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ABSTRACT

A CONTEXT-AWARE MODEL FOR STOCHASTIC PLANNING IN
ENVIRONMENTS WITH HIDDEN STATES

EKMEKCİ, ÖMER
Ph.D., Department of Computer Engineering

Supervisor: Prof. Dr. Faruk Polat

September 2021, 69 pages

Partially Observable Markov Decision Processes (POMDP) have been used exten-

sively to formalize representations for decision-theoretic planning problems to be

solved under uncertainty. In this setting, autonomous agents do not have the per-

fect state information. Thus, agents need to store a memory for keeping track of

which state it is in depending on the observations. In domains with huge state spaces,

policy generation becomes costly. In order to overcome this problem, compact repre-

sentations using propositional logic and/or grammar-based models are needed. These

representations benefit from the underlying state-action relationship in a given prob-

lem setting. However, plain POMDPs do not encode these relationships. Existing

exact solution algorithms for POMDP planning are inefficient at determining a useful

policy in task with huge state space. Based on this motivation, in this thesis, we take

our inspiration from an earlier work and propose a new grammar-based model called

Context-Aware POMDP (CA-POMDP) for the purpose of representing Markovian

sequential decision making problems in a more structured manner in partially ob-

servable environments. CA-POMDP changes and augments POMDP facilities by

integrating causal relationships between states, actions and observations thereby en-
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abling structural, compact if possible, representation of the tasks. To show the ex-

pressive power of CA-POMDP, we give the theoretical bounds for complexity of

conversion between POMDP and CA-POMDP. Second, we enhance a policy genera-

tion algorithm for fully observable domains to reveal the way for solution procedures

for partially observable domains which uses the local relationships for improved per-

formance. We give theoretical definition and analysis of our solution algorithm then

present our conducted experiments on numerous problems. Results show that incor-

poration of context dependent information to solver algorithm significantly improved

policy generation.

Keywords: Markov process, stochastic planning, decision making, partial observabil-

ity, context-aware
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ÖZ

SAKLI DURUMLARI OLAN ORTAMLARDA STOKASTİK PLANLAMA
İÇİN BAĞLAM-FARKINDALIĞI OLAN MODEL

EKMEKCİ, ÖMER
Doktora, Bilgisayar Mühendisliği Bölümü

Tez Yöneticisi: Prof. Dr. Faruk Polat

Eylül 2021 , 69 sayfa

Kısmi Gözlemlenebilir Markov Karar Süreçleri (KGMKS) belirsizlik altında çözül-

mesi gereken stokastik planlama problemlerinin gösterimlerinin formalize edilmesi

için yaygın bir biçimde kullanılmaktadır. Bu düzende, otonom etmenler durum bilgi-

sine kusursuz bir biçimde sahip değildir. Bunun için, etmenler gözlemlerine bağlı ola-

rak hangi durumda olduğunun bilgisini saptamak için bellek tutma gereksinimi duyar-

lar. Durum uzayının büyük olduğu alanlarda plan oluşturmak çok masraflı hale gele-

bilir. Bu problemin üstesinden gelmek için, önermesel mantık ve/veya gramer-tabanlı

modeller kullanılarak elde edilen kompakt gösterimler oldukça faydalıdır. Bu göste-

rimler, verilen bir problemde bulunan durum-aksiyon ilişkilerinden faydalanır. Yine

de, KGMKS’ler bu ilişkileri kodlamazlar. KGMKS planlaması için var olan kesin çö-

züm algoritmaları çok büyük durum uzayına sahip bir görev için işe yarar bir poliçe

bulma konusunda verimsizlerdir. Buradan hareketle, bu tezde, daha önceki bir çalış-

madan ilham alarak kısmi gözlemlenebilir ortamlarda Markov ardışık karar verme

problemlerini daha yapısal bir biçimde temsil etmek için Bağlam-Farkında KGMKS

(BF-KGMKS) isimli yeni gramer-tabanlı bir model sunduk. BF-KGMKS, KGMKS
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yapılarını durum, aksiyon ve gözlemler arasındaki nedensel ilişkileri entegre ederek

değiştirerek geliştirir ve böylece görevlerin yapısal, mümkünse kompakt, gösterimini

sağlar. BF-KGMKS’nin ifadesel avantajını göstermek için, KGMKS ve BF-KGMKS

arasındaki dönüşümün karmaşıklığının kuramsal sınırlarını çizdik. İkinci olarak, tam

gözlemlenebilir alanlar için, daha iyi bir performans adına yerel ilişkileri de kullanan

ve kısmi gözlemlenebilir ortamlar için olabilecek çözüm yöntemine de yol göstermesi

için bir plan üretme algoritması sunduk. Çözüm algoritmamızın kuramsal tanımını ve

analizini yapmış olup farklı problemler ile gerçekleştirdiğimiz deneylerimizi sunduk.

Sonuçlar, içerik bilgisinin çözüm algoritmasında kullanılmasının poliçe oluşturulma-

sını önemli ölçüde geliştirdiğini göstermiştir.

Anahtar Kelimeler: Markov süreci, stokastik planlama, karar verme, kısmi gözlemle-

nebilme, bağlam-farkında
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Remember this : Time is of the essence
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CHAPTER 1

INTRODUCTION

1.1 Motivation and Problem Definition

Representing and solving stochastic and deterministic decision making problems re-

quire specific models and algorithms. Markov Decision Processes (MDPs) [1] are

commonly used as formal framework for such problems. MDPs use states, actions,

transitions and rewards to represent a task, and with this representation at hand dy-

namic programming (DP) oriented algorithms are employed to produce an optimal

policy. These algorithms guarantee generating optimal/near-optimal policies for a

sequential decision problem given enough resources of time and space. However,

one critical downside is that they disregard the structural information available which

leads to a rather unprocessed representation and inefficient generation of optimal poli-

cies when the state space complexity grows large which is the case in real world ap-

plications. Hence, in reinforcement learning, notions of factorization [2, 3, 4, 5, 6]

and abstraction [7, 8] including hierarchical decomposition [9, 10] and tree-based

abstraction [11] are vital. Many methods like state abstraction [12], causal influ-

ence networks [3] and hierarchical decomposition [13] are proposed to overcome this

problem by defining sub problems in some way, namely sub-MDPs, like the divide

and conquer paradigm, then after solving those sub-problems independently, the re-

sults are merged to constitute the policy. In this study, we chose to take another path

and not only exploit state relationships but also integrate state-action dependencies to

enable factorization, a bottom-up approach, in contrast to first defining problem then

engineer certain aspects to get factorization which is a top-down approach. Note that,

our approach is also widely open to further top down engineering which is beyond the

scope of this study, yet its representation elements can most definitely alleviate the
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computations to divide the problem into sub independent problems. However, it is

important to remark that MDP is originally proposed for modeling general stochastic

problems, not only for AI specifically. AI problems are mostly real world problems

having lots of crucial information that is useful for efficient representation and solu-

tion. Without a hint of that available context and integrating it a priori, like certain de-

pendencies especially between states and actions, the true nature of the task becomes

harder to be revealed thereby leading to inefficiencies and computational burden in

both representation and solution.

Problems modeled as MDPs assume full observability of the environment. At ev-

ery time step, agent knows exactly what state it is in. Most of the problems in the

real world does not have full observability. For example, sensors of an agent may

collect information with some probability from the environment and agent needs to

take this into consideration in its computations hence leading to uncertainty about the

state it is in. Partially Observable Markov Decision Processes (POMDPs) are suited

for problem settings having partial observability. POMDP formulation expresses the

imperfect/partial state information and allows reasoning about which possible action

to take under uncertainty. The aim is again to find a method to choose actions to

maximize rewards. However, in contrast with MDPs, to keep track of which possi-

ble state that the agent might be in, a probability distribution over the states needs

to be stored. This distribution, called belief state, is generated by successively be-

ing updated every time agent makes an observation. Numerous POMDP studies have

been reported in AI community to address the planning and decision making under

uncertainty [14, 15, 16, 17, 18, 19].

The set of belief states has infinite cardinality making it impossible to iterate over be-

lief states to find optimal value function. Various algorithms yielding a representation

of a policy that maps actions to all belief states by using piece-wise linear repre-

sentations of value functions have been proposed [20, 21, 14, 15, 16]. algorithms

generating exact solutions have double-exponential complexity in the worst case in

the horizon and in many cases undecidable [22]. In addition to this curse of state

dimensionality, problems of MDP mentioned in first paragraph, are also applicable to

partially observable settings, hence making the formulation in need of factored repre-

sentations to alleviate the costs of finding an optimal policy. Algorithms for factored
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representations of POMDPs are detailed in the next section.

The motivation behind this study is based on the scalability problem which forbids

efficient generation of policies for both fully and partially observable settings.

1.2 Proposed Methods and Models

In this thesis, we first proposed a grammar-based model for partially observable set-

tings which benefits from factored representation. Second, we proposed a dynamic

programming (DP) based solution algorithm for fully observable settings. We leave

finding an efficient solution method for our model for partially observable environ-

ment as future work.

Our proposed model called, Context-Aware Partially Observable Markov Decision

Processes (CA-POMDP) is a factored representation of a regular POMDP which also

expresses of relationships between states, actions, observations and beliefs. In this

model, states are represented as a conjunction of state variables whereas transitions,

observations, rewards and beliefs are represented in a grammar-based form called ef-

fects as in [23, 24, 25]. In addition, a new element which is preconditions of actions is

introduced which indicates the prerequisite values of state variables before executing

an action. With this setting, a formulation can be encoded much more efficiently and

expressively which guides solution algorithms to generate policy improving the time

cost. Another major benefit is, given a task having localized relationships between

states, actions and observations, which is generally the case for real world problems,

with our formulation, these are revealed more easily than a regular POMDP enabling

use of hierarchical models efficiently. Next, belief updates are also factorized to re-

duce the complexity of update computation which is an important bottleneck in gen-

eration of optimal policy in partially observable setting. Hence, our model is more

compact and expressive than POMDP and it will be highly beneficial for sequential

decision making problems in environments with partial observability.

Finally, in a fully observable setting in order to get the benefits of those elements in

generating policies, we proposed an extension to regular value iteration (VI) algo-

rithm namely CA-MDP Value-Iteration (CA-MDP VI). CA-MDP VI applies similar

3



updates as VI however taking into account of the task structure supplied with its prob-

lem formulation thus eliminating redundant computations and converge to optimal

policy in a faster manner.

1.3 The Outline of the Thesis

The flow of this thesis is organized into five main titles with a conclusion section in

the end which the next section presents the background of stochastic planning and

Markov Processes and relevant studies. Next, we introduce Context-Aware POMDP

formulation with an example for clarification. In addition, conversions between a

regular POMDP and CA-POMDP is given to demonstrate expressive power. In the

next section a value iteration algorithm for fully observable environments, CA-MDP

VI is introduced with its theoretical background. Also, experiments are carried out

in various domains. In those trials, we managed to justify our theoretical claims

empirically and give detailed discussions about the results. We finish our paper with

a conclusion section in the end giving an overall discussion and remarks with future

work blended in.
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CHAPTER 2

BACKGROUND AND SURVEY

2.1 Reinforcement Learning and Planning

Reinforcement learning (RL) is a type of learning which focuses on techniques and

algorithms for solving sequential decision making problems. In this setting, au-

tonomous agents try to learn useful aspects of the given problem using certain sig-

nals to make sequence of decisions conditioned on the history. These signals, called

rewards, behave as a supervision for the agent enabling learning the best action map

given a configuration of the problem state space, i.e. policy. Hence, the main founda-

tions of the RL paradigm can be summarized as [26]:

• model, is a representation for the problem environment. It can come in various

flavors however key point is that agent may or may not have knowledge all of

the model hence now knowing which state is in (e.g. sensor error) and it can be

forced to act according to its belief distribution over states.

• reward, is a real-valued supervision signal to guide the agent by defining what

is useful and not in the environment which is typically gathered at each time

step by the agent. The aim of the agent is to maximize the expected reward

gathered over the long run in the given state-action space.

• value function, is a real-valued mapping from states to their assigned expected

utilities. The expectations are computed by the agent from immediate and fu-

ture rewards indicating the long term goodness of states when the expectation

of immediate rewards of future possible states (that are available from the cur-

rent one) are taken into account. The future sight, i.e. the amount how much of
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the future rewards are taken into account, is determined by a a parameter called

discount value.

• policy, is a mapping from states to actions which sufficiently defines the be-

havior of the agent in the environment it is in. They may also be stochastic,

mapping states to probability distributions over certain actions, hence enabling

uncertainty in the selection of actions in a state.

In a nutshell, an agent in a given problem setting: (i) interacts with the environment,

(ii) gets rewards and observations (iii) generates value functions by evaluating states

with available actions either with trial-error/experience or offline, (iiii) generates an

state-action policy according to the value function.

The environment model and rewards can be encoded in Markov Decision Processes

[1, 27] and various dynamic programming (DP) based solution algorithms are pro-

posed for generation of value functions and policies.

Here, we briefly sketch the general Markovian framework with discrete time steps

which most of RL studies are employed on.

2.1.1 Markov Decision Processes

A Markov decision process (MDP) [1] is a tuple ;

M =< S,A, T,R >, (2.1)

where ;

• S is a set of states

• A is a set of actions

• T : S × A × S → [0, 1] is a mapping defining the transition such that

T (s, a, s′) = P (st+1 = s′ | st = s, at = a) is the probability measure stating

the probability that the current state changes from s to s′ when action a is taken.

6



Note that, T (s, a, .) defines a probability measure hence
∑

s′∈S T (s, a, s′) =

1∀s ∈ Sand a ∈ A. The environment is deterministic if the range is 0, 1 rather

than interval otherwise it is stochastic.

• R : S × A → R is the reward function defining the accumulated reward

amount when being in state s and taking action a.

Given discrete time steps, t ∈ N denoting current time step, an agent being in state

st interacts with the environment by choosing action at and observing next state st+1

and getting reward rt as follows:

st+1 ∼ T (st, at, .) = P (st+1 | st = s, at = a),∀s, s′ ∈ S, a ∈ A

rt = R(st, at)

The aim of the agent is to generate a policy π : S → A that maximizes the accumu-

lated discounted reward in the long run.

To generate policy that maximizes the expected reward over states, a value function

is defined V π(s) which reflects expected cumulative discounted reward for state s. In

order to compute that for a state following a policy, we have;

V π(s) = Eπ[rt+1 + γrt+2 + γ2rt+3...|st = s], (2.2)

where rt+1 is the immediate reward gained from taking action at in st with respect

to π and γ ∈ [0, 1] is the discount factor. If γ = 0, computation only considers

immediate rewards whereas if γ = 1, all future values are taken into account equally

as if they are gained at that time step. Mathematically, aim is to generate a policy π

maximizing V π(s),∀s ∈ S.
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2.1.1.1 Evaluating MDPs and Finding an Optimal Policy

In order to generate an optimal policy, the first thing we need to do is evaluating the

value function given in equation 2.2.

V π(s) = Eπ[rt+1 + γV π(st+1)|st], (2.3)

The transition probability function P (s′|s, a) and R(s, a) can be inserted into Equa-

tion 2.3 and it can be rearranged in a recursive form, therefore;

V π(s) = R(s, a) + γ
∑
s′∈S

P (s′|s, a)V π(s′). (2.4)

Equation 2.4 represents the Bellman equation. Similarly to the value function, action-

value function can be defined, represented as Q : S × A → B:

Qπ(s, a) = R(s, a) + γ
∑
s′∈S

P (s′|s, a)V π(s′). (2.5)

Q function represents the expected accumulated value of the state s when action a is

taken.

In order to find the optimal policy, we need to compute the maximum values, i.e.

the optimal value function V π∗(s), for every s ∈ S. The optimal value function is

represented as V ∗ which is the solution of the Bellman equation [1],

V ∗(s) = max
pi

V π = max
a∈A

Q∗(s, a),∀s ∈ S

Q∗(s, a) = R(s, a) + γ
∑
s′∈S

P (s′|s, a)V ∗(s′),∀s ∈ S, a ∈ A

Therefore, optimal policy π∗ is the policy with value function: V ∗. For an MDP, a

deterministic optimal policy can always be generated.

DP-oriented algorithms are widely used to efficiently generate optimal policies. They

store intermediate value results in the numerical approximation process and converge
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to optimal value function. Optimal policy can be generated by taking the action that

has the highest state-action value for each state.

Most important algorithm is Value iteration (VI) which stores a table containing val-

ues for every state-action pair, which is an estimate of V ∗ [1]. At each iteration, it

updates the values as following;

Vk+1(s) = max
a∈A

[
R(s, a) + γ

∑
s′∈S

P (s′|s, a)Vk(s
′)

]
. (2.6)

where it will continue until a predefined stopping criteria is satisfied. VI is detailed

in Algorithm 1.

Algorithm 1 Value Iteration

1: Initialize V(s) randomly,

2: repeat

3: δ ← 0

4: for all s ∈ S do

5: v ← V (s)

6: V (s) = max
a∈A

[
R(s, a) + γ

∑
s′∈S P (s′|s, a)V (s′)

]
7: δ ← max(δ, |V (s)− v|)
8: end for

9: until |δ| < ε

Up to this point, we assumed agent has full observability of the environment dynam-

ics such that agent can perceive all of the state-action (and reward) relationship, i.e.

the probability distribution of next state depending on current state, and reward in-

formation, to generate desired optimal policy. However, if we make the setting more

realistic by adding uncertainty to the state knowledge of the agent, i.e. sensor error

etc., it is not fully known which the state agent is in with %100 probability. Hence, for

partially observable settings, a new model is needed for agents that operate in those

environments.
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2.1.2 Partially Observable Markov Decision Processes

In real world problems, there almost always exists uncertainty, even though small,

about the environment. In order to address these realistic scenarios, Partially Observ-

able Markov Decision Process (POMDP) has been developed. A POMDP is a tuple

[28]:

M =< S,A, T,R,Ω, O, b0 > (2.7)

where ;

• S,A, T,R, define the underlying MDP

• Ω, is the set of all possible observations

• O, represents the observation probability measure,O(o, a, s′) = Pr(ot+1|at, st+1),

which is the probability of receiving observation o after taking action a at time-

step t then reaching state s′

• b0, is the initial assignment to belief.

Agents in partially-observable environments take actions according to two approaches.

First, the agent can choose it’s immediate action based on complete past action-

observation history and current observation. However, this approach has exponen-

tial complexity in policy representation and generation in terms of |O|, |A|, i.e. total

number of possible observations and actions at each stage: At a time step t, a given

policy, π maps history to an action, i.e. π : (|O|t × |A|t−1 → A).

Second, they can implement a memory which stores information about which state

they can be in depending on action-observation history, which is called belief. Belief

defines a distribution over the state set S encoding the summary of agent’s fuzzy

knowledge of which state it might be in. With belief states, the process becomes

Markovian from Non-Markovian, since belief state is a sufficient statistic of the past

and all beliefs reside in |S|−1 dimensional simplex. Intuitively, one can imagine this

addition as conversion from POMDP over S to and MDP over belief space. Whenever
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agent takes an action a and receives and observation o, current belief state is updated

according to Bayes’ rule:

b(s′) =
P (o|s′, a)

P (o|b, a)

∑
s∈S

P (s′|s, a)b(s) where,

P (o|b, a) =
∑
s′∈S

P (o|s, a)
∑
s∈S

P (s′|s, a)b(s)

In this case, domain of policy does not grow as time step progresses. However, belief

distribution comes with a great complexity cost too, since space of all probability

distributions over states is huge and continuous (uncountable) even though states are

discrete.

2.1.2.1 Evaluating POMDPs and Finding an Optimal Policy

As a result of using belief states instead of current state, state value function V, state-

action value function Q and policy function π are redefined as follows:

• Policy function π : B→ A maps a belief state to an action.

• State Value function V : B→ R maps a belief state to its total expected reward.

• State-action Value function Q : B×A→ R maps a belief state and an action pair

to its total expected reward.

Solution methods for POMDP in the literature can be split into two different cate-

gories; the first one is exact-value iteration methods which includes Witness algo-

rithm [15], One pass algorithm [28, 20], Enumeration algorithm[29] and Incremental

Pruning [16].

The exact-value update of value function can be written as:

V ′(s) = R(s, πV (s)) + γ
∑
s′∈S

T (s, πV (s), s′)V (s′) (2.8)
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The overall complexity of a single iteration of exact value update is: O(|V | × |A| ×
|Ω| × |S|2 + |A| × |S| × |V ||Ω|). Given a value function V, a greedy action policy can

be derived using the following equation:

πV (S) = arg max
a∈A

R(s, a) + γ
∑
s′∈S

T (s, a, s′)V (s′) (2.9)

Since each value function Vt is piece-wise linear and convex [21], we can implicitly

represent the value function as a set of linear functions. The linear functions that make

up the value function are called α -vectors, V = α1, ..., αn. Thus, we can compute

the value at belief state b as follows:

V (b) = max
α∈V

b.α (2.10)

where the worst case complexity grows exponentially in observation space which

makes it extremely prohibitive for practical uses. However, not all alpha vectors will

contribute to the value function, only a small subset of non-extraneous alpha vectors

will actually be used due to themax operation in equation 2.10. To address this issue,

two different approaches have been proposed in the literature in order to reduce the

computational complexity of the exact-value iteration solution methods: in the first

approach, a large number of alpha vectors are generated as the value function is up-

dated, then the extraneous alpha vectors are pruned. This approach was proposed in

several studies [29, 30] and it works efficiently when the number of possible observa-

tions is small. However, in the second approach which is usually referred to as relaxed

region approach, we start with a small set of non-spurious set of alpha vectors, then

we add non-extraneous alpha vectors one by one until no more non-extraneous policy

trees exist. This approach has been pursued in several works such as algorithms pro-

posed in [15] and [28]. Another important study, [16], introduces an exact solution

method to POMDP’s called Incremental Pruning. In comparison to other famous ex-

act solution methods based on DP such as Witness and Exhaustive. Results show that,

Incremental Pruning outperforms the other methods on various problems with differ-

ent sizes. The Incremental Pruning algorithm consists of two main steps which are

repeatedly computed until optimal value function is computed, thus optimal policy is

computed as well: (i) update the set of alpha vectors, ii prune the updated set to its
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minimal size.

The other category of solution methods is called; approximate-value update methods

which calculate approximate value-iterations instead of exact value-iterations. They

scale very well with the state-action space. That is based on the fact that performing a

large number of the computationally inexpensive approximate value-iterations yields

a better value function compared to performing a few exact value-iterations. As an

example, [31] presents an approximate solution method to POMDP’s named HSVI.

HSVI combines heuristic search and value iteration. It also maintains and updates

both an upper and a lower bounds on the piecewise linear value function. The lower

bound is represented as a set of alpha vectors while the upper bound is represented

as a set of belief points. The main operation of the algorithm is performing local

updates at belief points thus improving both the upper and lower bounds. The belief

point to be updated is chosen using heuristic search methods that explores forward in

the search tree.

Most important approximate solution methods are Point-based methods [19]. These

algorithms exploit from factored representations of POMDPs and try to overcome the

difficulties arose from belief state updates [32, 33]. Details of point-based studies are

presented in the next sub-section.

At this point, we will turn our attention to complexity problems of PO/MDPs arose

from problems with huge state spaces and solution proposals for scaling of such pro-

cesses.

2.2 Factorization of MDPs & POMDPs

In this section, we described various approaches and studies to address scalability

problem of MDP and POMDP formulations.
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2.2.1 Graphical Models for Compact Representation of MDPs/POMDPs

In MDP, state space complexity of the given domain can grow prohibitively large for

problems of practical applications. As a result, defining O(|S|2) sized transition ma-

trices for each action and a O(|S|) vector of expected rewards may be quite costly

and unnecessary. Authors in study [2], built a Dynamic Bayesian Network (DBN)

based model to factor the transition matrices into a stochastic temporal process [34]

represented as graphs reflecting the relationships between state variables (rather than

states) for compact representation. In this framework, a DBN is defined with state

variables for each action which shows the effects of a given action to state variables.

This network is a 2-slice structure due to Markovian assumption showing the transi-

tions of state variables. Each node denotes a state variable with temporally succeeding

state variables emitting a conditional probability distribution.

As an example, a problem called coffee task is formulated in [2]. Here is the list of

state variables presented in the problem:

• W ; robot is wet or not,

• U ; robot has umbrella or not,

• R; it is raining or not,

• L; location of robot; office or coffee shop,

• HU ; user has coffee or not,

• HR; robot has coffee or not.

For this action, it can be observed that the value of HU is effected by L, HU and HR

for the action deliver coffee with no influence from the rest of the variables.

This approach is also extended for POMDPs which carries utmost importance since

policy generation for POMDPs became infeasible after tens of states. In [35], authors

proposed to use Bayesian networks and influence diagrams to compactly represent

POMDPs by exploiting the structure of the problem and the independence between

state-variables. Although that is a powerful way of compact modeling, our model
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approaches in a different perspective enabling even fine-grained factorization using

tools of propositional logic. To generate optimal policy authors, introduce Monahan’s

solution method to POMDP’s which uses the explicit representation of states and

make use of Sondik’s finding that value-functions are piece-wise linear and convex

to find optimal policies using α vectors [29, 28]. The algorithm iteratively generates

sets of α vectors then prunes the dominated ones. It describes how the previous

algorithm can be modified and applied to the proposed representation of POMDP’s

using Bayesian nets. The idea is to use Algebraic Decision Diagrams (ADDs) to

represent value functions [36, 37]. They generate α trees rather than α vectors and

apply a modified version of the Monahan’s solution method.

Another theoretical study, proposes a new approximate representation for value func-

tions of a factored POMDP as a linear combination of basis functions [38]. It then

proceeds to explain how to use the proposed approximate value function with value-

iteration and policy-iteration algorithms in order to solve factored POMDP.

There are other studies that uses ADDs as factorization [39, 40, 19]. In study [39],

authors presented a DP based algorithm for generating policy for factorized POMDPs

represented as ADDs. Their proposed algorithm is based on Incremental Pruning to

update value functions which has two main steps. It first performs value iteration

using one step back up then pruning on the set of piece-wise linear function to delete

dominated ones. One other study proposed an improvement over HSVI algorithm

([31], see previous sub-section) that can exploit factorization by ADDs.

On the other hand, as stated, most important solution methods are point-based value

iteration algorithms [41] which gave birth to a whole new category that were devel-

oped and improved over the years [42, 43, 18, 44]. The main advantage of point-based

solution methods is that they work with a subset of the belief space, restricting their

search domain to the reachable belief states.

[42] introduces new theoretical measure for convergence that combines both con-

siderations of the curse of dimensionality and history called discounted reachability.

Based on the proposed theoretical work, it introduces two modifications to the pre-

viously studied algorithm HSVI called HSVI1 and HSVI2. It compares the proposed

variations and experiments with their corresponding performance.
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Another point-based method related study introduces a novel point-based approxi-

mate solution method to POMDP’s called Perseus [45]. What makes Perseus more

efficient than other point-based solvers is that it computes backups for only a subset

of the belief points into consideration, given that the computed solution will be ef-

fective for the entire set of belief points. At each backup iteration, Perseus randomly

chooses a belief point, performs back up update for it then adds the new alpha vector

to the solution set if it is an upper bound to the point’s previous alpha vector. Af-

ter that, it eliminates all belief points whose values has been improved by the recent

updates from the set of belief points. It then randomly samples another belief point

from the set of belief points until the set is empty. This algorithm outperforms PBVI

and HSVI solution methods [41, 31]. One issue with the proposed algorithm is that

after performing n backups, the obtained solution might not be that of n steps into

the future given how the algorithm operates, it could be n or less than n steps into the

future.

2.3 Abstraction & Hierarchical Structures

Other types of solutions to address the high state space complexity problem are ab-

straction and function approximation [46] which the former one works as coarsening

the structure of the problem into larger clusters in terms of states, actions and tran-

sitions whereas the latter one proposes ways to represent value function compactly

rather than matrix form. We will briefly introduce the concepts for abstraction per-

spective since they are mostly orthogonal to our approach. However, our model eases

up abstraction & hierarchical models if it is needed. Before getting into abstraction,

Semi-Markov Decision Processes need to be introduced.

Semi-Markov Decision Processes : Semi-Markov Decision Processes (SMDPs) gen-

eralizes MDPs by allowing multi-step transitions which will be fundamentally useful

for hierarchical methods. Transition functions is encoded as below:
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T : S × A× S × R+ → [0, 1]

T (s, a, s′, τ) = P (tk+1 − tk = τ, sk+1 = s′ | sk = s, ak = a)

Semi-Markovness comes from the fact that at times the decision of the agent may not

depend only on the current state but also on the time passed from the last transition.

Also, over the multi-step transition, multiple rewards can be obtained. Hence, with

the reward function ρ : S ×A×R+ → R, we have the following Bellman equation:

V ∗(s) = sup
a∈A

[
∞∑
τ=0

τ∑
t=0

γtρ(s, a, t+ 1) +
∑
s′∈S

γτ+1T (s, a, s, τ)V ∗(s′)

]
, ∀s ∈ S

(2.11)

Important portion of abstraction studies define sub-task routines that will enable de-

composition of a task. The policies generated will be used over and over again wher-

ever the same sub-task appears in the problem. With this higher level abstraction,

the aim is allow agents to solve the original task more efficiently. There are several

approaches in RL for defining and handling sub-task decomposition including Hier-

archical Abstract Machines (HAMs) [47], Options [48], MAXQ [13] and MAXQ-OP

[10].

The notion of hierarchical decomposition refers to the identification and execution of

sub-tasks and state abstraction. Although, re-execution of those subroutines wher-

ever needed is straightforward whereas the identification is a whole different issue.

Those models try to address the problem of large state-action spaces by discovering

structures within a given task, unlike our model which constructs a given task in a

factored manner from ground up which in turn simplifies further engineering of ab-

straction. There are numerous landmark studies proposed to identify useful sub-tasks

[8, 49, 7]. On the other hand, state abstraction is the process of structuring of state

space by identifying them into certain clusters based on similarity where these groups

can be treated as a single abstract state. Therefore, the computational cost for generat-

ing of a policy is decreased, whereas the optimal point for a policy can still be reached

under certain conditions [12]. One study based on state abstraction notion approach
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[50], proposed a new algorithm by finding partial state-symmetry and stacking states

in abstract form getting the benefit of both compact representation and symmetrical

abstraction [51, 52].

One other perspective of MDP decomposition process is to incorporate graph parti-

tioning algorithms which mostly contrasts our work. In this approach, state transition

graph of a given problem is partitioned via different approaches into sub-graphs to

be solved independently. One of the important studies done in this perspective pro-

posed the algorithm Variable Influence Structure Analysis (VISA)[3]. VISA algo-

rithm is a hierarchical decomposition algorithm for factored MDPs being structurally

represented with Dynamic Bayesian Networks (DBN) [2]. In a nutshell, like our ob-

jective, they first use a compact model in order to decompose it further in a more

efficient manner. It uses causal information between states gathered from the DBN

model to reveal strongly connected components in the state structure for constructing

a graph with higher level abstraction. After, it uses exits [53] discovering the state-

state relationships. The obtained causality graph is then used to define the necessary

abstraction and subroutines to solve the sub-task defined. Some other studies use a

different approach to partition the state-action transition graph which can be applied

after building the proper model. In the study [54], authors incorporated a number

of algorithms based on spectral theory and a complex network measure, eigenvector

centrality. They proposed two algorithms to determine the sub-goals for a given task

by revealing the underlying graph. After this procedure, they generated a number of

options for each neighboring clusters to define macro actions. In another study [55],

data mining algorithms are demonstrated for automated discovery of structural rela-

tionships emerged from the underlying state-action graph of a given task. State-action

history is compiled as a data set for data-driven algorithms, then using state clustering

and action trajectory mining macro actions/options are determined.

2.4 Non-Stochastic & Stochastic Planning

Our model is inspired from the important planning languages proposed. In the next

sub-sections, will briefly introduce the concepts.
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2.4.1 Planning Domain Definition Language (PDDL)

PDDL is a formal language for representing non-stochastic planning [23, 24]. A

PDDL planning domain consists of various elements including a set P of predicates

and a set AS of action schemata.

Predicates are mappings from PDDL objects to boolean variables whereas functions

are mappings from PDDL objects to numeric state variables. Our example domain in

Figure 2.1 has the predicates W,U,R, L,HU,HR defined in the coffee task before.

Actions in PDDL defines state transitions, i.e. changing values of a certain number

of state variables. An action definition contains preconditions which dictates certain

values of some state variables for enabling the action to be executed and an effect

section which updates values of certain state variables. These elements of actions,

although constructed in a probabilistic fashion, are two of the crucial elements for

our proposed model.

For detailed specifications of PDDL, including problem definitions and possible val-

ues for requirements tag, refer to [23, 24].

2.4.2 Probabilistic Planning Domain Definition Language (PPDDL)

Probabilistic Planning Domain Decision Language (PPDDL) is proposed as a prob-

abilistic extension to PDDL, which can represent MDPs [25]. In this model, proba-

bilistic effects are defined. Moreover, rewards can be declared via the existing PDDL

element named fluents [24].

The syntax for the probabilistic effects is as follows:

(probabilistic p1 e1 p2 e2 ... pk ek), (2.12)

where ei denotes the effects whereas pi denotes the probabilities of the effects where

∀i, pi ≥ 0 and
∑k

i=1 pi = 1. Any probabilistic effect must declare a set of probability-

weighted outcomes under the restrictions. Figure 2.1 illustrates the action with prob-

abilistic effects. Note that, the requirements flag :probabilistic − effects signals
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1 (define (domain coffee)

2 (:requirements :probabilistic-effects

3 :negative-preconditions

4 :disjunctive-preconditions

5 :conditional-effects :mdp)

6 (:predicates (w) (u) (r) (l) (hu) (hr))

7 (:action deliver-coffee

8 :precondition (when (hr))

9 :effect (and (when (l))

10 (probabilistic 0.8 (hu)))

11 (when (user-has-coffee)

12 (increase (reward) 0.9))

13 (when (not (is-wet))

14 (increase (reward) 0.1))))

15 ...)

Figure 2.1: coffee domain

that probabilistic effects are used in the represented problem. Anyone seeking full

descriptions and details can refer to [25].

On the other hand, rewards are encoded using fluents. The syntax of the reward fluent

is given as:

(〈additive-op〉 〈reward-fluent〉 〈f -exp〉) (2.13)

where 〈additive − op〉 denotes an increase or a decrease and 〈f − exp〉 is a nu-

meric value denoting the amount of reward taken. Figure 2.1 illustrates the rewards

in PPDDL for the coffee task extended with probabilistic effects. For tasks from do-

mains having the :rewards property stated in the goal statement, default aim of the

plan is to maximize the expected reward.

Figure 2.2 shows that the initial conditions can be probabilistic. In coffee example,

two possible initial states is defined with equal probability (0.5) of being true. Every

state variable is assigned to false except l to true and r to equal chance of true and
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1 (:init (probabilistic 0.5 (r)

2 0.5 (not (r)))

3 (l))

Figure 2.2: PPDDL declaration of initial state assignments: coffee task

false. For initial states, variables and their corresponding possible values should also

be determined in the beginning.

In our model, we integrated a factorized model of actions and rewards inspired from

PPDDL, although, some of the facilities of PPDDL are not so trivial to be converted

to a regular MDP to generate an optimal policy with an efficient DP-based algorithm.

Partly due to this reason, PPDDL is not evolved and benchmark solvers aren’t pro-

posed over the years. In the light of these, we started somewhat a more compact

and theoretical automaton with a corresponding benchmark solver and allow other

extensions that can be engineered within the model in the following studies.
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CHAPTER 3

CONTEXT-AWARE PARTIALLY OBSERVABLE MARKOV DECISION

PROCESSES

Our attempt to address the problems occurred due to huge state spaces is to take

the state-action relationships into account while formulating the task. In important

portion of the real world applications, changes occurred by state-action transforma-

tions generally reside on the local portion of the state space. By capturing these local

regularities, a much more compact representation can be obtained. This will also

help reflecting the structural relationships which in turn makes further engineering

aspects (e.g. hierarchical models) easily applicable for a given task to reduce the

computational burden to generate an optimal policy. Hence, localized or indepen-

dent structures residing on a state-action space of a given task will be emitting by

our model which will lead the way for efficient learning of policies. Furthermore, it

can make top-down decomposition easier to employ for alleviating the computational

complexity of obtaining solutions.

This complexity shows itself much more heavily in partially observable environ-

ments. As stated in earlier section, due partial information, agents need to maintain a

belief state to keep track of possible states it might be in in the form a probability dis-

tribution. If belief state distribution emits high entropy then most of the engineering

perspectives fail and even near optimal policy becomes infeasible when state space

grows moderately large. Keeping this in mind, we try our best to keep partially ob-

servable formulation in a structured form reflecting relationships to keep transitions

as localized as possible as long as task permits.

In the following sections, we present MDP based context-aware models for stochastic

planning.
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3.1 Context-Aware Markov Decision Processes

In this section, we point out some specifics of an earlier model, Context-Aware

Markov Decision Processes (CA-MDP), defined as the following [56]:

M =< Γ, S, A, C,E, I > (3.1)

where ;

• Γ, is a set containing domains of state variables,

• S, is a set of state variables,

• A, is a set of actions,

• C, is a set of boolean statements defining proper conditions to execute actions,

• E, is a set of effects of actions,

• I , is the initial assignment to state variables.

For a problem formulated as a CA-MDP, an actual state is defined as the conjunction

of all state variables with a value assigned to each of them from their respective do-

mains. Actions are defined in the set A and C defines the preconditions for execution

of each action. A state must satisfy those conditions for agent to take the desired

action in that state. Set of effects, E, contains action specific state variable transitions

and rewards is defined in a grammar form. Finally, I defines the initial state for the

problem. Note that there can be more than one possible initial state. For more specific

details and illuminating examples check [56].

Now, we can turn our attention to the partially observable case which is the core

formulation of this thesis.
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3.2 Context-Aware Partially Observable Markov Decision Processes

Inspired by the proposed grammar in CA-MDP, and motivated by the problems due

to space and time complexities of current models; we propose a new formulation

to describe partially observable tasks, Context-Aware Partially Observable Markov

Decision Processes (CA-POMDP). The proposed CA-POMDP is described by the

following tuple M =< Γ, S, A, C,O,E, I, B >.

• Γ, is a finite set of the finite domains of each state variable,

• S, is a finite set of state variables each with a restricted domain from Γ,

• A, is a finite set of all possible actions,

• C, is a finite set of conditions formulated as boolean statements,

• O, is a finite set of all possible observations and related classes,

• E, is a finite set of effects of actions,

• I , is an initial assignment of the problem which constitutes the initial belief state,

• B, is defined as a set of distributions over state variables representing belief of

agent in factorized form.

Elements exceptO andB constitute the underlying CA-MDP for a given task. Again,

actual states are conjunctions of state variables assigned with some value from its

domain, i.e.
∧|S|−1
i=0 (si = vi) where si ∈ S, vi ∈ Γi and Γi ∈ Γ. This piece-wise

representation is highly beneficial when the problem designer needs to exploit the

state-action dependencies.

Set C with |C| = |A|, consisting of boolean statements in disjunctive normal form,

expresses the proper conditions, i.e. values of state variables, in order to execute the

corresponding action. Each literal in the formula is an assignment to a state variable,

i.e. (s = v) where s ∈ S, v ∈ Γi and Γi ∈ Γ. Conditionals are still valuable when

uncertainty is low.

O is described as the set of all observations that the agent can get from the environ-

ment. In regular POMDP definition, observation probabilities are given asO(o, a, s′) =
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Pr(ot+1|at, st+1) whereas in CA-POMDP definition, it is described in factorized

form. In addition, it is structured in various classes to allow joint but mutually exclu-

sive observations that can be obtained from one source, i.e. multiple valued obser-

vations rather than binary valued. This structure decreases certain probability update

computations. As an example, if an agent can get one of the observation from the set

{red, yellow, green}, we can bundle them together as a class named light and define

probabilities accordingly. The grammar is defined as follows:

Oaction = (∧ Oa)

Oa = (if (C) P ) Oaction | (if (C) Oaction) | (if (C) P )

C = < conditional >

P = OP P | OP | >

OP = (< obs_value >=< probability >)

The < conditional > part of the if structure comprises of a boolean formula in

disjunctive normal form stating the conditions to get the corresponding observation

hence implementing the conditional observation probability. There are some impor-

tant constraints on defining observational classes in this grammar form:

• for an observational probability in the form ((ov0 = p0) (ov1 = p1) ... (ovn =

pn)) where ovi with 0 ≤ i ≤ n is a possible observational value for the given

class and ∀pi ≥ 0,
∑n

i=0 pi = 1 and if ∀i, j ≤ n, i 6= j ⇐⇒ ovi 6= ovj .

• for multiple valued observations that have positive probability for non-emission,

e.g. {hungry / non − hungry}, {red / yellow / green / no − light}, with

some probability 1−
∑n−1

i=0 pi, this value and corresponding probability can be

easily expressed with the > symbol in the grammar.

• this grammatical structure does not define any constraints on< conditional >s
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to prevent ambiguity which are designer’s responsibility to avoid incoherencies

like defining nested if declarations that are not logical or constructing if struc-

tures that has the potential to state multiple probabilities for one observational

value.

Effects set E has the same structure as in CA-MDP [56] which reflects the transitions

and rewards of the underlying fully observable process. I is the initial assignments

to state variables reflecting the real initial state of the problem, i.e. the tuple ((s0 =

v0) ∧ (s1 = v1)... ∧ (s|S|−1 = v|S|−1)) where vi ∈ Γi, si ∈ S. If a problem has more

than one possible initial states, I can be in disjunctive normal form. Then, initial

belief state assignment can be done accordingly by choosing one of the initial states

before problem beginning.

Finally, we need to construct beliefs over state variables rather than states in a factor-

ized approach which is detailed in the following subsection.

3.2.0.1 Belief State Representations & Updates

In CA-POMDP formulations, beliefs are represented as distributions over possible

values of state variables, hence actual belief distribution over states is the joint dis-

tribution of the variables. Hence, set B, with |B| = |S|, consists of beliefs bi with

i ∈ {0, 1, ..., |B| − 1} where each bi ∈ B is a discrete probability distribution defined

over the domain Γi ∈ Γ of a state variable si ∈ S. Here is the Bayesian update for

the belief of a state variable s ∈ S with a value v ∈ Γs in its respective domain when

action a is taken and observation o is observed:

bt+1(s = v) = P (s = v|o, a, bt(s))

bt+1(s = v) ∝
∑
s′

P (o | s′|s=v, a)
∑
s

P (s′|s=v | s, a)bt(s)

where s =
∧|S|−1
i=0 (si = vi) and s′ =

∧|S|−1
i=0 (si = v′i) are actual states and the

normalization factor is:

∑
u∈Γs

∑
s′

P (o | s′|s=u, a)
∑
s

P (s′|s=u | s, a)bt(s)
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However, this update necessitates state enumeration and results in computation of

lots of irrelevant probabilities. So, in order to fully gain the power of factorization for

update computation, grammars of observations, effects and conditionals need to be

used. To illuminate the concept further, we present an example here by formulating a

problem as a CA-POMDP.

3.2.1 Problem

This rather theoretical problem illustrates the power of CA-POMDP representation

when the problem enables factorization. This task is declared with 4 binary state vari-

ables, 4 actions and 3 binary and 1 ternary observation with values {red, green, yellow},
and the goal is s3 = 1.

• Γ = {{0, 1}, {0, 1}, {0, 1}, {0, 1}}

• S = {s0, s1, s2, s3}

• A = {a0, a1, a2, a3}

• C = ∅

• O = {o1a0 = (∧ (if(s0 = 0 ∧ s1 = 0) (true = 0) >)

(if(s0 = 1 ∧ s1 = 0) (true = 0.1) >)

(if(s0 = 0 ∧ s1 = 1) (true = 0.2) >)

(if(s0 = 1 ∧ s1 = 1) (true = 0.3) >)),

o2a1 = (∧ (if(s1 = 0) (true = 0.2) >)

(if(s1 = 1) (true = 0.8) >)),

o3a1 = (∧ (if(s1 = 0 ∧ s2 = 0) (true = 0) >)

(if(s1 = 1 ∧ s1 = 0) (true = 0.4) >)

(if(s2 = 1) (true = 0.2) >)),

o4a2 = (∧ (if(s2 = 0) (red = 0.8) (green = 0.1) (yellow = 0.1))

(if(s2 = 1) (red = 0.1) (green = 0.8) (yellow = 0.1)))}

• E = {Ea0 = (∧ (if(s0 = 0 ∧ s1 = 0) (∨ ((s0 = 1) 0.6) >))

(if(s0 = 0 ∧ s1 = 1) (∨ ((s0 = 1) 0.5) >))
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(if(s0 = 1 ∧ s1 = 0) (∨ ((s0 = 1) 0.6) >))

(if(s0 = 1 ∧ s1 = 1) (∨ ((s0 = 1) 0.3) >))),

Ea1 = (∧ (if(s1 = 0 ∧ s2 = 0) (∨ ((s1 = 1) 0.5) >))

(if(s1 = 0 ∧ s2 = 1) (∨ ((s1 = 1) 0) >))

(if(s1 = 1 ∧ s2 = 0) (∨ ((s1 = 1) 0.5) >))

(if(s1 = 1 ∧ s2 = 1) (∨ ((s1 = 1) 1))),

Ea2 = (∧ (if(s0 = 0 ∧ s2 = 0) (∨ ((s2 = 1) 0.2) >))

(if(s0 = 0 ∧ s2 = 1) (∨ ((s2 = 1) 0) >))

(if(s0 = 1 ∧ s2 = 0) (∨ ((s2 = 1) 0.9) >))

(if(s0 = 1 ∧ s2 = 1) (∨ ((s2 = 1) 1) >)))}
Ea3 = (∧ (if(s2 = 0 ∧ s3 = 0) (∨ ((s2 = 1) 0) >))

(if(s2 = 0 ∧ s3 = 1) (∨ ((s2 = 1) 1) >))

(if(s2 = 1 ∧ s3 = 0) (∨ ((s2 = 1) 0.8 reward 10) >))

(if(s2 = 1 ∧ s3 = 1) (∨ ((s2 = 1) 1) >)))}

• I = {s0 = 0 ∧ s1 = 0 ∧ s2 = 0 ∧ s3 = 0}

• B = {P (s0 = 1) = 0, P (s1 = 1) = 0.5, P (s2 = 1) = 0, P (s3 = 1) = 0}

In this formulation, B symbol summarizes the initial belief state, b0, compliant with

the initial state variable assignment, although the agent isn’t fully sure which value is

assigned to s1 variable. Here are the computations for belief updates of some of the

state variables when :

1. action a0 is executed and observation o1 = 1 is taken

bt+1(s0 = 1) = P (st+1
0 = 1|o1 = 1, a0, b

t(s0, s1, s2, s3))

∝
∑

v′∈{0,1}

P (o1 = 1|st+1
0 = 1, st+1

1 = v′, a0) ×

∑
u,v∈{0,1}

P (st+1
0 = 1|st0 = u, st1 = v, a0)P (st+1

1 = v′|st1 = v, a0) ×

bt(s0 = u)bt(s1 = v)

(3.2)

The factorization of observation and transitions can be gathered from o1 and

Ea0 which the observation outcome if only effected by s0 and s1 state variables

and in turn they are temporally effected from s0, s1 and s1 respectively.
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2. action a1 is executed and observation o2 = 1 is taken (hence o3 = 0 is taken),

bt+1(s1 = 1) = P (st+1
1 = 1|o2 = 1, o3 = 0, a1, b

t(s0, s1, s2, s3))

∝ (P (o2 = 1|st+1
1 = 1, a1)

∑
v,y∈{0,1}

P (st+1
1 = 1|st1 = v, st2 = y, a1) ×

bt(s1 = v)bt(s2 = y)) ×

(
∑

y′∈{0,1}

P (o3 = 0|st+1
1 = 1, st+1

2 = y′, a1) ×

∑
v,y∈{0,1}

P (st+1
1 = 1|st1 = v, st2 = y, a1)P (st+1

2 = y′|st2 = y, a1) ×

bt(s1 = v)bt(s2 = y))

(3.3)

To make things clear in this case, the multiple observation probability P (o2, o3|s0, s1, s2, s3, a2)

can be factorized like the following:

P (o2, o3|s0, s1, s2, , s3, a2) = P (o2|s0, s1, s2, s3, a2).P (o3|s0, s1, s2, , s3, a2)

= P (o2|s1, a2).P (o3|s1, s2, a2)

(3.4)

3. action a2 is executed and observation o4 = green is taken,

bt+1(s0 = 0) = P (st+1
0 = 0|o4 = green, a2, b

t(s0, s1, s2))

∝ P (o4 = green|st+1
0 = 0, a2)

∑
u,y∈{0,1}

P (st+1
0 = 0|st0 = u, st2 = y, a2) ×

bt(s0 = u)bt(s2 = y)

(3.5)

Before proceeding to next section, one can check next section for demonstration of

actual state generation and conditionals in policy generation.

3.2.2 Families

Here, we give definitions for CA-POMDP families that we consider as important:
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Definition: Let M =< Γ, S, A, C,O,E, I, B > be a CA-POMDP, M is a member of

binary CA-POMDPs if ∀Γi ∈ Γ, |Γi| = 2.

Definition: Let M =< Γ, S, A, C,O,E, I, B > be a CA-POMDP, is a member of

uniconditional CA-POMDPs if all the conditions in C are in conjunctive form i.e.

∀i, ci ∈ C has no disjunctive formulas. C can be represented as an |A| × |S| matrix

as well.

Definition: Let M =< Γ, S, A, C,O,E, I, B > be a CA-POMDP, M is a member of

unconditional CA-POMDPs if C = ∅.

Definition: Let M =< Γ, S, A, C,O,E, I, B > be a CA-POMDP, M is a member

of compound CA-POMDP if there is more than one possible initial state denoted

with disjunctive normal form in I . Only one of the possible initial states should be

determined before execution.

Definition: Let M =< Γ, S, A, C,O,E, I, B > be a CA-POMDP, M is a member of

singular CA-POMDPs if |S| = 1.

CA-POMDP formulations which do not satisfy the definitions of any of the families

mentioned can be referred as a regular CA-POMDP.

3.2.3 Conversion: POMDP←→ CA-POMDP

To demonstrate that the representative power of CA-POMDP by means of compact-

ness, we will detail transformation from POMDP to CA-POMDP or vice versa in the

following subsections.

A POMDP formulation is composed of an MDP with a set of observations, thus the

conversion between POMDP←→ CA-POMDP is similar to the conversion between

MDP←→ CA-MDP presented in [56]. In a nutshell, states can be converted into state

variables, state transitions and rewards can be encoded into effects grammar or vice

versa. State variables of CA-POMDP can be converted to states by defining a state in

POMDP for each of the possible actual states which can be generated by taking ten-

sor product of all state variables with their all possible values. Reverse direction can

be done in various ways one of which is constructing a binary state variable for each
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state with a 1 value to indicate the agent is in that state and vice versa. It is designer’s

responsibility to make state mutual exclusive. Another way is to define a single state

variable with a number of values equal to state number. Each value can indicate a

state since states are mutual exclusive in POMDP. The effects can be converted to

transitions by generating the state-action graph according to the grammar and taking

tensor products of state variable transition probabilities to generate actual transitions

between states with respect to given actions. Reverse direction can be done by gener-

ating effects from transitions probabilities which is a straight-forward transformation,

i.e. define a probability from one state variable to another in effects since they need to

be mutual exclusive. Thus, to convert a POMDP into a CA-POMDP, the underlying

MDP is converted to a CA-MDP, then the observations are converted in linear-time

in terms of |O|. The same process applies when converting a CA-POMDP into a

CA-MDP as well.

Theorem 3.2.1. Complexity for transformation : POMDP −→ CA-POMDP

There exists a transformation algorithm transforming POMDP P =< S,A, T,R,O >

to a binary unconditional or singular unconditional CA-POMDPC =< Γ′, S ′, A′, C ′, E ′, O′, I ′ >

with polynomial time complexity in terms of |S|, |A| and |O| 1.

Proof of theorem 3.2.1. The algorithm with the desired complexity can be constructed

as following:

1. Transform underlying MDP M of P to a binary or singular unconditional CA-

MDP C

2. Transform O into O′

The first transformation is shown to be done in polynomial time in terms of S and A.

Conversion for observation set can be done in O(|O|) time, completing the proof.

1 |O| refers to the cardinality of probability distribution table entries
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Theorem 3.2.2. Complexity for transformation : POMDP←− CA-POMDP

There exists a conversion algorithm transforming CA-POMDPC =< Γ, S, A, C,E,O, I >

to a POMDP with P =< S ′, A′, T ′, R′, O′ > polynomial to exponential time compu-

tational complexity in terms of |Γ|, |S|, |A|, |O|.

Proof of theorem 3.2.2. The algorithm with the desired complexity can be constructed

as following:

1. Transform underlying CA-MDP M ′ of C to MDP M

2. Transform O into O′

If the CA-POMDP is a compound CA-POMDP, i.e. multiple possible states, then

it can be done in the same way in the new regular POMDP formulation. The first

transformation is shown to be done in linear to exponential time in terms of |S| and

|A|. Similar to first conversion, second conversion for observation set can also be

done in linear time in terms of |O| 2 and up to exponential time in terms of |S|, since

body of an observation class can be exponential in terms of |S|, completing the proof.

2 |O| refers to the cardinality of set of observation classes
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CHAPTER 4

A SOLUTION METHOD FOR FULLY OBSERVABLE ENVIRONMENT

In this chapter, we proposed a solution method for CA-MDP improving the one pro-

posed in earlier work [56] and gave a broader theoretical perspective and analysis.

The solution mechanism benefits from the factored state form and opens the way for

more engineering-wise enhancements like hierarchical approaches.

4.1 Solving a CA-MDP : Actual State Representation and Conditionals

For CA-MDP formulations except singular CA-MDPs, since we could not directly

infer the transition probabilities of actual states given by transition probabilities of

individual state variables, embedded in effects, generation of transition probabilities

of actual states can be accomplished via tensor products. For a given CA-MDP for-

mulation, the transitions can be represented as tensors. For a given an actual state

comprised of m state variables, equivalent vector notation of logical conjunctions;

s = ((s1 = v1) ∧ (s2 = v2) . . . ∧ (sm = vm))

= [(s1 = v1) (s2 = v2) . . . (sm = vm)],
(4.1)

with an effect of action declares leading to T different number of states, when the ac-

tion is taken in that state, i.e. satisfying conditional c of action and some if clause(s)

if any, which the probability distribution of transition of each of the individual state

variable can be represented as random (column) vectors t1, t2, ...tn whose probability

entries being corresponded to some instantiation of state variables s1, s2, ...sn, with

obviously 0 ≤ n ≤ m, then we have the following transition probability distribution
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:

P (S′|s, a) =
n⊗
i=1

ti (4.2)

where ;

S′ =


s′1

s′2
...

s′T


s′i = s� (I− 1a) + s⊗i Da

s⊗ =
n⊗
i=1

si

(4.3)

where the matrix Da is a n ×m design matrix being comprised of 0s and 1s which

an entry (Da)ij is 1 if ith state variable in entries of s⊗ is in jth entry in the vector

s. The mere function of this matrix is to match the dimensions of change of state

variables given in entries of s⊗ matrix to the actual state s. On the other hand, 1a is

an indicator vector which an entry is either 0 or 1 based on whether any change occurs

in that state variable given the action: if a change occurs that entry is 1, 0 otherwise,

which is exactly the sums of rows of design matrix,
∑n

i=1(Da)i. Also, I is the ones

vector and the tensor product of two state variables are defined as:

(
si =


(si)1 = (vi)1

(si)2 = (vi)2

...

(si)k = (vi)k


)
⊗

(
sj =


(sj)1 = (vj)1

(sj)2 = (vj)2

...

(sj)l = (vj)l


)

=


((si)1 = (vi)1) ∧ ((sj)1 = (vj)1

(si)1 = (vi)1) ∧ ((sj)2 = (vj)2)
...

((si)k = (vi)k) ∧ ((sj)l = (vj)l)



(4.4)
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The generation of the states and transition probabilities can be online or offline. If of-

fline generation is preferred, the actual states and corresponding transitions are stored

in an appropriate data structure later to be used in the execution of policy generation

algorithm, whereas if the other way is preferred, then every time the transitions are

generated on the run, and desired value function updates are executed. Thus, this

trade-off between space and time should be taken into account, depending on the

engineering of the problem and the nature of solver algorithm.

4.1.1 CA-MDP Value Iteration (CA-MDP VI)

CA-MDP model, due to having conditionals, is highly suitable for stating the state-

action relationships. With this task-related information at hand, a new algorithm

named CA-MDP Value Iteration (CA-MDP VI) is developed for learning an opti-

mal policy which is an improvement over the regular Value Iteration (VI) algorithm

(given in Algorithm 1) in terms of efficiency by redefining updates.

In order to calculate V (s) for a particular state s, all of the transition probabilities for

all of the actions for that state should be generated regardless of the problem structure.

In the light of this fact, it can be inferred that VI algorithm is not scalable with respect

to task’s internal state-action space. Conversely, CA-MDP VI is a scalable one in

this regard. CA-MDP elements helps the algorithm eliminating all inefficiencies in

the computations stated earlier, hence making it a scalable algorithm. Higher level

outline of CA-MDP VI is given in Algorithm 2.

In line 8 of the algorithm 2, the value function, V () is actually a (column) vector con-

taining values of next possible states. One other important note is that, in some prob-

lems rather than R(s, a), R(s, a, s′) formulation is given, so the update rule should be

changed as;

Q(s, a) := P (s′|s, a)T (R(s, a, s′) + γV k(s′)) (4.5)

which R is vector containing rewards for corresponding state-action pairs defined in
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Algorithm 2 Outline of CA-MDP Value Iteration algorithm

1: Given a CA-MDP, M =< Γ, S, A, C,E, I >

2: Generate actual states Sactual

3: Initialize value table, V 0

4: repeat

5: δ := 0

6: for all s ∈ Sactual do

7: for all a ∈ A and a is permissible in s do

8: Q(s, a) := R(s, a) + γ(P (s′|s, a)T V k(s′))

9: V k+1(s) := max(Q(s, a), V k(s))

10: end for

11: π(s) := argmaxaQ(s, a)

12: δ := max(δ, |V k+1(s)− V k(s)|)
13: end for

14: until (|δ| < ε)

the problem.

Mathematically, inner for loop of of CA-MDP VI algorithm can be re-written as:

∀s ∈ Sactual, ∀a ∈ A,

Q(s, a) := 1s(ca)[R(s, a) + γ(P (s′|s, a)T V k(s′))]
(4.6)

where ca is the conditional of the current action. Therefore, the expected number of

updates of the Q-function of equation 4.6 given as;

E[1s(ca)|Sactual||A|] = E[1ca(s)](|Sactual||A|)

≤ (|Sactual||A|)
(4.7)

which shows that it is bounded by the number of iterations in VI algorithm.

Intuitively, CA-MDP VI algorithm gets rid of the inefficiencies in the loop of the reg-

ular VI algorithm due not exploiting the structural dependencies in a given task. The
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loop of the VI algorithm iterates for every state-action pair regardless of the connec-

tivity structure of the problem, on the other hand CA-MDP VI iterates only on the

state-actions satisfying defined conditionals. The sparseness of the state-action graph

of a task determines the time complexity of CA-MDP VI, whereas in VI rather than

connectivity, number of states (nodes) and actions play the major role in determin-

ing complexity. If a state-action graph is sparsely connected or contains clusters i.e.

clusters with small cut to distinguish one another, the number of redundant compu-

tations grow large if the connectivity is not taken into account. VI algorithm runs as

regarding the state-action graph of a problem is fully connected, however CA-MDP

VI considers the inherent relational structure of the task which the time complexity

depends on the sparseness of the graph hence making it a scalable policy generator.

As a result, the complexity of CA-MDP VI is much better than VI yet it increases and

approaches to the complexity of VI as the structure of the problem got denser.

4.1.2 Experiments

In this section, a set of comparative experiments are conducted to demonstrate en-

gineering of CA-MDPs and execution of CA-MDP VI. In the experiments, besides

some of the most common problems in the reinforcement learning literature, in the

light of the theoretical foundations above, we defined a couple of problems in order to

reveal the gains over defining and solving problems using regular MDP and running

VI. The CA-MDP formulations and/or state graphs of those problems can be found

below. All of the corresponding equivalent MDP formulations are encoded in plain

arrays and matrices in order to give a fair comparison of running times.

The experiments are performed in 5 tasks: A small sparse task with low number of

states and actions [56], two hypercube tasks having sparse and dense transitions of

the same state space, the coffee task [2], the taxi task [13] and the SysAdmin task

[?]. Small task is an abstract problem with small state-action space having 7 actual

states and 4 actions. In this problem, the agent needs to reach the goal state from the

initial state defined. For the purpose of defining two different variations of the same

problem to empirically show the growth rates of solver algorithms in a comparative

manner, we define a new task called as hypercube. In hypercube task, there are n
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m-ary state variables for representing coordinates in a hypercube environment and an

additional variable for indicating whether the agent has certain cypher or not. Goal

is defined as exiting the cube by first getting cypher(s) from specified node(s) then

finding its way to exit node, which is just a regular safe node, getting a positive

reward, however in the cubes, some cells are safe whereas some cells are hazardous

for the agent, resulting in penalty if stopped by. In addition to those dangerous nodes,

there may be dead-end nodes which the agent should stay away from. In this study,

we have 3 + 1 binary state variables. The agent has 6 actions for teleportation from

one cell to another. To accomplish its task, agent should get a particular cypher in

one of the cells to exit the hypercube when the exit cell is reached. In the next coffee

problem, agent needs to deliver coffee to the user. There are 6 binary state variables

and 4 actions defined. In order to accomplish its task, it has to go to coffee shop

and bring it back to user in office and as a side task it has to pick up the umbrella if

it is a rainy day. In taxi task, the goal is the pickup passengers in certain locations

and deliver to predefined destinations. It has 6 state variables and actions. The agent

gets positive reward if it picks up and delivers from passenger location to destination,

however there is a penalty involved in the case of wrong pick up or put down. In the

SysAdmin problem, there are predetermined number of connected machines along

their connectivity topology. Machines can be in two states: either running or failure

state. Each running machine can fail in the next time step with a given probability.

These failure probabilities significantly increase if other machines being connected

also in failure state for the given time step. Purpose of SysAdmin is to decide which

machine to reboot. Hence, action space is comprised of rebooting one of the machines

or no operation (noop). SysAdmin gets predetermined amount of reward for each

running machine in the system.

The small sparse problem, visualized in Figure 4.1 for understanding possible transi-

tions better, is for demonstrating performance gains even if the problem size is small

if structural information is exploited. We defined encoded as singular CA-MDP, for-

mulated as; Small = < Γ, S, A, C,E, I > :

• Γ = {Γ0}, Γ0 = {0, 1, 2, 3, 4, 5, 6},

• S = {s},
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Figure 4.1: State-action transition graph of Small

• A = {a0, a1, a2, a3},

• I = ((s = 0)),

• C = {(s = 0), (s = 0), (s = 1) ∨ (s = 2), (s = 4) ∨ (s = 5)},

• E = {Ea0 = (∨ ((s = 1) 0.8) ((s = 2) 0.2) reward 20),

Ea1 = (((s = 3) 1) reward − 100),

Ea2 = (∧ (if (s = 1)

(∨ ((s = 4) 0.9) ((s = 5) 0.1)))

(if (s = 2)

(∨ (s = 5) 1))),

Ea3 = (∧ (if (s = 5)

(∨ ((s = 6) 0.6) ((s = 2) 0.4) reward 100))

(if (s = 4)

(∨ ((s = 6) 1) reward 100)))}
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The goal state is defined as (s = 6). Even though, the state space is relatively small,

by exploiting the internal state-action space structure it is empirically shown that

the agent gets significantly faster reward accumulation compared to regular MDP

formulation giving justifying evidence to verify the theoretical results. Of course,

the time performance gap of getting optimal policy would have degraded if the state-

action space was much more denser which is evident in the experiments such that

since regular MDP has a dense formulation, VI regards this density like lots of 0

probability connections are actual connections, i.e. edges existing between nodes

even though probabilities are 0, and iterates over all of those non-existent transitions.

Table 4.1: Running times of solver algorithms with the given formulations for the

given number of epochs (in msecs)

Small SmallMDP

1000 epochs 0.149± 0.0007 1.909± 0.003

10000 epochs 1.45± 0.02 17.87± 0.09

Table 4.1 details the experimental results on problem Small justifying the claims.

The practical minimum time to be achieved is ∼ 1
18

of MDP running time due to

connectivity ratio of Small to fully connected graph (well, except goal node). Al-

though the state-action space is rather small, exploiting task specific context with

conditionals and effects enhanced the running time significantly, achieving a factor of

about 12− 13 due to branching computational overhead. It can be observed from the

formulation and the running times that these branching facilities provide important

factorization, and yield the same average accumulated reward in considerably lesser

amount of time. Reward accumulation can be observed from Figure 4.2 with discount

factor γ = 0.95. Policy generated for this task is demonstrated in Table 4.2.

Table 4.2: Policy generated for Small

states 0 1 2 4 5

π(s) a0 a2 a2 a3 a3

Hypercube tasks given in Figure 4.3 are the same problem having different number
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Figure 4.2: Average accumulated rewards for formulation Small.

of transitions. These tasks have approximately 2 × 20 + 1 − 3 and 2 × 12 + 1 − 1

transitions in total, where n is the number of connections in cube and +1 is for the
(cypher = 0) → (cypher = 1) transition from the cypher cell and negative ones
are for erasing the transitions from goal state. Dense cube has 20, sparse one has 12
actual state transitions per cube. In those particular versions of hypercube problems,
6 actions are allowed each results in 1 unit of displacement in positive or negative
direction in a certain dimension. Diagonal transitions occur with some probability as
a byproduct of regular actions due to the problems in the teleportation system. These
tasks are formulated as uniconditional binary CA-MDPs which the denser one is en-
coded with R(s, a, s′) formulation as Hypercube3,2,dense = < Γ, S, A, C,E, I > :

• Γ = {Γ0,Γ1,Γ2,Γ3}, ∀i,Γi = {0, 1},

• S = {x0, x1, x2, cypher},

• A = {Left,Right,Down,Up,Backward, Forward,Exit},

• I = ((x0 = 0) ∧ (x1 = 0) ∧ (x2 = 0)),

• C = {(x0 = 1) ∧ (x2 = 0), (x0 = 0), (x1 = 1), (x1 = 0), (x2 = 1), (x2 = 0)},

• E = {ELeft = {(∧ ((x0 = 0) 1)

(if (x1 = 1)
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Figure 4.3: State-action transition graph of Hypercube. Cell legend; white: initial,

pink: hazardous, purple: dead-end, green: safe, blue: cypher, yellow: exit. Each

diagonal transition occurs with 0.5 probability, rest is with 1 including (cypher =

0)→ (cypher = 1) transition (not shown).

(1 reward − 10))),

ERight = (∧ ((x0 = 1) 1)

(if (((x1 = 0) ∧ (x2 = 0)) ∨ ((x1 = 1) ∧ (x2 = 1)))

(1 reward − 10))

(if ((x1 = 1) ∧ (x2 = 0) ∧ (cypher = 0))

((cypher = 1) 1 reward 20))

(if ((x1 = 0) ∧ (x2 = 1))

(1 reward − 100))),

EDown = (∧ (if ((x0 = 0))

((x1 = 0) 1))

(if ((x0 = 1) ∧ (x2 = 0))

((x1 = 0) 1 reward − 10))),

EUp = (∧ (if (¬((x0 = 1) ∧ (x2 = 1)))

((x1 = 1) 1)

(if ((x0 = 1) ∧ (x2 = 0) ∧ (cypher = 0))
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((cypher = 1) 1 reward 20)))

(if ((x0 = 0) ∧ (x2 = 1))

(if (cypher = 1)

(∨ ((x0 = 1) 0.5 reward − 10) (0.5 reward 100)))

(if (cypher = 0)

(∨ ((x0 = 1) 0.5 reward − 10) 0.5)))

(if ((x0 = 0) ∧ (x2 = 0))

(1 reward − 10)))),

EBackward = (∧ (if ((x0 = 1) ∧ (x1 = 1))

((x2 = 0) 1)

(if (cypher = 0)

((cypher = 1) 1 reward 20)))

(if (x0 = 0)

((x2 = 0) 1)

(if (x1 = 1)

(1 reward − 10)))),

EForward = (∧ (if ((x0 = 0) ∧ (x1 = 1))

(if (cypher = 1)

((x2 = 1) 1 reward 100))

(if (cypher = 0)

((x2 = 1) 1)))

(if ((x0 = 0) ∧ (x1 = 0))

(∨ ((x2 = 1) 0.5) ((∧ (x2 = 1) (x0 = 1)) 0.5 reward − 100)))

(if ((x0 = 1) ∧ (x1 = 0))

((x2 = 1) 1 reward − 100)))},

Hypercube problems, due to their nature, give very important insights about factoriza-

tion. InHypercube3,2,dense formulation above, first, in Left action effect declarations

you will notice that while generating the language, the ε terminal is used in transition

node V embedded in T only stating the probability. This (abstract) empty transition

is considered as a hypothetical unit deterministic transition which gives us the factor-

ization in the following form: (∨ ((s = v) p) ((∧ (s = v) (t = w)) 1 − p)) =
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(∧ ((s = v) 1) (∨ (p) ((t = w) 1 − p)), for arbitrary state variables s, t having

arbitrary domains. This type of factorized declaration is used in many of the effects

including Right, Up,Backward. If Left action is admissible in some state and if

(x1 = 1) condition is satisfied then the whole effect is ((x0 = 0) 1 reward − 10)

otherwise the transition occurs yet no reward is gained, whereas if action Up is taken

in state ((x0 = 0)∧ (x1 = 0)∧ (x2 = 1)∧ (cypher = 1)), then the resulting effect is

(∨ ((∧ (x1 = 1) (x0 = 1)) 0.5 reward − 10) ((x1 = 1) 0.5 reward 100)). We

deliberately did not use the same form in Forward to reveal the difference, which

(x2 = 1) can be factorized out, since each forward operation always results in 1 unit

displacement in that axis. Second, as we just saw in the Left and Up action, we

observe that body of an effect is a natural reward factorizer, which otherwise reward

declaration can be a quite complicated task when encoding problems with big state-

action spaces without any factorization. In order to use the factorized encoding for

rewards also, reward being declared in the topmost factor should be simply added,

when generating actual transitions with the other factors. Third, in Up action, most

general if clause can be easily moved up to conditionals, yet it would have taken

the formulation out of uniconditional family and resulting a burden in representa-

tions in conditionals due to worse factorization. It is programmer’s responsibility to

employ such tricks to maintain a balance between data structures and computational

efficiency with respect to the constraints. In hypercube problems, we represent states

with half of a byte of storage, and used two 8-bit masks, one for getting the desired

bits and other one is for checking, per conditional and if clause which proved itself

significantly beneficial in terms of both space and time.

Running times for hypercube tasks are detailed in Table 4.3. Again, due to the nature

of transitions in the problem, i.e. at most 2 transitions are defined per state-action

pair, there is no overhead of tensor products, hence time differences between sparse

and dense task can be attributed to number of transitions, the structural representation

and branching overhead. Denser problem is about 1.5 times more connectivity than

the sparser one, in our experiments, this bound is almost hit with a factor of 1.3−1.4.

In addition, we observed that as the problem got denser the performance gap drops,

approaching to regular MDP performance justifying our earlier analyses. Average

reward accumulation can be seen in Figure 4.4 for the formulationHypercube3,2,dense
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with γ = 0.9. Generated policy is given in Table 4.4. Note that actions in the optimal

policy have deterministic effects. For absorbing and non-existent states, no action is

assigned by the policy function.

Figure 4.4: Average accumulated rewards for formulation Hypercube3,2,dense.

Table 4.3: Running times of solver algorithms with the given formulations for the

given number of epochs (in msecs)

Hypercube3,2,sparse Hypercube3,2,s−MDP Hypercube3,2,dense Hypercube3,2,d−MDP

1000 epochs 0.99± 0.11 28.27± 3.83 1.39± 0.01 30.25± 0.24

10000 epochs 10.42± 0.12 188.96± 1.44 13.55± 0.12 188.62± 3.99

The coffee task, on the other hand, is formulated as both uniconditional and un-
conditional compound binary CA-MDP. The conditional encoding is given below as
Coffee = < Γ, S, A, C,E, I > :

• Γ = {Γ0,Γ1,Γ2,Γ3,Γ4,Γ5}, ∀i,Γi = {0, 1},

• S = {W,U,R,L,HUC,HRC},

• A = {Go,BuyCoffee,DeliverCoffee,GetUmbrella},
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Table 4.4: Policy generated for Hypercube3,2,dense, actions are given with their ini-

tials

states 0 1 2 4 6 7 8 9 10 11 12 15

π(s) R U R U R B U L F L B B

• I = (((HUC = 0) ∧ (HRC = 0) ∧ (W = 0) ∧ (R = 0) ∧ (U = 0) ∧ (L = 1)) ∨ ((HUC =

0) ∧ (HRC = 0) ∧ (W = 0) ∧ (R = 1) ∧ (U = 0) ∧ (L = 1))),

• C = {>, ((HRC = 0)∧ (L = 0)), ((HUC = 0)∧ (HRC = 1)∧ (L = 1)), ((U = 0)∧ (L =

1))},

• E = {EGo = (∧ (if ((W = 0) ∧ (R = 1) ∧ (U = 1))

(∨ ((W = 1) 0.1) >))

(if ((W = 0) ∧ (R = 0) ∧ (U = 0))

(∨ ((W = 1) 0.9) >))

(if (L = 0)

(∨ ((L = 1) 0.9) >))

(if (L = 1)

(∨ ((L = 0) 0.9) >))),

EBuyCoffee = (∧ (if ((HRC = 0) ∧ (L = 0))

(∨ ((HRC = 1) 0.9) >))),

EDeliverCoffee = (∧ (if ((HUC = 0) ∧ (HRC = 1) ∧ (L = 1))

(∨ ((∧ (HUC = 1) (HRC = 0)) 0.8 reward 0.9) >))

(if (W = 0)

(1 reward 0.1))),

EGetUmbrella = (∧ (if ((U = 0) ∧ (L = 1))

(∨ ((U = 1) 0.9) >)))}

The state variables are defined in section 2.2.1 and the robot accomplishes its task

when the user has coffee, i.e. (HUC = 1), getting a reward of 0.9 and an additional

0.1 if the robot is not wet, (W = 0). The unconditional version of coffee problem,

Coffeeu, has the same formulation except no preconditions are defined whereas con-
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ditional version can be obtained by removing the if clauses given in bold font. Also,

note that, unlike in the problem Small, this formulation has R(s, a, s′) formulation,

hence the given extended formulation, defined in equation ??, is used for the task

encoding.

Unlike in the previous problems, in coffee task, we used tensor products extensively.

To give an example, for the action Go, we have the following product from an state

satisfying the first and third if condition:

W = 0

W = 1

⊗
L = 0

L = 1

 =


(W = 0) ∧ (L = 0)

(W = 0) ∧ (L = 1)

(W = 1) ∧ (L = 0)

(W = 1) ∧ (L = 1)

 (4.8)

The probabilities of resulting transitions are calculated in a similar manner. The re-

sults of trials are detailed in Table 4.5. Note that, the results are summation of individ-

ual running times of problem with different initial states. In our trials, we used online

generation of transitions, rather than generating once and storing them in memory.

Even though, there is huge amount of product overhead, still, our proposed algorithm

performed significantly better than regular VI. This is of course due to the nature

of the problem such that actions do not have any effect for most the states which in

turn gives factorization power to the programmer. The gap clearly would have been

wider, and the execution times can be closer to practical minimum run time, if we per-

formed off-line generation of states which can be preferable for tasks with relatively

small state-action connectivity space. The results are summation of separate running

times of problem with different initial states with the time cost of offline generation of

transition matrix for MDP from state variables. Moreover, the gains from declaring

conditionals can be understood clearly by comparing two different CA-MDP formu-

lations of the coffee problem. Accumulated rewards over iterations can be found in

Figure 4.5 with discount factor γ = 0.95.

The taxi task, given in Figure 4.6, containing 5× 5 grid for this case, is formulated as
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Table 4.5: Running times of solver algorithms with the given formulations for the

given number of epochs (in msecs)

Coffee Coffeeu CoffeeMDP

1000 epochs 7.86± 0.01 9.02± 0.09 104.02± 0.96

10000 epochs 66.57± 0.48 74.45± 0.41 553.7± 21.4

Figure 4.5: Average accumulated rewards for formulation Coffee.

regular CA-MDP having R(s, a, s′) formulation as Taxi(5,5) = < Γ, S, A, C,E, I >

:

• Γ = {Γ0,Γ1,Γ2,Γ3,Γ4,Γ5},

Γ0 = Γ1 = {0, 1, 2, 3, 4},

Γ2 = {R,G,B, Y, Taxi}

Γ3 = {R,G,B, Y }

Γ4 = Γ5 = {false, true}

• S = {X,Y, P,D, I, U},

• A = {North, South,East,West, P ickup, Putdown},

• I = ((X = 3) ∧ (Y = 1) ∧ (P = G) ∧ (D = G) ∧ (I = false) ∧ (U = false)),

• C = {¬(Y = 4) ∨ (U = true) ∨ (I = true),¬(Y = 0) ∨ (U = true) ∨ (I = true),¬(X =

4) ∨ (U = true) ∨ (I = true),¬(X = 0) ∨ (U = true) ∨ (I = true)},
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• E = {ENorth = (∧ (if (Y = 0)

((Y = 1) 1))

(if (Y = 1)

((Y = 2) 1))

(if (Y = 2)

((Y = 3) 1))

(if (Y = 3)

((Y = 4) 1))

((∧ (U = false) (I = false)) 1)),

ESouth = (∧ (if (Y = 1)

((Y = 0) 1))

(if (Y = 2)

((Y = 1) 1))

(if (Y = 3)

((Y = 2) 1))

(if (Y = 4)

((Y = 3) 1))

((∧ (U = false) (I = false)) 1)),

EEast = (∧ (if (X = 0)

(if ((Y = 2) ∨ (Y = 3) ∨ (Y = 4))

((X = 1) 1)))

(if (X = 1)

(if ((Y = 0) ∨ (Y = 1) ∨ (Y = 2))

((X = 2) 1)))

(if (X = 2)

(if ((Y = 2) ∨ (Y = 3) ∨ (Y = 4))

((X = 3) 1)))

(if (X = 3)

((X = 4) 1))

((∧ (U = false) (I = false)) 1)),

EWest = (∧ (if (X = 1)

(if ((Y = 2) ∨ (Y = 3) ∨ (Y = 4))

((X = 0) 1)))

(if (X = 2)
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(if ((Y = 0) ∨ (Y = 1) ∨ (Y = 2))

((X = 1) 1)))

(if (X = 3)

(if ((Y = 2) ∨ (Y = 3) ∨ (Y = 4))

((X = 2) 1)))

(if (X = 4)

((X = 3) 1))

((∧ (U = false) (I = false)) 1)),

EPickup = (∧ (if ((X = 4) ∧ (Y = 4))

((∧ (P = Taxi) (D = R) (I = false)) 1))

(if (¬((X = 4) ∧ (Y = 4)))

((∧ (P = G) (D = G) (I = true)) 1 reward − 10))

((U = false) 1)),

EPutdown = (∧ (if ((P = Taxi) ∧ (X = 0) ∧ (Y = 4))

((∧ (P = R) (U = false)) 1 reward 20))

(if (¬((P = Taxi) ∧ (X = 0) ∧ (Y = 4)))

((U = true) 1 reward − 10))

((I = false) 1))}

Figure 4.6: Taxi problem

The state variables are the location of taxi in the grid, location of passenger, desti-

nation point and indicators of wrong pick up and put down. The goal is defined as
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passenger is put down in location R, i.e. (P = R). Like coffee and many other

real world tasks, taxi problem is a sparse problem, however it has huge state-action

space. That’s the main reason why results in Table 4.6 demonstrate way more bigger

gap than the other problems. Other important reason is that the transitions are all

deterministic, hence no tensor product overhead arose again.

Table 4.6: Running times of solver algorithms with the given formulations for the

given number of epochs (in msecs)

Taxi(5,5) Taxi(5,5,MDP )

100 epochs 29.74± 3.36 > 15K

Finally, different cases of the SysAdmin tasks are implemented having all bidirec-

tional ring topology with varying number of connected machines. In bidirectional

topology, each machine i is connected to two machines having ids i ± 1. Therefore,

the failure probability of a given machine is effected significantly from the states of

the previous and successor machines in the network. 5 machine case with corre-

sponding conditional probabilities occurring from the bidirectional ring connectivity,

P (X t+1
i | X t

i,X
t
i−1,X

t
i+1,A), is detailed in Figure 4.7, where X t

i represents the

state of machine i in time step t.

Figure 4.7: Bidirectional topology (left), conditional probabilities when the action is

noop (right). When a machine is in failure condition it remains in the same condition.
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When rebooti action is taken, machine i will be in running state in the next time step

with 100% probability regardless of the states of neighbouring machines. SysAdmin

will get a reward of 2 for each running machine and 0 for the failed ones. Here is an

example formulation for 3 machine SysAdmin task as unconditional binary CA-MDP,

SysAdmin3 = < Γ, S, A, C,E, I > :

• Γ = {Γ0,Γ1,Γ2},

Γ0 = Γ1 = Γ2 = {0, 1},

• S = {X0, X1, X2},

• A = {reboot0, reboot1, reboot2, noop},

• I = ((X0 = 0) ∧ (X1 = 0) ∧ (X2 = 0)),

• C = {>,>,>},

• E = {Ereboot0 = (∧ ((X0 = 1) 1)

(if ((X2 = 1) ∨ (X1 = 1))

(if ((X2 = 0) ∧ (X0 = 0))

(∨ ((X1 = 1) 0.3) >))

(if (((X2 = 0) ∧ (X0 = 1)) ∨ ((X2 = 1) ∧ (X0 = 0)))

(∨ ((X1 = 1) 0.6) >))

(if ((X2 = 1) ∧ (X0 = 1))

(∨ ((X1 = 1) 0.9) >))

(if ((X1 = 0) ∧ (X0 = 0))

(∨ ((X2 = 1) 0.3) >))

(if (((X1 = 0) ∧ (X0 = 1)) ∨ ((X1 = 1) ∧ (X0 = 0)))

(∨ ((X2 = 1) 0.6) >))

(if ((X1 = 1) ∧ (X0 = 1))

(∨ ((X2 = 1) 0.9) >)))),

...

For SysAdmin task, it can be observed that state space grows exponentially with the

number of machines. In addition, running machines in a network can be in any of

possible states in the state space in the next time step. Hence, for a given state, the

size of its connectivity is defined from the number of running machines in that state

which has again exponential growth rate. In order to address these difficulties and
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analyse the run times and memory requirements we carried out two separate sets of

experiments.

In the first part of our experiments, we compared results of our model and solver

algorithm with regular MDP setting constructed from the bidirectional ring topology

with various number of machines. Comparison chart for running times of problems

having machines from 5 to 12 is given in Figures 4.8 and 4.9.

Figure 4.8: Average running times for SysAdmin problems with various number of

machines. All have bidirectional ring topology.

As expected, our algorithm performed better and scaled accordingly with respect to

the state and connectivity space of the problem. Even though, when the number

of machines in the network increases using regular MDP encoding becomes infea-

sible, online products of tensors also start to cause significant amount of overhead

(although these products can be computed in a parallel fashion, however this is be-

yond our scope). This huge processing overhead is attributed to the very large size

of state space and connectivity. Hence, putting all of the transitions in memory or

generating all of the transitions from the state variables in an online fashion are both
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Figure 4.9: Average running times for SysAdmin problems with various number of

machines. All have bidirectional ring topology.

infeasible in this computational setting. A middle ground can be established so that

both complexity of memory and tensor processing time is alleviated.

In the second part of our experiments, to overcome this problem and further decrease

the amount of time for generating an optimal policy, we factorized the problem into

two separate set of state variables. For the first partition, all of the tensor products

are processed offline and stored in memory. Transition probabilities are generated

during execution of CA-MDP VI algorithm for the second partition. This, not only

significantly decreased the running time, but also allowed CA-MDP VI to use the

memory space available. Table 4.7 summarizes our experiments for tasks with very

large state spaces.

Non-factorized formulations generate all of the transition probabilities ground up on-

line. Factorized formulations divide state variables into two equal size groups and

transitions are generated offline for one selected group. During execution of solver
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Table 4.7: Comparison of average running times of CA-MDP VI algorithm with

factorized and non-factorized formulations (in secs)

#machines Factorized Non-Factorized

14 5133 5305

16 56423 57896

18 616462 664272

algorithm, transition probabilities of state variables of the other group are gener-

ated. Then, tensor processing is carried out between these distributions with the pre-

computed ones in order to get the required actual transition probabilities to compute

value function. As can be seen from the table, time gap between running times is

increasing as the state space grows large. The gap can be wider with careful selection

of number of factorized variables. However, finding that optimal number is beyond

the scope of our study.

In summary, we tried to show the powerful aspects of CA-MDP VI with appropriate

problems. Most of the tasks emit real-world problem behaviour i.e. localized admis-

sibility and effects of actions, which enable us to factorize to some extent and solver

to converge to practical minimum run time bound. SysAdmin and Coffee problem

have higher factorization rate than the others which comes with tensor product cost.

To overcome the difficulties of the tensor product overheads, an optimal point balanc-

ing between memory usage and tensor processing can be established to optimize run

time. Nevertheless, in all of the problems, the internal structure is exploited hence

enabling us to perfectly compress the representation of the problem as much as pos-

sible and almost hit the theoretical bounds. Not only from theory, but also from the

experiments we can safely state that we successfully integrated problem specific in-

formation and declared effects and conditionals appropriately. These declarations in

turn enabled CA-MDP VI to exploit the dependencies and prune some unnecessary

and/or non-existent transitions, leading to faster convergence rate.
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CHAPTER 5

CONCLUSION AND FUTURE WORK

5.1 Conclusion and Future Work

Several models and corresponding solution algorithms are proposed for autonomous

agents to represent a task in a partially observable setting which has two main issues:

space complexity of states and uncertainty of the agent. Even though, there exists pro-

posed solutions for the state space problem of POMDP formulations, this work may

be regarded as an attempt to give a solution to get rid of the burden of the problems

mentioned by integrating the structural information available a-priori using compact

representation style of planning domain.

CA-POMDP uses state variables rather than states for the representation of a given

problem. Actual states are defined as the conjunction of state variables, with the ex-

ception of singular CA-POMDP family. Combined with the grammar representing

the relationship in a structured manner rather than explicitly enumerating transition

matrix of the underlying environment, space complexity is considerably reduced. Ex-

ploiting relationships between states, actions and observations is essential for effi-

ciently generating policies in AI. Also, we incorporated conditionals in the formu-

lation which also helps with the factorization of the given problem. This structured

representation shows that CA-POMDP is favorable for integrating the context depen-

dent information in a given problem, hence easing up the computational burden of

learning optimal policies. This factorization may be enough by itself in fully observ-

able environments to improve complexity, however it is not in partially observable

environments due to the need of tracking of states.

Uncertainty and efficiency are always in contrast each other. Our model, CA-POMDP
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improves efficiency by representing states and the uncertainty of agent’s in those

states in a compact structure. Our proposed model CA-POMDP incorporates a grammar-

based structure to express those relationships. In order to fully use the advantage of

this representation, belief state updates need to be represented in the same manner

which otherwise explicit enumeration of real states are needed to store the belief

distribution and exponential number of updates need to be executed for distribution

update. This representation is very crucial on generating optimal policy since the time

complexity is alleviated by getting rid of unnecessary computations significantly.

On the other hand, the enhanced algorithm for solving problems in fully observable

environments, CA-MDP VI, takes advantage of the locality, i.e. effects, to update the

value function, V (s), in a more efficient way. As shown in the previous chapter, CA-

MDP VI eliminates the redundant computations using conditionals. The other portion

of gains are coming from the structured effects of actions. Even though CA-MDP VI

performs fewer computations than regular VI and guarantees an optimal policy, as VI

does. In the experiments, we not only presented empirical evidence for the theoretical

basis for analyses of algorithm by comparing our results to the practical lower bounds

but also discussed the way formulating problems with various formulations.

As a conclusion, combining the strongest features of both worlds, namely compact

representation and dynamic programming techniques, Markov Processes can be im-

proved significantly for AI domain. CA-POMDP can compactly represent problems

in partially observable settings using grammar based form which is also programmer

friendly. The most important gain obtained by this formulation roots from defin-

ing structural dependencies of problems which enable exploitation of further sub-

structures and localized dependencies. Moreover, our solution algorithm CA-VI per-

formed well as suggested by the theoretical underpinnings. We presented our experi-

mental setting in detail and justified theoretical analyses empirically. For future work,

as mentioned in introduction, a new solution algorithm that can exploit CA-POMDP

facilities can be developed. This algorithm should use the compact representation of

states-actions-observations and factored belief updates. Moreover, one can define fur-

ther top-down factorizations over CA-POMDP formulation, like generating sub-CA-

POMDPs and factorizing conditionals over different state variables leading to even

better structured representations hence in turn solution algorithms can be engineered
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accordingly to take these improvements into account to get the approximate/exact

optimal policy.
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