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ABSTRACT

STRUCTURAL RESULTS FOR AVERAGE-COST
INVENTORY MODELS WITH PARTTALLY
OBSERVED MARKOV-MODULATED DEMAND

Harun Ava
M.S. in Industrial Engineering
Advisor: Kagan Gokbayrak
Co-Advisor: Emre Nadar
May 2018

We consider a discrete-time infinite-horizon inventory system with full backlog-
ging, deterministic replenishment lead time, and Markov-modulated demand.
The actual state of demand can only be imperfectly estimated based on past
demand data. We model the inventory replenishment problem as a Markov de-
cision process with an uncountable state space consisting of both the inventory
position and the most recent belief about the actual state of demand. When the
demand state evolves according to an ergodic Markov chain, using the vanishing
discount method along with a coupling argument, we prove the existence of an
optimal average cost that is independent of the initial system state. With this
result, we establish the average-cost optimality of a belief-dependent base-stock
policy. We then discretize the belief space into a regular grid. The average cost
under our discretization converges to the optimal average cost as the number of
grid points grows large. Finally, we conduct numerical experiments to evaluate
the use of a myopic belief-dependent base-stock policy as a heuristic. On a test
bed of 108 instances, the average cost under the myopic policy deviates by no
more than a few percent from the best lower bound on the optimal average cost

obtained from our discretization.

Keywords: Inventory control, Markov-modulated demand, partial observations,

long-run average cost, base-stock policy.
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OZET

SAKLI MARKOV SURECIYLE DEGISEN TALEP

DAGILIMLI ORTALAMA MALIYET ENVANTER
MODELLERINDE YAPISAL SONUCLAR

Harun Ava
Endiistri Miithendisligi, Yiiksek Lisans
Tez Danmismani: Kagan Gokbayrak
Ikinci Tez Damsmani: Emre Nadar
Mayis 2018

Donemsel gozden gegirilen, sabit tedarik siireli, kargilanamayan taleplerin kaybol-
madig1 ve talep durumunun sonlu bir Markov zincirine bagh degistig1 tek tirtinlik
envanter sistemlerinde sonsuz ufuk ortalama maliyet problemi ele alinmistir.
Herhangi bir donemdeki talep durumu dogrudan bilinmemekte ve talep gecmisi
yardimiyla tahmin edilebilmektedir. Envanter problemi, envanter pozisyonundan
ve kogullu durum dagilimindan olugan sonsuz durum uzayh Markov karar stireci
olarak modellenmistir. Talep durumlar 6lgiimkal (ergodik) bir durum zincirine
gore degigtiginde yok olan indirim yontemi ile baglangic durumdan bagimsiz en iyi
ortalama maliyetin varligi ispatlanmigtir. Bu sonugla kogullu durum dagilimina
bagh taban stok politikasinin en iyi politika oldugu belirlenmigtir. Sonrasinda
kogullu durum dagilimi uzay1 diizgiin orgiiye ayriklagtirilmigtir. Diizgiin orgili
durum uzay1 altindaki ortalama maliyet, orgii nokta sayis1 arttikcga en iyi ortalama
maliyete yakinsamaktadir. Son olarak sezgisel bir yontem olan durum dagilimina
bagli miyop taban stok politikasinin performansini degerlendirmek icin sayisal
deney yapilmigtir. 108 ornek icin miyop politika altindaki ortalama maliyetin
ayriklagtirma yontemi ile elde ettigmiz en iyi alt sinirdan sadece yiizde birkag
saptigl gozlemlenmigtir.

Anahtar sézciikler: Envanter sistemleri, Markov modillii talep, kismi gozlem,

uzun vadede ortalama maliyet, taban stok politikasi.
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Chapter 1

Introduction

Companies often face non-stationary demand that is driven by dynamic environ-
mental factors, such as fluctuating economic and/or market conditions [1, 2, 3].
Associating a demand distribution with each state, Markov chains provide an
elegant mathematical framework for modeling non-stationary demand. In this
framework, the probability distribution of demand evolves over time according to
a Markov chain whose state variable captures all the relevant information about
environmental factors to represent the demand state. The Markov chain approach
enables researchers to extend the optimal policy structures available in classical
inventory models with stationary demand to their counterparts with Markov-
modulated demand, by reasonably allowing the policy parameters to depend on
the demand state. We refer the reader to Beyer et al. [4] for a comprehensive

discussion on inventory models with Markov-modulated demand.

Although inventory models with Markov-modulated demand facilitate analyt-
ical treatment of non-stationarity, their practical applicability often suffers from
the assumed perfect knowledge of demand state [5, 6]. Only a few researchers
have addressed this issue by considering partially observed Markov-modulated
demand. And those researchers have focused only on finite-horizon total-cost
and infinite-horizon discounted-cost inventory systems. However, to our knowl-

edge no one has studied the infinite-horizon average-cost inventory systems with



partial observations. Part of the reason for this is the notorious difficulty of the
resulting partially observed Markov decision processes (POMDPs) under the av-
erage cost criterion (see [7] and Chapter 5 in [8]). In this thesis we study the
average-cost inventory replenishment problem with partially observed Markov-
modulated demand. We contribute to the inventory literature by establishing

structural results for this problem.

Specifically, we consider a single-item discrete-time inventory system with full
backlogging and non-stationary demand that arrives according to one of a fi-
nite number of probability distributions in each time period. The probability
distributions undergo Markovian transitions between time periods. The state of
the underlying Markov chain, i.e., the demand state, is only partially observable
based on past demand data. Replenishment lead times are constant and there is

no fixed replenishment order cost.

The infinite-horizon discounted-cost problem for this inventory system can
be formulated as a POMDP with an information vector that contains all past
demand observations and the belief about the initial demand state. The demand
state belief in any period can be specified as a probability distribution over the
set of demand states that forms sufficient statistics for the entire history of the
process and possesses the Markovian property. The belief evolves over time, as
new demand observations become available, according to the Bayes’ formula. To
leverage this Markovian structure of the belief, we formulate the infinite-horizon
discounted-cost problem as a Markov decision process (MDP) with a state space
consisting of the inventory position and the belief about the current demand
state, leading to an uncountable space. (See [9] for more details on reduction of
a POMDP to an MDP.)

Bayesian updating mechanisms were exploited in many inventory papers that
consider stationary demand with unknown parameters (e.g., [10], [11], [12], [13],
and [14]) and non-stationary demand with partially observed demand states (e.g.,
[15], [16], and [5]). A greatly simplified alternative to MDPs with Bayesian up-

dating is to formulate and solve an MDP with perfectly observed demand states,



to forecast the demand state in each time period based on the so-called “maxi-
mum a posteriori” (MAP) estimation, and to take the optimal action obtained
from the MDP for the forecasted demand state. (See Chapter 9 in [17] for a
detailed discussion on MAP estimation.) But this alternative method leads to
a significant loss of optimality according to our numerical experiments on our

inventory problem (see Chapter 6).

For our infinite-horizon problem with Bayesian updating, first, we establish
that the optimal inventory replenishment policy is a belief-dependent base-stock
policy in the discounted-cost case (Proposition 1). Then, assuming the underly-
ing Markov chain is ergodic (Assumption 1), we employ the vanishing discount
method along with a coupling argument to prove that (i) there exists an optimal
average cost independent of the initial system state, (ii) the average-cost opti-
mality equation holds, and (iii) the belief-dependent base-stock policy is optimal

in the average-cost case (Theorem 1).

Because the state space is uncountable, finding an exact solution for the
average-cost optimality equation (and thus calculating the optimal average cost
and base-stock levels) is a computational challenge [18, 19]. As an approximation,
we discretize our belief space via the regular grid approach proposed by Lovejoy
[20] and the discretization scheme proposed by Yu and Bertsekas [21]. The aver-
age cost under this approximation is a lower bound on the optimal average cost.
This lower bound converges to the optimal average cost as the number of grid
points goes to infinity. We then evaluate the use of a myopic belief-dependent
base-stock policy as a heuristic replenishment policy for our average-cost problem
with uncountable state space. Myopic base-stock policies can be easily imple-
mented in practice. Myopic base-stock policies were also shown to be optimal
for several inventory models in the case of stationary demand [22, 23] and in the
case of non-stationary demand under certain conditions [24, 25]. Our numerical
experiments reveal the practicality of the myopic policy in our problem: On our
test bed of 108 instances, the average cost under the myopic policy is no more
than a few percent worse than the best lower bound on the optimal average cost
that can be obtained from our approximation. In addition, computations for the

myopic solution are instantaneous.



The rest of this thesis is organized as follows: Chapter 2 reviews the related
literature. Chapter 3 formulates our problem. Chapter 4 presents our structural
results for both discounted-cost and average-cost problems. Chapter 5 offers a
discretization scheme for calculation of a lower bound on the optimal average

cost. Chapter 6 presents our numerical results and Chapter 7 concludes.



Chapter 2

Literature Review

In the literature most classical inventory models assume that demand in each
period is independent of environmental factors other than time (Chapter 1 in [4]).
There is also a growing body of literature that models non-stationary demand
(due to environmental factors) as a Markov-modulated process: Song and Zipkin
[26] consider an inventory system with demand modeled as a Markov-modulated
Poisson process, full backlogging, ordered stochastic replenishment lead times,
linear holding and shortage costs, and fixed and linear variable ordering costs.
The objective is to minimize the expected discounted cost over a finite or an
infinite horizon. They establish the optimality of a state-dependent (s, .S) policy
for this system and propose a modified value-iteration algorithm to compute the
optimal policy parameters. Under the assumption of zero replenishment lead
time, Sethi and Cheng [27] generalize the optimality of state-dependent (s,.S)
policies to inventory systems with Markov-modulated demand, full backlogging,
state-dependent convex holding and shortage costs, and fixed and linear variable
ordering costs. Applying the vanishing discount method to the infinite-horizon
discounted-cost problem in [27], Beyer and Sethi [28] extend the optimality of
state-dependent (s, .S) policies to the infinite-horizon average-cost problem. Using
the vanishing discount method, Huh et al. [29] partially characterize the optimal
policy structures for several different single-stage inventory models with Markov-

modulated demand and capacity.



There are also papers that adopt Markov-modulated demand in multi-echelon
inventory systems: Chen and Song [30] prove the optimality of an echelon base-
stock policy with order-up-to levels dependent on the state of the underlying
Markov chain. Muharremoglu and Tsitsiklis [31] obtain a similar result for an
uncapacitated inventory model with Markov-modulated stochastic lead times un-
der the assumption of no order crossing. Chen et al. [32] study inventory control

of serial supply chains with continuous demand and a constant lead time.

All of the above papers assume that the current state of the Markov-modulated
process is perfectly observed by the controller and thus the true demand distribu-
tion is always known. Several other papers have significantly relaxed this assump-
tion: Treharne and Sox [15] consider discrete-time inventory systems in which the
demand state can only be partially observed through the past demand data. They
study the finite-horizon total-cost problem with deterministic replenishment lead
times, linear holding and shortage costs, linear variable ordering costs, and zero
fixed ordering cost. They establish the optimality of a base-stock policy with the
base-stock levels that depend on the most recent belief about the actual demand
state. They also propose heuristic solution methods for calculation of the base-
stock levels. Arifoglu and Ozekici [16] consider discrete-time inventory systems
with random yield and finite capacity. The demand state is partially revealed via
some observation process that is different than the past demand data. The obser-
vation process takes values from a finite set whereas the demand is non-negative
real valued. They prove the optimality of belief-dependent (s, S) policies in finite-
horizon and infinite-horizon discounted-cost problems. Bayraktar Ludkovski [33]
consider continuous-time inventory systems with Markov-modulated Poisson de-
mand with intensities and discrete jump increments conditioned on the demand
state. The demand state is partially observed through the past demand data.
They characterize the optimal policy structure in both cases of backlogging and
lost sales. All these papers incorporate partial observations into their inventory
models via Bayesian updating mechanisms (and thus uncountable state spaces)
in finite-horizon total-cost or infinite-horizon discounted-cost problems. In this

study, however, we focus on the infinite-horizon average-cost problem.

For the infinite-horizon average-cost problems with uncountable state spaces,

6



the optimal average cost may depend on the initial state. And when it is inde-
pendent of the initial state, an optimal stationary policy need not exist (Chapter
51in [8]). The vanishing discount method, which was originally developed by [34],
can be used to show the existence of a constant optimal average cost that is in-
dependent of the initial state. Following this method, Ross [35] shows that the
uniform boundedness and equicontinuity of the discounted cost function ensures
the existence of an optimal average cost. Platzman [36] proves that the uniform
boundedness of the optimal differential discounted cost function is a necessary
and sufficient condition for a bounded optimal average cost. Beyer and Sethi [2§]
establish the uniform boundedness and equicontinuity of the discounted cost func-
tion for inventory models in which the perfectly observed demand state evolves
over time according to an irreducible Markov chain. Using a coupling argument
to obtain certain bounds on the discounted cost function, Borkar [37] proves
the uniform boundedness and equicontinuity of the discounted cost function for
controlled Markov chains with partial observations when the underlying Markov
chain is ergodic. We refer the reader to Arapostathis et al. [38] for a detailed re-
view on average-cost problems. In this study, we extend the coupling argument in
[37] to an inventory system with partially observed Markov-modulated demand,

which enables us to show the existence of an optimal average cost.

Because solving the average-cost optimality equation on an uncountable state
space is infeasible, previous work has developed discretization schemes for ap-
proximate solutions. Lovejoy [20] discretizes the uncountable state space into a
regular grid with the concept of “triangulation.” Zhou and Hansen [18] improve
Lovejoy’s result by introducing a variable-resolution regular grid. Both papers
establish a lower bound for discounted-cost problems modeled as POMDPs. Yu
and Bertsekas [21] present a lower approximation approach for both discounted-
cost and average-cost problems modeled as POMDPs. There are also papers that
approximate the average cost for MDPs with uncountable state space; see, for
instance, [39] and [19]. In this study, we adopt the discretization schemes de-
veloped by Lovejoy [20] and Yu and Bertsekas [21], which enable us to obtain a
lower bound on the optimal average cost that is sufficiently tight according to

our numerical experiments.



Chapter 3

Problem Formulation

In this chapter, we formulate our inventory replenishment problem for a single-
item system with non-stationary demand distribution. Demand in each period
arrives according to a conditional distribution on the state of economy or market
that undergoes Markovian transitions over time. The demand state in period
t, d;, takes a value from a finite set N' := {1,2,..., N}, Vt € Z, = {1,2,...}.
We thus model the demand state process {d;}.cz, as a finite-state Markov chain
with an N x N transition matrix P = {p;;} where p;; := P{diy1 = j|d; = i},
Vt € Z,. The demand realization in period t, wy, takes a value from a finite set
M :={0,...,M}, vVt € Z,. We denote by 7;(-) the conditional probability mass
function of w, for a given d; = i, i.e., ri(k) = P{w, = k|d; = i}. We assume
that there exists an i € N and k € M, :={1,..., M} such that r;(k) > 0. This

assumption is violated if and only if the demand is always zero.

The demand state d;, t € Z,, is partially observable through the realized
demand values prior to period ¢ and the initial state belief 7! = [r],... 7L],
where 7} :=P{d; =i}, i € N. We define the state belief in any period, which is
also known as the “conditional state distribution” in the literature (see [40]), as
an N-dimensional vector consisting of the apriori probabilities of being in each
demand state conditioned on the history composed of the initial state belief and all
past demand observations. Therefore, the belief in period ¢ > 1, 7t =[x}, ..., 7],

can be formulated as 7i(m,w) = P{d; = i|r' = 7,0 = w}, i € N, where

8



w1l = (wy, ...,ws_1) is the demand history up to period ¢t — 1. For a given initial

t—1

belief 7! = 7, a given demand history w!~! = w, and a given demand realization

w; = w, the belief 7'+ can be calculated as follows:

41

;

(7, (w,w)) = P{ds11 = i|n’ = 7,0 = (w,w)}

t—1

= P{di41 :i|7r1 =mw " =w,w =w}

= Z P{diy1 = i|ld; = j,nt = 7,0 = w,wp = wIP{dy = jlnt =m0 = w,wp = w)
JEN

Z P{d; = j,w; = w|r! = m, 0! = w}
= Pji -
= Mo =wlrt =mettt = w)

> jen PiilP{we = wldy = gyt = wt Tl = WiP{d; = j|r! = 7w = w}

Y jenPluy = wldy = j',ml = m w1 = wiP{d; = j'|7t = 7m0 = w}

_ Zje/\/pji Tj(w) W;’(ﬂ-’w)
D jiren T (w) 7T§.,(7T,w)

= Ty(r' (7, w),w), Vte€Z,VicN.

For notational convenience, we express 7'(m,w) as 7' in the rest of the thesis.
Let I := {m € [0,1]Y : >,y m =1} be the continuous space of all possible
beliefs. We define T': IT x M — II as the one-period belief update function given
by T(-,-) = [T1(-+)s- .., In(-,-)] € II (see [41], [15], and Chapter 4 in [42] for
similar belief updates). The conditional probability of w; for a given 7' = 7 can

be written as
fr(k) = P{w, = k|n" = 7}

= P{w, = k|z' =7, d, = i}P{d, = i|z" = 7}
1EN

= Z Tz(k)ﬂ'l

We assume that the planning horizon is infinite and all unmet demand is
backlogged. The order placed at the beginning of period t is received at the
beginning of period ¢t 4+ I, where [ € {0,1,...} is constant, t € Z,. As we allow
for non-zero replenishment lead times, we define the inventory position as the

number of items on hand plus the number of items on order minus the number

9



of backlogged demands, including it in the state description of our MDP. As the
belief 7! summarizes the demand history up to period ¢ and the initial belief, it
forms a sufficient statistic for the information collected up to period ¢ [43]. Hence

we also include 7! in the state description.

We denote the inventory position at the beginning of period ¢ by ¥, € Z, and
the quantity of the order placed at the beginning of period ¢ by u; € Z, U {0},
t € Z,. For an initial inventory position y;, the inventory position evolves over

time as follows.
Yirl = Yo +ug —wy, tE€ 7Ly, (3.2)

There are two types of costs in our inventory model: The ordering cost in period
t is linear in the order quantity and is given by cu;, where ¢ is the unit ordering

cost. The single-period expected inventory cost in period t + [ is piecewise linear

where b and h are the unit shortage and holding costs per period, respectively.

Note that
T(’ﬂ't, kl)} .

!
P {Z Witn = k 7Tt
n=0
Using the above recursion, the conditional (I +1)-period demand distribution can

and is given by

I !
gy +w) =E [maX {h (l/t + U — Zwt—i-n) ,b <_yt —ut + Zwt—‘rn) }

n=0 n=0

k
} = Zﬂrt k‘l {Zwtm—k ky|m

k1=0

be calculated as follows:

l
P {Zwt+” =k Wt}
n=0

-1
k  k—k k=321 k;

= Z Z Z Tt (k1) Tree1 (ko) -+« « Prorio1 (Kp) 7 st (k Z/@)

k1=0 ko= j=1

where 7t = T(7t ky), ..., 7 = T(x'™=1 k). We summarize our notation in
Table 3.1.

10



Table 3.1: Summary of our notation.

Symbol | Description

N Number of demand states.

N Set of possible demand states, i.e., {1,2,..., N}.

dy Demand state in period t, d; e N, t € Z..

{di} Markov chain with transition matrix P = {p;;}.

I Uncountable set of beliefs, i.e., {mr € [0,1]V : >, \ m =1}
mt Apriori probability distribution of the demand state in period ¢.
! Initial state belief, i.e., [P{d; = 1},...,P{d; = N}].

M Maximum possible demand value across all demand states.
M Set of possible demand values, i.e., {0,..., M}.

Wy Demand realization in period t.
wt Demand history up to period t, i.e., {wi, ..., w}.
ri(+) Conditional probability mass function of w; given d; = 4.
7 (*) Conditional probability mass function of wy given 7! = 7.
Yt Inventory position at the beginning of period ¢, y; € Z, t € Z..
g Order quantity at the beginning of period ¢, w, € Z+ U {0}, ¢t € Z.
l Replenishment lead time.
c Unit variable ordering cost.
h Unit holding cost per period.
b Unit shortage cost per period.

For an initial belief 7 and an initial inventory position y, the expected long-
run average cost per period under a replenishment policy with order quantities

U= (uy,us,...), uy >0, t =1,2,..., can be written as

T
) 1
JY(m,y) = limsup TE Z[cut +g(m", yr + up)]

T—o0 —1

=7y = y] s.t. (3.1) and (3.2).

The objective is to determine the replenishment policy that minimizes the ex-
pected long-run average cost per period. In this formulation we allow the or-
der quantity to depend on the state of the system in every period. For no-
tational convenience, however, we suppress the dependency of u; on (7, y;).
In Chapter 4, using the vanishing discount approach, we prove that there ex-

ists a replenishment policy with order quantities U* = (uj,ul,...) € U, where

11



U = {(uy,us,...)|uy € Z, U{0}}, and a constant \*, which is independent of 7
and y, such that \* = JYU (7, y) < JY(x,y), YU € U.

12



Chapter 4

Analytical Results

In this chapter, first, we provide several structural results for the discounted-cost
version of our problem that we will utilize in our average-cost analysis (Chap-
ter 4.1). Then, we employ the vanishing discount method to prove that the
average-cost optimality equation holds, and use this optimality equation to char-
acterize the optimal policy structure for our average-cost problem (Chapter 4.2).
We refer the reader to Chapter 5 in [4], Chapter 5 in [8], and Chapter 8 in [44]

for detailed descriptions of the vanishing discount method.

4.1 The Discounted-Cost Problem

For any discount factor a € (0, 1) and any initial state (m,y) € Il X Z, the optimal

expected total discounted cost over an infinite horizon can be defined as

vo(m,y) = inf JY (7, y)

13



where JY(7,y) is the expected total discounted cost for the initial state (m,vy)

under a replenishment policy with order quantities U = (uq, us, .. .), i.e.,

JY(m,y) = Th_IgoE Za [cus + ol g (7, y, + uy)] |7t —Wyl—y]
Following Proposition 4.1.9 in [8], we verify that the optimal cost function v,
satisfies

M
va(.y) = min {cu+a’g<my+u> £y vulT(r w),y+u— wm(w)},
- w=0

vrell, Vy e Z (4.1)

(see [15] for a similar formulation on a finite-horizon total-cost problem). We
assume that a'b > c. This assumption is standard in the inventory literature;
see, for instance, [27], [16], and Chapter 3 in [42]. Note that if a'b were less than

¢, it would never be optimal to place an order in an (I 4 1)-period problem.

For the discounted-cost problem in (4.1), Proposition 1 shows that a belief-
dependent base-stock policy is optimal and the optimal belief-dependent base-
stock levels ST are bounded between 0 and (I + 1)M, Vr € 11, Va € (0, 1).

Proposition 1. For any a € (0, 1), the optimal stationary inventory replenish-

ment policy is a belief-dependent base-stock policy with base-stock levels ST such

ﬂ'
o

that the optimal order quantity in state (m,y) is ST — vy if y < SZ, and zero oth-

erwise. Furthermore, the optimal belief-dependent base-stock levels ST, Vm € 11,
satisfy (i) ST < (I4+1)M and (ii) ST > 0.

Proof. We will prove that v, (7, y+1) —va(m,y) > va(m,y) —va(m,y—1), Vr € 11,
Yy € Z. We call this property “discrete-convexity in y” in our proof. With this
property, we are able to characterize the optimal policy structure. We consider
the value iteration algorithm that can be used to calculate v,(,-): Let v%(-, ")
denote the value function at the tth iteration step of the value iteration algorithm.
Letting z = y 4 u, we obtain v5" (7, y) = —cy + min,s, {G' (7, 2)} where

Gi(m,2) = cz+alg(m2) +a Y vh(T(m,w), z — w)is(w).
weM
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Following Proposition 4.1.9 in [8], we verify that lim;_,.. 0% (7, y) = va(m, y) if

0

9(-,-) is the zero function. We thus assume that v2(-,-) is the zero function in

(%

our value iteration algorithm.

Assuming that v (7, y) is discrete-convex in y, we will show that v'"(m, y)
is discrete-convex in y, Vo € II. It is easy to verify that cz + alg(m, z) is
discrete-convex in z. Hence, because we assume v’ (7,y) is discrete-convex in
y, Vm € II, and because G (-, -) is a sum of discrete-convex functions, G% (m, z)
is discrete convex in z, Vr € II. Also, note that lim, , . g(m,2) = oo
and lim, , o g(m, 2) = oo, Vr € II. Because Gi(m, 2) > cz + alg(m,2),
lim, o0 Gt (7, 2) > lim, ., {cz + alg(m, 2)} = oo and lim,, o G (7, 2) >
lim, , o {cz+alg(m, 2)} >lim,, {(c—a'b)z} = oo (recall a'b > c). Therefore
there exists a global minima ST, a value of z, which minimizes G (r, 2), i.e.,
STt = argmin, ., {G%, (7, 2)}, V& € II. It is thus optimal to order max{0, ST* —y}
items in state (m,y) at the (¢+1)th iteration step of the value iteration algorithm.
This implies that

ey + GL(m, ST ify < ST,
W () = Y ( ) Y
—cy+Gi(my)  ify> ST

In order to show that v.™ () is discrete convex in y, we need to consider three

different cases depending on the relationship between ST and y:
(1) Ify+1 < ST we have
v (my +1) = —e(y+ 1) + min {G4(m,2)} = —cly +1) + G4 (7, 577,
2>y
1, y) = —cy + min {GL(r, 2)} = —cy + G (m, SY), and
2>y

vfjl(ﬂ, y—1)=—cly—1)+ r>nim1 {Gg(w, z)} =—cly—1)+ Gg(ﬂ, Sg’t).
zZ2Y—

Hence viH (m,y + 1) — o5 (m,y) = —c = 0!

(ﬂ->y) - UZH(T(,y - 1)

15



(2) If y = ST, we have

vy + 1) = —c(y+ 1) + Gh(my + 1),
o' (7 y) = —cy + G (7, ST, and
va My — 1) = —c(y — 1) + Go (7, S37).
Since ST is the global minima, v (7, y +1) — v (7, y) = —c+ G (7, y +
1) = Go(m, 55") 2 —c = vt (m,y) — v (m,y = 1).

(3) Ity — 1 > S™ we have

vt (my +1) = —c(y + 1) + G4 (m,y + 1),
v (m,y) = —cy + GY (7, y), and

U(2;+1(7T7y - 1) = _C(y - 1) + Gfx(ﬂ-7y - 1)

By discrete-convexity of Gt (, ), vir (7, y+1) = vt (7, y) = —c+GE (7, y+
1) - Gta(ﬂ-7y) > —c+ Gg(ﬂ-v y) - Gg(ﬂ-v Y- 1) = U(T_l(ﬂv y) t+1(7r Y- 1)

Hence vt (7w, y) is discrete-convex in y.

Consequently, because v2(7,y) is discrete-convex in y, Vr € II, vl (m,y) is
discrete-convex in y, Vr € I, VI € Z;. Let Gu(m, 2) = cz + dlg(m,2) +
Y e Vo T (m,w), 2 —w)ir(w). Because limy_,o v (7, y) = va(m, ), va(m,y) is
discrete-convex in y, and thus G, (7, z) is discrete-convex in z. Also, note that
lim, o Go(m, 2) = 00 and lim, , o, G (7, z) = oo, Vi € 1. Therefore a belief-

dependent base-stock policy with base-stock levels S7 is optimal. We next prove

(i) and (ii):

(i) For any a € (0,1), let U = (uy, uo, . ..) represent the order quantities under
the optimal belief-dependent base-stock levels ST, Vr € II. Suppose that
3 € I such that ST > (I 4+ 1)M. Now consider all sample paths that start
with y; = ST — 1 and 7! = m where ST > (I + 1)M. The base-stock policy

implies that the optimal order quantity in the first period is u; = 1 in all
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these sample paths. We now construct an alternative policy with order

quantities U= (U1, s, . ..) such that

u1—1 lftzl,
U= uy+1 ift=2,

Uy otherwise.

The inventory position plus the order quantity in period ¢ under the alter-

native policy is

- - y1+u1—1 lftzl,
Yp +Up =
yt+ut if ¢t > 1.

Since ST > (I+ 1)M, y; = ST — 1 > (I + 1)M. Consequently, y; + u; —
Zig wy > 1 and ¥y +u; — Zig wy > 0. Hence:

JY(r, S5 —1) = JY (7,87 — 1)

=K Z o Hew + o' g(n', G + W) — cup — o' g(n, i + )]
=1

7T1:7r,y1:§1:S§—1

=a'h(th + U — y1 — wr) + (W — ur) + (s — us))
= —a'h—(1-a)c<0.

We have a contradiction because the expected total discounted cost under
the alternative policy cannot be smaller than the expected total discounted
cost under the optimal policy. We thus conclude that any policy with
ST > (I +1)M for some 7 € II cannot be optimal.

For any o € (0,1), let U = (uq, ug, . ..) represent the order quantities under
the optimal belief-dependent base-stock levels ST, Vr € II. Suppose that
dm € II such that S} < 0. Now consider all sample paths that start with
y1 = ST and 7' = 7 where ST < 0. The base-stock policy implies that

the optimal order quantity in the first period is u; = 0 in all these sample
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paths. Let K be the first period with an order, i.e., K = min, ez, {n : u, >
0|7t = 7,9y = ST}. For a given sample path, if K = k, we construct an

alternative policy with order quantities U = (&y, Ua, . . .) such that

[y +1 ift=1,

Uy ifl<t<k,
Uy =
uk—l ift:]f,

& otherwise.

The inventory position plus the order quantity in period ¢ under the alter-

native policy is

o wrwerr 1<e<kon,
Yp +up =

Note that y; + u; < 0 and y; + u; < 0 for ¢t < k. Hence:
I (m,5%) = JY (m, ST)

oo
=E Zat_l[Cﬂt +alg(n', g + ) — cuy — ol g(7", yo + uy))

t=1

oo oo
= Z E !Z o Mety + ol g (7, G + ) — cuy — gt ye + )]
k=2 Li=1

‘K:k,wlzw,ylzglzsg] P{K =k}

k-1
[c —af e - albz A (R T T ut)] P{K = k}
t=1

1 T

1— k1t
]TP{K = k}.

[(1—a)c—alb -

Eonl
[|
I\

1—ak—1
1_

Because >0, P{K =k} > 0 for some k > 2, and (1 —a)c—alb<0

(recall a'b > c), we have JU (, S™)—JY (, ST) < 0. We have a contradiction

[0}
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because the expected total discounted cost under the alternative policy
cannot be smaller than the expected total discounted cost under the optimal
policy. We thus conclude that any policy with ST < 0 for some 7 € II cannot

be optimal.
|

Similar threshold policies are also available in the extant literature: Treharne
and Sox [15] establish the optimality of a belief-dependent base-stock policy for a
finite-horizon total-cost inventory system with partial observation. In their study,
similar to ours, the demand in each period takes a value from a finite set and
the actual demand state is partially revealed through the past demand data. We
thus extend the optimal policy structure in [15] to an infinite-horizon discounted-
cost inventory system. Arifoglu and Ozekici [16] establish the optimality of a
belief-dependent (s, S) policy for an infinite-horizon discounted-cost inventory
system with partial observation. In their study, unlike ours, the demand is non-
negative real-valued and the actual demand state is partially revealed via a finite

observation set that is different from the past demand data.

4.2 The Average-Cost Problem

We next consider the vanishing discount method for our analysis of the average-
cost problem: For a fixed 7 € II, we define 0, (7, y) := va (7, y) — v4(7,0) as the
differential discounted value function, Vr € II, Vy € Z. For any a € (0,1), the
equation in (4.1) implies that

da(m,y) + (1 — @)va(7, 0)

M
— i ! .
= min {cu +ag(m,y+u)+ o EO do(T(m W),y +u — w)rﬂ(w)} : (4.2)

We will show (in Theorem 1) that there exists a constant A* and a locally Lips-

chitz continuous function 6*(+,-) that together satisfy the average-cost optimality

19



equation:

M
5*(m,y) + M = m;g{cwg(w,wu) + 36 (T w),y +u— wm<w>},

w=0

Vi ell, Yy €Z,

such that (1 — @)v,(m,0) — A* and d,4(m,y) — 0*(m,y) as « goes to 1. In
order to obtain this analytical result, we establish that (1 —a)v, (7, 0) is bounded
with respect to o € (0,1) (see Lemma 1), and that J,(+,) is locally Lipschitz
continuous for o € (0,1) and uniformly bounded with respect to o € (0, 1) (see
Lemma 2). We will also show (in Theorem 1) that the optimal replenishment

policy is a belief-dependent base-stock policy in our average-cost problem.

Lemma 1. (1 — a)v,(7,0) is bounded with respect to o € (0,1). Furthermore,
there exists a sequence (oy)i2, converging to 1 and a constant \* such that (1 —

)V, (T,0) = X* as t goes to infinity.

Proof. Proof. For any o € (0, 1) and the initial inventory position g; = 0, consider

a replenishment policy with order quantities U = (w1, ua, .. .) such that

0 ift=1,

U =
We—1 if t > 1.

Note that the above policy corresponds to a zero base-stock level policy. The

inventory position plus the order quantity in period ¢ is

o ift=1,
Yt +up =
— W1 lf t > ]_
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Then the following hold:

(1 - @)va(7,0) < (1 — a)JY (7,0)

= (1 - Q)E Zatil[cﬂt + alg(ﬂ-ta gt + ﬁIf)] 7T1 = 7?7@1 = 0]
Li=1

[ oo l
= (]_ — Oé)E Zat_l [Cﬂt - Oélb (gt + ﬂt - Zwt+n)]
Lt=1 n=0

=(1-a)E awaHn‘i'Zat 1<cwt 1+ alb Z wt+n>

n=—1
(1—-a) i [c+b(l+2)|M
=1l
= [c+ (i + 2)] M.

Thus (1 — a)v,(7,0) is bounded with respect to o € (0,1). By the Bolzano-
Weierstrass Theorem, there exists a subsequence «a; T 1 and a constant A* such
that (1 — at)va, (7,0) — A*. [

In order to obtain further analytical results, we assume that the Markov chain
governing the demand state process is ergodic. Previous work has required the
wrreducibility of the underlying Markov chain for optimal policy characterization in
average-cost inventory models with perfectly observed Markov-modulated demand
(see [28] and [29]). In this study, in addition to irreducibility, we also require the
aperiodicity of the underlying Markov chain.

Assumption 1. The Markov chain with transition matrix P s ergodic.

We now consider two demand state processes {d;}ez, and {Jt}teZ =
both evolving according to Markov chains with the same transition ma-
trix. Let v(i,j) = P{d = i,d = j} denote an arbitrary joint prob-
ability mass function for demand states d and d. Also, let Viz =
{1/ DY e (i) =m Vi e N, and 37, v(i, j) =75, V) € N} Following [37],

we define the Wasserstein distance between two beliefs 7 and 7 that correspond
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to d and d, respectively:

A(m,7) = mf {IE (|d—d|]} = mf {ZZ|Z—]| zy}

Vas iEN JEN

Using the above definition and our structural results in Proposition 1, under
Assumption 1, Lemma 2 proves that d,(:,-) is locally Lipschitz continuous for

a € (0,1) and uniformly bounded with respect to « € (0, 1).

Lemma 2. Under Assumption 1, for a € (0,1), 04(-,-) is locally Lipschitz con-
tinuous and uniformly bounded with respect to «. Furthermore, there exists a
sequence (ay)2, converging to 1 and a locally Lipschitz continuous function §*
such that 6., (7, y) — 6*(m,y) locally uniformly for any finite y € Z and = € 11 as
t goes to infinity.

Proof. Proof. Let y1,ys,... be the inventory positions of a system with beliefs

7, 72, ... under the optimal belief-dependent base-stock policy with order quanti-

ties U = (uq, ug, ...). Similarly, let ¥, 7, . .. be the inventory positions of another
system with beliefs 7!, 72, ..

U = (U1, Uy, ...) such that @, = max{(y; + u;) — J,0}, V¢ € Z,. For any finite

. under an alternative policy with order quantities

Y,y € Z and 7,7 € II, assuming 6, (7, y) — da(m, y) > 0 without loss of generality,
the following holds.

50&(%7 37) - 504(7Ta y) = Uoz(%ﬁa) - va(ﬁ? 0) - va(ﬂ')y) + Uoz(ﬁ? 0)
= 04 (T, ¥) — va(T, y)
< JY (7. ) = va(my)

o0

Z oMty + ol g(7L g + ) — cuy — olg(mt, yp + uy)]

771:7?7%1:%791:%?71:@ . (43)

Let 7; = min{n € Z, : d, = d,|d; = i,d; = j} be the first period that the
two demand state processes coincide, given that one process starts in state ¢ and

the other process starts in state j. Let f(ij = minkeh{k >n ooy +up =
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U+ W™, T, Yny Yn, mij = n}. Following the coupling argument in [37], we verify
that the same demand values are observed in the systems starting with initial
beliefs m and 7 once the demand states d; and Jt become equal to each other.
Hence, if the inventory positions of these two systems become equal to each other
as well in a certain period, they will remain equal to each other in all future
periods, i.e., if f(ij = k, then y; = y; and u; = u;, Vt > k + 1. The inequality in

(4.3) can be rewritten as

3o (T, Y) — 0a(m,y)

oo 00 k
< Z Z Z ZE [Z ool [g(F, G + Ur) — g(nt, ye + wp)] + c(Tr — uy)]

i€EN jJEN n=1k=n t=1

di =i,dv = j,y1 =y, 51 = §| P{Kij = k}P{n;; = n}m7;.

(4.4)

By the alternative policy structure and Proposition 1, we have 0 < y,+u; < 1,41y,
Vt € Z., . Since the largest demand amount is M, yt—i—ut—Zil:O Wiin > —([+1)M
and y; + u; — Z;ZO Wiin > —(l+ 1)M, ¥t € Z,. Again by Proposition 1, the
base-stock levels are no greater than (I + 1)M. We thus have —(I + 1)M <
Vet s — > Wipn < max{y, ((+1)M} and —(I+1)M < G+ — 3,y Wryn <
max{y, (I + 1)M}, Vt € Z,. Hence:
k
Z (7 g ) — g(7h e +u)] < (k — 1) max{yh, (I + 1)Mh, (I + 1) Mb}.

t=1

(4.5)

Recall that yxi1 = ypr1 and wy = wy, V& > n. Also, recall that wy, w, € M,

23



Vt € Z,. Thus:

Z oy — uy)

t=1

= Z Oétil(gt+1 — U + wy — Y1 + Y — wt)
t=1

k
=" 1 — o))+ — 1 + (1 — Q) Z a2 (Ge — yi) + Zat_l(at — W)
—2
k
<Y+ (-a) > G — ) + (= DM.
t=2

By Proposition 1, we have 3, < max{y, (I+1)M} and y, > — M, Vt € Z . Hence:

k k
Zat Y, —w) <y—y+ (1 —a) Zof *Imax{y, I+ )M} + M|+ (n — 1)M
=2

<y—y+(k—1)max{y+ M,(l+2)M} + (n—1)M. (4.6)

For ease of notation, let A := max{yh, (I +1)Mh, (I +1)Mb} and B := max{y +
M, (I +2)M}. We then obtain from (4.4)-(4.6) the following inequalities.

0a(T,Y) — dalm, )

<ZZZZ —DA+cly—y)+ck—1)B+ (n—1)cM]

i€EN jeEN n=1 k=n
P{K;; = k}P{n; = n}r7;

S (A -+ CB) Z ZE[KZ] — 1]77'1'%]' -+ CMZ ZE[nz] - 1]7Ti,7¥j + C(y - ?7)

ieN jeN ieEN jeN
(4.7)

We make the following two observations regarding the inequality in (4.7):

(1) Under Assumption 1, Borkar [37] states that there exists a finite I' > 0 and
p € (0,1) such that Efn;; — 1] < 5, Vi,j € N. If i =4, Elny] = 1. If i # j,
li — j| > 1. Consequently, E[n;; — 1] < 5\2 —Jl, Vi,j € N.
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(2) If i =7, Kij = mingez, {k : yp +up = U + Ul =7

~ 1 - N
- 7T7y17y1}' Hence7

if i = 5 and y; = ¥, E[f(w] = 1. If i = j but y; # 1, the inventory
positions become equal to each other after orders are observed in both
systems. Without loss of generality, suppose that y; < y;. Since ST > 0,
Vr € II, by Proposition 1, we place an order no later than the period up
to which a total of y; + 1 units of demand is observed. Hence, Kz‘j <
min{n: >  w; >y + 1| 7' = 7}. For a sample path starting with belief
7 € II, and for a finite £ € Z,, let 7 == min{n: > ;.  w, > ¢ 7 =7}
be the first period when the cumulative demand is no less than &. As we

assume 3i € N such that r;(k) > 0 for some k& > 0, and by Assumption 1,
we have P{w; > 1|7’} > 0, Vt € Z,. Thus P{Zfl wy > &l = 7T} > 0,
Vr € II. We define

! = 7'('] } < 1.

£
pe +=max {IP’ [;wt <<
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Notice that
00 £—1 0o
E[ng] = Z]P){Tﬂ-’g > n} = ZP{Tﬂ-’g > n} + Z]P){Tﬂ-,g > n}
n=0 n=0 n==¢&

<E+) P{rre > n}
n=¢§

=§+Z]P’{Zwt <<
n==¢§ t=1

7T1:7T}

oo (k+1)6—1 m
=§+Z Z ]P’{Zwt<§ 7T1:7T}

Thus if ¢ = j but y; # v, because f(ij < Trj1+1, We obtain E[f(ij] < 00.
If i # j, because Ki; < 1y + Trzs1 and E[n;;] < oo, we again obtain

E[K,;] < oo. Hence there exists a finite C' € R, such that E[K;; — 1] <
Cli =gl +ly =yl
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Now recall the inequality in (4.7):
504(%7 37) - 501(77, y)

<(A+¢cB)Y Y E[Ki; — i +cM Y > Elny — 1md; + c(y — 7)

iEN jeN 1EN jEN
o i~ r L~ ~
<(A+ceB)> > Clli—jl+ |y — ghmd; + eM=> > " |i = jlmid; + cly —
ieN jeN ieN jeN

r _ N
= <AC+cBC+cM> >3 i - jlmid + (AC + eBC + ¢)ly — 7]
1EN jEN

r ~ ~
= <AC’+cBC+cMM> E[|dy — di|] + (AC + ¢BC + ¢)|ly — y|. (4.8)

By an appropriate choice of the joint mass function of (d;, ch), we can obtain
r
5o (7 ) — Bal(m,y) < (AC +¢BC + cMM> [A(m,7) + €] + (AC + ¢BC + o)y —

for some € > 0. Thus there exists a finite D € R such that 6,(7,7) — da(m,y) <
DIA(m,7)+|y—7y|]. As we assume that 0 < 6, (7, y) —da (7, y), we have |0, (T, y) —
do(m,y)| < D[A(m, ) + |y — y|]. Thus d4(+,-) is locally Lipschitz continuous for
a e (0,1).

Because the inequality in (4.8) holds for any m,7 € II and for any finite
Y, ¥ € Z, and 64(7,0) = v4(7,0) — v,(7,0) = 0, the following inequality hold.

|00 (7, y)| = 10a(m,y) — 0a(7, 0)]
< <AC’ +c¢BC + cM%) E[|d, — d1|] + (AC + ¢BC + ¢)|y|.

Since |d; — di| < N, there exists a finite £ € R, such that |0.(7,y)] < E.
Thus 64(+,-) is uniformly bounded with respect to o € (0,1). Since 64(+,-) is
also locally Lipschitz continuous for aw € (0,1), by the Arzela-Ascoli Theorem,
there exists a subsequence oy — 1 (which can be the same as in Lemma 1) and a
locally Lipschitz continuous function §*(7,y) such that d,, (7w, y) — §*(7,y), for
all 7 € Il and for any finite y € Z. |

We are now ready to state the main result of this thesis that builds upon

Lemmas 1 and 2:
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Theorem 1. Under Assumption 1, (\*,0*) satisfies the average-cost optimality

equation

M
6(r,y) + A = min {cu +g(my+u)+ Y (T (m,w),y+u— w)m(w)} . (4.9)
- w=0
Furthermore, there exists an optimal stationary inventory replenishment policy
that can be described as a belief-dependent base-stock policy with base-stock levels
ST Ve Il.

Proof. Proof. We take the limit on both sides of the equation in (4.2) as oy — 1:

T (00,07 9) + (1 = ) (7,0)}

ar—1 u>0

M
= lim {min {cu + (a)'g(m,y +u) + oy Z oy (T(m,w),y +u — w)f’ﬂ(w)} } :
w=0
By Lemma 1, lim,, ,1(1 — a;)v,,(7,0) = A*. By Lemma 2, lim,, 1 04, (7, y) =
d*(m,y). By Proposition 1, y + u — w € [y — M, max{y, (I + 1)M}]. Thus, again
by Lemma 2, lim,, 1 0o, (T (7, w),y +u —w) = 6*(T(w,w),y + u — w). Hence:

M
N (my) + A" = m>151 {cu +g(m,y+u) + Z(S*(T(W,w),y +u— w)r}(w)} :

w=0

(4.10)

Theorem 1 in [35] states that if ZE[5(7",y,)|7! =,y = y] — 0 for all m € II
and for all finite y € Z, there exists an optimal stationary policy. We know from
Lemma 2 that there exists a finite £ such that §(m,y) < E for all = € II and for
all finite y € Z. Hence:

lim {EE[é(ﬁ",yn)\ﬂl =T,y = y]} < lim {EE} = 0.

n—oo | N n—00 n

We thus verify that there exists an optimal stationary policy. By definition of 4,
and Proposition 1, d,, (7, y) is discrete-convex in y, Vo € II. Because the limit of
a sequence of discrete-convex functions is discrete-convex, §*(m, y) is also discrete-
convex in y, Vr € II. Thus the optimal stationary policy is a belief-dependent

base-stock policy. |
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In the literature, several authors have identified the optimal policy structure
for average-cost inventory systems with Markov-modulated demand when the
state of the underlying Markov chain is perfectly observed; see [28] and [29].
To our knowledge, however, we are the first to characterize the optimal policy
structure for average-cost inventory systems with non-stationary demand and

partial observation.

29



Chapter 5

Discretized Approximation

Solving the optimality equation in (4.9) for each state (7, y) € II x Z and finding
the optimal base-stock level for each belief 7 € II is a computational challenge
since II is an uncountable space and Z is a countably infinite set. We know
from Proposition 1 that the optimal base-stock levels are bounded between 0 and
(I + 1)M in the discounted-cost problem. Following the same proof steps as in
Proposition 1, we are able to extend these bounds to the average-cost problem.
Therefore, in the average-cost problem, the inventory positions can be restricted
to take values between —M and (I + 1)M. Notice that if the initial inventory
position is above (I + 1)M or below —M, it will eventually fall into this range
after a finite number of periods. The contribution of the cost caused by the excess
or insufficient inventory in those initial periods to the average cost can thus be
disregarded in our infinite-horizon planning. Hence, without loss of generality,
the optimality equations in (4.9) can be restricted to the state space II x Z},
where Z', ={y€Z: -M <y < (I+1)M}.

We next discretize the uncountable space II, on which the beliefs are defined,
based on the regular grid approach developed by Lovejoy [20]: Let @,, be a regular
grid for a given n € Z, such that the convex hull of @, is II. Specifically, @Q,, is
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defined by

Qn = {[Qh QN € @N

ki

where Q denotes the set of rational numbers. The number of grid points in @,

is K, = |Qn| = % We thus denote the elements of Q,, by {q',...,q¢"}.

By Carathéodory’s Fundamental Theorem, any point in II can be written as
a convex combination of at most N elements of (),,. We utilize a linear program
(LP) to determine the convex combination multipliers. Let v;(7), i = 1,..., Ky,

be the decision variables of the following LP:
min Y (m)[[m — ¢'l|
i=1

st Y w(mg =,

=1
Z%’<7T) =1,
=1

vi(m) >0, Vi=1,...,Knp,

where || - || denotes the Euclidean distance. Solution of the above LP yields the

convex representation scheme v, == (77(:),..., 7% (+)).

Following [21], let €, denote the fineness of the discretization scheme (Q,,v»)
that is defined by

€ni=max max |7 —¢'[|.
m€ll P €Qpn iy (m)>0

Because @), is a regular grid and any belief can only be represented by the closest
grid points to that belief according to our construction of v, it can be shown that

€n = n\/‘/]\%l. Note that €, — 0 as n — o0o. For any n € Z,, we can compute the

optimal average cost A, associated 6with an €,-discretization scheme (Q,, jn) by
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solving the following optimality equations:

5(q,y)+A=r§§g{CU+gq,y+ +ZZ% 0(¢' y +u—w )T‘q(w)},

i=1 w=0

Vg e Q,, Yy € ZZM.

Following Theorems 1 and 3 in [21], we verify that )., increasingly converges
to the optimal average cost \* as n grows large. We will use the lower bound
A, obtained from this discretization scheme in our performance evaluation of a

myopic base-stock policy in Chapter 6.
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Chapter 6

Numerical Results

For our MDP formulation in Chapter 3, we conduct numerical experiments to
investigate the value of implementing the Bayesian updating mechanism (see
Chapter 6.1) and the performance of a myopic belief-dependent base-stock policy
as a heuristic replenishment policy (see Chapter 6.2). We consider instances with
three demand states, i.e., N'={1, 2, 3}, such that the demand distributions are
Binomial(20, p), Binomial(20, 0.5), and Binomial(20, 1 — p) for the demand
states 1, 2, and 3, respectively. We then generate instances in which ¢ = 1,
b =20, h € {2,5,10}, I € {0,1,2}, p € {0.1,0.2,0.3,0.4}, and the transition

matrix P is

0.5 025 0.25 0.7 0.15 0.15 0.9 0.05 0.05
P =025 05 025(, =015 0.7 0.15|,P =005 0.9 0.05
0.25 0.25 0.5 0.15 0.15 0.7 0.05 0.05 0.9

Note that Assumption 1 holds in each of our 108 instances. For each of our
instances, we calculate the average costs A, associated with our discretization
scheme for n € {1,2,4, 8,16, 32} and their percentage differences from the average

cost A, i.e., 100 x ’\”/\# Note that A, is the worst lower bound that can be

€1
obtained from our discretization scheme. Also, A, is the minimum average cost

that could be achieved if the demand state were perfectly observed. Figures 6.1-

6.3 exhibit the percentage gaps 100 x ’\"/\$ for our instances with [ = 0, 1,
€1
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and 2, respectively: The average cost A, is a sufficiently tight lower bound
on the optimal average cost for our MDP in Section 3, in each our instances.
Consequently, and since computational burden increases rapidly with n for our
discretization scheme, in this chapter we base our optimality gap calculations on
this lower bound. Our simulation runs consist of 30 replications of 10000 periods

each in all numerical experiments.

6.1 The Value of Bayesian Updating

In order to investigate the value of implementing the Bayesian updating mech-
anism in our MDP formulation, first, we consider a much simpler MDP with a
stationary demand distribution that is obtained by compounding the demand dis-
tributions based on the stationary distribution of the underlying Markov chain.
For such an MDP, a myopic base-stock policy with a single stationary base-stock
level is optimal (see [22]) and the optimal base-stock level can be easily found
using the newsvendor formula applied on the convolution of demand over (I 4 1)
periods (see [15]). For each of our 108 instances, we calculate the optimal base-
stock level for this MDP and simulate the inventory system under this base-stock
level. Our simulation results indicate that the average cost under this base-stock

level is on average 16.3% greater than the lower bound A.,, on our test bed, high-

€32
lighting the importance of taking into account the non-stationarity of demand

distribution and employing the Bayesian updating mechanism.

Another simplification of our MDP with Bayesian updating (and thus un-
countable state space) is to formulate an MDP with perfectly observed demand
states (and thus countable state space), the optimal policy of which is used to
determine the action to be taken in the estimated demand state in every period.
As our estimate of the demand state in this method, following Chapter 9 in [17],
we choose the state with the highest posterior probability based on the entire
demand history. Our simulation results show that the average cost under this
simplification is on average 8.48% greater than the lower bound A.,, on our test

bed, indicating the significance of Bayesian updating in our problem.
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Figure 6.1: 100 x 229 vs. n when ¢ = 1, b= 20,1 = 0, P € {P,, P», P3},

p € {0.1,0.2,0.3,0.4}, h € {2,5,10}.
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Figure 6.2: 100 x *%= vs. n when ¢ =1, b= 20,1 =1, P € {P,, P», P3},

p € {0.1,0.2,0.3,0.4}, h € {2,5,10}.
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Figure 6.3: 100 x *%= vs. n when ¢ =1, b= 20,1 =2, P € {P,, P», P3},

p € {0.1,0.2,0.3,0.4}, h € {2,5,10}.
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6.2 Performance Evaluation of the Myopic

Base-Stock Policy

We now adapt the myopic base-stock policy introduced by Veinott [22] to our
inventory model as a heuristic replenishment policy. In this heuristic, the order

quantity in period ¢ is determined according to a myopic belief-dependent base-

Joat)

For each of our instances, we simulate the inventory system under this myopic

stock level that is calculated as follows:

ke{0,...,(1+1) M}

S = arg min ( {Zwt+n<k

belief-dependent base-stock policy, calculating the average cost denoted by A in
each replication. Figures 6.4-6.6 exhibit the 95% confidence intervals for the

A— /\632

percentage difference from our lower bound, i.e., 100 x , for our instances

with [ =0, 1, and 2, respectively.

We observe from Figures 6.4-6.6 that the confidence intervals contain zero in
92 of the 108 instances: The myopic base-stock policy is optimal at a confidence
level of 95% in those instances. We also observe that the largest optimality gaps
(no more than 2.33%) tend to occur when p = 0.1 and A = 10: The myopic
base-stock policy can be shown to be optimal if y, < S™ with probability one
(see [25]). It performs worse as the likelihood of excess inventory at the beginning
of any period, i.e., P{y, > g“t}, increases. For the instances with p = 0.1, in a
single period, the lowest possible expected demand is 20 x p = 2 while the highest
possible expected demand is 20 x (1 — p) = 18. For these instances with highly
fluctuating demand, the base-stock levels are likely to vary more significantly over
time, leading to a larger P{y, > S’Tt}. Hence, and since the holding cost is high,

a worse performance results.
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Figure 6.4: 95% confidence intervals for 100 x A;ﬁ vs. p when ¢ =1, b = 20,
€32
=0, Pe {Pl,PQ,Pg}, h € {2,5,10}
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Figure 6.5: 95% confidence intervals for 100 x

h =10
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Figure 6.6: 95% confidence intervals for 100 x A;ﬁ vs. p when ¢ =1, b = 20,
€32
=2 Pe {Pl,PQ,Pg}, h e {2,5,10}
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Chapter 7

Conclusions

We have studied the inventory replenishment problem when the demand distri-
bution undergoes Markovian transitions over time. The state of the underlying
Markov chain can be only partially observed based on past demand data. After
formulating this problem as an MDP with Bayesian updating, we have established
the optimality of a belief-dependent base-stock policy in the discounted-cost case.
Using the vanishing discount method when the underlying Markov chain is er-
godic, we have extended the optimality of the belief-dependent base-stock policy
to the average-cost case. Our numerical experiments have revealed the outstand-
ing cost performance of the myopic belief-dependent base-stock policy, which is

easy to implement in practice.

Future extensions of this thesis could consider inventory models with fixed
replenishment order costs. In the literature dealing with fixed ordering costs,
Iglehart [13] and Zheng [45] have established the optimality of an (s,.S) policy
for average-cost inventory models with stationary demand, and Beyer and Sethi
[28] have shown the optimality of a state-dependent (s, .S) policy for average-cost
inventory models with perfectly observed Markov-modulated demand. Leverag-
ing our structural analysis, the optimality of (s, S) policies may be extended to

average-cost models with partially observed Markov-modulated demand. Our
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research may also guide future research aimed at characterizing the optimal pol-
icy structure in more complex average-cost inventory models, such as multi-item
and /or multi-echelon inventory systems with partial demand information. Lastly,
future research could study the inventory replenishment problem under more
limited information about demand. Examples include inventory models with un-
known demand distributions and unknown transition matrices for the underlying
Markov chain, and inventory models with unknown numbers of demand states.
The Baum-Welch and Viterbi algorithms may be usefully employed in estima-
tion of such unknown parameters, enabling optimal policy characterizations. See

Chapter 9 in [46] for detailed descriptions of these algorithms.
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