) 6.93 -.45 .76 -32.58
(1.51) (.35)
GT(p=1.1, ¢g=.05) 8.46 -.78 13 -176.30
(.14) (.03)
t, 7.95 -.64 .36 -50.67
(1.35) (31
L 7.34 -.52 A4 -45.18
(2.30) (.53)
LMS -12.63 3.97 .36
Huber 6.79 -41
Tukey 6.83 -.42

Figure 6.3. LS regression line for Star Data.

If we begin with the LS fit for our iteration we get the parameter estimates

presented in Table 6.2. These estimates are all poor except for the LMS. The LMS
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line nicely fits the main body of the data. If we use the LMS line as a robust starting
value for the iteration we find two lines for different values of shape parameters
(Table 6.3.) For very small values of them the GT estimators fit as well as LMS. For
example, the estimator GT(p=1.1, ¢=.05). This estimator gives the observation 11,

20, 30 and 34 zero weight in the final step of the iteration.

Table 6.3. Regression estimates for Star Data with starting point LMS.
(standard errors are in parentheses)

Method B, B, o Log-lik
GT(p=1.7, ¢=1) 1.99 .69 54 -32.58
(.74) (A¥)]
GT(p=1.6, g=1) 1.68 .76 Sl -32.58
(1.00) (:23)
GT(p=1.3, g=2) 2.07 .67 .50 59.39
(.88) (.20)
GT(p=4, g=.25) -4.29 2.10 A5 -77.88
(3.55) (.82)
GT(p=1.3, ¢=1.3) -4.73 2.20 42 -6.28
(.00) (.00)
GI(p=1.1,¢=.05) -12.74 4.00 A3 -176.30
(.00) (.00)

3.5 4 4.5 5 5.5

Figure 6.4. GT(p=1.1, ¢=.05) regression line for Star Data.

Example 6.3.
We now analyze an artificial data set generated by Arslan (2002a). It is

advantageous to employ such an artificial data set because the position of the bad
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points is known exactly and so the effectiveness of the method can be measured
without much controversies as in real data. This data set consists of one hundred
points and contains two subgroups. As it can be seen easily' from the scatter plot, one
group of forty lies in the x-space (Figure 6.5.) The parameter estimates are given in

the following Table 6.4. (The initial value for the iteration is LS fit.)

Table 6.4. Regression estimates for the artificial data.(standard errors are in

parentheses)

Method B, B, o Log-lik

LS 34 -17 250  -233.38
(:32) (.02)

GI(p=1.2,4=01) 95 -21 1.03  -516.52
(.07) (.00)

GT(p=1.8,4=01) 1.12 -22 46 -476.78
(.02) (.00)

GI(p=13,g=.1) 1.13 -.22 52 -300.61
(.04) (.00)

GT(p=1.01,4=1) 95 -21 1.03 -69.31
(.45) (.02)

L 44 -.19 1.15  -234.94
(27 (.01

& .36 -.19 146  -228.46
(.25) on

LMS 1.82 -24 1.68

Huber 39 -.18
Tukey 47 -.19

Figure 6.5. A fit exposed to the effect of the outliers group.
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We note that Table 6.4 reflects similar fits. For example, GT(p=1.8, ¢=.01)
passing through the outliers group (Figure 6.5.)

Table 6.5. Regression estimates for the artificial data with
starting point LS* (standard errors are in parentheses).

Method B, B o Log-lik
LS* .98 97 .99 -84.43
(.13) (.05)
GT(p=1.2, ¢q=.01) 77 .90 .62 -516.52
(on (.00)
GT(p=1.8, g=.01) .87 .76 38 -476.78
(.04) (.00)
GT(p=1.3, g=.1) .69 63 .74 -300.61
(.07) (.00)
GT(p=1.01,4=1)  -.65 -.16 1.04 -69.31
(.53) (.03)
ts 1.02 -22 .76 -250.68
(-18) on
L, 45 -.19 1.15  -234.94
27) (on
t 36 -.19 146 -228.46
(25) (o1
LMS* 1.17 .97 .98
Huber 39 -.18
Tukey .97 .97

Table 6.6. Regression estimates for the artificial data with
starting point LS** (standard errors are in parentheses)

Method B B o Log-lik

LS** 15.46 -.69 71 -42.91
(3.66)  (.12)

GT(p=1.2,4=01) 6.88 -40 47  -516.52
(.05) (.00)

GT(p=1.8,4=.01) 1.35 -23 27 -476.78
(.65) (.03)

GT(p=1.3, g=.1) 1.35 -23 45  -300.61
(.58) (.03)

GT(p=2.1, g=1) 35 -19 213 -69.31
(26) (01)

When we use the LS fit based on the outlier-free data as an initial value for
our iteration we see that the GT estimators yield lines through good data points for
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small p and q. (Table 6.5. and Figure 6.6.). On the other hand when we choose LS**
(Least Squares estimates for outlier group) as an initial estimate we can obtain fits
through the outlier group (Table 6.6 and Figure 6.7).

In this examplq we also see that the LMS estimator which is known to be a
high-breakdown-point estimator is pulled by the outlier group (Figure 6.8.) Notice
that the LMS fit is similar to the LS fit (Table 6.4.)

y

20 | -

-10 _o3bs” [ 10 20 30

Figure 6.6. A fit through the group of good data points.

10

Figure 6.7. A fit through the group of outliers.
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151 s — LS

ot s

Figure 6.8. A comparison of the LS, LMS and GT fits.

Consequently this example shows that using the GT distributions family we

can easily model data containing subgroups.
Example 6.4. Stackloss Data (Rousseeuw and Leroy, 1987).

This real data set describes the operation of a plant for the oxidation of
ammonia to nitric acid and consist of 21 four-dimensional observations and has been
analyzed by several authors such as Andrews (1974) and Lange et al. (1989).

The LS regression line for the data is y =—39.92+.72x, +13x, —.15%;. In

case a multiple regression model is considered, index plots can be used to detect
outliers. These plots are based on standardized residuals and are reliable tools for
identifying outliers when a difference occurs between the corresponding plots for the
LS and the robust method.

The LS index plot is shown in Figure 6.9. In that figure the vertical axis stdres
corresponds to the standard residuals. The standardization is performed by the

division of the raw residuals r; = y; — ¥, by the scale estimate corresponding to the

fit, We notice that the LS standardized residuals lies within the horizontal bands —2.5
and 2.5.
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If we start at the LS line we get the estimates in the following Table 6.7. For
p=2.5 and g=1 the GT estimators give the observations 4 and 21 the smallest weights
.4 and .2 respectively in the final step of the iteration. From the corresponding index
plot, Figure 6.10., we see that the observations 4 and 21 lie outside the band formed
by the LS standardized residuals. When we get small the values of p and g the
number of observations having smallest weights increases. For example, when p=1.5
and g=.2 the observations 1, 3, 4, and 21 all take zero weight at the final iteration.
The index plot associated with the GT(p=1.5,9=.2) estimator is given in Figure 6.11.
We see from Figure 6.11 that the observations 1, 3, 4, and 21 stay away from the

region bounded by the LS standardized residuals. These observations are outliers.

Table 6.7. Regression estimates for Stackloss Data (standard errors are in

parentheses)
Method l[}o /}1 Bz 'és o Loglik
LS -3992 72 1.30 -.15 297  -52.65

(11.9) (13) (37) (.16)

LMS 3925 75 .50 0.00 121

Huber 4075 76 117 -14

Tukey 4133 83 95  -13

t 3863 85 49  -07 .76  -49.58
(597 (07) (18) (.08)

1, 3812 8 .56 -09 1.80 -50.31

(6.86) (07) (21) (.09

GT(p=2.5.¢=1) -3996 86 .69 -11 252 -14.56
(10.38) (11) (32) (14

GI(p=1.5,4=5) -4047 84 55 -05 .80 -33.28
4.09) (05) (13) (.05)

GT(p=1.5,¢=2) -3994 83 57 -06 .09 -49.23
(1.60) (02) (05) (.02)
GT(p=15,4=05) -39.99 83 .56 -06 0.00 -72.84
(.01) (02) (06) (.03)

GT(p=13,4=5) -40.09 83 .56 -06 .58 -34.34
6.92) (08) (21) (.09)
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Figure 6.9. Index plot associated with LS.
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Figure 6.10. Index plot associated with the GT(p=2.5,q=1) fit.
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Figure 6.11. Index plot associated with the GT(p=1.5,4=.2) fit.

Table 6.8. Regression estimates for Stackloss Data without four outliers.
(standard errors are in parentheses)

Method B, B, B, B o Loglik
LS* -37.65 .80 S8 -.07 1.10 -25.70
(4.73) .07 17 (.06)
LMS -34.25 71 36 0.00 48
Huber -37.56 79 S7 0 -07
Tukey -37.30 81 54 -.07
t -36.69 75 38 .00 23 -27.43
(1.82) (.02) (.06) (.02)
t, -37.71 .84 46  -.06 57 -26.56

(6.03) (07 (19)  (.08)

GT(p=2.54=1) -37.21 .83 49 -.07 1.22 -11.78
(5.63)  (.06) (17 (07

GT(p=1.5,g=.5) -37.18 82 41 -.05 .57 -26.94
(.64)  (.03) (08)  (.03)

GT(p=1.5,g=2) -35.91 .82 A4 -.07 0.08 -39.85
(1.84)  (02) (06)  (.02)

GT(p=1.5,4=.05) -35.94 .82 44 -.07 0.00 -58.97
(41) (.00) (01) (01

If we remove the four outliers from the data and apply our methods to the

remaining observations we get the estimates given in Table 6.8. We note that the
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estimates are all similar. We also note that the LS* is similar to GT estimates for

small p and ¢ given in Table 6.7.

Example 6.5. Hawkins-Bradu-Kass Data (Rousseeuw and Leroy, 1987).

This artificial data set has been generated by Hawkins, Bradu and Kass
(1984). The data set consists of 75 observations in four dimensions. The first 10
observations are bad leverage points, and the next 4 points are good leverage points.

It is reported in Hawkins et al. (1984) that the bad leverage points are masked
and the four good leverage points appear outlying by M-estimators.

The parameter estimates are given in the following Table 6.9. We note that

the Tukey method and the t estimates are not much different. We also note that the

,ffz estimate for each of the methods LS, Huber and GT(p=1.1,4=.05) is negative.

Table 6.9. Regression estimates for Hawkis-Bradu-Kass Data (Standard errors are in

parentheses).
Method ﬁo '31 /}2 [33 o Loglik
LS -.39 24 -33 38 2.19 -165.19
(.42) (.26) (.16) (.13)
LMS -.56 .18 .04 -07 .62
Huber -.68 .19 -12 33
Tukey -.94 14 19 .18
t -1.06 07 28 .16 .09 -125.15
(03)  (02) (O (01)
t, -1.06 12 26 .16 21 -115.46
(1) (10)  (.06) (.05)
t, -.99 .14 21 17 34 -114.20

(22) (.14) (.08) .07)

GT(p=2.5,4=5) -1.01 15 22 .16 .76 -106.96
(200 (12) (07 (.06)

GTp=184=2) -95 .14 .19 .19 93 85.12
(15) (09  (.05) (.05)
GT(=1.54=5) -1.04 07 28 .16 .49  -118.86

(05)  (03) (02 (01
GT(p=1.3,4=2) -.61 -.10 A3 30 28 -183.08
(06)  (04) (02 (.02)
GT(p=1.1,4=05) -90 35 -.16 34 1 -281.33
(O  (01) (.00 (.00)

By the index plot of LS ,Figure 6.12, we see that the observations 11, 12 and
13 fall outside the +2.5 band; so they are outliers with respect to this plot. We know,
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however, that they are good points. On the other hand, the bad leverage points having
small standardized LS residuals have been masked. Hawkins et al. (1984) noted that
the index plots associated with M-estimators are very similar to that of LS. One
estimator in Table 6.9, the LMS estimator, however, singles out the bad leverage

points perfectly (Figure 6.13.)
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Figure 6.12. Index plot associated with LS.
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Figure 6.13. Index plot associated with LMS.

If we delete the first 10 outliers and fit the model, we obtain the LS* and the LMS*
estimates shown in Table 6.10. We note that the LMS and the LMS* estimates are

similar. If we start the iteration with LS* then we can capture the outliers by some
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methods (Figure 6.14.) Tukey, 5, and the GT estimates except for GT(p=1.8,4=1)

are all robust. These estimates do not give much different results (Table 6.10.)

Case

Figure 6.14. Index plot associated with GT(p=1.5,¢g=.5) with starting
point LS*.

Table 6.10. Regression estimates for Hawkis-Bradu-Kass
data with starting point LS* (Standard errors are in parentheses).

Method '30 'él ,32 ﬁz & Loglik

LS* -.18 .08 .04 -.05 .54 -52.17
(.10) .07 (.04) (.04)
Tukey -.18 .08 .04 -.05

ts ~42 21 .04 -.09 12 -141.72
.07 (.04 (.03) (.02)

4 -1.06 .12 26 .16 21 -115.46
(17 (10) (.06) (.05)

GT(p=18,4~1) -1.01 13 23 17 a7 -51.99
(.19 (.09) (.05) (.04)

GT(p=1.8,=8) -30 14 .04 -.07 75 -76.67
(16)  (.10) (06) (.05

GI(p=1.54=1) -30 15 .04 -07 72 -51.99
21 (.13) (.08) .07)

GT(p=1.5,4=5) -41 23 .04 -.09 S5 -118.86
(.19) (.12) (@) (.06)

GT(p=1.3,4=2) -25 17 .04 -.08 29 -183.08
(02)  (01) (01) (01
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7. CONCLUSIONS AND FUTURE WORKS

In this thesis we have considered the three kinds of generalizations of the
Student’s t distribution in detail. A new scale mixture representation of the GT
distribution has been given. We have used the generalized t distributions originally to
obtain robust estimators for the location and the scale parameters of a univariate data
set. We have shown that the local robustness of the estimators for the location and
scale estimators can only be achieved if the shape parameters of the GT distribution
are kept fixed. We have obtained some conditions on the shape parameters under
which the likelihood function is unimodal in the parameter space. Also, we have
observed that when we relax the conditions on the shape parameters the likelihood
function may have multiple local maxima. This behavior of the likelihood function
for location and scale can be useful in robust statistical analysis to detect presence of
subgroups in data. It can be argued that each maximum point may correspond to a
subgroup in data. A similar discussion for the regression case for the redescending
M-estimators is given by Morgenthaler (1990) and Arslan (2002a). Since the results
obtained for the location and scale estimation problem can be easily extended to the
regression problem, it can be considered that each local maximum point of the
likelihood function may correspond to some structure of interest in the data.

We have also given some examples to illustrate the properties of the
likelihood functions obtained in the thesis. In the examples the values of the shape
parameters have been chosen to get the appropriate display of the shape of the
likelihood function. One can easily choose different values for the shape parameters
as long as the conditions given in the theorems hold, and still can have the similar
behavior of the likelihood function.

We have also used the GT distribution as an alternative error distribution in
the linear regression case. The estimators we have found were redescending, so the
effect of outliers in data reduced. We have observed from the examples that GT
distribution can provide a good robust alternative error distribution in regression
setting, and the estimators obtained from the GT distributions can fit the data well if

they are properly tuned.
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In regression setting the influence function of the estimators for the regression
and the scale parameters have been mentioned, but we have not given the asymptotic
properties of the estimators, such as asymptotic normality asymptotic efficiency.

However, it should be noted that since the estimators have been obtained from the

maximum likelihood estimation method the estimator ﬁ is normally distributed with

o2 Ely*(u)]
Bl 2
(EL_—y @)

mean B and covariance matrix A= (X‘X)_1 (Huber, 1981). The

breakdown point of the regression estimators based on the GT distribution has not
been also given. A future work is planned to investigate the asymptotic properties of
the regression estimators as well as the breakdown points.

In this thesis we have only investigated the generalized t distributions with
symmetric density functions. A similar analysis can also be done for the skewed
generalized t distributions mentioned in Chapter 2 (cf. Carroll and Welsh, 1988). In
particular, the skew generalized t distributions can be introduced as a robust
modeling distribution alternative to the traditional symmetric distributions.

Further in this thesis our main emphasis has only been given to the univariate
versions of the generalized t distributions. Recently, Arslan (2002c) has defined a
new family of the multivariate generalized t distributions that includes the
multivariate t distribution, generalized t distribution defined by Arellano-Valle and
Bolfarine (1995). Also, in Arslan (2002c) the multivariate version of the GT
distribution has been defined. Multivariate generalized t distributions family defined
by Arslan (2002c) will be a robust alternative distributions family to the multivariate
normal and multivariate t distribution to model a multivariate data set with heavier
tails that the normal and t distributions. The properties of this family have not been
studied yet. One of our future projects is to study the properties of the multivariate
GT distribution, and use it to find alternative robust estimates for the location and
scatter parameters of a multivariate dataset. Also, we will use the multivariate
generalized t distributions to find the estimates for the regression parameters in the

multivariate regression setting.
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S-Plus Program for the Regression Method GT(p=1.5,q=.2)

y<-matrix(c(data.matrix(stackloss[1:21,4:4])),ncol=1)
x<-matrix(c(rep(1,21),data.matrix(stackloss[1:21,1:3])),ncol=4)
x1<-matrix(c(data.matrix(stackloss[1:21,1:3])),ncol=3)
data<-c(x1,y)
p<-1.5
q<-.2
old.beta<-matrix(c(-39.92,.72,1.30,-.15),ncol=1)
old.sigma<-sqrt(sum((data-mean(data))"2)/84)
n<-21
it<-0
repeat{
k1<-matrix(0,21,4)
k2<-matrix(0,1,16)
wt<-((p*q+1)*((abs((y-x%*%old.beta)/old.sigma))(p-2)))/
(q+(abs((y-x%*%o0ld.beta)/old.sigma))"p)
i<-1
while(i<22){
add1<-(wt[i,]*y[i,] *as.matrix(x[i,],ncol=1))
k1[i,]<-addl
i<-i+1

al<-matrix(colSums(k1),ncol=1)
j<1
while(j<22){
add2<-as.vector(wt[j,] *as.matrix(x[j,],ncol=1)%*%
t(as.matrix(x[j,],ncol=1)))
k2<-rbind(k2,add2)
j<itl
}
a2<-matrix(colSums(k2),ncol=4)
new.beta<-solve(a2)%*%al
new.sigma<-sqrt(sum(wt*((y-x%*%new.beta)"2))/n)
lik<-n*log((p*(q"9)*gamma(q+1/p))/(2*gamma(1/p)
*gamma(q)),base=exp(1))-n*log(new.sigma,base=exp(1))
-(q+1/p)*sum(log(q+Habs(y-x%*%new.beta)
/new.sigma)”p,base=exp(1)))
it<-it+1
if(it>80)
break
old.beta<-new.beta
old.sigma<-new.sigma
cat(it,new.beta,new.sigma,lik,"\n")
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S-Plus Program for the Standard Errors of the
Regression Method GT(p=1.5,q=.2)

y<-matrix(c(data.matrix(stackloss[1:21,4:4])),ncol=1)
x<-matrix(c(rep(1,21),data.matrix(stackloss[1:21,1:3])),ncol=4)
n<-21
pp<-4
p<-1.5
g<-.2
beta<-matrix(c(-39.94,.83,.57,-.06),ncol=1)
sigma<-.09
i<-1
r<-matrix(0,1,n)
inv<-solve(t(x)%*%x)
while(i<n+1){
z<-y[i,]-x[i,] %*% beta
r<-replace(r,i,z)
i<-i+1

}

s<-median(abs(r))/.6745

w<-1/s

psisqr<-(((p*q+1)*(abs(w)"(p-1))*sign(w))/(q*(sigma”p)+abs(w)"p))"2

psider<-(p*q+1)*((p-1)*q*(sigma”p)*(abs(w)"(p-2))-abs(w)"(2*p-
2))/((q*(sigma”p)+abs(w)"p)*2)

a<-(1/n)*sum(psider)

b<-(1/(n-pp))*sum(psisqr)

lambda<-1+(pp/n)*((1-a)/a)

varcov<-b*lambda*((s/a)"2)*inv

stderr<-sqrt(diag(varcov))

stderr
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